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ABSTRACT

One of the most popular trajectory-tracking controllers
used in industry is the PID controller. The PID controller
utilizes three types of gains and the tracking error in order to
provide a control gain to a system. The PID gains may be
tuned manually or using a number of different techniques.
Under most operating conditions, only one set of PID gains
are used. However, techniques exist to compensate for
dynamic systems such as gain scheduling or basic time-
varying functions. In this paper, an adaptive PID controller is
presented based on Bayesian theory. The interacting multiple
model (IMM) method, which utilizes Bayes’ theorem and
likelihood functions, is implemented on the PID controller to
present an adaptive control strategy. The strategy is applied to
a simulated electromechanical system, and the results of the
proposed controller are compared with the standard PID
method. Future work is also considered.

INTRODUCTION

Control theory is an integral part of many, if not all,
engineering systems. It typically involves the modification of
a system or environment in order to obtain a desired outcome.
One of the most common scenarios is trajectory tracking or
trajectory following. In this case, an engineer requires a
system to follow a certain path, such as in robotic welding
systems. The engineer knows what path needs to be followed
by the robot, and this path is referred to as the desired
trajectory. Utilizing sensors and measurements, and some
knowledge of the system dynamics, a signal is sent from the
output of the system to the controller; known as feedback. The
controller compares the desired trajectory with the actual
trajectory, and a corresponding control input is calculated.
This input signal is used by the system to modify its output
accordingly. Although drastically simplified, this is the basic
principle behind control theory.

S. A. Gadsden is with the School of Engineering at the University of
Guelph, Ontario, Canada, N1G 2W1 (gadsden@uoguelph.ca).

The ability to control a mechanical or electrical system
depends on the knowledge of the true states or parameters of
interest. For example, consider a linear electromechanical
system, where the kinematics states such as position, velocity,
and acceleration are defined to be the states of interest. The
state dynamics, or how the system operates with time, may be
captured by using a state representation as follows:

Xpse1 = Axy + Buy + wy, (L.D)
where x;, defines the system states, A is the linear system
matrix, B is the input gain matrix, u, is the corresponding
input to the system, and w;, refers to the system noise present
in the system. To understand the behaviour of a system,
elements from the state vector need to be observed or
measured. Sensors placed in the environment are used to
measure the states of interest. A relationship exists between
the measurements and the states, and may be defined as
follows:

Zgr1 = CXpyq + gy (1.2)
where z;, defines the measurements, C refers to the linear
measurement matrix, and v, refers to the measurement noise
present in the sensors. It is assumed in that the system and
measurement noises are modeled as Gaussian noise, with zero
mean and covariance’s @y and Ry, respectively as follows:

PWi)~N (0, Q) (1.3)
p(v )~ (0, Ry (1.4)

Therefore, it is the role of a filter to extract knowledge of
the true states typically from noisy measurements or
observations made of the system, and form state estimates Xj,.
The name ‘filter’ is appropriate since it removes unwanted
noise from the signal. The concept of filter applies equally
well to nonlinear systems and measurements, defined
respectively by:

(1.5)
(1.6)

X1 = f (g, Ug) + Wy
Zr1 = h(Xpi1) + Viyq
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where f and h represent the nonlinear system and
measurement models, respectively. The most popular and
well-studied estimation method is the Kalman filter (KF),
which was introduced in the 1960s [1, 2]. The KF yields a
statistically optimal solution for linear estimation problems,
as defined by (1.1) and (1.2), in the presence of Gaussian
noise. The KF derivation was based on linear algebra, statics,
and probability theory [3].

In this paper, an adaptive controller is presented based on
Bayesian or probability theory. The interacting multiple
model (IMM) method, which utilizes Bayes’ theorem and
likelihood functions, is implemented on the PID controller to
present an adaptive control strategy. The strategy is applied to
a simulated electromechanical system, and the results of the
proposed controller are compared with the standard PID
method. The KF and IMM methods are described in the
following sections. The standard PID controller and the
proposed adaptive PID controller are then discussed. An
electromechanical system simulation is described and the
results are discussed. The paper then concludes with a
summary and statement on future work.

KF ESTIMATION STRATEGY
The following five equations form the core of the KF
algorithm, and are used in an iterative fashion. Equations (2.1)
and (2.2) define the a priori state estimate Xy, based on
knowledge of the system A and previous state estimate Xy,
and the corresponding state error covariance matrix Py,
respectively.
X1 = AXpie + Buy 2.1
Py = AP AT + Qi (2.2)
The Kalman gain K., is defined by (2.3), and is used to
update the state estimate Xy 41|x+1 as shown in (2.4). The gain
makes use of an innovation covariance Sy, which is defined
as the inverse term found in (2.4).

-1
Kk+1 = Pk+1|kCT(CPk+1|kCT + Rk+1) (23)

Rrr1jerr = s + Kiwr (Zoer — CRyrape) (2.4
The a posteriori state error covariance matrix Py x4 18
then calculated by (2.5), and is used iteratively, as per (2.2).
Prpiji+1 = (I — Kiy1 O Preyr i (2.5
The derivation of the KF is well documented, with details
available in[1, 2, 4]. The optimality of the KF comes at a price
of stability and robustness. The basic KF assumptions do not
always hold in real applications. If these assumptions are
violated, the KF yields suboptimal results and can become
unstable [5, 6]. Furthermore, the KF is sensitive to computer
precision and the complexity of computations involving
matrix inversions [7, 8].

INTERACTING MULTIPLE MODEL METHOD

In nature, many systems behave according to a number
of different models (modes, or operating regimes) [9, 10]. For
example, in target tracking, a target may travel straight (i.e.,
uniform motion) or turn (i.e., undergo a coordinated turn)
[11]. Furthermore, a system may experience different types of
noises (i.e., white or ‘coloured’) [7]. In these scenarios, it is
desirable to implement adaptive estimation algorithms, which

‘adapt’ themselves to certain types of uncertainties or models
in an effort to minimize the state estimation error [11]. One
type of adaptive estimation technique includes the ‘multiple
model’ (MM) algorithm [12]; which include the following:
static MM [13], dynamic MM [11], generalized pseudo-
Bayesian (GPB) [14, 15, 16, 17], and the interacting multiple
model (IMM) [11, 18, 19]. For the MM methods, a Bayesian
framework is used (i.e., probability based). Essentially, based
on some prior probabilities of each model being correct (i.e.,
the system is behaving according a finite number of modes),
the corresponding updated probabilities are calculated and
implemented [11].

Throughout this paper, it will be assumed that all of the
models are linear with the presence of Gaussian noise;
however, nonlinear models could be used via linearization
[11]. Each MM method requires estimation of the states and
their corresponding probability. The most popular strategy
that has been implemented in the MM framework remains the
Kalman filter (KF), and is referred to as the IMM-KF [7]. The
interacting multiple model (IMM) estimation algorithm is
conceptually requires r number of filters (such as the KF) that
operate in parallel [11]. The state estimate is calculated under
each possible current model, with a mixed initial condition
(i.e., a different combination of the previous model-
conditioned estimates) [11]. Furthermore, according to and as
presented in [11, 19], the input to the filter matched to M; is
obtained from an interaction of the r filters, which consists of
the mixing of the estimates X;, and weightings p;; ki
(mixing probabilities). This is equivalent to merging taking
place at the beginning of each estimation cycle, which limits
the number of filters to r [19]. The IMM strategy has shown
to be very effective, and is more computationally efficient
than other multiple model algorithms [11]. The following
figure helps to explain the IMM method more effectively.
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Figure 1. IMM estimator for two models
(adapted from [3, 11]).
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The IMM estimator consists of five main steps:
calculation of the mixing probabilities, mixing stage, mode-
matched filtering, mode probability update, and state estimate
and covariance combination. The first step involves
calculating the mixing probabilities (i.e., the probability of the
system currently in mode i, and switching to mode j at the
next step). These are calculated using the following two
equations [11]:

1
Hiljklke = 7 Pijtik 3.
j
.
G = Z Dij Hik (3.2)
i=1

The mixing probabilities p;; |k are used in the mixing
stage, next. In addition to the mixing probabilities, the
previous mode-matched states X; |, and covariance’s Py
are also used to calculate the mixed initial conditions (states
and covariance) for the filter matched to M;. The mixed initial
conditions are found respectively as follows [11]:

T

Xojre = Z Xy elrctilj Kk (3.3)
i1
Poj ik
T
= Z Hilj klk {Pi,k|k (3.4)
i1

N N R N T
+ (Rigere = Rojic) Rikiie = Zojeik) }

The next step involves mode-matched filtering, which
involves using (3.3) and (3.4) as inputs to the filter matched
to M;. Each filter also uses the measurement z ., and input to
the system uy, (if any). The likelihood functions are calculated
for each mode-matched filter as follows [11]:

A1 = N(Zis1s 2 s Siksn) (3.5)

Equation (3.5) may be solved by each filter as follows
[11, 7]

Aj 1
1 _jefz,k+1|kej,z,k+1|k
=——¢xp
|27T5j,k+1|

(3.6)

Sjk+1
Abs
Utilizing the likelihood functions from each filter, the
mode probability may be updated by [11]:
T

1
Hjk = EAj,k+1 Z Dij ik
i=1
where the normalizing constant is defined as [11]:
T T

c= Z Aj ka1 Z Dij Hik
= =1

Finally, the overall state estimates (3.9) and covariance
(3.10) are calculated. However, note that for this paper, one is
mainly interested in utilizing (3.7) for determining the system
behavior in an effort to improve controller accuracy.

T

3.7)

(3.8)

Xt1jk+1 = Z.uj,k+1xj,k+1|k+1 3.9

j=1

Priajkst

.
= Z Hjger1 {Pj,k+1|k+1
Jj=1

+ (xj,k+1|k+1

(3.10)

- fk+1|k+1)(fj,k+1|k+1 - fk+1|k+1)T}

Equations (3.1) through (3.10) summarize the IMM
estimator strategy, and are used recursively. Note that (3.9)
and (3.10) are used for output purposes only, and are not part
of the algorithm recursions [11]. The IMM strategy has
successfully been applied to a number of estimation problems
[20], ranging from target tracking in a traffic controller setting
[21] to fault detection and diagnosis [22, 23].

PID CONTROLLER

The PID controller is one of the post popular control
strategies used in industry [24, 25]. The controller makes use
of system feedback (typically a state of interest such as
position or pressure). The system feedback is compared with
the desired state trajectory and an error signal is created. The
error signal is used in conjunction with three types of gains:
proportional, integral, and derivative (or PID). The
proportional gain is multiplied with the error signal, the
integral gain is multiplied with the integral of the error signal,
and the derivative gain is multiplied by the derivative of the
error signal. The three gain multiplications are summed and
the corresponding signal is used as an input to the system. The
PID controller input is defined as follows:

de
Uy =erk+K1J.€k+KDE

In most cases, the input to the system will cause the
system to behave according to the desired state trajectory.
However, modeling uncertainties, noise, and external
disturbances can cause the PID controller to fail [3]. In
general, increasing the proportional gain causes the system to
respond faster but may introduce unwanted overshoot and
oscillations. Increasing the integral gain typically reduces the
steady-state error (since it increases the system order by
adding a pole to the system). Increasing the derivative gain
may reduce unwanted overshoot but usually slows down the
system response. Due to significant interaction among the
gains, tuning manually can be challenging. This fact has
encouraged the development of various tuning rules and
methods [3].

4.1

PROPOSED PID-IMM CONTROLLER

In this paper, it is proposed that combining the PID
controller with the IMM strategy will improve the overall
trajectory tracking accuracy, particularly in systems that are
not well defined. The basic principle and concept of the
adaptive PID or PID-IMM strategy may be summarized by
the following figure.
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Figure 2. Proposed adaptive PID control strategy.

In the PID-IMM strategy, the PID utilizes the tracking
error e and the mode likelihood probability p (a value
between 0 and 1), to generate a ‘weighted’ system input u.
The IMM requires the system input and the output from the
system x (or z if using measurements) in order to calculate
the mode probability as per (3.7). If the system is being
measured, a Kalman filter (KF) or smooth variable structure
filter (SVSF) may be implemented to reduce the effects of
unwanted noise [3]. Essentially, the adaptive PID strategy
utilizes the IMM mode probabilities to formulate ‘weighted’
system and input matrices in an effort to capture the actual
dynamics of the system.

ELECTROMECHANICAL SYSTEM AND RESULTS
In this paper, an electromechanical system based on a
type of aerospace actuator was studied [26]. An
electrohydrostatic actuator (EHA) is typically used in the
aerospace industry for aircraft maneuvering by controlling
flight surfaces. EHAs are self-contained units comprised of
their own pump, hydraulic circuit, and actuating cylinder. The
main components of an EHA include a variable speed motor,
an external gear pump, an accumulator, inner circuitry check
valves, a cylinder (or actuator), and a bi-directional pressure
relief mechanism. A mathematical model for the EHA has
been described in detail in [27]. For the purposes of this paper,
only the main state space equations will be explored. The
input to the system is the rotational speed of the pump w,,
with typical units of rad/s. In this setup, the sample rate for
this simulation was defined as T = 1 ms. The state space
equations are defined as follows:
Xpp1 = Xpp + T + Twyg
X1 = Xog T Txzx + Twyy

6.1)

(6.2)
val'kHM L

- [1 _T< OAJ/;VOﬁe )]x”‘
7 (A% + BL)B, X

MV, 2.k
7 [ZBZVOxZ,kx3,k (6.3)
MV,

ﬁeL(BZx%,k + Bo)

MV,

]sign(xz, k)

AD, 3
+T Mz;/oe Uy + TW3'k

Note that A (in this case) refers to the piston cross-
sectional area, By represents the load friction present in the
system, 3, is the effective bulk modulus (i.e., the ‘stiffness’ in
the hydraulic circuit), D, refers to the pump displacement, L
represents the leakage coefficient, M is the load mass (i.e.,

weight of the cylinders), and Vj is the initial cylinder volume.
The values used to obtain a linear normal operating model are
summarized in the appendix. Two more models were created
based on a severe friction fault (the friction was increased 3
times) and a severe leakage fault (the leakage coefficient was
increased 4 times). The normal, friction fault, and leakage
fault system matrices (A;, A,, and As) are respectively
defined as follows:

1 0.001 0

A =0 1 0.001 (6.4)
[0 —41.0258 0.6099.
1 0.001 0 1

4, =0 1 0.001 (6.5)
0 —51.8627 0.2226.
1 0.001 0 1

Az =0 1 0.001 (6.6)
[0 —73.5364 0.6015!

All three input gain matrices remained the same, and
were calculated as follows:

B = 6.7)

0

0
0.0135
Note also that artificial system and measurement noise

was added to the simulation problem to make it more
challenging. The zero-mean Gaussian noise was generated
using system and measurement noise covariance’s Q and R
which were diagonal matrices with elements equal to 1 X
1076,

The desired position, velocity, and acceleration
trajectories are shown in the following three figures. Note that
for the first 4 seconds, the system behaved normally. A
friction fault was injected at 4 seconds and lasted for 4
seconds. At 8 seconds, the friction fault was remove and a 2
second leakage fault was implemented.

0.08

o

=}

>
T

o
o
=

o

o

N
T

Desired Position (m)
© o
o o
B N o

s

o

(&}
T

4
o
®

0 2 4 6 8 10
Time (sec)

Figure 3. Desired EHA position trajectory.
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Figure 4. Desired EHA velocity trajectory.
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Figure 5. Desired EHA acceleration trajectory.

Three different sets of PID gains were tuned (manually)
for each operating mode, as shown in the following table. The
gains were tuned such that rise time was maximized and
overshoot was minimized. For the standard PID controller,
only the ‘normally’ tuned sets of gains were used since the
controller had no knowledge of the operating mode. The
results of the tuned PID controller applied on the EHA
simulation are shown in Figure 6. After 1,000 simulations, the
average root mean square error (RMSE) of the PID controller
was 0.0115 m. The first four seconds was tracked very well.
At four seconds, the EHA overshot the change in trajectory,
and was relatively slow to respond to the change at eight
seconds.

Table 1. PID values for EHA operating modes.
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Figure 6. Simulation results with tuned PID controller.

As shown in Figure 2, the adaptive PID strategy makes
use of the mode probabilities calculated by the IMM strategy.
The mode probabilities are weighted against the gains used by
the PID controller. For example, if the EHA was detected to
operate normally at 80% and with friction at 20%, the
proportional gain used by the PID would be 104. For this
simulation, the IMM yielded very strong operating modes, as
shown in Figure 7. The operating mode probabilities (out of
1) were initialized at 0.8, 0.1, and 0.1. The results of applying
the proposed adaptive PID controller is shown in Figure 8.
After 1,000 simulations, the average root mean square error
(RMSE) of the adaptive PID controller was 0.0089 m, a
tracking improvement of about 35%. As illustrated also in
Figure 9, the adaptive PID provides significantly improved
tracking performance. Utilizing the mode probabilities greatly
improved the results.
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Figure 7. Operating mode probabilities calculated by the
IMM strategy.
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Figure 9. Position tracking error of PID and
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CONCLUSIONS AND FUTURE WORK

This paper proposed an adaptive PID controller based on
Bayesian theory. The interacting multiple model (IMM)
method, which utilizes Bayes’ theorem and likelihood
functions, was implemented on the PID controller to present
an adaptive control strategy. The strategy was applied to a
simulated electromechanical system. When compared with
the standard PID controller, the proposed adaptive PID
controller improved the tracking performance by
approximately 35%, as well as the overall system response.
Future research will be more comprehensive and provide a
more in-depth study. The adaptive controller will be applied
to an experimental EHA, and will be compared with other
robust control strategies.

REFERENCES

[1] R. E. Kalman, "A New Approach to Linear Filtering and
Prediction Problems," Journal of Basic Engineering,
Transactions of ASME, vol. 82, pp. 35-45, 1960.

[2] B. D. O. Anderson and J. B. Moore, Optimal Filtering,
Englewood Cliffs, NJ: Prentice-Hall, 1979.

[3] S. A. Gadsden, "Smooth Variable Structure Filtering: Theory
and Applications," Hamilton, Ontario, 2011.

[4] A. Gelb, Applied Optimal Estimation, Cambridge, MA: MIT
Press, 1974.

[5] S.J.lulier, J. K. Ulhmann and H. F. Durrant-Whyte, "A New
Method for Nonlinear Transformation of Means and
Covariances in Filters and Estimators," IEEE Transactions on
Automatic Control, vol. 45, pp. 472-482, March 2000.

[6] M. Al-Shabi, S. A. Gadsden and S. R. Habibi, "Kalman
Filtering Strategies Utilizing the Chattering Effects of the
Smooth Variable Structure Filter," Signal Processing, vol. 93,
no. 2, pp. 420-431, 2013.

[7] M. S. Grewal and A. P. Andrews, Kalman Filtering: Theory
and Practice Using MATLAB, 3 ed., New York: John Wiley
and Sons, Inc., 2008.

[8] S. A. Gadsden, M. Al-Shabi, I. Arasaratnam and S. R. Habibi,
"Combined Cubature Kalman and Smooth Variable Structure
Filtering: A Robust Estimation Strategy," Signal Processing,
vol. 96, no. B, pp. 290-299, 2014.

[9] H. H. Afshari, S. A. Gadsden and S. R. Habibi, "Gaussian
Filters for Parameter and State Estimation: A General Review
and Recent Trends," Signal Processing, vol. 135, pp. 218-238,
2017.

[10] S. A. Gadsden and A. S. Lee, "Advances of the Smooth
Variable Structure Filter: Square-Root and Two-Pass
Formulations," Journal of Applied Remote Sensing, vol. 11,
no. 1, pp. 1-19, 2017.

[11] Y. Bar-Shalom, X. Rong Li and T. Kirubarajan, Estimation
with Applications to Tracking and Navigation, New York:
John Wiley and Sons, Inc., 2001.

[12] X. R. Li, Advances in Aerospace Systems Dynamics and
Control Systems (Volume 76), C. T. Leondes, Ed., New York:
Academic Press, 1996.

[13] D. T. Magill, "Optimal Adaptive Estimation of Sampled
Stochastic Processes," IEEE Transactions on Automatic
Control, Vols. AC-10, pp. 434-439, 1965.

[14] G. A. Ackerson and K. S. Fu, "On State Estimation in
Switching Environments," IEEE Transactions on Automatic
Control, Vols. AC-15, no. 1, pp. 10-17, January 1970.

[15] A. G. Jaffer and S. C. Gupta, "Recursive Bayesian Estimation
with Uncertain Observation," [EEE Transactions on
Information Theory, Vols. IT-17, pp. 614-616, September
1971.

[16] A. G. Jaffer and S. C. Gupta, "Optimal Sequential Estimation
of Discrete Processes with Markov Interrupted Observations,"
IEEE Transactions on Automatic Control, Vols. AC-16, pp.
417-475, October 1971.

[17] C. B. Chang and M. Athans, "State Estimation for Discrete
Systems with Switching Parameters," IEEE Transactions on
Aerospace and Electronic Systems, Vols. AES-14, no. 5, pp.
418-425, May 1978.

[18] H. A. P. Blom, "An Efficient Filter for Abruptly Changing
Systems," in 23rd IEEE Conference on Decision and Control,
Las Vegas, Nevada, December, 1984.

[19] H. A. P. Blom and Y. Bar-Shalom, "The Interacting Multiple
Model Algorithm for Systems with Markovian Switching
Coefficients," IEEE Transactions on Automatic Control, Vols.
AC-33, no. 8, pp. 780-783, August 1988.

[20] E. Mazor, A. Averbuch, Y. Bar-Shalom and J. Dayan,
"Interacting Multiple Model Methods in Target Tracking: A

Copyright © 2017 by ASME



Survey," IEEE Transactions on Aerospace and Electronic
Systems, vol. 34, no. 1, pp. 103-123, January 1998.

[21] H. Wang, T. Kirubarajan and Y. Bar-Shalom, "Precision
Large Scale Air Traffic Surveillance Using an IMM Estimator
with Assignment," [EEE Transactions on Aerospace and
Electronic Systems, vol. 35, no. 1, pp. 255-266, January 1999.

[22] Y. M. Zhang and X. R. Li, "Detection and Diagnosis of Sensor
and Actuator Failures Using IMM Estimator," [EEE
Transactions on Aerospace and Electronic Systems, vol. 34,
pp. 1293-1313, October 1998.

[23] S. Kim, J. Choi and Y. Kim, "Fault Detection and Diagnosis
of Aircraft Actuators Using Fuzzy-Tuning IMM Filter," /[EEE
Transactions on Aerospace and Electronic Systems, vol. 44,
no. 3, pp. 940-952, July 2008.

[24] S. A. Gadsden, M. El Sayed and S. R. Habibi, "A Sliding
Mode Controller Based on the Interacting Multiple Model
Strategy," in ASME/Bath Symposium on Fluid Power and
Motion Control (FPMC), Bath, England, 2012.

[25] S. A. Gadsden, Y. Song and S. R. Habibi, "Novel Model-
Based Estimators for the Purposes of Fault Detection and
Diagnosis," IEEE/ASME Transactions on Mechatronics, vol.
18, no. 4, 2013.

[26] H. H. Afshari, S. A. Gadsden and S. R. Habibi, "Robust Fault
Diagnosis of an Electro-Hydrostatic Actuator using the Novel
Optimal Second-Order SVSF and IMM  Strategy,"
International Journal of Fluid Power, vol. 15, no. 3, pp. 181-
196, 2014.

[27] M. A. El Sayed, "Multiple Inner-Loop Control of an
Electrohydrostatic ~ Actuator,”  McMaster  University,
Hamilton, Ontario, 2012.

Copyright © 2017 by ASME



