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Lay Abstract

The proliferation of smart phones and electronic devices has spurred explosive growth
in high-speed multimedia services over the next generation of wireless cellular net-
works. Indeed, high data rates and large-scale connectivity with seamless coverage are
the dominant themes of wireless communication system design. Moreover, beyond the
accurate representation and successful transmission of information, the interpretation
of its meaning is being paid more attention nowadays, which requires the development
of approaches to semantic communication.

The goal of this thesis is to contribute to the development of both conventional and
semantic communication systems. Two advanced transmission technologies, namely,
multiple access and relay-assisted communications are considered. By taking advan-
tage of the special structures of digital communication signals, new approaches to
multiple access and relay-assisted communications are developed. These designs en-
able high data rates, while simultaneously facilitating low-latency detection. Since
there has been very limited analysis of the source coding of a vector source subject
to semantic information constraints, we also study the rate distortion to trade-off for
vector sources in both the case of centralized encoding and the case of distributed
encoding, and we establish some insights that will guide the future development of

semantic communication systems.
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Abstract

The realization of high data rate wireless communication and large-scale connec-
tivity with seamless coverage has been enabled by the introduction of various ad-
vanced transmission technologies, such as multiple access (MAC) technology and
relay-assisted communications. However, beyond the accurate representation and
successful transmission of information, in many applications it is the semantic aspect
of that information that is really of interest.

This thesis makes contributions to both the technology of conventional wireless
communications and the theory of semantic communication. The main work is sum-

marized as follows:

e We first consider an uplink system with K single-antenna users and one base
station equipped with a single antenna, where each user utilizes a binary con-
stellation to carry data. By maximizing the minimum Euclidean distance of the
received sum constellation, the optimal user constellations and sum constella-
tion are obtained for K = 3 users. Using the principle of lattice coding, that
design is extended to the K-user case. In both settings, the sum constellation

belongs to additively uniquely decomposable constellation group (AUDCG).
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That property enables us to reduce the maximum likelihood multi-user detec-
tor to a single-user quantization based receiver. The symbol error probability
(SEP) formula is derived, showing that our proposed non-orthogonal multiple
access (NOMA) scheme outperforms the existing time division multiple access
(TDMA) designs for the same system. Our design also sheds light on the gen-
eral complex constellation designs for the MAC channel with arbitrary user
constellation size. Specifically, K-user constellations with any 2** size can be

obtained using combinations of the proposed binary constellations.

Next we concentrate on a multi-hop relay network with two time slots, consisting
of single-antenna source and amplify-and-forward relay nodes and a destination
node with M antennas. We develop a novel uniquely-factorable constellation
set (UFCS) based on a PSK constellation for such system to allow the source
and relay nodes to transmit their own information concurrently at the symbol
level. By taking advantage of the uniquely-factorable property, the optimal
maximum likelihood (ML) detection was equivalently reduced to a symbol-by-
symbol detection based on phase quantization. In addition, the SEP formula

was given, while enable us to show that the diversity gain of the system is one.

For semantic communication, a new source model is considered, which consists
of an intrinsic state part and an extrinsic observation part. The intrinsic state
corresponds to the semantic feature of the source. It is not observable, and can
only be inferred from the extrinsic observation. As an instance of the general
model, the case of Gaussian distributed extrinsic observations is studied, where
we assume a linear relationship between the intrinsic and extrinsic parts. We

derive the rate-distortion function (in both centralized encoding and distributed



encoding) of semantic-aware source coding under quadratic distortion structure
by converting the semantic distortion constraint of the source to a surrogate

distortion constraint on the observations.

With proposed AUDCG and UFCS-based designs, high data rates as well as low
detection latency can be achieved. Our modulation division method will be one of
the promising technologies for the next generation communication and the analysis of
the source coding with semantic information constraints also provides some insights

that will guide the future development of semantic communication systems.
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Chapter 1

Introduction

1.1 Conventional Wireless Communication

By using the characteristics of electromagnetic waves signal to transport informa-
tion through free space, wireless communications systems have fundamentally trans-
formed our daily lives and have created a connected society. Over the past decades,
high data rates and large-scale connectivity with seamless coverage have been the
dominant themes of wireless communication system design. The realization of these
objectives has been enabled by the introduction of various advanced transmission
technologies, including multiple-input multiple-output (MIMO), multi-carrier trans-
mission, channel-adaptive transmission, etc [19, 109]. In 2016, the expectations for
5G were established by the 3rd Generation Partnership Project (3GPP) [1, 2], where
three main usage scenarios are considered: enhanced mobile broadband (eMBB),
massive machine-type communication (mMTC), and ultra-reliable and low-latency
communication (URLLC). The distinguishing feature of the envisioned eMBB sce-

nario is a peak data rate of 20 Gb/s and the distinguishing features of mMTC and
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URLLC are a device density of 10°/km? and a latency less than 1 ms with a proba-
bility of outage of less than 107°, respectively [63]. To meet these goals, several new
techniques, such as new frequency bands (e.g., millimeter-wave (mmWave) [75] and
optical spectra [15]), advanced spectrum usage/management, and the integration of
licensed and unlicensed bands, have been developed in the various “releases” of the
5G standard [37].

Compared with the 4G LTE system, the 5G communication systems have signif-
icant improvements. However, they will not be able to fulfill the demands of future
intelligent and automation systems. With the remarkably rapid development of vari-
ous emerging applications, such as artificial intelligence (AI), virtual reality (VR), and
three-dimensional (3D) media, the demands for extremely high-data-rate services and
mass-offering of mobile broadband (MBB) access are predicted to eventually exceed
the capabilities of the 5G systems. Therefore, innovative technologies will be needed
to address the challenges of the next generation (Beyond 5G or 6G), to effectively de-
liver ultra-high data rates, while providing massive connectivity and accommodating
dramatically different quality of service requirements [22, 50].

The goal of this thesis is to contribute to the development of such systems. This is
done in two phases. In the first phase, new approaches to multiple access and relay-
assisted communications are developed. These approaches take advantage of some
of the special structures of digital communication signals. In the second phase, we
reconsider the nature of the information that should be communicated and develop
insights into the fundamental limits on how the meaning conveyed by the information

can be represented.
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1.1.1 Multiple Access Technology

The development of effective wireless access technologies is a key step towards meet-
ing the requirements of future wireless communication system. Since the available
physical resources, such as bandwidth and time, are inherently limited, they must be
shared among the devices that are seeking to communicate. That sharing process is
known as multiple access.

At a fundamental level, multiple access schemes can be categorized as orthog-
onal multiple access (OMA) [3, 34, 35, 77, 78] and non-orthogonal multiple access
(NOMA) [76, 20, 98]. In OMA, each user is allocated to one dedicated orthogonal
radio resource block, such as a specific time slot, frequency band, or code. In this
way, the multiple access scheme explicitly avoids interference between the users. Do-
ing so enables the receiver to separate the signals from different users using simple
linear processing. Well-known conventional OMA techniques include frequency divi-
sion multiple access (FDMA), time division multiple access (TDMA), synchronous
code division multiple access (CDMA), and orthogonal frequency division multiple
access (OFDMA), which dominate 1G ~ 4G wireless communication systems, re-
spectively. The principles that underlie the FDMA, TDMA, and CDMA techniques
are illustrated in Fig.1.1. For FDMA, the system bandwidth is divided into several
bands without overlapping frequencies, and all users can transmit simutaneously, but
in their own specific frequency band. For TDMA, the data frame is split into non-
overlapping time slots and all users can transmit in the same frequency band, but
in their own specific time slots. In synchronous CDMA, users can transmit simul-

taneously in the same frequency band via (orthogonal) spread-spectrum codes. The
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OFDMA system is an advanced version of FDMA, in which transmissions are syn-
chronized. That enables the use of fast Fourier transform (FFT) operations at both
the transmitter and the receiver to produce orthogonal signals that partially overlap
in frequency. (OFDMA can be viewed as a form of synchronous CDMA, in which the
codes are generated by the FFT; e.g., [92])

In contrast to OMA, in NOMA, users are allowed to utilize non-orthogonal re-
sources concurrently with the receiver mitigating the resulting interference, typically
using non-linear processing, and sometimes in coordination with the transmitter.
Although the users suffer from interference (due to simultaneous transmission) in
NOMA system, there is the potential for improved performance [94, 95]. Indeed, the
capacity achieving input distribution for the (Gaussian) multiple access channel in-
volves non-orthogonal transmission [18]. While the NOMA principle has been known
for decades, specific NOMA schemes have recently attracted significant attention
in both academia and industry. The recent NOMA schemes can be classified into
two categories: power-domain NOMA and code-domain NOMA. In power-domain
NOMA, each user is assigned a unique power level according to the channel gains
of all the users. All users use their assigned power to transmit signals and share
the same time-frequency-code resources. In particular, all signals are superimposed
and sent simultaneously from the transmitter. At the receiver, a successive inter-
ference cancellation (SIC) scheme with a particular detection order is employed to
detect the signals from each individual user [76]. For code-domain NOMA, multiple
access is achieved by employing a specific code or spreading sequence for each user,
which has sparse, low-density and low inter-correlation properties. This is somewhat

similar to orthogonal CDMA, but in this case the codes are not constrained to be
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orthogonal. The common code-domain NOMA schemes are multiuser shared access
(MUSA) [107], low-density signature (LDS) [42, 84], and sparse code multiple access
(SCMA) [65, 81]. In the MUSA scheme, the data of each user are spread with a short
spreading sequence, and signals from multiple users are superposed at the receiver,
where SIC is used to cancel interference between users. Both LDS and SCMA are
motivated by multi-carrier code division multiple access (MC-CDMA) by introducing
sparse codebooks. Unlike SIC-based multiuser detection (MUD), message passing al-
gorithm (MPA) is used to detect the transmitted signals. The MPA takes advantage
of the sparse structure of the codewords. In addition, there are other NOMA schemes
such as pattern division multiple access (PDMA) [21] and spatial division multiple ac-
cess (SDMA) [44] schemes. PDMA can be realized in various domains, but SIC-based
MUD is always required. Rather than using specific spreading sequences, SDMA dis-
tinguishes different users by using specific channel impulse responses (CIRs), thus
there is a challenge of CIR estimation for a large number of users.

Compared with code-domain NOMA, power-domain NOMA has a simple im-
plementation and does not require additional bandwidth to improve spectral effi-
ciency [20]. Thus, the primary focus of Chapter 2 of this thesis is on the design of
a new approach to multiple access that fits within the framework of power-domain
NOMA. The proposed NOMA scheme is based around the notion of uniquely de-
composable sum constellations, and results in the maximum likelihood (ML) detector
having a simple structure. As a result, it can provide lower detection latency than

conventional SIC based PD-NOMA schemes.
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1.1.2 Relay-Assisted Technology

Improving the throughput and coverage of wireless networks is a key step in the evolu-
tion of future communication systems. Relay-assisted communication is a promising
approach to this problem, especially in non-line-of-sight or long-distance communica-
tion, where a set of relay nodes are placed between the base station (BS) and the end
terminal in order to facilitate a better received signal-to-noise ratio for end-to-end
transmission. In addition to extending the coverage of link services, the introduction
of relay nodes on existing transmission links can also mitigate signal attenuation and
end-user power consumption, and improve the performance of cellular edge users.

Two popular types of relaying strategy are decode and forward (DF) and amplify
and forward (AF). In DF systems, the relay first fully decodes the received signal
from the previous node, then re-encodes it and forwards the newly encoded signal to
the next node. In AF systems, the relay simply amplifies the signal that it receives
from the previous node, and then forwards it to the next node, without any kind of
decoding. Considerable comparative performance analysis has been presented for DF
and AF systems [43, 53, 106]. Although it is known that DF systems with one relay
outperform the corresponding AF system under Rayleigh fading conditions [30, 59],
DF may suffer from the error propagation caused by incorrectly decoding at relay,
resulting in inferior performance for multi-hop relays. Furthermore, DF systems are
more complicated to implement and incur greater latency due to the re-encoding and
decoding processes.

One particular application in which relay-assisted communication has attracted
attention is high-speed train (HST) communication with studies on, performance

analysis [48, 54, 108], relay selections [31, 36|, and handover scheme [70, 73]. In
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particular, relay-assistance is a promising scheme for 5G HST communication with
mmWave band, because the path loss induced by train shell and the doppler shift are
more serious at mmWave frequencies [80]. In Chapter 3 of thesis, we propose a new
signalling scheme for a multi-hop relay-assisted HST system, in which AF relaying
model is applied. Different from the existing work, each relay can simultaneously
forward the previous signal and transmit its own signal, resulting in the potential for
high efficiency and low detection latency. While the multiple access system proposed
in Chapter 2 is based on the notion of additively uniquely decomposable constella-
tions, the relay system proposed in Chapter 3 is based on the notion of uniquely

factorizable constellations.

1.2 Semantic Communication

Semantic communication, the concept of which was introduced by Weaver in 1949 [93],
is regarded as a higher level of communication beyond the traditional technical level.
The traditional communication problems, categorized by Shannon and Weaver, are
mainly concerned with the accurate representation and successful transmission of in-
formation regardless of its meaning [79, 93]. In contrast, semantic communication
problems are concerned with the representation and successful transmission of se-
mantic information conveyed by the sender; that is, the information that is implicit
in the interpretation of meaning by the receiver.

Since the concerns are different, the system model for conventional communica-
tion cannot be simply applied to semantic communication. Thus, many efforts have

been made to extend the Shannon’s information theory to a semantic information
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theory [9, 32, 33] and explore a generic model [4, 45, 57]. In [9], rather than the sta-
tistical probabilities used in classic information theory, a logical probability measure
was introduced to analyze the semantic information carried by sentences in a given
language system. The authors in both [4] and [45] observed that background knowl-
edge as well as common understanding plays a key role in semantic communication,
which may lead to different truth evaluations and, hence, semantic mismatches.

The information source in [57] was modeled as a tuple of an extrinsic observa-
tion and an intrinsic state, in which the former is subject to lossy source coding and
the latter, corresponding to the semantic information feature, is not directly observ-
able. The task of (scalar) source coding in [57] is to efficiently encode the extrinsic
observation so that the decoder can infer both the intrinsic state and the extrinsic
observation, subject to their fidelity criteria, simultaneously. Two instances of this
model are video coding for machines (VCM) and coding of speech signals [58]. Based
on this intrinsic-state extrinsic-observation model, with or without side information,
there are several analyses of the information-theoretic characterization of the perfor-
mance of this system, i.e., the rate-distortion function [57, 58, 101]. However, as far
as we are aware, there has been very limited analysis of the source coding of a vec-
tor source subject to semantic information constraints. We study the rate-distortion
trade-off with semantic distortion constraints for vector sources in both the case of

centralized encoding and the case of distributed encoding.

1.3 Contributions and Thesis Organization

The thesis is organized in the format of a sandwich thesis as outlined in the terms

and regulations of McMaster University. It consists of three articles that address
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multiple access, multi-hop relay, and semantic source coding problems, respectively.
The contributions to each article are described in the abstract of each chapter and

are summarized below.

e Chapter 2 develops a new NOMA signalling scheme for the general K-user
(synchronous) multiple access channel (MAC). The scheme exploits the struc-
ture of practical digital communication signals, and is based on the notion of a
uniquely decomposable constellation. That constellation structure enables fast
detection to be applied rather than conventional SIC, and this results in low
detection latency. The free parameters of the design are optimized to maxi-
mize the minimum distance of the constellation, and that optimization reveals
lattice structures that enable efficient implementation. An analysis of sym-
bol error probability demonstrate that the proposed NOMA scheme performs
strictly better than OMA schemes.

Peiyao Chen, Jian-Kang Zhang, Timothy N. Davidson, and Jun Chen, “Con-
stellation design for uplink NOMA”, to be submitted to IEEE Transactions on

Communication.

e Chapter 3 develops a new signalling strategy for a multi-hop relay-assisted sys-
tem that has applications to high speed trains. In this system, each relay can
transmit its own information, as well as forwarding the signal that it receives.
By employing the notion of a uniquely factorizable constellation, we design a
system that enables fast multiuser detection by finding maximum eigenvalue of
received symbol matrix.

Peiyao Chen, Jian-Kang Zhang, Timothy N. Davidson, and Jun Chen, “Non-

coherent multiuser code design for multi-hop relay channels”, to be submitted

10
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to IEEE Transactions on Vehicular Technology.

e Chapter 4 provides the analysis of the rate-distortion function for semantic-
aware Gaussian source coding in both centralized and distributed scenarios.
This analysis sheds light on potential practical encoding and decoding strategies.
Peiyao Chen, Jun Chen, Yuxuan Shi, Shuo Shao, Yongpeng Wu, Timothy
N. Davidson, “Gaussian semantic source coding”, to be submitted to IEEFFE

Transactions on Information Theory.

11



Chapter 2

Constellation Design for Uplink
NOMA

Abstract

This chapter develops a new approach to non-orthogonal multiple access (NOMA)
for the K-user single-antenna uplink channel. Using knowledge of the users’ chan-
nels, the access point jointly designs the constellation for each user so that the free
distance of the received sum constellation is maximized, subject to individual power
constraints. Beyond the inherent performance advantages, this has the additional
advantage that the received sum constellation is uniquely decomposable, and hence
that the maximum likelihood multiuser detector can be reduced to a simple single-
user quantization-based detector for the sum constellation. Closed form expressions
for the optimal constellations are obtained for the case of 3 users with binary sig-
nalling. Observations regarding the structure of the corresponding sum constellation

enable a lattice-based extension that generates good solution for the K-user case.

12
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A simplification of that extension leads to sum constellation carved from either the
ring of Gaussian integers or from the Eisenstein integer ring. These constellations
are analytically shown to be superior to the corresponding orthogonal multiple access
(OMA) systems, using closed-form expressions for the minimum distance and the
error probability. Finally, we develop a strategy to extend the design approach to

systems in which each user employs a high-order constellation.

2.1 Introduction

It has long been understood (e.g., [18]) that the implementation simplicity of orthog-
onal multiple access (OMA) schemes, such as time-division multiple access (TDMA)
and frequency-division multiple access (FDMA), comes at the cost of a reduction
of the achievable spectral efficiency and other measures of communication perfor-
mance. As a result there has been considerable interest in developing a variety of
non-orthogonal multiple access (NOMA) schemes that seek to provide better com-
munication performance than orthogonal schemes, while only incurring a modest in-
crease in implementation complexity [21, 23]. Several of these schemes have emerged
as promising candidates for 5G and subsequent generations of mobile/wireless com-
munication standards. The core principle of spectrally-efficient multiple access is to
allow superposition of the transmitted signals and to employ some form of multiple
user detection, often in the form of successive interference cancellation, at the re-
ceiver [18]. Some of the popular instantiations of this principle include power domain
NOMA, and sparse code multiple access (SCMA) [21], each of which explore different
trade-offs between achievable rates, bandwidth and implementation complexity.

In this chapter, we will develop a new approach to NOMA signalling in which the

13
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access point designs the constellations to be employed by each user. Our approach is
related to power-domain NOMA | in the sense that it acts on the transmitted symbols
themselves, without the bandwidth expansion of code-based NOMA schemes. How-
ever, the proposed approach has more degrees of design freedom because it adapts each
user’s constellation to the scenario, rather than simply adapting the power. (In the
case of binary signalling we design both the power and the rotation of each user’s con-
stellation.) Indeed, our approach can be viewed as an uplink “constellation-domain”
NOMA scheme. (A downlink constellation-domain NOMA scheme was developed in
10

To provide more context for that characterization of our approach, we observe
that, up until now, many power domain NOMA designs have been developed under
the assumption that Gaussian input signals, based on insights from the fundamental
limits of multiple access channels [18]. However, in practical communication systems,
it is often unaffordable to directly implement accurate approximations of Gaussian
input signals, due to the prohibitively large storage capacity, high computational
complexity, the need to use power-efficient (non-linear) amplifiers, and long decod-
ing delay [27]. In practice, finite-alphabet constellations such as phase shift keying
(PSK), pulse amplitude modulation (PAM), and quadrature amplitude modulation
(QAM), are typically used to carry the information to be transmitted. It has been
demonstrated in [60] that a significant performance loss will be incurred if we directly
apply systems designed for Gaussian inputs to systems that employs finite-alphabet
inputs.

Motivated by this fact, the design of NOMA systems with finite-alphabet inputs

has attracted some attention [27, 40, 41, 55, 56, 64]. The underlying principle of

14
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these works was inspired by the work in [46], where the codebooks of the two users
are carefully designed to ensure that each codeword can be uniquely decoded from
the sum signal at the receiver. That principle has been extended to uniquely decom-
posable constellations for two-user multiple access systems [27, 40]. Design criteria
for optimizing such constellations for the two-user case have included the mutual in-
formation, (i.e., the constellation constrained capacity) [40, 41], and the minimum
distance between points of the sum constellation at the receiver [27, 55, 56, 64], with
the design variables being the rotation of each user’s constellation [40], the power
allocation to each user [41], or both [27, 55, 56, 64]. In related work, an explicit
two-user constellation for the two-way relay channel was developed in [49].

Since the previous work on finite constellation design for the Gaussian MAC has
been limited to the case of two users, in this chapter we develop finite constellation

design techniques for the K-user MAC.

e Our first key contribution is for the case of K = 3 users, each of which employs
binary signalling. We derive a closed-form expression for the set of user constel-
lations that maximizes the minimum distance between the points of the received
sum constellation under individual power constraints on each user. Along the
way we also derive also obtain a closed-form parameterization of the family of

optimal user constellations in the case of K = 2 users.

e Next, we develop an efficient design technique for an arbitrary number of users
K. This design is based on viewing a carefully rescaled version of the three-user

sum constellation as the generator for a two-dimensional lattice constellation.

e Beyond the inherent performance advantages, the proposed sum constellation is

uniquely decomposable. This enables fast detection, in the sense that maximum

15
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likelihood (ML) multiuser detection reduces to simple (single-user) quantization-

based detection over the sum constellation.

e A further simplification of our lattice-based constellation for K > 3 users yields
a sum constellation that can be viewed as being carved from the Eisenstein
integer ring and a different simplification results in the sum constellation being
carved from the Gaussian integer ring. Both rings have appealing geometric
structures that enables a simple representation of the decision regions employed
by the simplified ML detector. Furthermore, those simple decision regions en-
able analytic computation of the symbol error probability (SEP), which can be
represented by using the SEP expressions of M-ary PSK (M = 2,3,6) constel-

lations.

e We then analytically show that all of our proposed sum constellations provide
a larger minimum distance than the corresponding orthogonal scheme with the

same transmitted power that employs conventional QAM signaling.

e Finally, we develop a constellation construction technique that enables us to
extend the principles of our design approach to a system in which the k-th
user employs a constellation with 2M* points. Numerical results show that the
resulting scheme provides better performance than the scheme in [27], which

was based on insights from Farey sequences.

16
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2.2 System Model and Problem Statement

Inspired by the previous work on finite constellation design for the two-user multiple
access channel [27, 40, 49, 74|, our goal is to design an optimized constellation for the
K user case. We consider a narrow band, symbol synchronous system with a single
antenna at each node. At an arbitrary symbol instance, the baseband received signal

at the base station can be written as

K
y=> My +¢, (2.2.1)
k=1

where hy is the channel gain between user k& and the base station, and the additive
noise ¢ is modeled as being Gaussian and white; i.e., & ~ CN(0,20%). The term w,
denotes the symbol transmitted by user k, which is chosen in a random, independent
and equally likely manner from a constellation Xj;. Our goal is to jointly design
these constellations. It is assumed that the base station operates coherently, and
hence has perfect channel state information (CSI). We will also assume that the base
station has a control channel over which it can inform each user of the constellation it
will employ. For equally-likely symbol transmission, the detector that minimizes the
symbol error probability (SEP) for jointly detecting the transmitted symbols {x }H
is the maximum likelihood (ML) detector. In the case of the coherent multiple access
channel with white Gaussian noise, that receiver solves the following optimization
problem:

{Z1,..., 2} = argmrknelgrflk

K
Y- Z hkﬂfk‘- (2.2.2)
k=1

In the relatively high SNR regime, the error performance of the ML detector is dom-

inated by the free distance, dgee, which is the minimum distance between any two

17



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

distinct received signal points, i.e.,

free = min
(CCl,...,ﬁK);é(jl,...,i‘}(),ﬁk,ikeXk

hy(xp — i’k)‘

The primary goal of this chapter is to seek for a solution to the following opti-

mization problem:

Problem 2.1 For given channel coefficients hy, k = 1,..., K, find K user constel-
lations X}, such that the minimum Fuclidean distance of any two distinct received

constellation points is maximized, i.e.,

max dee
{Xk}

s.t. E[’Ik|2] < Qk, k= 1, e ,K,

where Q. is the average transmitted power budget for user k.

In order to simplify the objective function of Problem 2.1, we define a scaled and
rotated version of the user constellation by absorbing the (complex-valued) channel
gain, i.e., S, = hyX) for Kk = 1,..., K. Then, Problem 2.1 can be reformulated into

the following equivalent optimization problem:

Problem 2.2 Find K user constellations Sy, such that the minimum FEuclidean dis-

tance of any two distinct received signal constellation points is mazrimized, i.e.,

max min
Sk (317--~75K)7é(§17--~7§K),3k7§k€5k

i(Sk - §k)‘

h=1 (2.2.3)
s.t. EHSkP] < Pk, k= 1, .. .,K,

18
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where Py = |hi|*Q.

Without loss of generality, we will index the users so that P, < ... < Pg. We
observe that if the user constellations {S;}X | are such that the objective in (2.2.3)
is greater than zero, then the sum constellation {z = Zle Sk, Sk € Sk} is uniquely

decomposable in the sense that we will define in the next section.

2.3 Uniquely Decomposable Sum Constellations

The methodology that underlies our approach to solving Problem 2.2 is based on
insights from the notion of an additively uniquely decomposable constellation group

(AUDCG); see [40, 46]. Such a group is defined as follows:

Definition 2.1 (AUDCG) Define a sum constellation S = {2z, }M_, formed from
group of constellations Sy, as {z, = Zszl Skans Skm € Sk} = S1HS ... WSk =
Wi, Sk. We observe that M = |S| = [[i_, |Sk|. We will say that S is an additively
uniquely decomposable constellation group (AUDCG) if the assumption that there
exists two sets {sy € SR}, and {3, € Sp}E |, such that Yr, sp = S.r_, &k, implies

that we have s, = 5 for all 1 <k < K.

In our application, the AUDCG S will be the sum constellation received by the
base station, and S, will be the received constellation of the k-th user. The concept
of an AUDCG can be considered as an extension of uniquely decodable code (UDC)
over the binary field [14, 46, 47] to the complex number domain for K-users.

The first key contribution of this chapter will be to design a family of AUDCGs
for the case of binary signalling for each user, i.e., S = {sk1, Sg2} with |Sg| = 2 for

each 1 < k < K. Then, in Sect 2.5, we will extend that design to a K-user multiple
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access system in which the K-th user employs a constellation of size |Sy,| > 2M* with
My, > 1. A result on the case of binary signalling that will assist in our development

is as follows:

Lemma 2.1 Consider an AUDCG S = Wi, S with S = {0, s}, and also consider
the symmetrized user constellations Sy = {—si/2, si/2}. Then the sum constellation
S = L—iijzl Sy is also an AUDCG with the same minimum FEuclidean distance, each

user constellation Sy, has half the average energy of Sy,.

Proof Since S can be obtained by shifting S by Zle sx/2, and since the shifting
doesn’t change any relative distance, the sum constellation S is an AUDCG with

the same minimum Euclidean distance as §. Moreover, the average energy of Sy is

|sk|?/4, which is half of that of Sj. O

2.4 Constellation Design for Multiple-access Chan-
nel with Binary Signalling

In this section, we will derive solutions to the constellation design in Problem 2. In
Sect 2.4.2, we state the solution for two user case when the users employ binary sig-
nalling and relate that result to previous designs. In Sect 2.4.3, we derive the first of
the key results in the chapter, namely, the family of optimal solutions to the case of
K = 3 users. In Sect 2.4.4, we extend that result to generate good designs for K-user
uplink system with K > 3. In Sect 2.4.7, we show that the proposed sum constel-
lation design achieves a larger minimum distance than the corresponding orthogonal

scheme with (square/rectangular/cross) QAM, resulting in a superior performance.
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In Sect 2.4.5, we define a fast ML detection method, in which the maximum likeli-
hood multiuser detection is reduced to a single-user quantization-based detection. In
Sect 2.4.6, sum constellation with a simplified lattice structure are introduced, and
the numerical results show that they can achieve similar performance to our original

design.

2.4.1 Problem Formulation

For the case of binary signalling, each user constellation! takes the form S, =
{—51/2,5,/2} with s, = [sp]e’% and |s] < 2v/P for 1 < k < K. In order to
simplify some of the proofs, we will also consider its unipolar form, which is given by
Si = {0, s} It will also help to simplify the proofs if we define D to the smallest
subset of all the pairwise distances in the (unipolar) sum constellation S = L-Q-J,le Sk
that is guaranteed to include the minimum pairwise distance in (2.2.3). We will call
this set the simplest minimum Fuclidean distance set. This definition enables us to
simplify the inner minimization in (2.2.3) to mind = min D, and hence the instance

deD
of Problem 2.2 with binary signalling can be written as

max _ minD (2.4.1)
skolsk ] <2/ Py,
k=1,...,K
Since we have assumed that P, < ... < Py, without loss of generality we can focus
on the case where |s1| < ... < |sk|. Furthermore, since {6} can be regarded as

the directions of basis vectors on which the constellations are constructed, there are
equivalence classes of constellations generated by (common) rotations of the basis

vectors. We will choose case of §; = 0 as the representative of the equivalence class.

LGiven the nature of the constraints, each user constellation should be symmetric.
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Furthermore, given the symmetry of antipodal constellations, we can restrict attention

tOOS@gSg

2.4.2 Optimal Constellation for Two-User MAC

To set the context for our key results, we first address the case of two users.

Theorem 2.1 A class of the optimal user constellations for the two-user case is

S = {—d/2,d/2}, (2.4.2)

Sy = {—d/2exp(jbs),d/2exp(jbhs)}
where d = 2\/P, and 250, < 7.

Proof Consider the unipolar form S, = {0, s} with sp = |sg|e?% (k = 1,2) for
each user constellation. As discussed above, by symmetry it is sufficient to restrict
02 so that 0 < 6, < 7. For such 0y, sy + s1| > [s2 — 51| and hence, the simplest

minimum Euclidean distance set is D = {|s1], |s2 — s1|}. According to (2.4.1), the

optimal constellation can be found by solving

max min D = max min{|sy|, |sa — 1/} (2.4.3)
[s11<]s2],0<02< 7, [s11<]s2],0<02< %,
sk | <24/Pp (k=1,2) s <21/ Pp(k=1,2)

An upper bound of (2.4.3) is max |s;]| = 2y/F;. Furthermore, this bound is tight
[s1|<2v/ Py

and can be achieved when [sy — s1| > |s1]. As illustrated in Fig. 2.1, since |sy| > |s1],
this happens when % <f, < g

Therefore, we have max minD = max |s;| = 2¢/P; with 3 <6, <
[s11<|s2],0<02< %, |s1]<2v/ Py
|51 <2/ Py (k=1,2)

7. Since [sy| > |s1|, and sy must satisfy the constraint [s;] < 2¢/P,, any |sy| €
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&
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Figure 2.1: Illustration of |sy — s1| > |s1].

21/ Py, 2y/P,] would solve (2.4.1). In order to save energy, it is desirable to choose sy
so that |ss| = 2¢/Py. O

As outlined in the proof of Theorem 2.1, the optimal Euclidean distance can be
achieved, as long as the user with smaller power constraint uses its maximum allowable
power, and the other user uses at least that amount. If P, > P;, that user still has
some transmitted power left, which can be used for the other communication purposes.
Note that although there is no difference among the solutions in Theorem 2.1 with
7 < 02 < 7 in the sense of the minimum Euclidean distance, the kissing numbers may
be different, and the decision regions are different, and hence the constellation may

have different probability of error. In Fig. 2.2(b), we have provided three examples of

Uy

optimal two-user based sum constellations, one with ¢, = % (in blue), one with 0, = 7

(in red), and one with 65 = 22 (in green), and Fig. 2.2(a) shows the corresponding

user constellations.
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0.8
0.6
0.4r
0.2r

o] [ ]

(a) User constellations: Sj(black circle) and three optimal choices for S with 62 = § (blue

circle), f, = Z (red triangle), and 6§ = 5% (green square).

1r A i A &
0.8
0.6
0.4r

0.2
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(b) The three sum constellations S, corresponding to the choices of 05 in part (a).

Figure 2.2: Three examples of optimal two-user constellations.
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2.4.3 Optimal Constellation for Three-User MAC

In this subsection, we derive the first key result of this chapter, a closed form expres-
sion for the optimal constellations for the three-user case with binary signalling.

For later notational convenience, let us once again consider the unipolar form
S = {0, s} with s, = |s;]e’% and |s| < 2v/P; (1 < k < 3). Due to the fact that
e’ = cosf + jsinf, e 70T = e=Ime=i = _cosf + jsinb, it is sufficient for us to
focus on the case where ) = 0 and —5 < 03 < 7. We will find it convenient to
reparametrize the problem in terms of the relative angle of 03 with respect to 0s,
a = 0y — 03, where 0 < o < 7, as illustrated in Fig. 2.3. By comparing the distance
between any two points in the sum constellation S = {0, sy, 2, 83, 51 + 82, 51 + 53, 5o +
3,51 + So + sz}, the simplest minimum Euclidean distance set can be shown to be
D = {[s1],|sa—s1], 83— s1], |83+ 82|, [s3— 82|, [51+ 52— s3], [s1 + 53 — 82, [s2+ 53— 51[}.
Therefore, for the three-user case with binary signalling, we can rewrite Problem 2.2
as rg%i( min D, where the design variables are © = {(f, ) : 0 < 0, < 7,0 < o < 7}
and A = {(|s1], |sa], [s3]) : [s1] < [s2] < [sal,[s1] < V/Pr,lsa] < V/Paylss| < V/Ps},
where P, = 4P,. A closed-form expression for the optimal solution is provided in the

following theorem.

Theorem 2.2 A class of sum constellation and the corresponding user constellations

are:

d ) ) ) )
S = 5{ —3,—1+2e/" —1,—1 —2¢% 1 + 2/ 1,1 — 2¢/* 3} (2.4.4)
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A\ 4
\4

S3

Figure 2.3: Illustration of a generic arrangements of sy, so and s3, where |s| < /P
andP1§P2§P3.

.

Sy = {—d/2,d/2},

Sy = {—dcos Oy exp(jbs), d cos Oy exp(jba)} ; (2.4.5)

\83 = {—dsinfyexp(j(fy — 7/2)),dsin by exp(j(62 — 7/2))}

with the minimum Euclidean distance d = min{2v/Py, 222} and

) cos by

arctan %, if % <AV Py, < V/P;,
Oy = (2.4.6)

5 if VP <5

Some examples of the optimal constellations for P; = 1 and different values of P, and

P; are given in Fig. 2.4.
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(a) User constellations: S; (black circle), Sy (open symbols), S; (filled symbols).
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(b) Sum constellation

Figure 2.4: Structure of 9 examples of optimal sum constellations in the three-user
case. Each different symbol corresponds to a different case of P, = 1, P, and Ps.
The pairs (P, P3) are (2,2) (blue circle), (1.8744,2.1256) (cyan plus),
(1.7493,2.2507) (red star), (1.6252,2.3748) (magenta rhombus), (1.5026,2.4974)
(blue triangle), (1.382,2.6180) (cyan square), (1.2638,2.7362) (red multiple sign),
(1.1484,2.8516) (magenta square), and (1.0365,2.9635) (blue inverted triangle).
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Proof Guided by the results in Lemma 2.3 in Appendix 2.B, we first consider

the sc

where

enario in which \/|sa|? + |s3]|? < 2|sy|. Let

2 —
f([s1l,1s2], |s3]) = 3 <|81|2 —V]s1! +9|82|2|83\2COSV) ;

1 2051(% + 27|s9|?[s3]* + 27|so|*|s3]* — 81]s1[?|s2[?|s3|*> = 4w
Y = = arccos — + —.
3 2(|s1]* + 9522 |s3]2)3/2 3

By taking the derivative, we can show that f(|s1|,|sz|,|s3|) is an increasing function

of |s3] > 0 and |s3| > 0, and when |s;| >

[s2|%+]s3]2

5 , it is a decreasing function of

|s1|. Now, let us consider the following two cases, one in which P, + P3 < 4P, and

the other in which P, + P; > 4P;.

For the case where P, + P3 < 4P;, the upper bound on f(|s1|,|ss], |s3|) occurs
when |s1| = —M’, |sy] = /Py and |s3| = v/P3. The value of that upper

2

bound is —VP22+P3. Using that observation and the constellation structure illus-
trated in Fig. 2.3, it can be shown that the upper bound on f(]s1], |s2], |s3|) can

be achieved by setting a* = 7 and 65 = arctan ,/ 1—;;1. We note that with these

definitions, the upper bound can be written as 4/ B 2;”5 3 = VP = VP . Fur-

2cos 03 2sin 63

thermore, we observe that since the users are ordered such that Py > P, > P,
the fact that 4P, > P, + P; implies that P, > %, and then we have that

Lid * Py 1
T < 05 =arctan /5 < 3.

For the case where P, + P; > 4P;, according to the lemmas in Appendices
2.A and 2.B, we note that an upper bound on f(|s1],|sz|,|s3|) occurs when

51| = v/ P, |s2] = 2cosfyy/ P and |s3| = 2sin fy/ P. The value of that upper
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bound is v/ P; and it can be achieved by setting a* = 5 and

arctan 4 /%, if @/% <Py <\P3,
0; = (2.4.7)
5 if Py < /2.

Based on the above, we have that max min D = min{\/ Py, 2245*}

Now, we consider the remaining scenario, in which 4/|ss|? + |s3]2 > 2|s1|. In that

case, according to the lemma in Appendix 2.B, we know that max min D = max |s1]-

Since |s;| < min{/ P}, ¥ P2+P3} we have maxmlnD = min{+/ P}, ¥ P2+P3}. As in

the first scenario, we can divide our analysis into two cases.

e For the case where P, + P3 < 4P;, we know that max min D = Y P2+P3 , and it

. . A/ Po+P — —
can be achieved by letting |s1| = Y=, |so| = /P, |s3| = VP, o = and
\/ Po+P. VP .
0% = arctan y/ 2. Moreover, we also have Y215 — ’_ ie., maxminD =
2 By ’ 2 2cos 6%’ L=
Vs

2cos 5"

g

e For the case where P, + P; > 4P,, we know that %%X minD = /P, and it

can be achieved by letting |s,| = /Py, |sa] = 2cos a1/ Py, |s3| = 2sinfy/ Py,

af = % and

arctan,/%’, if % < VP, <\/PFs,
05 =

oy if VP < /5.

By combining the analyses for the two scenario above, we have that max minD =

gl

min{+/ P, VP }. Since Py = 4P, we let d = max min D = min{2\/ P, coseg} By

7 2cos 63

(2.4.8)

shifting S, = {0, s} (|sk] < V/ Pr) to S, = {—s1/2, s1/2}, and observing that in both

29



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

cases the optimal value a* = 7, we obtain the optimal user constellations in (2.4.5).

By using Euler’s formula, we obtain the optimal sum constellation in (2.4.4). O

2.4.4 Extension for the K-User MAC

Theorem 2.2 provides a closed-form expression for a globally optimal solution to the
problem of finding user constellations that maximize the minimum distance of the
received sum constellation at the base station for binary signalling with K = 3 users.
While a corresponding expression for the optimal user constellations K-user case with
binary signal appears to be beyond our grasp, in this section we will use the results
of Theorem 2.2 to develop an efficient technique for generating good constellations
for the K-user case.

The basic principle of our approach uses Theorem 2.2 to design optimal constel-
lations for a specially-selected subset of three users. We then use scaled versions of
those constellations for the other users. More specifically, given the power constraints
of the users, P, < P, < --- < Py, the subset of three users is chosen to be user 1,
a representative of the even indexed users and a representative of the odd indexed
users. (We will describe the selection of the representatives below.) Once Theorem
2.2 has been used to design the optimal constellations for that triple (with appropri-
ately scaled power constraints), those constellations are assigned to users 1, 2, and 3.
The remaining constellations for the even indexed users are obtained by iteratively
scaling the constellation assigned to user 2 by a factor of 2. Since we have binary
signalling, this ensures that the minimum distance of the (K -user) sum constellation
is the same as that of the underlying three-user design. The remaining constellations

for the odd indexed users are generated in an analogous way from the constellation
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for user 3. In order for this process to yield user constellations that satisfy the power
constraints, the representative users from the sets of even and odd indexed users must
be chosen so that the iterative doubling of the powers does not violate the constraint.
For the even indexed users, that means that we should choose the representative to be

the one that has the minimum value of {45%1)} . Analogously, the representative
>1

for the odd indexed users should be the one that minimizes {5%‘11) }£>1' With the
user constellations generated in this way, the sum constellation at the ;eceiver takes
the form of an offset lattice constellation, where the lattice structure arises from the
scaling of the constellations for user 2 and 3 in the underlying three-user constellation,
and the offset comes from the constellation assigned to user 1.

Having outlined those principles, we now formally state the construction procedure

in Algorithm 1.

2.4.5 Efficient ML Detection

Given our channel model in (2.2.1) and the transformation Sy = hi X} that was used
to obtain Problem 2.2 from Problem 2.1, the maximum likelihood multiuser detector

can be written as
K

{81,--+,8K} =arg min |y—Zsk|. (2.4.9)

{sKESk ey —1
However, the way in which we have designed the user constellations {Sk}szl en-
sures that the sum constellation S is an additive uniquely decomposable constellation
group (AUDCG); see Section 2.3. That is, given a point § € § we can uniquely de-
termine the set {é‘k}szl such that § = Z,I::l 5. That means that for the purposes of
detection, we can treat the received signal as if it was generated by a transmission

from a single user that employs the sum constellation S. That is, for the purpose of
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Algorithm 1: Construction of a good solution to Problem 2 for K > 3 users
with binary signalling
1: Input: K >3, P, <P, <...<Pg;

2: Output: S, (1<k<K),S;
3: if K is even then
4 Set Puyen < min {2251 < 0 < K/2}, Pygq < min { 26851 < ¢ < K/2 — 1},
5: else
6:  Set Pryep < min {25,1 <0 < (K —1)/2},
Pogq + min { 226811 < 0 < (K - 1)/2};
7: end if

8: if \/Pryen < /24 then
9: e Set 0y + %,
10: else _
11: e Set 05 < arctan 1%‘1‘1
12: end if ’
13: Set d + min{2/Py, e} S« {—d/2,d/2},
Sy < {—dcosbyexp(jbhs),dcos by exp(jha)},
S3 « {—dsinfyexp(j(f2 — 7/2)),dsin by exp(j(0s — 7/2)) };
14: if K is even then
15 fort=2to K/2do

16 o Set N\, + 2071 iy 207 8o < NS, Soioq < 1S3,
17 end for

18: else

190 fort=2to (K —1)/2do

20: e Set \; 2t71, My < 2t71, Sop — MSo, SgH_l — [LtS;g,

21: end for
22 Set S+ Wi, S
23: end if
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detection we can use the channel model
y=s+E, (2.4.10)

where s € §. With that model in mind we can develop an equivalent maximum

likelihood detector to that in (2.4.9) that consists of the following two steps:

1. Using the sum constellation & generated by Algorithm 1, determine

§ = in |y — s|. 2.4.11
§ = argmin|y — s| ( )

2. Given &, determine {3, € Sp};_, such that S0 &, = &.

In this form, the (worst-case) computational cost of (2.4.11) is the same as that
of (2.4.9). However, the expression in (2.4.11) reveals that if we determine the de-
cision regions, or Voronoi cells, of the designed sum constellation S, then maximum
likelihood detection of the sum constellation point reduces to a simple quantization-
style detector for a single-user system; and hence can be efficiently implemented. Fig.
2.5(a) shows an example of the detection regions for a sum constellation carved from
the Eisenstein integer ring. If the received point is in the detection range D;, the user

points can be easily found by looking up the table in Fig. 2.5(b).

2.4.6 Structured sum constellations

For the case of K = 3 users the optimal value of the constellation parameter 6,

depends on the ratio of the power constraints for users 2 and 3 (recall P, < P, < P3).
Indeed 04 € [%, %], with 6 = 7 when P3 = P, and if P, is fixed, 0, increases as Ps
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(a) Detection regions for quantization-based detection of sum constellation points.
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(b) Decomposing the sum constellation

Figure 2.5: Example of fast detection for K = 3.
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increases, with ¢ = % for all P; > 3P,. For the case of K > 3 users, the value of 0,
used in the construction of good constellations in Algorithm 1 depends on a ratio of
power constraints in an analogous way.

While those designs are indeed good, the implementation can be simplified if the
constellation has more structure. Therefore, in this section we will consider a modified
version of Algorithm 1 in which 6 is fixed to either 7 or % and the calculation of dyn,
is adjusted so that the users’ power constraints are satisfied; see Algorithm 2 below.

When 6, = 7, the sum constellation is carved from (a scaled version of) the
Gaussian integer ring, which is the set of complex numbers for which both the real
and imaginary parts are integers; ie., S C {a(a+ jb)|la,b € Z}. As such, when
0 = 7 the points in the sum constellation are carved from a “square” lattice in
the complex plane. When 6, = %, the sum constellation is carved from (a scaled
version of) the Eisenstein integer ring, which is the set of complex numbers of the
form Z = ((2a — 1) + jb\/g) /2 where a and b are integers. As a result, when ¢ =
the points in the sum constellation are carved from a “triangular” (or “hexagonal”)
lattice in the complex plane.

In the case that the number of users, K, is even, it can be shown that our con-
stellation based on the Eisenstein ring (6 = %) always yields a larger minimum
distance than that based on the Gaussian ring. However, in the case that K is odd,
the relationships between the power constraints of the users will determine which
construction has the larger minimum distance.

The design procedure for the K user constellations is stated in Algorithm 2. Given

the values of d,i, (i.e., d, d° or d¥) obtained in the algorithm, the sum constellations

produced by those designs can be written as follows.
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Algorithm 2: Construction of a simplified solution to Problem 2 for K > 3
users with binary signalling

1: Input: K >3, P, <P, <...< Pg;

2: Output: S, (1<k<K),S;

3: if K is even then

4: e Set Oy < %, d < min{Z\/Pl,Q\/PQ,%/%};

5 for k=4 to K do

6: o Set i« |k/2],t«+ k—2(i—1);

7 OSetdemin{d,,/ﬁﬁ;

8 end for | .

9. e Set S  {—d/2,d/2}, Sy  {—URBDd (Eviidy

3—v35)d  (3—v35)d
83<—{—( 2])’( 2])}.

I

10: else

11: e Set Y « %, 05 + %, d% « min{2V/Py, 2,/ 22,2,/ 2},

df < min{2/Py, 2@,2@};
12: for k=4 to K do
13: o Set i+ |k/2],t+ k—2(i—1);
14: e Set d < min{d®, \/ %5}, d¥ < min{d”, \/ 5= };
15:  end for
16:  if d° > d¥ then
17: o Set Sy < {—d/2,d%/2}, Sy « {—(1+ 5)d®, (1 + 5)d®},
Sz {=(1—j)d (1 —j)d};

18: else
19: o Set S; {f—dEE/z, dEf/2}Fj Sy «— {—UEvad? (evaidZy
3—/35)dE  (3—/35)d
Sy {_( 2]) ! 23) }:
20: end if
21: end if

22: for k=4 to K do
23: e Seti<« |k/2],t <« k—2(i—1), S « 2715,
24: end for
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If K > 3 is even, the sum constellation is chosen from Fisenstein integers and

determined by

)

CLE{Qn—m—i—b—i—l,OSnSm—l},ing|b|§%;

3
aE{Qn—m—l—b—i-l,OgnSTm—Qb—l},

=8

TR a+ V3bj if%Jrlgbg%n—l;

ae{—(2n—m+b+1),0§n§BTm—Z\b|—1},

3m m
1 1 +1<b< 1 1;
(2.4.12)

where m = 2K/2,

If K > 3 is odd, the sum constellation is further determined as follows:

1. If Algorithm 2 yields d“ > d¥, the sum constellation is chosen from the Gaussian

integers and is determined by

do. ac{2n—m+2b|+1,0<n<m-—1-2Jbl},
I;m a-+2bj: "
0§\b]§5—1

§¢ =

(2.4.13)

2. Otherwise, the sum constellation is chosen from the Eisenstein integers and is

determined by

doi ace{2n—m+1b|+1,0<n<m-—1-2Jbl},
5 a+/3bj : m
0<ppl<5 -1

SE =

(2.4.14)

where m = 2E+1)/2,
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Fig. 2.6 shows the sum constellation from Eisenstein integers for even K users.
Fig. 2.7 and Fig. 2.8 show the sum constellation from Gaussian and Eisenstein

integers for odd K users.
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Figure 2.6: Sum constellations from Eisenstein integers for even number of users, K.
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Figure 2.8: Sum constellations from Eisenstein integers for odd numbers of users, K.
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2.4.7 The Superiority of Our Proposed NOMA Scheme over

TDMA

In this section, we will show, analytically, that the minimum distance of the proposed
NOMA schemes described in Algorithm 1 and Algorithm 2 achieve a larger minimum
distance than the corresponding TDMA scheme, respectively. In the proposed scheme,
each of the K users transmits one bit in each channel use, subject to a per-channel-
use power constraint P, k = 1,2,..., K, that captures the physical limitation of the
amplifiers at each user. In the corresponding TDMA scheme, there are K channel
uses, and each user transmits K bits in its assigned channel use, subject to the same
per-channel-use power constraint. When K is even, the TDMA scheme will use a
square QAM constellation, and when K is odd, we will consider both rectangular
QAM and cross QAM constellations.

For the proposed NOMA scheme, the minimum distance is a function of the power

constraints of all the users. In particular, for the scheme proposed in Algorithm 1,

| Poe
dimin NOMA = min 2/ Py, v , (2.4.15)

1
1<e<[(K—1)/2] cos b

where, as shown in steps 8-12 of Algorithm 1, 6, is a function of {Ps, Ps, ..., Px}.
Furthermore, dyinnoMma 1S @ non-decreasing function of each P, 1 < k < K. That
means that an increase in the available transmission power for one user may improve
the minimum distance of the whole system and hence may improve the error perfor-
mance of all users in the system. The minimum distance of the NOMA scheme is
related to the probability that the system as a whole makes no errors in detecting the

symbols sent by all the users. The corresponding notion of minimum distance in the
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TDMA scheme is

Amin, TDMA = IL%LHK{dmin,XQAM (Px)}, (2.4.16)

where dpin xqam(P) is the minimum distance of the QAM constellation that is used
and X € {S,R,C} denotes whether a square, rectangular or cross constellation is used.
Since dmin xqam(P) is an increasing function of P, and the users are indexed so that
P <P, <... <Pk,

Armin, TDMA = Aimin,xQaM (P1). (2.4.17)

Expressions for dy,;, for square and cross QAM are derived in [16] and an expression

for rectangular QAM is derived in Appendix 2.E. These expressions are

6P
dmin,sQam (P1) = oK _1 T for even K,
6P,
dminrqam(P1) = §2K—1_1, for odd K, (2.4.18)
\ 7
6P,
dmin,coam(P1) = Wl—l’ for odd K.
32

In the case of K = 2, according to Theorem 2.1, it is straight forward to show that
the minimum distance of the proposed design 2v/P; > dminsqam(P1) = vV2P;. The
main result of this section concerns the case of KX > 3 and it is summarized in the

following theorem.

Theorem 2.3 The minimum Euclidean distance of the NOMA scheme proposed in

Algorithm 1 is strictly larger than that of the corresponding QA M-based TDMA scheme.

Proof The proof can be found in Appendix 2.C. U

For the structured sum constellation-based NOMA for K > 3 users that was
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proposed in Algorithm 2, the minimum distance can be written as

. Py \/
Amin = min 24/ P ,2\/ , 2.4.19
NOMA 1<0<K/21<I<K/2—1 { ! 4e-1 4= 13} ( )

when K is even, and

| P Py \/ Py
. = 24/ P 2/ Py, 2
dmin NOMA = TaX {1<z<mfl<n1)/2{ 12 46-19 } 1<£<mén 1)/2{ b \/M 1 46-13 ’

(2.4.20)

when K is odd. Then, we also have the following theorem.

Theorem 2.4 The minimum Euclidean distance of the structured sum constellation-
based NOMA scheme proposed in Algorithm 2 is also strictly larger than that of the
corresponding QAM-based TDMA scheme.

Proof The proof can be found in Appendix 2.D. U
Even though our constellation design approach was developed for the multiple
access channel, the sum constellation that we obtain is a candidate constellation for

the single-user channel. We now make some observations regarding that connection.

Remark 2.1 The relationship between the average energy of the proposed sum con-
stellation in Algorithm 1 and its minimum distance is derived in Appendiz 2.E. That
enables us to show that when K 1is odd, it can provide larger minimum Fuclidean dis-

tance dmin than the 25 -ary rectangular QAM constellation with same average energy.

Remark 2.2 For the structured sum constellation, when K is even, it can be shown

that Eewen(S) = CE-D+2R T W—?dml“. When K > 4, this is smaller than the

12 min
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energy of the corresponding square QAM constellation Esgan = w

. Equiva-
lently, for the same energy, the structured sum constellation provides a larger min-
imum Fuclidean distance than square QAM. Actually, in the single-user case, this

structured sum constellation is well-known as hexagonal QAM.

2.4.8 Symbol Error Probability for Structured Sum Constel-

lations

One of the advantages of the user constellations designed using Algorithm 2 is that
the sum constellation has a nice regular geometrical structure. Indeed, the sum
constellation is carved from either a square lattice (in the case of Gaussian integers)
or an equilateral triangular lattice (in the case of Eisenstein integers). As a result, the
decision regions for the ML detector also have a regular geometric structure, which
significantly reduces the storage requirements of the receiver. As we show in Theorem
2.5 below, this regular structure also enables us to obtain closed-form expressions for
the symbol error probability (SEP). There expressions are based on the closed-form

expressions for the SEP of the M-ary PSK constellations with M = 2,3, 6.

Theorem 2.5 If we let dyin = d, the SEP for the sum constellations arising from

Algorithm 2 are given as follows
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e When K > 3 is even, the SEP is

d d
P, =<2_K/2+1 -3 2_K+1)P2PSK <\g_—i) - (6 +3. 278 2_K/2+4> PQPSK(E)

3d d
£ 6(1- 2 ) P (V) () p (4

+ 27K Popek <@> + (2—K/2+1 _ 27K+2>P6PSK (g)
(2.4.21)

o When K > 3 is odd, and the sum constellation is carved from the Fisenstein
integer ring, the SEP is

d d
P ) ) - () (8

3d d
4 6(1 _3.9-(K+D/2 | 2—K> Pipsx (\g__a> - (2_(1(_1)/2 _ 2—K+1> P3PSK(;>

V3d e B d
2 R (20) (27792 - ) (£
(2.4.22)

o When K > 3 is odd and the sum constellation is carved from the Gaussian

integer ring, the SEP is

Pe:<4—2_(K‘5)/2 +27 K+1>Q< ) (2—(K—3)/2_2—K+2) (\/_d>

20
(1 ree)e()

(2.4.23)
m(M—1) u? sin? 00 2
where Pypsk (u L = [, exp(— T )d9 and Q(u) = \/LQ—qu exp(=5)dt =
%ff exp(—3 29)d9 with © > 0.
Proof The proof is provided in Appendix 2.F. O

Fig. 2.9 shows the simulated and theoretical SEP performance comparison, where
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both the Eisenstein integer ring and the Gaussian integer ring are considered when

K is odd. As claimed in the theorem, the results match exactly.

2.4.9 Numerical Results

In this section, we carry out computer simulations to compare the error performance
of our proposed NOMA scheme with that of the corresponding TDMA scheme in
various channel conditions. Both three-user and six-user multi-access channels are
considered. We consider the scenario in which each user has the same power constraint
with Q, = 1,k > 1, and the receiver noise variance is 202. Hence we can define a
system wide (transmitted) signal to (receiver) noise ratio (SNR) as n = 555. The
channel coefficients hy, are modelled using a Rayleigh distribution, hy ~ CN(0,267).
For simplicity, we denote a vector consisting of variances of channel coefficients d; by
A. Recall that P, = |h|?Q). and hence for each channel realization we may need to
re-index the users during the constellation design process.

For the proposed NOMA schemes we consider both the design in Algorithm 1,
which is optimal in the three user case and will be called the “Proposed scheme”,
and the simplified designs in Algorithm 2, which we will call the “Proposed simplified
scheme”. In our comparisons, two cases are considered for the TDMA schemes, too.
In the first case, each user uses all of its available power. This is denoted by “full
power” in the figures. In the second case, the power for each user is constrained to
be the same as that used in the proposed scheme. This is denoted by “TDMA with
power allocation”. When K is even, each TDMA user employs a square constellation
of 2K points so that the data rates of the proposed NOMA scheme and TDMA are the

same. When K is odd, we consider both rectangular and cross QAM constellations

47



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

\\ E
X
\
a Y
& AT
\\
\‘
—o— - Simulated SE K=5
_5| ——— Theortical S_ K=5
10° G ¥
Simulated S K=7
——— Theortical S K=7
1 0’5 1 1 i
0 5 10 15 20 25 30
SNR (dB)

(a) K is odd and constellation from Eisenstein integer ring.

0
10" gergaray BE6E 5, T
58 &%‘@S
&
107" : |
107 E
\
o Q\
-3
g0 8
A
§
4 \
10 : : \ig
—g— - Simulated SG K=5 &
i = \
] Theortical SG K=5 \
—0o— - Simulated SG K=7 ‘\
— Theortical S , K=7
10° ¢ s s
0 5 10 15 20 25 30
SNR (dB)

(b) K is odd and constellation from Gaussian integer ring.

10° ritttss
m&aﬂﬂ
107" L
107 L
a3
4107 ‘
—{O— - Simulated SE K=8 : \
107| - Theortical S K=8 : 2;\
Simulated SE K=6 : \ \
\
108 —— Theortical S_ K=6 \‘ \\ 4
—p— - Simulated SE K=4 }F
~ Theortical S_ K=4 \
10 E i ‘ i ‘
0 5 10 15 20 25 30
SNR (dB)

Figure 2.9: Simulated and theoretical SEP performance comparison.

(c) K is even.
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of size 2%. Figs. 2.10, 2.11 and 2.12 show the SEP performance with three users,
five users and six users, respectively, where in Fig. 2.10, RQAM is applied to TDMA
scheme, but in Fig. 2.11 both RQAM and cross-QAM are considered.

10° j
Proposed scheme
Proposed symplified scheme
TDMA with power allocation
107" TDMA with full power
>
3
o 1072
o
S
m
5 1073
Qo
€
>
(9]
10
10-5 L L L L L L L L
0 5 10 15 20 25 30 35 40 45

SNR (dB)

Figure 2.10: Performance comparison between the proposed-NOMA and TDMA
schemes with K =3 and A = (1,1,1)

It can be seen that our proposed NOMA scheme outperforms the QAM based
TDMA schemes. In particular, our proposed scheme can provide up to 3 dB gain
for the three user-MAC and 8 dB gain for the six user-MAC with respect to the
TDMA with full power scheme at SEP=10"3. Moreover, we observe that the SEP
performance of our simplified lattice-based designs in Algorithm 2 is nearly indistin-
guishable from the performance of the original lattice-based design in Algorithm 1 at

the scale of the figures.
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Figure 2.11: Performance comparison between the proposed-NOMA and TDMA
schemes with K =5 users and A = (1,1,1,1,1)
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Figure 2.12: Performance comparison between the proposed-NOMA and TDMA
schemes with K = 6 users and A = (1,1,1,1,1,1).
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2.5 Extension for K-user-case with Any 2" Size
Constellation

In the previous sections, our goal has been to design constellations for the users of
a multiple access channel in such a way that the minimum FEuclidean distance of
the received sum constellation is maximized. The design techniques (for our NOMA
scheme) take into account the different power constraints on the user’s transmission,
and their different channels to the receiver. However, all these design techniques are
restricted to the case in which each user transmits a binary signal.

In this section, we will use insights from the binary case to develop a technique for
designing effective constellation for the K-user case in which the k-th user transmits
M, bits per channel use. The key principle is to observe that our previous approaches
were based on designing the user constellations. By construction, the resulting sum
constellation is an additive uniquely decomposable constellation (AUDC). An alter-
native approach would have been to design an AUDC and then decompose it into
binary constellations for each user. We will adapt the latter strategy to the case of
higher-order constellations for each user. In particular, for a system with K users, the
k-th of which seeks to transmit M}, bits per channel use subject to a (scaled) power
constraint Py (cf., (2.2.3)), we first design a normalized AUDC sum constellation of
size 2M | where M = Zszl M., using the insights from the previous section. Then,
we decompose the sum constellation into the K user constellations of sizes {2k} |
based on the users’ power constraints. The decomposition is akin to a set partition-
ing process, but since the target partitions are of size {QMk}, and the decomposition

metric is controlled by the users’ power constraints (which may be different), it is a
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somewhat different partitioning process from that used in coded-modulation [83]. For
simplicity, we will restrict attention to the sum constellations that are carved from

the Eisenstein and Gaussian integers, as outlined in Algorithm 2.

2.5.1 Constellation Decomposition

As outlined above, we consider a system with K users, the k-th of which seeks to
transmit M, bits per channel use, subject to a (scaled) power constraint P. The start-
ing point for the construction is a sum constellation of 2M points, M = szzl M.,
designed for M (virtual) users with binary signalling, normalized channels (cf., Prob-
lem 2.2) and a minimum distance dp;, = 1. We will denote that (normalized) sum
constellation by S and its constituent binary constellations for the M virtual users by
{Sj}jj\il. Based on the insights that led to Algorithm 2, if M is even, S will be carved
from the Eisenstein integers, and if M is odd, we will perform two constructions, one
based on S = Sp carved from Eisenstein integers, and one based on S = Sg carved
from Gaussian integers, and then we will select the design that leads to the larger

minimum distance. Explicit expressions for each S’j are also available in Algorithm 2.

M

Given the constituent scaled binary constellations {S; }i=1, the number of ways

that they can be partitioned, in a non-overlapping manner, into K sets of sizes

{Mhl s T = (]\1\441) X (M]\_/[ivh) e X (ij\%gig M’“) = MI,L}WK, To index these parti-

-

K-1
tions, let { A}~ | denote a (non-overlapping) partition of the index set {1,..., M}

in which |Ay| = Mj. There are T such partitions, and we will index those partitions
by t, i.e., the t-th partition is {Ax;}_,. Our construction process involves examining
each partition of the normalized sum constellation and determining which are enables

the largest minimum distance subject to the users’ power constraints being satisfied.
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That is, for each t, we determine d; = min { D

where FE,. is the (aver-
1<k<k "\ Lijeay, B g 55 (

age) energy of the binary constellation Sj of the normalized sum constellation S. This
average energy can be explicitly computed from the expressions for S; in Algorithm
2. The final design problem is to find ¢* such that t* = arg ax d;. Once that has
been determined, the constellation to be employed by user k:iisi O = Lﬂj . dt*é_’j

and the minimum distance of the sum constellation at the receiver is dg. This result

is summarized in the following algorithm.

Algorithm 3: Construction processing for 2M-point sum constellation Q
and 2Mr_point user constellations Q,

1. If M is even, S is carved from the Eisenstein integers Vyith Apin = 1, see
(2.4.12). Let t* = arg nax, di. Then Qp =4 dwS; and Q = diS.

JEAL 1+

2. If M is odd, let ¢, and ¢}, represent arg max d, when S is the sum

constellation with d,,;, = 1 chosen from the Gaussian integers and the
Eisenstein integers, respectively.

o If dté > th, S is carved from the_Gaussian integers with d,,;, = 1, see
(2.4.13). Then Qp =W;c 4, . dpy S and Q = dy SC.

to
o If diy, < dp, S is carved from the Eisenstein integers with dn, = 1, see

je-Ak,t};:

Specifically, for a classical two-user MAC, the sum constellation and its corre-
sponding user constellations can be determined by Algorithm 4. In Algorithm 4, the
superscript £ and G represents the constellation carved from Eisenstein integer ring

and Gaussian integer ring, respectively.
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Algorithm 4: Constellation Splitting for Two-user MAC
Input: M, M, Si,..., Sy, and S

Output: 9, 9> and Q

02 < %, din < 0, dg < 0, dg < 0.

fori=0to2M —1do

3 e Convert the integer i to an M-length binary sequence, i.e.,
bi = (bi,la . 7bi,M) with biJ‘ S {0, 1}

a | if 320 by = M, then

N =

5 ElE <— Z]]Vil bi,ng, dE (—min{«/%, E'EP%QEIE}
6 if M mod 2 =1 then
M .
7 L EIG — Zj:l bi,jEstu dG A mln{\/ Eiléh EG]?EIG}

dmin — max{dmina dEa dG}
if dmin = dE then

10 t Q1 +— HJ]]\L bi,jdminSanQQ — H‘Jﬁl(l — bi,j>dminSJ‘EaQ ¢ dpinS”
11 if d.i, = dg then

12 0y < 7.

13 Ql — L"_'J]]Vil bi,jdminSjG;QZ — H'J]A/il(l - bi,j)dminSjG>Q — dminSG'

2.5.2 Numerical Results

In this subsection, we compare the performance of our proposed NOMA scheme with
the Farey-NOMA scheme proposed in [27] and TDMA.

It can be seen that our proposed NOMA scheme has a significant SNR gain over
both Farey-NOMA and TDMA schemes. Specifically, when SER is at the level of
1073, our scheme has about 8 dB SNR gain over the TDMA scheme, and about 3 dB
SNR gain over the Farey-NOMA scheme.
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Figure 2.13: Performance comparison between the proposed-NOMA and TDMA
schemes with K = 2 users, with M; = 2, My = 4, and channel parameters A = (1, 1).

2.6 Conclusions

In this paper, we have considered an uplink system with K single-antenna users and
one base station equipped with a single antenna, in which each user utilizes a bi-
nary constellation to carry data. By maximizing the minimum Fuclidean distance
of the received sum constellation, a closed-form optimal solution to the user constel-
lations and the corresponding optimal sum constellation were attained for K < 3.
The insight from those designs was then combined with lattice coding principles to
extend the technique, so that it yields efficient designs for K > 4. These constella-
tion designs have the advantage that the maximum likelihood receiver reduces to a
simple quantization-based detector. A further simplification of the technique yielded
designs that led to the sum constellation being carved from a square or equilateral

triangular (hexagonal) lattice. In those cases the storage requirement of the receiver
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is significantly reduced, and closed form expressions for the symbol error probability
were obtained. Furthermore, we were able to show, analytically, that the proposed
NOMA design yields a larger minimum distance than the corresponding TDMA-based
design. Computer simulations verified that this advantage results in a significant de-
crease with symbol error probability. We also showed how insights from our design
for the case of binary signalling could be expanded to the case of high-order constella-
tions by using (generalized) set partitioning techniques. The resulting “constellation
domain” NOMA systems provided significantly lower symbol error probability than
the TDMA counterparts, and also provided better performance than a related scheme

based on constellations designed using Farey sequences [26].

2.A Appendix: Lemma for fixed ||

Lemma 2.2 Given |51|, minD = |5 if and only if \/|s2|? + |s3]? is no less than
2|51], and |ss| and [s3| are no less than 2|51| cos 0 and 2|5;|sin 0y, where T < 0, < %,

respectively.

Proof Sufficiency: Since minD = |5|, then |sy — s3] > |51], resulting in

52| > 2[s1|cosby. Let A* = {0, , s3] : [0 — ] < T, [s3] > [s2]}.

o If 2 <6, <7, then [sy] > [51] > 2|51 cosfy. Let |so| = [51|. We'd like to find

the minimum |s3| to achieve min D = |5;].

— If 0 < a < 7, then we know that |0, —a| < 0, resulting in |s3| cos(fy—a) >
2| cos Oa, |1+ 83— s2| > |1+ 82 — s3] and |s3 — so| < s34+ saf. Also, if
|so—s1| > |51] and |s3—s1| > |51], it is guaranteed that |sy+s3—s1| > [51].

Thus, if min D = |5;], we have |5;| < min{|s3 — s1], |s3 — s2], |51 + $2 — s3]}
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s« If |s3—s9| < |1+ 52— s3], we have |s3| < %Bﬂ with [so| = |51].
Since minD = |5;| < min{|s3 — 51|, |s3 — s2|}, we know that |s3| >

max{2cos(fy — )|51],2cosal$;|}. Then, the optimal solution for

min s3]
T<0,<% 0<a<T. A" (2.A1)
. 1+ 2cos b, - (2.cos(6 )2 ! o
s.t., ————— > max{2cos(fy — a),2cos a
"2cos(0y — ) ? ’

is that |s3] = 2cos 5|51 with 0§, = 7 and a = {5, where [5;] =
|sg — s1| < min{|sy — s1], |s3 — s2|}.

s« If |s14+ 52— s3] < |s3— s2|, we have |s3| > %\51] with [so| = |51].

Since min D = |5;]| < min{|s3 — s1],|s1 + s2 — s3]}, then we know that
|s3] > 2cos(By — )|51| and |s3]> — 2(cos(fy — o) + cos )|5y[s3] + (1 +

2cos6,)|51]* > 0. Then, the optimal solution for

min S (2.A.2)
T<h<T 0<a<T A"
is that |s3| = \/§|§1| with 6 = ¥ and a = 7, where |51 = |s3 — 51| =

|82 —81| < |81 + S9 — 83|.
— If § < o <, then we know that |s3 + s3] < [s3 — 83, |51 4 52 — s3] >
|ss — s1| and |s; + s3 — s3] > [s2 — s1|. Thus, if minD = |5,], we have
‘Ely < min{\s;g - 51‘, |53+82‘, |52—|—83 - 81’}.

Seoreny |51l with [sf = |51].

« If |so+ 83— 51| < |s3+ sa|, we have |s3| >
Since min D = |5, < min{|s3 — s1], |2 + s3 — 51|}, then we know that

|s3] > 2cos(By — )|51| and |s3|* + 2(cos o — cos(by — ) |51]|s3] + (1 —
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2cos6y)|51]* > 0. Then, the optimal solution for

ERE L NS 5] (2.4.3)
is that |ss| = v/3|51| with 6, = £ and o = Z, where [5;] = |s3 — 51| =
|sg — 81| = |82 + 83 — 81| < |83 + sal.

s« If |s34+ 59| < |sa+ 53— 51|, we have |s3| < %Bﬂ with |so| = |51].
Since minD = |5;| < min{|s3 — s1],|s3 + s2|}, we know that |s3] >

min{2 cos(fy — )|51|, =2 cos a|$1|}. Then, the optimal solution for

L
13_22_5 Z_a_w’ (2.A.4)
— 2cos
s.t., m > max{2cos(fy — a), —2 cos a}
is that |s3| = \/§\§1| with 6, = § and o = %’r, where |51 = |s2 — 51| =

|83 +82| = |82 + 83 — 81| < |83 —Sll.

o If0 <0, <%, then |sy] > 2|51 cosfy > [51]. Let |sy| = 2|51 cos . We'd like to
find the minimum |s3| and |sy| to achieve min D = |§;| (since |sy| = 2|51 cos 62,

the minimum |ss| corresponds to the largest 6s).

— If 0 < a < 7, then we know that [s3—s3| < |s3+s2|. Also, if sy —s1| > |5
and |s3 — s1| > |51/, we always have |sq + s3 — s1| > |51|. Moreover, due to
the fact that cos(fy — a)) > cos by cos a, thus if |s1 + s3 — 59| < |53 — s2,
we always have |s; + s3 — so| > [s3 — s1| with [s3] = 2|81/ cosfy and
|s1 + s3 — sa| < |s1 + s2 — s3|. Thus, if minD = |s|, we have |5;| <

min{\s;), — Sll, ‘83 — 82‘, |51 + So — 83’}.
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s« If |s5 — so| < |s1 + 52 — s3], we have |s5| < LEcos2 02151 with [sy| =

— 2cos(f2—a)
2 cos 02|51]. Since min D = |5;| < min{|s3—s1|, |s3—s2|}, we know that
|sg| > max{2cos(fy — a)|51|,2cos|51|}. Then, the optimal solution

for

min {
0<0,<E0<a<E A*

s3, cos s} (2.A.5)

is that |s3| = 2sin 6|5, with § < 6, < ¢* and a = 7, where |5,| =

|sg — s1| = [s2 — s1| < |s3 — s2|, and ¢* is the root of the equation

\/ 4 cos? p+1

¢ + arccos 5 — 5 = 0. (We observe that ¢* ~ 3=
« If |s1 + 59 — s3] < |s3 — s2|, we have |s3| > %Eﬂ with |so] =

2 cos0|51]. Since minD = |§;| < min{|s3 — s1],|s1 + s2 — s3/}, then

we know that [s3| > 2cos(fy — a)|5;| and s3] < 2%%|5,|. Then, the

cos

optimal solution for

OSQQS%I,%ISI}XS%7A*{ S3|,00802} (2A6)
" 2COS 92 > {2 (0 ) 1+ 4C082 92 AL
s.t. max{2cos(fs — ), ————— %
" cosa 2 Dy —
is that |ss| = 2sin6y|s| with ¢* < 6, < T and @ = , where |5| =
|sg — s1| = |s2 — s1] < [s1 + $2 — s3]

— If £ < a <7, then we know that [s3+s9| < |s3—sa], [s14+52—53| > |s3—51]
and [s1+s3—s2| > |so—s1|. Since cosfy > 3, we have |sy+s3—s1| < [s3+52]
with |s3] = 2 cos 6,]51|. Moreover, since minD = |5;| < min{|s3 — s1], |s2 +

s3 — s1|}, then we know that [s3] > max{2cos(fy — a)|51], —2 cos(fy +
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a)|51|}. Then, the optimal solution for

min s3] (2.A.7)
ogeggg,ggagn,m
is that |s3| = 2sinfy|5;| with 7 < 6, < § and a = 7, where |51 =

|83 — 81| = |82 — 81| = |82 +83 — 81|.

Based on the above, we know that if min D = |5;|, the condition |s;| > 2 cos 0s|5;| and
|s3| > 2s8in s[5, ], i.e., /[52]2 + [s3]2 > 2|5, should be satisfied, where T<6, <3

Necessity: If [sy] > 2cosa|51| and |s3| > 2sin fy5,], i.e., \/[s2]2 + [s3]2 > 2|51,
we know that {|ss — s1|, [s3 — s1|, |3 + Sa|, |$3 — S|, [s1 + s2 — s3], |51 + 83 — S2], |s2 +
s3 — s1|} > |51/, then we have minD = |5].

Thus, the proof is completed. O

2.B Appendix: Lemma for fixed |s;|,1 <k <3

As in Sect. 2.4.3, we will define © = {(6,, «v).

Lemma 2.3 For fized |51, |Sa|, |S3| with |$1| < |3a] < [33], the optimal 03 and o are

determined as follows:

o If\/|52]> +|53]% < 2|51|, we have

2
max min D — \/5 (|§1|2 —VET 9|§2|2|.§3|2cosv>, (2.B.1)

|51%+3[52|2+2 cos v/ |51 [*+9]52|2 |55 |? 2|51 cos B2 —|52]
and o = arccos 2 ———2—"21

6(51|[52] 2|33 ’

_1 2|5110427]52|2|53]* +27|52|*|53|* —81|51]?|52|?(53]* | 4x
where v = 3 arccos (51134952 P[5 P52 +3-

with 69 = arccos
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o If /|52]? + 55> = 2|51], we have

mgxminD = |51/, (2.B.2)
with
arctan @, if T < arctan 2l < z,
6, = el T R (2.B.3)
z if arctan% > 3,
and o = /2.

Proof We consider the following cases:

e For /[5o|? +[s3]? < 2|51|, according to Lemma 4, we know that D < |5].
Also, if |s1 + s3 — so| < min{|s3 — sa|,[s1 + s2 — s3|}, it is guaranteed that
|s1 4+ s3 — s2| > |51|. Thus, the minimum Euclidean distance set can be reduced

to D = {|s2 — s1|, |53 — 1/, |s3 + Sal, |53 — 52|, [s1 + s2 — s3], |52 + 53 — 51|}

— if minD = |s; 4+ s — s3], which implies that 0 < o < 7, we have that
|s3 + sa| > |s3 — sa|, |82+ s3 — s1| > min{|ss — s1|, |s3 — s1], |s3 — s2|}, and
that |so — s1| > min{|s3 — s1], |s3 — s2|}. Then, by considering the sub-

cases with respect to the order of {|s3 — s1|, |s3 — s2|}, we have max |s1 +

|52]

2
2|§3| :

(= arccos

— if minD = |s3— 55|, which implies that 0 < o < 7, we have that |s3+s;| >
|sg — sa|, and |sy + s3 — s1| > |1 + s — s3]. Then, by considering the sub-

cases with respect to the order of {|ss — s1|,[s3 — s1|,|ss — s2|}, we have

m@ax|33 - 82| = |81 + SS9 — 83| = \/|§2|2 + |§3|2 — |§2| 4|§3|2 — |§1|2 with

_x — T _ |51
0 = 3 and a = 7 — arccos R
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— if min D = |s3+ s, which implies that 7 < a < 7, we have that |s3 —s;| >
|sg+s2| and |s1+s2—s3| > |s3—s1| > |sa—s1]. Then, by considering the sub-

cases with respect to the order of {|sy—s1|, [s2+5$3—s$1|}, we have max |s3+

So| = [sa—s1| = |s1+82— s3] = \/§ (|§2|2 — /|5l + 9|§1|2|§3|2008w> with
315112452242 cos w /|52 |4 +9] 51 |2] 33 |2

_ . |§1‘—2‘§2|C0592

0 = arccos A and o = 5+ arccos BT I
_1 2/52|9427|51[%|55|1427| 51| |53~ 8151 |*[52[*[55 ]2 | 4am
where w = 3 arccos 2551 9[51]2 55 P2 + 3

— if minD = |s9 — 51|, which implies that |s3 — s1]| < |s1 + s2 — s3], then

by considering the sub-cases with respect to the order of {|s3 — s1|,|s3 —

Sal, |83 + Sa, |s2 + s3 — s1]}, we have

2
mysas1] = Jsy—s1] = foosss1] = |/ 2 (512 — VIFF T IP TP cosn)

|51|24-3|52|2+2 cos wq /|51 |4+9]52|2| 532

6151152]
2|51/04+27|52|%[53]* +27|52|*|53]> —81|51]?|52|?| 53|
2(|51]4+9]52|2[53]2)3/2

2‘§1| COS6’27|§2|

and o = arccos i
2[33] ’

with 85 = arccos

where v = % arccos + 4?”.
— if min D = |s3 — s1|, which implies that sy — s1| < min{|s3 — s3], |s3 + $2|},

then by considering the sub-cases with respect to the order of {|sa—s1], [s2+

s3 — 1|, |s1 4+ s2 — s3]}, we have

2

m@aX|33—31| = |sg—51| = [s9+S3—51| = \/§ <|.§1|2 — \/|§1|4 +9|§2|2|§3|2COS’7>

5112 43|52|24+2 cos v/ [51|*+9]52|2|53]2

2‘§1| cos B2 —|32|

with 6y = arccos and o = arccos

6/511]52] 2|33 ’
_ 1 2|51|5427|52|%| 53| +27|52|* |53 |2 81|51 [*[52/%[53]* | 4x
where v = 3 arccos (5 H9mE[5s P2 + 3
— if minD = |sy + s3 — s1|, which implies that [sy — s1] < min{|s3 —

Sal, |81 + s2 — s3]}, then by considering the sub-cases with respect to the
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order of {|s3 — s1|,|s3 + sa|, |$2 + s3 — s1|}, we have mgx|82 + 83— 51| =

|52 = 51| = |sa — 1] = J (15112 = V51" + 9f52PTsaf? cos ) with 6,
511243522 +2 cos v4 /|51 |4 +9|52||33|2 and a = arccos 2|§1|00592—|§2|’ where

6/51]52] 2|33]
2|51|%42752|2|53|*+2752|*|53|% —81]51|%|52|?|55 |
2(|51]4+9]52|2]53|2)3/2

arccos

v = %arccos + 4{.

Based on the above, we have now determined

m@axminD = max {mgx|sl + 59 — 33|,m9ax|53 - 32|,m@ax|33 + $9f,
mgx\SQ — 31\,m@ax|53 — sﬂ,mgx]s;z, + 89 — 31]}

(2.B.4)

:meax|32 — 5| = mgx|53 — 51| = m@ax\s;; + 59 — 51|

2
—\/2 (12— VT STsPTRaP cos ).

2[51|%+27|52|%|53|*+27|52|* |53 2 —81|51 |?[52| 2|53 |
2(|51]4+9]52]2|53]2)3/2

where v = arccos + %’r. Thus, we have

the claim.

e For +/ |§2’2 + |§3’2 > 2‘§1|, we let

arctan %, if 7 < arctan % <3
T [ssl oz
3 if arctan 5] > 3
Then, we know that if [Sy] < ‘/?§|§3], we have 6, = Z. Since |55 > [51], we

always have |S5| > 2|8;|cosfy and s3] > 2|§1|sinfy. Moreover, if \/?§|§3| <

|52] < |53, we have 2[5;| cos by = ——ZL_|35,| < |3,|. Similarly, 2|5 |sin 6 =
5221552
25|

V5217 +(53]?

can be achieved by sy = |So| exp(jf2) and s3 = |s3|exp(j(0s — 7/2)).

|53] < |83]. Then, according to Lemma 2.2, we know that min D = |5 |
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2.C Appendix: Proof of Theorem 2.3

Proof The expression for the minimum distance of the corresponding QAM
scheme is dmin xqam(P1), where the expressions for that minimum distance are given
in (2.4.18). In order to compare these expressions with dpinNoma, We recall that
dminNoMA 1D (2.4.16) is a non-decreasing function of each P;. Hence, we can obtain
a lower bound on dpi, noma by letting Py, k= 2,3,..., K equal to P;. In that case,

it can be shown from the expression in Algorithm 1 that ¢, = 7, and hence that

. 8P
dimin,NOMA 2> IIN {2\/ Py, AT(K—1)/2] } ’

8P
AN(K=1)/2]’

(2.C.1)

where [(-)] denotes rounding up to the nearest integer and K > 3. To simplify our

comparisons, we can rewrite (2.C.1) as

[16P,
%, if K> 3isodd
(2.C.2)

8P
9K

Aimin,NOMA =
, if K > 3 1is even.

By comparing with the expression in (2.4.18), we obtain the follow results,

e when K > 3 is even, dmin TomMa = In that case,

2K 1

, (2.0.3)

&2 8P (25 —1) 4
2I,NOMAZ K1( >:_<1_2—K>>
dmin,TDMA 2 6P1

| ot
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where the last bound arises from the case where K = 4. This establishes the

result when K > 3 is even.
e when K > 3 is odd and cross-QAM constellations are used, dwyintDMA =

6P
\/ 7o In that case,
32

dnnoma _ 16P; (3125 — 1) 831k
> @ -2 >

9
- 2.C4
d?nin,TDMA 2K 6P 3 4’ ( )

where the last bound arises from the case where K = 3. This establishes the
result when K > 3 is odd and the cross constellation is used. Since dyinrgam <
dmin,cqam (cf, (2.4.18)), we have implicitly established the result for rectangular

QAM as well. To do that explicitly, we note that when K > 3 is odd and

rectangular QAM constellations are used, dmintoMA = /3 2651_1, and hence
4

that
A 6P (225 —1)  8/5
min,NOMA > -1 G ) _ —(— - 2*K) > 3, (2.0.5)
dmin,TDMA 2 6P1 3\4
which completes the proof.
O

2.D Appendix: Proof of Theorem 2.4

Proof Similar to the concept of the proof in Appendix 2.C, we can obtain a lower

bound on dyinnoma by letting Py, k= 2,3,..., K equal to ;. When K > 3 is even,
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that is
. Py P
dmin,NOMA > m1n{2 Pla2\/4K/2_172\/4(K_1)/2_13} )
(2.D.1)
8P
= N/ —=
2K3’

and when K > 3 is odd, we have

: Py : Py Py
dmin’NOMAZmaX{mln{Q P1,2 m},mln{2 P1,2\/W,2\/m}},
4P, 8P 8P,
:max{min{2 P2 —2K1},min{2 P1,2\/—2K1,2\/—2K;}},
[ 8P
> 2\ ——.
- 2K3

Thus, we always have dpin noma > 2

(2.D.2)

8P
2K3-

By comparing with the expression in (2.4.18), we obtain the follow results:

e when K > 3 is even, dyintDMA = In that case,

2K _1-

d . 32P, (2K —1) 16
: ,NOMA > 2 1 ( ) (1 B 2—K> >
dmin,TDMA 213 6P 9

W] ot

(2.D.3)

This establishes the result when K > 3 is even.
e when K > 3 is odd and cross-QAM constellations are used, dminTomMA =
. /%g—f}_l. In that case,

2 31
inin,Noma - 32P) (32 -1 16 <ﬂ _ 27K) < ;

32

- 2.D.4
@nroma - 253 6P 9 ( )

This establishes the result when K > 3 is odd and the cross constellation

is used. When K > 3 is odd and rectangular QAM constellations are used,
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_ 6P
drmin, TDMA = | /%QTl_l, and hence

d2; 2P, (228 —1) 1
12111n7NOMA > 3K 1 (4 ) 6 (5 27K) > 27 (2D5)
dmin,TDMA 2%3 6P1 9

which completes the proof.

2.E Appendix: Property of Proposed Sum Con-

stellation

Lemma 2.4 If each user constellation Sy is central symmetric, the average energy of
the sum constellation E—Jszl Sk (K > 1) equals the sum of the average energy of each

user constellation Sy,.

Proof Since each user constellation is symmetric, any combination of user constel-

lations is centrally symmetric. Assume that a; and —a; (1 <t < 2K _2) is any pair of

points in ijK:? Sy and S = {—b,b}. Denote the average energy of LﬂkK;f Sy and Sk
1 2K72

by Es, , and Ej, , respectively, where Eg, | = 5= >, |&|* and E,, = [b]*. By

constructions, both a — b and a + b belong to Lﬂszl Si. Consider the average energy
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Eg, of b—)le Sj., we have

2K—2 2K—2

2 2
ES = 2_K Z (|(lt + b|2 + ’at — b|2) = 2_K Z 2(\at|2 -+ |b’2)
t=1 t=1
1 3D 2
_ 2 K—21112
= grm 2 a4 g <2 (2E.1)
2K72

1
= 57 2 |l + 10 = Es, + By,
t=1

Since Sk _» is also a centrally symmetric constellation, recursively, we have the claim.
O

According to Lemma 2.4, we have the following properties.

Property 2.1 When K is odd, the average energy of the proposed sum constellation

S equals
d*(2M — 1)

EoadS) = (1/4+ (%D — 1) /32 = S22,

(2.E.2)
and when K is even, the average energy equals

, (M- 1)

G + 45271 cos 0242,

Eeven('s) = (1/4 + (4K/271 — 1)/3 + 4K/271 COS Gg)d
(2.E.3)

where 0y is given by (2.4.6) and M = 2%

Property 2.2 When K is odd, the proposed sum constellation S can provide arger
minimum Euclidean distance dpi, than M-ary RQAM with same average energy (M =

2K ),

Proof According to Property 2.1, we know that Eyqq(S) = w For M =

2K_ary RQAM, we know that 2(6+1/2 points in one direction and 25=5/2 points in
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the other. Therefore, the average energy is given by

Qo (257 =1 kinyge o omenye L 28 =1 ke o2
E = == X 2 A ——— x 2 TE 2
RQAM= Ty ( 12 T )
B 24 '

(2.E.4)
Then, for constellations with the same minimum distance,
M —2

Erqam — Eodd(Se) = Erqam — Foad(Sk) = %diin > 0. (2.E.5)

which suggests that for same average energy, our proposed constellation can provide

larger minimum Euclidean distance. 0

2.F Appendix: Proof of Theorem 2.5

Proof First, we notice that the condition probability density function (PDF) for
any given sum signal point s € S is a Gaussian distribution with mean s and variance

202, given by

w—ﬂﬁ'

fr(yls) = LeXP ( T T o2

2mo
It is known that the relationship between the rectangular system and the polar system

is characterized by
Yre = Sre + pcosf and Yy, = Sy + psin, (2.F.1)

where s, and s;, are the respective real part and imaginary part of s, i.e., s =
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Sre + JSim- Correspondingly, the PDF is transformed into

P ey (- 25)
2mo? 202/

Jo.0(8ce + pcosb, sim + psinb|s) =

In order to prove Theorem 2.5, we need to consider sum constellation based on

the Eisenstein integers and the Gaussian integers separately.

1. The decision regions of constellation based on the Eisenstein integers can be
divided into seven types, namely, types A ~ G in Fig. 2.14. For the outer
points there are three types (B, C, and D); for the inner points there are two
types (A and E) ; and for the edge points there are two types ( F and G). The

number of each decision region type is shown in Table 2.1.

Figure 2.14: Decision region type of Eisenstein integers based sum constellation.

The correct decision probability of each type is calculated as follows, where the
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Table 2.1: Type numbers for Eisenstein integers based constellation

Type | K iseven | Type K is odd

A 2K/2 2 A 2(E+1)/2 _ 9
B 2 B 2

C 2 C 2

D 2 D 2

E <2K 2 2)2 E (2 (K-1)/2 2)(2(K+1
F [202K2-2)| F 2(2(K-D/72 _9)
G oKz _ 4 G 2(K+1) 2_4

details are shown in Appendix 2.G.

3 |w 3 |u>
c:\:!

Jo
Jo

< 3d2
e 8cos2002

4

Ol )y

>d€

( 8c0520cr )d@

Po=1-1fsec (~seinz) g —

_ Lfﬁ% (- E 2) 4o,

2

szl—éfoge

(
(
(o
(

us d
PG = 1 — %fﬂg e " 8cos2002

fo 6<7
@ ( 8(:0520(7 )dg_ _fo ( ﬁ)dg_ %foge(—
el
- %fog €<_

- %fog e<
_fog 6<

2

d
8cos26c52 ) de .

a2

a2

) df.

a2
8c05200 ) 6

d
80052290 )de — %f

Therefore, the error probability is given as follows.
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e When K is even

P, =1—((2%? —2)Py+ 2Py + 2P +2Pp
+(25/2 = 2)2Pp 4 2(252 — 2)Pp + (252 — 4)Pg) /2

_ o—K/2+1 K z 2 “K/241 _ o-K+2 I 2
_ 6(1 2 +2 ) /6 e( 860:1290 >dQ n 2 2 /3 6(7&0:5W>d‘9
0 n 0

™

+ 2_K/2+1 /2 e( 800:2200 )d6_|_ i /3 e( 8C09;62l29(7 )de
0

m ™

—-K/2 _ 9—-K 5 2
SIS R )
™ jus

[SNE]

e When K is odd

Po=1— (22 —2)Py + 2Pp + 2Pc + 2Pp + (2H 7172 — 2)(2"+V2 _2)py

%

_ 9 (K-1)/2 _ 9—(K+1)/2 K 2
6(1—2 2” + 27 )/ e(_SCO:W)d@

™ 0

—(K=3)/2 _ 9—K+2 % 2 —(K-1)/2 % 2
+ 2 2 /3 6( 8c05290' >d0 —|— 2— /2 e(iikCQiW)dQ
m 0 T 0

20 [t ap y R SETS [ (sag

m ™ m
6

W

2. The decision region of sum constellations based on the Gaussian integers can be
divided into four types, namely types A ~ D in Fig.2.15. For the corners there
are two types (B and C); for the inner points there is only one type (A); and for
the edge points, there is only one type (D). The number of each decision region

type is shown in Table 2.2.

The correct decision probability of each type is calculated as follows, where the
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Figure 2.15: Decision region type of Gaussian integers based sum constellation.

Table 2.2: Type numbers for Gaussian integers based constellation

e K is odd
oK — o972 4 9
2

4
2(K+3)/2 —8

%
o| Q|| >3

details are shown in Appendix 2.H.

42
PA:1_4f0 ( 8005200 )de
Pg=1- %foi e(—ﬁ) — lfﬁ ( SCOSZaU )dg
a2

Pr=1— %fo% (- i 2) 4o — _fo (- S 2) 4o _fo o(siz) g,
Pp=1-— %f(ﬁ e(‘m)dg _ %foﬁ (~ ooz )de
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Therefore, the error probability is given as follows.

Po=1— (2% =232 L 2)Py + 2Pp + 4Pc + (2532 —8)Pp) /2K

jus

_ o—(K-1)/2 z 2 —(K+1)/2 _ 9-K 2
_ 42 ) /4 o (i) g 1 A2 ) /2 o) g
0 0

™ ™

S / * e Csam) dp.
0

™

Representing the P, by the combination of the SEP of M-ary PSK constellations

M =2, 3.6), we have the claim. O
( ) ) )7

2.G Appendix: Correct decision probability of each
type for sum constellation based on Eisenstein
integers

For convenience, we let d = 1 in the following figures.

1. Type-A
For this type of region, as shown in Fig. 2.16, by the property of the polar
system, the correct decision probability P4 can be calculated in two parts, i.e.,
Ps

. and Pg_,. The correct decision probability is given as follows.
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Figure 2.16: Decision region of type-A for Eisenstein integers based sum
constellation

Py=6Ps,, + Ps,,

2

us _d 2 s _d
_ 6/6 /QCOSG p 26(_2’)0'2)dpd9 + /3 /2c059 p 26(_2;;2)dpd0
- 0 271.0_ % 2cos(cé7 27‘-0—

jus
6 us)

3

T I _ 2

g __d 2mo?
3 2cos(97%)
4 (5 (L_a 1[5 (&
— [ e( 8COS2002)d0 —_ = 6< 80052902)d9'
T Jo T™Jo

2. Type-B
For this region type, as shown in Fig. 2.17, the correct decision probability Pg

can be calculated in four parts. The correct decision probability is calculated

as follows.
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y
A
3B 0.2
4 4 10
NEY
s, [San2 )
( 1_£3-r: - 24 > X
2 0.5
Sa4 T Sul

Figure 2.17: Decision region of type-B for Eisenstein integers based sum
constellation

PB:PSa1+PSa2+PSa3+PSa4

2(:056 QLOb(Q,E
/ / ), d9+/ /
2
e ff’— T riahss _*
+/ /2 (G 026( 252 dpd9+{/6/2 (0—3F) er( 202)dpd9
T 2ro = Jo 2mo
/ / )dpde}

_1__/‘ (- S dg__/ ~ oo dg_i 5(3(*#)619
0

T 2 Jo

e(*i> dpdf

[SE]

z 2
Y e(—mf’fm)dg_
21 J=
6
3. Type-C
For this type of region, as shown in Fig. 2.18, we first add the triangle area
Sao into the decision region to form a regular shape, denoted by S,;. Then, the

correct decision probability P can be calculated in these two parts.
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6

Figure 2.18: Decision region of type-C for Eisenstein integers based sum
constellation

For part 5,1,

(,ﬁ) R (s (-£)
202 cos 6 p 202
Ps = /ﬁ/ 53¢ dde—i—/ /0 502¢ dpdbf

r
6 3

N e

Then, for part S,o,

Ps,, = //<> 26( Z”Z)dpd0+/ /“‘”“’“> r 5) g,

2102
2 cos(0— 2cos(0—m)

Thus, the correct decision probability is shown as follows.

PC - PSal PSaz
1L [Pt L [Pt
™ Jo 21 0
— i : 6(78C0:22002>d0 — i ? e(fﬁ)dg'
2 Jo 2m
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4. Type-D

For this type of region, as shown in Fig. 2.19, we similarly add a triangle area
Sqo into the decision region to form a regular shape, denoted by S,;. Then, the

correct decision probability Pp can be calculated in these two parts. For part

Y
! A
(_90) 3
20> (1,—%)
I A
e\ A
] VE ) 'E > X
(55 S
Y Su] \\\

Figure 2.19: Decision region of type-D for Eisenstein integers based sum
constellation

Sala

117w

o <_i) T restmm (_ﬁ)
Py, — P\ ) ndh + VP gode
‘ s Jo 2mo? = Jo 2mo?
37 d 2
2 2cos(0—m) L
+/ / P e( %2>dpd9
2z Jo
3

2w o2

Then, for part S,o,

27 d 2 51 d 2
3 cos(0—T) L 6 2 cos(f—m) _ L
P [0 [T 2 L [T L)
2

d 2mwo?
2cos(9—%§) 2C05(9—%§)
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Thus, the correct decision probability is given as follows.

2 /g o(Crati) g _ 1 /;T o (wtarz) g,
; 0

Pp = Ps,, = Ps,, =1 ——
m m

5. Type-E
The correct decision probability for a type-E region, as shown in Fig. 2.20, is

given as follows.

»
»

5/
-
2%

=

ﬂﬁ 4

(0,0)

8

-

Figure 2.20: Decision region of type-E for Eisenstein integers based sum
constellation

ol

_d 2 s
/%M pe(ﬁgwwzl_g/GA&gmma
0 ™o

2wo?

Pe=o [

6. Type-F

The correct decision probability for a type-F region, as shown in Fig. 2.21, is

o3

given as follows.
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Figure 2.21: Decision region of type-F for Eisenstein integers based sum
constellation

5

5 7o p (,%) T [ret—D P (7 p22)
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The correct decision probability for type-G, as shown in Fig. 2.22, is given as

follows.

A
el
13
35
\ ,0)
1.0)
s (1,0)
59 -
3
(OV*T)

Figure 2.22: Decision region of type-G for Eisenstein integers based sum
constellation
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s _d__ —_d___ 2
6 2cosd cos(0+ %) P
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7r iyea g 0 27TU

jus 2
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0 0 2ro
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2.H Appendix: Correct decision probability of each

type for sum constellation based on Gaussian

integers

For convenience, we let d = 1 in the following figures.

1. Type-A
The decision region for a type-A region is shown in Fig. 2.23, and the correct

decision probability is given as follows.

»
»

Figure 2.23: Decision region of type-A for Gaussian integers based sum constellation
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s

_d 2
2cos 6 p 6(72172) dpde _ 1 B é 4 6(7#>d0
202
0 0
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PA:4/
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4

2. Type-B
For this region type, shown in Fig. 2.24, we add a triangle area Sy, into the
decision region to form a regular shape, denoted by S,;. Then, the correct

decision probability Pg can be calculated in these two parts. For part S,;,

(SER

1
) Z

Figure 2.24: Decision region of type-B for Gaussian integers based sum constellation

& p 2005(973—‘" ( 2’)722)
P, = / ) / e ) dpdo + / / sose\ ) dpdy
s
2 cos( 97—
/ T 0 (2 gpag

Then, for part Sga,

Ps,, = //2“’5(97’ 26( 27 dpd9+/ /QC"S“‘T’ 26(‘2’322)dpd0

2 cos(0—m) 2 cos(0—m)

Thus, the correct decision probability is given as follows.
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™

Pgp=PFPs,, —PFPs,,=1— l/2 e( 4cosd;9ff )dH — l /4 e(_ﬁ%ﬁ.
0 0

™ ™

3. Type-C
The correct decision probability for a type-C region, as shown in Fig. 2.25, is

given as follows.

»
»

v
=

|

1
©.3) (0,1)

Figure 2.25: Decision region of type-C for Gaussian integers based sum constellation

PC = PSal —I— PSa2 + PSaS + PSOA

_ VEd 2 3 [ -
2cos(0+7) P 6(7;?>dpd9 i 2 p 6(7;?>dpd0
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4. Type-D
The correct decision probability for a type-D region, as shown in Fig. 2.26, is

given as follows.

33



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

Figure 2.26: Decision region of type-D for Gaussian integers based sum constellation
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Chapter 3

Non-coherent Multiuser
Constellation Design for Multi-hop

Relay Channels

Abstract

Inspired by a potential application in communication along high-speed trains, in
this chapter we design constellations that enable non-coherent communication over a
multi-hop amplify-and-forward relay channel in which both the source and the relays
have data to send to the destination. The constellations are designed in such a way
that the product constellation that arrives at the destination is uniquely facterizable
into its constituent components. This enables us to reduce the complexity of the
receiver to a simple phase-quantization receiver analogous to the coherent detector
for single-user M-ary PSK signalling. Closed-form expressions for the symbol error

probability are obtained.

85



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

3.1 Introduction

Over recent years there has been a significant increase in the demand for high-speed
train(HST) communications, for applications such as handling safety-related messag-
ing, or passenger-facing services. Many of these applications require fast, high capac-
ity, low-latency connections [80]. To more towards these goals, mobile operators will
need to use a wider range of spectrum. Therefore, 5G millimeter wave (mmWave)
bands, ranging from 24 GHz to 40 GHz, are receiving increasing attention. However,
different from conventional sub-6GHz train radio systems, mmWave systems will in-
cur severe signal attenuation due to propagation loss, blockage, mobility sensitivity
and other effects, such as rain attenuation. This may result in significant performance
loss. A promising approach to efficiently mitigate these effects and increase coverage
and capacity in mmWave networks, is to employ multi-hop relay-assisted commu-
nication. The link quality is improved by dividing the data transmission between
a source and its destination over a large distance into several segments, where the
signal strength in each segment is enhanced by intermediate relay nodes.

The two most widely adopted enhancement strategies for the relays are decode-
and-forward (DF), and amplify-and-forward (AF). In this chapter we will adopt the
AF strategy, as it is much simpler to implement. However, the relays will not be
limited to simply relaying the signal from the source. They will have their own data
to send to the destination, too. One way in which the transmission of the data from
the relays could be incorporated would be by allocating orthogonal subchannels to
each relay, such as time slots or frequency bands. However, this strategy allocates
the resources inefficiently (due to the orthogonality requirement), and is not suitable

for a system with strictly low-latency requirements. Hence, in this paper, our design
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objective is to design a signalling scheme that will allow the source and the relays
to transmit information simultaneously at the symbol level. The primary idea that
underlies our approach is to properly extend the concept of a uniquely-factorable
constellation set (UFCS) proposed in [25, 26, 52, 99, 103], to a set of uniquely-
factorable constellations.

The main contributions of this chapter are summarized as follows:

e A set of uniquely factorable constellations is designed based on the multi-hop
relay-assisted system to allow the source and the relays to transmit their infor-
mation simultaneously at the symbol level. The uniquely-factorable constella-

tion set is based on phase-shift keying constellations.

e With such construction, We derive a maximum likelihood (ML) receiver that
enables the system to operate non-coherently with respect to the channel from
the source to the first relay. Furthermore, we show that this ML receiver can be
reduced to a symbol-by-symbol detector that only requires phase quantization.

That receiver is analogous to a coherent single-user detector for PSK signalling.

e A closed form expression for the symbol error probability (SEP) of the ML

detector is derived, showing that the diversity gain is proportional to SNR ™.

3.2 System Model

A motivating application for the communication scheme developed in this chapter
arises in communication along a high speed train, as illustrated in Fig. 3.1. A mobile
user (the source) in a carriage wishes to communicate with a destination node several

carriages away. To do so, the source communicates to the relay node in its carriage.
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The message is then passed over several hops to the destination. At each hop, the

relay may incorporate its own data for the destination.

DDDDDDDDD. I:II:II:II:II:II:II:II:II:I. DDDDDDDDD. I:II:II:II:II:II:II:II:II:I. DDDDDDDD.
VaivieN VavieN VivioN Vivie\ VaivioN VaivieN VivioN Vivie\ VivioN wiw

Figure 3.1: Multi-hop communication model on a high-speed train.
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Figure 3.2: System model.

The development of the communication system that we will propose is based on
the abstract system model in Fig. 3.2. This model consists of a single antenna
transmitter, denoted by Tx that has data symbols so;, ¢ = 1,2,---,T, to send
to the M-antenna destination, denoted by D. The transmission is assisted by N
single antenna relays, each of which has its own data symbols, s;;, ¢+ = 1,2,--- | N,
t=1,2,---,T, to send to the destination. Each relay operates by amplifying and
forwarding the signal that it receives, and it encodes its own data in the phase of
the amplification. That is, if we let y; denote the signal received by the i-th relay at
the ¢-th instant, then the signal transmitted by that relay is \/B;s;y;:, where /5;
is the amplifier gain of the relay, and s;,, with |s;;| = 1, is the data symbol for the
i-th relay. Analogously, the signal transmitted by the source is v/Bpso:. We will
model the channel to the i-th relay as being narrow band with a baseband equivalent

(complex-valued) gain of h;, with zero-mean circular additive white Gaussian noise
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of variance 2. Let

Ti—1t = Bi_lsi_u, for ¢ = ]., . ,N. (321)
Hence, we can write
Yie = M1 1Yim1e + Nit (3.2.2)

where 7, ~ CN(0,0?) and since we envision operating at mmWave frequencies,
where the attenuation due to path loss is high, we assume that any interference
from the previous relay falls significantly below the noise floor. We define yo; = 1
for all ¢ because the input of the channel to relay 1 depends only on the symbol
from the source. We will assume that all channel coefficients are subject to Rayleigh
distribution; i.e., h; ~ CN(0, 1).

In the last hop, the N-th relay transmits to the destination, which has M antennas.

The signal received by the m-th antenna at the destination can be written as

Zm,t = 9mT N YNt + fm,ta (323)

where ¢, is the (complex-valued) channel gain from the N-th relay to the m-th
antenna at the destination and &,,; ~ CN(0,0?).

The destination seeks to detect the signals transmitted by the source and the

M,T

1 —1- We will consider a scenario in which the

relays from its measurements {2, }
relays and the destination are in fixed relative positions and hence we can assume that
the destination knows the (complex) channel gains hy, hs, -+, hy and g1, 92, , gur-
However, the source may be in motion relative to the first relay, and hence the detector

will operate in a non-coherent manner (e.g., [62, 110]) with respect to hy. That is, the

receiver will operate without knowledge of hy, but it does know that h; is Rayleigh
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distributed.
The key result of this chapter is that we will show how the constellations employed

N,T

'0.+—1 can be designed so that

by the source and the relays at each time instant {S;;},2,

using a block size of only 7" = 2, we can detect the source’s symbols {so; € So,t}le,

N2

i~14—1- Furthermore, this detection problem

and all the relay symbols {s;; € S;;}
can be reduced to a scalar maximum phase alignment problem over the product

N,2

constellation formed by {s;:},7 ;-

3.3 Uniquely-Factorable Constellation Design

The development of our signalling scheme will be based on the notion of a uniquely

factorable constellation set.

Definition 3.1 A set of constellations S1,Sa, ..., S, (r > 2) is said to be a uniquely-
factorable constellation set (UFCS) if the existence of s1,51 € Sy, S2,5 € Sa, ...,
Spy 8p € S, which satisfy s182--- S, = §182---8,, implies that s, = §1, S = Sa, ...,

Sp = 8.

In the following theorem we show how a set of carefully rotated M-ary phase shift

keying (M-PSK) constellations forms a UFCS.

Theorem 3.1 Consider a set of r constellations {S;, 1 <1i < r} in which the car-
dinality of the i-th constellation is |S;| = 2% and in which the constellations are

constructed as

S = {exp(szm)}%_l (3.3.1)

20 n1=0 ’
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and for any 2 <1 <r

. i1 )
o ]27”7/1 k:1(2qk _ 1)) }2‘111
&_,%m% e L (3.3.2)

Such a set of constellations constitutes a UFCS.

Proof The proof is provided in Appendix 3.A. O
In the following theorem, we will show how to decompose a standard uniform
PSK constellation with 27 points, where ¢ = Y, _, ¢ into a UFCS containing r

constellations, the k-th of which is of size 2%.

Theorem 3.2 Let S denote the standard uniform 29-ary PSK constellation, i.e.,

¢S::{exp(j2ﬂn>}2L4. (3.3.3)

24 n=0

Gwen r and {qi},_, such that ¢ =" ,_, qi, construct the constellations

j2mngy 1211
S =:{ ( )} , 3.3.4
r= P ) g (3.3.4)
and for 2 <1 <,
. i—1 )

J2mn; [T, (2% — 1)\ 2% -1
&:{ ( . )} . 3.3.5
P 23 k=1 Ik ni=0 ( )

Then, for any s € S, there exists a set of s; € S;,1 <1 < r, such that s189---S, = 5.
Thus {S;},_, constitutes a UFCS. In particular, given s = exp(2) € S, where

24

n€{0,1,...,2971} sy and s; (2 < i < r) are uniquely and explicitly determined by
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jomn; H?;;ll (2% —1)
92 k=1 Ik

51 = exp(ﬂ;qr?l) and s; = exp(

), where

(Tl - Z:=i+1 ntQZZ:tH qk HZ_:ll(qu _ 1)) 2—:11(2% . 1)2%71_1

.= qi
n; = S S — mod 2
SS9 k=t T TTEL _
and ny = 2 Li=p 2 ;2;:2 qz [T (2% —1) mod 27, for 0 < n; <29 —1 and 0 < n; <
2% — 1.
Proof The proof is provided in Appendix 3.B. U

3.4 Signalling scheme and power allocation

The distinguishing feature of a uniquely factorable constellation set is that we can
uniquely determine the constituent symbols from their product. Since the relays in
our system introduce their data in a multiplicative manner, cf., (3.3.1) and (3.3.2),
such a set appears to be well suited to the problem at hand. We will consider a system
in which non-coherent detection will be performed on blocks of T' = 2 transmissions

from each user. For reasons that will become soon apparent, the constellations used

N,2

PP will be selected so that

by the source, {Sojt}le, and those used by relays, {S; .}
they form a UFCS. That is, {Si,t}f}v:’g’t:l forms a UFCS.

Given our model for the amplified symbols x;, transmitted by source and the
relays (cf. (3.2.1)) and the signals transmitted by the relays (cf. (3.2.2)), we will
allocate power to the relay nodes according to the long-term average (i.e., over an
asymptotically large number of channel realizations.) Since the constellations are

normalized so that |S;¢| = 1 means that the transmitted power of the source is f.

This must be less that the source’s average power constraint Fy. We will let P; denote
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the average power constraint for i-th relay (1 < i < N). Since our system performs

amplify and forward relaying, the transmitted average power for the i-th relay is

E“yi,txz‘,t|2] = 5@‘E[|yz’,t|2]
= BiE[|hiyi 1, 7]
= BB TE|yi1 o JE[|2i—1.6[*] + El|9e[*])

= Bi1BiE[[yi—14] + BE[|mie|’] (3.4.1)

—BoHﬁkE ’y0t| +ZH3L¢U

Jj=1 k=j

—BoHﬁkJrZHﬁw

Jj=1 k=j

where we have used the normalization of the constellations, and the assumptions
of independent Rayleigh fading channels, and additive Gaussian noise. In order to

satisfy the power constraints, the amplifier gains must satisfy

Bo H Br + Z Hﬁka < P. (3.4.2)

Jj=1k=j

In general, the link quality is proportional to the transmitted power. If the relays
have access to a continuous (inexpensive) power source, such as the power supplied
to an electric train, it is reasonable to operate each relay so that it transmits using its
maximum average power P;. In that case, (3.4.2) holds with equality, and the relay

power gains [3; can be recursively calculated as

P,
Bi = (3.4.3)
Bo Tz Br + 02y Tl Bro® + 0%
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We observe that (3.4.3) enables us to set the relay amplification gains without the

relays needing to know the channel realizations.

3.5 Maximum Likelihood Detector

In the scenarios that we envision, such as the relaying of messages between the car-
riages of a high speed train, the (relative) position of the relays and the destination
are essentially constant and it is reasonable to model the communication channels as
being quasi-static. Therefore, in detecting the symbols sent by the source and the

relays, it is reasonable to assume that the destination can obtain, through training, an

M
m=1’

accurate model of the channels to each antenna in the last hop, {g,.} and of the
product channels Hy = Hfik h; for k = 2,3,---, N. However, in the scenarios that
we envision, it is likely that the source will be in an environment that changes on a
time scale at which the amount of training required to accurately identify H; = hi H>
is significant. Therefore, the detector at the destination will operate in a non-coherent
manner with respect to hy; e.g., [62, 110]. That is, it will operate with knowledge
of the distribution of Ay, but without the knowledge of the particular realization of

hy. As with many approaches to non-coherent communication (e.g., [62, 110]), we

will consider a block of symbols of length T" and will seek to jointly detect all the

N,T

symbols transmitted by the source and all the relays in that interval, {s;:}.”;,_,

from the signals received at the destination {z;}.; given knowledge of the channels
{gm}fle and the product channels {Hk},]j:Q, but without knowledge of Hy = hyHo,
where z; = [214, 224, - - -, 2014) "

To simplify our notation, let us define the (amplified) product symbols Xj; =
[1Y, i for k= 0,..., N, where x;, was given in (3.2.1). According to (3.2.2) and
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(3.2.3), we can write yy, as

YNt = ANTN-1YN—1, T TN

= hyen_1(hn_1ZN—2YN—2¢) + ANTN 1N -1 + TNt (3.5.1)
N-1 N N-1

=H H Tit+ Z{Hjnj—l,t H Tit} + 1N
i=0 =2 i=j—1

ThllS, we have INtYNt = HlX(),t + Z;VZQ{Hijfl,tnjfl,t} + INNN - For Slmph(nty,
we will explicitly formulate the maximum likelihood detector for the case of T' = 2,

but the extension to the general case is straightforward.

Now let us define z = [z7,23]7, & = [&10,0nr -5 Eard]T € = [€],€5]7, and
g = (91,92, .,9u|". Then, if we let ® denote the Kronecker product, we can write
TN1YN,1
z = ®g+E
TN2YN,2
Xo,1 M1X1,1
=H, ® g+ Ho Qg+ (3.5.2)
Xo,2 M1,2X1,2
NN-11XN-1,1 NNA1TN,1
+ Hy ®g+ ®g+E&.
77N—1,2XN—1,2 NIN2TN,2
Xoa . . . . .
Let Xy = ® Ip, where I, is the identity matrix of size M, and let
Xo,2
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Mhe,1 Xk, 1 ,
D, = Iy for 1 <k < N — 1. Then, we can write
Mie,2 X k.2
N-1
z=HXog+ Y Hi1Dig+Dyg+E (3.5.3)
k=1
Let x = [14,Tos, .. 2N, x = [2#7,2]] and G = ggf. Since {z;;} are simply

amplified versions of the symbols {s;;}, we can formulate the maximum likelihood
detector in terms of the conditional distribution of z given {z;,}, the channels to the
destination g, and the product channels H;, 2 < i < N. Conditioned on those terms,
each component of z in (3.5.3) is an independent zero mean Gaussian random variable,
and hence the conditional distribution of z is a zero-mean Gaussian distribution. The

covariance of that distribution is

Y = Elzz"|x, Hs, ..., Hy, g|
N-1 (3.5.4)
= |Ho[*XoGX{ + Y |Hiy1"E[DGD}'] + EDyGDJ] + E,
k=1

—_— H 0]2V+1 .

where 2 = E [55 } = ® I, and x represents the all transmitted symbols.
UJ2V+1

For notational simplicity, let Q = {Hs, ..., Hy,g}. Thus, the received signal has the

conditional probability density

1 e*ZHE_lz
71-2M|2’

f(z]x,Q) = (3.5.5)

96



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

Therefore, the maximum likelihood detector becomes

x = argmax f(z|x, Q)

1 _Hy1
= arg max Z

= argmax —z"' 3 'z,
X

where the last equality results from the fact that |X| is a constant with respect to x
(see (3.C.9) in Appendix 3.C).

Although the ML detector in (3.5.6) has a simple form, if the source transmits go
bits per channel use and the i-th relay transmits ¢;, then in the classic implementation,
we must construct and invert the matrix ¥ a total of 22X times, resulting in a

high computational load.

3.6 Fast Detector

In this section, we will show how the structure of our signalling set and our trans-
mission scheme enable us to reduce the ML detection problem to a simple “phase
quantization” detector. As in Sect. 3.4, we let S;; denote the constellation used by
node ¢ at time slot ¢. This constellation has ¢; elements. The set {si,t}f-v:’at:l forms a
uniquely factorable constellation set and S denotes the corresponding “product con-
stellation” with 2204 elements; see Theorem 3.2. Let S denote the scaled version

of that constellation in which each element is scaled by Hi\io Bi.

Theorem 3.3 The ML detector can be reduced to a symbol-by-symbol detector, that
seeks the mazimum value of R(Bz¥ Gzy) with respect to the argument B, where B =

X1 X3, €S.
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Proof The proof is provided in Appendix 3.C. U
By making the mild approximation outlined below, the detector can be simplified
to

max R(Bzi z,). (3.6.1)
BeS

In particular, for ¢t = 1,2, let §, = xn YN+, according to (3.2.3), we have z, = g +&,.

Then, we note that

2y Gzy = ((gH?JT +&7 )g> (gH(gﬂa + EQ)>

(3.6.2)
— ligll* (g1 + iat e + Gig""e, + €lwiul'e, )
where u; = g/||gl|, and
2125 = (8771 + &) (802 + &)
(3.6.3)

= ||g|*Fi 72 + 261g + U8 €, + E7E,.

These expressions only differ by a real-valued scaling and the last term, which is a
product of the noise components and is typically much smaller than the other compo-
nents. An alternative derivation of this simplified detector is provided in Appendices
3.D and 3.E.

An advantage of the simplified detector in (3.6.1) is that it only needs the received

signals (and H?;O B;) and does not require explicit knowledge of any of the channels.

98



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

3.7 Symbol Error Probability

In this section, we derive a closed-form expression for the symbol error probability of
the simplified detector in (3.6.1).

According to the system model and (3.5.5), we know that z|x,Q ~ CN(0,X).
Let X;; = E[z;z}|x,Q] with 1 <i,j < 2. Then, the covariance matrix of z can be

rewritten as
X X

Y =Elzz"|x,Q] = . (3.7.1)
Z21 222
Since
I 0| | Zpf| |I -3 > 0
X3 I [Za B [0 I 0 X3 'S+ 3o
(3.7.2)
we have
~ -1 -1
— DIIPRED I _ I —3/'Z,| |2, 0 I 0
o1 Yoo 0 | 0 —2212f11212+222 —22121711 1

Eﬁl + Ef11212(—2212f11212 + 222)7122121711 —2f11212(—2212f11212 + 3gp) 7!

—(—22121_11212 + 222)_122121_11 (—22121_11212 + Xgp) 7!
(3.7.3)

Note that we also have z;|x, 2 ~ CN(0,X;), thus, the conditional probability den-

sity functions (PDFs) of z and z; are given by

1 7ZHE_1Z
€ Y
7T2M‘Z’

f(z]x, ) = (3.7.4)
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and

1 Hy—1
Q)= —— - A'=n, 7
f(z1]x, ) 7TM|EH|6 (3.7.5)

Since f(z|x,Q) = f((z],z1)T|x, Q) = f(z1|x) f (22|21, %, Q), we have

f(Z) 1 —(zH 2 1g—zH _lzl
f(Z2|Z1,X> - f(zl) = oM B3] € (=72 r ) (376)

[211]

Furthermore, we have

ZHZ_lz — 2{121_1121 = (Zg — z{{EﬁlZlQ)(—EglEﬁlElQ + 222)71(Z2 — 22121_1121).
(3.7.7)
Due to the fact that X1, = 3 and 21, = 21}, we have (X9, 37]'z))" = 2z 3 Zs.

Therefore, (3.7.7) can be rewritten as

ZHZ_lz — szl_llzl = (Zg — (22121_11Z1)H)(—22121_11212 + 222)71(22 — 22121_1121).

(3.7.8)
Moreover, according to (3.7.2), we know that the determinant
I 0|12 Zp||I -3 |[Zn 0
= , (3.7.9)
—22121_11 I 221 222 0 I 0 222 — 22121_11212
i.e., |E‘ = |211| X |222 — 22121_11212|. Therefore
= e 1
= |222 221211 212|. (3710)
|21
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By combining (3.7.8) and (3.7.10), we have

1 H —1 H —1 —1 —1
f(Z2|Z1, X, Q) = — e_(zz —(X21377 21)7 )(B22—321 X T12) (22— X5 zl)’
T[Sy — B B B
(3.7.11)
ie.,
Z2|Z1, X, Q ~ CN(EmEilZl, —2212;11212 + 222). (3712)

Now, let us consider the simplified detector in (3.6.1) and let U = z'z,. The

conditional distribution of U conditioned on z; and x is
Ulzy,x,Q = z'zy|z1,x ~ C/\/(z1 Yo X 2,2 (— 2 X B + 222)z1> (3.7.13)
Since

fUx, Q) = f(z1'22|x, )

= f(z{iz2|Z1,X7 Q) f(z1]x, ),

(3.7.14)

we have

1 _ |u—z7 2211211 z1 | 1
Ulx) = / / e 2 (-2 5] S0+ T00)zy
J(U) 2y ™Mz (=305, 37, 'S+ 322)24 M3,
—z{' S Z1f( )ledQ

1 1
- Hy, ... H /
m2M |30, | / Hx /() (4, V) 7 Z{{(_22121_11212 + X99)2z

77777

|u— zl 221211 z1|

X e N SuS S En)n =21 21 zldz 1dgd(Hs, ..., Hy)
(3.7.15)
According to (3.C.6) in Appendix 3.C, we know that
H 2 A
211 = E[lel ’X, Q] =0 <IM + ;gg > (3716)
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and
R Poal SN  Hiad P X | + [ X i
Y =0 <IM_ |X01|2 2 2 g
T+ ( +Z |Hk+1| |Xk:,1| + |XN,1| )HgH (3717)
.
(&)~ +|gl?

with A = |HoPE T, Bi + (Cn ) [ Hed|PTI, Bi + Bn)o?. Moreover, according to
B = X01X§,, we have
Sy = E[z12;'[x, Q] = B|Hs|"gg",
(3.7.18)
31 = Elz0z{'[x, Q] = B*|H,|"gg",
and
H 2 A u
Yoo = Elzoz; [x,Q] =0 (IM + 388 ) (3.7.19)

Since the matrix z;z!’ can be diagonalized by a matrix W, the columns of which

Iz ]2 ... 0

are the eigenvectors of z,z1 | i.e., z;zll = W : . | W we have
0 ... 0

zi' ggz) = tr(z1 gg"z)) = tr(g"z12]'g)
(3.7.20)
= ||z1]%1g:
where g = (71,...,9u)" = Wlg. Since WIW = WWH =T and g ~ CN(0,1y),

we know that g ~ CN(0,1y). Let C = %. Then, we have the following equations,

121| = [0 (Iy + Cgg)| = M (C||g|* + 1), (3.7.21)
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2,H H
Zﬁzzlxﬁlzl = U_zB*(Z{{ggHzl — M)

C=1 + g2
=0 2B*(1 - J‘g—HQQ)z{{ggHzl (3.7.22)
C-1 + | gl
o 2B* B
= HTH@;H?“ZIHQMP’
Z{I(_Eﬂzﬁlzm + X99)z1
H_—2/p2 2 H ||g||4ggH 2 H 2~ H_ . H
=—z0 "|B|*(|lgll’gg” — W)zﬁra zy 2, +0°Cz gg" 7,
‘7_2‘312 2 2| H 2 2 2 2 2 H 2 (3'7'23)
= —HTHgHQIIgII |Z1[]"]g" w1 |” + o7[|z1 |7 + 0”C|z1[|"|g" Wi |
22 1TV 2015112
2 ok Hi:1ﬁi”g” 21~ 12 2 2
= (62C —
(0 S U
and
_ _ gg”
z{{Zlel = Z{{O' 2(I]\/[ — W)Zl
o2 (3.7.24)
= HTH@H?“ZNQ@‘? + 0|z ||

Therefore, the conditional PDF can be written as

1 1
f(Ux:/ —fg)fH,...,HN/ —
’ ) Hs,...Hn.,g 7T2M|211’ ( ( ? ) z1 Z{{(—Emznlzu + E22)Z1

—1
|u—z{{2}21211 z1|2

H =1 _zH»1
X e M (=TT ] D12+ T)m o2 By “Ydz,dgd(Ho, ..., Hy)

_/ f<g>f<H27 ‘7HN) / 1
o 2M 2M 2 22 [N, 82|82 ~
(Ha,...Hy,g) T 0 <C||gH + 1) z1 ((020 -2 1-11-_ICﬂg1H2 lel )||Z1H2‘91|2 + 02||Z1||2)
=12 By 1210 212
K COTTRCRE I e (RS PP e )

(3.7.25)

27k
For a point s, = VEe @ of Q-PSK, we know that its corresponding symbol error
T(Q—1) Esin? & 7|y75k‘2

probability is P, = £ [; ¢ e~ zZa?odf with the PDF f(y|sy) = 52z¢~ 22 . Thus,
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N
with letting +/E. %

z1//?|g1]?, we have

P.(U|Hs,...,HN,g)

m(Q=1) Em sin2 %

_ T H(Csy = s 4 sin2 1 —zH 31z,
_/ e #1 (=Z21%] Z19+Zg2)z; sin dgwe 11 dZ1
z1 J0 M3, |

_4HN 2 4= 14 . 2

7\&1“ |g1 1% sin®

1+C 2 Q
W(Q 1y - a+cl&l?)

o211V 82|82 _ )
((aZCfWHm\|2\91|2+02HZ1II2)sm29 1
7r2M oM (Cllgll* +1)

|21]%|g112+0~2]1z11?)

X e (1+cugn2‘

' dfdz,
(3.7.26)

Consider the polar system, and let r? = ||z1||?, then (3.7.26) can be rewritten as

P.(U|Hy,...,Hy,g)

L |91| sin? &
o 3 _(+Clgl 2>2 Q
b 1 00 2 1Y, 8218112 5. o 272 sin2
— / (e Gigz I nP et e
0 M2 (Clgl? + 1)
s 20 2 2,2 oM
X e ~(Fogrrlalte” )I‘(M) r?M=1drdo
oz + 1)t < - o011 | sin® 502
= e (+CIEIH(Clar P+D)(+CIgl1?) —o =1 BI2[&]2[31 %) sin? 0
; 7rMazMF(]\/[) 0

—o—2C 2z 12
w ¢ (renar” 91l e

TR grdg

m(Q-1)
Q 1

0 MM (M)(Cllgl* +1) Jo

. o YBPIa1  sin? F+4CIEIP-Cla M) (Clar P+ +Cligl?) -0 B |1gl|% |51 1?) sin® 6
o2 (+Cl&l?)((Clar P+ (1+Cligl?) -~ 2 B2 gl%[a11%) sin? 6 dtdo

(3.7.27)

X e
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Since [} a"e "*dx = nlp~"!, then we have

(Q—-1)

e (Clgl*+1n)~"
Pe(U|H2,...,HN7g):/ %
0 ™
M
(L+ Clgl*)((Clgrl* + 1) + ClIgl*) — o~*|BJ*|1&]*]g1]*) sin® 0
oI BRIl sin® 5 + (1+ CIEIE — ClaP)(Clau [+ D)1 + Clgl) — o~ [BE[IPl3:) sin” 6

1r(QQ—1) 1
[
~ ~ ~ ~ 12~ . M
(L+Clgl»)™ " ((Clg* + D)1 + Cligl*) — o~*|B||g]|*|g1|*) sin® 6)

M
(- 41BP21ga 1 sin? & + (1 + Cllgl? = Clan P)(Clga 2 +1)(1 + ClIg]2) — o~ B2I|g|12lg ) sin? 0)
(3.7.28)

de,

with the fact that T(M) = (M — 1)l Let SNR = £ Since ¢ = [lIzof |
ZkN;ll | Hyi1]? Hf\;k Bi + By, we know that the highest order of P.(U|Ha,...,Hy,g)
is SNR™.

Theorem 3.4 If the channel coefficients are given, then the conditional symbol error

probability is given by

P.(U|Hs,...,Hy)

M M -2 . ,
(~1)'H RERYH-i1 Ry
B /7r<%1> /Oo e‘“RéW*l M—2 M—2 Mzz‘jl k t—k
) o TMHID(M —1) | & & £ (M —t—i—1)
M M—-2+k t—M+1 CM—itly
n Z Z M M -2 (_1)tRthfk Z (=Ry) M - 1)!
1442 3 _
k=1 t=max{M—1,k} \ K t—k i=1 Ry(t — M + 1)}
M M—2+k M M —2 —R t—M-+1
- (—1)tR’fR;’f%eRQRSE@(—RZRg) dvdf,
k=1 t=max{M—1,k} \ K t—k (t =M +1)!

(3.7.29)
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_ P 6 N-1 2 1V _ (e —4 2 _
where €' = ——3=~ + > iy [ HiPILisk Bi + By, Dy = C* — 074 B?, Ry =
—4 2,2 in2 T
o~ % B|?v?sin Il R, —
(CDsv2+Dsv)sin? 0’ 2

2 in2 —4|B12,2 gin2 T
(Dsv?4+2Cv+1) sin® 0+0~*|B|?v? sin S und Re — Co 1
(CDsv2+Dsv)sin? @ ) 3 :

Proof The proof is provided in Appendix 3.F. U

3.8 Numerical Results

Computer simulations are carried out in this section. The system SNR is defined
by n 29 /20%. For simplicity, we denote a vector consisting of power coefficients by
A= (Py,...,Pn).

Fig. 3.3 and Fig. 3.4 show the frame error performance (FER) comparison with
different constellation sizes and different relay numbers, respectively. (Here, by FER
we mean one minus probability that all symbols from all users in the block of T' = 2
channel uses are received correctly.) Both the ML detector and simplified detector
are considered. In Fig. 3.3, A = (5,10,15), N =2, M =2, |S;4] = 2 for i = 0,1
and t = 1,2. The different curves arise from different choices for the size of the
constellation for the second relay. We make two choices, |Syt| = 4,2 for ¢ = 1,2,
which imply in these scenarios that 256-PSK and 64-PSK constellations are received
at the destination, respectively. In Fig. 3.4, we make three choices for the number
of relays, N = 3,2,1, along with M = 2, |S;¢| =2for 0 <i < N, ¢t = 1,2 and
A = (5,10,15,20), A = (5,10,15) and A = (5, 10), respectively, which implies that
256-PSK, 64-PSK, and 16-PSK constellations are also received at the destination
in this experiment. From these two figures, it can be seen that, simplified detector
exhibits a similar performance with ML detector. Moreover, the frame error decreases

with SNR in a way that was predicted by the diversity gain result after (3.7.26). The
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differing rates of the transmission account for the offsets between the curves at high

SNRs.

FER
)

—<— 256-PSK, Simplified Detector
—*— 256-PSK, ML Detector
—=&— 64-PSK, Simplified Detector
—— 64-PSK, ML Detector

104 =

|
35 40 45 50

SNR, dB

55 60 65

70

Figure 3.3: Comparison among two-relay based system with different constellation

sizes.

Fig. 3.5 shows the performance comparison when the number of antennas M

increases, where A = (5,10,15), N =2, |S;;] =2 for 0 <i < N and t =1,2. It can

be seen that the performance cannot be significantly improved by increasing M.
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4 —<— 256-PSK with 3 relays, Simplified Detector
—%— 256-PSK with 3 relays, ML Detector
—-&— 64-PSK with 2 relays, Simplified Detector
d —%— 64-PSK with 2 relays, ML Detector
—=&— 16-PSK with 1 relay, Simplified Detector
107 16-PSK with 1 relay, ML Detector
102 F
o
i}
L
108 F
10*F
1 0-5 1 1 1 1 1 1 1
30 35 40 45 50 55 60 65 70

SNR(dB)

Figure 3.4: Comparison among the proposed scheme for different relay numbers.

FER

-5 L Il L L
30 35 40 45 50 55 60 65 70
SNR, dB

Figure 3.5: Comparison among the proposed scheme for different antenna numbers.
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3.9 Conclusions

In this chapter, we developed a novel approach to communicating non-coherently over
a multi-hop relay-assisted system that allows the source and the relay to transmit their
own information. By employing uniquely factorable constellations, we were able to
reduce the ML detector to a simple symbol-by-symbol detector that employs phase
quantization. In addition, the symbol error probability formula was given, showing

that the system achieves a diversity gain of 1.

3.A Appendix: Proof of Theorem 3.1

j27ny j2mny

Let g =1 qk, 1= exp(Z55t) and 3, = exp(455), s, = exp(
j2min; [T, (2% —1)
222:1 qk

j2mn; [T, 2 (2% —1) d
; ) an
92 k=1 %k

§; = exp( ), where 0 < mn;,n; <2% —1and 2 <i <.
According to the property of the PSK constellation, the equation s;ss---s, =

5189 - -+ §, is equivalent to

r i—1 r i—1
ny2%k=2 %4y " 20k=inn 0 [T (2% 1) = 71y 220k=2 %4y g, 22k=i % [ [ (2% —1) mod 2,
=2 k=1 =2 k=1
(3.A.1)
ie.,
r 1—1
(ny — fi)22k=2% > " (n; — ;) 22k=i01% [ [ (2% — 1) = 0 mod 27, (3.A.2)
1=2 k=1

where the notation a = b mod m means m|(a — b).
Since 29|29, we have (n, —i,) [[i—; (2% —1) = 0 mod 2% . Moreover, due to the fact

that ([]5_;(2% — 1),2%) = 1, then we have 2% |(n, — #,). Since 0 < n,, 7, < 20 — 1,
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we can obtain n, = 7., and as a result, (3.A.2) can be reduced to

r—1 1—1
(ny — 7q)25k=29% 43 " (n; — 7i;)2%k=i019% TT(2% — 1) = 0 mod 2. (3.A.3)
1=2 k=1

Dividing both sides by 29" yields

r—1 i—1
(n1—710)255=2 % 3" (i) 201 9 [ [ (2% 1) = 0 mod 207 = 2Zim1 9. (3.A.4)
=2 k=1
imilarly, since 291 i *, we have (n,_1 — n,_1 "=2(2a — 1) = 0 mod 29
Similarly. 201|220 '

and 29-1|(n,_; — f,_1) based on the fact that ([[}_>(2% — 1),2%-1) = 1. Since
0<n,,n, <2% —1, we have n,_1 = n,_1.
Repeatedly, we can obtain that n; = n; for any ¢ > 2 and (3.A.2) can be reduced

to

(ny —7ny) = 0 mod 2%, (3.A.5)

which suggests that 29'|(n; — 7). Since 0 < ny, 7y < 2% — 1, we have ny = 7.
Therefore, s; = §; for any 1 <14 < r and such a set of {S;} constitutes a UFCS. The

proof is completed.

3.B Appendix: Proof of Theorem 3.2

) . . i1 _
Let s = exp(Z22), s1 = exp(Zat), and s; = exp(ﬂm;l;zjl(iqk 1)) for 2 < i < r.
Then, equation s;ss--- s, = s is equivalent to
r i—1
ny2%k=2 % 4y 2%k TT(2% — 1) = n mod 27, (3.B.1)
i=2 k=1
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Since 29|27, we have
r—1
n, [ (2% — 1) = n mod 27 (3.B.2)
k=1
Due to the fact that 29 and any 2% — 1 (1 < k < j — 1) are co-prime, with the help
of Euler theorem, we have
r—1
[Te* —1)* =1mod 2o, (3.B.3)

k=1

By combining (3.B.2) and (3.B.3), we can obtain
r—1
n, =n [[@% - 1> mod 27 (3.B.4)
k=1

There is only one solution to (3.B.4), such that 0 < n, < 2% — 1. In other words,
the solution to m, is unique. On the other hand, according to (3.B.2), we have

20| (n — n, [[4—} (2% — 1)). Therefore, (3.B.1) can be reduced to

r—1 i—1

(n—n, I (2% — 1))

n 2243 " poXicia e [T (2% -1) = o mod 2079 = 2541 %,
=2 k=1
(3.B.5)
Similarly, since 271 |222: % we have
Mo o 0-m Il —1) o
Myr—1 H(2 -1)= 5% mod 2%, (3.B.6)
k=1
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Moreover, since 27! and any 2% — 1 (1 < k < r — 2) are co-prime, with the help of

Euler theorem, we have,

r—2
[T -1 =1mod 20— (3.B.7)
k=1

Then, by combining (3.B.6) and (3.B.7), we can arrive at

r—1 r—2 2dr—1-1_1
—n, |[,_7(2% — 1 (2% — 1
Np_1 = (n = e [l )2)61‘ =1 ) mod 291, (3.B.8)

which can also be uniquely determined for 0 < n,_; <291 — 1.

Repeatedly, we can obtain that for any i > 2,

(n = Xy me2Zheen o T (20 — 1) TS (20 — )™
QZZ:i-H qk

n; = mod 2%, (3.B.9)

which is also uniquely determined for 0 < n; < 2% — 1. Then, according to (3.B.1),

we have
n = Xy n 2SI — 1)
ny = =
ZZk:Q dk

mod 2%, (3.B.10)

where ny can also be uniquely determined for 0 < n; < 29 — 1. This complete the

proof of Theorem 3.2.

3.C Appendix: Proof for Theorem 3.3

Proof For ML detection, we have
X = argmax —z" X'z, (3.C.1)
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where according to (3.5.4), we have that

N-1
Y = |H|*XoGX{ + ) |H41|’E[DGD/] + E[DyGD}] + B (3.C.2)
k=1

Since the matrix G = gg/ is rank-1, it can be written as G = [|g||>ujul!, where

u; = g/| gl Hence
2 2 H * * H
M1 |“| X117 010 M 1M 0 X k11X pyp g oW U
D,GD} = ||g||” el s P w2 (3.0.3)
Moo Xk 2 X5 wuf’ [P X 2P aguff
Therefore, we have
E[D,GDY] = ||g|’E 98,1 2| Xy 1,1 g uf! 77k,1772,2Xk+1,1X;:+1,2u1u{{
k Lkl —
Moo Xk 2 X5 wwy' |o*[ X o Puauf!
H H2 02|Xk+171|2u1u{1 0
=8
0 02]Xk+1,2|2u1u{1.

(3.0.4)

Similarly, we have
X071 211111H Xo’lX* uluH
X,GXY = ||g|? oo o2 (3.C.5)

* H 2 H
Xoo X5 muy' [ Xop| uuy
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Now we can rewrite (3.C.2) as follows

|X071|211111{I X0’1X§72u1u{1 N-1 02|Xk71|2u1uf[ 0
3 =|Hy|*(|g]|? + > |Hen Pllgl?
X072X5‘,1u1u{{ |X072|2LI1U{I k=1 0 UQ\XM\?ulu{{
9 O'2|XN’1|211111{I 0 —
+ [gl +&
0 0'2’XN72‘2L11L1{{
[ ”fQZAH 0 ”fQQB 0]
,|V o ' ; L vE o
_ 0 1 0 . 0
-9 g2 Mk
0V £ B ol8a+1 0 0o VH
L0 oo il
(3.C.6)

where V = [u;, W] and the columns of W € C**M=1 form an orthogonal basis for
the subspace that is the orthogonal complement of u; in CM. Since |X; | = | X; 2| for

alli =0,1,..., N, we can define

-1

A = |HoP* | Xo > + 0% > [ Hia|| X g” + 0°| X I

k=1
N N1 N (3.C.7)
= |H2|2Hﬁi+( |Hk+1|2Hﬁi+5N)02-
i=0 k=1 i=k
Furthermore, as defined before, B € S. Let
el 4 1 el
d = , \ : (3.C.8)
Hfg B* H(gfg A +1
Then, we know that
12| = oM. (3.C.9)
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By taking the block matrix inverse (see [71, section 9.1.3]), we have

2 11 r 2

lel~a+1 .. 0 l8l°p 0 (e atny/e oo J'f—'fB/cb 0]
o N R S T S
le)* - 0lgfas o | -EPee oo dEiat/e oo (3.C.10)
L0 oo il i 0 o 0 il
Then, we have
_(”ijH)/fb. 0 —”j—‘fB/@ 0]
V 0 ; ; ol VE 0
-1 -2 0 i 0 L0
g le)? g 2
v el e o (1B A1y e 0 0o VH
L 0 o i il
|GG + gpr)ee” —Lgg! L1 |0
= . ) —
— L ggll (o5 + migrs)ee” | 7 |0 Iy
24 52(1—
o | Aleit, —BIy G o 1 (T ©
- 0T _ g Algl?+o%(1-%) o
B*Iy, IHE Iy 0 G 0 Iy
(3.C.11)
Therefore,
H
Allg|*+o®(1-9) _
ZHE_1ZZ 1 VYAl Tel? IM BIM G O VAl
4
g (P Zo _B*IM A||gH2‘—||—gCﬁ22(1_q>)IM 0 G Zo
H
N 1 |z Z
-2
g Z Z2
(3.C.12)

Since the second term does not depend on the symbols, we can restrict attention to
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the first term. For that term we have

AllglP+0>(1-@) 1

1 VAl ”gH2 M —BIM G 0 VAL
o4d Z, —B*Iy WIM 0o G Zo
1 Alg|]® +0°(1 - @) ;
= O'4CI> HgH2 (Z{{Gzl + ZgGZ2) - 0'4_(I)(B ZgGZl + BZ{IGZQ)

(3.C.13)
Moreover, we also have B*zl' Gz, + Bzl Gz, = R(BzGz,). Since z!' Gz, + 2zl Gz,
is determined solely by z and G, and A and ® are independent of the data symbols,

we have the claim. O

3.D Appendix: Lemma for ML detector with eigen-

values

0 B*| |2

Lemma 3.1 Let S = |:Zl ZQ] and S = UAUH be its eigenvalue

B 0 zl!
decomposition and let g; denote the elements of g. Then, the ML detection problem

can be reformulated as & = argmax \;|g;|* + Xa|ga|?. Note that g; = ullg, where u; is

the i-th column of U.
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Proof The term R(BzGz,) = B*zl! Gz, + Bzl Gz, can be rewritten as follows,

B*zf Gz, + Bzl Gz,

= tr(B*z Gz,) + tr(Bz! Gz,)

= tr(B*g"z,28' g) + tr(Bg" 2,21 g) (3.D.1)
0 B*| |zl
= gH |:Z1 Z2:| g.
B 0 ztl
0 B*| |2/
Let S = {zl ZQ] , where rank(S) < 2. Then, we consider the eigen-
B 0| |z

value decomposition (EVD) of S, i.e., S = UAU¥. Here, we assume that \; is the
largest in absolute value with the remaining nonzero eigenvalues are arranged in de-
scending order, the eigenvectors are reordered to correspond with the ordering of the

eigenvalues, resulting in U. Furthermore, let § = Ufg. Then, we have

B*zY Gz, + Bz Gz, = g" Ag (3.D.2)

Since rank(S) < 2, there are at most two nonzero eigenvalues \; and Ag. Thus,

(3.D.2) can be further written as

B*z Gz, + Bz Gzy = M|g1* + Xa|2]* (3.D.3)

Thus, we have the claim. O
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3.E Appendix: Proof of further simplified detec-
tor

We observed that, for different B € S, the first two eigenvectors corresponding to
the non-zero eigenvalues of S are in a similar shape, resulting in |g;| and |g2| being

almost constant. Based on this result, we have the following lemma.

Lemma 3.2 Let g(A, \a) = M|G1]? + Aa|ga]?. Assume that A} = max )\, and \j =
max \o.  The mazimum value of g(A1,A2) is given by g(A}, \5), d.e., g(A1,Aa) <
gAY, A3) for any pair of Ay and Ay given in (3.E.3) and (3.E.4), respectively.

Proof Let A = |B*(||z1|)?||z2||* — |2¥22|?), and w = R(Bzzy). Then we have
A =w+vVw?+ Aand Ay = w—+vw? + A. According to Cauchy-Schwarz inequality,
we know that ||z ||?||z2|> > |zz2|?, i.e., A > 0. Therefore, vVw? + A > |w|, resulting

in —-1< W;;ﬁ < 1. Thus, % =1+ V#ﬁ > 0, which suggests that A\; increases
. . o 2 — —A —_A
with the increase of w. Furthermore, we have Ay = w — vw? + A = oy v
which suggests that maximum A, can be obtained by maximizing A, i,e, \j = —%.
1

Since g(A1, A2) increases with the increase of A\; and Ay, we have g(A1, A2) < g(A], A\5).
The proof is completed. U
Based on the property that the matrix AB and BA have the same nonzero eigen-

values, then finding the nonzero eigenvalues of S can be transfered to find that of

u
I

- . (3.E.1)

0 B*| |z [ } B*zilz, B*||z|?
zZ, 7Z
Bllz,||*> Bzlz,

B 0 ztl
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Consider the eigenvalues of (3.E.1), we have

det(AL = S) = (A — B*z3'z1)(A — Bzi'z2) — | B*||z[|*[| 22|
(3.E.2)
=\ — 2R(Bz1'22)\ + | B’ |21 25| — | B[|z1[|[| 2>

Then, the eigenvalues are the roots of (3.E.2), i.e.,

2R(Bz{'22) + /4R (Bz{'22) — 4| B* (|2 2a|* — || [1?]|2]|*)
2 (3.E.3)
= R(Bzi'z2) + \/WQ(BZ{IZz) + B (|21 ?[|22]|* — |2i22])

)\1:

(the largest one), and

Ao = R(Baflz) — \/R2(Baf'zy) + [BI2(|z1 | 2el]? — |2l zal?) (3.B.4)

According to proof of Lemma 3.2, we know that Aj can be obtained by A} and
A1 increases with the increase of R(Bz!’z,). Then, we have the further simplified

detector max R(Bzlz,).
BeS

3.F Appendix: Symbol Error Probability

N g
Let D = kN;11|Hk+1|2Hi]ik5i + Bn. Then, we have C' = % = W +

ij:_ll |Hk+1|2H£V:k Bi + By = mﬂ# + D. For simplicity, we denote, D, = C? —
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o~ B|* = (|Hy|* — 1)% - Q‘HQL# + D?. Then, we have

(Clanl* + DA+ Cligl*) — o~ BIlI&lI*|3: [

M M
= 1+ ClaP) A+ Clal + Clanl*) = o IBENG I + X 1a)arl* (35 1)
k=2 k=2

M M
= Dy|gi|* + 2C+ D, Y gl + 1+ C> |al?)
k=2

k=2

and

_ ~ .o T ~ ~ ~ ~ _ ~ 12~ .
o~ BI*|gi|"sin® =+ (1+ Clg]* = Clai ) (Clan|* + 1)(1 + Cllgl*) — o~ B(|g]|*|3:[*) sin” 0

Q
M . M
_ (Sinz 0(1+C Y |Gl Dy + 0 sin? @|B|2> G|t +sin? 01+ C > |gul?)?
k=2 k=2

M M
+sin? 01+ C > 1320 + D, |af?)la >
k=2 k=2

(3.F.2)
Let §1 = 7:6j¢7 T1 =1 + 0224:2 |§]€|2, and T2 = 20+ DS ZQ/LQ |§k|2' Since f(gl) =

s 12 =2
Le=lnl® = 1= we have
™ ™

Pe(U‘SkaHQw"aHN?@Q?"‘:.E]M)

m(Q-1)

o / 5 /°° P (CF2 + )M (D7 + Ty + Ty) sin6) ™
= — —e
M
T Jo o 7 ((0*4 sin? 5|BI* + 1D, sin? 0)74 + T, Ty sin? 072 + T7 sin? 9)

_drdf

1 /”(%” /OO » (Cx 4+ T)M ((Dyw? + Tow + Ty) sin® 0) "

= — e

M

™ Jo 0 ((0—4 sin? 5|BI* + 11D, sin? §)w? + T Ty sin” w + T? sin® 0)
(3.F.3)

i dwdbf

120



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

Moreover, if we let w = Tiv, then we have

P@(U|Sk7H27---,HN,§2,---7§M)

1t / " et (CTyo + T (DT + TeTyo + Th) sin? 6) ' T
0 0 <(

M

—dvdo
T o4 sin? 5l1BI?+T sin? 0D, )T?v? + T Ty sin? Qv + T? sin® 0)

m~(Q-1)

1 /Q /OO o~ Tiv (Cv+ )M~ (D T1v? + Tov + 1) sin® 9)M
T oM
™ Jo 0 <(a—4 sin? &|B[* +TiDs sin? 0)v2 4 Ty sin? Gv + sin? 0)
(3.F.4)

—dvdf

[

Consider the polar system and further let g, = (go,...,gn) and 72 = ||g,

224:2 |gx|?, then we have

P.(U|Hy,...,Hy)

I e N . (Cv+ )M~ ((D,T1v* + Thv + 1) sin® 9)M
= e e 7
0 o Jo ((0*4 sin? &lB[* +TiDy sin? 0)v2 + Ty sin? Qv + sin? 9)
x 2—M_1f2(M‘1)‘1dvdfsd6’
r'(M-1)°

(3.F.5)
— 72 q; — M =2 — M =2 _
Let y =72 Since ) =1+ C> ,_, |gx|* =1+ Cy, and Ty, = 2C + D >, |Gx]* =

2C + Dy, the integrand of (3.F.15) can be rewritten as

e—ve—(+Cy)v (Cv+ )M ((Dy(1 + Cy)v? + (2C + Dyy)v + 1) sin® ) -2
TMHAT(M — 1) <

M
(o=*sin® 5[ BJ2 + (1 + Cy) D, sin® 0)v? + (2C + D,y) sin® v + sin® 0)

B o~ o—(Cutl)y (Cv + 1)M—1 ((Cstz + D) sin2 Oy + (st2 +2Cv+1) sin? Q)M yM—2
= aMHAT(M — 1) (

i3
(CDsv? + Dyv)sin® Oy + (Dgv? + 2Cv + 1) sin® 0 + o~4| B[?v2 sin? %)
(3.F.6)
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M M

. M !
Moreover, since (1 —z)™ =377, (—1)*a*, where = W, we have

(Cv+ )M~ ((CDsv? + Dyv)sin® 0y + (Dsv? + 2Cv + 1) sin 9)

<(C’D52}2 + Dyv)sin? Oy + (D02 + 2Cv + 1) sin? @ + 04| B|2v? sin %)
o4 B|*v? sin®

=(Cv+1)M1-
(Co+1) ( (CD4w? + D) sin® 0y + (Dsv? + 2Cv +

. M
Q
1) sin® § 4+ o—4| B|2v? sin® g

(—1)*(0~*|B|*v? sin? %)k
M k

=(Cv+1 Mlz

%
k=0 < (CD4? + Dy)sin? 0y + (D% + 2Cv + 1) sin? § + 04| B|2v? sin® %

(3.F.7)
*4\3\21) in? & (Dsv?4+2Cv+1) sin 0+0*4\B|2v in? &
Let Rl - (CDs v2+D;U) 311?29’ R2 - (CDs 52+st)31n20 : Q’ and R3 = Cv+ L
Then, the integral in (3.F.15) can be rewritten as
m(Q-1) M k
T / ¢~ fayy M2 —1)* ) dydvdd.
SV L e W L G
(3.F.8)
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Consider the integral of y first, we have

o~ Royy M—2 1)k ( 1 > d
/0 vy (—1) im)

k=0 \ k

00 M M R k
_ —Ray —1)k . + Ry — Ry)M2d
/0 € Z (1) (y—l—R2) (v 2 2) Y

k=0 \ k

oo M oM R, \"¥2(M-2 A o
= [Cem (T ev () X (1 + R By
0 k y+ Ry . j

j=0

MAM2 (MY [M-2 , [0 A
> (CDMIRERY [ ey 4 Ry
k=0 j=0 \ k j 0
(3.F.9)
We use the following lemma to solve the integral in (3.F.9).
Lemma 3.3 Fork >0
- kt1 "
Fe Wy =y —————a" 3.F.10
| areay =30 (3.F.10)

=1
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Similarly, we have

>k <k
/ —(y4a) e Wdy = / —5 W+ a)* et
o b o b

2

Recursively, we know that

0 L T kla k!
ko=by gy — a" i Ty
/O(y—l—a)e y b+b2+ +bk+/0 M Y
ak Klak—1 Ka K,
— . _|_ _ — —— ‘
b (k _ 1)!52 pk phtl 0
+
gk—itp=i
Z (k+1—1) '
=1
The proof is completed. U

Let E;(x) represent the exponential integral function, i.e., E;(x) = ffoo %du. Then,

we have the following lemma.

Lemma 3.4

o0 e—by
/ dy = —e® Ei(—ab)
0o Yta

Proof Since Ej(z) = [*__ < du, by substituting u = —t, we have

0 —1

Ei(—z) = /_ _ (3.F.11)

- t
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Then, let t = b(y + a), according to (3.F.11), we have

T 0 e—bly+a)
By 0= [ et o)

9] —by
e
= _e—ab/ dy>
-Z_q y+a

which suggests that [%_ < dy = —e"E(—% —a).
b

—a y+a

By substituting x = —ab, we have fooo f;s dy = —e®E;(—ab). The proof is com-

pleted. 0

Lemma 3.5 Fork >1

k—1 ; .
Yo (0 -1 (D
/0 (y + a)k»dy = ZZI (k= 1) e 1)!6 Ei(—ab). (3.F.12)

Proof

0 e—by o0 e—by
T gy= Sy )¢
L orar=) it

et

[e%s) —by
_ —(k=1)[> _ ~(k-1) & "

a*k‘i’l b o8] efby
=
k—l k—]_ 0 (y+(l)k_1
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Similarly, we have
b 00 e—by b [e8) €_by
dy=— | — d —(k=2)
k—l/o oW ro1 ), Tr=advtal

be‘by b2 e €_by
_ ~(h-2)|> _ ~(h-2) €
LA o k—1/0 (y+a) " gdy

ba—k—i—? b2 8] e—by
T k-Dk-2) (k- 1><k—2>/0 + a2

Recursively, we know that

00 —by —k+1 b —k+2 bk:—l oo —by
/ ‘ kdy:a — ¢ o4 (=) / ° dy
o (y+a) k—1 (k—1)(k—-2) (k—1!'Jy y+a
(k — 2)! b(k — 3)! oy b /°° et
= — —1
a1k —1) a2k —1)! ot (=) )" Jo ay

k—1 ‘ k—i—1(; | k—1 o —by
— Z(—N—H—b Gt + (=1t b / —
at(k —1)! (k=1 )y y+a

=1

According to Lemma 3.4, we have

00 o=by k-1 ' bk—i—l(z- —1)! ph—1
- — -1 k—l—l— -1 k—1 o abE‘ -
| S U (e B
k—1 _y
I o SR A e B GO L
_Z: ai(k — 1)! GoyC Fil=ab).
Therefore, the proof is completed. O

According to the positive and negative properties of M — 2 — (k + j), the (3.F.9)
can be divided into two parts, where one part is k + 7 < M — 2 and another part is

k+j>M—1 Lett=Fk+j.
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For the first part with ¢ < M — 2, according to Lemma 3.3, we have

M—-2M-2 M —2 o
(—1)'RYR5 " / e Y (y + Ry)M 2y
k=0 i=k \ k t—k 0
M—2M-2 [ s M—t—1
= Rth k RM—t—i—lR—i
k=0 t=k \ Kk Z M—t—i-1) ’ ’
M—-2M-2M-t-1 M M =2 (-1)”{‘

Rk RM—k—i~1 p—i
k=0 t=k i=1 k t—k (M —t—i—1)! 1=%2 3

(3.F.13)

For the second part with ¢ > M — 1, according to Lemma 3.5 we have

MR (M) (M =2

Sy

(—1) RERYH / Ry 1 Ry) Mgy

k=1 t=max{M—1k} \ Kk t—k 0
M M—2+k t— M+1 ;
:Z Z M M —2 Rthk Z )tM H(z—l)
k=1 t=max{M—-1,k} \ K t—k st —M+1)!
M M2tk M M —2 P \t—M+1
- (Cyrers I T mn i gy,
PRt M+ 1)
k=1 t=max{M—1,k} k t—k :

(3.F.14)
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Then, we know that
P.(U|Hs,...,Hy)

2 . .
(1)K RERY-H-1 Ryt
t—1 k t — k,

(M —t—i—1)!

1 /oo €_UR§/[71
0 7TM+1F(M — 1)

. M M-2+k M M—2 ( 1)tRth_kt—M+1 (—Rg)t=M=i+1(; — 1)I

Z Z o 1412 E ;

k=1 t=max{M-1k} \ k t—k pumy Ry(t — M +1)!
M M-2+k M M -9 v

_ E Z (_1)tleR§k%€R2R3Ei(—R2R3) dvdb
k=1 t=max{M-1k} \ Kk t—k (t—M+1)!

(3.F.15)
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Chapter 4

Gaussian Semantic Source Coding

Abstract

Semantic source coding differs from conventional source coding in the sense that the
decoder is required to reconstruct, possibly in a lossy fashion, not only the observable
source realization but also an intrinsic source state that carries certain semantic infor-
mation. Centralized Gaussian semantic source coding and its distributed counterpart
are studied in this work. We explicitly characterize their respective rate-distortion
functions for the symmetric setting and the 2-component setting via the analysis
of the associated convex optimization problems. These characterizations generalize
several classical results in quadratic vector Gaussian source coding and Gaussian

multiterminal source coding.
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4.1 Introduction

Direct source coding [18] aims to find an efficient bit-sequence representation of an
observed source realization, from which that realization can be reconstructed exactly
or approximately. In contrast, indirect source coding [5, 24, 96, 97] deals with the
situation where the object of interest is not observed directly, but is some hidden
state. These two coding problems are closely related. In fact, if the observation is a
sufficient statistic for the hidden state, then indirect source coding can be reduced to
direct source coding under a suitably constructed surrogate distortion measure [5].

Semantic source coding [39, 58] couples the aforementioned two coding problems
by requiring the decoder to reconstruct, possibly in a lossy fashion, both the observ-
able source realization and the hidden source state. This unification is motivated by
task-oriented compression (e.g., MPEG Compact Descriptors for Video Analysis [29]
and Video Coding for Machines [28, 61, 104]), where the coded representation has
the dual responsibility of preserving the extrinsic aspects of the given data (which
corresponds to the observable source realization) and capturing its intrinsic semantic
features (which are assumed to be carried by the hidden source state). Note that the
two objectives of the decoder in semantic source coding are not necessarily aligned.
Indeed, with the coding rate fixed, there often exists a tension between faithfully
reproducing the extrinsic observation and accurately estimating the intrinsic state.
Characterizing this tension in the form of a quantitative tradeoff is a fundamental
problem from the information-theoretic perspective.

So far, research on semantic source coding has been exclusively focused on cen-

tralized systems with a single encoder having access to all source components, e.g.,
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[38, 57, 58]. However, in practice, there are many situations where the source compo-
nents are not co-located and have to be processed in a distributed manner. Even when
the source components are co-located, distributed processing might still be favored
due to implementation constraints (e.g., small receptive fields of neural networks)
or complexity considerations. This provides a strong incentive to study distributed
semantic source coding and investigate how it differs from its centralized counterpart
in terms of the performance limits.

In this work, we consider the quadratic Gaussian versions of both centralized se-
mantic source coding and distributed semantic source coding. The Gaussian version
is known to be analytically more tractable. In particular, we obtain several explicit
characterizations of the fundamental rate-distortion limits, while explicit characteri-
zation of the fundamental rate-distortion tradeoff remains elusive for general source
distributions, the external properties of the Gaussian distribution suggest that our
results can be used widely as baselines for non-Gaussian distributions.

The rest of this chapter is organized as follows. We introduce the problem def-
initions in Section 4.2. The rate-distortion function of centralized Gaussian seman-
tic source coding is explicitly characterized for the symmetric setting and the 2-
component setting in Section 4.3. The corresponding results for distributed Gaussian
semantic source coding are presented in Section 4.4. Section 4.5 contains some nu-

merical simulations and comparisons. We conclude the chapter in Section 4.6.

4.2 Problem Definitions

Let X := (X1,...,X1)T be an observable vector source, and let S be a state variable

carrying certain semantic information. We assume X; = S+ N;, i =1,..., L, where
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S, N1, ..., Ny are mutually independent zero-mean Gaussian random variables with
variances og, oy, . . ., 0%, , respectively. The covariance matrix of X, denoted by Kx,

can be written as

2 2 2 2
o5 +0on, g e g
2 2 2 2
oy Og+on, --- g
Kx =
a?g ag ce a% + 0'12VL

According to linear minimum mean square error (MMSE) estimation, it is easy to
verify that
S=E[S|IX]+Z=g"X+Z,

where 7 is a zero-mean Gaussian random variable, independent of X, with variance
0'2 0'2
03 =Gzt +z-) handg = (55, 4)" Let {(Xa(t), ..., Xou(1), (1), Z(1))}32,
S Ny N, Ny Np,
be a joint i.i.d. process induced by (X3,..., Xy, S, Z).
To set the scene for the contribution of the paper, we define the achievability of

an encoding rate R in the cases of centralized and distributed coding in the following

ways.

Definition 4.1 Rate R is said to be achievable with respect to reproduction distortion
constraints Dy, ..., Dy and semantic distortion constraint Dg via centralized coding

if given any € > 0, there exist encoding functions f™ : R*" — C™ and decoding
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functions g™ : C™W — REX™ and g(sn) :C™ — R™ for all sufficiently large n such that

1
—log|C™| < R +e,
n

LS B - K0P < Do i

LS i)~ 5(0)7) < D+

where X7 = g™ (FM(X™)) (with X(t) and X(t) standing for (X1(t),...,X.(t)T
and (X1(t), ..., X ()T, respectively, t = 1,...,n) and S™ = g(S")(f(”)(X")). The
infimum of such achievable R is denoted by R.(Dy,..., Dy, Dg).

Definition 4.2 Rate R is said to be achievable with respect to reproduction distortion
constraints Dy, ..., Dy and semantic distortion constraint Dg via distributed coding
if given any € > 0, there exist encoding functions fi(n) :R™ — Cl-(n), 1=1,...,L, and
decoding functions g™ : C\™ x ... x C(Ln) — R and gén) o %L x Cén) — R»

for all sufficiently large n such that

| L
— E log|C™| < R+,
n

i=1

lZ:E[(Xz‘(t) ~ X)) < Di+e, i=1,...,L,

~ > E[(S(t) = 5(1))*] < Ds +e,

where X := g™ (£ (X)L FM(X7)) (with X(t) standing for (X1(t), ..., X.())7,
t=1,...,n) and 5" := g (I (XM, ..., f(XD)). The infimum of such achievable
R is denoted by Ry(D;, ..., Dy, Dg).
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For a given set of distortion metrics, Dy, ..., Dy, Dg, the rate distortion problem
is to find the minimum achievable rate. In this work, we will consider distortions
D; € (0,054+0%], i =1,...,L,and Dg € (0%, 08|, as distortions that are larger result
in inactive constraints, and distortions that are smaller are inherently infeasible.

The centralized Gaussian semantic source coding problem considered in the present
work differs from that in [58] in two aspects. Firstly, we impose a reproduction dis-
tortion constraint on each source component while [58] adopts a trace distortion
constraint. Secondly, we consider a special correlation structure where the observable
source components are conditionally independent given the hidden state; in contrast,
[58] has no such a restriction. It is worth mentioning that the conditional indepen-
dence assumption is introduced mainly to ensure that the results derived for the
centralized Gaussian semantic source coding problem are comparable to those for
the distributed counterpart, as the latter problem is likely intractable without this
assumption.

To the best of our knowledge, the distributed Gaussian semantic source coding
problem formulated above is new. Nevertheless, it has rich connections with various
network source coding problems [11, 68, 72, 86, 89] in the literature. In particular,
it can be viewed as a coupling of the Gaussian multiterminal source coding problem
6, 12, 66, 82, 86, 89, 102, 105] and the Gaussian CEO problem [7, 11, 67, 69, 72, 85].
In the multiterminal source coding system, many sources are separately encoded and
sent to a single destination, and the decoder wishes to reconstruct the original sources.
In [6, 82], the inner bound of this problem was given, and Wagner et al. [86] gave
a complete solution to this problem in the two terminal case of quadratic Gaussian

sources and quadratic distortion by proving such inner bound is optimal. Although
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the vector case [87, 88] and symmetric case [13] are considered, this problem remains
open in the general case. As a practical situation of the distributed source coding
system, the encoders can not directly access the source outputs but can access their
noisy observations, such remote source coding problem is often referred to as CEO
problem [7, 67, 68, 69, 90, 91] , where [69] showed the connection of these two source
coding problems and [91] gave a comparison with centralized coding in symmetric

case.

4.3 Centralized Gaussian Semantic Source Coding

In this section, we take the centralized version of the semantic source coding problem.
The coding model of L-symmetric-component setting and 2-component setting are
shown in Fig. 4.1 and Fig. 4.2, respectively. The following result is a simple variant

of [58, Theorem 2].

- R
g / . Encoder Decoder ———»

Figure 4.1: Centralized semantic source coding: L-symmetric-component setting.

135



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

X

1
S R
Encoder }—b{ Decoder }—>

X,

Figure 4.2: Centralized semantic source coding: 2-component setting.

Theorem 4.1 We have

R.(Dy,...,Dy, Dg) :mAinélog% (4.3.1)
st. 0< A <Kx, (4.3.2)

diag(A) X D, (4.3.3)

g’ Ag + o3 < Dg, (4.3.4)

where D s a diagonal matriz with the i-th diagonal entry being D;, 1 =1,..., L.

Lemma 4.1 A* is an optimal solution of the optimization problem in (4.3.1) if it
satisfies the constraints (4.3.2)—(4.3.4) and there exist positive semidefinite matriz U,

a positive semidefinite diagonal matrix A, and a nonnegative number p such that

—(A")'+ U+ A +pgg’ =0, (4.3.5)
U(A* — Kx) =0, (4.3.6)
A(diag(A*) — D) =0, (4.3.7)
p(g"A*g + 0% — Dg) = 0. (4.3.8)

Proof Since (4.3.1) is a convex optimization problem and it has interior points,

A* is an optimal solution if it satisfies the constraints (4.3.2)—(4.3.4) as well as the
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following KKT conditions [8]:

U(A"-Kx) =0,
A(diag(A*) — D) =0,

p(g"A'g+ 0y — Ds) =0,
where L(A; U, A, p) is the Lagrangian defined as
L(A; U, A, p) := —logdet(A)+tr (U(A — Kx))+tr (A(diag(A) — D))+p(g" Ag+oy—Ds)

with U, A, and p being a positive semidefinite matrix, a positive semidefinite diagonal
matrix, and a nonnegative number, respectively. The proof is complete in view of the
fact that VAL(A; U, A, p) = —A 1+ U+ A + pgg’. O

Next we consider the symmetric setting with 0%, = ... = 03, = o3 and D; =

... = Dy = D. An explicit characterization of R.(Ds,..., Dy, Ds), abbreviated as

R.(D, Dg), is provided by the following result.

Theorem 4.2 An explicit expression for R.(D, Dg) is given as follows:

1. IfD < 0% and D < P27 yhen
zZ

1 Lagaf\,@_l) + o3k

R.(D, Dg) = §log DL
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2 IfD < Lxlo? 4 PrDon g D > PN ey,

2 4
L2o%, Lo7,

1
Rc(DaDS):_log :
27 (Ds — oB)ok (g D — Tt

3. If D> 0% and D < %aiﬁ-%, then
zZ

R.(D,Dg) = =log

4. If D > %012\, + M, then
zZ

1 0% — o3
RC(D,DS) = §log ﬁ

The regions of the (D, Dg) space in which each closed-form expression applies can be
visualized using the example in Fig. 4.3.

Proof For each of the four cases, we invoke Lemma 4.1 to verify the opti-
mality of a specific A* by explicitly constructing U, A, and p that satisfy the KKT

conditions.

1. Consider the following construction:

A*:=D, U:=0, A:=D"' p:=0.

It is clear that (4.3.3) and (4.3.5)—(4.3.8) are satisfied. Moreover, (4.3.4) is also
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D

Figure 4.3: Regions of each case of Theorem 4.2, when 0% = 0.5, 0% = 0.5, and
L=T.

satisifed since

(Ds — o%)oy

g'A*g + 0% < Dg+= D < -
Lo,

Note that A* > 0. Also, the eigenvalues of Kx — A* take two possible values
Lo% + 0% — D and 0% — D; the former is nonnegative when D < 0% + o3, while
the latter is positive when D < 0%. So (4.3.2) is satisfied as well. Therefore,

A* is indeed an optimal solution and consequently

1. det(Kx) 1 La%a%]rl) + o3
(D, Dg) = ~log —A2X) _ 2 .
Ro(D, Ds) = 5log 3 Ay = 3108 DL
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2. Consider the following construction:

D 7 n p O 0
D ... 0 =— ... 0
A = ! K , U:=0, A:= b )
non o D_ _O 0o ... DL_n_
oy

P T =1+ D)(D —n)ol

(Ds—0% )0y

LIt — %. Note that the eigenvalues of A* take two possible

where 7 1=

values D + (L — 1)n and D — n; the former is positive when Dg > o% while

Ds—o%)o

i N Also, the eigenvalues of Kx — A*
zZ

the latter is positive when D > (
take two possible values Lo + 0% — D — (L — 1)n and 0%, — D + n; the former
is nonnegative when Dg < o while the latter is positive when D < £-1o% +
Ds—op)oy g, (4.3.2) is satisfied. It is easy to verify that (4.3.3)—(4.3.8) are also

2. 4
Léo%,

> (DS_U%)

4
satisfied. Moreover, D = N is equivalent to n < 0, which implies p > 0
zZ

and A > 0. Therefore, A* is indeed an optimal solution and consequently

1, det(K 1
et( X):—log

(D, Dg) = - log ——— .
Bel s) 2 %8 det(A*) 2 (Dg — 0ok (A-D — (DS*UZ)UN)L—I
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3. Consider the following construction:

D D—o% ... D—o%
A D — % D ... D—o0o%
D—o0% D-o0% ... D
(L—1)(D—02,) _ D—02, B D—02, i
(LD—(L-1)0%)0%, (LD—(L-1)0%)0%, " (LD—(L-1)0%)0%,
D—o% (L—-1)(D—0%) D—o%
U — - (LD—(L-1)0%)0% ~ (ID—(L-1)o%)o% ' (LD—(L—-1)o%)o%
D—o% D—o% (L-1)(D—0%)
| (LD-(L-1)0%)03 ~ (LD—(L-1)03)o% ~°° (LD—(L-1)0%)03
_ ) -
LD—(L-1)0%, 0 0
0 1 0
A= LD—(L-1)0% . pi=0.
1
i 0 0 LD—(L-1)o%

The eigenvalues of A* take two possible values LD —(L—1)c% and o3 while the
eigenvalues of Kx —A* take two possible values L(c%+0c% —D) and 0. So (4.3.2)
is satisfied since LD — (L — 1)o% > 0 when D > ¢% and L(0% + 0% — D) > 0
when Dg < o%. It can be verified that (4.3.3)-(4.3.8) are also satisfied. In

particular, (4.3.4) holds because

L—1 Do — 0%)o4
gTA*g + cr% <Dg<+—=D< —0]2\, + —( 5 Of)UN
L L2075,

Moreover, we have U = 0 since its eigenvalues take two possible values 0 and
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L(D—0%;)
T (L 1o%)

=, the latter of which is nonnegative when D > 0]2\,. It is also clear
N
that A = 0 when D > o%. Therefore, A* is indeed an optimal solution and

consequently

1. det(Kx) 1 Lo% + o3,
(D, Dg) = ~log S %) 2 .
Re(D, Ds) = 3 log G0 Ay = 318 Tp = (L= 1307,

4. Consider the following construction:

L1524 oy (Ds—0%) on(Ds—0%) o} on(Ds—0%)  oX
L N L204Z LQO'% L o L204Z L
ox(Ds—a%) o} L-1,2 oy (Ds—0%) oy (Ds—0%)  oX
A* — L2} L L “N L2} T L2, L
. b
ox(Ds—0o%) % ox(Ds—0%) % L_10_2 + ox(Ds—02)
| L207, L L2%07% L L N L%67,
L-1 1 1
Lcr]2\, LUIZV LUIZV
1 L1 1 1
U= LJNE LUNE LJNE A -0 _
bl Y p D 2
. S - O-Z
1 __1_ L-1
| LO']2V LO'JQV e LO'JQ\, |
. % . ox(Ds—ao%) 2 .
The eigenvalues of A* take two possible values e and oy while the
zZ
. . o4 (Dg—0o2
eigenvalues of Kx — A* take two possible values Lag + 012\, — % and
zZ

. . . oN(Ds—0%) ) 2 )
0. So (4.3.2) is satisfied since BT A 0 when Dg > 03 and Log + oy —

%ﬁ > 0 when Dg < o%. It can be verified that (4.3.3)—(4.3.8) are also
zZ

satisfied. In particular, (4.3.3) holds because it is equivalent to D > %012\[ +

%. Moreover, we have U > 0 since its eigenvalues take two possible
zZ

values 0 and U% It is also clear that p > 0 when Dg > 0%. Therefore, A* is
N
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indeed an optimal solution and consequently

1. det(Kx) 1 0% — 0y
D, Dg) = = log S X) 95792
Re(D, Ds) = 5 log det(A%) ~ 2 °Dg— o2

This completes the proof of Theorem 4.2. 0

The following result deals with the 2-component setting (shown in Fig. 4.2) and

provides an explicit characterization of R.(Dy, Dy, Dg).

Theorem 4.3 The closed-form expression for R.(Dy, Dy, Dg) is given as follows:

4.2 2 4.2 2
2 2 os(ogtoy, —D1) 2 7s(@ston, —D1)
1. ]fDQZO-S+O-N2_W andDSZO'S—W, then

1. o%+o0%
RC(D17D27DS) - élog %
1

Ug (0’% +012V2 —D3) Jg (0’%-"—0'12\,2 —D3)

2. [fDl ZO’%"‘O’JQ\[l —W andDg Zag—w, then

1 o2+ o2
R.(Dy, Dy, Dg) = §1og —SD Nz |
2

3. If D; > 0%+ 0%, — 708 i = 1,2, then
T O’s O'Z

1 0% — o2
Re(D1, Dy, Ds) = ; log ﬁ-
z

4. If (6% + 0]2\,1 — Dy)(o% + 012\,2 — Dy) > 0k and Dg > :2—4ZD1 + ;T%Dg + 0%, then
Ny Ny

1 o2+ 02 )02+ 0% ) — ok
RC(D17D27DS): Qlog( & Nl)(DSD N2) S'
1Ds
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5. If (0% + o3, — D1)(0% — Ds) > 0 and Dy > 2Dy + —#(Ds — 0%), then
Ny z

1 02—1—02 02 — g2) — 54
Re(D1, Dy, Ds) = 5 log . D]ZI()J(DSS— gzz)) ;
A

6. If (0% + o}, — D2)(0% — Dg) > 0§ and Dy > i Dg + (DS — 0%), then

1 (024 0%,)(0% — 03) — o
R.(D1,Ds, Dg) = ) log Dy(Ds — 0%)

4052452 _
US(US+UN2 D»)

7. If (0%+03,—D1)(0%+0%,—D2) < 0§, Dy < U%+‘712V1_—(a§+a?\,2)2 ,

D2 < O'gv‘i‘

9 O’g (U§+U]2V1 —D1)

UNQ_ (0_ Yo 2 )2 - andDS Z D1+ 2 UN (U% \/(0’%"‘0’12\71 —Dl)(J%—i—O’?VQ —DQ))—|—
2

—D2 + 0%, then

O'N2

(05 + o, ) (05 + oR,) — 05

D1D2 — (O'gv — \/(O'gv -+ 0'12\/'1 — Dl)(O'gv -+ 0-12V2 — DQ))2

1
R.(D1,Ds, Dg) = 3 log

8. If (6% + 0%, — D)(0% — Dg) < 0%, Dy < 0% + 0%, — 55D Dy < o3 —

(0%—0%)?
o (0'?9—1-0']2\,1 —Dy)

204
ety and Dy > % 2Dy - 2 (% - V(0% + 0%, — Di)(o% — Ds)) +
0.4
“2(Ds — 0%), then
Z

1 (05 + ok, )(05 —0%) — 05

R.(Dy,Dy,Dg) = =1 )
(D1, Dy, Ds) 2 8 2N (2 2 2 2 _ 2
Di(Ds —03) — (0% (05 + 0%, — Di)(og — Ds))

9. If (0% + ok, — D2)(05 — DS) <05 Dy < of+o3, - %zjj)g); Ds < 0% —

(03
oi(0%+02, —D2) 204
ety and Dy 2 70Dy — 30 (0% — /(03 + ok, — D2)(03 — Dy)) +
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o

—(Ds — 0%), then

Oz
1 (0% +o},) (08 — 0%) — 0§

R.(Dy,Dy,Dg) = -1 )
(D1, D2, Ds) 2 ogD Do —02) — (02 — 2 2 _p 2 _ Do))2
2(Ds — 03) — (05 — /(05 + ox, — D2)(05 — Ds))

10. Otherwise,

1 0%+ ox, ) (0% +0%,) — 0%
RC(D17 D27Ds) — 5log (4 S Nl)( S NQ) S

1 .
ON,ON 9 ot ol

DiDy — %2 (Dg — 0% — 22Dy — Z£ D)2
Z Ny Ny

4

Remark 4.1 One can specialize [100, Theorem 6] and [51, Theorem II1.1] from The-
orem 4.3 by removing semantic distortion constraint Dg, i.e., by considering only

Cases 1), 2), 4), and 7) where semantic distortion constraint Dg is inactive.

The regions of the (D, Dy, Dg) space in which each closed-form expression applies
can be visualized using the example in Fig. 4.4. For cases 1), 2), 4) and 7), the
distortion Dy is inactive, thus the dominant terms are the combination of D; and
Ds.

Proof For each of the ten cases, we invoke Lemma 4.1 to verify the optimality of

a specific A* by explicitly constructing U, A, and p that satisfy the KKT conditions.

1. Consider the following construction:

o
D, el L1
A* o S Ny
T 2 04(02—1—02 D) |’
og D, o2 4 g2 _ I895Tm !
0'§,+0'12\,1 S N2 (0'% +012V1 )?
a5 — o 1 0
U-— (0% +03, ) (0g+0%,)~08)(0F+o%;,) (03 +03, )05 +03,)—0% A= | D —0
: 5 02402 , A , p:=0.
— 5 L 0 0
(05+0o%,)(05+03,) =05 (05+03, ) (o5+0%,) =05
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06

0.5

04

Ds

0.3 -

02

04
0.2
D2 0 o DA1

Figure 4.4: Regions of each case of Theorem 4.3, when 0% = 0.6, 03, = 0.3, and
2
UN2 — 03.

Clearly, we have U = 0 and A > 0. It can be verified that (4.3.5)—(4.3.8) are
ok (U%—I—U?vl —Dq)

satisfied. Moreover, (4.3.3) is also satisfied since Dy > 0&+07%;, — R
S Ny

In view of the fact that

os(0% + o3, — D)

T A * 2 2
A'g < Dg—0, < Dg > 05 —
g g > s z s Z 0g (0%—1—0]2\,1)2

Y

(4.3.4) is satisfied as well. Finally, (4.3.2) holds because A* > 0 and

o2 (03402, —Dy)
02+ oy, — D, BBy -Dy
S Ny — 0

o‘% (0'?9—1-0']2\,1 —Dy) ng (O’%—‘,—O’IQ\]I —D1) -

0.23“"012\11 (U%—I—a?vl )2

Kx — A" =

Therefore, A* is indeed an optimal solution and consequently

1. det(Kx) 1, og+o%
Dy, Dy, D) = = log —X) 21, 7S TN
Re(Dy, Dy, Ds) = 7 log det(A") — 257 D,
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2. This follows from Case 1) by symmetry.

3. Consider the following construction:

4 2 4 2
2 2 og(05—Dsg) 2 _ 05(05—Ds)
A |75 T e 05T ey
: 402 4/ 2 )
9 ok(c%i—Ds) 2 2 05(05—Ds)
o2 — I8 7s— 28] o+ 02, — Il 5
57 (oI-o2)2 §TOoN — ooz
1 1
1 ___ 1 2 2 2 2 4\ (2
U .- | TR Bt | A0 o (0% + 0%,) (0% + 0%,) — 0§) (0% — 0%)
= y A= pi= 1 2 2 2
1 1 05 (Ds —o0%) (UN1+UN2)
TNy +o Ny Ny +‘7N2

Clearly, we have U > 0 and p > 0. It can be verified that (4.3.4)—(4.3.8) are

4 2
satisfied. Moreover, (4.3.3) is also satisfied since D; > 0% + 0%, — %,
¢ s %z

i = 1,2. Finally, (4.3.2) holds because A* > 0 and

o“é(a%—Ds) og(aé—DS)

Ky — A*— | G807  GEa27 | o ¢
Ué(o'%st) aé(angs)
(O’%—O’%)2 (03—0%)2

Therefore, A* is indeed an optimal solution and consequently

1, det(Kx) 1 0% — 0%
(D1, Dy, Dg) = =~ log 2 X) 109 IS 707
Re(Dy, Do, Ds) = 5log 3 275y = 5108 5 =3

4. Consider the following construction:

A*:=D, U:=0, A:=D"' p:=0.
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It is clear that (4.3.3) and (4.3.5)—(4.3.8) are satisfied. In view of the fact that

4
gTA*gSDs—O'%<:>DS ZD1—|— D2+UZ,
N1 UNQ

(4.3.4) is satisfied as well. Finally, (4.3.2) holds because A* > 0 and

2 2 2
oz + o5 — Dy o
Kx — A" = S 5 =0,

2 2 2
og o5+ on, — D2

where the last step uses the condition (0% + 03, — D1)(0% + 0%, — D2) > 0.

Therefore, A* is indeed an optimal solution and consequently

4

1. det(Kx) 1 (0% + 0%, ) (0% +0%,) — 04
R.(D1, Dy, D —log——= ==1 ! 2 :
(D1, D3, Ds) = 5 log g v asy = 5108 DiDs
5. Consider the following construction
o3
D, ——=2D = 0 1
A* = o2 o4 Ui\rl y U= O, A= ! , Pi= ﬁ
——2D; 2Dy + 22 (Dg — 0%) 0 0 §T 92
Ny Ny z

Clearly, we have A = 0 and p > 0. It can be verified that (4.3.4)—(4.3.8) are
satisfied. Moreover, (4.3.3) is also satisfied since Dy > ;ﬂDl + %(DS —0%).
Ny z
Finally, (4.3.2) holds because A* > 0 and
a§+012\,1 - D, o+ N2D1

Ky — A" — b - 0,
0%+ 2Dl o8+ ok, — (—4—D1 +5#(Ds — 0%))
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where the last step uses the condition (0% + 0%, — D1) (6% — Dg) > o§. There-

fore, A* is indeed an optimal solution and consequently

1 det(Kx) 1, (03+0%,)(03 —0}) = o}

R.Dy,Dy, D 10 =—1lo
(D1 Dz, Ds) = 5 log 3 a5y = 3108 Di(Ds — o2)
. This follows from Case 5) by symmetry.
. Consider the following construction:
US+012\72 Do
A* = Dy o5~ 0% — i og+oi, —D1 -1
2 ’ det(A*) US+U]2\, Dy ’
Aok D L ER
0%+02 —D
A 1 0§+ 0N, — 05| F2e7 o 0
= — , pi=0,
* o%+0% —D
det(A ) 0 0_% + 0']2\/’1 . O_g ston, 1

72
O'S+UN2 —Do

ot(c%+02% —D
where i := ¢ (0% + 0%, — D1)(0% + 0%, — D). Since Dy < 030, — s T 2

(O’%+U]2V2)2
9 9 oé(o%.JrO'IQV —-D1) .
and Dy < 05 + oy, — W, it follows that
o +o0% —D 0% + o?
S M SN (4.3.9)
0%+ 0%, — Ds 0%
oz +o0% —D 0% + o2
S e 2§ TN (4.3.10)
0%+ aNl — Dy 0%

Moreover, we have

o+ o%, — Dy 1

1 0%+ o3, — Do
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and

A 0%+ o3, — Dy I
=Kx —
1 0%+ 0%, — Ds
2 2 2 D
o4 |0s+ oy 1 e
- Kx — = ' (4.3.11)
H v 0%+ 0%, — Do
o [ostok, —D1 2
S U%+U]2V —D> 95
=Kx — 2
02402, —Do
o2 o R
S S ag—l—a?vl —D
-0, (4.3.12)

where (4.3.11) is due to the condition (0% + 0%, — D1)(0% + 0%, — D2) < 0§
while (4.3.12) is due to (4.3.9) and (4.3.10). So (4.3.2) is satisfied. Note that
A* = 0 implies D;Dy — (0% — p)? > 0, which, together with (4.3.9), (4.3.10),
and the condition (0% + 0%, — D1)(0% + 0%, — D2) < 0§, further implies U = 0
and A = 0. It can also be verified that (4.3.3) and (4.3.5)—(4.3.8) are satisfied.
Finally, (4.3.4) holds because

T A * 2 U% U4Z 2 U4Z 2
gAgSDS—UZ@DSZTD1+2 3 3 (US_M)—I—TDQ—}_O-Z'

UNI UN10'N2 0‘]\[2

Therefore, A* is indeed an optimal solution and consequently

1 det(K
R.(D1, Dy, Dg) = 3 logﬁ

(0% + o}, )08+ 0%,) — 0%

2 DiDy— (03— /(0% + 0%, — Di)(o} + 0%, — D2))?
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8. Consider the following construction:

2 2 2
A* R
T )
ag—u\/ag—l—af\ﬁ—Dl 0%+ o3, — V?
&v? _&wv

U 1 24 /o§+o]2\,1*D1 &2

 det(A7) 0, Gy, Di |
&2 &2
&3 _ iy 6t 0
JU JoAto% D1 0% Joitoh, Di 7
det(A*) 0 0
B 012“0;1\,254
o3& det(A*)’

where

2 2 2
2(,.2 2 7 _ o oz+o% —D
_og(ox, Ton)vos — Ds B N2\/ S Ny 1
- 2 (2 2 2

(Us _Uz) On,

)
O'N1

& = 012\,2D1 + J?Vl(ag — 1/\/0?9 + 012V1 —Dy),

— 52 2 2 2
§o 1= oy, \/O’S +oy, — D1+ on,v,

&= (05 + 0]2\,2)\/0?9 + 0%, — D1 — o,

& = (0% + 012\,1)1/ — 0’%\/0’% + 0%, — D1.
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It is shown in Appendix 4.A that

0<og+ox, — V> < Dy, (4.3.13)
det(A*) > 0, (4.3.14)
& 20, (4.3.15)
£ >0, (4.3.16)
&3> oy, \/o% + 0%, — Du, (4.3.17)
0<& <o\ Jod+ 0%, — Du. (4.3.18)

In view of (4.3.14)—(4.3.18), we have U = 0, A = 0, and p > 0. It follows by
(4.3.13) and (4.3.14) that A* > 0. Moreover,

2 | 2 2 | 2
o5 +oy, — D1 1/\/05+0N1 - D

Kx — A" =
1/\/0% + 0%, — Ds V2

> 0.

So (4.3.2) is satisfied. Note that (4.3.13) implies (4.3.3). It can be verified that
(4.3.4)—(4.3.8) are satisfied as well. Therefore, A* is indeed an optimal solution

and consequently

1 det(K
RC(Dl, DQ, Ds) = 5 IOg ﬁ
! (03 + 03)(03 — 73) o}
= —log

2 Di(Ds—0) = (03 — /(0% + 0%, — D1)(0% — Ds))?

9. This follows from Case 8) by symmetry.
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10. Consider the following construction:

A= |7 T u—o A L@ 0 _ TG
) det(A*) | G det(A*)
where
2 2 2 9
ON, ON, ON,ON, 2
= D Dy — Dg —
G 2012“ 13 2.7 20k (Ds = oz),
UN 1 2
= — 2D -D D
Ca 20N1 1+ 52 + a%( UZ),
1 ok ok
G =Dy — 2 oot D2t N4(DS %)
Oz

It is shown in Appendix 4.B that

det(A™) > 0, (4.3.19)
det(Kx — A") >0, (4.3.20)

In view of (4.3.19) and (4.3.21), we have A = 0 and p > 0. It can be verified
that (4.3.3)—(4.3.8) are satisfied. Finally, (4.3.2) holds in light of (4.3.19) and

(4.3.20). Therefore, A* is indeed an optimal solution and consequently

1 det(Kx
R.(D1,Ds, Dg) = §1Og ﬁ
1 (0% +0%,) (0% + a?@ — 0§

= —log — :
DDy — P52 (Dg - 0% — 2 Dl 2 Dy)?

2
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This completes the proof of Theorem 4.3. 0J

4.4 Distributed Gaussian Semantic Source Coding

In this section, we take the decentralized version of the semantic source coding prob-
lem. The coding model of L-symmetric-component setting and 2-component setting
are shown in Fig. 4.5 and Fig. 4.6, respectively.

z

|

B
@ E
l
®

Figure 4.6: Distributed semantic source coding: 2-component setting.

Let W := (Wy,...,W;)T be a Gaussian random vector with mean zero and
covariance matrix Ky, which is independent of X. Define that Y; = X; + W;, 1 <
i < L, then we know that X is jointly Gaussian with Y := (Y1,...,Y7)T. Regarding
Y as a remote source, the distortion covariance matrix of the linear MMSE estimation
for X given Y is a diagonal matrix (Kx' + Ky )™!. Let Q(Kx) denote the set of
positive definite matrices Ky such that K3'+Kyy is a diagonal matrix. Furthermore,

we let U := (Uy,...,U)T be L auxiliary random variables jointly distributed with
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X and Y such that U; — X; — (Y, X;,U;,j # ¢) form a Markov chain for 1 <i < L.
According to [89] and the well-known Berger-Tung upper bound [6],[82], we know that
the rate is lower bounded and upper bounded by H(f;(X!),1 <i < L) and I(X;U),
respectively, where f;(-) denotes the encoding function. Then, we have the following
two corresponding optimization problems, where I' is the distortion covariance matrix
of the linear MMSE estimation for X given Y and U.

For any Kw € Q(Kx),

1. det (Kx + Kw) det (Kx' + Ky)™!
y(Dh"'aDL)DS;KW) ‘—  mmin _log © ( X+ W) € (( X + W) )

AL 2 det (A + Kw) det(T")
(4.4.1)
st 0<A <Ky, (4.4.2)
0<T = (A +Ky) ™, (4.4.3)
diag(A) < D, (4.4.4)
g’ Ag+ 0% < Dg, (4.4.5)

where T is a diagonal matrix with the ¢-th diagonal entry being ~;, ¢ = 1,..., L,
and D is a diagonal matrix with the i¢-th diagonal entry being D;, : = 1,..., L. We
define ¥)(Dy, ..., Dy, Dg, Kw) in a similar way except that the constraint in (4.4.3)

is replaced by

F=(A"+Kyw) " (4.4.6)
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Let

Ed(Dlw"aDLaDs) = sSup Q(Dla"'yDLaDSUKW)a
KweQ(Kx)

Ed(Dl,...,DL,Ds) = sup E(Dl,...,DL,Ds,Kw).
KweQ(Kx)

Theorem 4.4 We have

Ry(D,...,Dp,Ds) < Ry(Dy,...,Dp,Dg) < Ry(Dy, ..., Dy, Dg).

Proof The proof is similar to that of [89, Theorems 1 and 2] and is omitted. [

Lemma 4.2 Given Kw € Q(Kx), (A*7F,...,75) is an optimal solution of the
optimization problem in (4.4.1) if it satisfies the constraints (4.4.2)—(4.4.5) and there
exist positive semidefinite matrices U and V, a positive semidefinite diagonal matrix

A, and a nonnegative number v such that

— (AT Kw) ™+ U = (A TH(A) T+ Kl TA(A) T+ Kl (A A7

+ pgg’ =0, (4.4.7)

— ()~ + diag(V) =0, (4.4.8)
U(A* — Kx) =0, (4.4.9)
V(I - (A" "+ Ky) ') =0, (4.4.10)
A(diag(A*) — D) =0, (4.4.11)
p(g"A*g+0} — Dg) =0, (4.4.12)
where T'* is a diagonal matriz with the i-th diagonal entry being v, + = 1,..., L.
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Moreover, if this (A*,~5,...,7}) further satisfies (4.4.6), then

— 1 det(Kx)
R,Dy,...,Dp,Ds)= Ry(Dy,...,Dp,Dg) = = log ————.
_d( 15 y L S) d( 15 y L S) 9 0g det(A*)
Proof Since (4.4.1) is a convex optimization problem, (A* ~f,...,7}) is an

optimal solution if it satisfies the constraints (4.4.2)—(4.4.5) as well as the following
KKT conditions [8]:

VAL(A,T;U, VA, p)[p_p- =0,
VrL(A,T;U, V, A, p)lp_p. =0,
U(A* — Kx) =0,

V(I - (A + Ky =0,
A(diag(A*) — D) =0,

P (gTA*g + 02 — DS) =0,
where L(A,T; U, V, A, p) is the Lagrangian defined as

LA T;U, V, A, p)
= —log det(A + Kw) — log(det(T)) + tr(U(A — Kx)) + tr(V(T — (A" + Ky) ™))

+ tr(A(diag(A) — D)) + p(g" Ag + 0% — Ds)

with U and V being positive semidefinite matrices, A being a positive semidefinite

matrix, and p being a nonnegative number. This proves (4.4.7)—(4.4.12) in view of
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the fact that

VAL AT;U, VA p) = —(A+Kw) '+ U- AN AT+ Kyy) 'A(A T+ Ky ) tAT
+ A+ pgg’,

VrL(A,T;U,V, A, p) =T +diag(V).

It is clear that if this (A*, 7], ..., v;) further satisfies (4.4.6), then we must have

— 1 det (Kx + Kw) det((Kx' + Kw)™!)
R,(Dy,...,D;,Dg)=Ry(Dy,...,D;,Dg) = =1 )
_d( 15 y Ly S) d( 15 y Ly S) 9 0og det (A* +KW) det(((A*)‘l —f—K;\})_l)

One can readily verify

1 det (Kx + Kw)det(Kx' + Kw)™!) 1 | det(Kx)

2% dot (A 1 Kw) det((A") 1+ Kyl)-l) 2 det(A”)

This completes the proof of Lemma 4.2. O
Next we consider the symmetric setting with o3, = ... = o}, = o3 and D; =
...=Dp=D. Let
0§

(1+ Bof)(1+ B(Log +0%))’
where [ is the unique nonnegative solution to

2 2
ON Og —D

1+ 80% | (1+ Bod)(L+ Lot + o%))

An explicit characterization of Ry(D;, ..., Dy, Dg), abbreviated as Ry(D, Dg), is pro-

vided by the following result.
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Theorem 4.5 An explicit expression for Rq(D, Dg) is given as follows:

L If Ds > S52(D + (L = 1)0) + 0%, then

2(L-1
llog La%al\f ) + JJZVL .
2 LO(D — 0)L=1 + (D — )~

Rd(D7DS> =

2. If Dg < 222(D 4 (L = 1)) + 0%, then

4
N

1 LLO.20.2LDL71
R4(D,Dg) = = log S°2 7S
( ) 2 o (Dg — o%)*

The regions of the (D, Dg) space in which each closed-form expression applies can be

visualized using the example in Fig. 4.7.

0.7
06
05
04
»
(m]
0.3

0.2

0.1

0

0 0.2 0.4 0.6 0.8 1
D

Figure 4.7: Regions of each case of Theorem 4.5, when 0% = 0.5, 0% = 0.5, and
L =6.

Proof For Case 1), semantic distortion constraint Dg is inactive and conse-

quently R4(D, Dg) can be deduced from the rate-distortion function of symmetric
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Gaussian multiterminal source coding [86, Theorem 3][89, Corollary 2]. For Case 2),
reproduction distortion constraint D is inactive and consequently R4(D, Dg) can be
deduced from the rate-distortion function of the Gaussian CEO problem [11, 68, 72].
OJ

The following result deals with the 2-component setting (shown in Fig. 4.6) and

provides an explicit characterization of Ry(Dy, Ds, Dg).

Theorem 4.6 The closed-form expression for Ry(Dy, Do, Ds) is given as follows:

4.2, 2
O'S(USQ—i-O'I;l D
(USJFUNl )2

a% (O'%-‘ro'%\,l —D1
(0%+o%,)?

1. If D, 20?9—1—012\,2 — 2 and Dg 20%— ), then

1. oi+o%
Ry(D1, Dy, Dg) = - log ————.
(D1, Dz, Ds) 5 g D,
oi(0%+02, —Ds2) oi(c%+02, —D3)
2 2 S\YS N 2 S\¥S N
2. IfDIZO'S‘i‘O'NI—WNz)W andDSZUS—W, then

1 2 _|_ 2
Ra(D1, Dy, Dg) = = log 257Nz

2 D,
o2 +02 02402 YDg—o202
3. [fDS Z (%_i_#_#)—l; Dl 2 (o5 Nl)(( S UgNl) S—0g N1)7 andDQ 2 DS+O']2V2,
1 2
then
1 o
Ry(Dy, Dy, Dg) = = lo 5 .
a(D1, D, Ds) 2 & Dgag — 0?5*012\71 + D50]2V1
1 1 1 \—1 (D%_UALZ)O'?\H (D%—U%)o‘?\,z
4. IfDS<(¥+g—$) ,Dlzm—, CLTldDQZm—, then
1 2

1 40201 Dg
Ry(Dy, Dy, Dg) = =1 S5 Z .
d( 1, 72, S) 9 OgO_JQVlO_ZQVQ(DS_O_%)Q
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U§(0§+O’]2V27D2) Ué(o%%»o?\h —Dy)

2 . 2 2 | 2
9. If Dy < o5 + oy, e Dy < o5+ oy, T TR and Dg >
4 404 D1 D 4
ZEDy+ o7, 1+ UZ = + 2 Ds, then
Ny N1 N2 Na
1 20%0%
R4(Dy, Dy, Ds) = §log — ’ S
\/0N10N2 + 40y, D1 Dy — oy, 0%,
(D%—0%)o%, . 1 1 1 \—1 2 og(oé+ol, —D1)
0. [f Dl Tl DS < Hlll’l{(— 2 JT> ,O0g — (02_‘_—021)2}, and
Ny Ny ston,

4
D, > D1 J2 14 4DiDs N2 7 Ds, then
N1

1 2
Ry(D1, Dy, Dg) = §1og

2 2
205050y,

2 52 ][44 2 52 4 2
ON, N\ ON, T 4D1Ds — 2050y, D1 — oy, 0y,

os(os+o D
7. in)DQ<Ds+aJ2V2,<7+T )< Ds <o} %Vz)h”,ammlz
2

UNl D 1 4D2DS N1 D D (D2 UZ)O?VQ D : 1

2 — + + s, or i) Dy < ——=——2, Dg < mm{(—
crN2 Z N 4Dg
1 1 -1 2 oslog+oR,— D2) dDy>=22D 1 4D2DS NlD
K—%) ’US_W} ana Dy —4— p— 25 14 1D2Ds 0 + S5

2 2 2
205070y,

2 2 /.4 2 2 2 4
ON, TN\ ON, T 4D2Ds — 20505, D2 — oy, 0,

The regions of the (Dy, Dy, Dg) space in which each closed-form expression applies

1
Rd(Dla Ds, DS) = 510g

can be visualized using the example in Fig. 4.8, where Fig. 4.8(b) is a rotation of
Fig. 4.8(a) along with D; — D, plane.

Proof For Cases 1), 2), and 5), semantic distortion constraint Dg is inactive
and consequently Ry(D;, Do, Dg) can be deduced from the rate-distortion function of
Gaussian two-terminal source coding [86, Theorem 1][89, Theorem 6]. For Cases 3)

and 4), reproduction distortion constraints D; and D, are inactive and consequently
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0.6

0.8
D2 12 12

Figure 4.8: Regions of each case of Theorem 4.6, when 0% = 0.6, 03, = 0.5, and
2
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Ry(D1, Do, Dg) can be deduced from the rate-distortion function of the Gaussian
CEO problem [11, 68, 72]. So it remains to analyze Cases 6) and 7).

For Case 6), consider the following construction:

02, o2 252
D, o2 (T — ZD1 —1)
20
A= z
My (- 2”ZD _1) Dep, - —427—|— N pe|
20'% 1 ‘731\71 1 U% ‘74Z S
‘TNloN VD (T—l) 0
20’Z \/D1— 24 N2DS
F 7N o N 7
012\,1 012\,2 71\72 DI_TQ; 7’+74Z2 Dg(m—1)
1
20%7’ D1
o
20’ZT\/2D1—T+ 2DS 9
A 2071
2 2 (_1)
U =0 Vo— O‘NIO'NQ\/D 1(t—1) JN10N2(T—1)
’ 20’ZT 20'2ZT\/D1 ’
2 2 (1)
o3, 0 (T—1) o4 ot =
12 012\,10?\,2 T0N2 D1—7(7 T+ 2DS(T 1)
Ny z °z
—1
2(DS*02'ZT) 0 w U%
4 20 2D 1 P
L oN, T(T— s D;-1) L 1 L oN,ON.
A= 1 Ny s pP = . ( D 1) KW = 2 L2
g T — 31U — 'z w
0 0 M7 T, 2
where
4D1Dg
T:=4/1 YR
O'Nl
2‘722 2 202
— =< — 2
nfe-EDP-1 (oo
wy = ! M
1-— - 2 )
— 20
(r—1)Dy 2r — 22D, —1)D,
N,
g
2Lz 2 _
T\/(T_ T 1) —1 (T——Dl) -1
w2 = N A N B oy oA N,
(1= 1)(;22D1 — 27+ 2 Ds) 2(7——D1—1)( 2D1— 27+ —2Dyg)
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D2 70_4 0'4
D572 it follows that

Since D < D50’

Ds — o7 > 0. (4.4.13)
As a consequence,
o3 o o3 o
Mp, - D2y 2epgs 22p s (4.4.14)
1 2 1 1
N 0z Oz IN,
Moreover,
2 2
T— 02D —1>0, (4.4.15)
O-Nl
because

202 24D ol
7'2_ (TZDl_l) —O_Tl (DS_O-%_O_TZD1>

ON, Ny Ny
! (D*29 — 9% _ %% D1> (4.4.16)

oN, 2Dg o,
>0, (4.4.17)

4

D%—0})o .
227N In view of

where (4.4.16) is due to Dg > 0%, and (4.4.17) is due to D; < ( 541:)504

zZ
(4.4.13)—(4.4.15) and the fact that det(V) = 0, we have V = 0, A > 0, and p > 0.
One can readily verify that (4.4.4)—(4.4.12) are satisfied. In addition, it is shown in

Appendix 4.C.1 that Kw € Q(Kx) and 0 < A* < Kx (i.e., (4.4.2)), which, together
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with (4.4.6), further implies (4.4.3). Therefore, in light of Lemma 4.2,

1. det(Kx) 1 205050%,

det(A*) 2 08,07\ TN, +4D1Ds — 2050%, D1 — 0y, 0%,

For Case 7), similar construction can be applied, and one can readily verify that
(4.4.4)—(4.4.12) and Kw € Q(Kx) are satisfied. It is shown in Appendix 4.C.2 that

0 < A* < Kx is satisfied, implying (4.4.3) with (4.4.6). O

Remark 4.2 [t should be pointed out that the chosen of Kw is not unique. In
different cases (regions), we actually know which constraints are active and which are
inactive. The Lagrange multipliers can be calculated by using that information, for

example, we let the corresponding multiplier be zero if the constraint is inactive.

4.5 Numerical Results

In this section, we carry out computer simulations to compare the performance be-
tween centralized encoding and distributed encoding methods, where both two ter-

minals case and symmetric model based L terminals case are considered.

4.5.1 Encoding for symmetric L Terminals

Fig. 4.9 shows the comparison between centralized /distributed source coding with
L = 2,7,20 terminals. It can be seen that with the increasing of L, the rate gap
between centralized and distributed model is increased. The asymptotic performance
is considered in Fig. 4.10 with L = 100 and L = 1000. The reflection point divides

the rate curve into two parts, and each of them is only dominated by Dg and D,
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respectively.

10F
‘ R, L=2
9l c
Ry L=2
sl R, L=7
Ry L=7
7 R, L=20
c
6 R, L=20
k)
g 5T
4
2 |
|
2 & ‘
1L
0.1 02 03 04 05 0.6

Ds

Figure 4.9: Comparison between centralized /distributed source coding with
0% =0.5, 0% =0.5and D = 0.5.
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Figure 4.10: Comparison between centralized /distributed source coding with
0% =0.5, 0% =0.5and D = 0.5.

166



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

4.5.2 Encoding for Two Terminals

Let p = \/(a§+afvﬁ(a§+afv2) and r; = U%f—;?\]i (1 =1,2). Fig. 4.11 and Fig. 4.12 show
the rate comparison between the centralized source coding and distributed source
coding with two terminals, where o3, = 0.4, 0}, = 0.6, and p = 0.5. From all these
figures, we can see that when Dy is large, the rate of distributed system is matched
with that of centralized system, this is because at this time the condition of Dy is
inactive.

In Fig. 4.11 and Fig. 4.12, r; and 79 are fixed, respectively. It can be seen that

when Dy is relatively high, the asymptotic rate decreases with the increasing of r5 or

T1.

Rate

0.2 0.25 0.3 0.35 0.4
Ds

Figure 4.11: Comparison between centralized /distributed source coding with
T = ]_/2
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r.=1/2
2
10
R,r.=1/8
9 ¢ 4
Ryr=1/8
8 R..r=1/2] |
Ryr =172
7 R ,r,=7/8]
e
6 Hd,r1=7/8 i
2o
©
= 5
4
3
2
1
0 I I I I
0.2 0.25 0.3 0.35 0.4

Ds
Figure 4.12: Comparison between centralized /distributed source coding with
To = ]./2

4.6 Conclusion

We have studied centralized Gaussian semantic source coding and its distributed
counterpart in terms of their rate-distortion functions. There are several directions
worthy of pursuing for future work. For example, it is of great interest to investigate
more general correlation structures between the observable variables and the state
variable. The i.i.d. assumption adopted in our work also appears to be overly restric-
tive. This can be remedied by considering the one-shot formulation, which is better
justified from a practical perspective. One may further go beyond the quadratic
Gaussian setting to deal with more realistic source models and loss functions. Here
the notorious technical difficulties inherent in distributed source coding will likely be-
come a roadblock. Nevertheless, it remains promising to make good progress within

the log-loss framework [17] that is most relevant to machine learning applications.
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4.A Appendix: Proof of (4.3.13)—(4.3.18)

e Proof of (4.3.13): It can be verified that

2 2 2
Og+on, =V
4 4 4
B UNQD 207, N, D 9
=7 2 2 +(Ds —07)
on, ON, 07 Oz
2
ag
Ny
2 2 D KR —
[_ 0% ok 1 %,
- o2 o2 2 )
Ny z 2 IN.
k Dg—o07 —2
ag

2 2 2 Ujlvz 20;1\72 ON, 2
Dy >0+ 05 — V<= Dy > D; — K+ (DS—O').
S Na ol o2, g2 ol 4
Ny N Y Z 7Z
. 4(c2—-D ot(c%+02, —Dy)
Since Dy < 0§ + 03, — % and Dg < 0% — S(:T‘Nl);, we have
57 %z sToN,
2 2 2 2
US+0N1—D1<O'S+ON1 (4A1)
o2 —D o o
S s S
2 2 2
oz —D 02— 0
o < 8L (4.A.2)
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Note that

D1 Y

k Dg—o

1Y

o2 o¢+ox, —D1 of—k
2 2 2 2
og — 0y og— K og— Dg
o gg, ag~+a]2\,1 — Dy oi—k
- — (4.A.3)
2 2 05— K 2
og— 0y S og— K og— Dg
T 2 2
2 g%y | T D o2
O-S S U%—DS S
2
2 2 2 2 o¢—Dgs
og—0 S
592 % 95\| ok, n
(4.A.4)

where (4.A.3) is due to the condition (0% + 0%, — D1)(0g — Dg) < 0§ while

(4.A.4) is due to (4.A.1) and (4.A.2). Therefore,

D K _
2 2 1 3
INy TNy N, >0
012\7 U% D 2 g 12\1
1 2
K g
S A 02

e Proof of (4.3.14): It can be verified that

det(A*) =

(0% +

2 N2 | 2\ _4)2
oy, )05+ ox,) — 03) (Dy(Ds — 02) — 1)

> 0,

14
059N,

(4.A.5)

where (4.A.5) is due to (4.A.4).
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e Proof of (4.3.15): It can be verified that

03(0%, +0%,)(0% — /(0% + 0%, — D1)(0} — D))
&1 = 5 >0,

where the inequality follows from the condition (¢ + 03, — D1)(0% — Ds) < 0.

e Proof of (4.3.16): It can be verified that

_ obok + o)A D5
62_ o2 — o2 >,
S Z

. . . ot (0%+02% —D1)
where the inequality is due to Dg < 0% — S(US%JF—UN?VZ)Q < ol

e Proof of (4.3.17): Since Dy < 0g+03, — %, it follows that \/o% — Dg <
S Z

\/ 0% + 0%, — Dy and consequently

2_ 2
O'S 2O'Z
s

2 2 2 2 2 2 2
(O-N1+O-N2)\/O-S+O-N1_Dl JNQ\/O-S+O-N1_D1
2 o 2
O-Nl O-Nl

— \/a?g + 0%, — D1. (4.A.6)

v <

Therefore, we have

&> (oF +J]2V2)\/a§ + 0%, — Dy — a?q\/afq + 0%, — Dy

_ 2 2 2
= O'NQ\/O'S +on, — D;.

171



Ph.D. Thesis — P. Chen McMaster University — Electrical & Computer Engineering

e Proof of (4.3.18): Note that

&< (0% + ‘712\/1)\/0% + 0%, — D1 — Jg\/ag + 0%, — D (4.A.7)

_ ;2 2 2
= aNl\/aSjLaNl — Dy,

402 2
O’S(O'S+O'N1 —Dq

(0%+0%,)?

2
2 o3 2 2
\Vog—Dg > Trol, \/O‘S + oy, — D1 and consequently

where (4.A.7) is due to (4.A.6). Since Dg < 0% — ), it follows that

2 2
S afg(ajzvl + 0]2\,2) ) \/US +oy, — D1
v -~ (o_ ) - O-Ng 2

2 2\( -2 2
S_UZ)(US+UN1 N,
2
o
-5\ Jok ek~ D
oz +o b
S N

Therefore, we have

o2
&> (02 + U?Vl)ﬁ\/ag + 0%, — D1 — Ug\/ag +0%, — D1 (4A8)
1

=0.

4.B Appendix: Proof of (4.3.19)—(4.3.21)

We start with some technical lemmas.
Lemma 4.3 (4.3.21) implies (4.3.19).

. 0'4 0'4 . 0.2
Proof Since Dg < =4 Dy + =% D; + 0%, it follows that Dg — 0 < (Z4v/Dy +
N1 Na Ny
o . . . o2 o2 i .
%\/ D,)?, which implies \/Dg — 0% < ﬁ\/ Dy + ﬁng. Consider the following

two cases separately.
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00<\/D5—UZ——\/ 2 < - \/ 0r0<\/DS—0Z——\/ 1< 5 \/
We have D; > N1 \/ g — 05— \/ 2or Dy > 0_1;2 /Dg — JZ—;&\/ 1)
z Ny

VDS_O'Z__V <O< \/ and \/Ds—O'Z——\/ <O< \/D

Without loss of generahty, we assume that F > W It can be Verlﬁed that

Ny Ny

(v/Ds — 0% — ﬁ VD3)? < (WN/DQ)2 < (:TZ\/Dl) , which implies D; >
2 2 1
(%\/ Dg — o3 — ZzﬂvDﬂQ-
Z Ny

2 0' g
Thus, we always have Dy > Nl \/DS — 0% — Nl or Dy > (% Dg — 0% —
zZ
0.2
—2+/D1)?, which, together with (4.3.21), ylelds
Ny

ok Dg — o%)o4 o
leﬁMngz(UZu/Ds—az Nu/ ) (4B.1)

O-N2 O-Z

or
ol Dg — 0%)o4 o3 2 2
f2D1+( 5 42) N2>D2><1§2 Dg — 0% — éVQ\/D_l) (4.B.2)
OnN, Oz 0z 0N,
Since
1 (Ds — 0%)oy (Ds — 0%)oy
det(A*) = o, D? — 7N, D2+ -DDy + 2D, LD,
Ao ?\h 4o ?VQ 2 20% 20%
- (<Ds — az>a%vlaﬁv2)2
2042 ’
it follows that (4.3.19) holds when
od Dg — 0%)04 204
‘Dl— ile2—( 4Z) Nl‘_ 55/ (Ds — 0%)Ds (4.B.3)
ON, 0z 0ZON,
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or

o} Dg —02)o 204
Dy — 22Dy — ( 42) M| < 2 J(Ds — 0%) Dy (4B.A4)
on, 0z 070N,

The proof is complete in view of the fact that (4.B.3) and (4.B.4) are implied by

(4.B.1) and (4.B.2), respectively. O

Lemma 4.4 ¢, < 0 and (3 < 0 cannot hold simultaneously. Moreover, (; < 0 implies

CQZO(Z’/LngZO

Proof Note that (; < 0 and (3 < 0 are respectively equivalent to

(Ds — o%)on,
4 )

oN
D, > 41D2—|—

O-NQ O-Z
4 2y 4
D UNlD (DS—UZ)UNl
1 < 4 2 4 9
o o
N Z

which clearly cannot hold simultaneously.

Moreover, note that (; < 0 is equivalent to

oy oy 2
DS > TDl + TDQ + 07 (4B5)
O-Nl UNQ

while (5 > 0 and (3 > 0 are respectively equivalent to

4 4

Dg> 2D, — 22D, + 03, (4.B.6)
IN, I Ny
4 4
Ds> 22D+ 22D, 4 o2 (4.B.7)
IN, I N,
Clearly, (4.B.5) implies (4.B.6) and (4.B.7). O
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Lemma 4.5 If Ds < J%;Z—Dl + QUWZ(Ug \/(Ué + 0%, — D1)(0% + 0%, — D2)) +
1

O’S(U’S DS)

(3-02)’

O’g (O’%*DS)

and Dy < 0% + 0%, — =5 — cannot
(v3—%)

iD + 0%, then Dy < 0%+ 0% —
U?VQ 2 7 1 S Ny

hold simultaneously.

045 (O’%—Ds) g—Ds)

0'4 o
Proof Assume Dy < 0% + 03, — —>—= and D, < 0§ + 03}, — % We
(US*UZ) (‘75*‘72)
have
4 4 4
o 20 o
Dg < TZDI + Z—Zz(a?9 — \/(ag + 0]2\,1 — Dy)(0% + 012\,2 — Dy)) + TZDQ + 02
O-Nl 0‘]\[10-]\[2 UNZ
2 2 2 2 2\ 2
o oy o
:—(TZ\/U§+0]2VI Dl+_\/0—§+0—]2v2—D2) —}—ag(—_;__z)
N, o, UNl UNQ
.
+ 2L+ -2 40}
O-Nl O-NQ
o2 o2 \? ol (o D o2 o2 \> ot ol
<_(2Z+ 2Z> S(QS 2§)+U§“(TZ+TZ) +TZ+TZ+U%
on ON, (JS - UZ) N1 N, N ON,
— DS)
which leads to a contradiction. This proves Lemma 4.5. 0
Lemma 4.6 The following conditions are equivalent:
oy o, (Ds — 0%)0% 0% \°
(O’%-FO']QVI —Dl)(U§+U]2V2—D2) < (U%—i_Q 5 D1+2 B} D2 2Z4 N1 Nz)
Om ONs 0z
2 2 2 2y .2 \ 2
0,0 o Dg —0%)o
s (02 4+ 0% — Dy)(02 — Ds) < (ag+ 29N ), gpl_%)
20% oN, 20y, 207,
2 2 2 2 0% 12\/ oy (Ds UZ)UN2 ’
20, 207y, 207
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Proof It can be verified that

2
) (0% + 0%, - Ds)(0% — Ds)

o2 2 (DS_O.Q)O.Q o2 2
( + 2]\2[ D1—|—2 5 D2 2Z4 Ny N2) —(U?g—FUJle —Dl)(Ug—i—O']sz—Dg)
M ONs 9z
oA 0 o3 o2 (Ds — 0%)o2% \°
= ¢ << z N%D2 e D7 f“) — (0% + 0%, — D1)(0% — Ds)
Z N Z
@ < oz% e, - 03 . (Ds—o0%)od,

2 2
20N2 207,

from which the desired result follows immediately. 0J

4002, 2
O'S(O'S+O'N2 D»)
(03+0%,)?

2 2
),theanzagw—

Lemma 4.7 If Dy > 04+03, — and (0% +0%, —D1)(0g+0%, —D2) >

(Dg 70%)012\,1 TNy
4
20’Z

40,242 _
US(JS+UN2 Ds)
(0%+0%,)?

2 7R
05+ 50
(o8 + 5

o (US+JN2 D3)
(‘7 +JN2)
US(U%+UN2 Dy)

. . ot(03+02, —Ds)
Proof Since Dy > o0g+03, — , 1.e. as—i-UN — Dy < Tt (US%+U]]2VV2 s e
2

have (0% + 0%, — D1)(0g+ 03, — D2) < : which, together with the fact

(U§+ 2 )2
2 2 2 2 2 4 (Ds—0%)oR, 0%, 2
implies
2
2 2 D U]2V1 D (DS - O-%>0-12V10-]2V2 UgV(O-% + O-]QVQ - D2)2 4 B 8
Ts+ 2 1+ 55 e — 4 2 2 )2 (4.B.8)
20 203, 207, (0% +0%,)

2

M2 >, taking the square root on both sides of

(Dsfo'%)a]z\,lo
20 4

9 012\,2 012\,1
If05+FD1+ 27, Dy —

21,2 52 2 (52 152
(DS—JZ)UN10N2 < US(O'S+UN2—D2)
20% — o%+o2 )
z STINg

the inequality in (4. B 8) gives 0%+ D1 —i— Dz -

ie.,

o o 2002
Dg > Zm+(z+ Z5 )%+@. (4.B.9)
oN, ON, 0RO, (0% +0%,)

2

0'2 loa
On the other hand, if 0§ + 55Dy + 52~ D2 —
Ny No

(DS*UQZ)C"Nl

o
50T "2 <0, 1e Dg> = Dl—i—
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7z D2 + 0% 27275 we still have (4.B.9) since 0% >
N1 N2

2+ T D,. Combining (4.B.9)

aé (0’%—‘1—0']2\]2 —D3)
(03+0%,)?

In view of Lemma 4.3, it suffices to focus on (4.3.20) and (4.3.21). We shall show

Wlth the fact that Dy > 0§ + o3, — yields the desired inequality. O

that the complement of (4.3.20) and (4.3.21) is already covered by Cases 1)-9).

4.B.1 det(KX — A*) <0Oand (4 >0

According to Lemma 4.4, there is no need to consider the scenario (; < 0 and (3 < 0.
So it remains to handle the following scenarios: 1) ¢ < 0 and (3 > 0, 2) (3 > 0 and

C3<0,3)C220&Hd€320.

(e<0and (>0

We only need to consider the situation (034 0%, —D2)(0&— Ds) < 0§ since otherwise

the condition of Case 6) is met.

JS(US DS) 2 2 O'S(O'S Ds)
(0%—0%)2 and D, < og+ OnNy, — W This is excluded

by Lemma 4.5 since det(Kx — A*) < 0 and ¢; > 0 imply Dg < ?‘:Z_Dl +
Ny

0'4 0'4
2 (0% — /(03 + 03, — D1)(0% + 0%, — D)) + Z=Dz + 0.
2

O'N10'N2

o Dy <o%+o3, —

2D

4 -D 4
(] Dl 2 J% + 0-]2\71 - US< S) 0—(0.270.2)2 .
S zZ

("?9*‘72)

40242 _
O’S(O'S+O'N2 D»)

wi1ozr — The condition of Case 9) is met.
STON,

—D5<0'§v—
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4,2, 2
O'S(G'S+0'N2 D3)

_ 2 _ .
4 2\ 4
o Dg —o07%)o
Dy > 24Dy + M (4.B.10)
O N, Oz
4 4 4/ 2 2 4
o o ocaloe +o%. — D o
> p, -2 (ag— s 5 2)> ~ ol (4.B.11)
O N, Oz (US + UNQ) Oz
2 2
_ (0% + 0%,)0%, + 0803, N oN, (0'% + 012\,2) + ((Ug + 03,)0%, + 0%0]2\,2) D,
0%+ o3, (0% +0%,)%0, ’

4,2, 2
US(GS+0N2 D3)

where (4.B.10) and (4.B.11) are due to ¢, < 0 and Dg > 04—

(0’%—}—0’12\/2)2 )
respectively. Therefore,
2 2\ .2 2 9
) ) ) ) (0§ + o, )o%, + 020y,
og+oy, — Dy <og+oy, —
S 1 S 1 U%+02
N2
4 2 2 \2 2 2 2 2 92 \2
o (0% +0%,)" + ((0% + 0%,)0%, + 0ko%,) D
2 2 \2 .4 2
(0% + 0%, )%0N,
4 4 2 2 \2 2 2 2 2 2 \2
oy oy (2 +0%) + ((0% + 0%,)0%, +0ko%,) D
2 2 2 2 \2 .4 2
o5+ oy, (0% + 0%,)%0n,
4 4
o o
5 : e +52 )2D2 (4.B.12)
Og T On, 0g T On,
4
o
S 2 2
S Y 5 U S 0%
2 2 2( S No 2)>
(0% + UNQ)
4 2, 2 )2 2., 2 2 2 2 \2
: 9Ny (US+JN2) +((US+UN2)UN1+USON2) Ué
where (4.B.12) is due to GETEES > TEl
2 2 2
9 9 0'45 (0% +012V2 —D3) .
Thus, we have D; > 0% + oy, — —7=—2>7—- Now one can readily
1 (US+UN2)

see that the condition of Case 2) is met.
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4/ 2
o Dy >o0%+0% — %: Note that

(Ds — 0%)on,

o
D1> 41D2—|—

° (4.B.13)
UNQ O—Z
o4 (6% —-D Dg — 02)o4
>N (52402 TS (o5 5) L Ds 42) M (4.B.14)
oN, (02 —02%) Oz

4 4 4 4

- O'Nl O'Nla's 0']\/1 D 9

0% 402 + 4 2 22+O'4 (Ds = 0%),
Ny Na ON, (US _UZ> Z

where (4.B.13) and (4.B.14) are due to (; < 0 and Dy > 0% + 03, — %&"i%f);’),
S zZ

respectively. Therefore,

2
(05 —0%)

4 2 - D
D, — (cx% + 012\/1 ~ 0875 T s (o5 S>>

2 2 2
N + TNy OnN, (US - UZ) 9z <US ~ 0z
2 2
4 4 (7N 75
U;lle'gv 050N, <0% + 0’%—0’% 9

ok, (03 —02)"  05(0% = 03) (0% + 0}, )0R, + 0§0R,)

> 0.

aé (O’%—Ds>

——=——>. Now one can readily see that the
(3 —0%)

Thus, we have Dy > 0% + 03, —

condition of Case 3) is met.

(o >0and (3<0

This is symmetric to the scenario ¢, < 0 and (3 > 0, thus is covered by Cases 1), 3),

5), and 8).
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G2>0and (3>0

We have

o4 Dg — 02)o4
03+ 0%, — o) (o3 + o, — (Zep, + 202 ))

M Oz
< (0% + 0%, — D1)(0% + 0%, — D2) (4.B.15)
2 2 De — 02)02. o2 2

< (U?qu 01\2[2 D+ 0]\2[1 D, — Ds Zi = N2) (4.B.16)
207, 20y, 207,
o3 2

< (o—§+ ak Dl) , (4.B.17)
O-Nl

where (4.B.15) is due to (3 > 0, (4.B.16) is due to det(Kx — A*) < 0, and (4.B.17)

is due to ¢(; > 0 and (3 > 0. It can be verified that

4 2\ 4 2 2
o D¢ —0%)o o
(05 + 0%, — D) (U?q +oy, — (—Uivz Dy + (Ds — 77)on, 4Z) N2>) — (ag + 2= Dl)

Ny 9z TN
o2 + 02 V(02 + 02, ) — o4)?
(o3 N1)574i4 %) — 03) (0% + 0% — D)(0% — Ds)—ol).  (4B.18)
SON,

Therefore, (4.B.17) implies (0 +03%, —D1)(0g—Dg) < og. Similarly, it can be shown

that (03 + 0%, — D2)(0& — Ds) < 0.

4(c3-D 4(0%—D -
o Dy <0%+o03 — 1(3(2;%22)‘3) and D, < 0% + o3, — "((g_(f%)g); This is excluded

by Lemma 4.5 since det(Kx — A*) < 0 and ¢; > 0 imply Dg < ;T%Dl +
N1

20 ol
o7 [,Z]2V (‘7?9 - \/(U% + ‘7?\{1 - Dl)(”?‘ + 012\12 — Dy)) + ?}j‘DQ + U%'
1 2 2
ot (c2—-D ot (c3—-D
e D Zag—i—ajzvl —w and Dy <‘7§*+012v2 —w:
9 o (J%—l-(f]?\,z —D»>) . * :
— Dg < 05 — —=5—=*75—: According to Lemma 4.6, det(Kx — A*) < 0is

(05+0%,)?
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equivalent to

2 2 ) 9 9 2
2 2 2 2 UZUN2 Oy (DS_UZ)UNQ
- D — Dg) < D, - 2Z p A5 TZ)UN: )
(o = Pl = ) (OS R 202
(4.B.19)
Moreover, we have
2 0%012%1) o2 D (Ds — 0%)o%,
Og 92 4 1= 9 2 2 — 2—2
O-Nl N2 UZ
o2
205~ 5D (4.B.20)
O3RN,
_odo} (0} + 0%, — Do) + 0%03,
ox, (0% + 03,) + 0%03,
> 0,
where (4.B.20) is due to ¢; > 0. Therefore, (4.B.19) implies
o%0% o2 Do — 0202
\/(a§+a]2V2 — Dy)(0% — Ds) < 05+ 2Z 4N2D1_2 D (Ds . 22> N
aNl No UZ

0'4 0'4 0'4
ie. Dy > 2Dy 4 (03— (03 + 0%, — Da)(of — Ds))+ T (Ds—o3).
No 2 Z

2
2 2
9359N.

Now one can readily see that the condition of Case 9) is met.
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4,2, 2
O'S(G'S+0'N2 D3)

— Dg > a?g BRI Note that
2
0'4 0'4
D, > 2(Dg —0%) — D, (4.B.21)
0z ON,

v

ﬁ 0_2 _ Ué(o'% + U]2V2 B DQ) . 0_2 _ ﬁDQ (4 B 22)
oy \7 (ot o)’ 7)o o

_ (05 + 0%, )oK, + 080k, (((0% +0R,)0R, +0508,)" — o, (05 + 0%2)2)

0%+ 0%, aj‘vz (0% +03,)?
(0% + 0%, )o%, +0%0%, oy
> )TN + S D, (4.B.23)
o5+ oy, (0 +0%,)

U4 0'2 0'2 —
where (4.B.21) is due to (; > 0, (4.B.22) is due to Dg > 0% — stoston, D)

(a§+a']2\,2 )2 )

0.2 0_2 0.2 0.2 0_2 2_0_4 0.2 0.2 2 0_4
and (4.B.23) is due to (o5 ton,) Nlj 52N2)2 2N1( s+ > 25— There-
on, (T5ton,) (05+o%,)
fore,
0%+ 0%, — Di (4.B.24)
2 2\ 2 2 2 4
oc+ on,)on +0c0 o
<oi+oy — (75 N;) Mo S S D, (4B.25)
05+ 0x, (US+UN2)
4
Og 2 2
= ——2— (05 + 0%, — D), (4.B.26)
(0% +0%,)? :
ot (02402, —D
which implies Dy > 0% + 03, — %W)hﬂ So the condition of Case 2)
5ToN,
is met.
— 0'4 o4 — . . .
o Dy <oi+o}, — % and D, > 0% + o3, — %: This is symmetric
S zZ S Z

4 2 4 2
2 2 05(0g—Ds) 2 2 _ og(05=Ds) :
to Dy > o5 + oy, GEEAE and Dy < 05 + oy, R thus is covered

by Cases 1) and 8).

o‘é(angS)

7505~ D0s) o5(0§=Ds)
(a%—a%)Q 2

2 2
* Dizostoy - C

and Dy > 0% + o3, — - The condition of

Case 3) is met.
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4.B.2 det(KX — A*) <0and (G <0

According to Lemma 4.4, (; < 0 implies (, > 0 and (3 > 0. Moreover, we only need
to consider the situation (03 + o3, — D1)(0% + 03, — D2) < 0§ since otherwise the

condition of Case 4) is met. Note that

o Dg — o%)o%
(ot+ 0k, — D) (ot od, - (Topy + 2T ))

Ny 9z
< (0% + 0%, — Di)(0% + 0%, — D>) (4.B.27)
<og
o3 2
< (O'gv + ¥D1> s
O'N1

where (4.B.27) is due to {3 > 0. Therefore, in view of (4.B.18), we must have
(0% +0%, —D1)(0%— Dg) < og. Similarly, it can be shown that (0% + 0%, — D2)(0% —
Ds) < O’é.

4.2, 2
9 9 O’S(US+O'N27D2) )
® Dl 205‘{‘01\71_ (U§+G?V2)2
0%,((7%4»012\,2 —D>)

— Dg > 0% — : The condition of Case 2) is met.

(03+o%,)?
9 0’%(0’%-‘1—0’12\] —D3) )
4/ 2
i) Dy < 0g403, — %: According to Lemma 4.6, det(Kx —A*) <0

is equivalent to

0203 o2 (Ds — 0%)o%
2 2 D 2 D < 2 ZY Na . Z D _ Z No
(05 +ox, 2)(05 s) Us+—20;1v1 15 2 2 —20%
(4.B.28)
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It can be verified that

L ok b (Ds— ok,
Os T 5p1 P1m g5 e 05—
UNl UNQ UZ
o202 4/.2 2 2
070N, [ o 9 o5(0s + 0%, — Do) oy N
> 05+ 204 (US+0N1 B (o +02 )2 202 Dy + 22
N, S Ny Na
_ U]2V2 2 _ Ué(a% _'_ 0]2V2 - D2)
20% S (0% +03%,)?
D
2 2
— US 1 — —2 B}
Oy +UN2
> 0.

So taking the square root on both sides of the inequality in (4.B.28) gives

0202 0% (Dg—0%)o2 .
V(0% + 0%, = Da)(od — D) < 0% + 55Dy — 52Dy — 7 e

2

4 2 4 4
Dy > 24D, — 3-(0% — \[(03 + 0%, - DQ)(ag — Dg)) + 2i+(Ds — 0%).
2 2

Now one can readily see that the condition of Case 9) is met.

ii) Dy > 0%+ 03, — % It can be verified that

os(o? + 012\,2 — D)
(0% +0%,)?
Us(”s Ds)

(0% + 0%,)% (0% — 0%)?

US(US Ds)

(05 —02)*

D120§+012V1—

2 2
> 0g+ 0N, —

2 2
> 0g+ 0N, —

So the condition of Case 3) is met.

aé (U§+UJ2V1 —D1) ]

(03+0%,)?

, thus is covered by Cases 1), 3), and 8).

e Dy > U% + 012\,2 —
US(US+UN2 D»)
(USJFUNQ)

This is symmetric to Dy > 0% + oy, —

4.2, 2 _
O'S(O'S+O'N1 Dl).
(0%+o3,)?

o (O'S+O'N2 D

(‘7‘"‘12\]) 2) andD2<0_5v+0-N2
2

e Dy <oi+oy, ——
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0'4 g 04
— Dg > UjNZ—Dﬁ#r(aé \/<a§ + 0%, — Di)(0% + 0k, — D2))+ £ Do+
1 2

02: The condition of Case 7) is met.

o} o o
- DS < ?ilf_lDl"i_TTz Z (O'%v \/(O'Zv +UJ2V1 - D1)<O'gv —|-O']2V2 — DQ)) oz D2—|—

Ny
osloston, —Da) oé(oﬁm Ds)

0%: Since Dy < og+03, — e, o+oy, —Dy >

(0’ +0N )2 (a +0N )2 )
we have
2
og
\/(Gg—i—af\h —Dl)(O'%‘i‘O'?\b —DQ) Z O'g ﬁDQ (4B29)
S Na
It can be verified that
4 4 4
oy 20, oy
DS < UTDl + W(O’g — \/(O’% + O']2V1 — D1)<O'§1 + 0]2V2 — Dg)) + UTD2 + O'%
N NN, Na
oz (2, 2 _ o5(0% + ok, — D2) 205,0% D
<UT o5+ 0on, (0% + 0% )2 o2 % (02 + o2,) 2
N1 S Na N1Y N2\"' S N3
+ Z —Z-Dy + 0% (4.B.30)
N2
_ 050y, |, 05((0% + 0}, )oR, + o50%,)* — 20504, )
of+ 0%, (054 0},)2 (0% + 03, )o%, +0d0k,)?
oioN, os((0f + 0%, )o%, + 0503, )’ D,

0§ +on, (0§ +0%,)%((05 + o}, ok, + 050, )’

— 52 _ o5(0f + o}, — Da)
° (0% + 0%,)?

b

o (US+O'N2 D»)
(0%+0%,)?
O'S(O'S DS)

2
2 2
("s_"Z)

cannot hold simultaneously. So it suffices to consider the fol-

where (4.B.30) is due to Dy < 0% + 03, — and (4.B.29).

In light of Lemma 4.5, Dy < 0 + 0%, —
oé(o%—Di)
(75-0%)

lowing possibilities.

and Dy < 0% + 0%, —

. oct(02—-Dg ce(c—Dsg
i) Dy > 0%+ 0%, — ﬁ and D, < 0% + o3, — (i(g+c2 According
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to Lemma 4.6, det(Kx — A*) < 0 is equivalent to

2 2 2 2\ -2 2
2 2 2 2, 0z0N, Oz (Ds — UZ)UN2
+ —D — Dg) < Di——%D,—— =7 2| |
(o5 TNz 2)(7s s) (OS * 20?{,1 ! 20]2\,2 2 20%

(4.B.31)

It can be verified that

2 9 2 2y .2
2 UZUNQD D (Ds UZ)UN2
05+ Gt D1~ 52 Da 2
On, ON, Oz
2 9 2
050 o
2 7"~ No 7
> O'S+ 2—4 1 — 952 D2
On, No

o3 o} 207 o
~ I (TZD1 + 5 (0% - \/(0§ +oj, = Di)(o§ + ok, = Da)) + TZD2>

2UZ O’Nl 0N10N2 O-NQ
2 2
_2_%zp %22 2 2 _ D 2 2 — Dy))
=0g 7 12 5 (0% (US+UN1 1)(0'5"“71\/2 2
O’NQ UNI
2 2 2
o o o
>0t %Zp, 97 (g2 g2y %5 _p (4.B.32)
S 52 o2 S 75T 52 4 42
Na N S Na

0508, (05 + o8, ) (05 + o, — D2) + 0%%((% + o, — Do)

(05 + 0}, ) (0%, (05 + 0F,) + 0503,

>0

— Y

where (4.B.32) is due to (4.B.29). So taking the square root on both

sides of the inequality in (4.B.31) gives \/(cr% + 0%, — D2)(0% — Dg) <

(Ds—02%)o? . o4 204

0% + Z N2D1 — 5 D2 - o2, le, Dy > Dy — (0% —

i No SY No

lea .
\/(0?9 + 0]2\,2 )( Dg)) + %(DS — 0%). Now one can readily see
that the condition of Case 9) is met.

40 .2
.. 2 2 o5(0g—Ds) 2 2 O'S( —Dg)
ii) D1 < 05 + 0%, )T and Dy > 0§ + 0%, —(U%J%)Q : This is
symmetric to Dy > 02 + 02 US(US—DS and Dy < 0% + 02, — o5(05—Ds)
= 0g Ny (0Z—02)? S Na (6%—0%)2 7
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thus is covered by Case 8).

462 4 (02—
i) Dy > 0% + o3, — %{TQD)‘;) and Dy > 0% + o3, — 25(75-Ds). The
Z

(o% (o% —o%)2

condition of Case 3) is met.

4.B.3 det(Kx —A*)>0and (; <0

According to Lemma 4.4, ¢; < 0 implies (, > 0 and (3 > 0.
o (0&+ 0%, — Di)(0%+ 0%, — D2) > 0g: The condition of Case 4) is met.

o (05+ 0%, — Di)(og+ 0}, — D2) < 0

ot (U§«+U]2v2 —D») )

(0'5+UN2 )2

- Dy > 0%+ 0%, — It follows by Lemma 4.7 that Dg >

9 US(US+UN2 —D>)

iy v iy So the condition of Case 2) is met.

o (U%—i—a?\]l —Dq)
2.2 )2
(0% +‘7N1)

— Dy > 0%+ 03, — : This is symmetric to Dy > 0g 4 o3, —

oalo o D
% thus is covered by Case 1).
S

o (US+UN2 -D

(‘7 +‘7N2)

US(US+UN1 Dq)

(‘7 +UN1)

— Dy < o¥+o3,— 2 and D, < 05+0N2 : Note that

det(Kx—A*) > 0 implies Dg > 2z D1+ 2 7 Z—(0%— \/(ng + 0%, — D1)(0% + 03,

4
;TZDQ + 0%. So the condition of Case 7) is met.
N2

4.B.4 det(Kx —A*)>0and (; >0

According to Lemma 4.4, there is no need to consider the scenario (s < 0 and (3 < 0.
So it remains to handle the following scenarios: 1) ¢, > 0 and (3 < 0 and 2) {, < 0

and (3 > 0. Note that the remaining scenario (5 > 0 and (3 > 0 is the desired one.
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G, >0and G <0

We have

o4 Dg — 02)o4
02+ 0 — D) (o + o, - (Zep, + 202 )

M Oz
> (0% + ox, — D1)(0% + o, — D2) (4.B.33)
2 2 De — 02)02. o2 2

> (ag L T D, Ds 024)01“0%) (4.B.34)
207, 207, 207,
o3 2

> (o—g + %DI) : (4.B.35)
O-Nl

where (4.B.33) is due to (3 < 0, (4.B.34) is due to det(Kx — A*) > 0, and (4.B.35)

is due to ¢; > 0 and (3 < 0. In view of (4.B.18),

4 2\ 4 2 2
o Dg—0%)o o
(0§ + 0%, = D) (a§+a?v2 - <01V2D1+( =7 N)) > (a§+—§2D1)

< (05 + o, — D1)(0% — Dg) > og.

So the condition of Case 5) is met.

(e<0and (>0

This is symmetric to (o > 0 and (3 < 0, thus is covered by Case 6).

4.C Appendix: Proof of (4.4.3)

4.C.1 Kw € Q(Kx) and 0 < A* < Kx for Case 6)

Note that we have the following equalities:
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2
N N k™ N
zZ Ny Ny
« TN, N, [T 4DsD;  20%D:
2. det(KA):#—? 1+_0':19_1_ UZ -1
zZ Ny Ny

4DSD1 QG%Dl
4

1+ -1
3. Let 0 = i “L_ then we have
2
< TELILINRS o B
N1 N1
(a) 1—62>0:

ag 4 0’4
(b) det(K%) = (1 — 62) ( YDy — 2z f14 40D %DS) Dy.
z Ny z

2
9z

<C> 4 1 1 — 2 52
o o o g g
(1-02) g2 D1-—2 J1+22§2+ "2 Dg Dy 12
TNy 7z 7Ny ’z

Now we’d like to show that K;Vl >~ 0, which implies that Ky, = 0. The w; and w»

";lv 4 4DgD ;1\7
6 T2D1,7 1+ S 1 +—= 2 Dgs | D1
TNy "Z "Nl Z

can be rewritten as

iDgD,
o2 o2 2 2 o2 o2 + -4 -1
(1 . 92) N1 N2 1+ 4DgD, _ 207 D1 — 1 — NN Ny
ol ot 202 4DSD1
Ny Ny Z \/1+
U
Ny
wp = 4.C.1
1 1+ 2DsDy_ ( )
X, TN 7N
(1 - 92) 21 . 4D1D 1
oz \/1 Ea—
Ny
and
1D D
2 PRPEIYAS e et
(1 B 92)”1\71”1"2 4DSD1 2Ule _1- IN1 9Ny Ny
UNl UNI 207 \/1+—L4D4D
(e
N
Wy = L . (402)
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According to (4.4.13), we have

iD<D. 202D\ AD<D; 202D L4252 — 1
<1+ SI_UZ 1) _1_ <1+ SI_UZ 1_1>+ Ny

o, o, o, oN, 1+ 205D
N1
(4.C.3)
9 2
4DgD;y  20%D; 4DgDy  20%D; 1
- It —— = - 1= It —— - DD
oM N ' on 1+ ==
N1
(4.C.4)
4DSD1 20’%D1 1 1
N1 N1 ]_ + O_T + 0.31\7
\/ Ny 1
gy b, [T (Ds - o3, [T )
1 1 1
1 + 4D5D1 - 1 + 4DSD1 > O’ (406)
D'N1 oNl

which implies that

9 2 ) 1+ DsDr _ g
( | 4DsDy 202D1> . ( |, 4DsDy 203D 1) .\ Vs

4 4 4 4 4DoD
oN, IN, IN, IN 14 %
Ny
(4.C.7)
. 202D 202D
Since 1+%—0+1—1:9\/( 1—}—M Zl —1,Wehave
N1 Ny

4D5D1
4DsD 2 2D \/

O'N1 O'N1
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resulting in

4DsDy 202D, L+ T -1
(1-6?) ( 14— 202 1) —1>(1+6) M (4.C9)

4 4 1+ 4DSD1
O'Nl

aNl UNl

Thus, we know that

2 1+ 4DsD1 _
4DgD 202D
(1—6?) (Rt A \/ >0, (4.C.10)
TN, O, /1+ ‘%5&
Ny

which implies that w; > 0 and wy > 0. Moreover, according to (3c), we know that

2 2
det (Ki}) = wyws — (%) (4.C.11)

Ny
(4.C.12)
1+4DSD1 1
2 52 4/
(1 . 02 C’Nl N2 4D5D1 2UZD1 _1_ "le;Nz N1
cer O'Nl 207 1+44D4£

4DSD1 1
(1 . 92 0N1”N2 \/ Nl (U?VQ Dl 4 /1 + 4Di]D1 + N2 DS)

20‘Z \/ 4DSD1 ok

(4.C.13)
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g U4
o (hepi- 2 T )
1

_ (4.C.14)

ol ol
(=) (501 - % TF B + F0s) D
TNy N1
2
2020\ \/1+4DSD1 - \/1+4DfiDl—1
_ /2 / 4DgDy _ 2071\ 4V N _ Yy N
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where the inequality holds according to (4.C.9).
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Therefore, K’ is indeed an optimal solution and consequently

1 2020202
Ry(Dy, Dy, Dg) = = log 527N

2 2 2 4 2 9 4 2
N, 0N,/ ON, T 4D1Ds — 20505, D1 — oy, 0y,

4.C.2 0< A* < Kx for Case T7)

(D270'4)0'4
S 2% and Dy <

For Case 7), we'd like to show that, we always have Dy < —iDsol
A

Dg + ‘712v27 thus the similar result from Case 6) can be applied.
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Based on the above, we always have Dy < —iDeol and Dy < Dg + 0]2\,2.
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Thus, similar to (4.C.40) and (4.C.42), we have oy, (0% + 0%, — D2) (0%
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(0% + 0%,)Ds — U%DQ)Z > 0, resulting in det(Kx — K% ) > 0. Thus, (4.4.3) holds

because Ky > 0, and Kx — K} = 0.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

In this thesis, we first concentrated on constellation design for multiple access wireless
communication and multi-hop relay-assisted networks.

For an uplink system with K single-antenna users and one base station equipped
with a single antenna, the design of sum constellations belonging to the additively
uniquely decomposable constellation group (AUDCG) was proposed by maximizing
the minimum Euclidean distance and lattice coding, where each user utilizes a binary
constellation to carry data. With such a design, the multi-access SISO channel with
K users can be equivalently transformed into a virtual standard ideal SISO channel
with a single user. Once the sum constellation point is determined by the detector,
each user’s constellation point can be directly obtained, resulting in a low latency
detection technique. It was shown that our proposed NOMA scheme outperforms the
existing TDMA designs for the same system in terms of the minimum distance, and a

symbol error probability formula was derived. Moreover, we also developed a splitting
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scheme that enables us to extend the principles of our design to a system in which
the k-th user employs a constellation with 2M* points. Numerical results showed that
the resulting scheme provides better performance than an existing scheme based on
Farey sequences.

For a multi-hop relay-assisted network, we developed a novel uniquely-factorable
constellation set (UFCS) using PSK constellations to allow the source and relay nodes
to transmit their own information concurrently at the symbol level, while enabling
non-coherent detection. The system consists of a single-antenna source and single-
antenna, amplify-and-forward relay nodes, and the destination has M antennas. The
transmission was arranged in blocks of two time slots. By taking advantage of the
uniquely-factorable property, fast detection can be obtained, where the optimal ML
detector was equivalently reduced to a symbol-by-symbol detector. In addition, the
SEP formula was also given, showing the insights that the diversity gain cannot be
improved by increasing M.

Since there has been very limited analysis of the source coding subject to semantic
information constraints, we also studied the rate distortion trade-offs in the presence
of these constraints.

For semantic source coding, the model consists of two parts, i.e., the intrinsic state
part and the extrinsic observation part, in which the intrinsic state part corresponds
to the semantic feature of the source. This is not observable, and can only be inferred
from extrinsic observation part. In order to characterize the rate-distortion behavior
of the semantic source, we considered the case of Gaussian distributed extrinsic ob-
servation, with the assumption that there is a linear relationship between extrinsic

observation part and intrinsic state part. We derived the rate-distortion function (in
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both centralized encoding and distributed encoding) of semantic-aware source coding
under quadratic distortion structure by converting the semantic distortion constraint

of the source to a surrogate distortion constraint of the observations.

5.2 Future Work

There are still some future works that can be conducted to further improve the
proposed approaches.

Perfect channel state information (CSI) at the receiver, in practice, is not eas-
ily attainable. Regarding the CSI in a communication system, the receiver usually
estimates the channel using a training sequence (pilot symbols) and the transmitter
obtains it through a feedback channel or from previous received signals. For the ac-
curacy of the estimation, the outdated estimation due to the channel variability has
to be considered. Moreover, for the usage of the feedback channel, the quantization
of the estimation and the errors in the communication through the feedback channel
also should be taken into consideration. Thus, it is necessary for us to explore the
sensitivity of CSI (like the tolerance of phase error) in our constellation design in
Chapter 2, and to find robust designs that make it less sensitive to these errors by
Bayesian (or stochastic) and maxi-min (or worst case) approaches.

In case that the transmitter does not have any information about the channel,
the blind signal processing techniques can be applied to estimate the space-time
block coded channel for the MIMO systems. Blind channel estimation involves a
problem in which only observed signal is available at the receiver for processing in
the identification of a channel. In future, we would like to find the condition that

the signal can be uniquely distinguished from the channel in a noise-free case when
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only received signal is available. Moreover, based on this condition, we would like
to construct a full diversity blind linear space-time block code by using the co-prime
PSK constellations introduced in our second work.

In our semantic-aware source coding work, there is still space for further investigat-
ing the rate distortion for vector sources in both the case of centralized encoding and
that of distributed encoding by considering other source distributions (like Laplacian
distributions aiming at images and speech) and non-quadratic distortion structures.
Moreover, in practice, due to complexity and delay constraints, large block lengths
may not be feasible, and many communication systems benefit from designing the
source-channel codes jointly. Thus, there is a great need to develop joint source-
channel coding system by using machine learning and combining with typical codes,

like LDPC codes or polar codes.
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