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The smooth variable structure filter (SVSF) is a type of sliding mode filter formulated in a predictor-
corrector format and has seen significant development over the last 15 years. In this paper, we provide a 
comprehensive review of the SVSF and its variants. The developments, applications and improvements 
of the SVSF in terms of robustness and optimality are investigated. In addition, the combination of 
the SVSF with different filtering strategies is considered in an effort to improve estimation accuracy 
while maintaining robustness to model uncertainty. State estimation techniques such as the unscented 
and cubature Kalman filters (UKF & CKF), SVSF, the combination of SVSF with UKF (UK-SVSF), and the 
combination of CKF with SVSF (CK-SVSF) are applied on a 4-DOF industrial robotic arm. The SVSF state 
estimation performance is examined under different operating conditions. The results of these filters 
have been compared based a number of statistics such as the root mean squared error (RMSE) and mean 
absolute error (MAE), among others. It is shown that the UK-SVSF and CK-SVSF strategies acquire the 
best performance in the presence of uncertainties.

© 2020 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

State estimation is an important step in the monitoring and 
control of dynamic systems [1]. To mechanistically estimate the 
state, system’s dynamic and measurement models are required 
[1–4]. The accuracy of the state estimate is affected by many fac-
tors. Among these factors, is the linearity/non-linearity of the sys-
tem model, the uncertainty in the system’s dynamic and measure-
ment models, and the amount of disturbance/noise on the dynamic 
and measurement models [1–5]. Therefore, the performance of the 
estimator is enhanced by methods that take into account the pos-
sible model non-linearity [5]. Additionally, the estimation accuracy 
will be enhanced by introducing methods that are robust to both 
model uncertainty and to dynamics and measurement noise un-
certainty [6–8].

For well over 70 years, different filtering methods have been 
developed and implemented to estimate the states of a system. The 
two most well-known and studied filters are Wiener and Kalman 
filters (KF). In 1942, Wiener introduced the Wiener filter based on 
least square methods to estimate the state of a stochastic process 
[9,10]. The work was primarily motivated by target tracking prob-
lems (e.g., anti-aircraft guns). In the early 1960’s, the Kalman filter 
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(KF) was introduced by Rudolph Kalman. The KF and its extensions 
remain the most popular state estimators due to their optimal, or 
near-optimal, performance and their computational efficiency.

The KF is formulated as a predictor-corrector method where 
an estimate is first predicted using the system’s dynamic model 
and then corrected using a gain after the measurements are ob-
tained [11,12]. For linear systems with white noise (zero mean and 
Gaussian distribution), the KF is a minimum mean square error 
(MMSE) estimator that provides the optimal state estimate. How-
ever, should the linear system not be well-known or experience 
non-white noise, the KF yields suboptimal results and can be-
come unstable. Extensions of the KF has been developed to handle 
nonlinearity or robustness issues to modeling uncertainties. The 
Extended Kalman Filter (EKF) makes use of first-order Taylor se-
ries expansions (approximations) to linearize the nonlinearities in 
the system and measurement models [13]. If the system or mea-
surement models are highly non-linear, the first-order linearization 
process will likely yield inaccurate or unreliable estimates and may 
cause the EKF to diverge from the true state trajectory [14].

In 2004, Uhlmann and Julier demonstrated that the EKF can 
be difficult to implement and tune, and is only suitable for sys-
tems that are mildly nonlinear [15]. To avoid these limitations, 
they introduced the Unscented Kalman filter (UKF) that is based on 
non-probabilistic terms known as sigma points and the ‘unscent-
ed’ transform. The sigma points are used to approximate integrals 
of nonlinear expectation functions. The UKF process is similar to 
 under the CC BY-NC-ND license 
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the KF and EKF, however no linearization is required which makes 
it an attractive method for highly nonlinear functions [14,15]. In 
2009, the Cubature Kalman filter (CKF) was introduced as an im-
proved form of the UKF. The CKF is based on analytical-integration 
for nonlinear systems. It uses the third-degree spherical capture 
rule which does not require the calculation of a derivative. It gen-
erally improves the performance in terms of estimation accuracy, 
however the CKF is sensitive to modeling uncertainties and has ro-
bustness issues [14,16].

Artificial intelligence methods such as Artificial Neural Net-
works (ANN), soft computing, fuzzy logic, adaptive neuro-fuzzy 
inference engine (ANFIS), machine learning, and genetic algorithms 
have been combined with classical filters to enhance their perfor-
mance [17–19]. These fusion techniques can be used to increase 
the overall accuracy, reliability, and stability of the estimation pro-
cess [20–24]. However, these methods are computationally expen-
sive and require extensive training phases that might not be appli-
cable to the entire operation of the dynamic system.

To improve the performance of KF-based filters, different meth-
ods can be implemented to handle a priori-unknown, or time-
varying, dynamics and measurement noise sequences. These meth-
ods can be categorized as denoising techniques [25,26] and noise 
statistics estimation techniques [27–40]. Denoising techniques, 
however, may adversely affect the accuracy of the final state 
estimate. Uncertainty identification using Maximum Likelihood 
estimation (MLE), known as a non-Bayesian approach, is a clas-
sical approach that maximizes the likelihood function with a 
lack of prior state probability density function (PDF) [1]. On the 
other hand, the Maximum a Posteriori Probability (MAP) estimate, 
known as the Bayesian approach, utilizes the a priori state infor-
mation to estimate the noise statistics of the measurement and 
process noise sequences [1]. Estimation of the unknown, and pos-
sibly time-varying, measurement and dynamic noise statistics in 
the form of mean and covariance substantially enhanced the filters 
accuracy [27–40]. Unknown measurement noise covariance esti-
mation techniques were proposed in [27–37]. These techniques are 
classified under covariance matching techniques and probabilistic 
techniques. Detection and identification of measurement bias is 
addressed in a probabilistic method in [38–40].

To handle model uncertainty, in 2007, Habibi and his team in-
troduced a new hybrid filter based on sliding mode concepts and 
variable structure theory [41]. This filter, known as the smooth 
variable structure filter (SVSF), forces the state estimates to vary 
within a boundary around the true state trajectory, and has been 
proven to be more robust to model uncertainty and stable com-
pared with the Kalman Filter. However, the SVSF, as compared to 
the KF, is a sub-optimal filter as it is not robust to dynamics and 
measurement noise. Hence, a trade-off existed between robustness 
to modeling uncertainties and estimation accuracy.

In this paper, we provide a comprehensive review of the SVSF 
and the developments over the last 15 years. A robotic system 
is then used to demonstrate the performance of the SVSF and 
other KF-based strategies. The paper is organized as follows: the 
developments of the SVSF are discussed in Section 2, different ap-
plications are summarized in Section 3, the robotic case study and 
results are shown in Section 4, and the paper is then concluded in 
Section 5.

2. Development of the smooth variable structure filter

In this section, the development and the revised form of the 
SVSF will be explained. In addition, the main applications and im-
provements of the SVSF in terms of robustness and optimality are 
investigated. Finally, the combination of the SVSF with other fil-
tering strategies is considered to achieve improved accuracy while 
being robust to modeling uncertainty.
2

2.1. Sliding mode observer & sliding mode control

In 1977, Utkin defined the Variable Structure System (VSS) as 
a system composed from a number of subsystems, each described 
by one or more differential equations, thus making the complete 
system discontinuous [42]. To describe VSS, consider a match of 
tennis. The trajectory of the ball is discontinuous since its direction 
is changing as it crosses the net (left or right). Variable Structure 
Control (VSC) is a technique to control the system using a gain that 
allows the system to remain continuous while still switching about 
its discontinuous hyperplanes [42]. A special type of VSC, known 
as Sliding Mode Control (SMC), forces the state of the system to 
switch within its discontinuous hyperplanes [42]. SMC can be de-
scribed as the tennis racket that forces the ball to move along the 
desired trajectory. Utkin, Guldner, and Shi proved that sliding on 
the surfaces makes the system more robust to uncertainties [43]. 
However, Spurgeon discovered that, in some applications, it is hard 
to implement proper switching control due to an infinite frequency 
of switching which causes the controller to lose invariance [44].

Slotine introduced an extension to VSC and SMC called the Slid-
ing Mode Observer (SMO). He combined the discontinuous com-
ponent with a Luenberger observer, so that the gain will be more 
operative to nonlinear systems [44]. At the same time, Walcott de-
veloped a new technique which separates the linear and nonlinear 
to two different systems and introduced the SMO strategy [45]. 
A number of efforts have been made to improve and apply new 
SMO strategies such as using the Linear Matrix Inequality and new 
gain factor techniques to separate nonlinearity and uncertainties 
[46,47].

In general, SMO is a technique that attempts to approximate 
the state about the desired trajectory by switching between hy-
perplanes. However, SMO uses SMC theory to force the estimate 
to follow the true state trajectory. Other methods have been de-
veloped and implemented such as the Walcott and Zak observer, 
Slotine observer, Tan and Edwards’s Observer, observers with linear 
and discontinuous injection, and discontinuous observers [48–50].

2.2. Variable structure filter

In the early 2000s, the variable structure filter (VSF) was in-
troduced as a model-based strategy that improves the robustness 
and stability of the KF. VSF is a predictor-corrector estimator, for-
matted similar to the KF, that uses predicted state estimates and 
updates them based on measurements and a switching gain. The 
VSF utilizes hyperplanes that bounds parametric uncertainties and 
a switching gain that enables a robust estimate of the true state 
trajectory [51,52].

The linear system model (1) and measurement model (2) are 
shown below where A is the model matrix, B is the input matrix, 
wk is the system model noise, H is the measurement matrix, vk+1

is the measurement noise, k is the time index, z is the system 
measurement, and x is the system state estimate [52]:

xk+1 = Axk + Buk + wk (1)

zk+1 = Hxk+1 + vk+1 (2)

Initializing the state estimate x̂k|k allows for the prediction of 
the state estimates (3) and measurements (4), as follows:

x̂k+1|k = Âx̂k|k + B̂ûK (3)

ẑk+1|k = Ĥ x̂k+1|k (4)

where, x̂k|k is the estimate of the state at time k given the mea-

surements up to time k, Â and B̂ are the estimated of the model 
and input matrix respectively, x̂k+1|k is the estimate of the state 
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at time k + 1 given the measurements up to time k, Ĥ is the 
estimated measurement matrix and ẑk+1|k is the estimate of the 
measurement at time k + 1 given the measurement at time k. Note 
that the VSF and all its forms assumed that the measurement ma-
trix shall be known and linear, which means that Ĥ = H . Next, the 
updated state estimates (5) and measurements (6) are calculated 
using a correcting gain (KVSF ):

x̂k+1|k+1 = x̂k+1|k + KVSF (5)

ẑk+1|k+1 = Hx̂k+1|k+1 (6)

where, gain factor KVSF is calculated using the following complex 
function [53]:

KVSF = Â−1 H+
[(

H Â

{
γ
∣∣H+∣∣|ezk+1|k |

+ ∣∣ Â−1 H+(H AH+ − H ÂH+)
maxzk+1

∣∣
+
⎡
⎣ |H+|

+| Â−1 H+|
(

(H AH+ − H ÂH+)max+
H ÂH+ + Im×m

) ⎤
⎦ (V)max

+ ∣∣ Â−1 H+(H B − H B̂)maxuk+1
∣∣

+ [∣∣ Â−1
∣∣+]

(W )max

})
◦ sign(ezk+1|k )

]
(7)

where, γ represent the diagonal matrix with γii ≥ 1 and ezk+1|k
is the predicted innovation error which is calculated as ezk+1|k =
zk+1 − ẑk+1|k . Also, (.)max denotes the upper bound of the inside el-
ement, � represents element-by-element matrix multiplication and 
sign (ezk+1|k ) is a vector described as:

sign(ezk+1|k ) = [
sign(ez1k+1|k ) . . . sign(ezmk+1|k )

]T
(8)

where, i = 1, 2, 3, . . . , m is the ith element in ezik+1|k . It should be 
noticed that the general form of sign(e) can be described as:

sign(e) =
{

e/|e| e �= 0
0 e = 0

(9)

The advantage of VSF compared to SMO is that the noise and 
uncertainties are better described and have physical representa-
tion. However, the VSF is only applicable to linear systems with 
sub-optimal results. Furthermore, chattering of each state estimate 
due to the switching gain can lead to improved estimation results 
in some cases [52]. In an effort to reduce chattering and provide 
a smoother result, a smoothing boundary layer (�) that utilizes 
the saturation function instead of a sign function may be used. 
Note that a trade-off may exist between the width of the bound-
ary layer and the accuracy of the estimates. For this purpose, the 
width of the VSF boundary layer is often tuned by trial-and-error 
[52–54]. The boundary layer may be described as follows:

ψ = ∣∣ Â−1 H+∣∣|H Â|
∣∣∣∣| Â−1 H+

(
H AH+−
H ÂH+

)
max

(z)max

∣∣∣∣
+
⎡
⎣ |H+|

+| Â−1 H+|
(

(H AH+ − H ÂH+)max + H ÂH+
+Im×m

) ⎤
⎦

× (V)max + ∣∣ Â−1 H+(H B − H B̂)max(u)max
∣∣

+ [∣∣ Â−1
∣∣](W )max | (10)
3

2.3. Extended variable structure filter (EVSF)

In 2006, Habibi introduced an extension to VSF to overcome the 
linearity limitation in the VSF. The EVSF was developed based on 
an internal model that estimates the predicted estimates and then 
updates them using a corrector term or gain. Similar to the EKF, 
it uses the Jacobian method to linearize the nonlinear system and 
measurement functions [53,55]. The EVSF is formatted similar to 
the VSF, however it includes a linearization step. Starting with an 
initial state estimate, x̂k|k , the state estimates and measurements 
may be predicted using the following:

ẑk+1|k+1 = Hx̂k+1|k+1 (11)

x̂k+1|k = f̂ (x̂k|k, ûK ) (12)

ẑk+1|k = Hx̂k+1|k (13)

where, f̂ (x̂k|k, ûK ) is the nonlinear system model. The correcting 
gain factor (KEVSF ) is used to update the state estimates and mea-
surements, as per the following:

x̂k+1|k+1 = x̂k+1|k + KEVSF (14)

ẑk+1|k+1 = Hx̂k+1|k+1 (15)

where, the gain (KEVSF ) is defined as:

KEVSF = φ̂−1
k H+[{∣∣(H)max

∣∣∣∣(φ̂)max
∣∣[γ ∣∣(H+)

max

∣∣|ezk+1|k |
+ ∣∣(φ̂−1)

max

∣∣∣∣( f (xk, uk) − f̂ (x̂k|k, ûK )
)

max

∣∣
+
[ |(φ̂−1)max||(H+)max|+

(H+)max

]
(V)max

+ ∣∣(φ̂−1)
max

∣∣(W )max
]} � sign(ezk+1|k )

]
(16)

where, φ̂k+1 is the updated linearized form around the most recent 
estimate; φ̂k+1 = ∂ f̂

∂x |x=x̂k+1|k+1
. The main advantage of the EVSF 

compared to the VSF is that the EVSF is applicable to nonlinear 
systems. However, linearization is a disadvantage since it reduces 
the accuracy and reliability of the estimation process.

2.4. Smooth variable structure filter (SVSF)

In 2007, a modified form of the VSF known as the smooth vari-
able structure filter (SVSF) was introduced, Fig. 1. Similar to the 
previous versions, the SVSF is a predictor-corrector state estimator 
based on sliding mode concepts and stability theory. The filter is 
applicable to both linear and nonlinear systems [41,56]. The basic 
concept of the SVSF is to force the estimates to converge within 
a boundary of the true state trajectory [54]. Note that the system 
must be differentiable and observable [41].

For the SVSF, the ‘rank’ of the system needs to be considered 
in its implementation. If the system is not fully ranked (num-
ber of the independent measurements is less than the number of 
states), the Luenberger’s reduced order method is used to calcu-
late the gain [41,54]. The chattering effect in the SVSF caused by 
the switching gain has been well studied and used to create new 
filtering approaches known as the Extended Kalman Smooth Vari-
able Structure Filter (EK-SVSF) and the Unscented Kalman Smooth 
Variable Structure Filter (UK-SVSF) [57], and will be discussed later 
in this study.

The SVSF process is summarized as follows for non-linear sys-
tems [41]. If the system is linear, the state estimates are predicted 
using equation (17).

x̂k+1|k = Âx̂k|k + B̂ûK (17)
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Fig. 1. The smooth variable structure filter, adapted from [56].

where, Â and B̂ are the estimates of the model and input matrix, 
respectively. If the system is nonlinear, the state estimates are cal-
culated using equation (18). The measurements are then predicted 
as per equation (19) for non-linear measurements.

x̂k+1|k = f̂ (x̂k|k, uK ) (18)

ẑk+1|k = Hx̂k+1|k (19)

The updated state estimates are found as:

x̂k+1|k+1 = x̂k+1|k + KSVSF (20)

where, the gain KSVSF of the fully ranked measurement can be cal-
culated as follows:

KSVSF = H+(γ |ezk|k | + |ezk+1|k |
) � sign(ezk+1|k ) (21)

where, ezk|k and ezk+1|k are the previous updated and current pre-
dicted measurement error (innovation) respectively, and may be 
found using the following:

ezk+1|k = zk+1 − ẑk+1|k (22)

ezk|k = zk − ẑk|k (23)

Furthermore, note that γ is referred to as the convergence rate 
and has values between 0 and 1. To reduce the effects of chatter-
ing, the sign function is changed to a saturation function [41,51]
as per:

KSVSF = H+(γ |ezk|k | + |ezk+1|k |
) � sat(ezk+1|k ,�k+1) (24)

where, � is the smooth boundary layer width that can be constant 
or variable and will be explained in more detail later. Also, note 
that sat (ezik+1|k , �ik+1 ) for i = 1, 2, . . . , n is the saturation function 
that varies between −1 to 1:

sat(a,b) =
{

a/b |a| ≤ b
sign(a) |a| > b

}
(25)

Note that compared to VSF and EVSF, the SVSF gain is less 
complex which results in faster convergence and easier implemen-
tation. Finally, the updated estimated measurement is found and 
used to calculate the updated measurement error or innovation:

ẑk+1|k+1 = Hx̂k+1|k+1 (26)

The SVSF offers two main performance indicators: the first in-
dicator refers to estimation error, and the second indicator is the 
magnitude of chattering which is inherent to the switching gain. 
These indicators offer unique applications of the SVSF and have 
led to a number of developments/improvements [51]:
4

2.4.1. Robustness & stability improvement
In this section, the stability and robustness of the SVSF is dis-

cussed. The first subsection describes the so-called second-order 
SVSF, the second subsection describes the Predictive Smooth Vari-
able Structure Filter (PSVSF), and the final subsection summarizes 
the square-root formulation of the SVSF that improves numerical 
stability.

2.4.1.1. Second-order smooth variable structure filter The Second-
Order Smooth Variable Structure Filter (SO-SVSF) is an updated 
form of the SVSF. It is formulated in a similar manner to the SVSF 
but makes use of a second-order correction factor. Based on the 
results described in the literature, it offers improved state esti-
mates in terms of accuracy and is robust to uncertainties [58,59]. 
The SO-SVSF uses similar equations from (17) to (26), but utilizes a 
second-order gain. There are two types of second-order gains de-
scribed. The first one is when the number of measurements (m) 
equals the number of states (n) which makes H a square matrix, 
described as:

Kk+1 = H+
[

ezk+1|k − ezk|k
2

− γ

√
ezk|k � ezk|k

4
+ �zk|k � �zk|k

2

]
(27)

where, �zk|k = ezk|k − ezk−1|k−1 , � is the Schur-Product (element-by-
element multiplication), and 0 < γ < 1.

For the second case, the number of measurements is less than 
the number of the states (m < n). In this case, the states of the 
system must be linearized [58,59]. The process is summarized as 
follows. Consider the following linear system dynamics equation:

xk+1 = Axk + Buk + wk (28)

where, x is the state model, A is the state model matrix, u is the 
input, B is the input matrix (control matrix), and wk is the process 
noise at time k. A transformation matrix can be written as follows:

T xk = [
zuk zlk

]T (29)

where, zuk is the measurement and zlk is the artificial measure-
ment. These can be found by partitioning the model, [58] and [59]. 
The measurement model can be defined as:[

zk+1
zlk+1

]
=
[

�11 �12
�21 �22

][
zk
zlk

]
+
[

G1
G2

]
uk +

[
d1
d2

]
wk (30)

where, � = T −1 AT , G = T −1 B , and d = T −1. Then, the estimated 
measurements can be calculated as:[

ẑk+1
ẑlk+1

]
=
[

�11 �12
�21 �22

][
ẑk
ẑlk

]
+
[

G1
G2

]
uk (31)

Finally, the gain in this case is calculated as:

Kk+1 = �22�
−1
12

[(
ezk+1|k − ezk|k

2

)

−γ

√
ezk|k � ezk|k

4
+ �zk|k � �zk|k

2

⎤
⎦ (32)

where, �zk|k = ezk|k − ezk−1|k−1 , � is the Schur-Product (element-by-
element multiplication), and 0 < γ < 1.

2.4.1.2. Predictive smooth variable structure filter (PSVSF) The Predic-
tive Smooth Variable Structure Filter (PSVSF) is another form of the 
SVSF. According to the literature, it works better with the existence 
of errors albeit sub-optimally, [60] and [61]. The PSVSF method is 
described as per the following:
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xk+1 = f (xk) + g(xk)dk (33)

where, f is the differentiable model vector, x is the system model 
vector, d is the system model error vector, g is the distribution 
matrix, z is the system measurement vector, h is the differentiable 
measurement vector, and v is the measurement noise vector which 
is assumed to be gaussian, zero-mean with covariance equal to R . 
The state estimates and estimated measurements are defined as:

x̂k+1 = f (x̂k) + g(x̂k)dk (34)

ẑk = h(x̂k) (35)

Next, Lie derivatives can be described as [62]:

Lm
f (hi) = hi, for m = 0 (36)

Lm
f (hi) = ∂Lm−1

f (hi)

∂xk
f (xk), for m ≥ 1 (37)

Lg, j Lm
f (hi) = ∂Lm

f (hi)

∂xk
g j(xk) (38)

where, g j is the jth column of g(xk) and hi is the ith component 
of h(xk). The Taylor series expansion of the measurement can be 
calculated as:

zk+1 = zk + Z [xk,�k] + 	(�k)U [xk]dk + o(ek + �k) (39)

where, �k is the interval, o(ek + �k) = ε[xk, dt] + vk+1, ε[xk, dt] is 
the higher order discretization error and U [xk] can be defined as:

Ui, j[xk] = Lg, j Lri
f hi[xk], i = 1,2, . . . , l and j = 1,2, . . . , p (40)

Also, 	(�k) is the diagonal matrix with the diagonal element 
λii equal to:

λii = �kri

ri ! , for i = 1,2, . . . , l (41)

and, ri is the relative degree of the system so that the below con-
dition is applicable:

Lg Lm
f h(x) = 0, for 0 ≤ m ≤ r − 1 (42)

Lg Lr−1
f h(x) �= 0 (43)

Therefore, the vector Z [xk, �k] can be calculated as:

Z [xk,�k] =
ri∑

c=1

�km

c! Lc
f (hi), for i = 1,2, . . . , l (44)

where ri causes the above equations to be applicable and based on 
those equations, the measurement equation can be expanded as:

zk+1 = ẑk + Z [x̂k,�k] + 	(�k)U [x̂k]dk + o(êk + �k) (45)

To simplify this process further, the estimated measurement 
with modeling uncertainties can be described as:

ẑk+1 = ẑk + Z [x̂k,�k] + 	(�k)U [x̂k]dk (46)

zk+1 = o(êk + �k) (47)

Finally, the predicted and updated innovation error can be cal-
culated as follows:

ezk+1|k = zk+1 − ẑk − Z [x̂k,�k] (48)

ezk = zk − ẑk (49)

From (32) to (46), the system model error vector dk can be de-
fined as:
5

dk = {
	(�k)U [x̂k]

}+(
γ |ezk | + |ezk+1|k |

) � sign(ezk+1|k ) (50)

where, the convergence rate γ is the diagonal matrix with 0 <
γii < 1 and sign(ezk+1|k ) can be calculated from equation (9).

2.4.1.3. Square-root smooth variable structure filter (SR-SVSF) The 
Square-Root SVSF (SR-SVSF) is based on the Square-Root formu-
lation of the KF which was introduced by the Potter and Andrews 
[63]. It is based on the assumption of the availability of the square 
root of state error covariance P where P = B B T and B is the 
square-root covariance matrix. The filter is introduced with the 
aim of improving numerical robustness and stability [64].

The predicted state estimate and its square root covariance can 
be described as:

x̂k+1|k = F (x̂k|k, ûK ) (51)

Bk+1|k BT
k+1|k = F Bk|k BT

k|k F T
k + Q

1
2

k Q
T
2

k (52)

where, F (x̂k|k, ûK ) is the nonlinear form of the system model 
description, Q is the system noise covariance matrix, and H is 
the measurement matrix. The measurement prediction can be de-
scribed as:

ẑk+1|k = Hx̂k+1|k (53)

Then the innovation error can be found as per the following:

ezk+1|k = zk+1 − ẑk+1|k (54)

The SVSF gain can be calculated based on equation (24). Then, 
the updated square-root covariance matrix can be found as fol-
lows:

Bk+1|k+1 = Bk+1|k
(

I − aγ ββT ) (55)

where, a = (βT β + Ri,k+1)
−1, β = BT

k+1|k H T and γ =
(1 + √

aRi,k+1). Finally, the updated measurement estimate, and 
the posteriori innovation error can be calculated as follows:

ẑk+1|k+1 = Hx̂k+1|k+1 (56)

ezk+1|k+1 = zk+1 − ẑk+1|k+1 (57)

2.4.2. Optimality improvement
The performance of the SVSF can be improved by considering 

the optimality of the filter. SVSF optimality can be enhanced by 
calculating an optimal time-varying smoothing boundary layer (�) 
[53]. In the standard SVSF introduced by Habibi, a constant and 
typically large boundary layer width causes the filter to lose accu-
racy. However, if the smoothing boundary layer width is too small, 
the filter will not smooth the noise. A trade-off exists between the 
two.

Figs. 2 and 3 describe the effect of the smoothing boundary 
layer on the state estimates. The existence subspace (β) represents 
the amount of uncertainties in the system (e.g., noise, modeling 
error, and so forth). The SVSF forces the estimates to chatter back-
and-forth about the true state trajectory within the boundary layer. 
If the switching is of high frequency, chattering will occur which is 
generally undesirable. The existence subspace (β) or the constant 
smooth boundary layer (�fixed) is the m × m diagonal matrix with 
off-diagonal elements equal to zero. In general, the diagonal ele-
ments can be found by trial and error based on the design criteria 
[54].

�fixed =
⎡
⎢⎣

�1 · · · 0
...

. . .
...

0 · · · �m

⎤
⎥⎦ (58)

where, m is the number of measurements.
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Fig. 2. Presence of chattering effect β > �, adapted from [11] and [54].

Fig. 3. Smoothed estimated trajectory β < �, adapted from [11] and [54].

Gadsden introduced a time-varying smoothing boundary layer 
(�VBL) which greatly improved the performance of the SVSF [54]. 
If the defined �VBL is greater than the �fixed , the chattering effect 
will be minimized, and the system will be smoother. However, if 
the �fixed is larger than the �VBL , the effect of chattering will re-
main due to the existence of the uncertainties in the system [65]. 
The chattering effect can be used to combine the SVSF with differ-
ent filtering strategies which will be explained later.

Gadsden developed an equation to calculate the time-varying 
boundary layer as a function of a priori and a posteriori inno-
vation error (ezk|k , ezk+1|k ), memory or converges rate (γ ), lin-
earized measurement matrix (H), posteriori state estimate covari-
ance (Pk+1|k) and innovation covariance (Sk+1) which can be de-
scribed as [53,54,66]:

�−1
VBL = diag(A)+H Pk+1|k H T S−1

k+1 (59)

�VBL =
⎡
⎢⎣

�11 · · · �1m
...

. . .
...

�m1 · · · �mm

⎤
⎥⎦ (60)

where, A = (|ezk+1|k | + γ |ezk|k |).
At the same time, Al-Shabi described the time varying bound-

ary layer as a diagonal matrix in general as [51,67]:

diag(�VBL) = diag
(|ez,1k+1|k |

)(
P zz1,k+1|k � In×n

)
× (

P zz1,k+1|k � In×n − Rk+1 � In×n
)−1

(61)

where, P zz is the measurement covariance, I is the identity matrix, 
and R is the measurement noise covariance.
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Another form of the SVSF was introduced in [68]. The authors 
presented a modified form of the boundary layer without losing 
the stability of the filter [69].

�k+1 = (Pk+1|k + Rk+1)P−1
k+1|k

(|ezk+1|k | + γ |ezk|k |
)

(62)

where, R is the measurement covariance, and Pk+1|k is the state 
covariance matrix that can be calculated as:

Pk+1|k = A Pk|k AT + Q k (63)

where, A is the linear system matrix, and Q is the system noise 
covariance matrix.

Another method was implemented to create the partitioned 
time-varying smoothing boundary layer which has both upper 
bound and lower bounds [70]. It can be described as per equa-
tions (64) and (65).

�u = diag
(|ezk+1|k | + γ |ezk|k |

)−1
H Pk+1|k H T S−1

k+1 (64)

where, subscript u represent the upper bound and it is a function 
of a priori and a posteriori innovation error (ezk+1|k , ezk|k ), mem-
ory or converges rate (γ ), linearized measurement matrix (H), a 
priori state estimate covariance (Pk+1|k) and innovation covariance 
(Sk+1). The lower-bound is calculated as:

�l = ∣∣�22�
−1
12 ezk+1|k

∣∣+ γ
∣∣�−1

12 ezk|k
∣∣ (65)

where, subscript l represent the lower bound and � can be calcu-
lated as � = T −1 AT , and T can be calculated based on equation 
(29). Note that the optimality is achieved by having a good knowl-
edge to the system. If it is not well defined, the proposed filters 
give their original solutions, which are involved with robustness 
and stability.

2.4.3. Combination of SVSF with other filtering strategies
The SVSF has been combined with a number of different fil-

tering strategies to create new filters that maintain the robustness 
of the SVSF while benefiting from the accuracy of the other fil-
ters (e.g., KF for linear systems). There are two main methods for 
combining the SVSF with other strategies: the first involves the 
chattering function created by Al-Shabi, and the second involves 
the use of the time-varying boundary layer created by Gadsden 
[54,57]. The SVSF has been successfully combined with the KF, EKF, 
UKF, CKF, PF, among other filters [54,56,57].

In 2008, Habibi combined the EKF and SVSF and created the 
Extended Kalman Smooth Variable Structure Filter (EK-SVSF). He 
used the EKF gain factor (KEKF,k+1) and its innovation error ezk+1|k
to calculate the saturation function in the SVSF gain as per the 
following [71]:

KSVSF,k+1 = H+(γ |ezk|k | + |ezk+1|k | + ||)
� sat(KEKF,k+1ezk+1|k ,1) (66)

where,  is the constant positive vector with element i < 1 and:

KEKF,k+1 = Pk+1|k H ′
k+1 S ′

k+1 (67)

where, Pk+1|k is the predicted state error covariance, Hk+1 is the 
linearized model matrix, and Sk+1 is the innovation (residual) co-
variance.

Gadsden developed a new method by using the time-varying 
smoothing boundary layer (�VBL) to combine a number of different 
filters [54]. The main difference between the SVSF and KF exten-
sions is the calculation of the gain.

As described in Fig. 4, the value of the smoothing boundary 
layer (fixed vs time-varying) is used to indicate which gain should 
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Fig. 4. Methodology for combining the SVSF with other estimation strategies, adapted from [11].
be implemented (e.g., SVSF or KF). If the �VBL < �fixed , then the 
strategy uses the KF gain to maintain optimality. If �VBL ≥ �fixed , 
the SVSF gain is used to maintain robustness at the cost of estima-
tion accuracy [11,65].

Around the same time, Al-Shabi used the SVSF chattering signal 
to combine filtering strategies. Initially, two SVSF formulas, (21)
and (24), were used. Later, the gain in equation (24) was replaced 
with other KF gains such as the EKF and UKF [51].

2.4.3.1. Extended Kalman smooth variable structure filter (EK-SVSF)
The combination of the EKF and SVSF is referred to as the EK-
SVSF [54]. The EK-SVSF equations is summarized in this section 
[11].

First, the state estimates, covariance, and measurements are 
predicted (based on initial values or the previous step):

x̂k+1|k = F (x̂k|k, ûK ) (68)

Pk+1|k = Fk P (k|k) F T
k + Q k+1 (69)

ẑk+1|k = Ĥ x̂k+1|k (70)

where, F (x̂k|k, ûK ) is the nonlinear form of the system model, Q is 
the system noise covariance matrix, and H is the linearized mea-
surement matrix. Next, the innovation and its covariance are found 
as per the following:

ezk+1|k = zk+1 − ẑk+1|k (71)

Sk+1 = Hk+1 Pk+1|k H−1
k+1 + Rk+1 (72)

where, R is the measurement noise covariance matrix.
Based on equation (59), the time-varying smoothing boundary 

layer is calculated and compared to the fixed smoothing boundary 
layer. Subsequently, the appropriate gain (EKF or SVSF) is selected 
and used. If the �VBL < �fixed , use the EKF gain to update the state 
estimates:

KEKF,k+1 = Pk+1|k H ′
k+1 S ′

k+1 (73)

where, Pk+1|k is the state prediction covariance, Hk+1 is the lin-
earized model matrix, and Sk+1 is the innovation (residual) covari-
ance. However, if the time-varying boundary layer width is larger 
than the fixed boundary layer (�VBL ≥ �fixed), the SVSF gain as per 
(24) must be used to maintain robustness. The state estimates and 
covariance can then be updated as:

x̂k+1|k+1 = x̂k+1|k + Kk+1ezk+1|k (74)

Pk+1|k+1 = (I − Kk+1 H)Pk+1|k
(

I−
Kk+1 H

)T

+ Kk+1 Rk+1 K T
k+1

(75)
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Finally, the updated estimated measurement, and the updated 
measurement error are found and used in the next time step:

ẑk+1|k+1 = Ĥ x̂k+1|k+1 (76)

ezk+1|k = zk+1 − ẑk+1|k+1 (77)

2.4.3.2. Unscented Kalman smooth variable structure filter (UK-SVSF)
As described earlier, the Unscented Kalman Filter (UKF) is an alter-
native to the EKF which uses sigma points to estimate the states. 
It is more complex than EKF since it uses 2n + 1 sigma points [72]. 
The combination of UKF and SVSF is known as UK-SVSF and the 
process can be described as follows [11]. First, the sigma points 
and corresponding weights are initialized:

X0,k|k = x̂k|k (78)

W0 = k

n + k
(79)

where, k is a design value (usually less than 1). The next n number 
of sigma points and the corresponding weights can be calculated 
as [72]:

Xi,k|k = x̂k|k +
(√

(n + k)Pk|k
)

i
(80)

W i = 1

2(n + k)
(81)

The rest of the n number of sigma points and their correspond-
ing weights can be calculated as:

Xi+n,k|k = x̂k|k −
(√

(n + k)Pk|k
)

i
(82)

W i+n = 1

2(n + k)
(83)

where, (
√

(n + k)Pk|k)i is the ith row or column corresponding to 
the square root of (n +k)Pk|k . Sigma points propagation calculation 
can be described as:

X̂i,k+1|k = F (Xi,k|k, uk) (84)

State estimate and its corresponding error covariance prediction 
are then calculated as:

x̂k+1|k =
2n∑

i=0

W i X̂i,k+1|k (85)

P xx,k+1|k =
2n∑

i=0

W i

(
X̂i,k+1|k−
x̂k+1|k

)(
X̂i,k+1|k−
x̂k+1|k

)T

(86)
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The nonlinear measurement propagation can be described as:

Ẑ i,k+1|k = h( X̂i,k+1|k, uk) (87)

where, h is the measurement matrix. The predicted measurement 
and its corresponding covariance can be calculated as:

ẑk+1|k =
2n∑

i=0

W i Ẑi,k+1|k (88)

P zz,k+1|k =
2n∑

i=0

W i

(
Ẑ i,k+1|k−
ẑk+1|k

)(
Ẑ i,k+1|k−
ẑk+1|k

)T

(89)

The innovation error is found, similar to previous discussion, as 
follows:

ezk+1|k = zk+1 − ẑk+1|k (90)

The cross-covariance between measurement and state estimate 
can be calculated as:

P xz,k+1|k =
2n∑

i=0

W i

(
X̂i,k+1|k−
x̂k+1|k

)(
Ẑ i,k+1|k−
ẑk+1|k

)T

(91)

Next, similar to the EK-SVSF strategy, if the �VBL < �fixed , then 
the UKF gain factor is used as:

KUKF,k+1 = P xz,k+1|k P−1
zz,k+1|k (92)

Finally, the state estimates and covariance are updated:

ezk+1|k = zk+1 − ẑk+1|k (93)

x̂k+1|k+1 = x̂k+1|k + ezk+1|k KUKF,k+1 (94)

Pk+1|k+1 = P xx,k+1|k − KUKF,k+1 P zz,k+1|k K T
UKF,k+1 (95)

However, if the time-varying boundary layer width is larger 
than the fixed boundary layer (�VBL ≥ �fixed), the SVSF gain must 
be used based on (24).

2.4.3.3. Cubature Kalman smooth variable structure filter (CK-SVSF)
Cubature Kalman Filter (CKF) is an updated form of the UKF which 
uses cubature points ζi to estimate the nonlinear model state es-
timation [73–75]. The sigma points ζi can be found as per the 
following:

ζi =
{√

nhi i = 1,2, . . . ,n

−√
nhi−n i = n + 1,n + 2, . . . ,2n

}
(96)

where, hi is the ith elementary column vector [73]. Next the cuba-
ture points are initialized as a function of the state estimate x̂k|k , 
its covariance Pk|k and cubature points ζi as:

Xi,k|k = x̂k|k +√
P xx,k|kζi, for i = 1,2, . . . ,2n (97)

Then, the cubature points are propagated through the nonlinear 
system function as:

X∗
i,k+1|k = F (Xi,k|k, uk), for i = 1,2, . . . ,2n (98)

The state estimates and error covariance are predicted as per 
the following two equations:

x̂k+1|k = 1

2n

2n∑
i=0

X∗
i,k+1|k (99)
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P xx,k+1|k = 1

2n

2n∑
i=0

X∗
i,k+1|k X∗T

i,k+1|k − x̂k+1|kx̂T
k+1|k + Q k+1 (100)

where, Q k+1 is the system noise covariance matrix. The predicted 
cubature points can be described as:

Xi,k+1|k = x̂k+1|k +√
P xx,k+1|kζi, i = 1,2, . . . ,2n (101)

Then, the propagated measurement, predicted measurement 
and its corresponding covariance matrix can be calculated as:

Zi,k+1|k = H(Xi,k+1|k, uk) for i = 1,2, . . . ,2n (102)

ẑk+1|k = 1

2n

2n∑
i=0

Zi,k+1|k (103)

P zz,k+1|k = 1

2n

2n∑
i=0

Zi,k+1|k Z T
i,k+1|k − ẑk+1|k ẑT

k+1|k + Rk+1 (104)

where, Rk+1 is the measurement noise covariance. Next, the cross-
covariance of the states and measurements are calculated:

P xz,k+1|k = 1

2n

2n∑
i=0

Xi,k+1|k Z T
i,k+1|k − x̂k+1|k ẑT

k+1|k (105)

Similar to the EK-SVSF and UK-SVSF, if �VBL < �fixed , the CKF 
gain factor is used:

KCKF,k+1 = P xz,k+1|k P−1
zz,k+1|k (106)

If the time-varying boundary layer width is larger, than the 
fixed boundary layer (�VBL ≥ �fixed), the SVSF gain (24) must be 
used to maintain robustness.

2.4.4. Fuzzy smooth variable structure filter (Fuzzy-SVSF)
In 1965, Zadeh introduced a method in human approximate 

reasoning known as fuzzy logic. Fuzzy logic is a set of mathemat-
ical principles that represent the knowledge based on a degree of 
membership functions [76]. Fuzzy Logic is based on IF-Then rules 
to approximate the performance of the system. A new approach to 
combine fuzzy logic with KF was proposed in [77]. In this study, 
a revised form of the KF [77] was used. In [78], fuzzy logic was 
combined with the SVSF, and the strategy is referred to as Fuzzy-
SVSF. The formulation of Fuzzy-SVSF can be described as per the 
following equations [78]:

kk+1 = AKSVSF (107)

where, A is the system matrix and KSVSF is the SVSF gain. The 
gain can be calculated based on equation (24). The predicted and 
updated state estimates are found using equations (108) and (109).

x̂k+1|k = Ax̂k|k + kk+1ezk+1|k (108)

x̂k+1|k+1 = x̂k+1|k + Buk+1 (109)

where, B is the input gain matrix. Then, the fuzzy logic residual ω
can be calculated as:

ωk+1 = kk+1 P1,k+1kT
k+1 (110)

where, P is the state error covariance matrix calculated using the 
following two equations:

P2,k+1 = (A − kk+1 H)P2,k AT + ωk+1 (111)

P1,k+1 = H P2,k+1 H T + ϕk+1 (112)

H is the measurement matrix, and ϕ is the probability density 
function of measurement error.
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3. Applications of the SVSF

This section describes the use of the SVSF and its variants in 
different applications such as fault detection, positioning and nav-
igation system, target tracking, among many others.

Engineering systems are becoming increasingly complex and 
dictating the need to maintain robustness to uncertainties and 
unknown disturbances. Detecting faults and predicting failure are 
some of the most important features of a system that should be 
considered for reliability. The combination of Artificial Neural Net-
works (ANNs) with the SVSF was proposed for the successful fault 
detection of automotive internal combustion engines [79]. The pro-
posed method demonstrated stability and improved fault diagno-
sis accuracy compared to Back Propagation (BP), the Levenberg-
Marquardt (LM), the Quasi-Newton (QN), and the Extended Kalman 
Filter (EKF) [79,80]. The combination of the interacting multiple 
model (IMM) with the SVSF known as IMM-SVSF was applied to 
an experimental electro-hydrostatic actuator (EHA) [81]. The re-
sults were compared with the IMM-EKF, and it was found that the 
IMM-SVSF had lower false detection rates compared to the IMM-
EKF [58,81–83]. The second-order SVSF was also applied on the 
EHA, and the results demonstrated relatively good tracking accu-
racy without the loss of stability [84].

In the area of autonomous vehicles, a number of different 
methods have been implemented to perform self-localization and 
target tracking. Simultaneous Localization and Mapping (SLAM) is 
a technique which allows the robot to build a map of the environ-
ment and keep track of this map to reach the desired point. SLAM 
is an interesting as well as difficult technique to study, as the robot 
location must be estimated in conjunction with the environment. 
To improve this process, the SVSF was combined with SLAM to 
introduce the SVSF-SLAM strategy. This method was applied to un-
manned ground vehicles (UGVs) and Autonomous Underwater Ve-
hicle (AUV). The results further demonstrated that the SVSF-SLAM 
and its adaptive form are more robust and accurate compared to 
the EKF-SLAM [85–90]. Furthermore, the SVSF has been applied on 
a FastSLAM application [91]. FastSLAM is an alternative solution for 
SLAM which reduces the quadratic computational complexity and 
single-hypothesis data association problem of the traditional SLAM. 
However, FastSLAM is less accurate compared to the traditional 
method since it ignores the correlation information of the land-
marks. To solve this problem, SVSF-FastSLAM was introduced as it 
is adopted to estimate the position of the landmarks. The result 
reveals that the proposed method has better accuracy in estima-
tion of the environment and trajectory compared to the FastSLAM. 
In [92], the SVSF was combined with the quaternion-based error 
state Kalman Filter (ESKF) to overcome the uncertainty injected in 
Inertial Measurement Unit (IMU)-based attitude estimation. To val-
idate the ESKF-SVSF algorithm, experimental data collected from 
Unmanned Aerial Vehicle (UAV). The result demonstrates that the 
ESKF-SVSF is more accurate in attitude estimation compared to 
ESKF due to its hybrid formulation, which has the optimality of 
the ESKF and robustness of SVSF to model uncertainties. Following, 
a modified form of the SVSF was applied on a 2-D radar tracking 
application [93]. In this study, the traditional saturation function 
appears in the formulation of SVSF was replaced with a hyper-
bolic tangent function. The proposed method, which is referred 
to Tanh-SVSF, appears to have a better performance as it reduces 
the chattering effect in the traditional SVSF without adding any 
computational complexity, while having better accuracy in target 
tracking compared to the traditional method.

Another approach where information from the joint proba-
bilistic data association (JPDA) is combined with the generalized 
variable boundary layer (GVBL) and the SVSF to introduce the 
JPDA-GVBL-SVSF. This method was used for multiple target track-
ing in clutter [94,95]. Similarly, the SVSF applied to single and 
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multi-target tracking problems were studied and the results com-
pared to the regular filters such as EKF and UKF [96,97]. In 
2017, the second-order smooth variable structure filter (SO-SVSF) 
was integrated with the Strapdown Inertial Navigation System 
(SINS) [98]. The filter yielded a more robust and precise estima-
tion of the large azimuth misalignment angle [98]. An integrated 
method that combined the Gaussian Sum Filter (GSF), EKF, and 
SVSF in a proposed GS-EK-SVSF filter yielded better state esti-
mation accuracy and reliability in target tracking compared with 
the standard GS-EKF and GS-SVSF [99]. Additionally, a two-pass 
SVSF-based strategy was implemented on an aerospace actuator 
[100,101]. The results were compared with KF-based strategies 
and demonstrated that the SVSF-based method remained stable 
with high-estimation accuracy compared to the KF-based strategy 
[100,101].

Other applications of the SVSF include estimation of battery pa-
rameters and robotic manipulators. The SVSF has been used to 
estimate the state of charge (SOC) and state of health (SOH) of 
lithium-ion (Li-ion) and lithium-polymer (Li-po) batteries [102–
104]. Again, the SVSF demonstrated improvements in accuracy and 
robustness when compared with the EKF method [102–104]. In 
[105], the SVSF was combined with adaptive SMC to estimate 
the new operational scheme for multi-level inverters in microgrid. 
The SVSF was used to estimate the voltage harmonic and voltage 
unbalance. The results demonstrated that the proposed method 
optimized the voltage and power required in varying loads. Fur-
thermore, the SVSF was applied on an optimized first-order equiv-
alent circuit-based model (OCV-R-RC) battery over the period of 12 
months using real-world varying environments. The experimental 
results demonstrate the efficiency of the SVSF in the estimation 
of the state of charge based on the optimized model [106]. In 
[107], the SVSF was used to estimate the states of a triple-rotary 

Fig. 5. Side view of the robotic arm [109,110].

Fig. 6. Top view of the robotic arm [109,110].
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(RRR) robot manipulator. The results demonstrated that SVSF in-
creased the accuracy of the state trajectory accuracy by 30% over 
the EKF [107]. Also, Al-Shabi implemented the UK-SVSF to esti-
mate the states of a PRRR robotic [108–111]. The results in these 
studies reveal that in the presence of both noise and uncertainty, 
UK-SVSF has the best performance as it can overcome the limita-
tions in stability and sensitivity to the noise. Also, a new version 
of the UK-SVSF was applied to the same application and its results 
were compared to the previous version of UK-SVSF, UKF and SVSF. 
The new version of the UK-SVSF maintained improved results in 
calculating the RMSE when large amount of noise was injected to 
the system.

The SVSF has also been used for signal processing and state es-
timation in electro-mechanical systems and quadrotors [75,112]. In 
[75], the CK-SVSF method was utilized on a quadrotor controller. 
The results demonstrated that the CK-SVSF was more accurate, re-
liable, and stable over the standard filters (CKF and SVSF). The 
reduced form of the SVSF and EKF known respectively as RSVSF 
and REKF were applied on deep learning estimation with nine 
experiments using five different datasets with dissimilar network 
design [113]. These filters were applied to perform estimation and 
training of the large number of the neural networks. It was con-
cluded that the RSVSF was preferable in all datasets compared 
to the REKF. In [114], SVSF was used as a technique to estimate 
the instantaneous feedback power and negative sequence in the 
direct power control (DPC) application. By the use of the SVSF, 
the number of sensors required in this application reduced to 2 
instead of 6 sensors. Also, the results reveal that the SVSF has 
better performance compared to the KF due to its simplicity in 
its formulation while being accurate in the estimation of the Ac-
tive Power (AP) and Reactive Power (RP) of the Positive Sequence 
(PS) components in addition to the Negative Sequence (NS) esti-
mation. SVSF and its variants (EK-SVSF and UK-SVSF) were ap-
plied on an experimental case study for enhanced Partial Discharge 
(PD) localization [115]. Partial discharge is known as the sudden 
break down in power transformers due to aging or abnormal elec-
trical, mechanical and thermal stresses [115]. Five different esti-
mation techniques were used and compared for PD localization: 
EKF, UKF, SVSF, EK-SVSF and UK-SVSF. The results revealed that 

Table 1
Parameters for the robotic arm [109].

m1 21.5 kg a1 0.25 cm I 1 1.04 kg m2

m2 16 kg a2 1.2 cm I 2 13 kg m2

m3 8.5 kg a3 0.8 cm I 3 3.12 kg m2

m4 7.9 kg a4 1.2 cm I 4 1 kg m2

m5 6.3 kg a5 0 cm I 5 0.84 kg m2
Table 2
Testing configurations.

Configuration Measurements V max Wmax

1 Full 10−10 10−6

2 Full 10−4 10−6

3 Full 10−3 10−6

4 Full 10−1 10−6

5 Full 10−10 10−2

6 Full 10−4 10−2

7 Full 10−3 10−2

8 Full 10−1 10−2

9 Full 10−10 1
10 Full 10−4 1
11 Full 10−3 1
12 Full 10−1 1
13 Full 10−10 102

14 Full 10−4 102

15 Full 10−3 102

16 Full 10−1 102
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the UK-SVSF has superior performance over other filters as it is 
robust to the model uncertainty while maintaining the UKF op-
timality. The filter was reported to have less complexity in its 
formulation through eliminating the need for the Jacobian lin-
earization.

4. Case study: robotic manipulator

In this paper, a robotic arm manipulator is used to study the 
performance of five different filtering strategies, namely: UKF, CKF, 
SVSF, UK-SVSF, and CK-SVSF. The performance of these methods 
will be summarized and compared based on root mean squared 
error (RMSE).

4.1. Dynamics of the robotic arm

A 4-DOF robotic arm (one prismatic and three revolute joints; 
PRRR) was selected for study and is shown in Figs. 5 and 6, where 
the system parameters are defined in Table 1.

The dynamic model of this robot can be described as:⎡
⎢⎢⎣

F z

τ1
τ2
τ3

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

mT 0 0 0
0 A1 A4 A5
0 A4 A2 A6
0 A5 A6 A3

⎤
⎥⎥⎦ �̈ +

⎡
⎢⎢⎣

0
A7
A8
0

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

−gmT

0
0
0

⎤
⎥⎥⎦

(113)

where, � = [d1 θ1 θ2 θ3], di is the ith-link offset, and θi is the 
ith-joint. The values of A1 to A8 can be calculated as [109]:

A1 =
⎡
⎢⎣

m2a2
2

4 + m3[a2
2 + a2

3
4 + a2a3c2]

+ (m4 + m5)[a2
2 + a2

3 + 2a2a3c2]
+ (I Z Z2 + I Z Z3 + I Z Z4 + I Z Z5)

⎤
⎥⎦ (114)

A2 = 1

4
m3a2

3 + (m4 + m5)a
2
3 + (I Z Z3 + I Z Z4 + I Z Z5) (115)

A3 = A5 = A6 = [I Z Z4 + I Z Z5] (116)

A4 =
⎡
⎢⎣m3[ a2

3
2 + a2a3c2]

+ (I Z Z3 + I Z Z4 + I Z Z5)

+2(m4 + m5)[a2
3 + a2a3c2]

⎤
⎥⎦ (117)

A7 = −
[

(m3 + 2m4 + 2m5)θ̇1θ̇2

+ 1
2 (m3 + 2m4 + 2m5)θ̇

2
1

]
a2a3s2 (118)

A8 = −
[

2(m3 + m4 + m5)θ̇1θ̇2

+ 1
2 (m3 + 2m4 + 2m5)θ̇

2
1

]
a2a3s2 (119)
Configuration Measurements V max Wmax

17 Partial 10−10 10−6

18 Partial 10−4 10−6

19 Partial 10−3 10−6

20 Partial 10−1 10−6

21 Partial 10−10 10−2

22 Partial 10−4 10−2

23 Partial 10−3 10−2

24 Partial 10−1 10−2

25 Partial 10−10 1
26 Partial 10−4 1
27 Partial 10−3 1
28 Partial 10−1 1
29 Partial 10−10 102

30 Partial 10−4 102

31 Partial 10−3 102

32 Partial 10−1 102
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Table 3
The statistic of maximum absolute error.

Config. States MAE

Mean Variance

NU 
SVSF

UN 
SVSF

NU 
NEW

UN 
NEW

NU 
OLD

UN 
OLD

NU 
UKF

UN 
UKF

NU 
SVSF

UN 
SVSF

NU 
NEW

U
N

3 x1 2E−04 2E−04 2E−04 2E−04 2E−04 1E−04 6E−01 6E−01 8E−09 5E−09 2E−09 2
x2 1E−02 1E−02 1E−02 1E−02 1E−02 1E−02 1E+00 1E+00 8E−07 5E−07 9E−07 2
x3 3E−04 4E−04 1E−04 2E−04 3E−04 3E−04 4E−01 1E+00 7E−09 1E−08 1E−09 2
x4 1E−02 4E−02 2E−02 5E−02 1E−02 3E−02 1E+00 2E+00 5E−06 3E−05 6E−07 6
x5 6E−04 6E−04 1E−04 5E−04 4E−04 3E−04 1E+00 2E+00 3E−09 2E−09 1E−09 6
x6 4E−02 9E−02 2E−02 4E−02 2E−02 4E−02 3E+00 3E+00 6E−06 8E−05 6E−07 5
x7 2E−04 6E−04 2E−04 2E−04 2E−04 3E−04 1E−01 7E−01 3E−09 6E−09 7E−10 2
x8 2E−02 7E−02 2E−02 3E−02 2E−02 4E−02 2E+00 1E+00 4E−33 5E−05 1E−06 7

21 x1 3E−04 2E−04 2E−04 2E−04 2E−04 2E−04 1E+00 1E+00 2E−10 2E−10 5E−11 7
x2 1E−02 1E−02 1E−02 1E−02 1E−02 1E−02 3E+00 2E+00 3E−07 4E−07 1E−07 6
x3 3E−04 3E−04 3E−04 3E−04 3E−04 3E−04 1E+00 6E−01 1E−09 8E−09 7E−10 1
x4 2E−02 5E−02 2E−02 5E−02 2E−02 5E−02 2E+00 2E+00 4E−06 6E−05 2E−06 3
x5 2E−04 3E−04 2E−04 3E−04 3E−04 3E−04 3E−02 5E−02 6E−11 9E−09 3E−10 4
x6 2E−02 5E−02 2E−02 4E−02 2E−02 5E−02 5E−01 9E−01 7E−06 2E−04 5E−06 6
x7 2E−04 3E−04 1E−04 5E−04 2E−04 3E−04 2E+00 2E+00 8E−10 4E−08 7E−12 4
x8 2E−02 4E−02 2E−02 4E−02 2E−02 4E−02 5E+00 4E+00 7E−06 4E−05 8E−07 3

29 x1 8E−02 7E−02 2E−04 2E−04 3E−02 1E+00 2E−01 1E+00 1E−05 9E−06 2E−10 1
x2 5E−01 5E−01 1E−02 1E−02 2E+00 4E+00 5E+00 2E+00 2E−04 1E−05 4E−07 9
x3 6E−02 6E−02 2E−04 3E−04 INF 5E−01 INF INF 8E−06 1E−07 1E−09 1
x4 6E−01 1E+00 2E−02 5E−02 INF 5E+00 INF INF 3E−04 5E−05 5E−06 6
x5 5E−02 4E−02 2E−04 3E−04 INF 1E+00 INF INF 3E−05 3E−06 1E−09 4
x6 4E−01 6E−01 2E−02 5E−02 INF 7E+00 INF INF 7E−04 2E−04 6E−06 1
x7 1E−01 1E−01 1E−04 4E−04 INF 7E+00 INF INF 2E−03 1E−03 8E−12 5
x8 5E−01 9E−01 2E−02 4E−02 INF 9E+01 INF INF 1E−02 3E−02 7E−06 6

Table 4
The statistic of root mean squared error.

Config. States RMSE

Mean Variance

NU 
SVSF

UN 
SVSF

NU 
NEW

UN 
NEW

NU 
OLD

UN 
OLD

NU 
UKF

UN 
UKF

NU 
SVSF

UN 
SVSF

NU 
NEW

U
N

3 x1 1E−03 1E−03 1E−03 1E−03 1E−03 8E−04 3E+00 3E+00 4E−07 2E−07 6E−08 6
x2 3E−02 3E−02 4E−02 4E−02 3E−02 3E−02 1E+01 9E+00 6E−06 3E−06 1E−06 2
x3 2E−03 1E−03 5E−04 9E−04 2E−03 2E−03 1E+00 5E+00 3E−07 2E−07 2E−08 5
x4 4E−02 1E−01 6E−02 1E−01 4E−02 9E−02 6E+00 2E+01 1E−05 1E−05 2E−06 4
x5 3E−03 2E−03 5E−04 2E−03 2E−03 2E−03 6E+00 7E+00 2E−07 2E−07 2E−08 4
x6 6E−02 1E−01 6E−02 1E−01 4E−02 8E−02 2E+01 2E+01 7E−06 8E−06 2E−06 8
x7 9E−04 1E−03 6E−04 7E−04 1E−03 1E−03 4E−01 4E+00 1E−07 5E−08 2E−08 3
x8 3E−02 8E−02 4E−02 9E−02 2E−02 8E−02 6E+00 1E+01 5E−06 6E−05 1E−06 1

21 x1 1E−03 1E−03 1E−03 9E−04 9E−04 1E−03 7E+00 6E+00 2E−09 5E−09 9E−10 7
x2 5E−02 4E−02 5E−02 4E−02 4E−02 4E−02 2E+01 2E+01 6E−06 7E−06 5E−08 7
x3 1E−03 1E−03 1E−03 1E−03 2E−03 2E−03 5E+00 3E+00 3E−08 3E−07 2E−08 1
x4 7E−02 2E−01 7E−02 2E−01 7E−02 2E−01 1E+01 9E+00 4E−06 1E−04 5E−06 1
x5 1E−03 1E−03 1E−03 1E−03 1E−03 1E−03 2E−01 2E−01 7E−09 3E−07 2E−08 8
x6 8E−02 2E−01 7E−02 2E−01 8E−02 2E−01 2E+00 3E+00 4E−06 3E−03 8E−07 2
x7 9E−04 2E−03 8E−04 3E−03 7E−04 2E−03 1E+01 9E+00 2E−08 2E−06 1E−09 2
x8 4E−02 2E−01 4E−02 2E−01 5E−02 1E−01 4E+01 3E+01 3E−06 9E−04 4E−06 1

29 x1 5E−01 5E−01 1E−03 9E−04 INF 6E+00 INF INF 5E−04 4E−04 2E−09 5
x2 2E+00 2E+00 5E−02 4E−02 INF 3E+01 INF INF 1E−02 5E−03 2E−07 9
x3 4E−01 2E−01 1E−03 1E−03 INF 2E+00 INF INF 6E−04 1E−04 4E−08 2
x4 2E+00 3E+00 7E−02 2E−01 INF 2E+01 INF INF 5E−03 1E−03 8E−06 2
x5 3E−01 3E−01 1E−03 1E−03 INF 8E+00 INF INF 3E−03 6E−04 1E−07 2
x6 1E+00 1E+00 7E−02 2E−01 INF 3E+01 INF INF 2E−02 4E−03 5E−06 2
x7 6E−01 6E−01 8E−04 3E−03 INF 5E+01 INF INF 7E−02 6E−02 5E−09 3
x8 3E+00 4E+00 4E−02 2E−01 INF 2E+02 INF INF 3E−01 4E−01 4E−06 1
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N 
EW

NU 
OLD

UN 
OLD

NU 
UKF

UN 
UKF

E−09 7E−09 3E−09 9E−19 9E−19
E−07 3E−08 2E−07 3E−17 3E−17
E−09 1E−08 5E−09 3E−19 2E−18
E−10 2E−06 1E−08 2E−17 1E−16
E−09 3E−09 1E−08 2E−18 9E−19
E−06 5E−06 6E−06 2E−17 9E−18
E−09 2E−09 6E−09 2E−17 2E−17
E−06 4E−33 1E−05 3E−16 4E−17
E−12 9E−10 1E−10 2E−10 8E−11
E−07 4E−07 4E−07 6E−10 2E−10
E−09 3E−09 1E−08 2E−10 6E−11
E−05 4E−06 5E−05 1E−09 8E−12
E−10 2E−08 1E−08 2E−11 1E−13
E−05 2E−06 1E−04 1E−10 5E−11
E−08 5E−10 3E−08 2E−09 1E−09
E−05 7E−06 5E−05 7E−09 2E−06
E−11 2E−08 9E−03 7E−05 9E−03
E−07 4E−06 5E−02 3E+00 2E−02
E−09 INF 2E−04 INF INF
E−05 INF 6E−04 INF INF
E−10 INF 7E−04 INF INF
E−04 INF 3E−04 INF INF
E−08 INF 3E−03 INF INF
E−05 INF 1E−25 INF INF

N 
EW

NU 
OLD

UN 
OLD

NU 
UKF

UN 
UKF

E−08 3E−07 1E−07 8E−18 9E−18
E−06 6E−06 4E−06 2E−16 3E−16
E−08 5E−07 1E−07 2E−18 2E−17
E−06 1E−05 9E−05 1E−16 5E−16
E−07 1E−07 4E−07 4E−17 1E−17
E−06 6E−06 3E−04 4E−16 2E−16
E−08 1E−07 2E−07 2E−17 3E−16
E−05 7E−06 7E−05 2E−15 4E−15
E−09 3E−08 4E−09 3E−09 1E−09
E−06 3E−06 5E−06 5E−08 2E−08
E−08 1E−07 5E−07 2E−09 1E−09
E−04 3E−06 1E−04 4E−08 8E−09
E−09 6E−07 5E−07 2E−10 3E−10
E−03 2E−05 2E−03 8E−09 1E−09
E−06 1E−08 2E−06 3E−08 2E−08
E−03 3E−05 7E−04 4E−07 2E−07
E−09 INF 2E−01 INF INF
E−06 INF 2E+00 INF INF
E−08 INF 1E−02 INF INF
E−04 INF 3E−01 INF INF
E−08 INF 1E−02 INF INF
E−03 INF 2E−02 INF INF
E−06 INF 5E−01 INF INF
E−03 INF 2E−01 INF INF
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Table 5
The statistic of regression line slope.

Config. States Slope regression

Mean Variance

NU 
SVSF

UN 
SVSF

NU 
NEW

UN 
NEW

NU 
OLD

UN 
OLD

NU 
UKF

UN 
UKF

NU 
SVSF

UN 
SVSF

NU 
NEW

3 x1 1E+00 1E+00 1E+00 1E+00 1E+00 1E+00 −4E−01 −2E−01 1E−07 1E−07 3E−08
x2 1E+00 1E+00 1E+00 1E+00 1E+00 1E+00 7E−03 1E−01 2E−06 2E−06 4E−07
x3 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x4 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x5 1E+00 1E+00 1E+00 1E+00 1E+00 1E+00 5E−01 3E−01 8E−09 8E−09 1E−09
x6 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x7 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x8 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00

21 x1 1E+00 1E+00 1E+00 1E+00 1E+00 1E+00 4E+00 3E+00 1E−08 3E−09 7E−10
x2 1E+00 1E+00 1E+00 1E+00 1E+00 1E+00 2E+00 1E+00 6E−08 8E−08 1E−08
x3 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x4 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x5 1E+00 1E+00 1E+00 1E+00 1E+00 1E+00 1E+00 1E+00 4E−10 9E−09 9E−10
x6 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x7 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x8 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00

29 x1 9E−01 9E−01 1E+00 1E+00 3E+01 −3E+00 7E+00 3E+00 3E−04 2E−04 2E−09
x2 1E+00 2E+00 1E+00 1E+00 1E+01 −4E+00 7E+00 1E+00 2E−03 6E−04 2E−08
x3 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x4 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x5 1E+00 1E+00 1E+00 1E+00 INF 2E−01 INF INF 4E−05 1E−05 4E−09
x6 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x7 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x8 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00

Table 6
The statistic of regression line bias.

Config.
States

Bias regression

Mean Variance

NU 
SVSF

UN 
SVSF

NU 
NEW

UN 
NEW

NU 
OLD

UN 
OLD

NU 
UKF

UN 
UKF

NU 
SVSF

UN 
SVSF

NU 
NEW

3 x1 −2E−04 −1E−04 −2E−04 −2E−04 −2E−04 −9E−05 −3E−02 −3E−02 1E−08 9E−09 2E−09
x2 7E−04 1E−03 6E−04 7E−04 6E−04 1E−03 −3E−01 −3E−01 1E−06 1E−06 2E−07
x3 −4E−01 −4E−01 −4E−01 −4E−01 −4E−01 −4E−01 −5E−01 −9E−01 8E−09 2E−09 1E−09
x4 −7E−05 −1E−04 7E−07 1E−04 −5E−04 2E−04 −6E−01 −2E+00 1E−07 2E−08 1E−08
x5 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x6 1E−04 2E−04 −1E−05 −6E−04 3E−04 7E−05 −2E+00 −3E+00 9E−08 5E−08 1E−08
x7 −6E−01 −6E−01 −6E−01 −6E−01 −6E−01 −6E−01 −6E−01 −3E−01 5E−09 3E−09 9E−10
x8 3E−05 −1E−04 6E−06 1E−07 2E−04 −4E−05 −2E−01 1E+00 3E−08 2E−08 1E−08

21 x1 2E−04 1E−04 9E−05 1E−04 5E−05 1E−04 1E−01 1E−01 1E−10 3E−10 7E−11
x2 4E−03 4E−03 4E−03 4E−03 3E−03 4E−03 1E+00 2E+00 2E−08 4E−08 8E−09
x3 −4E−01 −4E−01 −4E−01 −4E−01 −4E−01 −4E−01 3E−02 −5E−02 1E−10 9E−09 2E−10
x4 3E−04 2E−04 3E−04 1E−04 2E−04 2E−04 2E+00 9E−01 5E−09 7E−08 4E−11
x5 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x6 −8E−05 1E−04 −7E−05 1E−04 2E−04 1E−04 −3E−02 5E−02 5E−09 6E−08 1E−10
x7 −6E−01 −6E−01 −6E−01 −6E−01 −6E−01 −6E−01 5E−01 2E−01 1E−09 4E−08 2E−10
x8 −7E−05 −2E−04 −2E−04 −4E−04 −8E−07 −1E−04 4E+00 3E+00 7E−08 1E−07 4E−11

29 x1 −4E−02 −4E−02 1E−04 1E−04 3E−03 1E−01 −6E−04 1E−01 3E−06 1E−06 1E−10
x2 −5E−01 −5E−01 4E−03 4E−03 8E−01 1E+00 −2E−02 2E+00 5E−04 2E−04 1E−08
x3 −4E−01 −4E−01 −4E−01 −4E−01 −INF −4E−01 −INF INF 8E−06 7E−06 7E−10
x4 −5E−02 −2E−02 3E−04 1E−04 INF −6E−01 −INF INF 1E−04 1E−04 2E−10
x5 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00 0E+00
x6 −4E−02 −3E−02 −5E−05 1E−04 INF −2E+00 INF INF 7E−04 2E−04 2E−10
x7 −7E−01 −7E−01 −6E−01 −6E−01 −INF 5E+00 INF INF 1E−03 9E−04 1E−09
x8 −9E−02 −1E−01 −2E−04 −3E−04 INF 9E+00 −INF INF 1E−02 1E−02 2E−10
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UN 
NEW

NU 
OLD

UN 
OLD

NU 
UKF

UN 
UKF

3E−08 6E−08 4E−08 3E−18 4E−18
4E−07 7E−07 1E−07 2E−17 2E−17
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00
2E−08 2E−08 2E−08 3E−19 8E−20
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00
3E−10 7E−08 1E−09 1E−09 4E−10
1E−08 1E−06 3E−08 3E−09 8E−10
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00
9E−10 1E−08 2E−08 3E−12 7E−12
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00
5E−10 3E−03 5E−02 6E−03 5E−02
9E−09 1E−03 1E−01 6E−01 9E−02
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00
1E−09 INF 1E−04 INF INF
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00
0E+00 0E+00 0E+00 0E+00 0E+00

UN 
NEW

NU 
OLD

UN 
OLD

NU 
UKF

UN 
UKF

2E−09 4E−09 7E−10 1E−20 1E−20
2E−07 4E−07 9E−08 2E−18 2E−18
3E−09 7E−09 2E−08 2E−20 1E−19
2E−08 4E−08 9E−08 8E−19 6E−18
0E+00 0E+00 0E+00 0E+00 0E+00
4E−08 2E−07 1E−07 5E−18 2E−18
1E−09 5E−09 9E−09 3E−18 3E−18
2E−08 3E−08 7E−08 6E−17 5E−17
2E−10 6E−09 1E−10 2E−12 5E−13
2E−08 7E−07 2E−08 3E−10 8E−11
2E−09 1E−08 2E−08 1E−11 1E−11
8E−09 1E−07 8E−08 5E−10 2E−10
0E+00 0E+00 0E+00 0E+00 0E+00
2E−09 6E−08 9E−08 1E−10 8E−12
3E−08 2E−09 3E−08 3E−10 2E−10
7E−08 2E−08 7E−08 5E−09 3E−09
1E−10 2E−10 6E−05 6E−08 5E−05
1E−08 1E−06 8E−03 2E−02 8E−03
2E−09 INF 5E−04 INF INF
8E−09 INF 1E−02 INF INF
0E+00 0E+00 0E+00 0E+00 0E+00
3E−09 INF 2E−03 INF INF
3E−08 INF 7E−03 INF INF
9E−08 INF 1E−01 INF INF
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Fig. 7. Error in x2 for the third configuration.

Fig. 8. Error in x2 for the twenty first configuration.
where, ai is the ith-link, m is the mass of each link, I is the 
moment of inertia, ci and si represents the cos(θ i) and sin(θ i), 
respectively.

4.2. Summary of results

To compare the performance of the five filtering strategies, two 
different scenarios were considered: one without any uncertainty 
(NU), and the second with a very large amount of uncertainty 
(UN-around 50% of the system model). Two scenarios of mea-
surements were considered: one with all states are measured, 
13
and the other one involved with only the variables (d and θ i) 
are measured. Different levels of amplitude for the measurement 
noise were considered including [10−10, 10−4, 10−3 and 10−1]. 
Same have been done for system noise with amplitudes of 
[10−6, 10−2, 1, and 102]. Note that the covariance matrices and 
the smooth boundary layers were set for the NU cases, where 
the covariance matrices were dependent on the noise character-
istics and the boundary layer was tuned by trial-and-error. These 
considerations led to 32 configurations. These are summarized in 
Table 2.
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Fig. 9. Error in x2 for the twenty ninth configuration.

Fig. 10. The histogram of the error in x2 for the third configuration.
The simulations were conducted 10000 times for each con-
figuration, and the Root mean squared error (RMSE) and max-
imum absolute error (MAE) of each filter have been calculated. 
These are then summarized by their averages and standard de-
viations. The results are large to be listed in this work; there-
fore, only three configurations are listed in Table 3, Table 4, 
Table 5 and Table 6, and are illustrated (just for the second 
state) in Figs. 7–12. The results can be summarized as fol-
lows:
14
– If all states were measured, then all filters have good perfor-
mances. Modeling uncertainties did not have a huge effect on 
the results.

– Reducing the number of measured states made the system ex-
posed to the modeling uncertainties. As expected, UKF failed 
first, followed by SVSF/UKF old. Even if the filter did not fail 
for some configuration, the mean of the error showed a bias-
ness from zero value. On the other hand, SVSF, and SVSF/UKF 
new did not fail.
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Fig. 11. The histogram of the error in x2 for the twenty first configuration.

Fig. 12. The histogram of the error in x2 for the twenty ninth configuration.
– Increasing the noise level made the results worse. Measure-
ment noise had a higher effect than the system noise.

5. Conclusions

In this paper, a comprehensive review of the SVSF and its vari-
ants over the past 15 years was presented. The developments, 
applications and improvements of the SVSF in terms of robust-
ness and optimality were investigated. The SVSF has been com-
bined with a number of different filtering strategies to create 
new filters that maintain the robustness of the SVSF while ben-
15
efiting from the accuracy of other strategies (e.g., KF for lin-
ear systems). Two main methods for combining the SVSF with 
other strategies include the use of a chattering function, and the 
use of the time-varying boundary layer. Two popular strategies 
that were created include the UK-SVSF and the CK-SVSF. These 
strategies were compared with the standard UKF, CKF, and SVSF 
through the use of a robotic manipulator. It was demonstrated 
that the UK-SVSF and CK-SVSF estimation strategies yielded the 
most accurate results and improved the robustness of the stan-
dard UKF and CKF. Future work related to the SVSF involves the 
application and development of artificial intelligence techniques 
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and machine learning strategies such as deep and reinforcement 
learning.
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