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Lay Abstract

This thesis discusses magnetic monopoles and dyons — hypothetical particles carrying non-zero mag-
netic charge — which have long been thought to exist but have thus far proved elusive in experiments.
These particles are generally predicted by a class of theories that could very well describe physics
at energies beyond the reach of modern-day accelerators. Monopoles and dyons are rare examples
of high-energy predictions that could be tested experimentally, since they catalyze certain reactions
that were naively expected to proceed with rates suppressed by the large monopole or dyon mass. In
this thesis, we explain how the phenomenon of monopole and dyon catalysis can be understood from
the perspective of effective field theory. We further lay the groundwork for classifying the dominant
low-energy interactions of these hypothetical particles with the known elementary particles, which

could be used to inform future experiments.
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Abstract

This thesis uses the framework of point-particle effective field theory (PPEFT) to describe the in-
teractions of magnetic monopoles and dyons with low-energy relativistic fermions. Our main goal in
doing so is to reconcile the apparent inconsistency between the decoupling principle — which states
that short-distance physics decouples from long-distance observables — and the famous observation
that monopole-fermion (or dyon-fermion) scattering need not be suppressed by the heavy monopole
or dyon mass. We further use this effective field theory description to explore the long-distance
complications associated with polarizing the fermionic vacuum exterior to a dyon and show in some
circumstances how our methods can simplify calculations of low-energy fermion-dyon scattering in
their presence. We propose an effective Hamiltonian governing how dyon excitations respond to
fermion scattering in terms of a time-dependent vacuum angle and outline open questions remain-
ing in its microscopic derivation. Although we predominantly focus on the simplest examples of
monopole and dyon solutions, our methods lay the foundation for describing how more realistic

monopoles and dyons — those arising in Grand Unified Theories — couple to Standard Model fields.
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Notation and Conventions

Notation

When it is necessary to differentiate between vectors acting in physical and gauge space, we denote

—

the former in boldface e.g. 7 and the latter with arrows e.g. T.

Conventions

Signature We use the ‘mostly plus’ signature, for which 7, = diag(—, +,+,+).
Units We work in fundamental units, for which A =c¢ = 1.

Gamma matrices When necessary, we use the chiral basis of gamma matrices.

See Appendix A for further details.
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Chapter 1

Introduction

Magnetic monopoles boast a rich and extensive history in physics. Remarkably, the idea that these
hypothetical particles exist has proved so appealing that they have been studied for close to a
century, despite a lack of observational evidence.

Interest in this topic was first sparked by Dirac [2] who showed that some monopoles — those
whose magnetic charges q,, satisfy the relation 2q. g\, € Z, where ¢, is any allowed electric charge
— can be consistently described in quantum theory. The condition imposed on ¢,,;, known as the
Dirac quantization condition, suggests a surprising solution to the problem of why observed electric
charges are quantized: If a single magnetic monopole exists in nature, all electric charges are forced
to be integer multiples of an elementary unit!. This realization, along with its implications for the
duality between electricity and magnetism [3-6], made for a compelling case in favour of monopoles.

The modern perspective is that electric charge quantization likely has a different origin. One
popular potential explanation of this phenomenon is that it is a consequence of the unification of the
electromagnetic, weak and strong forces at high energies. To understand where this idea comes from
and how it relates to monopoles, we first consider the low-energy (or large-distance) limit, in which
fundamental interactions are well understood. At energies below? ~ 246 GeV, all known interactions

between subatomic particles with the exception of gravity are mediated by the electromagnetic, weak

LA monopole of magnetic charge qn = (2€)~! could explain why most observed electric charges are integer
multiples of the electron charge, —e. The only known exceptions to this are quarks, whose charges are nonetheless
consistent with a generalized version of the Dirac quantization condition which we discuss later.

20r equivalently for distances larger than ~ 10~16 cm.
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and strong forces and can be described within the Standard Model of particle physics (see e.g. [7]
for a review). The Standard Model (SM) builds on the already established theories of quantum
electrodynamics and Fermi’s theory of weak interactions and has correctly predicted the existence
and properties of several new particles (such as the W, Z and Higgs bosons and the top and charm
quarks), as well as the form of weak neutral current interactions. Practically all particle physics
experimental data agrees with this theory®, which makes it tremendously successful [9].

Nevertheless, the Standard Model is likely not a comprehensive theory of non-gravitational
fundamental interactions as several of its features appear to be fairly arbitrary. For instance,
it describes the electroweak and strong interactions as a gauge theory governed by the group
SU.(3) x SU.(2) x Uy (1) but offers no explanation for the complicated form of this group. Some of
the Model’s other drawbacks are that it depends on nineteen free parameters, which is considered
excessively large for a fundamental theory, and that it does not explain the observed baryon asym-
metry in nature [10] or the quantization of electric charge?. These (and other) reasons have led to
the belief that the Standard Model is an effective field theory (EFT) [11-13] (see [14] for a review
of EFTs) that is the low-energy limit of some other, more fundamental theory.

This ‘new’ theory is generally expected to have a larger symmetry group than the Standard Model
at high energies since the presence of additional symmetries could constrain some of the Model’s
arbitrary features [15]. Although there is no consensus on what the appropriate high-energy theory
should be, a promising set of candidates can be constructed by taking an idea already used in
the Standard Model to its natural limit. The idea in question is the mechanism of spontaneous
symmetry breaking [16-18], which explains how electromagnetism arises in the Standard Model,
but could equally be used to explain how the gauge group SU.(3) x SU.(2) x Uy (1) is obtained
from a larger group G, which unifies all three of the SM interactions. Theories in which this type
of unification occurs are called Grand Unified Theories (GUTSs) [19, 20], and their supersymmetric
variants are currently believed to be the most likely candidates for describing beyond-SM physics
[9]. In addition to explaining the origin of the SM gauge group, GUTSs often propose solutions to

some other unexplained aspects of the Standard Model. In particular, if the GUT gauge group G

3The observed phenomenon of neutrino oscillations [8] is not consistent with the usual formulation of the Standard
Model. This does not pose a significant problem, however, since neutrino masses and so also neutrino oscillations can
be accounted for by minimal extensions to the theory.

4Under certain assumptions, charge quantization can be explained by the cancellation of anomalies in the SM.
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is simple, electric charge is guaranteed to be quantized since the generators of G, and so also the
electric charge operator, will have discrete eigenvalues [21].

The arguments of the above paragraph pose a problem since they appear to undermine our
initial motivation for studying magnetic monopoles. Fortunately, it turns out that the very same
conditions that lead to the quantization of electric charge also imply the existence of magnetic
monopoles [22, 23]. Monopoles as well as dyons — particles which carry both electric and magnetic
charge — arise in GUTs as stable, static, finite-energy solutions to the GUT field equations [24, 25|
(see [26-28] for reviews). These particles are generally expected to be very small and superheavy,
with a core size of order R ~ m ! where my ~ 10'* GeV is the unification scale” [29], and masses
of order M ~ 4w m,/g?, where g is the GUT gauge coupling. Since modern-day accelerators can
only reach energies of up to 10* GeV, producing GUT monopoles and dyons in collider experiments
appears to be next to impossible.

The huge difference in magnitude between the minimum energy of a monopole and accessible
energies in modern-day experiments presents a significant problem for monopole searches. In a
scenario with such a large hierarchy of scales, the decoupling principle — the statement that very
little needs to be known about short-distance physics in order to calculate long-distance observables
— implies that the interactions between the heavy and light degrees of freedom are highly suppressed
by the heavy scale [30]. This suggests that the usual difficulties encountered when testing new
predictions of high-energy theories apply in the case of monopoles as well, leaving us with little hope
of being able to detect them. Remarkably, there is good reason to believe that this expectation fails
for monopoles and dyons. As shown by Rubakov and Callan [31, 32], monopole-fermion scattering is
not necessarily suppressed by the GUT scale and can instead proceed with strong-interaction cross
sections. This observation suggests that monopoles and dyons could catalyze proton or nucleon decay
at strong-interaction rates, since their interactions with fermions generally violate the conservation
of baryon number®.

For this reason, monopole-fermion (and dyon-fermion) scattering is often said to violate the

5The GUT scale estimate in [29] relies on the desert hypothesis i.e. the assumption that no new physics appears
between the electroweak and GUT scales, with the potential exception of GUT multiplets containing only superheavy
m ~ Agur particles or containing only particles with masses of order m ~ 10GeV. An even higher value of
~ 1016 GeV is expected for supersymmetric GUTs [9].

6Baryon number is conserved in the Standard Model and this guarantees that the proton, being the lightest baryon,
is stable.
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decoupling principle. This would be extremely surprising if true since decoupling is thought to hold
generally in nature, as evidenced by examples across fields ranging from atomic to gravitational
physics. For instance, the energy levels of an electron in an atom depend on the nuclear mass and
charge but not on the details of how the nucleus is held together by the strong force; the structure
of atoms is largely irrelevant for describing the gravitational motion of planets and stars etc.

One of the objectives of this thesis is to show that the decoupling principle still holds in the case
of monopoles and dyons. We do this by constructing an effective field theory (the derivation of which
hinges on the validity of the decoupling principle) describing low-energy dyon-fermion interactions,
which successfully reproduces the relevant results from the literature.

The specific ‘flavour’ of effective field theory we use is called point-particle effective field theory
(PPEFT), which is adapted to situations in which a massive, small object interacts with particles
whose wavelengths are much larger than the point-like particle’s radius. PPEFT techniques [33-35]
have been tested extensively in applications for which answers are known by other methods, by
using it to describe the influence of finite nuclear size (and various nuclear moments) for atomic
energy levels [36-38], absorption by hot wires in atom traps [39] and to describe the gravitational
back-reaction of codimension-two branes in various dimensions [40, 41].

The goals of this thesis are as follows: (i) to resolve the apparent contradiction between the large
cross sections for fermion-monopole (and fermion-dyon) scattering and the decoupling principle,
(#4) to understand what sets monopoles and dyons apart from e.g. nuclei, which are described by
similar EFTs but which predict analogous cross sections that are suppressed by the relevant heavy
scale, (i) to develop a formalism that can be used to classify the dominant interactions of a GUT
magnetic monopole with low-energy Standard Model fermions, so that contact can be made with
present and future experiments.

We wrap up the introduction with a short overview of the current status of monopole searches.
The supermassive GUT monopoles and dyons we discuss in this thesis could only have been pro-
duced in the early universe, as no present-day process is energetic enough to create them [26]. A
potential monopole detected on Earth would then necessarily have originated from cosmic rays and
can be measured either directly in the ray or indirectly if it binds to any matter. Several tech-

niques for detecting monopoles have been developed and these often make use of the monopoles’
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electromagnetic properties e.g. by attempting to measure the current a moving monopole induces
in a superconducting ring [42]. Alternatively - scintillators, gas chamber detectors and others can
be used to exploit the fact that monopoles lose electromagnetic energy at a much faster rate than
known particles. Other approaches also exist, such as those that look for evidence of the catalysis
of nucleon decay, as predicted by the Callan-Rubakov effect. While no detection of a monopole or
dyon has been confirmed to date”, searches are still ongoing at several experiments at the LHC, the
IceCube experiment and others (see for example [44, 45] and [9] for a recent review).

We now briefly introduce some relevant background related to magnetic monopoles, dyons as

well as effective field theory techniques before moving on to the main results.

1.1 Magnetic monopoles and dyons

Magnetic monopoles are particles that source a radial, Coulomb-like magnetic field of the form

[*SYEN

B, = T72"'7 (1.1.1)

where ¢,, is the particle’s magnetic charge. At first glance, this magnetic field appears to be in-
consistent with the potential formulation of electrodynamics — and so also with quantum electro-
dynamics — since the definition of the magnetic field in terms of the vector potential, A, implies
V-B=V-(VxA)=0.

As pointed out by Dirac [2], the above argument does not rule out the existence of monopoles.

To see why, consider a vector potential of the form

qn (1 —cosb) -
A, = D2 TR0 G 1.1.2
rsin @ ¢ ( )

also known as the Dirac potential, which corresponds to precisely the desired magnetic field B,,
everywhere except the 8 = 7 half-line, along which the vector potential diverges. A careful treatment
of the half-line singularity shows that it produces a magnetic field of its own, corresponding to the

field of an infinitesimally thin, never-ending solenoid for all z < 0. The total magnetic field is then

7A single candidate event of a monopole detection has been reported [43], but has not been reproduced since.
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given by
B, = By + B, = 1 £ — d7q, 0(—2)3(2)0(y) (~2), (1.1.3)

where By is the field of the string (or half-line). The Dirac potential avoids any inconsistency with

Maxwell’s equations since the flux of the half-line precisely cancels the flux of the monopole field

1
o /B -d?S =gy — qu =0, (1.1.4)

but this was achieved by introducing a seemingly unphysical term in the magnetic field.

Thus far, the potential (1.1.2) does not appear to be very useful since it is both singular and
describes a semi-infinitely long and infinitesimally thin solenoid as opposed to a monopole. Both of
these problems would be resolved if the singular string were somehow unobservable and this would
be the case if its contribution to the Aharonov-Bohm phase [46] acquired by a particle of electric
charge ¢, traversing a closed path enclosing the string is a multiple of 27. The Aharonov-Bohm

phase due to the string, 9% _,, must then be given by
Uy p = qe/ B, -d*S = —4r Qe Qe = 27N, (1.1.5)
R

where R is the region enclosed by the path in question and n € Z. This leads us to the famous
Dirac quantization condition:

2¢e qu € Z. (1.1.6)

An alternative prescription, due to Wu and Yang, avoids the singularity altogether at the expense of
introducing non-trivial topology into the problem [47]. This is done by defining the vector potential

separately in two overlapping coordinate patches:

(1 — cosh)
Az = G- cosb) g (1.1.7)

rsin 6

where the labels £ refer to the two regions of space R, defined as

R+:{og0<g+5,r>o,og¢<2w}, (1.1.8)
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as well as

R,:{g—§<9§w,r>o,og¢<2w}, (1.1.9)

and the parameter § satisfies 0 < § < 7 and is otherwise arbitrary. In the overlapping region, the
vector potentials AZIE must be equal, up to a gauge transformation. The gauge function corresponding
to the desired transformation is given by (%) = 244 ® here ¢, is the minimal allowed electric
charge in the theory, as can be seen from

i

» X 2q
w(¢) g, piwl(d) — ZIM 1.1.10
¢ ¢ rsin 6 ( )

ANy — (A7) = —
( D)¢ ( D)¢7 Gorsin 0

The Dirac quantization condition again emerges in this alternative formulation by requiring the
gauge function e*“(?) to be single-valued.

When working in the Wu-Yang formalism, the wave function of a particle in the monopole
background® becomes a section as opposed to an ordinary function. This implies that the wave
function must be defined such that its explicit forms in the regions R, and R_, which we denote
14 and ¥_ respectively, are related in the overlap region by a gauge transformation, given in this
instance by

Yy (z) = ey _(z), for z€ R NR_ (1.1.11)

where gy is the particle electric charge.

Nonabelian gauge theory monopoles: An SU(2) toy model

The simplest example of a nonabelian gauge theory that admits magnetic monopole and dyon
solutions is the SU(2) Georgi-Glashow model [48]. Although the low-energy limit of this theory
disagrees with the Standard Model, it is nonetheless a useful starting point since GUT monopole
solutions can often be constructed by embedding the monopole solutions of this model into the GUT
gauge group.

The SU(2) Georgi-Glashow model is an SU(2) gauge theory coupled to a Higgs field in the

80r more generally, any solution to the equation of motion of a particle in the background of a monopole or dyon.
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adjoint representation. This theory is described by the action

S=— /d% [ing FH 4 %DMCI)“ D', — “; P D, + 2 (@ ®,)°| , (1.1.12)
where the nonabelian field strength is Fjj, = O, AL —8VAz+e e“bcAbu A., and the covariant derivative
is given by (D, ®), = 0,Pq + €abe eAZ ®¢. The gauge generators are defined in terms of the Pauli
matrices by T, = %Ta and so satisfy the SU(2) commutation relation [T,, Tp] = i€qpcTe. The model’s
parameters ), e and 2 are all real and positive and the choice ;2 > 0 ensures the vacuum expectation
value w® = (®%) satisfies w? := ww, = pu?/X # 0 so that the gauge symmetry is spontaneously
broken down to U(1).

With respect to the gauge field gauging rotations in e.g. the T3 direction, we see that the two
gauge bosons spanned by Alﬂ and Aﬁ have charge +e, while the components of the adjoint Higgs
multiplet ®¢ similarly carry charges zero and +e for this symmetry. The two charged gauge bosons
‘eat’ the two charged fields in ®* and by doing so acquire nonzero mass my ~ ew = [u, where
B2 := €?/X. The remaining spin-one particle is massless and so can be regarded as the ‘photon’
that gauges the unbroken U(1) symmetry. The uneaten physical scalar is also neutral under the

unbroken gauge symmetry and has mass mg ~ vV2\w = v/2 .

The Julia-Zee dyon

The SU(2) Georgi-Glashow model predicts the existence of magnetic monopoles and dyons at the
classical level, as solutions to the model’s field equations. One such solution is the so-called Julia-Zee
dyon [24, 49, 47] which has the form

1-K(r)

r

and ep— T (1.1.13)
T r

:|, €A0:f~f

where the dimensionless functions K(r), H(r) and J(r) depend on r only through the combination
pr. These functions satisfy second-order coupled ordinary differential equations given explicitly
in [49] that depend on the other two parameters of the model, e and A, only through the ratio
e?/\ = 32

The integration constants are chosen to ensure boundedness at the origin — and so X — 1 and


http://www.mcmaster.ca/
https://physics.mcmaster.ca/

PhD Thesis — S. Bogojevié¢; McMaster University — Physics and Astronomy

J,H — 0asr — 0. They also have a finite-energy falloff to the vacuum solution as r — oo, implying

the asymptotic behaviour

K(r)—0, J(r)—e(@Q—vr) and H(r) — hr asr— oo, (1.1.14)

where h = ew = S and only one of ) or v is an independent parameter because one combination of
@ and v is a calculable function of 8 and u. The approach to these asymptotic forms is exponential in
pr. For instance, the function K(r) behaves for large r as K(r) ~ e~ with a = \/h2 — (ev)2, which
shows the solutions damp exponentially provided h > ev. The Julia-Zee solution then describes a
localized field configuration, in the sense that it differs appreciably from the vacuum solution only
inside a region of size R ~ pu~1.

The stability of this field configuration is guaranteed by topological arguments [24, 50]. Specif-

2

[oop)

ically, the large r form of the Higgs field defines a map from the sphere at spatial infinity, S5, to
the sphere S? := {¢ : ¢%p, = w?} in gauge space. Any such map is characterized by its winding

number, defined as

1 .
Ny = 871'11)3/5 d%8; €% e e 0" 00" Opp”, (1.1.15)

%
which counts the number of times the sphere S? is covered after a single turn around S2, and is
necessarily an integer. The winding number of a field configuration is a topological invariant — i.e.
it does not change under smooth deformations of the field — and this explains why the Julia-Zee
solution (for which n, = 1) does not decay to the vacuum of the theory (for which n, = 0).
As shown in [50], ny is related to the dyon’s magnetic charge through ¢,, = ny/e. This is yet
another manifestation of the Dirac quantization condition, which we explicitly confirm is satisfied
by calculating q,, later in this section.

The functions K(r), J(r) and H(r) must generally be determined numerically, but in the special
case where \,e — 0 with 82 = e2/)\ and pu fixed, these functions can be solved in closed form

[61]. In this Prasad-Sommerfield limit the solution that is regular at the origin and for which ¢y,
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approaches a constant® at infinity is given explicitly by

K(r) = suﬂiﬁ and J(r) =sinhw [1 —cr coth(cr)}, (1.1.16)

as well as

H(r) = coshw [cr coth(cr) — 1], (1.1.17)

with w an arbitrary real constant and ¢ = Su. Comparing with the large-r limit of J(r) shows that
v and @ are given in terms of these constants by ev = c¢sinhw and e@) = sinhw and so @ = v/c.

At any particular spacetime point the nonzero fields break the SU(2) gauge invariance down to a
U(1) subgroup, so just like for the vacuum the dyon preserves a U(1) symmetry and as a result one
of the gauge modes — the photon — remains precisely masses. For the dyon, the particular embedding
of the unbroken U (1) within SU(2) varies from place to place, as can be seen by the mixing of gauge
and spatial indices in (1.1.13). This makes it convenient to change gauge to a form for which the
massless gauge mode corresponds to the same gauge direction everywhere in spacetime.

If the asymptotic gauge field is chosen to point along the third direction in SU(2) space, the

required gauge transformation is

U@«):% m#%ﬂ%

>
>
~—

(1.1.18)

This is a singular gauge transformation inasmuch as it introduces a previously non-existent singu-
larity into the asymptotic vector potential if it is performed everywhere. Because the singularity
is a gauge artefact we can remove it by following the Wu-Yang prescription [47], described below
equation (1.1.6).

That is, if the two overlapping regions R, and R_ are given by (1.1.8) and (1.1.9), we define the
gauge field in region R_ using the gauge function U(r) while the gauge field in R, is additionally
transformed using V (r) = €®™. With this choice of gauge, the Julia-Zee dyon field configuration is

given by

eA?i(.r) — 1 LCOSGQBL 5; _ K:(,,,) zqi and 6./48(7‘) _ _j(r)

r sin 6

52, (1.1.19)

9When A — 0 it is no longer necessary to require H/r to approach the specific constant h as r — co.

10
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as well as
e (r) = —20) ga. (1.1.20)
T
In the above, ¢, is defined through
1 1 /.4 A . 1 /.4 - )
Gie = 5 CaTa = 5 (29 _ ¢>i) eHior, — o (wi + @) eFibr_ (1.1.21)

and arises as the gauge transform of %73 x 7. Here the subscripts & refer to the regions Ry and 74
are defined as usual by 74 := (11 £i7).
The asymptotic large-r form of the solution in this gauge makes its electromagnetic properties

explicit,

+1 —cos@ -

e At - ¢; 05 and eAj — (ev - e?) 3 as T — 00, (1.1.22)

rsin 6

since using this in Gauss’ law

4 4
1 ™ ™

1
e = — E-+d’S=Q and ¢, =— B-#d?S =, (1.1.23)
47T 0 47T 0 e

reveals it to be a dyon that carries magnetic charge ¢,, = 1/e and electric charge ¢ = Q. Once
fermions in the fundamental representation are added to the theory (as in later chapters), the
Julia-Zee dyon manifestly satisfies the Dirac quantization condition 2q,;q. € Z, since the doublet
components have electric charge ¢. = +e/2.

The parameter v is the electrostatic potential difference between the origin and infinity, which

in the general case is not independent of @), with

ev=pZ(B,eQ) , (1.1.24)

for a calculable order-unity function Z. (For instance in the Prasad-Sommerfield limit (1.1.16),
(1.1.17) we have Z = eQ@.) The monopole limit  — 0 corresponds to taking v — 0 so Z(3,0) = 0.
Notice that the asymptotic form of the vector potential in this gauge, given by (1.1.22), exactly

matches the Wu-Yang potential (1.1.7), which shows that the monopole limit of the Julia-Zee solution
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is equivalent to the Dirac monopole at large distances from the origin.

The classical dyon mass is given by evaluating the energy of the classical solution:

M~ 47;5“ F(8,0/p) (1.1.25)

where mgy ~ Bu = ew is the gauge boson mass, o = e? /4r is the fine-structure constant and F is an

explicitly calculable function that is order unity when e? ~ X and v ~ p.

Solitons in quantum field theory

The Julia-Zee dyon is an example of a soliton: a solution to the classical field equations of a given
theory which is stable, static, localized and has finite energy (see e.g. [52] for a review). Soliton
field configurations share many of the properties we typically ascribe to particles, yet do not arise
in the same way as the elementary particles of a field theory. The implications of soliton solutions
for a quantum theory are well-understood in the semiclassical limit, which for the Georgi-Glashow
model corresponds to the case where the dimensionless couplings e, A are both taken to be small'®,

with 8% = €2/\ ~ O(1). In this limit, the mass of the dyon satisfies
M~O (@) , (1.1.26)
!

and is related to the dyon size R ~ mg_1 by MR ~ 4m/e? > 1. The dyon becomes a nearly classical
object, since its Compton wavelength is much smaller than its radius.

The semiclassical limit of a field theory corresponds to the case where the fields are reasonably
well described by the soliton configuration, similarly to how a particle can have an approximately
classical position when it is in a state in which its position and momentum uncertainties can be
treated as small [52]. Because of this, it is convenient to expand the fields around the soliton
solution

Al(z) = Ajj(z) + AL (z) and  @%(z) = ¢*(x) + 59" (2), (1.1.27)

10The semiclassical expansion is formally an expansion in i. Rescaling the fields in (1.1.12) by e~! shows that every
appearance of % in e.g. a perturbatively calculated amplitude will be accompanied by a factor of e2. This means
that — in units where /i = 1 — quantum corrections are suppressed in the small e? limit. The rescaling also trades the
coupling constant A for )\/62 which implies the semiclassical approximation is only reliable for small A, with 8 taken
to be fixed in the classical limit.
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where J.A7,(7) and d¢p?(z) are fluctuations around the classical configuration. Before performing
this semiclassical expansion, one typically first separates out a subset of the field fluctuations cor-
responding to symmetry transformations that act non-trivially on the background solution. This
is done (for reasons we address later) by parametrizing the soliton solution with a set of collective
coordinates, so that this ‘special’ subset of field fluctuations is captured by variations in the collective
coordinates instead of A7, (), d¢®(z). For the Julia-Zee dyon, the relevant symmetry transforma-
tions are translations and global gauge rotations in the unbroken U(1) direction and so the dyon
collective coordinates are just its center-of-mass position, y(¢), and a charge degree of freedom, a(t).
These can be regarded as the special cases where A}, and ®“ are obtained by transforming the dyon
by a time-dependent spatial translation or a time-dependent gauge rotation in the unbroken U(1)

gauge symmetry direction (generated by 73 in the gauge (1.1.19)),
, , 1 ,
0AL () = y' 0, A; + 0uy" Af + - 05 Opa — aea‘%AZ and  6¢%(x) = y'dip® —a et (1.1.28)

The parameters y(t) and a(t) become operators describing the dyon degrees of freedom upon quan-
tization.

The above arguments illustrate the fact that soliton solutions have particle counterparts in the
quantum theory when the semiclassical limit is applicable. In the remainder of this thesis we work

in this limit and so take €2, A to be small, with 52 fixed.

Angular momentum in a monopole background

The spherical gauge used in equation (1.1.13) shows that the Julia-Zee dyon is not invariant under
general global gauge or spatial rotations, unless these are performed in unison. As a result, the
background dyon breaks the freedom to independently perform gauge and spatial rotations and the
angular momentum operator, which characterizes the transformation properties of a spin—g particle

with respect to rotations, is given by

J=L+S+T, (1.1.29)
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where!! L = r x p is the usual orbital angular momentum and T is the gauge isospin. Defined
this way, the angular momentum operator is conserved and satisfies the expected algebra, [J;, J;] =

i€i;k Ji. In the abelian gauge of (1.1.19), the total angular momentum is instead given by

=

J=rx(p-ecA)+S—#Ts, (1.1.30)

where A is the spatial part of the gauge potential in (1.1.19), and the ‘extra’ term —7 T3 can be
interpreted as the angular momentum of the dyon-particle (or monopole-particle) electromagnetic
field.

Our primary interest lies in describing how dyons or monopoles interact with isodoublet fermions.
As we now show, the additional term in the definition of .J in (1.1.29) or (1.1.30) implies that
isodoublet fermions have integer instead of half-integer angular momentum. Remarkably, a fermion
in a monopole/dyon background can then have zero total angular momentum and it is precisely
this partial wave that leads to many of the unexpected monopole properties we mention earlier. In
the case of an isodoublet fermion, T2 and S2 both have eigenvalue % as appropriate for a spin-half
contribution to the total angular momentum. The usual rules for combining angular momenta show
that the combination S + T can either carry spin zero or spin one, and writing the eigenvalues of
L2 and J? as £(¢+1) and j(j + 1) respectively, we see that j = 0 can be obtained by combining the
spin and ‘magnetic’ angular momentum with either of the two orbital angular momenta ¢ = 0, 1.

S-wave states i.e. states with vanishing total angular momentum are ‘special’ because they
experience no angular momentum barrier and so can reach the dyon core even at low energies. This

can be seen by rewriting the Dirac equation in the r — oo limit as follows

V(O — ieAu )
{70 [at —i (e? - ev) Tr} +70, - %7 : (f x (L + CF)) } ¥ (1.1.31)

_ 1{70 {&ti(e?ev)ﬂ} +7Tari[fyr+z‘~y-(ﬁx(i+f))”(r¢)0,

r

where v := ~'e; and we work in the spherical gauge of (1.1.13) for convenience. The last term in the

H'We denote the vectors E, S with arrows even though they act in physical space so that the notation is consistent
with that used for the gauge isospin, T'.
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third line of this equation gives rise to the centrifugal barrier once the Dirac equation is written in a
Klein-Gordon like form. This term can be rewritten as'2 [y" + i~y - (7 x (L+T))]/r = i(y x ) - J /7,
which implies that the angular momentum barrier vanishes for S-wave states.

The absence of a centrifugal barrier allows for the possibility of dyon (or monopole)-mediated
catalysis wherein S-wave fermions scatter off the dyon at rates that are unsuppressed by the dyon’s
small size. This realization was made by Rubakov and Callan [31, 32] who independently showed that
the interactions of a monopole with massless S-wave fermions induce various fermionic condensates
— 4.e. non-zero expectation values of fermion bilinear operators — which fall off as a power law
as one moves away from the dyon. Surprisingly, these condensates do not exhibit an exponential
suppression by the heavy scale, e="/% that is typical of correlation functions and this led to the
conclusion that the GUT scale need not always suppress low-energy observables. Although the lack
of a centrifugal barrier plays a key role, it is clearly not a sufficient condition for catalysis since e.g.
the scattering of a spinless particle off a nucleus is suppressed by the small nuclear size. We discuss

why these two cases are so different in chapter §2.

Grand Unified Theory monopoles and dyons

While realistic Grand Unified Theories generally involve additional complications compared to the
SU(2) Georgi-Glashow model, the monopole and dyon sectors of GUTs and the toy model share
many similarities. This is due to the fact that Grand Unified Theory dyons can be constructed by
embedding and slightly generalizing the Julia-Zee dyon into the GUT gauge group G.

One of the simplest examples of such GUT solutions is the Dokos-Tomaras dyon [53] which arises

12This can be shown by using the cyclic property of the triple product (when 7 matrices aren’t 1nterchanged) and
wrltlng the spin operator as S% = ——5”’“

=570 eiur I v = AP0yP Oy = 4

Vivk = 77 ~9~%, since y" can then be written as iy - (7 x S) = —iP- (S xy) =
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in the SU(5) Georgi-Glashow model and is given by'?

gAi(r) = (7 x 1); {17{“7’)} : (1.1.33)
Ji(r) Iaxo
gAo(r) = ﬁ'Fjir) "‘% Jo(r) Iax2 )

—2[7(r) + Ja(r)]

where ¢ is the gauge coupling, I,,x, is an n by n unit matrix acting in a subset of SU(5) gauge

space, as well as

go®(r) = G(r) o3, (1.1.34)
7‘[1(7“) I2><2
gp(r) = f"F@JF% Ha(r) laxo )

—2[Ha(r) + Ha(r)]

where o is the background field configuration of an additional Higgs field in the fundamental
representation, which is introduced to further break the Standard Model gauge group down to
SU(3) x Ugy (1) at low energies. In the above, £ corresponds to the following embedding of SU(2)

generators into SU(5)

_1 ’ (1.1.35)

where 75, are again the Pauli matrices.
The Dokos-Tomaras solution must be bounded at the origin and this implies that £(r) — 1 and
T TJo — 0, H,Heo, — 0 as r — 0, where o = 1,2. As we are interested in dyons with finite energy,

these functions must also approach the vacuum at large distances and so

Kir)y—0, Jr) —e@Q—vr) and J,o(r)—0 as r— oo, (1.1.36)
13Tn our conventions, the generators of SU.(3), SUL(2) and Uy (1) are embedded into SU(5) as follows:
L _ 1 (03x3 _ L (2I3x3
Ai= 92 < 02><2> = 2 ( Uj) and ¥ = V60 ( —3]2><2:> (1.1.32)
where I, xn,0nxn are n by n unit and zero matrices, respectively; ¢ = 1,---8, j = 1,---3 and \; are the Gell-Mann

matrices, while o; are the Pauli matrices.
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while the Higgs field configurations asymptotically satisfy
1\ hr 5
Hi(r) = hr, Har)— (e— = > and H(r) — (e — B hr as r — o0, (1.1.37)

as well as G(r) — v as 7 — oo, where h/g and v/g are related to the adjoint representation and
fundamental representation Higgs vevs'4 and e = O(v/h) ~ 10714,

Notice that, apart from differences in their respective Higgs sectors, the Dokos-Tomaras dyon
is asymptotically equivalent to the Julia-Zee solution embedded into SU(5) using (1.1.35). This
particular embedding is chosen since the corresponding solution has the smallest possible magnetic
charge and so also the smallest mass. As in (1.1.19), the SU(5) dyon can be gauge rotated so that it
is asymptotically abelian and points along e.g. the t3 direction in gauge space. Since the embedding
we use acts in both the colour and electroweak sectors, the dyon gives rise to both ordinary and

colour electromagnetic charges. To see this explicitly, note that the generators of SU.(3) x Ug,, (1)

I3x3
A= LN and T, ——,/i 3 (1.1.38)
1 T 2 02><2 EM — 24 - b A

0

are given by

where \; are the Gell-Mann matrices and 0,,x, is an n by n zero matrix. The matrix t3 can be

expanded in terms of these generators as

1 8 2 1/(g 2
t3 = —— 7TEM —A = -3 *TEM —=A ’ 1.1
’ 2<\/; BV 8) 2<e IE 8) 1)

where the second equality uses the fact that the SU(5) gauge coupling g is related to the electro-
magnetic coupling through (g/e)? = 8/3. Gauge transforming the solution with a generalization'®

of (1.1.18) and using Gauss’ law as well as (1.1.39) then implies the dyon’s ‘ordinary’ electric and

14We determine the asymptotic behaviour of H,H, by imposing that the Dokos-Tomaras solution asymptotically
tends to the vacuum, once gauge transformed to the ‘abelian’ gauge. The Higgs field vacuum expectation values are
g{p)=v(0 000 1)" and g(®) = hdiag (1,1,1,-3 +¢,-3 —¢).

Iox2
15The relevant gauge function in the R_ region is given by U(r) = ( \/ 1—224‘ Taxo ) +4/ % it (7 x 2).
1
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magnetic charges are given by

EM 1 i EfM . dZS Q d EM 1 " BEM . ¢ dZS 1 (1 1 40)
= — T =—— an = — T =—— 1.
% 4 J, 2 Taa 4 J, 2¢’
while its colour electric and magnetic charges are
1 4w Q 1 4 1
C=— E¢.-+d?S=——_ and ¢ :—/ B¢ +d?S = ——. 1.1.41
dE ir J, 2\/5 '3 ir J, \/gg ( )

A Grand Unified Theory dyon might be expected to have many more collective coordinates than
its SU(2) counterpart as the GUT symmetry group is larger. This is not always the case, however,
since the non-trivial topology of magnetic monopoles and dyons leads to ambiguities in defining
global nonabelian gauge transformations. As shown in [71], gauge transformations can be defined
globally only if they act trivially on the long-range monopole field because precisely this subset of
transformations preserves the GUT generalization of the condition (1.1.11). For the Dokos-Tomaras

dyon coupled to fermions in the fundamental representation, the condition (1.1.11) becomes

Yy (x) =Py (z) for x€ RyNR_, (1.1.42)

and the compatibility of gauge transformations with the above decreases the number of potential
SU(5) dyon degrees of freedom down to precisely those of the Julia-Zee dyon, where the charge
collective coordinate a is now related to the unbroken U(1) gauge group, generated by t3.

Grand Unified Theory dyons and monopoles satisfy a generalized version of Dirac’s quantization
condition. This can most easily be seen by switching to a gauge in which the singular string is
reintroduced, such as by choosing a gauge in which the dyon is asymptotically abelian. As in the
case of the abelian monopole, the singular string introduces an extra magnetic field, which now has

both a colour and ordinary magnetic field contribution

B = jgg O(—2)8(2)3(y) (—2) and BEY = 2?” O(—2)8(2)3(y) (—2). (1.1.43)
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Imposing that the string magnetic fields are unobservable gives
Uiy =[BRS [BIY S = anla g i ) =2mn (114D

for a particle with colour electric charge gy, and ordinary electric charge ¢;*. This generalized
quantization condition is satisfied by all the fundamental particles of the Standard Model, if the
GUT dyon has magnetic charges given by (1.1.40) and (1.1.41).

1.2 Effective field theories

Having summarized the relevant properties of magnetic monopoles and dyons, we now discuss in
what ways heavy degrees of freedom such as these can influence physics at significantly lower energies.
In principle, this can be seen by expanding the observables of our chosen theory in powers of a small
ratio of energies F'/M, where E is the energy of a light degree of freedom and M > FE' is the heavy
particle mass. This section describes an alternative and much more efficient framework, known as
effective field theory [11-13] (see [14] for a review), that was designed to tackle problems such as
these which exhibit a large hierarchy of scales.

The starting point when working in the EFT formalism is usually the construction of an effective
or Wilsonian action, Sy,. The Wilson action can be used to compute the low-energy expansion of
any observable using the standard techniques of quantum field theory. When the high-energy theory
is known, Sy, can be explicitly derived by integrating out the degrees of freedom with energies above
a certain threshold. The result of this procedure is an effective action with the following properties:
(i) It can be written as an expansion in powers of M ~! i.e. of the inverse of the heavy scale. To any
fixed order in this expansion, it is a local functional — meaning Sy, is given by Sy, = [d*z L, (z) -
of the light degrees of freedom and their derivatives; (i7) Sy, generally respects the symmetries of the
original high-energy theory, although these symmetries need not be realized in the same way in the
Wilson and original actions. Note, however, that if a gauge symmetry of the high-energy theory is
spontaneously broken at low energies, a convenient choice of gauge will make the symmetry explicitly
broken in the low-energy regime. This is equivalent to working in a more general gauge in which

the symmetry is present at low energies, but acts nonlinearly on the fields. (i7) The Wilson action
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contains an infinite number of operators, including non-renormalizable ones, but can nonetheless be
used to extract physical predictions once the desired accuracy of a calculation is specified. This can
be done because choosing the accuracy required of a result is equivalent to determining the order in
the small ratio of scales, E/M, to which one works and because only a finite number of operators
in Sy, can contribute to observables at any fixed order in E/M.

While Sy, can often be derived as we schematically describe above, it is usually simpler and
sometimes even necessary to obtain it using an alternative approach. Specifically, since any Wilson
action satisfies the properties (i) — (4i¢), Sy can be constructed as the most general action consistent
with these properties. Although the coupling constants of such an action are formally arbitrary,
they can be determined by comparing the observables of the effective theory with their measured
(or computed) values in what is called a matching procedure.

We now turn to a simple toy model to illustrate why the above EFT prescription works. Consider

the following action
_ _ 1 _
S[p, ), h] = — /d4ac [w YO, + ih(—aﬂau + M?)h + Mhpap | (1.2.1)

describing a massive scalar field, h, coupled to a massless fermion v via a Yukawa potential with

dimensionless coupling A. The partition function of this theory is given by

Z = / Dy DY Dh 5191
= /prﬂeisv[m /Dh exp{—i/d4x (;hAh—H\hww)}, (1.2.2)

where we separate the free fermion action, So), ] := — [d*z 4, 1, from the remainder of
S, 1, h] and introduce A := —9,0" + M? = -0+ M?. A Wilson action for this theory can be

obtained from Z after integrating out the massive scalar h
GiSwB] . iSo[u. ] / Dh e~ a*z (3hantaniy) (1.2.3)
=1/2 iSo[4,9] A2 4_ 34, 7T -
oc (det A)7 e P exp ¢ =7 [ dlz dly ()i (2) Gz — y)v(y)P(y) ¢
where we drop ¥-independent numerical factors. In the above, G(x—y) is the scalar field propagator,

20


http://www.mcmaster.ca/
https://physics.mcmaster.ca/

PhD Thesis — S. Bogojevié¢; McMaster University — Physics and Astronomy

given by
dip e(@=v)

— 1.2.4
(2m)* p? + M’ (124

Gz — y) = (O|Th(x)h(y)|0) = —i /

which can be expanded as follows

i oo d4p _p2 J in(o— i oo 0 J
Jj=0 =0

Using the Taylor-expanded form of the propagator in (1.2.3) and integrating by parts to ‘move’

derivatives onto the fermion fields shows that the Wilson action can be written as

wl, ¥ = —/d% POt — 530 PR (W> AR (1.2.6)
7=0

where we drop the ¥-independent factor of (det A)fl/ 2,

The above Wilson action is manifestly seen to be a local functional of the light field and its
derivatives. Locality is achieved by expanding the scalar field propagator in powers of the heavy mass
scale, but comes at the expense of introducing an infinite number of operators in Sy, some of which
are non-renormalizable. As can be seen from (1.2.6), the higher the mass dimension of an operator
in the Wilson action, the more it will be suppressed by inverse powers of the heavy mass scale, M?2,
so that only a finite number of terms need to be taken into account in realistic applications. While
the suppression of operators in the action suffices to justify the small size of tree-level amplitudes at
low energies, more care needs to be taken when evaluating the contributions of loops to observables.
The appearance of the heavy scale in any amplitude (including loop contributions) can be tracked
by the use of power-counting arguments, which should be used to single out the operators that
contribute to observables at any fixed order in the inverse heavy scale.

Since the toy model (1.2.1) does not exhibit spontaneous symmetry breaking, the EFT prescrip-
tion dictates that its low-energy theory be invariant under the symmetries of the original action. In
our case, the relevant symmetries are Poincaré invariance and invariance under global U(1) trans-
formations, both of which clearly ‘survive’ in the low-energy limit.

The effective action of equation (1.2.6) does not quite describe the low-energy limit of the original

theory, since it was obtained by integrating out only a subset of the heavy fields. To capture the
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effects of all virtual heavy degrees of freedom on physics at energies F < M, we must also integrate
out the high-energy fermion modes. This is typically done by imposing a UV cutoff A, which
satisfies F <« A <« M but is otherwise arbitrary'®, and integrating out fermionic modes with
energies w > A. The dependence of any observable on the unphysical parameter A is ultimately
removed after renormalization.

Alternatively, the low-energy Wilson action can be constructed as the most general Poincaré
and U (1)-invariant action that is a local functional of ¢ and its derivatives, to the desired order in
powers of M~2. Up to and including (mass) dimension-5 operators, the resulting Wilson action is
given by

M?

_ _ _ _ _ &S
w08 =~ [ dta (w VO + GG+ Y + S0 + iﬂ;wmw) . (2

where ¢f,ch® can be determined by matching. The value of the remaining coupling constants, c§
and cb”, can be set to zero since the corresponding operators turn out to be redundant!”. In this
approach, we need not integrate out the high-energy modes of the fermion field 1, since (1.2.7)
captures the dominant contribution of any high-energy physics to low-energy amplitudes. Different
UV completions of the low-energy theory then imply different values for the coefficients ¢, ch°.
The low-energy action given in (1.2.7) illustrates why the decoupling principle works: If the
maximum energy reached in experiments is negligible compared to M, i.e. if E/M ~ 0, the heavy
scalar field can influence low-energy physics only through the two operators c§, ch®. Any observable
of the low-energy theory can be expressed in terms of scattering amplitudes, which can be computed

from the Wilson action in the usual way i.e. by differentiating the generating functional
Z[.]v;] — /DwDEeZSW[d)vE]Jﬂf‘#I (3¢+EJ), (128)

where 7, j are Grassman variable sources.

16When imposing an explicit momentum cutoff, amplitudes are suppressed by positive powers of E/A as well as
A/M which is why the cutoff is chosen such that £ < A < M.

1"Redundant operators can be removed at a fixed order in M ~2 by an appropriately chosen field redefinition. In
this case a field redefinition of the form dy = —% (c5/M? — irS5ch® /M?) y# 8,1 shifts the ~ M ~2 terms in (1.2.7) to

order ~ M~*. We also drop total derivative terms from the Wilson action, since there are no boundaries.
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Point-particle EFTs

A subset of EFT's that is particularly well-suited to our purposes goes by the name of point-particle
effective field theories (PPEFTs). The hierarchy of scales exploited in these theories is that between
the small diameter, R, of a point-like object and the large wavelengths, A, of the low-energy particles
it interacts with. We now discuss how the PPEFT framework can be adapted to describe the
interactions of point-like monopoles and dyons with low-energy fermions.

To start, we go back to the SU(2) Georgi-Glashow model, now additionally coupled to a complex
doublet of massless fermions

12

A
o PP+ (2 3,)% (1.2.9)

1 1 _
S = —/d4x [F“ FI + =D, 9" D*®, + "D,y — 1

4 2
where D,y = (8u — %EAZTQ) 1. As before, this theory admits soliton solutions like the Julia-Zee
dyon (with vanishing ) which correspond to particles when the semiclassical limit is taken. To
lowest order in the semiclassical expansion, the fermionic sector of the theory describes free fermions

propagating in the background of a Julia-Zee dyon, since expanding the action (1.2.9) gives
Sy = —/d%@(m)v“ [8# —ieA; (T — y;a) Ta] P(x), (1.2.10)

where Aﬁ(m — y;a) is the Julia-Zee solution parametrized by its collective coordinates y, a.

Our goal is to describe how the dyon affects the fermion fields at distances much larger than its
radius r > R. Although fermionic observables can be calculated in the full theory —e.g. from the
fermion field, once it is expanded in terms of solutions to the Dirac equation in the dyon background
— EFT techniques once again offer an alternative and simpler approach in which the » > R hierarchy
is exploited early on. Specifically, a Wilson action for the system can be obtained by integrating out
the short-distance physics and this will replace the fermion-dyon interactions in the core with a set
of effective interactions defined on the dyon worldline.

The next step in the PPEFT formalism is to match the Wilson action on the worldline to a
boundary action, Sy, which can be used to derive the boundary conditions satisfied by the fermion
fields. This introduces a new unphysical boundary into the problem, which we define at a radius

r = e that satisfies R < € < X but is otherwise arbitrary. The position of the boundary plays a
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similar role as the UV cutoff of the EFT toy model and, just as the UV cutoff, does not enter into
physical observables once the couplings of the Wilsonian action are appropriately renormalized.
The PPEFT formalism described above is particularly useful in cases where the exact form of
the interactions in the core is not known, such as when the general form of the Julia-Zee solution
(and not its Prasad-Sommerfield limit) is of interest. When this is satisfied, the Wilson action must
be built from the ‘bottom-up’ i.e. as the most general action consistent with the EFT principles
discussed above. Before this can be done we must first identify all the low-energy degrees of freedom,
which in our case consist of the fermion and photon fields as well as the dyon collective coordinates.
The collective coordinates y, a belong in the low-energy theory because they are Goldstone bosons
for the broken translation and global U(1) symmetries. Integrating them out along with the high-
energy degrees of freedom would lead to a divergent result!® and this, along with the simplicity
they bring in implementing symmetry transformations, is why they are treated differently to other
fluctuations when performing the semiclassical expansion. Notice that, even though the Julia-Zee
solution breaks the rotational and boost invariance of the Georgi-Glashow model (in addition to
breaking the translation and U(1) symmetries), no collective coordinates are introduced to restore
these symmetries. This is because rotating or boosting the dyon solution does not lead to new
degrees of freedom, since a rotation of the dyon can be ‘undone’ by a gauge rotation and a Lorentz

boost merely changes the value of 9.

A PPEFT example

We now illustrate how the PPEFT procedure works on a simpler example of a spinless source
with vanishing electric and magnetic charge, interacting with bulk fermion fields. This scenario
is discussed in [35] and will prove useful in later chapters when comparing dyons to less exotic
point-particles, such as nuclei.

We wish to couple a Dirac fermion to a point-like source located at the origin

S=— / &4z [@(zp +m)y + PN 53(36)} : (1.2.11)

18The divergence comes about because the fluctuations 6.A,, 0 which relate the dyon solution to its translated and
gauge rotated equivalent are zero modes of the high-energy theory, see for example [14].
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where N is a Dirac matrix. For definiteness, we consider the rotational and parity invariant case
N = ¢, +ic,y° where ¢, and ¢, are coupling constants. The v equation of motion including the
coupling to the source is

(P +m)p+ Ny (x) = 0. (1.2.12)

Formally we’d like to trade the delta function for a near-source boundary condition, and following
usual practice this would be obtained by integrating (1.2.12) over a small Gaussian pillbox, P, of

radius € centred on the source. This gives, in the limit € — 0 of vanishingly small pillbox, the result

/ d*z n,ytp = /d2962 A" ah ~ — N1 (0), (1.2.13)
oP

where the solid-angle measure is d*Q2 = sin 6 dfd¢ and n,, is an outward-pointing unit normal to the
pillbox so in polar coordinates n,dz* = dr and ¥(0) denotes the value of the field at the position of
the source. The final approximate equality drops the m term, as is appropriate for a sufficiently
small pillbox since this vanishes as € — 0 provided v is sufficiently smooth near the origin.

The problem with the formal argument is that bulk fields like ¢ are typically not smooth as r — 0,
which both complicates the neglect of the mi term when integrating (1.2.12) over the pillbox and
makes ¥ (0) undefined. The PPEFT way for dealing with both of these issues is essentially to regulate
the source action by replacing it by a boundary action on the boundary of the pillbox 0P at r = e.
For configurations that are spherically symmetric'® very near the source this is particularly simple

to do by replacing the world-line action by its value integrated over OP:

/ dt YNy — / d?Qdt 2 YN . (1.2.14)
r=0 oP

4e?

This procedure makes the replacement Nv)(0) — (4me?)~! [ d?Qe?N(e)1)(e) on the right-hand side
of (1.2.13), leading (in the limit where € is much smaller than all other scales of interest) to the
regulated boundary condition

/7 d?Q [7T+ N ]wz/ d*Q {7T+1(Es+iévyo>}¢:o. (1.2.15)

4me? 4re?

19Non-spherically symmetric configurations can also be handled by decomposing into spherical harmonics and
treating each harmonic separately on 0P.
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Notice this boundary condition is trivially satisfied if we’d tried to make the same derivation using
a pillbox that does mot contain the source position. This is because in this case the N1 term is no
longer present and so the boundary condition states [ d2Q~™p = 0. Since v varies very slowly in a
small enough region not containing the source, it can be taken to be approximately constant across
the pillbox and so the integral over all directions of 4" gives zero trivially without restricting .
Returning to the case where the pillbox does enclose the source, the boundary condition (1.2.15)

can be written as [ d?Q B¢ () = 0 where

R X Cs é’u o
Be = ’YT + = PYT + Cs + 'L-CUP)/O = ( 5 7 > ’ (12]‘6)

4me? év +i0” Cs

where C, = ¢,/(4m€®) and C, = ¢,/(4me?) are now dimensionless effective couplings. The subscript
e on B, is meant to emphasize that the constants C, (and in general also the original couplings ¢;
themselves) must carry an implicit e-dependence if physical quantities are to remain unchanged as €
is varied (more about which below). In terms of the left- and right-handed parts of ¥ the boundary

condition becomes
fc;/qupf - /d2Q (év fwr)@yg and — /dQQ ((fv +z‘o’“> o :és/dmwf;. (1.2.17)

To see what these boundary conditions imply, imagine solving the bulk equation () + m)y =0
for r > € and decomposing the result into rotation and parity eigenstates. The parity-even solutions
are

, (1.2.18)

o (w) _ <f+(r) U(0,6) + gy (r) Uw))
"l};tj_ f+ (’I") U+ (97 (b) - ig+ (’I") U~ (67 ¢)

while the parity-odd ones are

o (w) B (f(?") U=(0,0) +ig—(r) U (0, )
Vs a 0

) , (1.2.19)
Y f-(r)U=(0,¢) —ig—(r)U*(0,9)

where U* are the spinor harmonics that combine the particle’s spin-half with orbital angular mo-

menta ¢ = j F % to give total angular momentum j = %, %7 -+-. The radial functions fy(r) and
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g+ (r) with mode frequency w solve the radial equations
; / 29+ -
fi=(m+w)gy and g++T—(m7w)f+, (1.2.20)

together with

g =(m-wf and [+

% =(m+w)g_, (1.2.21)

where primes denote differentiation with respect to . The boundary conditions (1.2.17) fix the ratio

of the functions f and g at r = € once the angular integrations are performed, giving

Co+C, = <g+> and G, —C, = <f‘> . (1.2.22)
f+ r—e 9- r—e

Eq. (1.2.22) provides the solution to how the properties of the source influence the bulk solutions

for v in the source’s vicinity. Given the general solution,
fe(r)=C5Efia(r) + C5 for(r)  and  gi(r) = Cigia(r) + CFgon(r), (1.2.23)

to the radial part of the Dirac field equation we see that (1.2.22) show that the couplings C, and C,
determine the ratios of integration constants Cy /C)" and C; /C; that specify (g+/f+)r=. Energy
levels for states of either parity and scattering amplitudes are then determined by the values of
Cy/CE.

But it is still a potential puzzle why physical predictions can depend on the radius, r = ¢, of
the Gaussian pillbox which is not a physical scale (arising just as a way to regularize the boundary
conditions). The precise value of € must therefore drop out of predictions for observables (unlike
the physical size, R, of the underlying source, say). In detail, this happens because any explicit e-
dependence arising in a calculation of an observable cancels an implicit e-dependence buried within
the ‘bare’ quantities ¢; and ¢,. Physical predictions remain e-independent if ¢4(e) and ¢,(e) are
chosen to ensure the ratios C5*/C{ are held fixed as € is varied.

This gives us another way to interpret eq. (1.2.22). Rather than reading (1.2.22) as fixing f1/g+
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at a specific radius given known values of €, ¢; and ¢, we can instead read the equations

[0 O], e [0 S@],
0= |Fg + | ma w0= |G-l a2

as telling us how ¢,(¢) and ¢,(¢) must depend on ¢ in order to ensure that C5/CP remains e-
independent. Since we choose € much smaller than the typical scale of the external problem (such as
the Bohr radius, for applications to atoms), it suffices to use the leading small-r form of the solutions
f+ and g+ when using (1.2.24). In this regime solutions are usually well described by power laws,

with (1.2.23) reducing to

fe(r)=Cf (2)5_1 Wors (2)_3_1 and  gi(r) = Cf (2)5_1 +CE (2)_2 . (1.2.25)

for some power?? 3 with CN'jE x CijE in a way that depends on the relative small-r asymptotic behaviour
of f;(r) and g;(r). For such solutions the choice of C¥/C:E controls the precise radius at which one
of these solutions dominates the other one, and as a result the RG evolution of the couplings implied

by (1.2.24) in this regime describes the cross-over between these two types of evolution.

1.3 Outline

The rest of this thesis is organized as follows. In chapter §2, we derive the fermion-dyon PPEFT
and the induced near-dyon boundary conditions on S-wave fermion fields; §2.4 shows why many of
the PPEFT operators that dominate at low energies are redundant, which explains why observables
depend on fewer parameters than the initial number of lowest-dimension effective operators. §2.5
explores how the boundary couplings change as the position of the boundary is varied and shows
in more detail why the kinematics of S-wave dyon-fermion scattering leads to scale-invariant cross
sections even though the same does not happen for small objects without magnetic charge (such
as nuclei). This section also discusses how the fermion condensation effects described in [68] can

be incorporated within the PPEFT framework. Finally, §4 uses the PPEFT effective couplings to

1
20Within atoms, for instance, the relevant power is 3 = [(j + %)2 — (Za)?]2 where the nuclear charge is Ze and «
is the fine-structure constant.
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compute fermion polarization and fermion-dyon scattering within the Born-Oppenheimer approx-
imation, after first warming up by computing similar results perturbatively in the fermion-dyon

interactions in §3. Our conclusions are briefly summarized in §5.
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Chapter 2

Dyon Effective Theory

In this chapter, we construct the point-particle effective theory that describes the dominant low-
energy interactions of relativistic S-wave fermions with a Julia-Zee dyon. Section §2.1 starts by
reviewing some details of the semiclassical expansion and of fermionic S-wave states not covered in
the introduction. In §2.2, we derive the effective fermion-dyon interactions on the dyon worldline and
match them to a boundary action in the j = 0 fermionic sector, defined at radius = €. This section
also derives the boundary condition satisfied by S-wave fermions at the » = € boundary. Although
we disregard dyon recoil effects so that the dyon is approximately static, the boundary condition on
fermion fields still explicitly depends on the charge collective coordinate, a, which complicates its
use. Section §2.3 discusses two possible solutions to this problem — the first of these treats a subset
of the dyon-fermion interactions (including all interactions with a) perturbatively, while the second
makes use of the Born-Oppenheimer approximation and replaces a(t) with a classical variable when
calculating fermionic observables. Finally, §2.5 compares the dyon EFT of this chapter to other
cases where the PPEFT formalism can be applied (such as when the point-particle is a nucleus) and
explains why observables of the fermion-dyon theory need not be suppressed by the small point-

particle radius R, unlike observables in the nuclear case.
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2.1 Julia-Zee dyon in the semiclassical approximation

Once again, we consider the SU(2) Georgi-Glashow model coupled to a massless Dirac isodoublet

fermion?

4 1 a v 1 a 1— .9 “2 a A a 2
S = [ dta| {F Fi 4 5Du0" DMy 4+ JH7 Dyt = - 00, + T (0900, (211)

— — —
where we use the symmetric covariant derivative D, = D, — D,, to ensure that the action is real?.

As explained in §1.1, the interactions of a dyon with other degrees of freedom are found by
performing a semiclassical expansion of the quantum fields around the classical dyonic background,
with

Al(z) = A%(z) + A%z) and @(z) = ¢%(z) + B%(x), (2.1.2)
where the fields A\Z(‘f) and C/I;“(x) join the fermion field ¥ (z) as quantum operators. The semiclassical
expansion proceeds by using (2.1.2) in the action (2.1.1) and Taylor expanding in the fluctuation
fields. The classical contribution to the action (with A\Z =00 =) = 0) is order 47/e? in the same
way that eq. (1.1.25) implies that M/m, is order 47 /e?. The leading dependence on fluctuations
is quadratic and describes free quantum fields evolving within the dyonic background. Because the
quadratic term is independent of e the masses of the quanta destroyed by the fluctuation fields are
suppressed compared to the dyon mass by e?/4r. It is because successive terms in this expansion
are suppressed by still more powers of e2/4m that semiclassical methods are under control in the
weakly coupled regime.

In particular, the kinetic term for the collective coordinate a is found by evaluating the Maxwell
kinetic term using the ansatz

+1 — cos# ; K(r)
2r

eAF = (i0; — di)e'* Ve 0T, — (i, + éi)e_iu(t)eﬂ%—] (2.1.3)

27 sin 0

1Because this corresponds to two pseudoreal doublets, it is the minimal anomaly-free fermion content [70].
2The distinction between the symmetric and the usual one-sided derivatives in the Dirac action is a total derivative,
but much of the later discussion hinges on being careful with total derivatives and boundary terms.
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for which the field strength contains

.7:01' = 60./4?: = 72‘12125‘7,) |:(Zéz — Q/A)i)eiaezl:i¢7_+ + (Zé7 + (Zgi)efiaeq:i¢7__:| ; (214)
and so
o K1z . - L Tr(ror K(r)1?.
—Tr(]:oi]:oz) = a2(—z’)2 |: 6(:):| (10; — @;) - (i6; + &) (T;T ) = |: ;:):| az. (2.1.5)

This is localized near the position of the dyon because KC(r) falls to zero for large r. This can be

written as 1 Za? 6%(z) if the constant Z is given by
_8r [

I1=— dr K2(r) ~ L

2
e’ Jo amyg

: (2.1.6)

and so is parametrically large compared to the dyon size R ~ m;l.

In the absence of fermion interactions the kinetic lagrangian for a is %Iét2 and because a is
a periodic variable it behaves like a quantum rigid rotor, whose canonical momentum p is both
conserved and quantized. Because a shifts under electromagnetic gauge transforms, with da = w
when (5A2 = %@Lw, the conserved rotor momentum is proportional to the rotor’s contribution to the
dyon-localized electric charge?

Qp =—ep, (2.1.7)

and for a identified with a+ 27 the canonical rotor momentum takes integer values p|n) = n|n) (and
so Qp = —en). Unit steps in the rotor levels differ in charge by 0Q, = +e and differ in energy by
_ 2n+1 e?my

SE, = Epey — B, = . 2.1.8

These estimates show that dyonic excitations belong in the effective theory for energies below
mg precisely because the characteristic loop-counting factor e? /4w suppresses 0F relative to myg.
But because the steps in rotor energy are proportional to e?/4m changes to rotor energies due to

transitions can be negligible at a given order in the semiclassical expansion, so care must be taken

3We return to a more precise statement of rotor quantization including the effects of a vacuum angle in §4.2 below.
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about the ordering of the limits E/my — 0 and e? /4 — 0 when working at low energies within the

semiclassical limit.

Fermion S-wave modes

Our main focus in this thesis is on how the bulk fermion interacts with the dyon, so we now consider
the leading dependence of the action on the fermions, which is given by
1 _ PN

Sy = —3 /d4CE’l/J’)/H [8# — ieAZTa] . (2.1.9)
At low energies, the partial waves that dominate in fermion-dyon scattering are those that minimize
the centrifugal barrier that must be penetrated in order to reach the dyon core. As argued in §1.1,
this is achieved by S-wave fermions which do not experience the barrier at all since their total
angular momentum vanishes. The explicit form for this type of S-wave fermion mode for the Julia-
Zee dyon was found for the solution (1.1.13) by Jackiw and Rebbi [72], and writing the spin index
i and isospin index a as a matrix M;, for each chirality of field the S-wave configuration has the
structure M(x) = s(r,t) +ip(r,t)# - 7 and so ¢, and 9, each involve two independent functions.

Once transformed to the gauge where the solution has the form (1.1.19) the result becomes

fx(rt)ne(0,0)

’ , (2.1.10)
9+ (r,t) n+(0,9)

b(z) = 1 [114(1)

= where T) =
"l (x)] V()

where square brackets denote gauge isodoublets and round brackets denote 4-component Dirac
spinors in a basis for which v5 = diag(l,—1I). The 2-component Weyl spinors 74 are defined to
satisfy o"nL = £n+ (see Appendix A for our Dirac matrix conventions) and so are given explicitly

by

1 cos L e~id 1 —sin g
0,0) = — 2 and n_(0,¢) = — 2 2.1.11
+(0,0) = 7= ( 0 ) n-(0,0) = 7= <cosgez¢> (2.1.11)

2
in the region R_ and by 1’.(6, ¢) = n+ (0, $) et® in the region R, .

At large distances from the dyon core only the far-field electromagnetic parts of the monopole
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fields matter and so the S-wave sector Dirac equation simplifies to

(—at + a’r + %GA%) f+’l7+
> i (=0 = 0r + 5 eA]) g

—0r + 770 + 5 Ay 7'3) (r) = 2 =0 (2.1.12)
( 27 (=0 — 0y — L eA3) fm_
(,& + 0, — %e.Ag) g_n—_

which uses v°4" = diag(c”, —o") (see Appendix A) and 0"+ = £n4. In principle we can simultane-
ously diagonalize 75, 7%9" and 73, each of which has eigenvalues %1, leading to eight possible unique
sets of quantum numbers, {c, b, s}, where we denote the eigenvalues of 5, 7%9" and 73 respectively
by ¢ (chirality), b (helicity) and s (for 73). Of these, the S-wave condition (2.1.10) says that the
eigenvalues of 73 and 757%y" = diag(c”,0") are the same and so 5 = ch. Also, eq. (2.1.12) shows
that the direction of motion (radially ingoing or radially outgoing) is correlated with the eigenvalue
of 94" with h = +1 corresponding to infalling modes and h = —1 pairing with outgoing modes.

For an S-wave fermion passage through the origin inevitably brings a change of radial fermion
direction and this must change the sign of . Because h = ¢s we see why S-wave scattering famously
must involve a change in chirality (¢) or in electric charge (s). If it should be true that the microscopic
properties of the dyon preserve chirality — as is indeed the case e.g. when these interactions are
modeled by solving the Dirac equation in the presence of a fixed dyon background [61, 73, 74, 62]
— then ¢ cannot change and so only charge changing processes s’ # s are possible. Famously, the
rotor-fermion interactions can significantly modify the fermionic vacuum which can in turn allow
more complicated behaviour [31, 32, 6366, 68, 56-59] (more about which later). For this reason we
do not assume below that it is § that must change during S-wave fermion-dyon scattering.

We label the four independent modes by their quantum numbers s and ¢ (from which the S-wave
condition implies h = ¢s), and then integrate to find the mode functions with frequency w once A3 is
evaluated using (1.1.19) specialized to the asymptotic form (1.1.22). This gives the following explicit

basis of far-field positive-frequency solutions us, (),

0 1 , ] ice@/2
[u+cw($)] 7 [ ] where Uscw(l') = ; fc ® 775(97 ¢) e—lwte—l(sw-‘r%ev)cr <T> ,

0 U— g () To
(2.1.13)

with o3¢, = ¢&, and we write 75 = 03 ® I. The length scale rg is arbitrary and is introduced on
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dimensional grounds due to the singular Coulomb phase. Here w is bounded from below, but the
asymptotic voltage v implies the floor is w > —%561}. The oscillatory factors in this expression can

—i(k—g3sev)t —isckr

be equivalently written e for k > 0. The negative frequency counterparts similarly

are

lmr“"(x)] , [ 0 ] where  vge () == lfc R 15 (6, §) eiteilewmzen) cr (T>u o - (2.1.14)
V_ () T o

Frequency w is again bounded from below, but in this case the floor is w > —1—%561) and the oscillatory
factors can be written ef(k+3sev)tgisckr fop L > 0.

Keeping in mind that particle probability flux points in the opposite direction to the momentum
for negative-frequency states (see for example [75]), the sign of the radial direction of motion for these
modes is given by —sc for particles and by +sc for antiparticles. These modes are normalized so that
TsewY Uscw = Woew Vsew = (47r2) ™1 and as a result ilgew Y Uscw = WscwY Vsew = —5¢/(412) =

—b/(4mr2).

2D formulation

As has been often noted elsewhere purely S-wave dynamics can be usefully rewritten as a Dirac
equation in 141 dimensions [31, 32], and we pause here to establish our conventions. In this 1+1
dimensional formulation the only spatial direction corresponds to the radial direction in the 3+1
dimensional formulation, and so runs only along the half-line corresponding to positive r, with the
dyon interior providing a more complicated background solution only within a distance of order p~!
about r = 0.

Within the full theory fields are required to be nonsingular at the origin (deep within the dyon)
and this can be converted in the 2D formulation into a boundary condition for fields at » = 0
designed so that reflection at » = 0 describes the effect in the 4D theory of passing through the
origin. Alternatively we can instead describe S-wave scattering within the 2D picture by extending
the spatial direction to cover the entire real line and think of, say, x < 0 as describing incoming

waves and x > 0 describing outgoing waves.

In either formulation 4D fermions are described by independent 2D spinors, y, for each fermion
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flavour and chirality in the following way*

X (ryt) = (MT’“) and x_(rt) = (g(m)> — iT® <f(”)> , (2.1.15)
g+(r,1) f-(r,t) g-(r,t)
with the subscript + indicating both the isospin and the U(1) charge of each spinor (see Appendix A
for our 2D Dirac-matrix conventions). Comparing to (2.1.12) shows that their equations of motion
can then be compactly written as a 2D Dirac equation in the background potential A3(r) of the
form:

(—at +TOr, + g eA%) Xs =0, (2.1.16)

such as would follow from the bulk action
1 o >
Sy = _22/(1% X T¥Daxs , (2.1.17)

where Y := ix'T? and Daxs = (00 — 3iesA%)xs.

Notice that (2.1.10) shows that the eigenvalue of the 2D chirality I'. := I'°T'' = o3 in this
representation is ¢s where ¢ is the eigenvalue of 4D chirality and so is the same as h and therefore
should correlate with the direction of motion. This correlation in the 2D language is a direct
consequence of the Dirac equation because I'°(T*0,) = —0; + I'.0;.

Dimensional reduction of the S-wave modes strips away their angular content, but otherwise
leaves them much as described in (2.1.13) and (2.1.14) above. For instance, writing the doublet
built from x4 and x— by x (and continuing to denote the isodoublets by square brackets and spinor

doublets with round brackets), the positive-frequency basis of solutions g, (z) corresponding to

(2.1.13) are
e 0 _ 4 ice@Q/2
e (‘T) ) where uscw(m) = 55: e—zwte—z(gw-i-%ev) er (T) 3 (2118)
0 U () 7o

4This is to be compared with the 4D expression (2.1.10). These definitions ensure that 1s and xs transform in the
same way under the remaining Lorentz transformation in 2D i.e. radial boosts. These are generated by v94" in 4D
and T°T'! =T in 2D, and since h = —c for negatively charged fermions, the order of f_(r,t) and g_(r,t) is switched
when going to 2D.
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with T'c &sc = 03 &sc = 5c&s.. The negative frequency counterparts similarly are

UJrcw(iE) 0
0 " o (@)

The frequency w is (as above) bounded from below, with floors w > —

iceQ/2
where 0, () 1= s giwtgilow—zev)cr <7’> . (2.1.19)
To

1

55€v and w > +%sev

for particle and antiparticle respectively. These modes are normalized so that llsc ] Otse, =
0 [Pbse, = 1 and so the 2D and 4D fluxes are related by itige, ["Usee, = 4772 ((Uscw) Uscw )

and similarly for v and v.

2.2 S-wave PPEFT

The far-field modes given in (2.1.13) and (2.1.14) suffice to fully describe the state of both an incident
and departing fermion (or antifermion) when it is far from the dyon, but scattering calculations relate
the size of the departing wave to the initially incident one and in principle this requires solving the
full Dirac equation obtained from (2.1.9) including the dyon’s interior structure. It is only once
this structure is included that the fermionic modes can be required to be nonsingular at the origin,
providing the information that ultimately links the incoming and outgoing modes.

But solving the full Dirac equation including the dyon interior is difficult (see however [61, 73, 74,
62]) and also likely overkill, at least for incident fermion energy E small compared with the inverse
dyon size p. In this regime the dyon is so small that its physical implications should be capturable
by a choice of boundary condition near the origin. But this is where EFT techniques can usefully
be applied and to this end we apply here the PPEFT formalism [33-35] — a framework explicitly
designed for the purpose of constructively deriving such boundary conditions starting from the low-
energy effective action for the compact object (for a review see e.g. [14]). This section applies this
formalism to determine the form of the boundary conditions required for the Julia-Zee dyon (and
its more complicated counterparts), at leading order in the small ratio E/p.

The strategy, as always for EFTs, starts by replacing the full dyon with an effective description
that captures its low-energy interactions. The required EFT is defined along the dyonic world-line
and describes the interactions between low-energy bulk fields and the low-energy dyonic collective

coordinates. This begins with an enumeration of all possible lowest-dimension interactions allowed
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by the assumed symmetries and particle content.

The dyon-localized fields to be included in the dyonic effective action include the dyonic collective
coordinates like the centre-of-mass position, # = y#(s), of the dyon’s world-line W and the charge-
excitation field a(s), where s is an arbitrary parameter along the world-line. The ‘bulk’ fields® to
be included are those with masses much smaller than p: the fermion doublet ¥ (z) and the massless
bulk electromagnetic field /Alu(z) = Eﬁ (x), and (in principle) the spacetime metric g, (x).

The symmetries to be imposed are (i) world-line reparameterizations of s; (i) Poincaré invari-
ance in spacetime (or general coordinate invariance if a general metric g, is included); (¢4¢) invari-
ance under electromagnetic gauge transformations; and (iv) any low-energy flavour and/or discrete
symmetries. Spacetime symmetries are built in by constructing the action using the pull-backs of

spacetime tensors to the world-line,®

U(s) = oly(s)],  Als) = §"(s)Auly(s)] and  (s) = §*(5)9" (s)guwly(s)] (2.2.1)

where over-dots denote differentiation with respect to s. One builds from these a reparameterization
invariant action in the standard way.

For these fields the electromagnetic gauge transformations are
i ~ 1
0p(s) = %w(s) T39(s), O0A(s)=-w(s) and da(s)=w(s), (2.2.2)
e

where w(s) is related to the spacetime dependent SU(2) gauge transformation parameters w®(z) by

w(s) = w3[y(s)]. This symmetry requires derivatives of a to appear within a covariant derivative

Da:=da—eA. (2.2.3)

5Here ‘bulk’ fields mean fields that are defined everywhere in spacetime and not only along the dyon’s world-line.
6Interactions involving the normals to the world-line can also be constructed but do not play any role in what
follows.
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2.2.1 Dyon world-line effective action

For these variables the lowest-dimension interactions involving the rotor field a and the dyon dis-

placement y* located at the dyonic position become

Sayon = /W ds {ﬂ {M - %(Da)z - %E@(aw + - } + ;Da} (2.2.4)

where M is the classical dyon mass while Z is the ‘rotor’ coefficient (2.1.6) and the ellipses include
a variety of other higher-dimension terms whose contributions to physics should be suppressed at
low energies and so whose detailed form is not required in what follows.” The most general fermion

bilinear consistent with the field content, gauge and spacetime symmetries is

Cla) == ¢ +i ey + i 7y, 0" + i sy, " + (E; + i ¢h s + i 5yt +i Egvysvuy“)rg
+(Ei s iyt E{’f%%y“)emu (2.2.5)

(8 s g st e

where (as before) 74 = 1(7; +im).

This action is meant to capture the low-energy interactions of the underlying dyon and the
quantities M, € and so on are found by matching to the properties of the dyon’s microscopic
description. In particular, this relates the parameter ¥ to the vacuum angle appearing in the bulk

electromagnetic theta-term
Je?

Ly="%
T 4n?

E B, (2.2.6)

since both ultimately descended from the underlying theta-term for the microscopic nonabelian
SU(2) gauge interactions. (Equivalently, this connection can also be established using invariance of
the system under large gauge transformations.)

To interpret (2.2.4) it is convenient to specialize to a dyon that is perturbatively close to being
at rest so " (s) = 84 + 6y*(s), choose the Minkowski metric and choose the parameter s = ¢ to be

time in the background dyon’s rest frame. In this case —y = -0, 9"y =1 -y -y +--- (where y

"Notice we only include here the couplings of the fluctuation fields and not also the dyon interactions giving rise
to the background fields themselves. This is why no term like QA appears describing the dyon’s classical charge, and
why no term is required expressing the dyon’s magnetic charge [76]. The same could also have been done for the
metric if we’d expanded about the dyon’s gravitational back-reaction, but we do not do so.
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is the spatial part of dy*) and (2.2.4) becomes

M. T/ N\ 1 9.
deon:/wdt {2y~y+2(aer) 21/)€(a)1,b+27r<aer)+~} (2.2.7)

where to leading order — i.e. neglecting dyon recoil effects — the integral is evaluated along the dyon’s
world-line, which we choose to be located at » = 0. In the same approximation the matrix €(a)

controlling the fermion-dyon couplings becomes

C(a) == ¢ +ich s —iciy? —i ey + (c3 +ichys —icsy —i 615”7570)73 (2.2.8)
"‘(Ei + iy — i ey —i ET%VO)emﬁ + (ES_ +i ey — iy’ —i EILU%VO)efmT— ;
which drops « - y dyon-recoil terms.

On dimensional grounds all sixteen of the effective couplings® ¢ have dimensions (length)?. All
of these effective fermion interactions conserve electric charge, and this dictates the a-dependence
of €(a). If treated perturbatively these interactions describe fermion scattering from the dyon,
possibly associated with a excitation. The perturbative dyon response to fermion scattering can be

seen because the canonical momentum for a is also its conserved charge,

L 6deon o v o QD
pi= o =IDat =", (2.2.9)

where —see e.g. eq. (2.2.11) — Qj, is the contribution of dyonic excitations to the fluctuations’ electric
charge: Q = Q, + Qr (where Q is the electric charge carried by the fermions). The canonical
commutation relation [p(t),a(t)] = —i therefore implies the quantities e*® act as raising/lowering
operators for Q, since

{QD/B , e:tia} — :Feiia.

Interactions proportional to e™*® therefore describe transitions that raise or lower the dyon charge

by e, as required by charge conservation for the reactions involving 74 in (2.2.7) (which change the

8Since the size of ¢ might naturally be expected to be set by the dyon size R ~ p~! this is usually where the
suppression by the monopole scale would naively enter into observable scattering. Part of the purpose of this exercise is
to understand why this suppression does not actually arise in fermion-dyon scattering, and how general a phenomenon
this is.
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fermion charge from —e to +3e or vice versa).

Because these fermion-a couplings are not suppressed by powers of small couplings like e they
are not intrinsically negligible even at leading loop order, which does not justify expanding the
exponentials in powers of a. Furthermore the energy exchanged by exciting or de-exciting a is order
Z-! which (2.1.8) reveals is suppressed by a = e2/(47) compared to the characteristic scale p and
so has little intrinsic cost in the semiclassical limit. Such transitions can be important to fermion
scattering, though there is an order-of-limits issue when working both at low fermion energies,
E < i, and at leading nontrivial order in the loop expansion, a = €2/(47) < 1, because it matters
in practice whether or not the fermion energy FE is larger or smaller than the dyon excitation scale
ap. As argued below, a natural way to handle this fermion-dyon dynamics in the effective theory
— at least in the regime ap < E < p — is through the Born-Oppenheimer approximation [78] (in
which the fermions play the role of the ‘fast’ degrees of freedom while the large size of Z makes the
dyonic excitations ‘slow’).

The interactions in (2.2.5) can also be classified by how they transform under global ‘favour’
transformations acting on the fermion field. In the present instance the limited field content restricts
this to two types of such symmetries: an axial symmetry for which J,1 = iw, 75 1 and a fermion-
number ‘baryon’ symmetry for which ;1% = iwgs 1 (notice the difference between this and the
gauge transformation (2.2.2)). We denote the corresponding conserved charges by Q, and Qj to
distinguish them from the fermionic contribution to the gauge charge Q. The Noether currents for

these two symmetries are J4 = itpy ) and Ji = ipy"ys1p and satisfy

e2

2
€ v a a
OuJt =0 and 0,J4 = —— " VFS FY, = e

e E* - B“, (2.2.10)

which shows that the axial symmetry is anomalous. Table 2.1 identifies which of the various effective
interactions of (2.2.5) preserves each of these two flavour symmetries.
Induced boundary conditions

In practice we wish to excise the dyon from the external world and replace it with a gaussian ‘pillbox’,
P., whose radius is chosen much larger than the dyon’s, ¢ > R ~ m;l, but also much smaller than

the distances of interest for the bulk fields used for low-energy probes of the dyon. The idea is to
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| AQ, =20, =0 AQ, =0,A0,#0 AQ,=0and AQ, #0 AQ, #0 and AQ, #0

APV Apv

A ¢, et ¢, ¢

<SS 48
¢1,05,¢7 , ¢ ¢y, oy (A

Table 2.1: Classification of interaction terms in the worldline action according to whether they conserve
the fermionic charges Qr (electric charge) and Q. (axial charge) as defined in the main text. All
interactions conserve Qp (fermion number). Total electric charge (including the contribution from a) is
also conserved by all interactions.

replace the dyon with a set of near-dyon boundary conditions on the surface » = € of this pillbox,
whose detailed form is chosen to reproduce the interactions implied by (2.2.4). It is these boundary
conditions that communicate dyonic physics to the external world from which the dyon is excised.
The boundary conditions can be obtained by a variety of means [33-35], such as by integrating the
field equations with the dyon-localized interaction written proportional to 6%(z) and then regularizing
the appearance of divergent bulk fields, like /T(O), with its value on the surface of the pillbox, ﬁ(e)

Applied to (2.2.7) this leads to a familiar expression: Gauss’ law itself, in the form

- - 5S4 0
2 2 _ 2 _ yon v
7&1 Q (7" a"A(’)r:E = 471'(7" a"AO)r:e = ( 5. >r=€ = —ep=—c¢ (ZDa+ %) . (2:2.11)

Comparing this to the bulk far-field Coulomb solution Ay~ -0, /(47r) with integration constant
Qp given by the dyonic fluctuation’s charge, this boundary condition fixes Q, = —ep as used above
(and in passing shows how the dyon acquires a 9-dependent charge through the Witten effect [79]).

We wish to make the same argument for the bulk fermion field. The same steps [35] lead to the

boundary condition

%j{dQQ (r%w)_e - ((Siiiz‘“)z - —% [@(a) zp] . (2.2.12)

once projected onto the S wave state. This can formally be recast as the non-differential condition

0— { N+ (c?f i CPo s — iy — iéf”7570> 5 il — iUy — iégvvyyo)m (2.2.13)

_|_
—&—((fi + z’(f?f% —iCuy° — z’(fﬁ”%*yo)ei“u + (éi +iCP%ys —iCY " — iCAf”'ywO)e_i“T,}zp}

r=e
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where the dimensionless coefficients C#* are related to the coefficients ¢ by

5A E?
f=s (2.2.14)

for all A=s,ps,v,pvand I =1,3,+, —.

This expression is only ‘formal’ because the projection onto the S-wave while regulating by
displacing the field to r = € is more subtle because of the different angular dependence imposed
on 4 relative to ¢_ by the presence of the magnetic monopole background configuration. These
issues are summarized in Appendix B and the result is most conveniently expressed in terms of the
two-dimensional fields x whose bulk dynamics is described by (2.1.17). In this 2D formulation the
fermionic terms in the dyon’s point-particle world line action given by (2.2.7) and (2.2.5) can be

written
1 s . . DU e i(s—g’
Sayonz = =3 > / dty5<C§5/+iC§5,FC+zC§5,FQy“—HCfs,F eagyﬁ) Xor €270 (2.2 15)
s5,6'=+

where the fields are evaluated at r = e. Here (as above) T, := I'°T'! has eigenvalues h = +1 (and
is diagonal in the basis used here) while the 2D Dirac matrices satisfy I'.T'* = ¢*T'5 where our

01

Levi-Civita convention chooses €% = +1. The coefficients C;; are dimensionless in the same way

that the C are, and must satisfy C4%5 = C4

&% = CZ, if the action Sayon2 is real (in which case they contain
16 independent real parameters).

Combining this ‘boundary’ action with the ‘bulk’ action (2.1.17) leads to the following near-dyon
boundary condition for the 2D fermions near a static dyon (for which ¢* ~ 6§)

Sos T+ C2, +iCP5T, — iClTO +4iCP T ) e3 (=500 (e, ) = 0, 2.2.16
55 55 55

ss’

5/

for all . Equivalently

[Fl n Og(a)} l’“] —0, (2.2.17)
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where

oute - (G )i 7
Cs e (¢ CP e CP2

v cv ia CPU CPU ia
T B U et S B LB CE R T
CoLe i CV_ CPeie CPY

Some intuition about the physical meaning of this boundary condition can be obtained by con-
sidering what it implies for the flux of fermionic currents through the surface at » = e. Consider,
for example, a fermion current of the form j* = ixI'*Mx where M is some matrix in spin and
isospin space. When the action (2.1.17) is real the boundary condition allows T''x(e,t) to be re-
placed by terms involving the effective couplings C{} and this can be used to learn something about
the flux j'(e,t). As applied to the currents for fermion number, ;¢ = xI'*x, electric charge,
je = %z’eifa m3x and axial symmetry? j¢ = ixI'“T'.73x (for real boundary action) the boundary

conditions imply!? 57 (e, t) = 0,

Jile,t) = —dieX(e, )75, 08(a) | x(e.t) and ji(e,t) = bix(e,){Ters, On(@) bx(et) . (2:219)

where Op is defined by (2.2.18). These show that none of the dyon-fermion interactions transfer
fermion number to or from the dyon while the terms in the boundary action involving 74 contribute
nonzero flux of electrical current at r = €, as required by charge conservation when exciting or
de-exciting the dyonic field a.

Several things about the boundary condition (2.2.17) are noteworthy (for more details and a

discussion of how things look for a non-dyonic source see §1.2 and [35]).

e Linearity: This boundary condition is linear in 4 (or x) because the action (2.2.7) is quadratic
in ¢ (or (2.2.15) is quadratic in x). Furthermore, the action is quadratic because this is the
lowest-dimension interaction consistent with the field content and symmetries and it is the
lowest-dimension interactions that dominate at low energies within an effective theory. It is

through arguments like this that PPEFTs explain the ubiquity of linear boundary conditions

9j% is chosen in the 2D theory to match the 4D axial current J% = iapy ys1p for S-wave states, up to factors of
4712,

10Divergences associated with evaluating these fermion bilinears can be regulated in a way that preserves this
relation, as we show in appendix F.
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for many systems as being a generic consequence of the low-energy limit.

e Algebraic: This boundary condition does not involve derivatives — unlike (2.2.11), for instance
— because the fermion bulk action is linear in derivatives of the fields. The first term in (2.2.13)
comes from integrating by parts in the bulk action, and when the same exercise is performed
for bosonic fields one instead finds first-derivative Robin-style boundary conditions because
the bulk field equations are second order in derivatives. We discuss some novel implications of

non-derivative boundary conditions at some length below.

Implications for mode functions

We next work out how these boundary conditions influence the bulk fermion mode functions. This
is complicated by the fact that the boundary condition (2.2.13) explicitly involves the collective
coordinate a, and this is important because it shows how the dynamics of a feeds back onto the
fermionic field as it interacts with the dyon. As emphasized in [68] it is the nonperturbative nature of
this fermion-dyon interaction that drives much of the unusual dynamics of the dyonic effective theory,
generating effects that are correlated between the 1 and a sectors. In practice this complicates things
by making the fermion boundary condition (2.2.13) field-dependent. For the remainder of this section
we regard the field a to be a specified classical function while we explore the implications of (2.2.17)
for the fermion field. §2.3 returns to justify how to interpret the resulting a-dependence of our results
using the Born-Oppenheimer approximation.

Egs. (2.1.13) and (2.1.14) provide the general solution for the ¥ mode functions and so form a
complete basis of solutions to the bulk field equations. Energy eigenstates in the presence of the
dyon are found by asking these also to satisfy the near-dyon boundary condition (2.2.17), since
this captures the implications of the dyon for its surroundings. Subtleties to do with the angle-
dependence of the S-wave mode functions can be avoided if the boundary conditions are phrased in
terms of the two-dimensional fields x. For instance, if a general positive-frequency solution is given

as a linear combination of the solutions (2.1.18), with coefficients ks, then a near-source boundary
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condition of the form (2.2.17) can be written

Kyt Uyri,(6,t)+FRra_uyr_ (€t
B(a) S T (N ) +-up—u(et) —0 (2.2.20)

K_+ u,+w(e, t) +KrK__Uu__, (6, t)
where B(a) := [t + Op(a)] and so

L +Cly)  —(C +1iChy) (O +CE e’ (O +iCh e
CRYy —iChly  —1—i(Chy —Cy) (CPL —iCi )e™ —i(CEL —CY )e™
B(a) = _ _ . (2.2.21)
i(CP", +CY e ™ —(CP% +4C2)e ™ 14+4(CP" +C%_) —(CP° +iCs )

(€7, —iC )™ —i(CP% —CY )e™™® P —iCi_  —1—i(C* —CY_)

Notice that when the C;; couplings are hermitian — i.e. when the dyon-fermion action (2.2.15) is

real — the matrix B(a) satisfies the useful identity

. 0
Bf =2 -B (2.2.22)
0 T,

for all a, where I'. = o3 is the diagonal Pauli matrix. The most general matrix satisfying this
condition has 16 real parameters, corresponding to the 16 real effective couplings contained in the
Cii-

The physical implications of this boundary condition depend sensitively on the rank of the matrix
B. For instance, if all couplings C{} were independent of one another B would generically have rank 4,
in which case the only solution to (2.2.20) is x/(e,¢) = 0. If B instead has rank 4 —n for n =0, 1,2,3
then there would be n linearly independent nonzero values for x (e, t) allowed by (2.2.20).

Now comes a key observation: when the boundary action Sgyon2 is real — and so the constants
C;; are hermitian — then the rank of B cannot be smaller than two. This is because both of the

following quantities are a-independent and always nonzero:

622 824 . v v v v v v v v v v 2
= 1+i(CP —C’_+C, —Cy,)—(Ch —cy e —co )+ e —cy |7,
Byo Buy
Bll 813 .1 APV v PV v pU v pU v pU v 2
B B | = 14+a(CP +CP_+CR +CLy) — (C +Cy )P +Ch )+ e +cy_|™.
31 33

(2.2.23)
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To see why these cannot vanish, consider the first case. Notice that its imaginary part can only
vanish if C?”_ —C”_ = —(Ck’, — C¥_), but if this is true then the real part becomes 1+ (C}", —

v +)2 + |CT_ —-Cy_ ’2 > 1. A similar argument goes through also for the second case.
As a consequence it is always possible to solve for two of the k’s in terms of the other two. For

instance, solving for k4 and K__ gives

312 613 BM 813 ‘
_ —ieQ | By B By B
P 7n+_62z(w+%ev)e <6> % _ ,{__"_622“)562“&’ (2224)
7o Bll 813 11 613
831 633 631 833
and
Bll [;’12 ' Bll Bl4 ’
2 3 eQ 2 3
o — 7H+_ezmeeﬂ'a% _ K’_+e2i(w7%ev)e <5> %7 (2.2.25)
811 813 To Bll 813
331 BA33 331 [5’33

which defines Bij = B;j(a = 0) so that all a-dependence is explicit. In later sections it is sometimes

useful instead to solve for k,_ and k_,, which instead gives

5’21 5’24 323 324 ‘
e 3 3 3 3
B o (6) 1B Bu| s ial Bs Bu , (2.2.26)
To 822 824 822 B24
642 644 842 844
and
ng 321 [;,22 [3’23 ‘
2 3 —ieQ 3 3
K, = 7K’++672iweefiaﬂ e e—2ilw—}ev)e <6> %. (2.2.27)
822 824 To 622 824
BA42 644 342 B44

If B is rank two then this is all that can be learned because the other two equations in (2.2.20) are

not independent. When B has rank two the boundary condition has precisely enough information
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to determine ‘out’ states from the ‘in’ states (with no extra constraints) as is required for scattering
problems, so we henceforth assume the effective couplings C;; satisfy the conditions required to
ensure rank(B) = 2. This should automatically be the case when the microscopic physics of the
source allows out states to be inferred from arbitrary in states — such as for fermion scattering in
the classical dyon background of the full nonabelian theory — since the effective couplings obtained
by matching must give a consistent description.!! As is shown in Appendix C the requirement that
B be rank two imposes a total of 8 conditions on its coefficients (four of which amount to unitarity
conditions) and so removes half of the 16 real parameters that could have been encoded in B for

general choices of hermitian Cj}’s.

2.2.2 Scattering states

We next construct the explicit single-particle scattering states appropriate for fermion dyon scatter-
ing, assuming the rank of the matrix B is two. This allows us to identify which combinations of the
effective couplings actually appear in scattering processes.

To this end we construct a basis of energy eigenmodes that either correspond to a single type of
particle moving towards the dyon (in state) or a single type of particle moving away from the dyon
(out state). These correspond to choosing specific couplings ks to vanish, as described in detail
below. Because the direction of motion of an S-wave state correlates with the value of the quantum
number h = sc, it suffices to label in and out states using just s and momentum & (or frequency w),

. 4l . L 4,in in out out
leading to positive (negative) frequency modes ., and v or ug' and vy,

In modes

We define the positive-frequency in-states to be those modes for which there is only one component

with incoming momentum (heading towards the dyon). Labelling these by the sign of the incoming

1'We have examples of effective couplings for which rank(8) = 3, but defer an exploration of their microscopic
physical significance to future work.
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particle’s electric charge s, they are given explicitly by

7ikr
<1k(r 25)( )wQ 7~++> L .\ €Q/2
e i)t () (2.2.28)
0 ) ro

(k— ev)r —i(2k—ev)e 71a7‘

and

(2.2.29)

+ k= (
z(k+m))7 —z(2k+m))e ia +—> —ieQ/2
< T o ikt r _
< )

71197‘ )
(r—2¢) 1eQ
7:11

where k = w + Ssev > 0. (These can be obtained from (2.2.26) and (2.2.27) by choosing k4 =
1,k__ =0 for u‘f, pand k__ =1,k =0for uij" ) The negative-frequency in-modes are similarly

defined by

'Lk:r
—ik(r— 2(—:) zeQ T++
in

( Y r eQ/2
ol = e'\"T — 2.2.30
2 ( ) ) (Z) (2.2.30)

—z(k+ev)r i(2k+ev)e —7.aT

and

—z(k ev)r Z(Zk ev)e za7'+> . —ieQ/2
eilh= )t <r> , (2.2.31)

To

—zk (r— 26) zeQ 7')
in

where k = w — §5€U > 0. In both of these expressions r¢ is an arbitrary length that contributes only

to the overall Coulomb phase.

The coefficients 7.1+, 77— 7.-F

o T, T, © and T, appearing in these expressions are a-independent

quantities given as explicit functions of the fermion-dyon couplings by

[3'21 324 323 [5'24 [;’22 321 322 323

T [5’41 844 S 843 [5’44 Tt 342 841 T 842 A43 (2.2.32)
Bao Bas Baz Bag Baz Bag B2z Bas
342 844 342 344 [;’42 344 842 344
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Written directly in terms of the boundary couplings, these become

(Coy +iC° )@ —CP +CY )+ (C2 L +4C”)(CR”. - CY )

T-H— —
" —[CEL =GP+ (i O - R (CEL =t =)

o €O £ CL) £ (€I =)
By S B ey € T
—+ _ (C2y +iCP)(i — CFY +CY )+ (Ch, +4CY7)(CTy —C )
" O Gt (O Oy @ e —h)
(GO (i — P 4 CY )+ (Co_ +iC)(CR —CL)

—ICEL = CE P+ (mi+ CRL - CRy)(CEL —C2 — )

When the boundary action Sqyon2 is real (and so the Cj; are hermitian) these satisfy the following

unitarity conditions

T P =T P =1 T P =1 T, (2.2.34)

in

as well as

T T "+ Ta Ta " =0, (2.2.35)

as identities (see Appendix C for a derivation). These relations imply that the in amplitudes only

carry 4 real parameters’ worth of information; they can always be written

T — pew** and 7,0 = peie,,7 (2.2.36)

m

and

T =1 p2e— and Tt = —/1— p2ellreto-—=04) (2.2.37)

where p, 044, 0, _ and 6__ are the four independent real parameters.
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Out modes

A set of outgoing modes can be constructed in precisely the same way, with the positive frequency

modes given by

<e—ik(r—2e) (E)iCQ 7;tt+>
ikr

e ) o r —ieQ/2
wh=1, , | e <> , (2.2.38)
e—z(k—ev)rez(Qk—ev)e e—ia o;t+ 7o
0
and
<ei(k+€v)7‘ei(2k+ev)e eiaﬂtt>
0 _ , ieQ/2
U = . Q T (T) : (2.2.39)
e (£) Toar o
eikr
with k = w + 1sev > 0 (these can be obtained from (2.2.24) and (2.2.25) by choosing ki = 1,
k- =0 for ucjruic and Kk =1,k =0 for ui‘ﬁc). The negative-frequency out-modes are
ik(r—2¢) (r\%Q
(e K2 (1) 7;&*)
—ikr —ieQ/2
oflk = ’ ellbr st <T> ) (2.2.40)
+, ei(k+ev)refi(2k+ev)e e—ia 0;:— o
0
and )
0 ) o ieQ/2
=1 i€Q CR (T) 7 (2.2.41)
eihr=20) ()T "o
efikr

for which k£ = w — %56’0 > 0.

The a-independent coefficients 7. ., Tt TooF, 7o~ appearing in these expressions are defined
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in terms of the dyon-fermion couplings by

By Bis By Bia By Bis By By
7:)t:_ = _wa 7:);:_ = _%a 7;T1t_ = - ?34 ?33 ) 0;1:_ = - ?31 BA34 ) (2242)
Bi1 Bis Bi1 Bis Bi1 Bis Bi1 Bis
B3y Bss Bsy Bss B3y Bss B3y Bas
and so
— i(CR° +iC5 ) (=i +CP +CY ) + (i ¢ )(C 4+ CY )
out ICRY +CY_]2—(—i+CP_+Co_)(Ch +CY, —1) ’
L ACT 4iCt (i CF +CY )+ (—iCR +CL)(C +CY ) (2.2.43)
out ICRY +CY_]2—(—i+CP"_ 4+ Co_)(Ch +CY, —1) ’
T+ _ i(CP 4+4C2 ) (=i +CYL +CYLy ) + (—iCh? +Ci)(CP +Cv )
out ICT +CY_|2— (=i +CP_ 4+ Cv_)(CY +Ch —1i) ’
T~ i(Ch + ifi_)(—i +CP fCE_U) + (fz'cﬁs_pt Ci_)(cﬁ”_f Cy) .
ICEZ +Cy_[P = (=i +CEL +CY_)(CEy +CYy — 1)
When the boundary action Sgyon2 is real (so the Cf}-’s are hermitian) these satisfy
Towe 12 = Toud P =1 =T P =1 | Tour P (2.2.44)
and
Tout Tout "~ + Toue Toue ~ =0, (2.2.45)

in the same way as found earlier for 7i,. There is of course a good reason why 7o and Ty, satisfy
similar conditions: they are not independent of one another. Since both the in and out bases are
complete, the 7oyt amplitudes can be expressed in terms of the 7;, amplitudes. This leads to the
relations (see Appendix C)

Towt =T Towe = (T ) Towe = (T 1) and Toud = (T )", (2.2.46)

mn

and so the out amplitudes also depend only on the four parameters given in (2.2.36) and (2.2.37).
The implications of the 7;, and 7o, amplitudes for fermion-dyon scattering problems are explored

in some detail in §3 and §4 below and suffice it to say that they carry all of the information about the
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dyon that is relevant to describing transitions amongst the S-wave fermion modes described above,
at least at leading order at low energies. See §2.5.1 for a discussion of the values predicted for these
quantities by specific microscopic choices for the underlying dyon solution.

But the above discussion introduces a minor puzzle: why are there only four free real parameters
within, say, the 7i,’s when there are 16 possible real parameters in the hermitian effective couplings
C;; appearing in Sayon2 in e.g. eqs. (2.2.7) and (2.2.8)7 We argue in §2.4 that all but four of the
effective couplings C} are redundant (in the precise EFT sense [14]), but before doing so the next
section first develops a required tool. Along the way it also resolves a dangling technical issue: how
to handle systematically the a-dependence that is embedded in boundary conditions like (2.2.17) or
(2.2.20).

2.3 Dyonic response

Up to this point we have treated the matrix B as if it were specified completely once the effective
couplings C; are, but the appearance of the field a within B makes this not quite true. Having
B be a function of a complicates its use — as in (2.2.20) — to find fermionic mode functions. This
section provides two complementary ways to handle this field-dependence: perturbation theory and

the Born-Oppenheimer approximation.

Fermion-dyon perturbation theory

The first approach starts with the observation that not every term in the matrix B depends on a.
If the coefficients CZ,, with s # s’ were for some reason much smaller than the others then they
could be ignored when formulating the near-dyon fermion boundary conditions with the effects of
a-dependent terms then included perturbatively.

For instance, suppose Sayon2 Of (2.2.15) could be written Sé&mQ + S(iir;,tora with!?

1 .,
S((l(;)Ol’lQ = 75 Z /dtZX5FC Xs » (231)
s=%+

12We choose the unperturbed boundary terms here fairly arbitrarily and all that is important for our arguments is
that the dominant piece be a-independent.
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and

. 1 7 7
Siyon2 = —3 > / dtx, (5 S +i0CPE T, — i6C2, TO +i50§§,r1) Yo e3E=a (2.3.2)

5
s,/ =+

where the coefficients 0C;; are regarded as being perturbatively small'® and we again specialize to

the case of an approximately static dyon (for which ¢* ~ §§). In this case only S’é(;,)on

5 need play
a role in determining the boundary conditions of the free modes appearing in the field expansions
within the interaction picture.

With this choice the boundary condition matrix of (2.2.18) becomes Og)) =i ®I'. and so the

matrix appearing in (2.2.21) becomes

1-10 0
1-10 0
B® — 0 [Fl +O,§30)} - : (2.3.3)
00 1-1
00 1-1

which clearly has rank two. The boundary condition satisfied by the free mode functions at r = €
therefore is

(r1 + ti)X(e,t) ~0. (2.3.4)

The continuum normalized free in and out mode functions that satisfy (2.3.4) then are

< e ikT 0

eik(r—2¢) (eyie@Q ) 0 »

in0 (r) e—i(k—%)t (L>z,eQ/27 ulﬂo _ e—i(k+%)t (L) zeQ/27
0

70 ’ e—ikr T0
(eik(T—Ze) (l)ieQ>
<

(2.3.5)

efik'(r72e) (

eikr 0
f)ieQ . ieQ/2 0 ) —ieQ/2
ino RICTE ST (L) om0 = RISt (L) 7
0 0 ’ gikr 70
<0> <67ik(7‘72e) (r)ieQ>

13 Although, as noted above, the C{‘}-’s are not generically suppressed by the loop-counting parameter o = 62/(471')
it is possible that in some circumstances some of them are suppressed by another small quantity.

(2.3.6)
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(where k£ > 0) and

(efik<7‘f2£) (I)icQ> <0>
€
ikr
€ —ie 0 ie
wgmo = i (L) S 1 o
o 0 " —ik(r—2e) (e)’iEQ 7o

() (e

(2.3.7)

( ik(r—2e¢) (;)wQ) (0)
e—ikT e 0 ie
out0 __ ei(kJr%}t (L) ”Q/27 pOUt0 _ i(k—%)t (L) ‘Q/27 (2.3.8)

Otk = o To ok ik (r— 26) zeQ o
) (e
and so the unperturbed modes satisfy 7,57 = 7,7~ =1 and 7/~ = 7,, 7 = 0. These modes are
normalized so that
/ dr (ugp) Tt :/ dr (030) T 0% = 216 (k — k') bser, (2:3.9)
and
/ dr (ulP) "ol = 2m6(k + k') Gser (2.3.10)

and similarly for the out modes.
From here on perturbation theory proceeds in the standard way by moving to the interaction

picture and expanding the fermion field operator using these mode functions,

> dk i in in0 —in \x
OEDI (@) alty + 0Pf () (@)
s=%
> dk; Ou ou ou —Oou
-3 / (o) 0z + 030o) (a2)°]. 2310
s==+
where the creation/annihilation operators satisfy the usual algebra {al;, (al} ,.)*} = 6(k — k') 0ser

and {Ei;jk, (Ei;})k,)*} = §(k — k') 0ss» appropriate for fermions (and similarly for the out operators).

Because both the in and out modes are complete, each can be expanded in terms of the other,
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allowing the in and out operators to be related by

c iseQ ¢ 15eQ
out __ _—2ike in —out\x __ _2ike —in \*x
agl =€ (7“0) agy and (amk) =e (7“0) (amk) , (2.3.12)

and their adjoints. The above Bogoliubov relations depend on the arbitrary scale rg. Physical
predictions should not depend on rg and in §3 — which uses the perturbative framework set up here
— we rephase the out operators to absorb the ro dependence.

The perturbative formalism is useful for some kinds of questions — such as the discussion of
redundancy in §2.4 — and is used in §3 to compute some scattering processes (which can be compared
with calculations performed in §4 using the alternative approach we describe next). But it is not
guaranteed that specific microscopic realizations of the dyon must yield effective couplings for which
such a perturbative approach is a good approximation. This is true in particular for massless fermion
scattering in the classical nonabelian dyon background because in this case conservation of chirality

implies the vanishing of all of the a-independent boundary couplings CZ,, with s’ = s.

Born-Oppenheimer evolution of a

A more ambitious approach to computing the fermion-a interactions takes advantage of the fact that
the mass 7 ~ (owng)_1 appearing in the a kinetic term is much larger than the generic dyon scale
m;l in the semiclassical limit (for which o = €?/47 < 1). This means that the energy associated
with a excitation is order Z=! ~ amg and so is negligible — even within the low energy theory — for
fermion momenta in the range amy < k < my.

Furthermore, the equations of motion say that a o< p/Z and so the timescale for a to respond to
order-unity changes in p are order 7 ~ Z. By contrast the timescale for a relativistic fermionic wave
packet of size L to interact with a much smaller dyon is order L (which cannot be smaller than 1/k
for fermions with momentum k). So the rotor response is slow compared to the fermion interaction
time for fermion momenta in the range am, < L 'Sk

In the regime amg, < k the ‘rotor’ field response to fermions is slow and costs little energy in much
the same way that the position of heavy atomic nuclei respond to much lighter and faster electrons in

everyday solids. This electron/nucleus analogy suggests using the Born-Oppenheimer approximation

[78] to describe the interactions of relativistic fermions with the slower dyonic excitation a. In this
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approximation one first solves for the motion of the fast degrees of freedom (the light fermions) with
the slow degrees of freedom (the nuclear positions R or the field a) imagined to be fixed classical
variables. The idea is that the slow variables behave classically because they do not have time to
respond at all when hit by the fast ones. Once the fast evolution is computed one calculates an
effective Hamiltonian describing the dynamics of the slow degrees of freedom obtained by averaging
over the fast degrees of freedom. This Hamiltonian is then used to solve for how the slower variables
evolve in response to its interactions with the much faster system.

As applied to dyon-fermion interactions the first part of the Born-Oppenheimer procedure asks
for a solution to fermion evolution with the field a regarded as a fixed classical background. This is
precisely what is done in §2.2.2 above when finding the fermion scattering states in the presence of
an a-dependent boundary condition like (2.2.20). These are used in §4 to calculate scattering rates
also for fixed dyon configurations. We return to the issue of how to determine the dyon reponse in
§4.2 below, but first close this section by gathering together several loose ends and conceptual issues

to do with using the PPEFT framework in the monopole/dyon setting.

2.4 Redundant interactions

In this section we return to the puzzle alluded to at the end of §2.2.2 above: why are the physical
effects of the 16 real parameters in the couplings C/; in the action Sgyonz all encoded in amplitudes
Tin (or Tout) that involve only 4 parameters. Why are there not more scattering options available
given the number of possible effective interactions? Part of the reason for this reduction is the rank-2
condition we assume for B(a), since — as shown in Appendix C.2 — this imposes 8 real conditions on
the components of B(a) (and so also on the C{}’s). But the fact that the remaining 8 independent
effective couplings only produce a 4-parameter number of scattering outcomes strongly suggests that
some of the remaining effective couplings are actually redundant (in the precise EFT sense reviewed
for example in [14]).

One way in which an effective operator can be seen to be redundant is if it can be removed using
a field redefinition. When working in perturbation theory there is a very simple diagnostic for when
such a field redefinition exists: one asks whether the operator vanishes when it is evaluated at the

solution to the leading order field equations. In the present instance the fermion field equation at
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the position r = € is actually just the boundary condition itself, and this suggests a redundancy test
that can be performed, at least if the dyon-fermion interactions are treated perturbatively (as they
are in §2.3 when perturbing the dyon effective couplings around the action S((ig)om).

When perturbing in this way we first ask what conditions the 5CZ-A}.’S must satisfy to ensure that
the perturbed boundary condition remains rank two. Perturbing the rank-2 conditions like (C.2.4)
of the appendix to linear order in the §Cs shows that B remains rank two only if the coefficients
6CPY and 4CL7, all vanish. For the remaining couplings the redundancy test then asks how many of
the effective couplings in (2.3.2) survive when simplified using the lowest-order fermion boundary
condition (T'! 4-4T.)x/(€) = 0 that follows from the unperturbed dyon-fermion action (2.3.1). Notice
that because I'. = T'’T'! this is equivalent to the condition i['%%(¢) = x(¢) and because I'° is
antihermitian this implies x'(iT'°) = x when evaluated at r = ¢, and so also X = x' there. These

conditions allow us to rewrite

Xa(€)xe (€) = X (€)iTxo (€) = XL ()Xo (€) = Xo ()T xar (), (2.4.1)

where the first equality uses the definition ¥ := ixI'°. This shows that within perturbative cal-

culations the couplings 6CZ,, X, xs — 10C% X" X' appearing in expression (2.3.2) for Sid‘;tOHQ should

v
557°

only contribute to physical predictions through the combination 6C;,, — 6C
This is consistent with the more general expressions like (2.2.33) for the amplitudes T, and Tout
within the Born-Oppenheimer framework, since for rank-2 perturbations about the unperturbed

couplings C7° = C??_ =1 these give

Tt~ 144(0C, —6C5,), T~ ~14i(6C%_ —dC5_),

m mn

Toaf~ ~i(6CY_ —6C5_), and T, T ~i(6C", —6C* ), (2.4.2)

m

showing at linear order that dC;,, and 0C?,, really do only appear in the combination 6C;,, — 6CZ...
These arguments suggest that within the perturbative framework one combination of §C;,, and

0CY,, is redundant in the sense that it can be removed by performing a field redefinition at the
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position of the dyon worldline. Indeed, writing
XC*x — ixC'Tx = 1x(C* + C¥)(1 —il°)x + $x(C* — C*)(1 + )X, (2.4.3)

we seek a redefinition that removes the first term. But under a small variation x — x +dx at r =€

the variation of the bulk action and the unperturbed boundary action (2.3.1) becomes
3S(r=¢) = —%7(—1“1 + il“c)éx - %67(F1 + irc)x7 (2.4.4)
which for dx = iAT.x (with hermitian A in flavour space) gives
5S(r=¢) = f%iiA[(fFI T )T + To(T + z'rc)]x - yA(1 - iFO)X, (2.4.5)

showing that A can be chosen to remove the C* 4+ CY term in (2.4.3), as claimed.

A very similar reduction in the number of independent couplings also happens for more prosaic
applications of the PPEFT framework to fermions. When used to describe the influence of a non-
pointlike nucleus on electronic energy levels within an atom there turn out to be more effective
interactions describing various types of nuclear effective couplings on the nuclear worldline than
there are independent nuclear contributions to electronic energy levels. In that case the redundancy
of many of the apparent nuclear moments at low energies ensures that nuclear uncertainties enter

into atomic calculations in fewer ways than one would naively expect [36-38].

2.5 RG methods and catalysis

We now turn to the issue of e-dependence. The mode functions and scattering amplitudes found
above depend in detail on the boundary conditions imposed at the surface OP of the gaussian pillbox
that surrounds each source. But how can it be that physical quantities depend on an arbitrary radius
r = € that defines the boundary of this pillbox?

This question is precisely what PPEFT methods are good for: they show how effective couplings
like the Cj}’s appearing in the dyon’s effective action must depend implicitly on (i.e. run with) € in

order to ensure that physical predictions are e-independent. A side benefit of this discussion is that
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it shows how divergences that arise (even at the classical level) in the values of the fields as € — 0
get renormalized into the effective couplings of the dyon action, along the lines described in [80]. In
this language the physical scales of the UV physics — such as g in the action (2.1.1) — are described
within the EFT as RG-invariant scales associated with this running.

In this section we set up how this works for S-wave scattering from the dyon and in particular
ask why this running makes scattering for monopoles so different from scattering from other small
massive objects like nuclei in atoms (for which the corresponding issues are described in [35] and
briefly summarized in Appendix 1.2). We discuss in turn two ways the running of effective couplings
of fermions to dyons differ from their couplings to more run-of-the-mill compact objects: (i) dimen-
sional scaling changes associated with the kinematics of the fermion S-wave (which lies at the root
of why dyon-fermion scattering is insensitive to dyon size), and (i) the large-scale effects to do with

the nontrivial fermionic interacting vacuum (what is sometimes called the fermion ‘condensate’).

2.5.1 Scaling for compact objects

The most important difference between fermion-dyon and fermion-nucleus scattering is the size of
the interaction rates to which one is led. For fermion-nucleus scattering the RG invariant scale that

sets the size of scattering cross sections depends on the nucleus’ small radius.'* But for fermion-dyon

-1

g even at

scattering the S-wave cross sections are not suppressed by the small dyonic size R ~ m
energies E < mg. Although the mechanism for this (the special kinematics of S-wave scattering)
has been well-understood for quite some time [31, 32] our discussion here embeds this understanding
into the wider PPEFT framework and shows how it can be understood using the same standard
EFT reasoning that also applies to nuclei.

As argued in §1.2, physical predictions of the fermion-nucleus PPEFT (e.g. for atomic energy
levels or scattering cross sections) can be expressed in terms of C5/C{ i.e. in terms of ratios
of the integration constants in (1.2.23). These ratios are in turn determined in terms of nuclear

properties through the boundary conditions (1.2.22), which relate g /f} and f_/g_ at r = € to the

effective couplings és and (fy. Naively, this prescription appears to make observables depend on the

14More precisely, the RG scales expressing the implications of the nuclear strong interactions of pionic atoms, say,
are set by the nuclear radius while the nucleus’ electromagnetic effects relevant for electron-nuclear interactions are
suppressed relative to this by powers of the fine-structure constant [36-38].
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arbitrary scale e, which is introduced to regularize the boundary conditions and need not be directly
related to the underlying physical scales such as the size of the compact object within the pillbox,
R. However, since the radius of the Gaussian pillbox is not a physical scale, it must drop out of
physical predictions and this happens because any explicit e-dependence arising in calculations of
an observable cancels an implicit e-dependence buried within the ‘bare’ quantities és, C,.

Physical predictions remain e-independent if quantities like CAS,CAU are chosen to be e-dependent
in a way that ensures that ratios like C5/C; remain fixed as e is varied. The boundary condition
(1.2.22) can then be reinterpreted as a prescription for how Cs (e), CAq,(e) must depend on ¢, as opposed
to a condition that determines the values of g1 /f4 and f_/g_ at r = € as a function of the known
effective couplings. Within this rereading physical observables depend only on the trajectory (e, C;(€))
rather than depending on € and C}(e) separately. Changes of € with physical observables fixed can
be regarded as defining a renormalization-group (RG) flow of the C;(e)’s, and physical observables
must be invariant with respect to this flow.

It turns out that this kind of RG flow defines a natural RG-invariant length scale, and it is this
length scale that both appears in observables (such as for scattering cross sections) and is determined
in terms of physical scales like R when matching effective couplings to the full UV theory of the
source. To see how this scale arises in terms of radial mode functions like fi(r) and g+ (r) it is
convenient to choose € such that R < € < a where a is a characteristic length scale of the bulk
theory far from the source (for instance, for nuclei in atoms we might have R of order the nuclear
size and a of order the Bohr radius). Radial mode functions are often well-approximated by power

laws in this regime, such as in (1.2.25) (repeated here for convenience)
3—1 —3—1 ~ 3—1 ~ —3—1
fi(r)=CF (2) oy (2) and  gu(r) = Ci (2) +Cf (2) . (25.0)

for some power 3 with 5, x C; in a way that depends on the relative small-r asymptotic behaviour
of fi(r) and g¢;(r). One of these solutions dominates for sufficiently small r while the other wins
when r is sufficiently big. The precise crossover radius R, between these two regimes depends only
on the value of the constants C5*/CT, and so provides a convenient RG-invariant characterization
of the coupling evolution, and one typically finds e.g. scattering cross sections with bulk fields of

size 0 ~ mR2 for scattering of long-wavelength modes (kR, < 1) despite couplings like C; being
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dimensionless — see [35].

With the above story in mind we can now use the same EFT language to see why S-wave
scattering from dyons is so different from scattering from other compact objects. The key issue is
not whether couplings like C; are dimensionless or not (they are dimensionless for both nuclei and
dyons). The key issue is the size to be expected for RG-invariant scales like R,.

The main issue is the difference between egs. (1.2.20) for nuclei and (2.1.12) for dyons. For
nuclei (1.2.20) have two linearly independent solutions and so admit two different power-law type
asymptotic forms like (1.2.25) the transition between which defines the RG-invariant scale R,. But
for dyons the S-wave condition removes one of these solutions leaving just a single first-order equation
(1.2.25) for each choice of external quantum numbers. This means there is never a transition between
two asymptotic power-law regimes; there is only one power-law for each type of mode. As a result
there is no RG-invariant scale R, on which measurable things like scattering cross sections can
depend.

For S-wave scattering from dyons the situation is similar to what would have happened for
nucleons if for some reason we were required to choose C’Qi = 0. In this case using the asymptotic
form (1.2.25) in (1.2.22) would imply that C is e-independent. The e-independence of physical
quantities for S-wave dyons similarly requires quantities like Ti, or Tous to be e-independent (as
we see below explicitly), and this asks all of the dimensionless rank-two couplings C; to themselves
directly be e-independent. This makes S-wave dyon scattering from massless fermions scale invariant
and so its size is mainly set by the projection of any incoming wave onto the S-wave state, leading
to cross sections that vary as o o 7/k? when kR < 1 rather than o o mR? (as we verify explicitly
below). This is true for any S-wave process regardless of whether or not the reaction in question
violates a flavour symmetry (like baryon number).

Arguments like these relying on the uniqueness of the S-wave kinematics are standard ones
[31, 32] for explaining the large size of catalysis cross sections. What the above arguments do is
provide them with an EFT veneer that shows why they do not undermine the usual notions of

decoupling (once these are carefully formulated).
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Matching

To this point the effective couplings C; and amplitudes Ti, have been treated as arbitrary parameters.
But they really should be regarded as being functions of microscopic parameters in any specific theory
and so take definite values once a given microscopic dyon construction is chosen. Physical predictions
for things like fermion-dyon scattering cross sections within specific microscopic theories are then
obtained by substituting the appropriate values for the C;’s (or 7i,) into the general expressions for
e.g. scattering cross sections given in §3 and §4 below.

For simple calculations of semiclassical scattering of massless fermions moving in a classical dyon
field chirality is conserved by the Dirac equation. As discussed below eq. (2.1.12) the change of
direction of radial motion required by S-wave scattering implies h = ¢s must change sign during
scattering and so conservation of ¢ implies s must change. This means that fermion charge is always
exchanged with the dyon and so ’7:2' T = T~ = 0 for this type of semiclassical scattering. This then
implies — c.f. the unitarity conditions (2.2.34) — T, ™ = =¥ 7.~ = ¢/’ for some phases 8, d’". This
is the situation that applies to the majority of microscopic fermion scattering calculations (where
typically ¢’ = ) performed in the presence of a classical dyon [61, 73, 74, 62].

Alternatively Kazama et.al. [77] compute scattering processes where the fermion moving within
the dyonic background has an anomalous magnetic moment. In this case chirality is not conserved
and chirality-changing processes dominate, corresponding to the case 7:3' t = 7.7 = isign(k)

(where & is a parameter of their model) and 7,7~ = 7.-% = 0. In both chirality-preserving and

chirality-breaking cases our expressions for cross sections and currents found in later sections agree

with theirs once restricted to these choices.

2.5.2 Interaction effects

In practice the motion of a free fermion within a fixed dyonic background does not provide a good
approximation to fermion-dyon scattering. The free-fermion-moving-in-a-fixed-background approx-
imation breaks down because charge-changing fermion interactions with the rotor field a described
by the amplitudes 7:3' ~ and T, " significantly distort the ground state within the fermionic sector

(more about this in §4.1 below) and this distortion cannot be neglected [31, 32, 63-66, 68]. The

radial extent of the fermionic vacuum polarization can extend outside the dyon to distances of order
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the fermion Compton wavelength and so can be much larger than the underlying classical dyon
solution itself.

The back-reaction of this kind of dynamics can appreciably alter the RG flow of couplings like
the C;’s once € is large enough to include a significant component of fermionic polarization within
the gaussian pillbox. In this case it is the new values for C;(¢) that are relevant when computing
quantities like 7, and the above conclusion that 7;,’s are e-independent changes. The results of this
type of evolution are studied in [31, 32, 63, 68], and for general models the full interpretation of the
resulting physics remains incomplete (see for example [58, 59] for recent discussions). In the specific
model considered here, however, the upshot is fairly simple: the Coulomb energies associated with the
fermionic vacuum distortions turn out to convert the UV semiclassical prediction 7,7 = 7.~ = 0
for € of order the monopole scale into the new prediction 7,7~ = 7.~ = 0 for € large enough to
include the fermionic vacuum distortions [68]. This conversion is intuitive inasmuch as the underlying
distortion of the fermionic vacuum is driven by nonzero 77~ and 7,-* (as we see in §4 below)

More generally the coefficients appropriate to any other particular microscopic dyon construction
can in principle be obtained in a similar way by matching the EFT to the microscopic theory of
interest, once this is known. When doing this matching we typically choose € such that R < € < a.
For the simplest applications R ~ mg_1 is of order the dyon size, but for applications including
fermion condensation in the dyon field R is instead of order the fermion’s Compton wavelength

R~ m;l. In either case taking R < ¢ < a remains justified provided the low-energy focus is on

sufficiently large a.
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Chapter 3

Perturbative calculations

This chapter uses the PPEFT constructed in §2 to calculate some simple dyon-fermion reaction
rates and cross sections, within the perturbative framework described in §2.3 above. While the
specific approximation used in §2.3 may not be useful for particular microscopic descriptions of
the underlying dyon, it nonetheless allows us to explore some perturbative consequences of the
fermion-dyon interactions. We return to the more broadly applicable general case, which relies on

the Born-Oppenheimer approximation, in chapter §4.

3.1 The perturbative framework

The dyon-localized part of the hamiltonian governing dyon-fermion interactions obtained from the

lagrangian (2.2.7) (and including the electrostatic background and fluctuation field) is

1 U

2
Hayon = ep Ao(r =€) + o <p = 277) + %[E@(a) v] _ (3.1.1)

where p is the canonical momentum for a given in (2.2.9). In this section we drop the Coulomb
fluctuation /Alo and perturb the fermion boundary action about a simple a-independent boundary
action along the lines described in §2.3. Specializing to the S-wave and switching to 2D fields, we

split the bulk and boundary-localized hamiltonian into unperturbed and perturbed parts, Hy+ Hipt.
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The unperturbed hamiltonian is!

B 1 s 2 R 12 . 0 e
O B o L e

in which the first term describes the free rotor dynamics and the second term gives the boundary
conditions at r = € satisfied by the fermions, whose bulk dynamics in the presence of the background
dyon charge is given by the last term.

The unperturbed boundary term % (XTcX),_, is chosen such that (i) it does not involve the
rotor field a; (ii) the corresponding boundary matrix B(®) has rank 2 and (iii) the resulting modes
describe fermion reflection from the dyon with no phase change at r = e: thatis, 77T =7~ =1to
zeroeth order in perturbation theory. This choice implies the interaction picture field x satisfies the
boundary condition (2.3.4) and can be expanded in terms of either the modes ui;‘,g, Umk or ugukto, Ug“kto,

given in equations (2.3.5)-(2.3.8).

The interaction hamiltonian in the interaction picture is then given by

1 i /
Hu=35 > % (5055/ +i6CPS T, — i6CY, TO + i6CPT )Xs, ehs—)ar (3.1.3)
s5,6'=%

where the fermion fields are evaluated at r = € and a; is the interaction picture rotor field
a,(t) = et ige 2zt (3.1.4)

with IT := p — (¢¥/27). As discussed in §2.4 this perturbed problem also has rank two only when
6CPY, = 6CPY = 0, which we henceforth assume (though this is not crucial for this perturbative

discussion). In terms of creation and annihilation operators eq. (3.1.3) can be written in the normal-

ordered form

dkdkl in in i(k—k' in —in * 1 !
Hue = Bot 3 / (0020 = 03 ) (0 ald o~ 4 (a) @ )" A"

5,5/ =

. : . ’ i 1124 — sV (a— — 112
—|—61517]ka§}7k,e_l(k+k) (@ k,)*alsr,’ke_l(k_k )t] eaz o5 (s—s")(a—evt) =57 1% (3.1.5)

IWe follow standard practice here and keep the rotor kinetic term despite it being order (e?/4rm)u in magnitude
and so nominally being a higher-loop size.
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where we absorb an rg-dependent phase using an appropriate constant shift of a. We also drop factors
of e!*Ek)e hecause our EFT framework requires we choose € to be smaller than the characteristic
bulk length scales of interest, as described in §2.5. In particular this requires us to restrict our
attention to the regime where ke, k’e and eve are all much smaller than unity.
In (3.1.5) Ey denotes the vacuum expectation value of the interacting hamiltonian Hiyg, given
by
eQ

Bo = (0] Hint [0) = (57 = 6C° = 6C3, +8CY,), (3.1.6)

as shown in Appendix F. Although this diverges as ¢ — 0 it can be absorbed into the counterterm
describing the mass of the dyon. Notice these expressions depend on the boundary couplings only
through the combination dC* — dC?, as argued must be the case in §2.4.

The remainder of this section uses the above setup to calculate some scattering observables within

this perturbative framework.

3.2 Processes involving dyon charge eigenstates

We start by recording the amplitudes for single-fermion scattering processes assuming the dyon
is chosen to be in a charge — i.e. momentum — eigenstate at both the initial and final times and
working to first order in perturbation theory. By focusing here on single-particle scattering we avoid
the complications of multiparticle state-definitions in a monopole background described in [56, 57]

and the twist operators described in [58, 59].

Pair production

Among the charge-changing processes mediated at leading order by (3.1.5) is the production or
absorption of particle-antiparticle pairs carrying net charge. The amplitude obtained at leading order
from (3.1.5) for the production of a pair of positive charge — i.e. for [0) [TT) — (a"})*(@"},)* 0) [IT')

—is

_ H/Q _ H2
A[H SO fo(k) + f_(k:’)} = O 1410 <w+,k Yoo+ 21) i (65 —6ct_(B,2.1)
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where ws ), = k — %562} is the energy of a particle with charge se/2 and momentum k and @, =
k+ %ﬁev is the energy of an antiparticle with charge —se/2 and momentum k.
The amplitude for producing a negatively charged pair — i.e. for [0) [T) — (a®"})*(@3"},)* 0) [IT')

— similarly is

_ H/2 _ H2
AL - T + f_(k) + f+(l<:’)] = —dm 11-190 (w_,k + Wi+ 21) i (0C°, —6CY (B.2.2)
These show that the rotor level can only change by one unit, as required for it to absorb or
emit the charge lost or gained by the fermions. The fermion similarly gains or loses the energy
required by this transition. These processes cause rotor states with nonzero II to decay towards

II = 0 by emitting fermion pairs. It is energetically possible to emit positively charged pairs when

k+k =ev— 1;?1 > 0 and so is only possible when II < Zev — % It is similarly possible to emit

negatively charged pairs if k+ k" = —ev — 1;%1_[ > 0 and this is only possible when IT > Zev + % No

pair production occurs for electrically neutral particle-antiparticle pairs since energy conservation
implies this can only happen if k = k' = 0.
Writing A = M §(Ef — E;) and using these amplitudes in Fermi’s golden rule gives the following

differential decay rate
i v

dr = 27| M*6(E; — E;) 5 5

(3.2.3)

Using this and performing the final-state momentum integrals, the integrated rate for emitting pos-
itively charged fermions is nonzero for initial dyon momenta satisfying I < Zev — 3 ~ (47 /e)(v/p),
and is given by

F[H = (IT+1)+ fr(k) + ﬁ(’f’)}

1 ev_2H+1
T or 27

) |6Ccs_ —écy_|*. (3.2.4)

The integrated rate for emitting negatively charged pairs is similarly nonzero when II > Zev + %

with

F[H = M —=1)+ f-(k)+ f+(k’)} = % <—ev + 2H21— 1) l6C*, —oC¥ 7. (3.2.5)
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Scattering cross sections
The Hamiltonian (3.1.5) also describes scattering processes. The amplitude for the charge-changing
process (aXf' ,)*[0) [TI) — (a®%},)* |0) [I') is given by

, m?—12\ .
A[f+(k) YIS I+ fo(k )} = O 10 <w_,k, —win 21) i(6Cs, —8C”,), (3.2.6)

where (as before) ws . = k — §%. Similarly the amplitude for (a™ ,)* 0) [IT) — (a"},)* [0) [IT') is

'’ — 12
A[f_(k) ST I+ f+(k;’)} S ST, <w+7k, —w 21) i (65 —8Ct_). (3.2.7)

The analogous amplitudes for charge-changing antiparticle transitions can be inferred from those
above by crossing symmetry. These reactions can proceed so long as the initial fermion energy
satisfies w; > %(5’21‘[ +1) — s’ where s’ is the charge of the final particle, since wy > —s'% for
single particle scattering.

The effective interactions in (3.1.5) also describe scattering processes that do not exchange charge

or energy with the dyon (and so necessarily flip the 4D chirality). The amplitude for an incoming

positively charged particle to scatter to an outgoing particle of the same charge is

o0

A[f+(k)+H — H/+f+(k')} = =6, 0 (Wi — W+,k)i[/ dt (0| Hing |0>+5Ci+75Ci+}, (3.2.8)

—0o0

where we omit the zeroth order term in the perturbative expansion of the S-matrix. The above
expression includes a contribution from the vacuum survival amplitude, given in terms of the vacuum
expectation value of Hiy. Although we formally include this in amplitudes such as (3.2.8) and
(3.2.9) below, we are primarily interested in inclusive scattering processes in which the number of
pairs produced by the dyon is unmeasured, as explained in more detail in §4. In that case, the
vacuum survival amplitude, which describes a process in which no pairs are produced, drops out

of physical predictions such as cross section results. The corresponding amplitude for a negatively

69


http://www.mcmaster.ca/
https://physics.mcmaster.ca/

PhD Thesis — S. Bogojevié¢; McMaster University — Physics and Astronomy

charged incoming particle is

oo

A[f_(k)m N H'+f_(k’)] = o116 (W —w_Jc)z[/ dt (0] Hing |0)+5Ci_—503_] (3.2.9)

— 00

The amplitudes for transitions between antiparticles of the same charge can be calculated similarly.

Fermion-dyon scattering reactions are most usefully described in terms of 4D cross sections rather
than 2D scattering rates, so we pause to make the connection to these explicit. Because incoming
initial states in 4D are plane waves far from the dyon, they are not prepared in the S-wave. Their
scattering rates are therefore the product of the 2D S-wave scattering rate times the probability, ps,
of finding the incoming plane-wave in the S-wave. The 4D cross section then is obtained by dividing
by the incoming 4D particle flux §;.

Combining these factors leads to the following factorized expression for the 4D single-particle

S-wave differential cross section dos computed using the above amplitudes with A = M 6(Ey — E;):

dog | foclk) + 11— IT' + fs,cl(k’)} g, = T

3, 3 85,005 —c [M?S(Ey — E;)dE (3.2.10)

where the factors ps and §; are computed explicitly in Appendix D, where we also show how the 2D

rates are calculated. The factor d, . ensures the result is nonzero only when s = ¢ corresponding to

the observation made below eq. (2.1.14) that sc = +1 for any incoming S-wave fermion. Similarly
1.0

s'¢/ = —1 for any outgoing fermion.? Notice the proportionality to 1/k? ensures the cross section
scales with energy as does the unitarity bound (so long as the fermion mass is negligible).

For instance, using the amplitudes for fermion scattering given above we find the charge-changing
cross section to be

1-—-2II
27

.
T k2

dos [f++(k) SIS0+ f,+(k’)] St 110 (k —ktevdt ) 16C5 . — 8¢ P dK . (3.2.11)

Integrating over the final fermion momentum and marginalizing over the unmeasured final dyon

momentum then gives the total charge-changing cross section

7 [f++(k) SO (- 1)+ f,+(k’)] e (k —ev+ 2r12;1> % |6Cs —6Ch 2. (3.2.12)

2We restore the chirality label ¢/ on the final S-wave state to make all the quantum numbers explicit in dos
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In the same way for the charge-changing f_ (k) +II — (Il + 1) + f,_ (k') transition, we get

2II+1

oy fo (k) + 11— (H+1)+f+_(k’)} - <k+ev =

) %wca —8CY_[7. (3.2.13)

Similar expressions can be found for the cross section for processes where the 4D chirality of
the fermions changes but not their charge (such as the amplitudes (3.2.8) and (3.2.9)) but we
do not provide them explicitly here because they depend more sensitively on our initial choice of
unperturbed boundary conditions. Expressions for these processes are instead derived in §4 below

using the Born-Oppenheimer approximation.

3.3 Transitions between dyon field eigenstates

For the purposes of comparing with Born-Oppenheimer results in §4 it is worth computing the same
processes as above but this time choosing the initial and final rotor states to be eigenstates of a

rather than p or II. Strictly speaking, the interaction picture operator

11t

a;(t) =a+ 7 (3.3.1)

is not conserved and so its eigenstates need not agree at different times. However because 7= ~
ap < pin the semiclassical limit, it is a good approximation to neglect the time-dependence of a and
so amplitudes for transitions between a eigenstates simplify considerably, because a is approximately

conserved.

Pair production

For instance, for static a the amplitude to produce a particle-antiparticle pair of positive charge is

found by taking the matrix element of (3.1.3), leading to

Ala = + fr(k) + f,(k’)} ~ —Gqral (Wi + W ) € (6C5_ — 6CY_). (3.3.2)
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The corresponding amplitude for producing a negatively charged pair vanishes in this approximation
because the energy conservation condition now implies k + k' + ev = 0, which is never satisfied for
k,k' >0, ev > 0. As we shall see, the above amplitudes exactly match the ones listed in §4 below,
once these are evaluated in the perturbative regime.

The resulting total rate for producing fermion pairs (marginalized over their unmeasured quan-

tum numbers and the dyon final state) then is

_ 2
Tla— o + fio(k) + f_(k’)} ~ %\5(38 _—act | (3.3.3)

Scattering

The S-wave amplitudes for charge-changing fermion scattering in the same static-a limit are
Afr (k) +a > 0+ f-(K)] = =8wad (0 —wpp) e (002, —aC2,), (3.3.4)

and

A[f,(k) ta—ad + f+(k’)] = 0w (Wi —w_ k)€ (505 —5CY_). (3.3.5)

The corresponding total cross section for charge-exchange processes in which the dyon remains in

an a eigenstate then is
oy [ Fos(k) +a— a+ foos(k)| = O (k — sev) % 85Ce ., —oCv .| . (3.3.6)

Notice that both pair production and scattering involve only a fairly simple condition on & (if
any) as opposed to the fairly complicated restrictions on II that arose when the dyon was prepared
in a charge eigenstate. This relative simplicity arises because the a eigenstate always has an overlap
with IT eigenstates for which the processes are energetically allowed. The a-eigenstate expressions are
easier to compare with the Born-Oppenheimer, and agree within their common domain of validity

with the cross sections found in §4.
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Chapter 4

Born-Oppenheimer approximation

In this chapter, we compute the pair-production and scattering implied by the full mode functions
described within the Born-Oppenheimer approximation of §2.2.2, for which the fermions are quan-
tized with the bosonic field a initially treated as a classical field. We start in §4.1 by examining how
the fast degrees of freedom (the fermions) evolve in the presence of a static classical rotor field a,
then continue in §4.2 with some observations about the rotor’s response.

For these purposes recall that dyon interactions with S-wave fermions are described by the
hamiltonian H = Hgyon + Hpui that is the sum of the dyon-localized terms of (3.1.1), reproduced

for convenience here,?

1
27

1

01 4
Hayon = [p(t)— ] +ep Ao(r = e,) + 5[ Os(@) x| (1.0.1)

2 r=e,t

where Op(a) is given in terms of the couplings C2, by (2.2.18) and the bulk 2D hamiltonian is

557
1 oo < N
Hyux = He + 5 Z / dry, {Flal —isT? <ev — ? + eAg)] Xs s (4.0.2)
s=+"¢€

with H. denoting the part of the Maxwell action depending on the Coulomb field EO. We follow

previous work and perturb in the Coulomb interactions involving EO, whose contributions to the

1We follow standard practice here and keep the rotor kinetic term despite it being order (e2 /4m)mg in magnitude
and so nominally being higher-loop in size. It can make sense to do so to the extent that all of the rotor’s responses
arise at this same order (and are included).
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energy are suppressed by powers of e2. We differ from the warm-up calculations of §3 by not splitting
Op(a) into an unperturbed and perturbed piece; instead treating the interaction with a using Born-
Oppenheimer methods (as motivated in §2.3). In practice this means that we treat a as a fixed
classical field when determining the fermionic response and then return to ask how this slower rotor

field evolves in response to interactions with the faster fermions.

4.1 Fermion evolution

We start by calculating the Bogoliubov coefficients that relate in and out modes, neglecting the
Coulomb back-reaction of the distortions of the fermion ground state. Subsequent subsections then
consider some of the implications of this fermionic distortion such as to pair-production rates and

scattering cross sections.

Bogoliubov relations

The starting point expands the S-wave fermion field in terms of the in and out bases for the fermion

modes in the presence of a dyon background described in §2.2.2:

> dk ; ; ;
) = () agly + 0oy () (@)
x(@) Zi/m ) ol -+ ol (o) (@)
> dk
ved

[t (@) a2 + v () (@23)"] (4.1.1)

with mode functions defined in egs. (2.2.28) through (2.2.31) and (2.2.38) through (2.2.41) and

particle and antiparticle creation and annihilation operators satisfying

(ol (@)} = {a @)} = 0k = ) b,

and {ag?,g (a ?}‘ﬁc,)*} - {ag}l,:,(f}lg,)*} = 3k — k') 0ser, (4.1.2)

with all other anticommutators vanishing.

Since both the in and out basis are complete, each can be expanded in terms of the other. For
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each k > 0 we have
€ —ieQ
in o —— —2tke out +— _—i(2k+ev)e _ia, out
) = Tme ke (2] ) + e O )

e
in _ ++ 2ike € out —+ i(2k+ev)e —ia ,out
ou(e) = Tt () ot o) 4 T e e (o)

e
Ul (z) = Tfte ke (:0) uf (z) (4.1.3)

+ T Te e i 0 (k — eo)u_,,(2) + O (<k + ev) v, (@)

—1eQ
: _ : €
) = Ty () o)

TR 00 ( — e0) 03, (@) + O (—k + en)ust L, (2)]
and similarly

ieQ
U2 (@) = Tou e <TO> ul (2) + Tohr e T ettt ()
—ieQ
o) = Tl e () o) o T B ()
—ieQ
out( ) — 7'++ 2ike [ € ZE in ( ) (414)
ul"(z out € - ul p(z 1.
+7;;‘c+ei(2k_61))6 e—iu [6 (k - 61}) uifn,kfev(x) +6 (_k + ev) Uifn,*kJrev(x)}
eQ
v (2) = Tour e (6> o2 4 (2)

To

T €O ( — e0) ol (2) + O (—k + )l g, (@)].

These lead to the following Bogoliubov relations between the in and out operators for each k > 0

(see appendix D for derivation)

QN = T T e A s @) =T @) T @)
A = T tal + T et [0 (k- ev)a,, + O (<ktev) @ )] (415)

@) = T (@) + T " e [0 (b= ev) (@) + O (—h +ev) i,
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as well as their inverses

7;ut aouz +77;uj-6 e a3P2+ev7 (aﬁlk)* ::7;t:-(a3PZ) +77:)11‘5 6 (aou2+fv)*
aif,k Tou al + T €O (b = ev)a™ o, +© (<k +e0) @ 10)|  (416)

(@ 1)" = Tour @25)" + Toud ™[0 (k= €0) (55 00)" +© (—k + ev) a3, .

These are consistent with the anticommutation relations (4.1.2) by virtue of the unitarity identities
(2.2.34) and (2.2.35) — and their counterparts (2.2.44) and (2.2.45) — satsified by the T’s. As in §3,
we drop powers of ke, k'e and eve and shift a and rephase the out-state creation and-annihilation

operators to remove an ro-dependent phase.

Pair production

The mixing of creation and annihilation operators in the Bogoliubov transformations (4.1.5) and

(4.1.6) shows that the system is unstable to pair production if 7.1, is nonzero.

in/out

To compute the pair-production rate define the in and out vacua |0;,) and |Ogyt) as usual:
aly 0m) =@ [0m) =0 and  aQy [Ooue) = @} [Oout) = 0. (4.1.7)

We switch here for convenience to discretely normalized momentum states, for which we denote the
creation and annihilation operators using bold-faced fonts, as in (a,@). (See appendix D for relation
between discrete and continuum normalized states.)

Writing the total vacuum as a tensor product over momenta, [0) = [] |0*), and using the above

Bogoliubov transformations implies for each & > 0 we have e
={0(k—ev)+0O(—k+ev) [T, + T e (a 1”}6) __k+€1, ]}|00ut (4.1.8)
and
05e) = {O (k —ev) + O (—k +ev) [T, ™" + Ty T e (@l ) (@ xye)]}10m) . (41.9)
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where as usual O(x) denotes the Heaviside step function. See appendix E for derivation of the above
expressions.

If 7t= = 0 then (2.2.34) shows that 7T also vanishes and |7~ 7| = |7 ""| = 1. In this case
(4.1.8) and (4.1.9) imply the in and out vacua are the same state. But when 71t~ # 0 for some
momenta the in vacuum contains occupied out particles. This shows that when charge-changing
effective dyon-fermion interactions are present the dyon spontaneously emits a fermion with charge
+%e and the antiparticle of the charge f%e state, ensuring the net charge emission of %e + %e =e.

Total electric charge is conserved because this emission is accompanied by a transition between
rotor levels for a that removes one unit +e of charge from the dyon, as can be seen? from the a-
dependence of (4.1.10). The sign of the charge removed is dictated by the overall sign of the dyon
charge @ which we’ve chosen to be positive: (Q > 0. These pairs are produced through the Schwinger
effect [81, 73] by the external voltage v of the dyon between r — oo and r = 0, and act to discharge
the dyon’s net charge.

The energetics of the process is somewhat obscured within the Born-Oppenheimer approximation
because the rotor is treated as a classical field, which if regarded as an eigenstate of a is not an energy
eigenstate. When calculated perturbatively in §3 we do find that fermion emission extracts an energy
given by the spacing between rotor steps, which is of order Z=! ~ amg. But in a semiclassical
approximation this energy transfer is the same size (relative to mg) as loop corrections, which to
this order we neglect, and this is why (4.1.10) allows pair-production for the entire momentum range
k € (0,ev). Implicit in this treatment is the assumption that the fermion energies of interest are
much higher than the rotor gap; one manifestation of the noncommuting order of limits discussed
below eq. (2.1.8).

The amplitude for this emission (for fixed a) in a specific momentum mode is

<Ookut| Eo—uyt—k—kev O’?O—Lt‘/;f |Ol]fl> = @(7]9 + ev) T+_ eia ) (4]‘10)

in

which has squared modulus Py, = |T;77|> = |7, |?> when 0 < k& < ev. The vacuum-survival

2This is made very explicit in §3 for those who need convincing.
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amplitude for this specific mode is similarly
(05:105) =0 (k —ev) + O (—k 4+ ev) T, (4.1.11)

which squares to unity when k > ev but has squared modulus |7;. 7|> =1 — |, 7|2 = 1 — P}, when
0 < k < ev. The likelihood of producing zero or one pairs sums to unity because for fermions these
are the only possible options.

The exclusive probability for the full vacuum to produce exactly one pair in a specific mode

k € (0,ev) is given by combining the above result for all k, giving

g<ev g<ev

Praie (k) = [ (Ooue| @2 11 cp @5 100) P =P [ (1= Py) = ®F 117 @ (4112)
q#k q#k

The total probability factorizes because the likelihood of pair-production in each mode is independent
of what happens for the other modes. More useful is the inclusive probability for pair production of a
specific mode with the other modes unmeasured (and so marginalized over). The above expressions
show this is given by

Ppaic(k) =P = [TT > and 5o puopai(k) =1 — P = [T, 2. (4.1.13)

m

We can calculate the average number of particles produced by making use of the Bogoliubov

relations in the form

(Oin| Nout [Oin) = Z (Ot (aiukt) a(jrukt |0in)
k=0
= ];)| TP 0w @ ey (@0 pyey)t [Om) = Ak‘ PR (4119)

where Ak = 7/L is the spacing between momentum states (when these are discretely normalized).3
The number of particles per unit length is obtained by dividing by 2L, and this has a sensible

continuum limit as L — oo, with d(N)/dx = ev|T," ~|?>/(27). Since each produced particle moves

3We discretize momenta by putting the system in a box —L < r < L with near-dyon boundary conditions imposed
at 7 = € &~ 0. In these conventions the relevant length of the system is 2L, and the density of states is 27 /(2L) = 7/L
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to larger r at the speed of light this means that these particles emerge at infinity with a rate
s = ev|T;77|?/(27). A similar counting also applies to the number of produced antiparticles.
Because each pair contains one positively charged particle and one positively charged antiparticle

the number of produced pairs is also

ev

—|TF 2. (4.1.15)
2w

1_‘pair =

This result is independently computed below using the expectation values for the fermionic currents.

Eq. (4.1.15) can also be compared with (3.3.3) (when restricted to the perturbative domain). To
this end we must expand the coefficients 7, perturbatively to the same order in the §Cs used in §3.
To linear order the 7T;, amplitudes are given by

Tas = 14i(6CL — 6CS,) and T.f~ = =T, " =i(6C_ —6C5_), (4.1.16)

mn

once the rank-2 conditions §C?3, = 6CP;, = 0 are used. Using these in (4.1.15) then agrees with

ss’ ss/ T

(3.3.3).

Vacuum currents

An alternative characterization of dyonic pair production that lends itself to the continuum limit is
the integrated contribution of the produced pairs to current flow in the fermion sector. To display
these currents we evaluate the expectation value of the various conserved currents in the in vacuum.
Since these expectation values in general diverge we regulate them by point-splitting the two fermion

fields involved by a distance €, writing

X(r, ) Mx(r,t) = x(r +¢/2,t)Mx(r —e/2,t), (4.1.17)

with € — 0 taken at the end, after renormalizing. We quote here expressions for the regularized

currents — see appendix F for details of the matrix-element calculations.
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The regularized components of the fermion number current* j& = i7xT'*x are given by

. . . . 21
<Oin‘]g(x) |0in) = <Oout|]g($) |Oout) =0 and <Oin|]é(517) Oin) = <00ut‘]113($) 0out) = e (4.1.18)

while those of the fermionic electromagnetic current j& = %ieYFaTg,X are

eQ

. . v,
<Oin|32<7"7 t) |0in) = <Oout|32(ra t) |O0out) = gW}T |2 s y—

. . v,
and (O] 4 (r, 1) [0in) = — (Oout| jip (7, t) [Oout) = gmff 2. (4.1.19)

We define the axial current by j¢ = ix['“I' ,x with I', := I'. 73 rather than I'. because this agrees
with the 4D axial current ity 51 for S-wave states (up to the usual 2D normalization factor of

47r?). Tts vacuum matrix elements are

. . ev _
<Oin‘]2(T7 t) |Oin> = - <Oout|]2(rv t) |Oout> = *?‘7:: |2

. . ev _ e@
and <0in‘J,14(74a t)|0i) = <Oout|J}x(7"7 t) |Oout) = —;|7}T ‘2 + P (4.1.20)

Recalling that the 2D modes are normalized so that the 2D flux j! gives the integrated radial flux
472 J" for the corresponding 4D S-wave current, we see that at spatial infinity there is a nonzero

flux of both electric and axial charge:
. . ev _
(Oin] jE(00, 1) [05n) = €§  and (O] 55 (00, 1) |Oin) = —2F where = %mx >, (4.1.21)

This has a simple interpretation as a flux of pair-produced particles, since each such pair carries
electric charge e and axial charge® —2 (and no net fermion number), with integrated particle flux
(or rate with which particle pairs appear at infinity) given by Ipa.ir = §, in agreement with (4.1.15).
Our result for the flux of the axial current is consistent with [73], when the 7 amplitudes are chosen

to match theirs® i.e. when |777| = 1.

4We do not go through the exercise of renormalizing the fermion number current here, since we only use
(Oin| 5 (%) |0in) to evaluate the conservation equations for j&, 5.

5See appendix D for discussion of asymptotic charges of in, out states.

6Note that the axial current in [73] has a relative minus sign compared to our definition.
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These expressions are also consistent with (anomalous) current conservation. As shown in ap-

pendix F, the above currents satisfy

o eqQ . _ 1Q . .
0u7(x) = oo lim [eX(r + /2,00 rax(r —</2,1)] = — 2 lim [=%(x)] =0,
o Q. 1 ie’Q .
0ajo(z) = mg%{ex(r—i—a/lt)f‘ox(r—3/2,1&)} =2 111%[632(@] =0,
o eQ . [ _ e T eQ
BniC (x) = —ﬁshg(l)[sx(r+s/2,t)l“1x(r—5/2,t)} - ﬁg%[q;(x)} = -5 (4122)

These agree with the standard 2D anomaly expressions, which in the present instance tell us that
7% and j& are anomaly free and give

Dady = F - (—E)} i6')"@.7:&5 = % 0o Ay — &v‘lo] = %(‘% (ef) - 6'U> = —;—Q (4.1.23)

2/12n r2’

when evaluated with the background dyonic Coulomb field.

It is also noteworthy that (4.1.19) implies that particle production significantly polarizes the
fermionic ground state, inducing a charge density with the opposite sign to the dyon charge that
(for massless fermions) falls off only as a power law as one moves away from the dyon. As has been
remarked elsewhere [26, 62-66], such charging of the fermion ground state puffs up the dyon into a

much bigger object than was the underlying classical dyon configuration.

Dyon-fermion scattering

The Bogoliubov relations in the 2D EFT also allow us to calculate the cross section for any S-wave
fermion-dyon scattering process, by evaluating amplitudes of the form (Agyu|Bin). The Bogoliubov
transformation provides a succinct listing of the options for (Ayu¢| that give nonzero amplitudes
given a single-particle |Bj,) that can be seen by expanding the incoming state (aisrjk)* in terms of

out operators — see (4.1.6). The presence of pair-production means that any such process can be

accompanied by some number of spontaneously produced pairs.
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For instance the 4D chirality-changing amplitude for f_(k) — f_ (k') accompanied by the emis-

sion of n pairs is given by

<O°ut| agltt—qn+eva3-u;n aiut—m +eva3-u21 aouZ’ (a k)* |Oin> (4~1~24)
= 5(k - k/),ﬁ;i <00ut‘ a(i‘tianrwa(f:Zn aout tI1+ev 111511 ‘Oin> ’
where n = 0,1,2,---. The amplitude for charge-changing processes like fi (k) — f+(k’) (accompa-

nied by n spontaneously produced pairs) is similarly

(Oout| T 4, 1 en@ s @™ 4 en@S s a®% ('l )" |Oin) (4.1.25)
= 6(kl +ev —k)e _w7:n (© 0ut|a(iu,tfqn+eva(jru,f1n a(lu,tfqntev 1ug1 |0in) ,
and
< out| a_ _q7L+eva3_u2n a(iuiql_,_evai_u;l aiuil(a k)* |Oin> (4126)
=0(k' —ev — k)eialﬁi7 (Oout | agu,iqm%va?ru,;n“ aOUt q1tev® (J)rltfh [Oin) -

In particular the different voltages seen by the two charge states imply the reaction fi (k) — f_ (k)
(plus pair production) vanishes unless k > ev for want of fermion final states with the required
energy.

The remaining reaction obtained with an initial incoming positively charged fermion is slightly
more complicated. On one hand the 4D chirality-flipping process fi (k) — f1 (k') (plus the pro-
duction of n pairs) proceeds much as above. However when k < ev the part of the Bogoliubov
transformation relating (a'? 1) toal ' jtew also contributes to give an amplitude for spontaneously
emitting n + 1 pairs from the vacuum (with one of the pairs corresponding to a particle and antipar-

ticle of momentum k' and —k + ev, respectively), leading to:

< outl a— _q7L+eva3_1J7;n EOUt Q1+eva?i'u,fh a'g-u;c’( i )* |01n>
- 5(k B k/)ﬂ‘TJr <00m| ao*uvt*anreva?Fuf]n agut*ql+evaiu21 |Oin> (4.1.27)
+® (_k + e'U) €_ia7;; < OUt| (l_ —q,ﬁ—ev (‘)ﬁfh _.EOU'E Q1+eva’?|-ufl1 a(-)i-u';c’ao—u—k+ev |Oin> .
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In equations (4.1.24)-(4.1.27), the momenta k', ¢, - - - g, are all distinct and satisfy ev > ¢1,--- g, >0
as well as k, k' > 0. Similar formulae can be derived for the amplitudes with a single antiparticle in
the initial state.

The next step is to evaluate the pair production amplitudes appearing in (4.1.24)-(4.1.27) by
using the out particle content of the in vacuum, as in appendix E. When counting pairs it is more
convenient to switch to a discrete normalization for momentum eigenstates, as we now do, in which
case the maximum number of out pairs in the in vacuum, N, is a finite but large number”. The
discrete normalization analogue of the amplitude for emitting n pairs appearing in (4.1.24) to (4.1.26)

and the first line of the right-hand side of (4.1.27) evaluates to
n —ou ou —ou ou ——\N-n —\" jin
Apair = (Oout| a—,t—qnﬂ—evau,.)zn...a_7t_q1+eva+7fh |Oin) = (7;1 ) (7:3_ ) e, (4.1.28)

for n < N, and vanishes otherwise.® For k < ev the amplitude for emitting n + 1 pairs encountered

in the second line of (4.1.27) similarly corresponds to

n+1 AN —out out —out out _out —out A
Apair (k7 k ) - <00Ut| a—,—qﬂ,+eva+,qn,"'a—,—q1+eva+,q1 a+,k’a—,—k+ev |01n>

=~ (T )N UTY (T ) et e, (4.1.29)

when n < N and vanishes otherwise. The two lines on the right-hand side of (4.1.27) then combine

to become

Y R S MY
S _ _ __\N— 1 _ P
= e [T T ™ = T T | (T )Y () e, (4.1.30)

for £ < ev and n < N, when evaluated using discretely normalized states. The corresponding
continuum normalization amplitudes have a very similar form.
Notice that the amplitudes (4.1.24)-(4.1.26) factorize into a product of a single-particle transition

amplitude, Ag., from a particle with quantum numbers s, k¥ to one with quantum numbers s, k',

7N is defined as the maximum value of (Oin| Nout |Oin) = ev/Ak \7::7\2 and so is given by N = ev/Ak. In the
continuum limit, N goes to infinity as the spacing Ak between states vanishes (see Appendix D for details).

8We denote transition amplitudes between discretely normalized states by A and their continuum normalization
counterparts by A.

83


http://www.mcmaster.ca/
https://physics.mcmaster.ca/

PhD Thesis — S. Bogojevié¢; McMaster University — Physics and Astronomy

times a product of pair-production (or vacuum survival) amplitudes for all the modes. The amplitude
(4.1.27) factorizes in the same way for initial momenta k > ev, while for k¥ < ev the product over
pair production (or vacuum survival) amplitudes runs over all but the k-th mode®. The amplitudes
factorize in this way because scattering and pair production for different modes are statistically
independent. Inspection of the above formulae shows that the single-particle transition amplitudes

Asclfs(k) — fo (k)] are given by

Aself-(k) = f-(K)] =T, ~ o(k — k), (4.1.31)
Ase[fe(k) = f-(K)] = e T T §(K +ev—k), (4.1.32)
Ase[f-(k) = fr(K)] =T~ 6(K —ev — k), (4.1.33)

and
Aselfe(k) = fo(K)] = |O(k — e0) T + 0O (=k +ev) [T T~ — TJ—TifH S(k—K'). (4.1.34)

Notice that the unitarity constraints on the 7;, amplitudes given in (2.2.34) and (2.2.35) imply that
the expression 7./ 7.~ — 7.7~ T;, T simplifies to a phase.

Low-energy scattering rates can now be computed much as in §3 by projecting any incoming
plane wave onto the S-wave. 4D cross sections can then be computed by dividing by the appro-
priate incident particle flux. For instance, factoring out the energy-conserving delta function from
amplitudes (4.1.31)-(4.1.33) as A, = M 6(Ey — E;), the 4D cross section for scattering with no pair

production is

. s ™
da—;xclusive [fsc(k) — fs’c’(kl)] = % drexclusive = ﬁ 55,c55’,7c’ |~/\/1|2 | <00ut‘oin> |2 5(Ef - Ez) dk/,
i

(4.1.35)

9For k < ev, the amplitude (4.1.27) factorizes differently than (4.1.24)-(4.1.26) because it describes two processes
in which the number of produced pairs is not the same. We define As. for this process as in (4.1.34) so that the
single-particle amplitude captures the relevant contribution of (4.1.27) to inclusive observables.
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where the probability for the plane wave to be found in an S-wave, ps and the initial particle flux §;
are defined as in §3 and are calculated in Appendix D along with the 2D exclusive differential inter-
action rate dlexclusive- Similarly, the cross section for scattering with no additional pair production

for the final amplitude (4.1.34) is

s i
daexclusive f++(k) — f+—(k/) = ﬁ |M|2 | <Oout|0in> ‘2 5(Ef - Ez) dk/

X [@(k — ev) + O(—Fk + ev)

T;\‘Q} (4.1.36)

where M is defined through A, = M 6(Ey — E;) and the factor of |’7:; - |_2 is cancelled by similar
factors in the overlap | (Oout|0in) |2, making the cross section finite even in the 7., = — 0 limit.

Of more practical interest are inclusive cross sections for which the number of associated pair pro-
ductions is unmeasured and so marginalized over. Appendix E — see the discussion below eq. (E.2.1)
— explicitly performs the marginalization over the number of produced pairs and shows that the
resulting cross section can be expressed purely in terms of the single-particle scattering amplitudes

Ase, given in (4.1.31)-(4.1.34). The ability to do so is a consequence of unitarity, and is also the

reason the parameters n and N drop out of our final results. The inclusive 4D cross section becomes

do, [fsc(k) o fslc,(k')] - % A s eusive = % Js.c0 o |M28(Es — E;) dk (4.1.37)

where the 2D inclusive differential interaction rate dlinclusive 18 defined in Appendix D.
Combining results and integrating over the final momentum &’ leads to the total inclusive S-wave

cross sections. For charge-exchange processes with s = ¢ we have

os[fr = f£] = T T+—’2®(k¢ —sev). (4.1.38)

k2| 'in

Similarly for processes in which the 4D chirality changes, but the charge doesn’t the cross section

when s = ¢ = — is
T o 2
oslf- = f-1= 3 Ta | (4.1.39)
and
2
oulfs > £ = 75 [0k —ev) Tiﬂ YO (—k+ev) |, (4.1.40)
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when s = ¢ = +. These agree with the corresponding perturbative expressions when their domains
of validity overlap, and are consistent with the cross section results given in [77], when we restrict
to their choices: |77 7| = |7 " |=1, T " =T, =0.

These cross sections display catalysis inasmuch as they are independent of the scale R ~ m;l
of the underlying classical dyon [26-28]. They also do not depend directly on the dyon magnetic or
electric charge (though there is a large Coulomb phase that drops out of the cross section that does
see the dyon’s electric charge). Their size scales like the unitarity bound o o 1/k? whose origin
comes purely from the projection of the incoming plane wave onto the S-wave that dominates at
low energies. Finally the rates are directly controlled by the size of the effective couplings hidden
within the 7y, amplitudes, rather than through the more microscopic scales associated with the RG-
invariants that would normally be needed once couplings are renormalized to remove the spurious
e-dependence. In the present instance — and just for the special kinematics of the monopole S-

wave — the existence of only a single solution to the radial equation implies that the dimensionless

magnitudes |7i,| themselves are already RG-invariant.

4.2 Effective dyon dynamics

Having described fermion behaviour in the approximation where the ‘slow’ degree of freedom a is a
fixed background we here return to the question of how a responds to fermion scattering on longer

time-scales. The leading dynamics of a is governed by the hamiltonian (4.0.1)

Haon = g o0~ 2]+ L [xOute) (12.)

2 r=¢,t

where p is the conjugate momentum for a given in (2.2.9), repeated here for convenience:

0 .
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Charge conservation and rotor evolution

In the Heisenberg picture the momentum p satisfies the equation of motion

‘ (7 {Otg(a(t))vgﬁ%} x) = jr(et), (4.2.3)

]
2 r—e

ep(t) =

where Op(a) is given in (2.2.18) and the last equality equating the result to the fermionic electro-

magnetic current flux is obtained by using the boundary condition (2.2.17) c.f. eq. (2.2.19):
[T + Og(a(t)] x(e,t) = 0. (4.2.4)

Eq. (4.2.3) expresses conservation of total electric charge in the sense that it equates the change in
the dyon charge —ep(t) to the radial flux of fermion electric charge jl(e,t) evaluated near the dyon.

Equation (4.2.3) integrates to give

b)) = p(to) + ;[ dtibet) (125)

to

and this result can be used in (4.2.2) to evolve a, leading to

(t) = (t)—i—l/tdt’ (t)_19+1/tldt’/-1( t/,)
a = a(to T " p(to o o Jr €

to

—a(t)+t_t0 (t)—i +1/tdt’/tldt”'1( ") (4.2.6)
e P m o e f, 4 ), RS =

These expressions show how the rotor operator acquires a component that acts within the fermionic
part of the Hilbert space for times t > tg.

Now comes the main point. We wish to use the above expressions to determine how the slow
variable a evolves in response to its interactions with the relativistic fermion field. If we use how
nuclei are handled within the Born-Oppenheimer approximation applied to atoms, the answer seems
simple. For atoms one first computes the electronic state |¥(R)) as a function of fixed classical
nuclear positions, R, and then determines the nuclear positions by minimizing the nuclear energy
V(R) = (¥(R)|H|Y(R)) given these atomic states. In the present instance the first step corresponds

to computing the fermion state |1;; a) as a function of a classical initial value for a. Then we compute
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an interaction Hamiltonian that captures the correct dynamics within the fermionic state |¢;; a) and
use it to find how the field a evolves.

Suppose we assume that the rotor and fermion sectors are initially unrelated to one another at
t = to, at which point a(tg) = ap. The above reasoning suggests these slow-moving rotor degrees of

freedom see only an average over the fast variables and so (4.2.3) is approximately given by

. 1 .
barn(t) == = {a0; 0l jL(e,) [ 20} (4.2.7)
which integrates to
1/t ,
et () = p(to) + ;/ dt’ {ao; ¥l jp (e, ') b ao) | (4.2.8)
to
as well as
e (t) = ag + 2 @)—ﬁ+1/ﬁ”/$&Waww4<ﬂnwu> (4.2.9)
eff - 0 I p 0 27_(_ eI to to 05 7 jp 67 i B0/ - b

For instance, for fermions initially prepared in the vacuum state |¢;; ag) = |0in) eq. (4.1.19) gives

a time-independent current expectation value
. 1 ) ev _
bair(t) = - (Onal 31 (e.8)[0m) = S IT5t 12, (42.10)

and so the time-evolution of a and its conjugate momentum p are approximately given by

ev(t

)

—t B
perr(t) = p(to) + —5 [T P (4.2.11)
and
- t—to Y ev(t —to)® 2 _
terr(t) = alto) + — {p(to) - QJ +—47 T P~ a0, (4.2.12)

where the final approximate equality drops a-supressed terms involving Z=! ~ am, (which also

assumes t — tq is not too large).
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Effective rotor hamiltonian

One can ask: is there an effective rotor hamiltonian whose equations of motion have the same form
as egs. (4.2.2) and (4.2.3)7 Strictly speaking, such a hamiltonian need not exist because the rotor
is an open quantum system once the fermion degrees of freedom are ignored. For such systems
an effective hamiltonian only exists to the extent that there is a mean-field description for which
fluctuations in the ignored degrees of freedom — the ‘environment’ — can be neglected relative to the
mean evolution (for a review of these issues, including a more precise statement of the mean-field
criterion — see [14]).

But even if an effective rotor hamiltonian exists, its description is likely not as simple as generating
a potential V(a) for a, which would be the analogy expected based on the Born-Oppenheimer
description of the energetics of nuclear positions within an atom. In particular any such hamiltonian
must produce nonzero p that is independent of a. But while it is true that Hamilton’s equation
p = —0H/Oa seems to imply that nonzero p requires H to depend on a — such as by adding a
potential V' (a) to H — there is also no choice for a potential satisfying V(a + 27) = V(a) that can
produce a nonzero p that is independent of a.

To explore what a successful choice for a rotor Hamiltonian would look like consider as a starting
point the rotor dynamics implied by the Lagrangian of (2.2.7), repeated here (including the coupling
to go)

Layon 3 ﬁe;it) (a - eﬁo) + %(a - eﬁo)2 T (4.2.13)

which writes the terms in order of dominance at low energies. For later purposes we temporarily
entertain the possibility that Jeg = Jerr(t) is a specified function of time.

Consider first keeping just the leading term,

e s
Srotor—/wdt o (a—€A0)7 (4214)

in which case the canonical momentum and Hamiltonian are

eVeost (t) ~

L 6Srotor Tslel‘f(t)
p= oo Ao, (4.2.15)

e T T a_ d H= ._Lroor:
5a o Pa= Lot
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where the momentum equation can be regarded as a constraint. The Hamiltonian reveals the
sole energy associated with this interaction to be the Coulomb energy due to the dyon acquiring
an additional induced charge —edeq/27m (as expected from the Witten effect [79]). The evolution

equation for p is then

. ﬁcff
b= (4.2.16)

Interestingly, this equation does agree with (4.2.7) provided we identify

2 t
ﬁeﬁ‘(t) ~ 190 + g/ dt/ <Cl0; 1)/11|j1£(€,tl) "l/)l, C10> . (4217)

to

In the special case where [1);; ap) = |0i,) this becomes
Vet (t) = 9o + ev| T2 (t = to) - (4.2.18)

The idea that fermion scattering might cause vacuum angle evolution was earlier discussed in [69].
Extending the above to include the subdominant kinetic term for a appearing in (4.2.13) — and
again entertaining the possibility that deg = Jeg(t) is a function of time — instead leads to the

canonical momentum and Hamiltonian

88 deslt) .~ I | Yot \*
p.—g— o +Z(a—edy) and H—pa—L—epAo—l—ﬁ 13—27T , (4.2.19)

which shows how the previous momentum constraint p = Jegr/(27) emerges as the momentum choice
that minimizes the energy, for fixed ego. To the extent that the rotor evolution minimizes its energy

one expects

fazi‘f and azé(p—ﬁjg:o, (4.2.20)
which agree with eqs. (4.2.2) and (4.2.10) in the limit that Z=! can be neglected (so @ ~ 0), when
Dot (t) is given by (4.2.18). Although the rotor charge p evolves as it follows Jog the minimized value
of the energy remains unchanged.

The above picture apparently relies on a and p approximately behaving as slow classical variables

so that p can evolve continuously with time as J.¢ does. This is indeed a good approximation for
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the fermion energies amy, < E < my for which the Born-Oppenheimer approximation applies.
In a fuller quantum treatment the initial value ay appearing in (4.2.9) should be regarded as an
operator satisfying [ag ,po] = ¢, and commutes with the fermion degrees of freedom evaluated at .
The requirement that ag also be a periodic variable with ag ~ ag + 27 implies that its canonical
momentum Jg is quantized with eigenvalues A\, = n where n is an arbitrary integer. Evaluating the
hamiltonian of (4.2.19) as a function of peg(t) given in (4.2.11) with Jeg(t) given by (4.2.18) then

shows — in the absence of EO — that

1 ev 9]% 1 2%
H=_— t)— —| T Pt—to) ——| == (po— — 4.2.21
7 [pen(®) = ST P -0 - 32| = g (b 52 (121
and so has energy eigenvalues
1 9o\
n= == -— 1, 4.2.
En =1 (“ 277) (4.2.22)

that are independent of time and quantized with step size of order T~ ~ am, even as peg(t) varies

continuously.

Vacuum-angle evolution

The upshot of the previous section is that — somewhat surprisingly — an effective Hamiltonian can
exist that captures the rotor’s evolution equations (4.2.2) and (4.2.3) if tracing out the fermion were
to produce an effective contribution to the effective lagrangian of the form AL = iﬁeg(t)Da with
Dot (t) satisfying the matching condition (4.2.17). How might such an effective interaction actually
be generated when explicitly integrating out the bulk fermion?!®

An effective lagrangian of the form (4.2.13) with a time-dependent Jog might arise if the fermion-
dyon interaction involves operators that contain one extra derivative relative to those in (2.2.7), such
as

AL = O(X, x) Da, (4.2.23)

where O is an operator built from the bulk fermion field and Da = a — eA\O as before. Taking the

expectation value of this in the in vacuum shows that (O) plays the role of Jeg/(27) and this can

10This issue is also discussed in [69], though in a way that invokes a bulk coupling of a to fermions.
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be time-dependent (and calculable) if (O) is. In principle the operator we seek should satisfy
1 -1 / 1 -0 !
8t02;]F(6,t):*§jA(€,t). (4.2.24)

in order to ensure that (4.2.17) is true.
This last condition suggests a guess for what the operator O should be. In 1+1 dimensions our
two Dirac fermions ys can be bosonized into two real scalars ¢, where the map between bosons and

fermions implies — see also (2.2.19)
Js(e,t) < 0%y — 0% . (4.2.25)

Comparing this to (4.2.24) suggests that the operator O we seek has a simple expression in terms
of the bosonized field: O x ¢4 — ¢_. If so then (4.2.23) represents a dyon-localized kinetic mixing
between ¢ and a.

We have not yet found a convincing derivation of why AL of the form (4.2.23) is generated once
the fermions are integrated out, or why it arises with the right coefficients. But the above discussion
reinforces earlier work [32, 63, 26, 69] that suggests that the bosonized formulation of the scattered

fermions might be more useful for understanding how the dyonic excitation a evolves.
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Chapter 5

Conclusion

In this thesis, we construct an effective field theory that describes the dominant interactions of a
dyon (or magnetic monopole) with relativistic fermions in the low-energy regime. We focus on the
dyon’s interactions with fermions because they sometimes lead to catalysis i.e. the phenomenon
that dyon-fermion scattering cross sections can be much larger than the dyon’s geometrical size.
This sets fermions apart from other light fields, since the dyon’s influence on observables that don’t
exhibit catalysis is generally expected to be negligible due to the huge hierarchy of scales between
present-day energies and the superheavy dyon mass.

Our approach relies on the framework of point-particle effective field theory (PPEFT), which
describes how massive compact sources (such as nuclei, dyons etc.) influence low-energy ‘bulk’ fields
whose wavelengths are too large to resolve the source’s interior structure. In this regime, the relevant
degrees of freedom of the point particle are its collective coordinates such as the position of its centre
of mass and (in the case of a dyon) a charge degree of freedom localized on the dyon’s world-line.

The effective action that dictates how fermions interact with the dyon’s collective coordinates
(and other light fields) is given by (2.2.4) and is dominated at low energies by operators that are
similar to those found in PPEFTs describing interactions between electrons and nuclei in atoms
[35]. The PPEFT formalism relates the effective action on the dyon world-line to a set of near-dyon
boundary conditions, imposed on the bulk fields at radius r = € — such as (2.2.12) or (2.2.13) — and

this is often a more useful way to encode interactions.
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The main difference between dyons or monopoles and sources without magnetic charge such as
nuclei lies in the peculiar kinematics of the lowest fermion partial wave, not the type of interactions
allowed on the source’s world-line. Specifically, the dyon’s magnetic field contributes to a charged
particle’s angular momentum and this makes it possible for fermions to have zero total angular mo-
mentum. Such S-wave states are special because they exhibit only one type of power-law behaviour
which forbids the emergence of an RG-invariant length scale, R, in the way it typically arises in less
exotic PPEFT applications i.e. as the crossover radius between two types of power-law behaviour
in angular momentum mode functions. The observables of a PPEFT must be expressed in terms of
RG-invariant quantities such as R, and (since these depend on the underlying physical scales) this
is how the suppression by the small source size enters into observables. Since no analog of R, exists
for S-wave fermions, the size of fermion-dyon cross sections in the S-wave sector is instead mainly
set by the incoming fermion’s momentum.

We show how the resulting dynamics of the bulk fermion coupled to the dyon’s ‘rotor’ mode
captures the well-known fermion-dyon physics, but in a way that is very generally characterized
by only a few parameters — e.g. the 7;;’;5/ of (2.2.33) — whose values can be obtained by matching
with microscopic physics for specific dyon configurations. Our general expressions for e.g. scattering
as a function of the 7;2°" reduce to those of the literature once these matched values are used.
These expressions also capture how scattering includes the nonperturbative effects of fermion-rotor
interactions as studied in [68], which can be regarded as providing a more complicated matching
prescription to the microscopic physics that changes the values found for the 7;15]5/ but not the
expressions for how observables depend on these parameters.

We also explore how the fermion scattering causes the dyonic excitions to evolve and identify
an effective hamiltonian that captures the dynamics required by the model’s conservation laws at
low energy. Although we do not yet have a microscopic derivation of this Hamiltonian we explore
several preliminary options.

A natural next step is to apply our methods to monopoles and dyons arising in realistic Grand
Unified Theories. Within this context, the EFT tools we develop can be used to classify the dominant

low-energy interactions of GUT monopoles and dyons with Standard Model fermions, with the goal

of guiding future experiments. Another avenue for future research is to explore the significance of
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EFTs for which the boundary matrix has rank three. These EFTs are not prohibited by unitarity
but naively appear to be unphysical, although we are not aware of any fundamental reason why they
should be ruled out. Yet another future direction is to explicitly show how the renormalization of

effective couplings described in [68] can take place within our PPEFT framework.
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Appendix A

Gamma-matrix conventions

This appendix summarizes our Dirac matrix conventions in both four and two dimensions.

A.1 4D Dirac matrices

We follow Weinberg’s spinor and metric conventions, so our metric has signature (—, +,+,+) and a

Weyl representation for the gamma matrices in four dimensions is given by

0 I , 0 —io,
0 _; ; J = T, Al1l
K I 0 ! i 0 ( )

where I is the 2 by 2 unit matrix and o; are Pauli matrices (acting in spin space, as opposed to the
Pauli matrices 7, acting on gauge doublet indices). These satisfy the Clifford algebra {~v*,~"} = 2n¥

where n*¥ is the inverse Minkowski metric, and the representation is chosen to diagonalize

I 0
5 L 0.1.2.3
v = =iyt = . Al.2
(0 _I> (A.1.2)

Dirac conjugation in these conventions is given by v = i)T~1%. In these conventions the left- and

right-handed chirality projectors are 7y, := %(1 +7v5) and 5 == %(1 —s5)-
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Spherical coordinates

The gamma matrices adapted to spherical coordinates are given in terms of the unit coordinate

vectors

T :=7;e; = sinflcospe, +sinfsinpe, +cosbe,,
] :éiei = cosflcospe, +cosfsingpe, —sinfe,,
¢:=¢ie; = —singe, +cospey. (A.1.3)

by 7" :=~ 7, 4% :=~"0; and v® :=~" ¢;/ sin 6, and so

0 —io” 0 —io? 1 0 —io?
= N , = 7 and ¢ = — R (A.1.4)
o™ 0 ic? 0 sinf \ jg¢ 0

where the Pauli matrices in spherical coordinates are defined by

o _cos@ e~ ®sind ’09: .—sin9 e~ cos @ and of — 0 —je~ (A1)
e®sinf  —cosd e®cosh  sinf ie'® 0

A.2 2D Dirac matrices

In D =1+ 1 spacetime dimensions we label coordinates with % = {¢,r} for « = 0,1 and use the

following representation of gamma matrices

= —ioy, Tt=o0y. (A.2.1)

These satisfy the algebra {T'®, T#} = 28, where n®? = diag(—1, 1) is the inverse Minkowski metric

in 1+ 1 dimensions. The chiral matrix in 1+1 dimensions we then define to be

[.:=TT! =03, (A.2.2)

which has eigenvalues 1 (and is diagonal in the basis used here). Notice that these definitions

01

imply I'.I'* = eo‘ﬁfﬁ where our Levi-Civita convention chooses ¢°* = +1. Dirac conjugation is
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again given by ¥ = ix'T" and in these conventions the left- and right-handed helicity projectors are

Ip:=23(1+T.)and - :=1(1-T,).
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Appendix B

Regularized codimension-1

boundary action

This Appendix addresses the question of how to regularize the fermion-dyon interactions defined on
the dyon world-line, which appear in equations such as (2.2.7).
As argued in the main text, the lowest-dimension interactions between the fermion doublet ¥ (z)

and the dyon collective coordinates y*(t), a(t) are given by

S(ilr;fon - *%/dtaaa)ﬂ’

1 (s | . - pu i aps . .
—i/dtw[cf +i ey —i ey’ — i e sy + (c§ + i hys —iesy° —zc§”75'yo)73 (B.0.1)

+<Ei +ic s —i ¢ — iEf’,_”ys'yo)emn + (E‘i +i Py — ity — E’i”yg,wo)e_mT_] )

where 1 is evaluated at » = 0 and we specialize to the dyon rest frame and neglect dyon recoil

effects so that g =~ df/. We can regulate the operators appearing in Sint

dyon by replacing them with

appropriate interaction terms, defined on the boundary of a Gaussian pillbox at » = €. Appendix
1.2 shows that for fermion field configurations which are spherically symmetric near the source, the
regularization procedure amounts to replacing fermion bilinears such as ¥ M1, where M is a matrix
in spin and isospin space, with their average over the pillbox boundary (4me®) ™! [ d?Q €% v () M1p(e).

This is a valid prescription for operators in (B.0.1) describing ¢, _ self-interactions (mediated by
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¢1,¢3). For operators that couple ¥, and ¥_ we must use another prescription however, since the
angular dependence of the two components of the doublet is different, even when restricting to the
same partial wave. As a result, regularized fermion bilinears such as 9 (e) ¢5 719 (€) are generally
not rotation-invariant and so can vanish after integration over the boundary of the pillbox. This can

be seen explicitly by specializing to S-wave states for which we get e.g.:

1
4rre?

/dQQ 62 E(e) Ej_T+’l/J(€) — f—T—(Q t) g- (67 t) + gi(@ t) f— (6’ t) Ej— / dQan,- n_ = 0’ (B02)

4me?

in the gauge where the Julia-Zee solution has the form (1.1.19) and S-wave fermions are given by
(2.1.10). That the form of angular momentum eigenstates depends on their electric charge can be
traced back to the expression for the angular momentum operator f, which includes a contribution
from the gauge isospin T as in (1.1.29).

To couple the two components of the doublet at the r = ¢ boundary, it suffices to introduce
additional matrices Py, which turn the angular dependence of 1 into that of ¥_ and vice versa.
For S-wave states and in the ‘abelian’ gauge of (1.1.19), these matrices act in spin space and are

defined through:
t t)n— _(r,t)n_
p L <f+(n m) ! <f+(n ) ) g p L (f (r.t)n ) _
TA\g+(rt)ne) T \g+(rt)n- " \g-(rt)n-
Since these equations do not unigely determine Py, we further choose:
1 ,t 0 1({f-(r,t)n_ 0
P_<f+(7“ m)()’ . P+<f (r )77><>’ (B.0.4)
7 \g+(r 1) nt 0 " \g-(rt)n- 0

which leads us to the following expressions for Py in the R_ patch

it (i 0 je='¢ [iog — 0
P, = e 109 + 04 _and P — e 109 — Og ’ (B.0.5)
2 0 109 + 0y 2 0 109 — 0¢
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as well as P == eT2® Py in the R, patch. It follows that for S-wave states, the world-line interac-

tions in (B.0.1) can be regulated using the following boundary action:

. 1 1. N . N N ~ N A
I = =3 / dtszgzw[Cerins'yg, T DI e oML (C§+icgs'ys 7icg707¢cgww°)73 (B.0.6)

+(éi + iéf_sv5 —iCA° — iCAiU’yg,’yO)eiuP_ T+ ((fi +iCP s —iCPA° — iCAfvfygfyO)e_wPJr 7'_} )

where we introduce the boundary couplings CA}“ = 47362 E‘IA. The boundary condition satisfied by

S-wave fermions is then given by
0= { [’yr + (éf +iCP%s —iCyy° — iéf”7570) + (é§ +iClys —iCy~° — iég“wmo)rg (B.0.7)
+(é:1 il — iy — i(fi”'yg,'yo)emP, T+ (éi il —iCo A0 — icfﬁ“mo)e*i“m T,]qp} ,

instead of (2.2.13) and is equivalent to the 2D boundary condition (2.2.16) when the 4D and 2D

boundary couplings are related as follows:

Ci =Ci +5C5, CPe=sCP° +CE°, Cl=Cl+sCy, CEY=—(sCl +CL") (B.0.8)
as well as
Ci_=-Cv, C¥_ =iC¥, Cv_=-C3, CB =iCt (B.0.9)
and
CciL=-C", C” =—iC", (’,=-C, C™ =—iC". (B.0.10)

Notice that there is a mismatch between 2D and 4D chirality, which explains why some (pseudo)scalar
and (pseudo)vector 4D couplings correspond to (pseudo)vector and (pseudo)scalar 2D couplings
respectively, as well as the presence of additional minus signs in the matching of pseudoscalar and
pseudovector couplings.

The S-wave boundary action could have equivalently been formulated in the original spherical

gauge of (1.1.13), in which we get:
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4 1 . ) ; N ; o
I, = -3 /dtsz ezm,b[Cf +iCP%5 —iCiy° — i CPs7° — (C§ +iC8s —iCYy° —iCP ’)/5’}/0)7} (B.0.11)

— (Cﬁ + iCAﬁ_S% —iCYy° — iéi”7570)eiaP_ = ((fi +iCP s —iCPA° — ié€”7570)e_iaP+ T:T] P,

where Py are given by (B.0.5) and 71" := 2e*% (5 F it) act as raising and lowering operators on

eigenstates of —7,., that is

TI”H(@’(?) = n—(ea(b)a T:TU— (9’¢) = 77+(97¢) (B.O.lZ)

and

T_"n4(0,0) = 7"n-(0,6) =0, (B.0.13)

where 14+ (0, ¢) are vectors in isospin space given by (2.1.11), which satisty (—7,.)n+ (6, ¢) = Fn+(0, ¢).
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Appendix C

Properties of the amplitudes

ﬂna %Ut

This appendix derives and summarizes several useful properties of the amplitudes 7i, and 7oyt that
appear in the construction of the in and out states. We assume when doing so that the dyon-fermion

action is real (and so the couplings C;; are hermitian).

C.1 Definition of the amplitudes

The main text shows that the Ti,, Tout amplitudes are given in terms of the boundary matrix B by

Bay Bay Bas Bay Bay Ba Bay Bas

T 1?41 1?44 T 1%43 1?44 Tt 1?42 [%'41 T [%’42 1?43 L
Baa Boy Baa Boy Baa Boy Bao Boy
Byy By Bys By Bys Bus Bis Bay

103



PhD Thesis — S. Bogojevié¢; McMaster University — Physics and Astronomy

and
Bia Bis Bi Bio By Bis Bi Bu
e T e S LR R P S LY (S
11 Bis Bi1 Bis Bi1 Bis Bi1 Bis
Bs1 Bss B3y Bss B3y Bas Bs1 Bss

Written directly in terms of the boundary couplings, these become

(C5, +iCP ) (i — CP"_ 4CV_) + (C2 +1iCP*)(CP —CY_)

7'-++ - v v 7 )
in —|CE —CY P+ (=i +CY —Cy)(CP —Cv_ —1)
T = (C5_+4aCP ) (i —CEY +CY L)+ (Ci_ +iCh)(CP — ¢3+)7 (©13)

T —CL P+ (i + O —CL )~ — )
SR (G iCP° ) (i — CYY +CY L) + (Cy +iC)(CTy —CY )
" o A Y |y A R
C(CE_ ) (i = CP - CY )+ (CE A )(CR —CY )
I e A T iy o R

and

T = i(CRY +4Cs ) (—i+CP fcz_) + (—iCP%, + Ci+)(Cﬁ’i.+ Cy)
ou ICE” +CY_|2— (—i+CP +C_)(CT. +Cyy — 1) ’
T = i(CP° iCs ) (—i+CP frcL) + (—iCR + ci,)(cﬂf cz+)7 (C.1.4)
ou ICT +CYy_ 2= (=i +CP_ 4+ Cv_)(CH +CYh —i)
T+ = e+ ifl)(fi +CF +CEL) + (—iCY + Ci+)(03”+'+ cry) 7
ou ICR +CY_]2—(—i+CP+Co_)(Ch +CYy —1)
i(C° +iC_)(—i+CP 4+ CY_) 4 (—iC”>_ +C2_)(CY_ +CY_)
ICEY +CY_]2—(—i+CP"_+Co_)(Ch +CY, —1) '

C.2 Rank-2 conditions

The above definitions assume the denominators do not vanish. This is satisfied when the C;} are all
hermitian, as shown in equation (2.2.23) and the text directly after it.

We next ask what is required to ensure that rank(B) = 2. When this is true one pair of
linearly independent columns of B can be written as a linear combination of the other two linearly
independent columns. When the C;; are hermitian we’ve seen the linearly independent pairs consist

of the first and third columns of B and the second and fourth columns of B. Consequently there
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exist nonzero coeflicients Ay, Az, By and B3 such that

(Bu Bar By Bu) = A1 (Bis Bas Bys Ban) + By (Bus Bos Bs Bus)

(513 Baz Bsz B43> = A3 (512 Baa Bsa 542) + Bs (314 Bay By 344)7 (C.2.1)

The required coefficients are given by

Ba1 Bay Bao Boy Baz By Baa Bas
Bai Bua Biz Bu Baz B Bao Bas
1= 7T 1= 7T  » 3 =17 3 =17 (022)
Bao Bay Bao By Baa Bay Baa Bay
Baz B Baz B Baz B Baz B
Comparing these solutions to (C.1.1) implies
A1 = —7;1T+, Bl = —7;;+€_ia, A3 = —7;2__6“1, Bg = —7;;_ 5 (023)

and using these to trade A 3, By 3 for the Ti,’s in equation (C.2.1) gives four tautologies as well as
the following four complex conditions that can be regarded as conditions required if the matrix B is

to have rank 2:

& = [3’13 +7;IT75,12+7;;7814 =0,
E = By + T Bia + T, TB1a = 0, (C.2.4)
&3 = [3’33 +7;i7332+7;;7834 =0,

&4 = Bay + T Bao + Ty T Bss = 0.
These four complex equations amount to eight real conditions. Four of these state
R(E) =0, RN(&)=0, and & +& =0, (C.2.5)

and, once expressions (C.1.1) are used, can be written purely in terms of the T;, which must therefore
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satisfy

R(&) = (T P+ T, TP —1) =0,

R(E) = (T P +IT P -1) =0, (C.2.6)

mn

E+E& = 2T, T, T AT T ) =0,

as used in the main text. In deriving the above expressions we use the identity (2.2.22), which
follows when the boundary coupling constants are hermitian. The relations (C.2.6) simply express
the unitarity of the .S matrix since the first two of these equations impose that the fermion number
density of the in modes is conserved during scattering processes, while the third imposes that the
off-diagonal matrix elements of ST.S vanish.

The remaining four rank (B) = 2 conditions within (C.2.4) are
E1=0, $(&)=0, and (&) =0. (C.2.7)

These depend on more than just the 7;, amplitudes but can be expressed in terms of both 73, and
Tout- To see why the rank-two conditions (C.2.4) can be written entirely in terms of Ty, Tout take

the following linear combinations

-1
Bi1 B R R
—| oo (15’33 &1 — Bisé&s
Bs1 Bas

-1
Bi1 Bis
B3y B "
-1
By B R .
o (331 E — B és
Bs1 Bss

-1
By B R .
- (533 E — Bigés

)
(Bo&i—Bu&) = To Tou + T Toud —1=0, (C.2.8)
)
By By )

- T T T T — 1=

Bll BIS

A # 0. These can be solved to give the 7oy amplitudes in terms of Ty,
31 D33

where we again use
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amplitudes and vice versa, giving

+— ++
T+t_ — 7i-n _t_ — 7;11
ou —+7+- ——Tg++’ ou —+7+— ——T++
7;n 7;n - 7;n 7;n 7;n 7;n - 7;n 7;n
—— —+
TJr;F — _ 7;11 T*j _ 7;11 (C 2 9)
ou —++— ——g++ ou —+7+— ——7++ =
7;11 7:11 - 7;11 7:1(1 7:11 7;11 - 7i-n in
and
+— ++
T+— _ 7:)ut T—— _ 7:)ut
in T g—+g4— ——T++ in T —+7+— ——7++
7:)ut 7;ut - 7:)ut out 7:)ut 7:)ut - 7;ut 7;ut
—— —+
T++ — _ out T7+ — 7Z)ut (C 2 10)
in —+7+— —— T+t in —+7+— —— g+t e
7:)11t 7:)11t - 7:)11‘5 out 7;ut out 7:)ut 7:311t

Modulus and phase of 7;, and 7

The constraint conditions (C.2.6) imply that the four complex 7y, amplitudes satisfy four real con-
straints and so actually only contain four independent real parameters. To see why notice that the

first two conditions in (C.2.6) can be used to write the general amplitudes as

T py et Tt = m 0t T —p - and T = \/qezm,’

(C.2.11)
for the six real parameters pr > 0 and 64,0, _,0_4,,0__. Plugging these expressions into the

third condition in (C.2.6) then gives

prf1—pLetl--=0-s) = p /1 - p2 e7 i 0ri—0srtm) (C.2.12)

and so taking the modulus squared of each side of the equation shows p; = p_. Additionally, the

four phases are not independent because they satisfy
9++ + 0__ — (9_+ + 0+_) + 7 = 27TTL, (0213)

where n is an integer. Consequently one of the phases can be eliminated in favor of the other three.

We see that the most general form of the 7;, amplitudes for a hermitian theory with a rank 2
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boundary matrix is then

Tt =pefrr, TH =1-p2e® -, T, =pe and Tt =-y1-p2e@rtl—"0r)
(C.2.14)
Notice that these imply |7, 7|2 = |7, ~|? and |7, ~|? = |T;, 7| and that the denominator appearing

in (C.2.9) is a pure phase:

(R S e (C.2.15)

in in

Implications for 7y

Plugging the most general form (C.2.14) for Ty, into (C.2.9) and using (C.2.15) gives
Tobt =pe "t = (TI5) Tou =pe = = (T,7)", (C.2.16)
and
7:1:; - _—\/1— P2 et O+——044—0__) _ (Ti;+>*7 7;1—1t+ —/1_ 2 pe e 0+— — (7;1:__)*' (C.2.17)

It is clear that the unitarity conditions satisfied by Ti, are also satisfied by the 7oy, amplitudes:

ITobd P = Tows P =1— T8 P =1 1T 1%

Tout Tour ~+ Toe Towe =0 (C.2.18)
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Appendix D

Scattering states

In this appendix, we list some useful properties of the S-wave in and out states defined in the main
text and derive the Bogoliubov relations given in §4. Additionally, we calculate the probability for

a plane-wave state to be found in an S-wave, ps, and derive the cross-section formulas in §3 and §4.

D.1 Properties of in and out states

Orthogonality and normalization relations

The unitarity constraints on in amplitudes (2.2.34)-(2.2.35) as well as the analogous out amplitude
constraints (2.2.44)-(2.2.45) can be used to show that the in and out modes satisfy the orthogonality

and normalization relations

/ dr (ud )T ud 4 :/ dr (08 )10l =2m6(k — k') 0ar, (D.1.1)

and

/ d?‘ (ug’k)—i- Ug/,k" = 27T(5(k + k/) 655/. (D.1.2)
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where the label d indicates the direction of motion é.e. d = {in,out}. These relations can be used

to show that, when the S-wave fermion field is expanded in terms of in, out modes as

> dk

o W) a0 () @), (D.1.3)

the particle and antiparticle creation and annihilation operator anticommutation relations are given
by
()} = (e @)} = 00k — ) b (.14

with all other anticommutators vanishing.
For some applications, it is preferable to consider discretely normalized states. We define the

discretely normalized in, out modes as

ul () = j;2<> vl (1) = ——vd (), (D.1.5)

since the orthogonality and normalization relations for these modes become

L+e L+e
/ dr (u;{k)T ug/vk/ = / dr (’Ug,k)-‘— ’I)S/,k,/ == 5kk/ 555/, (D1.6)

and

L+e
[ = o1

in the large L limit. The S-wave fermion field can be expanded in terms of the discretely normalized

bases:

S [ud (o) ad + ol (@) @27 (D.15)

s=+ k>0

where the discrete normalization particle and antiparticle creation and annihilation operators satisfy

{ag,kv (ag/,k’)*} = {4; K (@ g/ k)" } = O Osgr s (D.1.9)

with all other anticommutators vanishing.

110


http://www.mcmaster.ca/
https://physics.mcmaster.ca/

PhD Thesis — S. Bogojevié¢; McMaster University — Physics and Astronomy

Bogoliubov relations

The in creation and annihilation operators can be expanded in terms of the corresponding out
operators and vice versa, as in the Bogoliubov relations (4.1.5) and (4.1.6). To see this, note that

the in operators satisfy

in 1 > in —in \x 1 > in
= o= [ e, ad (@)= o= [ aehe)xeo. 010)
which can be shown by expanding x(x) in terms of the in basis. Since x(x) can equivalently be

expanded in terms of out states, the above equations imply that e.g. af’ . is given by

. 1
aln, - dt u (7" t)) ’ (:I:) Out ’ + Ug}lt ’ ( ) (aolu ’ )*
+.k \/7 E,Zi / \/7 +.k ( k "k k k )

0o € —ieQ@
/ dx’ (TOJGTEME () (Wi — W k) a3
0

To

+ T e/ Fmeei® [§(wy o — wo ) a®% + S(wy g + T ) (@%)"] ) (D.1.11)

where wg , = k — sev/2 (Ws , = k + sev/2) is the energy of a particle (antiparticle) with quantum
numbers s, k. The above equation reduces to one of the Bogoliubov relations, once the integral over
momentum is evaluated:

ai+n,k Tori a2 + Tohe e’ [O(k — ev) aouic +O(=k + ev) (wut kpen) ] (D.112)

ev

where we drop powers of ke and eve, shift a and rephase the out operators to absorb the rg-dependent
phase, as in the main text. The remaining Bogoliubov relations can be derived in a similar way.

It is sometimes convenient to write the Bogoliubov relations as in the last line of (D.1.11) since
this shows that they are consistent with energy conservation, which is enforced through the delta
functions that appear after the time integral is performed. Specifically, this form is useful for

evaluating scattering amplitudes such as (Oout| a®"}, (ai_‘;) &) " |0in), which can be written as:

(Oout] aciujc’ (aiﬁr-l,k)* 0in) = 7:)41;1;_ * ﬂa/o dpd(“+,k - w—,p) (Oout] a‘i‘fi (a2 o )* |0in)

Tt (Oout|0in) e O (k — ev)d(wy k — W), (D.1.13)
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where in the last line we use the ‘momentum-conserving’ delta function §(p — k') implicit in the
overlap (Oput| a®"}, (@2",)* [Oi) to perform the integral over p. The surviving delta function is the
original energy-conserving one from (D.1.11) which is regularized by a factor of the duration of the
interaction, T', when probabilities are calculated.

The above argument shows that the Heisenberg picture transition probabilities (which can be
obtained from the amplitudes listed in §4) depend on T in the same way as their interaction picture
counterparts, and so rates and cross sections can be defined in much the same way in both pictures.
This can also be seen in a simpler way, by re-evaluating the amplitude (Opus| a®"}, (aif’ &) |Oin) using

the ‘standard’ form of the relevant Bogoliubov relation, (D.1.12), in the following way

(Oout| 2 (! )" [0mn) = Toiy "e ™" O(k — ev) (Oour] a2 (a2 )" [0in)

T (Oput |0in) 71 O(k — ev)d(k — k' — ev)

out

Tore ™ (Oout|0m) e Ok — ev)d(wy sy —w-),  (D.1.14)

ut

where the delta function in the second line comes from the overlap (Ogut| a®"}, (%"}, _.,)* |0in) and
is rewritten in the third line by performing a change of variables from momentum to energy. Since
the final expression in (D.1.14) involves an energy-conserving delta function, we can regulate it with

a factor of T" per the usual procedure.

Expectation values of energy and electric, axial charge

The in and out states are eigenstates of the S-wave fermionic hamiltonian (with Ay = 0):

1

Hp = B [YOB(C‘) X}

r=

1 < < . eQ
. + 2;/6 drx, {rlal —isT? (ev — r)] Xs) (D.1.15)

when a is treated as a classical variable within the Born-Oppenheimer approximation. This can
be seen from the expansion of Hy in terms of in or out states (see appendix F for details of how

calculations involving fermion bilinears are done)

> 1 1
H, =E$,+ Z/ dk [(k; - 25ev> (ad ;) ag ) + (k + 2561}) (ag’k)*ag’k] , (D.1.16)
s=+70
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which implies that, relative to the vacuum, the single particle and antiparticle states have energies

1 1
wer =k— 55ev and Wsp =k+ 25€v; (D.1.17)

)

where wsg  (Ws 1) is the energy of the particle state (ag’k)* |04) (antiparticle state (Eik)* |04)) relative
to the [0q) vacuum. The energies of the in and out vacuum are given by Ef . := (04| Hy |0a).
Generally, the in and out states are not eigenstates of the fermion electric charge Q, or of the

axial charge operator Q,. To see this, we expand Qp, Q, in terms of the in basis:
in o 1 in \x _in —in \x —in
Q= Qi+ T [k 3 o ()" e — (@) ali)
0 s==4 2

B © dk oo o . iei(k—k’)(e+t) . . iei(k+k’)(e+t)
HTd 1 se / o PV / dk/(ws,k)*as,k/+<a5,k>*(as,k/>*
s=% 0 0

k—k k + k!
i in je— i (kTE ) (e+t) e itk (e +D)
+a5,ka5,k/ W - (ag’k/) Qs,k W
- o [ dkdE ; o etlk—R —ev)t ji(k—k)e
+ ++* _ia . in \x in
. . 1 m
T Tu e U o [(a”“) Gk TRkt ev + 4B

Lo ’_ . ’ il . ’
N Zez(k+k eu)tez(k+k e . i(—k—k ev)te i(k+k")e

—k'—k+ev+if ’ ’ kK +k+ev+if
iei(7k+k'—ev)t6—i(k—k’)e

-k +k+ev+if

Hala) @)

—(@” ) @t

. © qk dk’ . X ie—i(k’—k—ev)tei(k—k/)e
_ '+_* .++ —ia 1 in * _in ,
T T e /0 21 A0+ {(a'k) M T Tkt ev—iB
7i(7k/7kfev)tei(k+k')e
kK +k+ev—1if
'e—i(—k’+k—ev)te—i(k—k’)e

i
k' —k+4+ev—if

7i(k'+kfev)te—i(k+k/)e

-k —k+ev—if

* ie —in in ie
Ok Oy

+(al )" (@)

—(@r ) a” , (D.1.18)
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and

Qa

oo
Q1T [Tk s (G0 alt — (@ a)
0 s=+

=) - i(k+E)(e+t)
AT s [ Py T

i ’ in \* _in iei(k_k/)(e+t) in \x /—in *
/ dk"| (as'x)" s ——F—57— + (aok)” (@sxr)
0

s=+ 0 2m k—k k+ Kk

T (I e Ul IC )

+as,ka5,k/ W — (aﬁyk/) Qs W

i [°° dkdE . etk —ev)t ilk—k)e
-2 T+*T++ * it / lim o) an o, ‘
o 0 2m B0+ (@¥e)” K —k+ev+iB
ih ok in ok jet(ktE —ev)t Ji(k+k)e i el (—h—k —ev)t ,—i(k+k')e
Hate)" @ w) Atk a

—k'—k+ev+if
iei(kJrk’ev)tei(kk’)e)

-k +k+ev+if

K+k+ev+if

—in in
—(@Z )" @k
. ’ - !

e i(k'—k ev)tez(k k')e

i
-k +k+ev—if

: ’ : ! T ’ _ i !
—i(—k 7k75v)tez(k+k e Cin o ie (k' +k e'u)te i(k+k")e
ta— kst w

[e'e} !
L2 e dk dk lim |:(am’k)*a1"k/

0 2 B0+

L le

Jr(ai—n,k)* (Eif,k/)

k' +k+ev—if -k —k+ev—if
. —i(—k'+k—ev)t —i(k—k')e
—in * —in 1€ ¢ e
— , = , D.1.19
(@) @ k' —k+ev—if ( )

where Q', = (Oin| Qr [Oin), @F'4 = (Oin| Q4 |0im) , PV refers to the Cauchy principal value of an
integral and we shift a to absorb an ro-dependent phase, as in the main text. The above expansions
show that the in states are eigenstates of Q. only if 7.7~ = T.~" = 0, i.e. when only 4D chirality-
changing processes are possible at the boundary, and are eigenstates of Q, in the special case
where 7::{ T = 7.~ = 0 and the boundary action only allows for charge-exchange processes. The

expectation values of Qr, @, in the single particle in states are

in in \* in 1 in in
(Ol 023 0 (020 0] = (@B + el 1) O (a2 o).

(Oin] ag’x Qa (ag%)* [0in) = (Q0s + 81T ~1%) (Ol @ (ag)" [0im) , (D.1.20)
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and are given by

(O] @ O (@ >*|om>< P )<om|ai:3k (@)* 10)

< m‘ a’s k QA( » )* |0in> = ( y _5| in | ) <Oin|alsnk( » )* |01n>a (D-1~21)

for in states with a single antiparticle. Out states similarly have a definite electric charge only if

Tohe = Tou = 0 and a definite axial charge only when 7" = 7., = 0. For more general choices

ut

of the Tout amplitudes, the expectation values of the electric and axial charge in single particle or

antiparticle out states are

(Oous| agk Qe (agik)" [Oout) = < et 56\ ou )< out| aglk (a5k)* [Oout)

(Oous| as k QA( Out)* 106ut) = ( o _5| out | ) (Oout] aout (aout)* 106ut) » (D.1.22)

and

)

< 0ut|aout QA( s}lt)* |Oout> = ( o +5| out | ) < out|agul;D (a )* |00ut> (D'1~23)

* ou 1 —0ou
(Ot 3% O, (@2%) |oout>—< g el i ) (O] T2 (@) [Ooue)

Equations (D.1.20)-(D.1.23) show that a measurement of the electric charge in a single-particle
state (aik)* |0q) or (Eg,k)* |04) (relative to the vacuum) does not generally yield the result one
would naively expect, naimely %56 for particles and 7%56 for antiparticles. This is because the
in and out states agree with the usual notion of particles only in the asymptotic past and future,
respectively. More precisely, the state (a;‘jk)* |Oin) ((Eis‘jk)* |0in)) describes a particle (antiparticle)
that approaches the dyon with momentum k, charge %56 (fése) and 4D chirality s (-s) in the
asymptotic past and then scatters either to a particle (antiparticle) with different electric charge
and momentum or to one with different 4D chirality. The out states (a2%)* [Oout) ((@'%)* [Oout))
similarly describe particles (antiparticles) of momentum k, charge ise (—ise) and 4D chirality —s
(s) in the asymptotic future and have a more complicated description at early times. This can be
shown explicitly by writing single-particle states as the infinitesimally narrow limit of a wave-packet

peaked around a given momentum, and evaluating the fermionic current expectation values in these
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states in the asymptotic past (for in states) or asymptotic future (out states).

D.2 S-wave projection of plane-wave states

For scattering problems, the initial states of interest correspond to 4D plane waves far from the
dyon and so are not prepared in the S-wave. We now show how these plane wave states can be
projected onto the S-wave sector and use this to compute the cross sections for single-particle S-wave
scattering given in the main text.

To start, we note that the Dirac equation simplifies considerably at large distances from the dyon,
since the background Julia-Zee potential becomes constant ¢.e. e.AfL(x) e 52. The full fermion
field can then be expanded in terms of particle and antiparticle mode functions Us ¢ k (), Va,c k()

1

whose asymptotic form is equivalent to that of plane-wave spinors, up to a phase’. The particle

mode functions then satisfy
Us,c,k(l’) ~ N ilk—s ev/2)teik~a:ei¢>fﬁ(w)§5 ® VEJ7 (D.Q.l)
r—00
T T
where 738 =55, V] = (O 10 O) , vy = (O 01 O) and N is a normalization factor. Similarly,
the antiparticle mode functions are asymptotically given by
‘/s.,c,k(‘r) -~ Nei(k-l-s ev/2)te—ik~:cei¢>f,"(x)§s ® ch’ (D22)
T—00
T T
where v} = (1 00 0) , vy = (O 00 1) . The functions @75, (x) are phases whose radial depen-
dence is (/70)*¢?/2 2 and whose angular dependence we discuss shortly. We choose the normaliza-

tion factor, A/, such that the mode functions satisfy the following orthogonality and normalization

relations

/ d3.’E U;r,c,k: Us’,c’,k’ = / d3ac Vj,c,k VL",C’,k’ = (271’)3(5(’6 - k’)dgs/dcc/, (D23)

—c0 —oo

1Note that this phase has to be defined such that Us e,k (), Vs ¢ k() are sections i.e. it should be defined differently
in the R4 and R_ region.

2This choice ensures the asymptotic radial dependence of the incoming spherical waves in U, V and in partial wave
solutions match.
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as well as

/ PrUl g Ve ow =0, (D.2.4)

The full fermion field can be expanded in terms of the Us ¢ (), Va,c k(2) basis as follows:

A3k _ N
W)= 3 [ s Gk Uncalo) + @) Vocae). (D.25)
+ — 0o

where the plane-wave particle and antiparticle creation and annihilation operators satisfy

{as,c,k7 (as’,c’,k')*} = {as,c,lm (55’,c’,k’)*} = §(k - k/)éss'éc,c’; (D26)

with all other anticommutators being zero. We can also expand ¥ (z) in terms of partial wave states,

/ (al uly(2) + (@) vk (@) + D () (D.2.7)

3>0
where ul (z),v!% () are the 4D equivalents of the 2D in modes® and );(x) is the j-th fermion
partial wave. Since both the plane-wave and partial wave bases are complete, we can expand the

plane-wave particle creation operators (as, )" in terms of partial wave creation operators

(ancie)* = / Q' D (0l )"+ 3 DI (a0, (D.2.8)

§'=% 7>0,K;

*

where (a;,,)* is a creation operator for a state in the j-th partial wave with quantum numbers ;.

To project the plane-wave state (as,c,k)* |0) onto the S-wave sector we simply need to determine the
7C7

coefficients D v » which can be done by expanding the corresponding plane-wave mode function in

terms of S-wave mode functions,

Use(r) = (2m)*2 (0|9 (@) (as,c.%)* |0)
=2y / AR DY ul (@) + D (2m)* (0] (2) Dy (a4, [0) ,(D.2.9)

/=% §>0,k;

where we use the fact that the S-wave annihilation operators also annihilate the full vacuum, |0).

3The 4D in, out modes are given by (2.1.10) where f1 (r,t), g+ (r,t) are components of the corresponding 2D basis,
as in (2.1.15).
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Antiparticle states can be projected onto the lowest partial wave in much the same way.

. kz
The coefficients i,’c,;,z

For concreteness, we now focus on particle plane-wave states which approach the dyon along the 2
axis. As is usually done in scattering problems, we will determine the coefficients Dj;f,;’fé by matching
terms containing incoming spherical waves on the left side of (D.2.9) to terms with j = 0 incoming
spherical waves on the right side of this equation, at large distances from the dyon. To do this,
we first isolate the incoming terms in Us . »; and find their asymptotic form. Using the plane wave

expansion and the asymptotic form of spherical Bessel functions, we get:

—ikr ) e oo
(Us,ehs(2))ie, ~_— 622? e ks e/ tei Py (@ @yl Ny (20 4+ 1)(—1) Py(cos ),  (D.2.10)
£=0

where the subscript ‘inc.” refers to only those terms in U,  xz(x) which include spherical waves that
are incident on the dyon. This expression can be simplified further by noticing that (—1)¢ = Py(—1)

and using the Legendre polynomial completeness relation > (2 + 1)Py(—1)Py(z) = 26(1 4 x)
=0

e—zk'r

(Use iz ()0 o _NW e ik—sev/2)t (T/ro)iﬁeQ/2 ew?f((ﬁ’)gs ®@vl8(1 + cosb), (D.2.11)
where we now specialize to the R_ region and rewrite ¢/®0" (*) ag (r/ro )weQ/2 0" (9) in this region?

We can expand the top and bottom two components of each Dirac spinor in Us ¢ ;2 (x) in terms

of eigensections of the total angular momentum and its third component (J?2, .J,)

—ikr
A ~ A€ 71(/(? sev/2)t 749Q/2
(Uﬁvcﬁkz(x))inc. oo N ikr (T’/ )
0 (8) (4
AO 5?75 ! 2 ;Jz,gnj,jz7~,(97 (b)
® ( (9 (b) +y0> Z o () ,(D.2.12)
0,405 3>05.=ji=1 \Bjj. sjj. 50, 9)

where 7;(0, ¢) are defined as in equation (2.1.11) and the sentence below it and the higher par-

tial wave angular momentum eigensections nj(lj) .(0,9), 773(2]17 (0, ¢) are given by the eigensections

(1) )
¢;:.(0,0), gb” (6, ¢) from [77] respectively, with an implied ‘monopole strength’ of ¢ = 5. We

4We choose the ¢-dependence this way since the plane-wave travels along the +2 axis and so is incident on the
dyon in the R_ region.

118


http://www.mcmaster.ca/
https://physics.mcmaster.ca/

PhD Thesis — S. Bogojevié¢; McMaster University — Physics and Astronomy

find the coefficients of interest Af ,, B§ . by multiplying the above equation with the (nl(a, o) 0)7

fi ® (0 nl (9, ¢)) and performing the angular integrals. This gives

O . SC
Ay, = 0ot / Q6. 9) <(>> 5(1 + c038) = b 1 8o 4 €48 () /T, (D.2.13)

and

iy (0) e
B, =6 /d29n1(9,¢) <e . ) 5(1+cosf) = =80, €U (™ /m, (D.2.14)

with ns(0, ¢) given by (2.1.11) and where we use the fact that ns(6, ¢), ;71]-)275(9,¢),77§-12j)z75(0,¢) are

orthonormal. Using (D.2.13), (D.2.14) in equation (D.2.12) shows that

Z’ T . s,¢ . .
(Us,e2(2)) .~ N%e% ) (8¢, 4064 WP (2) = Oc,— 0, — u™  (2))

T—00

inc.

and so also that

Usens(z) ~ N %avi"(ﬂ (Be 4054 'l g (x) = Oc 0 u™ () + F(2), (D.2.16)

r—00

where F'(z) has no projection onto the S-wave. Note that the S-wave projection vanishes unless

s = +1, as expected since S-wave states satisfy h = ¢s and we match h = +1 spherical waves on

each side of the above equation. The coefficients Dz;cl’fﬁ are then:

whs _ N e
Dy = Tk P M5k — k') 0ssr (Je 401 — Oc_0s._) . (D.2.17)

S-wave scattering cross sections

We can now calculate the probability for a particle in a plane-wave state to be found in the S-
wave, which we denote p; in the main text. Since the probability of being in a specific momentum
eigenstate tends to zero in the continuum limit, we compute p, for a state described by a phase-
space distribution function p(k) which is normalized so that dn = p(k)V d3k/(27)? is the number

of momentum states in a volume d*k around momentum k = k 2. For such an initial state (with
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electric charge s and 4D chirality ¢), ps is given by

2
bs = [Z/ lll‘as’ g (s,ck2)” |0>| dk/] oo o
5/_

[Z/ (Oin| al? 4 (a )*\om>y k’] Ss.c N2/ (47k?) p(k) d°k, (D.2.18)

which evaluates to
N2 L

In the above, the factor of L/m is introduced to regulate the momentum-conserving delta function
and is cancelled in the final cross section result by a similar factor in the 2D scattering rate. The
differential S-wave scattering rates dI's and dl'inclusive can be calculated from the perturbative
amplitudes listed in §3 and single-particle scattering amplitudes given in §4 respectively, both of

which can be written as A = M §(E; — E;). Using these amplitudes in Fermi’s golden rule gives

dk' L

dl' = 27[iM/(2L)|?0(E; — E;) = |M|*S(E; — E;)dk'/(2L), (D.2.20)

for both the interaction picture and inclusive Heisenberg picture differential rate dI's and dT'isclusive,
respectively. The factor of 1/(2L) in the above differential rate again comes about because we cannot
choose the initial S-wave state to have a specific momentum when working in the continuum limit.
In principle we could remove this factor in the same way as above, by redefining our initial state in
terms of a distribution function in momentum space, however we do not do so here as the definition
of the initial S-wave state is purely an intermediate step in the cross section calculation. Exclusive
2D rates, Iexclusive, can be calculated similarly with e.g. differential rates for processes in which no
pairs are produced given by (D.2.20) where A is an exclusive amplitude such as (4.1.24) - (4.1.27).

The 4D differential rates for the scattering processes described here are then independent of the
system length 2L, as advertised, and become

NQ

dlap = 8m2k2

So.c IMPO(E; — E;) dK p(k) d*k. (D.2.21)

The differential cross section is obtained from dI',, by factoring out the flux of initial particles,
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given by §; = dnuv,e = dn, where v, = 1 is the relative velocity between the dyon and incident
fermions and dn = N?[p(k)/(27)3]d®k is the number density of incident fermions. We define dn as
the product of dn/V, the density of states, and iUs ¢ xz(2)y°Us,c kz(x) = N2, the contribution of a
plane wave state to the fermion number density. Finally, we get that the 4D single-particle S-wave

differential cross sections dos simplify to

I‘l4D S
d Psar = 25, M26(E; — E;) dE, (D.2.22)

das[fs,c(k) — fs’(k/)] = 3 = 3 k2

as we claim in the main text.
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Appendix E

The 1n and out vacuum

The Bogoliubov relations imply that the in and out vacua, defined as
@l 10m) = @ [000) = 0, @2 0uue) = @2 [00uc) = O, (E0.1)

do not necessarily coincide due to the possibility of pair production. This appendix shows how to
expand the in vacuum in terms out states and vice versa. We also show how these expansions can

be used to evaluate inclusive scattering observables, such as the cross sections given in §4.

E.1 Expansion of in vacuum in terms of out states

We first note that all out particles and antiparticles with momentum k > ev annihilate the in
vacuum, that is

ady |0m) = agy [0) =0, for k> ev. (E.1.1)

9,

For smaller momenta, the above equation remains satisfied only for negatively charged particles and
antiparticles

a®™ 0in) =@ |0;) =0, for 0< k< ev, E.1.2
Sk +.k

meaning the in vacuum only contains positively charged particles and antiparticles with momenta

in the range 0 < k < ev.
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Since the total vacuum can be written as a tensor product over the vacua for each momentum,
|0ia) = T |0F), the expansion of the total vacuum in terms of out states can be done on a mode-
by—modg>l;)asis. As explained above, for momenta k > ev the single-momentum vacuum must be
equal to the corresponding out vacuum up to a phase

05

mn

Y= e |0k ), for k> ev (E.1.3)

out

where J; is an arbitrary phase. For momenta k < ev, it is convenient to define the single-mode

vacuum 0% ) in the following way

in k —in k in k —in k
aJr,k |Oin> = aJr,k ‘Oin> = 0 a“nd a*,karev |Oin> = a’f,karev |Oin> = 07 (E14)
as opposed to ai;}k |0F) = Ei;‘k |0F) = 0, since the Bogoliubov relations (which impose energy
conservation) relate s = + particle operators of momentum k to s = — antiparticle operators of

momentum —k + ev. With this definition, the most general form of the single-mode vacuum is:
105) = [Bowo + Buio(a3)”" + Bo (@ jie0)" + Bl;l(ﬂi‘f?f)*(aci“f_km)*} |08t - (E.1.5)

The action of any out operator on the single-mode vacuum [0¥ ) can be calculated in more than one
way: Directly, by using the above expansion in terms of out states, or by rewriting the operator
using the Bogoliubov relations and then acting on the state. This can be used to determine the B;.;

coefficients in (E.1.5), as we now show. Consider the state a3}, [0f,), which is equal to:

aiujc |01€n> = [Bl;o + B1§1(agu,t7k+ev)* |0]gut> ) (E]'G)
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but can also be rewritten as

a™ [0f) = Tor "™ (@ _iie)” |OF)
= Tl e (Tow @) + Toud e al)
[Bo .0 + Bi; o(a?,.u?g) + Bo;1 (@ _k+ev) + By, 1(0«1‘12) (Eciu,t—wrev)*} |Olgut>
T o € [Boo(@ kye)” = Bro(alh) @ xre0) ] 105)

Tl Tow' [Bro + Bra @ x00)' | 105 (BLT)

In the above, we use the Bogoliubov relations first to rewrite aiuyc and then again to rewrite

(Eif’_lﬂ_w)*. Comparing (E.1.6) and (E.1.7) shows that, when 7,7~ 7, # 0!

Boo  1—=T Tou e—ia Tin
Bia T+ out T~

mn

Bio=0 and e e, (E.1.8)

where in the last line we rewrite the 7o, amplitudes in terms of T;, amplitudes and use (2.2.34).

Similarly, the state @, ., |0F)) is equal to:
aofu,tfquev |0{€n> = [Bo;l - Bl;l(aiugc) |00ut> (Elg)
but can also be rewritten as

@y, |0h) = T T e (@) 05)
= T e (T @)+ Tk e )
[Bo o + Bo;1 (a2 7;€+ev) + Bia(a uZ) (agu,tflwev)*] |0§ut>
= T T [Boo(a%) + Boa (afh)” (@ )" | 106)

T T [Boa — Bua(ah)'| 0b) . (BL10)

which implies that
By =0, (E.1.11)

when compared to (E.1.9). The remaining coefficients By,y and Bj,; can be determined up to a

1This condition also implies that B1;1 # 0, otherwise B1,0 = 0 would imply ao“t |Ok ) = 0 which is not consistent
since aout \Ok > 7-+— m( in ke v)* |0k > # 0.

124


http://www.mcmaster.ca/
https://physics.mcmaster.ca/

PhD Thesis — S. Bogojevié¢; McMaster University — Physics and Astronomy

phase, by imposing the normalization condition (00X ) = 1 and using (E.1.8). For 7,7, T, ~ # 0,

we then get:
08 = e [ T ™ + T e (@) (@2 )| 05 (E.1.12)

for momenta k < ev, where 0 is an arbitrary phase. When '7'+ =0or 7, =0, we define the
expansion of [0F ) in terms of out states as the 7.7~ — 0 and 7., ~ — 0 limit of the above equation
respectively, where the surviving amplitude is necessarily a phase.

For general momentum k and choice of 7;, amplitudes, the single-mode vacuum is:

—,—k+ev

06 = % {00k — e0) + O(—k + e0) | T~ + T e (020" (@2 )] } 06) (B1.13)

Finally, we can write the full in vacuum in the out basis as

k<ev
0w) = JT105) = (H |0{;>> (H |0{“n>>
k>0 k>ev k>0
) k<ev .
=e? ( II 7+ fiem(ailfi)*(ﬁmftmev)*]) 0out) ; (E.1.14)
k>0

where § := Y & is an arbitrary phase which we set to 0 in the main text, as it is not observable?.
£>0

The product over all k£ < ev modes evaluates to

ﬁ
. 1 v .
) = €8S (T )R (T e
n=0

3 Z (@) @ o) (@, (@2 0, )" [Oou) (E-1.15)

k1=0

The full in vacuum is normalized, since the coefficients B;.; were chosen such that the expansion of

each single-mode in vacuum corresponds to a normalized state.

2The expansion of in states in terms of the out basis is only relevant when evaluating transition amplitudes. Since
all amplitudes include the €% factor, no interference experiment can be constructed to measure §.
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Expansion of out vacuum in terms of in states

The above procedure can be repeated for the out vacuum. We similarly get:

AR
, 1
|Oout) = 6_1525(7&} (T )" e

A3 3 @) @ o)) @ )] 100)
k1=0 kn,=0

cv

_ —15§ : 77* AE—T —+*\n _ina
- ’/l' (7;1 ) e

ev

([37  3 (@ @) (@) @ )] [00) (BL16)

k1=0 k,=0

E.2 Calculating inclusive observables

In the main text, we remark that the scattering observables of physical interest are often inclusive
observables, for which the number of pairs produced by the dyon is unmeasured. We now show how
such observables can be calculated, focusing on the inclusive S-wave scattering cross sections of §4.
For convenience, we work in discrete normalization as in the rest of this appendix.

To start, we note that in most cases of interest in the main text, exclusive amplitudes A,, can

be written as

An = Asc A’Zair’ (E21)

that is they factorize into a single-particle scattering amplitude A, and an amplitude to produce n
pairs, Agair. As a result, the exclusive probability for the process to happen, P,, will be the product
of the probability for the single-particle scattering event, ps., and the probability to produce n pairs,
Plairs

P, = ps. P™. (E.2.2)

pair*

The inclusive probability for the single-particle scattering process is given by
N

P = Psc Pvac = Psc Z pair» (E23)
n=0
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where N := 2% is the maximum number of out pairs in the in vacuum, while py,. is defined through

the above equation and is equal to

ev

DPvac = | <Oout|oin> |2 + Z | <00ut|aciu,t—q1+ev ailtfn |0in> ‘2 4
q1=0

ev

—out out —out out . 2 .
+E Z | <0°“t|a*,*qn+ev Ctan O —qitev A4+,q [Oin) [ +
q1,:qn=0
ev

1 _ — 2
bt D OB e a2 B a0 P (E24)
T qi,qn=0
In the above, the combinatorial prefactors are added to ensure we only sum over distinct final states.
Keeping in mind that out states with doubly-occupied pairs do not contribute to the momentum

sums in (E.2.4), pyac simplifies to

poe = (1T P+ N (1T ) TP+

N N N
o = (170~ (TP + -+ (1T )
N

= (1T PHITIP) =1 (E.2.5)
This shows that the inclusive probability for the scattering process described by A, is

D = Psc; (EQG)

and so the corresponding inclusive rates and cross sections can be computed in the usual way, using
only the single-particle amplitude A, or its continuum-normalization counterpart As..

The previous argument can be used to justify the inclusive cross section formulas given in §4, for
all but one of the processes considered in that section. The exception is the process described by

the amplitude (4.1.27), when the momentum of the initial particle, k, belongs in the pair production
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range k < ev. In this case, the exclusive amplitude factorizes as follows

A = (out| @1, @y, B0 a8, a (@l ) [Om)

= S [T T = TR (7)Y () e

mn

= S | T T ™ = T Tt ™| [ A/ T ™). (E.2.7)

when n < N and k/,q1,- - , ¢, are distinct momenta, and vanishes otherwise. The inclusive proba-

bility for the relevant single-particle process is given by

-

k'

| (0 out‘om |2 + Z | 0ut|a —qi+ev aiuf11|oin> |2 +
q1=0

ev

1
+m Z | (Oout[@ 4y vew @ on - @ ep @3 [Oin) |2
" q1,qN-1=0

(E.2.8)

2
Ty |72 o [T T = T T

To evaluate the above sums, note that the Bogoliubov relations impose that the momentum £’ is
equal to the momentum of the initial particle, k, and so lies in the pair production range 0 < &’ < ev.
As one of the particle states in the pair production range is already occupied, there are now at most
N — 1 different momenta that each ¢; can be equated to. The inclusive probability, p, is then equal

to

p= S T P T e W= (1T Y TP+ <|TJ|2>N‘1]

-~
‘mf {T**T” T;*Tif]ﬁ (E.2.9)
which simplifies to
p= Y (T PP o [T T [
~
= ‘5%' T T - 7i-r7+7;:_} ‘2~ (E.2.10)
~

The last line of (E.2.10) shows that the inclusive cross section for this process can be calculated in
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the usual way, if the single-particle amplitude

Age = 0o | T T ™ = T T, (E.2.11)

m mn

or its continuum-normalization counterpart (4.1.34) (which is valid for all k), is used instead of

exclusive amplitudes.
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Appendix F

Bilinear currents

In this appendix, we show how one can regularize local fermion bilinear operators and compute the
in and out vacuum expectation values of the fermion number, electric charge and axial currents, as
well as the interaction picture interacting hamiltonian. We further derive the conservation (or non-
conservation) equations satisfied by the fermionic currents and show how the boundary condition

can be used to directly evaluate their radial components at r = e.

F.1 Vacuum expectation values of fermion bilinears

Writing

x(z) = E/O \j% [ug,k(fﬁ) ag i + 05 (@) (@5 ,)" (F.1.1)

where d = {in, out}, we seek the expectation values of fermion bilinears like

— * dkdk 1_q4 d d d —d _
xXMx = Z ) o [us,k-Mus/,k/ ((as,k)* as’,k’) + Us,kMUg’,k’ (fk (ag’,k/)*)
s,6'=%+

— * =d d — d
+u§,kM 0(51/,]6/ ((ag,k)* (a(si/’k/) ) + Us’kMu;/A’k/ (ag}k a;/}k/):| (F12)

where we use the operator-ordering notation for fermions: (AB) := }[A, B] that ensures classically

hermitian expressions remain hermitian.
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The in and out vacuum expectation values of local bilinear operators are formally given by

° dk dk’
(0a|XMx |04) =
s,sﬂzzi 0 Am

= dk _
= Z/O I [—ﬁg,kMuf,k + 05, M Ug,k]- (F.1.3)
s=4

[—u;{kMug,,k, (0a] @ 4 (ad )" 0a) + 0L M 03 s (04| T2 (@Y 1) \odﬂ

At face value, the above expectation values vanish for any matrix M acting in spin and isospin
space, since ug,k(x) = Uﬁﬁk(z) and so ﬁik(a:)Muik(x) = Egyk(x)M ng,k(x) for both in and out
modes!. This turns out not to be the case, since the presence of anomalies means more care must
be taken when evaluating local operators. To this end, we regularize the fermion bilinear operator
X(x)M x(x) by evaluating x,X at slightly different points, namely X (r + &/2,t)M x(r — €/2,t)?,
and take the limit ¢ — 0 after calculating any matrix elements of interest. Note that the point-split
operator X(r +¢/2,t)M x(r — e/2,t) is gauge invariant without the addition of a Wilson line, since
we point split only in the radial direction along which the gauge field vanishes, A, (x) = 0. More

explicitly, we calculate vacuum expectation values through
(041X Mx10) = i [(0al T () M x4 (2) 00) + (0a] T () M x—(2) [00)], (P.L4)

where x4 := (ry,t) = (r + }e,t). Applying this to the radial component of the axial current (for

which M = iI''T",) gives the following contributions to the in vacuum expectation value:

_ . > dk —in . in +in ; in
(Oum| X (24) 7T s X () |03 = / [ @I T (o) + B (T T 0 ()]
- ek
_ —1- teve | 7—+|2 & 42 7‘74_ / v —ike _ ike F.15
[( i) () T meE(5) T [T et
as well as
= 1 > dk —in 1 in —in -1 in
in| X—\L+ AX—\L— in) = U R Al p\l— — k\ L+ AV_ p\l—
Oin| X_(z4) 0" T4 x—(2_)|0sm)  In [ ul (zp)iD T u® (o) + 07 ()il T 0™ (22)
= =) redk
— 1 —teve |g+—)|2 Ti T2 & / il —ike _ _ike . F.1.6
(e ey (2) T e (2 (" e ) (F.16)

1This is true for M such that ﬁg M ug i is independent of k.
2At r = ¢, we instead consider the operators X(e + ¢,t)M x(e, ) since r > e.
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The momentum integrals in the above equations can be evaluated using the integral representation
of the Heaviside theta function

Cdk 4 ol /Oo dikdr 4 ~ :
S oEike _ 2 ik(TFe) — ] F.1.7
/O I go0t 27 ) Am(r +iB)© G20+ dr(%e + iB)’ (F.LT)

an using (F.1.7) in (F.1.5) and (F.1.6) shows that the in vacuum expectation value of the radial

component of the axial current can be written as

ieQ

. . 2
(0| X L' Tux |01n) = lim (—Z) [(1+e‘w”€’fii‘l2+’fi:+ ?) (;*)

e—0 2me

r T2
— (L + e T P+ T P) <T+) } (F.1.8)
Finally, we simplify the above equation by expanding in £ and using (2.2.34) to get:

P

r

(O] 74(2) [0m) = (O] XL Tax [0) = == 7ot (F.1.9)
The in vacuum expectation value of other current operators of interest can similarly be written

as

ieQ

_ . i i _ _ r 2
<Oin‘XMX|0in> = lim (_271-&> |:<qi/1,1n qi/[_me 'Leve‘ |2 _Qf+ln|7;:+ 2) (T+>

e—=0

_ie@

in in g — nj—— r ’
+ (qf, _ijr ezevs|7;n+|2 _ M ‘7— | ) <ri'> :|7 (F.l.lO)

where ¢, q;;],m are listed in table F.1 for several choices of the matrix M. The calculation of

current vacuum expectation values goes through in the same way for the out vacuum. We get:

_ieQ
— . { M,out M t 2 M, t +12 T+ 2
<00ut|XMX|00ut> = gg%% (q, ot o ’LC’UE| out | - Q++Ou ‘ out ) (7,_>
ieQQ
+ (qf out qf_,_om 77.ev5|7:) il,_out|7;;t—‘2) (:"‘) ], (F.l.ll)

where g2 ", ¢21;°"" are listed in table F.2.

We see that the regularized vacuum matrix elements of the components of the fermion number
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M,in M, in M, in M,in M, in M, in
M + q- 9++ 94— 94—+ +—
iT0 1 1 1 1 1 1
irt -1 -1 1 1 1 1
iror, 1 -1 -1 1 1 -1
iTir, | -1 1 -1 1 1 -1

M,in _M,in

Table F.1: Numerical values of ¢;"'™, ¢,.; ™", defined by eq. (F.1.10), for various choices of the matrix M.

current are given by

(0| 75 (%) |0in) = (Oout| 73 (2) [Oous) = 0, (F.1.12)
as well as
. . 2i
<0in|]é(x) 0in) = <Oout‘11§(m) Oout) = g (F.1.13)
while those of the electromagnetic current are
. . e2v _ e2Q
<Oin|32(r7 t)[Oin) = <00ut|]107(ra t) [0out) = ﬁ“ﬁ{ |2 T 9
. . v
and <Oin|311w(rv t)[Om) = — <Oout|31£(r7 t) [Oout) = g”:;r |2- (F.1.14)
Finally, the axial current vacuum matrix elements are
0 0 €V -2
(Oin| 74 () [0in) = — (Oout| s (75 2) [Oout) = *?‘ﬁn |
. ) ev _ e@
and  (Oin| J,lq(Ta t)[Oin) = <Oout|¢7}x(r7 t) [Oout) = _?”:( ‘2 + p— (F.1.15)

The vacuum expectation value of the interaction hamiltonian in the interaction picture (3.1.3)

(with 0CP¥ = §CP® = 0) can be calculated similarly. This expectation value is defined as

e—0

: > dk —in s - ¢V in
(0] Hine 0) = Tim 3 /0 e+ e,0) (€2, — i0CLT) (e, )
s=%

+00 (e + ¢, 1) (5(:;5, - iéC§§F0> 09, t)} . (F.1.16)
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M, out M, out M, out M, out M, out M, out
M| aqy q- S S +o
ir? 1 1 1 1 1
irt 1 1 -1 -1 -1 -1
iTor, -1 1 1 -1 -1 1
iTr -1 1 -1 1 1 -1

Table F.2: Numerical values of go'"°"*, ¢, °**, defined by equation (F.1.11), for various choices of M.

) dgg7

where |0) = |0i,) = |Oout) in the interaction picture and is equal to

cte iseQ/2 (e te —iseQ/2 /oo ik (eiks _ e_iks)
c c o 8w

- —@ s (6C2, — 8¢, (F.1.17)

(0] Hine [0) = lim Z (6C3, — 3C2,

which matches (3.1.6).

F.2 Current conservation equations

The fermionic currents satisfy conservation (or non-conservation) equations which can be derived
directly from the 2D Dirac equation. That is, the current j%(z) = ix(z)['*Mx(z) satisfies the

equation

at jztu (:L‘) i hm [(8tX(T+’ )) FO MX(T—7 t) + Y(r-l-v t)FO M (8tX(T—7 t))]

= ilim [ = (2% ) TeT® Mx(r—,£) + X(r4, )T M T (9,x(r—. 1)

e—0

(A )X, T M, ) = A3l DX 08 Mrix(r—.))|
= ilim [0, (X(r+, OT T M x(r—, 1)) = S (Or AL )X+, T° Mrax(r—,1)|
= —0pju (x) + hm % X(r4, )T Mrsx(r_,t), (F.2.1)
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where M € {1, §73,I',} and we use [M,I'.] = [M, 73] = 0. This can be equivalently rewritten as

90d2(@) = Lt (X, O Tax(r—, 1) = —i 2 lim (4(2))

2r2e-0 erse—0
. ele . _ .ele . .
Baji(z) = ELT?)EI% (eX(re, )% (-, 1)) = —Z%Ehg(g (edn(@))
Daj?(2) = — i (exg(ry, L = i %9y (e F.2.2
wdf(x) = =g 5l (eX(ry, O x(r-, 1)) = i 5 lim (e, (2)) (F.2.2)

for each choice of M, which shows that the conservation of the fermionic currents hinges on whether
7%, 49 are singular in the small ¢ limit, or not. The dominant contributions to the source terms in
the above conservation equations come from the vacuum expectation values of j<,j%. Equations
(F.1.12)-(F.1.14) then imply that the fermion number and electric charge current are conserved,
while the axial current satisfies the anomaly equation

Dol () = —j—g - [g - (—g)] ieaﬁf‘f;ﬁ(gz:), (F.2.3)

which we rewrite in the last line to emphasize the fact that the top and bottom components of the
doublet contribute the usual factor of g—;eo‘ﬂ}' 25 () to the 4-divergence of the axial current, where
qs = %56. We take the difference, as opposed to the sum, of these two contributions since j%(x) is

defined with an extra 73 matrix compared to the standard definition of an axial current in 2D.

F.3 Boundary currents

At r = € the radial components of fermionic currents can be evaluated by using the boundary
condition I''x(€,t) = —Og(a) x(€,t), which can also be rewritten as X(e,t)I'! = X(e,t)Op(a). We
get:

i

jé (67 t) = 1 (Y(Q t)F1X(€7 t) + Y(Q t)l—dX(ev t)) = (Y(Ev t)OB(Cl)X(E, t) - i(év t)OB(Cl)X(E, t)) =0,

2 2
ik t) = % (e DM max(e ) + X(e, )l x(e, 1) = $x(e1) [Os(@), 73] x(e.1), (F.3.1)
JAlet) = & (RO Tax(e,t) = Xle OTAT x(e 1)) = 5X(e,1) {Os(a), T} x(e, ).
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The above currents vanish when the boundary action (2.2.15) is invariant under field transformations
of the form dx(e,t) = i0Mx(e,t), where € is a constant parameter and M = 1 gives the transfor-
mation corresponding to the fermion number current, M = §73 to the electric charge current and
M =T, to the axial current.

As argued earlier in this appendix, the fermion bilinears appearing in (F.3.1) should be regulated
by e.g. a point-splitting procedure. Such a regularization procedure generally need not preserve the

equality in (F.3.1). However, if we regularize the boundary currents in the following way

(46 Dhes = 5 (RO x(e +2,0) + X(e + 2.0 x(e 1)
(€ )rea 1= % (X(e, )T max (e + &,1) + X(e + &, )73 x(€,1))
(Ga(6,t))reg = % (x(e, )T T ax(e +e,t) —X(e +e, )L T x(e, 1)), (F.3.2)

and the remaining fermion bilinears in (F.3.1) as

(%Y(e, £) [Os(a), 1] x(e,1) ) -

> (X008 (@)x(e +=,1) = X(e +2,)08(a)x (6, 1)

% (X(e, ) 0n(@)Tax(e +£,6) = X(e + &, )On(@)x(e,)),

(501 osto) ] xte )

reg

(%Y(e’ t){0s(a), Fa} x(e, t)) -

reg

(Y(Ev t)OB(a)FAX(e +¢, t) + Y(E + ¢, t)FAOB(a)X(Ev t)) )

DN | .

(F.3.3)

then the regularization scheme does preserve the equality in (F.3.1), which can be seen by using the

boundary conditions satisfied by x(¢), X (€).
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