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ROBUST NONLINEAR CONTROL AND ESTIMATION
OF AN PRRR ROBOT SYSTEM

Mohammad AlShabi'*, Khaled S. Hatamleh?, S. Andrew Gadsden?, and Bassel Soudan*

Abstract — In this paper, a newly proposed implementation of an unscented smooth variable structure filter
(UK-SVSF) is introduced. The method is combined with a sliding mode controller (SMC) to compensate for
modeling uncertainties. The robustness and tracking accuracy of the proposed controller and estimation
strategy are demonstrated on a four degree-of-freedom (DOF) robotic system with one prismatic and three
rotary joints (PRRR). The effectiveness of the proposed combination is proven through comparisons with
three types of nonlinear estimation strategies: the standard unscented Kalman filter (UKF), smooth variable
structure filter (SVSF), and a previously published UK-SVSF. The robot’s trajectory following accuracy and
efficiency are used as the performance parameters to study and compare the different strategies. Modeling
uncertainties are added to the system to provide a more thorough evaluation of the robustness of the different
nonlinear control and estimation strategies.

Keywords—Sliding Mode Controller; Unscented Kalman Filter; Smooth Variable Structure Filter; Estimation;
Modeling Uncertainties.

1. INTRODUCTION

The field of robotics is rapidly expanding into major aspects of modern life. Robotic arms are becoming
commonplace in surgical theaters and space exploration, in prosthetics and life enhancement for the handicapped,
as surrogates in dangerous military and safety operations, and most prevalently for repetitive high-precision
industrial and manufacturing tasks. This has necessitated the development of control strategies that guarantee
efficient, and more importantly, precisely accurate maneuverability of the robotics. Researchers have been working
on control methods that enable a robot to follow a desired trajectory while minimizing the effects of external
disturbances and modeling uncertainties.

Versatile robots typically have multiple joints with multiple degrees of freedom. Because of this, they are
classified as a multi-input, multi-output (MIMO) control problem. Due to the nonlinearities involved, linear control
methods such as Proportional-Integral (Pl), Proportional-Derivative (PD), and PID are rarely employed for MIMO
robotic arms [1, 2]. Researchers have demonstrated robust behavior utilizing nonlinear controllers based on Fuzzy-
Logic [3-5]. Other researchers have proposed nonlinear sliding mode controllers (SMC). While these methods

achieve robust control, the robustness comes at a cost of chattering or high frequency switching [1, 6-8]. Chattering
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becomes pronounced especially when there is significant noise in the feedback signals from the sensors. Bear in
mind that modern controllers employ a very large number of sensors to achieve better perception of the
environment. The numerous sensor inputs, and their unavoidable associated signal noise, multiply the problem
many fold. Because of that, feedback signals are now typically processed to reduce the noise and improve the
stability of the controller.

Estimation strategies have been proven instrumental in reducing the effect of noisy sensor measurements as
well as in extracting non-measured state values at the same time. They have become common in the feedback of
most controllers. In 1942, the Wiener Filter was introduced based on least square error method. It offered the first
solution to dealing with stochastic noise [9-11]. Shortly after, the predictor-corrector Kalman Filter (KF) was
introduced [9-13]. However, the Kalman Filter places strict restrictions on the estimation problem. The system
needs to be known and linear, and the noise is assumed to be white and Gaussian. This is not necessarily the case
in real-world systems, which causes the Kalman filter to fail in most practical applications. A number of extensions
have been made on the KF in an effort to improve its robustness and stability for nonlinear systems. These
adaptations include: the Extended Kalman Filter (EKF) [11, 14-16], the Iterated Extended Kalman Filter (IKF) [11-12,
17-19], the Higher-Order Extended Kalman Filter (HOEKF) [11, 20-22], the Sigma-Point Kalman Filter (SPKF)
variations which include the Unscented Kalman Filter (UKF) [11, 23-27], the Particle Filter (PF) [28], Sliding Mode
Observers [29-37], and the Smooth Variable Structure Filter (SVSF) [38-46]. The SVSF is an estimation technique
that was developed in 2007 and is used to estimate linear and non-nonlinear systems. It exhibits high resistance to
uncertainties, but it is prone to sensitivity to measurement noise. The sensitivity becomes problematic as noise
amplitude increases. Several variations have been proposed to address this issue [38-46], including the Unscented
Smooth Variable Structure Filter (UK-SVSF) [47-51]. The benefits of the combination are to be stable and robust
against the uncertainties in the model using the SVSF’s features, while reducing the noise sensitivity using the UKF’s
features.

In this work, we will introduce a new closed loop controller system that consists of a Sliding Mode Controller
(SMC) combined with a newly proposed UK-SVSF as the feedback. The proposed method is considered stable, as
per Appendix A3-2. The root mean square error will be significantly reduced compared with the original SVSF and
the older version of the UK-SVSF in extreme cases (few measurements, high system and measurement noise
amplitudes, and system modeling uncertainties). This proposed system will be evaluated using a four degree of
freedom (DOF) robotic arm that has one planer and three rotary joints (PRRR). Matlab-Simulink simulations will be
discussed to show the effect of noise on the performance of the filter and the overall control system. Section 2 of
develops the mathematical derivations of the robotic arm’s forward and inverse kinematic solutions, joint space
trajectories, and overall dynamics. The implemented Sliding Mode Controller (SMC) is discussed in section 3, and
then section 4 describes the proposed implementation of the UK-SVSF and discusses its advantages compared to

three other nonlinear estimation strategies: Unscented Kalman Filter (UKF), Smooth Variable Structure Filter (SVSF),
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and the previously published Unscented Smooth Variable Structure Filter (UK-SVSF). Modeling uncertainty is added

to the system to provide a more thorough comparison of control and estimation robustness and tracking accuracy.

The results of applying the nonlinear controller and the four nonlinear estimation strategies are described in

Sections 5 and 6, respectively. The paper is concluded and future work is discussed in Section 7.

2. MODELING THE 4-DOF PRRR RoBoTIC ARM DYNAMICS

As discussed in the previous section, we will use a 4-DOF PRRR robotic arm as the evaluation apparatus for the

proposed control method as well as benchmarking with other control methods. Therefore, in this section, we will

start by developing the mathematical model for the robotic arm’s dynamics. Figure 1 shows a pictorial view of the

robotic arm under consideration and the diagrams in Figure 2 through Figure 4 outline the frame and joint

assignments. Common parameters are listed in Table 1 and were determined using the procedure defined in [52].

Table 1 —Denavit-Harternberg (D-H) parameters for PRRR reference frame [53-57].

Link a._, a,, d; 0.
1 0 0 d, 0
2 a, 0 0 6,
3 a, 0 0 o,
4 a, 0 0 o,
5 0 0 d, 0

doint 1 ( Prismatic

Joint 2 ( Revolute)

nii/ o

s
-

&

Maguetic gripper

Figure 1 — Pictorial impression of the PRRR robotic
arm used in this work [53-57].

Figure 3 — Side view of PRRR robotic arm [53-57].

Figure 4 —Graphical solution of the inverse

kinematics problem [53-57].
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2.1. Forward Kinematic Solution

The forward kinematic solution provides dynamic equations that can be used to model and study the 4-DOF robotic
arm. The solution is obtained using a transformation matrix 05T that provides the orientation and position of the

end effector (arm) with respect to the base (or zero) frame. Equation 1 below shows the forward kinematic solution
for our system where a subscript defines the reference frame’s number, while the superscript defines the frame in

which the orientation is needed.

Cs —Si3 0 (a1+azcl+a3clz)

OST — OIT 12T 23T :ZT 45T _ S123 0123 O (a2sl + a3S12 ) (1)
0 0 1 (d~+d,)
0 0 0 1

2.2. Inverse Kinematic Solution

Suppose that the known transformation matrix OSTd , shown in equation 2 below, describes the desired position

and orientation of the end effector. Using this matrix, we need to develop relationships to obtain appropriate values
for the four parameters required to maneuver the arm correctly (d4, 64, 8,, 63). Based on the robot diagram shown
in Figure 4 we can calculate the graphical inverse kinematic equations as shown in equations 3 through 10 below
[53-57].

i ha Ky P

=

By Iy Iy P

', - y @
T By Fp By P
o 0 0 1

First, we can apply Pythagoras theorem to the right triangle made up of #,(P, — a;) and P,, to obtain a
relationship between extension £ and link length a; and the position components P, and P,:
2 =(P,—a))*+ Py2 (3)
We can also develop a relationship between extension £ and link lengths a, and a5 using the Cosine law:

2 2 2
’e_az_a:))

(4)

£2 = a3 + a3 + 2a,a3¢, > ¢ =
2a,a3

s, (defined in the glossary) can be obtained using the trigonometry relationship 022 + 522 =1:

s; =+ |1—c2 (5)

Using equations (4) and (5), 8, can be obtained as:
0, = Atan2(s,, c,) (6)
Graphically it is possible to determine that P, = (asc, +ay)s; + azsyciand (P —ay) = —azs,s; +
(asc, + ay)cy. Based on these values, s; and ¢, can be obtained as follows:

Py = (a302 + a2)51 + a3S,C1 = k151 + k2C1 (7)
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PX — a1 = —0a3S8351 + (a3C2 + a2)61 = —k251 + k1C1

-1
R P o B P
0, is then obtained as:
0, = Atan2(sy,¢;) (8)
65 can be obtained analytically by comparing equations (1) and (2), which yields:
01+ 0, + 03 = Atan2(ryq,111) = 03 = Atan2(ryy,111) — 01 — 0, (9)
The remaining variable d; can be obtained graphically from Figure 4 or analytically by comparing equations (1)
and (2), which will result in the following:
dy =P, —d, (10)

2.3. Joint Space Trajectory Generation

Suppose that the robot arm is used for picking and placing objects. The robot arm picks up products from a well-

defined initial position and orientation that must be defined by an initial transformation matrix OSTA . The robot

initial

then drops the product at another desired position and orientation described by the final transformation matrix

OSTﬁna, . These two transformation matrices may be used to calculate the vector of initial joint space variables ®

initial
and the vector of final joint space variables @ ;. From the inverse kinematics solution derived above, we define

the joint space variable vectors as follows:
T _ T
0, = |:d1,0 Go Oy 93,0] and ®ﬁnal = [dl, ! 91 s ‘92, ! Hs,f:'

It is assumed that the manipulator moves according to the following sequence:

- First, link 1 extends to reach the length d;. Other joints are kept stationary during this motion to ensure

that the arm will not hit other surrounding boxes.

- Once link 1 reaches length d,, it will be held stationary at that position while the other three joints rotate

with angles 6,4, 8, and 65, simultaneously.

- Once the desired angles are obtained, the motors are turned off, and the arm starts to descend to reach

height P,. Finally, the arm drops the box.

- The arm retracts following a similar sequence.

In order to describe the trajectory of each joint over a required operating time, the stationary periods will be
assumed constant functions, while third-degree polynomials are generated to describe the movements for each
joint. However, to solve the proposed polynomials, four initial conditions are needed for each relation. The
calculated initial and final values for each joint provide two of the four conditions. The remaining conditions may

be obtained by assuming zero initial and final velocities. As a result, a total of four functions consisting of

polynomials and constants are obtained, refer to Figure 5. The four functions are referred to as d,(t), 6,(¢), 6,(?)

Page 5 of 34



Pre-Proof Version

,and 6,(?) . These functions represent the desired joint space trajectories that a controller should follow in order

to successfully pick-and-place an object with the robot. The controller needs to determine the required torque

vectors for the robot joint motors, which can be calculated using dynamic models for the PRRR robot.

Reuired d1, 61, (92, and 63 vs. Time Reuired dd1ldt, d91ldt, db‘zldt, and db‘sldt vs. Time

————dd,fdt
1r ———d6,fdt|
do,fdt
doydt| 7

08

06 -

A\ P

-02 1

05

d1 (m) and 61, 62, and 63 (Rad)

dd1/dt (m/sec) and d61/dt, d62/dt, and d(93/dt (Rad/sec)

-04

Time (sec) Time (sec)
(a) (b)
Figure 5 — Desired prismatic and revolute joint trajectories over time.

2.4. Dynamics of the Robotic Arm

Assuming L is the total energy as defined in equation (11) below, and using the Lagrange-Euler relationship in
equation (12), the PRRR dynamic behavior can be represented by the relationship in equation (13) [52]. Based on

that, equations (14) through (16) describe the derivation of the equation of motion for the proposed manipulator.

0
L = Y (Kinetic — Potential) = . (%ml SvT v + % QoL dw + ml-gOTCOir) where g% = [ 0 ] (11)
-9
_d (oL <6L) (12)
i = ae\0e,)  \ae;
T=M(0)0 + V(0,0) + G(0) (13)
F mry 0 0 0 ‘fi 0 —gmy
(21 0 Ay Ay As|[6; A 0
= g 14
T, 0 A, 4y Ag||d,| T |ag|T| O (14)
T 0 A A 5 0
3 5 Ag Az 4, 0
For the Sliding Mode Control, equation (13) is rewritten to have the form of
©=M(0)0 + Vn(0,0)0 + G(0) (15)
Where
0 0o0oO
A B1 BZ 0 0
= 1
Vn(0,0) B, 0 0 0 (16)
0 000
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2.5. Jacobian Matrix

If the joint space trajectories (@,@,@) are known, then the Cartesian space trajectories (X,X,X) can be

computed as per equations (17) and (18) below:
a;s; + assy;
d; + d, 17)
(6, + 6, +63)

X =

0 —(azsy + azsiz) —a3S12 0
v — ° _ 0 (a261 + a3C12) asC12 0
0 1 1 1

3. SLIDING MODE CONTROL METHODOLOGY

Sliding Mode Control (SMC) is a well-known nonlinear control strategy based on Variable Structure Control (VSC)

theory. Variable Structure Control, in turn, is based on a discontinuous input gain that switches back-and-forth

across a state space trajectory. Similarly, SMC uses a discontinuous control gain (i.e., a switching function) that
keeps the state trajectory within a switching hyper-plane [58-61]. Both SMC and VSC are robust to unmodelled
uncertainties and disturbances. An early and relatively crude example of SMC was presented in [58]. In that study,

a rudder was used to force a ship to follow a pre-described path that was a function of the rudder angle § and the

course angle ¢. The SMC consisted of two phases: the reachability phase, where the system dynamics are forced

towards the desired one; and the sliding phase, where the trajectory is maintained around the desired trajectory.

The system had a stable response and was less sensitive to modeling uncertainties [58]. Note however that SMC

has some drawbacks, which can be summarized as:

e Chattering — High frequency switching across the hyper-plane. It can reduce accuracy of trajectory following,
and increases wear on mechanical components [58, 62]. Fortunately, it is possible to reduce the effect of
chattering by using a saturation function that smooths the chattering signal.

e Hysteresis.

e Delays caused by the switching signal.

Figure 6 illustrates the SMC proposed for this work. The controller defines a hyper-plane that has the form of

S = e + A¢é, where e is the error between actual and desired trajectories. Note that these values include angles

and displacements, as well as their derivatives.

Define system components Define EE initial and final positions Find ®initial & 0 fnal
Robot I1 | | Controller IV | O Plan joint space trajectories
0, ) 0,,0,0,

Figure 6 —A Schematic diagram for the proposed sliding mode controller [53-57].
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The reachability phase uses the following gain:
u = —M(0)K ssign(S) (19)
And, the sliding phase has an equivalent control signal that is derived by setting $ = 0 as follows:
Ueg = M(®) (6, —271(6 - 69)) +Vn(0,6) (6, — 171(0 — 0y)) + G(O) (20)

Combining equations (19) and (20) creates the SMC input used by the PRRR system. Note that gain K must be
large enough to compensate for uncertainties. However, it is important to note that chattering increases with
higher K values. As such, the gain should be selected and designed carefully. Finally, note that the SMC response is
found to be less sensitive to parameter changes; A=1.
4. ESTIMATION METHODOLOGIES
As it was mentioned earlier, estimation strategies have been proven instrumental in reducing the effect of noisy
sensor measurements as well as in extracting non-measured state values at the same time. This section discusses
a number of estimation methodologies and introduces our proposed UK-SVSF filter implementation.
4.1.Unscented Kalman Filter
The Kalman Filter (KF) has been shown as the optimal solution for linear and known systems with stochastic white
noise. The KF was modified for nonlinear applications to the EKF, where the nonlinear functions are linearized to
their corresponding Jacobian matrices [11]. Several other nonlinear methods have been developed, including: the
Sigma-Point Kalman Filter (SPKF) family [11, 23-27] and the Particle Filter (PF) [28]. One of the varieties of SPKF is
the Unscented Kalman Filter (UKF) chosen for this work. While the EKF utilizes a first-order Taylor series
approximation, the UKF estimation strategy has been shown to be accurate up to the third-order [11]. The UKF
defines sigma points that are drawn from the probability distribution function (PDF) projected for the states (as
represented in Figure 7). These points are then propagated through the nonlinear model to obtain the a priori
estimates. These values are combined together using tuned weight factors, and then they are refined to the a
posteriori (or updated) estimates, which approximates the mean and covariance of the nonlinear distribution. The

flowchart in Figure 8 summarizes the UKF estimation process. Note that:

Py = Pr_qk-1 (21)
Py = Pyj—1 (22)
0 i =
T
( /nPj) 1<i<n
(ej), = i (23)

T

—(’nPj) n+1<i<?2n
i

The Smooth Variable Structure Filter (SVSF) makes use of VSC theory and may be applied to both linear and

4.2.Smooth Variable Structure Filter

nonlinear systems [38-46]. The flowchart in Figure 9 summarizes the SVSF estimation strategy algorithm. The SVSF

utilizes a switching term that forces the state estimate to within a region of the true state trajectory, known as the
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existence subspace. Similar to the KF, the SVSF is formulated as a predictor-corrector, and has two indicators of

performance assigned to each state [63, 64]. The predicted and updated existence subspaces are respectively

defined as follows [63]:

€xklk-1 = €zklk—1 — Vk (24)
€xklk = €zklk — Vk (25)
- * | Initial X,y and Py
S5 —
(a) : > k=k+ 1 k=0
‘covaiante 1 Pre — Processing Prediction
for i=0,1,..,q Stage

Xik_1|k_1 = ﬁk—1|k—1 + (Ql)i
Calculate W; from table 2.1

Xik|k—1 = f(xik—uk—l’ uk-l)

2 =g(x)

- mean

(b) esmmsd:namwm:sm B end <
sigma pnirrts\\-o ¢ transfnrmi? A Priori Estimation N
£ sigma points S _\4a < k—
5 Y of o) ? Rii-1 = Li=o Wi Xik|k—1 '
8 weighted 'SP mean J 9 <. e T
- sample mean 1 _ lk|k—1 lglk-1
6] s~y vand covariane o 'IO Pklk_l - Z Wi (_)’Z ) (_ﬁ > + Qk—l
I,-—g(’l.- ) = klk—1 k|lk—1
o) Pw.'arianr.e/ ‘
Figure 7 — (a) Actual system states and nonlinear Pre — Processing | Update
measurements, and (b) the UKF’s estimates [24, 25]. fori=01,..,q Stage
Xik“(_l = Rpk-1 + (@2):
A NP Zy
Zik|k—1 =8 (Xik|k—1)

end
A _wq ™~
Zk|k—1 - Zi:o VVl Zik|k_1

A Priori Estimation
- T

W( Zik|k—1 )( Zik|k—1 ) +R,
L A~ A
“Zgk-1/) \TZg|k-1

A

-

Predictior k=0,fo|0 ﬁ Uk-1 1 Zk P,, =

Stage J
— N =
) Rijk-1 = A-1Xk-1jk-1 + Bro1Ui— a X. 7. T
k=k+1 €y = Zi — HiRigiems P, = Z w, ( ki1 )( -1 )
A : s “Xklk-1/ \TZk|k-1
Update Stage +—1 K, = PP, !
Ksk_ = Hk_1 (Y eZk—1|k—1 + eZk\k—1 )OSgn (eZk|k—1) Xklk B Xklk_l * Kk(ZR - Zklk_l)
e % .2 < P = (Peprer — Ky PK)
Rijk = Kipe-1 + Ky, €z, = Zp — HyeKieppe klk klk=1 k S zzTk
|
Figure 9 — The Smooth Variable Structure Filter Figure 8 — The Unscented Kalman filter (UKF)
algorithm [9, 64]. estimation process [11, 63].

where both existence subspaces are functions of modeling uncertainties and noise signals. To minimize the
effects of SVSF chattering, the sign function in the SVSF gain equation is replaced by a smoothing function. It is
described by equation (26) with an appropriate smoothing boundary layer (SBL).

ezklk-1/%i €z kk—1 <Y

. (26)
sign(es kk-1)  €zpeik—1 > Wi

sat(ez kik-1, Vi) = {

The SBL width should be chosen carefully. According to [64], large SBL values increase the estimation error, and

may cause a slower convergence rate (refer to Figure 10 and Table 2). However, a small SBL width can lead to
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chattering and increased sensitivity to noise (as shown in Figure 11 and Table 3). If the control gain is not increased,

then the system performance becomes unstable. The SBL value should be selected larger than the noise and

modeling uncertainties.

SMC d, Error Vs Time 3 SMC d, Error Vs Time
1 x10 1
0.005 i 67 T T T
. A ?, .
Op: e "_'_'.'.\\!'.{ilim'li-'_-:‘""'" "':”fm' 4t kN 5
" i UL G " 3 3
0,005 Bt i iR w oS ot
b 2F N ) rh L
£ ol LA N
s SRS R O YO
- w08ty b tiiennas faxnia e e e danc s o inngg b st
T ) T ®u 430y et % "u,‘ '! “o‘,";‘"' -:’ ,{- "
£ 00151 F- CLLTD VVV small noise ‘_||' RO A
5 =7 N I PP 0BL 5 2 VVsmallnoise | Hu ¥ e o
=002 E"'.' ...... very very small BL.[ = Vsmallnoise ~ f, f oo W
“ w very small BL w I smallnoise ¥ %
D050 0 e smalBL |4 e mediam noise
- S i [TY O medium BL hig noise ] ) ._'
0035 large BL B Vlarge noise o
N verylargeBL | | e VV large noise .
0.035 gl VVV large noise ‘ | ‘
o 1 2 34 5 6 0 1 2 3 4 5 §
Time (sec) Time (sec)

Figure 10 — The effect of the smooth boundary
layer on the overall performance.

Figure 11 — The effect of measurement noise on
the overall performance.

Table 2 — The root mean square error of the PRRR robot with different smooth boundary layers.

SBL zero v.v. small v. small small medium large v. large
RMSE

d (m) 0.00008 0.00123 0.00225 0.00374 0.00494 0.00652 0.00770

d (m/sec) 0.00451 0.00804 0.01294 0.01847 0.02649 0.03215 0.03640

0, (rad) 0.00006 0.00201 0.00351 0.00566 0.00530 0.00706 0.00856

6, (rad/sec) 0.00673 0.01512 0.02063 0.02311 0.02798 0.02894 0.03582

0,(rad) 0.00007 0.00246 0.00374 0.00667 0.00535 0.00671 0.00846

6,(rad/sec) 0.00680 0.02062 0.02665 0.02516 0.03397 0.03047 0.02811

O5(rad) 0.00006 0.00297 0.00489 0.00741 0.00762 0.01061 0.01184

65(rad/sec) 0.00461 0.02738 0.03672 0.04134 0.04405 0.04057 0.04793

Table 3 — The root mean square error of the PRRR robot with different measurement noise amplitudes.

SBL V.V.V. V.V. v. small small medium large v. large V.V. V.V.V.
small small large large
RMSE X 1075 | x10™> | x107% | x10™° | x 1075 | x10™° | x 1075 | x107°
d (m) 8.8 7.5 7.6 6.3 8.4 190 260 350
d (m/sec) 540 540 440 500 510 1800 2300 3800
0, (rad) 11 16 16 10 12 300 370 310
6, (rad/sec) 820 830 840 860 840 3200 3600 4500 T
6, (rad) 16 14 14 11 13 26 42 44 ~
6, (rad/sec) 820 840 930 870 860 2800 3500 4900
O3(rad) 7.5 7.8 8.0 4.6 4.7 210 490 300
6 (rad/sec) 460 450 460 490 460 1800 2200 3500
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4.3. The Unscented Smooth Variable Structure Filter

To improve the SVSF’s performance, it was combined with the UKF (as in Figure 12) and is referred to as the UK-
SVSF [65]. The algorithm in Figure 12 specifies that the UKF gain be used if no chattering occurs. However, if
chattering is observed, the filter switches to the SVSF gain. Figure 13 illustrates the combined UK-SVSF estimation
methodology [66]. Compared to both SVSF and UKF, the UK-SVSF estimation strategy offers improved estimation

tracking, especially when modeling uncertainties and disturbances are present.

Chattaring Dbserved . A Prlorl Estimation Errar
A .
—_— Upper Constant
", f Boundary Layer

Systern Change

Het Detected UKF Gain

f’ i - Corrected Performance (Maintains Stability)
; .i /
' .
; : AT
f
'
V

Predi:tim___
Stage

Update

Chattering Stage

: . Lawer Canitant
—_— T NeundaryLayer

@ SVSF Gain

Figure 12 — The UK-SVSF estimation process [65].

Figure 13 — lllustration of the combined UK-SVSF
methodology [65].
4.4.The Proposed Unscented Smooth Variable Structure Filter

A significant amount of work has been performed since 2011 in an effort to improve the performance of the SVSF
by varying the SBL width [49, 63 and 67]. In this work, we propose combining a SVSF with a UKF by utilizing a time-
varying smooth boundary layer (SBL). In [49], two filters were implemented as shown in Figure 14. The first filter
was implemented with a zero width SBL to maintain stability. The second filter was used to refine the estimate by

using a time-varying SBL derived to satisfy equation (27).

T
_ T _
] - (ex,2k|kex,2k|k) - (eZ,2k|k - Vk) (eZ,2k|k - Vk) (27)
Where €224k is the a priori measurement estimation error for the second filter and is defined as:
€z 1
j— —_ rLk|lk—1
eZ,2k|k - eZ,2k|k_1 - KSVSF - eZ,2k|k_1 - ( eZ,2k|k_1 + Y eZ,Zk_1|k_1 )osat< ) (28)
tvie

Without losing generality, and for simplicity, assume €221 = €215k n (they have the same a posteriori

€z, _
estimates, S,; = diag (%) and y = 0 yields
tvi
. €211k o . -1 (29)
Sat = diag <lP—1 = (Pzzl,k”(_l - Rk) Lnxn ((Pzzl,k”c_l lnxn))
tvie 1 (30)
llJtvk = (Pzzl,k|k_1olnxn) ((Pzzl,k”(_l - Rk) OInxn) €z, 1kk-1

where €214 k-1 and P, are the a priori measurement estimation error and state error covariance matrix,

Z1,k|k—-1
respectively (for the first filter). In [49], a linear system was considered; whereas in this paper, the system is

nonlinear. In order to implement the UK-SVSF on a nonlinear system, a modification to the method is required:
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calculation of the required covariance matrix using the UKF. In this case, it is proposed that the a posteriori
covariance matrix is reduced to the measurement covariance matrix (R) only. The a priori state error covariance
matrix can be obtained from Figure 8. The required SBL may be calculated using equation (30). Note that the
proposed strategy makes use of an inversion applied to a diagonal matrix, which reduces computational time and

removes any ill-matrix conditions.

X1,k-1|k—1 7-1 X1,k|k
—» Filter 1 j
atime—varying
Zy X2.k|k
“—» Filter 2 4

Figure 14 — The proposed (new) UK-SVSF structure [49].

5. RESULTS OF COMBINED NONLINEAR CONTROL/ESTIMATION APPLIED TO THE PRRR ROBOT

In this paper, a PRRR robotic system was used to study and compare estimation strategies combined with nonlinear
control. The end effector of a robotic arm was designed to move from an initial position and orientation to a final
position and orientation. The inverse kinematics solutions for the required start and end positions were calculated
using equations (2 — 10). The desired prismatic and revolute joint trajectories are shown in Figure 5.

This section discusses the results of applying the UKF, SVSF, UK-SVSF [65,66] and the proposed UK-SVSF to the
nonlinear PRRR robot system. The estimation strategies were combined to the SMC and the overall performance
was studied. The combined strategies were applied with and without the presence of modeling uncertainties at
different noise level. Moreover, two scenarios were used, one with full rank measurement matrix and the other
where only position and angles are measured. This leads to a total of 36 cases to be considered: 18 cases with
modeling uncertainties (up to 50%), and 18 cases with no uncertainties. Each 18-case group has 9 cases with full
ranked measurement matrix and 9 cases with only position and angles were measured. Each case represents a

different combination of system and measurement noise’s maximum amplitudes. Those amplitudes are:

(Wmax' vmax) = (10—6’ 10_12)7 (10_6' 10—8), ( 10_47 10_8)1 ( 10_4, 10_6);
(1072,107%),(1072,1073),(10°,1073), (10%,1073) and (102,1073)
The error between the desired and measured states and their corresponding derivatives for few cases; i.e. cases

(31)

9, 18, 27, and 36 are illustrated in Figure 16 through Figure 31, and the root mean square error is computed for all
cases is shown in Table 4. The results of the four implemented filter/control systems were similar when a small
amount of noise was used and without the presence of modeling uncertainties. However, the UKF was unstable
when only a few measurements were made available. i.e., the UKF became unstable under measurement
uncertainties. The same result occurred when the noise amplitude was high. While comparing the standard SVSF,

the previously published UK-SVSF, and the proposed UK-SVSF, the following observations were made:
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1- Increasing the noise amplitude (particularly the system noise) reduces the filters performance in terms of
estimation accuracy. The SVSF and the previously published UK-SVSF become unstable when the noise
amplitude was increased. However, the proposed UK-SVSF implementation showed a significantly improved
resistance towards noise.

2- Increasing the modeling uncertainty in the system improves the performance of the filters. This is due to
the presence of chattering. When chattering is present, most of the signals are recovered and less filtering
is required. In this case, the information provided to the controller will have more knowledge and
information about the true status of the system. However, the performance decays with increasing the
noise amplitude (as expected).

3- Decreasing the number of measured states reduces the overall performance. In this case, the UKF did not
yield a stable or reliable result.

Results of 36 cases
/  ~
All States are Measured 18 cases Only Position and Angles are Measured - 18 cases
No Modeling Uncertainties Modeling Uncertainties No Modeling Uncertainties Modeling Uncertainties
(NMP) 9 cases (MP) 9 cases (NMP) 9 cases (MP) 9 cases
2 B % 12 6 8 12 4 & o [0 [@ [0 |0 [@ |6 |0 [@ |6 | [@ |6 |0 [@ [@ |0 [0 6 |0 [0 [@ |0 [0 [@ |60 |¢
— PR REREERRERFCERERBREERERRIBERERERERIR[RR
SR RLRLLERELLRELRLLhhlhlhhlrlohlhlhlrllhllRlRriRlRRIiIll
3 3 B E E (=} (=} (=1 o (=} (=} (=} (=1 (=1 o (=} (=} (=} (=1 < o (=} (=} (=} (=} (=1 o (=} (=} (=} (=} (=1
CEEEEEEREEEEREEREEEEEERERREREEEEEEEEREERE
E R E R EREREEREEBEEEBEEBERBEEEEEEEREEEBERBEREEREETELE
= e e EERREEREREBREERBREERREREBEBEBEREBERREREREBERBPEREB-ERERIEBLE
C L EEEREEEEEEEEEREREPEEEEEEEEEEREERREEEREETFE
= = = =3 = = = = = =3 = = = = = =3 = = = = = =3 = = = = =
i A S E ol A ST A S L 0 (T (VCT PO (O = N SCTR YO (V>R (S OO (UCR PO (U 1= N R (SR (V>R (S NCU (FCRR SO (DA 15 N ST N (V=)
Figure 15 — Distribution of the 36 cases considered
SMC d1 Error Vs Time NUP 0 SMC dd1ldt Error Vs Time NUP
= odp £ 04
£ ——UKF <
© 0.05) ——SVSF 2 02 UKF
h =0 =NEW Method o :SVSF
= ==& =0LD Method ° =NEW Method
3 o o0 g 0 —o =OLD Method | *®
E S
w .05 . ) . . . ) g 0.2 ) . . . . )
0 1 2 3 4 5 6 o 0 1 2 3 4 5 6
Time (sec) Time (sec)
SMC d1 Error Vs Time UP 0 SMC dd1ldt Error Vs Time UP
= odp £ 02
£ — UKF <
= 0.05 ——SVSF k) = UKF
T =0 =NEW Method o o = SVSF
=06 == =OLD Method o =0 =NEW Method
3 £ =% =O0LD Method
S S
W .05 I | I | I | g 0.2 | I | | | |
0 1 2 3 4 5 6 o o 1 2 3 4 5 6
Time (sec) Time (sec)

Figure 16 — The error in first state between the
desired and the measured for cases 9 & 18

Figure 17 — The error in second state between the
desired and the measured for cases 9 & 18
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Figure 18 — The error in third state between the
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Figure 19 — The error in fourth state between the

desired and the measured for cases 9 & 18
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Figure 20 — The error in fifth state between the
desired and the measured for cases 9 & 18
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Figure 21 — The error in sixth state between the

desired and the measured for cases 9 & 18
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Figure 23 — The error in eigthth state between the
desired and the measured for cases 9 & 18
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Figure 24 — The error in first state between the
desired and the measured for cases 27 & 36
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Figure 26 — The error in third state between the
desired and the measured for cases 27 & 36
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Figure 28 — The error in fifth state between the
desired and the measured for cases 27 & 36
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Figure 25 — The error in second state between the
desired and the measured for cases 27 & 36
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Figure 27 — The error in fourth state between the
desired and the measured for cases 27 & 36
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Figure 29 — The error in sixth state between the
desired and the measured for cases 27 & 36
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Figure 31 — The error in eigthth state between the
desired and the measured for cases 27 & 36

Table 4 — RMSE results for PRRR estimation.

No Modeling Uncertainties (NUP) x 10~° Modeling Uncertainties (UP) x 10~¢

State | State | State | State | State | State | State | State || State | State | State | State | State | State | State | State

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

,:E UKF 24 37 2.8 53 2.5 56 1.2 28 NaN NaN NaN | NaN | NaN | NaN | NaN NaN

r% SVSF || 2.4 37 2.8 53 25 56 1.2 28 0.9 32 7.2 200 17 340 6.5 180

E g oLb 2.4 37 2.8 53 25 56 1.2 28 0.9 32 7.2 200 17 340 6.5 180
§ g NEW 2.4 37 2.8 53 2.5 56 1.2 28 0.9 32 7.2 200 17 340 6.5 180
% w § UKF [ NaN | NaN | NaN | NaN | NaN [ NaN | NaN | NaN || NaN | NaN [ NaN | NaN [ NaN | NaN | NaN | NaN
§' g% g SVSF 1 57 21 110 1.8 120 1 59 0.8 62 8.7 410 17 670 6.6 350
}_’;: g oLb 2.6 62 3.1 110 1.7 110 1.8 60 0.9 61 8.8 420 18 680 6.1 340

g % NEW 11 70 1.5 110 21 110 1 60 0.8 62 8.7 410 17 670 6.5 350

> UKF 3.1 76 7.7 160 2.9 76 1.8 38 NaN | NaN | NaN [ NaN | NaN | NaN | NaN | NaN

m % SVSF || 24 37 2.8 53 25 56 1.2 28 0.9 32 7.2 200 17 340 6.5 180
% é oLb 2.4 37 2.8 53 2.5 56 1.2 28 11 31 8.2 200 15 340 7.6 180
g g NEW | 2.4 37 2.8 53 25 57 1.3 29 0.9 31 8.1 200 15 340 7.5 180
3-. ) § UKF NaN | NaN | NaN | NaN | NaN [ NaN | NaN | NaN || NaN | NaN [ NaN | NaN | NaN | NaN | NaN [ NaN
%’. % §. SVSF || 11 70 1.5 110 21 110 1 60 0.9 61 8.7 410 18 680 6.1 330
> g Z;; oLb 1.9 50 4.4 84 14 84 1.7 46 0.9 61 8.7 410 18 680 6.1 330
& ? NEW | 0.8 52 13 100 0.8 120 1 68 11 61 9.1 420 17 680 6.2 330

,:E UKF 24 37 2.8 53 2.5 56 1.2 28 NaN NaN NaN | NaN | NaN | NaN | NaN NaN

r% SVSF || 2.4 37 2.8 53 2.5 57 1.2 28 0.9 32 7.2 200 17 340 6.5 180

g g oLb 2.4 37 2.8 53 25 56 1.2 28 0.9 32 7.2 200 17 340 6.5 180
Z:' g NEW 2.4 37 2.8 53 2.5 56 1.2 28 0.9 32 7.2 200 17 340 6.5 180
% w § UKF [ NaN | NaN | NaN | NaN | NaN [ NaN | NaN | NaN || NaN | NaN [ NaN | NaN [ NaN | NaN | NaN | NaN
%’ % §. SVSF 1 69 21 110 1.8 110 1 58 0.8 62 8.7 410 17 670 6.6 350
z f;; oLb 0.9 37 1.6 120 1.2 85 0.6 37 0.8 62 8.8 410 17 670 6.6 350

g % NEW 1.9 59 1.8 110 15 110 1.9 61 1 60 9.4 410 17 680 7 330
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No Modeling Uncertainties (NUP) x 10~°

Modeling Uncertainties (UP) x 107¢

State

State

State

State

State

State

State

State

State

State

State

State

State

State

State

State

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
> UKF 3.1 76 7.7 160 2.9 76 1.8 38 NaN | NaN | NaN | NaN | NaN [ NaN | NaN | NaN
=
[
< SVSF 2.4 37 2.8 53 2.5 57 1.2 28 0.9 32 7.2 200 17 340 6.5 180

- ©

o ©

= 2 OoLD 2.4 37 2.8 53 2.5 56 1.2 28 1.3 33 9.2 210 15 340 6.6 180
- =

= I

8 o NEW 2.4 37 2.8 53 2.5 57 13 29 0.9 31 8.1 200 15 340 7.5 180
3

o | o § UKF NaN | NaN [ NaN | NaN | NaN | NaN [ NaN | NaN (| NaN | NaN | NaN | NaN | NaN [ NaN | NaN | NaN
2 |°=

%‘ <8 SVSF 0.8 64 1.3 110 1.5 110 0.6 63 0.8 61 8.4 410 18 680 5.6 330

I}
=3 © R
2 > oLD 0.7 62 2.3 110 1.4 110 0.6 55 0.9 61 7 420 20 680 5.6 340
= 3
® @
o ) NEW 0.7 67 1.2 110 0.9 110 0.8 54 0.6 62 8.5 410 16 680 5.9 340
> UKF 2.3 38 31 55 2.6 54 1.3 30 NaN [ NaN | NaN | NaN | NaN | NaN | NaN | NaN
=
[
< SVSF 2.4 38 31 56 2.7 55 1.6 30 1.1 31 10 200 21 340 9.1 180
I}
M Q
= & OoLD 2 39 3.2 55 26 55 1.4 30 1 31 9.9 200 21 340 9.1 180
> =

®
§ o NEW 1.9 39 3.2 55 2.6 55 1.5 30 0.9 32 7.2 200 16 340 6.5 180
% m§ UKF NaN [ NaN | NaN | NaN [ NaN [ NaN | NaN | NaN || NaN [ NaN | NaN | NaN [ NaN [ NaN | NaN | NaN
g |0 =
§' 4] SVSF 1 57 1.7 110 1.6 120 0.7 60 0.9 60 8.2 410 20 680 7.4 330

I}

Q @

2 > OoLD 1.6 35 0.8 59 1.5 60 1.3 33 1 60 9 410 17 670 10 330

= 3>

® @

o 3 NEW 0.7 66 1.4 110 1.1 110 0.5 65 0.7 61 9.6 410 17 680 6.1 340
> UKF 65 480 220 High 120 High 28 280 NaN | NaN | NaN | NaN | NaN | NaN | NaN | NaN
=
[
< SVSF 1.3 36 1.8 61 1.9 59 1 32 0.8 35 3.6 200 2.8 300 4.9 150
©
Q

g 2 OoLD 1 40 2.1 63 1.8 61 0.7 36 1.1 37 2.4 210 17 320 1.2 170
> ®

Q o NEW 1 59 0.9 89 0.8 87 0.9 61 0.9 58 2.1 220 14 350 2.5 180
3

S | S UKF NaN | NaN | NaN [ NaN | NaN | NaN [ NaN | NaN || NaN [ NaN | NaN | NaN [ NaN | NaN | NaN | NaN
=] X 0

QU M =+

= =z §' SVSF 36 240 33 360 37 350 26 220 40 240 35 760 49 990 27 530
= I}

L R

2 > OoLD 30 220 34 340 36 380 31 240 34 230 33 750 41 180 40 590

= 5

T m

= 3 NEW 28 210 28 340 37 330 28 210 30 210 33 720 38 930 29 510
> UKF 1 55 0.7 84 0.8 85 0.9 58 NaN | NaN | NaN | NaN | NaN | NaN | NaN | NaN
=
[

n < SVSF 1.2 35 35 64 5.6 76 6.4 60 11 37 8.6 190 6.1 270 11 150
o) 3
§ 2 oLD 1 56 0.7 84 0.8 85 0.7 57 1 56 5.1 210 12 350 41 180
=3 ®
‘:-’; o NEW 1.2 60 0.8 88 0.8 89 0.8 58 1.2 59 1.9 220 12 350 3.4 180
o
3 o § UKF | NaN | NaN | NaN | NaN | NaN [ NaN [ NaN | NaN || NaN | NaN | NaN | NaN | NaN | NaN | NaN | NaN
S |3
a | = S SVSF 53 330 51 510 47 450 41 290 53 330 54 900 56 High 54 640
o I}

D R
> 2 > oLb 31 270 47 460 39 520 51 380 31 300 54 890 64 High 49 680

= 35

® @

o o NEW 32 210 33 340 40 340 18 200 34 210 34 710 39 940 34 510
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No Modeling Uncertainties (NUP) x 10~° Modeling Uncertainties (UP) x 107°

State | State State State State State | State | State || State | State | State | State | State | State | State | State

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

,:E UKF 11 63 0.7 91 0.9 100 2 110 NaN NaN NaN NaN NaN NaN NaN NaN

% SVSF 31 170 43 260 46 330 65 430 31 170 44 300 32 320 64 500

Og g OoLD 0.9 59 0.9 88 0.8 89 0.8 60 1 60 2 220 16 360 2.2 180
E’_ 3 NEW 11 59 0.9 88 0.9 87 0.8 59 0.9 60 3.1 220 12 350 4.3 180
§', o § UKF [ NaN [ NaN | NaN | NaN | NaN | NaN | NaN | NaN [ NaN [ NaN | NaN | NaN | NaN | NaN | NaN | NaN
ng % §. SVSF 41 450 55 590 44 600 44 440 43 460 55 High 45 High 53 980
3 g i;: OoLD NaN | NaN | NaN [ NaN | NaN | NaN | NaN | NaN 58 250 45 680 100 High 150 High
g % NEW 22 210 36 330 26 320 35 240 21 210 40 690 30 910 35 510

P UKF [ NaN [ NaN | NaN | NaN | NaN | NaN | NaN | NaN [ NaN [ NaN | NaN | NaN | NaN | NaN | NaN | NaN
% SVSF || NaN | NaN | NaN | NaN | NaN [ NaN [ NaN | NaN || 290 | 940 210 | High | 230 | High | 890 | High

% g OoLD 11 59 0.8 88 0.9 87 0.8 60 1 60 33 220 11 350 3 180
E’- g NEW 1 60 0.8 88 0.9 88 0.9 60 1 58 2.4 220 13 360 2.2 180
é’- o é UKF [ NaN [ NaN | NaN | NaN | NaN | NaN | NaN | NaN [ NaN [ NaN | NaN | NaN | NaN | NaN | NaN | NaN
né"' % §- SVSF 130 700 130 | High 150 High | 510 High 120 680 110 High 86 High | 520 High
g Z;; OLD || NaN | NaN | NaN [ NaN | NaN | NaN | NaN | NaN (| High | High | High | High | High | High | High [ High

8 ? NEW 27 240 33 360 29 330 33 230 29 240 39 720 29 900 35 510

6. CONCLUSIONS AND FUTURE WORK

In this paper, a four-DOF robotic system was used as the testbed to evaluate a control system comprised of a
nonlinear sliding mode controller (SMC) and four different estimation strategies. The four estimation strategies
considered were: the unscented Kalman filter (UKF), smooth variable structure filter (SVSF), a previously published
unscented smooth variable structure filter (UK-SVSF), and the proposed new version of the UK-SVSF. Modeling
uncertainties were introduced in an effort to study and compare the performance of the control system. In the
presence of modeling uncertainties and/or fewer measured states, the UKF failed to yield an estimate for the state
trajectories. The other three filters showed relatively high resistance to modeling uncertainties. However, these
methods were extremely sensitive to system and measurement noise. The SVSF and the previously published UK-
SVSF yielded good tracking results; however, the proposed UK-SVSF estimation strategy yielded the best estimation
results in terms of RMSE when the noise amplitude became relatively high. Future work will look at implementing

the SMC and UK-SVSF on an industrial PRRR robot currently being installed for experimentation.
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APPENDIX 1

Commonly used nomenclature in this paper is summarized as follows:

-1 + T
. :Inverse, pseudo inverse and transpose, respectively.

|ABS|, ~: Absolute and estimated values, respectively.
(a); : The i row of a.

A o B : Schur product between A and B.
%1 Link-1length (m).

@1 Link-7 twist (rad).
c; . cos@)

¢; . cos@ +0,)

y

di: Link- offset (m).

en: The estimation error vectors.

f(.): The system’s model function.

F;: Prismatic joint-1 motor force (N).

Y: The SVSF’s positive constant matrix.

& . Gravity acceleration (m/s2).

g(.): The sensor’s model function.

i,]: Subscripts used to identify elements.

L,xn: The identity matrix with dimensions of n X n.
k: Time step value.

k|k — 1: The a priori value at time k.

k|k: The a posteriori value at time k.

Ky sr: The correction gain of the SVSF.
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(®): Inertia matrix.

M1 915 . asses of links 1, 2, 3 and 4 respectively (kg).
m, n: Number of measurements and states, respectively.
P,,: The output’s error covariance matrix.

P: The error covariance matrix.

P.P.P
7>z Cartesian coordinates of the E.E in world frame (m).

q : The number of the sigma points, 2n + 1.

W¥: The smoothing boundary layer vector.

W, ,,: The time-varying smoothing boundary layer vector.
Q: The process noise covariance matrix.

R: The measurements noise covariance matrix.

R%*P: Space dimension of size a X b.

RMSE: The root mean square error.
s; . sin@)
Sy . sin@, +9j).

sat(a, b): The saturated function of a using the BL b.

sat(a, b): The saturated function of element a using the BL b.
Sa:(a,b): The absolute diagonal matrix of sat(a,b).

sgn(a): The sign function of the vector a.

sgn(a): The sign function of the element a.

T,: Sampling time.

0 - Joint-7 angle (rad).

T . Joints force and torques vector.

Pre-Proof Version
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b Revolute joint-¢ motor torque (N.M).
u: The input.
V(G), G)): Viscous friction vector.

v, w: The measurement and system noise, respectively.

0 i=0
W;: The assigned weight, W; = {i i %0
2n

X: The state vector.
Z,: The output vector.
X;,Z;: The estimate and its measurement for the ith sigma point, respectively.

Er: The alternative measurement vector.
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APPENDIX 2

Additional equations that describe the robot dynamics are as follows:

_da (oL (6L> 2.1)
"= ae\oe,)  \ae; '
0
L = Y (Kinetic — Potential) = ), Gmicengv + % Jo"l; dw + migOTC(;r) whereg? = 0 ] (2.2)
-9
T=M(0)0 +V(0,0) + G(©) (2.3)

Assume that the links are homogeneous, where the center of any link’s mass located at the middle of that link. The

location of each mass, c‘zr, i =1,2,3,4and 5, with respect to frame 0 is then defined as follows:

a,

Or = (2.4)

or = az (2.5)

3
a, +azc, + 7c12

0y — a
s’ T ay + ays; + 73512 (2.6)

dq

0

ol = | + a;s; + assy,

dq

aq + a,Ccq + a3012]
(2.7)

aq + aSq + aszSqp
dy —d;

(2.8)

and JOr =

The velocity of each mass can be obtained by taking the derivative of equations (2.4 to 2.8) as follows:

0
v = [ 0 ] (2.9)
d
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Qv=| % 4 (2.10)

- . ag . .
—a,510, — 7512(91 + 92)
0, — . a . .
s = | ey + = iy (61 + 6) (2.11)
dy
-—azslél — a3S12 (91 + 92)
Cgv = azclél + a3C12(91 + 92) (212)
dy
—a25191 — a3512(91 + 92)
and v = | ayc,6; + azci,(61 + 6,) (2.13)
dy
The angular velocity of each link can be obtained as follows:
0
cw =0 (2.14)
0
0
cw = [Q] (2.15)
61
0
cw=| 0 (2.16)
6, +6,
0
cw = | U (2.17)
0, +06,+ 065
0
and Jw=| 0 (2.18)
0, +6,+ 05
The energies of equation (2.2) can be obtained as follows:
1 1 .
=my T 2v = -mydf (2.19)
2 2
1 1 as . .
7™M vl v = > M2 (T 0% + d%) (2.20)
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1 1
Emsc‘;vTé’v =5Ms (az (91 +6,)" + aya50,60, (6, + 6;) + d1> (2.21)

1 1 . . . W\ 2 . . . .
E(m4 +ms) v’ Qv = E(m4 + ms) ((a291)2 + (a3(91 + 92)) + 2a,¢,0,a5(6, + 6;) + d%) (2.22)

1
=0T dw =10 (2.23)
2°¢
1 .
> ool dw = 51222912 (2.24)
1 1 . . N2
3 o'l dw = 51”3(91 +6,) (2.25)
1,
E (14- + 15)6‘4_0) - (1224 + IZZS)(Gl + 92 + 93) (2'26)
and ml-gOTc(zr = —m;gd, (2.27)
Substitute equations (2.19-2.27) in equation (2.2) yields the following:
1 1 a2 2 a2
Emldl +Em2 <791 +d1 11 6.2
. aZ . . [ 5 1zz2V1 ]
d +oms a%912+73(91+92)2 T (2.28)
‘Zmig 2 by, 4 6,) +a2) T Talm(Gi+6l) '
= 1 . . . 2
. (2 . - \\2 Z
+1(m4 + ms) (a:61) .+ (a?(el + 92)). L 2 e (1024 0,)]
2 +2a2C291a3 (91 + 92) + d% |
Taking the derivative of equation (2.28) with respect to the variables leads to the following:
oL _ (2.29)
06, '
dL 1 . .
= <_m3 + my + mS) a2a35261(91 + 92) (230)
a0, 2
oL _ 0 (2.31)
0; '
a3 2, 3 2 2
My~ +maaz + - -ms + (my + ms)ay® + azazc,ms + az®(my + ms) 6,
oL +2a2a3C2(m4 + ms) + IZZZ + Izz3 + (Izz4 + IzzS) (2 33)

20. a 1
o+ ( 43 mz+3 7 3203C2M3 + az*(my +ms) + azazc,(my + ms) + Iyz + (Ipzq + Izzs)) (62)

+(Izz4- + 1225)(93)
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oL ) ) )
—_— = A191 + A492 + A503
06,
a? a?
A =m, Zz +my (a% + f + a2a3c2) + (2azazc, + a2 + az?)(my + ms) + Ly + Lps + Lps + Lps

2
a; 1
Ay = <Z + Ea2a3cz) mg + (az* + apa3c) (Mg + ms) + Lz + Iy + Iyys

AS = (1224 + IZZS)
d (oL = A0, + A0, + A6+ A
dt 691 = Aa10; 4U> 503 7

. 1 .
Ay = —(m3(a2a3sz) + (2azazs;)(my + m5))9192 — (azaszsy) (§m3 +my + m5> 63

(/1 a? . ]
<Em3 <2 f + a2a3cz> + (my + ms)(a?; + a26291a3) + (pza + Ipzs + Izz3)> 61
dL
— = a3 5 :
692 + (m3 T + (m4 + mS)aB + (1224- + IZZS + Izz3)> 92
+(Izz4 + IZZS)(93)
oL = A,0, + A,0, + A0
692 = Ay, 20 693
Ay = a?2’+1 + (my +ms) (a3 + ayc,0,a3) + (yzg + Lpzs + Ipz3)
4 = | M3 2 2a2a3cz my +Mg) A3 T AzC20,03 zz4 T lzz5 T 1723 (2.34)
a3
AZ =|m3 Z + (m4 + ms)a?% + (1224- + IZZS + 1223)
Ag = (1224- + IZZS)
d (oL =A,0, +A,0, + A6 + A
dt 692 = Ayt 207 693 8
1 ..
Ag = — Ems(aza?ﬁz) + (ayazs;)(my +ms) | 6,6,
oL . . .
= (1224 + IZZS)(gl + 92 + 93)
005
dL . . .
— = Asgl + AGBZ + A303 (235)
00,
A3 = AS = A6 = (Izz4 + IZZS)
DL 2 Ayt + Agf, + Az
dt 693 = Agb; 62 303
OL o ady + mydy + mady + mydy +mady = mpdy — = (2 F (2.36)
—=m m m m m =m »—|—]=m .
ad, 101 201 301 401 51 TA1 dt\od, 71
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Substitute equations (2.29 to 2.36) in equation (2.1) and rearrange to have the shape of equation (2.3) give the

following parameters:

my 0 0 O
M(@) =

GO =| |

For the Sliding Mode Control, equation (2.3) is rewritten to have the form of
T =M(0)0 + Vn(0,0)0 + G(0)

Where

By = —(m3(azazs,;) + (2azazs;)(my + ms))6,

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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1 .
BZ = _(azagsz) (Emg + m4 + m5> 62 (247)

1 .
By ==— (Em3(a2a352) + (azazsz)(my + m5)> 6, (2.48)
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APPENDIX 3
A3-1 SMC DERIVATIVE
The Sliding Mode Control is derived as follows:
The first phase (reachability) uses the following gain:
u = —M(@)K sign(S) (3.1)

The second phase (sliding) has an equivalent control signal that is derived by setting S = 0 as follows:

S=e+a6=e+2(0-0,)=e+2(M (@) (1 Vn(6,0)0 - G(8)) — 8,) =0 (3.2)

- (/m-l(e))_1 é+ (AM‘I(O))_l (Aéd +M~1(@) (Vn(e,0)6 + G(@))) = u,, (3.3)
-1 -1 . N

—(am1(@)) e+ (aM1(0)) 26, +Vn(8,0)6 + G(O) = u,, (3.4)

-M(0)271e + M(0)0, + Vn(0,0)0 + G(0) = u,, (3.5)

Uy = M(@) (6, - 271(6 — 6,)) + Vn(0,6)0 + G(6) (3.6)

UsingS=e+1é=0->¢é=-11e->0-03=-211(0-04) >0 =04 —2171(0 — 0,) yields:
uzg = M(0)(6,+271(0—6,)) +Vn(0,0) (6, - 171(0 — 8,)) + G(O) 3.7)
And T, the total control signal, is defined as:

T=—M(@)Ksign(s) + M(®) (8, +271(6 — 8,)) + Vn(0,0) (0, - 1710 - 0y)) + G(®)  (3.8)

A3-2 STABILITY OF OVERALL SYSTEM

Knowing that z, zq and Z are the actual, desired and estimated system measurement vectors, respectively, and defininge = z —
Zgq, €c = Z — Zg, and € = Z — z, then the sliding surface for the SMC is defined as:

S=e+41e (3.9)

If the Lyapunov function V is defined to be V = iSST > 0, then V is defined as:
V=SS =(e+28)(e+2e)T (3.10)
Where e + Aé is defined as

e+l =H(0—0,+2(0-6y,)) (3.11)
And é + Aé
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¢+2é=H(0-04+A(6-0,)) (3.12)

Substitute (3.2) in (3.12), then (3.13) is obtained as follows:
S$=¢é+HA(M1(©)[t-Vn(0,0)0 — G(©)] — 0,) (3.13)

T is defined by the estimated measurement vector as:

= —M(8)Ksign($) + M(8) (84— 27 (6~ 04)) +Vn (8,8) (64 - 21 (0 - 0,)) + G(8) (314

Substituting (3.14) in (3.13) and rearranging give:

—M(®)K sign(S)
. o +M(0) (@d ~11 (8- ed)) — M(0)é,
S=H(0—-0,)+HA| M 1(0) o o (3.15)
+|vn(8,8)® - vn(6,6)6]
+G(0) — G(®)
For simplicity, (3.15) becomes (3.16).
[ M(0)6, — M(0)0, 1
' ~ | -M(®)a (6 -64) +M(©@©)2A71(6 -0,
$ = HAM1(0) [-M(0)K sign(S) + (®) ( A 2 . (' ) (3.16)
+|vn(®,8)8 - vn(6,6)6]
+G(0) — G(®)
Knowing that H, A and M~1(®) are positive matrices, and choosing K to be:
| M(0)6,— M(0)0, |
| +M(®)a-1 (0 -6,) + M(©)1"16(0— 6
k2w O ( _ f)k pelo-6d) (3.17)
| +[vn (o, @)A@ —Vn(6,6)6] |
+6(0) - 6(0) Ax
Then $ will have the sign of [-M(®)K sign(S)], and V = SST becomes
V = —HAM~1(@)M(0)Ksign(S)s” (3.18)
The system is stable if
sign(S)sT =0 (3.19)
Which means that
S=Sor0=0 (3.20)

The proposed method is less sensitive to noise compared to conventional SVSF, and it is less sensitive to the covariance
matrices compared to the older version of the UK-SVSF. This is why (3.20) is more achievable in the proposed method

compared to the rest. Moreover, it needs less computational time compared to the last one.
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APPENDIX 4
The derivation of the smooth boundary layer of the proposed method is as follows:

The cost function is defined by the following equation:

T
] = (exvzklke§:2k|k) = (eZ,2k|k - Vk) (eZ,2k|k - Vk) (41)

Where €224 1S the a priori measurement estimation error for the second filter and is defined as:

e
)°sat <—Z'1k|k_1> (4.2)
lpth

Without losing generality, and for simplicity, assume €221 = €215k (they have the same a posteriori

€221 = €z211 — HKsvsr = €22, — ( €z2kp-1| TV |€2.2k-1jkn

|ez'1k|k—1|

estimates), Sy = diag( v
tvi

) and y = 0 yields

— —_ O¢y — —
eZy2k|k - eZr1k|k—1 ( eZ.1k|k_1 )Sat sign (ez,lk|k_1) - eZ,1k|k_1 Satez,1k|k_1 (43)

Substitute equation (4.3) in equation (4.1) gives:

T
= - - - — 4.4
I (eZ,1k|k_1 Satez,1k|k_1 Vk) (eZ,1k|k_1 Satez,1k|k_1 Vk) ( )

Equation (4.4) is simplified to the following (after taking the expectation value and rearrange the terms):

J = B (en = Sa)eznygecs = Vi) (e = Sadern, = vk)T (4.5)
J=E (diag ((ren = Sa0)es1,01 8 t1s — U = SadVieeTays — (e — Sat)@say Vi + vkv,j)) (4.6)
J = diag (L = Sa)?Prsgy, — 2(nn = Sa)Ric + Ry (47)
Taking the derivative of | with respect to S,; yields:
55 = diag (—2(en = Sat)Paygy, +2Ric) =0 (4.8)
(4.10)

eZ'1k|k—1

Wy, = (PZZ1,k|k—1oITlXTl) ((PZZ1_k|k—1 - Rk) olnxn)_1
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