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Abstract

Advances in additive manufacturing and synthesis of complex “responsive” materials
whose properties can be altered through external stimuli are opening the door to a
new generation of integrated devices and materials. While manufacturing such struc-
tures or materials has received a considerable attention (see for instance [71, 85]), their
actual design remains challenging. Starting from the pioneering works of [73, 56, 52],
topology optimization has established itself as a powerful tool for systematic design of
micro-devices, Micro Electro Mechanical Systems (MEMS), or materials microstruc-
tures. Topology optimization aims to answer the question, what is the optimal distri-
bution of materials in a ground domain in order to optimize a given objective function
subject to some constraints? Mathematically, topology optimization is formulated as
a PDE-constrained optimization, conventionally employing Finite Elements Methods
(FEM) to solve the underlying PDE constraints. In this thesis, we study optimal
design of responsive structures made of several materials, with at least one of the
materials is responsive material, though topology optimization. The objective of the
present work is to algorithmically find the distribution of materials in a ground domain
that optimizes an objective function [25]. It is well-known that such problems are
generally ill-posed (see [5] for instance) resulting in optimal designs consisting of an

infinitely fine mixture of multiple materials. Homogenization approaches [35, 8, 5, 7]
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tackle this problem directly by extending admissible designs to such mixtures. This
type of approach is mathematically well grounded and leads to well posed problems
that can be implemented efficiently. However, it is often criticized for leading to
designs that cannot be manufactured. Several other classes of techniques aim at
restricting the class of admissible designs in such a way that avoids fine mixtures.
The combination of material interpolation (SIMP) and filters [21, 27] is a commonly
employed approach. Shape parameterization by level set functions [10, 12] also limits
the complexity of designs. Finally, by penalizing the length (or surface) of interfaces
between materials, perimeter penalization [16, 50, 66] also produces designs with lim-
ited complexity. Additionally, perimeter penalization can be efficiently implemented
using a phase-field approach [28, 29, 82].

In this work, we propose a phase-field algorithm for the systematic design of
responsive structures achieving prescribed deformations under some unknown distri-
butions of a stimulus. Our focus is on linear elastic materials in which an external
stimulus can generate an isotropic inelastic strain, similar to linear thermo-elastic
materials. We begin by providing mathematical analysis of the problem and review
classical optimal design methods and finally we detail the phase-field approach to op-
timal design. We introduce the responsive minimimum compliance problem of linear
elastic structures. After giving the intricacies of this seemingly simple problem, we
introduce the phase-field model to prove the existence of a solution and provide a
numerical implementation. We then turn to the design of compliant morphing linear
elastic structures. Here we begin by considering design of responsive structure that
can move in a prescribed direction upon activation by a stimulus. We demonstrate

the stregth of our approach by studying the optimal design of 2D structures consisting
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of void, one non-responsive material and one responsive material. Next, we explore
the design of time-dependent compliant morphing linear elastic structures. Here we
consider the stimulus to be a state variable controlled by the transient heat equations.

We conclude by summarizing the presented work and discuss the its contribution

towards the overarching goal of optimal design for responsive structure.
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Chapter 1

Introduction

In the last two decades, the advances in modern manufacturing processes, such as
additive manufacturing and synthesis of complex “responsive” materials whose prop-
erties can be altered through external stimuli, have resulted in a high interest in
optimal design as a means of designing high performance structures with high de-
grees of geometrical complexity. These structures are built by integrating responsive
materials such as shape-memory alloys, piezoelectrics, dielectric elastomers and liquid
crystal elastomers with non-responsive materials. However the design of such inte-
grated structures remains challenging, it is important to develop a systematic design

methodology. This thesis explores this through optimal design methods.

1.1 Optimal design

The main objective of optimal design problem is to solve the inverse problem of finding
the distribution of several materials and void or holes that optimizes the performance

of a structure. The subject of optimal design was originally introduced in late 19th
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century by James Clark Maxwell [60] and much of the recent developments have oc-
curred in the past few decades [59] where the subject has been extensively formulated
for optimizing simple objective functions using basic mechanics models. Today, there
is a rich literature on the subject of optimal design and this thesis will base on the
pioneering work of [73, 56, 52]. The important terminologies used in optimal design
problems are outlined as follows:

An objective function measures the performance of the structure. The perfor-
mance of the structure is improved through optimizing (maximizing or minimizing) a
given objective function [9, 25]. The objective function that one seeks to optimize to
achieve an optimal solution, may involve state variables and can be directly or indi-
rectly dependent on the design variables and subject. Examples of objective functions
include maximizing stiffness, minimizing cost and minimizing weight or volume.
Design variables consist of a group of parameters that define the structure. The
design variables can either be discrete or continuous. There are design constraints
that are usually imposed on design variables. These constraints can typically be im-
posed in two ways: equality and inequality constraints. The equality constraint is
when the design variables must meet a specific criteria, such as equilibrium equations
in a structural problem. The inequality constraint is when the design variables must
remain in a specific criteria region, such as lower and upper bounds. Examples of
design variables include length, thickness and material density.

A state variable defines the mechanical behavior of the structure. The state variable
is usually computed by solving an underlying Partial Differential Equation (PDE) con-
straint. Examples of state variables include displacement field and temperature field.

In these cases the underlying PDE constraints could be the equations of linearized
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elasticity PDE (resp. transient heat PDE) for displacement field (resp. temperature
field).

1.1.1 Optimal design categories

Optimal design problems can roughly be classified into the following three categories

from [6, 45]:

Sizing optimization

In sizing optimization, designs structure is parametrized by a few design variables
implying that the set of admissible designs is considerably simplified. Size optimiza-
tion involves finding the optimal dimensions in a design structure while its shape is
fixed throughout the optimization process. Examples of sizing optimization includes

finding the optimal cross sectional area, thickness, length and width of the design [22].

Shape optimization

In shape optimization, the optimal designs are obtained from an initial guess by
moving its boundary without changing its topology, i.e., its number of holes in 2D.
Here, the structure is assumed to have a set number of holes, with the shape of them
considered as the optimized quantity. In this approach the design variables are often
a set of points on the geometry being optimized, and their cartesian coordinates are

iteratively updated until an optimum is reached [11].
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Topology optimization

In topology optimization, both the shape and the topology of the admissible designs
can vary without any explicit or implicit restrictions. Topology optimization extends
size and shape optimization further and gives no restrictions to the structure that
is to be optimized. Topology optimization is the most computational expensive and
powerful of the three categories as it does not involve any predefined configurations
[25, 76]. For this reason, topology optimization is very useful tool in many areas
of design and goal of topology optimization is to create an optimal design that is
strong and lightweight, and that can withstand the applied loads without failing. The
concept was initiated for mechanical design problems but has spread to a wide range of
other physical disciplines, including fluids, electromagnetics, optics and combinations
thereof [76].

Topology optimization can be solved through density-based methods where the
density of material at each point in the domain is unknown and the design problem is
posed as an optimization problem over these unknown densities. Then, gradient-based
optimization methods are used to iteratively update the design, where sensitivities

are usually computed through the adjoint method [67].
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Figure 1.1: The ground domain (left) and converged design (right) for sizing
optimization (a), shape optimization (b), and topology optimization (c). Source

[25]

Definition 1.1.1. The ground domain, ) is a 2-dimensional area or 3-dimensional

volume in which the optimal design can be contained.

The typical topology optimization problem is concerned of finding the partition

of the ground domain
Q = (D1, D,, ..., D,,) such that U (1.1.1)

where each D; is occupied by material 7, maximizing or minimizing some general
objective function Z(uy,ug, ..., u,) depending on state variable u; satisfying a state
PDE. Unconstrained topology optimization problems often lead to trivial solutions

(for example, in a case of classical minimum compliance, a trivial solution would be a
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structure consists 100% of the stiffest material), so we consider a topology optimiza-
tion problems with constraints on both the state and design variables. Constraints
on design variables include prescribing the material occupying specific regions of the
domain, bounds on the volume fraction of each material and box constraints (lower
and upper bounds). Constraints on the state variables include prescribing maximum
displacement on some part of the boundary and maximum bounds on the maximum
point-wise stress in the minimum compliance problem [9, 24, 57].
Mathematically, a general constrained topology optimization problem is of the
form:
minimize  Z(uy, ug, . .., Uy)
subject to C;(®,u;) =0,i=1,2,...,n (1.1.2)
H;(®) <0, j=1,2,...,k
where Z denotes the objective function. Here, C; and H; represent equality and
inequality constraints, that can be interpreted as restrictions on the state variables u;
and the design variable ®. The typical equality constraints in constrained topology
optimization problems are the state PDEs modelling w;, .e controlling the mechanical
behaviour of the structure and the inequality constraints are the bound on allowed
volume of materials inside €2 and box constraints on design variable ®.
A classical example of topology optimization is the minimum compliance problem

where the objective function represents

Z(u) = mf - ds (1.1.3)

the compliance measuring the work done by an applied load f. Hence minimizing

this quantity minimizes the deflection of the structure due to an applied load and
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thus maximizes the overall stiffness of the structure.

Figure (1.2) below shows an example of the classical minimum compliance in 2D
where the ground domain €2 is fixed at the left end. The white region in the design
represents void and grey region is the optimal allocation of the material to maximize

the stiffness of the design.

[
load load

Figure 1.2: Illustration of classical minimum compliance problem.

The main focus of the present work will be restricted to optimal design of respon-
sive structures using topology optimization. In optimal design of responsive structure,
one or more of the materials used in design is an active or responsive material. Re-
sponsive materials are those materials whose properties such as shape and/or stiffness
can be changed by external stimulus. External stimulus includes electrical or mag-
netic fields, temperature, light and heat. It is now becoming possible to 3D print
responsive materials like shape-memory alloys (SMA), shape of SMA can be affected
by change in temperature and liquid crystal elastomers (LCEs), shape of LCEs can
be affected by change in heat. This paves the way for responsive structures whose
shape can be controlled by external stimulus. Further, combining them with other

non-responsive materials can endow them with functions that are of use for many


https://www.math.mcmaster.ca/

Ph.D. Thesis — Jamal Shabani; McMaster University — Mathematics and Statistics

applications including soft robotics, wearable and prosthetic devices. Figure (1.3) be-
low shows a responsive wrist like structure designed using SMA and its action upon

actuation.

Figure 1.3: Wrist actuation using SMA. Source [69].

However, actual design of such responsive structures remains challenging, this project
will develop a methodology for the systematic design of responsive structures and
meta-materials which are assemblies of distinct materials and voids, especially optimal
design where one seeks the best function at the least cost. We seek the optimal
distribution of the responsive material, non-responsive materials and void and optimal

stimulus that minimize some objective function.

1.2 Outline of the Thesis

In this thesis, we propose a phase-field algorithm for the systematic design of respon-
sive structures achieving prescribed deformations under some unknown distributions
of a stimulus. Our focus is on linear elastic materials in which an external stimulus
can generate an isotropic inelastic strain, similar to linear thermo-elastic materials.

The thesis is structured as follows:

e In Chapter 2, the theoretical background necessary for the understanding and
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reproduction of the thesis is provided. We set the Hilbert and Sobolev spaces
on the ground domain 2 [1, 49]. We introduce the responsive optimal design
problem and discuss the classical attempts to solve the problem and present
the phase-field approach to optimal design and discuss the well-known adjoint

method for sensitity.

The content of Chapter 2 is based on [68, 30, 32-34, 36, 38, 46, 53]

In Chapter 3, we introduce the responsive minimum compliance problem for
an isotropic linear elastic structure. As the naive formulation results in an ill-
posed optimization problem, we discuss regularization through the phase-field
approach to optimal design. Finally, we detail the numerical implementation

and give some numerical results.

In Chapter 4, we focus on systematic design of compliant morphing structures
where the stimulus is a design variable. We provide the proof of existence of
solutions to the responsive optimal design through the classical I'—convergence
for phase transition problem [62, 61, 77, 3]. We present two numerical im-
plementation schemes and finally we explore integrated structures composed of

void, responsive and non-responsive materials for use in actuation.

The content of Chapter 4 is verbatim from a submitted paper [72] and therefore

contains some reduntant material.

In Chapter 5, we extend Chapter 4 by considering the stimulus as a state
variable. This leads to systematic design of time-dependent compliant morphing
structures where the stimulus changes with respect to both time and space.

Here, the stimulus is controlled through the equations of transient heat PDEs.
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Chapter 2

Notation and Preliminaries

2.1 L? Spaces and Sobolev Spaces

Let us start introducing some important notations and preliminaries. Throughout

this thesis  is an open bounded subset of RY, where d = 2, 3.

Definition 2.1.1. Ifu: Q) — R is a measurable function and 1 < p < 0o, we define

full, = ( [ dx) .
9]

If p = oo, we define
|t]|o = Inf{M >0 :|u] < M a.e}.

The space LP(QY) is defined as

LP(Q) = {u: Q= R:|ull, < co,u is measurable},

10
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for 1 <p < oco. For a sequence (uy,), we say u, — u in LP(S2), if

||un, — ull, = 0.

The functions in the space for solutions of differential equations might not have
a smooth derivative or are not even differentiable. The space we use to find solution
for differential equations is the Sobolev space.

For now suppose u € C*(Q), where k € N, and ¢ € C5°(£2). The spaces C*(Q)
consists of function with & continuous derivatives and C§°(€2) consists of smooth
functions that have compact support and continuous derivatives of all orders. Let
a = (a1,as,...,qa,) € N be a multi-index such that |a| = oy +ag + -+ + a,, < k.

Repeated integration by parts gives

/UD% dr = (—1) / pDu dx: (2.1.1)
Q Q
where
olely
D= ———.
u 955 - dan

Note that the boundary terms are equal to zero because ¢ = 0 on the boundary of €.
If u ¢ C*(Q), the derivative of u in (2.1.1) does not make sense in the classical way.
We need to define what the derivative means for functions that are not continuously

differentiable.

Definition 2.1.2. Suppose u € L*(Q) and « is a multi-index. If v € L'(Q) satisfies,

/QuDaqb dr = (=1)l /Q¢v dz,

11
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then v s the ath weak partial derivative of u. We denote the weak derivative by

D% = .

Note that if u € C*(Q), then the weak derivative coincides with the classical

definition of derivative.

Definition 2.1.3. The Sobolev space W P(Q) consists of functions in LP(Q) such

that the weak derivatives up to order k are in LP() as well

WkEP(Q) = {u € LP(Q) : D*u € LP(Q) V|a| < k}.

The associated norm for 1 < p < oo is defined by

B =

lllep = | S / D*uf? du

lof <k

If p = oo, the norm is defined by

lullkos = D 1D%u]lsc.

la| <k

If p = 2, the Sobolev spaces W*2(Q) are Hilbert spaces, and we denote them by
H%(Q). The inner product of H*(Q) is defined by
k

(u,v) gr = Z<Diu, D) a.

=0

12
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2.2 Lower semicontinuity and Coercivity

The concepts of lower semicontinuity and coercity are very important in minimization
problems. Given a real valued functional F' on a set X, one of the main problem of

the calculus of variations is to find the minimum value

min(F) = inf F(y)

yeX

and the corresponding minimum point x such that

F(z) = inf F(y).

yeX

Definition 2.2.1. A sequence (y,) is called minimizing sequence if

lim F(y,) = F(x) = inf F(y).

n—o00 yeX

Definition 2.2.2. A function F : X — R is said to be lower semicontinuous (I.s.c.

for short) if for every sequence x, — = in X we have
F(z) < liminf F(x,).

Informally, a function is lower semicontinuous if it is continuous or, if not, it only

jumps down as shown in Figure (2.1) [55].
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Down” “Graph

fx)d  dumps l “
® T Jumps
\ Upu

Figure 2.1: A function that is lower semicontinuous at xy but not lower
semicontinuous at xj.

In this figure above, we see that

liminf f(z) = f(zo) and limsup f(z) = f(x1)

T—=To T—11
and therefore f is lower semicontinuous at xy and not at z; as it “jumps down” at
xp and “jumps up” at z;.
Definition 2.2.3. A function F' : X — R is said to be coercive, if for every t € R
the set
{re X :F(x) <t}
18 precompact.
Equivalently, coercivity can be defined in terms of convergence of subsequences.

Definition 2.2.4. A function F': X — R is coercive if every sequence (x,,) such that

limsup F(z,) < oo has a convergent subsequence.

14
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Theorem 2.2.1. If function F : X — R is lower semicontinuous and coercive. Then

F has a minimum point in X.

Proof. Suppose now that F' is not identically +o0o. Let (y,) be a minimizing sequence

for F'in X. Since F is coercive 3, — = € X up to subsequence. We have

lim F(y,) = inf F(y) < F(z) < liminf F(y,)

yeX

which proves x minimum point of F. O

Definition 2.2.5. We say that the sequence F,, : X — R s equi-coercive if for every

t € R there exists a closed countably compact subset K; of X such that

{reX:F, <t} CK/VneN.

Proposition 2.2.2. The sequence (F),) is equi-coercive if there exists a lower semi-

continuous coercive function ¥ : X — R such that F,, > VU for every n € N.

Proof. If such a function ¥ exists, then (F},) is equi-coercive, since

{Fo<tyc{v <t}

for every n € N and for every ¢t € R, and the sets K; = {¥ < t} are closed and

countably compact. O]
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2.3 ['—Convergence

We introduce the notion of I'—convergence which is very useful in minimization prob-
lems. The notion of I'—convergence was introduced by Ennio De Giorgi in a sequence
of papers (cf. [40-42]). An excellent account of this concept is the book of Dal Maso
[39] and Andrea Braides [32].

Definition 2.3.1. Let F': X — R and F,, : X — R, where X is a topological space.

We say, F,, I'—converges to F if the following two conditions hold for any x € X.

1. (liminf inequality): for every sequence (x,) € X such that x, — x

F(z) < liminf F,(x,).
n—o0

2. (limsup inequality): there exists a recovering sequence (x,) € X with x, — x

such that

F(x) > limsup F,(z,).

n—oo

Suppose we are interested in finding the minimizer of a functional F. We can
approximate F' by a sequence of functionals F), such that F,, I'—converges to F. Using
the Fundamental Theorem of I'—convergence below, we see that the minimizers of
F,, can be used to approximate the minimizer of I with additional assumption of

equi-coerciveness on F), i.e
[' — convergence + equi-coerciveness = convergence of minimizers.

Theorem 2.3.1. (Fundamental Theorem of I'—Convergence) Let X be a topological
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space. Let (F,) be an equi-coercive sequence of functions and let F,, I'—converges to

F in X, then the minimizers of F,, converge to a minimizer of F.

Proof. Let y € X, and (y,) be a recovery sequence for y i.e, y, — y. Then by

(limsup inequality) condition above, we have

lim sup F,,(y,) < F(y). (2.3.1)

n—oo

Let x, be minimizer of F,,, since F,, are equi-coercive, x, belongs to some compact
set of X and therefore we can find x € X such that z,, — = up to subsequence. We
want to show that z is the minimizer of F. By using (liminf inequality) condition

above, we have

F(z) < liminf F,(z,). (2.3.2)

n—oo

It follows that

F(z) <liminf F,(z,) < limsup F,(x,) < limsup F,(y,) < F(y) Yy € X.

n—o0 n—o00 n—00

We have shown that F'(x) < F(y) Vy € X and this means z is the minimizer of F. [
With the notion of I'—convergence, we can now introduce the most important
property of I'—convergence.

Lemma 2.3.2. (I'—convergence is stable under continuous perturbations): If F,, 5 F

and G s continuous, then

F.+G- S Friqg

Proof. Tt is clear that since G is continuous, then G satistifies both (liminf inequality)

and (limsup inequality) conditions in I'—convergence definition. Now if we take any

17
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sequence x,, — x, then the desired results follows directly from the properties of

liminf and limsup for sum of two sequences. O

We recall examples of I'—convergence in the framework of the calculus of vari-
ations, 7.e we consider integral functionals defined on functional spaces where the
integral functionals in question depend on a small parameter €. One of the most clas-
sical example of I'—convergence is given in the paper by Modica and Mortola [62, 63]
where this result is also proven. This result is concerned with the approximation of
the perimeter functional via some functionals which are more typical for the calculus
of variations, i.e integral functionals involving the squared norm of the gradient. This
['—convergence result is particularly interesting for numerical reasons; indeed, from
a computational point of view, it is very difficult to handle perimeters, because we
are more accustomed to handling functions instead of sets [70, 15], thus replacing the
perimeter with a more standard functional involving derivatives of functions allows
us to use more robust and more classical numerical methods. We can extend the
definition of I'—convergence above to families depending on a small real parameter €.

For example, we can treat I'—limits of families (F.) as ¢ — 07 [31].

Definition 2.3.2. We say that a sequence F. : X — R I'—converges to F': X — R

as € — 07 if the following two conditions hold for any u € X.

1. (liminf inequality): for every sequence (u.) € X such that u. — u € X

F(u) < liminf F_(u.).

e—0t

2. (limsup inequality): Given u € X, there exists a recovering sequence (u.) € X

18
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with u. — u such that

F(u) > limsup F_(u.).

e—0t

Definition 2.3.3. (The Modica-Mortola functional) For any € > 0, we consider the

following sequence of functionals defined on L'(SQ),

Fufu) = Jo W (u) + | Vul*dz  if ue H(Q), 2.33)

+00 otherwise in L'

where W : R — R is a double-well potential such that W(0) = W(1) = 0 and
Wi(zx) > 0ifx ¢ {0,1}. We denote by co the constant given by cy = fol VW (s)ds.
We also define

Plu) coPer(A) ifu=xa € BV(Q), (234

+00 otherwise in L'

Theorem 2.3.3. (Modica-Mortola Theorem) Assume that € is a bounded convex set.

Then F. T'—converges F in L'(2) as e — 0.

The theorem above (2.3.3) has been proved independently by Sternberg [78] (as-

suming quadratic growth at 0o).

2.4 Linearized Elasticity

This section contains the analysis of the equations of linearized elasticity that are used
to compute the mechanical response of a structure subject to an applied load. Analysis
of solid elastic structures using PDEs modeling is one of the major application of

modern engineering, which likely makes the PDEs modeling the deformation of elastic
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bodies the most popular PDEs in the world. In order to describe the PDEs modeling
the deformation of an elastic structure, we first denote the elastic structure as our
ground domain €2 with smooth boundary 0€2. The domain 2 is subjected to a known
traction force f on a part I'y € 9€2 of its boundary and clamped on I'p € 0€2.

If u denotes the displacement of the domain €2 due to traction force f acting on
'y, then u is governed by the system of equations of linearized elasticity given in

strong form below:
.

—div (o(u)) =0 in Q,
u=0 on I'p, (2.4.1)

c-n=/f on I'y,

\

where o(u) is the stress tensor. Let e(u) be the linearized strain tensor given by
1 T
e(u) = 3 (Vu+ (Vu)") (2.4.2)

which can be equivalently written as

1
ei(u) = 5 (uij + uji)

and

o(u) = Ce(u) (2.4.3)

is the Hooke’s law governing the solid elastic structure and C is a symmetric stiffness
tensor of fourth-order 7.e a linear map between second-order tensors. For an isotropic

homogeneous material, the constitutive equation describing the relationship between
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the stress tensor o(u) and linearized strain tensor e(u) is given as
o(u) = Ce(u) = Ar(e(u))I + 2pue(u) (2.4.4)

where A > 0, u > 0 are two positive constants, known as Lamé constants given by

Ev E

AT wa-2) T+

and F is the Young’s modulus and v is the Poisson ratio.

2.4.1 Variational Formulation

The linearized elasticity PDE (2.4.1) above can be expressed in wvariational or weak

formulation. We define the Sobolev space
V={ucH(Q) :u=0 on I'p}. (2.4.5)

where we will be looking for the weak solution of the PDE (2.4.1). The variational

formulation of (2.4.1) consists of forming the inner product of
—div (o) =0

and a test function v € V and integrating by parts using Green’s formula over the

domain 2

/Q—div(0)-1}(13:2/90:VU—/{)Q(U-n)-vds:O
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where the column operator is the inner product between tensors defined as
.3
and n is the outward unit normal at the boundary 0€2. Using the boundary conditions

of (2.4.1), we obtain the variational formulation of (2.4.1) as

/U:Vvd$:/Ce(u):Vvdx: f-vdsfor any v € V. (2.4.6)
Q Q I'n
Note that
1
e(u) Vo = 5 Z(UU + uj,»)vij (247)
ij

and since the double summation is over all 7 and j, the result is unchanged if 7 and j

are interchanged in the summation
e(u) : Vo = - Z(uw + wji)vj;. (2.4.8)
Adding (2.4.7) and (2.4.8), we have

1 1
2¢e(u) : Vo = = Z(U” + i) i + 5 Z(Uz] + Ui ) Ui

2 — —
1,7 4,7
1
=35 D (uig + ws) (w5 + vj4)
i
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and therefore

e(u) : Vo = Z %(u” + uji) Z %(Uz’j + vji)

1, 1]

Replacing Vv in equation (2.4.6) with the symmetric strain e(v) gives rise to the

slightly different variational formulation

/Qo ce(v) de = /QCe(u) ce(v) = /FN f-vds. (2.4.9)

We can now summarize the variational formulation as: find v € V such that
a(u,v) = L(v), Yv €V, (2.4.10)
where a : V x V' — R is a bilinear form
a(u,v) = /Q(Ce(u) ce(v) do (2.4.11)
and L : V — R is a linear form

L(v) = fvds. (2.4.12)

2.5 Existence of solution

In this section, we show that the linearized elasticity PDE (2.4.1) is well-posed in

H1(€2), in the sense that it has a unique solution in H'(£2). The well-possedness of
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(2.4.1) is an immediate consequence of classical Lax-Milgram theorem. Before we

start the Lax-Milgram theorem, we need some preliminary concepts.

Theorem 2.5.1. (Korn’s inequality) Let Q2 be a domain in R* and let Ty C O

be such that length I'y > 0. Then there exists a constant Cx > 0 such that

le(w) |20y = Cxl|ullmi) for all uw € H'(Q).

Definition 2.5.1. Let H denote a real Hilbert space endowed with a inner product
(-,-) and a norm || - ||. Let a : H x H — R be a bilinear form and L : H — R be a

linear form. We say that the bilinear form a(u,v) is

(1) continuous if there exists a constant M > 0 such that

la(u,v)] < Mlul[Jvl| for all u,v € H,

(2) coercive if there exists a constant C > 0 such that

a(u,u) > C||ul|* for all u € H.

Likewise, a linear form L(v) is continuous if there exists a constant m > 0 such that

|L(v)| < mlv| for allv € H.

Theorem 2.5.2. (Cauchy-Schwarz inequality) If u,v € H, then

| {w, )| <l
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Theorem 2.5.3. (Laz-Milgram theorem) Let H be a Hilbert space, a(u,v) be a
bilinear form on H that is continuous and coercive. Let L(v) be a continuous linear

form on H. Then the problem
Find w € H such that a(u,v) = L(v) for allv € H

has a unique solution in H.

Since the linearized elasticity PDE (2.4.1) is equivalent to a variational formula-
tion (2.4.10). It suffices to apply the Lax-Milgram theorem to the variational equation
(2.4.10) to show the existence of unique solution. It is easy to see that all the con-
ditions of the Lax-Milgram theorem are satisfied and in particular using the Hilbert
space V defined in (2.4.5), the coerciveness of the bilinear form a(u,v) is a direct
consequence of Korn’s inequality stated in Theorem (2.5.1) combined with the posi-

tiveness of the Lamé constants, which together imply that, for all u € V,

o, u) = /Q o(u)  o(u) dz
- /Q(A[tr(e(u))]z +2plle(u)]]*) dz
> [ 2ule(w? do

= Clle(u)[[> = Cr[lully-
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The continuity of the linear form L(v) is also clear

|L(v)| = f-vds

'y

§/ |f-v|ds
NN

< N fllzzem iz

< mlvlly

2.6 Responsive optimal design

Consider m responsive linear elastic materials characterized by (Cy, 51), ..., (Cy, Bm)
where C; denotes the Hooke’s law of material ¢ and ; is a parameter such that 3; =
1 if material ¢ is responsive and 3; = 0 otherwise and I; the d x d identity matrix.
The constitutive laws of these materials depend on an external real valued stimulii

set of functions s; € [—1, 1] thus, inducing total inelastic strain in dimension d, i.e
o= C;(e(u;) — Bis;la) (2.6.1)

where e(u;) is the linearized strain associated to a displacement field u,;.

Given a ground domain 2, let I'p C 9€2 be a regular-enough part of the boundary
of our domain with non-zero length and I'y = 9Q \ I'p. A design D is a partition
of Q into m subdomains (Dy,...,D,,) occupied by m responsive materials. The
problem we are interested in is to design the structure D together with optimal
distribution of the stimulii s = (s1,$2,...,5,) that minimizes a general objective

function Z(uq, us, ..., u,) where each u; € H'(;R) is the state variable satisfying
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the weak form of the linearized elasticity system

> [ €ietw) = fisla) s elo) o = 0,90 € V, 2.62)

where

Vi={veH'(Q);v=00nTp}. (2.6.3)

Let xp,(x) be a characteristic function such that

1 zeD,;, i=1,2,...,m
X,(z) = (2.6.4)

and define the design variable as

¢ = (XD17XD27 cee 7XDm) (265)

such that

> xp, =1, Vzeq. (2.6.6)

=1

Mathematically, the responsive optimal design problem reads as

inf Z(uy, ug, ..., Uy)
(@,S)ED@XS

(2.6.7)
u; satisfies the weak form (2.6.2)

where & € [L>®(€;{0,1})]™ is the design variable and & is the space of admissible
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stimuli s taking values in [—1,1]", i.e
S =LY [-1,1]"). (2.6.8)
The space of admissible designs Dg is given by
De = {@(:c) € [L>=(; {0, 1})]’",/9)@1. dr = 0;]Q2 with 0 < 6; < 1} (2.6.9)

where 6; denotes the volume fraction occupied by material ¢ in €2 and

> hi=1 (2.6.10)

It is well known that problem (2.6.7) is ill-posed, i.e, it admits no optimal solution
in the proposed class of admissible designs [5, 16, 29]. This is because the set of
feasible designs lacks closure and compactness and in general the infimum can not be
attained at any feasible point [29]. This results to so-called checkerboard and mesh-
dependency problems. The former refers to the formation of regions of alternating
void or holes and solid material ordered in a checkerboard like fashion and is related
to the discretization of the original continuous problem. Mesh-dependence concerns
the effect that qualitatively different optimal solutions are reached for different mesh-
sizes [25]. There are several workaround methods that have been proposed to make
problem (2.6.7) well-posed. In the homogenization method [5, 7, 47, 79], the set
of admissible designs is expanded to included generalized designs for which one can
prove existence of an optimum and derive necessary conditions of optimality. A

generalized design is often equivalently called a relaxed, or composite design. This
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process of enlarging the space of admissible designs in order to make the problem well-
posed is called relaxation [5, 8, 54]. Another workaround is so called Solid Isotropic
Microstructure with Penalization (SIMP) introduced by Bendsge [23]. The idea was
to assume continuous densities for the structure as opposed to the discrete form of the
homogenization method. Implementing this assumption into topology optimization,
the resulting solution can be represented not only with solid and void regions, but
with intermediate densities. However, as these are not generally manufacturable, a
power-law approach is used to move the intermediate densities towards a 0/1 solution
by penalizing the intermediate these densities. The perimeter penalization [16, 50, 66]
is another approach to obtain well-posed problem. In this approach, the workaround
is to add one extra term to the objective function in order to gain compactness
[16, 29]. It has been long understood that adding a surface term proportional to
the perimeter of the designs prevents sequences of solutions with rapid oscillations,
and makes the problems well posed. In this thesis, we will focus on the perimeter

penalization approach. Let

1 m
P(D) =3 > HTHO"DiNo*D;NQY, (2.6.11)
ij=1
where %! denotes the d — 1-dimensional Hausdorff measure and 0*D the essential
boundary of a set D. Let a > 0 be a small regularization parameter and consider the

problem

inf T oy, D). 2.6.12
(CD,s)lean>><S (Ul,uz, U )+OCP< ) ( )
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2.7 The phase-field approach to optimal design

Numerical implementation of (2.6.12) is very challenging especially the approximation
of the perimeter term. The phase-field approach to optimal design, introduced in [28,
29] (see also [83, 86, 82, 81, 84]) is based on the idea of variational approximation of
the perimeter penalty term P for generalized designs. We define a set of generalized

designs, that is vector-valued functions p € D,, where

D, = {(pr.pan- .. pu) € [H'(22 [O,l])}m,/gpi dr = 0,9)}. (2.7.1)

Loosely speaking, the components p; of the vector-valued phase-field p can be thought
of as a density of material 7 at each point of the domain €2, and classical designs would
correspond to the situations where p; = xp,. Indeed, if D € D is a classical design,
then (xp,,---,Xp,,) is a generalized design. We then extend P to generalized designs
by defining

P-(p) := /Q @ + €| Dp|? dz, (2.7.2)

where € > 0 is a regularization parameter and W is a non-negative function vanishing

only at the vertices py, ..., p, of the m-dimensional unit simplex and satisfying

inf{/o W)Y (O] dt;y € CH(0,1);R™),%(0) = pi,y(1) = Pj} = L

Next, we introduce a convex continuous function a such that a(0) = 0 and a(1) =
1, so that the equilibrium equation (2.6.2) can then be extended to generalized designs
by
i”: /Q a(pi)C; (e(u;) — Bisjla) - e(v)de =0 Vv € V. (2.7.3)
i=1
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For a given € > 0, the phase field regularization of (2.6.12) is then

inf  Z(uy,...,u,) + aP(p). (2.7.4)

(p,s)EDp xS

We show in Chapter 4 in section (4.3) that both problems (2.6.12) and (2.7.4)

admit solutions and that the solutions of (2.7.4) converge to that of (2.6.12).

2.8 Adjoint method for sensitivity

In this section, we detail the general procedure for adjoint method. To solve (2.6.12),
gradient based optimization is typically employed so one needs to compute the sen-
sitivities of objective function with respect to design changes. These sensitivities
are used to update the design with a gradient based optimization method such as
conjugate gradient descent, and the process is iterated until convergence tolerance is
achieved. To compute these sensitivities by chain’s rule, it involves computing the
derivative of a state variable with respect to a design variable. Formally, if we con-
sider an objective F'(u(p), p) such that the state variable u(p) satisfies the constraint

G(u(p), p) = 0, then
dF(up),p) _ OF dulp)  OF
dp  Ou Op op -

(2.8.1)

To circumvent the computation of the derivative of a state variable with respect
to a design variable, we introduce the adjoint method [67, 48]. Starting with an
initial design, the linearized elasticity PDE is solved, followed by the adjoint method
to obtain the sensitivities. The adjoint method is an efficient way for calculating
gradients for constrained optimization problems even for very large dimensional design

space [4, 80, 26].
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We define the Lagrangian L,

E(Ul, cee 7un7p78’)\17 .. 7)\71) :I(U'l) s ,Un) +Oé735(p)+

+ Z;/Qa(pi)Ci (e(uj) — Bisla) - e())), (2.8.2)

J/

Vv
=0

where each \; € V' is the Langrange multiplier. Assuming u; satisfies the equilibrium
equation (2.7.3) then the Lagrangian is equivalent to objective function (2.7.4) for
any A; € V as we have only added zero through the satisfied weak form of equilibrium.

Observe that the solution u; of the weak formulation (2.7.3) depends on p and s

so we define a reduced objective function as

J(p, S) =7 (U1(p, 31)7 s vun(p’ Sn)) + aPE(p)

and the Lagrangian (2.8.2) becomes

‘C((ul(p731)v e ,Un(p, Sn)vpv 37 )\17 R )\n) = ‘](p’ S)'

The directional derivative of J on a direction v € H(f2) is given as:

N\ /S OL Ouy . oL Ou, .
<VJ(p,s),v>—<au1, apv>—|—...—|—<aun, 8pv>

+ a_ﬁqj + a_['%{] + + a_E%{] (2'8'3)
dp’ o\ Op oN, Op /|

(.

~~

We choose Lagrange multipliers \; such that the last term in equation (2.8.3) disap-

pears since the directional derivative of the Lagrangian function with respect to A;
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recovers the weak form equillibrium (2.7.3).
Computing du;/dp is difficult, so we can choose Lagrange multiplier, A; such that

for any v € V

<§Ti’“> - <g—i7”> - iil/ga(m)cie(v) ~e(\;) dz = 0. (2.8.4)

Equation (2.8.4) is the weak form of the adjoint equations. After solving (2.8.4) for

Lagrange multipliers A;, one can find the sensitivity of objective J from

<VJ(/), s),17> _ <g—§v> (2.8.5)
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Chapter 3

Responsive minimum compliance

with stimulus as design variable

3.1 Problem statement

We briefly recall the classical minimum compliance problem [25] and consider the
ground domain € in Figure (3.1) to be occupied by three materials i.e void, non-

responsive and responsive materials.

D

I'n

v

f

Figure 3.1: Minimum compliace cantiveler beam clamped at I'p
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We are looking for optimal arrangement of the regions Dy, Dy and D3 occupied
by void, non-responsive and responsive materials respectively and the distribution of

the stimulus s, within the responsive material that minimize the compliance,

Z(u) —/F f-udsS. (3.1.1)

We consider the regularized minimum compliance problem below,

min  Z(u) 4+ oP.
i (u) (p)

(3.1.2)

u satisfies weak form (4.2.4) with m = 3

then we are now ready to prove existence of solutions for the regularized problem. The
existence of solutions for the regularized problem (3.1.2) and their convergence to that
of the perimeter-controlled topology optimization problem is a relatively straight-
forward consequence of the now-classical ['-convergence result for phase transition
problems [62, 61, 77, 3]. In [72] section (4.3), we have detailed the proof of existence
of solution to a different class of objective function that is continuous function of u.
And as in this case, the compliace is continuous function of u, so proof of existence

of problem (3.1.2) follows from section (4.3).

3.2 Numerical results

Our implementation uses Firedrake [51, 58], an open source automated system for the

solution of partial differential equations in Unified Form Language (UFL) variational
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forms [13, 14] using the FEM. The displacement, density, and stimulus fields are dis-
cretized using linear Lagrange simplicial finite elements over structured meshes. The
minimization algorithm we used is a BNCG (Bounded Nonlinear Conjugate Gradi-
ent) solver implemented in the TAO (Toolkit for Advanced Optimization) optimiza-
tion package, which is a part of PETSc (the Portable, Extensible Toolkit for Scientific
Computation) library [18-20]. The numerical implementation of responsive minimum
compliance problem follows the staggered algorithm (2). In a staggered scheme, we
use TAO to minimize the objective function with respect to design only. Whenever
computing sensitivity of the objective function with respect to design changes, we
perform a full minimization of the objective function with respect to stimulus as
outlined in [72] section (4.4).

We present optimal designs for the responsive minimum compliance problem with
stimulus in 2D with rectangular domain 2 (see 3.1) with width L, = 1.0 and height
L, = 1/3. The domain is clamped on left side and uniform boundary force f =
(0,—1) is applied on boundary I'y. The regularization parameter is ¢ = 1.0 x 1074
the perimeter penalization parameter is o = 4.0 x 1073, The relative and absolute
tolerance on the gradient and objective function in TAO were set to 1 x 10~7. The
initial design fields are chosen as py = p3 = 0.3 in 2. We investigate these final designs

for different elastic moduli ratio F3/F5 of the responsive to non-responsive material.
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Figure 3.2: Responsive material density (top), non-responsive density (middle)
and and composite plot of both material density and the stimulus in the
deformed configuration (bottom) for stiffness ratio E5/F>; = 100. The converged
design consists of 30% responsive and 25% non-responsive material.
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Figure 3.3: Responsive material density (top), non-responsive density (middle)
and and composite plot of both material density and the stimulus in the
deformed configuration (bottom) for stiffness ratio £5/F>; = 10. The converged
design consists of 25% responsive and 20% non-responsive material.
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Figure 3.4: Responsive material density (top), non-responsive density (middle)
and and composite plot of both material density and the stimulus in the
deformed configuration (bottom) for stiffness ratio E5/F>; = 10. The converged
design consists of 16% responsive and 18% non-responsive material.
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Figure 3.5: Responsive material density (top), non-responsive density (middle)
and and composite plot of both material density and the stimulus in the
deformed configuration (bottom) for stiffness ratio E5/F>; = 10. The converged
design consists of 12% responsive and 18% non-responsive material

In our first result, Figure (3.2), we consider the responsive material to be 100 stiffer
than the non-responsive material. The penalty terms are set to v3 = 6.0 and v, =
—0.02 for responsive and non-responsive material respectively. Our algorithm con-
verged after 1078 iterations leading to the objective function to decrease from 9.5183
to 0.5481. As expected, final design uses the stiffer material to build the outer frame
of the beam. The distribution of the stimulus makes the converged design to act as
“bimetallic“ strip in sense that, when stimulated the responsive material at the top
contracts horizontally while the responsive material at the bottom expands horizon-
tally, causing the beam to do work against the applied load as shown in the last figure

in Figure (3.2) above.

40


https://www.math.mcmaster.ca/

Ph.D. Thesis — Jamal Shabani; McMaster University — Mathematics and Statistics

In the next Figure (3.3), we consider the responsive material to be 10 stiffer than
the non-responsive material. The penalty terms are set to v3 = 5.0 and v, = 0.38.
As expected, the converged design did not change very much from the that in Figure
(3.2) above in a sense that the stronger material is used to build the frame. In this
computation, our algorithm converged after 671 iterations leading to the objective
function to decrease from 7.1962 to 0.3762.

In our next result, Figure (3.4), we consider the case where responsive and non-
responsive materials have the same stiffness. The penalty terms are set to v3 =
2.0 and v = 1.0. The converged design behaves like “bi-metal “ strip where the outer
layers deform and the shear stiffness of the central area is maximized. Upon stimula-
tion, responsive material at the top contracts while responsive at the bottom expands
causing the beam to bend upward as shown in Figure (3.4) below. In this computa-
tion, our algorithm converged after 403 iterations leading to the objective function to
decrease from 0.57163 to 0.00462.

In the last Figures (3.5) we consider the case where the non-responsive materials
is 10 times stiffer than the responsive material. The penalty terms are set to v3 =
2.0 and v5 = 1.0. As one would expect from the previous results above, we see the
converged design uses the stiffer materials to build the frame of the beam and place
large chunks of responsive at the bottom. Upon stimulation the converged design
behaves similar to (3.4) above. For this computation our algorithm converged after

613 iterations leading to the objective function to decrease from 0.39421 to 0.04932.
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3.3 Effect of the perimeter term

The phase-field approach to optimal design uses penalization method to ensure well-
posedness of the problem by adding the perimeter term aP.(p) to the objective func-
tion where « is an arbitrary penalization parameter or weight of the perimeter. So
it is natural to expect that the penalty term or the weight of the perimeter a has
significant effect on the final designs. Figure (3.6) shows the effect of decreasing and
increasing the weight of the perimeter v while all other parameters are kept as in the
previous example. As expected, a larger weight on the perimeter leads to very simple

final design whose complexity increases as the weight decreases.

0.35]
0.30]
0.25]
0.20]
0.15]
0.10]
0.05]
0.00!

0.2 0.4 0.6 0.8 1.0 B 0.2 0.4 0.6 0.8 1.0

Figure 3.6: Converged design with weight of the perimeter a = 5.0 x 1072(left)
and o = 5.0 x 107*(right).

3.4 Influence of initial design

We observe that different initial design guesses may lead to different converged designs

but the actual converged values of the objective function remain very close. This is
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due to non-convexity nature of our minimization problem. Figure (3.7) shows a

connverged design for initial design as given as

p2 = 0.5+ 0.5sin(47z) sin(87y),

p3 = 0.3 + 0.3 cos(4mx) cos(8my).

.35]
.30
.25
.20,
.15
.10
.05

QO © © © © © © ©°o

.00

0.2 0.4 0.6 0.8 1.0

Figure 3.7: Converged design with different initial design guess.

3.5 Conclusion

Through the responsive minimum compliance example, we introduced the staggered

scheme which produced expected results in classical compliance problem. Due to
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ill-posedness of the minimum compliance problem, we discussed the methods to reg-
ularize the design problem to gain well-posedness. In particular, we detailed the
perimeter penalization, where a perimeter term is added to the objective function and
the proof of existence of minimizers follows from classical I'—ocnvergence. Our stag-
gered scheme exhibits good robustness properties upon mesh refnement or changes of
initial design. Even though, it can produce slightly diferent designs for diferent initial
designs, which is common in due to non-convex nature of optimization problem, but
the objective value of the computed designs are very close. We also demonstrated the
effect of a perimeter term on complexity of the design which is common in phase-field

models.
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Chapter 4

Systematic design of compliant
morphing structures with stimulus

as design variable

Advances in additive manufacturing and synthesis of complex “responsive” materials
whose properties can be altered through external stimuli are opening the door to a
new generation of integrated devices and materials. While manufacturing such struc-
tures or materials has received a considerable attention (see for instance [71, 85]),
their actual design is equally challenging. Starting from the pioneering work of [73,
56, 52, 44, 74, 75], topology optimization has established itself as a powerful tool
for systematic design of micro-devices, MEMS, or materials microstructures. In such
problem, the distribution of one or several materials in a ground domain that opti-
mizes an objective function is sought algorithmically [25]. It is well-known that such
problems are generally ill-posed (see [5] for instance) with optimal designs consisting

of a fine mixture of multiple materials. Homogenization approaches [35, 8, 5] tackle
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this problem directly by extending admissible designs to such mixtures. This type
of approach is mathematically well grounded and leads to well posed problems that
can be implemented efficiently. However, it is often criticized for leading to designs
that cannot be manufactured. Several other classes of techniques aim at restricting
the class of admissible designs in such a way that avoids fine mixtures. The combi-
nation of material interpolation (SIMP) and filters [21, 27] is a commonly employed
approach. Shape parameterization by level set functions [10, 12] also limits the com-
plexity of designs. Finally, by penalizing the length (or surface) of interfaces between
materials, perimeter penalization [16, 50, 66] also produces designs with limited com-
plexity. Additionally, perimeter penalization can be efficiently implemented using a
phase-field approach [28, 29, 82].

In this article, we propose a phase-field algorithm for the systematic design of
responsive structures achieving prescribed deformations under some unknown distri-
butions of a stimulus. Our focus is on linear elastic materials in which an external
stimulus can generate an isotropic inelastic strain, similar to linear thermo-elastic
materials.

Section(4.1) is devoted to the mathematical analysis of the problem and its phase-
field approximation. A numerical scheme is proposed in Section(4.4) and illustrated

by a series of numerical simulations in Section(4.5).
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4.1 Problem statement

Consider linear elastic materials whose constitutive laws depend on an external real-

valued stimulus s € [—1, 1] inducing an inelastic strain in dimension d, i.e.
o= C(e(u) — Bsly) (4.1.1)

where C denotes the Hooke’s law, e(u) = (Vu + Vu®)/2 is the linearized strain
associated to a displacement field u, § > 0 is a given parameter and I; the d x d
identity matrix. Throughout this article, we call such a material a responsive material
characterized by C and .

Consider a bounded open domain Q C R?, d = 2, 3, and an open subset Qg of 2. A
design D is a partition of 2 into m subdomains (D, . .., D,,) occupied by m responsive
materials characterized by (Cyq, 81),...,(Cy, ). Let I'p C 0Q be a regular-enough
part of the boundary of our domain with non-zero length and I'y = 9Q\I'p. Consider
n prescribed displacement fields (ay,...,u,) € [H 1(QO;Rd)]n defined over €. Our
goal is to design a structure D and a family of stimulus functions s := (s1, ..., s,) such
that in the equilibrium configuration associated with each stimuli stimulus s;, 2y is
mapped to a region as close as possible to @;(€), j = 1,...,n. More precisely, let
(64, ...,0,,) such that 7" | 6; = 1 be a set of prescribed volume fractions in [0, 1], and

let €2y be an open subset of €2. The space of admissible designs consists of partition
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of 2 in subsets with prescribed volume fraction, i.e.

D::{(Dl,...,Dm); U Di=9 D,nD;=01<i<j<m,

1<j<m

ID,| = 6,]Q), i = 1,...,m}. (4.1.2)

We consider the space of admissible stimuli s taking values in [—1,1]", i.e.
S:=L"(Q[-1,1"). (4.1.3)

Given a design D and a set of stimuli s, we define
~ 1
T(u,... un) =Y 5 | lwi(@) - ()| de, (4.1.4)
j=1 = 7%

where the u; € V', 1 < j < n, satisfy the weak form of the linearized elasticity system

Z /Q Ci (e(uy) — Bis;la) - e(¢) dz = 0,Y¢ € V, (4.1.5)

where

Vi={¢pecH(Q);¢p=00nTp}. (4.1.6)

It is well-know that minimizing Z with respect to designs is an ill-posed problem,
which leads to significant numerical issues such as mesh-dependent solutions and
“checkerboards”. Typical workaround consist in considering generalized domains as
in homogenization approaches [8, 5], or the use of material interpolation laws [25]
and “filters” [73, 27]. Level set-based approaches [10, 12], which de facto impose

restrictions on the topology of the admissible designs are also known to address these
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issues. Perimeter penalization [16, 50, 66] is another approach to obtain well-posed
problem. Let
1 m
P(D) =3 > HTH(O"DiNo*D;NQY, (4.1.7)

ij=1
where H?! denotes the d — 1-dimensional Hausdorff measure and 0*D the essential
boundary of a set D (see [17] Definition 3.60). Let o > 0 be a small regularization
parameter and consider the problem

(D781)I€1fDXSI(u1, . Up) + aP(D). (4.1.8)

4.2 Phase-field regularization

The phase-field approach to optimal design, introduced in [28, 29] (see also [83, 86, 82,
65]) is based on the idea of variational approximation of the perimeter penalty term
P for generalized designs. We define a set of generalized designs, that is vector-valued

functions p € D,, where

Dy = {(pr.pa - o) € [H(:10,1])]",
S o= 1,/p,~ dr = 0,]Q, 1 <i < m}. (4.2.1)
i=1 Q
Loosely speaking, the components p; of the vector-valued phase-field p can be thought
of as a density of material 7 at each point of the domain €2, and classical designs would

correspond to the situations where p; = xp,. Indeed, if D € D is a classical design,

then (xp,,. .-, XD,,) is a generalized design. We then extend P to generalized designs

49


https://www.math.mcmaster.ca/

Ph.D. Thesis — Jamal Shabani; McMaster University — Mathematics and Statistics

by defining

/ — + e|Dp|? dz, (4.2.2)

where € > 0 is a regularization parameter and W is a non-negative function vanishing

only at the vertices py, ..., p, of the m-dimensional unit simplex and satisfying

dij = mf{ / W2y () W (D] dtsy € CH((0, 1) R™),4(0) = piyy(1) = pj} -

(4.2.3)

forall 1 <i<j<m.
Next, we introduce a convex continuous function a such that a(0) = 0 and a(1) =
1, so that the equilibrium equation (4.1.5) can then be extended to generalized designs
by
Z/ a(p;)C; — Bis;ly) -e(p)dr =0Vp eV, 1 <j<n. (4.2.4)

For a given € > 0, the phase field regularization of (4.1.8) is then

inf  Z(uy,...,un) + aP-(p). (4.2.5)

(pss)ED, xS

We show in the next Section that both problems admit solutions and that the
solutions of (4.1.8) converge in some sense to that of (4.2.5). This result justifies
numerical approach presented below and which consists in minimizing (4.2.5) for

“small” values of the regularization parameter e.
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4.3 Existence of solutions

The existence of minimizers for the regularized problem (4.2.5) and their convergence
to that of the perimeter-controlled topology optimization problem (4.1.8) is a rela-
tively straightforward consequence of the now-classical I'-convergence result for phase
transition problems [62, 61, 77, 3].

Prior to stating our main result, we need to introduce a few notations. Let

B.p.s) m P-(p) if (p,s) €D, xS 43.1)

+00 otherwise,

and

- Plp) if (p,s) €D xS

P(p,s) := (4.3.2)

400 otherwise,
where
5:{p73(D177Dm)€D7pz:XDN 1§Z§n}7 (433)

and

Z(p,s) =T (us(p. s1), - -, un(p, $n)) (4.3.4)

where u;(p), 1 < j < n satisfy (4.2.4). We are now able to state the main existence

and approximation result:

Theorem 4.3.1. For any giwen € > 0, the problem

inf  Z(p,s) + aPx(p,s), (4.3.5)

(p,s)€D, xS
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admits a solution (p.,s.). Furthermore, there exists (p,s) € D x 8 such that p. — p

in [LY(Q)])™ and s — s in [LP(Q)]" for any 1 < p < 0o and p is a solution of

inf  Z(p, P(p,s). 4.3.6
o s (p:s) + aP(p,s) (4.3.6)

Before proving Theorem 4.3.1, we state and prove several preliminary lemmas.

Lemma 4.3.2 (Equi-coercivity of the displacements). Let (p,s) € DxS and ky, ks, k3 >

0 be such that for any 1 <i < m and for any ¥ € M%x4

sym
U0 < CU -0 < kol (4.3.7)

and for any 1 < j<n,

18i| < ks. (4.3.8)

There exists C' > 0 such that if (uq,...u,) € V" satisfies (4.2.4), then

Proof. Using u; as the test function in (4.2.4), we obtain

/QZZI a(p;))Cie(u) - e(u) de = /QZZI a(p;)BisCie(u) - 1y dx.

Using then (4.3.7), and Cauchy-Schwarz inequality, we get

kY a(pi)lle(u)]Fz) < llew)llz2@ || alp:)BiCila
1=1 i=1 L2(Q)
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Since a is convex on [0,1], 0 < p; <1, and ), p; = 1 we have

iapZ 2a<2pl>—a =1.
=1

Furthermore, since a(p;) < 1 for all 4, we conclude that

Fille()llZ2i0) < Kslle(u)llr2@)

L2(Q)

hence that

Fille(u)l 2@ < €,

for some C' > 0. We then conclude using Korn’s inequality with boundary condi-

tions [37, Theorem 6.15-4]. O

Lemma 4.3.3 (Continuity of displacements). Let C;, 5; be as in Lemma 4.3.2. Con-
sider a sequence (pe,s:)e € D, x S of designs and stimuli and (p,s) € D xS be
such that p. — p, in [LY(Q)]" and s. — s in [L*(Q)]". Let u. = (u1e,..., Upe)
(resp. u = (uy,...,u,)) be the equilibrium displacements associated with (pe,s:) (resp.
(p,s)), given by (4.2.4) (resp. (4.1.5)). Then if the C; and B; satisfy the hypotheses
of Lemma 4.3.2, u. — w in [L2(2)]".

Proof. Note first that using Lemma 4.3.2, we have that the sequence (u. ). is uniformly
bounded in [H*(€)]" so that there exists u* € V™ such that u. — u* in [H'(Q2)]". We
need to show that u* satisfies (4.1.5) from which we will deduce that u* = u.

Given any 1 < j < n, let ¢ € C2(Q,M%%%) be a test function. Denoting p;.,

sym
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1 <4 < m, the components of p., we have that

a(pi’E)Ci (e(uj:g) - ﬁisj,sld) - a(pi)ci (e(u*) - 6181[1)] ~pdr| <
/QZ [(a(pie) —alpi) Ci(e(uje) — Bisjela)] - ¢ du
* /QZ [a(pi)Ci (e(uje) — e(u”) = Bisjela+ Bisla)] - da| . (4.3.9)

Since |8;] < k3, uje. — u} in H'(Q), and s;. — s; in L*(Q), the second term in the

right-hand side of (4.3.9) converges to 0. We then write

a(pie) —a(pi)) Ci (e (uJE) @'Sj,eld)] “pdx

Z a(pie) — a(ps)) me 1Ci (e(wje) — Bisj,ald)”LZ(Q)

<k22|| a(pie) = al(pi) Yl 20 lle(uje) = Bisjelall f2q) »

and since p. — pin L' and is uniformly bounded in L>(£2), we get that ||(a(p;.) — a(p;)) Ull o) =

0 for any 1 < ¢ < m. Using then Lemma 4.3.2, we get that e(u; ) is uniformly bounded
in L?(Q). Since s. is uniformly bounded in L*°(2) hence in L?(2), the first term in
the right-hand side of (4.3.9) also converges to 0. Finally, by density of C? in L? we
get that for any ¢ € V, |fQ (pie) — a(pi)) C; (e(uje) — Bisjela) - e(¢) dz| — 0 and

leveraging (4.1.5) that for any € V and 1 <i < m:

/ Z pz i /B’LS]Id) (¢) dx =0,
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i.e. that u* = wu solves (4.1.5). O

Lemma 4.3.4 (Compactness). Let (pe,s.) € D, X S and the associated equilibrium
displacements uj., 1 < j <mn be such that Z(u1e, ..., Upe) + aﬁa(pa, Se) is uniformly
bounded. Then there exists a subsequence (pe,s:)e C (pe,se:)e and (p,s) € D x S such
that por — p in [L*(Q)]™ and so — s in [LP(Q)]" for any 1 < p < .

Proof. The compactness of the designs p. derives directly from the compactness the-
orem for P. [77, Proposition 4.1], whereas that of the stimuli s. derives from the

uniform L bound on stimuli in the definition of S.

]

Remark 1. Note that D, is a convex closed subset of H' and hence it is closed under
weak convergence, so that when we extract a subsequence of designs, it remains in D,

and its limit is also in D,,.

Proof of Theorem 4.3.1. Having proved the lemma, the proof of Theorem 4.3.1 is
straightforward. Note first that from [77, Theorem 2.5|, we have that P. RGN P.
From Lemma 4.3.3, we get that 7 is a continuous function of p, s, so that by stability
of I'-convergence by continuous perturbations, we get that for any a > 0 7+ 06755
I'converges to Z + /P for the [L'(€2)]™ strong times [LP(€2)]" weak topology for any
1 < p < o0o. Secondly, from the compactness and continuity lemmas 4.3.2 and 4.3.3,
and the equi-coercivity and lower semiconinuity of P. ([77, Proposition 4.1]), we get
that Z + oP admits minimizers for any € > 0 and that the minimizing sequence is
compact. We can then conclude the proof of Theorem 4.3.1 by a direct application

of the fundamental theorem of I'-convergence. n

Remark 2. Note that the hypotheses of Lemma 4.3.2 rule out a degenerate Hooke’s

law C = 0 for any of the materials (i.e. optimizing the distribution of m—1 materials
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with the m'™ materials playing the role of “void”). As is common practice, in this
situation we we introduce an artificial stiffness parameter n and replace the “void”
phase with a weak material with Hooke’s law nl. Taking the limit asn — 0 is technical

(see for instance [28, Section 4]), and we did not attempt to study this limit here.

4.4 Numerical implementation

In all that follows, we focus on the spacial case of three materials, “void”, a non-
responsive material, and a responsive material with density p, po and ps respectively.
For the “void” and non-responsive materials, we set 8; = 5 = 0 in (4.2.4) whereas
up to a change of scale, we can choose 3 = 1 without loss of generality.

We handle the constraint p; 4+ p2+p3 = 1 explicitly by substituting p; = 1—py—p3
and optimizing with respect to p = (p2, p3) under the constraint 0 < po, p3 < 1. Of
course, this means that p; only satisfies —1 < p; < 1. However, it is easy to see that
the proof of Theorem 4.3.1 still holds in this case, provided that a be extended to
[—1,1] as an even function. With an abuse of notation, we write Z(p,s) and P-(p, s)
to denote Z((1 — py — ps, p2, p3),s) and P.((1 — pa — ps3, p2, p3), 8) respectively.

It is then natural to enforce null-stimulus in materials 1 and 2, which is easily

achieved by adding a penalty term of the form
Q.5) = [(0=pe g+ Y st (14.1)

=1

to the objective function.

Similarly, instead of enforcing the volume fraction constraints [, p; dz = 6;|9,
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1 = 2,3 strongly, we introduce a penalty term

Vo(p) = v / po dxr + 1/3/ p3dx, (4.4.2)
Q Q

where 15 and v3 are two penalty factors set by trial and error.

With these changes, our problem becomes

inf  O(ps) = L(ps) + aPup) + Velp) + Qhs). (44.3)
() E[HL([0,1]))]° xS

4.4.1 Sensitivity analysis

Given an admissible pair of design variables (p,s) € D, x S and (u1,...,u,) € V"

admissible displacement fields, we define the Lagrangian £

n 3
E(ula ey Up, ﬁ? S, )\17 ER )\n) = O(ﬁ? S)+Z Z /Q a(pZ)CZ (e(uj) - Bisjld) : e(>\j) di[),

j=1 i=1

(4.4.4)

where (Aq,...\,) € V™ are Lagrange multipliers.
Let (u1(p, $1),-- -, un(p, sn)) be the equilibrium displacements associated to (p, s)

satisfying (4.2.4) and define

J(p,s) = O (ur(p,s1),- - un(p,sn)).

so that

L(u1(p,81), s un(PySn)s Py S, Ay -y An) = J(p,8).
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Formally, the directional derivative of J in a direction ¢ € [H 1(9)]2 is given by:

oJ B oL Ouy oL Ou,
B - (R e (5 () w

As is customary, instead of computing Ou;/0p, we choose Lagrange multipliers,

AT, ... A} satisfying the adjoint equations:

<g_fj,v> - /Qo(uj —ﬁj)vdx—izg;/ﬂa(pi)(jie(/\;)-e(v) dr=0,1<j<n (446)

for any v € V. With this choice of Lagrange multipliers, we get

oJ oL
<8_ﬁ(ﬁ73)’¢> <8~(u1(p731) n(ﬁasn)vﬁvsv)‘ylﬂa"'/\2>v¢>7

with the convention ¢; = 1 — @3 — ¢3.
Similarly, for ¢ € [H 1(9)]2, the directional derivative of J with respect to s in

the direction 1 is given by:

oJ B oL Ouy oL OJu, oL

and with the same choice of Lagrange multipliers A},..., A}

satisfying the adjoint
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equations (4.4.6), we get

<?9_i<p’ ) ‘1’> == /Q [Cia(pi) (Bil2) - e(X)] - i dx + VoQ(g,5) - ¢ da. (4.4.9)

At each iteration of TAO’s BNCG solver, given (p, s), the computation of the sensi-
tivity of our objective function with respect to a design change (resp. with respect to a
stimulus change) involves computing the equilibrium displacements u (p, ), . . . u,(p, 8)
by solving n linearized elasticity problems (4.2.4), then computing the associated ad-

joint variables A}, ..., A% using (4.4.6) before evaluating (4.4.7) (resp. (4.4.9).)

4.4.2 Minimization with respect to s

Observe that, minimizing the objective function (4.4.3) is equivalent to minimizing
the Lagrangian (4.4.4) associated with the objective function. For simplicity, we only
consider one prescribed displacement % and its corresponding stimulus s. For a fixed
design p, the minimization with respect to s is equivalent to

min L(u(p), p, s, ) defined in (4.4.4)

SES

(4.4.10)
subject to —1<s<1.
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By expanding the Lagrangian (4.4.4) and collect all the terms explicitly depending

on s, we have

min L(u(p), p, s, \) <= min— / sp3Csly - e(N) dx + /((1 — pa— p3)? + p3)s® du,
v

seS seS Q

!

min —sp3Csly - e(A) + ((1 — p2 — ps)® + p3)s”

seS

!

min —sp3Cse() - Io + ((1 = ps — p3)* + p3)s”

seS

!

min —sp3dratr(e(N)) + (1 — p2 — p3)?* + p3)s?,

seS

d)\**+2 ko . . 3
where k3 = 37“3 is the bulk modulus of the responsive material. The expression

above is quadratic in s in the form of As + Bs? and its minimizer s* is given as: if
A =0, then s* = 0, and if 2B < |A| then s* = 1 (resp. -1) if tr(e()\)) > 0 (resp.
tr(e(A)) < 0). Otherwise s* = A/2B.

Remark 3. As e — 0, one can see, if p3 = 0 at any point x € ) i.e we have no
responsive material at point x, then the optimal stimulus at point x becomes 0. And
if p3 =1 any point x € ) i.e we have responsive material at point x, then the optimal
stimulus becomes either 1 or —1 depending on the sign of tr(e()\)). and the closed

form of an optimal stimulus is given as:

1 dftr(e(N) >0 and p3 =1

10 ifps =0, (4.4.11)

—1 if tr(e(N)) <0 and p3 = 1.

\
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4.4.3 Minimization algorithm

Our implementation uses Firedrake [51], an open source automated system for the
solution of partial differential equations using the finite element method. The dis-
placement, density, and stimulus fields are discretized using linear Lagrange simplicial
finite elements over unstructured meshes. The minimization algorithm we used is a
BNCG (Bounded Nonlinear Conjugate Gradient) solver implemented in the TAO
(Toolkit for Advanced Optimization) optimization package, which is a part of PETSc
(the Portable, Extensible Toolkit for Scientific Computation) library [18-20]. BNCG
only requires first order derivatives of the objective function, which we compute in
close form (i.e. optimize then discretize) using the standard adjoint technique [43].
We tested two different numerical approaches: In a monolithic scheme, we jointly
minimize O with respect to p and s simultaneously using (4.4.7) and (4.4.9). In a
staggered scheme, we use TAO to minimize O with respect to p only. Whenever
computing g—‘; using (4.4.7), we perform a full minimization of @ with respect to s
using (4.4.11) after computing the state and adjoint variables u; and A; (1 < j <n).

In each case, we leverage TAO’s line search [64] and convergence criteria.
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Algorithm 1 Monolithic scheme

Require: Initial guess of p and s.
1: Discretize using P; elements.
2: Define the weak form of state and adjoint PDEs.
3: Define the Objective function O and define the Lagrangian £ (4.4.4).
4: while ||gradient|| > tolerance do
5. Compute sensitivities with respect to p and s.
6:  Set TAO solver to BNCG
7:  One step minimization gradient with respect to p and s.

8: end while

Algorithm 2 Staggered scheme

Require: Initial guess of p and s.
1: Discretize using P; elements.
2: Define the weak form of state and adjoint PDEs.
3: Define the Objective function O and define the Lagrangian £ (4.4.4).
4: while ||gradient|| > tolerance do
5. Compute sensitivity with respect to p.
6:  Set TAO solver to BNCG
7:  Minimization with respect to s.
8:  One step minimization gradient with respect to p

9: end while
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4.5 Numerical results

We present a series of numerical simulations illustrating the strengths of our approach.

In all that follows, we use

W (p) == pi(1 = p1)* + p3(1 = p2)* + p3(1 — ps)? (4.5.1)

as the multi-well potential in P. (4.2.2). Note that although this function admits
8 roots in R3, once restricted to the hyperplane p; + ps + p3 = 1, it admits only
three roots and is therefore admissible in (4.2.2). Technically, W would need to be
renormalized in order to satisfy (4.2.3). Since the parameter « in (4.1.8) does not
have a physical meaning, it is not necessary to do so. We use a simple quadratic
material interpolation function a(s) := s*.

In the “void” material, we set the stiffness parameter to n = 107 and the Poisson
ratio to v = 0.3 for all materials and we consider varying elastic moduli ratios Fs3/FEs

where F3 and FE, are elastic modulus for responsive and non-responsive material

respectively.

Cantilever beam

We start with the simplest case of least square problem with only one prescribed
displacement @, i.e n = 1 in (5.2.3). The design domain Q = (0, L,) x (0, L,) with
L, =1and L, = 1/3. We prescribe null displacement on the left side I'p of € and
set Qo = (L, —a, Ly) x (Ly/2 —a/2,L,/2+ a/2) with a = 1/15.

The prescribed displacement on € is taken as # = [0, 1]7 i.e. we want the region

Qo to move upward. The domain €2 is discretized with a structured mesh with cell
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size h = 2 x 1073. The regularization parameter is ¢ = 2 x 107 and the perimeter
penalization parameter is o = 6 x 10~*. The relative and absolute tolerance on the
gradient and objective function in TAO were set to 1 x 107° as it was observed that
tighter tolerances do not lead to significant differences in the designs produced.

We first compare the numerical approaches described above. Figure 4.1 shows
the density of non-responsive (p2) and responsive (p3) materials, as well as a com-
posite plot showing the non-responsive material in black and the responsive material
coloured according to the value of the stimulus s; with s; = —1 in red, s; = 0 in
white, and s; = 1 in blue. In both case, p; and p3 are initialized with a constant
value 0.3. The penalty terms are set to 1o = 0.1 and v3 = 0.3, and both materials are
isotropic homogeneous with non-dimensional Young’s modulus 5 and Poisson ratio 1.

We observe that both methods lead to different but well-defined designs, exempt of
checkerboards, were the material densities are well focussed near 0 and 1, as expected
in the phase-field approach. The monolithic approach converged in 380 iterations of
TAO’s BNCG solver. The final value of the objective function is O = 4.49 x 1071
The staggered solver converged in just 173 iteration leading to an objective function
O=417x 1073,

Based on this result, all results presented further in this article were computed

using the staggered scheme.
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Figure 4.1: Monolithic (left) vs. staggered (right) scheme. Responsive material
density (top), non-responsive material density (middle), and composite plot of
both material density and the stimulus in the deformed configuration.

Changing the ratio of the Young’s modulus of the two materials leads to very
different designs. In Figure 4.2, the Young’s modulus of the non-responsive material
has been increased to 10. The penalty terms are respectively v, = 0.24 and v3 = 0.12
(left) and o = 0.18 and v3 = 0.12 (right). When the penalty term on the stiffer,
non-responsive material is high enough, the structure consists entirely of the weaker

responsive material, whereas decreasing this parameter leads back to rigid truss-like

structures activated by small regions of responsive material.
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Figure 4.2: Optimized structure with a ratio Fs/FEs = 2 in the reference (top)
and deformed configuration (bottom) with v3 = 0.12 and v, = 0.24 (left) and
vo = 0.18 (right).

4.5.1 Cantilever beam with two target displacements

In a second numerical example, we consider two target displacements (n = 2 in (5.2.3)).
The young’s modulus of both materials is set to 5. In Figure 4.3, the target displace-
ments are (0,1) and (0,2). The penalty terms are v, = 0.5 and v3 = 0.7, leading to
volume fraction of the responsive and non-responsive material of respectively 15% and
21%. As the materials are linear elastic, approaching the target displacement (0, 1)
could have been obtained by rescaling the stimulus in of target displacement (0, 2).

Instead, our scheme generates a more complex geometry and activation scheme.
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Figure 4.3: Optimal design of a beam with two target displacements. (left)
Material distribution and stimulus for a target displacement of (0,1) in the
reference (top) and deformed (bottom) configuration. (right) Material
distribution and stimulus for a target displacement of (0,2) in the reference
(top) and deformed (bottom) configuration.

In Figure 4.4, the target displacements are (1,0) and (0,1). All other parame-
ters remain the same as in Figure 4.3. The volume fraction of responsive and non-
responsive material are respectively 12% and 9%. The responsive material is laid out

in simple regions while the non-responsive material layout forms a stiff truss structure.
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Figure 4.4: Optimal design of a beam with two target displacements. (left)
Material distribution and stimulus for a target displacement of (1,0) in the
reference (top) and deformed (bottom) configuration. (right) Material
distribution and stimulus for a target displacement of (0,1) in the reference
(top) and deformed (bottom) configuration.

4.5.2 Hexagonal domain with three target displacements

Our third example is inspired by the Stewart platform parallel manipulator.

We

consider a regular hexagonal domain with edge length 0.35 clamped on three non-

consecutive edges (see Figure 4.5). The target displacements of a centered regular

hexagon with edge length 0.035 are @; = (cos (0),sin (0)), s = (— cos (7/3), sin (7/3))

and a3 = (— cos (m/3), —sin (7/3)).
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Figure 4.5: Hexagonal domain clamped at three sides I'p

In Figure 4.6, the Young’s modulus of the responsive and non-responsive materials
are set to 5x 1072 and 5 x 1072 respectively. The penalty factor on the stiffer material
is set to a much higher value than that of the responsive materials (o = 0.7 and
v3 = 0.03). The perimeter penalty factor is set to 3.5 x 10~ and the regularization
length to 2 x 1073, as above. This leads to slender structures activated by large
“pads”. We note that although that designs and stimuli are invariant by a 27/3

rotational symmetry, which was not enforces in the computations.
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Figure 4.6: Optimal design with three prescribed displacement with Ey/FE3 = 10
and a strong penalty on the stiff material.

When reducing the elastic contrast between materials (Fy = 5 X 1072 and E3 =
1x107?) and slightly decreasing the cost of the stiff material (v, = 0.3 and v3 = 0.03),
we obtain a simpler geometry with larger areas occupied by responsive material.
Again, deformation towards the target displacement is achieved by flexing elongated

stiff structures (see Figure 4.7).
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Figure 4.7: Optimal design with three prescribed displacement with Ey/FE3 =5
and a strong penalty on the stiff material.

Finally, when using a stiff responsive material and weaker non-responsive materials
(Ey =1 x 1072 and E3 = 5 x 1072), all other parameters remaining the same, we
obtain designs consisting solely of the responsive materials. This is expected since in
this situation, the non-responsive material is both expensive, less stiff, and incapable

of activation.
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Figure 4.8: Optimal design with three prescribed displacement with
E,;/E3 = 0.2 and a strong penalty on the stiff material.

4.6 Conclusion

We have investigated the systematic design of responsive structures with a prescribed
target displacement and perimeter constraint. We proved existence of solutions to
a phase-field regularization phase-field problem and their convergence to that of the
“sharp interface” problem. We proposed a numerical scheme based on an iterative
gradient-based solver with respect to one set of design variable (the materials’ density)
where at each step a full minimization of the objective function with respect to the

second set of design variables (the stimuli) is performed. Our approach is illustrated
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by series of numerical examples demonstrating its ability to identify complex geome-
tries and produced well-delineated “black and white” design, owing to the well-pose
natures of the phase-field regularization.

While this work focused on a simple actuation mechanism in the form of an
isotropic inelastic strain, accounting for to more complex stimuli and responsive ma-
terials including piezo-electrics, dielectric elastomers and liquid crystal elastomers or
shape memory alloys should be a relatively simple extension of this work. Whereas the
objective function used here focus solely on kinematics of a structure, the framework
could be extended to optimization of mechanical advantage as in [2, 73].

A natural extension of the work presented in this article is to consider a stimulus
derived from a physical process. In this setting, the stimulus itself would become
a state variable, derived from solving a PDE governed by some additional design
variable. For instance, one could consider body or boundary heat flux as design

variables, and the temperature field as a state variable.
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Chapter 5

Systematic design of compliant
morphing structures with stimulus

as state variable

5.1 Introduction

We extend the responsive optimal design problem by considering the stimulus as
a state variable computed by solving a PDE governed by some additional design
variable. For instance, one could consider body or boundary heat flux as design
variables, and the temperature field as a state variable.

In all that follows, we focus on the spacial case of three isotropic linear elastic
materials, “void”, a non-responsive material, and a responsive material with density

p1, p2 and p3 respectively.

74



Ph.D. Thesis — Jamal Shabani; McMaster University — Mathematics and Statistics

5.2 Stimulus governed by poisson PDE

We start with by extending problem (4.2.5) by considering a stimulus s computed
by solving the Poisson PDE characterized by a design variable, the stimulus control

function g. Consider an inelastic strain
3
o= Ci(e(u) - Bisly) (5.2.1)

i=1

where where C; denotes the Hooke’s law for material i, e(u) is the linearized strain
associated to a displacement field u, I; the d x d identity matrix and § > 0 is a given
parameter such $; = B = 0 in (5.2.1). In the responsive material, we set 83 = 1.
Here we consider stimulus of the form sl; such that when the responsive material is
heated, i.e s > 0 (resp. cooled i.e s < 0) and the responsive material expands (resp.

contracts) horizontally. The stimulus s € V' is governed by Poisson’s equation
—V - (k(D)Vs)=¢ginQ, Vs-in=0onI'y,s=0o0onTIp (5.2.2)
where k(D) is simple material interpolation. We then seek to minimize

Z(u) := A lu — @|* du, (5.2.3)

amongst a set D of admissible designs and a space of stimulus control functions G i.e.

G = {geL¥Q); |lgll < 1}. (5.2.4)
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5.3 Numerical implementation

Due to the ill-posedness of (5.2.3), we once again employ the phase-field approach to
optimal design [28, 29] discussed in section (4.2). We introduce generalized designs

of the form

p = (pr, pa, ps) € [H'(%[0,1]))°, (5.3.1)

where the p;,7 = 1,2, 3 are smooth continuous material densities with values in [0, 1]
such that p; + po + p3 = 1 for all z € 2. We handle the constraint p; + ps + p3 =1
explicitly by substituting p; = 1 — ps — p3 and optimizing with respect to p = (pa, p3)
under the constraint 0 < py,p3 < 1. To this end, we define the regularization of

(5.2.3) as:

1
min = [ |u—u|*dr + aP-(p)
(0,9) Qo

(5.3.2)
subject to (4.2.4) and (5.2.2)

where « is an arbitrary regularization parameter.
Since we have two PDE constraints, we need two adjoint variables and we define

the Lagrangian accordingily,

L(u,p,\,9,8,q) = %/Q lu —a|? dv + oP.(p) + Q(p, g)
X 0
+ 3 [ alp)Cietu) = sl () do (53.3)
i=1 v
3
k(p;)Vs-Vqdr — d
+ZI/Q (pi)Vs - Vq dx /ngx

where A and q are the adjoint variables associated with displacement field u and the
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stimulus s respectively. The penalty Q(p, g) is defined as

Qj.g) = / (1= p = po) + )9 da (5.3.4)

to enforce null-heat source i.e g = 0 in “void” and non-responsive materials. Applying
the adjoint method, one obtains the following adjoint weak formulations to be solved

before computing the sensitivities with respect to p and g

Z /Q a(p;)Cie(v) - e(N) dox = /Q (u—w)v dz, for any v € V (5.3.5)

3 3
Z/ k(p;))Vw - Vqdx = Z/ a(p;)C;B;wly - e(N) dx, for any w € V. (5.3.6)
i=1 79 i=1 79

5.3.1 Minimization with respect to g

Observe that, by expanding the Lagrangian (5.3.3) and collect all the terms explicitly

depending on g, we have

min‘c<u7p7g7>\7$7q) — mln_/gq dx+/((1_P2—PS>2+Pg>92 dxa
g€eg g€eg Q Q

> min—gq+ ((1-pz - p3)” + p3)g>.

The expression above is quadratic in ¢ in the form of Ag + Bg¢? and its minimizer g*
is given as: if A = 0, then ¢g* = 0, and if 2B < |A| then ¢g* = 1 (resp. —1)if ¢ >0

(resp. ¢ < 0). Otherwise g* = A/2B.
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5.4 Numerical results

In this section, we present a series of numerical simulations and in all of our results,
consider the design domain Q = (0,L,) x (0,L,) with L, = 1 and L, = 1/3. We
prescribe null displacement on the left side I'p of Q and set Qy = (L, — a, L,) X
(L,/2 —a/2,L,/2 + a/2) with a = 1/15. We use the same multi-well potential W
defined in (4.5.1). The responsive and non-responsive materials are isotropic with
varying stiffness ratios F3/FE, and Young’s modulus for void is fixed F; = 107% and
Poison ratio v = 0.3. The domain {2 is discretized with a structured mesh with cell size
h = 0.002. The regularization parameter is € = 2.0 x 1072 the perimeter penalization
parameter is a = 6.0 x 1073. The initial design fields are chosen as p3 = 0.3, p; = 0.3

and ps = 1 in €.
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Figure 5.1: Composite plot of both material density and the heat source in the
reference (top) and deformed configuration (bottom) for stiffness ratio
E5/FE; = 100. The red and blue represent the area of the responsive material
with heat source values 1 and —1 respectively. The converged design consists of
33% responsive and 34% non-responsive material.
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Figure 5.2: Composite plot of both material density and the heat source in the
reference (top) and deformed configuration (bottom) for stiffness ratio
E5/E; = 10. The red and blue represent the area of the responsive material with
heat source values 1 and —1 respectively. The converged design consists of 30%
responsive and 50% non-responsive material.
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Figure 5.3: Composite plot of both material density and the heat source in the

reference (top) and deformed configuration (bottom) for stiffness ratio
E3/FE5 = 1. The red and blue represent the area of the responsive material with
heat source values 1 and —1 respectively. The converged design consists of 12%
responsive and 18% non-responsive material

In our first results, Figure (5.1) and (5.2), we consider the responsive material

to be 100 and 10 stiffer than the non-responsive material. As expected, final design

uses the stiffer material to build the outer frame of the beam. The distribution of

the stimulus makes the converged design to act as “bimetallic® strip in sense that,
when stimulated the responsive material at the top contracts horizontally while the
responsive material at the bottom expands horizontally, causing the beam to do work
against the applied load as shown in the last figure in Figure (5.2) above.

In the next Figure (5.3), we consider the responsive material to have the same
stiffness as the non-responsive material. As expected, the converged design did not

change very much from the that in Figure (5.2) above in a sense that the stronger
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material is used to build the frame. In this computation, our algorithm converged
after 843 iterations leading to the objective function to decrease from 8.4521 to 0.1938.

Our next example, we consider a case where the stimulus control function ¢ can
only takes values in [0, 1]. Figure (5.4) shows the density of non-responsive (p2) and
responsive (p3) materials, as well as a composite plot showing the non-responsive
material in black and the responsive material coloured according to the value of the
heat source g with ¢ = 1 in red, g = 0 in gray, and the white region represents the
“void”. As one would expect, the converged design did not change much, only the
heat source is turned on at the bottom and off at the top so that the design expands

at the bottom and pushing €y upward as shown in Figure (5.4).
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Figure 5.4: Composite plot of both material density and the heat source in the
reference (top) and deformed configuration (bottom) for stiffness ratio
E5/FE; = 100. The red and gray represent the area of the responsive material
with heat source values 1 and 0 respectively. The converged design consists of
34% responsive and 29% non-responsive material.

5.5 Stimulus governed by transient heat PDE

We extend problem (4.2.5) further by introducing time-dependent objective function

of the form

1 /T
min —/ lu(t, z) — u(t,r)|* dz (5.5.1)
9 2.Jo Ja,

where u(t, x) is the solution of the linearized PDE (4.2.4) dependent on time-dependent

stimulus s(t, z) at each time step and w(¢, x) is a given path we want the region 4 to
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follow. The time-dependent stimulus s(t, x) is controlled by a transient heat equations

st =V - (k(D)Vs)+g¢in Q x (0,7),

s(0,z) =0 in Q x (0,7),

(5.5.2)
s(t,z) =0on I'p x (0,7,

| Vs-n=0 on I'yx(0,7T),

where ¢ is the heat source which depends on both time and space.

The sensitivity analysis with respect to p is similar to previous problems. For

sensitivity analysis with respect to g, we define the Lagrangian as

L(u,p, A, g,5,q) =
1 T

—/ lu(t, z) —u(t,z)|* dedt + aP.(p)

2Jo Jao

+ g /Q a(pi)C; (e(u) — Bisly) - e(N) dz
+/OT/QStq dl'dt_/OTizi;/ﬂk<pi)v5.vq dwdt

T
—/ /g~qudt.
0o Ja

where A\ and ¢ are time-dependent adjoint variables. Following the steps of the adjoint

(5.5.3)

method, we get the weak form of adjoint PDE for s

T 3 T T 3
/ Z/ a(p;)C;Biwly-e(N) dxdt—/ /wtq dxdt+/ Z/ k(p;)Vw-Vq dzdt =0
0o ‘= Ja 0o Jo 0 Q

i=1
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for some test function w. Performing integration by parts in time and space

T 3 T
/ Z/a(pi)(ciﬂiwld-e()\) da:dt+/ /wqt dxdt
o ‘I Ja 0o Jo
T 3
—/q(T,x)w(T,x)dw—/ Z/k(pi)V-qudxdt (5.5.4)
Q o ‘= Ja
T 3
+/ Z/k:(p,-)(Vq-n)wdxdt:O.
0o ‘= Ja
Equation (5.5.4) can be written in strong form as

¢ =V - (k(D)Vq) —a(D)CPL;-e(A) in Qx(0,7)

q(T,z) =0 in Qx(0,7),

Vg-n=0 on I'yx(0,7).
\

5.6 Numerical implementation

A straightforward approach to solving time-dependent PDEs by the finite element
method is to first discretize the time derivative by a finite difference approximation,
which yields a sequence of stationary problems, and then turn each stationary problem
into a variational formulation.

Let superscript n denote a quantity at time ¢,,, where n is an integer counting
time steps. For example, s, means s at time step n. A finite difference discretization

in time first consists of sampling the PDE at some time step, say t,.1:

(5) =V HOvs g (561)
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The time-derivative can be approximated by a difference quotient. For simplicity and

stability reasons, we choose a simple backward difference:

9\t gntl —gn

where At is the time discretization parameter. Combining (5.6.1) and (5.6.2) yields
=V - (k(D)Vs"t!) + g"tt, (5.6.3)

This is our time-discrete version of the transient heat equations (5.5.2), a so-called
backward Euler or implicit Euler discretization.
We may reorder (5.6.3) so that the left-hand side contains the terms with the

unknown s”t!

and the right-hand side contains computed terms only. The result is
a sequence of spatial (stationary) problems for s"*!, assuming s" is known from the

previous time step:

s AtV - (k(D)Vs™™) = 5" + Atg"ttn=0,1,2,..., (5.6.4)

s% = s (5.6.5)

Given sg, we can solve for s°, s, s and so on.

We use a finite element method to solve (5.6.4), this requires turning the equations
into weak forms. As usual, we multiply by a test function w € V and integrate
second-derivatives by parts. Introducing the symbol s for the unknown s"*!, the

resulting weak form arising from formulation (5.6.4) can be conveniently written in
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the standard notation:

a(s,w) = L(w) for any w € V

where

a(s,w) = /Q(sw + Atk(D)Vs - Vw)dx (5.6.6)

L(w) = /Q(s" + Atg" Hw da. (5.6.7)

5.7 Numerical results

Using the same ground domain 2, we consider the target displacement u(t, x) defined

as:
y

(0, 4¢) 0<t<0.25,
u(t, ) =9(0,2—4t) 0.25<t<0.75,

(0,4t —4) 0.75<t<1.

\
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Figure 5.5:

0.30

0.25

0.20

0.15

0.10

0.30

0.254

0.204

0.15

0.104

0.05

Responsive material density (top), non-responsive density (bottom)

for stiffness ratio E5/FEs = 100.
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Figure 5.6: Composite plot of both material density and the heat source in the
deformed configuration (top row) and computed stimulus (bottom row) for
stiffness ratio E5/F, = 100 at different time steps. The red and blue (top row)
represent the area of the responsive maberial with heat source values 1 and —1
respectively while the red and blue (bottom row) represent the areas where
stimulus is positive and negative respectively.
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Figure 5.7: Responsive material density (top), non-responsive density (bottom)
for stiffness ratio E5/FEs = 10.
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Figure 5.8: Composite plot of both material density and the heat source in the
deformed configuration (top row) and computed stimulus (bottom row) for
stiffness ratio F3/Es = 10 at different time steps. The red and blue (top row)
represent the area of the responsive material with heat source values 1 and —1
respectively.

In our first result, Figures (5.7) and (5.6) we consider the responsive material
to be 100 and 10 stiffer than the non-responsive material. Our algorithm converged

after 655 (resp. 977) iterations leading to the objective function to decrease from
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13.8131(resp. 10.8172) to 0.8193(resp. 0.4512) for ratio 100(resp.10). As expected,
final design uses the stiffer material to build the outer frame of the beam. The
distribution of the stimulus makes the converged design to act as “bimetallic strip in
sense that, when stimulated the responsive material at the top contracts horizontally
while the responsive material at the bottom expands horizontally, causing the beam
to do work against the applied load as shown in the last figure in Figures (5.7) and
(5.5) above.

0.254
0.204

0.15

0.103

Figure 5.9: Responsive material density (top), non-responsive density (bottom)
for stiffness ratio F3/Ey = 1.

In the next Figure (5.9), we consider the responsive material to be 1 stiffer than
the non-responsive material. As expected, the converged design did not change very
much from the that in Figure (5.9) above in a sense that the stronger material is used

to build the frame. In this computation, our algorithm converged after 932 iterations
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leading to the objective function to decrease from 8.7142 to 0.2509.
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Figure 5.10: Composite plot of both material density and the heat source in the
deformed configuration (bottom) for stiffness ratio E5/Fy = 1. The red and blue
represent the area of the responsive material with heat source values 1 and —1
respectively.
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Chapter 6

Conclusion

To conclude, in this thesis we explored optimal design of responsive structures which
exploit recent advances in materials and manufacturing. After a brief discussion on
the ill-posedness of the optimal design problem, we considered a phase-field regular-
ization as a means to gain well-posedness. After proving existences of solutions to
our responsive design problem, we considered two concrete examples.

We started with the optimal design of compliant morphing structures where the
stimulus is a design variable. We considered linear elastic materials whose consti-
tutive laws depend on an external real-valued stimulus inducing an inelastic strain.
Through this, we applied the well-known theorems of I'—convergence to prove well-
posedness of a class of carefully chosen objective functions. Then we applied direct
methods of calculus of variations to find closed-form minimizers for our stimulus. We
showed a variety of integrated responsive designs in 2D with varying ratios of stiffness
between the responsive and non-responsive material while the stiffness for “void” is
kept constant.

We then turned to optimal design of compliant morphing structures where the
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stimulus itself is a state variable governed by a PDE. In this extension of our first
example, we chose the poisson PDE and the transient heat PDE to control the stim-
ulus. The later case gives rise to time-dependent responsive structures whose shape
changes by the stimulus and time. This is the most computationally expensive prob-
lem as we first had to discretize the time into n time steps, and then in each iteration

solve 4n PDEs before updating the design.
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