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Lay Abstract

A remote multiterminal source coding network consists of L encoders and a decoder
is considered. Each encoder observes a source and sends a compressed version to
the decoder. The decoder produces a joint reconstruction of target signals with the
distortion below a given threshold. The minimum compression rate of this network
versus the distortion threshold is referred to as the rate-distortion function. This
thesis focuses the symmetric quadratic Gaussian case of the remote multiterminal
source coding problem, where the observed sources can be expressed as the sum
of target signals and corruptive noises which are independently generated from two
symmetric multivariate Gaussian distributions. For this special case, an explicit lower
bound on the rate-distortion function is established and is shown to partially coincide
with the well-known Berger-Tung upper bound. Moreover, it is proved that the
aforementioned lower bound is tighter than the centralized-encoding lower bound.
The asymptotic behaviors of these upper and lower bounds are analyzed in the large

L limit.
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Abstract

Due to the development of the Internet of Things (IoT), one frequently encounters
the scenarios where data collected at different sites need to be compressed and then
forwarded to a fusion center for joint processing. As such data are typically correlated
from one site to another, it is desirable to capitalize on the statistical dependencies
to improve the compression efficiency. The multiterminal source coding problem and
its variants aim to characterize the performance limits of this type of distributed
compression systems.

This thesis is divided into two major parts. The first part deals with so-called
remote multiterminal source coding, where L encoders compress their respective ob-
servations and send the compressed data to a central decoder for the joint recon-
struction of target signals. The fundamental limit of remote multiterminal source
coding is characterized by the rate-distortion function, which delineates the optimal
tradeoff between the compression rate and the reconstruction distortion. For simplic-
ity, it is assumed that the observed sources can be expressed as the sum of target
signals and corruptive noises which are independently generated from two symmetric
multivariate Gaussian distributions. For this special case, an explicit lower bound
on the rate-distortion function is established and is shown to match the well-known

Berger-Tung upper bound in some distortion regimes. The asymptotic gap between

v



the upper and lower bounds is computed in the large L limit.

The second part considers the centralized encoding setting where the L sources
are jointly observed and compressed by a single encoder. The rate-distortion function
for this setting is completely characterized and is leveraged as a rate-distortion lower
bound for the symmetric remote Gaussian multiterminal source coding problem in
view of the fact that centralized encoding is more powerful than distributed encoding.
It is shown that this centralized-encoding lower bound is not as tight as the lower
bound established in the first part. The asymptotic analysis of this centralized-

encoding lower bound is also provided.
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Chapter 1

Introduction

1.1 Multiterminal Source Coding

The research on multiterminal source coding can be traced back to the seminal paper
by Slepian and Wolf [26]. They proved a counterintuitive result that distributed
compression of two correlated sources can be as efficient as joint compression in
terms of the minimum achievable sum rate. The problem of lossless source coding
with a helper was studied by Wyner [36] and Ahlswede and Korner [1] independently.
Kobayashi and Han [15] found a unified description of the rate region of a more
general class of multiterminal source coding systems, which subsumes the results
in [37, 1, 36, 24, 17] as special cases. Witsenhausen and Wyner [35] investigated
the property of a certain function arising from [36], which was later known as the
information bottleneck function. Their work together with [1] inspired the landmark
paper by Wyner and Ziv [37], which initiated the study of lossy compression in the
context of multiterminal source coding. Specifically, in [37], Wyner and Ziv considered

the problem of lossy source coding with side information only available at the decoder,
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which can be viewed as a generalization of the classical rate-distortion theory [25]
where side information is not available at all and should be distinguished from the case
2] where side information is available at both the encoder and decoder. They provided
a complete characterization of the rate-distortion function for this problem, which
involves an auxiliary random variable with a certain Markov property. A concise
proof of this result can be found in the standard textbook on network information
theory by El Gamal and Kim [13]. The achievability part of the proof relies on the
idea of random binning originated in [26] and dcrystallized by Cover [10]. A direct
generalization of the Wymner-Ziv result to the two-terminal lossy source coding setting
was given by Berger [3] and Tung [27]. However, for that setting, they only established
an inner bound and an outer bound of the rate-distortion region. Characterizing
the exact rate-distortion region is a longstanding open problem. Berger et al. [5]
established an upper bound on the rate-distortion function for source coding with
partial side information at the decoder. Later Kapsi and Berger [16] considered a
general multiterminal source coding problem where the availability of partial side
information is optional. Berger and Yeung [4] tackled the problem of two-terminal
source coding with one of the sources required to be reconstructed perfectly. Using
the entropy power inequality, Oohama [19] solved the problem of quadratic Gaussian
source coding with a helper, which in turn provides a partial characterization of
the rate region of the quadratic Gaussian two-terminal source coding problem. This
result generalizes an intriguing observation made by Wyner and Ziv [38] that for the
quadratic Gaussian case, the rate-distortion function remains the same even if the

encoder has access to the decoder side information.
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1.2 The CEO Problem

Soon after the celebrated works of Slepian and Wolf [26] and Wyner and Ziv [37],
Berger [3] and Tung [27] launched the investigation of multiterminal lossy source
coding. They considered the case where the target sources are directly available
at the encoders. A variant of the Berger-Tung problem was studied by Flynn and
Gray [14], where the encoders can only observe noise corrupted versions of target
sources. We shall distinguish the above two classes of problems as direct and indirect
(or remote) multiterminal source coding problems, respectively. Note that the latter
problem is often referred to as the CEO problem [6, 28] when the noisy observations
at the encoders are conditionally independent given the target sources. The CEO
problem was first formulated in [6]. Its quadratic Gaussian version, first studied by
Viswanathan and Berger [28], has received particular attention. A major progress
on the quadratic Gaussian CEO problem was made by Oohama [20], who derived
an explicit expression of the rate-distortion function in the asymptotic regime where
the number of encoders tends to infinity. The rate-distortion region for this problem
was completely characterized by Prabhakaran et al. [23] and Oohama [21]. Their
success can be largely attributed to the use of Shannon’s entropy power inequality as

a bounding technique for establishing the converse coding theorem.

1.3 Remote Multiterminal Source Coding

As mentioned before, the direct multiterminal source coding problem was first studied

by Berger [3] and Tung [27], who established the best known achievable rate-distortion
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region, commonly known as the Berger-Tung inner bound. Later, the indirect mul-
titerminal source coding problem was investigated by Yamamoto and Itoh [40] and
Flynn and Gray [14]. Oohama [19] determined the rate region of a relaxed version
of the quadratic Gaussian two-terminal source coding problem, where the distortion
constraint is only imposed on one of the two sources. This result, together with the
Berger-Tung inner bound, yielded a partial characterization of the boundary of the
rate region of the original Gaussian two-terminal source coding problem. It remained
to show that the minimum sum rate of the Berger-Tung inner bound is tight for the
purpose of characterizing the whole rate region. This was accomplished by Wagner
et al. [29] via the construction of a composite lower bound. Specifically, they showed
that coupling the cooperative lower bound with the rate-distortion function of a suit-
ably defined Gaussian CEO problem yielded the desired converse. Wang et al. [32]
proposed a new method for determining the minimum sum rate of Gaussian two-
terminal source coding by exploiting the relationship between the semidefinite partial
order of the distortion covariance matrices associated with the MMSE estimation and
the optimal linear estimation. With this method, they further derived a general lower
bound on the sum rate of Gaussian multiterminal source coding and established a set
of sufficient conditions under which the lower bound is tight.

One key insight from the works by Wagner et al. [29] and Wang et al. [32] is that
one may create a conditional independence structure and exploit it in the converse
argument even if such a structure is not explicit in the problem formulation. This
suggests that it might be possible to go beyond the CEO problem to deal with more
general remote multiterminal source coding problems. In this thesis, we shall show

that this is indeed the case. In particular, we circumvent the technical difficulty
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(namely, a lack of conditional independence structures) caused by correlated noises
through a fictitious signal-noise decomposition and obtain some conclusive results
regarding the rate-distortion function of symmetric remote Gaussian multiterminal

source coding.
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Chapter 2

Symmetric Remote Gaussian

Multiterminal Source Coding

2.1 Abstract

A distributed lossy compression network with L encoders and a decoder is considered.
Each encoder observes a source and sends a compressed version to the decoder. The
decoder produces a joint reconstruction of target signals with the mean squared error
distortion below a given threshold. It is assumed that the observed sources can be
expressed as the sum of target signals and corruptive noises which are independently
generated from two symmetric multivariate Gaussian distributions. The minimum
compression rate of this network versus the distortion threshold is referred to as the
rate-distortion function, for which an explicit lower bound is established by solving a
convex program induced by a fictitious signal-noise decomposition. Our lower bound
matches the well-known Berger-Tung upper bound for some values of the distortion

threshold. The asymptotic gap between the upper and lower bounds is characterized
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in the large L limit.

2.2 Introduction

Recently, there has been an increase in the deployment of sensor applications in wire-
less networks as parts of the future Internet of Things (IoT), thanks to the decreasing
cost of sensors. One of the theoretical challenges that arises in these systems is to
reduce the amount of data that is transmitted in the network by processing it locally
at each sensor. A possible solution to this problem is to exploit the statistical depen-
dency among the data at different sensors to get an improved compression efficiency.
The multi-terminal source coding theory aims to develop suitable schemes for that
purpose and characterize the corresponding performance limits. There have been sig-
nificant amount of works over the past few decades in this area, e.g., Slepian-Wolf
source coding [26] for lossless compression, more recent works on Gaussian multi-
terminal source coding and its variants [19, 20, 23, 33, 8, 29, 32, 30, 31, 22, 9, 21].
An interesting regime that has received particular attention (see, e.g., [20]) is when
the number of encoders in the network approaches infinity. This asymptotic regime
reflects the typical scenarios in sensor fusion and is also relevant to some emerging
machine learning applications (esp., federated learning) that leverage distributed com-
pression to reduce the communication cost between the central server and a massive
number of edge devices for training a global model.

In the present chapter, we study a remote multiterminal source coding system with
L distributed encoders and a central decoder. Each encoder compresses its observed
source sequence and forwards the compressed version to the decoder. The decoder

is required to reconstruct the target signals with the mean squared error distortion
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below a given threshold. It is assumed that the observed sources can be expressed
as the sum of target signals and corruptive noises which are generated independently
according to two symmetric multivariate Gaussian distributions. We are interested in
characterizing the minimum required compression rate as a function of the distortion
threshold, which is known as the rate-distortion function. Our setup is different from
the Gaussian CEO problem [6] in two aspects. Firstly, the target signals are assumed
to form a vector process. Secondly, the noises across different encoders are allowed to
be correlated with each other. Notice that these two relaxations do not exist in the
original Gaussian CEO problem where the target signal is a scalar process and the
noises across different encoders are independent.

As a main contribution of this chapter, we establish an explicit lower bound on the
rate-distortion function of symmetric remote Gaussian multiterminal source coding
by solving a convex program induced by a fictitious signal-noise decomposition and
make a systematic comparison with the well-known Berger-Tung upper bound [13,
Thm 12.1]. It should be mentioned that the symmetry assumption adopted in our
setup is not critical for our analysis. It only helps us to present the rate-distortion
expressions in explicit forms. We also provide an asymptotic analysis of the upper
and lower bounds in the large L limit, extending Oohama’s celebrated result [20] for
the Gaussian CEO problem.

The rest of this chapter is organized as follows. The system model and some
preliminaries are presented in Chapter 2.3. The main results are stated in Chapter 2.4
while their proofs are given in Chapters 2.5.1, 2.5.2 and 2.5.3. Chapter 2.6 contains

some concluding remarks.
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2.3 System Model

Consider a multi-terminal source coding problem with L distributed encoders and a
centralized decoder. There are L sources (X1, ..., Xy) € RE, which form a zero-mean
Gaussian vector. The encoders observe the noisy versions of these sources, denoted

by (Y1,...,Yr) € R, which can be expressed as
Y, =X, + Z,, (e {1,...,L}, (231)

where (Z1, ..., Zy) is a zero-mean Gaussian random vector independent of (X, ..., X1).
We define X := (Xy,..., X)), Y := (Y,...,Y)T, and Z := (Zy,...,Z;)". The
distributions of X, Y and Z are determined by their covariance matrices Y x, Yy and
Y.z, respectively.

The source vector X together with the noise vector Z and the corrupted ver-
sion Y generates an i.i.d. process {(X;,Y;,Z;)}. Each encoder ¢ € {1,... L} as-
signs a message M, € M, to its observed sequence Y, using an encoding function
¢§n): R™ — M, such that M, := ¢én)(Ye”) Given (Mj,..., M), the decoder pro-
duces a reconstruction (X7,..., X7) := ¢™ (M, ..., M) using a decoding function

g(”): M1 X ML — RExn,

Definition 1. A rate-distortion pair (R, D) is said to be achievable if for any e > 0,

there exist encoding functions ¢§n), ¢e{l,--- L}, and a decoding function g™ such
that
1L
EZlog]MA < R+e¢, (2.3.2)
=1


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D. Thesis — S. Zhou; McMaster University — Electrical and Computer Engineering

and
1 .
— > ) E[(Xei— Xei)’ ] <D +e. (2.3.3)
/=1 =1

For every D, let R(D) denote the infimum of R such that (R, D) is achievable. We

shall refer to R(D) as the rate-distortion function.

2.3.1 Preliminaries

For a given L X L matrix

Q . pB
|7 7 (2.3.4)
g B ... «

it follows by the eigenvalue decomposition that we can write
I = 0A67, (2.3.5)
where © is an arbitrary unitary matrix with the first column being -=17 and

VL

A= diag(L)(omL(L— 1B, a—pB,...,a0— B).

10
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In this section, we assume that the covariance matrix X., * € {X,Y,Z}, can be

written as
2 2 2
0% Ps0% ... pPyO;
2 2 2
PsO% 0% ... pPyO
Y = , (2.3.6)
2 2 2
PxO: POy ... O

for some o, and p,. Therefore, we can write

¥, = OA,07, (2.3.7)

where

A, = diag(L)()\*, Vs e s Va) (2.3.8)
with

A= (L4 (L= 1)p.)o? .

Ve i = (1= p.)a?.

Note that it suffices to specify Yx and 3y since Xy = Xx + Xz (i.e., 0% = 0% + 0%
and pyo? = pxo% + pz0o%). It is also clear that Ay = Ax + Az and 7y = vx +7z. To
ensure that the covariance matrices are positive semi-definite and the source vector X
is not deterministic, we assume 0% > 0, 0% > 0, px € [—135,1] and pz € [— 7, 1];

we further assume Yy is positive definite, i.e., min(Ay,~yy) > 0.

11
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2.4 Main Results

First, we review some results of [33]. The following theorem gives an upper bound

on the rate-distortion function R(D). Let

Ax A L—1
XZ+( )%ﬂz,

dmin = 2.4.1
LAy Ly ( )
and
_ 1 Ay L—-1 Yy
R(D) = =1 1+ — | 1+ — 2.4.2

where Ag is a positive number satisfying

Ax X

Mx|([1l—-——— )+ (L—-1 l—— ) =LD. 2.4.3
X( /\Y+/\Q) ( MX( W+)\Q> (243)

Theorem 1 (Upper bound of Thm 2 in [33]). For D € (dwin,0%), we have

R(D) < R(D). (2.4.4)

Proof of Theorem 1: See Appendix A.1.

Remark 1. It can be observed that R(D), given in (2.4.2), is expressed as the sum
of two terms. These two terms correspond to the compression rates required for the
larger eigenvalue Ay and the smaller eigenvalue vy , respectively. The second term has
the coefficient L — 1, which is consistent with the fact that the eigenvalue vy appears
L — 1 times in the diagonal matrix Ay. A similar observation can be made for the

distortion expression as given in (2.4.3).

12
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Next, we review a result of [33], which provides a lower bound on the rate-

distortion function R(D) in the form of a minimization program. Define

e, 6,8) : = =1 o NE Y i
O[, ) =351 0
2 5 Dy — Awm)a + M 2y —w)B+waw (2.4.5)
2 BTy

where Ay = min(Ay,yy). Let R(D) be the solution of the following optimization

problem:

R(D) = min Qa, B,6), (2.4.6a)
st. 0<a<y, (2.4.6b)

0< 8 <9, (2.4.6¢)

0<é, (2.4.6d)

§< (a7t =N (2.4.6¢)

< (BN A =) (2.4.6f)

NAVia + Ax — A Ay

+ (L = D)(v3 %28 +vx —73w!) < LD.

(2.4.6g)

Theorem 2 (Lower bound of Thm 2 in [33]). For D € (duwin, 0% ), we have

R(D) > R(D). (2.4.7)

Proof of Theorem 2: See Appendix A.2.

13
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In the following, we derive the explicit solution of the above program. Define the

following rate-distortion expressions:

RS(D) if D < DS,
R(D) = Ei(D) - (2.4.8)
R$(D) if D> Dj,

. RS(D) if D <D,
RE(D) = A1< ) o (2.4.9)
Ry(D) if D> Dy,

where
ReD) = E oL )2 (LD — A — (L — Dy — 42!
_1< ) Ty og( + )’YXVY X ( )(“YX TxVy )
-1
A0y + (5 = ™) (2.4.10)
1 ) ) L L-1
+ 5 log vy * vy = 1)1+ 5 log =——,
R(D 2L oL — DA (LD — Ak — (L —1 — A2t
R,(D) = 5 og( IAX Ay x = ( rx —7xYy )
—1
B+ (L= D200 =) ) (2.4.11)
L1 L 1
+ log 7?()\}2(%/)\5_/1 - 1)_1 + 5 log I
. L (L —1)viw"
R5(D) :==log (2.4.12)

2 7LD —Xx —(L—-1)(vx =)’

e L A2 AG!
EQ(D) =5 IOg _ — X_Y 2 \—1°
2 LD —Xx —(L—1)yx + A Ay

(2.4.13)

14
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and

_ 1 _ _
Dg, = My — )t + T (L - Dvx(vx —w') + Ax),

. _ 1 _ _
DS, =7k (w — Ay) ' + Z(<L — Dyx + X5 (A% = APY).

Moreover, define the following parameters:

1 1 4L o
=g 51 Ee R

1 1 4L 9
fo =5+ 5\/1 - m)‘g(AY2VX2%2m

1 1 9
vy = 5~ 5\/1 — ALY

1 1
V2i=g + 5\/1 — ALV AN

and

1
Duna =7 (Ax + (L= Dax = MOy =)™ + (L= D7k Oy =)™

1
=L = Do (L= )T B Oy = 1)),

1
Dz =7 (Ax + (L = Dy = MOy =)™ 4+ (L= D& Oy = )™

L
1
— (L= Dy (= w AP ™+ E&A;I(Aywl — 1)‘1),

15

(2.4.14)

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)

(2.4.21)
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N 1
Din,1 325()\)( +(L=1)yx = Oy =)+ (L =Dy — )
. (2.4.22)
(L= DR A= )T A Oy = 1)),
A 1
Din 2 :E()\X +(L=1yx =X Oy =)+ (L =Dy — )
(2.4.23)

1 _ 1n— _ _ _
- V_l(L - 1)'Y§<’YY1(1 - ’YY)‘yl) L+ V1>\2X)‘Y1(>\Y’Yyl - 1) 1)-

Theorem 3 (Lower bound). The lower bound R(D) is completely characterized as

follows.
o \y >y

1If X0 > B33 or if M < E29%0% and ps < X= . then for

D € (dyn, 0%), we have
R(D) = R(D). (2.4.24)

2. If M < B33 i < = and 3= < pp <1, then for D € (dmin, 0% ),

we have

R(D), D < Dy,
r(p) = ) " (2.4.25)
RY(D), D> Dy,

3. If N3y < BEi Ay, i > 3% and py < 1, then for D € (dmin, 0% ), we

16
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have
ﬁ(D)a D S Dth,lv

R(D)={ R(D), Ding < D < Dy, (2.4.26)
R(D), D > Dys.

4o If N3 < E2930%, 111 =0 and ps = 1 (or equivalently, if A\x = 0), then
for D € (duyin, 0%), we have

R(D) = R%(D). (2.4.27)

® W = Ay

1 If %0 > ﬁ/\?x%% or if V¥ < ﬁ)@(’y% and vy < %, then for D €
(dmin, 0%), we have

R(D) = R(D). (2.4.28)

2. If 3% < ﬁ)\%(%%, v < f\y—z: and % < vy < 1, then for D € (duyin, 0%),

we have
R(D), D < Dy,
R(D) = A<) ! (2.4.29)
KC(D), D > Dth,l-
8. If AN < 2057, m > % and vy < 1, then for D € (dwin, 0% ), we have
R(D), D < Dth,h
R(D) =< RYD), Dyi <D < Dyo, (2.4.30)

R(D), D > Dyo.

4. I3 < 0593, vi =0 and vy = 1 (or equivalently, if vx = 0), then

17


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D. Thesis — S. Zhou; McMaster University — Electrical and Computer Engineering

for D € (dwin, 0% ), we have

R(D) = R(D). (2.4.31)

Proof. See Chapter 2.5.1. m

According to Theorem 3, under some conditions, the lower bound R(D) matches
the upper bound R(D). The gap between the lower and upper bounds will be inves-
tigated in the following example for some values of the parameters.

Ezample 1: In this example, we compare the upper bound R (D) with the lower
bound R(D). We set L = 10. In Fig. 2.1a and Fig. 2.1b, we plot R(D) and R(D)

with D € (dpn, 0% ) for the following three cases.

e Case 1: Ay = 08, vx = 1, Ay = 5, and 7y = 4. In this case, we have
dmin = 0.7422 and 0% = 0.98. As can be seen from the figure, R(D) coincides

with R(D) for all D € (dpin, 0% ), so R(D) is completely determined.

e Case 2: A\x = 0.5, vx =1, Ay = 6, and 7y = 3. In this case, we have d;, ~
0.646, Dy, 1 ~ 0.691, D¢, & 0.733 and 0% = 0.95. As can be observed from both
figures, R(D) coincides with R(D) for D € (duin, Din.1] and consequently R (D)
is determined over this interval (see the diamond-line portion of Fig. 2.1b).
For D € (D1, D§,], R(D) is characterized by Ri(D) (see the plus-line portion
of Fig. 2.1b). For D € (Dg,,0%), R(D) is characterized by R5(D) (see the

cross-line portion of Fig. 2.1b).

e Case3: Ay =1, vx = 0.45, \y = 12, and vy = 2.4. In this case, we have d,;, =

0.4207, Dyy ~ 0.453, Do & 0.489 and 0% = 0.505. For D € (dmim, Dini]

18
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—*—Case 1
—0—Case 2
—©-Case 3

R
0.4 0.5 0.6 0.7 0.8 0.9 1 0.4

0.12 4107

0.1
0.08
Q
=006 I 2
4
0.04

0.02

0.65 0.7 0.75 0.8 0.85 0.9 0.95 0.42 0.44 0.46 0.48 0.5
D
() (d)

Figure 2.1: (a) Upper bound R(D) with D € (dw,0%) for the three cases. (b)
Lower bound R(D) with D € (dpin,0%) for the three cases. (c) Ag(D) with
D € (dpin, 0% ) for Case 2. (d) Ar(D) with D € (dpin, 0% ) for Case 3.

and D € [Dia,0%), R(D) coincides with R(D) and consequently R(D) is
determined over these two intervals (see the cie-line portion of Fig. 2.1b). For
D € (Din1,Din2), R(D) is characterized by R{(D) (see the pentagonal-line

portion of Fig. 2.1b).

As can be observed from Fig. 2.1a and Fig. 2.1b, there exists a gap between R(D)
and R(D) in Cases 2 and 3. We plot this gap, denoted by Ag(D), with D € (dpin, 0% )
for these two cases in Fig. 2.1c and Fig. 2.1d, respectively.

Now, we proceed to study the asymptotic behavior of the rate-distortion bounds
R(D) and R(D) when L tends to infinity. In the discussion below, it is necessary

to assume that px, pz € [0,1]. First, we perform the asymptotic analysis for R(D).

19
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Define
0%{0% p 0.2 _|_p 0,2 -0
A%, = Xtz xR (2.4.32)
PG S yxz s px0k + pz0h > 0,
D PXPZOXTG (2.4.33)
th,0 pxo_g( _’_pZO-% )
1 _
¢:= <1pX )( py>, (2.4.34)
—Px Py
and
e L ol
ROD):= 31 - 2.4.35
( ) 20g(0_§(+0%>D_0_§(U%7 ( )
e L 2 _—1 1 1 0.2 + 0.2 DOO _ D
R, (D) ::—logﬂ_f__log[/_’__log (PX x TPz 5)( th,0 )
o o i B (2.4.36)
(D30 — &%’ =D (1) -
2(D§§,0 — D)(D — d3,) L)’
o 1 1 1
- MPX
2.4.37
E(pxyx — vz + (1 = pk)o3) 1 ( )
- 2 2 2 + O —— ,
Ayx (p50% + pxpz07) VL
. 1 Pk o (1 —py)(o% — D) ( 1)
Ry (D) := 5o + +0(=). (2.4.38
2 (D)= los (ox0% +pz03)(D —=Dxo) — 2py(D — D) 7 ) (24:38)
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Theorem 4 (Asymptotic Expression of Upper Bound). 1. If pxo% + pzo% = 0,

then for D € (dS

min’

2
0% ), we have

R(D) = R™(D).

2. If pxo% + pzo% > 0, then for D € (d%°

min»

2
ox ), we have

R, (D), D< D?ﬁ,m
ﬁ(D) - ﬁ;o(D)v D = D?fc;,()?
R, (D), D> Diro-

Proof. See Chapter 2.5.2.

Next, we perform the asymptotic analysis for R(D). Define

Do . PXPZ0%0% 1+4/1—-48 ,
th,1 * D) + - f,}/)(,y

- px0% 4 pz0%

2 2 2
o0 PxPz9x097 1 —/1-48 ,
D, = b XL e - VS ,
th,2 pXJ§( T /)ZU% X 5 TxVy
and
L+1, By 1 1(1 -2
RX(D) = | —log L + =
RED) == log p e+ g los Lt 55— -
1 pi(l—py) (1>
+-log—=———>+0|~],
2 7 (1= px)py L
L ot 1 D — o2 1
RE(D) :==1o X — = X +0(=).
Ry(D) 2 gfny—Ogg”YZ 2D—0§(+J§(7;1 L
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Theorem 5 (Asymptotic Expression of Lower Bound). 1. If pxo% + pzo% = 0,

then for D € (d25,

m1n7

0%), we have

R(D) =R (D).

2. If pxox + pzoy >0, px >0 and > 3, then for D € (d;

min 7

Ry (D), D<Dg,,
R(D) =4 R; (D), D=Dg,,
ﬁgo(D)a D > DthO

3. If pxok + pzo% >0, px >0 and < 3, then for D € (d%

m1n7

R, (D), D <Dy,
R (D), D1 < D < D3,
R(D) =9 R (D), Dy, < D < D,

R, (D)> D = D?l?,m

Ry (D), D >Dg,.
4. If pxo% + pzo% > 0 and px = 0, then for D € (d%,,, 0

R(D) = R3°(D).

Proof. See Chapter 2.5.3.

(2.4.45)

0%), we have

(2.4.46)

0%), we have

(2.4.47)

2), we have

(2.4.48)

]

The following corollary provides the (asymptotic) gap between R(D) and R(D).

22
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0.1 —

0.82 0.84 0.86 0.88 0.9
D

Figure 2.2: A¥ (D) with px = 0.3, 0% =1, py = 0.5, 0% =5 and D € (D}, }, Dfy ),
where Dg; ~ 0.816 and Dg; , ~ 0.917.

Define
N D, — D)(D,— D) 1 2
AR(D) = (Df.. — D)(Dg» )> +§1og§;%(05§70—17) (D —d%). (2.4.49)
X

2 (D?ﬁ,o — D) (D — d,

min

Corollary 1. The gap between R(D) and R(D) is given as follows.

1. If pxo% + pzo% =0, then for D € (d

min»

2
o%), we have

R(D) — R(D) = 0. (2.4.50)

2. If pxox + pzo% >0, px >0 and > 5, then for D € (d%,,0%), we have

min»

R(D) — R(D) = 0. (2.4.51)

3. If pxo% + pz0% >0, px >0 and £ < &, then for D € (d%,,0%), we have

min?

o 0, D <D$, or D>D%,,
lim R(D) — R(D) = ’ ’ (2.4.52)
L=ro0 AF(D), D, <D <Dg,.
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4. If px0% + pz0% > 0 and px = 0, then for D € (d5,,0%), we have

min?

R(D) — R(D) = O(log L). (2.4.53)

As can be seen from the above corollary, under the third condition, the lower and
upper bounds asymptotically match for all D except when DiY, < D < Dg,,. Fig. 2.2
plots the function A;“)(D), which characterizes the asymptotic gap between R(D)
and R(D) (as L tends to infinity) in the interval D ; < D < Dg ,, for some values

of parameters.

2.5 Proof of Results

2.5.1 Proof of Theorem 3

Before starting the proof, we introduce another representation of R(D) (defined in

(2.4.2)-(2.4.3)) which will be repeatedly used in the sequel. Define

A= 0 (2.5.1)

=t A (2.5.2)
Corollary 2. R(D) can be alternatively expressed as

1
5 log (T+wO =2N), (2.5.3)

— 1
R(D) = Slog(A;"Ay) +
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where

MNAVAL+Ax = A0 + (L= D) (% A+ = A8 +x — k) = LD,

or in the following form

L-1

_ 1 _ _ _
R(D) = 3 log T+ X (' =) + log(v; "), (2.5.4)

where

MO A =) T A = B+ (L - DOy +vx — vy ) = LD.

(2.5.5)

Now, consider the optimization problem in Theorem 2 as follows:
5151% Qa, B,9), (2.5.6a)
s.t. constraints (2.4.6b) — (2.4.6g). (2.5.6b)

Based on the fact that Ay > vy or 7y > Ay, we get two different cases.
First, consider the case \y > 7y > 0, where we have Ay = ~y. Thus, the

objective function reduces to

1 A\? L. oy
a,0) = =lo Y + —log —, 2.5.7
f( ) 2 & ()\Y — ’}/y)Oé + )\y’}/y 2 & (5 ( )
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and the constraints (2.4.6b)-(2.4.6g) are simplified as follows:

0<a<\y,

0<p <1y,

0 <9,

0< (a7 9yt = AT
o < B,

NV + Ay = AV + (L= D% w28+ vx —7xy) < LD.

(2.5.82)
(2.5.8b)
(2.5.8¢)
(2.5.8d)
(2.5.8¢)

(2.5.8f)

Since the objective function does not depend on parameter [, we can eliminate

from the constraints (2.5.8b), (2.5.8¢) and (2.5.8f). Thus, we get the following new

constraints:

0<a<\y,

0 <6,

§<(a Myt = A,
0 <y,

NV e+ Ax = Ay + (L= D% w20 +vx — 7%y ) < LD.

(2.5.9a)
(2.5.9b)
(2.5.9¢)
(2.5.9d)

(2.5.9¢)

Given constraint (2.5.9a), the inequality (2.5.9c) is more restricting compared to
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(2.5.9d), so the above constraints reduce to

0<a<y, (2.5.10a)
0<d<(a '+ =N (2.5.10b)
NeAYPa+ Ax = M + (L= D00 +9x =73 ') < LD (2.5.10¢)

Then, the goal is to minimize f(a,d) subject to the constraints (2.5.10), which is
a convex program. According to the KKT optimality conditions, there exist non-

negative Lagrange multipliers {wy,ws, w3} and optimal solutions (a*,d§*) such that

Ty — Ay —1 —1y, %) —2 2 y—2
+wi —wa(l+ — A\ ) + W3NS A =0, (2.5.11a
2((A\y — w)a* + Ayy) rm el Oy v )e) XY ( )
L
— 55 Tw (L= Dk yy” =0, (2.5.11b)
wi(a® — Ay) =0, (2.5.11c)
w0 = ()t = AT =0, (2.5.11d)

w3(AXA " 4+ Ax — AV + (L — D) (w28 +vx — vy ') — LD) = 0.
(2.5.11¢)

In the following, we consider two different cases for the Lagrange multipliers.

Case 1 (wp > 0):
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In this case, the KKT conditions in (2.5.11) reduce to

W — Ay C1 =1y, e —2 2 y-2
4wy —wo(l+ -y + w3Ax Ay =0, (2.5.12a
2((Ay — 7 )a* + Ayyy) 1 o (y y )at) 3AX Y ( )
L
— 55 Tw2 (L= D™ =0, (2.5.12b)
wi(a® = Ay) =0, (2.5.12¢)
0 = ((a") Tt =) T =0, (2.5.12d)

w3 (AXA " + Ax — AV + (L — D) (3w 8" +vx — vy ) — LD) = 0.
(2.5.12¢)

Assume that o* and 0* satisfy
NV a" + Ax = MM+ (L= D70 +9x =73 w') = LD, (2.5.13)
Solving the set of equations in (2.5.12) yields

wp =0, (2.5.14a)

L _
= 55 — (L= Dwsrxny ™, (2.5.14b)

(14 (' = APDa) 2+ 20y = AP + (5 = Ay )a) ™!
XAV A+ (L= 173921+ (3t = Ay )ar) 2

%)

W3 =

(2.5.14c)

Notice that ws > 0 since Ay > vy. We should make sure that wy > 0. This gives the

following inequality:

Lo

—(y

_ _ NI 1
(7 =D+ (7! = A7) <

< m)\§(7)_<2)‘5_/2’712/7 (2.5.15)
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which can be equivalently written as

L _
6" < EA?X%}?)\;%% ((7;1 S bl I a*) : (2.5.16)

combining the above inequality with (2.5.13), we can write

LD < LAY Oy =) (L= 17 (" = ) HAx = (L DA (LD M52
(2.5.17)

Define
A= a’. (2.5.18)

Considering (2.5.16) with (2.5.12d) and re-arranging the terms yields the following

constraint:

(L= D7 O 90 = A0 = LAY < LAY (v = D71 (25.19)
Re-arranging the terms in (2.5.17) and (2.5.13), we have
LD < LN vy =17 (L= D7 (k' =)+ Ax = A+ (L DA,

(2.5.20)

LD = Xx — NA0 + (L= D 2O + 95 = A0 ™+ 9x — %y ) + A3 AL
(2.5.21)
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Thus, we define the following set as the admissible distortion set:

Di(A;) :={D € (dupin,0%):
LD < LNV vy = D)7 (L= Dk (' —w )
+ Ax — A+ (L4 DA, (2.5.22)
LD = Ax = ANy + (L= DO A+t =A™
+x =) F AR AL

Plugging (2.5.12d) into (2.5.7) and considering (2.5.13) yields the rate-distortion ex-

pression R(D) defined in (2.5.3) subject to constraint (2.5.4).

Case 2 (wp =0):

In this case, the KKT conditions in (2.5.11) reduce to

Ay =y 2 -2
wp = — W3ASY AV, 2.5.23a
P20y — et Ayy) Y ( )
L 2 -2
= — 2.5.23b
w3 26*(L_1)’7Y’YX7 (2.5.23b)
wi(a® = Ay) =0, (2.5.23¢)

AZAZ" 4+ Ax — A2+ (L — 1)(124520% + 95 —4395Y) — LD = 0. (2.5.23d)

To solve the above set of equations, we consider two different subcases: w; > 0 and
w1 = 0.

Subcase a (wy =0):
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Solving the set of equations in (2.5.23) with w; = 0 yields

. I _ i
o = 2—“}3)\)(2)\3/ - ('}/Yl — )\Yl) 1, (2524&)
L 2 -2
[ 2.5.24
L+1 1
T T LD = Ax — (L— D7 — 270 + A2 A 2N TChy
X ( )(7X 7X7Y>+ XY(Y+(7Y Y) )
(2.5.24c¢)

Recalling the definition of A; in (2.5.18), considering (2.5.24a) with (2.5.24¢) and

re-arranging the terms, we get the following equation:

LD = LA vy = D)7 (L= D7k (" =)+ Ax = A0+ (L+ DA

(2.5.25)
Notice that (2.5.11d) with wy = 0 implies that
F < (@) T+t = A0 (2.5.26)
Moreover, (2.5.24a) with the fact that o < Ay gives
Lo

w3 > 5/\X ()\Y — ’}/y), (2527)

which together with (2.5.24¢) yields the following constraint on D:
LD < L x(A\y — ) '+ (L = Dyx (v — %) + Ax. (2.5.28)

Plugging (2.5.24a) and (2.5.24b) into (2.5.26) and re-arranging the terms give the
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following condition:

LN Ay = D)7 < (L= D03 (7 9y = A0 T = LAARAY, (2.5.29)

combining (2.5.29) with (2.5.25) yields

LD < Ax = XA+ (L= DO 95 = A8+ — 3 h) + A3V AL

(2.5.30)
The conditions (2.5.25) and (2.5.30) define the following distortion set:
Di(A) =D € (dyin, %)
LD = LA vy = D7 4+ (L= D (k' =)
+Ax = A2 (L4 DA, (2.5.31)

LD < Xx = N + (L= D)W + 9 =A™

+9x — YW ) T AR AL

In summary, for this subcase, D € D$()\;) while the constraint (2.5.28) holds.
Plugging (2.5.24a)—(2.5.24c) into (2.5.7) gives the rate-distortion expression R{(D)
defined in (2.4.10).

Subcase b (wy; > 0):
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Here, we get the following solution to (2.5.23):

af = >\Y7
L
5* — 2 -2
AV — Yy A2
wy = Y#’YYY — WAL A,
L
W3 =

2(LD = Ax — (L—=1)(vx —7%w))

Considering the fact that w; > 0 yields the following constraint:

w3 < >\)_(2(/\Y - 'VY)'

1
2
Combining the above inequality with (2.5.32d), we get

LD > LNk (Ay — ) '+ (L =Dk (rx — ') + Ax.

(2.5.32a)

(2.5.32b)

(2.5.32¢)

(2.5.32d)

(2.5.33)

(2.5.34)

With a similar reason to the previous subcase (by considering distortion constraints

(2.5.25) and (2.5.30)), we also know that D € Df(A;). In summary, for this sub-

case, the distortion set is restricted to D§(A;) while constraint (2.5.34) holds. Plug-

ging (2.5.32a) and (2.5.32b) into (2.5.7) while considering (2.5.32d) gives the rate-

distortion expression R5(D) defined in (2.4.12).

To sum up all of the above cases, we have

ﬁ(D), D e Dl(/\[),
R(D), D eDi(\),
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where R°(D) is defined in (2.4.8).
Next, consider the case vy > Ay > 0, where we have Ay = Ay. Thus, the
objective function (2.4.5) reduces to

L—-1 V2 L. Ay
lo 4 Z0g XY 2.5.36
2 & (v = Ay)B+ Avyy 2 & ) ( )

f(B,0) =

subject to the following constraints:

0<f<w, (2.5.37a)
0<ds< BT+ A —%wh), (2.5.37b)
NP0+ A = MV + (L= DO w B +x =% w') < LD, (2.5.37c)

Then, the goal is to minimize f(f, ) subject to the constraints (2.5.36).
According to the KKT optimality conditions, there exist nonnegative Lagrange

multipliers {W;, Wy, W3} and optimal solutions (/5*,6*) such that

(L—=1)(Ay — )
2((y = Av)B* + Avy)

+ b —@Da(1+ (A = )B) 2+ (L — vk =0,

(2.5.38a)
- 2; + Wy + W3AR AT = 0, (2.5.38b)
W1 (8" —y) =0, (2.5.38¢)
Ga(6" = ((B) T+ A =) =0, (2.5.38d)

W3(AX A" + Ax = A0 + (L= D)(vi w8 +vx —vxy') — LD) = 0.
(2.5.38¢)

In the following, we also consider two different cases for the Lagrange multipliers.
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Case 1 (Wp > 0):

In this case, the KKT conditions in (2.5.38) reduce to the following:

(L - 1)(>\Y - ’YY)
2((y = Av)B* + Avwy)

+ & — (1 + (A = 1)B) 2+ Ws(L — Dyxyy” =0,

(2.5.39a)

L o A y2 y—2
— o Tt WA A2 = 0, (2.5.39b)
Wi (B =) =0, (2.5.39¢)
= ((B) T N =) =0, (2.5.39d)

W3 (AXA0" + Ax — XA + (L= 1)(73 28" +vx — vx ') — LD) = 0.

(2.5.39%)

Consider the case where f* and 0* satisfy the following:
N+ Ax = M+ (L= D38 +9x =% w ') = LD, (2.5.40)
Solving the set of equations in (2.5.39) yields the following.

wr =0, (2.5.41a)
L

Dy = g~ WIAX AV (2.5.41b)

N B PO A+ (Y - )BT

(L — 173" + AN+ (O — ') B) 2

(2.5.41¢)

Notice that w3 > 0 since \y < vy. We should make sure that Wy > 0. This gives the

following inequality:

1L, ey L .
SV =+ (W =9 1)8) 7! < g AT, (2.5.42)
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which can be equivalently written as
5 < LAY ((@1 —wh T+ 5") (2.5.43)
Combining the above inequality with (2.5.40), we can write:

LD < Lk (v =Ay) (L= (k' =5 D)+ Ax = A5V = Lk e+ (2L—1) 859515

Case 2 (Wp =0):

In this case, the KKT conditions in (2.5.38) reduce to the following:

N (L=1y = Ay) A 2 -2

- —W.(L =1 , 2.5.44a
1 2<<7Y _ /\y)ﬁ* + )\Y’VY) 3( )’YX’YY ( )
. L _

Dy = o MY (2.5.44b)

L&l (ﬁ* - ’}/y> = O, (2544C)

NV + Ax = M+ (L= D(73nw 8" +x =% w!) — LD = 0. (2.5.44d)

To solve the above set of equations, we consider two different subcases w; > 0 and
w1 = 0 in the following.

Subcase a (W >0):
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Here, we get the following solution to (2.5.44):

B* =y, (2.5.45a)
L .
* p— 2. .4
5 2 A2 (2.5.45Db)
L-1D(w'= M%) _
_ ( )(’7}/2 Yy’) — Gs(L — 17352, (2.5.45c¢)
L
e = (2.5.45d)

2(LD — Ax + M3 A" — (L — 1)yx)

Consider the fact that «; > 0 which yields the following constraint
. L
Wy < 3 )x (vy — Ay). (2.5.46)

Plugging (2.5.45a) and (2.5.45b) into (2.5.7) and considering inequality (2.5.46) yields
the RHS of equation (2.4.29). Equality (2.5.45d) together with (2.5.46) yields the
following;:

Ly (yy — Ay) H 4+ (L= Dyx — M+ Ax < LD. (2.5.47)

Subcase b (Wb =0):

Solving the set of equations in (2.5.44) with w; = 0 yields the following:

* 1 — — —1\—
B :2 = %(2%2/ - (>‘Y1 - 7Y1) 17 (2.5.48a)
w3
L
P — A 2.5.48b
2(,&3 Y X ( 5 8 )
2L —1
Wy = 5 (2.5.48¢)
1
LD = Ax = (L= Dlyx =% w ) £ A0 + (L =D (' —wh) ™
(2.5.48d)
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Considering the fact that vy > * > 0, we get the following constraint:

1

Al (A ) > ws >

5 R (AT =) ) (2.5.49)

Plugging (2.5.48a)—(2.5.48d) into (2.5.36) yields the rate-distortion function in (2.4.31).
The equality (2.5.48d) together with the condition (2.5.49) leads to the following con-

straint on distortion:

Ly (ww = Ay) h+ (L= Dyx — NN+ Ax — (2L — 1)yt < LD <

(2.5.50)
Lyx(yy =)+ (L= D0k (k" =) +Ax = A0 + (L= Dy
the expression can be simplified as
NN O A =) T = Lydw? < Dy v Ay = D7 (25.50)
the admissible distortion set is given by
Dy(1) 1= {D € (dumin, 0%):
LD < Lyxwy (wAy' = D)7+ (L= Dk (k' — )
+Ax — ANV 2L — Dy, (2.5.52)
LD = Ax = XAyt + (L= Dk ™ +9x = 73y )
AN A =) T
where we have R(D) = R(D). Moreover, under the condition
N O A =% )T = D > Ly (v Ay = D7 (2.5.53)

38


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D. Thesis — S. Zhou; McMaster University — Electrical and Computer Engineering

the admissible distortion set is given by

Ds(vr) :={D € (dmin,ag():
LD = L%y (v Ay = D)7+ (L= Dk (k' =)
+Ax = AN+ 2L = Dy (2.5.54)
LD < Ax — XAy + (L= D5+ — %05

NN N )T

where the lower bound takes the expression R¢(D) defined in (2.4.9). Thus, the case

of 7y > Ay can be summarized as follows:

R(D) = ?(D)’ P epu). (2.5.55)

RY(D), D eDs()
After characterizing the lower bound under two complement sets for each of the cases
Ay > 7y and vy > Ay, it just remains to explicitly determine the sets D;(A\;) and
Do (7yr). According to the definition of the set Dy(A;) in (2.5.22), the two conditions
inside the set can be recast as the non-negativity condition for a certain expression.

So, the proof is continued by investigating the sign of this expression over different

intervals. Similar analyses can be done for Dy(7;) as well. Such steps have been taken
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in [33, Remark 3] and the result is summarized in the following.

([ {D € (dnin,0%)}
{D < (dmlnagX)}
Di(Ar) = § {D € (dwmin, Din1)}
(

[ 0
and
[ {D € (dnin 03}
{D € (dmlnao-X)}
D2</yl) = {D € (drmm Dth 1)}
{D - (dmnu Dth 1) ([A)th,27 0-%()}

0

\

This completes the proof.

2.5.2 Proof of Theorem 4

{D € (dwin, Din,1) U (Ding, 0%)}

if
if
if
if
if

if

if 73(

if
if
if

T
M m Ay
Ay
XAy
D

VAN
AN
TR AN
YA A

VALY

>

<

L1

4L >

L-1 d <’YY

4L and

L7N1< andW<u2<1

= p1 > 3% and pp < 1,

4L,u1—0and,u2—1
(2.5.56)

L

ar>

Loand v, < 2x

AL 2=y

ﬁ,ulg%and Y <y <1,

L Y and 1

E,V1>77an vy < 1,

ﬁ,m:OanduQ:l.

(2.5.57)

First, notice that the distortion constraint in (2.4.3) can be written as

(Ax + (L = 1)yx — LD)AG + (¢1y + (L —

40
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where ¢y = Ny, ds = 739" and ¢ := LD + ¢y + (L — 1)gs — (Ax + (L — 1)7x).

The equation in (2.5.58) can be equivalently written as
aXy +bAg + ¢ =0,
where a := (6% — D)L, b := g;L? + goL and ¢ := hyL* + hoL and

g1 :=pxpz0x0y + (pxox + pz0y)(vx — D),
2 2

92 :=0x(vz + ) — pxoxvx — 2w D,

hi =pxpz0%057y + (px0% + pz0%3)(Vx7vz — WD)
= (px0% + pz0%) (i, — D),

ha ZZPXUE(’Y% + P20§7§( +vxvzY — %z/D-

We consider three different cases based on the value of g;.

41
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Casel (g; > 0): In this case, we have

—b+ Vb2 —4
Ao =27 - ac (2.5.61a)
—b+ by /1 — &
= 2.5.61b
2a ( >0 )
—b+b(1— 2ac _ 2a2c? O 1
_hrbl =5 - T 4 0(5) (2.5.61c)
2a
¢ ac? 1
=—7 -5t @) (ﬁ) (2.5.61d)
L 2 _ D)(hL 2 1
__flth _(ox = D)l JghQ) 0 <—2) (2.5.61¢)
gL+ g2 (1L + ga) L
hiL + hy go 1 (0% — D)h? 1
- _ 1 — 22 )] - == 71 — 2.5.61f
gL ( ol O<L2)) ar \& (2:5.611)
hl (h2 gghl (O'g( — D)h%) 1 ( 1 >
—_ 1 _(2_ + —+0(—= 2.5.61
g1 a1 9% gi)’ L L? ( g)
e 1
=m+ +0 (LQ) , (2.5.61h)

where (2.5.61c) follows because /1 +z = 1+ 2 — t2* + O(2®) and (2.5.61f) follows
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because T =1— a2+ O(x?). Now, plugging the above into (2.4.2) yields

A A L—1 A
Y+ Q+ log7Y+ Q
Ao 2 Ao

Ay +m1 4+ 2+ 0(4)
771+%2+0(%)
L—110gw+m+%+0(#)
2 m+ 2+ 0(%)
1 (1+ (L —1)py)oy +m + 2+ O(z)
=—1lo
2 g 771+772+O(L2)
L—1, w+m+2+0(s)
log n2 1
2 n1+f+0(ﬁ)

1 Lpyo?
=—log (% + O(l))
1

L—-1 Yy + M 72 1 72 1
1 o= -2 Lo(=

Tt Og(( o Im O\ m O\ 2
1

> _
I (% n 0(1)) 4L > L log (W T g (—)) (2.5.62¢)
1

log (2.5.62a)

log

1
2
1
2

(2.5.62b)

M L
pyoy L log mty M2y
2 2 "mty 2 m 2m(m +vy)
1 L 1
LigPX0x P20z Ly mtay  my (_) 7
2 m+ v 2 M 20 (m + ) L

(2.5.62g)

where (2.5.62d) follows because F =1— 12+ O(2?) and (2.5.62f) follows because

log(1 + z) = z + O(«?). With some straightforward calculations, we can show that
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each term of the above expression can be written as follows:

1 pxo% + pz0% _ 1 og pxPz0%0y + (PXU% +pz0%)(vx — D)’ (2.5.63a)
2 T+ 2 Vx
L 2 + 2 2
Ligmtow _ L 2 2(pxax Pz07)7x . (2.5.63b)
2 M 2 7 (px0% + pz07) (v D — yxVz) — pxpzYIYOXOY

Yy 12

_ wlokpzoy — (pxok + pzoy)D)?
2(pxpz0%0% + (px0o% + pzoy)(vx — D))(pxo% + pzoy)yw (D — d3,)
_ Yy (0% pz0y — (px0o%k + pzoy)D)?

" 2m(m + )

20pxpzo%0% + (pxo% + pzo%)(vx — D))((px0% + pzoz)(yw D — 1x7z) — pxpz1vo%o%)

(2.5.63c)

Moreover, notice that g; > 0 and D > d, implies pxo% + pzo% > 0 and 7, > 0

from (2.5.60b) and (2.5.60d). Considering these conditions, (2.5.62g)—(2.5.63) and
simplifying the terms, we get the first clause of (2.4.40).

Case 2 (g, = 0): We consider two different subcases.

Subcase 1 (pxo% + pzo% = 0): The distortion constraint in (2.4.3) simplifies to

L 4
Lag( — # = LD, (2.5.64)
or equivalently,
4
o
Ao = ——— —0% —02. 2.5.65
Q 0% — D Ox =0z ( )

Plugging the above solution in (2.4.2), we get the rate-distortion expression in (2.4.39).
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Subcase 2 (pxo% + pzoy > 0): In this case, we have

—goL + ggL\/l - 4f)g(hl“h2)

o — 2.5.66
Q 2L(0% — D) (2:5.66a)
—g2L + L2\/=4(c% = D)y \/1 + 92 UXD)hthz
_ (2.5.66b)
2L(0% —
—goL + L3 /=4(0% — D)h1(1 — BT 1 O())
— 2L(0% D) (2.5.66¢)
X
mL 92 g5 — 4(c% — D)hy 1

- + +0(= 2.5.66d
0% =D 20%—D) " 8/—(0% — DL ST )

1
:oq\/f—k a9 + O(—

\/Z)' (2.5.66¢)

Moreover, the condition pxo% + pzoy > 0 together with 0% > D > d25, and ¢; =0
implies px > 0, vx > 0 and a; > 0. Then, we get the following:
Pxﬂzach%
_ PXPEOXTL | (2.5.67a)
pxo% + PZUZ
4
2 pXUX
oi_p—_ Px%% 2.5.67b
X an§( + PZU% ( )
h = — (px0% + pzoy)V%, (2.5.67c)
0 :—pzyxa_%(a% — PXYXWYOX + PXOXVZ + px V20X — PXPZYXOX0 (2.5.67d)
px0% + pz0% ’
2 2
o _(pxo% + pg(Uz)’YX . (2.5.67¢)
Px0x
9 9 2 92 4. 4 2 52
o _PzYxOx07 + PXVXVWYOX — PxOxVz — PxVz0x + PXPZIXOXx%Z (2.5.67f)

2p%0%

Now, we simplify each term of the rate in (2.4.2). Consider the first term of (2.4.2)
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as follows:
1 Ay + )\Q 1 Ay 1 Ay + )\Q
—log ——= =—log — _1 -~ 2.5.68
5 log o 5 )\Q + Ny ( a)
1 L 2 1
Lo (pxax +pzoz) toy L log Ay + Ao (2.5.68b)
2 aVL+0 (1) 2 Ay
1. L(pxoX + pzoy) + v ( 1 >
—Z1og 10— 2.5.68¢
2 VL + 0( ) VL ( )
1 1 pxax + pzaz 1
=—log L lo 2.5.68d
qlog L+ 5 log —=————= 7 (2.5.68d)
1 1
=1 log L + 3 log pxvx'ox + O (—) (2.5.68¢)

where (2.5.68b) follows from the definition of Ay in (2.3.9) and the definition of Ag
n (2.5.66e), (2.5.68¢c) follows because i—g = O(%) and log(1 4+ z) = O(z), (2.5.68¢)

follows from the definition of oy in (2.5.67¢).
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The second term of (2.4.2) can be simplified as follows:

L—1 ’}/Y—i-)\Q

1 2.5.
5 log I (2.5.69a)
L—1
=7 og(1+ 1Y) (2.5.69b)
2 Ao
L-1(w % < 1 >
— — — 10 — (2.5.69C)
2 (/\Q 2)\% L2
L—1 W g% ( 1 )
= - +0 | — 2.5.69d
2 (Of1\/_+042+0(%) 2(a VL + O(1))2 L: ( )
v avro) mz (o) o ()
Sy (e S +0 - 1+0(—=))+0(=
2 <O./1\/Z al\/_ 20{%[1 L L2 )
(2.5.69¢)
wVL v (y + 200) 1
. P (2.5.691)
_ pxwox VL  w(pxok(vx — pxvz) + (1 + px)pzok057x)
2vx(px0% + pzo%) Apxo% + pz07)* 7%
1
+0 [ — , 2.5.69
(72) (2:0:69%)

where (2.5.69¢) follows because 7—Y = O< > and log(l + z) = z — 2% + O(z?),
(2.5.69¢) follows because ;— = 1— x—l—O( 2). Considering the fact that g; = 0, using
approximations (2.5.68e) and (2.5.69g) and simplifying the terms, we get the second
clause of (2.4.40).
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Case 3 (g1 < 0): Here, we have

=L — gL+ /(1 L? + g2L)? — 4L(0% — D)(h1L? + hyL)

2.5.

)\Q 2L<O’§( _ D) ( 5 703)
=1 L? — oL+ \/giL* + (29192 — 4(0% — D)h1) L3 + (g3 — 4(0% — D)hy)L?
N 2L(0% — D)

(2.5.70b)
—q1L* — oL — 1 L*(1 + (9192 — 2(c% — D)hl)g% + O(#)) 55 70
= 2L(0% —D) (2.5.70¢)
g1 g2 — <O'§( — D)hl 1
_ L — — 2.5.
0% — D 2 -p " 9\z (2:5.70d)
_(vx — D)(pxox + pz0y) — pxpzo%07
- " +0(1) (2.5.70e)
=p1L+O(1), (2.5.70f)

where (2.5.70c) follows because v/1+z = 1 + sz + O(2?). We then use the above

approximation to calculate each term of the rate in (2.4.2) as follows:

1 )\Y—i-/\Q 1 ngg(—i-ng%—i-ﬁl 1
—log———= =1 Ol —= 2.5.71
318 5108 5, +0( ( a)
1 p%0% (1)
—— 1o +o(=), @570
2 "8 (ox 0% + p203)(D — 7x) — pxpz0%0} ) ! )
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and

L—-1 Yy + /\Q L—-1 Y 1
| _ L 92.5.72
2 T 2 (AQ+O(L2) (2:5.72a)
Ty 1
_ - 2.5.72
251+0<L) (2.5.72D)
_ w(ok — D) 40 (l)
2(px0% + pz0%)(D —vx) = 2pxpz0%0% L

(2.5.72¢)

Considering the fact that ¢g; < 0, using approximations (2.5.71b) and (2.5.72c) and

simplifying the terms, we get the third clause of (2.4.40). This concludes the proof.

2.5.3 Proof of Theorem 5

First, notice that px, pz € [0, 1] implies Ay > 7y. We consider four different cases.

Case 1 (pxo% + pzok = 0): In this case, the condition \37% > L27FA} is
satisfied trivially for all L. So, we are under the first condition of Theorem 3, and
consequently

=00

R(D) =R(D) =R (D). (2.5.73)

This yields the first condition of Theorem (5), where the rate-distortion expression is
given by (2.4.45).
Case 2 (pxo% + pz0% > 0, px > 0, £ > 1): In this case, we are under the first

condition of Theorem 3. This can be readily verified when vx = 0. When vx > 0,
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we have

(14 (L —1)px)*(1 — py)?

B = T T Dy P o (2.5.74a)
= + % +0 (%) (2.5.74D)
2% for all sufficiently large L (2.5.74c¢)
>io] (2.5.74d)

- 4L )

where (2.5.74¢) can be verified by considering £ = 3 (which implies py > px) and
&> % separately. In summary, the analysis of this case yields (2.4.46).
Case 3 (pxo% + pzo% >0, px >0, { < 1): In this case, we are under the third

condition of Theorem 3. This is because of the fact that us < 1,

9 1
My =2+ 0 (E) (2.5.75a)
L—-1 :
< for all sufficiently large L, (2.5.75b)
and
1 1 4L o
=5 - 5\/1 — HA@Y?%{%@ (2.5.76a)
1 1 1
— = /1 — 42 - 2.5.76b
o)) -
>z—y for all sufficiently large L, (2.5.76¢)
%

where the last inequality follows because }—i =0 (%) Thus, we continue with ap-

proximating Dy 1, Do and the rate-distortion expressions. We approximate Dy
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and Dy, o for large L as follows:

Ding =——5——"% S A O = 2.5.77
W%+ pay 2 o AT (25.778)
1
:DS}OIJ + 0 (E) , (2.5.77b)
and
2 9 2
PXPz0x07 1—/1-46 , 1
Dipo=—"-2"22_ - > Ol = 2.5.78
e = ol +7x 5 xw +O{ 7 ( a)
1
:Dfﬁz + O (E) ) (2.5.78b)

Now, it remains to approximate the rate-distortion expressions. In the intervals
D <D}, and D > Dy 5, R(D) can be approximated as in Theorem 4, which leads to
the expression in (2.4.40). In the interval D} < D < D ,, we need to approximate
RE(D). For the rate-distortion expression R°(D), notice that the second clause of

(2.4.8) is not active for large L since

LAY Ay =) (L= (vx = ) +Ax = L2pipy'ox oy +O(L) > LD. (2.5.79)

Thus, we need to approximate Ri(D) defined in (2.4.10) for large L. Consider the
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following term in the first logarithm. We have

LD —Xx — (L= 1)(7x =73 ) + A2 0y + (' = AyH ™
=L(D — pxox — (3x — 73w ") + pxpy oxoy )+
. . . 1
(2pxpy' (1 = px)oxoy” = 1%w!) + O (Z)

:LA4aB+%D(%). (2.5.80a)

Thus, plugging the above into R{(D) in (2.4.10), we can approximate the first loga-

rithm as follows:

L+1 o (L + 1)y'9%
2 gLA+B+O(%)

L+1 Vo' V%
= 10 2581a
2 PA+ L (—A+B) ( )
L+1 wv%t A-B 1
= 1 of= 2.5.81b
5 %1 T oa YL ( )
Lyt Wk
2 D — pxo% — (vx — V3w ') + pkpy ooy’

(2.5.81c)

1D+ 2937y — 0% + pxBox — 2)py ' okoy” 1
5 2 2 1 2 —1 4 -2 +0|—+
2D —pxox — (vx — 75y ) + PxPy Ox0y L
_L+1 los px0% + prody ok
2 (px0% + pz02)(D — (vx —v3w")) — pxpzo%o?
1 (px0% + pz03)(D +2(1 = O3y — 1x) — pxpz0% 0% L0 ( 1)

2 (pxo% +pz02)(D — (vx — v W) — pxpzo%oL
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The second logarithm of (2.4.10) can be approximated as follows:

1 _ _ 1 1 px \'(1=pr 1

—log M2 M\t — 1) = Zlog L + =1 o\1)

5 0g A\x 7y (Avy ) 2 08 +2 o8 1—px Py " L
(2.5.82)

The third logarithm of (2.4.10) can also be approximated as follows:

L 1 1 1

Plugging (2.5.81d) and (2.5.82) into (2.4.10) yields

L+1 Vi v% 1
R{(D) = log — + —logL
' 2 (px0% + p202)(D — (7x — V3 w')) — pxpzo%oy 2
L L (1 =2
2 (pxo% + pz0%)(D — (vx — Y3 %)) — pxpzoko?
o ((725) (52)) +o (1)
+ —lo ( +0 (=
2 % ( 1 —px Py L

— RX(D). (2.5.84a)

The above expression can be further simplified to (2.4.43). Moreover, the two bound-
ary points D = D ; and D = Dg,, can be easily handled by considering the fact
that ﬁ(l)o(Dfﬁl) = Ri°(Dg, ;) and ﬁ;}o(Dfﬁg) = Ri°(Df ). In summary, the analysis
of this case yields (2.4.47).

Case 4 (px0% + pzo% > 0 and px = 0): In this case, we are under the second
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condition of Theorem 3 since

1 1L,
11 AL [ (1— py)? 1
== — —4/1— O — 2.5.85b
2 2\/ L—1< e O\ ( )
(1—py)? 1
§I—Y for all sufficiently large L, (2.5.85d)
1%
and
1 >ps (2.5.86a)
(1= py)? 1
=1-—40|(— 2.5.86b
AN ( )
>X—Y for all sufficiently large L, (2.5.86¢)
Y
and
2 \—2,. -2 2 1
A Ay XY :O(ﬁ) (2.5.87a)
L—1
<T for all sufficiently large L, (2.5.87b)

where (2.5.85d) and (2.5.86c) are due to 3= = 1;/)’;" +O(45). Here, Dy,,1 simplifies as

follows:

Din1 =0% —oxYy + O <—) (2.5.88a)

—d5 40 (%) | (2.5.88D)
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So, for all D € (d%%,,0%), the lower bound is given by R°(D) when L is large enough.

It just remains to approximate R°(D). Notice that the second clause of (2.4.8) is

active since

LAYy =)'+ (L= 1% (k' =) + Ax =L(0% — oy ') +O(1) (2.5.89a)

:Ld?noin

+0O(1) < LD.  (2.5.89b)

The rate-distortion expression R5(D) can be approximated as follows:

(L =D
LD = Ax = (L= D(rx =% w')

ol 1 D — o2 1
== X S X +0 (= 2.5.90b
D —0%v, 2D- 0% + 0%y’ (L) ( )

(2.5.90a)

—RX(D). (2.5.90¢)

In summary, the analysis of this case yields (2.4.48). This concludes the proof.

2.6 Conclusion

We have studied the problem of distributed compression of symmetrically correlated
Gaussian sources. An explicit lower bound on the rate-distortion function is estab-
lished and is shown to partially coincide with the Berger-Tung upper bound. The
asymptotic expressions for the upper and lower bounds are derived in the large L
limit. It is of considerable theoretical interest to develop new bounding techniques to

close the gap between the two bounds.
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Chapter 3

Symmetric Remote Gaussian
Source Coding with a Centralized

Encoder

3.1 Abstract

The problem of symmetric remote Gaussian source coding with a centralized en-
coder is considered in this chapter. The rate-distortion function for this problem is
completely characterized and is leveraged as a rate-distortion lower bound for the
symmetric remote Gaussian multiterminal source coding problem. It is shown that
this centralized-encoding lower bound is not as tight as the lower bound established
via the fictitious signal-noise decomposition approach. The asymptotic analysis of

this centralized-encoding lower bound is also provided.
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3.2 Introduction

The Internet of Things(IoT) has witnessed growing popularity due to its diverse ap-
plications, one of the main challenges that arises when deploying the wireless sensors
network is to transmit and reconstruct the noise-corrupted data with the communi-
cation cost constraints. One possible way of balancing the trade-off between reducing
communication costs and promoting the reconstruction quality is to exploit the sta-
tistical dependency among the data at different sensors. Multiterminal source coding
theory provides a systematic guideline for the implementation of such pre-processing,
there has been a significant amount of works over the past decades in this area.

In their celebrated paper, Slepian and Wolf [26] showed that it is possible to encode
correlated information sources separately and decode them jointly with a vanishing
error, without paying more in rate relative to jointly encoding the sources. That
is, even though the encoders operate independently of one another, they can reduce
the sum rate to the joint entropy of the dependent sources. Then Wyner and Ziv
[37] extend rate-distortion theory to the case in which side information is present at
the decoder. Berger [3] and Tung [27] extend the Wyner-Ziv coding and generalize
the Slepian-Wolf problem by considering general distortion criteria on the source
reconstruction.

An interesting regime that has received particular attention is when the number
of encoders in the network tends to infinity [33]. This asymptotic regime reflects the
typical scenarios in various emerging machine learning applications where the number
of clients in the centralized sensor network is large, e.x. federated learning [18].

Another special attention has been paid to the setting known as generalized

quadratic Gaussian multiterminal source coding, where the unobserved source and
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additive noise are jointly Gaussian and the distortion measure is deployed as the
mean square error. For the centralized coding scheme, the rate-distortion function is
given by the celebrated reverse water-filling result [11]. However, for the distributed
coding case, the exact characterization of the rate-distortion function remains an open
problem, Wagner et al. [29] gave a complete solution for the case when L = 2, beyond
that the understanding is rather limited. Moreover, there is strong evidence that for
most generalized Gaussian multiterminal source coding systems, the rate-distortion
function might not be expressed in a closed form solution [39]. Indeed, the existing
conclusive results for the distributed coding case are typically given in the form of
convex programming [34, 33, 41]. Therefore, even if one manages to solve the gen-
eralized Gaussian multiterminal source coding problem completely, extracting useful
insights from such a solution can still be non-trivial.

In this part we consider an indirect lossy source coding system with centralized
encoder and decoder while L correlated sources and L correlated noises comprise
the corrupted observed source, the sources and noises are independent. This setting
enables the encoder to jointly compress the noise corrupted source and forwards the
compressed data to the decoder, the decoder is required to reconstruct the correspond-
ing target source within a prescribed mean squared error distortion threshold. It is
assumed that the observed sources can be expressed as the sum of the target sources
and the corruptive noises, which are generated independently from two symmetric
multivariate Gaussian distributions.

Our problem settings share some similarities with the afore-mentioned reverse
water-filling problem and Gaussian CEO problem [7, 20]. However, the major differ-

ence between our setting and the reverse water-filling problem is that in our setting we
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consider a more general scenario where additive noise could be correlated. Moreover,
previous work has shown that this type of theoretic difficulty caused by correlated
noises can be circumvented through a fictitious signal-noise decomposition of the ob-
served sources, such idea can be found in [29, 33]. The major difference between CEO
problem and our work is that the target signal for CEO problem is a scalar process,
while in our settings it is a vector process.

In Wang et al. [33] work, they considered a generalized version multiterminal
source coding problem with distributed encoding scheme and gave a closed form
solution of the upper bound of the rate-distortion function. Later in Zhou et al.
[41] work, they solved the lower bound of the rate-distortion function explicitly, the
noticeable find on the asymptotic gap between the upper bound and lower bound
makes people more curious about the characteristics of the rate-distortion function,
this discovery leads directly to the motivation to our work. Inspired by Wagner et
al. [29] and Wang et al. [29], where the formal work determines the rate region of
the quadratic Gaussian two-encoder source-coding problem by comparing two types
of lower bound on the sum rate, while the latter work also determined the rate region
of that problem, by bounding the rate-distortion function with the upper bound and
the lower bound, our intuition is to find a lower bound of the rate-distortion function
that would be better than that described in [41] settings.

Intuitively, the optimal rate-distortion performance of any generalized multiter-
minal source coding system must be no superior to that of its centralized counterpart
and no inferior to that of its distributed counterpart, then in this work, our questions
boil down to whether the asymptotic rate-distortion function of centralized setting is

greater than or equal to the lower bound of the rate-distortion function for distributed
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setting.
The rest of this chapter is organized as follows. The problem definitions and
the main results are presented in Section 3.3. The detailed proofs are provided in

Sections 3.5. The chapter is concluded in Section 3.6.

3.3 System Model

Consider a L terminal indirect distributed source coding system with centralized
encoding scheme and distributed encoding scheme. For centralized case, encoder
encodes ¢ € {1,---, L} observed source sequences {X é")} with a encoding function
o R MEI*7 producing a set of indexes {Mé(n)}7 then the decoder recon-
structs target source sequences by implementing a mapping ¢ : ME*"m — REx™,
producing a set of estimation of source sequences X e(n). Similarly setting for dis-
tributed case, where encoding function gbén) : R" — M" and a decoding function
gén) M — R

Now we are in the position of giving the achievable definition of the rate-distortion

pair.

Definition 2 (Centralized encoding). A rate-distortion pair (R, D) is said to be
achievable with centralized encoding if, for any e > 0, there exists an encoding function

&™) such that

llog‘M(")‘ < R+e,
n

% iiE {(Xg(@') - Xg(i))z} <D+e

(=1 i=1

(3.3.1)

where X,(i) £ E [Xe(t) | (9™ (Y™)]. For a given D, the minimum R such that

60


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D. Thesis — S. Zhou; McMaster University — Electrical and Computer Engineering

(R, D) is achievable with centralized encoding is denoted by R(D).

Definition 3 (Distributed encoding). A rate-distortion pair (R, D) is said to be
achievable with distributed encoding if, for any € > 0, there exist encoding functions

¢§n),€ e {1,---, L}, such that

L L
- log | M| < Rt
= (3.3.2)
1 - NS
=3 Y E [(Xg(@) 2 .0) } <D+e
=1 i=1
where X,(i) £ E |:Xg(i) | (¢§”) Yy, -, ol (YL")H For a given D, the minimum

R such that (R, D) is achievable with distributed encoding is denoted by R(D).

We have already defined ﬁ(D) as the rate-distortion function of symmetrically
correlated Gaussian source coding with centralized encoding and ﬁ(D) as the rate-
distortion function of symmetrically correlated Gaussian source coding with dis-
tributed encoding. One can know from [41] that an explicit lower bound for R(D)
is established and it matches the well-known Berger-Tung upper bound for some
values of the distortion threshold. We will define R(D) as the lower bound of the

rate-distortion function with distributed encoding.

3.3.1 Preliminary

Let Y £ (Yq,---,Y.)" be the sum of two mutually independent L-dimensional (L >
2) zero-mean Gaussian random vectors, source X 2 (Xy,---, X L)T and noise Z £
(Zy, - ,ZL)T, which can be expressed as

Yo=Xi+ 2, (e{l,... L} (3.3.3)
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The distributions of X, Y and Z are determined by their covariance matrices ¥,

x € {X,Y, Z}, written as

2 2 2
(o POy ... pPx0O
2 2 2
PO, O N
A
2 2 2
PO,  pP«O, ... g,

which satisfy 3y = Yx + 37 (i.e., 0¥ = 0% + 0% and pyo? = pxo% + pzoy). To
ensure that the covariance matrices are positive semi-definite and the source vector X

1] and pz € [—+,1].

is not deterministic, we assume 0% > 0, 0% > 0, px € [ T

1
-1
Moreover the source vector X together with the noise vector Z and the corrupted
version Y generates an i.i.d. process {(X(t),Y (t), Z(t))}2;.

By the eigenvalue decomposition, a given L X L matrix

a f
ra /B N (3.3.5)
6 B ... «
can be written as
I = OAO7, (3.3.6)

where O is an arbitrary unitary matrix with the first column being %1% and

A2 diag® (a+ (L—-1)B,a—B,...,a—f). (3.3.7)
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Based on this, we can write

¥, = 0A.07, xc{X,Y 7}, (3.3.8)
where
A, & diag® (M., ), (3.3.9)
with
M = (14 (L —1)p.)o2, (3.3.10)
Y = (1 — py)o?. (3.3.11)

Note that Ay = Ax + Az and vy = vx + 7z7.

3.3.2 Remark

Let dmin be the minimum achievable distortion when {Y(¢)}$2, is directly available
at the decoder (R(D) = R(D) = 0o for D < dyi,), where (detailed derivation is

provided in Chapter 3.5)

(

(L)% vz _ 1
Lok +(I-1)7’ pX =TT
2 2
d.. 2 2 X =Dy _ 1 3.3.12
min Ox Ty J Px S ( [—l’1>’ ( )
2
oxAz _
( Lok +rz° px =1,

Moreover, it is easy to show that ﬁ(D) =R(D) =0for D > 0% (since the distortion

constraint is trivially satisfied with the reconstruction set to be zero). Henceforth we
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shall focus on the case D € (dpin, 0% )-

3.4 Main Results

Theorem 6. For D € (duyn, 0%),

Proof. See Chapter 3.5.1.

Theorem 7 (Centralized encoding). For D € (dwyin, 0%),

;

L-1 Lo* L
2 log (Lo'g(“r(L—l)'yZ)D_(L_l)o_g(,yZ7 pX == T—1>
= _ 1 + A2 -1 n 2 1
R(D> §log ﬁﬂLTlog 7TX(;, px € (_E—_lvl)a
1 Lot B
[ 2 log (La§(+)\z))éfg§()\zv px =1,
where
.
N P G
D — dyin, D < min 3=, =0+ Ao
é L(Dfdmin) )\2 )\2
) 7S R e )yt D > 53X + duin
L—1)72 2
\L(D_dmin)_%’ D>z_§f+dmln

Proof. See Chapter 3.5.2.

(3.4.1)

(3.4.2)

(3.4.3)

]

Ezxample 1: In this example, we compare the lower bound of rate-distortion func-

tion R(D) under distributed encoding with the rate-distortion function ﬁ(D) under

centralized encoding. In Fig. 3.1, we plot the difference between R(D) and R(D),
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Figure 3.1: Ag(D) with D € (dpin, 0%) for Case 1 and Case 2.
denoted by Ag(D), with D € (duin, 0%) for the following two cases. According to
[41], in these two cases, there exists a gap between the lower bound R(D) and the

Berger-Tung upper bound for some values of the distortion threshold. We set L = 10.

e Case 1: Ay = 0.5, vx = 1, Ay = 6, and 7y = 3. In this case, we have

Amin =~ 0.646 and a§( = 0.95.

e Case 2: A\x =1, vx = 045, Ay = 12, and vy = 2.4. In this case, we have
dmin = 0.4207 and 0% = 0.505.

As can be observed from the figure, the gap Ag(D) is nonnegative, which verifies
R(D) will not be greater than R(D).

In the following, we proceed to study the asymptotic behavior of the two rate-
distortion bounds when L — oo . In the discussion below, it is necessary to restrict

attention to the case px, pz € [0, 1]; moreover, without loss of generality, we assume
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D e (dr(nof’n), a§(>, where

;

2 2
PXOXxPz07 XYz 1
Px0%+pz0Y T x+vz PX < (0’ )’
(©) A 1: o?
= so= X7z —
dmm zh_glo dmln Ug(Jr’Yz’ pPx = O, (344)
2 2

IXxPz97 =1

L 0% +pzo2) Px ’

min ’

Theorem 8 (Centralized encoding for asymptotic regime). For D € (d(oo) a%),

1. px =0, pxo% + pz0% >0 (pz7 >0, 0% #0),

~ L—-1 ol 1 o4 1 1
R>(D) = lo X W1 by Lo (_) .
(D) 2 g(a§(+fyZ)D—a§(fyZ 2(c% +v2)D —oc%vz 2 L
(3.4.5)
2. pxo% +pz05=0 (px =0, pz =0 or o2 =0),
~ I ol
R¥(D) = =1lo X . 3.4.6
(D) 2 g(a§<+c7%)D—0§(U% ( )
3. px > O; IOXO%( ‘f‘pzo'% > 07
4
Lo % (px 0% +pz0%)
2 g(PXO%(+PZO'%)(('YX‘F’YZ)D*'YX’YZ)*PXU%(PZU%(’Yx+’yz)
—i—%logL—i—&—i—O(%), D < Dg,,

R>(D) =

Px % (1x+vz) 4+ 1
pxo%x+pzoy)vx | 2 vx(pxox+pzoy)

%logLvL%log(

px0%+pz0%)(D—vx)—px0o%pzos

(3.4.7)
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Figure 3.2: A%(D) with 0% =1, pz = 0.05 and 0% = 0.1 for different px.

where

2l Pxox(x +72)

a
27 (pxo% + pz05)7%

L1 (vzpx0% — 1xP20%)*
2 (pxo%x +pz0%)? ((vx +792) D —vx7z) — pxoxpzoy(vx + ”YZ)(P(Xag( )—i- pz0%)
3.4.8
and
Dy, & PXP2ONTS (3.4.9)
th,0 — ngg( T ng% YXx- 4.
Proof. See Section 3.5.3. O

Example 2: In this example, we plot the function A$(D), which characterized
the asymptotic difference between R>°(D) and 7€°°(D) (as L tends to infinity). See
Fig. 3.2 and 3.3 for some graphical illustrations of A% (D) with different parameter

settings.
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D

Figure 3.3: A% (D) with px =0, 0% = 1 and pz = 0.05 for different o%.
3.5 Proof of Results

3.5.1 Proof of Theorem 6

From [34] [12], we know that R (D) is given by the solution of the following optimiza-

tion problem:
R(D) =min I(Y;X)
Xy (3.5.1)

where

-~ 1 det(Ey) 1 )\y L—-1 YV a
I[(YV;X)==1 =—log— + ——log— = . b.2

It is known that a result of [33][41] provides a lower bound on the rate-distortion

function with distributed encoding by solving a minimization program, which defines

2
5% L )\W

+Zlog 2X,

(v = Aw)B+wAw 2 575

A2 L—-1
Y log

1
Q 0)==1

where Ay = min(Ay,yy). Let R(D) be the solution of the following optimization
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problem:

R(D) =min Q(a.5,0).

s.t. 0 <a<ly,
0<B <,
0< 9, (3.5.3)
§<(a '+ Ay = AD7
0= (B A —w )
M+ Ay = XA+ (L= 1) (0% 8 +9x =% w ') < LD.
One can readily prove the constraints under («, /) for distributed case are same
as the centralized case. In the following, we compare O(«, 5) and Q(a, 3,0) under

the restriction of the given constraints (3.5.3).

Subcase 1: Ay > 7y > 0. We can send Ay = 7y, then

§<(a '+t = APhH) ™

(3.5.4)
5< B
L If (a7t + 9 = AyH) ™! > B, we have
Q(a, B,0) > %log G WAE; Fay e g log %Y (3.5.5)
and
O, B) = %log Ay + ; ! log % (3.5.6)
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Note that
1. A 1 A 1. a+wld—x
Zlog ZX — Zlog Y = —log w(l=5)) >0 (3.5.7)
2 (07 2 ()\y — "}/y)Oé + )\y’}/y 2 «

due to @ < Ay and

L v L-=1. w 1 9
—log — — log — = —-log—=— >0 3.5.8
so that
1. oy 1, atwl=5) 1, (a'+y =0
Zlog X — = DA 3.5.9
g log 5 — g los - 5 108 5 (3.5.9)

is always non-negative since the assumption (o' + 5" — A\y!')™' > 3, which

means (a, 3,0) > O(a, B) under this case.
2. If (™! + 95" — A\y') 7! < B, we have

)\% L Ty

1
Qa, B,0) > =lo + —lo 3.5.10
( ﬂ ) 2 & ()\y - ’Yy)Oé + )\y"}/y 2 & (Oé_1 + ’7;1 — /\}_/1)_1 ( )
and
1 A L—1
6(a, 8) = 5 log == + ~——log %Y (3.5.11)
Note that
1. Ay 1 Y 1, at+w(l—5-
“log ZX — Zlog - = 5 log = s) >0 (3.5.12)
2 « 2 ()\y — ’}/y)Oé + )\y’}/y 2 «

70


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D. Thesis — S. Zhou; McMaster University — Electrical and Computer Engineering

due to a < Ay. Since (7! 4+t = A\t < 8, we have

L 2% L—-1 "~y 1 VY
—1 — log — > — 3.5.13
2 Ela iy T 2 B Tty g O
and it can be easily verified that
o+ 1—=
1 S S w5y (3.5.14)
2o+ A 2 a
Therefore, Q(a, 5,0) > O(a, 5) under this case.
Subcase 2: vy > Ay > 0. We can send Ay = Ay, then
0 <a,
(3.5.15)
< (B A — )
LI (B + 0" =) > a, we have
2
Ty L Ay
Qa, B,6) > lo 10 — 3.5.16
(@6,0) 2 % (& — Av)B + 7Y>\Y &a ( )
and
L—-1 Ty 1 )\y
= ——log — log —. 5.1
O(a, f) = —; 0g 5+ 5 log (3.5.17)
Note that
- _ +ay(1-£
Loty v L1y V2 L 1log5 v ( W)>0
2 B 2 (7 — Av)B + Avy 2
(3.5.18)
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due to f < 7y and

L Ay 1 Ay  L-—1 Ay

—log— — =log— = ——1log— >0 3.5.19
2 ©8 Q 2 o8 « 2 08 a — ( )
so that
L—-1 A L—1 6"‘/\ 1—£ L—1 -1 )\—1_ —1\—1
log X — log v(L—57) _ log (B +Ay —w)
2 2 B 2 «

(3.5.20)
is always non-negative since the assumption (87! 4+ A\y' —75')™t > «a, which

means (a, 3,0) > O(a, B) under this case.

2. If (B + Ay — ')t < a, we have

L—-1 ’732/ L )\Y
Qla, 8,6) > lo + —lo — —
( B ) 2 & (ny - AY)B + VYAY 2 s (ﬁ_l + )\yl - 'Yyl)_l
(3.5.21)
and
L—-1 Yy 1 )\y
= —log— + = log —. .5.22
O(a, B) 5 log g 5 log T (3.5.22)
Note that
L—1 L—1 2 L—1. B+M1-2Z
——log fAa log Ty = log v o)) >0
2 15} 2 (v — Av)B + Avyy 2 15}
(3.5.23)
due to 8 < 7y. Since (871 + M\t —151) 7! < @, we have
L Ay 1. A L—1 Ay
—1 — —log — > , (3.5.24
2 BTN )T 2% T T2 a0
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and it can be easily verified that

_ _ + A (1 -2
L-1 y L Liog v =) (3.5.25)
2 (B A )t 2 s

which results Q(a, 8,9) > O(«, ) under this case.

In summary, it is always true that Q(«,5,0) > O(«, ) under all conditions.

Together with the same constraints, it can be concluded that R(D) > R(D). This

completes the proof of Theorem 6.

3.5.2 Proof of Theorem 7

ﬁ(D) is given by the solution of the following optimization problem:

min 1(V; X)

Py

&tEkX—XFM_XﬂgLQ (3.5.26)

X &Y < X form a Markov chain.

It can be transferred equivalently to

min I1(Y; X)

1540%

s.t. B[(X - X)(X - %)| < LD, (3.5.27)

X <Y < X form a Markov chain.
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where X £ 07X, Z £ 07Z, and Y £ ©7Y. As defined in Chapter 3.3, ©7 is an

arbitrary unitary matrix with the first row being \%Ll - Moreover, we can have

— ~ — ~

Ldpin = E [ (X = V)T(X - Y)] —E[(X —E[X |V)'(X —E[X |V])]. (35.28)

where Y £ E[X | Y].
It can be verified that X and Z are two independent zero-mean Gaussian random

vectors with covariance matrices

A, 2 diagP (M, .o, x e {X,Z). (3.5.29)

Denote the ¢-th components of X,Z and Y by X,, Z, and Y,, respectively, ¢ =

1,---, L. We have

E|(%1)°] = Ax = Loxo% + 7,
E( —6)2] =vx, (=2, L,
. (3.5.30)
=\ 2
E |(Z) } =\z = Lpzoy + 7z,
E-(7€)2:| =7z, 8227 7L
Since Y; = X, + Z,,
\2| _ 2 _ 2 2
E [(Yl) ] =y = Lpyoy + v = L(pxox + pz0%) +vx + 7z, -
3.5.31

=\ 2

E[(Ye) } =vw=9%+7z, (=2,---,L

Now denote the /-th component of Y by Y; £ E[X, | Y;],f = 1,--- , L. According to
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linear estimation, we have

(

[/ .\ 2] 07 Px = _+a
E <Y1) - ( )’ -
L J Lpxo%+vx 1
;L(PXU§(+PZUQZ)+’Y)(+’YZ’ Px € ( L-1’ 1} ) (3.5.32)
- - % 1
N\ 2 . pPx € |0 1),
E <Y£> -1 e t=2,---,L
) i 0, Px = L
\
Note that
S L ) L o
E [(X V(X - Y)] Y E [(XZ)Q] -SE {(n) ] , (3.5.33)
=1 =1
this holds because Y 2 E[X | Y]. Therefore, together with equations (1)-(4), we
derive
1 S L ) L N
duin = TE|(X =V (X =7)| = Y E[(X)"] - D_E [(YZ) }
=1 =1
(
(L-1)o% vz 1
T Lo1)s Px = —1-1 (3.5.34)
= A3 (L_l) 3
O-g( - ﬁ - L7Y7X7 Px € (_g_ila 1) )
EDY
px =1,

\

Since it is obvious that Y is determined by ¥ and from (3.5.27) we know X <

Y <+ X form a Markov chain, the distortion constraint can be written as

E[(X - X)"(X - X)| =B |(X - V)"(X - V)| +E |7 - H)"(V - X)] (3.5.35)

~

= Ly +E |(V = X)7(V - X)
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Therefore, (3.5.27) is equivalent to

min I(V; X)
Pxyy (3.5.36)
s.t. E (?—X)T(Y/_X) S L(D_dmjn),

which is the well-known reverse water-filling problem. Consider the following three

subcases separately.

1. When px = —+1, we have
Rpy= =4 Tk (3.5.37)
= O 5 J.
2 (vx +vz)01
where §; = %(D — dmin), which is derived by
In this case, yx = %03( and doin, = %, then we get
X
~ L—1 Lot
R(D) = lo X : 3.5.39
7 S (A S P A=
2. When px =1, we have
N 1 L 2 2
R(D) = = log (Lpxox +7x) , (3.5.40)
2 (L(pxos + pz0%) +7x + 7z) 02
where 0y = L(D — dpn). In this case, vx = 0 and dpiy = h:;‘—j‘f\z, thus
X
R(D) = £1 Lok (3.5.41)
=—1lo ) 5.
2 %8 (Lo% + \7)D — 0% ),
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3. When px € (—ﬁ, 1), according to [11] Theorem 10.3.3, one can readily get

the reverse water-filling solution as follows:

~ 1 A3 L—-1 2
R(D) = = log" X + Z——log™" X

2 )\y5 2 ’7y5
. )\2 2
If D—d, < mm{ﬁ, 1—;(}, then
0 =D — dpin.
If D — dpin > 2%, then
Y
/\2
L(D — dpin) = =X + (L — 1)6,
Ay
5 — L(D —dwin) A%
- L-1 (L—1)\y
If D — dyyy > 2% then
Y
2
L(D — dyin) =6 + (L — 1)2%,
Ty
L —1)42
5= L(D — dyyy) — L=
Ty
In summary, for D € (dyin, 0%),
( 4
L-1 Loy - __1
3 108; (Lg§(+(L71)’YZ)D7(L71)U§(’YZ’ Px L-1>
- o A2 _ 2
R(D) = %log*v"é—l—%log%, px € (_e%pl)v
1log Lo px =1
[ 2 (Lo +Az)D—0% Az’ X ’

7

(3.5.42)

(3.5.43)

(3.5.44)

(3.5.45)

(3.5.46)
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where

(

A2y
D_dmina D <m1n{/\x>,y_);}+dmina
6 é L(D_dmin) . A%{ & .
L—1 (L-1D)Ay D> Ay + dmm

L(D = dyin) = 505, D> I 4 iy,

L Y

In particular, when px = 0 and pz € (0, 1], we have

~ 1 ol L—-1 ok
R(D) = = log™ X + log™ X
(D) = 5 log 02+ 20 2 % (0% +92)0
where
5 2 D — dmina D < 2+)\ +dm1n7
L(Dfdmin) 04
-1 (Lfl)(o)é(Jr)\Z)’ D> o2 +Ay +/\ + dmin-

This completes the proof of Theorem 7.
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3.5.3 Proof of Theorem 8

1. Setting px = 0 and pz € (0, 1], first we have

N (L—-1)1%

doin = 0% — — 3.5.50
UX L)\y L’YY ( a)
1 ol L—1 ot
2 X X
= - — — 3.5.50b
XTTLox 4, L 0%tz ( )
_ 9%z 1 ox(A\z —2) (3.5.50¢)
0% +7z L (c%+vz)(0% 4+ \z)
2 4 2
ox"z OxpPz0y
— + 3.5.50d
ox +7z (0% +72)pz05L + (0% + 7z2)? ( )
2 4 1 1
S L AT S S . (3.5.50e)
ox+7vz ox+yzL |14 xtz1
PZ0y, L

2 4 1 2 1 1
_ OxVz + Ox (1 _ M_ +0 ( )) (3550f)

0% +vz ok +7zL pzoy L L2
2 4 4
oxVz oy 1 oy 1 ( 1 >
— + - — — 4+ 0| = 3.5.50
ok +7z ox+yzL pzoj L? L? (3:5:508)
4 4
A 4(c0) Ox 1 Ox 1 1
=d,; - — —+0|=]. 3.5.50h
min 0% +vz L pgoy L? * (L3 ( )

where (3.5.50f) holds because 11— = 1 —x + O(z*). Moreover here and later we

2
assume oy # 0.

For the special case where 0% = 0, we have dy;,, =0 and

~ L 2
R(D) = 5 log %X, for D € (0,0%), (3.5.51)

which can be generalized into the second case of Theorem 8.
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For this case, it can be deduced from Theorem 7 that

1 1 UBL(
5 Og (U§(+)‘Z)(D_dmin)

0'3( +72)(D—dmin)’ §(+)‘Z
L1 ]og (L—D)ok (o%+Az)
2 (0% +72) (L(D—dmin) (0% +Az)—0% )’

o4 )
D € (GXTX)\Z + dmin,O'X),

(3.5.52)

We can also know when L — oo, only the second condition will be active, this

is because A A
J—X + d. = ox + Ao
2 1
= X240 (-) (3.5.53)
ox +7z L

1
= dt) —.
min + O (L)

Therefore it follows that d € (d°2), %) and consequently

min ’

~ L—1
R(D) = 5 log

(L—1)o% (0% + Az)
(0% +72) (L(D — dnin) (0% + Az) — 0%)

(3.5.54)

when L comes to sufficiently large. Note that

L(D — dyin) (0% + Az)
4

0'2/7Z 0_4 1 . 1 1
=L{D——= - e X — _0l= s 2 2
( Ug("”YZ 0§(+7ZL+020'%L2 I3 ( pZaz+'Yz+UX)

0.2 'YZ 0'4 pZo'2 1
_(p- Xz 02L2+<02+ D-0o’ _u)uo(_)
< U§(+Vz) Pz0z ( X 7Z) xVz U§(+Vz I
(3.5.55)

30

L-1) o De(d.. —Oox d.
+ 5 Og( 6( mins + mln],
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where the first equality holds for (3.5.50g) and

(L= 1Dox(ox +Az) = (L —1)ox(Lpzoy + 7z + 0%)

= oxpz0y L + 05 (0% + 7z — pz07)L — o (0% +72).

(3.5.56)
Plugging (3.5.55) and (3.5.56) into (3.5.54) gives
R(D)
:L_llog JXpZJZL2+UX(JX+’yz—szZ)L—U§((U§( +7z)
2 (6% +72)D — 0%vz)pz0% L% + (6% +72)((6% +72)D — 0%vz) — 0k pz0%) L — % (0% +72) + O (1)
—L_llog O'szo'ZL-‘rO'X(O'X-‘r"/Z_pzo'Z) (l)
2 (0% +72)D — oX12)pz03 L + (0% "F’YZ)((Ux‘f'WZ)D_‘TX’YZ) —o%pzo%) L
L-1 3 L-1 2L - 1
0% T7z2)D - oxvz 2 ___okezoy
X X pzo%L L+ (6% +vz) @ Tr2)D-0%7z
IXPZz9Z 2
L—1 4 L—1 ©@Ztrz)D—c%ng P29z 1
= log( 7T (;)B 5 + 2 log (lJr (0% +vz)D—0% vz . _ Lo (f)
ag Yz —O0xYZ O PZzO
X e pzoL L+ (6% +vz) — —(a§(+'y);)D—Za§(~/Z
UXPZUZ 2
L-1 ol L—1 @I T9)D-sTas P20z
) log (0% +7 ))5 oy T ( A oXp27 +O( ) +O(L)
z)D — z __ IxP2z9G
X X pzo%L L+ (6% +~z) — % Tvz)D—0%z
L-1 o4 1 o4 1 1
= log > 7. t572 > 5~ 510 (7>
2 (O'X+’yz)D70’X’yZ 2 (UX‘F’YZ)D*UX’YZ 2 L
(3.5.57)

where (3.5.57) is due to log(1+x) = 2+O(2?). In particular, if pz = 1 (77 = 0),

we have dmm =0 and

~ L—-1
R(D) = =

@) l . 3.5.58
(1) (3.5.58)

N | —

o2 1 o2
log 7X 4 29X
°DH 3D
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2. Setting px = 0 and pz = 0, we have

do g2 o _L-1 o
o X (0% +02)L L o%+0%
o
R S
0% + 0%
_ _0x0;
o% + 0%
and R(D) 11 o +L—11 o
=—-1lo o
2 g( 2 +02)0 2 g(0§(+0%)5
L ol
=—lo X
2 %% (0% +o2)6
where 0 = D — d i, since D — dyiy = D — a_%( + Ugaf_‘gz < 020%02 , S
X Z X Z

~ L 4
R(D) = 5 log ( Ix

2 2 2 2
oy +03) D —o0%0%

2 2
%%z 2
for D € (g§(+02Z,Ux>.

3. Setting px = 1 and pz € [0, 1], we have

0-3(/\2

LO’%— + )\Z

_ Lo%pz0% + 0%z
L(o% + pz0%) + 7z

__0kpz0y Lok
U§(+,020% L

1
2 () it
min + O L

dmin =

82
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and
Y 1 Lot
R(D) = =1 X
( ) 2 o8 (LJ§(+>\2)D—U§(>\Z
1 Lo*
~ 1 X 3.5.63
2 " (Lo + Lps0% +2)D — 0% (Lpzo% +72) ( )
11 o L0 1
— O e
2 (0% +p209) D — o%pzoy  \L

for D € (M 0%).

oxtpzoy’ T X

4. Setting px € (0,1) and pz € [0, 1], we have

dmin — o_g( )\_2)( (L B 1)7?(

B L)\y B L’yy
_ 2 (Loxo%k +9x)? CL-1 %
Y L(pxok 4 pzo}) + (x +7z)L L vx+7z
_ Ok N % (Loxok +x)?
Y x4z Ll +7z) LApxok +pz0%) + (3x +7vz2)L
T S A 4 s 12)Px0x L+ x(yxpz0y — (1x + 277)px0%)
¥tz (vx +72)(L{px0% + p20%) + 1x +72)
. PXOX XYz (vzpx0% —Vxp207)* | (1
= Px0x — 2 5 T 2 232 T2
pPx0x +pz05  x +7vz  (px0% +pz05)*(7x +72)L L
_ _PXOXpz0% | X7z (vzpx0k — Vxp20%)° 1
= 2 2 2 22 + T2
pxo% +pz0y,  x +vz  (pxo% +pz0%5)*(vx +72)L L
A (o0) (Vzpx0% — Yxpz0%)? 1
= diyin 2 212 0 T2 )
(px0% + pz0%)*(7x +72)L L
(3.5.64)

2 2
Moreover, it always holds that ’;—i > 1—); when L — oo, so it can be deduced
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from Theorem 7 that

1 (Lpx o +7x)*(yx+72) 25! % .
ﬁ<D> = log 75 (L(PXU)Z(+9Z0'2)+"/X+’YZ) T3 log (’YX""YZ)E(D_dmin)’ D € (duin, 'Yx-fvz + dunin,
1 (Lpxok+vx)*(vx+72) 2
3108 (L(pxﬂi+pz¢7%)+7xﬂ);)(L(7x+7z)(Dfdmin)f(Lfl)v}"()’ De (“/)H-’Y + duin; 0%)
(3.5.65)
2 o
where "YXWj‘('YZ + dpin converges to % + vx as L — oo due to (3.5.64).

Now consider the following two subcases separately.

e D€ PXO%P2OY Yxvz  _PXIXPEIG
pxox+pzoy | Vx+Vz’ pxox+pz0%

+ 7x]

In this case, we have D € (d + din] and consequently

min m
= 1 Lpxo3 2 L 2
R(D):—log 5 ( pXU)2(+7X)2(7X+7Z) +_10g Tx
2 Ty (Llpxox +pzoy) +x +z) 2 (vx +72)(D — dmin)
L Vx L 1 Yx + vz
= —log———— — —log(D — dpjn) + = log ———
2 otz 2 Bl )+ gloe %
1 L 2 2
+ — log (2 pXUX;UyX) .
2 " L(pxox +pzoy) +vx + 7z
(3.5.66)
Note that
1 L 2 2 1 1 2 o4 1
—log (2 Px9x ;_VX) = —log L + - log —gXUX 5 + 0 <—)
2 L(pxo% + pzoz) +7x +7z 2 2 PxOx + pz0y L
(3.5.67)
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and
1
5 log(D — din) (3.5.68a)
g (D _ px0%pz0y  xvz (vapxok —xpzoy)® <i)>
2 pxo% +pz0y  x+vz  (pxo% +pz05)*(vx +72)L L?
(3.5.68D)
1 2 2
——log (D _ PXIxP2T7 | X0z ) (3.5.68¢)
2 Px0%x +pz07  Vx +7z
1 (vzpx0% — 1xpz0%)? 1
2 (px0% + pz0%)*((vx +72)D —Vx72) — px0%pz05(Vx +7z)(px0% + pzo%) L
(3.5.68d)
1
+0 (7 (3.5.68¢)

where (3.5.68b) is due to (3.5.64) and (3.5.68e) holds for log(1 +z) = x +
O(x?). Substituting (3.5.67) and (3.5.68e) into (3.5.66) and re-arranging

the terms yield

(D)

R
L og V% (px0% + pz0%)
2 (PXffgc + sz%) ((vx +72)D — vx7z) — pXUgprU%('YX +7z)
1 1 2 ot +
+ —log L + - log Px ;f (vx 27Z>2
2 2 (px0% + pz05)7%
1 (Yzpx0% — Yxpz0%)?
2 (px0% +p202)? ((vx +72) D — vx7z) — px0%pz0%(vx +72)(px0% + pz0%)

of})

+

(3.5.69)
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2 2
PXOXxPZTy

we have
Px0%+pz0% +7x,

In particular, when D =

- 1 1 2 4 1 2 22 1
R(D) = Ltog L+ Liog L0 Ox ¥ ya) | 1 Ozpxox Zxpzoa)” (-) .
2 2 7 (pxox +pzoz)vx 2 vx(pxox +pz0%) L
(3.5.70)
e De (%—l—wg,ag{)
This case falls into where D € (% + duin, 0% ), SO We have
R(D) = L 1og (Lpxok +7x)*(vx +72)
27 (L(pxok + pzog) + 7x +v2)(L(vx +72)(D = duin) — (L = 1)7%)
1 2 o4 1
“ Ly 2prfx(%c +72) 40 (_) |
27 (pxox + pzoz)((vx +72)(D = duin) — 7%) L
(3.5.71)
where
(vx +72)(D = duin) — 7%
2 9
PXxOxPz0yz VxVz 2
(7 +72)( k0% g0l ax g X (3.5.72)
_(px0% + pz0%)(vx +v2)(D — vx) — px0%pz0%(Vx +72)
PXO% + P70y '
Substituting (3.5.72) into (3.5.71) yields
= 1 PXOxX (1>
R(D)==1lo +0O | —
(D) =5 les (px0% + pz0%)(D = vx) — pxo%pz0y L
(3.5.73)

which can cover the case 3 where px =1 and pz € [0, 1].
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In summary, we have

(

PX02 PZU2 Yx.
PXU%X—FPZcTZ% 'YXX‘FW%Z’ Px € (O’ 1)’
(OO) é 1 o= o3 vz
AN Elgglo min o px =0, (3.5.74)
02 pgol
L U§(X+pZUZ%’ px =1,
and for D € (dfﬁfg, 0%),
1. px =0, pz € (0,1], 0% # 0,
~ L—1 o4 1 o5 1 1
R(D) = lo X T X 40 (—) .
(D) 2 g(0§(+’yZ)D—a§(’yZ 2(c%+v2)D —oc%vz 2 L
(3.5.75)
2. px =0, pz=0o0ro% =0,
~ L o3
R*(D) = =1 X : 3.5.76
(D) =3 loe Cr v p =72 (3:5.76)
3. Px € (07 1]7 Pz € [07 1]7
R>(D)
(
Lo x (px 0% +pz0%)
2 g(PXU§(+PZU§)((’YX+’YZ)D—’YX’YZ)—PXU§(PZU%(’Yx+’yz)
+%logL+d+O(%), D < Dg}
N 1 1 p%ox (yx+vz) (1zpx 0% —vxpz0%)* 1 _ P
slog L+ 3 log G + R +O (1), D=Dio
1 PX 4 1
\5 08 (Pxffg(-i-pzif%)(g—’)y(x)—pxcr%(pzcr2 +0 (f) ) D> DS}?,oa
(3.5.77)
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2l Pxox (1x +72)
27 (pxo% + pz05)7%

L1 (vzpx9% — 1xp20%)*
2(px0% +p20%)? ((vx +72) D —vx7z) — pxoxpz0y(vx +72)(px0% + pzoy)’
(3.5.78)
and
2 2
Dy, & PXPZIXTZ (3.5.79)

Px0% + pzoy

This completes the proof of Theorem 8.

3.6 Conclusions

We considered an indirect distributed lossy source coding system with a centralized
encoder and a centralized decoder. We provide the explicit rate-distortion function
for this setting under both non-asymptotic and asymptotic regimes. Furthermore,
we make the comparison between the asymptotic function for the centralized case
and the asymptotic distributed lower bound, results show that the asymptotic rate-
distortion function for the centralized case is smaller than the asymptotic distributed
lower bound, which gave us the hint that the former does not make a better lower

bound for the distributed case.
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Chapter 4

Conclusion

The problem of symmetric remote Gaussian multiterminal source coding is studied.
An explicit lower bound on the rate-distortion function for this problem is derived by
solving a convex program induced a fictitious signal-noise decomposition. It is further
shown that this lower bound partially coincides with the Berger-Tung upper bound,
yielding a complete characterization of the rate-distortion function in certain regimes.
The asymptotic expressions of the derived lower bound and the Berger-Tung upper
bound are computed when the number of encoders tends to infinity.

The rate-distortion function of symmetric remote Gaussian source coding with
a centralized encoder is completely characterized. It then serves as a second rate-
distortion lower bound for symmetric remote Gaussian multiterminal source coding.
It is shown that this lower bound is not as tight as the first one, demonstrating
the advantage of the fictitious signal-noise decomposition approach. The asymptotic
behavior of the second lower bound is also analyzed.

It is of considerable interest to fully characterize the rate-distortion function of

symmetric remote Gaussian multiterminal source coding. However, the existing
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bounding techniques appear to be inadequate for this purpose. For future work,
we attempt to first identify the looseness of our (first) lower bound and the Berger-
Tung upper bound, especially in the regime where the gap between the two diverges

asymptotically.
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Appendix A

Your Appendix

A.1 Proof of Theorem 1

The proof is built upon the so-called Berger-Tung upper bound [13, Thm 12.1] as

summarized in the following lemma.

Lemma 1. Let V:= (Vi,..., V)T be an auxiliary random vector jointly distributed
with (X, Z,Y) such that (X, Z,{Y;}eeave; {Veteeae) = Ye — Vi form a Markov chain
forte A, A=A{1,...,L}, and any (r,d) such that

r e R(A), (A.1.1)

and

42 7 S E{(Xe ~ EIX(Vred)), (A.1.2)
LeA

91



Ph.D. Thesis — S. Zhou; McMaster University — Electrical and Computer Engineering

where R denoted the set of (1y)eea satisfying

ZW > I((Ye)een; (Vo)een| (Vi) e aveen) (A.1.3)
(B

with ¢ C B C A, we have

(r,d) € RD(A). (A.1.4)

Let Q := (Q1,...,Q)" be an L-dimensional zero-mean Gaussian random vector
with covariance matrix

Ag = diagP (A, ..., Ag) >~ 0, (A.1.5)

where A\g > 0. We assume Q is independent of (X,Z,Y). Define the following

auxiliary random variables:

V=Y, +Q, (e{l,...,L}. (A.1.6)

Note that the resulting V satisfies the Markov chain constraints specified in Lemma 1.

Let
1
r= z-[<}/17 : 7YL;‘/17' oo 7VL>7 (A17)
1
d=—=> E[(X,—E[X/|Vi, -, VL])], (A.1.8)
L le A
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we have .
r:Z(h(Vl,--- Vo) —=h Vi, Ve Ya, - Y1)
1
:E(h<}q+@17 7YL+QL)_h(Q17'“ 7QL))
. il det(Fy +AQ)
T 2L det(Ag) (A.1.9)
. ilo det(Ay+AQ)
2L det(AQ)
o 1 )\y L—-1 Yy
=500 (H AQ) T gp e (H AQ) ’
and
1 1
dzth (FX_FX (Fy+AQ) Fx)
1 _
= tr (Ax — Ax (Ay + Ag) ' Ax) (A.1.10)

1 >\X L-1 05.¢ )
— e (1- + EC S
LX( AY+AQ) L 7X( Tr + Ao

which is a strictly increasing function of g, converging to d,,;, as Ao — 0 and to vx
as A\g — 00. One can readily complete the proof of Theorem 1 by invoking Lemma

1 and the standard proof of Berger-Tung upper bound.

A.2 Proof of Theorem 2

Let

(lev ce 7YL)T = (Ula R UL)T + (Wla SR WL)T7 (A21)

where (Uy,...,Ur)T and (Wy,..., W) are two mutually independent L-dimensional

zero-mean Gaussian vectors with covariance matrices Xy = 0 and

Aw = diag® A, ..., Aw) = 0. (A.2.2)
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Then, two auxiliary random processes {(Uy 4, ..., U )T}, and {(Wiy, ..., Wr )T},
are constructed in an i.i.d. manner.
According to Definition 1, for any R > R(D) and € > 0, there exist encoding and

decoding functions such that

L
1
— log|My| < R+e, (A.2.3)
n (=1
and
1 L n .
— > Y E[(Xe— X)) <D +e (A.2.4)

(=1 t=1

The proof is divided into several steps as follows.

Simplifying the Rate Constraint: Lower bounding ), log(|C’én)|) we have

LR >3 log(|CM))
l

> H(M)
= (U M) + H(M™M|Up)

= (U7 M) + (Y M| U7

n n n n n n n n n
= 5 log((2me)" det(I'}")) + 3 log((2me) * det(Ay)) — M(UZ ML) = h(Y ML, UD),

(A.2.5)

we let
By =+ SB[ Unt) ~ D) (Un() ~ Ou(0)] (A.2.6)
Ay = S [(Vilt) = Tu(0) (vilt) - V(1)) (A.2.7)


http://www.mcmaster.ca/
https://www.eng.mcmaster.ca/ece

Ph.D. Thesis — S. Zhou; McMaster University — Electrical and Computer Engineering

where

UL(t) == E[UL(t)|ML(2)], (A.2.8)

Yi(t) := E [Yo()|UL(t), Mi(1)]. (A.2.9)

It then can be verified that

WURIM) =Y nUL )| M U )

t=1
<> nULH)|MM)
t=1

_ Xn: (UL () — UL(t)| M)
r (A.2.10)

< 3 hUL() ~ UL ()

> % log((2re)" det(Auar)

t=1

= g log((QWe)L det(AU|M))>

which can be achieved by leveraging the maximum differential entropy lemma, and
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the concavity of the log-determinant function. Similarly, we have

h(YP M, U

_ zn: WYL ()| M, UL (1), Y

t=1

< S HYLOIE U 1)

- g: h(YL(t) — Vi (6)| M UL (L)
< i h(YL(t) — Yi(t))

< é % log((2me)” det(Ayiuar))
:g log((2me)" det(Ay ).

Combining the above results, we get

1 det(Xy) det(Aw)
— o < R =+ €.
2L & det(AU|M) det(Ay‘UyM) -

Simplifying the Distortion Constraint: We define

Ay = S E [(V40) — Vi) (2 (0) — V2(0))]

where

vi(t) = E [vimmf”]

clearly, we have

0< Ay|M = Ey.
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With some matrix calculations as in [33, Appendix BJ, one can show that

Avir = ZuSy Ay Sy S + v — SuSy S, (A.2.16)

Ayium = (A;fM + A -2y (A.2.17)
Similar to Ayjas as in (A.2.16), one can show that

1 L n

- D) E[(Xey — Xop)’] = tr(Bx Sy Ay Sy ' Sx + By — Bx Ty Ex). (A2.18)
/=1 t=1

Combining (A.2.18) and (A.2.4), we get
tr(ZXZ;lA}qME;lZX + ZX - sz;lzx) S L(D + E). <A219)

Moreover, let

o= B [(Yalt) - Vil1))?] (A.2.20)
t=1
where
Vilt) = E [0 UF, My, (A2.21)
it is clear that
o > 0, Cel,L). (A.2.22)

Furthermore, since Y,* = Uy+W}', ¢ € [1, L], and (U}, ..., U}) and (W], ..., W})

are mutually independent, we have

Ay‘uw = diag(L)(cSl, PN 75L>- (A223)
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Formulating the Optimization Problem: Considering (A.2.12), (A.2.22),
(A.2.23), (A.2.15), (A.2.17), (A.2.19) and letting ¢ — 0, one can show using sym-
metrization and convexity arguments that there exist A with identical diagonal entries

as well as identical off-diagonal entries and ¢ such that

5 log m + 3 log 5 <R, (A.2.24a)
0 <A <Xy, (A.2.24b)
0<§, (A.2.24c¢)
diag®™ (s, ...,0) < (AL + Ay — B9H) 7 (A.2.24d)
tr(Ux Xy ANV Sy + Xy — Xx Xy 8x) < LD. (A.2.24e)
Using the eigenvalue decomposition, we have A = © diag(a, 3,...,8) ©T for some

positive o and . So, inequality (A.2.24a) can be equivalently written as

+ 1 + Zlog == <R,
Oy — o+ Mwhw 2 ey — At 2 8Ty S
(A.2.25)

1
-
9 8

and (A.2.24b)—(A.2.24¢) reduce to the constraints (2.4.6b)-(2.4.6g). Thus, minimizing
the left-hand side of (A.2.25) over (a, (3, d) subject to the constraints (2.4.6b)-(2.4.6g)

and sending Ay to min(\y, vy ) yields the desired lower bound.
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