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Abstract

In this thesis we describe and relate various representations of 3-dimensional vector valued
modular forms. In particular, we give algebraic formulas for families of 3-dimensional vec-
tor valued modular forms on I'y(2), a subgroup of the modular group I' = SLs(Z). These
formulas enable us to compute CM values of the 3-dimensional vector valued modular
forms at CM points in the upper half plane.

We also define families of Eisenstein series corresponding to one-dimensional represen-
tation, x, on I'g(2). This gives a different description of the algebraic family discussed in
the preceding paragraph. For Eisenstein series of weight 4 and 6, we evaluate their Fourier
series expansion and compute their Fourier coefficients. The constant term in the Fourier
series expansion of Eisenstein series of weight 4 and 6 is then expressed using Bessel func-

tion of the first kind and Kloosterman sums.
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Chapter 1

Introduction

1.1 Motivation

Modular forms hold significant importance in the sphere of Number Theory. Andrew Wiles
in [29] proved Fermat’s Last Theorem using theories related to the modular forms.

These functions are known to establish profound interconnections not only between
different areas of mathematics, but also between mathematics and physics. Gannon in
[17] explores these connections and explains how modular forms are closely related to
the finite simple groups and vertex operator algebras. He also discusses applications of
modular forms to conformal field theory, string theory, etc. in physics. Franc and Mason
in [16] conduct thorough examination of connections and applications of modular forms
to quantum physics and conformal field theory. The interested reader is referred to their
research paper [16] and its references for further exploration of the topic.

In the applications of modular forms in physics, these appear as different types of fam-
ilies. We are looking at one such family of modular forms of dimension 3. We used [10] as
the main reference for the background on modular forms in chapter 2.

Franc and Mason in [14] identified the connections between vector valued modular
forms of dimension 3 and hypergeometric series. In chapter 3, we are trying to extend
this relationship further to polynomials. We give algebraic formulas for families of 3-

dimensional vector valued modular forms on I'g(2), a subgroup in SLs(Z) using Bailey’s
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classical cubic transformations ([4], [21]) and Vidunas’ elementary expressions of hyper-
geometric functions in [28].

Every vector valued modular form corresponds to a Fourier series. In chapter 4, we
define a series related to vector valued modular forms in chapter 3 and show that it be-
haves similar to Eisenstein series. We compute Fourier coefficients of these analogues of
Eisenstein series and express the constant terms in their Fourier series expansion in terms
of Bessel function of the first kind and Kloosterman sums.

In the next section, we lay down notations that have not been defined in the later chap-
ters. This is then followed by backgound on vector valued modular forms and ordinary

differential equations in chapter 2.
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1.2 Notations

R: Real part of complex number

$: Imaginary part of complex number



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

Chapter 2

Background

2.1 Vector valued modular forms (vvimfs)

The upper half plane, H is defined as the set of complex numbers with strictly positive
imaginary part.
H={reC|Im(r)>0}.

The Modular Group, I' = SLy(7Z) is defined as the group of 2x2 matrices with integer

C

Figure 2.1: Upper half plane.
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entries and determinant 1,

a b
['=SLy(7Z) = | a,b,¢,d € Z;ad — be = 1
c d
‘ 11 0 — )
The group I' is generated by 7' = and S = . The order of T' is
01 1 0
n 0 -1
infinite because 7" = for n € Z and order of S is 4 because S? = .
01 -1 0
To express convenient descriptions of representations of I', we define another generator of
0 —
VR=ST= . The order of R = 6 because R* = —1I. So,
1 1

I=<RS|IR=58=-IR =5"=1>.

a b
Next, we define the action of I' on H. For erl,
c d
a b b
)= vren
¢ d ct+d

Note that if v € I" and 7 € H, then v(7) € H. This happens because

Im(T)

= 2.1
leT + d|? 21

Im(~(7))

Definition 2.1. A representation, p, of I is a group homomorphism

p:T'— GL4(C)
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where d gives the dimension of p.

Definition 2.2. A vector valued modular form (vvmf) of weight k € Z with respect to p is

a meromorphic function f : H — C¢ such that:
* f=(f1,f2 -, fa)" is holomorphic on H,

a b
« f(y(7)) = (er + d)*p(7)f(7), Vv = ] €T, 7 € H and,

* f is holomorphic at the “cusp” (co).

For a detailed discussion of what it means for a vector-valued modular form to be holo-

morphic at the cusp, see [6].

Example 2.3. For trivial p : ' — C*, i.e. p(y) = 1 forall v € I', we define modular

forms of weight k of level 1 over p as follows:
fO(r)) = (et +d)" f(7), T €H, v €T = SLy(Z).
Example 2.4. An example of level 1 modular forms are the Eisenstein series. For even

k > 2, the Eisenstein series are defined as

1
Gi(r) = E — TEH.
(e, d)€Z2—(0,0) (7 +d)

The Eisenstein series are modular forms of weight & over I'. Using these, we also define

normalized Eisenstein series as follows:

Gi(T)
Ek T) =
7= 5w
= 1 : . ,
where ((k Z o for Re(k) > 1 is the Riemann zeta function.
k=1
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Example 2.5. For dim p = 2, consider p : I' — G Ly(C) to be the Identity map. Then,

f(r) =

is a VVMF of weight —1.

Idea for proof: Since T' = ! and S = - are generators of I', it suffices
01 1 0
to check that f(y(7)) = (et + d) " 'p(7)f(7) for v = S, T for all 7 € H. These two
conditions can be checked directly by a simple finite computation. [
The set of modular forms of weight k over group I is denoted by M (T"). Note that for
f1, fo € Mg(T'), we have af) + Bfs € My(T) for all a, 8 € C. Therefore, My(I) is a
vector space over C.

Also, for f € My(I') and g € M,(I"), we have fg € M;,(I"). Hence, we define the

space of all modular forms over the group I' by the sum

keZ
which forms a graded ring.
We can also denote these spaces with respect to the representation p (over I'). The set
of vvmfs of weight & € Z for p is denoted by M (p). Similarly, we can denote the set of

all vvmfs over p by the sum

M(p) = €D M(p).

kEZ

The following theorem informs us about the structure of this sum.

Theorem 2.6 [The Free-Module Theorem] ([22], [14]) Let p denote an n-dimensional
complex representation of I'. Then, M (p) is free of rank n as a C[Ey, Eg|-module.

Next, we will define some important subgroups of I' = S Ly (Z).



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

Definition 2.7. For N € Z*. We define the principal congruence subgroup of level N as

a b a b 10
['(N) = € SLy(Z)
c d c d 01

(mod N)

Definition 2.8. A subgroup X C SL.(Z) is called a congruence subgroup of level N, if
['(N) C X for some N € Z" and N is the least such positive integer.

An important congruence subgroup that we will be studying in this thesis is I'o(V).

Example 2.9. We define ['y(V) as:

b a b * %
To(N) = € SLy(Z) ‘ 1= (mod N)
c 0 =

1
Note that the index of I'o(N) in SLo(Z) is given by N H(l + —), where the product is
b

pIN
taken over the prime divisors of N. ([10], p. 14)

Another important notation that we need to introduce is that of the weight-£ operator,

also known as the slash operator.

Definition 2.10. Let f be a vvmf of weight k. Then for any v € SLy(Z), we define the

slash operator |, as

i) = 220

The slash operator is generally denoted with respect to the weight & as f|, but for
simplicity we will suppress the weight k& from the notation and symbolize the operator as
f|+- It can be easily observed that the definition of vvmfs can be re-written using the slash

operator as

fh(1) = p(N)f(7),

where v € SLy(Z) and 7 € H.
Following are the definitions of some of the important functions that we will use in

calculations for vvmf formulae in Chapter 3.
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Definition 2.11. The modular function j : H — C is defined as:

_ 1728(5s(7)

J(7) TA@) (2.2)

where ga(1) = 60G4(1), g5(7) = 140Gs(7) and A(7) = (ga())® — 27(gs())? is the

Discriminant function.

The j-function is also known as the modular invariant and plays a crucial role in the
theory of modular forms. It should be noted that the j-function is not a modular form.
Even though it is holomorphic on A and is I'-invariant i.e. j(y(7)) = j(7) forally € T

and 7 € H, but it is not holomorphic at oo.

Definition 2.12. The Dedekind eta function, denoted by 7, is defined as

[e.o]

n(r) =q= [J(1—q").

n=1

where ¢ = €™ and 7 € H. This function is a weight 1/2 modular form of level 1.

Definition 2.13. For a complex number s with positive real part, we define the gamma

function of s as the integral

F(s):/ tte tdt.
t

=0
It can be easily shown that ['(1) = 1 and that the Gamma function satisfies the functional
equation

[(s+1) = sI'(s).

Therefore, I'(n) = (n + 1)! foralln € Z*.!

Definition 2.14. Let v and ¢ be complex variables with () > 0. Then, we define the theta

function for v and t as follows:

oo

1 .
Q(U,t) = Z Z (_1)nq(n+1/2)26(2n+1)7rw7

n=—oo

! We are using the same notation I for the modular group SLs(Z) and the Gamma function. The meaning
of the notation will be based on the context in which it is used.
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where ¢ = ¢™. For fixed ¢, the theta function is a holomorphic function of v on H ([7], p.
58). Similarly, we can define special cases of theta functions for complex variables v and ¢

as follows: -

02(1}71}) = Z q(’fl-‘rl/Q)Qe(2n—‘,—1)7ri't)7

n=—oo

o0

04(0725) — Z (_1)7’anze2mriv7

n=—oo

Bt = Y g,

n=—oo

where ¢ = e™ and S(t) > 0. Like the theta function 6(v, t), the above mentioned functions

are also holomorphic functions of v on H for fixed ¢ ([7], p. 58).

We will now use the above mentioned special theta functions to define the modular

lambda function.

Definition 2.15. The modular lambda function, denoted by ), is defined with respect to the

theta function as follows: .
0-=(0
93 (07 T)

where 7 € H. The A-function is a holomorphic function on the upper half plane, , and its

g-expansion is given by:
A(T) = 16q — 128¢% + T04¢° — 3072¢* + 11488¢° — 384004¢° + - - -

[1].

The formulas in chapter 3 enable us to compute the CM values of the 3-dimensional
vector valued modular forms at CM points in the upper half plane. So, it is useful to define

the terms CM points and CM values.

Definition 2.16. A point 7 € H is a complex multiplication (CM) point if it belongs to a
quadratic field Q(\/E) where d € Z~. For example, i, % + ‘/TP:i, etc. We define CM values
as the values of modular forms at CM points.

10



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

In chapter 4, we will use the fact that each component of VVMF f has a Fourier series
expansion([10], [13]), so, it is important to lay down some basic definitions from Fourier

Analysis.

Definition 2.17. ([27], p.34) Let F be an integrable function given on an interval [a, b] of
length L (thatis, b — a = L), then the n'" Fourier coefficient of F is defined by

b
F(n)= —/ F(x)e 2™ me/lgy  n e 7.

Note that if the function F' is periodic on R of length b — a, then it is determined by its
values on the interval [a, b].

The Fourier series of F'is given by

o0

F(z) = Z F(n)e?minz/L

n=—oo

Each component of VVMF f has Fourier series expansion of the form:
fi(T) =™ 3 tad™
1=0

where ¢ = ™" and 7 € H ([13]). The t,, are the Fourier coefficients.

In the expansion of Fourier series of certain families of vvmfs in chapter 4, we will
observe that the constant term can be expressed using Kloosterman sums, Bessel functions
of the first kind and Modified Bessel functions of the first kind. So, it is important that we
define these functions. We will discuss Bessel functions in section 2.2 after introducing

differential equations. For now, we define Kloosterman sums.

Definition 2.18. ([11]. [18], [19]) Let u, v, n be natural numbers. Then the Kloosterman

sums are defined by the formula
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where d is the multiplicative inverse of d modulo n.

12
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2.2 Ordinary Differential Equations
A field, K, is called a differential field if there exists a map 0 : K — K, such that:
* d(a+b)=0a+ dbforall a,b € K,
* J(ab) = adb+ boa forall a,b € K.
Definition 2.19. An ordinary differential equation of order n over differential field K is an
equation of the form

O™y + p10" 1y + pa0" Py 4 -+ P10y + pay = 0,

VVherelh7Zb7"'pn € K.
Example 2.20. For n = 2 and K = C(z), the field of rational functions, we define the
hypergeometric differential equation as

2
(z)(z—l)%+((a+b—l—l)z—c)%+aby=0, (2.3)

where a, b, c € C.

Definition 2.21. Consider the linear differential equation of order n,

dynfl
dZn—l

d
T +pn,1(z)d—‘z Fpa(2)y =0 2.4)

———-+—p1(z)

where p;(z) € C(z). Assume that the coefficients p;(z) share no common factor (z — p) for
peC.

We say that a point p € C is a singular point of equation 2.4, if it is a pole of some
coefficient p;(z), otherwise we call it a regular point. The point p € C is called a regular
singularity of equation 2.4, if the coefficient p;(z) has a pole of order at most i at p for
1 =1,2,--- n. The point < is said to be a regular singularity of equation 2.4, if we can

get 0 as a regular singularity of the equation obtained by writing 2.4 in terms of w = 1/z.

13
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Example 2.22. Equation 2.3 in example 2.20 has three regular singular points at z = 0, 1

and oo.

We are mainly interested in solutions of equation 2.3. When c is non-integral, the

hypergeometric differential equation has two linearly independent solutions given by

> Q) b ka
o 3 0

and

Ya(2) = z

Lexm (@+ 1= 0)p(b+1—c)p2”

k=0
([5], p.19).
The above two equations lead us to the next definition of this section, which is that of

the Gauss Hypergeometric functions.

Definition 2.23. Let a,b,c € C and ¢ ¢ Z<,. Then, the Gauss hypergeometric function is

given by the following sum

o (@) (B)s2”
oI (a,b;¢;2) = Z Ok
k=0
where (z);, is the Pochhammer symbol defined by
1, k=0

(2) =
() (z+1)(x+2)--(z+k—-1), keZ"

for all z € C.

Definition 2.24. A differential equation over C(z) is called Fuchsian if all points on P! are

either regular or a regular singularity.

Example 2.25. Let oy, - -+, ap, b1, -+ , B € C with §3; ¢ Z<. Also, define 6-operator as

14
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0 = zd%. Then, the generalized hypergeometric equation in one variable
20 +ar) - (0+a)y=0+p—1)--- (045, — 1y (2.5)

is a Fuchsian equation of order n with singularities at 0, 1 and oo.

We are interested in the special type of functions which show up in solutions of equation

2.5. We define these functions in the following definition.
Definition 2.26. Let oy, -+, ap,, f1, -+, Bu—1 € C with 8; ¢ Z<,. Then, the generalized
hypergeometric function is given by:

o0

(o )i 2"
nFoi(on, o ani B Buoti 2) Z 6 7 (2.6)
—0 n—1)k

where (), is the Pochhammer symbol (as defined in Definition 2.23) for all z € C.

Recall from section 2.1 that My(p) is the set of vector valued modular forms of weight

k € Z for a representation p. Let F' € My (p). Then, by Definition 2.2, we have that

F(EED) = r s o)),

cT +d

a
Vy = € I', 7 € ‘H. Differentiating both sides of the above equation with respect to

c d
T, we get:

F (Z:Z) ke(er + ) p(7) F(7) + (er + d)*+2p(y) F'(7)

Clearly, F” does not satisfy the definition of vvmfs unless k& = 0. The question that
arises with this differentiation is that what happens when £ # 0? How do we adjust F’ so

that we get a modular form? This question leads us to the notion of Modular Derivative.

15
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Definition 2.27. Let I' € M;(p), then the Modular Derivative of F' is defined as follows:

DF = %m% — %EgF

Note that the modular derivative DF' € M. 5(p) and increases the weight of modular
forms by 2.

Combining the modular derivative with Theorem 2.6, Franc and Mason in [14] worked
out the basis for vvimfs of dimension 3 in terms of hypergeometric functions. In their work,
they consider p : I' — GL3(C) to be an irreducible representation such that p(7") has a
finite order. By these assumptions and the Free Module Theorem, they show that p(7')

must have distinct eigenvalues and that these eigenvalues are each distinct root of unity.

Definition 2.28. Let p : ' — G L3(C) be an irreducible representation with diagonalized
p(T) as discussed in [14]. Then, p(7T’) is conjugate to the matrix

627rir1 0 0

where 0 < r; < 1forall 1 < ¢ < 3. The r;’s here are called exponents of eigenvalues of
p(T).

Let 71,79, 73 be the exponents of eigenvalues of p(7"). Then the coordinates of a non-

zero VVMF of lowest weight,

k?:4(7“1+7"2+7”3)—2 (27)

over p are given by

a 1 3 5
nQ’“K?}FQ(al; ,C”g ,‘”g ;n—rm+1,n—rm+1;K) 2.8)

forl = 1,2,3, where a; = 4r; — 2r,,, — 2r,, for {{,m,n} = {1,2,3} and K = 17% ([141, p.

16
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23).

We will use equations 2.7 and 2.8 throughout chapter 3 to compute our algebraic for-
mulas for vvmfs of dimension 3.

As mentioned earlier in section 2.1, the constant term in the Fourier series expansion
of certain families of vvmfs in chapter 4 can be expressed using different types of Bessel

functions. So, we conclude this section with a brief discussion around the Bessel functions

of the first kind and the Modified Bessel functions of the first kind.

Definition 2.29. ([2], p.358, 360 (Definition 9.1.10)) The Bessel functions of the first kind

are solutions to the differential equations of the form

d? d
Z2d_;§ + zd—f + (22 = vH)w = 0.

These functions are given by the sum:

e (—1)k 2\ 2k+v
Jolz) = kzzo KT(k+ v+ 1) (5) ’ 2.9)

where I'(z) is the Gamma function, as defined in Definition 2.13.
It should be noted that in Equation (2.9) that if v is not an integer then none of the

coefficients vanish. For integer values of v, we have

1

. for k 1<

Fhtotl) 0 for k+v+1<0,
and

! 1 for k+v+1>0
= v
L'(k+v+1) (k +v)!

([9], p.484).

Definition 2.30. ([2], p.374, 375 (Definition 9.6.10)) The Modified Bessel functions of the

first kind are solutions to the differential equations of the form
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These functions are given by the sum:

s 1 2\ 2k+v
I(z) = % KID(k 4+ v + 1) (5) 2.10)

where I'(z) is the Gamma function, as defined in Definition 2.13.

We can easily deduce from equations 2.9 and 2.10 that
I,(z) =i "J,(iz) (2.11)

The modified Bessel functions of the first kind can also be expressed in terms of the

hypergeometric functions as follows ([2], p. 377 (Result 9.6.47)):

I(z):(g—)vF w12 (2.12)
v F(U+1)O 1 ) 74 * M

We will use equations 2.11 and 2.12 to derive results in chapter 4.

18
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Chapter 3

Formulas for families of vvmfs on ['j(2)

In this chapter, we are looking at vvmfs evaluated at CM points in the upper half plane. We
focus on the family that has already been looked at by Franc and Mason in [14] and [15].
The new ingredient that will allow us to compute these values are algebraic formulas for
vvmfs.

The group I'y(2) is the smallest index subgroup in I" that has infinitely many 1-dimensional
representations ([15]). We will study two families of unitary character x for two reasons.
One, we can get all 1-dimensional representations on I'g(2) using these two families; and
two, 1-dimensional representation y on I'y(2) helps us to get 3-dimensional representation

pon I'. Then using this p, we will give algebraic expressions for vvmfs on I'.

Define
10
U=ST"15"1 = ,
11
-1 1
V= =TU2=T8T*S™!,
-2 1

19
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10
It is well known that T'y(2) is generated by U? = ST 257! = andV =TST?S~!

2 1
([15]).
Define a unitary character y: ['((2) — C* by setting
10 , -1 1
X = e, X =
2 1 -2 1

where a € [0,1) and e = £1. Let M () denote the space of holomorphic forms transform-

ing under x, i.e. M(y) = @ M. (x) where for each k, My (x) represents the set of vvmfs

kezZ
of weight k over I'y(2) holomorphic at 0 and occ.

Note that if & € Q, then Y is of finite order; When Y is of finite order, for all but finitely
many « one can show that ker  is noncongruence ([15], Theorem 5).!

Since the formulae for e = +1 will be different, we will treat these two cases differently.

Remark In this thesis, we will restrict our computations to the case o € (0,1). This helps us keep the
exponents of the eigenvalues of the induced representation on T in the range of (0, 1), which further ensures
that the induced representation on U is irreducible. Changing this range of exponents would make the induced
representation reducible and this would entail adjusting dimension formulas for the corresponding spaces of
modular forms. Also, the forms themselves would now possibly vanish at cusp or have a pole there. In addition
to this, o # %, % and o # % by Lemma 4 and 18 respectively in [15]. For values of o = % where n|3, the
induced representation p becomes reducible. Since our formulas make use of irreducible representations, we

leta € (0,1) and o # %, %, % to simplify this discussion.
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3.1 Thecasee=1

Since ¢ = 1 and V = TU 2, we have that x(U?) = x(T'). Given f € M(x), consider the

vector valued function

f
¢(f): f’s

flo

Notice that since ST = T~'U and UT = VS, we have

flr flr X(T)f xX(T) 0 0
SPlr =1 flst | = | flow | = | XTOflo | = 0 0 x(T) [ o)
flor flvs fls 0 1 0

Similarly, since x(V) =1,V? = 8* = —1,and US = VU, we have

010
o(Nls=11 0 o] elf).
00 1

Below we will see that it is possible to diagonalize the action of T without changing the first
coordinate f of the corresponding vvmf on I'. This is important because our 3F5, formulas
in (2.8) have a diagonalized T'. So, to apply this result, we need to diagonalize the action
of T. To this end, define

2 0 0 2f
v =3l0 v2 VR | 6N =5 | varls+ Tl
0 —v2 2x(T)! —V2fls +/2x(T N flv
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Then one finds that

X(T) 0 0
V(Hlr=1 0 xT) 0 ¥(f),
0 0 —x(T)~1/2

x(T) 0 0
p(T)=1 0 x(T)'2 0 :
0 0 —x(T)7?
0 V2 —V2
pS)=51+v2 1 1
-2 1 1

The exponents (as defined for equation 2.7) for p(T) are «, (2 — «)/2 and (1 — «)/2.
Notice that if « is contained in the interval (0, 1), then all three exponents are contained in
the interval (0, 1). If p is irreducible then the minimal weight where My, (p) # 0, and hence
the minimal weight where My, (x) # 0, is given by (2.7), which in this case is

ko = 4(sum of exponents) — 2 =4(a + 52 + 5%) —2=4+2-2=4.

Using Theorem 2.6, we compute the dimensions of the modular spaces for different k. This

is documented in Table 3.1.
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k dim My (x)
<4 0
4 1
6 1
8 2
10 2
k> 12 | dim My_1(x) + 3

Table 3.1: Dimensions of modular spaces for k.

Let a non-zero vvmf of weight 4 be denoted by F,. Then, F) is contained in M,(x)
and by theorem 2.6, we have that a free basis for M/ () as an C[Ey, Eg]-module is F,, DF,
and D?F, where D is the modular derivative ([14]). In particular, F, spans M,(x, Q) and
DF, spans Ms(x, Q) where M;(x, Q) denotes the space of weight k& vvmfs over I'y(2) that
transform under y. Therefore, the Eisenstein series of weight 4 and 6 for y are unique up
to scaling by a complex number, and in fact we can write down an analytic family for them

varying with .. Using (2.8), we define

(3.1)

1-3a 3a—1 3a+1 3a 3a+1 1728
31 5 T T .
3 2 2 7

Fx::778] 3 3 ,Oé,

Similarly, using (2.8) we can define 2nd and 3rd co-ordinate of vvmf with respect to p

and I', namely, F; and Fj, respectively, as follows:

B0 4 -3 2—a 8—3a 3 4—3a 1728
Fy =% R S ; 3.2
2 ny s 3 2< 6 ) 9 3 6 727 9 ) j )7 ( )
a1 1-3ad 1—a 5—3a 3—3a 1 1728
Fy=n%"5 3F : = . 3.3
3 ny ¢ 3 2( 6 ) 9 3 6 ) 9 727 ] ) ( )

Then (F), F», F5) is a vvmf for p. The following theorem describes the coordinates of
these vvmfs as algebraic expressions that are useful for evaluating these vvmfs at quadratic
imaginary points of the upper half plane. It is the first of our main results. Our formulas
reduce the calculations to evaluating the j-function at these points and the eta function at

these points, which is a classical result using Chowla-Selberg Formula.
2
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Theorem 3.1 Let = € Q(j) denote a solution to the equation (272)3 = %. Then

3a—1

— 8 z? 3
I Fy=n (512(1+\/ﬂ)3) ’

3a—4 —\ 3a—1
2. F2 = 778 (%) ’ ((léa):p ((H_ 21_:5) - 1))’

—3a—2 3a+2 7—3a
3 F _ 843D‘$ 3 1+v/1—x ot _ 1 _ xr 3 %
-3 = T3y 2 2a(3a-+2)

3a
2(1—x)x Vi—x «
[% (%2 (<(1 — )+ 2713011; + (27303 %) <1+ 21 ) )) + % - 34;52}'

Proof. Before beginning the proof, we will state some results that will be used below. The

following cubic transformation for 3 F5 due to Bailey ([4], [21]):

g ay loa 2 2712  Llqpa bl a b
3By 3a3 b333 a3 . €3 3] :(1_f)a3F2{a 14"'2 214+2+2,x]
1T Ty 1t3 3 (4 —x) 4 §—|—a—|—b,§+a—b
(3.4)
We shall also use the following formula from Vidunas’ paper [28]:
a atl 141 -2\ ¢
|22 | = (AEVETT (3.5)
a+1’ 2
The formula for the change of a parameter in denominator of 3F5 by 1 [25]:
a, Gz, as a, Gz, as
0+b —1)3F ;x| = (by — 1)3F: ; 3.6
(04 by )3 2{ by. by J] (b1 )3 2{171_17 b27$}, (3.6)
where 0 is the theta operator defined in example 2.25 in chapter 2, and
ap, az, as S (a1)rr1(a2)rr1(as)r "
0| 3F: T x (3.7)
(3 2{ b1, by D ,; (b)es1(b2)rsr K

2
Remark Please note that the expression (421%)3 = in Theorem 3.1 has been well known since the time

1728
J
of Klein to define modular forms on I'4(2) and its conjugates. This equation arises for us via applications of

Bailey’s transformations, which are discussed in the proof of the theorem. Also, we are only interested in the

. . 2 . . .
solutions of equation (fzz = 1728 that arise on T'y(2). We can ignore the other solutions as those arise on

conjugates of T'o(2).
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We shall also use the formula for change of a parameter in the numerator of 5/} by 1 due

to Franc, Gannon and Mason [12]:

2F1{a_1’ b;m} _ ((1—3:)— (a+b—c)x+1—x9) 2F1{a’cb;x} 38)

c c—a c—a

The following fact about rising factorials will also be used in the calculations at some
point:
-1
(z)r = M (3.9)

r—1
We are now ready to begin the proof. We first examine the coordinate . By equation

(3.1), we have that

Ey _ e {3631, a, el 1728]'
778 3304’ 3a2+1 j

Using Bailey’s result in (3.4) and (422‘;2)3 = %, the above equation can be written as

: a— _ 3a  3a-1
&: x—Q ’ (1_%)3 13F2 3a 17 2 2 X
n® 64(4 — x)3 4 3a—1, 3«

which simplifies to
nd 4096 3a

Applying formula (3.5), we get the desired result

3a—1

x? 3
Fe=n°
x =1 <512(1—|—\/1—x)3)

Equation (3.2) gives F5 as follows:

e
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Using the result in (3.4) and (421”;2)3 = 17%, the above equation can be written as

3a—
— )3 6 i-3a 4-3a 3—-3a
EZ(M) (1_£> 2 F[ 2, 5 ,1;4

778 T2

which implies

3a—4

B (00 (), (5,
778_($> Z((B—?)oz)k(k—i—l)!)'

k=0

Using formula (3.9), the above equation simplifies to

3a—4
EZ % 3 4 2F1 223a7 123a'x _1 |
n® x (1 —3a)z 2—3a

Applying formula (3.5), we get the desired result

et (37 (e (7))

Using the same strategy as above, we have Fj from equation (3.3) as follows:

Fy jio! {1—636*, Le il 1728}
- = 342 3-3 1 y T |-
ns 2&) 2 J
Using (223;2)3 = 17% and formulas (3.6) and (3.7), the above equation simplifies to

778 T2

Fy _ (64(4—;;;)3) .

)
1-3
2

([ 5 ] (2ot [ e v e

MOk (4 —x)? =5 d-w)p

2 72

N =

)

We use Bailey’s transformations from (3.4) for both hypergeometric functions in the
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right hand side of the above equation, which simplifies the equation to:

3a-1 s 3a an
&: —64(4_$)3 ' X <1—£)233F2 = ,17%'I
nd x2 4 2, —3a ’

2*(5 — 3a) o\ L [EE, 52
S (R S (Y (i [ F 2 02 A, )
( (4—2) )( 4) 3 2{ 4-3a, 4 xD

Using formula (3.9) and (3.5), the above equation simplifies to:

7’ (=3a—2) 2

F3 _ 430{3:73?:72 <(1 + ,—1 — x)3a+2 1)

- (5 - 30{)1’%2604783F2 7_23a7 4_23a7 2 x
4—3a, 4’

which implies

- 2

Fy 40750 (14 T2\ X
n® (=3a-2)

Can o] 6 (77301) (47304) ;Ek
N 7239 560—8 2 Jk\ 2 Jk
(5= 3aje =2 kzo (4~ 3a)ek 1+ 2)(k + 3

Using (3.9), we can further simplify the above equation to:

7 (=3a—2) 2

Fy  43ep=5 (<1+ M)?’O‘” 1)

7T—3a

s d (1 1fa —da2 L2 3a+2
e — JE— — . x _— .
20(3a+2) \dzr \22*"'| 1-3a z3 4x?

27



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

We apply (3.8) formula to the 5 F; hypergeometric function, which gives us:

I (<1+m)w 1) 2
2a0

A — X
n®  (=3a—2) 2 (3o + 2)
d (1 1 21 —x)x d 1-8a  —Sa
B 1 — el |20 2.
[dm(:ﬂ((( x)+2_3ax+ 2 — 3 d:c) (2 1{ 1 —3a "
2 3a+?2
a3 42 |
Applying formula (3.5), we get the desired result:
By 40”5 (14 vT-a\"" 2
n”®  (=3a —2) 2 20(3a + 2)
3a
1 1 2(1— 14+ v1—
dx \ z? 2 — 3« 2 —-3a dx 2
2 3a+2
x3 422
This completes the proof. [

Now, we will demonstrate how we use the above formulae to compute exact formulas

for CM values of these vvmfs. We shall evaluate I, F5 and F3 at 7 = 1.
Example 3.2. Compute F), I, and [ at 7 = 1.

Proof. Since j(i) = 1728 ([10], pg. 7), equation (3.1) simplifies to:

1-3a 3a—1 3 1 3a 3 1
Fo= (728, (2 0, 2 T B )

Maier computed values of general hypergeometric functions in [20]. The hypergeomet-
ric function on the right hand side of the above equation can be computed using Theorem
7.1 in [20]. Building on Maier’s work, Milgram in [23] used Maier’s index [ = 0 and

computed a particular value of this theorem for 3 F5(- - - |1) as follows:

1 1 1 3\%
3F5 (2@,2&—5,2a+§;3a,3a+§;1> = (5) . (3.10)
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Using a = 5 in (3.10), we find that

3a—1 3a+1 3a 3a+1 3\ !
3F2 , O Y T a]- - . .
3 3 2 2

Therefore,

R (5) 0 = aree

We can compute the value of Dedekind eta function for ¢ using Chowla-Selberg formula

([8]). This value is known to be as follows:

1
n(i) = —22. (3.11)

lf
F,=—%
X 169549

Next, we work on F». Using j(i) = 1728, equation (3.2) simplifies to:

F2 - 77(1)8(1728) 6 ) 92 ) 6 ) 2a 2 )

e o <4—3a 2—a 8-3a 3 4—3()4'1)’

The hypergeometric function on the right hand side of the above equation can be com-
puted using Theorem 7.3 in [20]. Particular value of this theorem for 3 F5(- - - |1) is given in
[23] as follows:

1 2 . 3
3 F (a, a+tgat 3 3a, 5 1) = —(3)* (872" —1)/(12a — 6). (3.12)

Using a = 4_63"‘ in (3.12), we find that

4—-—300 2—a 8—3a 3 4—-3a 4-3a
F. = 1) =—=(3) 2 (2271 —1)/(2 - 6a).
32( 6 ) 2 ) 6 727 2 7> (3) ( )/( 606)

29



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

Therefore,

By = —yiyarsy e &) 2(2(3 6(;) Dy (22“: - 1) |

Using the value of 7(7) from (3.11), we get that F, for 7 = i is given by:

P (1) (% —1)

b= =0 = 3a)

Similarly, we compute F3. For j(i) = 1728, equation (3.3) simplifies to:

3o

Fy = 77(2')8(1728)%31?2 (

1-3a 1—a 5—-3a 3—3a 1_1
6 2 6 7 2 277
The hypergeometric function on the right hand side of the above equation can be com-
puted using result 1.2 from [20]. Milgram in [23] computed the value of 3F5(---|1) as

follows:

1 2 1 330(1 4473
3Fy (a,a+§,a+§;3a+1,§;1) :%. (3.13)
Using a = % in (3.13), we find that
1—30 1—a 5—3a 3—3a 1 32 (14+477)
3F2 9 ) ; ' o = .
6 2 6 2 2 2
Therefore,
- 317304 1 431171
By = ni)i(1728) 5 22 ; ") (i)t 4 2,
Using the value of 7(7) from (3.11), we get that F5 for 7 = i is given by:
r (i)g 230(710(1 + 230(71)
Fy = - .
O

30



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

Combining the results from the above computations, we find that the value of the vvmf

over p and I' evaluated at 7 = 7 is:

r(H° 1 — 2605 !
F = 4 27904 230(75 1 230471
2576 ( 7241 —3a)’ (1+ >)

where ¢ denotes transpose of the matrix.
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3.2 Thecasee= —1

The details for these cases are similar to the first case, but we include them for completeness.
For e = —1, we have x(U?) = —x(T) because V. = TU 2 and x(V) = —1. Given

f € M(x), consider the vector valued function

/
o(f) = | fls
flo
Since ST =T~ 'U and UT = V S, we have
flr flr x(T)f x(T) 0 0
SNl = flor | = | flow | = | x@Dflw [ =] 0 0 x(T7)[of)
flor flvs —fls 0 -1 0

Similarly, since (V) = —1,V? = 5% = —1,and US = VU, we have

01 0
o(Nls=11 0 o |of)
00 —1

As we did in the first case, we now diagonalize the action of 7". We define

2x(T) 0 0 1 2x(1) f
1
=51 0 aXT) (@ | o) =5 | VXTI ls +x (T Sl
0 —i/Xx(T7Y) x(T) —i/X(T Y fls +x(T"flv
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Then one finds that

x(T) 0 0
V(Alr=| 0 ix(1)2 0 Vv(f),
0 0 —ix(T)~1/2
0 V2 V2
WPls=5|vE -1 1 |l
V2 1 —1

x(T) 0 0
p(T)=1 0 ix(T) V2 0 ,
0 0 —ix(T)~1/?
0 V2 V2
p(S)=5[v2 -1 1
V2 1 —1

The exponents (as defined for equation 2.7) for p(T") are o, (5 — 2«v)/4 and (3 — 2«) /4.
Notice that if « is contained in the interval (0, 1), then two of the three exponents are
contained in the interval (0,1), namely, o and (3 — 2«)/4. To accommodate the third

exponent (5 — 2«v) /4, we will consider two cases. One, when a € (0,1/2) and two, when

a e (1/2,1).
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3.2.1 Casea € (0,1/2)
1=22 and 322, Using equation (2.7), we

For this case, our exponents are a, 22 — 1 =
find that the minimal weight where M, (x) # 0 in this case is

1—42a + 3—42a) —9— 4(%) —2=2.

ko = 4(sum of exponents) — 2 = 4(« +

We know by equation (2.8) that the coordinates of non-zero vvmf of lowest weight for

p are given in terms of generalized hypergeometric series by the following equations:

1-6a 6aa—1 6a+1 1 6a+3 6a+1 1728

F, =1 %" 3F - ; 3.14

X ny s 3 2( 6 ) 6 ,Oé+2, 4 ) 4 ) ] ) ( )
a— 1—6a 5—6a 3—2a 1 5—06a 1728

Fy=n'"7 4 - ; 3.15

2 nJy 123 2( 12 9 19 9 4 727 4 ) j ) ( )
o 7T—6a 11 —6a 5—2a 7—6a 3 1728

}7 — 4'6127 17 . — 3.16

3 nJ 3 2( 192 3 192 ) 4 ) 4 a2a - ) ( )

Then (F), F», F5) is a vvmf for p. The following result is useful for evaluating the

coordinates of these vvmfs at quadratic imaginary points of the upper half plane. It is the

second of our main results.

Theorem 3.3 Let x € Q(j) denote a solution to the equation (fzgj;g = %. Then
1—6a
I F = 7 (512(1;\2/1—:;:)3) 6 ’
6a+5
_ a2, == [ (1hyims) 2 5 goat2s
2. Fo=n (=6a—5) < 2 > —1) = (1+6a)(6a+5)

146«
[i (m% (<(1 — )+ Gt + 4(31:6921%) <1+ 21_36) 2 >) +or - 6?9;25:|’

() 7))

(1—6a)x

Proof. To prove this theorem, we will use the formulas mentioned in equations (3.4) - (3.9)
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First, we examine the coordinate /. By equation (3.14), we have that

By _ e {6“6—1, Satl o+ 3 1728}
3472 ; .

PV 6a+3 6atl
77 4 ) 4 j
Using Bailey’s result in (3.4) and 279”) = %, the above equation can be written as
6a—1

6a—1 6a—1 6o+l

&:<x—2> ’ (1_f)6a213F2{ 70 4 4
o=\ 640 — o) 1 Gotl  Go1

which simplifies to

FX 64 1—6«a - 6a471 ’ 6a4+1
—=|— ;T
! T 241 6a2+1

Applying formula (3.5), we get the desired result

12

Fo=n" <512(1 n m)g) e

Equation (3.15) gives F5 as follows:

F2 a1 F |:160¢ 5—6a 374204 ' 1728:|

1 5— .
20 4 J

Using (27”5) = 1728 and formulas (3.6) and (3.7), the above equation simplifies to

@Z (64(4_‘7;)3)60{;1 y (3Fz|i11§oz7 SIgav 374204' 271’2 :|
2

o\ e, L T l—ap
B (3132(3 o 206)) 3F2 |:13126a, 17;26a, 774204 . 27%2 :|> '
212y N

We use Bailey’s transformations from (3.4) for both hypergeometric functions in the

35



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

right hand side of the above equation, which simplifies the equation to:

So—l 1-6a —ba —1-6a
Fy [(64(4—x)3\ 7 AN pe 1, =gt
7w\ 22 x 4 Sl I WS S

2

B 31‘2(3 _ 20&) <1 B £> 1326@ " 132604’ 7—460[7 2$
2(4 — z)3 4 i S R

2

Using formula (3.9) and (3.5), the above equation simplifies to:

B, b2, ==t [y T\ 1
nt  (=6a —5) 2 a

156 13—6a 7—6a 9

— b« — ) )

—3(3—2a)z s 2% R 4 cx
2 4

which implies

R, 9602750 [ AT\ '
7t (=6a—5) 2

o0 6(1326a)k (776a)kxk

—3(3—2a)z o 2be8 - 4 .
kZ:O (552), (k+2)(k + 3)k!

Using (3.9), we can further simplify the above equation to:

Fy 20042757 ( (1+ﬂ) = 1)

7t (—=6a —5) 2
13—6a
T 6

B 200023 (A (1 LT 1) 2 adS
(1+60)(6c+5) \dx \ 222" 1=ba ° 3 82 )’

2
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We apply (3.8) formula to the 5 F} hypergeometric function, which gives us

F2 26a+2

1+ VI—s 5 goet2g
P 604—5) (( 2 ) 1>_(1+6a)(604+5)x
(2 (0 2

1-6a —1—6a
) (A e )

— 6o 3

n 2 6a+5b
23 8r2 |’
Applying formula (3.5), we get the desired result

F2 96a+2 . —ba—p 1+ vi—z Bats ny x13 6a 96a+23 y
nt  (—6a —5) 2 (14 6a)(6cr + 5)
d (1 2 41 —-2x)z d
— = 1—
[d:v (x2 (<( =)+ 3 *

e ) () )

2
73

6o + 5
T 8r2 |’
Using the same strategy as above, we have F3 from equation (3.16) as follows

3

7T—6a 11-6a 5—2«
. ba 12 F 12 7 12 4 . @
=J 342 T—6a 3 — .
n' 1 02 J
Using the result in (3.4) and (3322)3 — 1728

, the above equation can be written as

Py [(64(4— 2P\ T g\ e [I=be
P (1-7)

e, 1, 5—46a
4 3F2[ 5=6a 9 ;x}
which implies
7 o0 —6a —6a
By (64) 3 (), (), 2
n? x —~\ (352), (k+1)
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Using formula (3.9), the above equation simplifies to

6a—T7
Fy

64 6 8 3—6« 1—6c
Y — = (.F| Y =1,
0 () <<1—6a>x(“[ = } ))

Applying formula (3.5), we get the desired result

6a—7 _( 1760)

4 [64Y) °© 8 1++v1—x 2

Fg =Tn — -1
(1 —6a)x 2

This completes the proof. [

Now, we will demonstrate how we can compute exact formulas for the CM values of

these vvifs. We shall evaluate F), I'5 and F3 at 7 = 1.
Example 3.4. Compute F\, I, and [ at 7 = 0.

Proof. Since j(i) = 1728 ([10], pg. 7), equation (3.14) simplifies to:

- 6a—1 6a+1 1 6o+ 3 60z+1'1>
6 6 '

FX :77(7’)4(1728)%3172 ( 3 ,Oé—l— 27 4 ) 4 )

We compute the hypergeometric function on the right hand side of the above equation

by (3.10). Using a = % in equation (3.10) we find that

2 6 —1 6a+1 _’_1‘604—#3 6a+1‘1 _(3\ *
342 6 ) 6 , & 27 4 ) 4 ) -

Therefore,
6a—1

Ro=ni'ars) = (3) T =)

Using the value of the eta function at 7 from equation (3.11), we deduce that for 7 = 1,

()’
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Next, we work on F. Using j(i) = 1728, equation (3.15) simplifies to:

Fy = n(i)*(1728)

Sl o I —6a 5—6a 3—2a 1 5—6041
P12 0 12 0 4 2 4
We compute the hypergeometric function on the right hand side of the above equation

by (3.13). Using a = 1552 in equation (3.13), we find that

(1—6a 5—6a 3—2a 1 5—6a > 35 (144%7)
3F2 L= . = i

12 7 12 7 4 27 4 7 2
Therefore,
a—1 31760‘ 1 460‘71 a— a—1
By = n(i)i(1728) 5 3 ; T e (1+262 )

Using value of 7(7) from (3.11), we get that F;, for 7 = i is given by:

D (3) 2% (14 2%

Fy = 3

™

Similarly, we compute F3. For j(i) = 1728, equation (3.19) simplifies to:

Fy = n(i)*(1728)

ST o 7—6a 11 —6a 5—2a 7— 6« 3'1
342 192 ) 192 ) 4 ) 4 ) 2) .
Hypergeometric functions on the right hand sides of the above equation can be com-

puted by (3.12). Using a = 7’13‘1 in (3.12), we find that

(7—6a 11 —6a 5—2a 7—6a 3 ) —(3)7 (8% —1)
3Fy ; 1) = .

2 7 12 7 4 7 4 72 1 — 6«
Therefore,
» o 3)7—46a (86a6—1 i 1) . - (86a6—1 i 1)
Fy = n(iy(1728)5" = e )
5 =n(i)"(1728) 12 T ta O

Using value of (i) from (3.11), we get that F3 for 7 = i is given by:
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o T (i)426a515<2% . 1)
°T w3 (6 — 1)

O

Combining the results from the above computations, we find that the value of the vvmf

over p and I evaluated at 7 = 7 is:

4 5 (e 8a=1 ¢
_ r (Z_ll) 2—904 2304—3(1 + 2%) 23 5(2 2 = 1)
25/273 ’ " (6a— 1)

where ¢ denotes the transpose of the matrix.

322 Casea € (1/2,1)

The exponents (as defined in equation 2.7) for p(T') for this case are o, 2% and 222,

Using equation (2.7), we find that the minimal weight when M, () # 0 in this case is

ko = 4(sum of exponents) — 2 = 4(a 4 22 4+ 3=29) — 2 = 4(%) —2=6.
As mentioned in the case for € = 1, Eisenstein series for weight 6 are unique up to scaling
by a complex number, and we know from equation (2.8) that the coordinates of non-zero
vvmf of lowest weight for p are given in terms of generalized hypergeometric series by the

following equations:

19 .1=2a 20— 1 6a—1 6a+1 6 —1 6+ 1 1728
_ . - 3.17
FX n-y o2 3F2< 9 ) 6 ) 6 3 4 ) 4 ) - ( )
a 3—2a 13—6cx 17—6a 3 9— 6 1728
Fy = "% 5 4 F, 2 : 3.18
2 (/Y B ¥ o 4 ) 12 ) 12 727 4 ) ] ( )
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2a—1

Fy =077 3k (

(3.19)

I1-2a 7—06a 11 —6a 7—6a 1 1728
4 7 12 7 12 7 4 72 g
Then (F,, F», Fs) is a vvmf for p. The following result is useful for evaluating the

coordinates of these vvmfs at quadratic imaginary points of the upper half plane. It is the

third of our main results.

Theorem 3.5 Let 2 € Q(j) denote a solution to the equation (272)3 = %. Then

1-20

’

12 (64) %52 8 1+/1—z -(55)
2. Fr=n (?) ’ ((36a)x (( 2 > _1)>’

12 262 =25t 1+V/1-2 E 5 g6a
3. F3 =n ( 3 > -1 - mx

sa—1
i (;%2 (((1 — )+ 555 + 4(51:6921%> <1+\éﬂ) 2 )) + - 6?:;;3:|'

Proof. To prove this theorem, we will use formulas mentioned in equations (3.4) - (3.9).

First, we examine the coordinate F).. By equation (3.17), we have that

6a—1 6a+l ’

F& 1% {2%{1’ 6%;1’ 6%;1' 1728]
3472 - |-
4 7 4 J

27:1:

Using Bailey’s result in (3.4) and St

= —17].28, the above equation can be written as

2a—1

Bo_(_ 2 2<1_f>6a"’_3p 2 0 40 1
7712_ 64(4—x)3 4 352 6a—3 6a—1

which simplifies to
F 64 1-2a 604—1’ 6a—3
771>;:<a:) ZFl{ Tt ;4'

Applying formula (3.5), we get the desired result

X

y (512(1 + m)3> =

12
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Equation (3.18) gives I3 as follows:

3—2a 13—6a 17—6«
Fy _ zac o [3500, B30, Me 1728
2 J 342 3 9-6a T |
n 20 4 J

Using the result in (3.4) and (3122)3 = 17%, the above equation can be written as

F (644 —ax)? W@_g)“ﬁgﬂ e e
ni2 22 4 g, Tga
which implies
20=3 o 6o —6a
E:(%) ’ Z (52), (%), ="
o \e ) m\(E) (k)

Using formula (3.9), the above equation simplifies to

8- (4) (o (27 9)

nt2 x 3 — ba 5

Applying formula (3.5), we get the desired result

8 (1+m>‘(326a) »

64\ 2
F, = 12 [ =
2= ( x ) (3 —6a)x 2

Using the same strategy as above, we have F3 from equation (3.19) as follows

1-2a¢ T7—6a 11—6«
o 17281.

Pé .2a—1 4 12
- =J * 3F2{ 6o
n12 7—6 j

1
4 02
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Using (2”) = 1728 and formulas (3.6) and (3.7), the above equation simplifies to

& _ (64(4 _ x)?)) 2a4 . (3F2 |i142oz7 7713047 11;26a ' 27I2 :|
—6a 1 )
7712 2 3—6 , 3 (4 _ LL’)3

4
B LU2(11 o 60[) 3F2 574204’ 191726017 23;26a . 27%2 '
2(4—1x)3 L-6a 3 (4 — )

We use Bailey’s transformations from (3.4) for both hypergeometric functions in the

right hand side of the above equation, which simplifies the equation to:

3—6a 1—6a

Py (644 —zP\ T oy e 1,
W: (T X <1_Z> 3F2 42 176014 L

2
B $2(11 o 60&) <1 B f) 152604 3F2 152604’ 9746047 2 .
2(4 — x)3 4 9-6a 4 7| )"

Using formula (3.9) and (3.5), the above equation simplifies to:

— (11— 60z)x5_22a

15—6a 9—6« 2
4 4 .
3l 9—6a » &
, 4

which implies

—2a—1 6a+3
F3_26°‘x 2 1++/1—x 3 1
n'2z  (—6a —3) 2

k

15 Ga) (9—6a> T
k

4
(= Ga (k£ 2)(k + 3)k!

— (11 — 6a)z

43



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

Using (3.9), we can further simplify the above equation to:

—2a-1 Gat3
Fy 260573 (<1+\/1—x)2 1)

72 (—6a—3) 2

R d (1 dfa —3-fa L2 _Gat3
— — = ;T — — :
(a —1)(1+2a) \de \22°"" §%a 7 3 812

We apply (3.8) formula to the 5 F; hypergeometric function, which gives us:

—2a-1 Sot3 5-—2a
Fy 20037 ((1—}—\/1—3:) 2 1) 225 960
(

T2 (6a—3) 2 a-D)(1+20)

i (G (02 i) (™))

2 b6a+3
a3 8r2 |
Applying formula (3.5), we get the desired result:
By 2005 (14 yToa) * 255 e
2 — —1] - X
n?  (—6a —3) 2 (o —1)(1 4 2a)

[% (% (((1 —0)+ _QMH 4(51—_692$d%> <£>>>

2 _60z+3}

3 82
]

Now, we will demonstrate how we can compute exact formulas for CM values of these
vvmfs. We shall evaluate F,, F; and F3 at 7 = ¢.

Example 3.6. Compute I, I'; and F5 at 7 = 1.

Proof. Since j(i) = 1728, equation (3.17) simplifies to:

) 1-2a 20—1 6a—1 6a+1 6a—1 6a+1
FX:n(Z)12(1728) 2 3F2( 2 ) 6 ) 6 ; 4 5 4 71)
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We compute the hypergeometric function on the right hand side of the above equation

by (3.10). Using a = 66{;1 in equation (3.10) we find that

r 20 =1 6a—1 6a+1 6a—1 6a+1‘1 /3 6as
342 2 ’ 6 I 6 ) 4 s 4 X — 2
Therefore,
3 6a2—3
FX = 77(7,)12(1728>% (§> — n(Z)lQ(Q)%

Using value of the eta function at ¢ from equation (3.11), we deduce that for 7 = 4,

r(y)”

- 15418« *
w927 2

F_

X

Next, we work on F. Using j(i) = 1728, equation (3.18) simplifies to:

- 3—2a 13 —6a 17—6a 3 9 — 6«
Fy = n(i)'2(1728) %% 4 . 2 1.
2 77(@) (78) 4 3l2 4 ) 12 3 12 727 4 )

We compute hypergeometric function on the right hand side of the above equation by

(3.12). Using a = =2 in equation (3.12) we find that

e 3—2a 13 — 6« 17—60z'3 9—60z'1
32 4 12 0 12 '2 4

Therefore,

2a—3 5—6a 2a—1

Fy = —n(i)*(1728) "+ (3) + (272 —1)/(1 - 2a).

Using value of (i) from (3.11), we get that F» for 7 = i is given by:

T (L)% 2%" (2% — 1)

Fr=—
? 3m0(1 — 2a)

Similarly, we compute F3. For j(i) = 1728, equation (3.19) simplifies to:
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1—2 T—6a 11—6a 7—6a 1
F3:n(z')12(1728)243F2( @ a . O‘—-)

4 7 12 7 12 7 4 72
Hypergeometric functions on the right hand sides of the above equation can be com-

puted by (3.13). Using a = 122 in (3.13), we find that

b (l=20 T—6a 11-Ga 7—6a 1\ _373°(1+4"7)
P4 12 0 12 4 2 ) 2 '

Therefore,

3—6a
a— 4 ]_ 4 4
By = (oy2(172s) 7 2 L) ey

6a—3

6a—5 6a—3

T (142 2).

Using value of (i) from (3.11), we get that F3 for 7 = i is given by:

I (}1)122&1;29(1 +2¥)

9

Fy =
O

Combining the results from the above computations, we find that the value of the vvmf

over p and I' evaluated at 7 = 7 is:

t
F (l)12 —15—18« 26a§33 (]_ - 22a2_1) 6a—29 6a—3
F =4 277 275 (1 4+ 272
o 31 -2a) (1+ )

where ¢ denotes the transpose of the matrix.
Tables 3.2 - 3.4 summarize the results for all the formulas computed in all the cases.

Table 3.5 summarizes results for vvmfs for 7 = ¢, and leads us to the following proposition.

Proposition 3.7 Let F' be one of the family of vvmfs discussed above, then the transcenden-

tal part of CM value for T = 1 is locally constant in the following sense:

1. Ife =1, then F?—f/}jgg € Q(V3) forall o € QN (0,1),
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F; e=1

Ja—T1

8 :B2 3
Iy n (512(1+\/ﬂ)3)

64 2% 4 1=z 2!
£ " (5) ° (1—3a)z < 2 ) -1
43az73a72 e 342 x@
F3 778 (_3a_32) (( 2 > i 2(1(32—1-2) X

3o
(% (a0 o ) (2)7) ) 4 2 - 22

Table 3.2: Coordinates of vvmfs for ¢ = 1.

F; e=—-1,a€(0,1/2)
T=ta
P, 774 <512(1—‘;\2/1—x)3 6
I 426042, =52 Hvi-z = 1 x5 g6at2y
2 T ""6a—5) ( 2 ) L) T @6 (6ats) X

1+6a
4(1—x)x —r 2 -
(& (-0 v 52) (9F2) 7))+ 2-o

F 7 (2T ((1—§a)x ((Héﬁ)_(l?a) ~ 1>)

Table 3.3: Coordinates of vvmfs for e = —1 and a € (0,1/2).

2. Ife = —1, then o € Q(V3) forall a € QN (0,1/2),

7.‘.9
3. Ife = —1, then WZ‘Q € Q(V3) foralla € QN (1/2,1).
In fact, all of these values are algebraically dependent on o € (0, 1) except for « = 1/2.

Let A denote the elliptic modular lambda invariant from chapter 2. Our algebraic for-

mulas for the first coordinate [, take a simpler expression if we express them in terms of

A function. Let z(, x1, and x5 denote the solutions of the equation (42122)3 = %. Thus we

have the minimal polynomial for z as follows:
0=X"+ (g7 — 12)X* + 48X — 64 = (X — 20)(X — 21)(X — 22).

Note that the A is a function on I'(2) and « is a function on I'y(2). Since T'(2) C T'y(2),
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F; e=—1,a€(1/2,1)
T—2a
F, 712 (512(12\2/17x)3> 2
64 2% 8 1+vI—x -(55*)
Iy n'? (?) * | oo ( 2 ) -1
Lo 960 —2a-1 4 /TF 6“;3 5720426&
Fy T T C6a—3) < 2 > — 1)~ anmea X
6a—1
4(1—2)x Vi—z 2 o
[% (x% (<(1 — )+ 536ax + (57603 %) <1+ 21 ) )) + % - 68;;;3]

Table 3.4: Coordinates of vvmfs fore = —1 and o € (1/2,1).

Case F

)
e=—-1,a€(0,1/2) ;%7); (2—%, 230-3(1 4 2%57), —23°‘iéf_aj)l—1>>t
= lae(/2) | G (2‘5‘8 _26(1521(:2)2%1)72%;29(1 N 26a2—s))

Table 3.5: vvmfs for 7 = 7.

256(1—A+A2)3
RN We

substitute this value of the j-function into the the minimal polynomial for x and obtain that

we can write x in terms of \. We know from [7] and [26] that j =

(up to permutation) the x;’s are equal to:

40— 1) 4\
HAZD 2 =1,
A2 ) (A _ 1)27 ( )
Lety = m Then (F,/n®)(7) lies in a Kummer extension of Q(, j, z,y). We

now compute the minimal polynomial for y over Q(j). We have that
(1+vV1—2)=4-32)+(4—2)V1-x
Therefore we find that

512(4 — 2)yv/1 — 2 = 22 — 512(4 — 32)y.
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I'y Iy Iy
01
| 52 [ -0-1 | 5%
A2 1 (A—1)?
Yi | T30 256A(A—1) 256\

Table 3.6: Conjugates of z and .

A straightforward but somewhat lengthy calculation then shows that y satisfies the equation
28xy? + 21932 —4)y + 2% = 0.

Hence the minimal polynomial of y over Q(j) divides

7

2
(2%, Y? + 2" (32, — 4) Y +27) € Q()[Y].
=0

Using a computer one sees that this degree six polynomial is the square of an irreducible

cubic. Thus, in this way, one deduces that the minimal polynomial of y over Q(7) is:

) 1 3 1
_v3 3 2 .

We substitute the identity j = W into the linear term in P(Y") to find that the roots
of P(Y) are:
A2 (A—1)2 1
256(A — 1)’ 256\ 256 (N — 1)

Now let us set some notation so that we can work explicitly with modular forms and
their groups. Set I'; = R™9T((2)R’ where R = ST. Hence if f is modular for I'; then
f|ri is modular for I'; ;. With this notation, the roots above are defined on these groups
according to Table 3.6 on page 49. In each case z; and y; satisfy 64x;y; + 1 = 0.

The next theorem shows that the first coordinates F, of vvmfs over p and I' = SLy(Z)
for different values of € take a simpler expression if we express them in terms of A function
as claimed above. Since all the coordinates of vvmfs live in the same space, it makes sense

to only check their first coordinates.
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Theorem 3.8 With notation as above,

3a—1

2 3
1. F, =18 (W) fore=1,

6a—1

2. F, = (m) ° fore=—landa € (0,1/2),

20—1

e () " e tandn 02

Proof. The Fourier expansions of the y; for j € {0, 1,2} are as follows:

Yo = q + 24¢* + 300¢° + - - -,
1 1 3 69 1

- g 2 - — — 5 e
U= "a006? 1 T2 1024 T
113 69 1
Yo G

~ 10067 512 T 1024

_1
For ¢ = 1, we have shown that % = y?a ® for some j € {0, 1, 2}. From equation (3.1),

we have that

F 1-3a dafl o Satl 1798 a1
= =73 b 33_a 1. i —— | =a 3 (1+0(q).
n 2 9 J

da—1 a— . .
Thus, y; *° = q%(l + O(q)). From the Fourier expansions of the y/s, we can see that

3a-1 o _
the only y; for whichy, * = q% (14 O(q)) is yo. Therefore, we conclude that

2 T
B o (A :
nt 70 256(1 — \)
sa—1
Similarly, for ¢ = —1 and o € (0,1/2), we have shown that % =y, ¢ for some

j €{0,1,2}. From equation (3.14), we have that

1-6a Sa=l 6a+1, o+ % 1728:| 6a—1

77_;( = 3F2[ ’ 6’a+36 6ot+1 ) =q ¢ (1+0(q)).

4 4 J
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Ga—1 a— . .
Thus, y; © = q%(l + O(q)). From the Fourier expansions of the ys, we can see that

the only y; for which this holds true is yy. Therefore, we conclude that

& _ % _ A2 %
m 256(1 — \)
Similar argument follows for the third case as well. For e = —1 and o € (1/2,1), we

2a—1
have shown that % =y, > forsome j € {0,1,2}. From equation (3.17), we have that

F 124 204—1’ 60421’ 6a+1 1728 2a-1
— =J 3F2{ 26a7166a+16 57]:(] z (1+0(q)).
4 4

Z2a-l a— . .
Thus, y,; > = q%(l + O(q)). From the Fourier expansions of the /s, we can see that

the only y; for which this holds true is yy. Therefore, we conclude that

]

In chapter 4 below, we will introduce Eisenstein series for weight 4 and 6 for x living
in the same space. Since these spaces are 1—dimensional, the Eisenstein series for weight
4 and 6 will be equal up to a scalar. Our goal in the next chapter will be to compute the

coefficients of these series.
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Chapter 4

Eisenstein families for vvinfs on ['j(2)

In chapter 3, we defined unitary characters, y, on I'5(2). In our discussion of Eisenstein
series below table 3.1, we had deduced that Eisenstein series of weight 4 and 6 for y are
unique up to scaling by a complex number.

In this chapter, we define g, i, an analogue of Eisenstein series ([10]), for varying .
Since g, 4 and g, ¢ are contained in 1-dimensional spaces of modular forms, they are unique
up to a complex scalar. So, we explore their Fourier series expansions and compute coeffi-
cients in these expansions. Discussion in this chapter is concluded by expressing the con-
stant term in the Fourier series expansion of g, 4 and g, ¢ using Bessel functions of the first
kind and Kloosterman sums. This then allows us to compare these families of Eisenstein
series to the hypergeometric expressions given previously, since they necessarily differ by
this constant term.

For simplicity and to keep the calculations manageable, we will restrict our discussion
in this section to the case for € = 1. Similar computations can be done for when e = —1.
We plotted results for the e = —1 case and present them in figures 4.3 and 4.4.

Let us now introduce g, .

Recall that in Chapter 3, we observed that 7' = VU 2 where
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So for € = 1, we have that x(7T') = e?™,

Define )
- . at+b
a b e2ma ct+d

gr(m) = D, x IS
- ¢ d (et +d)
( d) €(ET)\T'o(2)

Let us first discuss the elements of (£7")\I'o(2). Here, we are looking at the cosets

a b
of ['y(2) in (+T'). So, for any matrix € T'y(2), the entries a,b, d could be any

c d

integers but the ¢ will be an even integer such that ad — bc = 1. Therefore, we can say that

-1

Ik(T) = X vl
X o Z % d (2cT 4+ d)*
( ) €(XT)\T'o(2)
2¢ d

where ad — 2bc = 1. Also, note that

1 1 a b a-+2c 2¢
01 2¢ d b+d d
Therefore,
a b +a+2nc +b+nd
(£T) = elv(2),neZ
2¢ d +2¢ +d

For any given ¢, d € Z, we can always choose a, b € Z depending on ad — 2bc = 1. So,

Gy 1s well-defined. In the following lemma, we discuss the convergence of g, ;(7) on H.

Lemma 4.1 Let k > 4, then g, ,(7) converges uniformly on compact subsets of H.
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Proof. Since Y is unitary,
~1
a b
X = 1.
2c d

Also, by properties of the complex exponential,

e?ﬂio&R( 2";’:’;) -1
So,
b <
6—27r0¢%<2ac77—:id> 672770‘ ‘2;.(47:;‘2
DS - Y
k()] = 12¢T + d|* |2¢T + dF

a b a b
( ) E(£T)N\I0(2) ( ) €(+T)\T'o(2)
2c d 2 d

by equation (2.1). Since I(7) > 0 in H, notice that for o > 0,

—2raq—3(1)

e |2c7'+d\2 < 1

Hence, combining results from equations (4.1) - (4.4), we have that

1
gy k()] < Z m

(“ b>e<ﬂ>\r0<2>
2¢ d

(4.1)

(4.2)

(4.3)

(4.4)

The sum on the right hand side of the above equation is absolutely convergent for k£ >

4 and hence g, ;(7) converges uniformly on compact subsets of 7. Then, by Morera’s

theorem ([3], p.122), ¢, x(7) is holomorphic on H.

]

As we mentioned earlier in Chapter 2, every vvmf has a Fourier g-expansion. We will

now compute the coefficients of the Fourier expansion of g, ;. We will need the following

lemma for the computation of the Fourier coefficients.
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Figure 4.1: Contour C' for Lemma 4.2.

Lemma 4.2 Let m, k € Z withk > 2. Let x,y € R withy > 0, then

o] 6—27rimgvda7 O m S O’
/oo (2 +iy)*

s (= 2mi)ke > 0,

Proof. Form,k € Z with k > 2 and y € R, y > 0, consider the function

6727r1mz

z2)=——, z€C.
/) (z +iy)*
For m > 0, we will compute integral of this function, i.e. § f(z)dz, over C, where C'is
c
a closed curve consisting of real-axis from R to — R and the semi-circle C'g of radius R in
the lower half plane. The contour is displayed in figure 4.2.
The function f has one pole of order k£ at z = —iy, which lies inside the contour C.

Hence, by the residue theorem, we have that

j{f(z)dz = 2miRes,—_y f (%)
C

1 . d! Wk
= 2mi (k’ _ 1)' z1—1>Isz dzk—1 [(’Z - (_Zy)) f(z)]2=*iy
. 1 . dk_l —2mimz
= gy A, g ]
2mi)k
= (E{ - )1)! (—m)Ftem?mm, (4.5)
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f F(2)dz = /R e Cf f(2)dz

Since (z) = 0 on the real-axis, and by properties of the integrals, we can re-write the

j{f(z)dz = — /j; f(x)dx + j{f(z)dz (4.6)
C Cr

Using properties of complex numbers, we observe that for R > 0,

frciaz|=|§ L < ]{ et mmedz] mmzdz’
(z 4 iy)* - |(z +iy)¥
R R
% |6727rzmz |dZ|
|(z 4 iy)|*
]{\627”””!!612!
|(z +iy)|*
T 1.|Rdf
= / _ LIRd§] (since [e*™™Y| — 0 as y — 0)
0o (

T Rdf )
/0 RQ—‘FQZ (since k > 2)

- /”1ﬂ&w
~ Jo 1+ (y/R)?

Also, note that

above equation as

Clearly,

}{f(z)dz — 0 as R — oc. 4.7

Therefore, by equations 4.5, 4.6 and 4.7, we get that for m > 0,

] —2m’mzd R —27rimmd mk—l
/ Hdm = lim ‘ , Z T = ( 2mi)Fe 2™y,
o (T +iy) koo [ g (7 +1Yy) (k—1)!
For m < 0, we can let p = —m and redo the calculations as above for contour C’, where
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(" is a closed curve consisting of real-axis from — R to R and the semi-circle C}, of radius
R in the upper half plane. As there are no poles of f(z) inside the contour C”, the integral,
therefore, evaluates to 0.

This completes the proof. 0
Notice that we can re-write the expression for g, j as follows:

-1

. at+b
> a b 627rza 2cT+d

k(1) =¢" + Z Z X K
e=1  deZ 2c d (27 +d)

ged(2¢,d)=1

The term ¢“ in the above equation corresponds to the identity coset in (£7)\I'g(2).

Since ged(2¢, d) = 1, by Division Algorithm, we have that

d:do—f-QCt

where t € Z and 1 < dy < 2¢. Using the fact that the matrices are coming from I'y(2), so

their determinant has to be 1, we can re-write the definition of g, j as follows:
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at+b+at

ad a b+at 2™ cr v dtact
gx(T) = 0"+ Y Z DX ;
e=1 | €7 2c¢ d+ 2ct (2e +d +2ct)
gcd(2c,d)
-1
. _at+b+at
a b 1t 2™V erd+2ct
=g+ Z Z DX :
o= | tEZ 2c d 0 1 (2e7 +d +2ct)
gcd(2c d)
0 b - zm-am
a e 2cT+d+2ct
=q" + T
—1 Zl Z tEZZX 2% d (2¢cT + d + 2ct)k
gcd(ZC d)
—1
i Z Mk b . RS s
= g% + -
- =1 = * 2¢ d X (2eT +d + 2ct)*
gcd(2c d)
b o 1 27ria—aT+Z+at
a AN e 2cT+d+2ct
— + < 627rzo¢ )
=q" ; Z %Z:X 9 g (%) (27 + d + 2ct)*
gcd(2c d)
00 2c b ! 2mic(T+t) 2ﬂia%
1 1 a e—2mio(T+t) o 2c(r+t)+
KRR DD DR > T
2 =1 © d= 2c d teZ (r+i+ %)
ged(2¢,d)=1
4.8)
Notice that the function
9 a(T+t)+b
6727rza(7'+t) T 2¢(T+t)+d

HOESY

teZ

(T+t+2_c>

in the equation (4.8) satisfies the translation law f(7 4+ 1) = f(7) because we are summing

overt € Z:

) amice a(T+1+t)+b . — a(T+t)+b
6—27r2a(7'+1+t)e 2¢(T+1+t)+d e—27rza(7+t)e 2c(r+t)+d
flren =2 (T 140+ L) =2 Creegy IO
teZ 2c teZ 2c
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So, we will now work on the Fourier expansion of f(7). Let f(r Z tnq". Then, g,

neL
can be re-written as

-1

2c b
gk = ¢ 1+Z Z > X ¢ telq" | . (4.9)

nez 2 d=1 2¢ d
ged(2¢,d)=1

Let us work out the formula for all ¢,,. Recall that « € [0, 1). So, by definition 2.17, we
have that

1
t, = / f(SL' + Z-y)6727rin(x+iy)dx
0

a(z+iy+t)+b

1 —2mia(ztiy+t) 2T Fiy+t)+d
B e ( Je c(z+iy+t) amin(o-+i) g
= , Y e x
0 = (x+iy+t+5)
o a(z+iy+t)+b
727rza x+1y+t) T e(@+iy+t)+d .
— 27rny § 6—271'2'nmdaj
(x+iy+t+ L)F
teZ
9 a(z+iy)+b
) 00 p—2mia(w+iy) o2 2e(atiy)+d o
—e ﬂny/ e~ 2ming 1.
s (z + iy + )"
2ﬂ_ia—a(z+iy)+b
oo ,—2mi(a+n)x 2¢(z+iy)+d
— e?ﬂ(aJrn)y € € (a+ey) dr
(z + & +iy)*
—00 2% )

Letu =+ 2%. Then, du = dz; and hence the integral above becomes:

a(u— % +iy)+b

. 2mia
om(arin)y 0o 6—27m(oc—&-n)(u—;lc)6 2c(u— £k +iy)+d
t, = e — du
—oo (u+iy)
. \_ ad+42bc
‘ 4 00 e—27ri(a+n)ue27riaa(uzli)wriy)éc
_ 627r(oc+n)y€27rz(a+n)2—c / — du
o (u+1y)
-1
oo —2mi(a+n)u 27”'04%
_ 2m(atn)y 27rz(a+n)2i627ria% / € 6‘ - (utew) du
o (u + iy)
. 1
oo —2mi(atn)u, 2T s
_— e e c (u+iy
— erletnygmilatn)s; 2mias; / — du. (4.10)
oo (u+ iy)
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Let the integral in equation (4.10) be denoted by ¢x(«, n). So,
00 —271'@'042(%_)
_ —2mi(atn)u € fetluty d 4.11
ce(a,n) = e ————du. .
teon)= [ v @1y

Let » > 1. We differentiate the above equation r times with respect to . We can allow
interchange of the differentiation and integration for this step because of the Leibniz integral
rule ([24] p. 422, Theorem 1). Differentiating equation (4.11) r times with respect to «

gives us

9y — b
ST

(r) _ _@ B o —27ri(a+n)ue
¢ (o,n) = ( 402) /Ooe RO du (4.12)

2mi\ "
=\ "1z Crr(, )

So, we can write ¢ (a, n) as a power series of the form

ce(a,n) = Zbr(a —Q)"

r>0

(r)
where b, = % i,cn) Expanding the above power series about ¢ = 0, we get
¢ (0.n) .
crlo,n) =Y e (4.13)
r>0 )

Substituting the value of c,(;) (0,n) from equation (4.12) into equation (4.13), we get

1 [ —2mia\" [ e 2milatn)u
cr(o,n) = Zﬁ ( A2 ) /_Oo (u+iy)k+rdu

r>0

Using results from lemma 4.2 for the integral in the above equation, we find that

0 n < —a,
cp(a,n) = (4.14)

1 (=2mia\" (a+n)* 771 o Nkyr —2n(atn)y
>0 (T°) T (—2mi) e n>a.
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Now, using equations (4.10), (4.11) and (4.14), we find that ¢,, = 0 for n < —« and for

n > o, we have

_ ; T k+r—1
t, = 627r(o¢—|—n) 2mi(a+n) L 3¢ 6271'104— Z l ( 27TZO() (Oé + n) ( 27T2)k+re 2 (a+n)y

= rl | 4c? (k+r—1)!
1 —4r?a(n+a)\"
— (=27 k k—1 27rz(a+n) 56 p2Tics '
(=2mi)(n + o) © — ri(k+r—1)! 4c?

Recall that a € [0,1) for our case, hence we can say that the constant term in the

Eisenstein series g, is as follows:

-1

00 2c . 2r
1 a b atd 1 T
Co=1rar rp L Sy ot 3 ( )
— d=1 2¢ d >0 ri(k +r—1)! ¢
ged(2¢,d)=1
(4.15)
Define the Kloosterman sum
-1
2¢ a b - atd
K(a,c) = X e e (4.16)
d=1 2¢ d
ged(2¢,d)=1
and
1
Flz) =) —— 2™ (4.17)
; ri(k +r—1)!
By equations (4.15) (4.16) and (4.17), we can say that the constant term in g, j 1s as
follows:
k— 1 k - K(a,c)
Co=14+a ) (4.18)
c=1

Theorem 4.3 Let J,,(z) denote the Bessel function of the first kind as defined in Definition
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2.29, and let K (o, ¢) denote the Kloosterman sum. Then, for o € [0, 1), we have:

oo J —2m K ’
i (1o B )
c=1

Proof. We will use equations 2.11 and 2.12 to prove this result.

Note that the function in equation (4.17) can be expressed in terms of the Modified

Bessel functions of the first kind using equation (2.12) as follows:

1 2r
FE) = 2o

g 1 22
B (k—1)!§k(k+1)---(k+r—1)7
1 2
= moFl (;kaz )
_ (kz_1>!r(/<;)fk_1(2z).

Therefore,

() - o ().

Using the above result in equation (4.18), we get

>, (mie) TiQ a,c

c=1

— 1+ (—1)’“m§: L (%) K(o, )

C
c=1

- 1+(—1)’fm'zZ S (F22) K(a o

c=1

- (by equation (2.11))

—2C7roz) K(CY, C)
- .

= La(-1)f*) St (
c=1
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Using k& = 4 in the above equation, we get that the constant term of g, 4 is

Since F) is a one-dimensional modular form with its constant term in its Fourier series

expansion as 1. So, g, 4/F), gives us the constant term of ¢, 4. Hence, we can say that

—2) K(a, )
c

> J.
Gxa/Fy = l—ﬂz 3(
c=1

This proves the result. 0

We can now define a function v on (0, 1) as y(«) is the constant term in the Fourier
expansion of g, ;. Since F) is a one-dimensional modular form with its constant term in its

Fourier series expansion as 1, hence,

Ix.k = 7(04>Fx-

This relates our computations with Eisenstein series to our preceding discussion of hy-
pergeometric series formulae. Note that one obtains an analogous formula for g, 6.

Figures 4.2 - 4.4 illustrate values of ~y for different values of « for different cases of e.

Remark Graphs in figures 4.2 - 4.4 were evaluated by sampling 200 points for 60 coefficients in Fourier
series expansion of gy .
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Figure 4.2: Values of v fore = 1 and o € (0, 1).
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Figure 4.3: Values of v fore = —1 and o € (0,1/2).
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Figure 4.4: Values of v fore = —l and o € (1/2,1).

65



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

Chapter 5

Conclusions

This chapter summarizes the main results presented in this thesis.

5.1 Summary of thesis

In Chapter 3, we computed coordinates of vvmfs over I' and 3-dimensional p for different

values of a € (0,1) and € = £1. Tables 5.1 - 5.3 summarize those results:

F; e=1
P s 22 o
X n <512(1+\/ﬂ)3>
3a—4 3a—1

8 (64) 4 1+VI-=z
£y " (T) 7 <(1—3a):c (( 2 ) - 1>)

843Q$—30—2 LIz 3a+2 x?—Ba
F3 n (736:2) (( 2 ) -1 - 2a(32+2) X

3a
2(1—xz)x —x o
(& (-0 o ) (4002) ") ) 4 2 - )

Table 5.1: Coordinates of vvmf for e = 1. (Replicated from Table 3.2)
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F, c=—Lace(0,1/2)
F, 774 <512(1+$\2/1—z)3 =
r 4 26a+2$;6°6‘;5 =" 6a2+5 ) R 13—6a g6a+23

2 (—6a-5) < 2 > — ] T (1+60)(6a+5)

1+6a
4(1—2)x — 2 o
i <g%2 <(<1 - %)+ et (37602 %) <1+\§7> )) +5 -5
64 %% 8 Ly )

s nt(5) ° 1—6a)z ( 2 ) —1

Table 5.2: Coordinates of vvmf for e = —1 and o € (0,1/2). (Replicated from Table 3.3)

F; e=—1,a€(1/2,1)
. T—2a
F, 72 (512(12\2/17@5 2
64\ 2% 8 L) )
Iy ' (%) 7 (B—6a)z ( 2 ) -1
1 96a —2a—1 L /T=F 6‘*24'3 572(126&
Fy T " C6a—3) < 2 ) — 1)~ anmea X
6a—1
4(1—2)x V1—x 2 o
%(9%2 (((1_x)+526ax+ (57603 %) <1+ G ) )>+%_6&;3

Table 5.3: Coordinates of vvmf fore = —1 and o € (1/2,1). (Replicated from Table 3.4)
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Case F
I 1 8 —_9a _96a—5 a— a— t
e=1 2<53r% <2 °, 214&—304) , 20070 (1 + 27 1))

P(3)" (5-9a 93a—3 bact, 3525 1) t
€ = —1,& c (0,1/2) 25/2:3 2 72 (1+2 2 )’ (6&—1)

112 518 o833 2a—1 o o ¢
e——lac(1/21) F(;g) (21 e 2T 2T ) 9% (14 2% ‘))

Table 5.4: vvmfs for 7 = i. (Replicated from Table 3.5)

We also computed CM values of vvmfs for 7 = i, we present these CM values as
column vectors in the table 5.4.
In proposition 3.7, we made some observations about the transcendental part of CM

value for 7 = 7. We present these observations below.

Proposition 5.1 Let F' be one of the family of vvmfs discussed above, then the transcenden-

tal part of CM value for T = 1 is locally constant in the following sense:

1. If e =1, then

W6F>38 e @(\/g)for alloo € QN (0,1),

I(1/4

2. Ife = —1, then F?filx)“ € Q(v3) foralla € QN (0,1/2),
3. Ife = —1, then Tty € Q(V3) foralla € QN (1/2,1).

In fact, all of these values are algebraically dependent on o € (0, 1) except for o« = 1/2.

In chapter 3, we also computed the first coordinates F, of vvmfs over p and I' in terms
of ), the elliptic modular lambda invariant from chapter 4. We have summarized the results

from theorem 3.8 in the table 5.5.
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Case Iy
e=1 n® <256€\12*)\)> 3
e=—1,ac(0,1/2) | n* (Wb) 6
e=—-1,a€(1/2,1) | n*? (Wf—w 2

Table 5.5: F), for vvmfs over p and I in terms of modular A-invariant.

In chapter 4, we defined an analogue of Eisenstein series as follows:

a b 62m’a 2cT+d
Gi(T) = > X —

(“ b)€<iT>\Fo(2)
2c d

where ad — 2bc = 1. Theorem 4.3 explained a result related to the constant term of this

series. We present this theorem here again.

Theorem 5.2 Let J,,(z) denote the Bessel function of the first kind as defined in Definition
2.29, and let K (o, ¢) denote the Kloosterman sum. Then, for o € [0, 1), we have:

00 J —21a K ’
o (15 20
c=1

We also defined a function v on (0, 1) as y(«) is the constant term in the Fourier expan-

sion of g, ;. Figures 4.2 - 4.4 illustrated values of « for different values of « for different

cases of €. We present these graphs here in figures 5.1 - 5.3.

69



Ph.D. Thesis - G.Virk; McMaster University - Mathematics and Statistics

2.5 1
2
1.5
14
0.5
.
.
T T T T .kl
0.2 0.4 0.6 0.8 1

Figure 5.1: Values of v fore = 1 and o € (0,1). (Replicated from Figure 4.2)
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Figure 5.2: Values of y fore = —1 and o € (0,1/2). (Replicated from Figure 4.3)
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T T T T T
0.2 0.4 0.6 0.8 ° 1

Figure 5.3: Values of y fore = —1 and o € (1/2,1). (Replicated from Figure 4.4)
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