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ABSTRACT

Signal processing techniques are prevalent in a wide range of fields: control, target tracking,
telecommunications, robotics, fault detection and diagnosis, and even stock market analysis, to name a few.
Although first introduced in the 1950s, the most popular method used for signal processing and state
estimation remains the Kalman filter (KF). The KF offers an optimal solution to the estimation problem
under strict assumptions. Since this time, a number of other estimation strategies and filters were introduced
to overcome robustness issues, such as the smooth variable structure filter (SVSF). In this paper, properties
of the SVSF are explored in an effort to detect and diagnosis faults in an electromechanical system. The
results are compared with the KF method, and future work is discussed.
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1. INTRODUCTION

Control of an engineering system depends on how well the system states and parameters are known.
Observations and measurements of the system are made through the use of sensors, however this data often
contains unwanted signals, noise, and disturbances. Filters are used to remove unwanted components in an
effort to provide an accurate estimate of the states [1]. Although it is well over 50 years old, the most
common and well-studied estimation method remains the Kalman filter (KF) [2, 3]. The KF yields a
statistically optimal solution for linear estimation problems, as defined by (1.1) and (1.2), in the presence
of Gaussian noise where P(wy)~N(0,Q;) and P(v;)~N(0,Ry), and under the assumption that the
system and measurement dynamics are known. A typical model is represented by the following equations:

Xk +1 =Axk+Buk+Wk (11)
Zgs1 = CXppq + Vita (1.2)

where x refers to the state vector, A is the system matrix (dynamics), B is the input gain matrix, u is the
system input, z is the measurement vector, C is the measurement matrix, w is the system noise vector, v is
the measurement noise vector, and k refers to the time step.

It is the goal of any filter to remove the effects that the system w;, and measurement v}, noise have
on extracting the true state values x;, from the measurements z;. The KF is formulated in a predictor-
corrector manner. The states are first estimated using the system model, termed as a priori estimates,
meaning ‘prior to’ knowledge of the observations. A correction term is then added based on the innovation
(also called residuals or measurement errors), thus forming the updated or a posteriori (meaning ‘subsequent
to’ the observations) state estimates. The KF correction term or gain is derived by taking the partial
derivative of the trace of the state error covariance matrix with respect to the gain, setting the equation to
zero, and then solving for the gain. The optimality of the KF comes at a price of stability and robustness.
The KF assumes that the system model is known and linear, the system and measurement noises are white,
and the states have initial conditions with known means and variances [4, 5]. However, the previous
assumptions do not always hold in real applications. If these assumptions are violated, the KF yields
suboptimal results and can become unstable [6]. Furthermore, the KF is sensitive to computer precision and
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the complexity of computations involving matrix inversions [7]. In an effort to further increase stability,
the KF has been combined with a variety of square root algorithms and methods, such as Cholesky
decomposition, UD-factorization, and triangularization algorithms [8, 9, 10, 11]. These methods are based
on reformulating the KF equations by using numerically stable implementations to mathematically increase
the arithmetic precision of the computation [7]. Increasing the arithmetic precision reduces the effects of
round-off errors, which improves the overall numerical stability of the filter.

Variable structure-based estimation methods have been introduced over the past few decades, and
offer an alternative to the KF with improved robustness and stability to modeling uncertainties and
disturbances [12]. However, it is important to note that these methods are sub-optimal in terms of estimation
accuracy. Variable structure system theory originated from the Soviet Union in the 1940s [13, 14]. A special
subcategory of it referred to as sliding mode control (SMC) is commonly used in control applications as it
provides enhanced robustness and stability. In a typical sliding mode controller, a discontinuous switching
gain is used to maintain the states along some desired trajectory [14]. The discontinuous gain is determined
based on the distance of the states from a switching hyperplane. The gain forces the states to convergence
onto the hyperplane, and slide along it [15]. While on the hyperplane and under ideal conditions, the state
trajectory becomes insensitive to disturbances and uncertainties. The discontinuous switching brings an
inherent amount of stability to the control strategy. A number of sliding mode observers and filters have
been proposed in literature [16, 17].

This paper proposes the use of a variable structure-based estimation method, referred to the smooth
variable structure filter (SVSF), in an effort to detect and identify changes or faults experienced by an
electromechanical system. In Section 2, the basic KF and SVSF equations are presented. The proposed fault
detection and diagnosis strategy is presented in Section 3. The electromechanical system is presented in
Section 4, and the results are discussed in detail. The paper concludes and future work is proposed in the
final section.

2. ESTIMATION THEORIES
Kalman Filter

The KF has been broadly applied to problems covering state and parameter estimation, signal processing,
target tracking, fault detection and diagnosis, and even financial analysis [18, 19]. The success of the KF
comes from the optimality of the Kalman gain in minimizing the trace of the a posteriori state error
covariance matrix [20, 21]. The trace is taken because it represents the state error vector in the estimation
process [22]. The following five equations form the core of the KF algorithm, and are used in an iterative
fashion. Equations (2.1) and (2.2) define the a priori state estimate £y, and the corresponding state error

covariance matrix Py, |k, respectively.
Xier1jk = AXg + Buy (2.1)
Pyqjie = AP AT + Qp (2.2)

The Kalman gain Kj 4 (2.3) is used to update the state estimate Xy ,q1)x+1 as per (2.4). The gain
makes use of an innovation covariance Sy .4, which is defined as the inverse term found in (2.3).

-1
Kier1 = Pes1iCT [CPearikCT + Ryeyd] (2.3)

Rkt1k+1 = Xpgre + K121 — ka+1|k] (2.4

The a posteriori state error covariance matrix Pyyqx4+1 is then calculated (2.5), and is used
iteratively, as per (2.2).

Prsiji+1 = [ = K1 C1Prqqicll — Kie4+1C" + Ki1Ris1 K (2.5)
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A number of different methods have extended the classical KF to nonlinear systems, with the most
popular and simplest method being the extended Kalman filter (EKF) [4, 23]. The EKF is conceptually
similar to the KF; however, the nonlinear system is linearized according to its Jacobian. This linearization
process introduces uncertainties that can cause numerical instability and inaccurate estimates [23].

Smooth Variable Structure Filter

When given an upper bound on the level of unmodeled dynamics and noise, the SVSF is stable and robust
to modeling uncertainties, noise, and disturbances [24, 25, 26]. The SVSF method is model-based and may
be applied to differentiable linear or nonlinear dynamic equations [27, 28]. The basic estimation concept of
the SVSF is shown in Fig. 1.
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Figure 1. Standard SVSF estimation concept [20].

The SVSF estimation process is similar to the KF, with the main exception being the gain
calculation [29]. The predicted state estimates Xy 1), and state error covariance Py 1y are first calculated
as per (2.1) and (2.2). Utilizing the predicted state estimates Xj.x, the corresponding predicted
measurements Zy,1, and measurement €rrors e, ; 41|, may be calculated:

Zrs1ie = CRpqpie (2.6)
ez k+1)k = Zk+1 — Zk+1|k (2.7)

The SVSF gain is a function of: the a priori and the a posteriori measurement errors e 41, and
e, k|k> the smoothing boundary layer widths ¥; and the ‘SVSF’ memory or convergence rate y. The SVSF
gain Kj, 4 is defined as follows [20, 30]:

Kievn = G diag [ )o sat (¥ tes, )] diag (espne) 2.8)

where o signifies Schur (or element-by-element) multiplication and the superscript + refers to the
pseudoinverse of a matrix. The saturation function of (2.8) is defined by the following:

€zkr1ik +y €zik
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L egrap/iz1
sat ('l_’_lezk+1|k) = ek k/Vi —l<egprrp/Pi <1 (2.9)
=1, egpr/Pi = -1

where 171 is a diagonal matrix constructed from the elements of the smoothing boundary layer vector :

e
ot=|0 - 0| (2.10)
|0 o #

The state estimates Xy 41| and state error covariance matrix Py | are updated respectively as per
(2.4) and (2.5). Finally, the updated measurement estimate Zy 4 1|4+, and measurement errors €, 4 1|k+1 are
calculated, and are used in later iterations:

2k+1|k+1 = ka+1|k+1 (2.11)

€z k+1lk+1 = Zk+1 — Zk+1|k+1 (2.12)

The existence subspace shown in Fig. 1 represents the amount of uncertainties present in the
estimation process, in terms of modeling errors or the presence of noise. The width of the existence space
B is a function of the uncertain dynamics associated with the inaccuracy of the internal model of the filter
as well as the measurement model, and varies with time [30]. Typically this value is not exactly known but
an upper bound may be selected based on a priori knowledge. When the smoothing boundary layer is
defined larger than the existence subspace boundary, the estimated state trajectory is smoothed. However,
when the smoothing term is too small, chattering remains due to the uncertainties being underestimated.

3. PROPOSED FAULT DETECTION AND DIAGNOSIS STRATEGY

The partial derivative of the a posteriori covariance (trace) with respect to the smoothing boundary layer
term Y, 1 1s the basis for obtaining a time-varying strategy for the specification of Y, ;. In linear systems,
this smoothing boundary layer yields an optimal gain (exactly the KF) [20]. Previous forms of the SVSF
included a vector form of Y, which had a single smoothing boundary layer term for each corresponding
measurement error [30]. Essentially, the boundary layer terms were independent of each other such that the
measurement errors would not mix when calculating the corresponding gain, leading to reduced estimation
accuracy. In an effort to obtain a smoothing boundary layer equation that yielded more accurate state
estimates, a full smoothing boundary layer matrix was proposed in [20, 31]. Hence, consider the following
smoothing boundary layer form:

Vi Y1z o Yim
W= 1!’:12 1!’:22 1.[J?n (3.1)
Ym1 Ymz = Ymm
This definition includes terms that relate one smoothing boundary layer to another (i.e., off-

diagonal terms). To solve for the time-varying smoothing boundary layer based on (3.1), consider the
following in conjunction with (2.5):

d(trace[Pyi1jk+1])
oy

As described in [32], a solution for the smoothing boundary layer from (3.2) is defined as follows:

=0 3.2)
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—_ _1 -1
Yirr = (E7 CePrs1icCi Sictr) (3.3)
where Sj, 1 and A are defined respectively by:

Sk+1 = CPrs1C + Rysn (3.4)

E= ( eZk|k|) (3-5)

This paper proposes the use of (3.3) to determine the presence of modeling uncertainty which can
be detected and identified as faults. For example, as discussed previously, the width of the smoothing
boundary layer provides an indicator of performance in terms of the estimation accuracy. If the width or
value is small, the system used by the SVSF closely matches that of the true system. Whereas if the width
is large, the system used by the SVSF does not match the true system. If a finite number of system operations
or models are known, then a bank of filters can be implemented and (3.3) can be used to accurately and
quickly detect and identify the correct mode of operation. This concept is illustrated in Section 4.

+v

eZk+1|k

4. ELECTROMECHANICAL SYSTEM AND SIMULATION RESULTS

Electromechanical System

In this paper, an electromechanical system based on a type of aerospace actuator was studied [33]. An
electrohydrostatic actuator (EHA) is typically used in the aerospace industry for aircraft maneuvering by
controlling flight surfaces. EHAs are self-contained units comprised of their own pump, hydraulic circuit,
and actuating cylinder [30]. The main components of an EHA include a variable speed motor, an external
gear pump, an accumulator, inner circuitry check valves, a cylinder (or actuator), and a bi-directional
pressure relief mechanism. A mathematical model for the EHA has been described in detail in [34, 20]. For
the purposes of this paper, only the main state space equations will be explored. The input to the system is
the rotational speed of the pump w,,, with typical units of rad/s. In this setup, the sample rate for this
simulation was defined as T = 0.1 ms. The state space equations are defined as follows:

X1 = X+ Txop + Twy g 4.1)
Xoks1 = X + Txzp +Twyy 4.2)
BV, + MB,L (42 + BL)B,
s = (1T (F7 = o = 15
2ByVox3 kX3 k .BeL(Bzxzzk + Bo)
—-T 4 =+ . [ Jk 4.3
MV, MV, sign(xz k) (+3)

AD,

+T M?/Oe Uy + TW3,k

Note that A (in this case) refers to the piston cross-sectional area, By represents the load friction
present in the system, f3, is the effective bulk modulus (i.e., the ‘stiffness’ in the hydraulic circuit), Dy, refers
to the pump displacement, L represents the leakage coefficient, M is the load mass (i.e., weight of the
cylinders), and V, is the initial cylinder volume. The values used to obtain a linear normal operating model
are summarized in the appendix. Two more models were created based on a severe friction fault (the friction
was increased 3 times) and a severe leakage fault (the leakage coefficient was increased 4 times). The
normal, friction fault, and leakage fault system matrices (4, 4,, and A3) are respectively defined as
follows:

1 0.0001 0
A= |0 1 0.0001 (4.4)
0 —41.0258 0.6099
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1 0.0001 0

A, =0 1 0.0001 (4.5)
0 —51.8627 0.2226.
1 0.0001 0 ]

As =0 1 0.0001 (4.6)
0 —73.5364 0.6015.

Note that all three input gain matrices remained the same, and were calculated as follows:

B =

0
0 ] 4.7
0.0135

Note also that artificial system and measurement noise was added to the simulation problem to
make it more challenging. The zero-mean Gaussian noise was generated using system and measurement
noise covariance’s Q and R which were diagonal matrices with elements equal to 1 X 107°. The desired
position, velocity, and acceleration trajectories are shown in the following three figures.
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Figure 2. Desired EHA position trajectory.
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Figure 3. Desired EHA velocity trajectory.
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Figure 4. Desired EHA acceleration trajectory.

Note that for the first 4 seconds, the system behaved normally. A friction fault was injected at 4
seconds and lasted for 4 seconds. At 8 seconds, the friction fault was remove and a 2 second leakage fault
was implemented.
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Figure 5. Calculated system input from PID controller.

Estimation and Fault Detection Results

The following three figures (Figs. 6-8) show the results of applying the KF and SVSF estimation strategies
on the aforementioned electromechanical system. The estimation results for the KF and SVSF were nearly
identical for the first two states. However, for the third state, the KF estimate was slightly noisier, whereas
the SVSF smoothed out the estimated acceleration.

Figure 9 illustrates the acceleration state boundary layer values for each mode of operation. Recall
that the system behaved normally for the first four seconds (4,), followed by a four second friction fault
(4,), and finally a two second leakage fault (A3). The magnitude of the calculated boundary layer, based
on the SVSF gain and state error covariance matrix, provides a method for detecting system changes. A
small magnitude indicates that the system behaviour closely matches the model used by the SVSF.
Therefore, the Psi,, term is expected to be smaller than the other two boundary layer terms for the first
four seconds, and is verified in Fig. 9. During the next four sections, the system operates in the presence of
a friction fault (A;), and the Psi,, term is found to be the smallest of the three. Finally, the system operates
with leakage (A3), and is verified since the magnitude of the Psi,, term is the smallest. The time-varying
boundary layer that was derived in Section 3 is shown to be a viable term for fault detection and diagnosis.
However, this method requires that the system behaves according to a finite number of models that the user
or engineer can describe mathematically.

Another interesting property of the SVSF is observed when a spectrogram of the acceleration
boundary layer values is created for each three modes of operations (Figs. 10-12). A spectrogram is a visual
representation of the spectrum of frequencies in a signal as they vary with time or some other variable. In
this case, the signal is based on the calculated time-varying boundary layer. Visual patterns appear in each
figure based on the ratio of power and frequency (dB/Hz ). Similar to the study of the boundary layer
magnitudes, in this case, the smaller the ratio the better match in terms of system operation and the model
used by the SVSF.
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Figure 6. Estimated position trajectory using the KF and SVSF strategies.
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Figure 7. Estimated velocity trajectory using the KF and SVSF strategies.
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Figure 8. Estimated acceleration trajectory using the KF and SVSF strategies.
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Figure 9. Acceleration state boundary layer values for each mode of operation.
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Figure 10. Spectrogram of the acceleration boundary layer values using the normal system model.
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Figure 11. Spectrogram of the acceleration boundary layer values using the friction fault model.
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Figure 12. Spectrogram of the acceleration boundary layer values using the leakage fault model.

Figure 13 is a combination of Figs. 10-12 at low frequencies (less than 35 Hz). This figure clearly
shows the presence of faults (low vs high power and frequency ratio). Based on knowledge of the system,
the correct operating mode can easily be identified. For example, as per Psi, , the system is shown to
operate normally for four seconds, and then abnormally for the remainder of the simulation. The leakage
fault (A3) is shown to exist between 8 and 10 seconds, as per Psiy,.
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Figure 13. Low frequency spectrogram of the acceleration boundary layers for all three models.
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5. CONCLUSIONS

Although first introduced in the 1950s, the most popular method used for signal processing and state
estimation remains the Kalman filter (KF). The KF offers an optimal solution to the estimation problem
under strict assumptions, however is known to be unstable due to modeling uncertainties and disturbances.
The smooth variable structure filter (SVSF) is a sub-optimal filter but is considerably more robust than the
KF. In this paper, properties of the SVSF were explored in an effort to detect and diagnosis faults in an
electromechanical system. It was determined that the definition for the time-varying smoothing boundary
layer may be used to accurately and quickly detect and identify changes in a system. Future work includes
application of the proposed methodology to an experimental setup, and comparison of the results with other
popular fault detection strategies.
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