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In general, coJi^cntation, thlnx. Aag, or clarification signify invitational cottling of solid porticlos, which cro craajxtfuJcl in a liquid to a rrthur dense dodge csat'-iniag a higher conccatmticn of sulidw.Shia unit oncrstion is of particular interest in the field of cinerd dresdng, ccwnge treatment, de-n/bwrdisntiou of coal, treatment of inuuatrial wastes, etc. r.eJiucntotioa can us carried cut cither in b;;ich or continuoua unite.flurries my bo cither ccntrcijdVle or incomprGaniblo- She final solids concentration of couprcacibio sludgoa increases td th increasing voight of eollua per uxiit aixa vlicreaa the fisul concentreticn of incc:'1.- rrcodble dudgea ia not affected. Coapresdele dulges are generally Kudo ua of very fine particles w'.iich vo graupel together in flees. She prittaa'y flocs soraotiEcs fora ag^ogatos which csry cluu^^ their can re» eixo or density us cottlin^ procoedy.
Jt in cuotcrxry to divide fettling into categories cuch no '‘free1’ and '’hindered”. Shcse ore renja divisions dopciivizig on beta the ciao distribution of arirticleo and the colids concentration.
.<t very la./ concentrations, tho particloo in a polysicporsw cystcn settle inJividiuilly at constant volocitiea which tro d.ttcrrjincJ j.rirrjyily 
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\yj particle size and done-ity. In a cysten of i.rlil furious particles, cXaaslficat‘.on takas place. If the particles uro wvj closely sized, there will be a distinct interface even at very lo .' concentrations. In any camo. Sho well and other particles have an approc!:.on the octtling velocity. However, the xv* to of foil is of the order of Eugnltulo as the Stokes velocity.
T * »TJ »** v*' ** YtSvon when the particles differ greatly Im claa, shape and density, slurries settle with a sharp lino cf deraarcat.Vn whai the solids concen­tration lo sufficiently high. for ouch clurri .a, the transition from ”freo sottllxV’ to ’’hindorad cettliag-’ is very (nxdvni. The first oign of tho transition is tho appoorsneo of a very hazy and f.:.int interface. itd:j gradually becomes sharper.In hindered sottling, the p:irticlso or ilocs ore close together, cunoing the velocity gredioats eurrourifilnT cac‘» r -r•tialo to bo greatly affected by the presence of nci::!;benring Ir. it dally, thepiirtielos eottlo at constant velocity. :*ftar csastant-rato period, the velocity decreases. If tills ciEinge occurs abpjsjtly, thius point is co.nonly (1) culled tlio point of comijrcssxon •



LITERATUS EUAVbY

Sedimentation of slurries and susponsioiB has been the subject of extensive study in the search for a comprehensive theory or empirical for­mula which deals with the rate of fall of a suspension over its whole concentration range. A practical application is in the design of thicknors with minimum experimentation from batch settling data.Therefore, in general, the work can ba classified into
1. Batch S ettling,2. Continuous Settling.The present work deals with batch settling of flocculent, in- coinprecsible slurries.In their pioneer work, Coo and Clevengerobserved four different sones in a batch settling test with Eotallurgical Jlimcs. Figure (1) which is reproduced from their paper gives a typical history of a suspension which is initially of uniform concentration.Initially the column contains a uniform two-phase mixture 3 as shown in Figure (la). As settling takes place, clear liquid A begins to appear at the top of tho column and a dense cediraent D at the tottoa (Figure lb). In between B and D, there is often a region C, in which the concentration is not uniform but varies from that of tho initial con­centration at DC to the maximum possible at DC. As time progresses, the depth of zones A and D increase, sore B decreases and zone C remains con­stant. The point at which C and D serge is called tho critical point.
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Fig, 1 History of a Atypical Batch Sedimentation
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showed that(a) the death of colm bos no effect on the initial sottl- ing rates and the ties taken for the initial slurry to settle to its final consistency io proportional to the weight of colids.(b) at high initial concentrations, the final consistency

(i)of the Ba;ii~cnt was greater “ , which was attributed to the sand particles present in the slurry. Dosna^ ccnfir. sod the latter observation.(4)Deoxr noticed the logarith-dc appearance of settling curves after the critical point and suggested the following equation!
» 3—3
| log a fc (1)t 41 — C9

(5) .Ilobmson in an atte pt to correlate the velocities of suspension, Modified the stokes Law and obtained the equation
(Q

Egolf and i’cCabe 

u « / d2

- k a2 <% -p0^pave another version of Modified dtoke
(0.415 - c )1,4 

co

(2)s Equation(3)
for initial rates, andlog § = & log (St) (4)co for the conipx’ession period. It was reported that the exp- rinontully observedvalues lie wit’iin - 20^ of tieso calculated fres Equation (>)•(7);?ard and Ka’.^or.'joyGr pointed out that the valuo of c^in Equation(5) is influenced by particle also and the woi .ht concentration of the sus­pension. As the particle siso increase c increases and may r:ach a value of 
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0.M5 in which case Equation (>) is no longer valid and it is necessary to develop a new cons trait.They also showed that a simple relation existed between the ratio of ultimate to initial settling heights which can be expressed as
Z
f « Co” <5)o'work and Kohlernoticed the similarity of settling curves for the same slurry with different initial heights. From this fact, it is possible to predict tho settling curve for any normal settling height, if tho settling curve for any other height is established. The correlation is # • - f Wii (6)Zo °However, they stated that if the slurries are not stirred, channels will form in which cose deviations are expected from the similarity relation­ship. Comings^ proved experimentally that thickening is tho advance upwards in succeeding waves, of higher concentrations from the bottom layers. Figure 2 of his paper clearly indicates how tho concentration layers are being propagated with time. Detention time is also a variable for comprossibl slurries.Kaamorneyer^®\ wiiile studying tho effect Zq and CQ on final height, expressed tho possibility that at high solid concentrations of the suspension or at high initial settling heights, the final height may bo independent of tho initial height.
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roborts^^ advanced the hypothesis ’’that the rate at which water is eliminated from a pulp in compression is at ell tines proportional to the amount which can be eliminated up to infinite tinso". Comings^ results do not support this conclusion. He concludes that uhon the pulp is compressible and when thickening to a rjiniiaua liquid content, the depth of the compression zone is important as well as the time required for tho liquid to be squeezed out of the zone.
(4)On the same basis as Deerr , Roberta proposed the equation for compressible settling- g = k (Z - Zj (6a)or - S (12)Richardson and Zaki questioning the validity of using suspension (5)density and suspension viscosity in the modified Stokes Equation, argued that for a suspension of uniform particles, tho effective buoyancy force acting on tho particles is not dependent on the density of the suspension. This is true because each particle displaces its own volume of liquid as it settles, on tho other hand, if a largo particle is settling in a suspension of particles which are sufficiently small to behave us part of tho liquid, the particles displace an equal volume of suspension.Similarly, the effect of concentration on tho resistance forco encountered by a particle for a given relative velocity is attributable to the increase in the velocity gradient rather than to a change in viscosity.Dy dimensional analysis they showed that



z

(?) ou a settling velocity of suspension uq= Stokos velocityBy extensive experimentation they shotted that the sedimentation and fluidization results can be correlated^) by a single linelog u vs. log cBy considering tho dynamic equilibrium of a suspension of uni- fona spherical particles settling in a fluid, Hichordson and Zald?1^ obtained an expression for tho settling velocity in the form of a cor­rection factor to be used in conjunction with Stokes law.
uU = ~ (3)poWhere B is a correction factor. For a suspension of uniform spherical c *particles p = (l-o)^*65 (9)GThere is much supporting evidence for tho functional fora of.. ,ox(13,15,16)equation (o) ’ ’ (17)Michaels and Bolger in their work with flocculated Kaolin(12)suspensions assumed that tho Eichardson and Zaki equation holdsprovided the flow units are flocs, and modified equation (9) to g d2(^-£)(M c?*65p Li 13 UL 0

f 1 0\Stoinour'1 u' experimentally studied tho sedimentation of fine-pearl tapioca particles in the laminar range and found that for porosities up to G.o, the results could be correlated by a modified form of the Kozeny equation.
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V C?exi? f ',-19 <w(19)Bond- derived an expression for the settling velocity of suspension u = u (1-X c^5) (12)oIn deriving thia equation, he assumed that the relative velocity between the slurry and the fluid always remains constant and is equal to the Stokes velocity of the particles. This cannot be true, because the relative velocity is a function of-the concentration of solids and is given by
Kynch/2^ was apparently the first to formulate a comprehensive mathematical theory of sedimentation on the sole assumption that the velocity of fall is a function of the local solids concentration. Using a plot of total solids flow rate against concentration he was able to derive the velocity of surfaces of discontinuity and to predict that particular values of concentration would be propagated through the sedi­ment with particular characteristic velocities. From continuity relation­ships the local solids concentration can be calculated fromC Z o oZ+ut (14)It was shown that if any discontinuity exists, it will be propagated upwards with a velocity given bySl" S2 c2“ C1If the change in particle concentrations is small, the expression for 8 reduces to
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asde (16)

Once the S vs. c curve is established, the possible modes of settling curves can be established. Using equation (14) the S vs. c curve can be established from one batch settling test. / oxWork and Kohler’s^ calculations support Kynch’s theory. The most striking resemblance to Kynch’s theory is their calculations of average concentration at equal slopes from various settling curves of different initial concentrations and equal initial height. From similar triangles, their results can be used to calculate surface concentrations.(2)Mishler*s' results are those expected on the basis of Kynch’s theory.Yoshika et al found that the constant K in equation 6a and 6b varies inversely with CoZq. In the modified form Roberts^^"^ equa­tion is written as
o owhere K* is a true constant for any given material. They gave experi­mental support to Kynch’s^0) theory and developed a relationship between final reduced height and weight of solids per unit areaZ « (C Z)-n (13)u a O 0 o o (2-*) This equation is of the same type as equation (p). Snellie and Lamer studied the sedimentation of flocculated suspensions and gave an empirical equation K/(Z - Z) = i + pt (19)oThey erroneously derived this equation from the continuity equation of Kynoh^O). Errors in their mathematical analysis led them to assume that the volume concentration of solids is at any instant uniform through 
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cut the settling column, which is quite contrary to the idea of concen­tration gradients.Shannon and Tory and associates' >* * developed a methodfor calculating complete settling cra ves from initial rates and verified Kynclfetheory for slurries of closely sisod spheres in water.(25)Tory has shown that equations 14 end 17 could be combined to got equation 20 from which concentration vs. velocity can be calculated without recourse to tho sedimentation, curve.1 1 u 1 1 x U n e /C = ~ + ~ C " —5 + I? Za T co o e coThis equation is more convenient than using tangents to the settling curve, where settling is slow. He has also shown that equation 13 holds good for several results in tie literature including some which had been attributed, to the effect of initial concentration, He also noted tho importance of concentration gradients for settling rates of CaCo„ slurries, Additional (27) (23)support for Synch’s theory is given by Hassett , Ballis , Boyd and uhitton^ 2^)•



EXPEBIiirgiTAL
Mr.tor.tcloFrascodymium oxalate, Fr2 E20’ (°ode 719»9» Lindsay Chemi­cal Division of American Potash and Cho;.iicul Corporation) cos used as a finely divided solid for settling studies* .In order to establish tho effect of aging on its settling proper­ties, settling rates wore deter. lined as a function of a_;o. From Figure 2, it appears that the settling properties change slightly with agitation. A thick master slurry was made and stirred vigorously for more than a neolu The particle siso distribution cf a small sample of tliis slurry can bo estimated from Figure J.All samples for settling tests were taken from this master slurry. Both tho weight and volurao of slurry wore noacurod and the weight of solids was calculated, ^he apparent density of praseodymium oxalate was deter- ciinod experimentally to bo 2*522 - C.OO75 g*/cc.
ProcedureThe same slurry sample was used for a series of runs, tho solids concentration in tho cylinder being adjusted by adding or removing water* The slurry was mixed thorouglily with a perforated stainless steel plunger until tho solids apparently wore distributed uniformly throughout the slurry. The time was counted from the moment tho plunger was taken out of the slurry* The level of the interface as a function of time was recorded* (If the level falls very rapidly for just a very chert time, tho slurry

12
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Photo microcrarh of Prasccuj’Aium Oxalate Particles



15is not unifora, i.e. tho solids concentration near the interface is lower than in the bulk of tho slurry). The frequency of roadings varied from four per minute to ono per five minutes depending on tho velocity of fall. Zi series of tests was dono in which each solids concentration was run twice for each batch. The order of runs was determined by lot.The technique which gave the most reproducible results was as follows. First, 280g. of oolids wore added to the column and settling tests were carried out. A known weight of solids was removed from the column and settling tests were repeated. This was continued until the data covered a wide range of concentrations. A cathetometer was used to reduce the observational error in runs involving tho slow compaction of thick slurries.The large ratio of length (90.0 cm) to diameter (4.65 cm I.D.) of tho column made it possible to study a wide variety of concentrations with relatively little material. However, the diameter was largo enough to ensure that wall effects would bo negligible for discrete particles or flocs.



Initial ^ettJlng PatosInitial settling rates wore obtained for a wide range of initial concentrations and several weights of solids. The meat reproducible results are shown in Tables 1, 2 and J, the remainder are given in Appendix A. From tho relatively fact settling rates for all concentrations, it is obvious that tho 'olids do not settle as individual particles* It appears that the basic units are small clusters of particles with enclosed liquid which are called flocs. These flocs have a certain amount of mechanical strength and so uro able to retain their identity under the very mild sur­face shear forces and collisions experienced in gravity settling.To establish the functional relationship between velocity and con­centration, the logarithm of the initial constant rate was plotted against tho logarithm of void fraction. Figure 4 shows that there ore three definite regions* Corresponding to these three functional relationsliips, throe types of settling nay bo postulated! idndercd settling, transitional settling end compaction*
Hindered GottlingThe lowest concentration used was the minimum needed to obt?;iin a distinguishable interface between the sediment and tho cup ornate. At low concentrations, many particles are loft behindJ t- e supernato is wliite with small particles which settle very slowly. These are individual particles which were too fur from any floc to be taken up.
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TABLE IBatchInitial Settling R'atcs vs. Initial Concentrations.Weight of Solids 230.4 g. Temperature 2o-27°C.
zQ( cm) Concentration % (g./cc) Void fraction c Rate of settling u (cm/riin)25.10 O.6325 0,7492 0.0215527.10 0.6092 0.7585 0.0257727.50 O.6OO3 0.7620 0.0269329.00 0.5633 0-7747 0.030413'0.00 0.5500 0.7813 C.O366I31.50 0.5240 0.7922 0.0424533.30 0.4957 0.8055 0.0520534.80 0.4737 0.8122 0.060656.10 0.4557 0.8190 0.C648237.50 0.4400 . 0.8255 0.0635333.10 0.4333 0.8282 0.190439.6O 0.4168 0 * co

 
'•£

1 G.CcO4i.co 0.4026 0.8404 0.0953942.65 0.3370 0.8465 0.105242.65 0.3370 0.8465 0.226545.85 O.36O 0-3573 O.2536 .49.75 0.-318 O.8085 0.277855.CO 0.300 0.3310 0.5072
17



Height Concentration Void fraction ante of settlingsQ(cm) % & u (ca/min)
62.50 0.2641 0.8955 O.586O75*00 0.220 0.9127 O.528580.00 O.2O&5 0.9182 O.6C85 n85*00 0.1942 O.925O c.62’7090*00 0.1854 0.9273 0.7558
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TABES 2Batch 8Initial Settling Bates vs. Initial Concentrations.height of Solids 213.6 g, Temperature 2u-2?°C.
Eeight Concentration Void fraction Bato of settlingzq (cm) CQ (g./cc) u (cm/iain)25.0 0.5030 O.oCCS 0.0483827.0 0.4657 0.8154 0.0615430.0 0.4191 O.8353 0.235340.1 0.3136 0.8757 0.277745.0 0.2794 0.8892 0.533450.0 0.2515 O.9CO3 0.416655.0 0.2286 0.9094 0.5060.0 0.2095 0.9169 0*598365.0 0.1934 0.9253 0.631370.0 0.1796 0.9283 0.784575.0 0.1676 0.9554 0.9230*80.0 0.1572 0.9576 1.092985.0 0.1479 0,9414 1.293790.0 0.1397 0.9445 1..12995.0 0.1 23 0.9476 2.0280
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TA'dLE 3Batch 9Initial Settling Hates vs. Initial Cone ntrationsVoight of Solids 155*0 g. Temperature 2o-28°C
Height Z (cm) o ConcentrationCQ (g./cc) Void fraction Rate of settling U (cm/nia)13.0 0.5059 0.7 8 0.0457520.0 0.4563 0.3191 O.CS43625.0 0.3650 0.3553 0.223530.0 0.5042 0.8794 O.295O35*0 0.2607 0.8966 O.3S6O43*5 0.2097 0.9168 0.593350.0 0.1825 0.9276 0.759555.0 0.1659 0.9542 0.91606o.O 0.1520 0.9397 1.176465.0 0.1404 0.9444 1.538470.0 0.1503 0.9433 I.898775.0 0.1216 0.9513 2.251680.0 0.1140 0.9548 2.70285.0 0.1073 0.9575 3.051290.0 0.1014 0.9533 5.4485
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A long initiation period was noted, especially at low concentra­tions. The more dilute the slurry, the longer this period. Tho long ini­tiation period at low concentrations reflects the difficulty in forming flocs when particles are widely separated. Tho floc size or the number of flocs reaches an equilibrium condition, at which state, the rate of fall becomes constant. The most probable shape of floc is a sphere since this is the most stable configuration. It has b-.on shewn by Belch and Vold^^ that flocs tend to approach a uniform ciao in any shear field.With low concentrations and low initial heights, steady rates era not attained because tho solids concentration at the interface increases before tho initiation period is complete. Therefore, initial velocities determined for concentrations less than 0.1 g./cc with initial heights of less than 80 cm are not accurate. Longer colums are needed, but in thia case the nixing is not efficient enough to produce a unifors initial con­centration.Results for the hindered settling region are fitted by the equation 
u » 25-49 ?3’8^ (21)wliich is a straight lino on a log-log plot (Ugure 4). The data shown are for batch numbers 7, 8, 9- The effect of flocculation was to increase the value of the exponent, n. For batches 1, 2, J, and 4, it varied from 33.7 to 41.5. If n is a measure of the degree of flocculation, then the amount of flocculation increases as the ago of the slurry increases.The strongest dependence on voidage, i.o.,tho largest value of n, should occur when the flocs are loose and bulky. A change in floc structure is then indicated by a chun ;o in the slope of the curve in Figure 4. Thus, a change occurs ut the division between hindered settling and
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transiticnel scttlin •, but it is difficult io know whether this change is abrupt oi’ gradual.In any caeo, if it is aawwiud tint tho chango occurs because ths flocs aro close Co^oibcr, it is possible to estimate rou..hiy the ratio of floc volume to ito solid content. Aastuilng that tho flocs are spherical and are arranged in a regular cubic array, tho volume fraction of flocs, when they are fully packed, is C.524. This occurs at a volume fraction of U.O-557* If all the praseodymium oxalate is in floc form, tho ratio of floc volume to solid volume is C.524/O.O667 = 7«06* For random packing it would be O.ulO/O.OuG? = 9*15» At is by no moans necessary that the flocs touch each other before their volume begins to decrease. Hence, the ratio nay ba considerably less.
Transitional SottllnrA significant feature of the division between hindered and transi­tional settling is that the curve (Figure k) is continuous, although its derivative nay not be. Tiio kind of critical point, or point of compression, postulated by Coe and Clevenger presupposes a discontinuity in settling rate. In the present case, although the flocs may be dose together, the water is not "squeeaed” out of them.It appears that thoro is a modification of the flow patterns around the flocs. Initial settling rates are very low but increase with time. From the beginning of settling, tho bod develops cracks} these grow into channels through wliah liquid flow can bo observed. This is followed by spout formation at the interface wldch makes it difficult to read the interface level correctly. Channel formation is abrupt, and the rate of settling increases suddenly to a now value. The time taken for channel 



formation decreases progressively us the concentration increases. Visually, the slurry appears to be a network, but it is uncertain whether this is real or not.As the initial concentration is increased, the settling velocity decreases abruptly} there is a discontinuity in the velocity—voidage curve. As shown in Figure 4, there is a range of concentrations for which tho rate can have either of two values. In Figure 4, the transitional region begins at a void fraction of 0*934 and ends around 0.834. This range varies from batch to batch and from run to run.The final concentration is the same, within experimental error for all initial concentrations in the hindered and transitional regions.
ConnectionAs the solida concentration is further increased, the bed settles very evenly and no channels are formed. The rate of fall is constant until almost tho end. For higlily concentrated slurries, tho surface is curved.(17)Apparently the walls help to support tho slurry • (bith tubes of larger diameter, the curvature will be minimized and more precise data can be taken). Initial settling rates are correlated by u = 0.810 c1^*^ (21a)The smaller values of the "Stokes velocity" and tho exponent indicate a cnallor, sore compact floc than in hindered settling. Additional evidence for this view is the fact that tho final solids concentration is always greater than can be obtained in either hindered or transitional settling.



In compaction, the final Bedimont volume is a function of initial concentration; the final concentration increases with increasing initial concentration* This soc.-s to indicate more compact flocs. Tapping the container resulted in a hijier final concentration, prenunably by packing tho sane flocs more closely. TABLE 4Batch 8Effect of Initial Concentration on Final Concentration in Compact Sattlin? Weight of Solids 213.6 g.
Height Initial Final Height Find averageZ(cm) Concentration 2i (cm) Concentrationo % g./cc) (D19.2 0.6550 18.05 0.696720.0 0.6233 18.20 0.690921.20 0.5932 13.40 0.633522.1 O.569O 18.70 0.672523.25 0.5410 18.70 0.672524.20 0.5196 19.00 0.661325.20 0.4990 19.35 0.650025.30 0.4782 19.30 $•Q28.10 0.4475 19.40 0.643230.00 0.4192 19.3'J 0.651531*5 0.3992 19.30 0 • CA y VI

25



APiLICATlCZI OF KYJCuKynch’s^^ theory was derived on tho assumption that the rate of fall is a function of local solids concentration and the particle does not change its shape and eise, i.c. the total number of particles is the sane nt all tiroes. It is also applicable if floc sise and structure are dependent only on tho local solids concentration. Using a plot of total solids flux against concentration, ho was able to derive the volicity of surfaces of discontinuity and to predict that particular values of concentration would be propagated through the sediment with particular characteristic velocities. Once the flux plot is determined, it is possible to draw all tho settling curves for that particular fora of flux plot.
Construction of Flux PlotFrom the initial rate data, of Tables 1, 2 and J, a flu:: plot was constructed (Figure 5). The dotted lino indicates extrapolated values* la the dilute region, Equation (21) was used to extrapolate. Tho validity of this extrapolation is doubtful at very dilute concentrations, because the floc structure varies and Equation (21) is no longer valid.At high concentrations, the settling column was tapped until the solid no longer settled, and this was taken to be the fully packed bed at which the solids flux is sero.Kynch^C\ Tory^J\ and Ifallia^^ have shown how different codes of settling curves cun bo expected from the shape of flu:: plot.
Settlin': Carvos derived from Flu:: riotIn tho literature many types of hypothetical flux plots have been
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assux-d, which are continuous, starting from tho simplest curve which is everywhere concave downwards, and with ano or two inflection points intro­duced in the curve, but no break in the flux plot. Tho present flux plot shows one inflection point at a concentration of .101 c/cc and a break,which cannot bo determined exactly. A similar type of curve was reportedfor CaC0^(Tory^2^) although it is uncertain whether his curve was continuousor discontinuous. As it is impossible to draw the theoretical settling curve without assuming the position of the break, it was assumed that the break occurs at a concentration of 0.42 g/cc.
Deternin-.tion of Bottling Curves from Flux PlotSince experimental data are not available for concentrations less than O.C92, this value was chosen us tho one affording comparison with experimental values over a rnaxinum range of local solids concentrations.The settling velocity of the interface is obtained from t;.e flux plot by ’ easuring the slope of the chord joining C=0 to C=G, which is equi­valent to S/C. The position of tho concentration gradient (continuity wave) at any time is given by 3 = $ t. The propagation velocity is also given by the derivative of the flux with respect to concentration, wince u and J are both functions of concentration only, for a given suspension they may be regarded as functions of each other. The slope of the falling rate period of a sedimentation curve therefore always has a particular slope u when it crosses a lino of slope $ from the origin. Therefore, all curves for various initial heights and concentrations have the same shape. This can bo true only if tho propagation velocity of any concentration layer is not affected by tho concentration gradients which are developed in tho settling column.
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Thus once tho flux plot io doterminod, all the family of settling curves can ho established. Assuming that the propagation velocity is not affcctod by the concentration gradients,Figure 6 is determined from tho flux plot.iicperimcntul curves for hindered and transient settling are given in Figures 7 and. 8. They do not agree with settling curves derived from tho complete theoretical flux plot (Figure 6) but are consistent with those deduced from that portion based on initial rates in hindered and transient settling. The large looso flocs in hindered and transitional settling cannot fillow the flux plot for the small dense flocs in compac­tion; neither can they reach the rna:d.mum compaction achoived by the denser flocs.The initial part (first 12 minutes) of the experimental curves shorn in Figure 7* is consistent with the flux plot. Kynch’s theory predicts that nil results for hindered settling will merge in a common line; this is exactly the case experimentally, but tho line is not that predicted from the complete flux plot.For the curves shown in Figure 8, the maximum solids concentra­tion was 0.612 g./cc. If this point is joined to tho part of the flux plot pertaining to hindered and transitional settling, the resulting flux plot predicts the experimental curves very clo::ely. For initial concentrations less tJion 0.2'4 g«/cc, the theoretical sottlia.< curvo is initially a straight line. Then follows a gradual decrease in rate and finally a sharp brea* i-n tha curvo us th' final concentration is reached. Theoretically, this break occurs at the cats point for all initial concen­trations between 0.CC3 and 0.264 g./cc. For initial concentrations
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greater than 0.254, the total time decreases as tho concentration increases. This is in accord with the experimental results of Figure 3. The region from 0.J5 to 0.44 g/cc is very unstable, battling rates cay be high from the beginning or they nay be initially low and increase to a high rate. In the latter case the high valuo is the one used for tho flux plot, the low value being considered as part of an initiation period. This is cocoon practice^ but should be borne in mind in assessing the agroeaent between theoretical and experimental curves. Instead of cooing abruptly to an end, the experimental curves for transitional settling have a short period of very slow settling after tho sharp brock.In compaction, tho experimental results agree with the theoretical if the final solids concentration corresponds to that obtainable with the particular initial concentration.



Having sho./a how the flux plot can bo ut'.lized in constructing tho settling curves, it was necessary to tost whether the flux varies with the weight of solids, that is, whether the solids are compressible or not. Ulis effect can bo s’ own by plotting various settling curves of the same concentration with different initial heights and noting whether / 1 nx tho curves are similar as was done by ”:ork and Kohler' '• This was ohown in Figure 9 for four different initial heights and an initial concentration of 0.14 g./cc. Line a radiating from the origin separates the constant and the falling rata periods. Tho other radiating lines ore drawn at random, from the origin. Tho distances AE, AC etc. are measured. Then the ratios of AB to AC Gtc. wore calculated, it was found tliat for a given pair of curves those ratios were equal to one another and were also equal to the ratios of the initial heights of the colurai.The Kaxiisusa deviation is about 4J. This do’dation con bo expected, because of the channel formation in the column. Having shown tho validity of the geometric similarity, it is possible to ganeraliso tho settling (pi) emwe by plotting Z/C0Z0 vs. t/CoZo as was done by Yoshioka et al .If the reduced height is plotted against reduced time for various concentra­tions and heights, a single curve in tho falling rato period, and straight 1 of various slopes in the constant rate period should bo obtained, if the weight of substance has no effect on the settling rato. Th? results are shown in Figure 10 for one initial concentration and four differ­ent weights of solids. This result is exactly that expected from Zynch’s theory. Tho factor 77^“ induces all the paints of equal slops to coin- M U Zj 00 (?C)cide at one point. It was shown by Tullis that tho flux plot and



Fig. 9« Geometric Similarity of Settling Curves.
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reduce height vs reduced time plots hoar a complementary geometrical rela­tionship. This is exactly similar to i'ynch’s^^ method of calculating curfaco concentrations from Equation 14.Equation 14 assumes that the upward propagation velocity of any concentration is constant. The method of calculating the surface con­centration graphic: .lly is described below. Lot C and Z bo the initial o oconcentration and height, respectively, of a colucm of slurry in a batch test, '.dien any capacity Uniting concentration layer reaches tho elurry interface, all solids in tho column must have pasccd through it since it was propagated up from the bottom of the column. If the concentration of tills layer is C and it reaches the interface at time t, then the quanti­ty of solids having passed through this layer CAt (u-£) must equal to tho total volume of solids C Z A. Thus CtA (u-£) = C 2 A (22) )o o o oSince it was proved that tho upward velocity of any specific layer is constant.

S = -Z/t (22a)where Z represents tho height at time t.Substituting in Equation (21) and simplifying, C Z C = Ar Z+utThe velocity u is equal to-ds/dt at the point on a plot Z vs t (Figure 11) at which the layer having a concentration of C ccines to tho surface, u is tho absolute value of the slope ox the tangent to the curve at Z,t. It follows iEiiaediatoly that Z+ut = Z ■ . Then equation (14) becomes ext 
c z 

c- A2 ZextThis means that Z . is the height which tie slurry would occupy if all extthe solids present were at tho same concentration as the layer at the slurry
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supernate interface. For any arbitrarily chosen value of C, tho correspond ing value ol Zgxt may bo calculated, u can then bo determined as ti:e slope of tho lino ura.;n through the point Z and tangent to the settling curve, sxcand a complete set of data shoring u as f(c) can therefore be developed from one settling test.Cn a reduced plot, by applying- the case procedure as above, the intercept on tho y-axis gives the value of - directly and the intercept on the x-axia gives — « The advantage of using reduced plot is that, the fallin;; rate period is represented on a single curve for all weights of solids. If weight of solids is a parameter, different curves for different weighis will be obtained.However, in calculating the surface concentrations, Equation 14 was used.The results are given in a flux plot (Figure 12). Instead of lying on a single curve, they fall in a wide band. Values from six other runs (113.4g., 0.1499 and O.24CO g./ccj 212.4 g, 0.1499, 0.1917 and 0.2400 g./cc; 240.0g. and O.H93g./cc) foil between the extremes shoc/n in Figure 12. There is considerable variation from batch to batch and even ccae variation from run to run, but it appears that the weight of solids has little if any effect on the flux.An interastin . sidelight was that, for t.-.o runs, it was psssibl.' to fit Roberts equation to the fioal part of the settling curve. Ono of them is shown in i-igure 1J. As these slurries ar a incompressible, this supports the contention' that KoteriSe equation doos not have the . . .. „ (11) significance attributed to it oy its autnor •
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Tbo Kynch theory postulates that tho rats at which particles set'le at any point in a sluxvy is a function only of local solids concc i "eraticn* In apelying this theory Lo slurries in w-iich other factors may also bo irport-.nl, it is necessary to determine the local solids con­centration us a function of timo and hoi it without causing any distur­bance to the sys-.cm. Ordinary analytical methods fail because samples cannot Lo withdrawn .vitbout disturbing or changing the ryctc.i to cere extant. Attenuation of radiation in one way ef detfavtinin ; tZ.o solids ccacentra Jca of thick slurries and bath and gar.: .a rays^'"''^Lave been tisod. ilia i e;h*.xl depends on the difference in absorption coefficients of olid and liquid and the presence of onou h solid to affect the a’.oant of absorption.In very dilute slurries, the amount of solid is not e:;ouji Lo affect the attenuation appreciably, and mother metbc-.l must bo found. RichartVcn and r-haoi^^ used radioactive colids in a study of solids remaining in suspension after various period-;; of time. In so.;o cusec, part or all of the • utarial hoin.; studied can be made I'ur’io. cLiva. CL'uor- wise it is nccoswiry to use a ga aa esitter with tho ca'-o settling propor­tion on th-it of t: o sabat.xjico under inv s!iga?icn.Cortain lisitutiors are i^Mcdiutely apparent, lie lu.lf-lifo should be Ion:, enough to permit measurer :rr.to ovrrr a reasonable period. If, liowover, it is very Ion; tre o nay to a safety cr disposal problora.
42



Tha notorial should be readily activated, t ;;t is, it should Inva a fairly lir. o absorption crocs section for clo:; neutrons. As radiation colics fl’on all parts of the rlurry, it is necessary to chidd the detector. If tho gaama radiation is "soft*1 enough to bo absorbed by ti.in cliioldin there nay bo considerable attenuation by tho solid particles, however, for gelatinous slurries in which the actual mount of solid is snail, the ab­sorption will ba essentially tho ca.ic aa in water. If tho radia­tion is ’’herd", a good deal of radiation will penetrate tho lend and be counted. Nevertheless, it is possible to use this method for emitters of high-onercy radiation.



A rudicactiv.i slurry in a cylinerical container emits ga-ra raui- ■ -ation. A detoctor is enclosed by a load s’iold in which there is a hori- sontal slit. Jo 10 of tho radiation fro:a a t in cylindrical section of slurry c-xo strike tho detector wiihout passing thrcuJi any lead. ikidiation froM all parts of the slurry, including this section, can strike the detec­tor cy passing thrauj' varying thicknesses o" lead. Although it is only a fraction of tho total radiation, the contribution of the thin cylindrical section of slurry directly in front of tho slit will bo greater than that cf any co parable section.. If the shield is properly designed, the cent i- bution of a thin soctio.; Loco • on progressively less as tho distance from the slit increases. The contribution of a thin cylin'..vic?.! section of fixed activity is thus a function of the distance from tho slit, if z is tho position of tho centre of ti e section and x is tho position of tho centre of the slit, both zei’o at the bottom -f tie container end positive upward, this function is f(u-x)=f(y).i;athe.".atic.ully, f(y) is a known even function (owperimcn'roily doter- ginodj which is ccntinuous with cowtinuoua derivetivs.lia f(y) s 0 (24)
y—(J?

~ <0 for y > 0 (25)ciy
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L’ho solids concentration, c(z), is sectionally- continuous. (Tkcro cay be several finite step changes in c(z)).0 = c(z) s’ c_ for all x (26)oshore cq in tho najiimum solids concentration, a finite pssittzo constant. Also, Qc *7“ = o for all values of z at which it exists. All step os *changes are downward with increasing z.Tho counting rate when the slit is positioned at x is R(x) = k C° c(z) f(z-x) dz (27)
for tho case where self-absorption is negligible. Only in this case is f(z-x) independent of c(z). The assumptions about c(z) and f(z-x) guar- (33) autee that R(x) is not aerely continuous but differentiable •If tho concentration is unifora tlu-oughout a slurry of height zq, R(x) is sy iEiotrical about zq/2 and has its eaxinwn value there, Renee, nixing the slurry until its concentration is unifora provides a method of dotorziinins the constant k, The other restriction is thenc(z) dz = cqzo (2^)where c and s are tho initial solids concentration and initial slurry o oheight respectively.A hypothetical example cay serve to illustrate the nzothod. Assumethat f(z-x) = (29)
A radioactive slurry has on initial height of 43 cm, and an initial concentratlon of 1/3 g./cc. After a period of settling-, the slurry-supcmuto
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interface has reach d 52 C;i* Cn? tleory^^ predicts th t tho colids concentration is 1 g./cc between C a--d 3 c • and 1/5 g./cc between 8 and 52 cii* The other * predicts that the concentration is 1/2 g./cc botooonO and 52 cm. Both are cor.siater.t with the aateidul bnl-nce and it is deoired to use the radioactivity to test thcs.For tho first theory^(x)

.. y 1 1 n«»’»= arctun - arcton (-$) + j arctan ~arctan** p p—1 3 ?*•»*.*= arctun (r) + £ orctan arctan (30)** P p 4For tho ascend theory ( 1/2
•»*) s 1/2 orct-nn • 2-/2 orctan (-?“)

n 1/2 orctan + 1/2 sretan (31)Mow conrz n(”)values of v* 0, 15, 24, and 52, ara4ofgiven below along with pertinent vnluea the ai'ctoncent
X arctan P-5» arctuB(“7~J arc P^(x)*T~" n2(x)k
0 0 1.1072 1.4464 1.2202 0.7232
4 0.7854 0.7854 1.4239 1-7853 1.11JI
8 1.1072 0 1.4056 1*5757 1.2554



arc baa < /’-a.ascto-4 5,-7“-) arebtn 
la

H/x) P-.(2) 
tz&1-5 1.3253 -l.l<;7a 1.-.J3 1.0225 1.3.1531.4u$5 -1.5553 l.l-?2 0 • C

-?
 

y.
5 < * VO 1.2554-1.4O>5 0 0.5393 0.?2>?In practice, f(s-s) will bo uviiLalla yzzly aa a calibration curve-, and c(s) uiny bo core cuaylicatal. However, ra catiawto of c(s) can bo Eiido fran tho settling curve by npnlyir; bl:cory. If thiacatiaab® does not ar^oo with tho exyoritmtul I’cluoa, tho sine and oiabtrl- Lution of tho diaparltica will indlcato where adju.:ti.mt3 ciiculd bo Kado. Tho now ooticuto Kust, of courco, satisfy oil tho limitations on c(x).Tho counting rate KCx) is a trorp^ra of tho concentration c(s) and tho calibration curve io tiia kemr/L of tho trunjfoiu. Tho r-wblca of finuing c(s) whan b.(st) la Itta./a la ciiwly that of findin- trio invorao transfoi’a. Tho nnturo of tho furiotisna c(a) and f(&-x) exnuroa ta-.it when HCe) io known, c(s) io dotoxv.inoil awdevoly except whore it da discontinuous.



EXWRin.-UTALMaterialsAfter careful study, it was decided to use praseodymium oxalate os tho radio-:ctivo substance. A snail sample fraa Lindsay Chemical Division permitted a study of its settling characteristics and the chnr- 142actcrictics of tho radioactive isotope i-r for which tho decay scheme

Ezcort for its very high energy gasua (1.57 Hov) and its low (4,'j) decay by r-snna radiation, it was satisfactory in all. respects, liio hard giu-iea did eliminate tho need to consider self absorption and the largo amount o.i beZa radiation presented no problems.The settling churactoj’istico of t!ds suspension tiro v?ry interest­ing in that they are intermediate boteoon those for rigid spheres and flocculated co:.:pr;-aslblo slurries. Reproducibility with the sano butcii is i;ood, but for different batches it depends up-.n age, agitation, and possible other factors. The main interest in tho present proble.i is to test Kynch’s hypothesis and determine its licitations. Tho roproducibility doos not affect our analysis since calc&itions can bo dene for each run separately. The preparation of the slurry was described in fart 1»
43
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Apnamtu-i and ProcedureThe apparatus was designed to peri-ait meaaureaents of concentration to be made over a period of time at any depth in the sedimenting suspension- For reasons of safety the sedimenting column was enclosed by a glass vn! 1 nd water jacket to absorb the p particles. It was so arranged that all tho operations could be done without direct contact with the active material.Because of the weight of the heavy lead shielding surrounding the detector, the measuring equipment was fixed in position and the vessel containing the suspension was arranged so that it could bo raised or lower­ed inside the water shielding. Scdicicntation was carried out in a pyrex glass column 4.9 cm in diameter (I.D.) and Co cm long. The rate of fall of the sludge line could be easily observed despite the water jacket surrounding the settling column.A known weight of the material was transferred into the column in the form of a slurry. A much smaller known weight was placed in a polythene 1? 2capsule and irradiated in a flux of J x 10 " neutrons/ca • The irradiated capsule was transported by means of a rabbit system to the ’’hot lab”. The contents of the capsule were transferred into a beaker and thence into the settling column. Long tongs wore used in all these operations with radio­active materials.The settling column was moved up and down with a pulley arrange­ment and the slurry was mixed uniformly by m?wis of a plunger which was fixed in line with the column (Figure 14). The settling column was then fixed at any desired level and the counting started.Radiation from the bulk of tho slurry was attenuated by a lend



Fig. 14 Experimental Apparatus
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Fig. 15 Detail of Experimental Apparatus
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chi old in approximately tho fern of u think-walled cylindrical tank laid on its side. The top view is shewn below.

A thin hox'iuontnl dit (0.J13 cm* by 1*90 cm) pemitted unimpeded entry of co..;O of the radiation from a very short depth of slurry. Tho gscactry of tho cyotesi io complex, but rough oatisatos are riado in Appendix C of view factors and th: expectad amounts of radiation coming through the slit 'and thron .b the load respectively.• The detector, which was placed inside the shield was a Kal (Tl) scintillation crystal (harshaw. Typo 8d31'4). The f'Casui-Lng equipment consisted of radiation analyser ('.iuclcar Chicago, i’odol 1510) and a Dealer ('t’racorlub Inc., Ifo Joi 1000). Tho length of counting tir.» was not by a timer (iJualear instrument and Chemical Corp., Model Tl).



RSSULTS
The most obvious way to measure the solids concentration is to attempt to shielf the detector from all radiation except that emanating from a thin cylindrical section directly in front of the slit. Approxi­mate values of the view factor were calculated for various thicknesses of shielding and slit dimensions (Appendix C). In addition, estimates were made of the effect of radiation emanating from other parts of the slurry. For the example shown in Appendix C, the ’’desired'1 radiation constituted only 8.7;i of the total. These estimates showed that while the "extraneous” radiation decreased sharply with increasing thickness of shielding, the "desired” radiation decreased considerably. The gain in percent ’’desired” radiation was offset by decreased counting accuracy.A thin cylindrical section of highly radioactive (5 no) slurry gave the calibration curve shown in Figure 16. The shielding design was satisfactory in that it produced a monotonically decreasing calibration curve. The thick shielding around the lateral surface of the scintil­lation crystal reduced the effect of radiation emanating from inter­mediate distances while the moderate thickness directly in front ensured that the contribution of the radioactive material there was considerably higher than from anywhere else. Although the calibration curve was satisfactory, only of the radiation received from an infinite colum came from the volume of slurry ’’seen” by the detector through the slit. However, it should be emphasized that the function of tho shield­
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lag iu the prss .ot method in not to shut out ail ‘’extraneous” radiacion but to provide a out table komol, f(sc), for tho trausforsetien L<(x) = r3.k I °f(s-x) c(s) dz.*o A thin cylindrical section of slurry with an activity of 5 ec. produced about 2’!C,0u0 counts per minute when directly in front off tho □lit. The theoretic 1 value, which involved nu'.erous apprordu-ztions and esti'/ntoG uno 2iAS40C0 (Appendix C). Trds gives hope that the tboora tical notbod, despit its roughness, will io useful in ostia •ting results for other radioactive isotopes.To gain facility in handling radioes live mtcriols and to test ’cho feasibility of the mot’.od, a number of preliminary settling tests wwi’a dome with olurriaG ranging in activity from 0.2 to 1 me. Those indicated tint an activity of 5 kc* would ba necessary to obtain good counting accuracy.A test of Kynch,s theory was trade with 216.6 c of prztooofy.im oxalate having an activity of roughly J me. Tho concentration at differ- (21) ent Icvols in the slur.y was calculated from tho eat Ilin; curve on the basis of Kyncu’s theory that concontr.tion changas are propagated UxT.vur.iG viith a conut-ast velocity^*''’’ • Tide loud to tho theoretical cis- trihutions shown in Figure 1?. From tho values of f(z-x) in figure 16 and c(a) in figure 17, tho value of E(x)/k waa dctOiminod by a r.u.:oric;<l integration using an increment of 0.4 c?'i. The value of k wzu; detonrinod from t .o kne-m initial concur..ration, ike theoretical counta uero then co?!p;.rod to t; o experi'zortul.
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Comparison of 'Ilieorotic'-il and Ixperisontul Counting ?utosllit Position Interface lovol Hi a Counts per Finuto Diff(cu) (cm) Uda) OalcuTj ted Observed (SO3 44.6 15 2w,4vQ 13,934 7-515 41.4 21 17,493 17,523 c.55 >y.9 41 33,240 27,8C'O 10.?
For a slit position of 15 cm., the agree lent io ‘pc-rf 0 

•H 
'J 
•rl— 
-POthat the solids concentration residns ccnslu.it except in the lo..or portionof tho slurry. Tho failure of the calculate.’ end observed counts to agree completely st low slit positions indicates that a concentration gradient exists in the settled bed. This -was confirmed by ttuing counts over tho height of the slurry when settling was complete. Instead of Loin, Gyis-wtric .1 about the midpoint, the distribution was biased towards tiro bottom. Eased on tho avora,p of tiio t .o appropriate values, the disparity was 2.2m for values - 3.5 cm. from the midpoint and lo.J j for - c.23 cm.Further aeveloyoment of the t.aii.od depends upon the development of a computer yrogra'.xie which will utilize on iterative procedure to calcu­late the experimental concentration from the observed countin„ rate at a nuiabex* of points. Tlis appears to bo feasible, iho theoretical concen­tration distribution io on excellent first cctiu to, differing onJy in the region of the pac^/cd b:-d, and hero t’io direction of the dovi tion is obvious.

ccnslu.it


APPENDIX A

(Tables 6-11)TA61J 6Butch 1Initial Settling Rates vs. Initial Concentration h'oight of Solids 03.8 g. Tempera lire 27-28°C
Height Z (cm) o ConcentrationCQ <(J./cc) Void fraction Rate of settling u (cm/min)15.0 0.320 0.8723 0.5230.^7220.0 0.240 0.9048 0.6500.65025.0 0.1914 0.9240 1.0501.0032.0 0.1486 0.9410 1.9501.9224o.o 0.1190 0.9528 5.103.1650.0 0.0950 0.9625 4.454.7563.0 0.0757 0.970 6.606.5080.0 0.0595 0.9754 8.5173.236100.0 0.0476 0.9fJll 10.509.50
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Height ZQ(aw)
120.0

Concentration Co (g./cc)
0,039’6

Void fraction Rate of settling u (cra/min)
11.50
11.53



60

TABLE 7Batch 2Initial Settling Ratos vs. Initial Concentrations.Weight of Solids 240.0 g. Tenporatui’e 26-29°C
Height Concentration Void fraction Rate of settlingZo(cm) CQ (g/cc) u (cVmin)25.2 0.5140 0.7957 O.C?440.070929.0 O.! 445 0.3237 0.11220.106052.0 0.4023 0.8403 0. 280.20040.3 0.320 0.8731 0.35800.35053.7 0.240 0.9j4o 0.6400.63567.2 0.1917 0.924 1.01901.04785.0 0.1499 0.9405 2.0252.025107-5 0.1198 0.9525 3.6503.650120.0 0.1073 0.9574 4.724.75
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TABLE 8Batch 3Initial Settling Rates vs. Initial Concentration height of Solids 11J.4 g. Temperature 27-29»5°O
Eeight Concentration Void fraction Rato of settlingZo<cm) Cq(g./cc) c u (ca/ata)13-70 0.4445 0.3237 0.100.1015.10 0.4023 0.8403 0.134719.00 0.320 0.8731 O.3280*31825.40 0.240 0.9048 0.61490*614931.70 0.1917 0.9240 0.94540.60 0.1499 0*9^5 1*7050.80 0.1193 0.9525 2*952.8556.70 0.1073 0*9574 3.7763.6064.0 0.09^9 0.9625 4.603.9080.40 0.0756 0.970 6.506.235102.10 0.0595 0.9764 7.977.25120.00 0.05072 0*9799 9.508.50
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TABLE 9Hatch 4Initial Settling Rates vs. Initial Concentrations Weight of Solids 212.4 g. Temperature 25-23°C
Iloi cht Concentration Void fraction Rate of settlingS^Ccu) C0(b./cc) c u (cni/ain)22. JO 0.514 0.7957 0.05'390.06025.60 0.4445 0.8237 0.1500.136728.30 0.4023 0.8403 0.200.2035.60 0.320 0.8731 O.J230.33547.50 0.240 0.9043 0.57180.553759.50 0.1917 0.9240 0.93330.925076.10 0.1499 0.9405 1.952.0095.10 0.1193 0.9525 3.2805» 2C0106.20 0.1073 c.9574 3.954.15
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Fateh 6Initial Settling Ratos vs. Initial ConcentrationWeight of Solid,- 159»0 E* Temperature 2o-23°C
Height ZQ<ca) Concentration %( g./cc) Void fraction 

c
Rats of Settling u (cm/min)59.0 0.240 0.9048 0.4600.45043.8 0.1917 0.924 0.700.7252.0 C.180 0.9236 c.3o0.8055.0 0.170 O.9J25 c.850.9562.4 0.1499 0.9405 1.101.257-3.0 0.1198 0.9525 1.9502.G037.2 0.1075 0.9574 2.702.95



*

AP?i2iMX B Datcrejination of Blurry ConcentrationThe apparent density of Tr oxalate was determined by adding a laioun amount of Pr oxalate to a 500 ml volumetric flask and adding water to give a total volume of 550-450 ml. The flask was then stoppend and shaken vig­orously. Agitation was repeated for a long time at frequent intervals. The flask was thou opened, the slurry was washed down from the walls, and kept in a constant temperature bath at 20°C. Finally water was added up to tho sark. since the volume of water and total volume is knojn, the apparent density of Pr oxalate in water can bo calculated.. The density determined from slurries of 0.1 COO g./cc was too low when compared to O.2CO g/cc - 0.6100 g./cc slurries and was discarded. The results for tiles e slu ri os are shown in the following table.Weight of fr• Weight of -ator Volume of Water Volune of Pr Density ofoxalate(g) (s) (cc) Oxalate (cc) Pr Oxalate (g/cc)122.659 450.6525 451.4304 43.5696 2.5254112.4-505 454.6995 455.5045 44.4954 2.5272129.OJ45 448.075 448.8634 51.1316 2.5?-35153.739 434.552 435.3215 64.67'5 2.5315155.831 4jM^ 458.9183 61.u312 2.5184120.2945 451.2395 452.0385 47.9615 2.5-31203.1275 416.6955 417.4313£ pi2 = 44.529276CiP)2/7 = 44.52883
82.5687 2.5206

The eobIcuted standard deviation of Koon = ^Pi2 - (Zp)2/n (n-l)(n)a 70.C00596/(6)(7) = 0.0050708
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95/i confidence limit p = 2.522 t 0.0075 r/cn^



APPiFDIX C
of Shield. for Scintillation Counter1. Approximate Calculation of View Factorsi/isrogording for the moment, the appreciable ga^-na radiation which penetrates lead shielding, a column of radioactive material separated from a counter in which there is a narrow horizontal slit nay bo regarded as a short cylinder containing a uniform distribution of sources.Consider a thin plate source of thickness t.S = source strength per unit volume p ■ absorption coefficient in source medium(34) At point P

If the goraraa radiation is "hard*’ and the distance

(A.l)

(r^Sp through wliich itmust pass is small, this equation becomes approximatelySt (A. 2)

6.7
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I
arctnn ~-£ Jb r*•J- 

« T &•arctan b
where w is tho half width of the slit.

Both Sg and cun bo expressed as functions of 0 and x. The two equations for S1 arex + S^sin/ ■ R sin 9 (A.4)S_ cos $ + R cos 6 ss L + R2-w2 = K (A.5)J. \JFrom equation a.4R cos G = -1^” (x-i-S^sin /)2 (A.6)Substitution of Equation 6 into Equation (A-Sygivos, after some manipulation, a quadratic equation with the solutionS^a Kcos pf»x sin / cos/)2 - (K2+x2-R2) (A.7)The two oqunticno for Sg are

Solution of these equations leads to the camo value as that given for in Equation A.? As S^, the solution is obviouslyk2 + x2 - R2 (K cor, sin ft)2
(K cos sin ft)1 ?For siiiall values of 0, cos / — 1- * C^J1 Ronce

(A.1U)
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»2Tho largest riscluta vulucs of / occ'ir whoa x la of opposite sign. Thus tno eaxxnnn values of s^/J: end ~ / era cf opposite sign, and tho appro:d

(a ai)

cation
— 1 + 0“ + ~~

in se;.;u:.7hnt better than t!i.,ht bo thou^t. How

The value obtained from a table of integrals io, after roarrange-
«.« -bi tT/ a a^7J a^-v2 + (1-^ a2) a2 arcsin 

1 vj
(A.19In tores of tho original variables
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(A.17)In Equation A.J, I io tho ii.tw.aai-y of radiation. Equation A.17, when multiplied by givou tlu,’; into; aisy ns a function of x. To uetar^iiio ths radiation ra ictiug the co>z;i,ar, it io nasanara'y to ini vrato ovor tho oidt’i f‘‘i5 tliicLnaar; of the slit. In tho prosont ui .plificd troat- Ecnt, ths into:-ration in done nuecricully over tl:o width, and the tbienneuo io introduced cur-irately.Tho right kxid aide of Equation AJ.7'v~:d uecd no tho integral;! in the integration with respnet to x between tho li> its -w md w. Tho intcgi’ation utilising Fuus;o*o epudraturo formula, who done on a Zcndf:: C~l> dl.'itel ccrviuior. T?.o Al. o nroqT.-m is :.iv.?n below. £X!!>h 2 1» Title sxfi■tion2. I'LZ.'ixvry arctn (vli/rvCt)J. i-ta 1X3), C(.))» k(9m uO), s(9), vU),T(9)4. Sutaci'ipto JJ. Cunctanta c(9), A(9)6. - G.%hiG
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7. - C.SjCoj8. - O.61J379. - 0.3245510. 0.0CCC011. 0.3242512, 0.6133713. 0.3360314. 0.9581616. 0.08127417. 0.1806513. 0.2606119. 0.3123520. 0.JJ02421. 0.3123522. O.25C-6123. 0.1306524. 0.03127425» Eo'dn25. H = Keybd.27« M = Keybd23. Ne Keybd2?. J' = Keybd30. Y » Keybd31. Ze Keybd32. E = Keybd33. ioi* '.;=Y(Z) E begin



Carr (1)for K=’;(L’)F BeginTabs (1)Print (FL) « KTubs (!)
I^K-BJ-2 (a 2-W 2)
lor J=0(l)3 Bogin

x [j] =i»a[j]

‘ " Arc tn (( x-X 0.1 )A)

4 01” Arctel ((:-xOl )A)

t O> (? [j] >x[jJao^ 

u OJ3 (2 QuJ*x [jjAPiyp.

-L’sAJ'aT Qu J )
S Qj] = 2 Qd] UVcAl S(u[jJ )v M = u M M^'15*UU^6/V35)B 03 = (1HJ/K) ^J)^^ [j] +£ M /^)^^((-/^) 2)

+(i+d?z<4 0]
+(p [JJ *x Qjl/n)^; jtf((GA) t2-(?[j]+x [j]/c fe)b)/6

g Qj] =(isGA) f?/’.)’ (i 01 ^Qjyo^j((^;)f 2-( ^jJc-x^A) fa)

+C1-C-C/.) f |z4v Qj]

+(<J] *x [JIA)-: /^(«i/:) f a-(fa) f j)/6
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In vioa of the approximations used in dcvelo^sing t’o solution, we s'.culd coi .ino tho Huies and, if possible, Iha accuracy of tho eolation* The computer solution cun bo used only when tho quantity )p x
u :•>_•- o >— (arctan “t— + y = 0 (A*13)The value of R, tho radius of tho cylindrical tuba, is fixed at 2*5 c. A value of K = 5, i*o. 2*5 cu. of lead shielding was chosen as a basis ter beginning calculations* A aeries oi’ calculations showed that C-<° = 1*5, satisfied AOU'ticn A.18. Larger values of K are permitted, but erailov ones are not* Equation AJ.8indicates th t th? rclnlisuiu value of Q occurs whanX = W’s I KL-L2, where J^k«» I R2-’72* For n = 1*5, K= 5»G, Rs 2*5, the exact “4 r; 4value of --a is O*27GC9* The apnroxinrjte value is Q*!^^?* •••iile tizis "1ex’ror is substantial, the oxtreme values aro weighte,.’ relatively li;Jitly in the integration, and tho cxTor in the le.:s entrees cucoo, and hence in the integrated value will be proportionately much less*Values of tho integral 'vore calculated for various values of u and K. rraiging from G*7 to 1®5 ond 5*0 to 10*u resooctivoly* For R = 2*5 and K = 7*5, a ron /« chock was deno on the computer solution. iZJzt values of 7/ei’O calculated for ropremsneatavo values ox ‘fl cm x. i.:ey rangoaJ1from G.43> to 0.692 with an average of G.655. If, ar; a very rough appro:i- - *cation, A-n “r5 is a'aiwa cause n.;'l



1 H?
3 L2Then

For w s0.476

1.27 V L (1- ~ )
I2 (A.19)

1, L » 7*5
1 nJ

• 2* The value of theL2 L
>,241- ~ ) (A.20)
5^integral is thereforeThe value interpolated from computer calculations is 0.4:GThere remains the problem of the slit thickness. The geometry oftho arrangement is shown below.

K 
K-R

1 *2andEy similar triangles
Hence t where h = actual clit thickness.This is only approximate because it does not take into account the effects ofx and It is now possible to tabulate values which have only to be nuli-plied by Sh*- and the counting efficiency of tae scintillation counter to give the radiation count which should ba obtained.



75

TABLE 12
2Values to Lo Multiplied by CySU to Obtain Counting Rate

w (cm)

0.705.0 0.11655.56.0 0.05106.5K(cm) 7-0 0.05737*58.0 0.02519.0 0.013010.0 0.0155

0.90 1.10 1.500.17773 0.24CS 0.30220.22520.0952 0.1526 0.17110.13500.0589 0.0853 0.1C910.08990.03)9 O.O57O 0.07540.0283 0.0414 O.C5510.0213 0.0514 0.0420

1*35 1.40 1.450.5167 0.3505 0.34330.2549 0.2454 0.25750.1805 0.1899 0.19910.1423 0.1505 0.15820.1155 0.1221 0.1285O.C954 0.1CC9 0.1054

1.50C.356O0.26320.20300.16560.15430.111'3



76Theoretical Countin'’ EfficiencyChen radiation froa a point courses inpin 03 on a crystal, tho counting rate depends upon both tho solid angle and tho counting chara­cteristics of the crystal. As these are interrelated, they are normally (35) combined in an absolute counting efficiency . In the present case, however, the narrow slit permits radiation to fall on only tho centre portion of tho crystal and it is the view factor rather than tho solid angle which must bo considered, banco, the counting characteristics of the crystal must be determined by taking account of tho effect of colid angle on the absolute counting efficiency.A further complication is that nob all the Caapton-scattercd 142I>hotons are counted. Also, in the case of Jr , only port of the disintegrations result in garni radiation. Thus
where = counting rate for photons coning through the slit (i.e. without penetrating any load)D = view factor= total absolute counting efficiencye ■ solid angle S f = fraction of disintegrations which produce gonna radiationY f a fraction of total absolute efficiency obtained when c loner energy photons are cut off.If the geometry of the experimental apparatus corresponded exactly to that for which the calculations wore cade, the view factor, D, 



77would be the result obtained when tho right hand sido of Equation A.17 is integrated with respect to x between tho limits -w and w (page 70). Thon the result would bo given by tho computer prograiaae (statement 53, page 72).For the actual apparatus, the view factor is not given exactly by the programme, but a good estimate can bo made. The value of K (page 68) is 9» In the limit, doubling the area of exposod detector doubles the view factor for large values of K. This gives the slope of the view factor vs w curve at w = 2.5 cm. tlion calculated values of the view factor are plotted against w, a smooth curve gives a valuo of about 1.18 for w = 2.5 cm. If, with tho actual slit of w = 0.95 cm., all the exposed area of the detector "saw" all parts of the slurry, the view factor, D, would be 0.41. In actual fact, it will bo less than this but more than the value of 0.29 corresponding to the theoretical geometry for w ~ 0*95 cm. As these values are not too far apart, the intermediate value of D = 0.35 uay be chosen.For a thin cylindrical 5 me source,St = (5x1O"3)G.7x1O10) s 7<8o x 105 ’ w(2.45)2(4k)
«*JLThe thickness of the slit, h, is 0.313 cm. The factor (^ h D) in c hEquation A.21 is therefore (7»80 x IO'') (0.318) (0.35) = 8.69 x 10 .2The area of one end of tho crystal is n(2.254) /4 = 6.45 w sq.cm.

, 2The area of a spherical surface of radius 4nr . Hence the solid angle2e is very nearly 1.612/r . If the efficiency of a scintillation counter Evaried only with the solid angle, c /c_ would be invariant and hence I oQc r would be almost constant. Values of c for various values of r were
Y ’

(35) 2obtained from Heath’s report and was plotted against r. For 



t 73values of r from 2 to 10 inclusive, a straight line was obtained on a pGemilog plot. On this basis, t r for r = 9 is 0.613 and c /c = Y YE0.613/1.612 = O.jSo for r = 9 cm. As the gauma rays lit very close to the centre of the detector, the ratio may be considerably greater than this average value. The upper limit is, of course, 1.00. A value of c /c = O.76 was chosenV 3Tho factor fc was evaluated by assuming that the peak consti-
(35)tutes about JOs of the total count . On the basis of a cut-off at 400 and a peak at 505 pulse height units,

As only 4% of the disintegrations for Pr^ '2 result in gamma radiation^}f = O.O4. Y Substitution of all these factors into Equation A. 21 gives c = (8.69 x 1oS(O.?6)(O.O4)(O.45) = 71,500 counts/min. s' It is not possible to calculate exactly the additional radiation which passes through various thicknesses of lead to reach tho crystal or is scattered back into the slit. Obviously this will be greater near the slit. A very aonroxinate estimate can be obtained. The total absolute „2efficiency of the detector is 0.613/81 = 0.757 x 10 » A thickness of (5Mload Pl Hi ng of 4.6 cm reduces the radiation by a factor of e-O.57(4.6) _ ObO725. The number of gamma rays emitted is (5 x io”5) (3.7 x 10^) (4 x 10~2) s 7,4 x 10$ ganEias/soo. Using the same sot as before, we obtain (7.4 x 10°) (0.757 x 10 ) (0.45) (0.725 x 10 ) = I.83 x 10^ counts/sec = 109,800 counts/nin. This value is probably low because of the large amount of Compton—scattered photons walch will 



79be absorbed and for which tho counting efficiency is olightly higher.Tho total is therefore about 200,000 counhs/nin. Because of the large number of approximations and ostia-.to.;, thds cannot bo more than a very rough value.
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Fonolration of Ten-- Shioi ing 1^2As Pr ” has u "hard” r,orx:a (1.57 Hev), radiation fron t .0 colurin will pass through the* lead shielding and be counted* For the experimental set-up postulated in the previous section, tho calculation of "extraneous” radiation would be very cor.plox* A rough estimate can be obtained by a comparison vdth the .gamma-ray intensity from a sldoldcd infinite lino source *If s’ is tho source strength per cm of length, u is the absorption 142 coefficient (0*57 for lb? in lead), and K and S have their previous mean­ings*

T S’^01
= /zwhere soci(x) is a function defined = I e~x^ec9 Using values of soci(x) from Bendorson sod uhitti.,r^'/^\ tho factor ccciCvy) was calculatedfor’ a number ofR-H of shieldin'’* y

u(K-n) seci u(K-R) coci u(K-R)CK-102.5 1.43 0.17 0.0C83-5 2.00 G.090 C.02o4.5 2.57 0.043 0.0115-5 3-14 O.G25 0.00456*5 3-71 0.013 0.00207-5 4.23 0.0058 O.COG-JlAlthough tho "extraneoua" radiation falls off rapidly 7dt’r increas­ing thickness of shielding, tho "desired” radiation does also. It is possible to make a rough estimate of '.he ratio of extraneous to desired 
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radiation* As in the previous cocticn, wo ajisuse that tho efficiency of the detector is twice as grout for radiation hitting its center, and that tho radiation which docs not pass through loud constitutes 55.3 of the total counted from a cylindrical element directly in front of th? slit.with the actual experimental apparatus, tho thickness of absorbing lead was 4.6 cm. wills the perpendicular distance from tho "line source'* was 9»1 <>">• Ihua_ s» (O.57)(4,S) e»(O.C44) 2.4^:icr5s’1 . — " ....... a .. ............  —ex* ci; ly'.l) XU.cTt KTi■&"lino,, source strength, s’, is related to the volume source strength, 2S, by g* = n’R S so that= 2.42£L0“5 (6.25)3 « 1.51:iO’2SThe extraneous radiation ins the advantage of a larger availnblo detector area. The projected area perpendicular to the radiation varies from 20. 3 sq.cn for the circular one, to 23*7 for tho rast elongated ellipse back to 25.3 for square "seen’' from infinity. As the near values am weighted cost heavily; we choose a value of 2J sq.es.By geometry, tho detector Goes a slice of slurry 0.613 c:i trick when the slit tkiclzness is 0.J13 cm. Fror. the previous section the partial view factor is O.JJ. Tho ratio of counts is therefore
T (O.J5)(O.Jlu)(?/O.35) 212^31.51x10-^8 & = 0^7This is anprozdnatoly the ratio of counts fren a cylindrical section 0.613 cm high to the count which would be obtained fraa the wholi! column if tho slit wore absent. About 35,j of tho numerator can be attributed to tho presence of the slit. Thor .'fora tho ratio of counts from t?.o cylindri-



82

cal section to the total count io anproxiaately 'AV = 8.7.j»+w«U11

This moons tint the counts roc .ivctl fron the slurry very close to tho

slit will bo only u snail fraction of the total count.



riOIiuICLATinaB s constantc = solids concentration, g/cc.d = diameter of particlesD = degree of dilution, dimensionless (g.fluid/g.solid)2g a gravitational constant, cn/mink s constant, dimensions vary with equationn a dimensionless constantS a solids fluxt a time, minutesu a settling rate, cq/minuq = Stokes’ velocity of a particle or floc, cq/min2 a height measured from bottom of settling column, cm
Greek Lettersa a constant, min/cmP = constant, cm-1p = correction factor for Stokes’ velocityo a propagation velocity of a concentration or concentration discontinuity cm/minc a voidage, dimensionlessU a viscosity, g/min.cm

p a density, g/cc0 a volume ratio of floc to solids in the floc, dimensionless
83
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