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Chapter 2

COLLECTED PROBLEMS

2.1 INTRODUCTION

Over the years, optimization techniques have proved to become useful in many more real
world applications. Because of this, many problems have accumulated and are still accumulating.
With new CAE software, many techniques have also been simplified, or rather problems are now
allowed to become more complex as optimization packages take care of tedious tasks. This chapter
attempts to cover all the topics associated with optimization including those which make use of
available optimization software.




Chapter 2 is divided into the following explanatory sections:

1. Algorithm development (p. 2-3)
®basics
efunction approximation
®circuit responses
eiterative schemes
®objective functions

2. Minimization (p.2-14)
evariable transformations
enonlinear systems

ONewton’s method
Oadjoint method

econjugate gradient, FDP
eminimax, pth approximation, Huber

3. Sensitivities (p. 2-33)
edirect differentiation
eadjoint

4. Nonlinear Networks (p. 2-49)
ecompanion
eNewton

5. One-Dimensional Search Methods (p. 2-52)
e®golden section search
equadratic approximation
e®steepest descent

6. Tolerances and Worst Case Analysis (p. 2-54)
®acceptable regions
®tolerances
ecost functions

7. State Equations (p. 2-58)
eRunge-Kutta

8. Applications (p. 2-60)
eminimax, £;, £,
®least pth
econstraints

9. Various (p. 2-75)

2.2 PROBLEMS




2.2.1 Algorithm Development

Question 1001 Develop an algorithm to efficiently calculate the value of

ag + ays® +vast ..+ gt

bys + bgs® + ... + b s™

given m, n the coefficients and s. Test m and n. State the number of multiplications and divisions
and the number of additions and subtractions.

~HAND= Question 1002 Develop an algorithm to efficiently calculate the value of

ZL + jZO tané

Zy L 0 T
® Zy + jZ; tand

given real Zy, 0 < ¢ < 7 and complex Z;. Avoid 6 = /2. State the number of multiplications and
divisions, the number of additions and subtractions and the number of calls to a trigonometric
function evaluation routine.

Question 1003 Develop an algorithm to efficiently calculate the value of

a sinh x + b tanh x

given a, b and e*. State the number of multiplications and divisions, the number of additions and
subtractions and the number of calls to function subprograms.

Question 1004 State Horner’s rule for polynomial evaluation. Explain its advantages compared with
the direct method of evaluating a polynomial.

Question 1005 Develop an algorithm to calculate as efficiently as possible the value of
a, sinf + a4 sin3f + ag sin50

given a,, ag, ag and 6. State the number of multiplications and divisions, the number of additions and
subtractions and the number of calls to a trigonometric function evaluation routine.

Question 1006 Write an efficient algorithm for converting binary numbers to decimal numbers. Test
it on the numbers 1101, 10111 and 1010101.

Question 1007 Write and test on 44 an efficient algorithm for converting decimal numbers to binary
numbers.

Question 1008 Write an algorithm to efficiently evaluate VF and dF /8s where

F(¢, s) = Eaisi
i=0

and




a, OF [3ay,
a, OF /da,
¢=|.|, VF-=

a, OF /da,

Question 1009 Write an algorithm to efficiently calculate the value of the objective function

n

U@ =3 (F@, 1) - S@5)°

i=1

and the gradient vector VU($) a total of m times for different ¢, where

S(@t) = _2.36. et s L o5t _

= 6_15 e (3sin 2r + 1lcos 2¢)

is the specified function of time ¢ (system response),
F($, 1) = % e sin pr

is the approximating function of time (model response),

o
9¢,
a 3
¢ 2 [;cﬁ]and Va T¢2
9
| 943 |

Question 1010 Write an algorithm to efficiently calculate the f requency response V,(jw)/V(jw) for
the circuit of Fig. Q1010. Use the algorithm to calculate the response when L 1=L,=2 H,
C;=Cy=0.5F, and w =2 rad/s. (See Question 1011.)

L, L,
+ o- LTI LIIA o+

=~
|1

il o —=c, V,

Fig. Q1010 LC ladder network.




OSA= Question 1011 Use OSA90/hope to calculate the f requency response V,(jw)/V,(jw) for the circuit of
Fig. Q1010. The values of the elements are Ly=Ly,=2H,C,=C,=0.5F. Calculate Vo(jw)/V (jw)
for w = 1.7-3.2 rad/s with an incremental step of 0.1 rad/s. Display your results numerically and
graphically. (See Question 1010.)

Question 1012 Write an algorithm to efficiently evaluate VF where

and ¢ = [ag a; ... a, by b, ... b, ]".
Question 1013 Write an algorithm to efficiently evaluate VT where

1

T(¢, s) = 5
and
Ry
¢
¢ = R,
C,
T(s) = Vy(s)/V(s) for the circuit of Fig. Q1013.
Ry R,
+ o VAYAY, _,- NN\ —O +

Fig. Q1013 RC ladder network.

Question 1014 Show how the errors propagate in the calculation of




(@ 2

b -cd

a

®) b(c - d)
(c) X
u-v

What is the relative error? Assuming all results are subject to the same roundoff errors, develop an
expression yielding the maximum possible error.

Question 1015 Derive an expression for the relative error in the computation of x/y. Neglect terms
involving products of errors.

Question 1016 Calculate and state the maximum number of multiplications and divisions in the
efficient solution for x of the linear system

X X % X1 Cx X
X X x x| Xy x
x x x x|| X7 |x
X X X X X4 X

where x & [x; x, x4 x4]T.

HANDs= Question 1017 Derive from first principles an efficient algorithm for solving the tridiagonal system
of equations

Ax=d
for x, giving arbitrary vector d, where
_al G
b, a, ¢,
A -
b, a,, ¢,
bn a, ]

using the one-dimensional arrays a,, a,, ..., a,, b;, by, s by, €1, Cg, ey €y, explicitly.

Question 1018 Write an efficient Fortran program to calculate all the branch voltages and currents
in the resistive ladder network of Fig. QI1018, allowing up to 100 resistors. Essential data:
Ve Rys Rys o ., R,

Let n=8, Ry=R3=R;=R;=30, R,=R, = Rg=Rg=1 Q. Calculate the voltages and
currents for Vg =1V using the program written. (See Question 1019.)

OSA= Question 1019 Use OSA90/hope to calculate all the branch voltages and currents in the resistive
ladder network of Fig. Q1018 with n=8, R, =Ry = Rs=R;=3 Q, Ry=Ry=Rg=Rg=1 Q.
Calculate the voltages and currents for Vg =0,0.5,1,1.5,2,25and 3 V. (See Question 1018.)




Fig. Q1018 Resistive ladder network.

Question 1020 Write a program to calculate the input resistance of the circuit of Question 1018. Use
the program written to calculate the input resistance for the numerical example in Question 1018.
(See Question 1021.)

OSAs= Question 1021 Use OSA90/hope to calculate the input resistance of the circuit of Question 1018.
Calculate the input resistances for R; =1, 2, 3, 4 and 5 2. Let n =8, Rg=Rg=R;=3 Q and
Ry =R =Rg=Rg=11Q. (See Question 1020.)

Question 1022 Write an efficient Fortran program using LU factorization to calculate and print out
all the branch voltages and currents of the resistive ladder network of Fig. Q1022, allowing up to 99
resistors. Take account of symmetry and the tridiagonal nature of the admittance matrix. Essential
data: V,, Ry, Ry, ..., R,. ,

etn=7,Ry=R,=Rg=1/30,R; = Ry = Ry = R, = 1 Q. Calculate the voltages and currents
for Vg =1V using the program. (See Question 1024.)

R, R
AN - —AA—

VgC) § Ry § R3 an

Fig. Q1022 Resistive ladder network.

'HANDs= Question 1023 Consider Question 1022. Evaluate

ar,

=2 i=12.,7
aR,

where I3 is the current flowing in resistor Rg.

. OSAw Question 1024 Use the LU factorization capability of OSA90/hope to calculate and print out all the
branch voltages and currents of the resistive ladder network of Fig. Q1022 with n=17,




Ry=Ry=Rg=1/3Q,R; = Ry= Ry = R; =1 Q. Calculate the voltages and currents for Ve=0-3V
with an incremental step of 1 V. (See Question 1022.)

Question 1025 Write a program to calculate the input conductance of the circuit of Question 1022,
Use the program written to calculate the input conductance for the numerical example in
Question 1022. (See Question 1026.)

OSAs Question 1026 Use OSA90/hope to calculate the input conductance of the circuit of Question 1024.
Calculate the input conductance for the numerical example in Question 1024. Show the input
conductances for R; = 1-10 2 with an incremental step of 1 Q. (See Question 1025.)

Question 1027 Consider the ladder network of Fig. Q1027.

(a) Showing clearly all major steps, calculate the node voltages by
(i) matrix inversion,
(i1) LU factorization.
(b) What is the computational effort involved in (a)?
(c) Set the right-hand source to zero and recalculate the node voltages. In general, what would

the computational effort be for different excitations?
(See Question 1028.)

Fig. Q1027 Three-node resistive ladder network.

OSAs= Question 1028 Consider the ladder network of Fig. Q1027. Use OSA90/hope to calculate the node
voltages by (i) matrix inversion and (ii) LU factorization. Set the right-hand source to zero and
recalculate the node voltages. In general, what would the computational effort be for different
excitations? (See Question 1027.)

Question 1029 Is the inverse of a tridiagonal matrix (in general) sparse, dense or tridiagonal? Justify
your answer by a physically meaningful example.

Question 1030 Define the term "relaxation method".

Question 1031 State the Gauss-Seidel iterative formula for the solution of the linear system A x = b,
defining precisely any new symbols introduced.

Question 1032 Factorize the following matrix into LU form utilizing available storage locations as
much as possible. (See Question 1033.)




5-1 0 0

-1 6 -1 0
0 -1 6 -1
0 0 -1 5

OSAw Question 1033 Use OSA90/hope to factorize the following matrix into LU form.
(See Question 1032.)

5-1 0 0
-1 6 -1 0
0 -1 6 -1
0 0 -1 5

Question 1034 Consider the resistive network shown in Fig. Q1034. Take G, =2 S and Gz=18.
Showing clearly all major steps, calculate the node voltages by LU factorization.

€))
MV

@D @ '@
Gy

1CD éazGl G, §G2

Fig. Q1034 Three-node resistive network.

Question 1035 Apply the Gauss-Seidel (relaxation) method to the circuit of Question 1034. Take the
initial node voltages as zero and use two iterations. Repeat with an overrelaxation factor of 1.5.

Question 1036 Consider the resistive network shown in Fig. Q1036. Take G, = G3= G5 = 1S and
R, =R, =0.5 Q. Apply the Gauss-Seidel (relaxation) method to this network. Take the initial node
voltages as zero and use two iterations. Repeat with an overrelaxation factor of 1.5.

Fig. Q1036 Resistive ladder network.




OSAs=

Question 1037 Consider the resistive network shown in Fig. Q1037. Let G;=1Sand G,=28S.
Showing clearly all major steps, apply two iterations of the Gauss-Seidel relaxation method starting
with V=1V, Vo=0.5YV, V;=0V. Continue the solution process with two iterations using an
overrelaxation factor of 1.75. Expressing the nodal equations as error functions, calculate the
Euclidean norm of the errors for each iteration.

Fig. Q1037 Resistive network.

Question 1038 Write a general Fortran subroutine implementing the Gauss-Seidel method for solving
a system of linear equations. Expressing the nodal equations as error functions calculate the
Euclidean norm of the error for each iteration. Use the Euclidean norm of the errors as a stopping
criterion of the iterative algorithm. Test your subroutine on the resistive network shown in
Fig. Q1037, starting with 1, = 1.0 V, V,=0.5V,Vs=0V. Assume that the solution has been found
if the norm of the errors is less than 1074,

Question 1039 Consider the linear circuit shown in Fig. Q1039, which is operating in the sinusoidal
steady state. Find V,/V, for this circuit at w = 2 rad/s in the following ways, comparing the effort
required. Take Ry =R,=R3=2Q, C;=C,=Cy;=1 F. Show clearly all the steps in your
calculations.

(a) From an analytical expression of V4(s)/V (s), derived by the Gauss elimination method.
(b) By actual numerical inversion of the nodal admittance matrix.
(c) By LU factorization of the nodal admittance matrix.

(d) By assuming V3 and working backwards.
(e) By ABCD or chain matrix analysis.
(See Question 1040.)

Question 1040 Consider the linear circuit shown in Fig. Q1039, which is operating in the sinusoidal
steady state. Use OSA90/hope to find Vs/V, for this circuit at w = 0-10 rad/s with an incremental
step of 1 rad/s by (i) matrix inversion, (ii) LU factorization and (iii) direct circuit simulation. Take
Ri=Ry=R3=20Q,C;=Cy=Cy=1F. (See Question 1039.)

Question 1041 Consider the linear circuit shown in Fig. Q1041, which is operating in the sinusoidal
steady state. Find V,/V,; for this circuit at w=1 rad/s in the following ways. Take
Ry=Ry=R3=10,C;=Cy=Cg=2F. Show clearly all the steps in your calculations.

(a) From an analytical expression of Va(s)/V(s). Use the Gauss elimination method.




D48 © &2 @ G @

F——F— o+
" Ry Ry Ry W
o

Fig. Q1039 CR ladder network.

(b) By actual numerical inversion of the nodal admittance matrix.

(c) By LU factorization of the nodal admittance matrix.

(d) By network reduction.

(e) By assuming a value for V5 and working backwards through the ladder.

(See Question 1042.)

OR @ R 3 R @
—WNV—"—WA—p—o0 +

O P e P
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Fig. Q1041 RC ladder network.

OSAs Question 1042 Consider the linear circuit shown in Fig. Q1041, which is operating in the sinusoidal
steady state. Use OSA90/hope to find V'3/V, for this circuit at w = 0-5 rad/s with an incremental step
of 0.2 rad/s by (i) matrix inversion, (ii) LU factorization and (iii) direct circuit simulation. Take
Ry=Ry;=R3=10,C;=C,=Cz=2F. (See Question 1041.)

Question 1043 Apply the Gauss-Seidel (relaxation) method to the circuit of Question 1041. Take the
initial node voltages to be zero and use two iterations. Repeat over with an overrelaxation factor of
1.5.

Question 1044 Calculate and plot the reflection coefficient of the circuit shown in Fig. Q1044, where
C;=10F,Cy;=0.125F, L =2.0 H, 0 < w < 4 rad/s. (See Question 1045.)

OSAw Question 1045 Use OSA90/hope to calculate and plot the reflection coefficient of the circuit shown
in Fig. Q1044, where C, = 1.0 F, C,=0.125F, L =2.0 H, 0 < w < 4 rad/s. (See Question 1044.)

Question 1046 Consider the iterative scheme
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Fig. Q1044 LC filter network.

where the y vectors are of dimension 2 and the 4 matrices are 2x2 with known values. Given the
terminating conditions

it
1 1 .1
Y1 =€ Y,

where ¢! is known, derive an analogous iterative scheme culminating in the evaluation of y!.
(See Question 1044.)

Question 1047 Consider the iterative scheme described in Question 1046. Give the terminating
condition

1 1.1
Y1 =€),

where ¢! is known, develop a computational scheme to evaluate

Question 1048 Assume that each matrix 4’ in Questlon 1046 is a function of a single variable X;.
Derive from first prmmples an approach to calculating Byl/ax where x is a column vector containing
the x;,i =1, 2,

Question 1049 Consider the system described by the iterative schemes

—A’y, i=1,2,..,n, i#j
+1 - gtz i=1,2,...m

the equation

J J

Y1 s
j+1 _ j+1

C Y1 = Vo
m+1 m+1




and the terminating conditions

11
Z1 =z
1 1
Y1 =Y,
n+l

Y1 =1

where the y and z vectors are of dimension 2 and the A4 and B matrices are 2x2 with known values
and C is a given 3x3 matrix.
Carefully describe and explain an algorithm for evaluating y,"+1 efficiently.




2.2.2 Minimization

Question 2001 Use the multidimensional Taylor series expansion to show that a turning point of a
convex differentiable function is a global minimum. Justify all assumptions.

HAND= Question 2002 Given a differentiable function f of many variables x and a corresponding direction
vector s,

lim f&x +2s) - f(x) _

T T e (please state) ?

A—0"

Explain in a few words the meaning of the above expression.

Question 2003 Use the method of Lagrange multipliers to prove that the greatest first-order change
in a function of many variables occurs, for a given step size measured in the Euclidean sense, in the
direction of the gradient vector w.r.t. the variables.

Question 2004 Use the method of Lagrange multipliers to minimize w.r.t. ¢, and ¢, the function
2 2
U=¢+6¢,
subject to

¢1+¢2=1

Sketch a diagram to illustrate the problem and its solution w.r.t. ¢, and ¢,. Verify your answer by
substituting the constraint into the function.

HANDs= Question 2005 Use the method of Lagrange multipliers to minimize w.r.t. ¢, and ¢, the function
2 2
U =¢] + 24,
subject to

$1+¢y=1

Sketch a diagram to illustrate the problem and its solution w.r.t. ¢, and ¢,. Verify your answer by
substituting the constraint into the function.

Question 2006 If g(¢) is concave, verify that &(¢) > 0 describes a convex feasible region.

Question 2007 Under what conditions could equality constraints be included in convex programming?

Question 2008 Comment on each of the following concepts independently.
(a) The minimum of (¢ — ) and the maximum of b — (¢ — a)?, where a and b are constants.
(b) The minimum of U, where




and the minimum of U subject to 0 < ¢ < 3.

©) The minimum of a¢” + b contrasted with the minimum of a¢? + b subject to ¢ > 0, where a,
b are constants.

(d) The number of equality constraints in a nonlinear program will generally be less than the
number of independent variables.

Question 2009 Find suitable transformations for the following constraints so that we can use an
unconstrained optimization algorithm.

(@ 0<¢ <dy<...<¢<...2¢

(b) 0<15¢2/¢15u, $,>0, ¢2>0

Question 2010 Write the following constraints in the form g9 =20,i=1,2,....,m.
(a) Ii-<-¢i5ui’ i=1,2,...,k

(b) d5¢,‘/¢i+15b,i=l,2,...,k——l

(c) 1<¢)<¢y<...<¢ <3

(d) h{$)=0, i=1,2,...,5s

Question 2011 Discuss the scaling effects of the transformation $; = exp ¢’;.

Question 2012 Given the derivatives of functions w.r.t. #; express the gradient vector w.r.t. the &
variables and the corresponding incremental change vector for the transformation $;=exp ¢';.

 HANDs= Question 2013 Consider the parameter constraints

05¢15¢2S...S¢,‘5...5¢k

as the only constraints applicable in a minimization problem.

(a) Find a suitable transformation of the variables #1, b9, ..., ¢ so that we can use an
unconstrained optimization package.

(b) Assuming the new variables are z,, z,, . . ., write down 8U/8z,, dU/dz,, . . . given 3U/d¢,,
aU/d¢,, . . .

(c) You have access to a subprogram to calculate U and VU given ¢ but you can not alter it. How
would you organize your software and data to handle the transformed problem?

Question 2014 Use an appropriate transformation of variables to create the minimization of an
unconstrained objective function for the problems

(a) minimize U = b + ¢ subject to ¢ > 0 with b > 0
¢

(b) minimize U = a,¢] + a 45 subject to 1 < ¢; <2, i = 1, 2 with a;, a, > 0

'HANDs= Question 2015 Derive the gradient vector of U($) w.r.t. ¢ for the objective functions

Yu
U= f le($, )P d
Y1

and




HANDs=

U =Y le(d)”
i=1

where the appropriate error functions are complex.
Question 2016 Prove that d|z|?>/dx = 2 Re{z* dz/dx}, where z(x) is complex and x is real.

Question 2017 For the linear function (a polynomial is a special case)

k
F($9) = ¥ ¢ f{$)
=1

formulate the discrete minimax approximation of S(3) by F(¢, 1) as a linear programming problem
w.r.t. §, assuming ¢ to be unconstrained.

Question 2018 For the linear function (a polynomial is a special case)

k
F$9) = ¥ ¢ /()
=1

assuming an objective function of the form of

U =3 [e(d)F
=1

derive the gradient vector of U and the Hessian matrix w.r.t. @

Question 2019 Derive and compare the Newton methods for (a) minimization of a nonlinear
differentiable objective function of many variables (as required in design), and (b) solving systems
of nonlinear simultaneous equations (as required in nonlinear DC network analysis). Sketch carefully
each process for a single nonlinear function of a single variable indicating the various iterations.
Under what conditions would you expect divergence from the solution?

Question 2020 Derive from first principles Newton’s method (a) for function minimization w.r.t.
many variables and (b) for solving nonlinear equations. Under what conditions would you expect
proper convergence? State carefully and discuss the effects and theoretical interpretation of damping.
Use diagrams to illustrate your results.

Question 2021 Derive from first principles Newton’s method for function minimization w.r.t. many
variables. Define all symbols introduced. Under what conditions would you expect convergence to
aminimum? Prove that the direction of search is downhill if the Hessian matrix is positive definite.
Sketch diagrams w.r.t. one variable showing

(a) convergence to a minimum,
(b) convergence to a maximum, and
(c) oscillatory behaviour.

Describe and explain the "damped" Newton method.

Question 2022 Derive the exact Newton iteration at ¢/ for minimization of a differentiable
multidimensional function U(¢). Define all terms used. Under what conditions do you expect a
locally downhill step from Newton iteration? Discuss possible pitfalls of the basic Newton method




and describe a "damped" Newton method. Illustrate your answers with sketches.

Question 2023 Derive carefully from first principles a numerical approach to finding the gradient
vector 8f/dx subject to the system of equations h(x, y) = 0 given values for x, where f = fO(x), x)
is a scalar function and where the vector & is nonlinear both in x and y. Assume that 4 and y have
the same dimensions and that the Jacobian of & w.r.t. y is nonsingular. Define all symbols used, and
exhibit the structure of all matrices employed. Summarize the main steps of the computational
procedure you would employ to solve a large problem.

Question 2024 Define the term "positive definite" as it relates to a square symmetric matrix.

Question 2025 Provide and discuss a link between the Hessian matrix of a differentiable function
U(¢), where ¢ is a k-vector, with the Jacobian matrix of f($), where f is a k-vector of functions of 9.

Question 2026 For the resistor-diode network shown in Fig. Q2026, illustrate with the aid of an I-V
diagram an iterative method of finding ¥ at DC. State Newton’s method for solving this problem and
derive the network model corresponding to the situation at the Jjth iteration. What is the significance
of this model?

Fig. Q2026 Resistor-diode network.

Question 2027 For the resistor-diode network shown in Fig. Q2027, find the operating point using
(a) techniques for solving nonlinear equations, (b) optimization techniques, with E =10 V, R = 1 kQ,
I;=10"2mA, X =38.7 V! and I, = I(exp(\V,)) — 1).

-
Q) S x

Fig. Q2027 Resistor-diode network.

'HANDs= Question 2028 We wish to calculate 3f/3x subject to h(x, y) = 0 where f = f(¥(x), x) given values
for x.




OSAs=

Explain fully the formula

T
AN )}
ox | h=0 ox ox

where y is the solution to

(52
ay |V © 3y
Describe the computational and analytical effort required in any given problem.
Let
axly? -3y, -2 =0
2
X1+ 2X3 ¥z -3 =0
2 2
f =01 +y; +2x,

Set up all the matrices and vectors required both for the solution of the nonlinear equations and also
for the evaluation of 3f/dx s.t. h= 0.

Question 2029 Let

hy=4x, 9y, —3y,=0
2
hy ==Xy y1V3+2x35,—3=0

2
f=y1 )1 X

Working directly with these functions, construct the Newton equations to solve the nonlinear system
and construct the formulas to calculate 3f/9x subject to the given constraints. Let x = [1 1.25]T,
where T denotes transposition. Apply one iteration of the Newton method starting at y° = [1 l]T.
Assuming the solution to be y = [1.125 1.5]7 calculate the appropriate f/3x. (See Question 2031.)

Question 2030 Let

hy = - X191y, + 2sz3’2 -3=0
hy =4x,y, -3y, =0
f =y

Working directly with these functions, construct the Newton equations to solve the nonlinear system
and construct the formulas to calculate 9f/3x subject to the given constraints. Let x = [1 1.25]T,
where T denotes transposition. Apply one iteration of the Newton method starting at y° = [1 l]T.
Assuming the solution to be y =[1.125 1.5]T calculate the appropriate 3f/9x. (See Question 2032.)

Question 2031 Use OSA90/hope and the functions given in Question 2029 to verify that the solution
is ¥ =[1.125 1.517 starting at 3% =[1 1}7. Working directly with these functions, construct the
Newton equations to solve the nonlinear system and construct the formulas to calculate 8f/8x subject
to the given constraints. Let x=[1 1.25]7, where T denotes transposition. Check derivatives by
perturbation. (See Question 2029.)




OSA= Question 2032 Use OSA90/hope and the functions given in Question 2030 to verify that the solution
is y0 =[1.125 l.S]T starting at y° =[1 l]T . Working directly with these functions, construct the
Newton equations to solve the nonlinear system and construct the formulas to calculate df/dx subject
to the given constraints. Let x=[1 1.25]7, where T denotes transposition. Check derivatives by
perturbation. (See Question 2030.)

Question 2033 Write down and define the first three terms of the multidimensional Taylor series
expansion of a scalar function U of many variables ¢, def ining any expressions used appropriately.

Question 2034 Write down the first three terms of the multidimensional Taylor series expansion at
¢’ of a scalar function U of many variables ¢. Define all terms used. Write down a linear
approximation of the function at ¢/. Write down the quadratic approximation of the function at ¢/.

Question 2035 Show that a step in the negative gradient direction reduces the function (neglecting
second and higher-order terms) unless the gradient vector is zero.

Question 2036 Derive a formula to approximately calculate all first partial derivatives of a function
of k variables by perturbation, using 2k function evaluations.

Question 2037 What are the implications of a positive-semidefinite Hessian matrix in minimization
problems?

Question 2038 Derive Newton’s method for function minimization. Explain under what conditions
you would expect convergence. Sketch the algorithm for a function of one variable showing

(i) a convergent process, and

(ii) a divergent process.

Question 2039 Write down a quadratic function of many variables and express its gradient vector and
Hessian matrix in terms of constants involved in the function.

Question 2040 Write down an objective function which can be minimized in an eff ort to solve the
system of nonlinear equations f = 0. Differentiate it w.r.t. the variables and express the gradient
vector in compact form.

Question 2041 What is the implication of a negative first-order term in the multidimensional Taylor
expansion of a differential function of many variables? Sketch your answer w.r.t. a function of two
variables.

Question 2042 State the principle behind the steepest descent approach to minimizing functions and
sketch carefully the path taken on a contour diagram w.r.t. two variables.

Question 2043 Write a simple Fortran program to implement steepest descent in the minimization of
a scalar differentiable function of many variables and test in on suitable examples.

Question 2044 Write a simple program to implement the one-at-a-time method of direct search for
the minimization without derivatives of a function of many variables and test it on suitable examples.

Question 2045 Describe the pattern search algorithm. Illustrate it on two-dimensional sketches of
contours of a function to be minimized, noting exploratory moves, pattern moves, and base points.
Discuss any advantages enjoyed by this search method.

Question 2046 Contrast the method of steepest descent with the method of changing one variable at
a time to minimize an unconstrained function. Provide algorithms for both methods.




Question 2047 Describe pitfalls in attempting the solution of constrained optimization problems using
the algorithms of Question 2046.

Question 2048 Explain the concept norm. Give examples in (a) the continuous, (b) the discrete,
approximation of a specified function of an independent variable by an appropriate function of many
variables on a given interval of the independent variable. Use diagrams to illustrate your answer.

Question 2049 For an electrical circuit design problem with upper and lower response specifications,
explain the role of relative differences in the weighting factor(s) in the error functions. Distinguish
the cases of specifications violated and specifications satisfied.

Question 2050 Sketch the contour and vector diagrams relating to constrained optimization problems
illustrating the application of Kuhn-Tucker (KT) necessary conditions and showing

(a) Points satisfying the KT conditions for minimization.

(b) Points satisfying the KT conditions for maximization.

(c) Points not satisfying the KT conditions for either maximization or minimization.
Question 2051

(a) What is a convex function?

(b) What is a convex region?

(c) How are these concepts related to a nonlinear optimization problem?

Question 2052 Discuss the necessary conditions for an unconstrained optimum of a differential
function. Derive them from

(a) Conditions for a minimax optimum.

(b) Conditions for a constrained optimum.

Question 2053 Sketch contours and vector diagrams to illustrate the application of the Kuhn-Tucker
(KT) conditions for a point satisfying the KT conditions for maximization of a constrained function.

Question 2054 Consider the function
U=056¢,+2¢,+3
along with the constraints

g1=¢1+2¢2'—320
83=2¢,+¢,—320

at each of the three points (i) [2 1]T; (i) [1 1% (iii) [3 0]T. Invoke the Kuhn-Tucker (KT) conditions
at each of the three points. State the results and comment on them.

Question 2055 Consider each of the following objective functions
(@) U=2¢,+2¢,— 1
(b) U=0.5¢, + 2¢, + 3
(¢) U=2¢,+05¢,+ 1.5

along with the constraints

g1=¢1+2¢2'—320
g2=2¢1+¢2—320




at each of the three points (i) [2 1]T (ii) [1 117 (iii) [3 0]T. Invoke the Kuhn-Tucker (KT) conditions
for each objective function at each of the three points. State the results and comment on them. For
any case which does not satisfy the KT conditions, find the steepest feasible downhill direction.

Question 2056 Consider the voltage divider shown in Fig. Q2055. The design specification is
V > 60 V and the constraint is R‘g > 50 Q. By testing the Kuhn-Tucker conditions find Vg and Rg such
that the total power dissipated is minimum.

Rg
—— AN

+

%(D 14 §50

g S
©

Fig. Q2056 A voltage divider.

Question 2057 Consider the voltage divider shown in Fig. Q2056 with the following objective and
specifications:

Objective: minimize total power dissipation

Design specifications: 45 <V < 55

Constraints: 50 < Rg <60
By testing the Kuhn-Tucker conditions aided graphically show which constraints are active. What
is the solution? Sketch the feasible region and contours of the objective function identifying each
function involved clearly.

Question 2058 Sketch curves of |x — x%P against x for p=0.5,1, 2, 4 and oo. Discuss the
differentiability and convexity of these curves.

Question 2059 Sketch in two dimensions the unit spheres centered at x° defined by
Ix— ], <1

for p=1, 2, 4 and co. Comment on the convexity of these regions and the corresponding one for
p=0.5. '

Question 2060 Derive the necessary conditions (NC) for a minimax optimum for a set of nonlinear
differentiable functions from the Kuhn-Tucker conditions (necessary conditions for a constrained
minimum). Illustrate the results for the special cases of

(a) a single function satisfying NC,

(b)  two active functions satisfying NC,
(c) three active functions satisfying NC,
(d) two active functions not satisfying NC.

Question 2061 Draw a diagram for violated specifications that would illustrate the situation of
multiple optimization of the frequency response and time response of an electrical circuit. Write
down error functions in a form suitable for minimax optimization.




Question 2062 Set up as a minimization problem the solution of the complex nodal equations of a
linear analog circuit, required simultaneously for a number of frequencies. Identify clearly and
compactly the objective function, the variables and any necessary gradient vectors required by the
optimization program.

Question 2063 Consider the problem of minimizing

U= ¢3 (¢1 + ¢2)2

subject to

2

&1 =¢1 '¢2->-0, g2=¢2209 h =(¢1 "’¢2)¢3 -1=0
Is this a convex programming problem? Formulate it for solution by the sequential unconstrained
minimization method. Starting with a feasible point, show how the constrained minimum is

approached as the parameter r — 0. Draw a contour sketch to illustrate the process. Are the
conditions for a constrained minimum satisfied?

HANDs= Question 2064 The updating formula for the Fletcher-Powell-Davidon method is defined by

HY =1

s =-HIVUI,  j-0,1,2, ..

where
. T . . . .
it i+ AP/ AP _ HJngJ H/
T . T . .
A¢J gJ gl H’ g}
A aalsi = gt _ i
g avuitt - vyl
(a) What is H' and what is its relationship with the Hessian matrix of a function U(¢)? How is

a’ computed in practice? )
(b) Apply the algorithm (using a theoretically justified approach to obtain a’) to the minimization
of

G + 205 + 816, + 6y + 2

w.r.t. ¢, and ¢, starting at ¢, = 1, ¢, = 1. Show all steps explicitly and comment on the results
obtained. Draw an accurate diagram showing the path taken.

Question 2065 Apply the algorithm described in Question 2064 (using a theoretically justified
approach to obtain a’) to the minimization of

262 + 362 + $,0, + 29, + 2

w.r.t. ¢, and ¢, starting at ¢, = 1, ¢, =1. Show all steps explicitly and comment on the results




obtained. Draw an accurate diagram showing the path taken.

Question 2066 Apply the Fletcher-Power-Davidon updating formula to the minimization of

63 + 205 + Giy + 26y + 1

w.r.t. ¢; and ¢, starting at ¢; = 0, ¢, = 0, showing all steps explicitly and commenting on the results
obtained. (See Question 2067.)

OSA= Question 2067 Use OSA90/hope to create a Fletcher-Powell-Davidon algorithm for minimizing the
differentiable function given in Question 2066 and display the results of every iteration.
(See Question 2066.)

Question 2068 Apply the Newton method to the minimization of

¢§ + 3¢§ + ¢1¢2 + 2¢2 +1
w.r.t. ¢; and ¢,. Select the starting points (a) ¢; = 0, ¢, = 0, (b) ¢, = 0, ¢, = 2. What is the solution?

Question 2069 Apply 1 iteration of the steepest descent algorithm to the minimization of

$2 + 202 + .8y + 26, + 1

w.r.t. ¢, and ¢, starting at ¢, = 0, ¢, = 0, using an exact analytical line search for the minimum in the
direction of search used. Derive and justify all formulas employed.

HANDss Question 2070
] (a) State and explain the iterative formulas defining the conjugate gradient method of minimizing
a differentiable function U(¢) in terms of direction vectors s’/ and s’~1, and gradient vectors
VU’ and VU/~!. Hint: take

sl = -vUi + gisitt (1)
where

_ -

gi - _(VU)YVU @)
(vUui-hTyyi-1

(b) State the formula for a quadratic function U(¢) in terms of Hessian matrix A4, constant vector

b, and constant ¢ associated with variable vector ¢.
(c) State and explain the formula describing the property of conjugate directions u; and U W.r.t

a positive definite matrix A.
(d) Let j = 0 for the first iteration of the conjugate gradient method. Let the first direction of
search s® = —vVU°. By using the property

VU - VUil < ol lgsit 3)

for the quadratic function of (b) where




af-l5i-1 4 ¢ _ g1 4)

prove that s' and s° are conjugate w.r.t. 4. [Hint: Verify Equation (3), explain Equation (4)
and assume that a full linear search for a minimum is conducted in each direction s']

(e) Discuss and illustrate the implications of conjugate directions in the minimization of an
unconstrained differentiable function of many variables. Discuss the properties of the
conjugate gradient algorithm, its advantages and disadvantages.

Question 2071 Suppose x and p are n-vectors. The con jugate gradient method for the optimization
problem

minimize U(x) 1)
X

can be described as follows. Let the initial direction be

P - —vpyo - _9U (2
Ox 1, 0

Calculate a* by a line search along the direction pk using

U0 SN S pk 3)
Let
vyk - U ()
ox x=xk+1
Take
Trrk+1 k+1
ck - (V U vU ) (5)
(vIU* vuk
Update the direction using
pk+1 = _VUk+1 + ckpk (6)
(a) Consider
Ux) = .;. (Ax — B)T A7 (4x — b) (7)

where A is a nxn constant matrix and b is a constant n-vector. Suppose A is symmetrical and positive
definite. Derive a formula for calculating a*. [Resultt a* = VTUk/((pk)T A pk). Hint:
vIvk pk—1 =0,

(b) For the U(x) defined in (7), we have

VU =Axk—bp ®)




' OSAw

and

VU1 = VU* + a* 4 p* 9)

Equations (2)-(6), (8)-(9) and the formula derived in (a) constitute the conjugate gradient method for
solving

Ax=1b (10)

Use such a method to obtain numerical solutions to

2 1 1
1 (11)
1 1 Xy 0
Take the initial point as

- 8] @

Show numerical values of x*, VU*, ¢, pk and a* as used in each iteration.

Question 2072 Apply the conjugate gradient algorithm for minimizing a differentiable function of
many variables to the minimization of

$2 + 202 + 18y + 26, + 1

w.r.t. ¢, and ¢, starting at ¢, =0, ¢, =0, showing all steps explicitly and commenting on the results
obtained. (See Question 2073.)

Question 2073 Use OSA90/hope to create a conjugate gradient algorithm for minimizing the
differentiable function given in Question 2072 and display the results of every iteration.
(See Question 2072.)

Question 2074 Apply the conjugate gradient algorithm for minimizing a differentiable function of
many variables to the following data.

poine. [g]. [o]. [2] [34s)- -

oragienc: [ 3], [ 9], [ 5], [ 83].

Sketch contours of a reasonable function that might have produced these numbers and plot the path
taken by the algorithm.

Question 2075 Consider the linear programming problem

minimize ¢; + 0.5¢, — 1

W.r.t. ¢, ¢, subjectto ¢, > 0, ¢, > 0, ¢, + ¢, > 1. Starting at ¢, = 2, #, = 0, solve this analytically by




steepest descent. Show how two one-dimensional searches yield the exact solution. Verif y that the
Kuhn-Tucker relations (the necessary conditions for an optimum) are satisfied only at the solution.

Question 2076 Minimize w.r.t. ¢

U = ¢f + 4¢§
subject to

¢120,i=1,2,3
20 -¢; 20,11 -¢y>0,42 -¢;>0

The function has a minimum value of 0.5 at ¢, = 0.5, ¢, = 0.25. Suggested starting point: $1=¢,=1.
[Source: Fletcher (1970). See also Charalambous (1973).]

Question 2077 Sketch contours of the function
V = max [U, U + ah, U — ah]
w.r.t. ¢ for U = ¢i + 4¢§ and & = 24, - 1 in the vicinity of the solution stated in Question 2076 for
a = 0.1, 1.0 and 100, taking care to indicate points of discontinuous derivatives. [Source: Bandler and
Charalambous (1974).]
uestion 2078 Minimize w.r.t. ¢
f = ‘—¢1¢2¢3

subject to

¢i > 0, l = l, 2, 3
20 -¢;20, 11 -¢,20, 42-¢550

The function has a minimum of —3300 at ¢, =20, ¢, = 93 = 15. This problem is referred to as the
Post Office Parcel problem. [Source: Rosenbrook (1960). See also Bandler and Charalambous (1974).]

Question 2079 Minimize w.r.t. ¢

f=82 v by + 265 + 85 - 5, - 5S¢y - 214 + T4,
subject to
— 4 b - 4h - -G v by -G+ P, + 8320

~ ¢ 205 - 43 - 202 + 4, + 8, + 103 0
- 207 - 6; - 45 - 26, + 9, + ¢, +520

The function has a minimum of —44 at $1=0,¢y=1,¢3=2, ¢, =—1. Suggested starting point:
$1=0,¢,=0,43=0, ¢, =0. This problem is referred to as the Rosen-Suzuki problem. [Source:




Rosen and Suzuki (1956). See also Kowalik and Osborne (1968).]

Question 2080 Minimize w.r.t. ¢

S =9 -8, - 66y - 495 + 267 + 205 + 45 + 2,6, + 24,4,
subject to

¢i > 0, i = 1, 2, 3

3-¢; -6y -26520
The function has a minimum of 1/9 at ¢, = 4/3, ¢, =7/9, ¢5 =4/9. Suggested starting points:
(a) ¢, =1, ¢2=29 ¢3= I; (b) ¢1=¢2=¢3= 1; (¢) ¢1=¢2=¢3=0’5§ (d) ¢1=¢2=¢3=0-1- This

problem is referred to as the Beale problem. [Source: Beale (1967). See also Kowalik and Osborne
(1968).]

Question 2081 Minimize w.r.t. ¢ the maximum of
4 2
f 1= ¢1 + ¢2

fa =2 -8 + (2 - 4,)°
f3 = 2exp(-¢; + ¢,)

The minimax solution occurs at ¢, = ¢, = 1, where f, =f, = f;=2. Suggested starting point:
#1 = ¢, = 2. [Source: Charalambous (1973).]

Question 2082 Examine the points [0 O]T, [0 117 and [1 117 for a minimax problem for which
4 2
f 1= ¢1 + ¢2

fo =2 - ¢)% + (2 - ¢,)?
f3 = 23Xp("¢1 + ¢2)

by invoking necessary conditions for a minimax optimum. What are your conclusions?

Question 2083 Consider the three functions

f1=¢2'3
f2=—¢1 +2
f3=¢1‘¢2‘1

Use a graph to aid your analysis and find the solution to the minimax problem

minimize max f;(¢)
i

by starting at [0 l]T and using two iterations of a steepest descent algorithm. Test appropriate points
for minimax optimality. Why did you choose these points?

Question 2084 Minimize w.r.t. ¢ the maximum of




f1 = ¢§ + ¢;
f2 =2 - ¢)% +(2 - ¢,)
f3 = 2exD("¢1 + ¢2)

The minimax solution occurs at

41

1.13904, ¢, =0.89956
where

fs = 1.57408

Suggested starting point: ¢, = ¢, = 2. [Source: Charalambous (1973).]

Question 2085

(a) Formulate the design of a notch filter in terms of inequality constraints, given the following
requirements. The attenuation should not exceed A 1 dB over the range 0 to w,;, and A, dB
over the range w, to wg, with 0 < w; < w, < ws. Atwy, where w; < Wy < w,, the attenuation must
exceed 4, dB.

(b) Describe very briefly and illustrate the Sequential Unconstrained Minimization Technique
(Fiacco-McCormick method) for unconstrained optimization.
(c) Set up a suitable objective function for the optimization of the notch filter of (a).

Question 2086 Write down explicitly the generalized least pth objective function comprising real
functions f; (not necessarily positive) of ¢, level ¢, maximum M, multipliers »; and any other necessary
symbols. Ensure that M > 0, M = 0 and M < 0 are included in your description.

Question 2087 Derive the gradient vector of the generalized least pth objective of Question 2086 and
discuss its features.

Question 2088 Derive necessary conditions for a minimax optimum from the gradient vector of the
least pth objective of Question 2087, where the fi are assumed differentiable functions of ¢.

Question 2089 Fit f = ¢,9 + ¢, to S(3), where Yi=1,9,=2,93=3, ¢, =4, S =1, Sy =1,
S(¥3) = 1.5, S(¥,) = 1, using a program for least pth approximation. Consider p =1, 2 and oo with
uniform weighting to all errors.

Question 2090 Solve analytically the problems described in Question 2089 invoking optimality
conditions.

Question 2091 Consider the functions e; and e, of one variable ¢ shown in Fig. Q2091. Explain the
implications of least pth approximation with p = 1 and 2, minimax approximation and simultaneous
minimization of |e,| and e, w.r.t. ¢.

Question 2092 Consider the functions f 1 and f, of one variable ¢ shown in Fig. Q2092. Explain the
implications of generalized least pth optimization of fiand f, w.r.t. ¢ for p> 0.

Question 2093 Consider the following two functions of one variable

e;=—¢+4
ey =¢/3




0

Fig. Q2091 Two error functions of one variable.

fl f2

Fig. Q2092 Two functions of one variable.

Expose and explain the distinctive features and implications of

(a) the least pth approximation with p = 1 and p = 2 of |e;| and |e,| w.r.t. ¢,
(b) the minimax optimization of |e,| and |e,| w.r.t. ¢,

(c) the simultaneous minimization of |e,| and |ey| w.r.t. ¢.

Question 2094 Consider a transfer function of a filter as

1

H(jw) =
Gw) (Jw - 0‘1) (Jw - (12) (Jw - as)

All o; are real variables which are adjusted to satisfy given specifications for the filter gain and
J =y-1. Filter gain G(w) is defined by

G(w) = —20 log|H(jw)|

and specifications S(w) are

S(wy<1dB for O<w<l
S(w)>40dB for w>5




Formulate the optimization problem in a form suitable for programming with specific relevance to
an available package you are familiar with.

Question 2095 Suppose that the following table has been derived from impedance measurements at
four frequencies.

Frequency Real Part Imaginary Part
(rad/s) Q) @
1 1.9 1.6
2 2.1 2.9
3 4.5 2.0
4 2.0 6.0

Consider a proposed series RL circuit model with resistance R and inductance L as
independent unknowns. Consider error functions of the form |R — Sgl, |IL — §;|, where Sy represents
data on the real part and S; represents data on the imaginary part. Obtain a unif ormly weighted least
pth approximation based on real approximating functions for (a) p =1, (b) p =2, and (¢) p=oo.
Comment on the data in the table and on your solutions.

Question 2096 Let the Huber approximation objective be represented by

1 n
U= Y o(e)
i=1

where

b - — if ¢>6

< e
ple) = ‘7 iflgl <6

52
—¢'Se,-—7 if g < -6

\

where ¢; is a real error function and § is a tolerance. Derive a Huber solution for § = 0.25 for the data
of Question 2095. Comment on the solution.

Question 2097 The following table has been derived from impedance measurements at four
frequencies. Obtain a uniformly weighted approximation based on real approximating functions in
(a) the least squares, and (b) the minimax sense for a proposed series RL circuit model with resistance
R and inductance L as independent unknowns. Comment on the data in the table.




Frequency Real Part Imaginary Part
(rad/s) () (V)
1 1.9 1.6
2 2.1 2.9
3 4.4 1.9
4 2.05 6.0

Question 2098 Consider Question 2097, but use least pth approximation with p = 1. Comment on
your solution.

Question 2099 Set up as a nonlinear program the problem of least pth optimization with p = 1 given
by

min Y |e($)l
¢ i=1

where the e; are real functions of ¢. State necessary conditions for optimality of the problem and
discuss them. Apply these ideas to

(a) m;n ¢ - 1] + |9l
(b) min [¢; + @, ~ 1] +|§,] + |¢|
91,92

Question 2100 Consider the following specification for a transient response of a linear system:

3¢, 0
S(t) =1 -1.25t + 1.25, 0.
t

k]

A ©
— N

IV RIA
—A

Optimize the impulse response of the LC circuit of Question 8005 to fit this specification in the least
squares sense.

Question 2101 Suppose we have to minimize

1/p
@ U = [ Y L) —S(w,-»l’] , p>1
w;i € Qg
®) U =Y I[Lw) -Sw)]?, peven>0

w; €0y

where the L(w;) is the insertion loss in dB of a filter between R and R;, S(w;) is the desired insertion
loss between R, and R; and ; is a set of discrete frequencies w Obtain expressions relating VU to
G(jw;), where t§1e elements of G are appropriate adjoint sen31t1v1ty expressions. Assume convenient
values for the excitations of the original and adjoint networks.




Question 2102 The complex impedance of a body has been measured at a set of f requencies. A linear
circuit model to represent this impedance is proposed. Explain the steps you would take to optimize
the model, assuming you were to use an available unconstrained optimization program requiring first
derivatives.

Question 2103 Consider the circuit shown in Fig. Q2103, which is a linear, time-invariant network
with parameters ¢. It is desired to obtain the best impedance match between the complex, frequency-
dependent load Z; and the constant source resistance R,.

Formulate a least squares objective function U of the parameter vector ¢, the optimum of
which represents a good match over a band of frequencies . Explain carefully and in detail how the
adjoint network method may be used to calculate the gradient vector VU(¢).

R
MN -0

1V Z; (§ jo) >

Fig. Q2103 Impedance matching example.

Question 2104 Consider the linear, time-invariant circuit shown in Fig. Q2104 at frequency w

Rs L
NN 5 11 1
! C
— Ziy
+ 1
v O s
= f R,
? l

Fig. Q2104 A linear, time-invariant circuit.

We define a complex reflection coefficient p as:

Z, - Rg

Z

P Tz R

Assume that R, L and V are f ixed. Show that lpl? is minimized w.r.t. C for fixed R ,, when w2LC = 1.
First prove that d|z|?/dx = 2Re{z"dz/dx). :




2.2.3 Sensitivities

Question 3001 Consider the linear circuit shown in Fig. Q3001, which is assumed to be in the
sinusoidal steady state. Let R=2Q,C=1F, w= 2 rad/s.

Vg Vg . Vg

3C’ AR dw
(b) Obtain the formulas of (a) by the adjoint network method from first principles.

(a) Obtain by direct differentiation simplified formulas for

C
— 7+
1v () §R Ve

—0 —

Fig. Q3001 RC circuit.

Question 3002 Consider the linear circuit shown in Fig. Q3002, which is assumed to be in the
sinusoidal steady state. LetV, =1V, R,=050,C=2F,R=10Q,w=10rad/s.

Use the adjoint network approach to evaluate 8V /8C, 3V /AR, and OV p/dw. Estimate the
change in Vi when both C and R decrease by 5% using these partial derivatives and compare with the
exact change. How would you conduct a worst-case tolerance analysis, in general?

Rg

NV <>——|C|-—————o +
e () g R Vg

O O —

Fig. Q3002 RC circuit.

- HAND= Question 3003 Consider the linear circuit shown in Fig. Q3002, which is assumed to be in the
‘ sinusoidal steady state. Let Ve=1V,R,=050,C=2F,R=10,w=10rad/s.

Use the adjoint network approach to evaluate 3|V g|/0w. Estimate the change in |Vl when w
changes by *1% using this partial derivative and compare with the exact change.

Question 3004 Consider the linear circuit shown in Fig. Q3004, which is assumed to be in the
sinusoidal steady state.

Derive from first principles the adjoint network and sensitivity expressions for all the
elements of the circuit. Derive the adjoint excitations appropriate for calculating the first-order
sensitivities of ¥, w.r.t. all the parameters.




V(_:2
L=

Ig CD Gé Cl%Jerlc2 <l>8m Ve, §G2

Fig. Q3004 Active circuit.

HANDs= Question 3005 Derive the first-order sensitivity expression
—vTaYTy

for linear time-invariant networks in the frequency domain, where Y is the SC admittance matrix of
an element, ¥V the voltage vector in the original network and ¥ the corresponding vector in the adjoint
network of the element under consideration.

Question 3006 Derive from first principles an approach to f inding 8y;/dx, where Ay = b is a linear
system in y, 4 is a square matrix whose coefficients are nonlinear functions of x, the term y; is the
ith component of the column vector y and dy;/9x represents a column vector containing partial
derivatives of y; w.r.t. corresponding elements of the column vector x. Discuss the computational
effort involved.

Question 3007 Derive from first principles an approach to finding 8V;/8w, where w is a frequency,
V; is an ith nodal voltage in the nodal equations of a linear, time-invariant circuit in the frequency
domain, namely,

YV=1I
assuming 7 is independent of w.
HANDs Question 3008 Consider the system of complex linear equations
YV=1I
where Y is a square nodal admittance matrix of constant, complex coeff icients, and I is a specified
excitation vector. Set up the appropriate objective function for the least squares solution of this

system of equations and derive the gradient vector w.r.t. the real and imaginary parts of the
components of V.

Question 3009 Consider a nodal system of equations as




811 812 &1 [V 1
831 832 8| | Vel =1]0
831 83z 833] | Vs 0

Express the solution of this system as a least squares problem. Write down the corresponding
Jacobian. Write down the gradient vector of the least squares objective.

Question 3010 Derive an approach to calculating dy/dx;, where Ay = b is a linear system in y, 4 is
a square matrix whose coefficients are nonlinear functions of x, and x; is the ith component of x.
Discuss the computational effort involved.
Question 3011 Derive from first principles an approach to calculating
3 Y
aX] Bxk
for the system described in Question 1012, where x;j and x; are elements of the vector x.

HANDs= Question 3012 Derive from first principles an approach to finding 8)/8x, where ) is an eigenvalue
! of the square matrix 4 whose coefficients are (in general) nonlinear functions of x, i.e.,

Ay =)y
The expression 3A/8x is a column vector containing all first partial derivatives of A w.r.t.
' corresponding elements of the column vector x. Discuss the computational effort involved. Give

interpretations of any new symbols introduced. [Hint: ) is also an eigenvalue of AT.]

Question 3013 Derive an approach to calculating

%
a% Bxk

for the system described in Question 3012, where X and x; are elements of the vector x.

Question 3014 Consider the quadratic approximation to a response function given by

A
v =S a [ | [8wn [2ee

where A is a symmetric square matrix of the dimensions of the column vector ¢; a and b are column
vectors of constants of the same dimension as ¢; and a, b and c are constants. Develop a compact
expression for f (¢, ¥) subjected to the condition

af _
a_¢-o

Question 3015 Develop from first principles a computationally attractive method of obtaining the
Thevenin equivalent of an arbitrary linear, time-invariant circuit in the frequency domain using only




one analysis of a suitable circuit. [Hint: Show that this circuit is the adjoint of the given circuit and
derive the appropriate terminations and all necessary formulas.]

Question 3016 Derive from first principles the sensitivity expression and ad joint element
corresponding to a voltage controlled current source. Draw circuit diagrams to f ully illustrate your
results.

Question 3017 Derive from first principles the first-order sensitivity expressions relating to:

(a) a voltage controlled voltage source,
(b) a current controlled voltage source,
(c) an open-circuited uniformly distributed line,

(d) a uniform RC line.

Question 3018 Derive from first principles the adjoint element and sensitivity expression for a two-
port (see Fig. Q3018(a)) characterized by

KR

Apply the result to the element shown in Fig. Q3018(b).

+ O———»— ——0 |
two-port
p element Vq
@
Q r— I l —l QO
e
| I
I |
@] I_ — _J Q
)

Fig. Q3018 (a) A general two-port network and (b) an example of a two-port.

HANDs= Question 3019 Consider Question 3018 and apply the result to the element shown in Fig. Q3019 to
‘determine the sensitivity formulas w.r.t. ¢, where Y,=¢and Z,=0.5/¢.

Quéstion 3020 Consider Question 3018 and apply the result to the element shown in Fig. Q3020 to
determine the sensitivity formulas w.r.t. R) and R,, where the elements labelled R, are identical.




Fig. Q3020 A resistive two-port.

Question 3021 Verify that the adjoint network may be characterized by the hybrid matrix description

- -
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where the corresponding description for the original network is
1, Y A Va
[Vb:| ) [M z :I[ Ib]

Question 3022 Verify that, for a network excited by a set of independent voltages Jy,and a set of
independent currents J,,

G=Y VVi- % v,
iely, ielf

where




1]
| 3¢y _

implies differentiation w.r.t. k parameters #15 P9, ..., $rand G is a vector of corresponding sensitivity
expressions associated with elements of the network. The remaining variables Vi, I, V; and I; are
associated with excitations and responses in the original network and adj joint network as 1mp11ed by

Fig. Q3022.
original . adjoint
I; I;
——0 —— 04 —0 ——O0+
nQO 1O ACNTON7
o L o o—
ieJy ieJr ieJy ieJp

Fig. Q3022 Excitations and responses in the original and adjoint networks.

HANDs Question 3023 Consider the formula

G- ¥ Vvi— Y iwy,
voltage voltage
sources sources

where G is a vector of standard sensitivity expressions, i is the index of the sources and V is the
partial derivative operator w.r.t. circuit parameters corresponding to G. Consider a six port network
having two constant voltage sources, one constant current source, the remaining ports being
terminated by resistors. Use the formula to show how to relate to G the gradient vector of

Y W, P/R
terminating
resistors

where V, is the response voltage and R, is the terminating resistor. Draw the adjoint network and
state the proper excitations.

Question 3024 Consider the linear circuit shown in Fig. Q3024 excited by a unit step u(z). Obtain




dv/3R and 9v/3C using the adjoint network method and verify the resulting formulas by directly
differentiating v(¢).

R
—0 +

u(t) —C )

—0 —

Fig. Q3024 RC circuit.

Question 3025 Consider the linear, time-invariant network shown in Fig. Q3025. Using an abstract
approach based on vectors and matrices, derive expressions for 8V',/8G,, 8V ,/8G,, 8V ,/8Gg, 8V 1/8C,,
ov,/8C,, 8V ,/3g,,, and 3V /3w, where w is the frequency of the excitation.

1A
()
-/
C C
@ Yk @ @
+ I+ I+
V1§G1 V2§Gz V3§G3 &nVs
rrrrr

Fig. Q3025 A linear, time-invariant network.

Question 3026 Interpret the expression

(4 — 1) & (e — )7

where u;, u, u, and u; are unit column vectors with i, j, k, / respectively, identifying nonzero rows and
&m is a mutual conductance. T denotes transposition.

Question 3027 Consider the linear, time-invariant network shown in Fig. Q3027. Using an abstract
approach based on vectors and matrices, derive expressions for 3(V,— V4)/8G,, 3(V4—V4)/3G,,
0(Vy—V3)/3G3, (V4—V3)/3L,, a(V4—V3)/8C,, (V4—V3)/88,,, and 8(V,—Vg)/8w, where w is the
frequency of the excitation.

Question 3028 Evaluate at 0.5 rad/s the partial derivatives of the input impedance (see Fig. Q3028)
w.r.t. the inductors and capacitors of the filter of Question 1044.




T
O/
L, C
® e Y
+ + I+
V1§G1 V2§G2 ng G3 8nVs

Fig. Q3027 A linear, time-invariant network.

R
—AMA———0

1V CD —» input impedance

O

Fig. Q3028 Source for input impedance calculation.

Question 3029 Consider the circuit of Question 8005 at w=1rad/s. Let L;=L,=2H,C=1F.
Obtain the partial derivative values of the insertion loss in dB of the filter between the terminating
resistors with respect to L, C and L, using the adjoint network method. If L, changes by +5%, L,
by —5% and C by +10%, estimate the change in insertion loss at w = 1 rad/s. Check your results by
calculating the change in loss directly and explain any discrepancies.

Question 3030 Derive from first principles an approach to finding the exact large change Ay, due to
the large change Ag;;, where Ay = b is a linear system in y, 4 is a square matrix, the term y; is the ith
component of the column vector y and a; represents the jth diagonal element of 4. Discuss the
computational effort involved. [Hint: First find Ayl

HANDss Question 3031 Derive from first principles, using manipulation of vectors and matrices, an approach
to finding the first-order sensitivity of y; w.r.t. aj, where Ay = b is a linear system in y, A4 is a square
matrix, the term y; is the ith component of the column vector y and aj; represents the {j, k} element
of A. Discuss in detail the computational effort involved.

Question 3032 Consider the resistive network of Fig. Q3032. G; =G;=Gz=1S,R,=R,=0.5Q.
(a) Calculate the node voltages by LU factorization of the nodal admittance matrix showing all




major steps. Verify that

3 0 0

L=1|-211/3 0
0 -2 21/11

1 -2/3 0
U=10 1 -6/11

0 o 1

(b) Draw the adjoint circuit appropriately excited with a unit current for finding the first-order
sensitivities of the voltage V across Gj.

(©) Calculate the node voltages of the adjoint circuit using the LU factors already obtained above.

(d) Calculate VV, where

using sensitivity formulas shown in the table. (See Question 3033.)

Element Branch Equation Sensitivity Parameters

Original Adjoint

~

V =RI V =RI IT R

Resistor

I=GV I=GV Vv G

OSA= Question 3033 Consider the resistive network of Fig. Q3032. G, =Gy=Gz=18S, R, =R, =0.5 .
(a) Use OSA90/hope to calculate the node voltages of the original circuit by LU factorization of
the nodal admittance matrix. Verify that




Fig. Q3032 Three-node resistive network.

3 0 0
L=1|-211/3 0
0 -2 21/11
1 -2/3 0
U=10 1 -6/11
0 0 1
(b) Calculate the node voltages of the adjoint circuit using the LU factors already obtained above.
(c) Calculate the node voltages directly from the original and adjoint circuits.
(d) Calculate VV, where
[ 6 ]
oG,
9
dR,
3
V=136,
9
OR,
a
3G |

using sensitivity formulas shown in the table of Question 3032. (See Question 3032.)

HANDs Question 3034 Consider the resistive network shown in Fig. Q3034, where G,=158,G,=25Sand
i =10 A. Use the adjoint network method to evaluate

3, ai ai
22 % g 2
3G, 3G, ai




Check your results by small perturbations.

()
U/
G,
NWW————
@® % @ 61 |3

Fig. Q3034 A resistive network.

Question 3035 Consider the resistive network shown in Fig. Q3035, where G, = 15,G, = 1S,G3=1S
and i = 1 A. Use the adjoint network in conjunction with LU decomposition to evaluate

di, di, O3i, and%

Check your results by small perturbations. If the tolerances on G,, G, and Gj are 3%, estimate the
largest and smallest extremes of i;. Check by direct calculation.

Fig. Q3035 A resistive network.




Question 3036 Consider the resistive network shown in Fig. Q3036, where G, = 3S,G, =55,G; =4S
and i = 1 A. Use the adjoint network in conjunction with LU decomposition to evaluate

8i, &i, &, di,
3G,” 3G, aG, ai

Check your results by small perturbations.

Fig. Q3036 A resistive network.

Question 3037 Consider the resistive network shown in Fig. Q3037, where G; =1 S, G, =1 S and
G = 18S. Use the adjoint network in conjunction with LU decomposition to evaluate

3i, aiy 3i,
aGl’ aG2 aGS

Check your results by small perturbations. If the tolerances on G,, G, and G are +2%, estimate the
largest and smallest extremes of i;. Check by direct calculation. (See Question 3038.)

OSAsw Question 3038 Consider the resistive network shown in Fig. Q3037, where G,=18S,G,=18 and
G3 = 18S. Use OSA90/hope to calculate the node voltages of the original circuit by LU factorization
of the nodal admittance matrix. Verify the LU matrices in OSA90 and evaluate

di, ai ai,
_— and ——
aGl aGZ aG3

If the tolerances on G,, G, and G are +2%, estimate the largest and smallest extremes of is.
(See Question 3037.)

OSA= Question 3039 Compare the solutions obtained in Question 3038 by creating a circuit model in
OSA90/hope.




1A<D G, G, G, CT 1A

Fig. Q3037 A resistive network.

Question 3040 Consider the resistive network of Question 1036 (Fig. Q1036).

(a)
(b)

(©)

(d)
(e)

Calculate the LU factors of the nodal admittance matrix.

Calculate using Tellegen’s theorem (unperturbed) the Thevenin equivalent of the network as
seen by the element G3. Proceed as follows. You need

(1) the open circuit voltage ¥y seen by G,,

(ii) the impedance Zy; seen by G5 with I, = 0.

Prove that one adjoint network analysis can be used for both quantities, draw the appropriate
excited adjoint network, and solve it using the LU factors of (a).

Calculate using your Thevenin equivalent the change in voltage across G3 when G increases
from 1 Sto 2 S. Now represent this change by an independent current source applied across
G,.

Hence, find the voltage across G; due to the specified change in G, using the LU factors
obtained in (a).

Check by a direct method that your result in (d) is correct.

Question 3041 State the difference form of Tellegen’s theorem for the circuit shown in Fig. Q3041.
Prove that one adjoint analysis can be used to calculate both Z;y, and Vg, where Zpy is the
Thevenin equivalent impedance (set ¥, = 0) and Vg is the open circuit voltage, as seen at the
reference plane. Draw the appropriately excited adjoint network.




;
5 -

Fig. Q3041 A linear circuit.

Question 3042 Draw the adjoint network for the active circuit shown in Fig. Q3042, which is
assumed to be in the sinusoidal steady state. Include excitations appropriate to calculating the
sensitivities of V,(jw) w.r.t. all parameters, clearly identifying zero and nonzero excitations. Develop
an expression for the gradient vector of the following objective function to be minimized:

U =Y (Gw) - Sw))?
1=1

where

and S(w) is a given specification.

Equation Sensitivity | Parameters

Element . . . .

Original Adjoint
Resistor V =RI V =RI 17 R
Capacitor I = jwCV I=jwCV —jwVV c
Voltage I 0 04V 7 0 - y .
Controlled [ 1]= [ ][ ljl [{1} [ g ][ Ifl] v, I, p
Voltage Vs © 0 Iy Va 0 0 I,
Source

Question 3043 Derive from first principles the adjoint network and sensitivity expressions for the
active circuit shown in Fig. Q3042, which is assumed to be in the sinusoidal steady state. Include
excitations appropriate to calculating the sensitivities of V,(jw) w.r.t. all parameters, clearly
identifying zero and nonzero excitations.

Question 3044 Draw the adjoint network for the active circuit shown in Fig. Q3042, which is
assumed to be in the sinusoidal steady state and include excitations appropriate to calculating the
sensitivities of (a) V,(jw) and (b) Izy(jw) w.r.t. all parameters, clearly identifying zero and nonzero




Iro

O+

+
<_> BV, Vs,

Fig. Q3042 Active circuit example.

excitations. Derive from first principles the sensitivity expression for a capacitor.

Question 3045 Consider the linear circuit of Question 1039, which is assumed to be in the sinusoidal
steady state.
LetV,;=1V,w=2rad/s, Ry=Ry;=R3=20Q, C;=C,=C3=1F.
(a) Write down the nodal equations for the circuit, using the component values and frequency
indicated.
(b) Apply the Gauss-Seidel (relaxation) method to find the node voltages, assuming the initial
node voltages to be zero. Use two iterations. Repeat with an overrelaxation factor of 1.5.
(c) Factorize the nodal admittance matrix into upper and lower triangular form.
(d) Calculate 9V,/3C, and 8V4/3R, by the adjoint network method using the above LU
factorization results in conjunction with the nodal admittance matrix of the adjoint circuit.
(e) Estimate AV (the total change in V5) when C, changes by +3% and R, by —5%. Use
WV, WV,
AVg~ _~ AC, +
aC, 3R,
(See Question 3046.)

AR,;. Check the results by direct perturbation.

OSA= Question 3046 Consider the linear circuit of Question 1039, which is assumed to be in the sinusoidal
steady state. LetV;=1V,w=2rad/s, Ry=R,=R;=210Q, C, = C,=Cg=1F. Use OSA90/hope
to calculate 9V 3/3C, and 8V3/8R, by the adjoint network method. Estimate AV g (the total change
of V;) when C, changes by +3% and R; by —10% . (See Question 3045.)

Question 3047 Compare the computational effort in the ABCD or chain matrix analysis of a network
and an efficient method based on a tridiagonal nodal admittance matrix.

Question 3048 Explain the advantage of the adjoint network method for sensitivity analysis of very
large linear networks in the frequency domain compared with analytical differentiation.

Question 3049 Discuss carefully the computational effort required in general for each approach used
in Question 3045.

Question 3050 Consider the linear equations

Ay=0b n




where A is a constant nxn matrix containing variables ¢, and #,, b is a constant n-vector and y is a
n-vector. The derivative of y w.r.t. ¢; is given by

O _ _q124 41y o2 )

a¢; 9

Let Aconst be a constant nxn matrix. Let u; be a unit n-vector containing 1 in its ith position and
zeros everywhere else. Suppose n > 4 and

T T
A = AconsT + U U3¢y + uyuy d, 3)
. . .. . a.V1 ay 1
Write an algorithm for efficient computation of y, T and W
1 2

OSAs= Question 3051 Consider the resistive network shown in Fig. Q3051, with the element values
Vin =2V, G; =058, G, =255 and Gz =1.0S .
Use OSA90/hope to create the adjoint circuit and evaluate

i, ai, 8i,,
3G, aG, 3G,

If the tolerance on G, is +1%, estimate the extreme of i,,.

Fig. Q3051 A resistive network.

Question 3052 If Ay = b describes a linear system of equations to be solved for y, what is the
corresponding adjoint system? Discuss the implications of LU decomposition as a method of solving
the two systems.




2.2.4 Nonlinear Networks

Question 4001 Write an efficient Fortran program using LU factorization in conjunction with
Newton’s method for solving nonlinear equations to find the node voltages of the resistor-diode
network shown in Fig. Q4001 [Source: Chua and Lin (1975)], where

Id = IS (eAVd - l)
Iy = 10712 mA
1 -1
A=1/V="_YV .-
/ 0.026
E=10V
R, =R, =1KkQ
Use the results to calculate
OR,
WV,

subject to satisfying the nonlinear equations.
By running the program again with small perturbations in R, and R,, check these derivatives.
Solve the equations for a number of starting points and comment on the results. Also use
V=375 Vy3=075 V3=50

as a test starting point.

Fig. Q4001 Resistor-diode network.

uestion 4002 Consider the circuit in Question 4001 for data, diagram and statement of objectives.
(a) Use only one LU factorization per iteration of Newton’s method.
(b) Use the results to find




(i3R,)

subject to satisfying the nonlinear equations.
(c) Check derivatives by perturbation and comment on the results.
(d) Use the test starting point, among others, suggested in Question 4001.

Question 4003 What is the companion network method of solving nonlinear networks? How does it
take advantage of existing linear network simulation methods? Provide an illustrative example.

HANDs= Question 4004 Consider the resistor-diode network shown in Question 4001. Draw the corresponding

companion network at the jth iteration for its DC solution. Write down the nodal equations at this
iteration.

Question 4005 Consider the resistor-diode network shown in Fig. Q4005. Carefully draw the
corresponding companion network at the jth iteration for its DC solution. Write down the nodal
equations at this iteration. Create the adjoint system with excitation(s) to calculate the sensitivities
of i w.r.t. all parameters. Draw the adjoint circuit. Clearly depict iteration dependent and iteration
independent formulas. Each diode is governed by an equation of the form

iy = I -1

Fig. Q4005 A resistor-diode network.

Question 4006 Consider the resistor-diode network shown in Question 4001. Develop the system of




linear equations derived from the nodal equations at the jth iteration for solution by the Newton
method. Write down explicitly the Jacobian at the jth iteration.

! Question 4007 Consider the resistor-diode network shown in Question 4001. Derive the objective
function (or the error function) for optimization to solve the nodal equations.

HANDs= Question 4008 Consider the nonlinear circuit shown in Fig. Q4008, where i, = 2,3, i, = v,3 + 10v,.

(a) Express the nodal equations in the linearized form required at the jth iteration of the Newton
algorithm.

(b) Apply two iterations of the Newton method, starting at v, = 2, v, = 1.

() Draw the companion network at the jth iteration and state the corresponding nodal equations.

(d) Continue with two iterations of the companion network method.

[Source: Chua and Lin (1975).]

V. —

+
D ia @

)

ip Y +

1a() 10 vw (D 26a

Fig. Q4008 Nonlinear circuit example.

uestion 4009 Solve Question 4008 generalized as follows. Let the 1 ohm resistor be R. Let R = 1
and

i = A

i a a

. 3
i, = Bvy + Cv,

! where4=2,B=1,C=10. Let the starting point be v, = 1, v, = 2.
Consider the function

=,

Calculate the partial derivatives, assuming you have a solution after the 4th iteration, of f w.r.t. R,
A, B and C using an adjoint system. Check the results by small perturbations.




2.2.5 One-Dimensional Search Methods

Question 5001 Derive the Golden Section search method for functions of one variable from first
principles. Explain all the concepts involved. Under what conditions would you expect a global
solution?

Question 5002 Derive from first principles the Golden Section search method for functions of one
variable. Discuss any features of the method which you regard as important. Provide diagrams to
illustrate your answer.

Question 5003 Apply 3 iterations of the Golden Section search method to the function of one variable
given shown in Fig. Q5003. Show clearly all steps and label the diagram appropriately. Fit a
quadratic function to 3 points corresponding to the lowest function values observed and find its
minimum. Estimate function values and points from the graph.

U
A

8 N

; N

6 \\

5

4 AV //

, \ /

2 N/

1 \\_//

0 i 2 3 4 5 6 7 8 9 1 °

A

Y

starting interval

Fig. Q5003 Function of one variable.

Question 5004 Starting with the interval [0, 6], apply 4 iterations of the Golden Section search
method to the minimization w.r.t. ¢ of a function described by

U=-¢+5 <1
U=05(-3)2 +1 l1<¢p<4
U=3-(¢-6)%3 ¢>4




What is the solution obtained? By how much has the interval of uncertainty been reduced?
(See Question 5005.)

OSA= Question 5005 Starting with the interval [0, 6], use OSA90/hope and apply 20 iterations of the Golden
Section search method to the minimization w.r.t. ¢ of the function described in Question 5004.
(See Question 5004.)

Question 5006 Consider the minimization of an objective function U(¢) w.r.t. . Starting at ¢ = ¢°,
one dimensional search is performed along a given direction s, i.e.,

¢=¢"+as

Assume that three uniformly spaced points are achieved on the « axis: a, b, ¢ with a < b < ¢ and
Ua > Ub’ Ub < Uc.

1) Create a quadratic function of a to fit U at a, b and c.

2) Prove that the minimum of the quadratic function created in 1) is at the point

*x

. b -a)U, -U,)
20, - 20, +U,)

Note: b -a=c-b,c-a=20b -a),c+a=2b.

Question 5007 Devise an algorithm for finding the extreme of a well-behaved multimodal function
of one variable.

Question 5008 Discuss mathematically and physically the concept of steepest descent for

max f(¢)

1<i<n

where the f(4) are n real, nonlinear, differentiable functions of ¢.




2.2.6 Tolerances and Worst-Case Analysis

Question 6001 Consider the voltage divider shown in Fig. Q6001. The specifications are as follows.

R
046 < —2__ <0.53 (1
R, + R,
185 < R; + Ry < 2.15 ()

Assuming R; > 0, R, > 0, derive the worst vertices of a tolerance region for independent tolerance
assignment on these two components. [Reference: Karafin, BSTJ, vol. 50, 1971, pp. 1225-1242 ]

R,
o NV N —0

i

Fig. Q6001 Voltage divider circuit.

Question 6002 Consider the problem defined in Question 6001. Optimize the tolerances €, and €, on
R, and R, given the cost function

0 0
R, R,
C=_"_ +_=2
€1 €

assuming an environmental (uncontrollable) parameter 7 common to both resistors such that
0 0
Ry = (R + p€y) (T + pe,)
0
Ry = (Ry + pyey) (T° + Heer)

where

-1 5”19 ”’2, Mts 1
T% = 1,¢ = 0.05

The independent designable variables include RY, R, ¢,, ¢,.

Question 6003 Consider the problem defined in Question 6001. Optimize the tolerance €;0n R, given
the cost function




assuming that R, is tunable by +10% of its nominal value. The independent designable variables
include RY, €, and RY.

Question 6004 Consider the voltage divider shown in Fig. Q6004 with a nonideal source and load.
It is desired to maintain

0.47<V <0.53
1.85<R <215

for all possible

R, <0.01
Ry > 100

with

0_ »o
Ri=R,
€1 =€

and maximum tolerances. Find the optimal values for Rcl’, Rg, €, and ¢,.

Rg R,

IVC’D R —» §R2 14 §RL

O O
A A

Fig. Q6004 Nonideal voltage divider circuit.

Question 6005 Consider the voltage divider shown in Question 6001. Formulate as precisely as
possible the functions involved (objective and constraints) and their first partial derivatives required
to optimize the tolerances on R; and R,, allowing the nominal point to move, subject to lower and
upper limits on the transfer function and input resistance. Assume a worst-case solution is desired,
and suggest cost functions.

Question 6006 Consider the voltage divider shown in Question 6001. Deriving all formulas from first
principles, use the adjoint network method to calculate 0T/dR, and 3T /3R, given:

VZ

TA-——, R1=l.lﬂ, R2=0.9Q
V
1

Show both original and adjoint networks appropriately excited and verify your result by direct
differentiation.

' HANDs== Question 6007 Consider the voltage divider shown in Question 6001. Deriving all formulas from first
principles, use the adjoint network method to calculate 3T/3R 1 and 0T /4R, given:




Vs
Ta-2 R =20, Ry=150
vy

Show both original and adjoint networks appropriately excited and verify your result by direct
differentiation.

Derive an appropriate quadratic approximation formula from first principles and apply it to
verify the two partial derivative values.

If the tolerance on R, is +5% and on R, is £10%, estimate the extreme values of 7" using first
partial derivatives. Check the results by direct calculation.

Question 6008 Consider the voltage divider of Question 6001 expressed as a minimax problem.
Determine suitable active functions when

R, =1.01

R,=1.14

and calculate the steepest descent direction from first principles. Assume that if |M — fi1<0.01 for

any f;, then the corresponding f; is active, where M a max f. Show all steps in your calculations.
l

Question 6009 Describe the concept of optimal design centering, tolerancing and tuning in two
dimensions ¢, and ¢,, taking ¢, as tunable (zero tolerance) and ¢, as toleranced (zero tuning). Use
carefully labelled diagrams involving constraint regions to illustrate the discussion. Suggest objective
functions and discuss them. Identify all possible variables, constraints and partial derivatives. [Hint:
¢2 and ¢g are variable nominal values, ¢, is the tuning parameter associated with #,, and &, is the
tolerance associated with ¢,.]

Question 6010 Consider an acceptable region given by
143 — 114, — 13¢, > 0
—60 + 4¢, + 154, > 0

Determine optimally centered, optimally toleranced solutions using the following cost functions:

(a) -1_ + _1.
€1 &

0 0
(b) log, ﬁ + log, _?..?1
€1 €2

where €, and ¢, are tolerances, and ¢‘1] and ¢3 are nominal values. Formulate the problem as a
nonlinear programming problem and give expressions for derivatives.

Question 6011 Consider the voltage divider shown in Question 6001 subject to the same
specifications. Optimize the tolerances €; and ¢, on R, and R,, respectively, and find the best
corresponding nominal values R? and RY, using the following cost functions:




(a) C1=_+._

®) C,

[Source: Karafin, BSTJ, vol. 50, 1971, pp. 1225-1242.]

Question 6012 Consider the voltage divider shown in Fig. Q6001. The specifications are

R
046 < —2__ <053 (1)
1+ Ry
185 <R, + R, < 2.15 (2)
(a) Assuming R, > 0 and R, > 0, derive the worst vertices of a tolerance region for independent
tolerance assignment on these two components.
(b) Write a suitable objective function for optimal centering and relative tolerance assignment
and discuss its features.
(c) Formulate the nonlinear programming problem using the objective function of (b) and the

constraints of (a), expressing U(x), g(x), V U(x), V. 21(x), V,84(x),. . . , where x should
represent nominal vector ¢° and tolerance vector €, g2 0 and V, is the partial derivative
operator w.r.t. all variables.

Question 6013 Consider an acceptable region given by

2 +24,—¢,20
143 — 11¢; — 134, > 0
—60 + 4¢; + 154, > 0

Set up as a nonlinear programming problem the optimal centering of nominal values ¢° with optimal
assignment of tolerances & using the cost function

Derive all the necessary derivatives. Include in your formulation a justifiable selection of candidates
for worst-case vertices of the tolerance region.




2.2.7 State Equations

Question 7001 Find the number of state variables and indicate a possible choice of these states for
the circuit shown in Fig. Q7001.

-0
1 Ly L L
{ } 211 TN —
+ - -
EQC) =c § R —C; 31.4
Ls
112

Fig. Q7001 Arbitrary LC network.

Question 7002 The circuit shown in Fig. Q7002 has the state equations

dv E. -E, -v Vg — E, - v
DD=_IS(8AVD_1)+(1 2 =) (o - Ey -vp)
dt R, R,

Co—2 =2 "D 00

The parameters are

~
-
]

R, = 1kQ
Ip = Ie™P - 1), A =40 VL, I = 10710 A
1 pF, C, = 10 pF

E,=1V

0
I

Perform two steps of fourth-order Runge-Kutta integration starting at ¢ = 0, vj(0) = vo(0) = 0 and
using a time step of 10 ns. [Source: Chua and Lin (1975).]

Question 7003 Derive the state equations of the circuit shown in Fig. Q7003. Write a Fortran
program that implements the fourth-order Runge-Kutta algorithm to solve for the state variables.
Take E = 1 V and assume that the initial capacitor voltages and inductor current are equal to zero.
Select a suitable time increment and a final time to highlight the details of the solution. Plot your
results.

Question 7004 Describe briefly the principle behind the Runge-Kutta algorithms for solving a
differential equation with a given initial value. Consider the following initial value problem

x =(cos x) +t, x5 =1, t€[0, 0.3]
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Fig. Q7003 A linear circuit.

A solution is required for a step-size of 0.1.
(a) Use Heun’s algorithm.
(b) Use the fourth-order Runge-Kutta method.




2.2.8 Applications

Question 8001 Approximate in a uniformly weighted minimax sense
f(x) = x*
by
F(x) = a;x + a, exp(x)

on the interval [0, 2]. [Source: Curtis and Powell (1965). See also Popovic, Bandler and
Charalambous (1974).] (See Question 8002.)

OSAs= Question 8002 Use the £;, £, and minimax optimizers of OSA90/hope to approximate in a uniformly
weighted sense

f(x) = x*
by
F(x) =a;x + a, exp(x)
on the interval [0, 2]. (See Question 8001.)

Question 8003 Approximate in a uniformly weighted minimax sense

fx) = 8% - 1)? + 11°° tan"Y(8x)
8x

by

2
Ay + a1X + ayX
Flx) =2 1 2

1 + blx + b2x2

on the interval [—I, 1]. [Reference: Popovic, Bandler and Charalambous (1974).]
(See Question 8004.)

OSAw Question 8004 Use the £,, £, and minimax optimizers of OSA90/hope to approximate in a uniformly
weighted sense

fix) = 18 - 1)? + 11°5 tan"Y(8x)
8x

by

2
Gy + A1X + AyX
F(x) 0o *a 2

1 + byx + byx?

on the interval [—1, 1]. (See Question 8003.)




Question 8005 Optimize the LC lowpass filter shown in Fig. Q8005. Write all necessary subprograms
to calculate the response and its sensitivities. Verify our results with an available analysis program.
(See Question 8006 and Question 8007.)

Frequency Range Insertion Loss
(rad/s) (dB)
0-1 <15
>2.5 > 25

Fig. Q8005 LC lowpass filter.

OSAs Question 8006 Use OSA90/hope to perform a nominal point optimization of the three elements in
the LC lowpass filter shown in Fig. Q8005 to satisfy the insertion loss design constraints.
(See Question 8005.)

OSA= Question 8007 Use OSA90/hope to perform a worst-case tolerance optimization of the circuit shown
in Fig. Q8005 to satisfy the insertion loss constraints. Use an exact-penalty function formulation to
achieve this goal. (See Question 8005.)

Question 8008 Consider a lumped-element LC transformer (Fig. Q8008) to match a 1 ohm load to
a 3 ohm generator over the range 0.5-1.179 rad/s. A minimax approximation should be carried out
on the modulus of the reflection coefficient using all six reactive components as variables. The
solution is

L, =104
C, = 0.979
Ly=2341
C, =0.781
L =2937
C6 = 0.347

at which max |p| = 0.075820. Use 21 uniformly spaced sample points in the band. Suggested starting
point;

[Source: Hatley (1967). See also Srinivasan (1973). See Example 4 of Report SOS-78-14-U for hints
in setting up the subprograms.]
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Fig. Q8008 Lumped element LC transformer.

Question 8009 Consider the RC active equalizer shown in Fig. Q8009. The specified linear gain

response in dB over the band 1 MHz to 2 MHz is given by G = 5 + 5f, where fis in MHz. Find

optimal solutions using least pth approximation with p = 2, 4, 8, ..., 0o taking as variables C,, Cy R,

and R,. Twenty-one uniformly distributed sample points are suggested with starting values
C,=Cy=R;=R,=1

and

Comment on the results. Take R = 1.
Reconsider the problem using only C, and R, as variables. [Source: Temes and Zai (1969).]1

R R
AMA- NN
Ci
to “ _oo —O0 +
AA A l +
Vl R2 l—C’—Z V2
— 0 — 0 —
oy

Fig. Q8009 RC active equalizer example.

Question 8010 Consider the problem of finding a second-order model of a fourth-order system, when
the input to the system is an impulse, in the minimax sense. The transfer function of the system is

G(s) = (s + 4)
(s + 1)(s? + 45 + 8)(s + 5)

and of the model is




s
(s +¢)% + 62

H(s) =
The problem is, therefore, equivalent to making the function

F(¢,t) = %exp(-¢1t)sin(¢2t)
2

best approximate

S@) = iexp(—t) + L exp(-5r) - £xp(-2)

30 55 %3 [3sin(2f) + 11cos(2t)]

in the minimax sense. The problem may be discretized in the time interval 0 to 10 seconds and the
function to be minimized is

max le(@), I = (1,2, ..., 51)
iel

where

e(d) = F(¢, 1) - S(1)

The solution is

¢, = 0.68442
$y = * 0.95409
¢ = 0.12286

and the maximum error is 7.9471x1073, Suggested starting point: #1 = ¢ = ¢35 = 1. [See, for example,
Bandler (1977).] (See Question 8011.)

OSAs= Question 8011 Use the £;, £, and minimax optimizers of OSA90/hope to make the function
as .
F(x) = —exp(-a;x)sin(a,x)
a

best approximate

S(x) = Z—%exp(—x) + ?lz—exp(—Sx) - -‘L"és‘z_x)[3sin(2x) + 11cos(2x)]

in a uniformly weighted sense. The problem may be discretized on the interval 0 to 10. Suggested
starting point: @, = a, = ag = 1. (See Question 8010.)

uestion 8012 Develop a program to calculate and plot the insertion loss of the circuit shown in
Fig. Q8012 (elliptic low-pass filter).
Data for the circuit is

C,=0.89318 F




C,=0.1022 F

Cy = 1.57677 F L,=1.26033 H
C,=0.29139 F
C; =0.74177F L,=1.03950 H

0<w<4rad/s

What specifications does the circuit meet? Suggest ways of meeting these specifications by
optimization assuming the solution was not known.

L2 L4 «
Lo T T
] - | |-
11 11
1v - C C2 —C; Cq :E Cs § 1Q

Fig. Q8012 Elliptic low-pass filter.

Question 8013 Consider the LC filter of Question 8005. The minimax solution corresponding to the
specifications of Question 8005, taking the passband sample points as 0.45, 0.5, 0.55, 1.0 and the
stopband as 2.5, is

Ly=L,=16280, C = 1.0897

Using appropriate optimization programs verify the worst-case tolerance solutions shown in
the following table for the objective




| Continuous Solution Discrete Solution
Parameters Fixed Variable from {1,2,5,10,15)%
Nominal Nominal
€ /LY 3.5% 9.9% 5% 10% 10%
€c / C? 3.2% 7.6% 10% 5% 10%
€,/ LY 3.5% 9.9% 10% 10% 5%
LY 1.628 1.999 1.999
cl 1.090 0.906 0.906
LY 1.628 1.999 1.999

[Source: Bandler, Liu and Chen (1975).]

Question 8014 For the circuit of Question 8013 verify numerically that the active worst-case vertices
of the tolerance region are identified as in the table shown.

Vertex Frequency
6 0.45, 0.50,0.55
8 1.0
1 2.5

[Source: Bandler, Liu and Tromp (1976).]

Question 8015 Consider the 10:1 impedance ratio, lossless two-section transmission-line transformer
shown in Fig. Q8015. The lengths of the sections are /, and /,. The corresponding characteristic
impedances are Z, and Z,. Minimize the maximum of the modulus of the reflection coefficient p
over 100 percent relative bandwidth w.r.t. lengths and/or characteristic impedances. The known
quarter-wave solution is given by

I, =1, =1, (the quarter wavelength at centre frequency)
Z,=2.2361
Z, =44721

where [, = 7.49481 cm for 1 GHz center. The corresponding max |p| = 0.42857.
Ijse 11 uniformly distributed (normalized frequency) sample points, namely 0.5, 0.6, ..., 1.5.
Seven suggested starting points and problems are tabulated, namely a, b, ..., g.




Parameters Problem starting points
a b c d e f g
/1, fixed (optimal) 0.8 1.2 1.2
zZ, 1.0 | 35 1.0 3.5 * 35 | 35
I, /1, fixed (optimal) 1.2 * 0.8
z, 3.0 3.0 6.0 6.0 * * 3.0

* Parameter is fixed at optimal value.

A suggested specification, if appropriate to the method, is |p| < 0.5. A variation to the problem
is to minimize the maximum of 0.5 |p|2. Suggested termination criterion: max |pl within 0.01 percent
of the optimal value. [Source: Bandler and Macdonald (1969).] (See Question 8017.)

54—11————»'4—-12-*‘

O

Z, Z, 10 Q

Fig. Q8015 Two-section transmission-line transformer example.

Question 8016 Consider the same circuits, terminations and specifications as in Question 8015. Let

€, and ¢, be the tolerances on Z, and Z,, respectively. Starting at the known minimax solution with

e . 0
€; = 0.2 and ¢, = 0.4 minimize w.r.t. Zy,Zy, €;and ¢,

(a) Cl = -1_ + l
61 62
0 0
zZ zZ
() Cy =1 +22
€ €2

for a worst-case design (yield = 100%). [Source: Bandler, Liu and Chen (1975). See also Abdel-
Malek (1977).] (See Question 8018.)

OSAs= Question 8017 Use OSA90/hope to perform a nominal point optimization of the two section lengths
and the characteristic impedances of the circuit shown in Fig. Q8015. Minimize the maximum of the
modulus of the reflection coefficient p over 100% relative bandwidth. (See Question 8015.)

OSA= Question 8018 Use OSA90/hope to perform a worst-case tolerance optimization of the circuit shown
in Fig. Q8015 to satisfy the constraint |p| < 0.55. Use an exact-penalty function formulation to
achieve this goal for both the relative and absolute cost functions given.




(a) C1 = —t —
€1 €&
0 0
y4 Z
(b C,=L+22
€1 )

(See Question 8016.)

Question 8019 Consider the problem described in Question 8015. Using a computer plotting routine
plot the contours

{max |p|} = {0.45, 0.50, 0.55, 0.60, 0.65, 0.70, 0.75, 0.80})

for the following situations:

(a) 1<Z,<35,3<2Z,<6

(b) 0.8 <1/lg, 1y/l;<1.2

() 08<lly<13, 12,535

Parameters not specified are held fixed at optimal values. [Source: Bandler and Macdonald (1969).]

Question 8020 Consider the problems described in Questions 8015 and 8019. Use a computer plotting
routine to plot contours of a generalized least pth objective function for p = 1, 2, 10, ,00, taking |p|

as the approximating function and 0.5 as the upper specification. [Source: Bandler and Charalambous
(1972).]

Question 8021 Consider the same circuit and terminations as in Question 8015 but with three sections.
The known quarter-wave solution is given by (See Question 8015 for definition and value of lq.)

Li=ly=1lg=1
Z, = 1.63471
Z, = 3.16228
Zy = 6.11729

The corresponding max |p| = 0.19729.
Use the 11 (normalized frequency) sample points 0.5, 0.6, 0.7, 0.77, 0.9, 1.0, 1.1, 1.23, 1.3, 1.4,
1.5. Three suggested starting points are tabulated, namely, a, b and c.

Problem starting points
Parameters 2 b .

L/1, * ** 0.8
z, 1.0 1.0 1.5

Iy /1, * ** 1.2
Z2 *%k %k 3.0
I3/1, * ** 0.8
Z, 10.0 10.0 6.0

* Parameter is fixed at optimal value.
** Parameter varies, starting at optimal value.




A variation to the problem is to minimize the maximum of 0.5 |p2. Suggested termination
criterion: max |p| agrees with the optimal value to 5 significant figures. [Source: Bandler and
Macdonald (1969).]

Question 8022 Design a recursive digital lowpass filter of the cascade form to best approximate a
magnitude response of 1 in the passband, normalized frequency 9 of 0-0. 09, and 0 in the stopband
above ¥ = 0.11. Take the transfer function as

K 1+ -1 + 2-2
Hz) =4 [[ i : B
k=1 1 + gzl + dz72

where K is the number of second-order sections,

z = exp(jym)
-2
¥ 7

f is frequency and f; is the sampling frequency.
Analytical derivatives w.r.t. the coefficients a;, by, ¢, and d, are readily derived.
Suggested sample points ¥ are

0.0 to 0.8 in steps of 0.01

0.0801 to 0.09 in steps of 0.00045
0.11 to 0.2 in steps of 0.01

0.3 to 1.0 in steps of 0.1

Use one section and a starting point of a, =0, b, =0, €,=0,d;=-025 4=0.1, for least pth
approximation with p =2, 10, 100, 1000, 10000 and minimax approximation, each optimization
starting at the solution to the previous one. [See Bandler and Bardakjian (1973).]

Question 8023 Grow a second section at the solution to Question 8022 and reoptimize appropriately.
[See Bandler and Bardakjian (1973).]

Question 8024 Optimize the coefficients of a recursive digital lowpass filter of the cascade form
(See Question 8022.) to meet the following specifications:

0.9 <| H| < 1.1 in the passband
| H] < 0.1 in the stopband

where the passband sample points 9 are
0.0 to 0.18 in steps of 0.02
and the stopband sample points i are

0.24
0.3 to 1.0 in steps of 0.1

Begin optimizing with one section starting at a, = 0, b, = 0, ¢;=—1,d,=0.5, 4=0.1, for least pth
approximation with p = 2, 10, 1000, 10000 and minimax approximation, each optimization starting
at the solution to the previous one. [See Bandler and Bardakjian (1973).]




Question 8025 Grow a second section at the solution to Question 8024 and reoptimize appropriately.
[See Bandler and Bardakjian (1973).]

Question 8026 For the five-section, lossless, transmission-line filter shown in Fig. Q8026, the
following objectives provide two distinct problems, each of which is subjected to a passband insertion
loss of no more than 0.01 dB over the band 0-1 GHz.
(a) Maximize the stopband loss at 5 GHz.
(b) Maximize the minimum stopband loss over the range 2.5-10 GHz.

The characteristic impedances are to be fixed at the values

Z,=2Z,=5

and the section lengths (normalized to [, as the quarter-wavelength at 1 GHz) as variables. Suggested
sample points are: 21 uniformly distributed in the passband, 16 for the stopband in problem (b). A
suggested starting point is

11, = I/, = 0.07
s/l = 0.15
p/ly = 1,/1, = 0.15

[Source for Problem (a): Brancher, Maffioli and Premoli (1970). See also Bandler and Charalambous
(1972).] (See Question 8027 and Question 8028.)
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Fig. Q8026 Five-section transmission-line filter.

OSA= Question 8027 Use OSA90/hope to perform a nominal point optimization of the five section lengths

using the same constraints, characteristic impedances and starting values as Q8026.
(See Question 8026.)

OSAw Question 8028 Use OSA90/hope to perform a worst-case tolerance optimization of the circuit shown

in Fig. Q8026 to satisfy the following insertion loss constraints

Frequency Range Insertion Loss
(GHz) (dB)
0-1 < 0.02

5 > 25




Keep the characteristic impedances fixed as in the previous problem. Use an exact-penalty function
formulation to achieve this goal for a relative cost function. (See Question 8026.)

Question 8029 Solve Question 8026(a) with normalized lengths fixed at 0.2 and impedances variable.
[See Levy (1965).]

Question 8030 Consider the circuit of Question 8026. Let the passband be 0-1 GHz. Consider a
single stopband frequency of 3 GHz. The attenuation in the passband should not exceed 0.4 dB, while
the attenuation at 3 GHz should be as high as possible, subject to the following constraints:

Ii=l 0552,520, i=1,2, s S

q s
where
lq = 2.5 cm (quarterwave at 3 GHz)

It is suggested that 21 uniformly spaced frequencies are chosen in the passband. [See Srinivasan
(1973) and Carlin (1971).]

Question 8031 Reoptimize the example of Question 8030 sub ject to the constraints

0<1ly/l, <2, i=1,2,...,5

0.4416 < Z; < 4.419, Ci=1,2,...5
5

0<Y i/l <5, i=1,2,..,5
i=1

where lengths /; and impedances Z; are allowed to vary. [See Srinivasan and Bandler (1975).]

Question 8032 Consider a third-order lumped-distributed-active lowpass filter as shown in

Fig. Q8032. The passband is 0-0.7 rad/s, the stopband 1.415-00 rad/s. Three design problems are

to be solved for minimax results.

(a) An attenuation and ripple in the passband of less than 1 dB, with the attenuation in the
stopband at least 30 dB (second amplifier removed).

(b) An attenuation and ripple of 1 dB in the passband with the best stopband response.

(c) A minimum attenuation and ripple in the passband subject to at least 30 dB attenuation in the
stopband.

The nodal equations for the circuit are

Va2 + JwCy —(¥33 + ¥19) 0
(Ygg + y1g + A) Vi1 * Vag + Vig + Yoy + ! 0 & s
Va2 12 Y 5 11 22 12 21 ¥ -
RD RO V2 = (,Vn + .V12)Vs
__.ﬁ_ 0 i + jwC, V. 0
R, 1

where y,;, 13, ¥; and y,, are the Y parameters of the uniform distributed RC line given by

Vi1 V12 coth § —csch 6
=Y
[ym yzz] [—csch 6 coth 4 :l




where Y = ':}g_:. and 4 = JsRC.

Suggested passband sample points are

{0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.65, 0.7} rad/s
Suggested stopband sample points are
(1.415,1.5,1.6,1.7, 1.8, 1.9, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8, 2.9, 3.0} rad/s
Let C,R; be one variable with C, fixed at 2.62. Variables to be used for problem (a) are 4,

R, C, Ry, R; and C;. For problems (b) and (c) the variables are 4, C, R, and C; with Ry =1 and
R =17.786. It is suggested that the transformation

é; = exp(¢;)

is used so that the variables ¢, are unconstrained while the ¢; are positive. [Source: Charalambous
(1974).]

Fig. Q8032 Third-order lumped-distributed-active lowpass filter.

Question 8033 A seven-section, cascaded, lossless, transmission-line filter with frequency-dependent
terminations is depicted in Fig. Q8033. The frequency dependence of the terminations is given by

377

Ry =Ry =

where

f.=2.077 GHz

The section lengths are to be kept fixed at 1.5 cm. The problem is to optimize the 7 characteristic
impedances such that a passband specification of 0.4 dB insertion loss is met in the range 2.16-3 GHz




while the loss at 5 GHz is maximized. Suggested passband sample points are 22 uniformly spaced
frequencies including band edges. [Reference: Bandler, Srinivasan and Charalambous (1972).]
(See Question 8034.)
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Fig. Q8033 Seven-section, cascaded transmission-line filter.

OSA= Question 8034 Use OSA90/hope to perform a nominal point optimization of the seven characteristic
impedances in the circuit shown in Fig. Q8033. Satisfy the same insertion loss design constraints as
in Q8033. (See Question 8033.)

Question 8035 Consider the active filter shown in Fig. Q8035(a). Let Re=500Q, R=750. Take a
model of the amplifier as

Ag w,
S+ w,

A(s) =

where s is the complex frequency variable, Ay is the DC gain and w, = 127 rad/s. Use the equivalent
circuit shown in Fig. Q8035(b) for the purpose of nodal analysis.
The ideal transfer function, i.e., for 4; — o0 and R; — oo is

Vy sC,
1

and the nodal equations for the nonideal filter are

G, + G, 0 —G, 0 v, G,Vy
0 Gy + Gg + sCy + AyGy —sC, —Gy + A1AGs | | Vy 0
—G, —sC, Gy + Gy +5Cy +5C;,  —sC, Vel | o
0 —G, —sC, G, + sC; v, 0

Let F =|V,/V] . The specifications are w.r.t. frequency f:
2

/y2 for f < 90 Hz
.1 for 90 < f < 110 Hz

1
1
1/y2 for f > 110 Hz
1
1

/\2 for 92 < f <108 Hz
for f = 100 Hz




Find an optimum solution in the minimax sense for components R;, C;, C, and R, given

Ag=2x10°
R, =2.65x10*Q
C
11
1
Ry
———1- o—A—
A(®), R A(s), R L o
Vg /%/R‘; o—1+ + v,
o o—
(@
C
I
R
G,
A AAY
® 6,3 € @ + AV - @
‘V\/\r—ib—*l 2 O O +
G3 A2AV
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AV,
o —0 o o —

®)

Fig. Q8035 (a) An active filter and (b) its equivalent circuit.

Question 8036 Consider least pth optimization with both upper and lower response specifications,
where the specifications might be violated or satisfied. Discuss in as much detail as possible the role
of the value of p and the effects of different weightings on the solution.

Question 8037 Show, using the generalized least pth objective, that if specifications cannot be
satisfied with a given value of p > 1, then they cannot be satisfied for any other value, e.g., p = co.

Question 8038 Setup and discuss a suitable least pth objective function for approximate minimization




of

max f(¢)
iel

where ¢ contains the adjustable parameters and I denotes an index set relatmg to the differentiable
nonlinear functions f;, which are not necessarily positive.

Question 8039 Relate the problem formulation of Question 8038 to filter design, taking care to
discuss upper and lower response specifications, errors and weighting functions.

Question 8040 Consider the voltage divider example of Question 6012. Express the constraints )]
and (2) suitably for a minimax problem. Take weighting factors as unity.
Consider the point R,=0.87,R,=0.98.

(a) By suitable calculanons mvesngate whether this point satisfies the necessary conditions for
optimality in the minimax sense.
(b) Calculate the steepest descent direction, if one exists, at this point, assuming that if

IM — f} < 0.01 for any f; then the corresponding f; is active, where

M & max f;
i




2.2.9 Various

Question 9001 Describe the aims of the project you are carrying out for this course. Explain in detail
the steps you are taking to meet these aims. What results have you obtained thus far and are they
what you expected?

Question 9002 Describe in detail and explain all the information to be supplied by a user to run the
optimization package you are currently using or are familiar with.

Question 9003 Describe all necessary steps required to access the optimization package described in
Question 9002 to execute an optimization problem in conjunction with user-supplied programs. *

Question 9004 What is the effect on the number of function evaluations or iterations of changing
starting points in the minimization problems you have tested using the package of Question 9002.

Question 9005 Each student should familiarize himself with the optimization package under study
by running the examples in the user’s manual. Run each example from starting points different to
the ones given and compare the results with those in the manual.

Question 9006 For the resistive network of Question 4001, solve the nodal equations by an
unconstrained minimization package. Take G, = G3=Gs=18S, Ry, =R, =0.5Q. Write all necessary
subprograms.

Question 9007 For the voltage divider of Question 6001, the specifications

R,
046 < ——_ < 0.53
R, + R,

1.85 <R, + R, < 2.15

must be met in the minimax sense using an available package. Write all necessary subprograms.







Chapter 3

SOLUTIONS TO SOME QUESTIONS

3.1 INTRODUCTION

This chapter contains some solutions done by hand. The sections follow those of the Collected
Problems in Chapter 2.

3.2 SOLUTIONS




3.2.1 Algorithm Development

HANDs#® Question 1002 (p. 3-3)
HANDs+ Question 1017 (p. 3-4)
HANDs# Question 1023 (p. 3-6)




'HANDs= Question 1002 Develop an algorithm to efficiently calculate the value of

Z, + jZ, tand
0 Z, + jZ; tand

(Q1002.1)

given real Z,, 0 < 6 < 7 and complex Z;, where y-1. Avoid 6 = 7/2. State the number of needed
multiplications and divisions, the number of additions and subtractions and the number of calls to a
trigonometric function evaluation routine.

Solution

The algorithm can be described as follows.
Step 1 Declare Z, Z;, F and C to be complex.

Step 2 If |6 - %l > ¢, where ¢ is a small positive number (e.g., ¢ = 1071%), go to Step 4.

Z
Step 3 Set F — Zy+_2 and stop.
Z

Step 4 Set C «— jtand.
(ZL + C*Zo)
(Zy + CxZ;) ’
Operator count in steps 4 and 5.
Number of multiplications and divisions = 4

Number of additions = 2
Number of trigonometric function evaluations = 1

Step 5 Set F «— Zy*




HANDs Question 1017 Derive from first principles an efficient algorithm for solving the tridiagonal system
of equations

Ax=d (Q1017.1)
for x, given arbitrary vector d, where
[ a, ¢
b, a, ¢,
A= (Q1017.2)
bn-l an-l cn—l
bil a’l

using the one-dimensional arrays a,, ay, ..., @y, by, ..., b,, ¢y, ..., ¢,_;, explicitly.
Solution

Dividing the first row by a,, we have

-1 oa/a 1 [d1/ay]
by, a, «cy a,
x = (Q1017.3)
bn-l p-1 Cp-a dn—l
N by G L dy

Subtracting b,x(first row) from the second row, gives

-1 c1/a 7 - dy/a; ]
x = : (Q1017.4)
bn-l -1 Cn1 dn-l
L bn a, | L dn N

Let

c1/ay = ¢y, ay = ay - bycy/ay, dy = dy/a, and d, = d, - b,d,/a,

then (Q1017.4) becomes




’

[1 ¢ dy
0 a; Cy d;
X = . (Q1017.5)
by Gny Chy dp-y
L b, a, ] | 4, |

The (n—1)x(n—1) submatrix in (Q1017.5) has the same structure as that of 4. If we continue the same
process, we will get

1 [ [ dl i
01 c; 2
X = (Q1017.6)
01 C;:-1 dy_
i 0 1. | d, |

Then backward substitution can be used to solve (Q1017.6) for x.
The algorithm can be described as
Step 1 Let ¢y «—c,/a,,d; +—d;/a;,a; — 1and i 2.
Step 2 Let a; +—a; - bic;_,and d; — d; - bd;_,.
Step 3 Letc; «—c;/a;, d; —d;/a;, a;— 1 and i —i+ 1.
Step 4 If i = N, go to Step 5, otherwise go to Step 2.
Step 5 Let a,, «— a, - b,c,_,and d,, —d, - b,d,_,,d, —d,/a, and a, « 1.
Step 6 Let x, «—d,and i «n - 1.
Step 7 Let x; —d, - c;x;,;and i —i - 1. If i < 1 stop, otherwise go to the beginning of this step.




HANDs= Question 1023 Consider Question 18. Evaluate

95 i =1,2 7 (Q1023.1)
- l = b 9 * °9 .
R;

for the numerical example, where /5 is the current flowing in resistor Rg.

Solution

The original network is shown in Fig. SQ1023.1, in which R, = Ry=Rg=R;=1 0 and

R2 @ R4 @ R6 @

1VC> §R1 Rs Rs R,

Fig. SQ1023.1 The original network.

The solution vector of the nodal equations of this original network is

57 36 271,T
=[2= 22 22 1023.2
v [ 97 97 97 @Q )
The branch current vector I then can be obtained as
Iy = 9_17 [97 120 57 63 36 27 271F (Q1023.3)
We express I3, the current flowing in Rg, as

Vi
I3 = — (Q1023.4)

Rg

The gradient vector of I3 w.r.t. ¢, where ¢ comprises network parameters, is written using (Q1023.4)
as

V, 3R,
8¢ R, 9 R_g EY)

(Q1023.5)




3R
Note that T; will have unity when ¢, = R, and otherwise zero.

av
The adjoint network, in order to find _531, is shown in Fig. SQ1023.2. The conductance

matrix G is unaltered and right-hand side vector of the nodal equations has simply become one-third
of the original right hand side vector. Hence,

R, ® R+ @ Re @

R; 1A R, Rs R,

Fig. SQ1023.2 The adjoint network.

1

PY l T
v-ly-Llie 12 9 1023.6
3 57 [ ] Q )
and the branch current vector is
Iy - 317 0 -57 19 21 12 9 9 (Q1023.7)

Substituting (Q1023.3) and (Q1023.7) into the sensitivity expressions for resistors, i.e.

aVl - .
o U (Q1023.8)

and then substituting the results into (Q1023.5), we obtain

ar
.an‘ =_‘_2_[o ~120x57 -78x57 63x21 36x12 27x9 27x9]" (Q1023.9)
97

where ¢ = [R; R, Ry R, Ry Ry R,]T.




3.2.2 Minimization

HANDs® Question 2002 (p. 3-9)

HANDs= Question 2005 (p. 3-10)
HANDs® Question 2013 (p. 3-12)
HANDs= Question 2015 (p. 3-13)
HANDs® Question 2020 (p. 3-15)
HANDs# Question 2028 (p. 3-17)
HAND= Question 2064 (p. 3-20)
HANDs# Question 2070 (p. 3-23)




HAND= Question 2002 Given a differentiable function f of many variables x and a corresponding direction
vector s,

tim SO+ )“;) it €. (please state)? (Q2002.1)
A—o0*

Explain in a few words the meaning of the above expression.
Solution

(Q2002.1) can be written as

im J&x 29 - fxX) _ g1 (Q2002.2)
A—0" A

We can explain (Q2002.2) in two ways
(1) Suppose
viTs>0 (Q2002.3)
then there exists o > 0 such that forall A\, 0> >0
f(x + 2s) > f(x) (Q2002.4)

) (Q2002.2) equals the gradient (derivative) of f at point x in the direction of s (directional
derivatives).




HANDs# Question 2005 Use the method of Lagrange multipliers to minimize w.r.t. ¢, and ¢, the function

2 2
U =¢;+4¢
subject to

¢1+¢2=1

(Q2005.1)

(Q2005.2)

Sketch a diagram to illustrate the problem and its solution w.r.t. ¢, and #,. Verify your answer by

substituting the constraint into the function.

Solution

Corresponding to (Q2005.1) and (Q2005.2), the Lagrangian function can be written as

L($y, $g0 A) = 65 + 62 + My + 6y - 1)

Differentiating (Q2005.3) w.r.t. ¢,, ¢,, and A, gives

oL

— =24, + 2 =0

3¢, 1

oL

— =2¢, +A =0 <
3%, 2

" oL
3_)‘_=¢1+¢2—1=0J

Solving (Q2005.4), we have ¢, = ¢, = 1/2 and A = —1. Hence
2 2
min UG 49 = (5] * (3] = 5
Solution verification
From the constraint (Q2005.2), we have
$=1—¢,
Substituting (Q2005.6) into (Q2005.1) gives

U=(1-¢)% +¢3 =262 - 24, + 1
Evaluate the derivative of U in (Q2005.7) w.r.t. ¢, and set it to 0. We have

AU 44, -2 -0

%,

which gives ¢, = 1/2, thus from (Q2005.6) ¢, = 1/2. Hence

(Q2005.3)

(Q2005.4)

(Q2005.5)

(Q2005.6)

(Q2005.7)

(Q2005.8)




. 1+ 1+ 1
DinUGn 4) = (3] + (3] = 3

The solution in (Q2005.5) is verified. A diagram illustrating the problem and its solution w.r.t. ¢, and
¢, is shown in Fig. SQ2005.

¢,

NN,
& Jo.s 1 1

Fig. SQ2005 Problem illustration and its solution.




HANDs Question 2013 Consider the parameter constraints

0< ¢1 < ¢2 <..= ¢i <.. _<_¢k (Q2013.l)

as the only constraints applicable in a minimization problem.

(a) Find a suitable transformation of the variables ¢,, ¢,, ..., ¢, so that we can use an
unconstrained optimization package.
(b) Assuming the new variables are z,, z,, ..., write down 8U/dz,, dU/z,, ... given aU/d¢,,
U /3¢, ...
(c) You have access to a subprogram to calculate U and VU given ¢ but you cannot alter it. How
would you organize your software and data to handle the transformed problem?
Solution
(a) According to the parameter constraints in (Q2013.1), we can use the following transformation
to convert the problem to unconstrained optimization.
$120 = ¢ = 212
2 2 2 2
$p2¢, = ¢y -¢,20 = b - ¢y =24y => by =23 + ¢ =2y v 2y
(Q2013.2)
2 2 AL
$129 > G -¢20 = Gy -G =z, > =2z, +d =l§,zz’
where z; is unconstrained.
(b) Given dU/3¢,, 8U/8¢,, ..., 3U/3¢;, we can write down oU/dz,, dU/dz,, ..., 8U/dz; as
U _ U %y U U 9%
9z; 0¢,0z;, 09y 0z; 3¢ 8z
au aUu aUu
= 5‘71221- * 53;221' *et 3‘;;2% (Q2013.3)
k
-2y 89U i=1,2, ..k
i1 99
(c) We can use the following algorithm to handle the transformed problem.

Step 1 For z given by the optimization package calculate ¢ using (Q2013.2),
Step 2 call the subprogram to calculate U and V4U using ¢ obtained in Step I,
Step 3 calculate V,U using v,U obtained in Step 2 and formulas in (Q2013.3).




HANDs= Question 2015 Derive the gradient vector of U($) w.r.t. ¢ for the objective functions

Yu
U= J le($, Y)IP dy (Q2015.1)
1
and
U=Y le@ (Q2015.2)
i1=1

where the appropriate error functions are complex.
Solution

In order to derive the gradient vector of U w.r.t. ¢, we first derive the gradient vector of |e|

w.r.t. ¢.
1 .
Viel = V(ee*)? = -;- (ee*) 2[(Ve)e* + eVe™]
- Z—IleTZRe[(Ve)e*] - lel! Re[(Ve)e] (Q2015.3)
- ldRe(LVe)
e

where * denotes the conjugate of a complex number. Therefore, the gradient vector of U in
(Q2015.1) and (Q2015.2) w.r.t. ¢ can be respectively derived as

Yu
VU =V J le($, )P dy
!

u
=p J [l 0P Re [%Ve:]:ldxb (Q2015.4)
1

Yu
=p J [ 1e(@:9)P2 Re(e*Ve)] d¥
()




n

VU=V Y lg @)
i=1

n

P T [l @ P re[Lve]]

i=1

Py [ le; ($)P~2 Re(e,-'Ve,-)]
i=1

(Q2015.5)




' HANDs Question 2020 Derive from first principles Newton’s method (a) for function minimization w.r.t.
many variables and (b) for solving nonlinear equations. Under what conditions would you expect
proper convergence? State carefully and discuss the effects and theoretical interpretation of damping.
Use diagrams to illustrate your results.

Solution

(a)

(b)

If the first and second derivatives of the objective U(¢4) to be minimized are available, a
quadratic model of U can be obtained by taking the first three terms of the Taylor series
expansion about the current point ¢, i.e.

U + Ad) ~ U@) + (VU Ag + _;_ A¢THAS (Q2020.1)

or

U@ + Ad) - UP) ~ (VU A + _;_ A¢THAS (Q2020.2)

The minimal point can be obtained by solving (Q2020.1) or (Q2020.2) in new variables Ag.
This can be done by differentiating (Q2020.1) or (Q2020.2) w.r.t. A¢ and letting it be zero,
which results in

A¢ = -H'VU (Q2020.3)
Then the Newton update formula can be written as
¢/t = ¢/ - () (vU)y (Q2020.4)
For a set of nonlinear equations F(¢), we have
F(¢ + AP) = F(§) + JAP + ... (Q2020.5)

or

F(¢ + AP) - F(¢p) =~ JAP (Q2020.6)
where J is the Jacobian matrix. We hope that A¢ could make F(¢ + A¢) = 0. Hence, we have
JA¢ = -F(¢) (Q2020.7)

or

A¢ = -J1F(¢) (Q2020.8)

The success of using the Newton’s method is based on how adequately the objective function

is represented by a quadratic form. If H is positive definite we can expect proper convergence. But
for some cases, —H VU might not even point downhill. Factor a could be introduced so that

Ad = -aHIVU (Q2020.9)




where « is chosen to minimize U.
In the case of slow convergence of the Newton’s method or that — H~1VU does not point
downhill, a damping technique can be used. (Q2020.3) becomes

A¢ = —(H + 21)vu (Q2020.10)

where ) is a damping factor. If A = 0 we have the original problem. If A = co we have the steepest
descent direction. To state the effect of damping clearly, let us consider one-dimensional problem.
From (Q2020.10) we have in one-dimensional case

U/

Ad = - __ .
¢ 7o (Q2020.11)

Consider the objective function shown in Fig. SQ2020. At point ¢°, -(U”) U’ points uphill
direction since U’ < 0 and U” = 0. If we choose A > |U”| in (Q2020.11), then A¢ > 0 which points to
the downhill direction.

Y
-

pe

If U" + A >0 A¢ > 0 points downhill
If U"+ A <0 A¢ < 0 points uphill

Fig. SQ2020 A one-dimensional objective function.




HANDs Question 2028 We wish to calculate % subject to h(x, y) = 0, where f = f(3(x), x) given values

for x. Explain fully the formula

of __oKT. of
Fri T e (Q2028.1)
where y is the solution to
T
[i ] 5= 51 (Q2028.2)
dy ay

Describe the computational and analytical effort required in any given problem. Let

4x7y; -3y, -2 =0
X1y *+ 2X3V1Vy - 3y, = 0 (Q2028.3)
f=y 12 * X
Set up all the matrices and vectors required for both the solution of the nonlinear equations and also
for the evaluations of % subject to h=0.
Solution

We are given

f=f(n(x), x) (Q2028.4)
h(x,y)=0 (Q2028.5)
Differentiating (Q2028.4) w.r.t. x gives
of _ oy af | of
3x 3x 8y ox
(Q2028.6)
T

Since the relationship between x and y is given by A(x, y) = 0, we should eliminate .%{_c_ by using

h(x, y) = 0. Differentiating (Q2028.5) w.r.t. x, we have

-1
T T T T T T
on” , oy oh _ _ 9y _ _0oh (8’1] (Q2028.7)
ax 8x dy ax dx L ady

Substituting (Q2028.7) into (Q2028.6), we obtain

-1
af| _ _on' [ﬁah_T] of , 3f (Q2028.8)
Yy

axlh=0  ox




If we define

-1
ahT] f - onT .  af
om | 9o . oy 2028.
[ay ay y or ay y ay @ %)
Then
af onT . af
o7 =-on 2028.
axlh0  ox ' Bx (Q2023.10)

The analytical effort includes the explicit derivation of 8f af . on" and ﬂT
ax’ ay ax ay
The computational effort

If we do not include the computational effort mvolved in partial derivative computation, we
have to solve one linear system Ay = b which needs (n® + 3n? - n)/3 multiplications and another n?
multiplications. So totally we have (n + 6n® - n)/3 multiplications. Also the computational effort
should include that in solving h(x, y) =

When
2 2
4x -3y, -2
h = [ 1 7 ]=o (Q2028.11)
“X1¥1 + 2X3V1¥3 -3V,
T 8x,> -
oh [ 171 1 } (Q2028.12)
ox 0 4xyy1¥9
2 2
on’ _ 8x1¥1  —Xxp + 2X30, (Q2028.13)
oy -3 2x2y, -3
2y,
5)_‘ - [0] [ 0] (Q2028.14)
The adjoint system is

sxfyl Xy + 2x22y2 . 2y,
5 = [ ] (Q2028.15)

-3 2x§y1 -3 0

Therefore,
8x y2 -y 1
f I B ! ]5, . [ ] (Q2028.16)
Oxl'h=0 0 4x2y1y2 0

Now we need to solve the nonlinear equation A = 0. Using the first-order Taylor series, we have




T
, . T . .
YR [3’1 ](ym —yiy=0 (Q2028.17)

T T
T R T . R
[%l; ] il [%’; ] Ny (Q2028.18)

J ]

Substituting (Q2028.13) into (Q2028.18) gives

T T
sxfyl —Xp * 2x22y2 . 8x* Xyt 2"33’2 : .
yrl= yi - h (Q2028.19)
-3 2x22y1 -3 ; -3 2x22y1 -3

(Q2028.19) is solved iteratively until #*! = 0.




HANDs Question 2064 The updating formula for the Fletcher-Powell-Davidon method is defined by

H® =1 (Q2064.1)
sl = -HI vUI, ji=0,1,2, .. (Q2064.2)
where
‘  Aping’  Higigigi
HI*Y = HI + - 3Tg (Q2064.3)
AT gl g/ Higl
A¢l aals! = ¢t — ¢l (Q2064.4)
g/ 2 vUi*l - wyi (Q2064.5)
(a) What is H and what is its relationship with the Hessian matrix of a function U(¢)? How is

o/ computed in practice?

(b) Apply the algorithm (using a theoretically justified approach to obtain oei) to the minimization
of

262 + 362 + 8,8, + 26, +2 (Q2064.6)

w.r.t. ¢, and 4, starting at ¢; = 1 and ¢, = 1. Show all steps explicitly and comment on the
results taken. Draw an accurate diagram showing the path taken.

Solution

(a) H is an approximation to the inverse of the Hessian matrix of U. At the optimum, H equals
the inverse of Hessian for a quadratic objective function. o s computed using
one-dimensional search method where U(¢ + o/s') is the objective function and o is the
variable.

(b) For the function of

U =262 +362 + ¢1¢y + 26, +2 (Q2064.7)
we have
4¢, + ¢y + 2 4 1 2 )
VU = = + 064.8
Lenes )7 Lol o] Q206

The first iteration
jeo @[] w0 [J] 0 e

e []]

ST 1 R i Y




In order to find o, we let

U  ~aU -3¢~ ~
3 = (5] () -0 =0

That is,

(003 U %9 ()

The solution is

The second iteration

' 1 -7 -0.16667
j=1, ¢1 =¢0 + a0 = [1]+% [—7:|= [—0.16667

~1.16667

a¢ =¢' - 4" = [ 'lec67
L 1.6667

VU = [ 6667

-5.8333

0 _ vyl _ w0
g =vul-vut = [ e

T T
oo . 808" Hg% H°

T T
ag’ g° ¥ H°g®

1 [1.3612 1.3612] 1 [34.627 47.639]

R —
16.334 | 13612 1.3612] 100.72 | 47,639 66.695

0.74550 -0.38965
[-0.38965 0.42115:]

-1.3244

1 _ _givpl .
s = -H'VU 0.94596

Let

2 - (vuHTst =0

da

Then we have




[} oo 4

4 1 T rd4 1 T
L e T

Hence,

oL
1 1 6 ol” _ 0.00005 + 2.6488

= = (0.26811
* P 9.8795
T

1 6
The third iteration

. 2 _ 41 1.1 _ -0.52176

J=2 =9 ras - [0.086957
Since

VU | 4eg? = 0

result is obtained in 2 iterations. The path taken is shown in Fig. SQ2064.

%
A

¢1

Fig. SQ2064 The path taken for minimization.




. HANDs= Question 2070

(a) State and explain the iterative formulas defining the conjugate gradient method of minimizing
a differentiable function U(¢) in terms of direction vectors s/ and s/~1, and gradient vectors
VU’ and VU’'~L. Hint: take

sl = -vUI + pisimt (Q2070.1)
where
. AT orri
pi - _(VU) VU (Q2070:2)
(vui-HT vyi-t

(b) State the formula for a quadratic function U(¢) in terms of Hessian matrix A, constant vector
b, and constant ¢ associated with variable vector §.

(c) State and explain the formula describing the property of con jugate directions »; and U W.r.t.
a positive definite matrix A.

(d) Let j = 0 for the first iteration of the conjugate gradient method. Let the first direction of
search s° = —VU®. By using the property

VU - wUIT < ofly5)-t (Q2070.3)
for the quadratic function of (b) where
al1si-1 4 ¢J _ gi-1 (Q2070.4)
prove that s! and s° are conjugate w.r.t. A. [Hint: Verify Equation (Q2070.3), explain
Equation (Q2070.4) and assume that a full linear search for a minimum is conducted in each
search direction s/.]

(e) Discuss and illustrate the implications of conjugate directions in the minimization of an
unconstrained differentiable function in many variables. Discuss the properties of the
conjugate gradient algorithm, its advantages and disadvantages.

Solution

(a) Given a starting point ¢°, a conjugate gradient iteration is defined by

¢/ = ¢i 1 4 Qi1 i1 (Q2070.5)
where
si = -wUi + pi si1 (Q2070.6)
and
. T J . .
pi - _VU) VU 0. gy, i« vusl) (Q2070.7)
(VUIYT (vui-ty
The value of o/~! is determined through a line search along s/,
(b) The formula for a quadratic function U(¢) in terms of Hessian matrix A, constant vector b,

and constant ¢ associated with variable vector ¢ can be written as




(©)

(d)

U($) = -;- $TA$ + b4 + ¢ (Q2070.8)

The directions u; and u; are said to be conjugate w.r.t. a positive definite matrix 4 if

ul Auj=0 (Q2070.9)

From the definition of a conjugate gradient iteration given in (Q2070.5), we have

ol-1 gi-1 _ ¢/ - ¢t (Q2070.10)

For a quadratic function given by (Q2070.8), we can obtain

VU = 4¢ + b (Q2070.11)
Therefore,
VU - VU™ = A (¢ - ¢IY) = oJ1 4 g1 (Q2070.12)
For the first iteration
0= —vy? (Q2070.13)

A full line search along s° implies that

HTvul=0 = (VU9 vu! =0 (Q2070.14)

We wish to show
sHTAs=0 (Q2070.15)

Notice from (Q2070.6) that

st = -vUul + gis0 (Q2070.16)
Let j = 1 in (Q2070.12), we have

Asd = _15 (VU! - VU (Q2070.17)
Q

Use (Q2070.7), (Q2070.13), (Q2070.14), (Q2070.16) and (Q2070.17), we have




HT A s° = (-VU! + g1 T _‘_0. (VU! - vU°)
[

1
o®

(-vU?! - g vuO(vu! - vuY)

= LD [-vUHT vut + (vUHTVU° - gYvUOT vul + pYVUY)T vU?) (Q2070.18)

(04
T 1
- &5 [y o - TOO VY wuoyr vo]
a? (vu9T vy
=0

Therefore, s! and s° are conjugate w.r.t. 4.

(e) For a quadratic function described in (b) which has n variables (i.e., ¢ = [¢; 4y ... p,,I]T), the
conjugate gradient method will find the minimum after no more than » steps, i.e., there is
¢’ = ¢*, j < n, ¢* is the solution. For a general nonlinear f unction, such a property can be
discussed only for a local quadratic approximation, and the method usually takes more than
n steps to converge. The advantages of the conjugate gradient method are: 1) its form is fairly
simple, 2) no linear equations need to be solved, 3) no matrix needs to be stored. Its
disadvantages are the relatively slow convergence rate for a general nonlinear function as
compared with more sophisticated methods (e.g., quasi-Newton method). Illustration of
optimization for a two-dimensional quadratic function using the conjugate gradient method
is shown in Fig SQ2070.

()

Fig. SQ2070 Illustration of optimization for a two-dimensional quadratic function using the
conjugate gradient method.
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HAND= Question 3003 Consider the linear circuit shown in Fig. SQ3003.1 which is assumed to be in the
sinusoidally steady state. LetV,=1V,R,=0.5Q,C=2F, R=10, w=10rad/s. Use the adjoint
network approach to evaluate afVRl/aw. Egstimate the changes in |Vg| when w changes by +1% using

this partial derivative and compare with the exact changes.

Q

Rg
AN

e () §R Vi

(0]

o+

Fig. SQ3003.1 A linear RC circuit.
Solution
From the adjoint network approach, we have

” * (%]
_R v,V 8
ow

ow _—Rg Rg

1
o[ —
- [R] 5 8(jwC) T
" VRVR —5g— ~VeVe —=55—= = -iCVcVe

From Fig. Q3003.1 we can obtain

VR = e I 15 l'005
Rg+R+jw 2 - JU
1
Ve = ngl T l'30
Rg+R+ij *J

The adjoint network is shown in Fig. SQ3003.2 from which we can obtain

Therefore,

(Q3003.1)

(Q3003.2)

(Q3003.3)

(Q3003.4)




R, C

:

§R () 1a

O

Fig. SQ3003.2 The corresponding adjoint circuit.

1 Re [(1.5 - j0.05) __L]

/1.5 + 0.052 (1 + j30)?

7.39x107%

When w changes +1%, the estimated changes in |V are

a|V, oV
Vel 5, - 2 RI(tO.lelO) = +7.39x107°
Jw ow

We can calculate the exact changes of |[Vg| from (Q3003.2). The results are

O%AlVR|| - 1 - 1 - 1.6411x10°

Aw=01 152 4 0.052 J152 [1 ]2
. +

Al ! - ! - -1.6911x107
2 Aw=-0.1

J1.5% + 0,052 J1.52 ] [ : ]2

(Q3003.5)

(Q3003.6)

(Q3003.7)

(Q3003.8)




'HANDs= Question 3005 Derive, starting with Tellegen’s theorem, the first-order sensitivity expression

vTaYTy (Q3005.1)
for linear time-invariant networks in the frequency domain, where Y is the SC admittance matrix of
an element, ¥ the voltage vector in the original network and ¥ the corresponding vector in the adjoint
network of the element under consideration.

Solution

Using the perturbed difference form of Tellegen’s Theorem, we have

AVE I - AIE Py = 0 (Q3005.2)
Here we are only considering one element whose characteristic is given as
Yv=1I (Q3005.3)
Perturbing both sides of (Q3005.3) gives
AI=AYV +Y AV (Q3005.4)

Substituting (Q3005.4) into (Q3005.2), we have

AV T - (aVTYT s vTAYTW + .. =0 (Q3005.5)
AV - AVIYTY - vTAYTV + .. =0 (Q3005.6)

If we let
1=Y'v (Q3005.7)

that is we use Y7 to define the characteristic of the corresponding adjoint element. We obtain

s (YTAYTIY + ... =0 (Q3005.8)

Hence the first-order sensitivity expression for such an element is

vIaYTy (Q3005.9)




HANDs= Question 3008 Consider a system of complex linear equations

Yv=1I (Q3008.1)

where Y is a square nodal admittance matrix of constant, complex coefficients, and I is a specified
excitation vector. Set up the appropriate objective function for the least squares solution of this
system of equations and derive the gradient vector w.r.t. the real and imaginary parts of the
components of V.
Solution
Let the real and the imaginary parts of ¥ be represented by ¥V and V, respectively, i.e.

V =Vg + jV; (Q3008.2)

and let

eWp, V) =YV - I (Q3008.3)

denote the error function. Then the objective function for the least squares solution of YV = I can
be defined as

UV, V) s el e* =Y |e)? (Q3008.4)
i

where * stands for the conjugate of a complex number. The derivatives of U w.r.t. ¢ is

T * T
£Q=aie*+eTai=2Reae e*
¢ ¢ a¢ 3¢
(Q3008.5)
a(VTYT - IT) *pr* * aVT Ty*yr* *
= 2R Y'V* -I1Ht=2R YN(Y*V* -1
e % ( ) ) 3 ( )
where Y and I are considered constant. Also, notice that
T T
V1 and ¥ -1 (Q3008.6)
vy av;

where 1 is the identity matrix. Therefore, the gradient vector of U w.r.t. the real and imaginary parts
of V is given by

aUu

vV Tiy*y > _ g* Trysy s _ p*
R, Re (YI(Y'V" - I}] _ 5 Re(YT(Y*'V* - ') (Q3008.7)
Y Re(jYH(Y*V* - I*) -Im(YN(Y*V* - I*))

av;




HANDs= Question 3012 Derive from first principles an approach to finding .Zi, where A is an eigenvalue of
: x

the square matrix A whose coefficients are (in general) nonlinear functions of x, i.e.,
Ay=)y (Q3012.1)

The expression ? is a column vector containing all first partial derivatives of A w.r.t. corresponding
X

elements of the column vector x. Discuss the computational effort involved. Give interpretations of
any new symbols introduced. [Hint: ) is also an eigenvalue of A”.]

Solution
By definition, the eigenvalue must satisfy
A(x)y = Ay (Q3012.2)

and

ATu = Ju (Q3012.3)

Differentiating (Q3012.2) w.r.t. X, the jth component of x, we have

BAX) | q) BY - 8A 2Oy (Q3012.4)
6x] ax] ax] ax]
Multiplying both sides of (Q3012.4) by u? gives
uTOAX) ) T a) 8Y T Oy, Ty 5y (Q3012.5)
i ax]- ij axj
(Q3012.5) can be rearranged as
uf 245 T [ax) - 2] 22 2T 82, (Q3012.6)
ax] axJ Bx]
Since (A(x) — AI)Tu = 0, we have
ul A(x) y=ul 9 y (Q3012.7)
an 8x}
Therefore,
o7 84(x) y
EOY ax,

oA / (Q3012.8)




HANDs= Question 3019 Derive from first principles the adjoint element equation and sensitivity expression

for a two-port characterized by
v A B vV
P q
= (Q3019.1)
[ ’J [C D} ["J

Apply the result to the element shown in Fig. Q3019 to determine the sensitivity formulas w.r.t @,
where Y, = ¢ and Z, = 0.5/¢.

= - 71
I Z, I
J | — | 4
N B B o
Vp HERE! Yi] 1] Vq
I I
L - - - - - _J
Fig. Q3019 A two-port circuit.
Solution
From the Tellegen’s theorem, we have
. Bl Y
. [Ip ¥yl + [Iq Vq] I R 0 (Q3019.2)
A 1
Differentiating (Q3019.1) w.r.t. ¢ gives
v, v,
= 5.0 p s 5. 0 q
L+ [, - — I,V,] — ..=0 3019.3
+ 1y V)l % l:lp}‘[q ! 55 {_IqJ‘f Q )

Using the branch relation characterized by (Q3019.1), we obtain

V A B Vv A B V
o P8 71, 9|1 (Q3019.4)
3 | L| 3 |c D| - C D|3 |-l

Substituting (Q3019.4) into (Q3019.3), we have

. - a5 [4BV, .. A B .. s [ Ve 3019.5
A —Vp]% |:C D:||:-[}+ [[lp -Vl l:C D:l+ [, Vq]]_a_. |:_1q:'+ .. =0 (Q3019.5)

q

If we define the adjoint element as




then the sensitivity expression is

Hence,

Finally

[

I

-

_VP

a

155

|

A B
Cc D

3

2

3¢
2

| w»n

.}
| w e-l"'

I

For the two-port circuit shown in Fig. Q3019, the parameters can be derived as

(Q3019.6)

(Q3019.7)

(Q3019.8)

(Q3019.9)

(Q3019.10)




HANDs Question 3023 Consider the formula

G=Y V,vL-Y Ly (Q3023.1)
voltage current
sources sources

where G is a vector of standard sensitivity expressions, i is the index of the sources and V is the
partial derivative operator w.r.t. circuit parameters corresponding to G. Consider a six port network
having two constant voltage sources, one constant current source, the remaining ports being
terminated by resistors. Use the formula to show how to relate to G the gradient vector of

12
(Q3023.2)

terminating Rr
resistors

where V, is the response voltage and R, is the terminating resistor. Draw the adjoint network and
state the proper excitation.

Solution

The original six-port network and its corresponding adjoint network can be sketched as Fig.
SQ3023.

adjoint * R !
network _ 2 =

— O]
—O—]
—_....O__.
L o]
o—I1
o—-

+
Va
—O
- % 2
@ network T
+
Vs

Fig. SQ3023 The original six-port network and its corresponding adjoint network.

Let

U - V12

(Q3023.3)

terminating Rr
resistors

Following (Q2015.3), the gradient vector of U can be derived as




V12

vw- Y lorgyiw- ¥ VR,
resistors resistors Rr
(Q3023.4)
v.* V.2
=2ReY ¥ |[=-VV{(- ¥ Vi VR,
resistors Rr resistors er
From (Q3023.1) and Fig. SQ3023, we can obtain
G=-Y Lvy, (Q3023.5)
r
if
I 7
L= —
R,
then
V2
VU = -2Re{G} - E — VR, (Q3023.6)
TR

which shows the relationship between G and the gradient vector of U.




HANDs* Question 3031 Derive from first principles, using manipulation of vectors and matrices, an approach
to finding the first-order sensitivity of y; w.r.t. %y, Where Ay = b is a linear system in y, A is a square
matrix, the term ¥; is the ith component of the column vector y and a;, represents the {j, k) element
of A. Discuss in detail the computational effort involved.

Solution

Let u; denote a unit vector which has 1 in the ith entry and 0 elsewhere. Then

T
Yi=uy (Q3031.1)
Since b is constant and
y = A1p (Q3031.2)
we have
v -1 .
R ) =l 2 po A PA gy gr oA (Q3031.3)
ng aak] a%k aak] BQk
where
V=ua? or ATy -y, (Q3031.4)
Substituting
o4 _ T (Q3031.5)
a%'k

into (Q3031.3) gives the first-order sensitivity of Yi W.I.t. ay as

ay; " T .
—t . —yTuj Ue Y = -V y (Q3031.6)
alyk
The computational ef fort involved :
We solve for y and y from
Ay = b
ATy = u;

3
This requires one LU factorization which needs (nT - g) multiplications, and two forward and

backward substitutions which need (n? + n?) multiplications. Therefore the total computational effort
involved is

3

n 2 n

— +2n° - _ +1
3+n 3+

multiplications.




» HANDs# Question 3034 Consider the resistive network shown

di, di, ai,
3G,” 3G, i

Check your results by small perturbations.

i
()—
AN

MWV

G, G, G,

P

Fig. Q3034 A resistive network.

Solution

The nodal equations of the circuit can be written as

Yv=i
where
[ G, +26, -G, -G, | 6.5 -1.5 -2.5
Y = G 26, +G, -G, |=|-15 55 -1.5
i -G, -G, G, *262J -2.5 -1.5 6.5
and

The solution of (Q3034.1) is

in Fig. Q3034, where G, = 1.5 S, G, = 2.5Sand
i =10 A. Use the adjoint network method to evaluate

(Q3034.1)

(Q3034.2)

(Q3034.3)




y = (Q3034.4)
_10
| 9]
From the circuit we can calculate
i, (v, G,) v, oG,
—_— = T — G —— )
3% - a5 35 Oz + v, 55 (Q3034.5)
Differentiating (Q3034.1) w.r.t. ¢, we have
%) 4 ay i v o1 (8i aYy
il Yy .~ =9 — Y = - 22 034.6
5V w [a¢ o v] (Q3034.6)
Hence,
2 _sr (i _ oy v (Q3034.7)
o¢ ¢ o4
where v is solved from the adjoint network
0 6.5 -1.5 -25 0
Y= |1, or |-15 55 -15]5- 1 (Q3034.8)
0 -2.5 -1.5 6.5 0

The solution of (Q3034.8) is

Then we can obtain the following results.

Case 1 ¢ =G,
) o 1 -1 0
LY W R ) SRR 3 T v=0
3G, 3G, 3G, o 11
.
- T2
3G,

Case 2 ¢ = G,




oV - -
_a'_=,_£-—vT_aZ.v vlo1o0fv=0
3G, oG, aG,
-1 0 2
i
- Z2
aG,
Case3¢=i
: 0 0 0
: av " -
Holof, 22573, 506 0 o0lyeo
i | ai a1
0 0 0
di
= _?=0
ai

We can also see directly from Fig. Q3034 that V4 = O regardless of changes in G,, G, or i which

v v av ai ai ai
gives —2 = _2 - %2 _0 Therefore, ~'2 - 0, 2 -0, 22 -0,
3G, 3G, ai 3G, 3G, ET
Check
Analytically, we have
v = (1) _10 (Q3034.9)
-1J G, + G4
Hence
vy =0
and
Biy v, 3G,




3.2.4 Nonlinear Networks

HAND= Question 4004 (p. 3-41)
HANDs= Question 4008 (p. 3-43)




- HANDs# Question 4004 Consider the resistor-diode network shown in Fig. SQ4004.1. Draw the corresponding
companion network at the jth iteration for its DC solution. Write down the nodal equations at this

iteration.
iy = Ige™ - 1)
Ig = 10712 mA
PR S
0.026
E=10V
R, =R, =1kQ
Ry
R>
Q) o
rrrTT
Fig. SQ4004.1 A resistor-diode network.
Solution

The corresponding companion network at the jth iteration is shown in Fig. SQ4004.2. The

nodal equations at this iteration can be written as

[0.001 + G, + G} -G} -G}
e 0.001 + G} + Gl ~0.001
-G, -0.001 0.001 + G + G,

001 + (i} - G v}) - (i}, - G v))
= ~(ig, - G{v}) - (ig, - G3v})

(iz, = Gavy) - (g, - G4vy)

(Q4004.1)




Fig. SQ4004.2 The corresponding companion network at the jth iteration of Fig. SQ4004.1.

where

and

V‘Jil = vé - V'{, V‘jiz = vi - Vé, V‘]13 = vé vtji4 = —vé (Q40042)
~ w)
ig = Iste” % - 1)
k=1,2,3,4 (Q4004.3)
)«vj.k

GIE’ = Alse




I

| HANDs= Question 4008 Consider the nonlinear circuit shown in Fig. SQ4008.1, where i, = 2v,2, iy, = v,+10v,,.

(a) Express the nodal equations in the linearized form required at the jth iteration of the Newton
] algorithm.
(b) Apply two iterations of the Newton method, starting at v; =2, v, = 1.

(c) Draw the companion network at the jth iteration and state the corresponding nodal equations.

(d) Continue with two iterations of the companion network method.

+ Va —
@D iq @
ip Y+

1a() 10 v (1) 264

Fig. SQ4008.1 Nonlinear circuit example.

Solution
(a) According to KCL, the nodal equations at nodes 1 and 2 can be written as
v, + 200y -v)2 -1 =0
s 7 X (Q4008.1)
vz + 10 v2 - 2(V1 - Vz) - 26 = O
If we let
fi=vy +2(vy =¥ )3 -1
U 12 . (Q4008.2)
fz = vz + lo v2 - 2(V1 - V2) - 26
then the Jacobian matrix at the jth iteration is
B 1J
of, ofy )
; Bv, v, 1+ 6(v; - v,)? -6(v; - vy)? !
Ji = - (Q4008.3)
% % -6(v, - vz)2 3v22 +10 + 6(v; - vz)2
dv, Odv,

and the linearized form of the nodal equations at the jth iteration of the Newton algorithm
can be written as

Jiwitt —yly = fi (Q4008.4)

(b) The starting point is v° = [2 l]T. From (Q4008.2) and (Q4008.3) we have




(c)

7 -

1= [_17], JO - [_6 19] (Q4008.5)

Substituting ¥°, /% and J° into (Q4008.4) and solving the resulting equations, we obtain

2.46
vl= [2.04] (Q4008.6)
In the same way, we can obtain
1.60
v = [ 1.88} (Q4008.7)

The companion network at the jth iteration is shown in Fig. SQ4008.2.

taj—Gajva]
o —& @
4 \ &
+
A N
LA D 1 " G‘{m - "zfﬂgGlf CD -Gvh Q 26 A
va

Where

(d)

Fig. SQ4008.2 The companion network.

=203 (Q4008.8)

i =+ (10 )i (Q4008.9)
Gl = 6(v) (Q4008.10)

Gl =3 vh +10 (Q4008.11)

Vg = Vp = Vg, W =0y (Q4008.12)

The corresponding nodal equations are

1+6  -¢ yi*l 1-( -6 v/
. a 'a . 1 - . (a' a a).j y (Q4008.13)
G, G|t |-G -G -G +26

Let v) = [1.60 1.88]”. Using (Q4008.13) with (Q4008.9)-(Q4008.12) we can obtain

1_ | 1.23 2 _ | 1.32
v o= [1.89] and v° = [1.89:' (Q4008.14)




3.2.5 One-Dimensional Search Methods




3.2.6 Tolerances and Worst-Case Analysis

HANDs Question 6007 (p. 3-47)




- HANDs= Question 6007 Consider the voltage divider shown in Fig. SQ6007.1. Deriving all formulas from first
ar or

principles, use the adjoint network method to calculate —— and -2, given
3R, 3R,
Vs
T = o R, =2Q, R, =150 (Q6007.1)

1

Show both original and adjoint networks appropriately excited and verify your result by direct
differentiation.

Derive an appropriate quadratic approximation formula from first principles and apply it to
verify the two partial derivative values.

If the tolerance on R 118 5% and on R, is £10%, estimate the extreme values of T using first
partial derivatives. Check the results by direct calculation.

R,
o NV —0

?m

Fig. SQ6007.1 Voltage divider circuit.

Solution

Since the circuit is linear, the transfer function is independent of the numerical value of a V.

. V, v, v, .
For convenience, assume V=1, therefore T = T =V,, and we want R IR The original
1 2

network and its assumed corresponding adjoint network are shown in Fig. SQ6007.2.

weiv® mE oy Qoa ] I

Fig. SQ6007.2 (a) the original network and (b) assumed adjoint network.




From Tellegen’s theorem, we have

vy . Vg . Vp . v, . oI -
IV + IR [ J——— IR - Iy v
3¢ 3 1 3 T2 3 9¢
(Q6007.2)
(MR MRy O
Since V', and I; are constants, we have
v o ana 2oy (Q6007.3)
— an —_— = .
59 5 Q
Let
I;=-1 and V=0 (Q6007.4)
Then from (Q6007.2) we can obtain
v, Ve . Vg . Ol . alp .
R In - Vp - —2V 6007.5
36 95 R g R 55 'RiT 35 'R, Q )
Use
IRlRl = VRl and IR2R2 = VR2 (Q6007.6)
We have
V. al, AR " aIR R - aIR ” BIR -
_.._I= R1i+—llR ]R+R2 2+—_2RIR-—1-VR‘--—2VR
EY) 3¢ 8¢ R % o9 TR %6 M 86T (06007.7)
. ~ 1\ 9l . ~ %, B8R . R .
_ 1 _ 2 1 2
'(Rl [Rl VR) a¢ +(R2 R2 RZ)_3¢— +_a$—IR1 ]R1+a_¢IRZ IRZ
Let
Rylg, = Vg, and R,ip, = Vi, (Q6007.8)
Then
aV; 8R, - OR, -
_az_ = W IRIIRI + a_¢ IRZIRZ (Q6007.9)

and the adjoint is completely defined as Fig. SQ6007.3.

For ¢ = R,




R2§ 1A

Fig. SQ6007.3 The defined adjoint network.

v, av, aT

- = =l I 6007.10
8R, 3R, ©9R;, R 'R @ )

ar, av, aT

- - =Ix I 6007.11
3R, ©OR, 3R, Ra2'Rs @Q )

Analyzing the original and the adjoint networks we have

1 s -R 7 R,

I =Ip = —— _ Jp =— % [, =_ "1 6007.12
R TRYR, RTR AR, R Ry + Ry « )

Hence

aT -R,

) aT R,
OR; (R, + R,)?

OR; (R, + R,)?

and (Q6007.13)

We can check this result by direct differentiation. From the circuit in Fig. SQ6007.2(a), we can obtain

R,
T=__2 (Q6007.14)
Ry + Ry
Differentiating (Q6007.14) w.r.t. R, and R,, respectively, gives
-R R
oT _ 2 oT ! (Q6007.15)
ORy (R, +Ry* ORy (R, +R)?
which is identical to (Q6007.13). Numerically,
arTr aT
— = -0.1224, —_ =0.1633 6007.16
3R, 3R, Q )

For a quadratic function

U-=a¢®> +b¢ +c (Q6007.17)




By perturbing ¢ with + A¢, we have

and

Then

Ug + A¢) - U($ - A¢)

Ulg + A9) = alp + A$)® + b($ + AP) + ¢

U@ - A9) = a($ - Ag)® + b(g - Ag) + ¢

_ dg® + (A4)® + 2909 - ¢% - (A4)? + 26A¢]

2A¢

2409
_ dapAé + 2bA¢

=2
TN ap + b

Differentiating (Q6007.17) w.r.t. ¢, we have

Comparing (Q6007.20) with (Q6007.21) gives, for quadratic equations

For a general function

if A¢ is small.
In this question

By perturbation we have

Z_g=2a¢+b

U _ U + Ag) - U($ - Ag)
3 289

U _ U + Ad) - U - A9)
E 2A¢

R2
R, + R,

T(Rl’ Rz) =

2AR,
R2 R2
B 2AR,

._Rz

"R, + R - (AR,

(Q6007.18)

(Q6007.19)

(Q6007.20)

(Q6007.21)

(Q6007.22)

(Q6007.23)

(Q6007.24)

(Q6007.25)




= 5 5 (Q6007.26)
28R, (R, + R})? - (ARy)
If AR, and AR, are small, i.e., (AR,)? ~ 0 and (AR,)? ~ 0, then
-R R
A 2.9 .nd Bw~ 1. Jor (Q6007.27)
(R; + R,)?> OR, (R; + R, OR,
With tolerances +5% on R, and *10% on R, we have
The first-order change of T can be written as
aT or
AT = AR AR 6007.28
3R, 1" 3R," 2 Q )

The two extreme changes of T are

(AT), = -0.1224x(-0.1) + (0.1633)x0.15 = 0.0367

(AT)_ = -0.1224x(0.1) + (0.1633)x(-0.15) = -0.0367

At the nominal point

L5
T == =0.4286
3.5

Therefore, the two extreme values of 7 are estimated as

Tonax = 04286 + 0.0367 = 0.4653
Tomin = 0.4286 - 0.0367 = 0.3919

By direct calculation, we have

T l o65

="  =0464
max  1.65 + 1.9 8
1.35
T . T c— .391
mno 135 + 2.1 0 3

which are very close to the estimated values.




3.2.7 State Equations




3.2.8 Applications




3.2.9 Various




Chapter 4

SOLUTIONS USING OSA90

4.1 INTRODUCTION

OSA90/hope is a state-of-the-art CAE software system created by Optimization System
Associates Inc., Dundas, Ontario, Canada. OSA90/hope offers state-of-the-art optimization,
powerful circuit simulation, sophisticated mathematics, intelligent connectivity through Datapipe, all
in a friendly environment. OSA90/hope can be used to solve a variety of problems from numerical
mathematics to practical engineering design.

In this chapter we will demonstrate how OSA90/hope is used to solve some of the problems
of Chapter 2. The input or circuit files, numerical results and plots of responses are given. For
details of OSA90/hope, refer to the OSA90/hope User’s Manual.

4.2 SOLUTIONS




4.2.1 Algorithm Development

OSA= Question 1011 (p. 4-3)

OSAs= Question 1019 (p. 4-7)

OSA= Question 1021 (p. 4-11)
OSA= Question 1024 (p. 4-13)
OSA= Question 1026 (p. 4-17)
OSAs= Question 1028 (p. 4-19)
OSA= Question 1033 (p. 4-22)
OSA= Question 1040 (p. 4-24)
OSAs Question 1042 (p. 4-33)
OSA= Question 1045 (p. 4-38)




OSA= Question 1011 Use OSA90/hope to calculate the frequency response Vo(jw)/V(jw) for the circuit of
Fig. Q1010. The values of the elements are Ly=L,=2H,C,=C,=0.5F. Calculate Va(jw)/V(jw)
for w = 1.7-3.2 rad/s with an incremental step of 0.1 rad/s. Display your results numerically and
graphically. (See Question 1010.)

" - G — o) Vs

Fig. Q1010 LC ladder network.

Solution
The circuit file for solving this problem follows.

Circuit file for solving Question 1011

! File name: Q1011.ckt
! Circuit file for solving Question 1011

#define MVINP 1V ! Magnitude of VINP
#define PVINP ODEG ! Phase of VINP
Control
Non_Microwave_Units;
End
Model
! Assign values to the circuit elements
L1 = 2H;
L2 = 2H;
Cl = 0.5F;
C2 = 0.5F;
Omega = 1; ! Initialize Omega
! Define the circuit
VSOURCE 1 0 NAME=INP V=MVINP PHASE=PVINP; ! Source VINP
IND 12 L=1L11;
IND 23 L =12
CAP 20 C=C1;
CAP 30 C=cC2;
VLABEL 3 0 NAME = V2; ! Output

CIRCUIT NAME = Q1011;

! Calculate voltage gain for output
Gain = MV2[1] / MVINP; ! Gain = Output / Source
Phase = PV2[1] - PVINP; ! Phase = Output - Source
End

! Define sweep parameter and output responses

Sweep
HB: Omega: from 1.7 to 3.2 step 0.1 FREQ = (1HZ * Omega / (2 * PI)) Gain Phase
{Xsweep Title="Frequency Response"
X title = "Omega (rad/sec)"” X=Omega
Y_title = "Gain" Y = Gain.blue & Gain.red.dot}




{Xsweep Title="Frequency Response"

X_title = "Omega (rad/sec)" X=Omega

Y _title = "Phase" Y = Phase.yellow & Phase.blue.dot
Ymin = -1e-30 Ymax = 1le-30 NYticks = 6};

End
! Define report block

Report
Gain versus Omega

${$72.1£$ $Omega$ $26.5f$ $Gain$ }$

${$22.1£$ SOmega$ $26.5f$ SPhaseS$ }$

By selecting the "Generate report" option of OSA90/hope we can generate a report for this
question as follows.




Gain versus Omega

Using the "Display" option of OSA90/hope to simulate the circuit, we can obtain the graphical
results as shown in Fig. SQ1011.1 and Fig. SQ1011.2 .




Frequency Response
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Fig. SQ1011.1 Sweep of gain versus frequency.
Frequency Response
1e-30
------- PHASE
@ PHASE
6.67e-31
3.33e-31
L)
© 0 Frmithmmip et i e i i e i e #
-
a
-3.3e-31
-6.7e-31
-1e-30
€3 2.075 245 2.825

Omega (rad/sec)

3

Fig. SQ1011.2 Sweep of phase versus frequency.




OSA= Question 1019 Use OSA90/hope to calculate all the branch voltages and currents in the resistive
ladder network of Fig. Q1018 with n=8, R;=Rz=R; = R;=3 0, Ry=Ry=Rg=Rg=1 Q.
Calculate the voltages and currents for Ve=0,05,1,15,2,2.5and 3 V. (See Question 1018.)

R, R, R
AN - —A—

g §R2 §R4 §R,,

Fig. Q1018 Resistive ladder network.
Solution
The circuit file for solving this problem follows.

Circuit file for solving Question 1019

! File name: Q1019.ckt
! Circuit file for solving Question 10189

Model

! Assign values to circuit elements
R1 = 30H;

R2 = 10H;

R3 = 30H;

R4 = 10H;

R5 = 30H;

R6 = 10H;

R7 = 30H;

R8 = 10RH;

Vg = 1V, ! Initialize Vg

! Define the circuit
VSOURCE 1 0 NAME = VIN VDC = Vg;

RES 1 2 R =RI1;
RES 2 0 R = R2;
RES 2 3 R = R3;
RES 3 0 R = R4;
RES 3 4 R = RS5;
RES 4 0 R = R6;
RES 4 5 R =R7;
RES 50 R = RS8;

! Using VLABEL to define voltages
VLABEL 1 2 NAME=V1;
VLABEL 2 0 NAME=V2;
VLABEL 2 3 NAME=V3;
VLABEL 3 0 NAME=V4;
VLABEL 3 4 NAME=VS5;
VLABEL 4 0 NAME=V6;
VLABEL 4 5 NAME=V7;
VLABEL 5 0 NAME=VS;




! Calculate branch currents from branch voltages

I1 = V1 / R1;
I2 = V2 / R2;
I3 = V3 / R3;
14 = V4 [ R4;
I5 = V5 / R5;
16 = V6 / R6;
17 = V7 / R7;
I8 = V8 / RS;
CIRCUIT NAME = Q1019;
End

! Define sweep parameters and output responses

Sweep
DC: Vg: from 0 to 3 step 0.5 V1 V2 V3 V4 V5 V6 V7 V8

{Xsweep Title = "Sweeps of branch voltages versus input voltage Vg"

X = Vg X title = "Input voltage Vg (V)" Y_title="Branch voltages (V)"
= Vl.white.circle & V2.Red.Triangle & V3.Yellow.Square & V4.Green.Dot
V5.LightBlue.diamond & V6.Pink.X & V7.Cream.Cross & V8.Brown.V
Vl.white & V2.Red & V3.Yellow & V4.Green & V5.LightBlue & V6.Pink
V7.Cream & V8.Brown};

DC: Vg: from 0 to 3 step 0.5 I1 I2 I3 I4 I5 I6 I7 I8
{Xsweep Title = "Sweeps of branch currents versus input voltage Vg"
X = Vg X title = "Input voltage Vg (V)" Y _title="Branch Currents (A)"
Y = Il.white.circle & I2.Red.Triangle & I3.Yellow.Square & I4.Green.Dot
& IS5.LightBlue.diamond & I6.Pink.X & I7.Cream.Cross & I8.Brown.V
& Il.white & I2.Red & I3.Yellow & I4.Green & I5.LightBlue & I6.Pink
& I7.Cream & I8.Brown};
End

! Define report block

Report
Branch Voltages Versus Input Voltage Vg

${8$22.1£$ SVgS SZS5.4£5 SV1S $25.4£S SV2$ $Z5.4£5 S$V3S $15.4£S SV4S $25.4£S $V5S $75.4£S SVBS $%5.4f$ $V78
SZ5.4£8 $V8S}S

${822.1£$ SVgS$ SZ5.4£$8 SI1S $75.4£$ $SI2$ $25.4£$ SI3S $25.4£$ SI4S $75.4£S SISS $25.4£S SIBS $25.4£$ $SI17$
SZ5.4£$ $I1885}S

There are two sweep sets in the circuit file, one for branch voltage display and the other for
branch current display. Both of them are included in the report block. The report generated with
this circuit files follows.




Report for Question 1019

Branch Voltages Versus Input Voltage Vg

V4 V5

0000 0.0000 O
0218 0.0172 o0
0436 0.0344 0
0654 0.0516 O
0872 0.0688 0
1089 0.0860 O
1307 0.1032 ©

A3 v7 v8

0000 0.0000 0.0000
0046 0.0034 0.0011
0092 0.0069 0.0023
0138 0.0103 0.0034
0183 0.0138 0.0046
0229 0.0172 0.0057
0275 0.0206 0.0069

Vg Vi v2 V3

0.0 0.0000 0.0000 0.0000
0.5 0.3956 0.1044 0.0826
1.0 0.7913 0.2087 0.1651
1.5 1.1869 0.3131 0.2477
2.0 1.5826 0.4174 0.3303
2.5 1.9782 0.5218 0.4128
3.0 2.3739 0.6261 0.4954

Branch

Vg I1 I2 I3

0.0 0.0000 0.0000 0.0000
0.5 0.1319 0.1044 0.0275
1.0 0.2638 0.2087 0.0550
1.5 0.3956 0.3131 0.0826
2.0 0.5275 0.4174 0.1101
2.5 0.6594 0.5218 0.1376
3.0 0.7913 0.6261 0.1651

I4 I5

0000 0.0000 O
0218 0.0057 o0
0436 0.0115 O
0654 0.0172 0
0872 0.0229 0
1089 0.0287 0
1307 0.0344 0

16 I7 I8

0000 0.0000 0.0000
0046 0.0011 0.0011
0092 0.0023 0.0023
0138 0.0034 0.0034
0183 0.0046 0.0046
0229 0.0057 0.0057
0275 0.0069 0.0069

The sweeps of branch

voltages and

Fig. SQ1019.1 and Fig. SQ1019.2, respectively.

currents versus input voltage Vg are shown in




Sweeps of branch voltages versus input voltage Vg
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Fig. SQ1019.2 Sweeps of branch currents versus input voltage Ve




OSA= Question 1021 Use OSA90/hope to calculate the input resistance of the circuit of Question 1018.
Calculate the input resistances for R; =1, 2, 3, 4 and 5 Q. Let n=8, Rg=Rz; =R, =3 0 and
R, =R = Rg=Rg=110. (See Question 1020.)

R, R, R
AN - —AM—

v, SR: SR SR,

Fig. Q1018 Resistive ladder network.
Solution
The circuit file for solving this problem follows.

Circuit file for solving Question 1021

! File name: Q1021.ckt
! Circuit file for solving Question 1021

Model
! Assign values to circuit elements
R1 = 30H;
R2 = 10H;
R3 = 30H;
R4 = 10H;
R5 = 30H;
R6 = 10H;
R7 = 30H;
R8 = 10H;
Vg = 1V;

! Define the circuit

VSOURCE 1 0 NAME = INP VDC = Vg;
RES 1 2 R = R1;
RES 2 0 R = R2;
RES 2 3 R = R3;
RES 3 0 R = R4;
RES 3 4 R = RS5;
RES 4 O R = R6;
RES 4 5 R = R7;
RES 5 0 R = R8;

VLABEL 2 0 NAME = V2;
CIRCUIT NAME = Q1021;

! Calculate the input resistance
InputRes = Vg / IINP_DC;
End

! Define the sweep parameter and output response

Sweep

DC: R1: from 1 to 5 step 1 InputRes

{Xsweep Title = "Sweep of Input Resistance versus R1"
Rl X title = "R1 (Ohms)"
InputRes.red Y _title = "Input Resistance (Ohms)"};

X
Y




End

! Define the report block

Report

Input Resistances Versus R1

The report follows.

Input Resistances Versus R1

R1 Input resistance
1 1.791
2 2.791
3 3.791
4 4,791
5 5.791

The sweep of input resistance versus R 1 is shown in Fig. SQ1021.

SInputResS$}$

Report for Question 1021

Input Resistance (Ohms)

Sweep of Input Resistance versus R1

3
R1 (Ohms)

Fig. SQ1021 Sweep of input resistance versus R 1




OSA= Question 1024 Use the LU factorization capability of OSA90/hope to calculate and print out all the
branch voltages and currents of the resistive ladder network of Fig. Q1022 with n = 7,
Ry=R,=Rg=1/30, R; = R3= Ry = R; =1 Q. Calculate the voltages and currents for Ve=0-3V
with an incremental step of 1 V. (See Question 1022.)

R, R
AN - - —A—

AGHEL IS > S R

Fig. Q1022 Resistive ladder network.
Solution
The circuit file for solving this problem follows.

Circuit file for solving Question 1024

! File name: Q1024.ckt
! Circuit file for solving Question 1024

Expression
! Assign values to circuit elements
R1 = 10H; Gl =1 / R1;
R2 = 1/30H; G2 = 1 / R2;
R3 = 10H; G3 =1 / R3;
R4 = 1/30H; G4 = 1 / R4;
R5 = 10H; G5 =1 / R5;
R6 = 1/30H; G6 = 1 / R6;
R7 = 10H; G7 =1 / R7;
Vg = 1V, ! Initialize the input voltage
! Set up conductance matrix
Gl4,4]) = [ 1 0 0 0
-G2 (G2+G3+G4) -G4 0
0 ~-G4 (G4+G5+G6) -G6
0 0 -G6 (G6+G7) 1;

! Define the right-hand-side of nodal equation
RHSide[4) = [ VG 0 0 0 ];

! LU factorization and substitution
LUG[5,4] = LU(G); ! LU factorize G
V[4] = SUBST(LUG,RHSide); ! Use substitution to get the nodal voltages V[]

! calculate the branch voltages
V1l = V[1];

V3 = V[2];

V5 = V[3];

V7 = V[4];

V2 = V1 - V3;

V3 - V5;

V5 - V7;




! Calculate the branch currents

Il = V1 / R1;
I2 = V2 / R2;
I3 = V3 / R3;
I4 = V4 [/ Ré4;
I5 = V5 / RS;
I6 = V6 / R6;
17 = V7 / R7;
End

! Define the sweep parameter and output responses

Sweep
Vg: from 0 to 3 step 0.5 V1 V2 V3 V4 V5 V6 V7
{Xsweep Title = "Sweeps of branch voltages versus input voltage Vg"
X = Vg X title = "Input voltage Vg (V)" Y_title="Branch voltages (V)"

Y = Vl.white.circle & V2.Red.Triangle & V3.Yellow.Square & V4.Green.Dot
& V5.LightBlue.diamond & V6.Pink.X & V7.Cream.Cross & V1.white
& V2.Red & V3.Yellow & V4 .Green & V5.LightBlue & V6.Pink & V7.Cream};

Vg: from 0 to 3 step 0.5 I1 I2 I3 I4 I5 I6 I7
{Xsweep Title = "Sweeps of branch currents versus input voltage Vg"
X = Vg X title = "Input voltage Vg (V)" Y_title="Branch Currents A"
Y = Il.white.circle & I2.Red.Triangle & I3.Yellow.Square & I4.Green.Dot
& I5.LightBlue.diamond & I6.Pink.X & I7.Cream.Cross & Il.white
& I2.Red & I3.Yellow & I4.Green & I5.LightBlue & I6.Pink & I7.Cream};
End
! Define report block

Report
Branch Voltages Versus Input Voltage Vg

There are two sweep sets, one for branch voltage calculation and the other for branch current
calculation. The report follows.




Report for Question 1024

Branch Voltages Versus Input Voltage Vg

Vg Vi v2 V3 V4 V5 vé v7

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

1.0 1.0000 0.4124 0.5876 0.2165 0.3711 0.0928 0.2784

2.0 2.0000 0.8247 1.1753 0.4330 0.7423 0.1856 0.5567

3.0 3.0000 1.2371 1.7629 0.6495 1.1134 0.2784 0.8351
Branch Currents Versus Input Voltage Vg

Ve I1 I2 I3 I4 IS5 16 17

Fig 8Q1024.1 and Fig SQ1024.2 show the branch voltages and currents versus input voltage Ve

Sweeps of branch voltages versus input voltage Vg

o v
AN
oiv3

® V4

Branch voltages (V)

Input voltage Vg (V)

Fig. SQ1024.1 Sweeps of branch voltages versus input voltage Vg




Branch Currents (A)

Sweeps of branch currents versus input volitage Vg

Input voltage Vg (V)

Fig. SQ1024.2 Sweeps of branch currents versus input voltage Ve




OSAs= Question 1026 Use OSA90/hope to calculate the input conductance of the circuit of Question 1024.
Calculate the input conductance for the numerical example in Question 1024. Show the input
conductances for R; = 1-10 2 with an incremental step of 1 2. (See Question 1025.)

Solution
The circuit file for solving this problem follows.

Circuit file for solving Question 1026

! File name: Q1026.ckt
! Circuit file for solving Question 1026

Expression

! Assign values for circuit elements

R1 = 10H; Gl =1 / R1; ! Initialize R1

R2 = 1/30H; G2 = 1 / R2;

R3 = 10H; G3 =1 / R3;

R4 = 1/30H; G4 = 1 / Ré4;

R5 = 10H; G5 =1 / RS5;

R6 = 1/30H; G6 = 1 / R6;

R7 = 10H; G7 =1/ R7;

Vg = 1V;

! Set up the conductance matrix

Gl[4,4]) = [ 1 0 0 0
-G2 (G2+G3+G4) =G4 0
0 -G4 (G4+G5+G6) -G6
0 0 -G6 (G6+G7) 1;

! Define the right-hand side of nodal equation
RHSide[4] = [ VGO O 0 ];

! LU factorization and substitution

LUG[5,4] = LU(G); ! LU factorize G

VLU[4] = SUBST(LUG,RHSide); ! Use substitution to get branch voltages V
! Calculate the input current

V1 = VLU[1];

V3 = VLU[3];

V2 = V1 - V3;

I1 = V1 / R1;

I2 = V2 / R2;

Inputl = I1 + I2;
! Calculate the input conductance
InputCond = Inputl/VG;

End

! Define the sweep parameter and output response

Sweep
Rl: from 1 to 10 step 1 InputCond
{Xsweep Title = "Sweep of input conductance versus R1"
X =Rl X title = "R1 (Ohms)"
Y = InputCond.blue & InputCond.red.dot
Y_title = "Input Conductance (Siemens)"};
End




! Define the report block

Report
Input

Conductance Versus R1

$InputCond$}$

conductance versus R 1

The report shows the numerical results and Fig. SQ1026 shows graphically the input

Input Conductance Versus R1

Report for Question 1026

Sweep of input conductance versus R1

Input Conductance (Siemens)

.
“——
~—e__

T Y

5.5
R1 (Ohms)

INPUTCOND
©® INPUTCOND

Fig. SQ1026 Sweep of input conductance versus R,.




OSAs= Question 1028 Consider the ladder network of Fig. Q1027. Use OSA90/hope to calculate the node
voltages by (i) matrix inversion and (ii) LU factorization. Set the right-hand source to zero and
recalculate the node voltages. (See Question 1027.)

© 2 @ 2 0

1) 1 31 1 (D2

Fig. Q1027 Three-node resistive ladder network.

Solution
The circuit file for solving this problem follows.

Circuit file for solving Question 1028

! File name: Q1028.ckt
! circuit file for solving Question 1028

Control

Non_Microwave_Units;
End
Expression

! Set up conductance matrix

G[3,3] = [ (1+1/2) (-1/2) 0

(-1/2) (1/2+1+1/2) (-1/2)
0 (-1/2) (1/2+1) 1;

! Define the right-hand side of nodal equation
IBl=[01 0 2];

! Using matrix inversion to calculate node voltages
Ginv([3,3] = INVERSE(G);
Vinv[3] = PRODUCT(Ginv,I);

! Using LU factorization to calculate node voltages
LUG[4,3] = LU(G); ! LU factorize G
VLU([3] = SUBST(LUG,I); ! Use substitution to get branch voltages V

! Setting the right-hand source to 0 and recalculating
I031=[(1 0 0 ];

Vinv0[3] = PRODUCT(Ginv,10);

VLUO[3] = SUBST(LUG,I0);

k=1; ! Initialize the index for sweep display
End

Model
! Assign values to the circuit elements
Iinl = 1A;
Iin2 = 2A;

! Define the subcircuit
SUBCIRCUIT Q1028 ckt 0 1 2 3 {
10H;

20H;

RES 1 0R
RES 1 2 R




RES 2 0 R = 10H;
RES 2 3 R = 20H;
RES 3 0 R = 10H;

! Define original circuit

Q1028_ckt 0 1 2 3;

ISOURCE 1 0 NAME = Iinpl IDC = Iinl;
ISOURCE 3 0 NAME = Iinp2 IDC = Iin2;

VLABEL 1 0 NAME = V1;
VLABEL 2 0 NAME = V2;
VLABEL 3 0 NAME = V3;

V[3] = [ V1 V2 V3 ];

! Define circuit with right hand source equal to zero
Q1028_ckt 0 4 5 6;
ISOURCE 4 0 NAME = Iinpll IDC = Iinl;

VLABEL 4 0 NAME = V11;
VLABEL 5 0 NAME = V22;
VLABEL 6 0 NAME = V33;

VO[3] = [ V11 V22 V33 ];

CIRCUIT NAME = Q1028;
End

Sweep
DC: k: from 1 to 3 step 1 Iinl = 1A Iin2 = 2A
Vinv[k] VLU[k] VinvO[k] VLUO[k] V[k] VO[k] V[k] VO[k];
End

! Define report block
Report

Values of Nodal Voltages
(The right hand source is 2A)

Node Voltage values Voltage values
number (by LU Factorization) (by matrix inversion)

Values of Nodal Voltages
(The right hand source is 0A)

Node Voltage values Voltage values
number (by LU Factorization) (by matrix inversion)

Voltage values
(by circuit model)

Voltage values
(by circuit model)

SV[k]$}S

SVo[k1S$}$

The results are shown in the report. From the report we can see that the results obtained by
matrix inversion and LU factorization are the same.




Report for Question 1028

Values of Nodal Voltages
(The right hand source is 2A)

Voltage values
(by circuit model)

Voltage values
(by circuit model)

Node Voltage values Voltage values
number (by LU Factorization) (by matrix inversion)
1 0.8667 0.8667
2 0.6000 0.6000
3 1.5333 1.5333
Values of Nodal Voltages
(The right hand source is 0A)
Node Voltage values Voltage values
number (by LU Factorization) (by matrix inversion)
1 0.7333 0.7333
2 0.2000 0.2000
3 0.0667 0.0667




OSAss Question 1033 Use OSA90/hope to factorize the following matrix into LU form.

5-1 0 0
-1 6 -1 0
0 -1 6 -1
0 0 -1 5

(See Question 1032.)
Solution
The circuit file for solving this question follows.

Circuit file for solving Question 1033

! File name: Q1033.ckt
! Circuit file for solving Question 1033

Expression
! The original matrix

Matrix[4,4] = [ 5-1 0 O
-1 6-1 0
0 -1 6 -1
0 0-1 5 1;

! LU factorize the matrix without pivoting
MatrixLU[5,4] = LUF(Matrix);

! Extract lower and upper triangular matrix

L[4,4] = EXTRACT_L(MatrixLU);

Ul4,4] = EXTRACT_U(MatrixLU);

i =1; ! Initialize the row index for matrix display
End

! Define the sweep parameter and output responses
Sweep
i: from 1 to 4 step 1 L[i,1) L[i,2] L[i,3] L[i,4];
i: from 1 to 4 step 1 U[i,1) U[i,2) U[i,3] U[i,4];
End
! Define the report block

Report
Lower Triangular Matrix L

There are two sweep sets, one of which displays the lower triangular matrix L and the other
one displays the upper triangular matrix U. The results are shown in the report.




Report for Question 1033

Lower Triangular Matrix L

1.0000 0.0000 0.0000 0.0000
-0.2000 1.0000 0.0000 0.0000
0.0000 -0.1724 1.0000 0.0000
0.0000 0.0000 -0.1716 1.0000

5.0000 -1.0000 0.0000 0.0000
0.0000 5.8000 -1.0000 0.0000
0.0000 0.0000 5.8276 -1.0000
0.0000 0.0000 0.0000 4.8284




OSAs Question 1040 Consider the linear circuit shown in Fig. Q1039, which is operating in the sinusoidal
steady state. Use OSA90/hope to find V4/V, for this circuit at w = 0-10 rad/s with an incremental
step of 1 rad/s by (i) matrix inversion, (ii) LU factorization and (iii) direct circuit simulation. Take
Ri=Ry;=R3=2Q,C,=C,=Cz=1F. (See Question 1039.)

@Cll @ le ® & @
1 o+

V1 R, R, Ry W,

) ‘O_.

Fig. Q1039 CR ladder network.
Solution

Since this is a problem involving complex numbers, we can not perform LU factorization
directly on the original complex admittance matrix using the current version of OSA90/hope. The
original nodal equations should be split into real and imaginary parts. Then an equivalent problem
involving real numbers can be solved by OSA90/hope. We solve this problem in two ways: by direct
splitting and using macros.

The circuit file using direct splitting follows.

Circuit file using direct splitting for solving Question 1040

! File name: Q1040_1.ckt
! Circuit file for solving Question 1040
! by splitting complex matrix into real and imaginary matrices

! Illustrate that the units are not microwave units

Control
Non_Microwave_Units;
End
Expression
#define w Omega ! Substitute w by Omega
! Assign values to circuit elements
Rl = 20H; G1 = 1 / R1;
R2 = 20H; G2 = 1 / R2;
R3 = 20H; G3 = 1 / R3;
Cl = 1F;
C2 = 1F;
C3 = 1F;
V1l = 1V,
Omega = 1; ! Initialize Omega

! Set up the admittance matrix in real and imaginary parts
Y real[4,4]1 = [ 1 0 0 0

0 G1 0 0

0 0 G2 0

0 0 0 G3 1;
Y imag(4,4]1 = [ O 0 0 0

(-Cl*w) (Cl*w+C2*w) (-C2*w) 0
0 (-C2*%w) (C2*w+C3*w) (-C3*w)
0 0 (-C3*w) (C3*w) 1;




! Create an expanded admittance matrix
Y[(8,8] = [ Y real -Y imag
Y imag Y real 1;

! Define the right-hand side of nodal equation in real and imaginary parts
I real(4) =[1 0 0 01;
I imag[4]l = [0 0 0 0 ];

! Create an expanded right-hand side vector
I[(8) = [ I_real I_imag 1;

! Calculate the nodal voltages by matrix inversion
Y INV[8,8] = INVERSE(Y);
V_INV[8] = PRODUCT(Y_INV,I);

! Calculate the nodal voltages by LU factorization
Y LU[9,8] = LU(Y);
V_LU[8] = SUBST(Y_LU,I);

! Convert the voltage at Node 3 from real and imaginary to magnitude and phase
RI2MP(V_INV(4],V_INV[8],MV3_INV,PV3_INV);
RI2MP(V_LU[4],V_LU[8],MV3_LU,PV3_LU);

! Calculate the voltage gain
Gain_INV = MV3_INV / V1;
Gain_LU = MV3_LU / V1;

! Calculate the voltage phase shift
Phase_INV = PV3_INV - 0;
Phase_LU = PV3_LU - 0;

End

! Calculate the voltage gain by direct circuit simulation

Model
VSOURCE 1 0 NAME = Vinp V = V1;
CAP 1 2 C = C1;
RES 2 0 R = R1;
CAP 2 3 C = C2;
RES 3 0 R = R2;
CAP 3 4 C = C3;
RES 4 0 R = R3;

VLABEL 4 0 NAME = V3;

CIRCUIT NAME = Q1040_1;

Gain_CKT = MV3[1] / Vi;

Phase_CKT = PV3[1] - 0;
End

! Define the sweep parameter and output responses

Sweep
HB: Omega: from 0 to 10 step 1 FREQ = (1HZ * Omega / (2 * PI)) Gain_CKT Gain_INV Gain_ LU
{Xsweep
Title = "Voltage gain vs Frequency"
X title = "Omega (rad/sec)"”
X = Omega
Y title = "Gain"
Y = Gain_CKT.red & Gain_INV.blue.dot & Gain_LU.yellow.square};

HB: Omega: from 0 to 10 step 1 FREQ = (1HZ * Omega / (2 * PI)) Phase_CKT Phase_INV Phase_ LU
{Xsweep
Title = "Phase Shift vs Frequency"
X _title = "Omega (rad/sec)"
X = Omega
Y title = "Phase Shift (degrees)"
Y = Phase_CKT.red & Phase_INV.blue.dot & Phase_LU.yellow.square};
End

! Define report block

Report




From matrix From LU From circuit
Omega inversion factorization simulation

${8722g$ SOmega$ $75.4£28 SGain_INVS $75.4£$ SGain_LUS $%25.4fS$ $Gain_CKT$}S

From matrix From LU From circuit
Omega inversion factorization simulation
S${5722g$ SOmega$ $25.4£7$ SPhase_INVS $25.4f$ SPhase_LUS $25.4f£$ SPhase_CKT$}$

The results obtained with this circuit file using direct splitting are shown in the first report
numerically and in Fig. SQ1040.1 and Fig. SQ1040.2 graphically.

The report for Question 1040 using direct splitting

Gain versus Frequency

Gain
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