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ABSTRACT  

State estimation strategies play an essential role in the effective operation of dynamic systems by extracting relevant 

information about the system’s state when faced with limited measurement capability, sensor noise, or uncertain dynamics. 

The Kalman filter (KF) is one of the most commonly used filters and provides an optimal estimate for linear state 

estimation problems. However, the KF lacks robustness as it does not perform well in the face of modelling uncertainties 

and disturbances. The sliding innovation filter (SIF) is a newly proposed filter that uses a switching gain and innovation 

term, and unlike the KF, it only results in a sub-optimal estimate. However, the SIF has been proven to be robust to 

modelling uncertainties, disturbances, and ill-conditioned problems. In this work, we propose an adaptive SIF and KF 

(SIF-KF) estimation algorithm that can detect faulty or uncertain conditions and switch between the KF and SIF gain in 

the absence or presence of such conditions, respectively. A fault detection mechanism based on the normalized innovation 

squares (NIS) metric is also presented, which is responsible for triggering the activation of the respective gain in the 

proposed SIF-KF strategy. Experimental simulations are carried out on a simple harmonic oscillator subject to a fault to 

demonstrate the proposed SIF-KF’s effectiveness over traditional approaches. 

Keywords: Estimation theory, Kalman filter, sliding innovation filter, aerospace system, harmonic actuator, adaptive 

estimation, fault detection, signal filtering. 

  

1. BRIEF INTRODUCTION 

The Kalman filter (KF), originally introduced in the 1960s [1], has been the ‘workhorse’ of estimation theory and countless 

applications. The KF optimally solves the stochastic estimation problem for known linear systems affected by white 

process and measurement noise [2]. Optimality of the KF comes from the form of the gain structure and the way in which 

it is derived; by attempting to minimize the trace of the state error covariance. The trace is used as it represents the sum of 

the state errors. The impact of the KF algorithm has been widespread – leading to substantial advancements in estimation, 

tracking, navigation, control, and many other applications. Many well-known engineering achievements such as the Apollo 

space program and the global positioning system (GPS) owe their success to the KF. 

Based on variable structure theory and sliding mode observers, the smooth variable structure filter (SVSF) was 

introduced [26]. Similar to the KF, the SVSF is formulated as a predictor-corrector estimator but utilizes a different gain 

structure [26], [27]. The SVSF gain is a function of the measurement errors and a switching term [26]. The switching 

structure of the gain brings an inherent amount of stability to the estimation process as its bounds the estimates to the 

trajectory of the true state values [2], [28]. However, the SVSF as presented in [26] did not contain a state error covariance 

derivation. The SVSF was expanded in [2], [27], [29] to contain a covariance function which increased the number of 

useful applications for the filter. Other improvements were also presented that included the use of a chattering function for 

fault detection, higher-order solutions, and multi-target tracking formulations [12], [30]–[33].  

Given the optimal VBLs reduction of the SVSF to a KF, a hybrid approach was proposed. Termed the SVSF-VBL or 

alternately the SVSF-KF, the resultant is an estimation strategy that would provide the more optimal KF estimate during 

normal system operation and that of the SVSF in the presence of a fault. The VBL was used as a detection/switching 

mechanism, where a sudden increase in the VBL width beyond a designer specified threshold would control activation of 

the SVSF gain. The SVSF-KF was successfully demonstrated in multiple cases [3]–[11], and several non-linear extensions 

were advanced based on the extended Kalman filter (EKF), the unscented Kalman filter (UKF), and the cubature Kalman 

filter (UKF). These were termed the SVSF-EKF, SVSF-UKF, and SVSF-CKF respectively. 
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In this paper, the sliding innovation filter (SIF) is investigated. The SIF is based on variable structure techniques similar 

to the SVSF and sliding mode observers, however its gain structure is simpler and it provides more accurate results while 

maintaining robustness. Note also that the SIF may be combined with control strategies for improved tracking performance 

and robustness to uncertainties and disturbances. Specifically, this paper investigates replacing the SVSF in the adaptive 

SVSF-KF strategy with the SIF. 

The remainder of this paper is organized as follows: a background on the Kalman filter, sliding innovation filter and 

estimation problem is detailed in Section 2. Then, the methodology behind the proposed research is outlined in Section 3, 

followed by a detailed discussion of the results in Section 4, Finally, concluding remarks and suggestions for future work 

are provided in Section 5. 

 

2. BACKGROUND 

2.1 Kalman filter 

Linear dynamic systems can be expressed in state-space representation as follows [12], [13]: 

𝒙𝑘+1 = 𝑨𝒙𝑘 + 𝑩𝒖𝑘 + 𝒘𝑘 (1) 

𝒛𝑘 = 𝑯𝒙𝑘 + 𝒗𝑘 (2) 

where 𝒙 represents the system state vector, 𝑨 is the discretized linear system model matrix of differential equations, 𝑩 is 

the input gain matrix, 𝒖 is the input vector, 𝒘 is the system noise, 𝒛 is the measurement vector, 𝑯 is the linear measurement 

matrix, 𝒗 represents the measurement noise, and 𝑘 represents the current timestep. 

The Kalman filter (KF) works under the assumptions that the system model is relatively well-known, and the initial 

states are also known, and finally, that the system and measurement noise is normal and Gaussian meaning that it is white 

with zero mean and known respective covariance matrices [2].  The KF works as a predictor-corrector; the system model 

is used to obtain an a priori or predicted estimate of the states, whereupon measurements combined with the Kalman gain 

matrix are used to apply a correction term to create an a posteriori or updated state estimate [14], [15]. 

The a priori state estimate is first computed using the process model, as can be seen in (3). Then, the a priori state 

covariance matrix is calculated based on the process model and the associated modeling noise covariance matrix 𝑸𝑘, as 

shown in (4): 

𝒙𝑘+1|𝑘 = 𝑨𝒙𝑘+1|𝑘 + 𝑩𝑢𝑘 (3) 

𝑷̂𝑘+1|𝑘 = 𝑨𝑷𝑘|𝑘𝑨𝑇 + 𝑸𝑘 (4) 

The Kalman gain computation in (5) is based on (4), and is then used to update the state estimate in (6): 

𝑲𝑘+1 = 𝑷𝑘+1|𝑘𝑯𝑇𝑺𝑘+1
−1  (5) 

𝒙𝑘+1|𝑘+1 = 𝒙𝑘+1|𝑘 + 𝑲𝑘+1𝝂𝑘+1 (6) 

where 𝝂 and 𝑺 are two important terms known as the innovation (or residual), and the innovation covariance, respectively. 

In the equations below, 𝑹 is the measurement noise covariance. 
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𝝂𝑘+1 = 𝒛𝑘 − 𝑯𝑨𝒙𝑘+1|𝑘 (7) 

𝑺𝑘+1 = 𝑯𝑷𝑘+1|𝑘𝑯𝑇 + 𝑹𝑘+1 (8) 

The innovation, from (7), represents the difference between the actual measurements and the a priori estimate of the 

measurements. The innovation covariance, as in (8), characterizes the uncertainty in the measurement predictions. These 

two terms provide an important insight into the estimation process and are often used to assess the filter’s overall estimation 

ability. 

The a posteriori state error covariance matrix is then calculated in (9), and the process repeats iteratively: 

𝑷𝑘+1|𝑘+1 = (𝑰 − 𝑲𝑘+1𝑯)𝑷𝑘+1|𝑘(𝑰 − 𝑲𝑘+1𝑯)𝑇 + 𝑲𝒌+𝟏𝑹𝒌+𝟏𝑲𝒌+𝟏
𝑇  (9) 

where 𝑰 is the identity matrix. In a successful application of the KF, the state estimates will rapidly converge, providing 

the optimal statistical estimate based on the given information. The a posteriori covariance update in (9) is known as the 

‘Joseph covariance form’ and is often preferred due to its superior numerical characteristics. The Joseph form ensures that 

the covariance update remains positive-definite, a critical condition in the estimation process to produce meaningful results 

[2]. 

 

2.2 Sliding innovation filter 

Similar to the KF, the sliding innovation filter (SIF) is formulated as a predictor-corrector estimation method [16]–[21]. 

First, the prediction stage involves computing the a priori state estimates and state error covariance, and then the predicted 

innovation as follows: 

𝒙𝑘+1|𝑘 = 𝑨𝒙𝑘|𝑘 + 𝑩𝑢𝑘 (10) 

𝑷̂𝑘+1|𝑘 = 𝑨𝑷𝑘|𝑘𝑨𝑇 + 𝑸𝑘 (11) 

𝒛̃𝑘+1|𝑘 = 𝒛𝑘+1 − 𝑯𝒙𝑘+1|𝑘 (12) 

In the update stage, the SIF gain 𝑲𝑘+1 is computed and used in the computation of the a posteriori state estimates and 

state error covariance as follows: 

𝑲𝑘+1 = 𝑯+𝑠𝑎𝑡̅̅ ̅̅ (|𝒛̃𝑘+1|𝑘|/ 𝛿) (13) 

𝒙𝑘+1|𝑘+1 = 𝒙𝑘+1|𝑘 + 𝑲𝑘+1𝒛̃𝑘+1|𝑘 (14) 

𝑷𝑘+1|𝑘+1 = (𝑰 − 𝑲𝑘+1𝑯)𝑷𝑘+1|𝑘(𝑰 − 𝑲𝑘+1𝑯)𝑇 + 𝑲𝒌+𝟏𝑹𝒌+𝟏𝑲𝒌+𝟏
𝑇  (15) 

 

Note that 𝑯+ refers to the pseudoinverse of the measurement matrix, 𝑠𝑎𝑡̅̅ ̅̅  refers to the diagonal of the saturation term, 𝑠𝑎𝑡 

refers to the saturation term of a value (yielding results between -1 and +1), |𝒛̃𝑘+1|𝑘| refers to the absolute value of the 

innovation, 𝛿 refers to the sliding boundary layer width, and 𝑰 refers to the identity matrix. 

The main difference between the KF and the SIF is in the structure of the gain. For the KF, the gain is derived as a 

function of the state error covariance, which offers optimality. However, for the SIF, the gain is instead based on the 
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measurement matrix, the innovation, and a sliding boundary layer term. While the state error covariance is not involved in 

the computation of the SIF gain, it still provides useful information as it represents the amount of estimation error in the 

filtering process. An overview of the SIF estimation concept is illustrated in Fig. 1. From this figure, it can be seen that an 

initial estimate is pushed towards the sliding boundary layer, which is defined based on the degree of uncertainty present 

in the estimation process. Once within the sliding boundary layer, the estimates are forced to switch about the true state 

trajectory of the SIF gain. 

 

2.3 Adaptive formulation of KF and SIF 

During normal operation, the boundary layer generally converges to a size proportional to the amount of assumed 

process noise. In the presence of a system change the boundary layer will rapidly expand. With this in mind, a hybrid 

strategy was proposed to combine the SIF and KF using the boundary layer as a mechanism to detect system change [22]. 

However, issues have been observed in that the boundary layer results in a high frequency switching between the two 

filters due to the presence of chattering. In response to this issue, we proposed and consider an alternative fault detection 

strategy based on the normalized innovation squares (NIS) metric [13]. 

The NIS is simply the square innovation vector at a given time-step, normalized by the innovation covariance. It can be 

expressed as follows: 

𝒓𝒌 = 𝝂𝑘
𝑇𝑺𝑘

−1𝝂𝒌 (16) 

Under the assumption of white Gaussian noise, with an accurately modeled system, a Kalman filter’s innovations are 

characterized by several important statistical properties. These properties of the innovations are that they are white, zero 

means and have a known covariance. When the filter’s model no longer accurately represents the system’s dynamics in 

reality, the innovations will violate these conditions. Consequently, the innovations will, in many cases, begin to grow, 

and thus can be used a means of detecting filter divergence [12], [23]–[25]. 

In this paper, we shall consider the basic threshold approach outlined in [12] for target maneuver detection. In tracking 

filters, a target maneuver represents a sudden change to the system model, which if unaccounted for can lead to filter 

divergence. Methods used for target maneuver detection are readily applicable to other estimation applications where 

system change is a concern. 

An NIS-based SIF-KF involves monitoring the innovations, such that if they grow beyond a designer defined limit, a 

system change is assumed, and the SIF gain is triggered [25]. A reasonable threshold can be defined based on the 

knowledge that the NIS in an optimal, matched filter, and characterized by a chi-squared distributed with the number of 

degrees of freedom equal to the number of measurements N. 

𝒓 ~ 𝜒𝑁
2  (17) 

The robustness can further be improved by averaging a sequence of the innovation history. This will help smooth out 

any ‘noise’ in the innovations and avoid false detections. In addition, to avoid an erratic switching effect across a single 

threshold line, two thresholds with a hysteresis approach can be arranged: a higher “on” threshold such that false triggers 

of the SIF are avoided, and a lower “off” threshold, to be triggered once the innovations drop back to normal.  

Two basic sequence averaging techniques may be considered: the sliding window average, and the fading memory 

average. In the sliding window average, the most recent w innovations are averaged, with all prior innovations being 

ignored. In a fading memory average, the entire innovation history is included, with the more distant innovations weighted 

exponentially lower. The weights are determined by a forgetting factor 𝛼 where 0 < 𝛼 < 1. 

The sliding window and fading memory average approaches can be expressed mathematically in equations (18) and 

(19) respectively [3], [12]: 
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𝒓𝒌
𝑤 = ∑ 𝒓𝒌

𝒌

𝒋=𝒌−𝒘+𝟏

 (18) 

𝒓𝒌
𝛼 = 𝛼𝒓𝒌−𝟏

𝛼 + 𝒓𝒌 (19) 

In our studies, we make use of the fading memory average. In an optimally modeled filter, the fading memory average 

of the NIS will also have an approximately chi-squared distribution with number of degrees of freedom related to 𝑁 and 

𝛼 as follows [12]: 

𝑑𝑜𝑓𝜒 =
𝑁

1 − 𝛼
 (20) 

The thresholds can then be defined based on an appropriate chi-squared tail probability. For example, a system with 

three states and a memory factor of α = 0.965, will result in an expected chi-squared distribution with 92 degrees-of-

freedom. A tail probability of 0.001, reflecting an unexpected innovation sequence, would translate into an “on” threshold 

of about 140. 

  

3. METHODOLOGY 

The performances of our newly proposed SIF-KF approach, which we call the NIS SIF-KF, is tested in experimental 

simulations involving the simple linear situation described as follows. We shall consider an underdamped simple harmonic 

oscillator subject to a fault condition. The system’s state space equations can be expressed as:  

[
𝑥̇
𝑣̇

] = [
0 1

−
𝑘

𝑚
−

𝑐

𝑚

] [
𝑥
𝑣

] (21) 

where k is the spring constant, m is the mass, c is the damping coefficient, and x and v are the position and velocity states, 

respectively. 

We simulate this system with an initial mass of 15 𝑘𝑔, 5 𝑁/𝑚  spring constant, and 0.5 𝑁𝑠/𝑚 damping coefficient. 

After 30 seconds, a sudden system change occurs and the mass increases to 35 𝑘𝑔 and the damping coefficient to 2 𝑁𝑠/𝑚. 

Artificial measurement noise is simulated that is of Gaussian distribution with zero mean and a variance of 0.001, and 

otherwise, we assume no significant process noise. We consider two basic test scenarios, one with a permanent fault, and 

one with just a temporary fault. 

In our simulations, we simulate the free response of a simple mass-spring-damper system. As in the previous simulation, 

after 30 seconds the mass suddenly increases from 15 𝑘𝑔 to 35 𝑘𝑔, and the damping coefficient from 0.5 𝑁𝑠/𝑚 to 

2 𝑁𝑠/𝑚. Full measurements are available, and the measurement noise variance is 0.001 for both states. Otherwise, no 

significant process noise is considered. The sampling rate used for the simulation is 𝑇 = 1 ms.  

For the SIF-based estimates, a smoothing boundary layer width vector is set based on trial-and-error tuning as: 

𝚿 = [
1

0.2
] (22) 

For the VBL-based SIF-KF, an SBL limit of 50 is used, based on the position state. For the NIS SIF-KF, triggering 

thresholds of 140 for “on” and 120 for “off” were used. These values represent tail probabilities of 0.001 and 0.05, 

respectively, which correspond to a memory factor of α = 0.965 and 92 degrees of freedom. 
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4. RESULTS AND DISCUSSION 

First under consideration is the performance of the filters upon the introduction of a permanent fault halfway through 

the simulation. The overall performance of each filter is compared by simulating 500 Monte Carlo runs of the scenario in 

study. The average RMSE of each filter for the position state estimate is recorded for three intervals of the simulations: 

prior to the fault 𝑡 < 30𝑠, after the fault 𝑡 ≥ 30𝑠, and throughout the entire simulation 0 ≤ 𝑡 ≤ 60𝑠. The results of the 

first test case, where a permanent fault is introduced, are presented in Table I. 

When examining the performances of the filters prior to the fault, it can be seen that the KF, SIF-KF and NIS SIF-KF 

are all equally the best performing filters. This result is as one would expect, since the KF provides an optimal estimate, 

and since NIS SIF-KF is able to maintain its gain activation at the KF. However, the KF is the worst performing filter 

during the fault, and overall. Upon the introduction of the fault, the SIF-KF’s performance degrades significantly, resulting 

in it being the second worst filter overall. As for the SIF, it demonstrates its characteristic robustness during the fault, with 

a suboptimal pre-fault estimate.  

Regardless, NIS SIF-KF demonstrates the best overall performance of all the studied filters, followed by the SIF. The 

NIS SIF-KF performs the best during the faulty conditions but provides a suboptimal estimate prior to the fault. Compared 

to the original boundary layer-based SIF-KF, the NIS SIF-KF represents an improvement of 85.8 percent. 

The gain activation of the NIS SIF-KF is plotted in Fig. 1 for further examination of its switching performance. It can 

be seen in the figure that the NIS-based detection scheme can recognize and account for the fault shortly after its occurrence 

by switching to and maintaining the SIF gain for the remainder of the simulation. In fact, the NIS-based approach detects 

the fault within approximately 2.3 seconds of its occurrence. Furthermore, it can be observed that the NIS approach can 

maintain the SIF gain and eliminate the high-frequency switching behaviour associated with the original SIF-KF method. 

In Fig. 1, the red line indicates the “on” threshold for the SIF gain activation, and the green line indicates the “off” 

threshold. 

 

 

 
 

Figure 1. NIS of the position state in the permanent fault scenario. Red and green lines indicate the “on” and “off” 

thresholds, respectively, for the SIF gain. 

TABLE I 

RMSE OF STUDIED MODELS IN THE CASE OF A PERMANENT FAULT 

Model KF SIF SIF-KF NIS SIF-KF 

𝑡 < 30𝑠 0.0033 0.0073 0.0033 0.0033 

𝑡 ≥ 30𝑠 0.521 0.0313 0.1822 0.0254 

0 ≤ 𝑡 ≤ 60𝑠 0.413 0.0298 0.1621 0.0229 
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The next simulation considers a similar scenario to the one previously examined and discussed, except that the modeling 

change is temporary and resolved 30 seconds after its introduction. As in the previous trials, 500 Monte Carlo runs of the 

scenario in study were carried out and the RMSE results of the position estimates for all filters are recorded, as can be seen 

in Table II. Note that this table also considers the RMSE value after the fault, where 60 ≤ 𝑡 ≤ 100𝑠. From Table II, it is 

clear  that the KF performs the worst overall for the entire course of the simulation, followed by the SIF-KF. Despite this, 

the KF demonstrates the lowest RMSE prior to the fault or modeling change, tied with both the SIF-KF and the NIS SIF-

KF. The best overall performer is the NIS SIF-KF. 

It can thus be inferred that despite the NIS SIF-KF’s slower response to detecting the start and end of the modeling 

change, it is still able to perform robustly enough to outperform all the other filters. Overall, the NIS SIF-KF represents an 

improvement of 88.6 percent compared to the boundary layer-based SIF-KF. 

In Figure 2, the NIS values of the position state are shown, along with the mechanism behind the detection of system 

change. From this figure, the effectiveness of the gain activation scheme is further validated, especially in the rapidness of 

its detection of the fault. However, it can be inferred the NIS is somewhat slow in determining the fault’s cessation. 

Approximately 10 seconds elapse before the NIS value crosses below the “off” threshold to switch to the KF gain. Thus, 

it may prove worthwhile for future research effort and attention to be directed towards the adjustment of the NIS thresholds 

to further improve the performance of the approach in this regard. Albeit, careful consideration is required for this, as the 

risk of increased false positives or negatives is not negligible. 

 

 
 

 
 

Figure 2. NIS of the position state in the temporary fault scenario. Red and green lines indicate the “on” and “off” 

thresholds, respectively, for the SIF gain. 

 

 

TABLE II 

RMSE OF STUDIED MODELS IN THE CASE OF A TEMPORARY FAULT 

Model KF SIF SIF-KF NIS SIF-KF 

𝑡 < 30𝑠 0.0029 0.0104 0.0029 0.0029 

30 ≤ 𝑡 ≤ 60𝑠 0.4406 0.0214 0.1570 0.0214 

60 ≤ 𝑡 ≤ 100𝑠 0.0646 0.0103 0.0617 0.0070 

0 ≤ 𝑡 ≤ 100𝑠 0.2937 0.0171 0.1335 0.0152 
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5.  CONCLUSION 

Adaptive estimation strategies such as the SIF-KF work by providing an optimal KF estimate in normal operating 

conditions, and a suboptimal but robust SIF estimate in the presence of faulty operating conditions. The SIF-KF uses a 

boundary layer-based gain mechanism to detect the presence of faulty conditions and switch between the KF and SIF. 

However, the boundary layer-based gain has been shown in the literature to be easily succumbed to chattering. As a result, 

high frequency switching between the two filters is often observed, resulting in a significant degradation of the SIF-KF’s 

performance. Addressing this issue, this paper proposed a new approach known as the NIS SIF-KF. We conduct an 

experimental simulation to compare and quantify the improved estimation performance of this approach compared to the 

SIF-KF when a system is afflicted with a fault. 

The results of our simulations prove that the newly proposed NIS and SIF-KF outperform the existing SIF-KF approach. 

Specifically, the NIS SIF-KF excelled in determining when to select the optimal KF estimate or the robust SIF estimate. 

Further improvements to the NIS SIF-KF may also be realized by future research directed towards a more careful approach 

to the tuning of the fading memory parameter and switching thresholds for more rapid detection of faults. 
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