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Lay Abstract

Quantum radar systems as extensions to classical radar systems employ certain quan-
tum phenomena to improve the target detection and parameter estimation perfor-
mance. This thesis studies the quantum illumination system that exploits the quan-
tum entanglement (correlation). This thesis provides descriptions of the detection
and estimation problems in a quantum system. For the detection section, the upper
bound on the probability of error in determining the presence or absence of a target
is shown. Two practically implementable detection methods in quantum illumination
systems are proposed and numerically analyzed. This thesis also contributes to the
quantum estimation problems by firstly analyzing the accuracy limit in the simul-
taneous estimation of two system parameters. Finally, we develop solutions of the

two-parameter estimation problem.
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Abstract

Quantum radar exploits the properties of quantum entanglement to enhance its per-
formance over classical radar. Quantum illumination, being one special type of quan-
tum radar, generates a pair of highly entangled beams called the signal and idler
beams, transmits the signal beam for target exploration, and examines the returned
signal beam using the quantum entanglement to improve the target detection and

estimation performance.

In this thesis, the role of the optical parametric amplifier (OPA) in target detection of
the QI system is first studied. We propose a dual-OPA design of the detector so that
an optimum combination of intensities of inputs can be achieved, yielding a marked
improvement in the detector performance. The information of the entanglement con-
tained in the covariance matrix (CM) between the returned signal and idler beams
is then considered. Here, we propose a technique that exploits the entanglement to
a higher degree. This detection method employs the metric of Riemannian distances
(RD) between the reconstructed CMs as the test statistic to assess the probabilities
of “target” or “no target”. Numerical experiments confirm that the CM detector is

far superior in detection performance to the OPA detectors.
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We then turn our attention to the study of multi-parameter estimation problem in
QI. Here, we focus our consideration on the simultaneous estimation of the target
range and target velocity the information of which is embedded in the arrival time
and frequency of the returned signal. The Quantum Cramer-Rao bound (QCRB) for
the estimation of such parameters of the signal photon propagated through a random
environment is derived. To facilitate the simultaneous estimation of the two param-
eters, we propose two methods. The first is a modified application of the classical
ambiguity function in classical radar systems to the QI system. Analysis shows direct
application of the classical ambiguity function may lead to multiple estimates of the
desired parameters. Thus, we try to reconstruct the temporal wavefunctions of the
returned signal and idler photons using interferometric measurement. The correlation
of the wavefunctions with the reference signal at different time delays provides an es-
timate of the average arrival time of the return signal. In addition, the phase slopes
yield an estimate of the central frequencies, thus completing the joint estimation of
the two parameters. Seeing that the reconstruction of the wavefuctions requires a
large amount of measurement data, we develop a second estimation method which
applies a unitary operator at one end, and its inverse at the other end, of the QI
system. The re-entangled returned signal beam and the idler beam both contain in-
formation of the two parameters and their estimation is carried out by measurements
on the signal beam and on the idler beam respectively. Numerical experiments verify

the validity and accuracy of these methods.
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Chapter 1

Introduction

In a conventional radar system [1], an electromagnetic pulse signal is transmitted to-
wards a region, and, from the returned signal, the radar receiver performs the analysis
for the purpose of detection (deciding whether a target is present) and parameter (e.g.
target range, velocity) estimation. In comparison to classical radar systems, quantum
radars [2]-[6] exploit certain quantum phenomena to enhance the performance of such

functions.

In particular, in this thesis, our interest is centered around quantum illumination
(QL) 2], [7]-[13], which is a technology used in quantum radars to improve target
detection, especially in a lossy and noisy environment, utilizing the phenomenon of

quantum entanglement [14]-]20].

Proposed by Lloyd [7] in 2008, and later extended to a Gaussian-state scenario in [§],

[9], the idea of QI is to generate two beams of entangled photons, called the signal
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and the idler beams respectively. While the signal beam is transmitted to detect the
possible target in the interested region, the idler beam is saved in the radar system for
a joint measurement with the received signal. Using such a technique, the joint mea-
surement on the entangled beams may well enhance the radar performance. Indeed,
Tan et. al. [§] showed that using a series of identical maximally entangled Gaussian
states obtained from the continuous wave (cw) spontaneous parametric down conver-
sion (SPDC) [14], a theoretical advantage of 6 dB in the detection error exponent
(quantum Chernoff bound (QCB)) can be achieved over the classical illumination (CI)

scheme employing coherent beams.

There are few studies on quantum detectors for QI which can outperform CI. Guha
and Erkma |9] proposed the optical parametric amplifier (OPA) and the phase conju-
gate (PC) receivers. Both these methods relied on photon counting and can achieve
3 dB improvement in the error exponent compared with that of CI. Both OPA and
PC detectors have been successfully demonstrated [16], [19] in both the optical and
microwave frequency ranges. A scheme of feed-forward sum-frequency generation (FF-
SFG) [17] has been proposed and could asymptotically approach the 6 dB enhance-
ment. However, this design has not been verified due to the complexity of implemen-

tation.

In this thesis, we firstly address the detection problem of quantum illumination in a
quantum radar. We re-examine the OPA detector by giving it a more comprehensive
analysis, and propose a detector using two OPAs which facilitates the optimization of
its gains, yielding an improved performance. We further propose a quantum detector

which capitalizes on the structure of the returned signal covariance matrix (CM),
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thus exploiting the multi-dimensional information on the returned beam. We show
how these parameters of the CM can be measured from the returned signal, and
we introduce the Riemannian distance and its weighted version [21], [22] between
CMs as a detection metric. Numerical experiments show that such a method lowers
the probability of detection error to below the QCB, and substantially enhances the

detection performance of the receiver.

The quantum illumination system also improves the accuracy of the parameter es-
timation due to the quantum entanglement. [23] derived the quantum Cramer-Rao
bound (QCRB) of the simultaneous estimation of time and frequency that is smaller
than corresponding Cramer-Rao bound in classical systems. Moreover, they proposed
the estimation method that used the Symmetric Logarithmic Operator (SLD) on the
returned signal and idler beams. However, the practical implementation of the SLD
operators still remains as a problem to be solved. In this thesis, two estimation meth-
ods are proposed. One relies on the wavefunction reconstruction of the return signal
and idler beams, including both the reconstruction of the amplitude and phase of the
wavefunction. The second method introduces the unitary operator that is applied
on both the generated SPDC pair and the received signal pair. Numerical results of

these two estimation methods are included and analysed.
The thesis consists of the following chapters:

Chapter 2: Quantum Entanglement and Quantum Radar. This chapter
introduces the notations and fundamental concepts of quantum mechanics required for
understanding of the remainder of this thesis. The concept of quantum entanglement

is introduced.
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Chapter 3: Quantum Radar. This chapter shows the advantages of quantum
radar systems and describes different categories of quantum radar systems. The
development of quantum illumination is included from the discrete quantum illu-
mination to the continuous quantum illumination. This chapter also describes the

experimental realization of quantum illumination systems.

Chapter 4: Quantum Detection Methods in QI. This chapter extends classical
detection problems to quantum detection problems firstly. Then, the corresponding
Quantum Chernoff bound is introduced and derived for QI systems. This section
includes the description of two detection methods, dual-OPA detection design and

the CM detectors as well as their numerical results.

Chapter 5: Quantum Estimation in QI. This chapter provides an introduction to
the quantum estimation, which includes the statement of quantum estimation prob-
lems in radar systems and the Quantum Cramer-Rao bound. The estimation method
using the ambiguity function based on the wavefunction reconstruction is proposed
with numerical results. The second joint estimation method using the unitary trans-

formation is described with numerical results.
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Chapter 2

Quantum Entanglement and

Quantum Radar

Explanation of Basic Notations

The notation throughout this thesis employs the bra and ket notation developed by
P.A.M. Dirac [24], which is different from the notation typically used in engineering.
In quantum mechanics, the state of a system is described by a ket vector in the form
|z). |z) is a complex-valued column vector mathematically whose dimension depends
on the chosen basis representation. This state ket is postulated to contain complete
information about the physical state. The transpose and complex conjugate of the

ket vector gives its corresponding bra vector, (x|.

The quantum operator that acts on a particular state is represented by the notation,

A, which mathematically takes a form of a matrix.
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2.1 Basics of Quantum Systems

2.1.1 Bosonic/Quadrature Operators

A quantum mechanical system can be described by its Hamiltonian as defined as [25]

A A

H = hw(a'a + 3D (2.1)

where & and A represent the annihilation and creation operators respectively. Here,
T representing the Hermitian conjugate transpose. A is the Planck’s constant and w
is the angular frequency, thus hw represents the single-photon quantisation energy,
and i = afa is the photon number operator, and the additional 1/2 arises from the
zero-point energy fluctuations associated with the vacuum. The state of the system,
represented by the density operator, p, resides in a separable, infinite-dimensional
space H spanned by the Fock number basis {|n)}>°, also called the number state
representation. The space spanned by {|n)}5°, is called the Fock space. The basic
state |1) represents the Hilbert space of one photon number H;. Correspondingly, |2)
describes the joint state of two photons, which lie on the symmetric tensor product
of two Hilbert spaces Hy = H1 ®s Hi. Then, it can be deduced that |n) represents
the presence of n photons in the interested mode and lies in the Hilbert space H,, =

Hi @4 (H1 Q4 (Hy--+)). The Fock space is defined as H1 @ Ho ® - B H, D - -.

The set of number states, {|n)}>2, are associated by bosonic annihilation and creation
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operators, defined by

al0)=0[0), aln)=+vnn-1), a'|ln)=vn+1jn+1) (2.2)

These definitions illustrate exactly how two operators act on the system: an annihila-
tion operator removes one photon while a creation operator adds one. Creation and
annihilation operators of a single-mode system obey the usual bosonic commutation
relation, namely

[a,af] =aal —afa=1 (2.3)

A single-mode system or mode refers to one system whose properties are single-valued.
The concerned properties can be single or multiple. For example, if only the frequency
of the system is concerned, the system with one frequency is said to be a single-mode
system. Then, if the bandwidth of the system includes more than one frequency,
the system becomes multi-mode. The number of frequencies included determines the
number of modes of this system. This single-mode formalism can be extended to
describe an N-mode bosonic system residing in the Hilbert space H®N = @ H.
This Hilbert space of the N-mode bosonic system is a tensor product of the individ-
ual Fock spaces {Hq}h_; of constituent, non-interacting modes with corresponding
bosonic operators given by the set {a, é,t}{f:l. Other properties such as time or phase

of the system can be used to define the number of modes.

The canonical operators of a one-mode system form a vector: x = (a,4a")”. Following
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the commutation relation in Eq, the commutation relations of the vector x isﬂ
Koy K] 2 wWond, myn=1,2 (2.4)

where X,,,, refers to the m™ /n™ element in X. wy,, is the mn'™ element of the matrix,

w which is

w = (2.5)

Within this multi-mode setting, all these field operators can be arranged into a single

. A A A A A A
vectorial form x = (al,aI,...,aN,aj\,

)T, satisfying the same bosonic commutation
relations

R K] = Qund,m,n =1, ..., 2N (2.6)

where 2,,, is an element within the 2N x 2N matrix, 2, known as the symplectic

form, given by the direct sum of N identical 2 x 2 blocks w

Q2 Pw=diagw,...,w) (2.7)

k=1

The phase-space quadrature operators {Xy, Pr }i-, of an N-mode quantum system can

be defined in terms of corresponding creation and annihilation operators as

_atal o i(ac—a))

X = 77 Pr = — \/§ (2~8)

Similarly, all quadrature operators can be arranged into a vector: ¥ 2 (X1, Py, ..., X, Pn)”

!Many authors write Eq. (2.4) as [X,, Xn] = Wiy which, strictly speaking, is an abuse of notation.
What they really mean (cf. Eq. (2.12)) is ([Xp, %n]) £ tr(p[Xm, Xn]) = Winn.-
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and the commutation relation in Eq[2.6] becomes ([y;,¥;]) = i€2;.

2.1.2 Pure and Mixed States

The quantum state of a single-mode system contains all of its physical information and
is presented by the density operator, p. This is a positive operator with unity trace,
i.e., tr(p) = 1. Mathematically, the density operator p is represented as a matrix and
hence, it is also called as a density matrix. A quantum system is in a pure state if its
density operator can be written as p = |z) (x|, where |z) represents one possible state
of the quantum system. If the density operator is written as a probabilistic mixture
of more than one density operators as p = >, P,.p,,, it is called a mized state. P,

denotes the probability of being in the state |z,) with p, = |z,) (z,|. To maintain

tr(p) =1,>, P, = 1.

2.1.3 State Wavefunction and Gaussian States

The density operator p of an N-mode system in the Hilbert space has an equivalent

representation in terms of the Wigner distribution over a real phase space.

The Weyl operator, which provides us with a mapping between the Hilbert space and

the phase space is

A

D, (§) £ exp(iy’ Q) (2.9)

where & € R?N. ¥ is the vector consisting of quadrature operators of N modes. €2 is

defined in Eq2.7


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

The Weyl operator is applied on the density operator p and its expected output gives

the Wigner characteristic function, y (&) as

X(€) £ tr[pD,, (€)] (2.10)

Thus, the density operator p can always be expressed in terms of the Fourier transform

of the characteristic function, giving the Wigner function Wi, (y).

Wealy) = e |, oxo(=iy QONE)EE @.11)

defined on the symplectic phase space K := (R*, ), spanned by the real, continuous
variable, y = (z1,p1,...,xn,pn). This is referred to as the quadrature coordinates
of any quantum state in the phase space. For example, z; is the coordinate corre-
sponding to the quadrature operator %; = [ @1 |21) (@1 dz1. Applying this operator

X, gives the mean value of x; of the system state p.

In the Wigner distribution of quantum states, the first two statistical moments of the
quantum states, (y, I'), are the most important quantities. The first moment, y, is

the displacement vector or mean value whose ith element is given as

Ui = (y:) = tr[py] (2.12)

where (y;) represents the expected measurement result of the operator y; on the
system operator p. y; refers to the ith operator in y. This result is given by the trace

of the product of the quadrature operator and the system density operator.

10


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

The second moment is the covariance of quadrature operators as given by the covari-

ance matrix (CM), T" whose ijth element is given by

1

[y £ §tr[{§fi —yLy; —y1}pl, i,j=1,...2N (2.13)

where {,} is the anticommutator: {y;,y;} = ¥:¥; + ¥;¥:- Any CM should always
be semi-positive definite and symmetric: I' > 0. This implies that all eigenvalues of
I' are equal to or larger to 0. The covariance matrix of any physical state must also

obey the following uncertainty relationship [26]

I'+iQ2>0 (2.14)

Therefore, the covariance matrix of any physical state must be positive-definite such

that T" > 0.

2.1.4 Gaussian States

The quantum Gaussian state is one special type of quantum states, which can be
fully described by its first and second moments. This is also the focus of this thesis.
A Gaussian state is, in general, denoted as p(y,I'). Moreover, its corresponding wave

function takes a form of Gaussian distribution.

Examples of Gaussian states

There are three most common Gaussian states:
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e Vacuum State
The vacuum state, denoted as |0) with its density operator p,,. = |0) (0|, is the
eigenstate of the number operator n with eigenvalue 0: f|0) = 00). Its mean

vector is y = (0,0)7 and CM is

r = =1, (2.15)

The quantum vacuum state is the quantum state with the lowest possible energy

(zero energy). Generally, it contains no physical particles.

e Thermal State

The thermal state is defined using the Fock state representation:

i = > s ) (o (2.16)

where n is the average number of photons in the system. The mean vector is

zero and the CM takes the form of

T = (20 + 1)L, (2.17)

Thermal states are arguably the most relevant class of states in nature. They

provide an efficient description of the equilibrium state for most systems.

o Coherent State
The displacement operator, f)(a), is a unitary operator which applies a mag-

nitude displacement « to the applied state. The coherent state is obtained by

12
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applying the displacement operator f)(a) on the vacuum state
la) = D(a)|0) = exp(aa’ — a*a) |0) (2.18)

where o* is the complex conjugate of a.

The Fock state representation for the coherent state is given by

a’I’L

0) = exp (4 al?) i ) (2.19)

Then, the density operator of the coherent state is given as p.,, = |a@) («].

In quantum mechanics, a coherent state is the specific quantum state of the
quantum harmonic oscillator, often described as a state which has the dynamics
most closely resembling the oscillatory behavior of a classical harmonic oscilla-

tor.

Symplectic Transformation of Gaussian States

A major role in the theoretical and experimental manipulation of Gaussian states is
played by the unitary operations which preserve the Gaussian characteristics of the
states on which they act. Any such unitary operation U, together with its Hermitian
conjugate transpose Uf, acting on the density operator p in the Hilbert space cor-
responds to a symplectic transformation on the mean and covariance matrix in the

phase space.

p =UpUl - § =8y, IV = Srs” (2.20)
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where S is a symplectic matrix corresponding to the action of U on the system density

operator p. The symplectric matrix is defined such that

Q =S"QS (2.21)

where  is the symplectic form and given in eq2.7. Symplectic matrices are always

square, invertible with unit determinant.

Williamson [27] showed a theorem that any symmetric positive-definite matrix can be
put into a diagonal form via a symplectic transformation. The proof of the Williamson
Theorem can be found in [2§]. In this thesis, we focus our attention on the symplectic
transformation of the covariance matrix of the Gaussian state I'.  An important
application of this theorem is in finding the symplectic eigenvalues of a Gaussian
state, which amounts physically to a normal mode decomposition of the system density
operator. Then, given the covariance matrix, I', there exists a symplectic matrix S
that diagonalises I' into

r =S"vVS (2.22)

where V is defined as

V = diag{vy, v1, ..., v, Un} (2.23)

and {v, })_, are symplectic eigenvalues of T' and form the symplectic spectrum of the
CM. We note that the sympletic eigenvalues of I' are pairwise equal. These symplectic

eigenvalues can be calculated as the eigenvalues of the matrix |iQT|.

The symplectic eigenvalues are invariant under the action of the symplectic transfor-

mations on the covariance matrix, which corresponds to the unitary transformation on
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the system density operator. Therefore, the symplectic eigenvalues encode essential
information on the Gaussian state and provide powerful ways to express its funda-
mental properties, which will be explained in the qualification and quantification of

entanglement.

2.1.5 Quantum Measurement

The quantum measurement is described by a set of operators {Mn} acting on the
state space of the system. When the state [¢) is measured, the probability P, of a

measurement result n occurring is

P, = (M} M, |¢) (2.24)

where l\A/I;fL denotes the Hermitian conjugate transpose of M,,. The state of this system

after the measurement becomes

= (2.25)

where \/% is added such that (¢/|¢") = 1.

For the completeness of measurements, the sum over all measurement outcomes has

to be unity
S P =3 (WMIM,[¢) = (] > MM, [¢) = 1 (2.26)

n n

Hence, Y, l\A/IILl\A/In = i, which shows the completeness of the measurement operators.
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For example, if we apply the measurement to the coherent state, |a) = exp(— ‘O‘l ) >, % In) =

lo?

oSy |n) where ay, = exp(—T)%. Since the coherent state is defined in terms of
Fock number states {|n)}5°,, the measurement operators of the coherent states can
be defined as

M, =1n)(n|, n=0,..,00 (2.27)

Thus the measurement probability of measuring the coherent state in the number

state |n) is given by applying the projective operator M, onto the coherent state |o)

= (a|MiM,|a) = Za (m|) In) (n] O am M) = |a,|? (2.28)

m/

Therefore, the modulus squared of the superposition coefficient gives the probability

of the state being in one particular basis state.

2.2 Quantum Entanglement

In the influential 1935 paper [29], results from the experiment conducted by Einsten,
Podolsky and Rosen (EPR) showed the incompleteness of quantum mechanics and
led to the study of an important property of quantum systems - entanglement. His-
torically, the continuous-wave entanglement was the first form of entanglement ever

defined.
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2.2.1 Introduction to Quantum Entanglement

The phenomenon of quantum entanglement lies at the heart of quantum mechanics
and may lie at the heart of future quantum technologies. The quantum entanglement
is phenomenon that describes the correlation behavior of two quantum systems whose

correlation is beyond the classical limit.

Joint State - Bipartite System

For two Hilbert spaces, Ha, Hp and one state |1)) € Ha ® Hp, this state |[¢) is a
product state in the joint Hilbert space if there are pure states |¢4), € Ha and

|YB)p € Hp such that

1) = [¢a) 4 ® [VB) g = [¥a) 4 [¥B) g (2.29)

where ® is the tensor product to connect two subsystems, which mathematically
stands for the Kronecker product. Then, the state of the bipartite system is called

the joint state of systems A, B.

Quantum Entanglement

A bipartite pure quantum state, [¢) is called entangled when it cannot be written as

a direct product of states of two subsystems as :

0= (St ) @ (St v, (230)

17


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

If the state |¢)) can be written in this form, this state is called separable. In this

equation, {(p2)2, (p2)?} are probabilities and 3,,(p2)? =1, 32, (p2)? = 1.

An example of the entangled bipartite states is the NOON state defined as
1 1
INOON) = =5 V)4 1005+~ 004 V), (2.31)

where |N) 4 p denotes that there are N photons in the subsystem A/B. [N}, |0)p
represents that there are N photons in system A and 0 photon in system B. The
other state |0) , |IV) 5 can be defined in the same way. The joint state |1)) can be in
the state |[N),|0)5 or |0), |V)z with an equal probability, 1/2. Then, two systems
are entangled in the way that when the photon number of one system is known to be

0 or N , the photon number of the other system must be N or 0 correspondingly.

2.2.2 Bipartite Gaussian State

The qualification and quantification of the entanglement in any two-mode Gaussian
state can be studied using the covariance matrix of the bipartite Gaussian state. The
covariance matrix can be transformed by means of local unitary operation into a

standard form [30]

o
r— K (2.32)
B
where )
a 0 b 0 Cy 0
o= , B= . oY= (2.33)
0 a 0 b 0 c_
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where a,b > 1.

The symplectic eigenvalues, vy, of a bipartite Gaussian state are given as the eigen-

values of the matrix [¢QT'|, which are

205 = AT + \/AT? — 4detT (2.34)

where AT is the invariant of the covariance matrix I' and is defined as AT" = deta +
detB + 2dety = a® + b* + 2c.c_. The determinant of I' can be defined in terms of

a,byc_,cy: detl = a?b? — ab( + ) + A2

2.2.3 Qualification: PPT Criterion

A very strong necessary and sufficient condition for a state being separable has been
proved by Peres [31] and is called the positive partial transpose (PPT) criterion.
Given the density operator of any bipartite system as p = > p;p4; ® pp;, its partially
transposed density matrix p is obtained by performing transposition with respect
to the degrees of freedom of one subsystem only such that p = Y p;pk. ® pg, or
p = pipa @ pk,. The action of partial transposition in the Hilbert space amounts
to a mirror reflection of one of the four quadrature variables in the phase space [32].
The CM, T is then transformed into a new matrix I' which differs from I" by a sign flip
in dety. Therefore, the invariant A(T') is changed to A(T) = deta + detB — 2det~y.
The symplectic eigenvalues v_, v, of T’ can be obtained using A(T') in Eq. .

The PPT criterion relies on the positivity of the partially transposed state. The

PPT criterion stated that if a state p is separable, then its partial transpose is a
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valid density matrix and in particular is positive semidefinite. Therefore, the PPT
criterion for separability can be reduced to the inequality that must be satisfied by

the smallest symplectic eigenvalue v_ of the partially transposed state
vo>1 (2.35)
which is equivalent to using the definition of v_ in Eq[2.34]
A(T) < detT + 1 (2.36)

Therefore, the smallest symplectic eigenvalye v_ can be used to determine whether a

bipartite Gaussian system is separable or not.

2.2.4 Quantum Entanglement Quantification

Negativities

There are a number of useful entanglement measures for Gaussian states. Conven-
tionally, two families of measures have been studied. One family encompasses so
called negativities. From a quantitative point of view, a measure of entanglement
which can be computed for general Gaussian states is provided by the negativity, N.
It was firstly introduced in [33] and later thoroughly discussed and extended in [34]
to continuous variable systems. The negativity of a quantum state p is defined as

(o) —1 S-S

N(p) = 5 5

(2.37)
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where p is the partially transposed density matrix and tr(|p|) stands for the trace of
|p| = \/p" p. Here \; represents the eigenvalue of the partially transposed matrix p
and tr(p) = >, \; = L.

The quantity N (p) is then equal to the modulus of the sum of the negative eigenvalues
of p, N(p) = | Xix,<0 Ai|]- Therefore, the negativity of the Gaussian state quantifies
the extend to which p fails to be positive because the system is said to be entangled

if its partially transposed density operator is not positive semidefinite.

Strictly related to N is the logarithmic negativity, En

Ex = log(tr(p)) (2.38)

For any bipartite Gaussian state p, both the negativity and the logarithmic negativity

are related to v_ and are simple decreasing function of v_ [34]

N(p) = max [0, 12;_}] (2.39)

En(p) = max|0, —log v_] (2.40)

where v_ is the smallest symplectic eigenvalue of p.

These two quantities directly quantify the amount by which the necessary and suf-
ficient PPT condition for separability is violated. From these two equations, the
symplectic eigenvalue of v_ completely quantifies the entanglement of a bipartite
Gaussian state. When v_ > 1, both the negativity and logarithmic negativity be-

come zero and the state is separable; otherwise, the state is entangled.
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Entanglement of Formation

Given a bipartite Gaussian state p, the marginal state of A can be obtained by taking

the partial trace over B,

pa = trp(p) (2.41)

The marginal state of the system B can be defined in a similar way.

For a pure bipartite Gaussian state, the entropy of entanglement of the bipartite
Gaussian state is given by the von Neumann entropy of its marginal states. Given
that the bipartite system is symmetric, the von Neumann entropy of both systems is

the same,

E(p) = S(pa) = S(pp) (2.42)

where E(p) denotes the entropy of entanglement and S(p,,) is the von Neumann

entropy as defined

S(pasp) = —tx(pasplog pas) (2.43)

Given the definition of entropy of entanglement, the entanglement of formation (EOF)

[35] can be computed for the symmetric bipartite Gaussian state [306]

Er(p) =min Y piE(p,) (2.44)

where the minimisation is taken over all the decomposition of p into ensembles of
states {|1;)} with probabilities {p;}: p = > ;pip; and p;, = |¢;) (¢¥;]. E is the von
Neumann entropy of entanglement and defined in EqJ2.42] The entropy of entangle-

ment is the canonical measure of bipartite entanglement in pure states.
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The optimal convex decomposition of Eq has been found for symmetric two-mode

Gaussian states [30]

Er = max[0.h(v_)] (2.45)
with
h(z) = a If) log a Ixx) _a ;;) log [(1 ;;) ] (2.46)

We note that the EOF is a monotonically decreasing function of v_, thus providing a
quantification of the entanglement of symmetric states equivalent to the one provided

by the negativities.

2.2.5 Generation of Bipartite Entangled States: SPDC

The process of spontaneous parametric down-conversion (SPDC), alternatively known
as parametric fluorescence, in a nonlinear crystal is one of the most versatile tech-
niques for the generation of entangled pairs. An incident photon in SPDC is referred
to as the pump photon with frequency w, while the output photons are called the
signal and idler photong’l Inside the SPDC structure, the pump photon will split
into one pair of photons in accordance with conservation laws of the energy and

momentum

Wy = Ws + wj (2.47a)

k, = k, +k; (2.47b)

2The pair of photons are so-called because when applied in a quantum radar, the ‘signal’ is sent
out for probing and the ‘idler’ is retained in the system for measurement.
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where w; and k; are the frequency and wave vector of pump (j=p), signal (j=s), or

idler (j=i).

However, as a typical spontaneous quantum nonlinear process, it suffers from ex-
tremely poor efficiency due to the very weak nature of nonlinear quantum optical
processes. Recently, extensive efforts have been devoted to boost this effect by uti-
lizing conventional design based on nonlinear crystals, waveguides, photonic crystals
and ring resonators that are usually bulky or unsuitable for free-space applications.
In contrast, metasurfaces are promising novel ultrathin designs to realise saleable
and efficient SPDC sources. In [37], a plasomonic metasurface design based on sil-
ver nanostripes combined with a bulk lithium niobate (LiNbOj3) crystal to realise a
scalable, ultrathin and efficient SPDC source. This can have very high photon-pair

generation rates.
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Chapter 3

Quantum Radar

The quantum radar is a promising technology that could have a strong impact on
both the civilian and military applications. The traditional radar signal consists of a
huge number of photons such that the particle properties of light cannot be observed
because the beam behaves as classical light. Quantum radar generalizes the concept
of classical radars, which operates with a relatively small number of photons and is

theoretically described inside the context of quantum electro-dynamics (QED).

3.1 Motivations and History
The motivation behind the proposal of the quantum radar was the need to improve

the sensitivity (lower the limits of indeterminacy in accordance with the number of

photons used), as well as to further improve the capability to detect, identify and
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resolve various targets of the detection system by taking advantages of quantum
phenomena. This is mainly achieved via quantum entanglement [38], which also

significantly reduces the unwanted jamming effects.

As nature is most aptly described by quantum mechanics, certain limits are imposed,
via the Heisenberg’s uncertainty principle, on our knowledge gained by various mea-
surements. This uncertainty relationship is an intrinsic and completely unavoidable
property of all quantum systems. In the case of a quantum system consisting of N
photons and a quantum state to describe them of relative phase ¢, the uncertainty
in the simultaneous measurement of the photon number and phase must satisfy the

Heisenberg’s uncertainty principle [6] [[] such that
AGAN >1/2 (3.48)

where A¢ and AN are the standard deviation of the phase estimation and photon

number estimation respectively.

If the monochromatic (single frequency) coherent state is employed, its photon num-
ber obeys a Poisson distribution and then the standard deviation in its photon number
is AN = \/@ where N is the photon number operator and (N)a represents the
average photon number in the coherent state. The accuracy is limited by the shot
noise or Poisson noise, which applies to photon counting in optical devices associated

with the particle nature of light. It also appears as a type of electronic noise which

IThis uncertainty principle is exact if the variance of the phase is (| (e/®) |~2 — 1) where ¢ is the
unbiased estimator of the phase [39]. This variance, named as Holevo variance coincides with the
usual variance for a narrow distribution peaked well away from the phase cut (the range of phase
being considered).
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results from the discrete nature of electric charge. Given the shot noise in the photon

number measurement, the uncertainty in the phase estimation is bounded by

1

Ap > ——
(N)

(3.49)

This result is known as the Standard Quantum Limit 40| and comes as a consequence
of the vacuum fluctuations that affect the measurement of the amplitude in the elec-
tromagnetic field as well as the Poissonian statistics of classical light and the discrete

nature of the electromagnetic field [41].

However this bound can be in principle be overcome by the use of more optimal

measurement techniques and restoring the true fundamental limit as

A¢ > S (3.50)

This provides an improvement of /(N) and then the bound on the error in the phase

estimation becomes smaller.

This fundamental limit can be achieved through various methods that share the same
steps: perform the photon measurements multiple times and collect the results for

the later processing [38]. States employed are mainly entangled photons.
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3.2 Categories of Quantum Radar Systems

All quantum radar protocols are built to exploit some quantum phenomena. Based
on the specific characteristics exploited, quantum radar systems can be generally
categorised into 4 types. The first three types have been proposed and accepted for

quite a long time while the last category was proposed recently.

Type 1 Quantum Radar: Quantum Transmitter and Classical Receiver

Type-1 quantum sensors transmit unentangled, non-coherent quantum states of light

such as the squeezed state in [42]. This type includes single photon quantum radar.

The operation of the single photon quantum radar is similar to that in a classical
radar system but the transmitted signal only includes one photon instead of a large

number of photons as shown in Fig[3.1]

Quantum
Radar

Figure 3.1: The schematic diagram of the single-photon quantum radar [2]

The main advantage in this type of quantum radar arises from the sidelobe structure of
the quantum cross section coefficient of rectangular targets, which reaches its highest

value at one single photon transmission. Therefore, the target appears bigger in the
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quantum system compared with the classical radar systems|4].

Type 2 Quantum Radar: Classical Transmitter and Quantum Receiver

Type-2 quantum radar transmits coherent states of light and uses quantum photo-
sensors to improve the performance of target detection. The quantum-enhanced
LADAR (laser detection and ranging), which stands for the laser detection and rang-
ing is one typical example. The quantum-enhanced LADAR operates in the visible
and near-visible regions, which gives the advantage to such systems due to the shorter
wavelengths. Therefore, quantum-enhanced LADAR can resolve smaller spatial in-
formation [43]. However, this also leads to the problem of strong attenuation and
reflection by fog or cloud as photons at such frequencies propagate in free space In

[44], a conceptual design of the Type-2 quantum sensors was introduced.

Type 3 Quantum Radar

Type-3 quantum radar transmits quantum entangled photons. It also employs the
quantum receiver to perform the signal reception. One well-studied example is the
quantum illumination (QI). This type of quantum radar is the main focus of this

thesis and will be introduced and discussed in greater details later.

Type 4 Quantum Radar
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In this new type of quantum radar systems, the transmitted signal consists of more
than one entangled beam. The reference [4] is an example that transmits both the
entangled signal and idler beams from the SPDC towards the interested region for

parameter estimation.

Type-4 quantum radar may also be considered to include other design, which employs
the quantum illumination protocol using multiple entangled photons [45]. Here, the
transmitted signal beams includes two entangled beams and the third entangled beam
is kept as the idler in the radar system. Then, the detection of two signal photons

instead of one provided a higher sensitivity.

3.3 Quantum Illumination

Quantum illumination (QI) was first introduced and developed by Seth Lloyd at MIT
[7] as a revolutionary technique which increases the sensitivity of the detection system

via the use of entangled photons.

Quantum illumination has a general scheme such that entangled pairs of photons
are generated. One, called the signal, is sent to detect or track a possible space
region where a target could be located. The other, called the idler, is sent to the
connected fiber and retained in the radar systems for further joint detection with the
reflected signal. Here, the fiber provides the idler photon with a certain propagation
delay without significant attenuation of the idler photon. In this thesis, we treated
"quantum illumination" as a special type of quantum radar, which could enhance

the performance of target detection and parameter estimation by exploiting a pair of
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entangled signals.

The operation of the quantum illumination is shown in Fig. [3.2]

Target?
_ \
.7 \
7 \
// !
|
! |
! I
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/
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a, L — -+ = — ~ /
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—T ar Quantum s
~
Detector v\ -~ _ _ - -

Figure 3.2: The schematic diagram of quantum illumination

Both the signal and the idler can be represented by their annihilation operators, a,
(for the signal) and &; (for the idler). In addition, &, represents the incident pump

photon.

3.3.1 Attenuation of Quantum Light

When a target is present, the transmitted signal will experience propagation loss and
attenuation due to the free-space propagation and the target interaction. As well, any
realistic description of quantum radar systems needs to account for the attenuation
losses due to the atmosphere. There are two major contributions to atmospheric
attenuation: absorption and scattering [46]. Absorption is the process when light

is absorbed by the medium and its energy is dissipated as heat. Scattering is the
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process when light is absorbed by the medium and re-emitted in some direction with
minimal thermodynamic energy dissipation. The analysis of the electromagnetic field
in an attenuating media is very complicated and too difficult for the current context.
However, it is possible to obtain simplified equations if it is assumed that the medium
is adequately described by a chain of beam splitters as shown in Fig.

éb€i¢1 a2 a,etPN

o .o

& — PIBS | P/BS —p ' —P{BS |—p &

v !

A A A

ap a; ]

Figure 3.3: The attenuation of the light can be modeled using a chain of beamsplitters.

In this model, the whole propagation process over a total distance z is modelled by N
beam splitters. Each beamsplitter shows the attenuation of the useful signal and the
introduction of the background noise over a propagation segment Az. The incident
light in the first beam splitter is the transmitted signal from radar. The light that
is scattered or absorbed by the medium is represented by &;. Then, the remaining
useful signal is n;a, where 7, represents the transmissivity coefficient of the signal.
The transmitted light experiences a propagation phase exp(iweAz/c) = exp(ikAz)
where k = @ with €(w) being the refraction index of the medium, and where w is
the frequency of the transmitted signal and c is the speed of light. Throughout this
propagation segment, the background noise, denoted by &, in the above figure is
added to the system. Here, a;, represents the intensity of the background noise and

is assumed to be constant. On the other hand, its phase at the nth beamsplitter
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denoted by €' is assumed random, having a uniform distribution over [—m, 7]. The

output of the first beamsplitter is given by &, = 0y exp(ikAz)a, + a,e'

To maintain the commutation relation that [Aqy, al,] = 1, 4,e! becomes a,e! /1/1 — n?
and the output becomes &oy = 01 exp(ikAz)a, + no4,e’t with 1, = /1 —n?. This
output will be passed to the second beamsplitter and same analysis can be applied.

Thus, after N segments, the final output is

N
= n exp(ikz)a, + { Z “"nyexplik(N —n)Az + igbn]}éb (3.51)

The return signal described in Eq can be simplified to be represented by

= \/ﬁﬁs + 1-— néb (352)

where 7 stands for the overall system transmissivity. It is related to the propagating
medium, propagating environment, distance, and the target. a, is the annihilation
operator of the background noise, with the average noise photon N,/(1 — n). This
equation has omitted the frequency dependence of the transmitted signal which it
is explicitly shown in the above analysis because the central frequency of the signal
is assumed. Furthermore, to maintain the necessary commutation relationship of

operators [4,,al] = 1, a coefficient /T — 7 is added to 4.
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3.3.2 Discrete Quantum Illumination

The idea of QI was firstly introduced in the discrete photon number case. At each
detection event, the detector can distinguish between d modes per detection event.
Here, the number of modes is defined as d = WT', where W is the bandwidth of the
detector and T is the time duration of the detection window. Now, the signal and
idler photons can only be of one of d modes. N, represents the average number of
noise photons per mode. The detection window is designed such that at most one
noise photon is detected per detection event: N, -d < 1. The reference |7] studied

the discrete quantum illumination using one pair of entangled photons in the form:

1 d
¥) = i k; k) [K); (3.53)

where |k), means that the signal photon is in the k-th mode. The term |k), |k),
denotes the joint state of having one signal photon and one idler photon in the k-th
mode simultaneously. The generated pair of photons can be in any system mode with

the equal probability, =. The signal and idler photons are entangled because they are

L
in the same mode. Given the measurement of the idler beam, the probability of false
alarm can be reduced by a factor of d because the received signal will indicate the
presence of the target only when it is in the same mode with the idler photon. The

noise is in effect reduced by a factor of d. Then, the use of such entangled photons

increases the signal to noise ratio SNR by a factor of d.
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3.3.3 Continuous Quantum Illumination

The idea of the quantum illumination has been extended to continuous waves by
Tan et.al. in [§]. They employed the continuous Gaussian states obtained from
the SPDC process. Then, instead of transmitting discrete photons, two continuous
beam of photons are used. In [§], the bound of minimum probability of error in
state discrimination of the quantum illumination was derived. The result showed
that quantum illumination with the optimal receiver can achieve 6 dB improvement
in the error exponent compared with that of the classical illumination. Then, ref-
erence [47] proposed the first feasible detector design in the cw-QI using the optical
parametric amplifier. The error exponent of this receiver achieves 3 dB enhancement
compared with the classical illumination (CI); however, this receiver design is still
suboptimal. Then, the second receiver was proposed in [9] using the phase-conjugate
receiver, which also achieved 3 dB gain over CI. In [17], it has been shown that the
sum-frequency generation (SFG) receiver can achieve the optimal 6 dB improvement.

However, the implementation of this proposed detector is not practical and feasible.

3.3.4 Experimental Realization of Quantum Illumination

It is well-known that the losses and noise in realistic scenarios decreases the advantage
of adopting the quantum entanglement. However, experimental results showed that

the quantum entanglement still provides substantial gains over the classical systems.

Lopaeva et. al. [48] in 2013 presented the first experimental realization of quantum
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illumination systems. The SPDC is employed to generate two entangled beams of
photons. Those generated photons are passed to a high quantum efficiency CCD
camera. One beam (idler) is directly detected while the other beam (signal) is passed
to a target object (modeled as a 50:50 beamsplitter). Moreover, the signal beam
is superimposed with a thermal background noise produced by scattering a laser
beam on an Arecchi’s rotating ground glass. In this experimental realization, prior
information is unknown and a reception strategy based on photon-counting detection
and the second-order correlation measurement is employed. Their results showed that
the quantum protocols performed much better than its classical counterpart based on

classically correlated light at any background noise levels.

Moreover, experimental results in [49] showed the entanglement-enhanced sensing
system improved the performance substantially over the classical systems even in a

very lossy and noisy environment.

The experiment was carried out in 2018 [50] when the target was a white card.
The distance between the target and detector is around 32 cm. The single photon
detector was used. A series of lenses are used to collect the photons reflected from
the target. The collected light is then coupled into an optical fiber and then is sent
to the detector. The performance of QI and CI systems have been investigated using
the receiver operating characteristic plot, which showed the significant improvement

of the QI system over CI counterparts.
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3.3.5 Microwave Quantum Illumination

Currently, most studies have explored the quantum illumination system using signals
at optical frequencies due to the easy access and operation of optical devices such
as the SPDC process. However, signals at the optical frequency suffer from severe
attenuation in the free space unlike the microwave signals used in the classical radar
systems. Then, another research topic is to convert the entangled optical photon
pairs from visible light to the microwave range. This is called microwave quantum
illumination. In 2015, Barzanjeh et al. [51] proposed the microwave quantum illu-
mination which relies on the two optical Gaussian beams generated from the SPDC
process. Two beams are passed to an electro-optomechanical (EOM) cavity, which
converts the optical to microwave signals. The process is called collimation. After
this process, the microwave signal is sent towards the interested region and later it is
returned detected. It is then converted back to the optical frequency by another EOM
converter which converts the microwave to optical signals. Then, the converted opti-
cal returned signal and the retained idler can be processed using any detector design.
The reliability of microwave quantum illumination using this design at the laboratory
level was demonstrated. A major deficiency of this technique is the low efficiency
of the frequency conversion. Then, intense sources of optical SPDC generation are

required.

The non-degenerate Josephson parameter amplifer (JPA) [19], [52], [53] has been
used as a quantum microwave source in the quantum illumination [19], [54], [55].
JPA generators have been applied in the new proposal of quantum-enhanced noise

radar [54] and in the experimental verification of the advantage of microwave quantum
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illumination at macroscopic distances and at room temperature [19]. The weakness of
this method is that the JPA requires an extremely low temperature for its operation.
Also, the low achievable intensity of the beams precludes the systematic use of JPA

microwave quantum illumination in low range applications.
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Chapter 4

Quantum Detection Methods in QI

4.1 From Classical Detection to Quantum Detec-

tion

Decision theory treats the choice to be made among multiple hypotheses about the
system. In the simplest binary decision problem, there are two hypotheses, exempli-
fied by the absence or presence of a signal s(t) of known form in the input x(t) of a
receiver during a certain observation interval (0,7"). The received signal under each

hypothesis is

e Hy (null hypothesis): z(t) = n(t) (background noise only)

o H; (alternative hypothesis): z(t) = s,(t)+n(t) (reflected signal and background

noise)
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where n(t) is a random process representing the noise with certain specified statistical

properties. s,.(t) is the returned signal from the target, containing target information.

In quantum mechanics, the received signal is represented by its annihilation opera-
tor, a,. Then, accordingly, a, takes different definitions under two hypotheses. In
our signal model for target detection, we have: under Hj, there is only noise, and
under Hy, we have a target (see also Eq. , for which the returned signal is an

attenuated version of the transmitted signal. Thus, we have:

A

J H()I ér:ab

o Hi: a, =, /ma, ++/1—na

where &, represents the noise and a, stands for the transmitted signal. The parameter
1 denotes the transmissivity of the useful signal over a noisy medium. Quantum

illumination concerns the problem of quantum hypothesis testing.

4.1.1 Optimal Detection Strategy

A choice is to be made between two hypotheses about a system: H, with its density
operator p, and H; with p;. The prior probabilities associated are m, and m; respec-
tively. The cost of choosing H; when H; is true, P(H;|H;), is denoted as ¢;;. The
received signal only has two possible states {p,, p;} and the unbiased measurement
operator of the system under Hj is denoted as M, and M, is for the alternative
hypothesis. These two measurement operators must satisfy M, + M, =1 for the

measurement completeness where I is the identity operator.
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If, under H;, the received signal p, is measured by the measurement operator M,
this gives rise to the detection error of “missing” because M, yields the result of
“absence of target” while the target is present. Therefore, the probability of missing
is given by:

Py = ]E(MOP1) = tr[Mopl]

Similarly, the other error in the detection is the probability of false alarm given by

Pr = E(Mlpo) = tr[Mlpo] = tf[(i - M0>P0] =1- tr(M0p0>

where tr(p,) = 1 is used.

Given that Cj; is defined as the cost of deciding H; while H; is true, the average cost

is

C = mo[Coo(1 — Prr) + CroPu] + m1[Cor Pr + Ch1 (1 — Pr)] (4.54)

= 710Coo + mCo1 — m(Cor — Cll)tr[(Po - /\Pl)Mo]

where
7r0(010 - Ooo)

A= (1 —=m)(Cor — Ch1)

(4.55)

Since Cy; > Cyy, then C' will be minimised when tr[(p, — Ap,) M| is maximised.
(py — Ap;) can be represented in terms of its eigenstates |n;) with the corresponding

discrete eigenvalues as defined

(o = Ap1) k) = i i) (4.56)
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Therefore, py — Ap; = X1 1k |k) (1| and

tr[(po — Apy) Mo] = > m i) (el M) = 3 me (| M o) (4.57)

Then, the maximisation of > ns <77ka o|mk) can be performed if

(| Mo|nk) = 1, ne >0

(k| Mo|nk) = 0, np <0

Therefore, the optimal measurement operator of Hy is given by the eigenvectors with

non-negative eigenvalue of (p, — Ap;) and is written as

A

Mo= Y |n); (] (4.58)

k7nk >0

The previous analysis up to now concerns the design of optimum measurement op-
erators; therefore, such analysis assumes the full knowledge of both py, and p;. In
practice, however, We often encounter scenarios in which the background noise is un-
known and must be estimated. More importantly, the returned signal from the target
is also unknown. Hence, the optimum measurement operators cannot be realized in
practice. Without the full knowledge of py and p;, we try here to design measurement

operators whose performance may approach as closely as possible to the optimum.
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4.2 Quantum Chernoff Bound in Gaussian State

QI

The detection problem considered in Quantum Illumination concerns the discrimi-
nation between two Gaussian states. Based on the exact quantum statistics for the
entangled signal and idler beams obtained from the continuous-wave SPDC process,
the mode pair with annihilation operators ay, a; is in the maximally entangled state.

Thus, the joint state is represented in the Fock number basis such that [14]

)= 3 | g I (459

n=0

where |1)),; denotes the joint state of the signal and idler. N, is the average photon

number per mode. The term |n), |n), denotes the joint state of having n photons in

n

the signal beam and n photons in the idler beam simultaneously. The term (wa

gives the probability that this joint state, |n),|n),, will happen.

The output |¢), is a joint Gaussian state in the canonical representation with the

A A A A A
operator vector v, = [Vl V2 ¥

2 93 VYT = [a, & al a/]7, where ¥* denotes the kth

ve
canonical operator in V.. Thus, the application of the vector of operators v. on the
system state pg; = |1), (| gives random results whose mean is given by

V. = (Vo) = [vr 02 0P vt (4.60)
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where each element %, k = 1,2, 3,4, is given by

o = (¥4),, = ulohpy] = alok [0) (0] = (L9 )y (4.61)

The detailed derivation process is included in Appendix/A.T] and the mean is
v.=10 0 0 0 (4.62)

Then its covariance matrix I' = (¥, - v1), evaluated in Appendix ,

N, +1 0 0 N(Ns+1)
0 N, +1 N, (N, +1) 0
r— (4.63)
0 N,(N, + 1) N, 0
Ny(N, + 1) 0 0 N,

The diagonal elements in I' are given by the intensity of the signal or idler beam
while the anti-diagonal elements, \/Ns(Ng 4 1) reflect on the correlation between the
signal and idler beams. Viewed in this way, it is easily seen that |1)) . is maximally
entangled because the magnitudes of nonzero off-diagonal terms in I is equal to the
maximum value allowed by quantum mechanics given the diagonal elements of that
matrix. Indeed, the upper limit on the magnitudes of these off-diagonal terms for a

classical state where the signal and idler modes are unentangled, is Ny [§].

For the characterization of the receiver side, the vector of operators includes operators

of received signal and the retained idler, ¥, = [a, &; a/ al]T.
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Under Hy, &, = 4. Then its mean (v(¥) =[0 0 0 0]” and the covariance matrix
FO is
Ty = diag{N, + 1, N, + 1, Nj, N,} (4.64)

Under Hi, & = /fas + /T —n&,. Then its mean (¥V) = [0 0 0 0]7 and the
covariance matrix I';y is

nNs + Ny + 1 0 0 nNs(Ng + 1)
0 N, +1 IN,(N, + 1) 0
T, = (4.65)
0 nNs(Ns + 1) nNs + N, 0
IN,(Ns + 1) 0 0 N,

The decision between two hypotheses becomes the problem of distinguishing between
two Gaussian states, each of which is fully characterized by its mean vector and co-
variance matrix. As shown in previous section, the minimum probability of error can
be achieved by designing the operator using the eigenvectors with nonnegative eigen-
values of (p, — Ap;), which is infeasible in the practical implementation. Then, the
quantum Chernoff Bound (QCB) places an upper bound on the minimum probability

of error in the discrimination between two Gaussian states. The derivation of the QCB

relies on the covariance matrix in the quadrature representation v, = [X, P, X; Di
where x = éj/g‘f and p = —i(é\;;). Its mean of this vector of quadrature operators is
¥ = (¥,) =0 (4.66)

Then, the covariance matrices in the quadrature representation can be obtained from
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Iy and T'; respectively.

1
T§ = diag{2N, + 1,2V, + 1, 2N, + 1,2N, + 1}

2nNs + 2Ny + 1
1 0

4 2\/"7NS(NS+]‘>

0
2N, + 2N, + 1
0

24/nNg(Ns + 1)

0
2N, + 1

(4.67)

0

—24/nNs(Ns + 1)

ON, + 1

0 —2/nN,(N, + 1) 0

In the following context, I'? will be defined using quadrature operators while I" will

(4.68)

be defined using bosonic operators.

The following will present the derivation of the Gaussian state QCB, which requires

the symplectic diagonalisation of the covariance matrices.

4.2.1 Symplectic Diagonalisation and Normal Mode Decom-

position

Fundamental properties of the Gaussian states can be easily expressed by the sym-
plectic manipulation of the covariance matrices. By definition, a matrix S is called

symplectic when it preserves the symplectic form
SQST = (4.69)

where Q is given in Eq2.7
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Let n represents the number of modes considered in the system, while each mode is
considered as a subsystem of the whole system. According to Williamson’s Theorem

[27], there exists a symplectic matrix S for every covariance matrix, I' such that

U1
U1
r==s ST = S[é vp o] ST (4.70)
. k=1

Un

where @ denotes the direct sum. The direct sum of the above 2 x 2 matrices v;Is
is to formulate a matrix whose diagonal elements are given by these 2 x 2 block
matrices. The set {vy,vs, ..., v,_1, v, } is called the symplectic spectrum. In particular,

this spectrum satisfies

I vx = VdetT (4.71)
k=1

As mentioned in Section 2.1.3, because the covariance matrix I' and the density
operator p are connected by Eq2.13] it can be shown [56], [57] that the symplectic
diagonalisation of the covariance matrix as given in Eq[4.70]is equivalent to the unitary
transformation U on the system density matrix, which is called as the normal mode
decomposition of the Gaussian state. The normal mode decomposition of Gaussian
states is to split the Gaussian states into decoupled states. Since in QI, we deal with
mainly the received signal and the idler; therefore, from now on, we fix the number of

subsystems n = 2. From Eq2.20] the normal mode decomposition of the two-mode
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Gaussian states is given by [56], [57]
A 2 A
= U ® pu(wr)| U1 (4.72)
k=1

where U is the unitary transformation that preserves the Gaussian properties of p.
®?_, p,(vi) represents the joint state of two thermal states with p,, (vx). The defini-
tion of the thermal state is shown in Eq.2.16 with n = ”’“T_1[27] and the corresponding

thermal state is given as

e Vi — 1 .
pul) = o 2 (0 D bl (.73
This is a thermal state with the mean photon number n = . We observed that the

normal mode decomposition of Eq in fact transforms a two-mode Gaussian state
into two independent thermal states. The average photon number in kth thermal

state is proportional to the symplectic eigenvalue wvy.

4.2.2 Quantum Chernoff Bound

For a quantum detector, there is a finite bandwidth W and time durantion 7'; there-
fore, for each detection event, it can detect M modes where M = WT'. Then, the
received signal consists of M identical copies and then the joint state of M modes as

mentioned in Sec. 1.2.1 is given by

. HO: p0®®p0épg©M

« Hi:p ®---©p = pf"
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where p, = p,® p; and p; = npy+ (1 —n)p, ® p, represent the Gaussian states under

Hy and H,. p, represents the density operator of the background noise with p, =

oo Nyt
n=0\/ (Ny+1)"+1

is the density operator of the SPDC output: py = |tsi) (¥si]-

|n) (n| where N, stands for the average number of noise photons. pg

The probability of error given P(Hy) = mg and P(H;) = m is

Pe — 7T()PF + 7T1PM B Wotr[MlpO] + Wltr[Mopl]
= tr[M,mop,] + tr[Mom p,]
(4.74)
= m — tr[Mympq] + tr[Mmp,]

= m — tr[My(m1p; — opy)]
Thus, the minimization of P, corresponds to the maximization of the second term in

Eq. 1) which means that the measurement operator M, should be formed by the

eigenvectors corresponding to all the positive eigenvalues of (w1 p, — mop,), i.€.,

~

NG = S o) (vl (4.75)

k,v>0

This positive part of a matrix, R, is represented by Ry = 1(|R| + R) where |R| =

(RHR)Y2. Using this expression of the positive part of a matrix, the minimum of
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the probability of error in Eq. (4.74) is given by

1
Pe,min =m —tr |:2{|7T1p1 - 7T0P0| + (ﬂ-lpl - 7TOPO)}]

1 1
=T — 5(71 — o) — §tr(|7ﬁp1 - 7T0P0|)
1
= {m t 70— tr(|mip, - w0p0|)} (4.76)

1
— 5 |tx(mp)) + tr(mopy) — tr(1mip, — mop) |

1
= §t1"(7T1P1 + Topy — |T1p1 — Topy)

where we have used the fact that tr(m p,) = m and tr(mp,) = 7o given that tr(p,) =

tr(p,) = 1.

The following theorem [58] provides an upper bound to the minimum probability of

error given in Eq. (4.76):

Theorem 4.2.1 (i) Given two positive operators A and B and any 0 < s <1,
1
St [A+B-|A-B|| <tx(AB'™) (4.77)

(ii) Let A = mp, and B = myp, in Eq. . Then, the minimum error probability
mn Eq. is upper bounded by

: s -5 . 1 s 1—s
Pein < It tr((m0py)*(mip1)' ] < inf Str(pjpr ™) (4.78)

(iii) When the received signal consists of M identical copies, the minimum error prob-

ability becomes

1 . s 1-s\1M A 1 3
Pe,min < i[ogs}gl tr(Popl )} o 5[0%13121

Qs (4.79)
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where Q, = tr(pypi ™)

The detailed proof of the above theorem can be found in Appendix[A.2]

Eq. (4.79) is called the Quantum Chernoff Bound of the minimum probability of

error. When s = %, this error bound is called the Quantum Bhattarchayya bound.

We note that the upper bound on the minimum probability of error in Eq[4.79 is

dependent on @)s. To find the function @), we proceed as follows:

Given that the knowledge of p, and p,, calculating the power of these two opera-
tors, p5 and p;~° will involve complicated procedures; therefore, the normal mode

decomposition is employed to simplify the derivation with the clear procedure shown

in Appendix

Applying the symplectic transformation on the covariance matrices T'§ and T'Y of

Gaussian states as given in Eqs/4.67] and [4.68] with the corresponding symplectic

matrices Sg and Sy, let {a} and {5;} be the symplectic eigenvalues obtained and let
¥o and y; be the averaged value of 7 = [%/ pJ %I p?] on the density operator under
the hypotheses Hy, (j = 0) and Hy.(j = 1) respectively. Then, we have the following

theorem [56].

Theorem 4.2.2 For any two n-mode Gaussian states p, and p, having respective

normal mode decompositions (o, So, {auw}) and (y1,S1,{Bk}), we have,

Qs = Qs exp {_;dT [VO(S) + Vl(l — S)} _ld} (480)
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where
= 2"y Gs(ar)Gi—s(Br)
= (4.81)
V/det[Vo(s) + Vi (1 — 5)]
Andd =yo—y1
Vo(s) = So[ED Fi(ax)L]S{ (4.82)
Vil - ) = SID Fi . (3)LST (4.83)
Two defined functions G,(x) and F,(z) are
() = ol (4.84a)
(x4+1)P—(x—1)
Fylz) = EX P+ (o - L (4.84b)

RRCES I

The detailed derivation and development of this theorem is included in the appendix

A3l

Quantum Chernoff Bound of QI with SPDC Signal

Let us now apply the results of Theorems 4.2.1 and 4.2.2 to the case of the QI binary

detection described in Eqgs. (4.64]) and (4.65)). At the QI receiver, both system states

under the two different hypothesis p,, p, have zero means, i.e., yo = y1 = 0; hence,
the exponential term in Eq. 1} becomes unity, and thus, Q, = Q. The symplectic

matrix Sy of T'}) is the identity matrix I,. And its corresponding symplectic spectra
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8] are oy = 22t and ap = 2%+ The symplectic matrix Sy of I¥ is [8]
X, X_
S, = (4.85)
X X,
where
Ty 0 xT_ 0
X, = . X = (4.86)
0 =z, 0 —z_
and
A+ S+ \/(A+8)2 — anC2
Ty =
2,/(A+ 5)%? — 4nC?
N 2urs) (4.87)
A+S—\/(A+9)2 —anC2
Tr_ =
2,/(A+ 8)2 — 4nC?
where A = 2nNy;+ Ny, S =2N;+ 1 and B =2N, + 1, C = 2,/ Ny(Ns + 1).
Then, for T'},
1
B = Gl=DK(S = A) + /(A + 52 —4nC?) (4.88)

aq, ag, f1, B2 and Sg, Sy are obtained for T and T'}. Using the theorem mentioned

above, the corresponding quantum Bhattacharyya bound can be derived as shown

—_

16 "
o= 2{(\/a1+1—\/a1 —1)(Var +1—+Va —1)(vV/Bi +1 -} —1)(\/52+1—\/52—1)} .

1 M
{ W (B) + 22 Fy () + Fy(an)a? Fy () + 3 Fy (B2) + Fy ()] = [ — Fy (B Fy ()
(4.89)

where F% (x) is given by the Eq}4.84b| with p = % It can be seen that the ana-

lytic expression for this bound in Eq[4.89 is very cumbersome and it is hard to see
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clearly the relationship between the error bound and 7, Ng, N, and M. However, when
n <K< 1, Ny < 1, N, > 1, this expression can be simplified to a much more compact

approximation of this bound as shown

(4.90)

Then, the error probability for quantum illumination is upper bounded by Eq{4.90]

If we apply the error bound development in Theorem[4.2.2]to the coherent illumination
which employs the signal and idler that are correlated only to the maximum degree
allowed by the classical states (see Sec.2.2), then, the minimum error probability
bound will be given [§]

1 MnN
P(CI) < = . S
<o

) (4.91)

The QI with the optimal detection is expected to achieve 6 dB improvement in the
error exponent over the coherent illumination case. This result shows the expected
superior performance of the quantum illumination systems over the classical counter-

parts.

4.3 Power Detection Methods in QI

The calculated QCB shows the advantage of the quantum illumination system over
classical radar systems. Then, the receiver design to reach this bound is pursued.
Current researches on the detector design included the proposal of detectors using

the optical parametric amplifier and the phase conjugator respectively. The design
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with the amplifier will be discussed in this section. However, it has to be noted that
these two detectors are suboptimal, and can only achieve a 3 dB improvement over

classical illumination systems.

4.3.1 Optical Parametric Amplifier

Central to the first practical quantum detection method in the QI using SPDC sig-
nals is the use of the optical parametric amplifier (OPA), which is used to exploit
the entanglement. Here, we will briefly discuss its operation. An OPA is an opto-
electronic device which uses four-wave mixing enabled by the Kerr nonlinearity to
amplify optical signals [59]. The operation of the OPA with a power gain G is shown

in Figld.4] and governed by the matrix equation

T

A4
\4
<
=

OPA

Figure 4.4: The schematic diagram of the OPA with two inputs x1, 5 and two outputs
Y1, Y2

a,| | VG VG-1]|a, (192)

al | |va=1 V@ ||ai,
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The OPA takes two inputs with the annihilation operator, a,, and a,,. It generates
two outputs which are different combinations of two input signals. In this analysis,

we only focus on y;, which is given by
a,, = vVGa,, +VG —1al, (4.93)
Then, its number operator implemented by the photon detection at the output is
n, =al 4, = Gal &, + (G — 1)a,al, +/G(G - 1)(al al, +4,,4,,) (4.94)

If the two inputs are uncorrelated, the cross terms in the above equation are zero and

the mean number of photons at this output is given by

<ﬁy1> = <é;51éy1> =G <é;rclé‘$1> + (G - 1) <éxzéj[:2> (495)
Let the mean numbers of photons of two inputs be (f,,) = (&l 4,,) = m; and
(f,,) = (af a,,) = my. Then, as [4,41] = 1, 44" = 1 + 4'4, the mean number of

photons at the OPA output is (f1,,) = Gmy + (G — 1)(1 + my). This output includes
the two amplified inputs and the noise added by the OPA represented by (G — 1).

The variance of this output is given by

0? = (0} = (A2) — (i,,)? (4.96)
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where, from Eq. (4.95)), we have

(hy,) = G* (7)) + (G — 1)*(1+ 2 (hy,) + (A7)

(4.97)
+ G(G - 1)<<ﬁwlﬁl’2> + <ﬁx2ﬁw1> + <(1 + ﬁﬂm)(l + ﬁm))
and
()" = G* (B,,)" + (G = 1)*(1+2(A,) + (R,)”)
(4.98)
+G(G = 1)((Aa,) (Nay) + (Bay) (As,))
Thus, the output variance is given by
0’ =G> + (G —1)%02, + G(G — 1)(1 +my + my + mymy) (4.99)
where o2 and o2, denote the variance of two inputs: o2, = (A2) — (f,,)” and

02 = (1) — (f,,)>. As given by Eq , the variance of the output signal consists

€2 T2

of amplified variances of two inputs and the additional term resulting from the para-
metric amplification process. Therefore, the use of an OPA not only adds additional

noise photons to the output but also contributes to its variance.

If two inputs are correlated, the mean number of photons at this output is given by

(hy,) = G (i) + (G = 1) (A, + 1) + /GG~ 1)((a],a],) + (a,.4,,)  (4.100)
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And the variance is given by

02 = 6120‘21 + G(G — 1)0’§2 -+ G(G — 1)(1 + mq + mo + mime
2, 42 A9 A A A
= G(G - 1)[(&;1 IZQ) <aa?1alz> + <a§2a331> - <a$2ax1>2]
= G \/ G(G - 1)[<aT é551 Al1 CC2> + <éllélzallaxl> - 2m1 <é-ai-:1él‘2>]
= G\/ G(G - 1)[<élléwléxzéw1> + <éw2éﬂflé;rclél“1> —2my <é€02§x1>]

= (G~ )\/G(G ~ [{aalalal) + (al, &l 4,,40) — 2m, (4l 4l,)]

Tl T2 T2 Tl T2

(4.101)

= (G - 1) G(G - 1)[<a9€2 lgamawl) + <éx2é‘zléx2é‘l2> —2my <éxzé$1>]

The OPA is a nonlinear optical device, which can modify the statistical properties of
the light it amplifies. If the signal to be amplified exhibits squeezing property such
as the SPDC output, this feature can be lost after amplification when the gain is too
high. The limit of the power gain which can preserve the non-classical property in
the signal has been derived [60], and the recommended maximum gain for the OPA

is 2. Thus, in the quantum detector proposed in the following, we choose G' < 2.

4.4 Double-OPA Detection Design

Inspection of the one-OPA design reveals that both the mean and variance of the OPA
output depend on the intensity of the two inputs. Thus, we may find an optimum
combination of the two inputs arriving at an output having a minimum detection
error. This leads us to the consideration of a new double OPA detector. The optimum
design and its detection performance analysis are presented in this section. We first

propose to pre-process the idler before mixing it with the received signal beam. This
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leads to the configuration of a two-OPA photon counting detector as shown in Fig{4.5]

()

{”i}i]\il

Figure 4.5: A schematic diagram of the proposed dual-OPA detector design. It
consists of two OPAs with different gain and one photon counter

Here, the first OPA with gain G takes on two inputs, the idler beam a; and the

vacuum beam a,, producing an output

aa = \/Gha + /Gy — 14] (4.102)

This output is then passed to the second OPA having gain Gy, and together with the

received beam, a,., form the output

4, = \/G1God; + /Go(Gy — 1)al + /G, — 1a] (4.103)

where &, denotes the output of the two-OPA detector. A photon counter is placed at
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this output to measure the number of photons giving

n, =4ala

= G1Goala; + (Go — 1)a,al + /G1Go(Go — 1)(afa, + aal) + Go(Gy — 1)(ala, + no
+ Go/G1(Gy — 1)(alal +a,4,) + \/GO(GO —1)(Gy — 1)(a,4] +4,4a!) 0
= G1Goala, + (Go — Da,al +/G1Go(Go — 1)(afa, + aa) + Go(Gy — 1)

The result in the last step of Eq}4.104] is because of the fact that (afa,) = 0 and
other terms involving &, or af which yields zero as well. The photon number <é;éy)

is obtained by taking the average of i, in Eq4.104]

For this two-OPA detector, the expected number of photons N; = (fi,) under hy-

pothesis H;,7 = 0,1 are

Ny = G1GoNs + (Go — 1)(1 + Np) + Go(Gy — 1) (4.1052)

Ny = G1GoNs + (Go — 1)(1 + Np +nNs) + 2/G1Go(Go — 1)y/nNs(Ns + 1) + Go(Gy — 1)
(4.105b)

The variance under each hypothesis can be calculated using Eq[4.96] Under Hy, the

variance is

o5 ~ GIGNg(Ng + 1) + (Go — 1)’ Np(Np + 1) + G1Go(Go — 1)(1 + Np + Ng + 2NpNg)
(4.106)

where the first two terms come from variances of two input signals and the third

term originates from the OPA process. since a, includes &, and a, has to satisfy the

commutation relationship [4,,4af] = 1, then, a coefficient \/T — 7 has been added to
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a, and correspondingly, the averaged noise photon number becomes lj\i—“; Here, the
approximation sign (/) used in Eq}4.106| and Eq}4.107]is because when n < 1, 1]\1—37]
is approximated by Np.
Similarly, under H;, the variance can be derived and is given by
o1 = GIGiNs(Ns +1) + (Go — 1)*(N; + Np + nNp)
+ GOG1<G0 — 1)(1 + NB + NS + 2NSNB)
(4.107)

+(Go — 1)(1 +2Np)y/GoG1 (Go — 1)/nNs(Ns + 1)

+ G1Go(4Ns + 3)1/GoG1(Go — 1)y/nNs(Ns + 1)

The first two terms are the amplified input variances. The OPA process contributes to
the third term. The last two terms are related to the entangled relationship between

two input signals.

Then, at each trial, the measured result of the output is noted and the averaged
result over M trials is used as the test statistics. When the number of trials, M is
sufficiently large, the distribution of the mean number of photons detected at this
output, n; can be approximated as a Gaussian distribution with above mean N; and
variance o2 /M due to the Central Limit Theorem. If the detection threshold Ny, is

pre-determined, the probability of false alarm and probability of missing are

> 1 N — N,
P = / p(ntIHo)dntzerfc(M> (4.108a)
Nin 2 \/WUO
Nth 1 N _ N
Py =/ p(ne|Hy)dng =1 — erfc<“‘1) (4.108D)
—o© 2 \/2/M0'1
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4.4.1 Minimum Probability of Error Criterion

The detector in radar systems can be designed to minimize the total probability of

error. Without any prior information about the target presence, it is assumed that

1
P(Hy) = P(Hy) = 3 (4.109)
Then, the probability of error becomes
1
P, = §(PF + Pyr) (4.110)

where Pr and P,; are given in Eqgs. [4.108f The minimum probability of error in
this case can be achieved when the threshold is chosen to be the cross-over point of
p(nu|Ho) and p(n,|Hy):

o1 Ny + 00 Nq

Ny~ ———— 4.111
th 00—|—0'1 ( )

where this approximation comes from the approximation In(og/o1) ~ 0. Then, the

minimum probability of error is

1 M(Ny — Ny)?
P, = —erfe|,| ————— 4.112
er N St o (4.112)

As Nj;,0; are all dependent on Gg and G, the minimum probability of error can
be further optimized with respect to Gy and GG;. Optimal Gy and G are given by

calculating

0P, 0P,

=0, =0 4.113
aGO G()opt 8G1 Glopt ( )
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If the solution is found by locating the optimum value of Eq. (4.113), because there
is no constraints on values of Gy and G1, it is called as an unconstrained optimum
design. However, since the gain of the OPA should not exceed 2 for the preservation
of entanglement [60], a constraint is put on gains of both OPAs such that Gy < 2 and
G < 2. An optimum solution under this constraint of the gains is called a constrained
optimum design. The performance of both constrained and unconstrained optimum

designs of the 2-OPA detectors is evaluated in the following section.

5 M1 | ]
' !
T i
45 1 -0.35
4 : -04
I
i T -0.45
35 (i [ '
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o5 I 1 | -0.55
| |
@
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(1) Unconstrained Optimum Solution: — Closed-form solutions of Eq.(4.113) are very
difficult to obtain. We obtain the optimal solution by exhaustive numerical search.

Figure shows the log of the probability of error of the detector at different values
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of Gy and G. This figure is plotted with given values of Ng = 10, Ng = 0.01,n =
0.01, M = 10°, and there is no constraint on G and G,. Here, we locate the optimum
values of OPA gains to be Gg = 1.1, G; = 8.5. Compare this value with the one-OPA

design (G =1 case) in which the optimal value of Gy is 1.1.

(2) Constrained Optimum Solution: — In [60], it has been demonstrated that there
is substantial loss in the entanglement between the signal and idler when the gain is
equal to or higher than 2. This places a constraint on gains of both OPAs such that
Gy < 2 and G < 2. Following these gain constraints and performing an exhaustive
numerical search using numerical values of Ng = 10, Ng = 0.01,7 = 0.01, M = 106,

the constrained optimum gains for the two OPAs are Gy = 1.1 and G; = 1.9.

Numerical Results

The probability distributions p(n,|H;) for this set of parameters are shown in Fig[4.6{a)
of one-OPA detector and in Fig[.6(b) of unconstrained two-OPA detector, in Fig[4.6{c)

of constrained 2-OPA detector.
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(a) one-OPA (b) unconstrained two-OPA

Figure 4.6: The probability distributions p(n,|Hy) and p(n,|H;) with M = 10°

From Fig[4.6 it can be observed that p(n;/Hp) and p(n:|H;) are separated farther
in the unconstrained 2-OPA detector than those of 1-OPA design. In the 2-OPA
detector design, the overlap between two distributions is significantly smaller thsn
that for the 1-OPA detector. Therefore, the detector using two OPAs is expected to

achieve a lower probability of error than the 1-OPA detector.

Minimum Error Probability with M

The minimum error probability as defined in Eq[4.112]is dependent on the number of
trials M. The numerical result given by Eq[4.112]is obtained for these three designs
of detectors: (i) optimum 1-OPA design, (ii) optimum constrained 2-OPA design, and
(iii) optimum unconstrained 2-OPA design as shown in Fig[4.7]
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Figure 4.7: The probabilities of error for different M of one-OPA and 2 two-OPA
detectors

Fig[i.7 shows that when M is relatively small, say, at 4 x 10%(log,, M = 4.602), the
probability of error of 1-OPA design is 33.17% (log;, P. = —0.48). At this point,
the two-OPA detector achieves 29% (log;, P. = —0.535) error probability, which
outperforms the previous design significantly and makes this detector design desirable

as a radar system.

When M increases from 4 x 10* to a larger value, say, M = 10%, the error probabilities
of both detectors decrease. The probability of error of one-OPA design decreases
gradually from 33% to 1.6% (log;oP. = —1.78). There is a sharp reduction in the
error probability of two-OPA design from 29% to 0.32% (logioP. = —2.51).

From this plot, it can be concluded that the number of independent trials required

to achieve the same error probability can be largely reduced when two-OPA detector
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design is employed. At a given M, the error probability achieved by the two-OPA

design is much lower than that of one-OPA design.

The result in Fig{4.7] provides the approximated theoretical minimum error probabil-
ity. For the practical simulation results without approximation, the performance of
these three detectors is shown in Fig[.8] In this case, the weak signal is immersed in

the bright noisy background, Ny, = 0.01, N, = 10,7 = 0.01

Ionge

Two-OPA (cons.)
One-OPA
QCB

4.8 4.9 5 5.1 5.2 5.3 5.4
IogmM

Figure 4.8: The numerical simulation of the one-OPA detector and the dual-OPA
with the linearity constraint in comparison with the theoretical QCB.

For a clearer comparison, the following table includes the probability of error for two

detectors at different values of M.
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M =105 | M =3%10°
1-OPA | 0.3315 0.236
2-OPA | 0.2505 0.113
QCB 0.1839 0.025

Table 4.1: The minimum probability of error for two OPA detectors

The advantage of the 2-OPA detector over 1-OPA is still obvious in the practical

simulation.

4.4.2 Neynman-Pearson Criterion

In many practical cases, the target is unknown and therefore, the returned signal
under H; is unknown. An important detection strategy to overcome this difficulty is

the Neynman Pearson criterion. This criterion involves a likelihood ratio test

 plnlH)
H) = i)

It is only the value of the threshold with which this ratio is compared that varies
with the criterion. The performance of the test can be completely specified by a
graph with the probability of detection, Pp against the probability of false alarm,
Pr. Such a graph is called the receiver operating characteristic (ROC). It depends

only on the probability density function of the observations under two hypotheses,

p(ns| Ho), p(ne| Hy).
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Using this criterion, the detector is designed so that the probability of false alarm is
constrained to be less than a fixed value o while the probability of detection is max-
imised. Then, varying the value of o, the performance of the detector can be plotted
as the receiver operating characteristic (ROC) curve, which displays the probability

of detection achieved at different probabilities of false alarm ranging from 0 to 1.

The performance of one-OPA and two-OPA detector designs is investigated. The sys-
tem parameters in this performance comparison (Figl4.9)) are chosen as M = 105, N, =
0.01, N, = 10,7 = 0.01 in .

For the distributions p(n| H;), its variance var=0? /M decreases as M increases. Thus,
the overlapping area between two distributions becomes smaller and the error prob-

ability is correspondingly reduced.

When the acceptable probability of false alarm is below 0.2, the highest probability
of detection achieved by one-OPA detector is around 70.4% while 81.3% is achievable
for unconstrained two-OPA detector design and 76.2% for the constrained two-OPA

design.
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Figure 4.9: ROC of one-OPA and two-OPA detector designs with M = 10°

Fig[4.10] shows the improvement of the probability of detection as a function of Pg.
It plots the difference between Pp of the 2-OPA with linearity constraint and 1-OPA.
We can observe an enhancement at any probability of false alarm. The maximum

enhancement is about 7.11% at Pr = 0.07.
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Figure 4.10: The difference between the probabilities of detection of two-OPA and
one-OPA detectors as a function of probability of false alarm

Variation of Receiver Performance with M

The performance of detection designs in ROC plots is investigated at three number

of trials, M =5 x 10*,10°,2 x 10° as shown in Figl4.11]
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Figure 4.11: Receiving operating characteristics of one-OPA and two-OPA detectors
with M=5 - 10* and M = 10°

In Figld. 11] it compares the performance of the one-OPA and constrained two-OPA
detector designs. At any value of M, the two-OPA detector achieves better perfor-
mance than the one-OPA design. Moreover, when M increases, the advantage of
the 2-OPA over 1-OPA becomes more obvious. Table shows the probability of
detection of two detectors at three different M when the probability of false alarm is

fixed at 0.05.

M=5x%10* | M=1 % 10° | M=2 x 10°

1-OPA 0.25 0.40 0.62

2-OPA 0.30 0.47 0.71

Table 4.2: The probability of detection of 1-OPA and 2-OPA designs at M = 5 x
104,10, 2 * 10°.
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When M increases from 5 * 10% to 2 x 10°, the improvement introduced by the 2-OPA

design increases from 5% to 9%.

Detection Performance with N and 7

The performance of detectors is dependent on the background noise level. When
Np increases, both Ny and N; increases; however, the difference between them is
unchanged. Moreover, oy and o? increases with Np. Therefore, the performance of
both OPA detectors deteriorates significantly when the environment becomes more
noisy. However, the dual OPA detector achieves better detection performance at any

noise level compared to that of the one-OPA detector.

Therefore, the ROC plots at three different noise intensities, N, = 5, 10, 15 in Fig[4.12]
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Figure 4.12: Receiving operating characteristics of one-OPA and two-OPA detectors
with M=5-10% and M = 10°

Moreover, the mean and variance Ny, o1 are dependent on the system transmissivity 7.
From Egs. , increasing 7 increases the difference between Ny and N;. 0? becomes
more significant with an increasing value of 1. Therefore, the system with a larger
system transmissivity increases N; but sacrifices the variance. Compared with the
impact of the noise level in the system performance, the impact of 7 is less significant.
As shown in Figld.13] there is an improvement in the detection performance of OPA

detectors when 7 increases.
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Figure 4.13: Receiving operating characteristics of one-OPA and two-OPA detectors
with M=5 - 10* and M = 10°

Moreover, the dual OPA detector at any value of 1 achieves a higher probability of

detection than that of one-OPA detector.

4.5 Quantum Detection - Covariance Matrix

The bipartite (entangled) states of two modes of the radiation field are employed in
Quantum [lumination. If the SPDC process is considered as the major source of signal
generation, its output as a Gaussian state will be considered which the mean and
covariance matrix can be completely characterize by its mean and covariance matrix.

Besides the mean values of the quadrature operators X, p which the OPA detection

5


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

design relies on, the most relevant quantity needed to characterize a bipartite state is
its covariance matrix. Therefore, it is suggested to investigate the use of the covariance
matrix between the return signal and idler under each hypothesis in the Quantum
[Nlumination. Here, a theoretical analysis of this method is presented and the method
of construction of the covariance matrix is included. The performance of the detector

with covariance matrix is compared with two OPA detectors.

4.5.1 Theoretical Analysis

The SPDC output is a zero-mean Gaussian state whose Wigner distribution takes the
form
1

1 T /1q —1V
p(v) = T {— V() (4.114)

where v = (xg, ps, T, pi) is a vector of Cartesian coordinates of signal and idler sys-

tems.

The covariance matrix of a two mode state is a real symmetric positive matrix defined

as follows

A‘A/Q‘A’l A\Afg A\?Q\?g AV2V4

¢ (4.115)

AVsV; AVzVe  AVZ AV3Vy

A A A A A A A9
Avyvy Avyvy AVyvs AV

A N A A A . N N A\ 2
where v = (X, Ps, Xi, Ps) i a vector of quadrature operators. Av? = (v2) — (¥;)” and

For the SPDC output, its Wigner-distribution covariance matrix between the initial
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signal and idler beams can be obtained using the Eq4.115

2Ng + 1 0 2,/Ns(Ns +1) 0
et 0 2Ns +1 0 —2,/Ng(Ng + 1)
2, /Ns(Ns +1) 0 2Ng + 1 0
0 ~2,/Ns(Ns +1) 0 2Ng + 1

(4.116)

The covariance matrix between the return signal and idler beams under each hypoth-

esis becomes

2Np +1 0 0 0
1 0 2N + 1 0 0
rf=; " (4.117)
0 0 2Ng +1 0
0 0 0 2Ng +1
And
2(77NS+NB)-|—1 0 2\/77NS(N5+1> 0
po_ L 0 2(nNg + Np) +1 0 —2,/nNg(Ng + 1)
1= 7
419 /nNs(Ng + 1) 0 2Ns + 1 0
0 —21/7]N5(NS+1) 0 2Ng + 1

(4.118)

It can be observed that the difference between two covariance matrices is significant.

Therefore, the covariance matrix provides more information than the measured output

intensity.

Every element in the covariance matrix requires the calculation of the expectation

value of different operators with respect to the system state, <X> ,- However, in reality,

7


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

getting these values needs numerous repeated computations.

Construction of Covariance Matrix

Reference [61] proposed the method of contruction of covariance matrix using a sin-
gle homodyne detector and their results showed that this method is convenient and
robust. The covariance matrix in Eq consists of three parts

A C
' =

c” B
The construction of A and B relies on the measurement of the return signal and
idler respectively. C requires the measurement of correlation relationship between
the return signal and the idler. Diagonal elements in A correspond to the variance of
X, and P, respectively. The measurement of X is performed using a single homodyne

detector.
Off diagonal elements in A are

i = an = 5(@) — (B) ~ (%) (B) (4.119)

where z, = ’A‘%ﬁf”“ and t, = &TJ;T. For a single mode, indicated by Eq.(2.57), it is
required to obtain values of z,p,t and z. These values can be obtained by a single

homodyne detector with the systematic diagram shown in Fig[4.14]
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Figure 4.14: The schematic diagram of a homodyne detector

The interested mode, & and a strong signal from the local oscillator ae® are fed into
a 50:50 beamsplitter (BS). o denotes the magnitude of the local oscillator signal and
¢ represents the phase difference between a and the local oscillator output. Two

outputs from the BS are

a+ ael
61 = — 4.120a
1 \/§ ( )
A Z(bi
Gy = 20 2 (4.120D)

V2

One output ¢; is measured by the photodetector, PD1 and ¢, is fed into PD2.

1 A . 4
éle, = i(éTé + a1 + ae®al + ae ?a) (4.121a)

1 , .
éhey = i(éTé + o1 — ae™®al — ae™%4) (4.121b)
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The difference between outputs of two photodetectors becomes

o . o eal + e7?a
Ci — c§c2 = aeal + ae ™4 = ﬂaT

Then, with the knowledge of amplitude of local oscillator output «, the output can
be normalized to
e?al + ei%a

§ = — (4.122)

where for different values of ¢, it becomes

%, 6=0
v p, ¢=1/2

z, ¢o=m/4

t, ¢o=—-m/4

Therefore, different parameters can be measured by adjusting the phase angle of the

local oscillator.

In the construction of the covariance matrix, six different modes are of interest. First
group are the return signal and idler modes with their annihilation operators a, and
a; respectively, which are used to reconstruct A and B. In the construction of C,

another four modes are focused on, which are different combinations of a, and a; as

shown:

a = (&, +4,)/V2, a=(4—4a)/V2,

a3 = (ia, +4,)/V2, a4 =(ia —4a;)/Vv2 (4.123)
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These four modes are achieved by passing the return signal and idler to different
setups. a; and a, are two outputs of the beamsplitter. For as and a,, the return
signal is passed to a A/4 plate, whose output is combined with the idler beam by a

50:50 beamsplitter.

then the elements of C can be expressed in terms of these parameters such that

en £ (83 — (&) - (%) (%)
i 2 S(0%) — (03) — (%) (o)
2 (4.124)
e = §(<>A<Z> - <)A<§>) —(p,) (%)
en 2 (50 — (B3) — (b2) ()

where %; = (&; +4!)/v2 and p; = —i(&; — al)/v/2, j = 1,2,3,4.

We note that the SPDC output is a zero-mean Gaussian state. For one system mode,
four different operators are measured using the measurement setup stated above.
The determination of the expectation value of each operator and its variance can be
carried out using the quantum tomography [62]. This allows reconstructing the mean
value of any quadrature operator, (8,), as the statistical average of a suitable kernel
function over the ensemble of homodyne data, {(v,,0,)}Y_,. Here (v,,6,) denotes
the measured data v, at the system measurement phase 6. The phase range will be

[—m,m]. Then, the expected value of §; can be given by

1 & 1 X
(86) = —= Y Re(vn,0,), and (82) = — > K(vy,0,) (4.125)
N n=1 N n=1

where N is the total number of samples, and € > 0.5 is the detection efficiency, usually
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taken around 90%. R and K are the kernal functions.

The suitable kernels are[61]

R(vp, 0,) = 2v, cos(¢p — 6,,) (4.126a)

K.(vn,0,) = 1{1 + (402 — 1)[4 cos(6 — 0,) — 1]} (4.126D)

The derivation of the QCB relies on the symplectic diagonalisation of two covari-
ance matrices, which places an upper bound on the minimum probability of error
P, < %exp(—%). However, in the OPA detector designs, only the 11th, 33th, 13th
and 31th elements in the covariance matrices are exploited to increase the difference
between Ny and Ny, i.e., the OPA detector designs do not use all the information in

the covariance matrix and therefore cannot achieve optimal error performance. The

Chernoff bound for the OPA detector [47] is P. < 1exp(—28*) and is substantially
b

higher than the Quantum Chernoff bound.

From the reconstruction of the covariance matrices, all 16 elements in the matrix can
be obtained and will be used for target detection. Therefore, the detection method
relying on the reconstructed CM is expected to outperform the OPA detection designs

and approach the Quantum Chernoff bound.

4.5.2 Target Detection based on distance of CM

To facilitate target detection in quantum illumination by distinguishing the CM T’y

from I'y, we need to introduce some measures of the statistical relationship between
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these matrices. Let us suppose we have a library of “noise-only” CM obtained by
directing the beams of photons towards a known “no-target” region, followed by
correlating the received and the idler beams as described above. We denote this
set of estimates of CM under Hy by {Tg,,n = 1,---, N} and note that these CM
estimates are Hermitian and positive semi-definite (HPSD) . In the following, we
present some measures which account for the statistical relationships between these

madtrices.

To distinguish between any two of these matrices Ty, and fon, we define a distance
measure d(Tgp,, To,) which is a metric satisfying the non-negativity, symmetry, and
triangle inequality axioms. The distance between two matrices measures the dissim-

ilarity between them. Here, we focus on the following measures.

Euclidean Distance between CM

We can regard two such M x M matrices as two free points in the M? complex signal
space H and apply the Euclidean distance (ED) as the distance measure between
them. ED is an inner product [63] distance which is the most commonly used in signal
processing because it coincides with the usual concept of distance in a 3-dimensional

space. The ED between two such matrices Ty, and Ty, is defined as

dis (Foms Ton) = \/tr[(f‘0m — Tou) (Fom — Ton)] (4.127)

Eq. (4.127)), induced by the inner product norm, is sometimes also called the Frobe-

nius distance [64].
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Riemannian Detection between CMs

Covariance matrices, being HPSD, are structurally constrained, and form a manifold
M in the signal space ‘H [22]. Thus, the distance between two such matrices should
be measured along the geodesic of the manifold. This distance is known as the
Riemannian distance (RD). Measurement of RD between HPSD I' € M can be
facilitated [21], |22] by establishing a mapping 7 : M — H. This mapping 7 associates
each point I' € M with a I'' £ 7(T"). By choosing a particular mapping 7 with its
corresponding Riemannian metric, we can find a Euclidean subspace Uy in H which
contains IV and which is isometric with Ty (T'), the tangent space at I" on the manifold
M. Hence, the RD between I'y and I'; on the manifold M can be expressed directly
as the distance between I'} and T, in the Euclidean subspace Uy, in which ED is the
distance measure. Following this approach, three different closed-form expressions of

RD for the HPSD matrix manifold have been obtained and studied [22].

dg, (P, Ppn) = \/tr P,+P,— 2(P}7{2PnP}7{2)1/2} (4.128a)
dgy (P, Prn) = \/tr P,+P,— QP},{QP}/Q} (4.128b)
dpy (P, Ppy) = \/tr (log P;I/QPnP;fﬂ)?} (4.128c¢)
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Choices of Distance Measures

The sample covariance matrix I' follows a Wishart distribution with its mean and

covariance matrix defined [65]:

E(I) =T (4.129)
cov|vec(T)] = i(I@ +K)(T®T) (4.130)

where n is the number of identical samples. The matrix K is defined as

K=Y (H,®H,) (4.131)

1,j=1

where H;; is the 4 x 4 matrix with only its ijth elements equal to one and other

elements zero.

The mean and covariance under the ith hypothesis are E(T'|H;) = T'; and cov[vec(I")| H;]

LIz + K)(T; @ T;). The relative distance measured is

d(To,T)

0'0+O'1

A= (4.132)

where o; = \/tr(cov[vec(f)]Hl-]).

The relative distance using the Euclidean distance, dr; and dgrs has been investigated

as shown in Fig
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Figure 4.15: The relative distance using three distance measures at different values
of n

It can be observed from this plot that Riemannian distances give a higher relative dis-
tance over the Euclidean distance. However, results from two Riemannian distances

are very close. We choose dr, because it is more mathematically tractable.

In this thesis, we only employ dgr, (re-denoted as dg here) which was developed using
the mapping 7 such that P’ = P'/? together with an appropriate Riemannian metric
[22]. Thus, suppose we have two random sets of Gaussian states {vg,,} and {vq,}
collected under the hypothesis Hy, and we form the respective sample CMs T'y,,, and

Ton using these two collected sets of Gaussian states. Then, the RD between Tom
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and Iy, can be expressed as

dr (Fom, Ton) = \/tr [fo,n + T, — 22T/ (4.133)

Suppose {V1,,} and {vy,} are collected under H;, then the RD between Ty, and Ty,

can be expressed as

I (Fr Ton) = %r L e (4.134)

Mean of Positive Semi-Definite (PSD) Matrices

The mean is a fundamental statistic used in signal processing to represent centrality
of data points. For a finite set of real scalars, {z1,xs, -+ ,zx}, the arithmetic mean
or simply the mean is defined as z = % >n Tn. 1t is well known [66] that the mean

minimizes the sum of the squared distances from the points.

For a group of M x M PSD matrices, {f‘n, n=1,---, N}, the concepts of mean can

be generalized by using their geometric properties, thus we have,

N
T =arg mf@n > od? (f‘, f‘n) (4.135)

n=1

where d, the distance measured between two matrices, is a general metric. For the
particular cases in which d is considered to be the various RD dgr, then the results

are respectively called the Riemannian mean (RMn), denoted by T'r. Notice that
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different RD yields different RMn. Likewise, if d is taken to be ED, we will call the

corresponding central points Euclidean mean (EMn), denoted by I'g.

The sample Euclidean mean (EMn) can be evaluated by simply taking the arithmetic

mean of the N observed matrices T',, such that

1 N
= 2:: (4.136)

On the other hand, RMn has been studied by various authors [67], [68]. A fast
convergent algorithm to locate RMn has been developed on the manifold [69] by
alternately projecting the mean from the isometric Euclidean subspace to the Rie-
mannian manifold, and back. For our chosen RD of Eq. , it turns out to be

particular simple such that the RMn is given by:

Tp =T Ty (4.137)

where f‘% = %Zé\le 1:‘2/2. Eq. (4.137) can be shown by substituting dg of Eq.

(4.128b]) correspondingly into Eq. (4.135]) and equating the differential of the objective

functions w.r.t. to T to zero.

Weighted Riemannian Distance and Weighted Mean

The M x M CM can be emphasized or de-emphasized by the weighting of the dis-
tance measure. Weighting is usually designed according to prior information for the
facilitation of the application. Weighting of a distance can be effected by applying

a HPSD weighting matrix W to the CM such that we write W = &', where = is
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M x K, K < M, and we let I',w = ET,,2 and I',,w = Z'T,,= be the weighted
versions of I',, and T',,, respectively. It is easy to see that I',,w and T',,w are also

HPSD matrices. The distance between two weighted HPSD matrices then results in

a weighted distance. Thus, from Eqs. (4.127)) and (4.128b]), the weighted ED and

weighted RD between I'), and I',, are given by

dwe(Tom, Ton) = \/tr[(mew = Touw ) Tomw = fénw] (4.138a)

~ ~ ~ ~ ~1/2 =~1/2
dWR(FOm, FOn) = \/tr[FOmW + FOnW - 2F01/71WF07/1W]

(4.138D)

By substituting dy g correspondingly into Eq. (4.135]) and equating the differential of
the objective functions w.r.t. to I' to zero, it can be readily shown that the weighted

Riemannian mean is given by

Twr = Dyl (4.139)

U =in =
where Typ =+ YN (E'T,E)Y2

For the purpose of target detection, the optimum value of the weighting matrix W

will be developed in the following section.

4.5.3 Target Detection Based on the CM

Target detection is a binary problem deciding if the returned signal is noise only

or (signal + noise). Let N designate the set of sample CMs which are formed by
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correlating the received noise beam and the idler beam, and let there be N “noise-
only" CMs, To, € N,n = 1,---, N, collected under H, as described before. We
denote the mean of the collected noise CM by T'y with the understanding that T,
may represent the EMn, RMn, or their weighted versions. Then, our hypothesis
asserts that any noise CM T'g; € A should be relatively close to T'y. Thus, setting
the fixed false alarm rate at a%, we can choose dy, () to be the threshold distance
away from Ty such that there is no more than a% of the noise CM further away
from T'y than this distance. The value of dy, () can be obtained from the histogram
distribution of the collected noise CM set. If a CM Iy from the kth beam lies within
the distance of dy,(a) from Ty, Hy is decided. Otherwise, we decide on H;. Thus,

our decision rule based on the CFAR criterion is given by

. - W
d(I‘k,Fo) 2 dth(Oé) (4140)

Hy

Optimum Weighting Matrix for Target Detection

The purpose of weighting a distance measure is to use any prior information for
increasing the efficiency of signal processing. For signal detection, the weighting
matrix should thus enhance the dissimilarity between (signal + noise) and noise
CM. Suppose our library of collected CMs can be divided into two classes: S, from
a known signal, and A , from noise. Then, we can seck for a weighting matrix
which maximizes the correlation between matrices of similar classes and minimizes the
correlation between dissimilar classes. In particular, if T'yyy and Ty are respectively

the weighted Riemannian means of the signal and noise CM, it has been suggested [69)
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that we seek for an optimum weighting matrix W = 227, 2 being M x K, K < M,
such that

min F,(2) 2 min tr (T Tow) (4.141)

U=y

Eq. is in fact seeking a weighting matrix minimizing the upper bound of the
ratio of the correlation between means of dissimilar classes to that of similar class. It
has been shown that [69] the optimum weighting matrix satisfying Eq. is given
by Eop = {Un—K, ..., ups }, where {uy, ..., ups } are the eigenvectors of the eigenvalues,

{A\1 >+ > Ay}, of the matrix product, (f‘;lf‘o), of the two unweighted means.

In practice, we usually do not have information of the target and the CM under H;
is generally unknown. We can only use the estimated noise CM measured under
Hy. Under such circumstances, following the same principle of optimum weighting as
above, we thus seek for an optimum weighting matrix W = EZ such that tr(f‘&i,)

is minimized, yielding
Eop = {uM_K, ceey llM} (4142)

where {uy, ..., up/} are the eigenvectors corresponding to the eigenvalues, {\; > -+ >

A M}, of fg 1.
We now summarize the above detection procedures as follows

We can now apply these various concepts of ED, RD, EMn, RMn, as well as their
respective optimally weighted versions to the decision rule of Eq. (4.140) so that the
target detection can be carried out by these different detectors. By varying the value

of a;, we can plot the ROC of these detectors of different measures.
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4.5.4 Simulations and Discussions

The numerical simulations of three CM detectors with the Euclidean distance, Rie-
mannian distance and weighted Riemannian distance are investigated, which are com-
pared with the performance of 2 OPA detectors as shown in Fig[f. 16l The QCB as
defined in the Eq[4.90]is included in the figure.

e

Iong

20 s s s s s s s s
4.7 4.8 4.9 5 5.1 5.2 5.3 5.4
IogmM

Figure 4.16: The probability of error of three CM detectors, 2 OPA detectors and the
QCB

In Figd.T6] any CM detector achieves a lower probability of error than that of any
OPA design. Moreover, the OPA detectors are suboptimal since their performance
does not reach the QCB, which is the upper bound of the minimum probability of
error. Fortunately, the CM detectors can achieve a probability of error that is below

the QCB value. Among these three CM detectors, the one using the RD obtains a
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slightly lower probability of error than that of the CM detector with the ED because
the RD provides a more accurate and informative measure of the distance between

HPSD matrices. The CM design using the weighted RD has the best performance.

The receiving operating characteristics plots the probability of detection at different
values of probability of false alarm. The receiving operating characteristics (ROC)

for the CM detectors and the OPA detector design are obtained in Fig[.17]

In quantum illumination, the signal is embedded in a very noisy environment and the
propagation attenuation is significant. These parameters can take Ng = 0.01, Ng =

10,7 = 0.01.

0.8

0.7

0.6

0.5

——-2-0PA
——CM-ED
——CM-RD
03 ——CM- WRD

0.4
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0.1 . . . . . . . . .
0 0.1 02 03 04 05 06 07 08 09 1

Pe

Figure 4.17: The receiving operating characteristics (ROC) of the OPA detection
design and CM detectors. The setup is Ng = 10, M = 10°, Ng = 0.01, n = 0.01.

It can be observed in Fig[d.17) that the target detection using the ED between CMs

outperforms the OPA detection in a way that given a probability of false alarm, CM
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detector achieves a higher probability of detection than OPA detector. This advan-
tage is more obvious when the probability of false alarm is small. In radar systems,
the acceptable probability of false alarm is small and below 0.2. The maximum en-

hancement is around 20%.

Moreover, given a chosen threshold value, the probability of error can be found with

Pr = %(PF 4 + Py) assuming that two hypotheses are equally likely to happen.

05 T T T T T T

0.45 .

0.35 1

03 1

0.25 1

0.15 g

0-1 1 1 1 1 1 1

0.05 0.1 0.15 0.2 0.25 0.3
dth

Figure 4.18: The probability of error for different threshold value with Ng = 10, Ng =
0.01,n = 0.01, M = 10°

In Figld.18] the minimum probability of error achieved by the CM detector is around
0.11 (11%) and for OPA detector, the minimum error probability is 18.1% as shown
in Fig[d.§ Therefore, when both detector designs are with their optimal threshold

values, the CM detector can achieve about 7% improvement in the minimum error
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probability.
Discussions

The improvement of detector using CM is that the distance between two theoretical
covariance matrices is much larger than the difference between photon numbers under
two hypotheses. With the above parameters, Ny — Ny is 0.0014; while dg(A; — Ay) =

1.4151, which greatly increases the distance and reduces the probability of error.

Detector Performance for Different M

Fig. shows the receiver performance of the 2-OPA and the RD-CM detectors at
three different values of M. Here, the three dotted lines and three solid lines represent
the ROC of respectively the 2-OPA and the RD-CM detectors at different M. It is
observed that while the performance of both detectors are enhanced by the increase
of M, the performance of the RD-CM detector is significantly higher than that of the
2-OPA detector for the same M. For the same Pr = 0.05, a glance at Fig. shows
us the substantial difference of Pp for the two kinds of detectors. These values are

shown in Table [4.3]
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Figure 4.19: The receiving operating characteristics of different detectors at M=5 x
10%,10°,3 % 10°

M=5* 10* | M=1 % 10> | M=3 x 10°

OPA 0.257 0.6015 0.953

CM 0.415 0.742 0.998

Table 4.3: The probability of detection of 2-OPA and CM-RD detectors at Pr = 0.05
with Nz = 10,7 = 0.01, Ng = 0.01

Detector Performance for Different Ng

Firstly, the detection performance of the OPA detector with different Np is investi-
gated from the ROC plot and the minimum error probability. In Figl4.20] it can be

observed that when Np increases from 1 to 10, the probability of detection decreases
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dramatically around 50% at a very small probability of false alarm. If the environ-
ment becomes more noisy at Ng = 20, the probability of detection decreases near
20%. Continually, at Ng = 30, the reduction in the probability of detection is around
5%. Therefore, it can be observed that when the environment becomes more noisy,

the probability of detection decreases but the degree of reduction becomes smaller.

In radar systems, the acceptable range of probability of false alarm is from 0 to 0.15.
At N = 10, the probability of detection is from 0.36 to 0.76. At Ng = 20, the range
of the detection probability is 0.21 to 0.6. At N = 30, the probability of detection
becomes 0.15 to 0.53. Therefore, it can be observed that the probability of detection

becomes smaller than 0.5, which is undesirable when the environment is very noisy.

It is investigated that the performance of the CM with ED detector and OPA detector

varies when the environment is less noisy (Np = 1) or more noisy (Np = 20) as shown

in Fig[.20]
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Figure 4.20: The ROCs for CM detector and OPA detector when the noisy intensity
varies.

For the OPA detector design, for a given probability of false alarm, the probability
of detection decreases around 10% when the noise intensity increases from Np = 10
to Ng = 20. However, when the environment becomes less noisy from N = 10
to N = 1, there is no improvement in the probability of detection. Therefore,
the performance of the OPA detector design degrades largely when the environment

becomes noisy.

For the CM detector using ED, the maximum improvement in the probability of
detection is around 10% when the environment is less noisy from Nz = 10 to Ng = 1.
Increasing the noisy intensity does not affect the detector performance. Therefore,

the CM detector design is more robust in the noisy environment.
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Detector Performance for Different 7,

We now examine the variation of performance of the detectors with that of the overall
transmissivity of the channel, 1. For the 2-OPA detector, the optimum gain values
Gy and Gy are depends on 7 which is, in general, unknown to the receiver. Thus we

use the nominal value of n = 0.01 to arrive at the optimum gains in this example.

I
04 1' K ———CM - 1=0.0075

03 1], — ——0PA -7=0.0075| A

W/ ———CM - =0.01

021 — — —OPA - 7=0.01 1
——CM - 7=0.0125

o1 — — —OPA-7=0.0125| |
O 1 1 1 1 1 1 1 1 1

0 0.1 02 03 04 05p 06 07 08 09 1
F

Figure 4.21: The ROCs for CM detector and OPA detector when the noisy intensity
varies.

Fig. shows the ROCs of the 2-OPA and RD-CM detectors at n = .0075, .01,
and .0125. As expected, the performance of both detectors deteriorate as n decreases.
This is because decrease of 1 indicates the mean values of the respective distributions

under Hy and H; are closer together, causing higher probability of error. At equal

99


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

values of 7, however, the performance of the 2-OPA detector is substantially inferior

to that of the RD-CM detector.
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Chapter 5

Quantum Estimation in QI

5.1 From Classical Estimation to Quantum Esti-

mation

The classical estimation theory typically treats n data samples @ = (1, ..., ) whose
joint probability distribution, p(x, @) = p(xy, ..., x,; 01, ...0,,), depends on m unknown
parameters @ = (61, ...,0,,) that are to be estimated. For instance, the data may be
samples taken at a series of time instances, t; = jT, x; = x(t;) of the received signal
x(t) = s(t;0) + n(t) which is composed of noise n(t) of known statistical properties
amd a signal s(t; 0) depending on parameters @ such as the amplitude, time of arrival
and carrier frequency. On the basis of n data samples @, the values of these parameters

0 are to be estimated as accurately as possible.
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Estimation theory sets up a measure of the cost or seriousness of errors in the esti-
mated values @ = (61, ...,0,,) of the parameters. The most common cost function is

a weighted sum of the square errors

Z (0 — 03,)* (5.143)

where wy, is the weight of the error in the kth parameter. The problem is to find the
estimate of each parameter from the collected data samples, ék = ék(xl, vty Tp), SUCh
that the cost function can be minimized. The lower bound on the sizes of the errors
in terms of the mean squared deviation is also of interest. Another measure is the
bias of each estimate which is defined as the deviation of the expected value of the

estimate from the true value of the parameter.

The classical estimation theory is extended to the quantum system, called quan-
tum parameter estimation, also known as quantum metrology, was first proposed by
Helstrom [70] and Holevo [71]. Its main goal is to perform high-precision measure-
ments of the parameters in a given quantum system. The quantum system of a
quantum radar corresponding to the transmitted signal being prepared in a known
quantum state, represented by the density operator, p which is used for the measure-
ment. The known system state is sent to interact with any present target. Then,
the returned signal in the state p, incorporates information about the unknown pa-
rameters, 8. A subsequent quantum measurement, represented by these measure-
ment operators {1\7190}, is applied on the received signal p, whose expected results
are ©; = (M,,), = tr(M,,p,) that will be used to estimate unknown parameters

Peo

through an estimator function (). Because of the fundamental probabilistic nature
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of quantum mechanics that the system state is not deterministic, the outcomes of
measurements are probabilistic, which puts fundamental limits on the precision of

the parameter estimation.

5.2 Classical Cramer-Rao Bound and Quantum Cramer-

Rao Bound

The Fisher information and Cramer-Rao bound has been extensively studied in the
classical systems, which are based on probability distributions. These concepts have

been extended into quantum systems as quantum Cramer-Rao bound (QCR).

5.2.1 Fisher Information and Cramer-Rao Bound|[72]

The Fisher information (FI) or classical Fisher information quantifies the amount
of information that a set of data contains about unknown parameters. For one sin-
gle parameter estimation #, the probability distribution for obtaining a set of data
samples, & given the value of the parameter 6 is p(x|f). For given values of random

variable x, the score, s(0) [72] is defined as

s(0) = - 1og(p(al0)) (5.144)

The score is the derivative of the log-likelihood function with respect to the parameter.

Its magnitude is an indication of how sensitive the log-likelihood function is to a
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change in the parameter 6, which makes the variance of the score an intuitive metric
to justify if the distribution is sensitive to the parameter. The variance of the score

gives the Fisher information, T,

d? 1 (dp(x|d)
—(Wlogp(mW)} :/p(w|9)( 7 )da:
(5.145)

(je 1og<p<w|e>>)

An estimator is a function of the collected data, #(z). The bias of an estimator, b(6),

is the average difference between the estimator and the true value
b(0) = E[f(xz)] — 6 (5.146)

An unbiased estimator has a bias of 0. The Cramer-Rao Bound (CRB) places a lower
bound on the variance of any unbiased estimator of # which takes a value of the

inverse of the FI,

~ 1
var[f(x)] > 7 (5.147)

Then, this bound gives an idea of the best possible error that can be achieved for the

estimated parameter given measured results .

For the multiparameter estimation problem 0, it is concerned with a Fisher informa-
tion matriz, I, whose i7" element is defined as

82

I = —Fp|—0
i °| 96:00,"

(m|0)] (5.148)
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Then, the Cramer-Rao bound in the multiparameter estimation problem becomes
cov(@) > T! (5.149)

where cov(8) is the covariance matrix.

5.2.2 Quantum Cramer-Rao Bound|70]

The ultimate precision in the estimation of quantum systems is given by the quantum
Cramer-Rao (QCR) bound. For the estimation of the parameter 6 encoded onto a

A2

2 . 2
quantum state, py, there is a lower bound on the variance A@ = (6 ) — (@) of any

unbiased estimator @: (8) = 6. If the considered state, py, lives in a Hilbert space
of dimensions d, consider a set of basis vectors {|f,)}¢_, in which the state becomes
diagonal

d

where p,, gives the probability of p, being in the state |f,,) and >¢_, p, = 1.

Given that IT, is the element of the set of measurement operators that Ik I,dx =1,
in the definition of the classical Fisher information in Eq)5.145 the term % =

dgp(x|0) in quantum systems is defined as using the Born rule

dop(|0) = tr[TL,dopy] (5.151)
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Now, the Symmetric Logarithmic Derivative (SLD) operator associated with the pa-

rameter Ly is defined in [70]

dp, - A
27% = Lop, + pyLio (5.152)

Because both the SLD operator and density operators are Hermitian symmetric, the
complex conjugate of the ﬁ9p9 is pgﬁg. The sum of these two terms only consists

of the real part of these two terms and hence, dyp, can be given by the real part of

f;gpe. Therefore, Eqf5.151| can be written as

A

dop(x|0) = Re(tr[TT,Lopy)) (5.153)

The definition of the Fisher information in classical systems in Eq5.145| can be ex-

tended to quantum systems, which is given by

() _/Re(tr[[lﬂif“ ’]O )’ 1o (5.154)

This Fisher information is upper bounded by [73]

tr[paﬂzfla] ’
o= / tr[pyTL,]

- [l ]|

< / tr[T1, LopyLo]dz

dx

dx

(5.155)

— tr[Lopy L] = tr[p,L5] £ H(0)
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The first inequality comes from that the real part of a complex number is equal to or

smaller than the absolute value of the complex number.

The second inequality comes from the Schwartz inequality that given two matrices A
and B,
[tr[ATB]|> < tr[AT A]tr[ B B] (5.156)

where in our case, Af = \/‘/:[T “HH“”] and B = \/I1 Lgﬂ/ . Then,
r[peIly

tr(ATA) = tx( \/_\ﬁ \ﬁ\/_ tr(——= ) =1 (5.157)
\/tr (11 \/tr [poT1,) tT[PQH ]

And
tr(B'B) = tr(\/pyLo\ I\ TL,Ly\/p,) = tr(p,LeIl,Lg) (5.158)

The above chain of inequalities proved that the Fisher information Z of any quantum
measurement IT, is upper bounded by the quantum Fisher Information (QFI) H(0)
that

Z(0) < H(0) (5.159)

Given the Fisher information in quantum systems, the variance for unbiased estima-

tors is lower bounded by the quantum Cramer-Rao bound (QCRB)
var(f) > —— (5.160)

Solving the SLD operators is important to obtain the QCR bound of the quantum

system. The definition of the SLD operator in EqJ5.152]is Lyapunov matrix equation
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to be solved for the SLD Lg. The general solution may be written as [74]

Lo =2 [ expl-pyt)(@nps) expl—put)t (5.161)
0
given that p, = >, pn | frn) (fn]- This solution becomes

£, =2 / T et (D00 (X" |fr) {

= 22 ) (ful (B64) | fin) {fom / e Prtpm)t gy (5.162)
fn dé?pe ‘fm>
=2 fn) (fm
Pl AA
where dgp, = dd%.
For the multiparameter estimation, @ = (64, --- ,6,,), the SLD operators of these m

parameters are L= []:91, e ,i:gm]. Then, the ijth elemenet of the covariance matrix

is defined as

cov(L);; = cov(8,,8,) = (B — (6.)(0; — (6,))) (5.163)

When ¢ = j, it gives the variance in estimating ith element; when i # 7, this defines

the covariance between ith and jth elements.

This covariance matrix is lower bounded by the multiparameter QCR bound

cov(L) > H(6)™! (5.164)
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where H(0) is the QFI matrix whose ijth element is defined as
A
H(0);; = §tr(pe{L9i,Lej}),z,J =1,---m (5.165)

where 6; is the ith element in 8. {A,B} = AB + BA is the anti-commutation

relationship between two operators.

5.3 Quantum Estimation Problems in Quantum Il-

lumination

The time-frequency entangled signal and idler beams from the SPDC process is em-
ployed to perform the simultaneous range and velocity estimation in the quantum
illumination systems. The signal beam is sent towards the region of interest and in-
teracts with any present target. The received signal will be measured in conjunction

with the retained idler beam.

In this section, the wavefunction of the signal and idler in the time domain will be
introduced. Then, the estimation problem in the QI systems using the SPDC output

will be clearly stated.

5.3.1 SPDC Wavefunction in Time and Frequency Domains

The previous section on quantum detection focused on the SPDC outputs in the

Fock number representation, which explicitly showed how signal and idler beams are
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entangled in terms of the number of photons. This section will focus on the char-
acterization of the SPDC outputs using the temporal waveform, which incorporates
information of unknown parameters to be estimated. Outputs from the SPDC pro-
cess is a two-mode Gaussian state whose Wigner (or wave) function takes a Gaussian

form.

Waveform in the Time-Domain and Frequency-Domain

The time-frequency entangled photons are created in the collinearly phase-matched
SPDC process of a 2-mm long f-barium borate (BBO) crystal which is pumped by a
30 mW, cw, 390 nm laser beam. The temporal wavefunction of two outputs can be
obtained experimentally. The SPDC output is directly passed to spectral filters. The
down-converted signal and idler photons are separated from the pump by a dichroic
mirror due to the difference in the frequency, and from each other via a polarization
beam splitter due to different polarizations of signal and idler photons. They are then
coupled into two single-mode fibers. Two measurement devices are used to measure

the two-photon coherence time and frequency correlation.

The generation time of the signal photon ¢, and idler photon t; is measured experi-

mentally. Then, the wave function of the signal and idler photons in the time domain
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can be obtained as given in Eq5.166||75], [76]

oy = [ [ow] =il -0+ - 0120 - 0 - - 01
cA(ts, ti)B(ts, ) [ts), [ti),; dtsdt;
2 [ [ uttat ), 0, dear
(5.166)
where 1(ts,t;) gives the temporal information of the signal and idler photons. And
w, and w; denote the central frequency of the signal and idler beams. w, = ws + w; is
the frequency of the pump photon. t, and ¢; are the mean time of generating signal

and idler photons respectively. |t;), means that there is one signal photon generated

at ;.

A Gaussian correlation function between the generation time of the signal photon %,

and the idler photon t; [76],

[(ts —ts) — (ti — ti)P} (5.167)

2
473

A<t87tl) - eXp{ -

provides a good approximation for the biphoton temporal correlation function. Here,
7, stands for the correlation time between the signal and idler photons, which is de-
termined by the bandwidth of the spectral filters. The biphoton temporal correlation
function, A(ts,t;), can be interpreted as the correlation between the time at which

the two photons exit the nonlinear crystal.
The function, B(t,,t;), represents the biphoton envelope function [76],

(ts —ts+1t; — t;)?

h

] (5.168)
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where the biphoton envelope is given by the coherence time 73, of the pump photon

of frequency w, that was destroyed in the creation of the entangled biphoton.

Given the measured 7, and 73, W, and w;, the wavefunction of the SPDC output after

the Gaussian filtering is given as

Ws — W

exp[—z‘?(tﬁti—fs—@)—z‘ (ts —t; —ts + ;)

1
silts, li) = —Fm=——=
vl ) =

to+ti—ts — )% (ty—t; —t, +1;)?
,w4_<+ 2 +4)

1677 47,2

(5.169)
The corresponding wave function in the frequency domain can be obtained by ap-

plying the Fourier transform on the wavefunction in the time domain as given in

Eq[5.169

2T,
Wi (wss wi) = ) 2 exp
T

where Aw = Wy — @; as the difference between two central frequencies. Then, ¥(t,t;)

2 —w: — A 2
_ Tr (ws C’Z@ CL)) . T}?(Ws + W — wp)?] (5170)

and U(ws,w;) can be regarded as a Fourier pair.

SPDC Representation

Substituting A(ts,t;) and B(ts,t;) into Eq}5.169] we obtain the waveform representa-

tion of the entangled signal and idler beams such that:

= [ [ atturt ), ), e

(5.171)
://\Ifsi(ws,wi) |ws) , |wi); dwsdw;
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where [1)(t,,t;)|? gives the probability of obtaining one signal photon at ¢, and one
idler photon at ¢;. |¥(ws,w;)|? provides the probabilistic information in the frequency

domain.

The wavefunction in [5.169| can be written in the following form to quantify the degree

of entanglement

B B B B (5.172)
exp | — (ts — )20 — (t; — t;)%07 + 2k(ts — ts)(t; — t;)050]
where N = 27”1_:2)00' is the normalization factor and here
1 1
2 2
A R— 5.173
% =9 1677 + 472 ( )
and, k represents the degree of entanglement, which is given by
47,% — 72
=—27= 5.174
417 + 72 ( )

where k € [0,1). When k = 0, signal and idler beams are uncorrelated and separable.
When x — 1, two beams become highly entangled. However, the x = 1 does not

correspond to any physical system state.

Then, the wavefunction in the frequency domain becomes

)1 (5.175)

~ )2 =2 - o
U (ws,w;) = Noexp | — (ws —ws)®  (wi —wy) K(ws — @s) (W

41-r2)o2 41 —r2)o? 21 — K?)o,0;
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Here, Ny = 4/ % is the normalization factor.

5.3.2 Estimation Problem in QI

After the generation of two entangled photons, the signal photon is sent towards the
target and the idler is retained as shown in Figl5.22 Here, we assume the target is
at a distance d from the QI system and is moving away along the signal propagation

path with a velocity v.

QI System

Figure 5.22: The schematic diagram of the QI to interact with a target. The one-way
distance between the QI system and the target is d. The QI system includes both the
generation of the entangled signal and idler photons and the detection of the return
signal and retained idler photons. Here, '‘DET’ in the QI system denotes the detector
used to detect the return signal and idler.

If the signal photon is transmitted at 0 and reaches the target at ¢, then the distance
that the signal photon needs to propagate in order to reach the target is (d + vts).

(Here, ¢ stands for the speed of light, and the sign of the target velocity v is taken
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as positive since the target is moving away from the radar system.) Afterwards, the
transmitted signal will be reflected back to the QI system by the target. The total
distance traveled by the signal photon will be 2(d + vts). The corresponding time

delay experienced is Q(chts) and the return signal is received by the QI receiver at

2(d + vt, 2d vty
tr@s):ts"’i( p ):t5+c+ c

(5.176)

The wavefunction of the return signal and idler, ¢, takes the same form given in

Eqs}5.172 and [5.175| however, the central generation time of the signal ¢, is replaced

by the central time of return signal ¢,. Moreover, due to the Doppler shift, the
central frequency of the signal photon w, changes to the central frequency of the

return photon @,. t, and @, are given as

2
=1+ (5.177)
CcC—"v
o=, (5.178)
c+v

Then, the information about the target distance, d, is carried by the central time t,
and the information about the target velocity is carried by ¢, and @,. The aim of the
radar system is to estimate the range and velocity of target as accurate as possible.
Therefore, to perform the simultaneous estimation of the new central time and central
frequency is the first step. After estimating the time and frequency, the range and

velocity can be further estimated.

However, due to the Heisenberg uncertainty relation in Eq[3.48] the accuracy in the

simultaneous measurement of two parameters in one system is limited. Hence, the
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following section will present the lower bound on product of the variance in the

estimation of the central time and frequency.

5.3.3 Quantum Cramer-Rao Bound in QI

In the QI systems, the system state which incorporates unknown system parameters
Po is given as py = |¢n) (|, whose wavefunction is given in Eq[5.172] As stated
above, the estimation of the mean arrival of time and frequency of any return signal
0 = (t,,@,) is the focus in the QI estimation problems. The accuracy in the simulta-
neous estimation of these two parameters is lower-bounded by the multi-variate QCR
bound. The reference [23] presented the derivation of the corresponding multivari-

ate Quantum Cramer-Rao Bound. The corresponding SLD operators associated with

these two parameters are L2 (f;gr, IAQ;,T). Based on Eqs]5.152| and |5.162|, these SLD

operators can be obtained in terms of the focused system operator p,

[ <fm|a{ prllfn>

Li, =2 s ) 5.179
",m;/p%:pm;éo Pn + Pm [ fim) (fnl ( a)

[ ma@ rilJn

L=z ¥ Ueeballdip) (5.179D)

nmipntpnt0  Pn T Pm
given that Pri = ann |fn> <fn|

The covariance matrix as mentioned in sec.3.2.2 is bounded by the multiparameter
QCR bound
cov(L) > H™Y(0) (5.180)
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where H(0) is the QFI matrix and is defined as
1 £ -
H(e)l] = itr(pri{Leﬂ L9j})> 1,] = 17 2 (5181)

where 6; is the ith element in 6. The symbol {-} is the anti-commutation relation.

The state based on the use of the SPDC output is a pure state and then p,; =
|ti) (1ri|. The derivative of the density matrix with respect to one parameter is
given

897,‘ Pri = ((991

Vi) (Uil + [Yui) (O, (i) (5.182)

There are three density operators of interest:p,;, 0z, pyi, Os, py;- Correspondingly, there

are three functions to be considered

Py o exp|—ii, (t, — t,) — iwi(t; — t;) — o2 (t, — t,)* — 07 (t; — ;) + 2K0,04(t, — 1) (t;

(5.183a)
O, P = [ioy + 202 (t, — 1,) — 2K0,03(t; — 1) |t (5.183b)
O, i = [—i(ty — )]ty (5.183¢)

where 07 = ©20?2 due to the moving target. These vectors {[ty) , 05, [¥ri) , Oa, [1ri) }

generate a three-dimensional Hilbert space. We can find an orthogonal basis for this
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space using the Gram-Schmit decomposition method is {|f;)}2_, with its correspond-

ing wavefunction [23]

Nt ti) = Pty L) (5.184a)
fate, t:) = \/2(1 — K)o, (t, — &) + o3(t; — )] (tr, 1) (5.184b)

f3(tr, t:) = \/2(1 — K)o, (8, — &) — o3(t; — )] (tr, 1) (5.184c)

where <fl|fj> = 61]

The system state in such bases is p = |¢i) (0] and hence, the matrix form under

the given orthonormal bases is

100
pP=10 0 0 (5.185)

000

Hence, evaluating the values of p, in Eqs}5.179] we have p; = (filp|fi) = 1,p2 =
(falplf2) = 0,p3 = (f3|p|fs) = 0. Then, the SLD operators as defined in Eqs}5.179

can be reduced to

- af ri
£, = 2| 0PN o (110 pal ) |12 il + (10 pal ) 1) (5

+ (110, puil fo) | 1) {fol + (filOrpuil f3) [ 1) (f]
(5.186)
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_ 5 (f110a, P f1)

L.,
2

|fu) (fil + (el Oz, pul 1) L f2) (il 4 (5l 0z, pal 1) | f3) (f1]
+ (N0, pal fo) | 1) (ol + {f110, pul f3) [ 1) (sl
(5.187)
Putting the SLD operator in the matrix form based on these three basis vectors can

be obtained

0 V1i—k V1+k
Li =0V2|yT—r 0 0 (5.188)

V1i+k 0 0

0 7 i

. ik Vit

L, = i 5.189

r 0',,,\/5 11—k 0 O ( )
0 0

where 75th element of IAJt-T and I:@r corresponds to the projection of I:;T and IAJ@

operators into the basis space |f;) (fj|. The detailed derivation of Eqs|5.188 and
5.189|is included in Appendix [B.1]

The QFI matrix can be obtained by using Eq/[5.181] with the matrix form of the SLD
operators and the system state in Eq5.185

402 0
H = (5.190)
1
0 c2(1-k2)
The inverse of this matrix is
1 — kK2 ﬁ 0
H'= o (5.191)

0 402
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Based on EqJ5.164, the variance of the time estimator is lower bounded by ﬁ and

the lower bound of the variance of the frequency estimator is 02(1 — x?). Then, the

product of the uncertainties of time and frequency estimators is

_ 1
A NGy > (5.192)

where At, and A, stand for the standard deviation in estimating ¢, and @, respec-

tively.

5.3.4 (QCR Bound with Random Channel

The derivation of the QCR bound above considers the theoretical wavefunction of
the return signal and idler beams without any distortion. In this section we consider
the more realistic case when the wavefuction of the returned photon is affected by
the random channel. During the propagation through a noisy random channel, the
photon will be coupled to the external environment and hence, its wavefunction will be
affected by this random fluctuation. The photon wavefunction is transmitted through
this random channel. The effect of this propagating medium on the signal photon can
thus be represented by the convolution of the photon temporal wavefunction with the

random wavefunction v, [77]
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where % stands for the convolution operation between two wave functions. v, is the

temporal wavefunction of the noise

P (t) o exp(—o2t?) (5.194)

where o2 represents the variance due to the external environment and also the cou-
pling strength between the system and the environment. In the following, we investi-
gated how this random channel may affect the Quantum Cramer-Rao Bound on the
estimation of ¢, and @,. The convolution of the signal wavefunction with the noise

wavefunction yields

. 2 1 — k2712 e KOO0, + 020 + 020, _
Yn = [Wanasai pepe B exp { - za% e (t, — t,.)w, — i o (t;i — tz)]
o202 _ 0202 + (1 — Kk?)o20? — 2k0%0,0;
cexp | — =22 (t, — t,)* — STt — )%+ (¢ — ) (¢ tl}
Xp[ ag—i-og( ) o2 + o2 ( ) +0§+0§< I )

Following the same procedures in deriving the QCR bound without noise in Sec.

5.3.3, the variance in estimating ¢, and @, with the noise considered becomes

- (02 + 02)?
tr > n S
var(ty) 2 20202[202 + (1 + K2)o2]
_2\.2 9/ 2 2\2
var(@,) > 2(1 — k*)o,05(0; + 03)
208 4 2K%2020% + (1 + 3Kk?)0202 + K2(1 — K?)0S

(5.196a)

(5.196b)

The product of these variances gives

o (1= #*)(1+0/op)"
) 2 G T o+ 267 o+ (1 + 302102 0% + 201 — )0t/
(5.197)
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As shown, the variance is highly dependent on the ratio between o, and o, Z—; The

joint standard deviation at different signal-to-noise (SNR) ratio is plotted in Fig{5.23

0.8 T T T T T T T T T

With Noise

— Without Noise
0.7F J

0.5 1

04r y

Joint Standard Deviation

0.3r 1

0.1 1 1 1 1 1 1 1 1 1

SNR

Figure 5.23: The joint estimation uncertainty at different SNR values from 0.01 to
10 with k = 0.93. The line of the joint standard deviation without noise is plotted

using Eq[5.192)

As shown in Fig[5.23] the joint estimation uncertainty decreases when the signal
to noise ratio increases. It can be seen that the error bound in the noisy case will
approach the limit of the noiseless case when the SNR becomes infinitely large. More-
over, when the noise is much larger than the useful signal, the error becomes larger

than that of the noiseless case.

We also plotted the product of two variances given in Eqsf5.196| as a function of the

degree of entanglement, x with 3 SNR values in Fig[5.24]

122


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

®

055

°

&

eviation (SNR=1)

Joint Standard Deviati
N =
Joint Standard De

° s 2

eviation (SNR=10)
°

§ o035
s

Joint Standard Deviation (SNR=0.1)
5
o

5015

0 0 005
04 05 06 07 08 09 1 04 05 06 07 08 09 1 04 05 06 07 08 09 1
5 K K

(a) SNR:o.l (b) SNR=1 (¢c) SNR=10

Figure 5.24: The joint estimation uncertainty at different values of k € [0.4,0.99)

In Figl5.24(a), at a low SNR value, the error is significant at low degree of freedom.
When the system becomes more entangled, the effect of the noise on the estimation
error becomes less obvious. When the SNR value increases, the improvement due to
the system entanglement on the error performance becomes less significant. Therefore,
when the environment is very noisy and/or the useful signal is weak, employing a
highly entangled signal will be highly preferred. When the SNR value increases, it is
less desired to employ entangled signals due to its difficulty in generating entangled

states.

5.4 Joint Estimation using the Ambiguity Func-

tion

In classical radar systems, early researchers introduced a function called the ambiguity
function that captures some of the inherent resolution properties of a radar system.
The ambiguity function was firstly introduced by Ville [78]; and generally identified

with Woodward because of his pioneering work [79], [80]. Woodward was interested
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in characterizing how well one could identify the target parameters of the time-delay
(range) and Doppler frequency shift (velocity) based on the transmission of a known
wavefunction, s(t). He established the ambiguity function by first noting that a
good waveform is one which could be used to distinguish between radar returns with

different target parameters.

In radar systems, the received signal, r(¢) is composed of transmitted signal s(¢) and
the noise n(t)

r(t) = as(t — 7)e” 24t 4 n(t) (5.198)

where «a represents the attenuation that the signal experiences over the whole prop-
agation process. 7 and w, are the time delay and Doppler frequency shift, which are

to be estimated. Here, n(t) stands for the additive white Gaussian noise.

The ambiguity function is designed to measure the resemblance between received
radar signal and the transmitted signals with different time delay A7 and doppler

shift Aw as given in

2

f(AT, Aw) = ‘/r(t)s*(t — AT)e Bt (5.199)

In the definition of the ambiguity function, r(t) represents the signal containing the
information of parameters to be estimated. The signal s(t — A7)e*»“! with a control-
lable time delay, A7 and frequency shift Aw is introduced, which is referred to as a
reference signal. Then, the ambiguity function can reach its maximum value when
the time delay and frequency shift in the reference signal are matched with the values

of unknown parameters in the received signal. The implementation of the idea of
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the ambiguity function in classical radar systems relies on the use of matched filter,
which takes the received signal and the reference signal with known time shift and

frequency shift.

The shape of the ambiguity function is usually determined by a plot of f over A7, Aw.
The simultaneous determination of time delay and frequency shift contains some error.
The error in measurement will be proportional to the dimensions of the central spike
of the ambiguity surface; that is, the larger the area of the spike, the less accurate the
measurement. Therefore, in the classical radar systems, many researches have been

devoted to designing the transmitted waveform s(¢) to obtain a desired sharp spike.

Feasibility of AF in QI

In quantum illumination, the time delay and Doppler frequency shift are incorpo-
rated in the wavefunctions of return signals. Therefore, the similar idea of quantum
ambiguity function has been firstly mentioned in [81]. A pair of reference signal and
idler photons are generated and will experience a known time delay and known fre-
quency shift with its wavefunction ¢ (ts — A7, t;) exp(—iAwt,). Then, this reference
pair is correlated with the pair of the return signal and idler vy (t,,t;). Following the
idea of the classical ambiguity function, the correlation between two wavefunctions is

established.

In classical radar systems, the return signal r(¢) is deterministic and can be obtained
directly from the signal reception. However, in quantum illumination, the complete

information of the wavefunction cannot be obtained easily. Because the wavefuntion
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in quantum systems provides the probabilistic information of photons, the measure-
ment result of each photon gives its time arrival, which becomes deterministic and
loses the probabilistic information. Therefore, in the quantum ambiguity function, the
critical part is to obtain the accurate reconstruction of the wavefunction, vy (t,, ;).
Furthermore, the implementation of the ambiguity function in classical radar systems
uses a matched filter to directly combine the received signal and reference signal to
generate the final result. However, in quantum illumination systems, the idea can only
be applied to the post-measurement results. A function of the form of (s, t;) with
a known time delay A7 and frequency shift Aw is used to match the reconstructed
wavefunction. Then, the time delay and frequency shift of the best fitted function
gives the estimation of the time delay and Doppler frequency shift experienced by the

signal.

5.4.1 Practical Implementation of Wavefunction Reconstruc-

tion [82]

The temporal wavefunction of signal and idler photons as in EqJ5.172| contains both
amplitude and phase information. Then, the reconstruction process contains the mea-
surement of the joint temporal intensity (JTP), |¢y(t,,t;)|* and the joint temporal
phase (JTP), arg(uyi(t,,t;)). |82] has proposed a method to provide a full charac-
terization of the two-photon wavefunction based on the phenomenon of interference
between the SPDC state and a joint state of two coherent signals. The definition of
the coherent state/signal can be found in Sec. 2.1.3. Here the SPDC outputs, repre-

sented by their annihilation operators, a and & are both vertically polarised. Both
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coherent signals are horizontally polarised and denoted as a7 and &a%,. All beams
are passed to a quarter- and a half-wave plate as shown in Fig[5.25] which apply
a unitary transformation on these two outputs. Quarter-wave plate (QWP) (A/4),
which converts linearly polarized light into circularly polarized light. Half wave plate
(HWP) (A/2), which shifts the polarization direction of linearly polarized light. The
waveplate works by shifting the phase between two perpendicular polarisation com-
ponents of the light wave. A typical waveplate is a birefringent crystal with a chosen
orientation and thickness. A pair consisting of one vertically polarised beam (signal
or idler) and one horizontally polarised coherent beam is combined by the QWP and
HWP, one of whose outputs is passed to a 50:50 beamsplitter. The BS will combine

two outputs from two pairs and generate two outputs to be measured.

— | QWP @A
- 4 p
HWP
BS|
= QWP - “r )
—_—
HWP

Figure 5.25: The schematic diagram of the interferometric measurement process.

The unitary transformation achieved by the quarter- and half-wave plates can be

represented as [83]

. cos  e“sinf
U= (5.200)
e~ ®sinf) —cosd
where 6 and ¢ are the polar and azimuthal angle imposed by the quarter- and half-

wave plate idler respectively.

127


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

Then, outputs from the QWP and HWP are, respectively,

a;(t) = cosAal (t) 4 ¢'?sin haY(t) (5.201a)

ay(t) = e "?sin 04", () — cos HA! (1) (5.201b)

which are to be measured to reconstruct the wavefunction.

The joint state of the SPDC signal |th;) and two coherent states |a) £ |a),, |a),, is
defined as [¢) £ |¢y;) ® |a). Here, |a) denotes the coherent state (see Section 2.1.3)
where « is the displacement applied on the vacuum state. The joint state of the

received signal and idler can be defined by the joint wavefunction ;

|%ri)y = //1/1 (t,, t;)al(t,)al (t:)]0), |0), dt,dt; (5.202)
Then, the wavefunction can be defined as

bt t) = (0] (0] &4(t:)a, (1) [,
= (00l t) [ [ vale 0)ale)ale)0), o), e,
— (0] (0] &(t)a (8 ) 1)1 (8 ) 1) [0), [0),
= Pni(te, 1) (0] (O] &s(t:)an (£ )41 ()41 (1) |0),.0),
= e, 1) (0] (O] (1) + (8] (81) + 52 [0),[0),
— e, t)

(5.203)

The third equality becomes from the orthogonality that (t|t;), = d(¢; — ;) and

(t;|t.), = d(t, —t.). Therefore, the only non-zero terms exist when ¢; = t; and
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t, = t.. The fifth equality becomes from the commutation relation and the definition
of the number operator that 4at = 4Ta + 1= + I. Then the last equality becomes
from that fi |0) = 00); hence, the non-zero term is (0| (0| I.(t,)L;(¢;) |0) |0) = 1 given

that (0]0) = 1.

Similarly, the two-photon wavefunction of the joint state |¢) at ¢; and ¢ is given as

Yin(t, t2) = (0401 0] (0] aa(t)an(t2) <)
= 7" cos fsin 01, (0] (0hy;) — €' sin 6 cos Oy (11, t2) (0] (0]ar)  (5.204)

+ sin? 01, (t1 )by — cos® Orher )i (t2)

The term 1. stands for the product of the 1., and 1., which stand for the wavefunc-
tion of the coherent states |a),, and |a) , respectively, which are time-independent.
1, and 1; represent the wavefunction of the return signal and idler correspondingly.
According to [84], there are two different cases of the SPDC output: (a) degenerate
SPDC output in which two output photons are indistinguishable in all parameters
(frequency, direction and polarization), (b) non-degenerate SPDC output in which two
generated photons have different parameters. These two processes can be represented
by having two different squeezing operators S, and S, respectively operating on the
vacuum state |0), where S,(€) = exp|[(£a2 — £*a12) /2] and S, = exp[—£4a,4; + £*ala]]
with & being the squeezing parameter that determines the squeezing magnitude and

phase. The two last two terms become 0[82]

With 6 = 7 /4 for simplicity, it becomes
¢ 1 —i¢ 1 i
Yap(tit2) = 57 (0] (Olyn) — Se4ni(tr, t2) (0] (Ol (5.205)
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The measurable second order correlation function, which is proportional to the mea-

sured intensity of the output is [82]

9%} o trlal (ta)al (t)aa(h)an(t2) |€) (C]]
= (Clak(ta)al (t1)aa(t)ap(t2)[C) (5.206)

= |7672i¢ — yi(ty, tz)’2 £ y(t1,t2)

(Oleri)

where v = 1), 0/a)

and 1. is the wavefunction of the coherent state.

2

At ¢ - 07 yl(t17t2) = ggg = |,y - ¢ri(tlat2)
At ¢ =m/3, ya(ty, t2) = 9542%; = |(—% + #)7 — Pyi(ty, t2)
At ¢ =27 /3, ys(t1,t2) = 9,(42; = (_% - %)’Y — Ui(ty, t2) .

Then, at (t1,t3), 7 can be obtained as

V2

v(t, t2) = 2\] Y(ti, ta) + \/373(751:752) - g(y%(h,tz) +y3(ti, ta) +y3(t, t2)) (5.207)

where y(tq,t2) = % Hence, the value of two-photon wavefunction vy; at (1, to)
is
Yt to) =yt b)) | ya(tite) — ys(ti,ta)

wri(tth) - 27(t17t2) ! 2\/5/7(2517 t2>

(5.208)

Then, the amplitude of the wavefunction is given by \/ Re(¢ri)? + Im(¢),)? while the
phase angle is given by arctan(Im(t;)/Re(1y)). However, the result of the actan
function is limited to (—m/2,7/2) while the true phase angle, —(t, —t, )&, — (t; — t;)@;,

will exceed this range. Therefore, to estimate the phase information accurately, we

130


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

confine the phase to the range —7/2 < (—(t, — t,)@, — (t; — t;)@;) < w/2. By setting
the measurement of the idler at ¢; = ¢;, then the temporal measurement of the signal
photon should be —ﬁ +t <t < % + t,. Therefore, based on the estimation of
t, from the reconstruction of the JTI, this given period should be measured with a
higher accuracy in order to obtain a more accurate estimation of the w,. This can be

achieved by performing the temporal measurement with a higher resolution.

The information of the wavefunction at (¢,,¢;) can be obtained by performing the
second-order correlation measurement of the output A at ¢, and the output B at
t; with three different phase shifts ¢ = 0, %, 27 This process will be repeated to

construct the whole temporal wavefunction at different time instances.

At each time instance and phase shift, the experimental measurement of y contains
some error, which is modeled by the Poisson statistics. Then, reconstruction of the

wavefunction contains error due to the error propagation given in Eqs[5.207]and [5.208]

The numerical simulation of this interferometric measurement of the wavefunction of

the SPDC signal is performed using Matlab and shown below.

5.4.2 Numerical Results

Theoretical Reconstruction

The original joint wavefunction of the signal and idler beams (s, t;) can be con-
structed using the method above if no error is included in the measurement process

as shown in the Fig/5.26] Figl5.26a] plots the amplitude of the theoretical signal and
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idler joint wavefunction at t; and ¢; while Fig plots the amplitude of the recon-
structed wavefunction. The experimental values of o2 and o? are both 12.57 /(ps)?.

Here, k = 0.93 is assumed in the following section.

True plot of the amplitude of the wavefunction Constructed plot of the amplitude of the wavefunction
2

[l

0.5

(a) The amplitude of true signal-idler wave-(b) The amplitude of constructed wavefunc-
function tion

Figure 5.26: The true and reconstructed wavefunction without error

The squared error between the true and reconstructed wavefunctions is shown in the

following figure.
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%1071

Squared error

Figure 5.27: The difference between the true and reconstructed wavefunctions

It can be observed that the total squared error is around 6.18 * 10~2%, which is neg-
ligible; therefore, it can be confirmed that applying this method can theoretically

construct the wavefunction accurately.

The intensity measurement at detectors A and B in terms of the number of photons
measured contains the quantum shot noise or quantum Poisson noise . Therefore,
the measured number of photons ¢ is governed by a Poisson distribution with its
mean number of measured photons y. Then, the probability of measuring ¢ is given
as

P(j) = Ze? (5.209)

The final measured value of (¢,,t;) can be obtained by taking the average of M
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1
=1 >

M Gm(te,t;), which is expected to reduce the error. In
our reconstruction here, we have M being 1,102, 10*, 10°.

Constructed plot of the amplitude of the wavefunction

2

Constructed plot of the amplitude of the wavefunction

[

Constructed plot of the amplitude of the wavefunction

(b) M =102

¥l

Constructed plot of the amplitude of the wavefunction
05

(c) M =10%

(d) M =103
Figure 5.28: The reconstructed wavefunction with M = 1,102, 10%, 10° with error
modeled by Poisson statistics

The error corresponding each value of M is shown in Fig
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Figure 5.29: The reconstructed wavefunction with M = 1,10%,10% 10° with error
modeled by Poisson statistics

The total error in the reconstruction from 1 to 107 is listed in the Table[5.4l

M=

1

10

102

10?

10*

10°

Squared Error

0.3561

0.0690

0.0407

0.0380

0.0378

0.0378

Table 5.4: The total squared error at different number of trials M
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Increasing the number of trials from 1 to 10 can significantly reduce the error while
this improvement is not obvious when M increases to a larger value. When M
increases from 103 to 10%, the total error only decreases about 0.0002; therefore,

M = 10? will be adopted.

Ambiguity Function using Amplitude Reconstruction

The correlation between two theoretical wavefunctions at different velocity and range
is

Famp (v, d) //|¢n tot)| - 0D (¢, 1) dt dt; (5.210)

where ,; is joint wavefunction of the return signal and idler photons. And @Ds(f )
denotes the wavefunction in Eq5.172| with the known target distance d and known
target velocity v. The corresponding time delay experienced is 2d/(c — v) = 7,.(v, d).

Then, the correlation function f,m, becomes

famp Tr - // Wn trat ’wm( r Trati)‘dtrdti
/ / exp =02t — £.)% — 02(t — 1) + 200 (b — £.)(t; — )]
cexp [—o2(t, —ty — 7.)* — 0 (t; — 4;)* + 2k0404(t, — t, — 7)(t; — £;)]dt,dt;
1 _ _
x exp[—iag(tr —ty—1)%

(5.211)

Therefore, this function reaches its maximum value when ¢, = t,+7,. This correlation
function only concerns the amplitude of the wavefunction in EqJ5.172], which contains
the information of the time delay. The information of the Doppler frequency shift is

contained in the phase of the wavefunction.
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The correlation function fump(7) with variable velocity and range is computed as

shown in Figl5.30]

10000 X701
X401 Y 100

X101
Y 101
9000 Y 102 | Z 10000
Z 10000
o

Z 10000
o
8000

7000
6000

5000

Correlation

4000

3000

2000

1000

Figure 5.30: The correlation between two theoretical wavefunctions with different
velocity and range

Fig[5.30] plots the correlation value at different combinations of estimated d and w.
One combination of two values of d and v corresponds to one controlled time delay,
T, = % , from which the correlation function is calculated. However, one value
of, 7. (corresponds to one value of the correlation function in Eq.(5.207)) can be
achieved by multiple combinations of d and v. In this particular case, we examine the
limited ranges of d and v in Fig[5.30] Within the limited ranges and with step sizes in
these ranges being finite and discrete, we found three combinations of d and v (d =
10° + 0.01m,v = 0.3m/s, d = 10°m,v = Om/s and d = 10° — 0.01m,v = —0.3m/s)

had the same time delay, 7,.. If the ranges of d and v are further expanded, we may

find even more peaks. Such ambiguity makes the above method not useful.
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We may, however, use the correlation function between the two wavefunctions with
different ¢, to first estimate the time delay of return photons, £,, Then, the correlation
function as a function of the controlled time delay 7, is shown in Eq.5.207 and in
Fig. In this figure, it is assumed that ¢, = 0 and 7, in the reference signal and
idler beams ranges from —10ps to 10ps. Moreover, it is assumed that the theoretical
wavefunction is employed. It can be observed in Fig/5.31|that the correlation function
reaches its unique maximum point when the time delays of these two functions are

the same.

1 T T T T T T T T
f(r) A
09 r

0.8 1
0.7 [ 1
0.6 [ 1

05 1

04 §

03[ §

0.2 4

0.1 y

0 | | | | 1 | | | |
-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 5.31: The correlation between the amplitude of the wavefunction with no time
delay and the one with different time delay from -10ps to 10ps.

The reconstruction of the amplitude of the wavefunction as given in Eq[5.208 relies on

the accurate measurements of vy, 1, y3 at different time instances. Due to the error

138


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

introduced in the measurement process, the reconstructed amplitude of the wavefunc-
tion is affected, which is used to obtain the correlation function f(7.). When M = 1,
as shown in Fig[5.29a] the reconstructed amplitude of the wavefunction is signifi-
cantly affected by the measurement error. Then, the correlation function based on
this reconstrcted wavefunction is investigated and shown in the blue line in Fig/5.32]
Compared with the theoretical result in Fig5.31] the sidelobe increases significantly.
When M increases, the error in the reconstructed wavefunction becomes less signif-
icant. The sidelobe of the correlation function is suppressed when M increases as
shown in Fig. In Fig. M increases from 1 to 10,102, 10%,10%, it can be
observed that when M increases from 1 to 10, the level of correlation at 7, = 1ps
decreases sharply from 0.147 to 0.047. When M increases from 10 to 102, the level
of correlation at 7, = 1ps reduces to 0.016. Moreover, this value becomes 0.006 for
M =102 and 0.004 for M = 10*. Therefore, adopting M = 10% is desired, which can

achieve a relatively low level of sidelobe.
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12+ M=1
M=10
f(r) M=102
1k M=10°
M=10*
0.8
06
0.4
02+t
0 | | |
6 4 2 0 2 4 6

Figure 5.32: The correlation function at different time delays wih M =
1,10, 102,103, 10%

Phase Reconstruction

The phase information in Eq is arg(Yy) = —(t, — t,)w, — (t; — ) = I(t,, t;).
If the time measurement of the idler beam is fixed at ¢;, then the measured phase
information 9(t,,t; = t;) = —(t, — t, )@, is a linear relationship with the time (¢, —¢,)
whose slope provides an estimate of the central frequency w,. As stated above, the
interested range of the time measurement is ¢, € [—ﬁ +1,, ﬁ +t,] while @, is given

by <V,

As the analysis in the description of the wavefunction reconstruction method, the

reconstructed phase function is periodic and . If v = Om/s,d = 10°m is assumed
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and the corresponding time delay is ¢, = 6.6667 * 10% ps, the measurement of the
idler beam is fixed at t;. At the each value of ¢, ranging from ¢, — 2 x 1073 ps to
t, + 2% 1072 ps with a step size 0.0001 ps, the return beam is measured and based
on Eq[5.208] the wavefunction ; at (¢,,¢;) can be obtained in Eq[5.208] from which
the phase information can be obtained. If no error is considered in this case, the
reconstructed phase of the wavefuntion is shown in Fig.m with ¢; = ¢;. One period
of the phase plot is ¢, € [~5Z- + t,, 55~ +1,]. Then, if v = 0 m/s, &, = 2.2793 * 10°
rad/ps, then, the focused range of time measurement in the phase reconstruction will
be [t, — 0.0007,, + 0.0007] in ps.Therefore, in the phase reconstruction process, the

resolution of the time detection should be 0.0001ps.
With v = 0,d = 10°,

Reconstructed Phase without error

2 T T T T T T T
X -0.0005
15F Y 1.36756 i
o
1 - -
05 i
o)
@
& 0 ]
o
-0.5 N
At X 0.0007 .
Y -1.36756
e
-1.5F N
_2 1 1 1 1 1 1 1
-2 1.5 1 0.5 0 0.5 1 1.5 2
t %1078

Figure 5.33: The reconstructed phase information over ¢, without error
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It can be observed in Figl5.33] that the phase of the reconstructed wavefunction is
periodic due to the periodicity of the arctan function. Within the period from ¢, —
0.0007 to t, +0.0007, the slope of phase over time provides estimates of the frequency
@, which in this figure is (1.36756 + 1.36756)/(12 * 0.0001) = 2.2793 * 10® rad/ps.

This is exactly the true value of the frequency.

The phase information of the wavefunction is obtained from Eq5.208] Similar to the
reconstruction of the amplitude of the wavefunction, the reconstruction of the phase of
the wavefunction is also affected by the measurement inaccuracy as given in FEq5.209,

The reconstructed phase of wavefunction with different value of M = 1,102, 10%, 10°.
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Reconstructed Phase with M=102

) Reconstructed Phase with M=1 )
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{ Y -1.39911
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(a) M = 1. @, = 2222.7 rad/ps (b) M =102, @, = 2274.5 rad/ps
B Reconstructed Phase with M=10* B Reconstructed Phase with M=10°
X -0.0005 X -0.0005
150 Y 1.3721 1 150 Y 1.37041
. .
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] ]
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. .
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(c) M =10*. @, = 2284.7 rad/ps (d) M = 10°. @, = 2284.1 rad/ps

Figure 5.34: The reconstructed phase information with M = 1,10%, 10%, 10° with error
modeled by Poisson statistics

As shown in Fig[5.34] the phase information is heavily affected by the error introduced
in the measurement process. Within one time segment (¢, —5x 1074 ¢, +5%107%) ps,
the difference between the theoretical plot and the reconstructed plot with different
M has been investigated and shown in the Table[5.5] Table[5.5] lists the sum of the

squared error at M = 1,10, 10,103 and 10%.
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M= 1 10 102 103 10*

0.0803 | 0.016 | 0.0013 | 3.17«10~* | 1.40 % 10~*

Table 5.5: The sum of the squared error between the theoretical plot and the recon-
tructed plot

As shown in the Table[5.5] the total error over the focused time period can be largely
reduced by increasing the number of trials M. And this value becomes acceptably
small when M = 10%; therefore, similar to the conclusion in the analysis of the error
in the reconstructed amplitude of the wavefunction, M = 10? is also suitable for the

reconstruction of phase information.

Time and Frequency Estimation Method

Suppose we employ the joint wavefunction of the reference signal and the idler

2

s =

(which we designate the reference joint wavefunction) having same parameters o
12.57rad /ps, o = 12.57rad/ps, k = 0.93 as shown in Eq for estimating the dis-
tance d and the velocity v of the target, and suppose we receive the same returned
signal have the joint wavefunction, 1y, of the returned signal and the idler as given
by Eq. with an unknown time delay and frequency shift. We want to estimate
the distance and the velocity of the target using the above information. Now, suppose
the interested range of the target parameters are d € [dy, ds] m and v € [vy, vo] m/s.
It is assumed that the true distance and the true velocity of the target, denoted by
(dy,vy), are within the two given ranges. Then, the time delay and frequency of the

2d;

returned signal beam will be 7, = P UG

Tl Ws. The aim of the estimation
t

and w, =
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problems in QI is to estimate ¢, and @,, which will be used to further evaluate the

parameters of the target, (d;, v;).

From the amplitude reconstruction section, we have learned that the parameter t,
can be estimated from the maximum point of the correlation function between |t)y]
and | (7,)| at different values of 7., where 1y is the joint wavefunction of the re-
constructed returned signal and the idler (which we designate the reconstructed joint
wavefunction), and 1 (7,) is the reference joint wavefunction. Thus, in our estimation
procedure, the reference joint wavefunction with different time delays should first be
obtained and stored for estimation analysis. Given that d; € [dy,ds] m and v € [vy, vo]
m/s, the minimum value of £, will be ™ = 22 % 10" ps and the maximum value
of ¢, is tmax = % x 10'% ps. As shown in Fig, without noise, the two joint
wavefunctions will become uncorrelated when the time delay between them is larger
than 2ps. This time-lapse becomes 3ps when the measurement error is taken into
consideration as shown in Fig[5.32] Therefore, the controlled time delay increment
in the reference joint wavefunction should be in 3ps steps. As given in Fig5.26] the
amplitude of the wavefunction will become zero when ¢, > ¢, +2 ps or t, < t,, — 2 ps.
Therefore, at each value 77, the reference joint wavefunction w:{i‘ in the time range of

7! —2 ps and 7!+ 2 ps will be the section of interest. The reference joint wavefunction

% corresponding to this time delay 77 is given by

wj(tr,ti), if 7 —2<t <7 +2.
Ut ti) = (5.212)
0, thin — 2 <t < 7P —2o0r TP+ 2 < t, <X 49

The second step is to obtain the reconstructed joint wavefunction of the returned
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signal and idler beam, ¢,; using the reconstruction method described in Section 5.5.1.
The detection window of any returned signal is ¢, € [t — 2, #2* 4 2] ps with a time
resolution 0.1 ps. The detection window of idler signal is ¢; € [t; — 2,¢; + 2] ps. From
previous analysis, M = 103 is be adopted in the reconstruction process. Afterwards,
the correlation between the reconstructed plot ; and each of the theoretical plot vk

will be calculated as given as

' ti+2 P42 ;
Jamp(77) = / / Unthg dtdt; (5.213)
t,—2 J

min _
o 2

Then, the time delay of the returned signal ¢, will be estimated from the maximum

value of the correlation function fun,(7:),
t, = argmax famp(77) (5.214)

Here, ¢, denotes the estimated value of the time delay experienced by the returned

signal.

After obtaining the estimate of the time delay, t,, the phase characteristics of the
wavefunction can be reconstructed. Due to the property of actan functions, the
phase characteristics becomes a periodic function along ¢,.. Hence, the central point
of the chosen range for the phase estimation is not critical but the range and the
resolution are important. As stated above, the resolution should be 0.0001ps and the
time duration of the measurement should be more than 0.0015 ps. In our case, the
chosen range based on the estimated result %, is from ¢, — 0.0015 ps to ¢, + 0.0015ps
with an increment 0.0001 ps. Then, the slope of the reconstructed phase plot gives

the estimated frequency @,.
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Here, an example of this time and frequency estimation problem is provided. Suppose
d € [(10° — 5)m, (10° + 5)m] and v € [~150m/s, 150m/s], ¢, as defined in Eq[5.177]
will be between ™" = 6.66633 x 10® ps to t™* = 6.667 x 10® ps. A a random value of
d and v can be generated with its corresponding time delay ¢,. Then, the correlation

function famp(7:) is plotted in Fig.m.

famp(rr; ‘ ‘ ‘ ‘ ‘ ‘ ‘
09t -
0.8 ]
0.7t ]
0.6 ]
05 ]
0.4+ -
03+ -

0.2r 1

041 f .

0 = . . . . .
6.666665 6.666666 6.666667 6.666668

8
7, x10

Figure 5.35: The correlation between the data of the theoretical wavefunction and the
reconstructed wavefunction of the received and idler system with a time increment
0.1ps. The unit of 7, is in ps. M = 10? is adopted.

From the peak of this correlation function fan,(7,), the corresponding value of 7, at
this peak is 6.666666062889185 x 10® ps and the difference between the estimated
time delay and true time delay 6.666666063074191 x 10® ps is ¢, — t, = —0.0185ps.
The normalized error as defined % is —2.7751 x 10~!'. Now, using the estimated

time delay t,., the frequency of the returned signal can be estimated from the slope
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of the reconstructed phase plot within ¢, € (£, — 0.0003,%, + 0.0003). Then, the
difference between the estimated frequency @, 2287.88576064177 rad/ps and the true
frequency @, 2279.26946064177 rad/ps, is @, — &, = 8.6163 rad/ps. The normalized

error (W, — w,)/w, in this case is 0.0038.

The numerical simulation is repeated for 10 times. At the each trial, a random
value of distance and a random value of velocity are generated and known. Then,
the wavefunction of the return signal and idler with a known time delay and known
Doppler frequency shift is reconstructed using the above method. The time delay can

be estimated from the peak of the correlation function.

The error of the time delay estimation in each trial has been computed as shown in

Fig[5.36
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Figure 5.36: The error in estimating the time delay using the peak of the correlation
function with M = 10?

Figl5.30] plots the squared error between the estimated time delay and the true time
delay for 10 numerical experiments. The average squared error is 0.0038 ps?, whose
squared root value is 0.0616 ps. Given the estimated time delay ¢, with A = 103, the
estimated frequecy of each trial is obtained and the absolute value of the difference

between the estimated frequency and the true frequency is shown in Fig5.37]
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Figure 5.37: The error in estimating the frequency M = 103

Then, the averaged value of the absolute value of the error is 5.0401 rad/ps.

5.4.3 Summary

The joint intensity of the returned photon at ¢; and idler photon at ¢, is measured at
three different phase angles ¢ = 0,7/3,27/3, which give y;(t1,t2), y2(t1, t2), ys(t1, t2)
respectively. The wavefunction at (1,%3) as a complex number can be computed
using these three measured results y(t1,t2), ya(t1, t2), y3(t1, t2) based on Eq..
The joint intensity of the returned photon and the idler photon is then measured
over the interested time range: ¢; € [t™" — 2™ 4 2]ps with a step size 0.1ps and

ty € [t;—2,t;+2]ps with a step size 0.1ps. The amplitude and phase of each computed
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value y(t1,t2) are recorded respectively. Firstly, the amplitude of the measured result
is focused. Given the discrete set of values measured at different time instances t1, to,
these are approximated by a joint Gaussian distribution as Wﬂ]. This reconstruction
of the amplitude of the wavefunction is used to compute the correlation with each
reference wavefunction % in Eq.5.208. The best matched reference can be found,
whose averaged time of the signal beam provides an estimated of 7., 7.. Secondly,
the phase of the measured result is focused. At a fixed value of 5, the phase of the
measurement result is plotted at different values of ¢;. This plot is approximated by
a periodic linear function. The slope of the approximated function gives an estimate
of W, @,. Then, with @, in Eq.5.174, the velocity of the target can be estimated 2.
Then, based on Eq.5.173, the target distance can be estimated using the estimated

velocity and the time delay o, 7;.

5.5 Joint Estimation Method

5.5.1 Theoretical Description

The joint estimation method relies on the use of the SPDC output signal and idler

beams which are governed by the wave functions in Eqsf5.169 and [5.170, A unitary

transformation is applied on the SPDC signal and idler beams, which can preserve
the Gaussian properties of the given system state. More specially, in this case, the

applied unitary operator By; is given in Eq5.215) which changes the joint state of

having a signal photon at t; and a idler photon at ¢; to a time modified state with a
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signal photon at ¢, 4+ ¢; and a idler photon at %

Bu= [ [0 o= i+ o, (o] donds

ts — t;
://|t5+ti>s| 0l Gl et

A systematic diagram of applying the joint estimation method on the SPDC outputs

(5.215)

is shown in Figf5.38] The practical implementation of this unitary operator can be

found in Section 5.5.2.

L), 7).,
| Target (d,v) — g
|wsi>si ]:D)T. ]:3) ) |¢ri>ri
— 7| ¥ Vi) Y —
—» ................................ —»

Figure 5.38: Systematic diagram of joint system estimation method relying on the
unitary transformation and SPDC outputs.

If the input to this unitary transformation B ; is the SPDC wavefunction, the output

becomes

|,[7D > |/I7Z}Sl

//% toyti) [ts), [£), ts (5.216)

where the new joint wavefunction |tg)’ is given in the following

t2 i 12
Pyi(ts, ti) o< exp{——"5 — swpt,} - exp{——5 — iAwt;}
o7 2 Tr (5.217)

= Ui(ts) - ¥i(t:)

where w, = W, + @; and Aw = W, — ;. The new joint wavefunction ¢/ (¢s,¢;) can

be expressed as a direct product of the wavefunction of the signal beam ¢ and the
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wavefunction of the idler beam 1){. Then, the corresponding joint state becomes a

tensor product of two independent states

i = [ [ vttt ), ) e
= [ [ vttt vite e, 6, de.de o

= [uite i, /w )1,

CONONE

Therefore, the originally entangled signal and idler photons become unentangled and
the joint wavefunction becomes the direct product of wavefunctions of the signal and
idler. The unitary transformation B and BL can be implemented using the single-
photon x® interactions and linear optics. Detailed implementation can be found in

86], [87.

Then, the transformed signal is sent to detect any possible target. Consequently,
after encountering the target with a distance, d and a velocity v, the wavefunction of

the returned signal with a time delay and Doppler frequency shift can be given as

(t, —71)* i
where 7 = fd is the time-delay and w), = = S owp (is the shifted frequency).

The biphoton state at the receiver side is the joint state of the returned signal and
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the retained idler beams

W) = ® [¥5);
/w ) Itr), dt {/wg(ti)‘ti%dtz} (5.220)

//¢ 6), [), dt,dt;

where
2

Pi(ti) o exp{—ti2 — iAwt;} (5.221)
T.

T

where t; is the generation time of the idler photon and Aw = w, — w;.

At this step, all information about the target is contained in the received signal
photon. Then, the unitary operator as defined in EqJ5.215|is applied at the receiver
signal and idler, forming By; [¢;) so that the final idler beam is also related to the

range and velocity of the target.

B, [0.) //exp [_ [t = 7/2) + (& —7/2P [t —7/2) — (& _7/2)]2]

1677 472

2c 7 2c

— Z(t; — 7/9) - >, AW .
& = 5(ti—7/2) C_Uw,] It), [t:), dt,dt;

- exp [— Lt —7/2)-

= |¢ri>
(5.222)

Then, in Eq5.222] the averaged time of arrival of either returned signal and idler
is delayed with 7/2. Also, the averaged frequency of the final returned signal Cz_—cvcfzs

and idler beams CQ—CLDZ is associated with the target velocity. We employ the time
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measurement operator t, as defined

b= [l 0l (5.223)

which is applied on the final returned signal beam. The frequency measurement

operator w; is also employed which is defined as

This frequency operator is applied on the final idler beam.

The expected result of applying the time measurement operator t, on the returned

final returned signal is given as

t. 2 tr(t.p,) (5.225)

where p, represents the returned signal that can be obtained by performing the partial

trace on the joint state of the returned signal and idler, p,; over the idler beam

pe = trs(wi) (bal) = [ (el uls) dt (5.226)
Then, the expected output of the time operator is
(5.227)

The expected value of applying the frequency operator @; on the idler beam is defined

as
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where p; can be obtained as

by = (W) (01,0 = [ {er ) (W) o, (5.229)

Then, the expected output of the frequency operator is

v
~i - _i - 5230
Wi T T ( )

Therefore, from the time measurement and the frequency measurement, both the
time delay and the velocity-related frequency can be estimated. In the above method,
the use of the unitary operator Bf to disentangle the signal and idler and then to
re-entangle using B are necessary this is because two resulting beams after being dis-
entangled still share common parameters ¢, and ¢;. The separated signal beam being
sent out is returned with the information of the time delay and Doppler frequency
shift, which is embedded in the parameter of this separated signal beam. The unitary
operator B then recombines the return signal and idler beams such that both beams

still share common parameters t, and t;.

5.5.2 Numerical Results

Practically, one signal photon and one idler photon will be generated at the time t,
and t; with the probability |1s(ts,t;)|? and the frequencies of the generated signal
and idler are w, and w; with the probability | W (ws,w;)|?. After applying the unitary
transformation Bsi, the signal photon shifted to (s + ¢;) and with the frequency

(ws + w;)/2 is sent outwards. The unitary transformation B, will be applied on the
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returned signal photon and retained idler, which will generate a signal photon at the

time ¢, 4+ 7/2 and a idler photon with the frequency —~w; — —~-w,. Then, the arrival

_v_
c+v c+v

time of the return signal photon and the frequency of the idler photon are measured.

When a large number of signal and idler photons, M, are generated sequentially, the
arrival time of each return time is measured and then the histogram of ¢, can be
obtained as {P(t,)} with ¢, =ty +(n—1)* AT. When M increases to a sufficiently

large number, the histogram will become [1,.(¢,)|*> which is given as

[4(t,)[? oc exp [— ((ZQ:LZ/%] (5.231)

The estimated result based on the obtained histogram is given as

lest = Z tnP(tn) (5232)

When M = 103, the histogram of the measured time of the returned signal and the

histogram of the measured frequency of the idler are shown in Figl5.39|

157


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D Thesis — J. Wang; McMaster University — Electrical and Computer Engineering

0.018 T T T T 0.035
0.016
0.03
0.014 |
0.025
0.012 |
001 0.02 -
a a
0.008 | ] 0015
0.006 | q
0.01 1
0.004
0.005 | 4
; oL il | |1 T
3.33332083  3.333320835 3.33332084 3.333320845 2582 2584 2586 2588 2590 2592
t <108 w.

4 i

(a) The histogram of the time of arrival of(b) The histogram of the frequency of idler
return photons. photons.

Figure 5.39: Time and frequency histograms at M = 103

The difference between the estimated time delay and the true value is 0.0025 ps while

the error in the frequency estimation is 2.5809 rad/ps.

When M = 10°,
012 T T T T T T T 0.03 —
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(a) The histogram of the time of arrival of(b) The histogram of the frequency of idler
return photons. photons.

Figure 5.40: Time and frequency histograms at M = 10°
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The difference between the estimated value o and theoretical value of 7/2 is 0.0015ps.

v

The difference between the estimated value and theoretical value of w; — -

wp 18
0.0183 rad/ps. Correspondingly, the range and velocity can be estimated using the

estimated time and frequency.
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Chapter 6

Conclusions and Future Study

6.1 Conclusions

Quantum illumination (QI), which is one special type of quantum radar system, relies
on the phenomenon of quantum entanglement to enhance the performance of the tar-
get detection and parameter estimation over classical radar systems. The QI system
commonly uses the entangled signal and idler beams generated by the spontaneous
parametric down-conversion (SPDC) process to probe the interested region. This
thesis investigates the application of QI as a quantum radar system to the practical

problems of target detection and target range and velocity estimation.

The target detection problem in QI discriminates between two Gaussian states under
two hypotheses. Each Gaussian state is fully characterized by its mean vector and

covariance matrix. The entanglement between the signal and idler beams reflects on
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the off-diagonal terms of the covariance matrix. Researchers have shown the superior
performance bound of quantum illumination in terms of the probability of error of
target detection, which can achieve 6 dB improvement in the error exponent compared
with the classical illumination systems [|9]. However, previously proposed quantum
detector designs cannot achieve this desired performance. The first practical detector
design proposed in [47] employed one optical parametric amplifier (OPA) which could

introduce a 3 dB improvement.

In this thesis, dual-OPA detector design consisting of two optimized OPAs has been
proposed. The adjustment between the power gains of two OPAs further decreases
the probability of error in the one-OPA design. A comprehensive analysis of the noise
effect and linearity constraint of OPAs on the detector performance of the amplifiers
has also been included. However, results from the analysis this two-OPA design show

that the optimal bound cannot be reached.

In this thesis, it was noted that both the one-OPA and two-OPA designs depend on
the difference of the measured system output intensity, which uses the partial knowl-
edge of the difference of the covariance matrices of two Gaussian states. Thus, another
quantum detector was proposed such that the information of the complete covariance
matrix of the Gaussian states was exploited. Here, the covariance matrix of the return
signal and idler beams was first constructed by a homodyne detector with a quarter-
wave plate and a half-wave plate. For Hy (no target), the corresponding covariance
matrix T'y was first constructed. Then, the distance between T, and a reconstructed
covariance matrix I' was calculated and used as our test statistic. This distance value

was then compared with the pre-determined threshold value which was established
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based on the constant false alarm rate (CFAR) criteria. For distance measure be-
tween two covariance matrices, we first employed the most commonly used Euclidean
distance (ED). However, since covariance matrices are Hermitian and positive semi-
definite and therefore form a manifold in the signal space, a Riemannian distance
(RD) was then thought to be more appropriate in this case. We further developed
and applied a weighted Riemannian distance (WRD) aiming at optimally using the
prior information of the measured covariance matrices of noise only, and employed
WRD as a performance-improving measure. The performance of the CM detector
using all the three ED, RD and WRD distance measures was explored. Among them,
the CM detector using the WRD achieved the best detection performance followed
closely by the use of the RD. It was further found that the error probability of any of

the CM detectors is below the upper bound evaluated for an optimal detector design.

So far, very few papers have been published suggesting range and velocity estimation
using quantum illumination. In this thesis, we investigated the problem of target pa-
rameter estimation using the model of QI. Our study on target parameter estimation
is focused on the estimation of the target range and the target velocity. Accuracy
in the estimation of these parameters in classical statistical signal processing, are
measured in terms of the standard deviation which, for a unbiased estimate, is lower
bounded by the classical Cramer-Rao bound. This concept has been extended to the
quantum estimation problem. Here, as in the classical case, the range and the veloc-
ity of a target involves the simultaneous estimation of the averaged time of arrival
and averaged frequency of the return signal. Inspired by [23], in which the quantum

Cramer-Rao bound of this multiparameter estimation problem was developed, in this
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thesis, the lower bound of the joint standard deviation in the simultaneous estima-
tion of two systematic parameters, i.e., the averaged time of arrival and averaged
frequency of the return signal, was derived. In the noiseless case, it was found to be

governed by the entanglement factor .

Then, this thesis has derived the joint wavefunction of the return signal and idler
when the wavefunction of any external effect is modeled by a Gaussian function. Af-
terwards, the corresponding quantum Cramer-Rao bound with this inaccuracy con-
sideration has been obtained which depends on the Signal-to-Noise ratio. Results
have shown that the impact of the noise on the measurement accuracy becomes less

significant when the degree of the entanglement in the system increases.

This thesis has investigated two estimation methods. The first method exploited the
reconstruction of the temporal wavefunction of the returned signal and idler beams.
The information of these two parameters is incorporated in the phase and amplitude
of the temporal wavefunction of the returned signal and idler beams. Hence, the
first estimation method proposed in this thesis is based on the reconstruction of the
phase and amplitude of the wavefunction. The wavefunction can be reconstructed
reliably by combining the returned signal-idler pair and a pair of coherent signals.
The error in the reconstruction can be lowered to be negligible when the number
of trials is 103. The time delay could be estimated from the ambiguity function
between the reconstructed wavefunction and the reference wavefunction. Then, given
the estimated time delay, the Doppler frequency can be estimated from the slope of

the reconstructed phase information of the wavefunction.
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The second estimation method proposed in this thesis performed the unitary trans-
formation on both the SPDC signal and idler beams and the returned signal and idler
beams. Then, the averaged time of arrival of both the final returned signal and idler
beams contained the information of the time delay due to the propagation process.
Moreover, the averaged frequency of both beams was affected by the target velocity.
Therefore, the estimation of the time delay is performed on the final signal beam
and the estimation of the Doppler frequency is carried out on the final idler beam
simultaneously. The second estimation method could achieve higher accuracy and

requires lower detection resolution.

6.2 Future Study

Current research [7], [8] on QI employs a simplified model to describe the whole

propagation process of the signal photon beam such that

a, = /4, + VI —na, (6.233)

where a,, 4, and &, represent respectively the annihilation operators of the received
signal, the original transmitted signal and the background noise. The scalar param-
eter, n, called the system transmissivity, encompasses the effects of propagation loss,
interference and scattering and also the target interaction. Current research successes
demonstrate that QI has performance superior to classical radars for detecting weak
targets under very noisy conditions. However, the analysis and design of the detec-

tors are based on the simplified signal model of Eq6.233], which describes the state of
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the returned signal simply as a scaled version of the state of the originally transmit-
ted signal, omitting the actual channel interference and scattering effects that may
lead to the loss of entanglement between signal and idler photons. Thus, in practice,
the application of the above target detectors in quantum radar may result in serious

deterioration of performance.

Then, the development of a comprehensive model which describes the real-time
transmission of the signal photon through an interfering, attenuating, and scatter-
ing medium, enabling the investigation of the entanglement decoherence during the

propagation process should be focused.

Since the loss of entanglement between the received signal photon and the idler pho-
ton may cause serious performance deterioration of the detector, we seek for the
possible recovery of the entanglement by passing the received signal through a dif-
ferent interfering medium, i.e., an entanglement restorer, which may equalize the loss
in entanglement due to propagation. The equalized returned signal photon is then
passed on for detection. It is hoped that the deterioration of performance of the CM

detector may also be recovered.
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Appendix A

Quantum Detection

A.1 Mean and Covariance Matrix

The mean vector v, can be derived as following
V. = |4, &; al &
The first element in the vector v, is

(&), = tr(Aupy) = tr(a, [0), () = te({] & [0),) = (VIa.l)

N = A
= [nZ:: N, 1 (nl; <n|s]as[m§::O N, 5 Dt Im), [m),]

S e R IRV RN )
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Due to the orthogonality of number states (n|m) = d(n — m), the inner product
(n|m — 1), can be non-zero if and only if n = m — 1. However, if n = m — 1, in
the idler system, (n|m), = (m — 1|m), must be zero. Therefore, the final result will
become zero. Other three elements in v, can be derived in the same manner whose

results are also zero.

The derivation of the covariance matrix I' in Eq[4.63]is included.

Q>
V)

E»

Veevi=1| | -lal al a, a (A.236)

Q>

Q>
S =t [

The 11th element is (a,af) = (afa, + 1) = (afa,) + 1 = (d,) + 1 = N, + 1. The 22th
element is (4;a]) = N, + 1. The 33th element is (41a,) = N, and 44th element is

(ala;) = N,.

The 12th element (4,a]) is

<é‘sé'j> - tr pszas ‘w si 1 a:) Sl és/\.l- |w 51 <1/J|s1 éSAT |¢>
Z ~ |, (n]Ja Z —~ ) |m),]
s \/N+ “ mO\/N+1 +1

Nner t

i Z \/ N, + 1)ntm+2 (nl; (n|, [asa} |m), |m),]
S o fTZmH (nl, (nl, \Jmlm + 1) |m — 1), jm + 1),

n=0m=0

(A.237)

Given that (n|m) = §(n —m), the inner product (n|m — 1), can be non-zero if and
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only if m — 1 = n. However, the term (n|/m + 1), = (n|n +2) = 0. Therefore, this

term becomes 0.

The 13th element is

(8,4,) = tr(pgasa,) = tr(|y), (Y|, asa,) = tr((¥ aSAT V) ) = (V| asds 1)

nE::OM N +1 n+1 asaSmE_:O\l N +1 m+1 |m

Nnm

_ Z Z —(n], (n], [a4, Im), |m),]
n=0 m=0 N +]- +m+2
Nn m
=3 3% [ ol (ol o = 1) = 2) ),
n=0 m=0

(A.238)

In order to become non-zero, m — 2 = n. However, (n|m), = (njn + 2), = 0. There-

fore, this term becomes 0.

The 14th element is

() = tr(pgasa;) = tr(|) (Yl adi) = tr((¢]g .8, [¥)) = (Pl adi )
;;0\/ N+1 n+1 asalmi.:éo\/ N+mm+1
—%;)Nfﬂ;MWWﬁ@mmm
_ T;”;O = f’;  nl {nl,mm = 1), Im — 1),
(A.239)

For non-zero inner products, m — 1 =mn or m = n + 1. Then, the result becomes

N2n+1

W(n +1) = /Ny(Ns + 1) (A.240)

-3

n=0
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The 23th element is (&;45) which gives the same result as (a;4;) because these two
operators are commute [as, 4;] = 0.

The 24th element is (4;4;), which gives the same result as 13th element, (a4,45) because
the signal and idler systems are identical in the SPDC output.

The 34th element is (af4;) which gives the same result as the 12th element, (A a])

because the signal and idler systems are identical in the SPDC output.

Moreover, the covariance matrix is symmetric; hence, the covariance matrix is

N, +1 0 0 N,(N, +1)
0 N, +1 N,(N, +1) 0
T = (A.241)
0 N,(N, + 1) N, 0
N,(N, + 1) 0 0 N,

A.2 Theorem on Two Matrices A and B

Let P be the projector on the range of (a—b), where (a—b), = Z[]a—b|+(a—b)].

Then, the lemma in [58] has been developed
Lemma A.2.1 Leta,b >0 and 0 <t <1 and P be the projector on the range of

(@ — b),.. Then,
tr(Pb(a’ — b")) >0 (A.242)
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Then let a = A and b= B'"* and t = s/(1 — s), which gives
tr[PB'*(A* — B*)] > 0 (A.243)
Substracting both sides from tr[P(A — B)] gives
tr[A*P(B'* — A'"%)] > —tr[P(A — B)] (A.244)

Given that P is the projector onto (a — b), = (A'"* — B'"%),. Then, the LHS of

the inequality becomes
tr[A*(A'™* — B'%),] < tr[P(A — B)] (A.245)

Because a = A= > 0, then A?® is positive semidefinite A* > 0.Then the LHS is

lower bounded by
tr[AS(A'* — B'%)] < trf[A*(B'* — B'7*),] (A.246)

This lower bound is tr[A — A*B*~*]. Moreover, because for any self-joint H, tr(H_)
is the maximum of tr(QH) over all self-joint projectors Q. Then, the LHS of the

above inequality is upper bounded by tr[(A — B),]. Then

tr[A — A°B'] < tr[(A — B),] — ;tr[(A _B)+|A—BJ (A.247)
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Subtracting both sides by tr(A) and taking the negative gives

1

§tr[A +B—|A - BJ|] < tr(A°B'"™®) (A.248)
Then, with A = m,p,, B = mp,, this inequality becomes

1 _
§tr[7T1P1 +mopo — [T1py — Topol] < tr[(m1p1)*(Topo)' 7 (A.249)
The minimum probability of error is upper bounded by

i s 1-s
Pomin < Ogiltf((ﬂlm) (m0po) )
= nf mimgtr(pipy ) (A.250)

1 : s 1—s
< 5, it tr(pipy )

The last inequality comes from that 7§73~ = (1 — 7,)'~* is maximum

d
d—ﬁf(l —m)! T =sm (L -m) T = (1= 8) (1 —m) 7w =0 (A.251)
1

This gives m = % and then 7y = % correspondingly.

In the M-mode system state, p, is replaced by p$* and p, is replaced by p$. The
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error bound becomes

1 S
Pein < 5 inf tr{(p7")"(p5™)" "]

1 S

= 5 oinf (1) (py )]
1 .

— Qogsl;tr[(plpé $) @M (A.252)
1 S S S S S S

= 5 inf tr(pipg ) - tr(pipg ") -+ - tr(pipy ™)

1 S S
=5 oinf tr(pipg )"

The second equation becomes from the property of the Kronecker product that
(AN — (AR AR AN =A@ AV ® ... AN = (AY)®M The third
equation becomes from the property of the Kronecker product that A®M B®M —
(AR A®--- @A) BB®---®B)=(AB)®(AB)®---®(AB) = (AB)*™. The
fourth equation becomes from the property of the Kronecker product that tr(A®") =
trlA® A®- - @ A) =tr(A)-tr(A) - -tr(A) = tr(A)M.

A.3 Theorem on Quantum Chernoff Bound

As given in the Eq[4.79 the quantum error exponent is given by

Qs = tr(pyp1~°) (A.253)
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A n-mode Gaussian state with the density operator p can be transformed to the

tensor product of n independent thermal states as shown in Eq/4.72]

- m;é pon(03) [T

(A.254)

where U is the unitary operator and Py, is the density operator of the thermal states

and vy is the symplectic eigenvalue of the covariance matrix of p. Then, the density

operator to the power of s can be obtained

® pth 'Uk

k=1

A

given that UiU =1.

As defined in Eq4.73]

v+ 1 =0 v+ 1
Let n, = )
pan(me) = (1 =) D0l 13), ()
§=0
And
S 5 = (1 - 77k)5
Pin(mk) = (1 — i) Z 71 77 P (1)
7=0
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Here the term (11 "’“) can be written as by substituting n, = z’;j&
1 —p)° 2
(L=me) 2 Gy(w) (A.258)

1T—n (o +1)—(vp—1)*

Moreover, due to the relationship between 7, and vy, the new symplectic eigenvalue
U, corresponding to 7y is

b — —
e (e 1) — (o — 1)

Ttnp _ (et 1)+ (e —1)° 4 Fu(vr) (A.250)

Then, the density operator to the power of s can be written as

p° = tr(p®)p(s) (A.260)

where tr(p®) = II;_; Gs(vx). Since vy are the symplectic eigenvalues of the system

state p, therefore, so are Fy(vg). This is the lemma developed in [56].

Therefore, the quantum error exponent becomes

Qs = tr(pg)tr(pr*)tr(po(s)py (1 — s))
n (A.261)
H s(ar)Gios(Br)tr(po(s)py (1 — s))

where oy, and B are the symplectic eigenvalues of I'h and I'} respectively.

The term tr(py(s)p;(1 —s)) is given as the

tr(py(s)pr(1 = 9) = = [ xoulOnin(-€'E (A.262)
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where x(€) is the characteristic function of the density operator.

o = exp[~ SETVo(s)E +i57] (263
i1 = exp[—;ﬁTvl(l — e+ iyTe (A.263h)

The covariance matrix corresponding to p,(s) and p,(1 — s) are

Vo(s) = Sol@D Fu(an) IJST (A.264a)
Vil - 5) = SI Fi_ (3 LIST (A.264b)

Then, for the system states p,(s) and p,(1 — s), they have the mean yq,y; and

covariances in the EqsJA.264] and then tr(p,(s)p,(1 — s)) is given by

exp | — 3(Yo — y1)" (Vo(s) + Vi(1 — 5) 7 (30 — 1))
V/det(Vo(s) + V(1 — )

tr(po(s)p (1 — s)) = 2"

(A.265)
Then, the error exponent () is given as
. 2" 1= GS(O‘k)Gl—S(ﬁk) . ex _1 — < \T s ) — v
s = \/det(Vg(s) V.0 s) p [ 2(3’0 y1)" (Vo(s) + Vi(1 = 5))" (Yo — ¥1))
£ Qu-exp [~ 550~ 70 (Vo(s) + Va1 = 5) (50 — 51))]
(A.266)
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Appendix B

Quantum Estimation

B.1 Derivation of Eqs./5.188 and [5.189

B.1.1 Eq/5.188

For I:;T,
- m a{ rilJn
i, =2 Y wlOpalfu (B.267)

1,5 +Pm 70 Pn + Pm

The derivative of the system operator with respect to t, is

Or, pri = (O, [tn)) (¥ni] + [¢ni) (OF, (¥uil) (B.268)
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The term

(f110r, pul f1) = (¥uil[ (0%,

<77Z}ri|afr7vbri> = [//¢ri(trvti)* <t7“|r <ti|z’dt7“dti

U [ 166+ 2032, ~ ) = 2ot E)alts ) 1), 1) i,

i) (Wil + [9ui) (O, (W) |thni) = (il Op, i) + (Op, i)
(B.269)

// ity + 202 (t, — t,) — 20,0 (t; — )] (tr, 1) Vui(ty, 1) dt dt;

_ / / (i, + 202(6y — £,) — 260,0(t: — )]0 (b1 1) Pt ot
(B.270)

where * here denotes the complex conjugate. Moreover,

(|01 ns) = [ / / =ity + 202(t, — 1) — 20, 05(E, — 1)t (s 1) (1] (8], it

[//¢ CEV I, | ded!

— //[_Z@r + 20-12~(t7‘ - Er) - QIiarai(ti — E’i)]ldjri(tr; tz>|2dtr,«dtl
(B.271)

The sum of these two equations becomes

//[403(1; —1,) — 4k0,0i(t; — 1) |n(te, 1) Pdt,dE, (B.272)
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which consists of two parts and the first one is given as

//203(2% —t,) exp [ —2(t, — t,)%0% — 2(t; — 1;)%07 + 4k(t, — t,.)(t; — t;)0.0; | dt,dt;
— / / 20°t, exp [— 212027 — 2207 + 4/<ctrti0rai] dt,.dt;

— //203@ exp [ — 2(tio; — Ktyo,)? —2(1 — /12)03753] dt,dt;

=0
(B.273)
The second line is obtained by replacing t; — t; with t; and ¢, — ¢, with ¢,. The

final result is zero because texp(—at?) is an odd function and the integration of
the odd function from (—o0) to (+00) gives 0. Similarly, the term associated with

2k0,.0;(t; — t;) is also 0. Therefore,

(119, psil f1) = O (B.274)

The second term in Lg, is

(f2l0F, pyil f1) = (fal[(O, [¥ri)) (il + [¥0m) (Or, (Vi) [t0ni) = (fa|OF, i) + (faltbn) (O, Puilthni)
(B.275)
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The term (fo|t)y) is

<ﬁmo=// 21— R)[onlts — £) + oslts — B (1, ) (8o, (8] it

[ [ttty e, i,
(B.276)
_ / / 21— W) [on (b — £.) + 0s(ts — B)]| o (b £:) Pelt ot

The term (fo|0f 1) is

cm@%o://¢%v«mwu—m+mw—mwaumam@wm%
//sz+20 (t = 1) — 260,05(F, — L) (£, 1) |1, |10) de’ !

//,/ (L= 1) [on (b — ) + 0s(ts — E)|[iG5y + 202(ty — £,) — 2kcnrs(ts — B[ (b, 1) Pltrdty

(B.277)

The non-zero terms are

(Rlog ) = [ [ VRO Rk~ 67 + 2020i(1 = k)t — (1) — 260,02t = £, )

=0,1/2(1 — K)
(B.278)

Hence,

(f2|0, pusl f1) = 0r0/2(1 — K) (B.279)
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Applying the similar steps, other three elements can be obtained

(f3105, Pyl 1) = ory/2(1 + K) (B.280a)
(f110, Pyl f2) = 0/2(1 — ) (B.280b)
(f110r, Pl fs) = 0v/2(1 + K) (B.280c)

(B.280d)

B.1.2 Eq/5.189

- 1aw rilJ 1
%;[U|MMMM%H%@MMWMM+%@MMWMN

+ (19, pul f2) | f1) {fo| + (f1|0s, puil f3) [ f1) (3]
(B.281)

The first term 1is

(f110a, pul f1) = (il [(Dz, [¥1)) (| + [¥e1) (D, (Wua)]|e0i) = (il O, thui) + (D, i)
(B.282)

In this equation, the first and second elements are a complex conjugate pair. The

first element is

<%@mw{//m@mrmum%%u//Hm—mmwww>mwwg
- / / (=it — 1)]|ti(ty. 1) [Pt

(B.283)
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The second term is

(f2]Oa, Pl f1) = (f2l[(Os, |¥ni)) (Uui| + [¥ni) (Oa, (Wni)][t0i) = (f2]On, m)
= (f2|0s,u)

(folO ) = / / V21— W) lov (b — ) + 03t — E)ibwi (. 1) (1], (8] b,

[ [t = B 616, 16) e,
//\/ (L= W) [on(te — £.) + os(ts — )| [=i(tr — E.)]|tow (b1 £:) Pt sty
://—m/ (1 — kK)o (t, — 1) + oi(t; — ) (L, — £)]|Uui(ty, 1)|*dt dt;

o 2(1 —K)

+ <f2 ’wri> <a&)rwri‘wri>

(B.284)

(B.285)
Replacing t, — t, with ¢, and t; — t; with ¢; gives

1 _
(f2]05, i) = v / / —iy/2(1 — K)[o,t2 + oitit,] exp[—202t2 — 20717 + dKo,ot, b dtdt;
—z4(1—/1 \/l—ma

// (0,82 4 oitit,] exp[—2(1 — K%)ot? — 2(03t; — Ko, t,)?]dt

(B.286)
Replacing o;t; — ko,t, with t; gives
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Then, the integral becomes

1 —idv/1 — k21— Ko, 0
(s, ) = =V 124 14wt ) exp[-2(1 - 7)ot — 24t
g; ™
—14(1 — 1
_ —Hl = m)VI Koy / / (14 1)ont + #14,] expl—2(1 — K2)o>2 — 262t dt!
T
= —i(1— k) V1 + ko 1 + k)o,.t? exp[—2(1 — k)2t — 2t dt,dt,
' p rTor K3 1
T
—i4(1 — k?)y/1 ”
_ A= VL RO VT [ e 01— k)02,
@ V2
_ =i = )V + ko, /T o, B i
B T V2 AV2(1 — k2)V1 — K203 ory/2(1 — k)
(B.287)
Applying the similar steps, other three elements can be obtained
7
(/3108 psl f1) = —F——= (B.288a)
or/2(1 4+ R)
1
(f110%, psl f2) = ——F—— (B.288b)
or/2(1 — K)
1
(filOs, Pl f3) = ———F—— (B.288c¢)
or/2(1 4+ K)
(B.288d)
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