
 
 

 

 

 



 
 



 



 



 



 



 



 

 

  



 

 



 



 



 



 



 



 

 

 



 

𝑟 𝑟𝑘



 

𝛼

𝜔0 = 11𝐻𝑧)

𝛼

𝛼



 



 

𝑥2 𝑥1

𝑥2

𝑥1



 



 



 

𝑨

�̂�

𝐴𝑐

𝑎

𝑩

�̂�

𝑏

𝑪

�̂�

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈

𝑫

𝐷𝑝

𝒅

𝑬

𝒆

𝒆𝒛

𝑭

𝐹𝑓

𝐹𝑠

𝑰

𝑱

𝑲

𝑘



 

𝑳

Lp

Lin

Lout

𝑴

𝑀

𝑀𝐹𝐿[𝑖]

𝑀𝑅𝑈𝐿[𝑖]

𝑁

𝑷

Pa

Pb

𝑝𝑖𝑗 Mode transition matrix

𝒑

𝑸

Qa

𝑄𝑏

Q1

𝑄2

𝑹

𝒓

𝑟 

𝑺



 

𝑇𝑠

𝑇𝑢

𝑡

ℝ𝑛

𝒖

𝑉0

𝒗

𝑾

𝑾𝒐

𝒘

𝒙

𝒚

𝒛

𝑧

𝛃

βe

𝛾

𝜎

𝜁

𝚲

𝜽

𝜃𝑖 𝑖𝑡ℎ 𝜃



 

𝛍

𝜇𝑖|𝑗

𝛬𝑗

𝜔

ωp

𝜔𝑛

𝜔0

𝝍

𝓢𝜞

𝝍𝑉𝐵𝐿

𝝍𝑙𝑖𝑚

𝓞

𝚫

ˆ

𝑘 + 1|𝑘

𝑘 + 1|𝑘 + 1

⊺

𝐴+

𝒩(𝜇, Σ) 𝜇 Σ

𝒩𝑐(𝜇, Σ) 𝜇 Σ

𝜒2
2

𝑑𝑖𝑎𝑔(𝐴)

|𝑎|𝑎𝑏𝑠 𝑎

⌊∙⌋



 

⨀

𝑠𝑔𝑛(∙)

𝑠𝑎𝑡(∙, 𝝍 ) 𝝍

sup(∙)

𝑚𝑎𝑥(∙)

𝑑𝐿𝑓
𝑛ℎ(∙)

ℎ

𝑓

𝔼[∙]

Pr(∙)

ℱ(∙)

𝑉(𝑁)(𝜔𝑛) 𝑣

𝒮𝑣
(𝑁)(𝜔𝑛) 𝑣

ℜ{∙}

ℑ{∙}



 



 



 

 

 

• 

• 



 

 

• 

• 

 



 

 

• 

• 



 

 

• 

• 

• 

• 



 

 

 

                  
                

                  
                  

                                 



 

 



 

 

 



 

 



 

 

 

         
       

           

          

          

              
                   

                      
              

                

       
      

                   
                  

         

        

          

                  

           

            

               

                

                            

          

              

          

      

        

          

         

                    

               

                        

                             

       

                           

                                          

      

                 
                

                       

                                    

                 

         

        

                      

                                   

                 

                                   

              

          

                                       

                    

                      

                    

               

                      

                          

             

              



 

 



 

 

 

𝒓(𝑡)

• 𝒓(𝑡) = 0  𝑖𝑓  𝒇(𝑡) = 0 

• 𝒓(𝑡) ≠ 0  𝑖𝑓  𝒇(𝑡) ≠ 0,

• 𝑟𝑖(𝑡) ≠ 0  𝑖𝑓  𝑓𝑖(𝑡) ≠ 0,

• lim
𝑡→∞

[𝒓(𝑡) − 𝒇(𝑡)] = 0,

𝑓𝑖(𝑡) 𝑟𝑖(𝑡)



 

 



 

 



 

 

 



 

 



 

 

 



 

 



 

 

 



 

 



 

 



 

 

 

 𝒚(𝑡) = 𝒇(𝒖(𝑡), 𝒅(𝑡), 𝒙(𝑡), 𝜽(𝑡)) ( ) 

𝒚(𝑡) 𝒖(𝑡)

𝒙(𝑡) 𝒅(𝑡)

𝜽(𝑡)

𝒙(𝑡) 𝜽(𝑡) 𝒚(𝑡) 𝒖(𝑡)



 

 

 

 

 

             
                  
                 

               
     
 ( )

         
 ( )

     

      
 ( )

 
       

      

      
      ( )

              
            ( )

               

                 
               

               



 

 

 

 𝒙(𝑘 + 1) = 𝑨𝒙(𝑘) + 𝑩𝒖(𝑘) + 𝑬𝒅(𝑘) + 𝑭𝒇𝑎(𝑘), ( ) 

 𝒛(𝑘) = 𝑪𝒙(𝑘). ( ) 

𝒙(𝑘) 𝒖(𝑘) 𝒅(𝑘)

𝒇𝑎(𝑘)

𝒛(𝑘)

𝑘

 �̂�(𝑘 + 1) = 𝑨�̂�(𝑘) + 𝑩𝒖(𝑘) + 𝑳(𝒛(𝑘) − �̂�(𝑘)), ( ) 

 �̂�(𝑘) = 𝑪�̂�(𝑘). ( ) 

�̂� 𝑳

 𝒓(𝑘) ≜ 𝑾𝒐(𝒛(𝑘) − �̂�(𝑘)) = 𝑾𝒐𝑪𝒆(𝑘), ( ) 

𝑾𝒐 𝒆(𝑘) ≜ 𝒛(𝑘) − �̂�(𝑘)



 

 

 𝒆(𝑘 + 1) = (𝑨 − 𝑳𝑪)𝒆(𝑘) + 𝑬𝒅(𝑘) + 𝑭𝒇𝑎(𝑘). ( ) 

𝑳 𝑾𝒐

𝑨 − 𝑳𝑪

𝒅(𝑘) 𝒓(𝑘)

( ) ( )

 𝑾𝒐𝑪[𝑧𝑰 − (𝑨 − 𝑳𝑪)
−1]𝑬 = 0. ( ) 

𝑧 𝑰

𝑾𝒐 𝑳 ( )

𝑓𝑖(𝑘)

𝑓𝑖(𝑘)

𝒇𝑎(𝑘) 𝒅(𝑘) 𝒓(𝑘)

𝑓𝑖(𝑘)

( )

𝑓𝑖 𝑓𝑖(𝑘)



 

 

 𝒆(𝑘 + 1) = (𝑨 − 𝑳𝑪)𝒆(𝑘) + 𝐹𝑖𝑓𝑖(𝑘). ( ) 

𝐿

𝑨 − 𝑳𝑪 𝒆(𝑘) 𝑓𝑖

𝒰𝑖

𝑾𝒐𝑳𝒰𝑖

 

( ) ( )

 𝒙(𝑘 + 1) = 𝑨𝒙(𝑘) + 𝑩𝒖(𝑘) + 𝑬𝒅(𝑘) + 𝑭𝒇(𝑘), ( ) 

 𝒛(𝑘) = 𝑪𝒙(𝑘) + 𝒘(𝑘). ( ) 



 

 

𝒇(𝑘)

𝒘(𝑘) 𝒙(𝑘) ∈ ℝ𝑛 𝒛(𝑘) ∈ ℝ𝑚

 𝒙𝑜(𝑘) ≜ 𝑻𝒙(𝑘), ( ) 

 �̂�𝑜(𝑘 + 1) = 𝑳1�̂�𝑜(𝑘) + 𝑳2𝒖(𝑘) + 𝑳3𝒛(𝑘), ( ) 

𝒙𝑜(𝑘) ∈ ℝ
𝑝, 𝑛 − 𝑚 ≤ 𝑝 ≤ 𝑛 𝑻, 𝑳1, 𝑳2 𝑳3

𝒖(𝑘)

𝒅(𝑘)

 𝒆𝑜(𝑘) = �̂�𝑜(𝑘) − 𝑻𝒙(𝑘) ( ) 

 𝒓(𝑘) = 𝑾𝒐1
𝒆𝑜(𝑘) +𝑾𝒐2

𝒘(𝑘) ( ) 

𝒆𝑜(𝑘) 𝒓(𝑘)

𝑾𝒐1
𝑾𝒐2

𝑻𝑬 =

 0

𝑬

𝑻 𝑳1 𝑳2 𝑳3



 

 

𝐻∞

 

 
𝒙(𝑘 + 1) = 𝑨𝒙(𝑘) + 𝑩𝒇𝑎(𝑘), 

𝒛(𝑘) = 𝑪𝒙(𝑘) + 𝒇𝑠(𝑘), 
( ) 

𝒇𝑎 𝒇𝑠

𝒑(𝑘)



 

 

 𝒑(𝑘) ≔ 𝑻𝒛(𝑘) = 𝑻𝑪𝒙(𝑘) + 𝑻𝒇𝑠(𝑘). ( ) 

𝑻 𝑻𝑪 = 𝟎

 𝒑(𝑘) = 𝑻𝒇𝑠(𝑘). ( ) 

𝒑(𝑘)

𝑻

 

𝒛(𝑘 − 𝑛) = 𝑪𝒙(𝑘 − 𝑙) + 𝒇𝑠(𝑘 − 𝑙), 

𝒛(𝑘 − 𝑛 + 1) = 𝑪𝑨𝒙(𝑘 − 𝑙) + 𝑪𝑩𝒇𝑎(𝑘 − 𝑙) + 𝒇𝑠(𝑘 − 𝑙 + 1), 

⋮ 

𝒛(𝑘) = 𝑪𝑨𝑙𝒙(𝑘 − 𝑙) + 𝑪𝑨𝑙−1𝑩𝒇𝑎(𝑘 − 𝑙) + ⋯+ 𝑪𝑩𝒇𝑎(𝑘 − 1) + 𝒇𝑠(𝑘). 

( ) 

𝒑(𝑘) = 𝑻[𝑧⊺(𝑘 − 𝑙) ⋯ 𝑧⊺]⊺

𝑻 𝒕𝑖

 𝒕𝑖[𝑪 ⋯ 𝑪𝑨𝑙]⊺ = 0. ( ) 

𝒕𝑖 (𝑙 + 1) × 𝑚

( ) 𝑛

𝒕𝑖



 

 

 

𝒇 𝒓

𝒅

𝑱

 
𝑱 =

 ‖𝜕𝒓/𝜕𝒇‖

‖𝜕𝒓/𝜕𝒅‖
. ( ) 



 

 



 

 

 



 

 

  

(a)  (b)  

 

      
        

    

         

                      
        

            
          

              
          

    

         

      
        

                   
        

                      
        

            
          

              
          



 

 

 



 

 



 

 

 



 

 



 

 

 

• 



 

 

• 

• 

• 

 



 

 

• 

• 

• 

• 

• 



 

 

 

 



 

 

 



 

 

𝐶ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖(𝑘) = {
0                                                                       |𝑒𝑖(𝑘|𝑘 − 1)| < ψi
(|𝑒𝑖(𝑘|𝑘 − 1)| − ψi) 𝑠𝑔𝑛(𝑒𝑖(𝑘|𝑘 − 1)) |𝑒𝑖(𝑘|𝑘 − 1)| ≥ ψi ( )

𝐶ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖(𝑘) 𝑒𝑖(𝑘|𝑘 − 1)

ψi

    

         

            

         

         ( )

                  

         ( )
            

          

                    

          

                  

                

       

          



 

 

• 

 



 

 

 



 

 

 



 

 



 

 

 

 

𝒙(𝑘) = 𝒇𝑀(𝑘)(𝒙(𝑘 − 1), 𝒖(𝑘 − 1), 𝒗(𝑘 − 1)), 

𝒛(𝑘) = 𝒉𝑀(𝑘)(𝒙(𝑘), 𝒖(𝑘),𝒘(𝑘)).                        
( ) 

𝑀(𝑘)

(𝑘 − 1, 𝑘]

𝑟

 𝑀(𝑘) ∈ {𝑀𝑖}𝑖=1
𝑟 , ( ) 

𝑀𝑖

𝒇𝑀𝑖
𝒉𝑀𝑖



 

 

𝑟 

𝑟𝑘

𝑟2

𝑟

                                

                

        

    

  

   

   

   

   

   



 

 

• 



 

 

2𝑟

  

  

  

 

                          

                      

                          

                    

           

  1

                

         
              

                   

              ,           ,...

                       



 

 

 

. 

( )

 𝑀(𝑘) ∈ {𝑀𝐿[𝑖]}𝑖=0
𝑁−1

. ( ) 



 

 

𝑀(𝑘) (𝑘 − 1, 𝑘] 𝑀𝐿[𝑖]

𝑖

• 



 

 

 

 

 

 

 

     

     

     

     

     

     

     

     

                    ( )
          

                        

                      (   )

                    (   )

 

       

                    ( )

                    (   )



 

 

 

 

 



 

 

 

 

 

 

1

 
1 
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• 

• 

• 

• 



 

 

 

 𝒙(𝑘 + 1) = 𝑨𝒙(𝑘) + 𝑩𝒖(𝑘) + 𝒗(𝑘). ( ) 

 𝒛(𝑘) = 𝑪𝒙(𝑘) + 𝒘(𝑘). ( ) 

∆𝑨 = 𝑨 − �̂�,

∆𝑩 = 𝑩 − 𝑩,̂

∆𝑪 = 𝑪 − �̂�,

( )

�̂� �̂� �̂�

 

𝒙(𝑘 + 1|𝑘) = �̂��̂�(𝑘|𝑘) + �̂�𝒖(𝑘|𝑘). ( )

�̂�(𝑘 + 1|𝑘) = �̂��̂�(𝑘 + 1|𝑘). ( )

 

𝒆𝒛(𝑘 + 1|𝑘) = 𝒛(𝑘 + 1) − �̂�(𝑘 + 1|𝑘), ( )

𝒆𝒛(𝑘|𝑘) = 𝒛(𝑘) − �̂�(𝑘|𝑘). ( )

 



 

 

o 

𝑲(𝑘 + 1) = �̂�−1(|𝒆𝒛(𝑘 + 1|𝑘)| + 𝛾|𝒆𝒛(𝑘|𝑘)|)⨀ 𝑠𝑎𝑡(𝒆𝒛(𝑘 + 1|𝑘),𝝍), ( )

γ 𝝍

⨀

o 

𝑲𝑢(𝑘 + 1) = �̂�1
−1(|𝒆𝒛(𝑘 + 1|𝑘)| + 𝛾|𝒆𝒛(𝑘|𝑘)|)⨀ 𝑠𝑎𝑡(𝒆𝒛(𝑘 + 1|𝑘),𝝍), ( )

𝑲𝑙(𝑘 + 1) = (|�̂�22�̂�12𝒆𝒛(𝑘 + 1|𝑘)|

+ 𝛾|�̂�12
−1𝒆𝒛(𝑘|𝑘)|)⨀𝑠𝑎𝑡(�̂�22�̂�12

−1𝒆𝒛(𝑘 + 1|𝑘),𝝍),
( )

𝑲(𝑘 + 1) = [
𝑲𝑢(𝑘 + 1)

𝑲𝑙(𝑘 + 1)
]. ( )

𝑪 = [𝑪1 𝑪2] 𝑪1

𝑪2

�̂� =

𝑻−1�̂�𝑻 = [
�̂�11 �̂�12
�̂�21 �̂�22

] 𝑻

 



 

 

𝒙(𝑘 + 1|𝑘 + 1) = �̂�(𝑘 + 1|𝑘) + 𝑲(𝑘 + 1). ( )

𝐶ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖(𝑘) = {
0                                                                       |𝑒𝑖(𝑘|𝑘 − 1)| < ψi
(|𝑒𝑖(𝑘|𝑘 − 1)| − ψi) 𝑠𝑔𝑛(𝑒𝑖(𝑘|𝑘 − 1)) |𝑒𝑖(𝑘|𝑘 − 1)| ≥ ψi ( )

𝐶ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖(𝑘) 𝑒𝑖(𝑘|𝑘 − 1)

ψi

β

𝛃 = sup(𝑪 (𝛥𝑨(𝑪−1(𝒛(𝑘) − 𝒘(𝑘))) + 𝛥𝑩𝒖(𝑘) + 𝒗(𝑘)) + 𝒘(𝑘 + 1)). ( )

𝜷

[
𝒅1(𝑘)

𝒅2(𝑘)
] = Δ𝚽 [

𝒛(𝑘)

𝒚(𝑘)
] + Δ𝐆𝒖(𝑘) + [

�̅�1(𝑘)

�̅�2(𝑘)
], ( )

𝜷 = 𝑚𝑎𝑥((𝑰 − 𝛾)−1|�̂�22|, 𝛾
−1|�̂�22|, (𝑰 − 𝛾)

−1, 𝛾−1, 𝑰)

× sup(|𝒅2(𝑘) − �̂�22�̂�12
−1𝒅1(𝑘)| + |�̂�12

−1𝒅1(𝑘 − 1)|).
( )

𝒅(𝑘)

𝚽 = 𝑻−1𝑨𝑻 = [
𝛟11 𝛟12
𝛟21 𝛟22

] 𝑮 = 𝑻−1𝑩 [
�̅�1(𝑘)

�̅�2(𝑘)
] =

𝑻−1𝒗(𝑘) − [
𝝓11
𝝓21

]𝒘(𝑘 + 1)

𝝍 𝜷

𝛹𝑖 ≫ 𝛽𝑖 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖



 

 

𝜷,

𝜷 𝑪

( )

 

( ) ( ) ( )

𝑠𝑎𝑡(∙,𝚿) 𝑠𝑔𝑛(∙)

 

( )

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝑘 + 1) = 𝒆𝒛(𝑘 + 1|𝑘) = 𝒛(𝑘 + 1) − �̂�(𝑘 + 1|𝑘)

= 𝒛(𝑘 + 1) − �̂��̂�(𝑘 + 1|𝑘).
( )



 

 

 

    𝝍 ≥ 𝜷 

 

    𝝍 ≫ 𝜷 

 

    𝝍 < 𝜷 

    

         

            

         

         ( )

                  

         ( )
            

          

                    

          

                  

                

       

          

    

         

       

          

            

         

         ( )

         

         ( )

            

          

                 (        

            )

                        

          

    

         

       

          

            

         

         ( )

         

         ( )
            

          

            (             

                )

                        

          



 

 

( ) ( ) ( )

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝑘 + 1) = 𝑪𝑥(𝑘 + 1) + 𝒘(𝑘 + 1) − �̂� (�̂��̂�(𝑘|𝑘) + �̂�𝒖(𝑘)). ( )

( )

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝑘 + 1)

= 𝑪𝑨𝒙(𝑘) + 𝑪𝑩𝒖(𝑘) + 𝑪𝒗(𝑘) + 𝒘(𝑘 + 1)

− �̂� (�̂��̂�(𝑘|𝑘) + �̂�𝒖(𝑘)).

( )

�̂�(𝑘|𝑘) = �̂�(𝑘|𝑘 − 1) + 𝑲(𝑘)

= �̂�(𝑘|𝑘 − 1)

+ �̂�−1(|𝒆𝒛(𝑘|𝑘 − 1)|

+ 𝛾|𝒆𝒛(𝑘 − 1|𝑘 − 1)|)⨀ 𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1))  

= �̂�(𝑘|𝑘 − 1)

+ �̂�−1 (𝒆𝒛(𝑘|𝑘 − 1)

+ 𝛾|𝒆𝒛(𝑘 − 1|𝑘 − 1)|⨀ 𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1))),

( )

𝛾

|𝒆𝒛(𝑘 − 1|𝑘 − 1)| = 𝛾|𝒆𝒛(𝑘 − 2|𝑘 − 2)| = 𝛾𝑘−1|𝒆𝒛(0|0)|. ( )

( ) ( ) ( ) ( ) ( )

𝒙(𝑘|𝑘) = �̂�(𝑘|𝑘 − 1) + �̂�−1(𝒛(𝑘) − �̂�(𝑘|𝑘 − 1))

+ �̂�−1𝛾𝑘−1|𝒆𝒛(0|0)|⨀ 𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1))

= �̂�−1𝒛(𝑘) + �̂�−1𝛾𝑛−1|𝒆𝒛(0|0)| ◦  𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1))

= �̂�−1𝑪𝒙(𝑘) + �̂�−1𝒘(𝑘)

+ �̂�−1𝛾𝑘−1|𝒆𝒛(0|0)|⨀ 𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1)).

( )



 

 

( ) ( )

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝑘 + 1)

= (𝑪𝑨 − �̂��̂��̂�−1𝑪)𝒙(𝑘) + (𝑪𝑩 − �̂��̂�)𝒖(𝑘) + 𝑪𝑣(𝑘)

− �̂��̂��̂�−1𝒘(𝑘) + 𝒘(𝑘 + 1)

+ �̂��̂��̂�−1𝛾𝑘−1|𝒆𝒛(0|0)|⨀ 𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1)).

( )

 

( )

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈𝑢(𝑘 + 1)

= 𝑪1𝜱𝑻𝒙(𝑘) − �̂�1�̂�𝑻�̂�(𝑘|𝑘) + (𝑪1𝑮 − �̂�1�̂�)𝒖(𝑘)

+ �̅�1(𝑘),

( )

( ) ( ) ( )

�̂�(𝑘|𝑘) = �̂�(𝑘|𝑘 − 1) + [
𝐾𝑢(𝑘)

𝐾𝑙(𝑘)
]

= [
�̂�𝑢(𝑘|𝑘 − 1) + �̂�1

−1
(𝒛(𝑘) − �̂�(𝑘|𝑘 − 1)) + �̂�1

−1
𝛾𝑘−1|𝒆𝒛(0|0)|⨀ 𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1))

�̂�𝑙(𝑘|𝑘 − 1) + �̂�22�̂�12
−1
(𝒛(𝑘) − �̂�(𝑘|𝑘 − 1)) + 𝛾𝑘−1 |�̂�12

−1
𝒆𝒛(0|0)|⨀ 𝑠𝑔𝑛 (�̂�12

−1
𝒆𝒛(𝑘|𝑘 − 1))

]

= [
�̂�1

−1
𝑪1𝒙𝑢(𝒌) + �̂�1

−1
𝛾𝑛−1|𝒆𝒛(0|0)|⨀ 𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1))

𝒙𝑙(𝑘) + �̂�22�̂�12
−1
𝒅1(𝑘 − 1) + 𝒅2(𝑘 − 1) + 𝛾

𝑘−1 |�̂�12
−1
𝒆𝒛(0|0)|⨀ 𝑠𝑔𝑛 (�̂�12

−1
𝒆𝒛(𝑘|𝑘 − 1))

].

( )

( ) ( )

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈𝑢(𝑘 + 1)

= 𝑪1𝜱𝑻𝒙(𝑘) + (𝑪1𝑮 − �̂�1�̂�)𝒖(𝑘) + �̅�1(𝑘)

− �̂�1�̂�𝑻 [
�̂�1

−1
𝑪1𝒙𝒖(𝒌) + �̂�1

−1
𝛾𝑛−1|𝒆𝒛(0|0)|⨀  𝑠𝑔𝑛(𝒆𝒛(𝑘|𝑘 − 1))

𝒙𝑙(𝑘) + �̂�22�̂�12
−1
𝒅1(𝑘 − 1) + 𝒅2(𝑘 − 1) + 𝛾

𝑘−1 |�̂�12
−1
𝒆𝒛(0|0)|⨀ 𝑠𝑔𝑛 (�̂�12

−1
𝒆𝒛(𝑘|𝑘 − 1))

]

( )



 

 

�̂�1 = 𝑪1 𝑻

( )

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈𝑢(𝑘 + 1)

= 𝑪1𝜟𝜱𝒙(𝑘) + 𝑪1𝜟𝑮𝒖(𝑘) + �̅�1(𝑘)

− 𝑪1 [
�̂�12�̂�22�̂�12

−1
𝒅1(𝑘 − 1) + �̂�12𝒅2(𝑘 − 1)

�̂�22
𝟐 �̂�12

−1
𝒅1(𝑘 − 1) + �̂�22𝒅2(𝑘 − 1)

].

( )

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈𝑙(𝑘 + 1) = 𝒆𝒚(𝑘 + 1|𝑘)

= �̂�22�̂�12
−1𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈𝑙(𝑘 + 1) − �̂�22�̂�12

−1𝒅1(𝑘) + 𝒅2(𝑘)
( )

𝑙

𝛃𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 = 𝑠𝑢𝑝(𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝑘)). ( )

𝜳

𝜷𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑

 

𝜁 ω



 

 

𝒘(𝑘) 𝒗(𝑘) ( )

{
𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘) + 𝑣1(𝑘)                                                       

𝑥2(𝑘 + 1) = −𝑇𝑠𝜔0
2𝑥1(𝑘) + (1 − 2𝑇𝑠𝜁𝜔𝑛)𝑥2(𝑘) + 𝑇𝑠𝑏𝑢(𝑘) + 𝑣2(𝑘)

             𝑧(𝑘) = 𝑥1(𝑘) + 𝑤(𝑘),                                                                               

( )

𝜔0 = 2𝐻𝑧 𝑏 = 100

𝑣1(𝑘)~𝒩(0, 10
−10) 𝑣2(𝑘)~𝒩(0,10

−8)

𝑤(𝑘)~𝒩(0,10−8), 𝑇𝑠 = 0.001𝑠

�̂� = 𝑨 = [
1 0.001

−0.0125 1
] , �̂� = 𝑩 = [

0
0.1
] , �̂� = 𝑪 = [1 0]. ( )

( ) ( ) ( )

ψ1 ≥ 𝛽1,𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 = sup (�̅�1(𝑘) − �̂�12�̂�22�̂�12
−1
𝒅1(𝑘 − 1) +

�̂�12𝒅2(𝑘 − 1))

( )

𝛿1

δ1(k) = 𝑣1(𝑘) − 𝑣1(𝑘 − 1) − 0.001𝑣2(𝑘 − 1) − 𝑤(𝑘)

+ (1 − 1.25𝑒 − 5)𝑤(𝑘 − 1).
( )



 

 

𝛿1

𝛿1(𝑘)~𝑁(𝜇𝑣1(𝑘) − 𝜇𝑣1(𝑘−1) − 0.001𝜇𝑣2(𝑘−1) − 𝜇𝑤(𝑘) + 𝜇𝑤(𝑘−1), 𝜎𝑣1(𝑘)
2

+ 𝜎𝑣1(𝑘−1)
2 + 10−6𝜎𝑣2(𝑘)

2 + 𝜎𝑤(𝑘)
2 + 𝜎𝑤(𝑘−1)

2 )

≈ 𝒩(0, 2.02 × 10−8).

( )

𝛿1

3𝜎𝛿1(𝑘) 4𝜎𝛿1(𝑘)

ψ1 = 5 × 10−4 ≈ 3.5σδ1(k)

Pr(ψ1 < 𝛽1,𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑) = Pr(5 × 10
−4 < |𝛿1(𝑘)|) ≈ 0.067 %. ( )

𝑥2 ( ) ( ) ( )

( )

ψ2 ≥ 𝛽2,𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 = sup (1000 (�̅�1(𝑘) − �̂�12�̂�22�̂�12
−1
𝒅1(𝑘 − 1) +

�̂�12𝒅2(𝑘 − 1)) − 1000𝑣1(𝑘) + 1000𝑤(𝑘) + 𝑣2(𝑘) − 12.5𝑤(𝑘))

( )



 

 

𝛿2 𝛿2

δ2(k)~𝒩(0, 3.0135 × 10
−2). ( )

( ) ( ) 𝛿1

𝛿2

𝑥2

𝑥1

( )

𝛿1

𝜓1 = 0.002 ≫

𝜎𝛿1(𝑘)



 

 

𝜓1 = 0.0001 < 𝜎𝛿1(𝑘)

𝜓1

𝑥2

 



 

 

 

( ) ( ) ( )

𝒮

𝔼[𝒮]



 

 

▪ 

𝑣(𝑘)~𝒩(0, 𝜎2),

𝑁𝜎2

2

ℜ{𝑉(𝑁)(𝜔𝑛)}~𝒩 (0,
𝑁𝜎2

2
)   &  ℑ{𝑉(𝑁)(𝜔𝑛)}~𝒩(0,

𝑁𝜎2

2
)   &  ℜ{𝑉(𝑁)(𝜔𝑛)}

⊥ ℑ{𝑉(𝑁)(𝜔𝑛)},   

𝑓𝑜𝑟 𝜔𝑛 =
2𝜋

𝑁
𝑛, 𝑤ℎ𝑒𝑟𝑒:   − ⌊

(𝑁 − 1)

2
⌋ ≤ 𝑛 ≤ ⌊

𝑁

2
⌋,

( )

𝑉(𝑁)(𝜔𝑛) 𝑣

ℜ ℑ ⌊𝑥⌋

𝑥

𝑉(𝑁)(𝜔𝑛)

�̃�(𝑁)(𝜔𝑛) =
1

√2𝜋𝑁
𝑉(𝑁)(𝜔𝑛) =

1

√2𝜋𝑁
∑𝑣(𝑘)𝑒−𝑖𝜔𝑛𝑘
𝑁

𝑘=1

. ( )



 

 

�̃�(𝑁)(𝜔𝑛)

�̃�(𝑁)(𝜔𝑛)~𝒩𝐶(0, 𝑓(𝜔𝑛)), ( )

𝑓

𝜎2

2𝜋

𝑉(𝑁)(𝜔𝑛) ( )

𝑉(𝑁)(𝜔𝑛)~𝒩𝐶(0,2𝜋𝑁𝑓(𝜔𝑛)) ⟹ 𝑉(𝑁)(𝜔𝑛)~𝒩𝐶(0,𝑁𝜎
2). ( )

( )

𝑉(𝑁)(𝜔𝑛)~𝒩𝐶(0,𝑁𝜎
2) ⇔  

{
 
 

 
 
ℜ{𝑉(𝑁)(𝜔𝑛)} ⊥ ℑ{𝑉

(𝑁)(𝜔𝑛)}

 ℜ{𝑉(𝑁)(𝜔𝑛)}~𝒩(0,
𝑁𝜎2

2
)

 ℑ{𝑉(𝑁)(𝜔𝑛)}~𝒩(0,
𝑁𝜎2

2
)

  . ( )

■

▪ 

𝑣(𝑘)~𝒩(0, 𝜎2)

𝜎2

2𝒮𝑣
(𝑁)(𝜔𝑛)

𝜎2
~𝜒2

2  &  𝔼[𝒮𝑣
(𝑁)(𝜔𝑛)] = 𝜎

2  𝑓𝑜𝑟 𝜔𝑛 =
2𝜋

𝑁
𝑛,

𝑤ℎ𝑒𝑟𝑒:   0 ≤ 𝑛 ≤ ⌊
𝑁

2
⌋ − 1,

( )

𝒮𝑣
(𝑁)(𝜔𝑛) 𝑣



 

 

𝒮𝑣
(𝑁)(𝜔𝑛) =

1

𝑁
|𝑉(𝑁)(𝜔𝑛)|

2
= 
1

𝑁
(ℜ{𝑉(𝑁)(𝜔𝑛)}

2
+ ℑ{𝑉(𝑁)(𝜔𝑛)}

2
). ( )

ℜ{𝑉(𝑁)(𝜔𝑛)}~𝒩 (0,
𝑁𝜎2

2
) ⟹

√2ℜ{𝑉(𝑁)(𝜔𝑛)}

𝜎√𝑁
~𝒩(0,1), 

ℑ{𝑉(𝑁)(𝜔𝑛)}~𝒩 (0,
𝑁𝜎2

2
) ⟹

√2ℑ{𝑉(𝑁)(𝜔𝑛)}

𝜎√𝑁
~𝒩(0,1).

( )

ℜ{𝑉(𝑁)(𝜔𝑛)} ⊥ ℑ{𝑉
(𝑁)(𝜔𝑛)}

2ℜ{𝑉(𝑁)(𝜔𝑛)}
2

𝑁𝜎2
+
ℑ{𝑉(𝑁)(𝜔𝑛)}

2

𝑁𝜎2
~𝜒2

2

⟹
2

𝜎2
(
1

𝑁
(ℜ{𝑉(𝑁)(𝜔𝑛)}

2
+ ℑ{𝑉(𝑁)(𝜔𝑛)}

2
))~𝜒2

2

⇒
2𝒮𝑣

(𝑁)(𝜔𝑛)

𝜎2
~𝜒2

2.

( )

𝔼 [
2𝒮𝑣

(𝑁)(𝜔𝑛)

𝜎2
] = 2 ⇒ 𝔼[𝒮𝑣

(𝑁)(𝜔𝑛)] = 𝜎
2. ( )

■



 

 

𝓢𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈
(𝑵) (𝜔𝑛) =

1

N
|ℱ(𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈𝑘)𝑛|

⨀2

=
1

N
|∑𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝑘)𝑒−𝑖𝜔𝑛𝑘
𝑁

𝑘=1

|

⨀2

, 

𝑓𝑜𝑟 𝜔𝑛 =
2𝜋

𝑁
𝑛, 𝑤ℎ𝑒𝑟𝑒:   𝑁 =

𝑡

𝑇𝑠
 𝑎𝑛𝑑   0 ≤ 𝑛 ≤ ⌊

𝑁

2
⌋ − 1.

( )

𝒮𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖

ℱ

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈𝑘 ≔

𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(1), 𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(2), … , 𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝑁)

⨀ 𝑩 = 𝑨⨀2 ⇒ 𝑏𝑖𝑗 = 𝑎𝑖𝑗
2 𝑡

𝑇𝑠

𝜔𝑛

𝜔 = 𝐹𝑠𝜔𝑛    𝑤ℎ𝑒𝑟𝑒:   𝐹𝑠 =
1

𝑇𝑠
 . ( )

     𝜔 𝐹𝑠 ( ) ( )

𝜔

𝑁

𝑁

( ) ( )



 

 

𝓢𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝜔𝑛)

=
1

𝑁
|(𝑪𝑨 − �̂��̂��̂�−1𝑪)ℱ(𝒙𝑘)𝑛 + (𝑪𝑩 − �̂��̂�)ℱ(𝒖𝑘)𝑛

+ 𝑪ℱ(𝒗𝑘)𝑛 − �̂��̂��̂�
−1ℱ(𝒘𝑘)𝑛 + ℱ(𝒘𝑘+1)𝑛|

⨀2
.

( )

( )

𝓢𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝜔𝑛) =
1

𝑁
|𝑪ℱ(𝒗𝑘)𝑛 − �̂��̂��̂�

−1ℱ(𝒘𝑘)𝑛 + ℱ(𝒘𝑘+1)𝑛|
⨀2

=
1

𝑁
|𝑪ℱ(𝒗𝑘)𝑛 − �̂��̂��̂�

−1ℱ(𝒘𝑘)𝑛 + 𝑒
𝑖𝜔𝑛ℱ(𝒘𝑘)𝑛|

⨀2

=
1

𝑁
|𝑪ℱ(𝒗𝑘)𝑛 + (𝑒

𝑖𝜔𝑛𝑰 − �̂��̂��̂�−1)ℱ(𝒘𝑘)𝑛|
⨀2
.

( )

( )

𝓢𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝜔𝑛) =
1

𝑁
|𝑪ℱ(𝒗𝑘)𝑛 − �̂��̂��̂�

−1ℱ(𝒘𝑘)𝑛 + 𝑒
𝑖𝜔𝑛ℱ(𝒘𝑘)𝑛|

⨀2

=
1

𝑁
|𝑪ℱ(𝒗𝑘)𝑛 + (𝑒

𝑖𝜔𝑛𝑰 − �̂��̂��̂�−1)ℱ(𝒘𝑘)𝑛|
⨀2
.

( )

𝑸(𝑘) = 𝒗(𝑘)𝒗(𝑘)⊺ = 𝑑𝑖𝑎𝑔(𝝈𝑣
2), ( )

𝑹(𝑘) = 𝒘(𝑘)𝒘(𝑘)⊺ = 𝑑𝑖𝑎𝑔(𝝈𝑤
2 ), ( )

𝑸(𝑘) 𝑹(𝑘)

𝜎𝑣𝑖
2 𝑖 𝜎𝑤𝑗

2

𝑗



 

 

𝒘(𝑘 − 1)

𝒘(𝑘) ( )

𝔼[𝓢𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝜔𝑛)]

= 𝑪⨀2𝔼 [
1

𝑁
|ℱ(𝒗𝑘)𝑛|

⨀2]

+ |𝑒𝑖𝜔𝑛𝑰 − �̂��̂��̂�−1|
⨀2
𝔼 [
1

𝑁
|ℱ(𝒘𝑘)𝑛|

⨀2]

= 𝑪⨀2𝔼[𝓢𝒗] + |𝑒
𝑖𝜔𝑛𝑰 − �̂��̂��̂�−1|

⨀2
𝔼[𝓢𝒘]

= 𝑪⨀2𝝈𝒗
2 + |𝑒𝑖𝜔𝑛𝑰 − �̂��̂��̂�−1|

⨀2
𝝈𝒘
2 ,

( )

( )

 

( )



 

 

𝛼%

Pr(𝒮𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖(𝜔𝑛) > 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑𝑖|𝑁𝑜𝑟𝑚𝑎𝑙 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛) ≤ 𝛼%,  ( )

𝒮𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖 𝑖

𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑𝑖 𝑴 𝚲

𝑴 ≔ −�̂��̂��̂�−1 

𝜆𝑖𝑗 ≔ {

𝑚𝑖𝑗                  𝑓𝑜𝑟 𝑖 ≠ 𝑗                         

𝑚𝑖𝑗 + 1        𝑓𝑜𝑟 𝑖 = 𝑗 𝑎𝑛𝑑 𝑚𝑖𝑗 ≥ 0 

𝑚𝑖𝑗 − 1        𝑓𝑜𝑟 𝑖 = 𝑗 𝑎𝑛𝑑 𝑚𝑖𝑗 < 0

( )

−1 ≤ 𝑒𝑖𝜔𝑛 ≤ 1 𝚲 > (𝑒𝑖𝜔𝑛𝑰 − �̂��̂��̂�−1)

𝓢𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝜔𝑛) =
1

𝑁
|𝑪ℱ(𝒗𝑘)𝑛 + (𝑒

𝑖𝜔𝑛𝑰 − �̂��̂��̂�−1)ℱ(𝒘𝑘)𝑛|
⨀2

≤
1

𝑁
|𝑪ℱ(𝒗𝑘)𝑛 + 𝚲ℱ(𝒘𝑘)𝑛|

⨀2 .

( )

( )

𝑺𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝜔𝑛) ≤
1

𝑁
|ℱ(𝑪𝒗𝑘 + 𝚲𝒘𝑘)𝑛|

⨀2 . ( )



 

 

𝒗𝑘 𝒘𝑘

𝜞𝑘 = 𝑪𝒗𝑘 + 𝚲𝒘𝑘    𝑤ℎ𝑒𝑟𝑒: 𝜞𝑘~𝒩(0, 𝚺𝚪(𝑘)) &  𝚺𝚪(𝑘)

= 𝑪𝑸(𝑘)𝑪𝑇 + 𝚲𝑹(𝑘)𝚲𝑇.
( )

( ) ( )

𝓢𝒄𝒉𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈(𝜔𝑛) ≤
1

𝑁
|ℱ(𝜞𝑘)𝑛|

⨀2 = 𝓢𝜞         𝑤ℎ𝑒𝑟𝑒:  
2𝒮𝛤𝑖
ΣΓ𝑖𝑖

~𝜒2
2,  ( )

𝒮𝛤𝑖 𝑖

( )

( )



 

 

 

( ) 𝜔0 =

10𝐻𝑧 𝜁 = 0.1 𝑏 = 100 𝑇𝑠 = 0.001𝑠

𝑸 = [10
−8 0
0 10−6

] , 𝑹𝑙𝑜𝑤 = [10
−8 0
0 10−6

] , 𝑹ℎ𝑖𝑔ℎ = [
10−6 0
0 10−4

].

           

                

         

           (  )

 
  
 
  

  
  
 
  

  
  
  
  
 
 
  
  
                 

                  



 

 

�̂� = 𝑨 = [
1 0.001

−3.1978 0.9887
] , �̂� = 𝑩 = [

0
0.1
] ,

�̂� = 𝑪 = [
1 0
0 1

]

( )

𝑇𝑠 = 0.001𝑠

( )

0.1%

1%

𝑁 𝛼

Pr (

(𝒮𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖(𝜔1) > 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑𝑖) ∪ (𝒮𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖(𝜔1) > 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑𝑖)

∪ …∪ (𝒮𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖 (𝜔𝑁
2
) > 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑𝑖)

|𝑁𝑜𝑟𝑚𝑎𝑙 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛)

≤ ∑Pr(𝒮𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔𝑖(𝜔𝑛) > 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑𝑖|𝑁𝑜𝑟𝑚𝑎𝑙 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛)

𝑁/2

𝑛=1

≤
𝑁

2
𝛼% 

( )

𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔2

𝜔0 = 11 𝐻𝑧 𝜔0 = 10 𝐻𝑧

𝑨 = [
1 0.001

−4.7769 0.9862
]



 

 

�̂� = 𝑩 �̂� = 𝑪

( ) ( ) 𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔1 𝜔0

𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔1

  

𝛼



 

 

𝜔0 = 11𝐻𝑧)

𝛼

𝜔0 =

9𝐻𝑧, 12𝐻𝑧, 15 𝐻𝑧 𝜔0 = 10𝐻𝑧



 

 



 

 

 

( )

𝑸 = [10
−8 0
0 10−6

] 𝑹 = [10
−6 0
0 10−4

]

• 

• 

• 

• 

• 



 

 

  

 

 

 

  
 
 
 

 
 . 
 . 

 
 

          
    

  

 

 

 
 

          

    

     

    ( )

  . 

 

 . 

 
 
  
  
  
 
 
 

  
 
 

  
 
 
 

  . 

 

 . 

 
 

          

    

  

 

 

 
 

          

    

     

    ( )

  . 

 

 . 

 
 
  
  
  
 
 
 



 

 

  

 

{
 
 

 
 
𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘) + 𝑣1(𝑘)                                                                 

𝑥2(𝑘 + 1) = (1 −
𝑇𝑠𝑎
𝑀 )𝑥2(𝑘) +

𝑇𝑠𝐴𝑐
𝑀 𝑥3(𝑘) + 𝑣2(𝑘)                                       

𝑥3(𝑘 + 1) = (1 −
𝑇𝑠𝛽𝑒𝐿𝑡
𝑉0

) 𝑥3(𝑘) +
𝑇𝑠𝛽𝑒𝐷𝑝
𝑉0

𝑢(𝑘) −
𝑇𝑠𝛽𝑒𝐴𝑐
𝑉0

𝑥2(𝑘) + 𝑣3(𝑘)

,

{

𝑧1(𝑘) = 𝑥1(𝑘) + 𝑤1(𝑘)

𝑧2(𝑘) = 𝑥2(𝑘) + 𝑤2(𝑘)

𝑧3(𝑘) = 𝑥3(𝑘) + 𝑤3(𝑘)

( )



 

 

𝑇𝑠 0.001𝑠 𝒗(𝑘) 𝒘(𝑘)

 

𝒗𝒗⊺ = 𝑸 = [
10−12 0 0
0 10−6 0
0 0 1

], 

  𝒘𝒘⊺ = 𝑹 = [
10−10 0 0
0 10−6 0
0 0 106

]. 

( ) 

𝐿𝑡 𝑎 𝛽𝑒

𝐴𝑐

4.8 × 10−12
𝑚3

𝑠. 𝑝𝑎

2144 𝑁. 𝑠/𝑚

βe



 

 

3 × 10−11
𝑚3

𝑠. 𝑝𝑎

6 × 10−11
𝑚3

𝑠. 𝑝𝑎

9 × 10−11
𝑚3

𝑠. 𝑝𝑎

4000 𝑁. 𝑠/𝑚

7000 𝑁. 𝑠/𝑚

βe βe

βe βe

βe βe

βe βe

( )

 �̂� =

[
 
 
 
 
0 𝑇𝑠 0

0 1 −
𝑇𝑠𝑎

𝑚

𝑇𝑠𝐴𝑐
𝑚

0
𝑇𝑠𝐴𝑐𝛽𝑒
𝑉0

1 −
𝑇𝑠𝛽𝑒𝐿𝑡
𝑉0 ]

 
 
 
 

,   �̂� = [

0
0

𝑇𝑠𝛽𝑒𝐷𝑝

𝑉0

],   �̂� = [
1 0 0
0 1 0
0 0 1

]. ( ) 

( ) ( ) ( ) ( ) ( )

𝛼 = 0.1%

 



 

 

𝛼 = 1%

𝛼 ( )

 

𝛼  

𝒆𝒛(0|0) ( )



 

 

 

[

𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔1(𝑘 + 1)
𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔2(𝑘 + 1)

𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔3(𝑘 + 1)
]

=

[
 
 
 
 

𝑣1(𝑘) + 𝑇𝑠𝑤2(𝑘) + 𝑤1(𝑘 + 1)

𝑣2(𝑘) + (1 −
𝑇𝑠𝑎

𝑚
)𝑤2(𝑘) + (

𝑇𝑠𝐴𝑐
𝑚

)𝑤3(𝑘) + 𝑤2(𝑘 + 1)

(1 −
𝑇𝑠𝛽𝑒∆𝐿𝑡
𝑉0

) 𝑥3(𝑘) + 𝑣3(𝑘) + (
𝑇𝑠𝐴𝑐𝛽𝑒
𝑉0

)𝑤2(𝑘) + (1 −
𝑇𝑠𝛽𝑒𝐿𝑡
𝑉0

)𝑤3(𝑘) + 𝑤3(𝑘 + 1)]
 
 
 
 

, 

( ) 

∆𝐿𝑡

( )

( )

 



 

 

 

[

𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔1(𝑘 + 1)
𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔2(𝑘 + 1)
𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔3(𝑘 + 1)

]

=

[
 
 
 
 

𝑣1(𝑘) + 𝑇𝑠𝑤2(𝑘) + 𝑤1(𝑘 + 1)

−
𝑇𝑠∆𝑎

𝑚
𝑥2(𝑘) + 𝑣2(𝑘) + (1 −

𝑇𝑠𝑎

𝑚
)𝑤2(𝑘) + (

𝑇𝑠𝐴𝑐
𝑚

)𝑤3(𝑘) + 𝑤2(𝑘 + 1)

𝑣3(𝑘) + (
𝑇𝑠𝐴𝑐𝛽𝑒
𝑉0

)𝑤2(𝑘) + (1 −
𝑇𝑠𝛽𝑒𝐿𝑡
𝑉0

)𝑤3(𝑘) + 𝑤3(𝑘 + 1) ]
 
 
 
 

, 

( ) 

 

∆𝑎

( )



 

 

 

 
 

 

[

𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔1(𝑘 + 1)
𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔2(𝑘 + 1)
𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑖𝑛𝑔3(𝑘 + 1)

]

=

[
 
 
 
 

𝑣1(𝑘) + 𝑇𝑠𝑤2(𝑘) + 𝑤1(𝑘 + 1)

𝑣2(𝑘) + (1 −
𝑇𝑠𝑎

𝑚
)𝑤2(𝑘) + (

𝑇𝑠𝐴𝑐
𝑚

)𝑤3(𝑘) + 𝑤2(𝑘 + 1)

𝑇𝑠𝐴𝑐∆𝛽𝑒
𝑉0

𝑥2(𝑘) −
𝑇𝑠∆𝛽𝑒𝐿𝑡
𝑉0

𝑥3(𝑘) +
𝑇𝑠∆𝛽𝑒𝐷𝑝
𝑉0

𝑢(𝑘) + 𝑣3(𝑘) + (
𝑇𝑠𝐴𝑐𝛽𝑒
𝑉0

)𝑤2(𝑘) + (1 −
𝑇𝑠𝛽𝑒𝐿𝑡
𝑉0

)𝑤3(𝑘) + 𝑤3(𝑘 + 1)]
 
 
 
 

, 

( ) 

∆𝛽𝑒



 

 

 

 



 

 

 



 

 



 

 



 

 



 

 



 

 

 

 

 

 



 

 

 



 

 

• 



 

 

• 

• 

o 



 

 

o 



 

 

• 

• 

• 



 

 

 



 

 

 
 

       

             

       
     

       
     

    
          

               

            

  

  

  

  

  

  

  

  

 

 

 



 

 

 Qa = Dpωp − Lp(Pa − Pb) −
Va
βe
(
dPa
dt
) , ( ) 

 Qa = Dpωp − Lp(Pa − Pb) +
Vb
βe
(
dPb
dt
), ( ) 

𝑄𝑎 𝑄𝑏 𝐷𝑝

𝑃𝑎 𝑃𝑏 ω𝑝

𝐿𝑝 𝑉𝑎 𝑉𝑏

βe

 Q1 = Acẏ −
V0 − Acy

βe
(
dP1
dt
) − Lin(P1 − P2) + Lout(P1) ( ) 

 Q2 = Acẏ −
V0 − Acy

βe
(
dP2
dt
) + Lin(P1 − P2) − Lout(P1) ( ) 

𝑄1 𝑄2

𝑦 𝐴𝑐 𝑉0

𝐿𝑖𝑛 𝐿𝑜𝑢𝑡 𝑃1

𝑃2

𝑄1 = 𝑄𝑎 𝑄2 = 𝑄𝑏

 Q1 + Q2 = Qa + Qb, ( ) 



 

 

𝑃1 = 𝑃𝑎

𝑃2 = 𝑃𝑏 𝐿𝑡 = 𝐿𝑝 + 𝐿𝑖𝑛 +
𝐿𝑜𝑢𝑡

2

𝑉0 = 𝑉𝑎 + 𝐴𝑐𝑦 = 𝑉𝑏 − 𝐴𝑐𝑦

𝑑𝑃1

𝑑𝑡
≈ −

𝑑𝑃2

𝑑𝑡

( ) ( )

 𝐷𝑝ω𝑝 = 𝐴�̇� +
𝑉0
βe
(
𝑑𝑃1
𝑑𝑡

−
𝑑𝑃2
𝑑𝑡
) − 𝐿𝑡(𝑃1 − 𝑃2). ( ) 

 (𝑃1 − 𝑃2)𝐴𝑐 = 𝑀�̈� + 𝐹𝑓 , ( ) 

𝑀 𝐹𝑓

�̇�

 𝐹𝑓 = 𝑎�̇� + (𝑏𝑦2 + 𝑐) + 𝑠𝑔𝑛(�̇�). ( ) 

 
{
 
 

 
 

𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘) + 𝑣1(𝑘)                                                       

𝑥2(𝑘 + 1) = (1 −
𝑇𝑠𝑎

𝑀
)𝑥2(𝑘) +

𝑇𝑠𝐴𝑐
𝑀

𝑥3(𝑘) + 𝑣2(𝑘)                                 

𝑥3(𝑘 + 1) = (1 −
𝑇𝑠𝛽𝑒𝐿𝑡
𝑉0

) 𝑥3(𝑘) +
𝑇𝑠𝛽𝑒𝐷𝑝

𝑉0
𝑢(𝑘) −

𝑇𝑠𝛽𝑒𝐴𝑐
𝑉0

𝑥2(𝑘) + 𝑣3(𝑘)

 

{
𝑧1(𝑘) = 𝑥1(𝑘) + 𝑤1(𝑘)

𝑧2(𝑘) = 𝑥3(𝑘) + 𝑤2(𝑘)
 

( ) 



 

 

𝒙 = [𝑦 �̇� 𝑃1 − 𝑃2]

𝑧1(𝑘) 𝑧2(𝑘)

𝒗(𝑘) 𝒘(𝑘)

𝐿𝑡 𝑎

𝐴𝑐

βe

 

 

 𝒙(𝑘 + 1) = (�̂�(𝑘) + 𝚫𝑨(𝑘)) 𝒙(𝑘) + (�̂�(𝑘) + 𝚫𝑩(𝑘))𝒖(𝑘) + 𝒗(𝑘), ( ) 

 𝒛(𝑘) = (�̂�(𝑘) + 𝚫𝑪(𝑘)) 𝒙(𝑘) + 𝒘(𝑘), ( ) 

�̂�(𝑘) �̂�(𝑘) �̂�(𝑘) 𝚫𝑨 𝚫𝑩 𝚫𝑪

𝒗(𝑘) 𝒘(𝑘)



 

 

𝑸(𝑘) 𝑹(𝑘)

 �̂�(𝑘 + 1|𝑘) = �̂�(𝑘)�̂�(𝑘|𝑘) + �̂�(𝑘)𝒖(𝑘), ( ) 

 �̂�(𝑘 + 1|𝑘) = �̂�(𝑘 + 1)�̂�(𝑘 + 1|𝑘). ( ) 

 𝑷(𝑘 + 1|𝑘) = �̂�(𝑘)𝑷(𝑘|𝑘)�̂�(𝑘)⊺ + 𝑸(𝑘). ( ) 

 𝒆𝒛(𝑘 + 1|𝑘) = 𝒛(𝑘 + 1) − �̂�(𝑘 + 1|𝑘). ( ) 

( )

 𝑺(𝑘 + 1) = �̂�(𝑘 + 1)𝑷(𝑘 + 1|𝑘)�̂�(𝑘 + 1)⊺ + 𝑹(𝑘 + 1). ( ) 

 

 𝛙𝑽𝑩𝑳(𝑘 + 1) = (𝑑𝑖𝑎𝑔(|𝒆𝒛(𝑘 + 1|𝑘)|𝑎𝑏𝑠
+ γ|𝒆𝒛(𝑘|𝑘)|𝑎𝑏𝑠)

−1�̂�(𝑘)𝑷(𝑘 + 1|𝑘)�̂�(𝑘)⊺𝑺(𝑘

+ 1)−1)
−1
, 

( ) 

𝑺 𝛙𝑉𝐵𝐿

γ 0 1

𝛙𝑉𝐵𝐿 𝛙𝑙𝑖𝑚

𝛙𝑉𝐵𝐿 ≤ 𝛙𝑙𝑖𝑚

 𝑾(𝑘 + 1)  = 𝑷(𝑘 + 1|𝑘)�̂�(𝑘)⊺𝑺(𝑘 + 1)−1, ( ) 



 

 

 
𝑾(𝑘 + 1) = �̂�(𝑘 + 1)+(𝒆𝒛(𝑘 + 1|𝑘)

+ γ𝒆𝒛(𝑘|𝑘))⨀𝑠𝑔𝑛(𝒆𝒛(𝑘 + 1|𝑘))𝒆𝒛(𝑘 + 1|𝑘)
−1 

( ) 

 �̂�(𝑘 + 1|𝑘 + 1) = �̂�(𝑘 + 1|𝑘) +𝑾(𝑘 + 1)𝒆𝒛(𝑘 + 1|𝑘), ( ) 

 𝒆𝒛(𝑘 + 1|𝑘 + 1) = 𝒛(𝑘 + 1) − �̂�(𝑘 + 1)�̂�(𝑘 + 1|𝑘 + 1), ( ) 

 𝑷(𝑘 + 1|𝑘 + 1) = 𝑷(𝑘 + 1|𝑘) −𝑾(𝑘 + 1)𝑺(𝑘 + 1)𝑾(𝑘 + 1)⊺. ( ) 

( )

𝑥1 𝑥2

𝑥3

 
�̂� =

[
 
 
 
 
1 𝑇𝑠 0

0 1 −
𝑇𝑠𝛽𝑒𝐿𝑡
𝑉0

−
𝑇𝛽𝑒𝐴𝑐
𝑉0

0
𝑇𝑠𝐴

𝑀
 1 −

𝑇𝑠𝑎

𝑀 ]
 
 
 
 

, �̂� = [

0
𝑇𝑠𝛽𝑒𝐷𝑝

𝑉0
0

] ,

�̂� = [
1 0 0
0 1 0

] 

( ) 

 

 

 

 

 

 

𝝍𝑉𝐵𝐿

( )

( )

( )

≤ 𝝍𝑙𝑖𝑚 

 

> 𝝍𝑙𝑖𝑚 

 

  



 

 

 

 

 𝜇𝑖|𝑗(𝑘 − 1|𝑘 − 1) =
𝑃𝑖𝑗𝜇𝑖(𝑘 − 1)

𝑐�̅�
, 𝑖, 𝑗 = 1,… , 𝑟, ( ) 

 𝑐�̅� =∑𝑝𝑖𝑗μ𝑖(𝑘 − 1)

𝑟

𝑖=1

, 𝑗 = 1,   …   ,  𝑟, ( ) 

𝛍 𝑝𝑖𝑗 𝑖

𝑗 𝑟

 

 
𝒙0𝑗(𝑘 − 1|𝑘 − 1) =∑�̂�𝑖(𝑘 − 1|𝑘 − 1)𝜇𝑖|𝑗(𝑘 − 1|𝑘 − 1)

𝑟

𝑖=0

,

𝑗 = 1,… , 𝑟, 

( ) 

 

𝑷0𝑗(𝑘 − 1|𝑘 − 1) = ∑ (𝜇𝑖|𝑗(𝑘 − 1|𝑘 − 1)𝑷
𝑖(𝑘 − 1|𝑘 − 1) +𝑟

𝑖=1

[�̂�𝑖(𝑘 − 1|𝑘 − 1) − �̂�0𝑗(𝑘 − 1|𝑘 − 1)]. [�̂�𝑖(𝑘 − 1|𝑘 − 1) −

𝒙0𝑗(𝑘 − 1|𝑘 − 1)]
⊺
) , 𝑗 = 1,… , 𝑟,  

( ) 

𝒙0𝑗 𝑷0𝑗 𝑗



 

 

 

 
𝛬𝑗 = 𝒩{𝒛(𝑘); �̂�𝑗[𝑘| 𝑘 − 1; �̂�0𝑗(𝑘 − 1| 𝑘 − 1)], 𝑺𝑗[𝑘; 𝑷0𝑗(𝑘 − 1|𝑘 − 1)]},

𝑗 = 1,… , 𝑟, 
( ) 

Λ𝑗 𝑗 𝒩

 

 μ𝑖(𝑘) =
Λ𝑗(𝑘)𝑐�̅�

∑ Λ𝑗(𝑘)𝑐�̅�
𝑟
𝑗=1

, 𝑗 = 1,… , 𝑟, ( ) 

μ𝑖 𝑖

𝑖

 

 �̂�(𝑘|𝑘) =∑μ𝑗(𝑘)�̂�
𝑗(𝑘|𝑘)

𝑟

𝑗=1

, ( ) 

 
𝑷(𝑘|𝑘) =∑{𝜇𝑗(𝑘)�̂�

𝑗(𝑘|𝑘) + [�̂�𝑗(𝑘|𝑘) − �̂�(𝑘|𝑘)]

𝑟

𝑗=1

⋅ [�̂�𝑗(𝑘|𝑘) − �̂�(𝑘|𝑘)]
⊺
}, 

( ) 



 

 

�̂� �̂�

 

( )

μ𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑

 μ𝑓(𝑘) = max
𝑖
μ𝑖(𝑘), ( ) 

 {
If  𝜇𝑓 ≥ 𝜇𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑,   fault f occurred

If  𝜇𝑓 < 𝜇𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑,   no fault              
 ( ) 

μ𝑖(𝑘)



 

 

 

2n

 

 



 

 

𝛽True = 1.2𝛽Model

𝐷𝑝True = 0.95𝐷𝑝Model 𝑀True = 1.05𝑀Model

𝑳𝒕 𝒂

4.8 × 10−12
𝑚3

𝑠. 𝑝𝑎

2144 𝑁. 𝑠/𝑚

2 × 10−9
𝑚3

𝑠. 𝑝𝑎

2144 𝑁. 𝑠/𝑚

4.8 × 10−12
𝑚3

𝑠. 𝑝𝑎

7440 𝑁. 𝑠/𝑚

10−9
𝑚3

𝑠. 𝑝𝑎

2144 𝑁. 𝑠/𝑚

4.8 × 10−12
𝑚3

𝑠. 𝑝𝑎

3000 𝑁. 𝑠/𝑚

 

 𝑡 = 1

 𝑡 = 2



 

 

𝑥1 𝑥2

𝑥3

𝑸

𝑹
[10

−10 0
0 103

] [10
−10 0
0 103

] [10
−10 0
0 103

] [10
−10 0
0 103

] 

𝑸)
[
10−12 0 0
0 102 0
0 0 10−10

] [
10−12 0 0
0 102 0
0 0 10−10

] [
10−12 0 0
0 102 0
0 0 10−10

] [
10−12 0 0
0 102 0
0 0 10−10

] 

[
10−6 0 0
0 106 0
0 0 10−4

] [
10−6 0 0
0 106 0
0 0 10−4

] [
10−6 0 0
0 106 0
0 0 10−4

] [
10−6 0 0
0 106 0
0 0 10−4

] 

𝒙(0|0)

[
0
0
0
] [

0
0
0
] [

0
0
0
] [

0
0
0
] 

𝝁(0)

[
0.5
0.25
0.25

] [

0.4
0.2
0.2
0.2

] [

0.4
0.2
0.2
0.2

] [

0.4
0.2
0.2
0.2

] 



 

 

𝑷𝑖𝑗
[
0.98 0.01 0.01
0.01 0.98 0.01
0.01 0.01 0.98

] [

0.97 0.01 0.01 0.01
0.01 0.97 0.01 0.01
0.01 0.01 0.97 0.01
0.01 0.01 0.01 0.97

] [

0.97 0.01 0.01 0.01
0.01 0.97 0.01 0.01
0.01 0.01 0.97 0.01
0.01 0.01 0.01 0.97

] [

0.97 0.01 0.01 0.01
0.01 0.97 0.01 0.01
0.01 0.01 0.97 0.01
0.01 0.01 0.01 0.97

] 

𝝍lim

[10
−3

10
] [10

−3

10
]     

 

𝑸



 

 

 
 

1.4355e − 04 1.3611e − 04 2.0268𝑒 − 04 0.0018 

0.0385 0.0365 0.0556 0.4021 

1.2605e − 04 1.2605e − 04 9.4810𝑒 − 04 1.2985𝑒 − 04 

  



 

 

  

 



 

 

  

 



 

 

 

2.0200e − 04 1.5863e − 04 2.4970𝑒 − 04 

0.0518 0.0440 0.0673 

1.2605e − 04 1.2605e − 04 7.3394𝑒 − 04 

 

 

 



 

 

 

 

0.1230 0.1229 0.1225 

0.0032 0.0027 0.0018 

0.0632 0.0376 0.7663

1.8174e − 04 1.8173e − 04 5.7716𝑒 − 05 

10−10

±5μ𝑚

 

    

    

 
  
  
 
  
 

             

            

      

    

        

     

 

    

 
 
 
  
  
 
  
 
 

         

             

            

      

                             



 

 

𝑡 = 1𝑠

 

  



 

 

 

 



 

 

 

 

     

 

    

    

 
  
 
 
  
 

                   

             

             

        

     

 

    

 
 
 
  
  
 
  
 
 

                   

             

         

               
              



 

 

 



 

 



 

 



 

 

 



 

 

 

 

 



 

 

 



 

 



 

 

• 

• 



 

 

• 

 



 

 



 

 

 

 𝒙(𝑘) = 𝑨(𝑀(𝑘))𝒙(𝑘 − 1) + 𝑩(𝑀(𝑘))𝒖(𝑘) + 𝒗(𝑘 − 1,𝑀(𝑘)), ( ) 

 𝒛(𝑘) = 𝑪(𝑀(𝑘))𝒙(𝑘) + 𝑫(𝑀(𝑘))𝒖(𝑘) + 𝒘(𝑘,𝑀(𝑘)). ( ) 



 

 

𝒙(𝑘) 𝒛(𝑘) 𝑀(𝑘)

 𝑘 𝑨(𝑀(𝑘)) 𝑩(𝑀(𝑘)) 𝑪(𝑀(𝑘))

𝑫(𝑀(𝑘)) 𝑀(𝑘)

𝒗(𝑘 − 1,𝑀(𝑘)) 𝒘(𝑘,𝑀(𝑘))

𝑀(𝑘)

𝑘

𝒙(𝑘) 𝑀(𝑘)

𝑘 𝑁

 𝑀(𝑘) ∈ {𝑀𝐹𝐿[𝑖]}𝑖=0
𝑁−1

, ( ) 

𝐹𝐿[𝑖] 𝑖 𝑖

𝑀𝐹𝐿[0]

𝑀𝐹𝐿[𝑖]

𝑖 𝑀(𝑘) 𝑁

 𝑀(𝑘) ∈ {𝑀𝑅𝑈𝐿[𝑖]}𝑖=0
𝑁−1

. ( ) 

𝑖

𝑀𝑅𝑈𝐿[0]

𝑀𝑅𝑈𝐿[𝑖]

𝑖



 

 

( ) ( )

 𝑀(𝑘) ∈ {𝑀𝐿[𝑖]}𝑖=0
𝑁−1

. ( ) 

𝑀𝐿[𝑖] 𝑖

 𝑝𝑖𝑗 ≜ 𝑃{𝑀(𝑘) = 𝑀𝐿[𝑗]|𝑀(𝑘 − 1) = 𝑀𝐿[𝑖]}. ( ) 

𝑝𝑖𝑗

( )

 |𝑖 − 𝑗1| < |𝑖 − 𝑗2|  →  𝑝𝑖𝑗1 > 𝑝𝑖𝑗2. ( ) 



 

 

■

                

                

                

                

                

                

                

                

                

                         
                 

                        

                           

                           

 

                    

                       

                         



 

 

■

■

𝑛

𝑁

𝑁 + 1 𝑁 𝑁2 +𝑁

𝑛 + 1 𝑛 𝑛2 + 𝑛

1 𝑁 𝑁

1 𝑛 𝑛

𝑁 + 1 𝑁2 𝑁2 +𝑁

𝑛 + 1 𝑛2 𝑛2 + 𝑛

■ 



 

 

𝑛 = 3

 

𝜃(𝑘)

 𝒙(𝑘) = 𝑨(𝜃(𝑘))𝒙(𝑘 − 1) + 𝑩(𝜃(𝑘))𝒖(𝑘) + 𝑸(𝜃(𝑘))𝑣(𝑘 − 1), ( ) 

 𝒛(𝑘) = 𝑪(𝜃(𝑘))𝒙(𝑘) + 𝑫(𝜃(𝑘))𝒖(𝑘) + 𝑹(𝜃(𝑘))𝒘(𝑘), ( ) 

𝑨(𝜃(𝑘)) 𝑩(𝜃(𝑘)) 𝑪(𝜃(𝑘)) 𝑫(𝜃(𝑘)) 𝑸(𝜃(𝑘))

𝑹(𝜃(𝑘))

𝜃(𝑘) 𝜃(𝑘)



 

 

 𝛽1 ≤ 𝜃(𝑘) ≤ 𝛽2. ( ) 

𝜃(𝑘)

𝑁 

 𝜃𝑖 ≜ 𝛽1 +
(2𝑖+1)

2𝑁
(𝛽2 − 𝛽1)   𝑤ℎ𝑒𝑟𝑒 𝑖 ∈ {0,1, … ,𝑁 − 1}, ( ) 

 𝑀(𝑘) ∈ {𝑀𝐿[𝜃𝑖]
}
𝑖=0

𝑁−1
, ( ) 

𝜃𝑖 𝑖 𝑀𝐿[𝜃𝑖]

𝜃𝑖 ( )

( ) 𝑁 𝜃𝑖

𝜃 𝑀(𝑘)

( )

𝜃

𝑀𝐿[𝜃𝑖]

𝑛 = 3



 

 

 

𝜃

■ 

𝜽

■

 

( )

    

 

  

          
             

   ( )

 
  
 
 
 

  
  
  
 
  

 
 
 
  

       
         

  

  

           
          

           
          



 

 

𝜁 𝜔0 𝒘(𝑘)

𝒗(𝑘)

 
{
𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘) + 𝑣1(𝑘)                                                       

𝑥2(𝑘 + 1) = −𝑇𝑠𝜔0
2𝑥1(𝑘) + (1 − 2𝑇𝑠𝜁𝜔0)𝑥2(𝑘) + 𝑇𝑠𝑏𝑢(𝑘) + 𝑣2(𝑘)

, 

𝑧(𝑘) = 𝑥1(𝑘) + 𝑤(𝑘).                                                                                 

( ) 

𝑇𝑠

𝜁 = 0.1 𝑏 = 100

𝑣1(𝑘)~𝒩(0, 10
−12) 𝑣2(𝑘)~𝒩(0,10

−6)

𝑤(𝑘)~𝒩(0,10−10)

𝑇𝑢

𝑃𝑖𝑗 𝜇(0)

𝜇𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑

 
𝑷𝑖𝑗 = [

0.9 0.05 0.05
0.05 0.9 0.05
0.05 0.05 0.9

] , 𝝁(0) = [
0.25
0.5
0.25

] , 𝜇𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = 0.5. ( ) 



 

 

 
𝑸 = [10

−12 0
0 10−6

] , 𝑹 = 10−10, 𝑷(0|0) = [
1 0
0 1

]. ( ) 

𝑛 = 3

𝑡

𝑡 = 175𝑠 𝑡 = 275𝑠

𝑡 ≤  25𝑠 125𝑠 ≤  𝑡 ≤  175𝑠 275𝑠 ≤  𝑡



 

 

  

𝑛 > 3

  

 

 
  
 
 
 

  . 

 

 . 

  

          

    

  . 
 

 . 
 

  

          

    

                  

    ( )

 

 . 

 
 
 
  

 
  
 
  

  
  
 

         

         

        



 

 

    

 
  
 
  
 
  
 
  
  
  
     

        

    

    

            
         



 

 

𝑇𝑢3 𝑇𝑢4

  
  
 
  
  
  
  
 

           

            

            
         



 

 

( )

( )

 
{

𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘) + 𝑣1(𝑘)                                                                   

𝑥2(𝑘 + 1) = −𝑇𝑠𝑥3
2(𝑘)𝑥1(𝑘) + (1 − 2𝑇𝑠𝜁𝑥3(𝑘))𝑥2(𝑘) + 𝑇𝑠𝑏𝑢(𝑘) + 𝑣2(𝑘)

𝑥3(𝑘 + 1) = 𝑥3(𝑘) + 𝑣3(𝑘)                                                                                       

, 

𝑧(𝑘) = 𝑥1(𝑘) + 𝑤(𝑘).                                                                                                                                           

( ) 

𝑥3

𝑣3(𝑘)~𝒩(0,10
−6)

( )



 

 

 𝑸 = [
10−12 0 0
0 10−6 0
0 0 10−6

] , 𝑹 = 10−10, 𝑷(0|0) = [
1 0 0
0 1 0
0 0 1

]. ( ) 

( ) ℎ(𝑥) = 𝑥1

 𝓞(𝑥, 𝑢) =

[
 
 
 
𝑑𝐿𝑓

0ℎ(𝑥)

𝑑𝐿𝑓
1ℎ(𝑥)
…

𝑑𝐿𝑓
𝑛−1ℎ(𝑥)]

 
 
 
= [

1 0 0
0 1 0
𝑥3
2 2𝜁𝑥3 2𝜁𝑥2 + 2𝑥3𝑥1

]. ( ) 

𝑑𝐿𝑓
𝑛ℎ ℎ

𝑓 𝒪

2𝜉𝑥2 + 2𝑥3𝑥1

𝑥1 𝑥2

( )

 

{
 
 

 
 𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘) + 𝑣1(𝑘)                                                                           

𝑥2(𝑘 + 1) = −𝑇𝑠𝑥3
2(𝑘)𝑥1(𝑘) + (1 − 2𝑇𝑠𝑥4(𝑘)𝑥3(𝑘))𝑥2(𝑘) + 𝑇𝑠𝑏𝑢(𝑘) + 𝑣2(𝑘)

𝑥3(𝑘 + 1) = 𝑥3(𝑘) + 𝑣3(𝑘)                                                                                               

𝑥4(𝑘 + 1) = 𝑥4(𝑘) + 𝑣4(𝑘)                                                                                               

, 

  𝑧(𝑘) = 𝑥1(𝑘) + 𝑤(𝑘),                                                                                                                                                                                           

( ) 



 

 

  

𝑥3 𝑥4

𝑣4

𝑥4

𝑥1

𝑣4(𝑘)~𝒩(0,10
−4)



 

 

 𝑸 = [

10−12 0 0 0
0 10−6 0 0
0 0 10−6 0
0 0 0 10−4

] , 𝑹 = 10−10, 𝑷(0|0) = [

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]. ( ) 

 

𝓞(𝑥, 𝑢) =

[
 
 
 
𝑑𝐿𝑓

0ℎ(𝑥)

𝑑𝐿𝑓
1ℎ(𝑥)
…

𝑑𝐿𝑓
𝑛−1ℎ(𝑥)]

 
 
 

= [

1 0 0 0
0 1 0 0
𝑥3
2 2𝑥4𝑥3 2𝑥3𝑥1 + 2𝑥2𝑥4 2𝑥2𝑥3

2𝑥3
3𝑥4 4𝑥3

2𝑥4
2 + 𝑥3

2 8𝑥3𝑥4
2𝑥2 + 6𝑥3

2𝑥4𝑥1 + 2𝑥2𝑥3 + 2𝑏𝑥4𝑢 8𝑥4𝑥3
2𝑥2 + 2𝑥3

3𝑥1 + 2𝑏𝑥3𝑢

]. 

( ) 

  



 

 

 

 

 

 



 

 

𝐹

 

{
𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘) + 𝑣1(𝑘)                                                       

𝑥2(𝑘 + 1) = −𝑇𝑠𝜔0
2𝑥1(𝑘) + (1 − 2𝑇𝑠𝜁𝜔0)𝑥2(𝑘) + 𝑇𝑠𝑏𝑢(𝑘) + 𝑣2(𝑘) − 𝑇𝑠𝐹

, 

𝑧(𝑘) = 𝑥2(𝑘) + 𝑤(𝑘).                                                                                 

( ) 

𝑏

𝑣1(𝑘)~𝒩(0, 10
−12) 𝑣2(𝑘)~𝒩(0,10
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