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ABSTRACT
The purpose of this project is to derive the first two moments of two random variables, that is, the number served during and the length of a busy period. Two singleserver models are discussed in this project, namely, the Mb°∕Ea∕ 1 model, and the Mb∕Mb∕1 model. Moreover, in the development, standard methods such as the moment generating function technique are used, application of a computer system will also be introduced.
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CHAPTER 1: PRELIMINARIES
1.1 Introduction

Queueing theory is the mathematical study of queues. It attempts to formulate and interpret different mathematical models for the purpose of better understanding of queueing systems. Its ultimate goal, as S. F. Hillier and G. J. Lieberman [3] mentioned, is to achieve an economic balance between the cost of service and the cost associated with waiting for that service.
The first major study on the queueing theory started in 1908 by A. K. Erlang [2], a Danish engineer who worked for the Copenhagen Telephone Company. His work on the queueing theory concerned mainly with problems of telephone operations. Nowadays, the queueing theory is a well developed branch of the modern applied probability, applied in numerous varied fields. Literature on this subject continues to grow rapidly.
As the word "queue" is mentioned, a picture of a group of people (customers) lining up to be served by another group of people (servers) will usually come to our minds. However, in reality, customers and servers do not necessarily need to be people, or that there is a visible1



2existence of queues. For example, a computer system (server) might execute different computer programmes (customers) which queue up in an invisible form. Therefore, in the queueing theory, customers and servers refer to units demanding services and facilities providing services respectively.
The basic mechanism of a simple queueing process is as follows: (1) Customers arrive from some input sources according to a certain probabilistic law, for instance, a Poisson process. (2) The customers wait in the system, and are served by servers following a given queue discipline, for example, on a first-come-first-serve basis. (3) The required time for each individual service is governed by a certain probabilistic law, for example, exponentially distributed service time. After being served, the customers depart.
Once the queueing model is specified, it may be possible to analyze the model mathematically, in order to predict some aspects of the behaviour of the system. In particular, customers and servers will be most concerned with the duration of the waiting time and of the busy period respectively; management will probably pay more attention to the size of the queue.
Generally, as a system begins to operate, it is greatly affected by the initial conditions and the amount of time elapsed. The system is considered to be in a transient 



3state. However, after sufficient time being elapsed, it may become essentially independent from the initial state and time elapsed. If this happens, it is said to be in a steady state. As a result, the study of queueing theory involves two major branches: non-steady state (transient) behaviour and steady state (equilibrium) behaviour.
A queueing process under some general conditions tends toward equilibrium irrespective of the initial state and its study is done through a set of so-called balance equations. In contrast with the study of equilibrium behaviour, that of the transient behaviour is rather more complicated. However, the investigation of the transient behaviour of queueing processes are also important, not only from the theory point of view, but also in the applications, for example, to determine the distribution of the length of a busy period. By the term "busy period", we mean a time interval during which all servers of the queueing system are occupied continuously without a break.
In studying the behaviour of a busy period, different methods have been introduced, namely, the spectral theory developed by W. Ledermann and G. E. H. Reuter [6], the standard generating function techniques by N. T. J. Bailey [1], and the combinatorial methods by L. Takacs [10]. However, though analytical formulae can be found in a vast amount of literature, most of them exist in rather complicated forms which, as a result, cannot provide a clear 



4picture of the distribution of a busy period. Furthermore, in designing a queueing system, one will generally find that it is sufficient to know just the mean and variance of the distribution.
The objective of this project is therefore to derive, through the adoption of the combinatorial method, the first two moments of the distribution of two random variables, the number served during and the length of a busy period for two single-server queueing models. These are, the Mb°∕Ea∕1 model (Poisson input and Erlangian service time distribution with a stages, arrivals in batches (in short "b") from c independent sources. For a complete description of notations, see Appendix A) , and the Mb,∕Mb∕l model (Poisson input and exponentially distributed service time, arrivals and services are both in batches). Note that the M/Ea/l model (Poisson input and Erlangian service time distribution with a stages) is a special case of the Mb°∕Ea.∕1 model. Two different methods will be used for finding the moments. The generating function technique will be used for the first model, and an iteration technique will be introduced for the second model.
This chapter is concluded by stating some known mathematical results needed for our purpose. In Chapter 2, the moments for the two models will be derived and presented, in particular, the iteration technique will be explained in detail. Finally, three appendices, one



describing the symbols and notations, the others being the demonstrative computer programmes and selected tables to support the iteration method, will be attached at the end.

1.2 Some Mathematical Results
In the early sixties, L. Takacs demonstrated in his book [9] and many of his papers [10] [11] [12], his pioneering work in deriving the distribution of the busy period through the application of combinatorial methods.
Within a few years, J. L. Jain and S. G. Mohanty [4] [5] extended Takacs' work to the Mb°∕G∕1 model, in which, (1) customers arrive from c independent input sources, arrival from the ith source is of fixed batch size bi according to a Poisson process of mean rate Li, i = 1, ..., c, and are served singly by a single server, (2) the service times are identically and independently distributed, positive random variables with distribution function F(t), and are also independent of the arrival instants.
During a busy period which has initially h (h ≥ 1) customers, let Mi be the number of batches arriving from the ith input source, i - 1, ..., c, and let T be the length of5



6the busy period. Then the probability P(Mi=m1,...,Mo=mo;T<t) is given by the following proposition [51:
Proposition 1.1

F„(t) denotes the n*^ iterated covolution of F(t).
Note that the M⅛°∕E^∕1 model which is considered in this project is a special case of the Mb°∕G∕1 model, Proposition 1.1 will be of interest in the development of Chapter 2. In addition to the Proposition 1.1, a generalized Lagrange's inversion formula, as given in Mohanty [7], will be used for deriving the moments for the model Mb°∕Ea∕1 and is stated as follows:

Proposition 1.2∞ ∞ A A + Σ÷ m÷Bi cZ^ = Σ ... Σ --------------------- ( ) π W÷ ÷m^-O m^ = 0 A + Σm^B⅛ m^, ..., m^ i = lwhere Σ^ stands for the summation over i from 1 to c,if and only if Z satisfies the following relation:



7
R -1Z (1 - Σ W^Z " ) = 1 .i = l

Finally, in the M⅛∕M^∕1 model, evaluation of
τ(a,b,t) e**^" dx ;
a=l,2, ... ; 0 < b < ∞ ; 0 < t < ∞ is needed. With the use of a computer system, it will be found useful to write the definite integral as the following finite sum, which is obtained by repeatedly applying the technique of integration by parts.

Proposition 1.3 a-1 e-^^ (bt)÷ τ(a,b,t) = (a - 1)! [1 - Σ ------------------- ] .i-0 i!



CHAPTER 2: DERIVATION OF MOMENTS
2.1 Introduction

The purpose of this chapter is to derive the first two moments of two single-server models, namely, M⅛°∕E.∕1 which includes M/E^/l, and M⅛∕M⅛∕1. Although the higher moments can be found in a similar manner, it is sufficient for our purpose to restrict to the first two moments.
For explanation of notations, one may refer to Appendix A.

2.2 The M⅛,°∕E^∕1 model
The model is a special case of the Mb°∕G∕l model (see Proposition 1.1) in which the service time has Erlangian distribution G(a,U), U/a > Σ÷ L^b^.
Since F(t) ^^ G(a,U) implies that F^(t) ' G(na,U), it follows from Proposition 1.L that

8



9

where stands for the product over i from 1 to c. Differentiating it with respect to t and using the Fundamental Theorem of Calculus, we obtain the joint probability density function g(mι,...,m<-,t) of Mi, . .., M<=, and T as

To obtain the moments, we define

For simplicity, we will denote H(sι,...,Sα,r) by H.H may be seen as the joint probability and moment generating function.
Theorem 2.1H satisfies



10



11

Proposition 1.2 and compare it with (2.4), we obtain the following

Simplify (2.5) and the result follows.

ProofDifferentiating (2.3) with respect to s^ yields



12where

(2.8)Simplify (2.8) and the result follows.
Theorem 2.3

ProofDifferentiating (2.6) with respect to gives
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14Therefore

Theorem 2.4

ProofDifferentiating (2.3) with respect to r gives

Simplify (2.12) and the result follows.
Theorem 2.5



15ProofDifferentiating (2.11) with respect to r gives



16Theorem 2.6

ProofDifferentiating (2.11) with respect to s^ yields

Simplify (2.14) gives



17

Simplify (2.15) and the result follows.
Since the correlation coefficient of N and T, denoted by Cor(N,T), is defined as

Note that Cor(N,T) does not depend on h at all.
Although the formulae derived in Theorem 2.2 - 2.6 are not simple enough to be interpreted directly, some observations can still be made. Clearly that the factor U-



18a ∑i L^bi plays a very important role in affecting the moments. This is expected as Σ⅛ Libi and U/a represent the input and service rates respectively. In contrast, it is quite surprising that the initial number of customers, h, affects the moments as multiples.
Realize that the M/E„/l model is a special case ofthe Mb°∕E^∕l model by taking b÷ = c = 1. Let us put b^ = c = 1 into Theorem 2.2 - 2.6 and replace Li by L, we obtain the moments of the M/E./l model as follows:

To conclude this section, let us consider two simple but important models, namely, M/M/l (Poisson input and exponentially distributed service time), and M/D/l (Poisson



19input and constant service time).
Denote by exp(U) the exponential distribution with parameter U and by D(w) the deterministic distribution with parameter w. Since exρ(U) Ξ G(1,U) and D(w) ≡ limu^- G(wU,U), therefore from (2.17) to (2.22), it is clear that

Model M/M/l M/D/l
E(N) hU hU - L 1 - Lw
V(N) hLU (L + U) hLw(U - L)^ (1 - Lw)3
E(T) h hwU - L 1 - Lw
V(T) h (U + L) hLw^(U - L)≈ (1 - Lw)3
Cov(N,T) 2hLU hLw2(U - L)≈ (1 - Lw)^
Cor(N,T) U - L ∕^ [1 - (--------- ) = ]L + U 1



2.3 The M⅛,∕M⅛,∕1 model
This is a model in which arrivals ∕ services are in batches of size b^ ∕ bz- Arrivals are in according with a Poisson process of mean rate L. Service times have independent exponential distributions with parameter U, Ubz > Lbι, which are also independent of the arrivals.
In order to derive the moments of M (the number of arriving batches during a busy period) and T, one must first of all find out the probability P(M-m;T<t). In fact, an explicit formula for the joint distribution has been derived by Mohanty [8]. However, since the formula involves not only determinants of very high order, but also very large binomial coefficients, therefore, the formula is not handy enough for computation. Nevertheless, it shows that the exact distribution can be derived through the application of lattice path counting technique, which will be utilized in the sequel.
Consider a two-dimensional lattice path which starting from the origin moves at any stage either a horizontal unit or a vertical unit. Denote by P<±,j) the probability of the path reaching to the point (i,j), Po<ι,⅛, the probability of moving from (i,j) to (i+l,j), and pι<i,⅛) the probability of moving from (i,j) to (i,j+l). Then the20



21distribution of M, when there are initially h (h > bz) customers, is given in the following theorem.
Theorem 2.7

where[i]- stands for the largest integer < i ;

ProofSince arrivals and service completion instants are independent Poisson processes of mean rate L and U respectively, every event in the combined process independent of others is either an arrival with probability L∕(L+U) or a departure with probability U∕(L + U). Moreover, for any instance, if there had been j arrivals, then the number of departing batches, i, should not exceed t(h+jbι)∕bzl*, where the busy period stops when i = [(h+jbι)∕bzl^- Represent an arrival by a 



22vertical step and a departure by a horizontal step. Thus the sequence of arrivals and departures during a busy period consisting of m arriving batches is represented by a lattice path from the origin to (n,m), n = [(h+mbι)∕bzl*. This establishes (2.23). Furthermore, a path to (i,j) can be reached from either (i-l,j) with probability P0(i-⅛,3) or (i,j-l) with probability P1<i,3-1,. Moreover, during the busy period, the path cannot touch the boundary x - [(bιy + h)∕bzl" except at the end. Thus we get (2.24). This completes the proof.
Realize that the conditional random variable T givenM = m has G(m + n,L + U) [8], therefore from Theorem 2.7, we obtain the joint probability density function of M and T as (L+U)"^^ 1g<m,t) = ----------------------------------------------- P<^,^, ; (2.25)(m + n - 1)1h + mbιm=0, 1, ... ; n=[--------------] ; 0 < t < ∞ .b=

Theorem 2.8 
00 E(M) = Σ m P<,^, ; (2.26)m=0 
00V(M) = Σ m= P<^,^, - [E(M)1≈ ; (2.27)m-0 °° m+n-1 [(L+U)tl÷P(T<t) = Σ P<^,^,[l - Σ ----------------------------------- ];(2.28)m=0 i-0 i!



23



24oo r- g,-<L÷u)t (L + U)^"^ E(MT) = Σ m t-----------------------------------------------dt P<^^,m-0 Jo (m + n - 1)!∞ m (m + n) ÷ ∑ -----  m=0 L + U and Cov(M,T) = E(MT) - E(M)E(T), the result follows.
Based on Theorem 2.7 and 2.8, a demonstrative programme is written. Listing of the programme and tables are put in Appendix B. For comparison, parameter sets (L,U,bι,bz) are selected such that Lbι : Ubz = 1 : 4. However, interpretation is not the main objective of this project and will not be discussed.
To conclude this section, we will use a slightly different model to demonstrate that the technique introduced in Theorem 2.7 can be extended to more general situation. Consider a model which is similar to the one discussed above, except that it has now a fixed capacity k.
The distribution of M, when there are initially h (h> bz) customers and the queue capacity is k, is given by

Theorem 2.9 h + mbιP(M=m) = P(∏,m) ; m = 0,1,...; n = [------------- 0<t<∞bzwhereP < o , o ) * 1 ;P < ^ , ⅛ ) * Pθ < i — 1 , j ) P < i — 1,3 ) + Pl<i,3-1) P<i,3-1)



25with

ProofArguments are similar to those for Theorem 2.7 except that when a limited capacity k is imposed, the minimum number of departures i when there had been j arrivals is restricted. Explanations are as follows. For any instance, since the number of customers in the system should be < k, therefore if there had been j arrivals, then we must have jbι+h-ibz ≤ k. This implies that the corresponding lattice path cannot cross the boundary x = [(jbι+h-k)∕bz]^. To complete the proof, realize that arrival is allowed only when the capacity left in the system is > b^. Therefore the only possible event when k-(jbι+h-ibz) < bi is a departure, which gives po(i,⅛) = 1 when i = min^, ..., min3÷1-l.
Base on Theorem 2.9 and the basic definition of



26moment, a demonstrative programme is written. Listingof the programme and selected tables are put in AppendixC.



APPENDIX A INDEX OF NOTATIONS
MODELS Notations of the models discussed in this projectwill be in the form of A/B/l.A 6 {M,M^,M⅛°} represents the input mechanism, whereM = Poisson process, singly from 1 source, M⅛ = Poisson process, in batches from 1 source, Mb° = Poisson process, in batches from c sources;B 6 {D,E.,G,M,Mb⅛ gives the service time distribution (service times being identically and independently distributed random variables and independent of arrivals).D = deterministic distribution, singly,= Erlangian distribution with a stages, singly,G = general distribution with positive domain, M - exponential distribution, singly,Mb = exponential distribution, in batches;1 at the end represents the number of service channels.
SYMBOLS ∕ NOTATIONS
bo batch size (service)b÷ batch size (input) of the i^*' sourcec number of independent input sourcesCov(X,Y) covariance of X and YCor(X,Y) correlation coefficient of X and YD(w) deterministic distribution with parameter wE(X) expectation of XF(t) distribution function of T

27
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V1,...,V

F^(t) n^^* iterated covolution of F(t)G(a,U) Gamma distribution with parameter a and U:
h

e-"× x"^ιg ( x) =----------------------- ; 0 < x < ∞.Γ(a)number of initial customersH(sι,...,s^,r) moment generating function of Mi, ..., M^, Tk fixed capacity of the systemL (L÷) input mean rate (of the i^^ input source)M (M÷) no. of input batches (from the i^^ source)max(i,j) the maximum of i and jN number served during a busy periodT length of a busy periodV(X) variance of XF(x) ' Z(.) X has the Z(.) distributioni * j i times j[i)^ the smallest integer ≥ itil* the largest integer < ijΣ Zi + ... + Z3r-i
∑i Zi Zi + ... + z^ , c = number of input sourcesjπ z^ Z * * * Z -)r = i
∏i Zi Zi * ... * z^ , c = number of input sourcesz I 1 2 * . . . * zXγι-.-Yi derivative of X with respect to Vι, ..., y±u u!( ) _________________________________(u - ∑i v÷)! π v^!



APPENDIX B DEMONSTRATIVE PROGRAMME/TABLES FOR M^/M^/l



(* Set up the remaining terms if the probabiiity of the iast term is zero ****) procedure compieteM;beginif (count.m <* iast.record) thenfor count3 :* count_m to iast.record do beginp [count3] :* 0;sum,p [count3J :* sum.m;end!if (m * iast.m) thenbeginP tOJ :* -i;sum.p [0] -1;sum.t tOJ := -1;para2 [count.tl := -1;para3 tcount.tJ :* -1;endeisebeginsum.p [0J sum_p [0J - sqr (p [0]);paraz tcount.t! :* para2 [count.tJ - sqr (sum.t [0]);para3 [count.t] :* para3 [count.t] - p [0) * sum.t [0]; end;write (out.fiie, p, sum.p, sum.t);end;(* Cumuiate the probabiiity, mean, and variance ******************************) procedure update!beginconst2 := (m + curr.max + 1) ∕ consti;sum m :* sum m + curr.p; if Tm * m vat [count.mJ) then begin p [count.m] curr_p; sum.p [count.m] :* sum m; cqunt.m := count_m + 1, end?p [0] p [0] + m * curr.p;sum_p [OJ := sum.p [0] + sqr (m) * curr.p;sum.t [0] :* sum_t (0] + const2 * curr p;const3 const2 ∕ consti + sqr (constz);para2 [count,t) :* para2 [count.t] + curr.p * const3; opara3 [count.t] :* para3 [count t) + curr.p * const2 * m;for count3 1 to iast.record do sum.t [count3J :* sum.t [count3J + (1 - cum.po(sson [count3]) * curr p; end! "

http:count.tl


(* Compute the probabt!tty of T ⅛⅛t⅛t⅛**Φ*⅛*⅛*t⅛*⅛⅛⅛⅛*⅛**⅛t⅛⅛⅛t⅛*t⅛*⅛⅛*⅛**⅛*⅛*) procedure compute!; beg tn .for count3 : = 1 to tast_record do for count! :* (m + prev max) to (m + curr_max) do beg tnpo)sson fcount3) :* potsson [count3) * constat tcount3] ∕ count!)cum_po)sson [count3J :* cum.ootsson [count3) + poisson [count3]) end) end) (⅛ Compute the probabt))ty of M ⅛Φ⅛⅛Φ⅛t⅛Φ⅛Φ⅛*⅛Φt⅛⅛⅛⅛*⅛⅛⅛ΦΦΦ⅛Φ⅛⅛⅛⅛t⅛⅛*⅛⅛⅛⅛⅛⅛*Φ⅛) procedure computeM) beg tnwhtte ((m < tast^m) and (curr-p <> 0) and (curr,p <> 1)) do beg tn m :* m + 1) prev_max :* curr_max) curr_max :* trunc ((m * bl + ∕ b2 - 1))temp,p [0J := temp,p [0J * p_arrtva!) for count3 1 to curr,max + 1 do beg tn tf (cou∩t3 > prev max) then temp-p tcount3] :* 0etsetemp p [count3) temp p [count3] * p^arrtvat)temp-p Γcount3] :* temp^p Tcount3) + temp_p [count3-l) * p departure) end) "curr,p :* temp_p tcurr.max + 11) compute!) update) end) end)



(* Compute the probab)Hty of M equa)s to zero *******************************) procedure computeO] begin m :* 0} count_m :* 1;prev^max :* 1]curr^max :* trunc (h ∕ b2) - 1} temp_p [0] :* 1;for count3 :* 1 to curr_max + 1 dotemp,p [count3] :* temp,p [count3 - 1] * p departure]curr^p :* temp_p [curr_max + 1]] compute!] update;computeM]tf (m * 0) then for count3 :* 1 to ta$t_record do sum t [count3J :* 1]compteteM, end](* Intttattze the vartabtes when h ts assigned *******************************) procedure !nit_var3] beg tn count,t :* countl * 3 + count2] h :* para2 ttast_h * !ast.para + count2]] !ast,m trunc T(tast n * b2 - h) ∕ bl)] p E07 0]sum_m 0]sum_p [0] :* 0} sum_t tθ] :* 0] for count3 :* 1 to !ast_record do beg tn sum_p [count3] :* 0] sum_t tcount3] :* 0] potsson tcount3] :* exp (- const t tcount3])] cum_potsson tcount3] :* potsson Γcount3]] end]end]
rυ



(* In!tia)ize the variab)es when L, U, bl, and b2 are assigned ***************) procedure init_var2; beginL :* paral [countl * 4];U := paral icountl * 4 + 1];bl :* paral [countl * 4 + 2];b2 :* paral (countl * 4 + 3J!constl :* L + u;p.arriva! := L ∕ constl;p.departure :* 1 - p,arrivaiifor count2 := 1 to iast record do constat [count2] :* (L + U) * t vai tcount2], end; ' (* Inttiaiize the common variab)es to be used for each case ******************) procedure init,varl} beginassign (out_fiie, 'bfmbt.out')!rewrite (out fiie);for count 1 0 to )ast_h * tast^para dobeginpara2 tcountlJ 0}para3 tcountl] :* 0!end}end!(* Compute the probab)iities and moments *************************************) procedure compute;begininit_vari;for count 1 0 to iast para - 1 dobegin!nit_var2;for count2 f≈ 1 to iast,h do begin init_var3;computeO;end;end, ⅛uwrite (out-fi!e, paral, para2, para3, m_vat, t_vai);ciose (out_fi)e);end;



(* Set up the parameters t⅛t⅛**ΦΦ⅛⅛⅛⅛⅛Φ⅛⅛Φ⅛⅛⅛⅛Φt*****⅛*Φ***⅛**Φ⅛⅛⅛*⅛**⅛⅛**Φ*⅛Φ)procedure init.const;beginparalt 0] * 4; paralt 1] w 16; paralt 2] 3 i; paralt 3 J i;paral[ 4) * 2; paralt 5] c 16; paralt 6] W 2; paralt 7] i;paralt 8 J 2; paralt 9] m 4; paraltlθj w 2; paralt11] 4;par alt 12 J * 4; paraltl31 m 4; paraltl4] i; paralt15] c 4;par alt 16] 4; paralt17] m 2; paralt18] i; paralt19] c 8;para2tl6] i; para2tl7] w 4; para2tl8j w 8; para2tl9j o;para3tl6] at o; para3t!7] c o; para3tl8] o; para3tl9j = o;m.vait 0) * o; m.vait 1] = o; m,vait 2] i; m.vait 3] 2;m.vait 4] 3; m.vait 5) c 4; m_vait 6] m 5; m.vait 7] c 6;m.vait 8J * 7; m_va)[ 9] ⅛ 8; m.vaitlθ] 9; m.vait 11] = io;m.vait12] 12; m.vait13] c 14; m vat[14] . 16; m.vaitl5] 18;m.vait16] 20; m.vait17] ⅛ 25; m,va![18] 3o; m.vait19] 5o;t.vait 0) o; t.vait 1] o; t.vait 2] w o.i; t.vait 3] 0.2;t.vait 4] * 0.3; t.vait 5] = 0.4; t va!t 6J = 0.5; t.vait 7] o.6;t.vait 8] * 0.7; t.vait 9] m o.e; t vat[10] 0.9; t-vaitllJ c i;t.vait12] = 1.2; t.vait13] c 1.4; t.vait14] 1.6; t.vaitl5] ≈' 1.8;t.vatt16] * 2; t vat[17] ⅛ 2.5; t.vait 18] * 3; t.vait19] 3.5;end;(* Main programme I***********************************************************)beg tninit.const;compute;end.(* The end of this programme tΦΦ⅛⅛⅛ΦΦΦΦΦ*Φ⅛⅛⅛⅛*Φ⅛Φ⅛⅜⅛⅛⅛⅛⅛Φ*Φ⅛⅛⅛⅛⅛*Φ*⅛⅛⅛⅛⅛⅛***Φ⅛

4>
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( L , U , bl , b2 ) = ( 4 ,16 , 1,1)h = 1 h * 4 h = 8m P(M≈m) P(M≤m) P(M*m) P(½6m) P(M=m) P(M≤m)0 0.8000 0.8000 0.4096 0.4096 0.1678 0.16781 0.1280 0.9280 0.2621 0.6717 0.2147 0.38252 0.0410 0.9690 0.1468 0.8185 0.1890 0.57153 0.0164 0.9853 0.0805 0.899J 0.1429 0.71444 0.0073 0.9927 0.0443 0.9434 0.1001 0.81455 0.0035 0.9962 0.0246 0.9679 0.0670 0.88156 0.0018 0.9980 0.0138 0.9817 0.0436 0.92517 0.0009 0.9989 0.0078 0.9895 0.0279'0.95318 0.0005 0.9994 0.0044 0.9939 0.0177 0.97079 0.0003 0.9997 0.0025 0.9964 0.0111 0.981810 0.0001 0.9998 0.0015 0.9979 0.0069 0.988712 0.0000 0.9999 0.0005 0.9993 0.0027 0.995714 0.0000 1.0000 0.0002 0.9997 0.0010 0.998416 0.0000 1.0000 0.0001 0.9999 0.0004 0.999418 0.0000 1.0000 0.0000 1.0000 0.0001 0.999820 0.0000 1.0000 0.0000 1.0000 0.0001 0.999925 0.0000 1.0000 0.0000 1.0000 0.0000 1.000030 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 3.333E-01 1.333E+00 2.667E+00Var. 7.407E-01 2.963E+00 5.926E+00t P(T4t) PH≤t) P(T<t)0.0 0.0000 0.0000 0.00000.1 0.7353 0.0630 0.00020.2 0.9001 0.2966 0.01050.3 0.9551 0.5383 0.06530.4 0.9779 0.7133 0.17960.5 0.9885 0.8256 0.32990.6 0.9937 0.8946 0.48360.7 0.9965 0.9362 0.61910.8 0.9980 0.9613 0.72790.9 0.9988 0.9764 0.81011.0 0.9993 0.9856 0.86981.2 0.9998 0.9945 0.94081.4 0.9999 0.9979 0.97391.6 1.0000 0.9992 0.98871 .8 1.0000 0.9997 0.99512.0 1.0000 0.9999 0.99792.5 1.0000 1.0000 0.99983 .0 1.0000 1.0000 1.00003.5 1.0000 1.0000 1.0000Mean 8.333E-02 3.333E-01 6.667E-01Var. 1.157E-02 4.630E-02 9.259E-02Cov. 7.407E-02 2.963E-01 5.926E-01
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( L , U , bl , b2 ) = ( 2 ,16 ,2,1)h = l h ≈ 4 h = 8m P(M-m) P(M≤m) P(M=m) P(M≤m) P(M≈m) P(M<m)0 0.8889 0.8689 0.6243 0.6243 0.3897 0.38971 0.0780 0.9669 0.2192 0.8435 0.2737 0.66352 0.0206 0.9875 0.0866 0.9301 0.1562 0.81973 0.0072 0.9947 0.0372 0.9673 0.0844 0.90414 0.0029 0.9976 0.0169 0.9842 0.0449*0.94895 0.0013 0.9989 0.0080 0.9922 0.0238 0.97276 0.0006 0.9994 0.0039 0.9960 0.0126 0.98547 0.0003 0.9997 0.0019 0.9980 0.0067 0.99218 0.0001 0.9999 0.0010 0.9989 0.0036 0.99579 0.0001 0.9999 0.0005 0.9994 0.0019 0.997710 0.0000 1.0000 0.0003 0.9997 0.0011 0.998712 0.0000 1.0000 0.0001 0.9999 0.0003 0.999614 0.0000 1.0000 0.0000 1.0000 0.0001 0.999916 0.0000 1.0000 0.0000 1.0000 0.0000 1.000018 0.0000 1.0000 0.0000 1.0000 0.0000 1.000020 0.0000 1.0000 0.0000 1.0000 0.0000 1.000025 0.0000 1.0000 0.0000 1.0000 0.0000 1.000030 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 1.667E-01 6.667E-01 1.333E+00Var. 3.333E-01 1.333E+00 2.667E+00t P(T<t) P(T^t) P(TXt)0.0 0.0000 0.0000 0. 00000.1 0.7505 0.0684 0. 00020.2 0.9040 0.3191 0. 01240.3 0.9528 0.5609 0. 07590.4 0.9740 0.7242 0. 20160.5 0.9848 0.8257 0. 35650.6 0.9908 0.8883 0. 50580 .7 0.9942 0.9275 0. 63190.8 0.9963 0.9523 0. 73090.9 0.9976 0.9683 0. 80561.0 0.9984 0.9788 0. 86051.2 0.9993 0.9903 0. 92881.4 0.9997 0.9954 0. 96391.6 0.9998 0.9978 0 . 98171.8 0.9999 0.9989 0. 99072.0 1.0000 0.9995 0. 99522.5 1.0000 0.9999 0. 99913.0 1.0000 1.0000 0. 99983.5 1.0000 1.0000 1 . 0000Mean 8.333E-02 * 3.333E-01 6.667E-01Var. 1.389E-02 5.556E-02 1.11 IE-01Cov. 5.556E-02 2.222E-01 4.444E-01
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(L.U,bl,b2)-(4,4,l,4)h = 1 h = 4 h = 8m P(M-m) P(M≤m) P(M*m) P(M≤rn) P(M=m) P(M≤m)0 1.0000 1.0000 0.5000 0.5000 0.2500 0.25001 0.0000 1.0000 0.2500 0.7500 0.2500 0.50002 0.0000 1.0000 0.1250 0.8750 0.1875 0.68753 0.0000 1.0000 0.0625 0.9375 0.1250 0.81254 0.0000 1.0000 0.0156 0.9531 0.0391 0.85165 0.0000 1.0000 0.0156 0.9688 0.0430 0.89456 0.0000 1.0000 0.0117 0.9805 0.0352 0.92977 0.0000 1.0000 0.0078 0.9883 0.0254 0.95518 0.0000 1.0000 0.0024 0.9907 0.0085 0.96369 0.0000 1.0000 0.0027 0.9934 0.0098 0.973410 0.0000 1.0000 0.0022 0.9956 0.0083 0.981712 0.0000 1.0000 0.0005 0.9977 0.0022 0.990114 0.0000 1.0000 0.0005 0.9989 0.0022 0.994816 0.0000 1.0000 0.0001 0.9994 0.0006 0.997118 0.0000 1.0000 0.0001 0.9997 0.0006 0.998520 0.0000 1.0000 0.0000 0.9998 0.0002 0.999125 0.0000 1.0000 0.0000 1.0000 0.0001 0.999830 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 0.000E+00 1.078E+00 2.250E+00Var. 0.000E+00 3.033E+00 7.070E+00t P(T≤t) P(T≤t) P(T^t)0.0 1.0000 0.0000 0.00000.1 1.0000 0.3296 0.06150 .2 1.0000 0.5499 0.19070.3 1.0000 0.6959 0.33460.4 1.0000 0.7918 0.46690.5 1.0000 0.8545 0.57770.6 1.0000 0.8958 0.66590.7 1.0000 0.9235 0.73460.8 1.0000 0.9426 0.78780 .9 1.0000 0.9562 0.82921.0 1.0000 0.9661 0.86171.2 1.0000 0.9791 0.90841.4 1.0000 0.9868 0.93861 .6 1.0000 0.9915 0.95861.8 1.0000 0.9944 0.97182 .0 1.0000 0.9963 0.98072.5 1.0000 0.9986 0.99233 .0 1.0000 0.9995 0.99683 .5 1.0000 0.9998 0.9987Mean 0.000E+00 2.695E-01 5.624E-01Var. 0.000E+00 9.835E-02 2.322E-01Cov. 0.000E+00 4.411E-01 1.067E+00
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APPENDIX C DEMONSTRATIVE PROGRAMME/TABLES FOR 
WITH FIXED CAPACITY
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(* A function which gives the minimum integer which is greater than or equais to the given number t******************?*******#**#*#***********#**********)function min_int (num : reai) : integer: beginif (num * trunc (num)) then min_Jnt :* trunc (num)eisemin_int :* round (num + 0.5);end;(* Cumuiate the probabi)ity, mean, variance, and store them into an array *t**) procedure store_P;beginsum m sum m + curr,p!p to] :* p [0] + m * curr_p!sum p tθ) := sum^p [0] + sqr (m) * curr_p;if (m * m_vai [count,m)) then beginp [count,m) curr,p} sum_p [count_m] :* sum m; count,m :* count m + 1, end;end;(* Set up the remaining terms if the probab!iity of the iast terms is zero **⅛) procedure compieteM) beginif (count,m <* iast,record) thenfor count! count,m to fast,record do beginp [count!J :* 0;sum,p [count!] sum,m! .end;if (curr,p <> 0) thenbegin .p [0) -1;sum p [0] :* -1;end eise sum,p [0] : = sum_p [0] - sqr (p (OJ);end;

http:curr_.Pi


(* Compute the probabiHty of M **********************************************)procedure computeM;beg tntf (curr_min > prev_max) then curr_p :* 0etsebegintemp,p [curr^min) :* temp p [curr^min) * p_arrivat;for count! :* curr_min + I to curr,ma× + 1 do begin if (count! > prev max) then temp p [count!] :* 0 e)se " tempo [count!) :* temp^p [count!] * p ar ri vat; if (count! > next mtn) thentemp_p [count!? temp^p [count!] + temp p [count!-l] * p departure etsetemp_p [count!] :* temp^p [count!] + temp p [count!-!]; end) curr_p :* temp_p [curr max + 1];end;end;(* Compute the probabiiity of M equais to zero *******************************) procedure computeO;begin m :* 0; count_m :* 2; white ((m < iast,m) and (curr^p <> 0)) do beginm : *= m + 1;prev max :* curr max;curr_max :* trunc ((m * bl + h) ∕ b2 - 1);curr_mtn :* next min;next_mtn :* max (0, min_int (((m+l) * bl + h - k) ∕ b2)); computeM; if (count m <* iast^record) thenstore,?;end; comp!eteM} write (out-fi)e, p, sum_p);end;



(* Initiaiize the variabies to be used t**⅛⅛⅛⅛*⅛⅛⅛⅛**t*⅛⅛⅛⅛**t⅛⅛⅛⅛*⅛*⅛t⅛*⅛*⅛⅛⅛) procedure init computeO;beginh :* para2 [count3];iast^m :* trunc ((!ast_n * b2 - ħ) ∕ bl);curr^max :* trunc (h ∕ b2) - 1;next^min :* max (0, min_int ((bl + h - k) ∕ b2));temp_p [0) :* 1;for count! :* 1 to curr max + 1 doif (count! > next^min) thentemp_p [count!J :* temp^p [coupt!-l) * p,departure eisetemp p [count!] !≈ temp p [count!-l]}curr^p temp_p [curr_max + 1);sum^rn := curr_p;P [5] := 0;P [1) ;* curr p;sum_p [0) :* 0?sum_p [13 :* curr_p;end;(* Compute the probabilities and moments of M ⅛*Φ⅛Φ⅛Φ⅛ΦΦ*ΦΦ⅛*Φ*⅛⅛Φ*Φ⅛Φ⅛⅛⅛⅛*⅛ΦΦ) procedure compute) beginassign (out fiie, '8:MMl.out'); rewrite (out_fiie);for countl := 0 to i¾st para - 1 do beginL :* paral [countl * !];U :* paral [countl * ! + 1];bl :* paral [countl * ! + 2)!b2 := paral [countl * ! + 3])p^arrivai := L ∕ (L + U);p^departure := 1 - p ar ri vat;for count2 f≈ 1 to iast k do begink :* para2 [iast^h + count?);for count 3 1 to iast^h dobeginin!t_computeO;computeO;end;end;end)write (out_fiie, paral, para2, m^vai)} c!ose (out^fiie);end;



(* Set up the parameters *****************************************************)procedure tntt_const;beg tnm_vatt 0] : * o; m_va)t 1J o; m.va!t 2] : ⅛ i; m_vatt 3] 2;m_vatt 4] : * 3; m_va!t 5] * ≈ 4; m.va!t 6) * c 5; m_va!t 7] 6;m.va!t 8) :" 7; m_va!t 9] 8; m.va!tlθ] m 9; m_vattll] io;m_vattl2] : - 12; m,va!tl3) 14; m.va)tl4] : ⅛ 16; m,vattl5] 18;m_vattl6] * 20; m_vattl7] * 25; m.vattl8J ; sc 30; m.vattl9] : - 50;paral[ 0! : ≈ 4; paralt 1J ; w 16; paralt 2] * ≈ i; paralt 3] i;paral[ 4] 1 w 2; paralt 5J ; w 16; paralt 6] * ≈ 2; paralt 7] : = i;par alt 8] X 2; paralt 9] 4; paralt10] ; m 2; paralt11] 4;par alt12J : ⅛ 4; paraltl3) 4; paralt14] } ≈ i; paraltl5] : 4;par alt 16] ! ⅛ 4; paraltl7] * * 2; paralt18] i; paralt19] : - 8;para2t 0] X ≈ o; para2t 1] ; e 1; para2t 2] ⅜ ≈ 4; para2t 3] : * 8;para2t 4] :* 20; para2t 5J for countl 6 to 19 dopara2 tcountlJ :* 0} end; } w 100;
(* Ma tn program **************************************************************)beg tntntt_const;compute;end.(* The eno of this programme *************************************************)
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( L , U , bl , bi! ) * ( 4 ,16 , 1 , 1 )k = 20 h -= 1 h * 4 h <- 8m P(M≈m) P(M4m) P(M=m) P(f^m) P(M*m) P(Mgm)0 0.8000 0.8000 0.4096 0.4096 0.1678 0.16781 0.1280 0.9280 0.2621 0.6717 0.2147 0.38252 0.0410 0.9690 0.1468 0.8185 0.1890 0.57153 0.0164 0.9853 0.0805 0.899J 0.1429 0.71444 0.0073 0.9927 0.0443 0.9434 0.1001 0.81455 0.0035 0.9962 0.0246 0.9679 0.0670 0.88156 0.0018 0.9980 0.0138 0.9817 0.0436 0.92517 0.0009 0.9989 0.0078 0.9895 0.0279 0.95318 0.0005 0.9994 0.0044 0.9939 0.0177 0.97079 0.0003 0.9997 0.0025 0.9964 0.0111 0.981810 0.0001 0.9998 0.0015 0.9979 0.0069 0.988712 0.0000 0.9999 0.0005 0.9993 0.0027 0.995714 0.0000 1.0000 0.0002 0.9997 0.0010 0.998416 0.0000 1.0000 0.0001 0.9999 0.0004 0.999418 0.0000 1.0000 0.0000 1.0000 0.0001 0.999820 0.0000 1.0000 0.0000 1.0000 0.0001 0.999925 0.0000 1.0000 0.0000 1.0000 0.0000 1.000030 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 3.333E-01 1.333E+00 2.667E+00Var. 7.407E-01 2.963E+00 5.926E+00k *100 h =* 1 h == 4 h == 8m P(M=m) P(Mgm) P(M=m) P(^≤m) P(M=m) PtM≤m)0 0.8000 0.8000 0.4096 0.4096 0.1678 0.16781 0.1280 0.9280 0.2621 0.6717 0.2147 0.38252 0.0410 0.9690 0.1468 0.8185 0.1890 0.57153 0.0164 0.9853 0.0805 0.8991 0.1429 0.71444 0.0073 0.9927 0.0443 0.9434 0.1001 0.81455 0.0035 0.9962 0.0246 0.9679 0.0670 0.88156 0.0018 0.9980 0.0138 0.9817 0.0436 0.92517 0.0009 0.9989 0.0078 0.9895 0.0279 0.95318 0.0005 0.9994 0.0044 0.9939 0.0177 0.97079 0.0003 0.9997 0.0025 0.9964 0.0111 0.981810 0.0001 0.9998 0.0015 0.9979 0.0069 0.988712 0.0000 0.9999 0.0005 0.9993 0.0027 0.995714 0.0000 1.0000 0.0002 0.9997 0.0010 0.998416 0.0000 1.0000 0.0001 0.9999 0.0004 0.999418 0.0000 1.0000 0.0000 1.0000 0.0001 0.999820 0.0000 1.0000 0.0000 1.0000 0.0001 0.999925 0.0000 1.0000 0.0000 1.0000 0.0000 1.000030 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 3.333E-01 1.333E+00 2.667E+00Var. 7.407E-01 2.963E+00 5.926E+00
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( L , U , bl , bi! ) * ( 2 ,16 , 2 , 1 )k = 20 h = 1 h = 4 h == 8m P(M=m) P(Mgm) P(M=m) P(^⅛m) P(M=m) P(M^m)0 0.8889 0.8889 0.6243 0.6243 0.3897 0.38971 0.0780 0.9669 0.2192 0.8435 0.2737 0.663 52 0.0206 0.9875 0.0866 0.9301 0.1562 0.81973 0.0072 0.9947 0.0372 0.9673 0.0844 0.90414 0.0029 0.9976 0.0169 0.9842 0.0449 0.94895 0.0013 0.9989 0.0080 0.9922 0.0238 0.97276 0.0006 0.9994 0.0039 0.9960 0.0126 0.98547 0.0003 0.9997 0.0019 0.9980 0.0067 0.9921
8 0.0001 0.9999 0.0010 0.9989 0.0036 0.99579 0.0001 0.9999 0.0005 0.9994 0.0019 0.997710 0.0000 1.0000 0.0003 0.9997 0.0011 0.998712 0.0000 1.0000 0.0001 0.9999 0.0003 0.999614 0.0000 1.0000 0.0000 1.0000 0.0001 0.999916 0.0000 1.0000 0.0000 1.0000 0.0000 1.000018 0.0000 1.0000 0.0000 1.0000 0.0000 1.000020 0.0000 1.0000 0.0000 1.0000 0.0000 1.000025 0.0000 1.0000 0.0000 1.0000 0.0000 1.000030 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 1.667E-01 6.667E-01 1.333E+00Var. 3.333E-01 1.333E+00 2.666E+00k =100 h == 1 h = 4 h = 8m P(M=m) P(Mgm) P(M=m) P(M≤m) P(M-m) P(M^m)0 0.8889 0.8889 0.6243 0.6243 0.3897 0.38971 0.0780 0.9669 0.2192 0.8435 0.2737 0.66352 0.0206 0.9875 0.0866 0.9301 0.1562 0.81973 0.0072 0.9947 0.0372 0.9673 0.0844 0.90414 0.0029 0.9976 0.0169 0.9842 0.0449 0.94895 0.0013 0.9989 0.0080 0.9922 0.0238 0.97276 0.0006 0.9994 0.0039 0.9960 0.0126 0.98547 0.0003 0.9997 0.0019 0.9980 0.0067 0.99218 0.0001 0.9999 0.0010 0.9989 0.0036 0.99579 0.0001 0.9999 0.0005 0.9994 0.0019 0.997710 0.0000 1.0000 0.0003 0.9997 0.0011 0.998712 0.0000 1.0000 0.0001 0.9999 0.0003 0.999614 0.0000 1.0000 0.0000 1.0000 0.0001 0.999916 0.0000 1.0000 0.0000 1.0000 0.0000 1.000018 0.0000 1.0000 0.0000 1.0000 0.0000 1.000020 0.0000 1.0000 0.0000 1.0000 0.0000 1.000025 0.0000 1.0000 0.0000 1.0000 0.0000 1.000030 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 1.667E-01 6.667E-01 1.333E+00Var. 3.333E-01 1.333E+00 2.667E+00
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(L,U,bl,b2)=(2,4,2,4)k = ZO h = 1 h = 4 h = 8tn P(M=m) P(M6m) P(M=tn) P(^≤m) P(M=m) P(M≤m)0 1.0000 1.0000 0.6667 0.6667 0.4444 0'.44441 0.0000 1.0000 0.2222 0.8889 0.2963 0.7407Z 0.0000 1.0000 0.0494 0.9383 0.0988 0.83953 0.0000 1.0000 0.0329 0.9712 0.0768 0.91634 0.0000 1.0000 0.0110 0.9822 0.029*3 0.94565 0.0000 1.0000 0.0085 0.9907 0.0244 0.97006 0.0000 1.0000 0.0033 0.9940 0.0100 0.98007 0.0000 1.0000 0.0027 0.9967 0.0087 0.98878 0.0000 1.0000 0.0011 0.9978 0.0037 0.99249 0.0000 1.0000 0.0010 0.9987 0.0033 0.995610 0.0000 1.0000 0.0004 0.9992 0.0014 0.997012 0.0000 1.0000 0.0002 0.9997 0.0005 0.998814 0.0000 1.0000 0.0001 0.9999 0.0002 0.999616 0.0000 1.0000 0.0000 1.0000 0.0001 0.999818 0.0000 1.0000 0.0000 1.0000 0.0000 0.999920 0.0000 1.0000 0.0000 1.0000 0.0000 1.000025 0.0000 1.0000 0.0000 1.0000 0.0000 1.000030 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean O.OOOE+OO 5.772E-01 1.194E+00Var. O.OOOE+OO 1.350E+00 2.943E+00
k = 100 h = 1 h = 4 h = 8m P(M=m) P(Mζm) P(M=m) P(^^m) P(M=m) P(M^m)0 1.0000 1.0000 0.6667 0.6667 0.4444 0.44441 0.0000 1.0000 0.2222 0.8889 0.2963 0.74072 0.0000 1.0000 0.0494 0.9383 0.0988 0.83953 0.0000 1.0000 0.0329 0.9712 0.0768 0.91634 0.0000 1.0000 0.0110 0.9822 0.0293 0.94565 0.0000 1.0000 0.0085 0.9907 0.0244 0.97006 0.0000 1.0000 0.0033 0.9940 0.0099 0.97997 0.0000 1.0000 0.0027 0.9967 0.0086 0.98858 0.0000 1.0000 0.0011 0.9978 0.0037 0.99229 0.0000 1.0000 0.0010 0.9987 0.0032 0.995410 0.0000 1.0000 0.0004 0.9991 0.0014 0.996812 0.0000 1.0000 0.0002 0.9996 0.0006 0.998714 0.0000 1.0000 0.0001 0.9999 0.0002 0.999416 0.0000 1.0000 0.0000 0.9999 0.0001 0.999818 0.0000 1.0000 0.0000 1.0000 0.0000 0.999920 0.0000 1.0000 0.0000 1.0000 0.0000 1.000025 0.0000 1.0000 0.0000 1.0000 0.0000 1.000030 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000

Mean 
V a r .

O.OOOE+OOO.OOOE+OO 5.774E-011.355E+00 1.196E+00 Z.98 IE+00
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( L , U , bl , b2 ) = ( 4,4, 1 , 4 )k = 20 h = 1 h == 4 h == 8m P(M=m) P(M≤m) P(M=m) P(^≤m) P(M=m) P(M^m)0 1.0000 1.0000 0.5000 0.5000 0.2500 0.25001 0.0000 1.0000 0.2500 0.7500 0.2500 0.50002 0.0000 1.0000 0.1250 0.8750 0.1875 0.68753 0.0000 1.0000 0.0625 0.9375 0.1250 0.81254 0.0000 1.0000 0.0156 0.9531 0.0391 0.85165 0.0000 1.0000 0.0156 0.9688 0.0430 0.89456 0.0000 1.0000 0.0117 0.9805 0.0352 0.92977 0.0000 1.0000 0.0078 0.9883 0.0254 0.95518 0.0000 1.0000 0.0024 0.9907 0.0085 0.96369 0.0000 1.0000 0.0027 0.9934 0.0098 0.973410 0.0000 1.0000 0.0022 0.9956 0.0083 0.981712 0.0000 1.0000 0.0005 0.9977 0.0022 0.990114 0.0000 1.0000 0.0005 0.9989 0.0022 0.994916 0.0000 1.0000 0.0001 0.9994 0.0006 0.997218 0.0000 1.0000 0.0001 0.9997 0.0006 0.998520 0.0000 1.0000 0.0000 0.9998 0.0002 0.999225 0.0000 1.0000 0.0000 1.0000 0.0001 0.999830 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 0.000E+00 1.078E+00 2.249E+00Var. 0.000E+00 3.031E+00 7.049E+00k =100 h =- 1 h == 4 h == 8m P(M=m) P(M<⅛) P(M=m) P(^≤m) P(M=m) P(Mgm)0 1.0000 1.0000 0.5000 0.5000 0.2500 0.25001 0.0000 1.0000 0.2500 0.7500 0.2500 0.50002 0.0000 1.0000 0.1250 0.8750 0.1875 0.68753 0.0000 1.0000 0.0625 0.9375 0.1250 0.81254 0.0000 1.0000 0.0156 0.9531 0.0391 0.85165 0.0000 1.0000 0.0156 0.9688 0.0430 0.89456 0.0000 1.0000 0.0117 0.9805 0.0352 0.92977 0.0000 1.0000 0.0078 0.9883 0.0254 0.95518 0.0000 1.0000 0.0024 0.9907 0.0085 0.96369 0.0000 1.0000 0.0027 0.9934 0.0098 0.973410 0.0000 1.0000 0.0022 0.9956 0.0083 0.981712 0.0000 1.0000 0.0005 0.9977 0.0022 0.990114 0.0000 1.0000 0.0005 0.9989 0.0022 0.994816 0.0000 1.0000 0.0001 0.9994 0.0006 0.997118 0.0000 1.0000 0.0001 0.9997 0.0006 0.998520 0.0000 1.0000 0.0000 0.9998 0.0002 0.999125 0.0000 1.0000 0.0000 1.0000 0.0001 0.999830 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 0.000E+00 1.078E+00 2.250E+00Var. 0.000E+00 3.033E+00 7.069E+00
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( L , U , bl , bi! ) = ( 4,2, 1 , 8 )k = 20 h = 1 h -= 4 h = 8m P(M-m) P(M^m) P!M-m) P(M≤m) P(M-m) P(M≤m)0 1.0000 1.0000 1.0000 1.0000 0.3333 0.33331 0.0000 1.0000 0.0000 1.0000 0.2222 0.55562 0.0000 1.0000 0.0000 1.0000 0.1481 0.70373 0.0000 1.0000 0.0000 1.0000 0.0988 0.80254 0.0000 1.0000 0.0000 1.0000 0.0658 0.86835 0.0000 1.0000 0.0000 1.0000 0.0439 0.91226 0.0000 1.0000 0.0000 1.0000 0.0293 0.94157 0.0000 1.0000 0.0000 1.0000 0.0195 0.96108 0.0000 1.0000 0.0000 1.0000 0.0043 0.96539 0.0000 1.0000 0.0000 1.0000 0.0058 0.971110 0.0000 1.0000 0.0000 1.0000 0.0058 0.976912 0.0000 1.0000 0.0000 1.0000 0.0060 0.988014 0.0000 1.0000 0.0000 1.0000 0.0027 0.994716 0.0000 1.0000 0.0000 1.0000 0.0004 0.996818 0.0000 1.0000 0.0000 1.0000 0.0005 0.997920 0.0000 1.0000 0.0000 1.0000 0.0005 0.998925 0.0000 1.0000 0.0000 1.0000 0.0000 0.999830 0.0000 1.0000 0.0000 1.0000 0.0000 1.000050 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 0.000E+00 0.000E+00 2.069E+00Var. 0.000E+00 0.000E+00 7.416E+00k -100 h ≈ 1 h *- 4 h == 8m P(M=m) P(M4m) P(M*m! P(½≤m) P(M=m) P(M^m)0 1.0000 1.0000 1.0000 1.0000 0.3333 0.33331 0.0000 1.0000 0.0000 1.0000 0.2222 0.55562 0.0000 1.0000 0.0000 1.0000 0.1481 0.70373 0.0000 1.0000 0.0000 1.0000 0.0988 0.80254 0.0000 1.0000 0.0000 1.0000 0.0658 0.86835 0.0000 1.0000 0.0000 1.0000 0.0439 0.91226 0.0000 1.0000 0.0000 1.0000 0.0293 0.94157 0.0000 1.0000 0.0000 1.0000 0.0195 0.96108 0.0000 1.0000 0.0000 1.0000 0.0043 0.96539 0.0000 1.0000 0.0000 1.0000 0.0058 0.971110 0.0000 1.0000 0.0000 1.0000 0.0058 0.976912 0.0000 1.0000 0.0000 1.0000 0.0043 0.986314 0.0000 1.0000 0.0000 1.0000 0.0027 0.992416 0.0000 1.0000 0.0000 1.0000 0.0005 0.994918 0.0000 1.0000 0.0000 1.0000 0.0008 0.996420 0.0000 1.0000 0.0000 1.0000 0.0006 0.997725 0.0000 1.0000 0.0000 1.0000 0.0001 0.999230 0.0000 1.0000 0.0000 1.0000 0.0001 0.999750 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000Mean 0.000E+00 0.000E+00 2.091E+00Var. 0.000E+00 0.000E+00 8.188E+00
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