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ABSTRACT

The purpose of this project is to derive the first
two moments of two random variables, that is, the number
served during and the length of a busy period. Two single-
server models are discussed in this project, namely, the
My,=/E./1 model, and the M,/M,/1 model. Moreover, in the
development, standard methods such as the moment generating
function technique are used, application of a computer

system will also be introduced.
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CHAPTER 1: PRELIMINARIES

l.1 Introduction

Queueing theory 1is the mathematical study of gueues.
It attempts to formulate and interpret different
mathematical models for the purpose of better understanding
of queueing systems. Its ultimate goal, as S. F. Hillier
and G. J. Lieberman (3] mentioned, is to achieve an economic
balance between the cost of service and the cost associated

with waiting for that service.

The first major study on the queueing theory started
in 1908 by A. K. Erlang [2], a Danish engineer who worked
for the Copenhagen Telephone Company. His work on the
queueing theory concerned mainly with problems of telephone
operations. Nowadays, the gqueueing theory is a well
developed branch of the modern applied probability, applied
in numerous varied fields. Literature on this subject

continues to grow rapidly.

As the word "gqueue" is mentioned, a picture of a
group of people (customers) lining up to be served by
another group of people (servers) will usually come to our
minds. However, 1in reality, customers and servers do not
necessarily need to be people, or that there is a visible

1



2
exlistence of gqueues. For example, a computer system
(server) might execute different computer programmes
(customers) which queue up in an invisible form. Therefore,
in the queueing theory, customers and servers refer to units
demanding services and facilities providing services

respectively.

The basic mechanism of a simple queueing process 1is
as follows: (1) Customers arrive from some input sources
according to a certain probabilistic law, for instance, a
Poisson process. (2) The customers wait in the system, and
are served by servers following a given queue discipline,
for example, on a first-come-first-serve basis. (3) The
required time for each individual service is governed by a
certain precbabilistic law, for example, exponentially
distributed service time. After being served, the customers

depart.

Once the queueing model is specified, it may be
possible to analyze the model mathematically, in order to
predict some aspects of the behaviour of the system. 1In
particular, customers and servers will be most concerned
with the duration of the waiting time and of the busy period
respectively; management will probably pay more attention to

the size of the queue.

Generally, as a system begins to operate, it 1is
greatly affected by the initial conditions and the amount of

time elapsed. The system is considered to be in a transient
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state. However, after sufficient time being elapsed, 1t may
become essentially independent from the initial state and
time elapsed. If this happens, it is said to be in a steady
state. As a result, the study of gqueueing theory involves
two major branches: non-steady state (transient) behaviour

and steady state (equilibrium) behaviour.

A gueueing process under some dgeneral conditions
tends toward equilibrium irrespective of the initial state
and its study is done through a set of so-called balance
equations. In contrast with the study of equilibrium
behaviour, that of the transient behaviour is rather more
complicated. However, the investigation of the transient
behaviour of gqueueing processes are also important, not only
from the theory point of view, but also in the applications,
for example, to determine the distribution of the length of
a busy period. By the term "busy period”, we mean a time
interval during which all servers of the queueing system are

occupied continuously without a break.

In studying the behaviour of a busy period,
different methods have been introduced, namely, the spectral
theory developed by W. Ledermann and G. E. H. Reuter (6],
the standard generating function techniques by N. T. J.
Bailey [1], and the combinatorial methods by L. Takacs (10].
However, though analytical formulae can be found in a vast
amount of literature, most of them exist 1in rather

complicated forms which, as a result, cannot provide a clear
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picture of the distribution of a busy period. Furthermore,
in designing a queueing system, one will generally find that
it is sufficient to know just the mean and variance of the

distribution.

The obiective of this project is therefore to
derive, through the adoption of the combinatorial method,
the first two moments of the distribution of two random
variables, the number served during and the length of a busy
period for two single-server queueing models. These are,
the M,=/E,./1 model (Poisson input and Erlangian service time
distribution with a stages, arrivals in batches (in short
"b") from c independent sources. For a complete description
of notations, see Appendix A), and the My/M,/1 model
(Poisson input and exponentially distributed service time,
arrivals and services are both in batches). Note that the
M/E./1 model (Poisson input and Erlangian service time
distribution with a stages) is a special case of the
M,=/E./1 model. Two different methods will be used for
finding the moments. The generating function technique will
be used for the first model, and an iteration technique will

be introduced for the second model.

This chapter is concluded by stating some known
mathematical results needed for our purpose. In Chapter 2,
the moments for the two models will be derived and
presented, in particular, the iteration technique will be

explained in detail. Finally, three appendices, one



describing the symbols and notations, the others being the
demonstrative computer programmes and selected tables to

support the iteration method, will be attached at the end.

1.2 Some Mathematical Results

In the early sixties, L. Takacs demonstrated in his
book [9] and many of his papers [10] [11]1 [12], his
pioneering work in deriving the distribution of the busy

period through the application of combinatorial methods.

Within a few years, J. L. Jain and S. G. Mohanty {4]
[5] extended TakAcs' work'to the M,,©/G/1 model, in which,
(1) customers arrive from c¢ independent input sources,
arrival from the 1®® source 1is of fixed batch size b;
according to a Poisson process of mean rate Ly, 1 = 1, ...,
c, and are served singly by a single server, (2) the service
times are identically and independently distributed,

positive random variables with distribution function F(t),

and are also independent of the arrival instants.

During a busy period which has initially h (h 2 1)
customers, let M; be the number of batches arriving from the
1*" input source, 1 =1, ..., ¢, and let T be the length of

5
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the busy period. Then the probability
P{Mi=m1,..¢,Mc=ms;Tst) is given by the following proposition

[51):

Proposition 1.1

P(Mi=m;i,eee,Mo=mg;T<t) =

h Jt ¢ _p ., (Lax)™
s 1

1=1 m; !

] dF.(x) ;

m; =0, 1, ... for 1 =1, ., ¢ ; 0 < t < o
c
where n = h + I msib; and
i=1

Fo(t) denotes the n*® iterated covolution of F(t).

Note that the M,=/E./1 model which is considered in
this project is a special case of the M,=/G/1l model,
Proposition 1.1 will be of interest in the development of
Chapter 2. In addition to the Proposition 1.1, a
generalized Lagrange's inversion formula, as given in
Mohanty [7], will be used for deriving the moments for the

model My,</E./1 and 1s stated as follows:

Proposition 1.2

® © A A+ I; miB; C
z® = Z ) I ( ) m Wi
m,=0 me=0 A + L; myBy My, +s., mg 1=1

where I; stands for the summation over 1 from 1 to c,

1f and only if Z satisfies the following relation:



Finally, in the My/M,/1 model, evaluation of

t
1(a,b,t) = J e~Px xa2=1 b= dx ;

In

a=1, 2, «.. ¢ 0 b <« ,; 0 <t =
is needed. With the use of a computer system, it will be
found useful to write the definite integral as the following

finite sum, which is obtained by repeatedly applying the

technique of integration by parts.

Proposition 1.3

a-1 e~®® (bt)*
T(a,b,t) = (a - 1)! [1 = L | I
1=0 1!




CHAPTER 2: DERIVATION OF MOMENTS

2.1 Introduction

The purpose of this chapter is to derive the first
two moments of two single-server models, namely, My,=/E./1
which includes M/E./1, and M,/M,/1. Although the higher
moments can be found in a similar manner, it is sufficient

for our purpose to restrict to the first two moments.

For explanation of notations, one may refer to

Appendix A.

2.2 The Mp=/E./1l model

The model is a special case of the M,°/G/1 model
(see Proposition 1.1) in which the service time has

Erlangian distribution G(a,U0), U/a > I; Lib:.

Since F(t) ~ G(a,U) implies that F,(t) = G(na,U), 1t

follows from Proposition 1.1 that



P(Ml-‘-ml,...,Mc:mc;TSt) =

h ot e-Lix (Lix)mi e—Ux Una xna—l
— [ 7y | 1 dx] =
n Jo my! {(na - 1)!
na My -
h U Ta Li { -(ziLi"U)x zimi"'na"l
- e X dx
n (na - 1)! 7y mi! Jo

where n; stands for the product over i from 1 to c.
Differentiating it with respect to t and using the
Fundamental Theorem of Calculus, we obtain the joint
probability density function g(mi,...,g,t) of My, ..., Mo,
and T as

g(my,eeo.,mg,t) =

na my
h U ‘"i Ll -(XiLi'*'U)t Zimi"'na_l
_- e t ;
mg; =0, 1, 0. fori=1, ..., c ; 0 ¢ t ¢ =
where
n = h + z,'_ mibi -

To obtain the moments, we define

H(S1,4¢.,85,r) =

slml “en scmc j ert g(my,...,mg,t) dt.
o (202)
For simplicity, we will denote H(s; ,...,8-,r) by H.
H may be seen as the joint probability and moment generating

function.

Theorem 2.1

H satisfies
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1 b;a+l
B2 g b v P - oo (2.3)
where
U
Polr) = H
Zj Lj + U - r
Lis;
pi(r) = for 1 =1, «e., C .
Zj Lj + U - r
Proof
From (2.1) and (2.2), we get
H =
I .. I s, L., s e x
m,=0 nm.=0
- h o™ o, L,T=
J ert {‘ e-(ZiLi+U)t tzimi+na-1l dt =
o n (na - 1)! 7; my!
I .. I s, L., s Mo
m, =0 ne=0
h gha T, Limi (£, my + na - 1)!
n (na - 1)! 7y my! (£ Ly + U - r)Zimi+na
- - h U(h+£ibimi)a m;
r .. X *
m1=0 mc=0 h + Xi bj_mi [(h + Zi bimi)a - 11! kY mil
[ha + Zi (b_,_a + l) m; - l]l
(£, L. U - r)ha + ;i (bja + 1) my
e o ha
I ... h) *
m,=0 mo,=0 ha + L; (bi;a + 1) m;
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ha + Z; (bsa + 1) m, m.
( ) [pol(rr)] 7. [pa(r)l ™ .
mll LA 4 mc (2.4)

ha+Z bymya

Put A = ha, B; = bja + 1, and W, = [po(r)]bia pif{r) 1in
Proposition 1.2 and compare it with (2.4), we obtain the

following

1 1
1 0 1
P11 - I, tIpo(r)1P*3p, (r) [——
po(r) po(r) (2-5)

[ ghajbsa; b o 4

Simplify (2.5) and the result follows.

Theorem 2.2

hu
E(N) = .
U - a Zi Libi

Proof

Differentiating (2.3) with respect to s, yvields

1 b;a+1
—-1 -1
1 b.a + 1
__ gha Hg - Is [patr) —— H ha Hg 1 -
ha e ha b
b.,a+1
Pug (r) H ha _ (2.6)

where XS is the derivative of X with respect to s..

u

Note that H(1l,...,1,0) = 1 and HS (1,+..,1,0) = E(My).

Therefore at (81,+¢4¢,8c,r) = (1,...,1,0) in (2.6), we
have

1 b:a + 1

— E(M,) - IZ; [py ———— E(M,)] - Pug = 0 (2.7)

ha ha e
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where
L1
* I, L, + U

Simplify (2.7) gives

E(M,) = .

Since N = h + ¥; M;b;,, therefore
E(N) = h + £, E(M;) b, . (2.8)

Simplify (2.8) and the result follows.

Theorem 2.3
V(N) =
ha 1

{Zi Libs? + *
U - a x,—._ Libi U - a zi Lj_bi

(U + a2 I; Libi*)(L; Libs)?
(2a (Zi L;ib;)(L; Lib;2) + 1t.
U - a zi Libi

Proof

Differentiating (2.6) with respect to S, gives

1
1
— H [(— - 1) HSuHSv + HHSuSV] - Ly fpalr) *
ha ha .
b,a+l
bia + l ha —2 bj_a. + l
—— H f(—— - 1) H, H + HH 11 -
ha ha Sa Sv SuSy
b,a+1l
—1
b,a + 1 ha _
Pvg (r) —— H HSu

v ha
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b,a+l
baa + 1 ha -1
Pu. (r) — H H =0 . (2.9)
Su S.
ha
Put s; =1 for i1 =1, ..., ¢, and r = 0 1n (2.9), we
have
1 1
— [(— - 1) E(ML)E(M,) + H (1,...,1,0)) - Z; {ps *
SuS.
ha ha
b;a + 1 b;a + 1
[« - 1YE(ML)E(M,) + HS S (1,...,1,001} -
ha ha wev
b,a + 1 b,a + 1
P+ ——— E(M4,) - pPu - E(M,) =0
S+ ha Su ha
which implies that
Hsusv(l,...,l,O) =
L.L,ha U + a® I; Lib;?
fa (h + b, + by) + 1.
(0 - a Zi Libi)2 Uy - a Zi Libi
When v = u, HS S (1,...,1,0) = EIMu(M,-1)1, therefore
V(M,) =
- 2 =
HSuSu(l""’l'O) + E(M,) [E(M4L)]
L.ha La U + a2 L;Lib;?
[1 + (2b.a + )l.
U - a z,-_Lib,-_ U - a ZiLibi U - a XiLibi

When v does not equal to u, then

H (1,¢.,1,0)

E(MuM, ), therefore

S.S
Cov (M, ,M,) =
Hsusv(l'otnpllo) - E(Mu)E(MV) =
L..L--ha U + a2 L;L;b;=
fa (b, + by) + |

(U = a ZiLibi)z U - a ziLibi
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Therefore
V(N) = V(h+£iMibi)
c c c
= L V(Mi) bi2 + 2 I z COV(Mi,Mj) bibj .

1=1 i=1 J=i+1 (2.10)

Simplify (2.10) and the result follows.
Theorem 2.4
ha

E(T) = .

U - a Ei Libi

Proof
Differentiating (2.3) with respect to r gives
1 b;a+l
L ha
— H HR - zi {H x
ha
b;a + 1
{pirl(r) H + p,(r) (—) Hgl}! = por(r) . (2.11)
ha
Since Hg(l,...,1,0) = E(T), therefore
1 b;a + 1
e E(T) - Zi [pig + Py —— E(T)] = Por (2~12)
ha ha
where
U L,

Por = ;7 Pir T for 1i=1,...,C.

(Zi Li + U)2 (zj Lj + U)Z

Simplify (2.12) and the result follows.

Theorem 2.5

ha (U + a2 ¥; Lib;?2)
V(T) = .
(U - a Zi Libi)a
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Proof

Differentiating (2.11) with respect to r gives

1
1 ;;‘2 1 bea + 1
— H ((— - 1) Hg?® + HHgr!l - I; {(——— - 1) *
ha ha ha
b;a+l
" -2 bia + 1
H HR [pig(r) H + pi(r) D —— HR]} -
ha
b,a+l
N -1 bea + 1
zi H a {leR(r) H + plg(r) HR + — *
ha
[le(r) HR + p,_(r) HRR]} = pORR(r) .

Realize that Hge(l,...,1,0) = E(T2), therefore

1 1 bia + 1
— {{(— - 1) [E(T}]= + E(T2)} ~- E; {(— - 1) *
ha ha ha
b;a + 1
E(T) [pir + P —— E(T)1} - L, {pPsirr * Pimr E(T) +
ha

b;a + 1

[piR E(T) + Psi E(Tz)]} = Porr (2.13)

ha
where
20 2L,

Porr -~ ; Pirr = , 1 = 1,¢0.,C.

(L; Ly, + U)3 (4, Ly, + U)=

Simplify (2.13) gives

ha U + a2 L; Lib;?
E(T?) = (ha + ) .
(U - a zi Libi)z U - a zi Libi

Since V(T) = E(T#?) - [E(T)]12, the result follows.
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Theorem 2.6
haU ():1 Libi + a Zi Libiz)

Cov(N,T) = .
(0 - a Zi Libi)a

Proof
Differentiating (2.11) with respect to s,, yields

1
1 ;;"2 1 b;a + 1
-— H [(— - 1) H_ H., + HH ] - Ly {(— = 1) *

ha ha R"Su RS. ha

b;a+1

ha -2 b;a + 1

H H [pi(r) H + ps(r) —— H_1} -
Su R

ha

b;a+1l

ha b;a + 1
£; {H [PiR(r) Hs + ps{r) —— H 1} -
- ha

b.a+l

ha bua + 1
H [p“RSu(r) H + p“Su(r) _— W1 =0 .
ha

Realize that HRS (1,...,1,0) = E(M,T), therefore

1 1 b;a + 1
— [(— - 1) E(T)E(M,) + E(M,T)]} - £; {(———7m— - 1) *
ha ha ha

b;a + 1
E(M.) [piR + py (—) E(M It - £, [piR E(M,) + ps *
ha

b;a + 1 ba + 1
E(M,T)] - [puRSu + Pug — E(T)] =0

ha ha (2.14)

where
L

= for 1 =1, ..., C .
(Ly Ly + U2

Pipg,

Simplify (2.14) gives
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hLua g + az zi Libiz
E(M,T) = (a (h + by) + 1
(U - a Zi Libi)z U - a }:i Libi .

Hence
Cov(M,,,T) =
E(M,T) - EMLE(T) =
hL_.a U + a2 IL; L;b;=?

(ab, + ) .
(U - a Xi Libi)z U - a Ei Libi

Realize that

Cov{(N,T) Cov(h+I;M;b;,T)

= Ei COV(Mi,T) bi . (2.15)

Simplify (2.15) and the result follows.

Since the correlation coefficient of N and T,
denoted by Cor(N,T), is defined as
Cov{(N,T)

Cor(N,T) = ’
v I[V(N) V(T)]

it follows from Theorem 2.3, 2.5, and 2.6 that

U (Z; Lib; + a I; L;ib;?2)

Cor(N,T)
f {[(U - a zi Libi)z (Xi Libiz) +
2a (U - a ;i Libi) (I; Lib;) (IZ; Libi?) +
(U + a2 L; L;b;?) (i Lib;)2] *
[U + a2 L; L;b;21}

(U - a &; L;ib;)2 ki L;ib;*
v {1 - 3
{UZ;Lib;?® + (LiL:b;)2110 + a2L;Libs?1.
(2.16)

1}

Note that Cor(N,T) does not depend on h at all.

Although the formulae derived in Theorem 2.2 - 2.6
are not simple enough to be interpreted directly, some

observations can still be made. Clearly that the factor U-
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a i L;ib; plays a very important role in affecting the
moments. This i1s expected as I; L.b; and U/a represent the
input and service rates respectively. In contrast, it 1is
gquite surprising that the initial number of customers, h,

affects the moments as multiples.

Realize that the M/E,/l1 model is a special case of
the M,/E./1 model by taking b, = ¢ = 1. Let us put b, = c
= 1 into Theorem 2.2 - 2.6 and replace L, by L, we obtain

the moments of the M/E./l model as follows:

hU
E(N) = —— ; (2.17)
U - La
ha 1 (U + La?) L=
V(N) = ——— {LL, + —— [2L2a + 1t
U - La U - La U - La
hLal (L + U)
= : (2.18)
(U - La)3
ha
E(T) = ——— ; (2.19)
U - La
ha (U + La?®?)
V(T) = H (2.20)
(U - La)3
hLaU (a + 1)
Cov(N,T) = ; , (2.21)
(U - La)>
(U - La)=
Cor(N,T) = v [1 - 1 . (2.22)

(L + U) (U + La®)

To conclude this section, let us consider two simple
but important models, namely, M/M/1 (Poisson input and

exponentially distributed service time), and M/D/1 (Poisson



input and constant service time).

Denote by exp(U)
parameter U and by D(w)

parameter w.

Since expi{U)

G(wU,U), therefore from (2.17)

19

the exponential distribution with

the deterministic distribution with

G(1,U0) and D(w) = limg,.

to (2.22), it is clear that

Model M/M/1 M/D/1
hU h
E(N)
U - L 1l - Lw
hLU (L + U) hLw
V(N) e
(0 - L)= (1 - Lw)=3
h hw
E(T)
U - L 1l - Lw
h (U + L) hLw3
V(T) — _—
(U - L3 (1 - Lw)3
2hLU hLw?=2
Cov(N,T) B —
(U - L= (1 - Lw)>3
U_
Cor(N,T) v I[1 - )21 1




2.3 The Myp/Myp/1 model

This is a model in which arrivals / services are in
batches of size b, / ba. Arrivals are in according with a
Poisson process of mean rate L. Service times have
independent exponential distributions with parameter U, Ub,

> Lb,, which are also independent of the arrivals.

In order to derive the moments of M (the number of
arriving batches during a busy period) and T, one must first
of all find out the probability P(M=m;T<t). In fact, an
explicit formula for the joint distribution has been derived
by Mohanty [8]. However, since the formula involves not
only determinants of very high order, but also very large
binomial coefficients, therefore, the formula 1s not handy
enough for computation. Nevertheless, it shows that the
exact distribution can be derived through the application of
lattice path counting technique, which will be utilized in

the sequel.

Consider a two-dimensional lattice path which
starting from the origin moves at any stage either a
horizontal unit or a vertical unit. Denote by P(i,4, the
probability of the path reaching to the point (1,3), Poci.a>
the probability of moving from (i,3j) to (i+1,3), and pPici. s>
the probability of moving from (i,3j) to (i1,j+1). Then the

20
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distribution of M, when there are initially h (h 2 bs)

customers, is given in the following theorem.

Theorem 2.7
h + mb,
P(M=m) = P(n.,m> 5 m=0,1,...; n = [—J=; 0<t<e
b (2.23)

where

[1}- stands for the largest integer < 1 ;

P(o,o>» = 1 ; (2.24)
P(i,j) = Poc¢i—-2,3)> P(i—l,j) + Paici,3-1) P(i,j—l)
with
U h+jb1
;s 1 = 0,...,1 - =-1; 3 =20,1,...
L + 0 b.
Poci,3> = {
0 ; otherwise
L h+jb1
;1= 0,...,1 I-=-1; 3 =20,1,...
L + U b>
Pirca,s3>» 7 {
0 ; otherwise .
Proof

Since arrivals and service completion instants are
independent Poisson processes of mean rate L and U
respectively, every event in the combined process
independent of others is either an arrival with
probability L/(L+U) or a departure with probability
U/(L+U). Moreover, for any instance, if there had been
3 arrivals, then the number of departing batches, 1,
should not exceed {(h+jb,)/b>]1", where the busy period

stops when i1 = [(h+jb,)/b2]1". Represent an arrival by a
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vertical step and a departure by a horizontal step.
Thus the sequence of arrivals and departures during a
busy period consisting of m arriving batches 1is
represented by a lattice path from the origin to (n,m),
n = [ (h+mb,)/b>1". This establishes (2.23).
Furthermore, a path to (i,j) can be reached from either
(1-1,3) with probability po(si-a.3» or (1i,3j-1) with
probability pi(i.s3-12,. Moreover, during the busy
period, the path cannot touch the boundary x = [(b,y +
h)/b>1" except at the end. Thus we get (2.24). This

completes the proof.

Realize that the conditional random variable T given
M = m has G(m+n,L+U) (8], therefore from Theorem 2.7, we

obtain the joint probability density function of M and T as

e~ (L.+~U) t (L"‘U )m+n tm-v—n—l

g(m,t) = P(n,m) : (2025)
(m + n - 1)!¢

h + mb,
m=0,1, ... ; Nn=[1——mJ=; 0 < t ¢ o,
b
Theorem 2.8

E{(M) = ¥ mPi(n.m> : (2.26)

m=0
V(M) = Z m2 P(n,m) - [E(M)]Z ’ (2-27)

n=0

o m+n=-1 e~ =+t [(L+U)tl*
n=0 1=0 1!
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E(T) = L Pin.m> (2.29)
m=0 L + U
o (m + n){m + n + 1)
V(T) = I Pinn.my — LE(T)]IZ ; (2.30)
m=0 (L + U)=
o m (m + n)
Cov(M,T) = I —— P(n.,m>» - E(M)E(T) . (2.31)
m=0 L + U
Proof
(2.26) and (2.27) are obvious.
For (2.28), we have
. [
P(T<t) = L J g(m, x) dx
=0 o
oo = e—{r_.-ru)x (L+U)m+n xmﬂ-n—.l
= L Pin.m) dx .
n=0 o {m + n -~ 1)!
By applying Proposition 1.3 , the result follows.
For (2.29), we have
E(T) = L g t g(m,t) dt
n=0 Jo
o - e (LrU) (L+Q)m™~n tmﬂ-n—l
= T J t dt P(n,m)
mn=0 Jg {m + n - 1)!
Simplify the expression and the result follows.
For (2.30), since
oo - e~ (Lrour e (L+U)m+n tm-rn--l
E(T2) = L J t= dt Pca.m>
m=0 ), {m + n - 1)!
o (m + n){(m + n + 1)
= E P(n,m)
m=0 (L + D)=

and V(T) = E(T?) - [E(T)1}2, the result follows.

For (2.31), since
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00 o= e-—(L*U)t (L+U)m¢n tm-v-n—l
E(MT) = I m J t dt P(n.m>
m=0 o (m + n - 1)!
o m (m + n)
= z - P(n,m)
nm=0 L + U
and Cov{(M,T) = E(MT) - E(M)E(T), the result follows.

Based on Theorem 2.7 and 2.8, a demonstrative
programme is written. Listing of the programme and tables
are put in Appendix B. For comparison, parameter sets
(L,U,b,,b>) are selected such that Lb, : Ub, =1 : 4.
However, interpretation is not the main objective of this

project and will not be discussed.

To conclude this section, we will use a slightly
different model to demonstrate that the technique introduced
in Theorem 2.7 can be extended to more general situation.
Consider a model which is similar to the one discussed

above, except that it has now a fixed capacity k.

The distribution of M, when there are initially h (h

2 bo) customers and the queue capacity is k, is given by

Theorem 2.9

h + mbl
P(M=m) = P(n,m> ¢+ m=0,1,...; n = [————]=; 0gt<e
b>
where
P(o,o> = 1

Pii.y3>» = Poci=1,3> Pcica,3> * Prci,y=-21> Pci,g-2>
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with
M1 , 1 = ming,...,ming.,-1, j = 0,1,...,
U
Poci.a» = 7 , 1 = miny.i,...,maxy-1, jJ = 0,1,...,
L + U
0 ., otherwise ;
i L
;, L = ming.i,...,maxy~-1, j = 0,1,...,
Prci.3» = 4 L + U
0 , otherwise ;
h + jb, - k h + jb,
mingy = max(0,I 1*) and maxy = [—1}~ ,
b2 b2
[j]l = the smallest integer which is 2 7j.
Proof

Arguments are similar to those for Theorem 2.7 except
that when a limited capacity k 1is imposed, the minimum
number of departures i when there had been j arrivals is
restricted. Explanations are as follows. For any
instance, since the number of customers in the system
should be < k, therefore if there had been j arrivals,
then we must have jb,+h-ib, < k. This implies that the
corresponding lattice path cannot cross the boundary x =
{[{(jbsi+h=-k)/b>1*. To complete the proof, realize that
arrival is allowed only when the capacity left in the
system 1s 2 b, . Therefore the only possible event when
k-(jb,+h-1b,) < b, is a departure, which gives po(si.5, =

1 when 1 = ming, ..., ming.,-1.

Base on Theorem 2.9 and the basic definition of
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monment, a demonstrative programme 1s written. Listing
of the programme and selected tables are put in Appendix

C.



MODELS

APPENDIX A INDEX OF NOTATIONS

Notations of the models discussed in this project

will be in the form of A/B/1l.

A €

B €

{M,M,,M,=} represents the input mechanism, where

M
M

Mp=

b

Poisson process, singly from 1 source,
Poisson process, in batches from 1 source,
Poisson process, 1n batches from ¢ sources;

{D,E.,G,M,M,} gives the service time distribution

(service times being i1dentically and independently

distributed

2T X2QmO

2 -

random variables and independent of arrivals).

= deterministic distribution, singly,

Erlangian distribution with a stages, singly,
general distribution with positive domain,
exponential distribution, singly,

exponential distribution, in batches;

1 at the end represents the number of service channels.

SYMBOLS / NOTATIONS

be

by

c
Cov(X,Y)
Cor(X,Y)
D(w)
E(X)

F(t)

batch size (service)

batch size (input) of the i*®® source

number of independent input sources
covariance of X and Y

correlation coefficient of X and Y
deterministic distribution with parameter w
expectation of X

distribution function of T

27
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F.(t) n*F 1terated covolution of F(t)

G(a,U) Gamma distribution with parameter a and U:

e—Ux Ua xa—l

g{x) = ;0 € x < =,
Mas

h number of initial customers

H(s;,...,8-,r) moment generating function of M, ..., M., T
k fixed capacity of the system

L (L;) input mean rate (of the i*® input source)
M (M;) no. of input batches (from the 1** source)
max{(i,Jj) the maximum of i1 and j
N number served during a busy period
T length of a busy period
V(X) variance of X

F(x) = Z(.) X has the Z(.) distribution

1% 3 1 times j

(1}~ the smallest integer 2 i

[11- the largest integer < 1

J

Z. Z, Zi Y el +t Zy

r=1

£, z; Zy * 4«ee *+ 2o , € = number of input sources

J

Tz, Zis Y .. *ozy

r=i

Ms Zs 2, * ... * Zo , ¢ = number of input sources
z! 1 2 * ... * 2z
XYI"'Yi derivative of X with respect to vi, ..., Vi

Vl,ooolvc (u - Z_:,_ Vl)! ‘"i Vil
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{* Set up the remaining terms if the probability of the fast term is 2ero *#%%¥%)
procedure completeM;
begin .

if (count_m <= last_record) then

for count3 := count_m to last_record do
begin

p [countl]) ¢= 0O;

sum_p [count3) := sum_m;

nd;
if (m = last_m) then
begin :
p [0) :=
sum_p [0
sum_t (O
para2 (¢
para3 [c

wna
[+ ]

in
sum_p {0] :=
para fcount
para3 [count
write (out_files

{# Cumulate the probabilitys means and variance *%¥¥xgakdkshkhbbkhkhrbbdrisd)

procedure update;
begin
const2 = (m + curr_ max + 1) / constl;:
sum_m = sum_m + Ccu ?
it Tm = m_vaT [count 7)) then
begin
p [count_m] t= curr_p;}
sum_p [count_m) -= sum LM
cqunt_m t= count + 17

o
L
+
3
c
-

1

N3 3

[y TN |
[

-.p * const3;
.p *¥ const2 * mj

tI00 eO0N
*tO O #vira
I ererrnn
[ad TSP Y el wd
O H# #§ Ne*DO
H—=0V0TOQrr—4 |
BOUMOOO
VNN D e
Cer 0
Sl WNet+ +
L B ]
t® e O 0
OO0 +4000
~0 0O D Mo

w

- cum_polsson [count3]) * curr_p;

0%


http:count.tl

(% Compute the probability of T #ssttdddrkdsddtbddsoitssdebdnsseXdabhbbhdsdts)

procedure computeT;
begin .
for count3 = 1 to last_record do -
;or|count4 t= (m + prev_max) to (m + curr_max) do
egin
poisson [count3] t= poisson [count3) * const_t
dcum_polsson [count3] := cum_polsson [count3] +
end;

{count3] / counté;
poisson [count3];
end)

(% Compute the probabl |ty of M Hthsdddrs skttt soas st Rt RRRe ARt R e eddn)

gro?edure computeM;

egin
ghi%e ({m < last_m) and {(curr_p <> 0) and (curr_p <> 1)) do
egin

m=m+ 1
prev_max = curr_max;
curr_max = trunc ((m % bl + h) / b2 - 1);
temp_p [0) := temp_p [O) % p_arrival;
for count3 := 1 to curr_max + 1 do
begin
it (count3 > prev_max) thepn
| temp_p fcount3T = 0
e .
temp_p [count3] = temp_p [count3]) * p arrival;.

dtemp,p Tcount3) t= temp_p YTcount3) + temp_p [count3-1) * p_departure;
end,
curr-g t= temp_p [curr_max + 1];
computeT; .
update;

end;
end;

Le



(* Compute the probability of M equals to

procedure computeO;
begin
m = 0;
count_m ¢
prev_max

DO oo oo

{cou
curr_p . temp_p
computeT;
update;
computeM;
it (m = 0)

for cou
sum
completeM}
end;

(o=

(* Initialize the variables when h

procedure init_var3;
beglin

count_t = ¢

h ¢= para2 [tast

last_m t= trunc T(last_n

p [0Y := 0;

sum_m = 0}

sum-g [0) = O3

sum_t [0]) := 0Qj

for count3 = 1 ¢t

begin
sum_p [count3] = Q;
sum_t [count3) t= 0;
polisson [count3] :=
cum_poisson [count3]

end;

(h /7 b2)
curr_max + 1 do

4
+ 1

- 13

count3 ~ 11
13

record do

ountl * 3 + count?;

h % tast_para + count2);
bl);

b2 = h) /

o last_record do

- const_t [co
oisson [count

O o~

* p_departures

unt3])
31;

Zero *FEtduktae Rkttt E AL RRBRRELY)

Is assigned #ksittsstnhssstdetsttdssibssn)

-e

e



(#* Initialize the variables when Ly Uy bly and b2 are assigned *kukkkdkkkihrink)

procedure init_var2;

begin

L = paral {countl #* 41];

U = paral [countl #*= 4 + 1]);

bl ¢= paral {countl * 4 + 2);

b2 = paral (countl * & + 3];

constl = L + U3

p_arrival ¢= L / constl;

p_departure = 1 - p_arrlival;

for count2 = 1 to last_record do

) const_t (count2) = TL + U) * t_val [count2l;
end;

(* Initialize the common variables to be used for each case **%&uakhthskkdrdss)

rocedure init_varl;
egin

assign (out_filey 'bimbtsout');
rewrite (out_file);
;or countl = 0 to last_h ¥ last_para do
egln
para2 [countl] t= 0Q;
para3 (countl) := 0,
end;
end;

(* Compute the probabilities and moments ¥ 2hkkLexr b kehe X 2Rk e e rkdhis)

procedure compute;

begin
init_varl;
for countl = 0 to last_para - 1 do
begin
Intt_var2;
for count?2 = 1 to last_h do
begin
Iinlt_var3;
computeO;
end;
end;
write (out_filey paraly paraly para3s m_valy t_val)j
close {(out_file);

19



{(* Set up the parameters *#¢¥kddkhdkdhyhahrbdrdhbhrrod kb kb robkkbehk ik xkik)
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procedure
begin

(% Main programme **EsbXdhekdb xR XdhdoeadbdabdRhbabehdbdbhsshdtsshbsdatatdbss)
{(# The end of this programme ¥¥sskdhsdxdesdddddhoebbhbehot b r b SRR e o et 6% 4% )
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APPENDIX C DEMONSTRATIVE PROGRAMME/TABLES FOR
WITH FIXED CAPACITY
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(# A function which gives the minimum lnteger which iIs greater than or equals
to the glven number *¥¢seXerbdgddbdddhddhibehshrbsbidRsbhoddbunaddbhandk)
function min_int (num ¢ real) : integer;
begin
it (num = trunc (num)) then
min_Iint = trunc (num)
else
min_int $t= round (num + 0.5);
end;
(#* Cumulate the probabilitys meany variances and store them into an array *%%%)
rocedure store_P;
egin
sum = sum_m + CuUrr_p;
P [6] ¢t= p (D) + m * curr_p;
sum [0} ¢= sum_p (0] + sqr (m) * curr_p;
Tm = m_val [count_ml) then .
begln
p lcount_m) 3= curr_p;
sum_p [count_m] &= sum_m;
count .m = count_m + 1;
end;
end; v

(# Set up the remaining terms If the probabllity of the last terms is zero #*%*%)

procedure completeM;
begin
if (count_m <= last_record) then
for count4 te= count_m to last_record do

beg
[count«] t= 03
m_p {count4) = sum_m;

p <> 0) then

-

Ow = C

-1;
i=

=13

sum_p (0] 2= sum_p [0) = sar (p (01]);

(3]


http:curr_.Pi

temp_p lcurr_min
for count4 = cu
begin
It (count4 > prev
temp_p [counta]
elsg [ t4) t ( tal % i l
emp coun 3= temp_p [coun p._arrival;
it (couﬁgé > next_min) then ’
| temp_p [count4] := temp_p [count4] + temp_p [count4-1) * p_departure
else
temp_p [count4] := temp_p (count4] + temp_p [counté=-11;

] ¢t= temp_p [curr_min) * E,arrival;
re_min ¢+ I to curfr_max + do

max) then
t= 0

curr_p 3= temp_p [curr_max + 11;

(* Compute the probabliity of M equals to zero #**%skukfuhkppkbhfhhhyhhhrhrndrys)

procedure computeO;
begin

m = 0}
count_m = 2;
while {((m < last_m) and (curr_p <> 0)) do
tegin
m = m + 1;
prev_max = curr_max;
curr_max = trunc ((m * bl + h) /7 b2 - 1);
curr_min = next_minj . 1
next_min := max 0y min_int (((m+l) * bl + h = k) / b2));

computeM;
it (count_m <= Jast_record) then
store_P;

end;

completeM;

write (out_flilesy po sum_p);
end;

2



(* Initlalize the variables to be used $#¥¥LXXIABALHRASBVERSE LA NRF AHRRRRDH )

procedure injt_computeO;
begin
h s= para2 [count3];

last_m = trunc ((last_n * b2 - h) / bl);
curr_max = trunc (h / b2) - 1;
next_min = max (0y min_int ((bl + h = k) / b2));
temp_p [0) = 13
for count4 = 1 to curr_max + 1 do
it (count4 > next_min) then
temp_p [count4] := temp_p [count4-1) * p_departure

else
temp_p [count4] = temp ? lcount4-11;
p t= temp_p lcurr_max + 1];
t= Surr_p;
= 0)

ccC

B Kl B ]

cc

end

oA ODT WO

(* Compute the probabilities and moments of M *¥2XeuhXXEREREAXR G enERxk)

rocedure compute;
egln

assign (out_filey "Bi:MMl.out');
rewrite (out_file);
for countl = 0 to last_para - 1 do
begin
L = paral [countl =* 4};
U ¢= paral [countl * 4 + 1];
bl ¢= paral [countl * 4 + 2];
b2 := paral [(countl * 4 + 3];
p.arrival = L / (L + U)}
p_departure = 1 - _p_arrival;
for count2 2= 1 to last_k do
begin
k ¢= para2 [last_h + countll;
for count3 := 1 to last_h do
begin
init_computeO}
computeO;
end;
end;
end;
write (out_filey paraly paraly m_val);
close (out_file);
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(* Set up the parameters *#EE s o dode At B oA XXX RR AR BERASL SRR RRRR TR RRRERE)
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end;

(% Maln program Pt s tdt et sttt e ot ab b s bbb xRt s bdth bbb et Rbdoedh o atdt)

(* The end of this programme okl ko ko ke kb ke khkk)
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