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Lay Abstract 

 Thermoelectric materials can generate energy from temperature gradient, making 

them potential solutions for the escalating energy crisis. The state-of-the-art thermoelectric 

material is PbTe which shows outstanding performance and high stability. However, the 

toxicity of Pb element limits its practical application. 

 It is the purpose of this work to develop high-performance GeTe and SnTe-based 

thermoelectrics to reduce the usage of PbTe. Combining theoretical calculations and 

experimental characterizations, detailed investigation on the transport properties, crystal 

structure and microstructure were performed on both GeTe and SnTe. Relations between 

their thermoelectric properties and their composition, synthesis method and microstructure 

were revealed. This work paves the path for the development of environmentally friendly 

and high-performance thermoelectric systems. 
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Abstract 

 This dissertation covers the study of the thermoelectric properties of GeTe and SnTe. 

The goal of this research is to develop high-performance lead-free thermoelectric materials 

that can replace PbTe-based systems so that thermoelectric technology could be bring into 

real application. During the study, extensive investigations on the electrical and thermal 

transport behaviors were conducted both experimentally and theoretically. 

 In Chapter 1 ~ 3, the origin of thermoelectricity, modelling and 

characterization methods are discussed in detail. In Chapter 4, study on the thermoelectric 

properties of Bi, Zn and In co-doped GeTe was presented. Initial doping with Bi enhanced 

the performance by tuning the electronic properties and bringing down the thermal 

conductivity. Subsequent Zn doping permitted to maintain the high power factor by 

increasing carrier mobility and reducing carrier concentration. Subsequent In doping 

boosted the density of state effective mass. A peak zT value of 2.06 and an average zT value 

of 1.30 have been achieved in (Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03. In Chapter 5, we 

thoroughly investigated the transport properties of SnTe-Sb2Te3 alloying system, provided 

useful insight of the mechanism of the enhanced Seebeck coefficient. To also overcome the 

poor carrier mobility, Pb compensation was performed which effectively optimized the 

carrier mobility. Meanwhile, Pb compensation broke the charge balance, allowing Sb to 

precipitate out of the structure. These second-phase particles provided additional source of 

phonon scattering, effectively suppressing the lattice thermal conductivity. As a result, a 

peak zT of 1.1 at 778K and an average zT of 0.56 from 300K to 778K was achieved in 
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(Sn0.98Ge0.05Te)0.91 (Sb2Pb0.5Te)0.09, which is one of the best SnTe-based thermoelectric 

systems. 
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𝜌ୋ Electron distribution function in the reciprocal space 
SG Structure factor 

h, k, l Miller indexes 
Fhkl Scattering intensity of the plan (hkl) 
𝑔ො Reciprocal operator 
�̂� Rotational matrix 
𝜑 Aperture of the incident beam 

Kβ, Kα1, Kα2 Characteristic X-ray series 
𝑆ୱୟ୫୮୪ୣ Sample Seebeck coefficient 

𝑆୵୧୰ୣ Wire Seebeck coefficient 
𝑝(𝑡) Electron momentum 

𝐵ሬ⃑  Magnetic field 

𝐸ሬ⃑  Electric field 

𝐸௫ Electric field along x direction in Hall geometry 
𝐸௬ Electric field along y direction in Hall geometry 

𝑝௫ Electron momentum along x direction in Hall geometry 
𝑝௬ Electron momentum along y direction in Hall geometry 

𝑅ୌ Hall coefficient 
𝜇ୌ Hall mobility 

𝐽 Current density 

t Sheet thickness 
𝐷 Thermal diffusivity 
𝐶୔ Constant pressure heat capacity 

NCB Non-charge balanced 
CB Charge balanced 

Geୋୣ
×   A Ge atom on the Ge site with no extra charges 

Biୋୣ
ᇱ   A Bi atom on the Ge site with a charge of -1 

Vୋୣ
··   A Ge vacancy with a charge of +2 

𝜇୛ Weighted mobility 
CP Pb compensation process where a vacancy is being filled by Pb 

element 
SP Pb substitution process where Pb substitute one Sb on the cation site 
r Scattering factor 

Vୗ୬
··   A Sn vacancy with 2 positive charges  

Sbୗ୬
ᇱ   A Sb atom on the Sn site with one negative charge  
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Chapter 1: Thermoelectricity 

1.1 Introduction 

In 1821, German Physicist Johann Seebeck (Tallin, April 9, 1770 - Berlin, 

December 10, 1831) observed that a compass magnetic needle was deflected by a closed 

circuit made of two dissimilar metals (today known as thermocouple) whose junctions were 

at different temperatures, and the deflection angle was related to the temperature difference 

between the two junctions. The theory behind this phenomenon was latter established by 

the scientific community and named as Seebeck effect1. The reverse effect was observed 

in 1834 by a French physicist Jean Charles Athanase Peltier (Ham, February 22, 1785–

Paris, October 27, 1845). He discovered that, depending on the direction of the passing 

current, the junction between two dissimilar metals can be heated or cooled. This 

observation was then explained by the Russian physicist Heinrich Friedrich Emil Lenz 

(Dorpat, February 12, 1804 - Rome, February 10, 1865) in the same year. Today, this 

physical effect is known as Peltier effect2. Eventually, after 20 years, British mathematical 

physicist and engineer William Thomson (Belfast, June 26, 1824 – Largs, December 17, 

1907) provided a comprehensive thermodynamic interpretation, which explained both 

Seebeck effect and Peltier effect under one theoretical framework. Thomson also observed 

that when a current flows through an unequal heated conductor, heat was released or 

absorbed along the length of the conductor, depending on the direction of current flow, and 

this phenomenon is known as Thomson effect3. These findings form the cornerstone of the 

theory of thermoelectricity. 
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Nowadays, with the ever-increasing demand for energy in human society, the 

resulting environmental problem is escalating globally. Therefore, there is an urgent need 

to develop energy harvesting technology to increase the total energy conversion efficiency 

during daily production and transportation. In various human activities, waste heat is the 

main form of energy loss. In this light, researchers from different fields are working 

together to develop advanced thermoelectric energy harvesters (TEH) to harvest energy 

from various heat sources in our daily life, such as human body and car exhaust, etc. The 

development of modern quantum mechanics provided many new insights regarding 

transport properties. In this chapter, electron and phonon transport model will be derived 

via Landauer’s approach. Then, the working principle, device structure and performance 

criteria of TEH will be introduced. 

1.2 Landauer’s Approach for Near-Equilibrium Transport 

1.2.1 Electron Transport 

 

Figure 1.1 Configuration of a simplified semiconductor device. 
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Figure 1.1 shows a simplified device structure, consisting of contacts 1 and 2 and a 

uniform conductor between the two contacts. A voltage of V applied to this device induces 

an electric current flowing from contact 2 to contact 1. To simplify the mathematical model, 

the following assumptions are made4: 

1) The band structure of the device is known. 

2) The inelastic scattering only happens at two contacts and the scattering is strong 

enough to always maintain thermal equilibrium. 

3) The electron-electron interaction is ignored. 

4) Electrons flow within independent energy channels. 

5) No reflections on both sides of the contacts. 

The Fermi-Dirac distribution for contacts 1 and 2 are given by: 

Contact 1: 𝑓ଵ(𝐸) =  
ଵ

ଵାୣ୶୮(
ಶష ഋభ
ೖా೅భ

)
 , 𝑉ଵ = 0  (1.1) 

Contact 2: 𝑓ଶ(𝐸) =  
ଵ

ଵାୣ୶୮(
ಶష ഋమ
ೖా೅మ

)
 , 𝑉ଶ = 𝑉 (1.2) 

Where f1 and f2, μ1 and μ2, T1 and T2, V1 and V2 are the Fermi-Dirac distribution function, 

chemical potential, temperature, and voltage of contacts 1 and 2, respectively. kB is 

Boltzmann’s constant. After combining contact 1 and 2 with the conductor, electrons from 

two contacts will start to fill up the device which induces two flows: 

Contact 1: 𝐹ଵ(𝐸) =  
ௗே(ா)

ௗ௧
=  

ேభ
బ(ா)ି ே(ா)

ఛభ(ா)
  (1.3) 

Contact 2: 𝐹ଶ(𝐸) =  
ௗே(ா)

ௗ௧
=  

ேమ
బ(ா)ି ே(ா)

ఛమ(ா)
   (1.4) 
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Where F1 and F2, 𝑁ଵ
଴ and 𝑁ଵ

଴, 𝜏ଵ and 𝜏ଶ are the electron flow, total number of electrons and 

relaxation time of contacts 1 and 2, respectively. N is the number of electrons inside the 

device. With the information of band structure, 𝑁ଵ
଴  and 𝑁ଵ

଴  can be given as: 𝑁௜
଴(𝐸) =

𝐷∗(𝐸)𝑓௜(𝐸) (i = 1,2) where 𝐷∗(𝐸) is the effective density of states (in the unit of number 

of states per unit energy) of the device including the spin degeneracy. Under steady state, 

the total electron flow Ftot = 0: 

 𝐹௧௢௧(𝐸) =  𝐹ଵ(𝐸) + 𝐹ଶ(𝐸) =
ேభ

బ(ா)ି ே(ா)

ఛభ(ா)
−  

ேమ
బ(ா)ି ே(ா)

ఛమ(ா)
= 0   (1.5) 

If we assume contact 1 and 2 are made of the same material, then we have 𝜏ଵ(𝐸) =  𝜏ଶ(𝐸). 

With this assumption, we have: 

 𝑁(𝐸) =  
ଵ

ଶ
 𝐷∗(𝐸)[𝑓ଵ(𝐸) +  𝑓ଶ(𝐸)]  (1.6) 

Under electric field, the electric current is given as: 

 𝐼(𝐸) =  𝑞𝐹ଵ(𝐸) =  −𝑞𝐹ଶ(𝐸) =  
௤

ଶ
𝐷∗(𝐸)[𝑓ଵ(𝐸) −  𝑓ଶ(𝐸)]  (1.7) 

Define 𝛾(𝐸) =  
ℏ

ఛ(ா)
 as the energy broadening caused by electron scattering, ℏ  is the 

reduced Plank’s constant and 𝜏(𝐸) is the transit time which will be explained latter. The 

negative sign in front of F2 indicates that the electrons are being extracted at contact 2. 

Integrating Eq.( 1.6) and Eq.( 1.7) through the whole energy, we get: 

 𝑁 =  ∫
஽∗(ா)

ଶ
[𝑓ଵ(𝐸) +  𝑓ଶ(𝐸)]𝑑𝐸  (1.8) 

 𝐼 =  
ଶ௤

௛
∫ 𝛾(𝐸)𝜋

஽∗(ா)

ଶ
[𝑓ଵ(𝐸) −  𝑓ଶ(𝐸)]𝑑𝐸  (1.9) 
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When the length of the conductor L is comparable with the electron mean free path 

λ(E), we can assume that there is no scattering happened during the transition of the 

electrons, this is known as ballistic transport. Now, we explain the physical meaning of 

transit time. Assuming a 2D conductor sheet with width of W and length of L, as shown in 

Figure 1.2 (a). When applying a strong electric field such that f2 << f1, then: 

 ௤ே(ா)

ூ(ா)
=  

ℏ

ఊ(ா)

௙భ(ா)ା ௙మ(ா)

௙భ(ா)ି ௙మ(ா)
≈  

ℏ

ఊ(ா)
=  𝜏(𝐸)  (1.10) 

In the meantime, in a 2D system,  

 𝑁 =  𝑛ୗ𝑊𝐿  (1.11) 

 𝐼 =  𝑞𝑊𝑛ୗ〈𝑣௫
ା(𝐸)〉  (1.12) 

ns is the area charge density of the 2D sheet, 〈𝑣௫
ା(𝐸)〉 is the average electron group velocity 

along the positive x direction, W and L are the width and length of the sheet, respectively. 

which is given by an angle integration: 〈𝑣௫
ା(𝐸)〉 = 𝑣(𝐸)〈cos 𝜃〉 =  

ଶ

గ
𝑣(𝐸). Substituting 

Eq.( 1.11) and (1.12) into (10), we have: 

 𝜏(𝐸) =  𝐿 〈𝑣௫
ା(𝐸)〉⁄   (1.13) 
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Figure 1.2 (a) Ballistic transport and (b) diffusion transport in a 2D semiconductor 

device. 

The above equation indicates that 𝜏(𝐸) is the average time for electron travel through the 

conductor. Now we introduce 𝑀(𝐸) =  𝛾(𝐸)𝜋
஽∗(ா)

ଶ
; under parabolic picture, it is given by: 

 𝑀(𝐸) = 𝑊
௛

ସ
〈𝑣௫

ା(𝐸)〉𝐷ଶୈ(𝐸) =  
ௐ௞

గ
=  

ௐ

ఒా(ா)/ଶ
  (1.14) 

 𝐷ଶୈ(𝐸) =  
௠∗

గℏమ
  (1.15) 

Where 𝐷ଶୈ(𝐸) is the effective 2D density of states, 𝑚∗ is the effective mass of electrons, k 

is the wave number and 𝜆୆ is the wavelength of electrons. Based on Eq.(15), M(E) is the 

number of the half wavelengths confined inside the conductor, named as number of 

conduction channels. Expand this concept to 1D and 3D, we have: 

 

Figure 1.3 Number of channels in different directions (conduction band only). 
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Here 𝐻(𝐸 − 𝐸஼) is a step function, H = 0 when 𝐸 <  𝐸஼, H = 1 when 𝐸 >  𝐸஼. A is the 

cross section of a 3D semiconductor, Nv is the band degeneracy. When dealing with a 

macroscopic system, the mean free path of the carriers becomes negligible in comparison 

with the length of the device, and multiple scattering may happen during the transfer, which 

is known as diffusive transport, Figure 1.2 (b). In this case, a correction term will need to 

be introduced which is known as the transmission term T(E), where T(E) is given by5: 

 𝑇(𝐸) =  𝜆(𝐸) 𝐿⁄ ≪ 1    (1.16) 

T(E) could be understood as the possibility of electron to travel from one contact to the 

other without experiencing any scattering event. Combining the above equations, we 

eventually obtain the universal transport equation: 

 𝐼 =  
ଶ௤మ

௛
∫ 𝑇(𝐸)𝑀(𝐸)[𝑓ଵ(𝐸) −  𝑓ଶ(𝐸)]𝑑𝐸  (1.17) 

If we apply a small electric field and temperature gradient to the device in Figure 

1.1, the term 𝑓ଵ(𝐸) −  𝑓ଶ(𝐸) can be expressed as: 

 𝑓ଵ −  𝑓ଶ =  𝑓ଵ(𝐸, 𝜇ଵ, 𝑇ଵ) −  𝑓ଶ(𝐸, 𝜇ଶ, 𝑇ଶ) ≈  
డ௙భ

డఓ
𝑞𝑉 +  

డ௙భ

డ்
𝛥𝑇  (1.18) 

Define 𝑥 =  (𝐸 −  𝜇) (𝑘୆𝑇)⁄ , we have the following relations: 

 డ௙భ

డா
=  

డ௙భ

డ௫

డ௫

డா
=  

డ௙భ

డ௫

ଵ

௞ా்
  (1.19) 

 డ௙భ

డఓ
=  

డ௙భ

డ௫

డ௫

డఓ
=  

డ௙భ

డ௫
ቀ−

ଵ

௞ా்
ቁ =  − 

డ௙భ

డா
 (1.20) 

 డ௙భ

డ்
=  

డ௙భ

డ௫

డ௫

డ்
=  

డ௙భ

డ௫
ቀ−

ா ି ఓ

௞ా்మ
ቁ = ቀ−

డ௙భ

డா
ቁ

ா ି ఓ

்
   (1.21) 
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Eq.(1.20) and (1.21) describes the underlying thermodynamic driven force that is induced 

by electric field and temperature gradient, respectively. The qualitative graph for Eq.(1.20) 

and (1.21) are shown in Figure 1.4. As can be seen, the driven force induced by electrical 

field is a delta function, only exists in a narrow energy window of few kBT (which is known 

as Fermi window). It indicates that only the electrons in the vicinity of the Fermi level can 

contribute to the conductivity. Interestingly, when the driven force is provided by a 

temperature gradient, two opposite fluxes are produced.  

 

Figure 1.4 Thermodynamic driven force induced by (a) electric field induced and (b) 

temperature gradient. As can be seen, under a temperature gradient, there are two opposite 

electron fluxes at two sides of the Fermi energy level. 

Substitute Eq.(1.25) ~ (1.28) into Eq.(1.17), we get: 
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 𝐼 = 𝐺୉𝑉 +  𝐺ୗ 𝛥𝑇   (1.22) 

 𝐺୉ =  
ଶ௤మ

௛
∫ 𝑇(𝐸)𝑀(𝐸) ቀ−

డ௙భ

డா
ቁ 𝑑𝐸   (1.23) 

 𝐺ୗ =  
ଶ௤మ

௛
∫ 𝑇(𝐸)𝑀(𝐸)

ாି ఓ

௤்
ቀ−

డ௙భ

డா
ቁ 𝑑𝐸  (1.24) 

Where GE is the electrical conductance and GS is the Seebeck effect conductance. The 

electrical conductivity is defined as: 

 𝜎 = 𝐺୉(𝐿 𝐴⁄ ) =  ∫ 𝜎ᇱ(𝐸) 𝑑𝐸 =
ଶ௤మ

௛
∫ 𝜆(𝐸)

ெ(ா)

஺
ቀ−

డ௙భ

డா
ቁ 𝑑𝐸    (1.25) 

𝜎ᇱ(𝐸) is the derivative conductivity. Under open circuit condition, we have: 

 𝐼 =  𝐺୉𝑉 +  𝐺ௌ𝛥𝑇 = 0 → 𝑉 =  −
ீೄ

ீ౛
𝛥𝑇 =  𝑆𝛥𝑇      (1.26) 

 
𝑆 =  −

ீೄ

ீు
= − 

మ೜మ

೓
 
ಲ

ಽ
∫ ்(ா)

ಾ(ಶ)

ಲ

ಶష ഋ

೜೅
ቀି

ങ೑భ
ങಶ

ቁௗா

మ೜మ

೓
 
ಲ

ಽ
∫ ்(ா)

ಾ(ಶ)

ಲ
ቀି

ങ೑భ
ങಶ

ቁௗா
=  −

∫
ಶష ഋ

೜೅
ఙᇲ(ா)ௗா

ఙ
  

(1.27) 

Where S is the voltage induced by a unit energy gradient, which is known as the Seebeck 

coefficient. Depending on the direction of the net flux, S can be positive or negative. As 

shown in Figure 1.5, When the Fermi level is close to the bottom of the conduction band, 

the net flux points to the positive direction, S is negative, electrons flow from the hot side 

to the cold side, and the material is a n-type conductor. When the Fermi level is close to the 

top of the conduction band, S is positive, the net flux points to the negative direction, 

electrons flow from the cold side to the hot side, the material is a p-type conductor.  
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Figure 1.5 A demonstration of the physical interpretation of n- and p-type thermoelectric 

materials.  The dashed lines are the number of channel functions for both conduction 

(𝑀େ(𝐸)) and valence (𝑀୚(𝐸)) bands, respectively. 

In addition to charges, carriers can also conduct thermal energy. The heat current induced 

by the carrier transport can be given by 

 𝐼ொ =  
ଶ௤

௛
∫(𝐸 − 𝜇)𝑇(𝐸)𝑀(𝐸)[𝑓ଵ(𝐸) − 𝑓ଶ(𝐸)]𝑑𝐸    (1.28) 

Compared with Eq. (1.17), Eq. (1.28) changes the charge q that each electron carries to 

(𝐸 − 𝜇) which is the thermal energy each electron absorbs. By inserting Eq. (1.20) and 

(1.21) into (1.28), we have: 

 𝐼ொ =  −𝐺୔𝑉 − 𝐾଴Δ𝑇 (1.29) 

 𝐺୔ =  
ଶ௤

௛
∫ 𝑇(𝐸)𝑀(𝐸)

ாି ఓ

௤
ቀ−

డ௙భ

డா
ቁ 𝑑𝐸    (1.30) 

 
𝐾଴ =  

ଶ௤

௛
∫ 𝑇(𝐸)𝑀(𝐸) ቀ

ாି ఓ

௤
ቁ

ଶ ଵ

்
ቀ−

డ௙భ

డா
ቁ 𝑑𝐸  (1.31) 
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GP is the Peltier thermal conductance induced by the Peltier effect, K0 is the short circuit 

thermal conductance. Define π as the Peltier coefficient, it is given by 

 
𝜋 =  −

ீౌ

ீు
=  − 

∫ ்(ா)ெ(ா)
ಶష ഋ

೜
ቀି

ങ೑భ
ങಶ

ቁௗா

∫ ்(ா)ெ(ா)ቀି
ങ೑భ
ങಶ

ቁௗா
= 𝑇𝑆  

(1.32) 

This is known as the Kelvin’s relation. From Eq. (1.22), we can have: 

 𝑉 =  𝐼𝑅 − 𝑆𝛥𝑇 (1.33) 

Where R is the resistance of the device, R = 1/GE. Substitute Eq. (1.33) into (1.29): 

 𝐼ொ =  −𝜋𝐼 − (𝐾଴ −  𝜋𝑆𝐺୉)𝛥𝑇 =  −𝜋𝐼 − 𝐾௘𝛥𝑇    (1.34) 

                𝜅௘ = 𝐾௘
௅

஺
= ൝൥

∫
(ಶషഋ)మ

೜೅మ ఙᇲ(ா)ௗா

ఙ
൩ −  ቈ

∫
ಶషഋ

೜೅
ఙᇲ(ா)ௗா

ఙ
቉ ቈ

∫
ಶషഋ

೜೅మ ఙᇲ(ா)ௗா

ఙ
቉ൡ  𝜎𝑇 =  𝐿𝜎𝑇          (1.35) 

Ke is the electric thermal conductance, 𝜅௘  is the thermal conductivity, L is the Lorenz 

number. Eq. (1.35) is known as the Wiedemann-Franz law6.  

1.2.2 Phonon Transport 

 The derivation of phonon transport is similar to that of electron transport. Instead 

of using Fermi-Dirac distribution, we now use Bose-Einstein distribution 𝐵(𝐸) to describe 

phonon distribution: 

 𝐵(𝐸) =  
ଵ

ୣ୶୮ (ℏఠ ௞ా்ై)ିଵ⁄
  (1.36) 

Where ω is the phonon frequency and T is the lattice temperature. The heat current Q that 

carried by phonon is then given by: 

 𝑄 =  
ଵ

௛
∫ ℏ𝜔𝑇୮୦(ℏ𝜔)𝑀୮୦(ℏ𝜔)[𝐵ଵ(ℏ𝜔) − 𝐵ଶ(ℏ𝜔)]𝑑(ℏ𝜔)

ஶ

଴
  (1.37) 
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Where 𝑇୮୦  and 𝑀୮୦  are the transmission term and number of conduction channels of 

phonon, respectively. Similarly, 𝑇୮୦(ℏ𝜔) =  𝜆୮୦(ℏ𝜔)/𝐿. B1 and B2 are the Bose-Einstein 

distribution of two contacts. Under near-equilibrium approximation, 𝐵ଵ − 𝐵ଶ is given by: 

 𝐵ଵ(ℏ𝜔) − 𝐵ଶ(ℏ𝜔)  ≈  −
ௗ஻భ

ௗ்
Δ𝑇  (1.38) 

 −
ௗ஻భ

ௗ்
 ≈  −

ℏఠ

்ై
ቂ−

ௗ஻భ

ௗ(ℏఠ)
ቃ  (1.39) 

Substituting Eq.(1.21) into Eq.(1.19), we have: 

 𝑄 =  −𝐾୐ Δ𝑇   (1.40) 

 
𝐾୐ =  

గమ௞ా೅ై
మ

ଷ௛
∫ 𝑇୮୦(ℏ𝜔)𝑀୮୦(ℏ𝜔) ൜

ଷ

గమ
ቀ

ℏఠ

௞ా்ై
ቁ

ଶ

ቂ−
ௗ஻భ

ௗ(ℏఠ)
ቃൠ 𝑑(ℏ𝜔)

ஶ

଴
  

(1.41) 

 
𝜅୐ =  𝐾୐ ቀ

௅

஺
ቁ =

గమ௞ా೅ై
మ

ଷ௛
∫ 𝜆୮୦(ℏ𝜔)

ெ౦౞(ℏఠ)

஺
൜

ଷ

గమ ቀ
ℏఠ

௞ా்ై
ቁ

ଶ
ቂ−

ௗ஻భ

ௗ(ℏఠ)
ቃൠ 𝑑(ℏ𝜔)

ஶ

଴
  (1.42) 

Where KL and κL are the thermal conductance and thermal conductivity, respectively. The 

derivation of number of channels of phonon is beyond the scope of this thesis. More details 

related to the lattice thermal conductivity model can be found in 7,8. 

1.3 From Near-equilibrium Transport to Real Device – Figure of Merit 

In the above discussions, we derived all the thermoelectric properties under near-

equilibrium condition. This theory can only be applied to nano-devices or systems under 

weak electrical and thermal perturbation. However, in real life, the device strongly deviates 

from the equilibrium state. To build a connection between the near-equilibrium transport 

and a real device, we make the approximation as shown in Figure 1.6. 
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Figure 1.6 From the near-equilibrium approximation to a real device. 

Assume a macroscopic bulk device with a length of L, cross section of A and a 

temperature distribution of T(x). Assume x = 0 is the hot source (active cooling) side and x 

= L is the heat sink side. If we dissect the bulk device into countless infinitesimal elements 

such that the temperature difference inside this small area is dT, then each element could 

be treated as a near-equilibrium system. Under this circumstance, the total Seebeck voltage 

and resistance is given by9 

 𝑉 =  lim
ே→ஶ

∑ 𝑆௜Δ𝑇௜
ே
௜ =  ∫ 𝑆(𝑇)𝑑𝑇

்೓

೎்
    (1.43) 

 𝑟 =  lim
ே→ஶ

∑ 𝑟௜
௡
௜ =  ∫

ௗ

ௗ்
ቀ

ଵ

ீు(்)
ቁ 𝑑𝑇

்೓

೎்
=

ଵ

்೓ି ೎்
∫ 𝑅(𝑇)𝑑𝑇

்೓

೎்
        (1.44) 

Where V is the total voltage induced by Seebeck effect, r is the internal resistance of the 

device and R is the resistance. The subscript i stands for the ith element. On the premise of 

this approximation, the device performance of thermoelectric generator. 
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Figure 1.7 Single-leg thermoelectric generator  

The structure of a single-leg thermoelectric generator is shown in Figure 1.7. If the external 

load resistance is RL, then the output power, P, is given by: 

 
𝑃 = 𝐼ଶ𝑅୐ =  ቀ

௏

௥ା ோై
ቁ

ଶ

𝑅୐   (1.45) 

r is the internal resistance (resistance of the thermal leg), P is the electric power applied 

onto the external load resistance 𝑅୐, I is the electric current. The thermal flow injected into 

the system from the hot side is given by10 

 𝑄୧୬ = ∫ [𝐾௘(𝑇) + 𝐾௅(𝑇)]𝑑𝑇
்೓

೎்
+ 𝐼𝑇௛𝑆(𝑇௛) −

ଵ

ଶ
𝐼ଶ𝑟  (1.47) 

 
𝐼 =  

௏

௥ାோై
=

∫ ௌ(்)ௗ்
೅೓

೅೎
   

ோైା
భ

೅೓ష೅೎
∫ ோ(்)ௗ்

೅೓
೅೎

  
(1.48) 

The thermal flow consists of three parts – the heat transfer from the hot contact, Peltier 

heating (cooling) at the contact interface and the heat reflux induced by the Joule heating 

in the thermal leg. The efficiency of the device is then given by 
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 𝜂 =  
௉

ொ
  (1.49) 

Define 𝑚 =  𝑅୐ 𝑟⁄ . The device efficiency is maximized when m is 10 

 
𝑚 = ቂ1 + 𝑍 ቀ

்೓ା ೎்

ଶ
ቁቃ

ଵ/ଶ

  
(1.50) 

 𝑍 =
ଵ

்೓ି ೎்

௏మ

௥(௄೐ା௄ై)
  (1.51) 

Z is defined as the device figure of merit, FOM, with the dimensions of K-1. Substituting 

Eq. (1.44) and (1.46) into (1.51), we have 

 
𝑍 =  

ቀ∫ ௌ(்)ௗ்
೅೓

೅೎
ቁ

మ

∫ ఘ(்)ௗ்
೅೓

೅೎
∫ [఑೐(்)ା఑ై(்)]ௗ்

೅೓
೅೎

  
(1.52) 

Where 𝜌 is the resistivity. Substituting Eq. (1.45) ~ (1.48) and (1.50) ~ (1.53) into (1.49), 

the device efficiency is finally given by 

 
𝜂 =  

೘

೘శభ
భశ೘

ೋ(𝑇ℎ−𝑇𝑐)
ା

ೄ(𝑇ℎ)𝑇ℎ

ೇ
ି

భ

మ(భశ೘)

  
(1.54) 

As it can be seen, when 𝑇(0) and 𝑇(𝐿) are fixed, the device efficiency is determined by 

FOM. Under given Tc and Th, FOM is completely determined by the intrinsic properties of 

the material: S, 𝜌, 𝜅௘ and 𝜅୐. Under Landauer’s formalism, these values can be calculated 

via Eq. (1.27), (1.25), (1.35) and (1.42), respectively. 
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Chapter 2: Modeling of Thermoelectric Materials 

2.1 Introduction  

In this chapter, based on the Landauer’s approach, the modeling method for 

thermoelectric properties simulation will be introduced. The purpose of modeling is to 

predict the theoretical optimal zT value of a given material so that it can be used to guide 

the material design and synthesis. To calculate the number of channels M(E), materials’ 

band structure will need to be obtained. The ground state band structure (electron energy 

dispersion relation) can be obtained based on the density functional theory (DFT). Here, 

the elementary concepts of DFT calculations will be introduced following the discussion 

in11  Subsequently, simulation strategies for thermoelectric properties will be introduced. 

2.2 Fundamentals of Density Functional Theory Calculations 

2.2.1 Many-Body Schrödinger Equation  

To simply the problem, two approximations are made11: 

a) Independent electron approximation: no strong electron-electron coupling. 

b) Clamped nuclei approximation: ignore the lattice vibration. 

Under the above assumptions, the Schrödinger equation is given by  

 ቂ−
ℏమ

ଶ௠∗
∇ሬሬ⃑ ଶ + 𝑈௜௢௡(𝑟) +  

ଵ

ଶ
∫ ∫

௘మ

|௥⃑ି௥⃑ᇲ|
𝜌(𝑟)𝜌(𝑟ᇱ)𝑑𝑟 𝑑𝑟ᇱቃ 𝜓௜(𝑟) =

 𝜀௜𝜓௜(𝑟)  

(2.1) 
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Here 𝑈௜௢௡(𝑟) is the periodic potential provided by the lattice, 𝜓௜(𝑟) is the eigenfunction 

and 𝜀௜ is the eigenstate. 𝜌(𝑟) is the electron density at a spatial vector 𝑟. Under independent 

electron approximation, it can be given by 

 𝜌(𝑟) =  ∑ [|𝜓௜(𝑟)|ଶ]௜      (2.2) 

In the Hamiltonian, the first term describes the kinetic energy of the electron, the second 

term is the electron-nuclei interaction, and the third term is a simplified electron-electron 

interaction. Substituting Eq. (2.2) into (2.1), we have 

 ቂ−
ℏమ

ଶ௠∗
∇ሬሬ⃑ ଶ + 𝑈௜௢௡(𝑟) +  ∑ ∫

௘మ

|௥⃑ି ௥⃑ᇲ|
ห𝜓௝(𝑟ᇱ)ห

ଶ
𝑑𝑟ᇱ

௝ ቃ 𝜓௜(𝑟) =  𝜀௜𝜓௜(𝑟)     (2.3) 

Define 𝑈௘௟(𝑟) =  ∑ ∫
௘మ

|௥⃑ି ௥⃑ᇲ|
ห𝜓௝(𝑟ᇱ)ห

ଶ
𝑑𝑟ᇱ

௝  as the Hartree potential which treats electron-

electron interactions as an average potential field. Eq. (2.3) is also known as the Hartree’s 

equation. Because of the independent electron approximation, the total wave function Ψ 

can be written as 

 𝛹(𝑟ଵ, 𝑟ଶ, 𝑟ଷ, … , 𝑟ே; �̂�ଵ, �̂�ଶ, �̂�ଷ, … , �̂�ே) =  ∏ 𝜓௜(𝑟௜ , �̂�௜)
ே
௜       (2.4) 

𝑟௜  and �̂�௜  are the coordinate and spin operators of the ith electron. The Pauli exclusion 

principle requires that each time when two electrons exchange their quantum state, the 

function changes its sign. This could be mathematically realized by writing the 

wavefunction as a Slater’s determinant12: 

  𝛹(𝑟ଵ, 𝑟ଶ, 𝑟ଷ, … , 𝑟ே; �̂�ଵ, �̂�ଶ, �̂�ଷ, … , �̂�ே) =  
ଵ

√ே!
൥

𝜓ଵ(𝑟ଵ, �̂�ଵ) ⋯ 𝜓ଵ(𝑟ே, �̂�ே)
⋮ ⋱ ⋮

𝜓ே(𝑟ଵ, �̂�ଵ) ⋯ 𝜓ே(𝑟ே, �̂�ே)
൩                   (2.5) 

By bringing Eq. (2.5) into (2.3), we obtained the Hartree-Fock equation (H-F equation)13,14 
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 ቂ−
ℏమ

ଶ௠∗ ∇ሬሬ⃑ ଶ + 𝑈௜௢௡(𝑟) +  𝑈௘௟(𝑟) − ∑
௘మ

|௥⃑ି ௥⃑ᇲ|
𝜓௝

∗(𝑟ᇱ)𝜓௜(𝑟ᇱ)𝜓௝(𝑟)𝛿௦̂೔௦̂ೕ௝ ቃ 𝜓௜(𝑟) =  𝜀௜𝜓௜(𝑟)         (2.6) 

𝜓௝
∗  is the complex conjugate of 𝜓௝ . 𝛿௦̂೔௦̂ೕ

 is a delta function: 𝛿௦̂೔௦̂ೕ
= 1  when �̂�௜ =  �̂�௝ , 

𝛿௦̂೔௦̂ೕ
= 0  when �̂�௜ ≠  �̂�௝ . After introducing the Pauli exclusion principle into the 

Schrödinger equation, an extra term shows up, which is known as the exchange energy 

𝑈௘௫(𝑟). The delta function can be considered as a switch, this term only activates when 

two electrons with the same spin are approaching each other. The Pauli exclusion principle 

forbids electrons from overlapping with each other. As a result, these electrons spatially 

avoid each other and reduce the potential energy of the system. If the crystal structure and 

electron density function are known, then all terms can be calculated except for the 𝑈௘௫(𝑟).  

Although 𝑈௘௫(𝑟) of an arbitrary electron distribution function is unsolvable, it is 

possible to derive the exchanging energy of ideal electron gas. Here, we skip the 

mathematical derivation process. Interested readers are referred to Ref.15 and 16.  𝑈௘௫(𝑟) of 

the ideal electron gas (IEG) model is given by 

 
𝑈୍୉ୋ

௘௫ (𝑟) =  −
ଷ

ସ
ቀ

ଷ

గ
ቁ

భ

య
𝜌

భ

య      
(2.7) 

For ideal electron gas, 𝜌 is a constant. Slater proposed that the 𝑈௘௫(𝑟) of any arbitrary 

charge density distribution can be calculated by splitting the system into infinitesimal unit 

volumes and treat these small areas as local ideal electron gasses and integrating through 

the whole space17: 

 𝑈୐ୈ୅
௘௫ (𝑟) =  ∫ 𝑈୍୉ୋ

௘௫ (𝑟) 𝜌(𝑟)𝑑ଷ𝑟      (2.8) 
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This approach has been well developed and it is nowadays known as the localized density 

approximation (LDA). Except for the exchanging term, there is another correction term 

called correlation energy 𝑈୍୉ୋ
௖ (𝑟). This quantity cannot be calculated analytically. The 

value of this term has been numerically obtained via quantum Monte Carlo simulations and 

fitted into a parameterized function. The most popular parameterization is the one proposed 

by Perdew and Wang in 1992 (PW92)18. Further improvements to the approximation were 

done by considering the local density gradient. This is known as the generalized gradient 

approximation (GGA): 

 𝑈ୋୋ୅
௫௖ (𝑟) =  ∫ 𝜌(𝑟)𝑈୍୉ୋ

௘௫ (𝑟)𝐹 𝑑ଷ𝑟 + ∫ 𝜌(𝑟)[𝑈୍୉ୋ
௖ (𝑟) + 𝐻] 𝑑ଷ𝑟      (2.9) 

Where F and H are correction functions of LDA. The most used correction is given by 

Perdew-Burke-Ernzerhof (PBE)19. 

2.2.2 Band structure 

In the previous discussion, we see that all external interaction terms in the Hamiltonian are 

functionals of the charge density distribution function. We rewrite Eq. (2.6): 

             ቂ−
ℏమ

ଶ௠∗
∇ሬሬ⃑ ଶ + 𝑈௜௢௡[𝜌(𝑟)] +  𝑈௘௟[𝜌(𝑟)] +  𝑈௫௖[𝜌(𝑟)]ቃ 𝜓௜(𝑟) =  𝜀௜𝜓௜(𝑟)          (2.10) 

𝑈௫௖ is the exchanging-correlation energy, which is simply the sum of 𝑈௘௫(𝑟) and 𝑈௖(𝑟). 

Eq. (2.10) is known as the Kohn-Sham (K-S) equation. Bloch theorem states that for a 

single-particle wavefunction under periodic potential, which is exactly the case for crystals, 

the wavefunction can be rewritten as 

 𝜓௜(𝑟) = 𝜓௜௞ሬ⃑
(𝑟) = 𝑒௜௞ሬ⃑ ௥⃑𝑢௜௞ሬ⃑ (𝑟)      (2.11) 
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Where 𝑢௜௞ሬ⃑ (𝑟) has the same periodicity of the lattice. By substituting Eq. (2.11) into Eq. 

(2.10), we have the crystal version of the K-S equation 

 ቂ−
ℏమ

ଶ௠∗
(∇ሬሬ⃑ + 𝑖𝑘ሬ⃑ )ଶ + 𝑈௧௢௧[𝜌(𝑟)]ቃ 𝑢௜௞ሬ⃑ (𝑟) =  𝜀௜௞ሬ⃑ 𝑢௜௞ሬ⃑ (𝑟)  (2.12) 

In the reciprocal space, the electron density can be solved within the first Brillouin zone 

 
𝝆ᇱ( 𝒓ሬ⃑  ) = ෍ න

𝑑𝒌ሬሬ⃑

𝛺୆୞
𝑓௜𝒌ሬሬ⃑ ห𝑢௜௞ሬ⃑ (𝑟)ห

ଶ

௜

 
(2.13) 

𝑓௜𝒌ሬሬ⃑  is the occupancy factor; 𝑓௜𝒌ሬሬ⃑ = 1 if the energy state is occupied, and 𝑓௜𝒌ሬሬ⃑ = 0 if it is 

unoccupied. The eigenvalue of this equation contains the information about the band 

structure. The Hohenberg-Kohn theorem state that20: 

a) In a non-degenerate ground state, the electron density determines uniquely the 

𝑈௜௢௡(𝑟). 

b) In any quantum state, the 𝑈௜௢௡(𝑟)  determines uniquely the many body 

wavefunction 𝛹. 

c) In any quantum state, the total energy E is a functional of 𝛹, 𝐸 = 𝐹[𝛹] . 

Assuming that the crystal structure is known, then 𝑈௜௢௡(𝑟) could be directly obtained. The 

K-S equation can be solved by performing self-consistent field calculations (SCF). The 

flowchart of these calculations is shown in Figure 2.1. 
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Figure 2.1 Flowchart of the SCF calculation.  

Using the provided crystal structure, the initial 𝜌(𝑟) is chosen as the superposition of the 

atomic orbitals. The K-S equation is then solved by the provided electron density. New 

electron density 𝜌ᇱ(𝑟) is constructed from the obtained eigenfunctions 𝜓௜(𝑟) via Eq. (2.2). 

The new and initial electron density are compared. If the difference is larger than the 

threshold (set by us), then the loop starts again. If the difference is smaller than the threshold, 

𝜌ᇱ(𝑟) is taken as the result. Using this electron density, the K-S equation is solved and the 

obtained 𝜀௜௞ሬ⃑ =  𝜀௜(𝑘ሬ⃑ ) is used to construct the band structure. 

2.2.3 Crystal Structure Relaxation 

To obtain the correct electron density, it is essential to fully relax the crystal 

structure to bring the system to the ground state. Although the crystallographic information 

could be directly obtained from X-ray diffraction (XRD), the result is usually not good 

enough for direct calculation. The XRD result is a statistical average which may not capture 

the local distortion caused by impurity atoms. Also, structural analysis is usually done at 

room temperature, which introduces thermal expansion with respect to the 0K structure. 

Therefore, a structure relaxation must be done before the calculation of any properties. For 
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simplicity, we assume that the lattice does not exchange energy with electrons. This is 

known as the Born-Oppenheimer approximation or adiabatic approximation21. The  

Schrödinger equation can then be rewritten as two separate functions  

 𝛹൫𝑟ଵ, 𝑟ଶ, 𝑟ଷ, … , 𝑟ே; 𝑅ሬ⃑ ଵ, 𝑅ሬ⃑ ଶ, 𝑅ሬ⃑ ଷ, … , 𝑅ሬ⃑ ெ൯ =  𝜓(𝑟ଵ, 𝑟ଶ, 𝑟ଷ, … , 𝑟ே)𝜒൫𝑅ሬ⃑ ଵ, 𝑅ሬ⃑ ଶ, 𝑅ሬ⃑ ଷ, … , 𝑅ሬ⃑ ெ൯  (2.14) 

𝜓 and 𝜒 correspond to the electron and nuclei parts of the wavefunctions, respectively. For 

each set of nuclei coordinates [𝑅ሬ⃑ ], we have 

Electron: 
൤−

ℏమ

ଶ௠∗
∑ ∇ሬሬ⃑ ௜

ଶ
௜ + 𝑈௜௢௡൫𝑟௜; [𝑅ሬ⃑ ]൯ +  

ଵ

ଶ
∑

௘మ

ห௥⃑೔ି௥⃑ೕ ห
ห𝜓௝൫𝑟௝൯ห

ଶ
௜ஷ௝ ൨ 𝜓ோ =

 𝜀ோ𝜓ோ  

(2.15) 

Nuclei: 
൤−

ℏమ

ଶெ಺
∑ ∇ሬሬ⃑ ூ

ଶ
ூ +  

ଵ

ଶ
∑

௓಺௓಻

หோሬ⃑ ಺ିோሬ⃑ ಻ หூஷ௃ ൨ 𝜒 =  𝐸ோ𝜒  (2.16) 

Total: 
𝜀ோ𝜓ோ + ൤−

ℏమ

ଶெ಺
∑ ∇ሬሬ⃑ ூ

ଶ
ூ +  

ଵ

ଶ
∑

௓಺௓಻

หோሬ⃑ ಺ିோሬ⃑ ಻ หூஷ௃ ൨ 𝜓ோ  𝜒 =  𝐸୲୭୲ୟ୪𝜓ோ 𝜒   (2.17) 

𝑀ூ, 𝑍ூ and 𝑅ሬ⃑ ூ are the mass, charge and spatial coordinates of the nuclei. After multiplying 

both sides of Eq. (2.17) by 𝜓ோ
∗ , we have 

 
൤−

ℏమ

ଶெ಺
∑ ∇ሬሬ⃑ ூ

ଶ
ூ +  

ଵ

ଶ
∑

௓಺௓಻

หோሬ⃑ ಺ିோሬ⃑ ಻ หூஷ௃ + 𝜀(𝑅ሬ⃑ ଵ, 𝑅ሬ⃑ ଶ, 𝑅ሬ⃑ ଷ, … , 𝑅ሬ⃑ ெ) ൨ 𝜒 =  𝐸୲୭୲ୟ୪𝜒   (2.18) 

For simplicity, define the nuclei Hamiltonian 𝐻෡ே = −
ℏమ

ଶெ಺
∑ ∇ሬሬ⃑ ூ

ଶ
ூ + 𝑈(𝑅ሬ⃑ ଵ, 𝑅ሬ⃑ ଶ, 𝑅ሬ⃑ ଷ, … , 𝑅ሬ⃑ ெ). 

Here, 𝑈 =  
ଵ

ଶ
∑

௓಺௓಻

หோሬ⃑ ಺ିோሬ⃑ ಻ หூஷ௃ + 𝜀(𝑅ሬ⃑ ଵ, 𝑅ሬ⃑ ଶ, 𝑅ሬ⃑ ଷ, … , 𝑅ሬ⃑ ெ) . At the ground state, the nuclei behave 

classically (except for the hydrogen atom). Therefore, we can adopt classical Newton’s 

mechanics into the Hamiltonian to simplifies the problem: 
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 𝐻෡ே =  ∑
௉಺

మ

ଶெ಺
ூ + 𝑈൫𝑅ሬ⃑ ଵ, 𝑅ሬ⃑ ଶ, 𝑅ሬ⃑ ଷ, … , 𝑅ሬ⃑ ெ൯   (2.19) 

The Newton’s equation of motion is then given by 

 
𝑀ூ

𝑑ଶ𝑅ሬ⃑ ூ

𝑑𝑡ଶ
=  −

𝜕𝑈

𝜕𝑅ሬ⃑ ூ

 
(2.20) 

The right-hand side is the force acting on the nuclei 

 
�⃑�ூ =  −

𝜕𝑈

𝜕𝑅ሬ⃑ ூ

 (2.21) 

Based on Hellmann-Feynman theorem22–25, we finally have 

 �⃑�ூ =  𝑍ூ ൤∫ 𝜌(𝑟)
௥ିோ಺

|௥ିோ಺|య − ∑ 𝑍௃
ோ಻ିோ಺

หோ಻ିோ಺ห
య𝐼≠𝐽 ൨  (2.22) 

Eq. (2.22) directly links the atomic forces with the electron density. If we can determine 

the electron density of an atomic coordinates set, then the forces onto each atom can be 

calculated. Although we can now derive the atomic forces, finding the equilibrium 

positions for the atom is a rather complex task, and this topic is beyond the scope of this 

thesis. Eq. (2.21) indicates that, the process of finding the equilibrium position is the 

process of finding the local minima on the potential energy surface U. Figure 2.2 shows 

the flowchart of structure relaxation calculation. 
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Figure 2.2 Flowchart for structure relaxation. 

Instead of tracking the nuclei coordinates to evaluate the convergence, a more 

convenient way is to look at the total energy of the system. After obtaining the electron 

density function, the total energy can be given by 

 
𝐸 = ෍ 〈𝜓௜

∗(𝑟௜) ቤ−
ℏଶ

2𝑚∗
∇ሬሬ⃑ ௜

ଶ + 𝑈௧௢௧[𝜌(𝑟)]ቤ 𝜓௜(𝑟)〉

௜

 
(2.23) 

2.3 Single (Multi) Band Simulation for Electric Properties 

Here, the well-developed modeling methods will be briefly introduced, and their basic 

calculation frameworks will be presented.  

2.3.1 Single Parabolic Band Model 

A single parabolic band model is suitable for materials with only one parabolic band 

or with multiple parabolic bands that converged within a small energy window. For 

simplicity, here we only discuss the case of a parabolic conduction band and set the bottom 

of the conduction band as zero energy. The same equation can be easily adopted to the 

valence band by introducing a negative sign in front of the Seebeck coefficient. If we 

consider only acoustic phonon scattering, the thermoelectric parameters under this model 

are given by26: 

 𝑆 =  −
௞ా

௘
ቂ

ଶிభ

ிబ
− 𝜉ቃ  (2.24) 

 
𝐿 =  ቀ

௞ా

௘
ቁ

ଶ ଷிమ(క)

ிభ(క)
−  ቂ

ଶிభ(క)

ிబ(క)
ቃ

ଶ

  (2.25) 
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𝑛 =  𝐴ு𝑛ୌ =

൫ଶ௠ౚ
∗ ௞ಳ்൯

య/మ

ଷగమℏయ

ଶிబ
మ(క)

ிషభ మ⁄ (క)
   

(2.26) 

 𝐴ு =  
ଷ

ଶ
𝐹ଵ/ଶ

ிషభ/మ

ଶிబ
మ   (2.27) 

 𝐹௦ =  ∫
ఌೞ

ଵାୣ୶୮ (ఌିక)
𝑑𝜀

ஶ

଴
  (2.28) 

Here 𝜉  is the reduced chemical potential 𝜉 =  𝜇 (𝑘୆𝑇)⁄ , 𝜀  is the reduced energy 𝜀 =

 𝐸 (𝑘୆𝑇)⁄ , AH is the Hall factor, nH is the Hall carrier concentration, n is the actual carrier 

concentration and μH is the Hall mobility. 𝑚 ୢ
∗  is the density of states effective mass and is 

given by 

 𝑚ୢ
∗ =  𝑁୚

ଶ/ଷ
𝑚ୠ

∗  (2.29) 

where 𝑚ୠ
∗  is the single band effective mass. 

 

Figure 2.3 Calculation framework for a single parabolic band model. 

By using the measured temperature dependent Seebeck coefficient, the position of 

the chemical potential can be determined via Eq. (2.24). Subsequently, the Lorenz number 

and Hall factor can be calculated via Eq. (2.25) and (2.27), respectively. The electrical 

thermal conductivity κe can then be calculated by Wiedemann-Franz law, Eq. (1.35). By 

extracting κe from the total thermal conductivity κ, the lattice thermal conductivity κl can 
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then be obtained. Combined with the carrier concentration data from Hall effect 

measurement, 𝑚 ୢ
∗  can be calculated via Eq. (2.26). Using the obtained 𝑚 ୢ

∗  as an input, the 

position of the chemical potential under different carrier concentration can be determined. 

With this knowledge, the optimal carrier concentration at a given temperature can be 

determined by the Pisarenko plot (S vs. n curve). 

2.3.2 Single Kane Band Model 

Most of the thermoelectric materials are narrow band gap semiconductors (i.e., 

Bi2Te3, PbTe, SnTe etc.). Their conduction and valence bands interact strongly with each 

other, which makes the band edges highly non-parabolic. Therefore, a correction term 

called non-parabolic factor α will be introduced into the dispersion relation27: 

 
𝐸൫𝑘ሬ⃑ ൯ =

ℏమ௞ሬ⃑ మ

ଶ௠್
∗ →  𝐸൫𝑘ሬ⃑ ൯ൣ1 + 𝛼𝐸൫𝑘ሬ⃑ ൯൧ =  

ℏమ௞ሬ⃑ మ

ଶ௠್
∗    (2.30) 

 𝛼 =  𝑘୆𝑇 𝐸୥⁄  (2.31) 

𝐸୥ is the direct band gap. When the band gap is large, 𝛼 will become negligible and the 

dispersion relationship converges with the parabolic band model. Again, we set the bottom 

of the conduction band as the zero energy. Under this circumstance, Eq. (2.24) ~ (2.28) will 

be rewritten as28: 

 𝑆ᇱ  =  −
௞ా

௘
ቂ

ிషమ
భ

బ
భ

ிబ
బ

షమ
భ − 𝜉ቃ  (2.32) 

 
𝐿ᇱ =  ቀ

௞ా

௘
ቁ

ଶ

൤
ிబ

మ
షమ
భ

ிషమ
భ

బ
బ − ቀ

ிషమ
భ

బ
భ

ிబ
బ

షమ
భ ቁ

ଶ

൨  
(2.33) 

 
𝑛ᇱ =  𝐴ୌ𝑛ୌ  =  

൫ଶ௠ౚ
∗ ௞ಳ்൯

య/మ

ଷగమℏయ
𝐹଴

ଷ/ଶ
଴
଴   

(2.34) 
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𝐴ୌ =  

ଷ௄(௄ାଶ)

(ଶ௄ାଵ)మ

ிషర
భ/మ

ிబ
య/మ

బ
బ

బ
బ

൫ ிషమ
భ

బ
బ ൯

మ   
(2.35) 

 𝐹଴
௡

௞
௠ =  ∫ ቀ−

డ௙

డఌ
ቁ

ஶ

଴
𝜀௡(𝜀 + 𝛼𝜀ଶ)௠[(1 + 2𝛼𝜀)ଶ + 2]௞ ଶ⁄ 𝑑𝜀  (2.36) 

𝐹଴
௡

௞
௠ is the Fermi-Dirac integral for the Kane band. 𝑆ᇱ, 𝐿ᇱ and 𝑛ᇱ are the Seebeck coefficient, 

Lorenz number and actual carrier concentration of the Kane band model. The introduction 

of a band gap brings one more complexity into the equation. It is well known that Bi2Te3 

and SnTe are topological insulators29–31, and unlike other normal semiconductors whose 

band gaps increase with energy, the band gaps of Bi2Te3 and SnTe decrease with 

temperature, making the effective mass highly temperature dependent. The calculation 

framework for the single Kane band model is similar to that of the parabolic band, as shown 

in Figure 2.4. 

 

Figure 2.4 Calculation framework for single Kane band model. 

2.3.3 Multi-Band Model 

Most of the thermoelectric materials have complex Fermi surfaces with large 

number of carrier pockets in the vicinity of the Fermi level. Consequently, the single band 

model cannot accurately describe their properties. In this case, a multi-band model needs 

to be established.  
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For convenience, here we reproduce Eq. (1.25) : 

 𝜎 = 𝐺ா(𝐿 𝐴⁄ ) =  ∫ 𝜎ᇱ(𝐸) 𝑑𝐸 =
ଶ௤మ

௛
∫

ఒ(ா)

஺
𝑀(𝐸) ቀ−

డ௙భ

డா
ቁ 𝑑𝐸  (2.37) 

A number of channels 𝑀(𝐸) can be provided by multiple bands 

 𝑀(𝐸) =  ෍ 𝑀௜(𝐸 − 𝛥𝐸௜)
௜

 (2.38) 

𝑀௜ is the number of channels of the ith band at a given energy. If we assign a particular band 

as our principal band, then 𝛥𝐸௜ is the energy offset of the ith band with respect to the bottom 

(top) of the conduction (valence) band. Substituting Eq. (2.38) into (2.37), we have 

 𝜎 =  ∑ ∫
ఒ(ாି௱ா೔)

஺
𝑀(𝐸 − 𝛥𝐸௜) ቂ−

డ௙భ(ாି௱ா೔)

డ(ாି௱ா೔)
ቃ 𝑑(𝐸 − 𝛥𝐸௜)

ஶ

଴௜   (2.38) 

The conductivity of the material is simply the sum of the conductivity contributed by each 

band. Therefore, the total Seebeck and Peltier coefficient are given as 

 
𝑆 =  

∑ 𝑆௜𝜎௜௜

∑ 𝜎௜௜
 

(2.39) 

 
𝜋 = 𝑇𝑆 =  

∑ 𝜋௜𝜎௜௜

∑ 𝜎௜௜
 

(2.40) 

The expression for the total Lorenz number, however, is not as clean and tidy as the above 

two. Recall that from Eq. (1.34), we have  

 𝜅௘ =  𝜅଴ − 𝑇𝑆ଶ𝜎 (2.41) 

 
𝜅଴ =  𝐾଴

௅

஺
= 𝑇 

ଶ௤

௛
∫ 𝜆(𝐸)

ெ(ா)

஺
ቀ

ாି ఓ

௤்
ቁ

ଶ

ቀ−
డ௙భ

డா
ቁ 𝑑𝐸  

(2.42) 

For simplicity, we define 
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𝜘 =  

∫ ఒ(ா)
ಾ(ಶ)

ಲ
ቀ

ಶష ഋ

೜೅
ቁ

మ
ቀି

ങ೑భ
ങಶ

ቁௗா

∫ ఒ(ா)
ಾ(ಶ)

ಲ
ቀି

ങ೑భ
ങಶ

ቁௗா
  

(2.43) 

Substituting Eq. (2.43) into Eq. (2.42), we have 

 𝐿 =  
఑೐

்ఙ
=  𝜘 − 𝑆ଶ =  

∑ త೔ఙ೔೔

∑ ఙ೔೔
− ൤

∑ (ௌ೔ఙ೔)(ௌೕఙೕ)೔ೕ

∑ ఙ೔ఙೕ೔ೕ
൨  (2.44) 

The term ൤
∑ (ௌ೔ఙ೔)(ௌೕఙೕ)೔ೕ

∑ ఙ೔ఙೕ೔ೕ
൨ indicates that all bands coupled to one another contribute to the 

Lorenz number. If one directly simulates the Lorenz number in the form, which similar to 

Eq. (2.39), a large deviation may occur even in a two-band model. This issue was 

thoroughly discussed in Thesberg et al.’s work32. 

 

Figure 2.5. Calculation framework for a two-band model with one Kane band and a lower 

parabolic band. 

 

 



M.Sc. Thesis – Z. Yang;             McMaster University – Chemistry and Chemical Biology  
 
 

30 
 

2.4 Debye – Callaway Model for Lattice Thermal Conductivity 

At low temperatures (𝑘ሬ⃑ → 0), the energy dispersion relation for phonons is close to 

a linear function. If we define the slope (with unit of m/s) of this linear function as a Debye 

velocity, we have33: 

 𝜔 =  �⃑�ୈ𝑘ሬ⃑   (2.45) 

 
𝐷୮୦(ℏ𝜔) =  

3(ℏ𝜔)ଶ

2𝜋ଶ(ℏ�⃑�ୈ)ଷ
 

(2.46) 

 
𝑀୮୦(ℏ𝜔) =  

3(ℏ𝜔)ଶ𝐴

2𝜋ଶℏ�⃑�ୈ
ଶ  

(2.47) 

The Debye model can be understood as an analogue of effective mass model for electron 

dispersion relation where the bottom (top) of the energy band is approximated as a parabola 

(Figure 2.6 (a)). The effective mass approximation works well in semiconductor materials, 

because only electrons a few 𝑘୆𝑇  away from the band edges determine the transport 

properties. The typical band width of electron energy dispersion relation can be as high as 

a few eV, as a result, the variation of the band shape is slow near the band edge, making 

the effective mass approximation relatively accurate. However, the typical band width for 

an acoustic phonon branch is around a few 𝑘୆𝑇, as shown in Figure 2.6 (b). Consequently, 

the theoretical curve deviates from the actual dispersion relationship way faster than 

expected from the effective mass approximation. It is expected that, because of the 

significant deviation near the Brillouin zone boundary, the calculated total number of states 

will be much higher than the actual value. To solve this problem, a cutoff frequency 𝜔ୈ is 

introduced into the integral such that 



M.Sc. Thesis – Z. Yang;             McMaster University – Chemistry and Chemical Biology  
 
 

31 
 

 
න 𝐷୮୦(ℏ𝜔)

ℏ𝜔D

଴

=  
3(ℏ𝜔)ଶ

2𝜋ଶ(ℏ�⃑�ୈ)ଷ
= 3

𝑁

𝛺
  

(2.48) 

Substituting Eq. (2.45) ~ (2.48) into Eq. (1.42) and assuming acoustic phonon contributes 

to most of the thermal conductivity, we eventually have 

 
𝑘௟ =  

௞ಳ

ଶగమ௩ೞ
ቀ

௞ಳ்

ℏ
ቁ

ଷ

∫ 𝜏௧௢௧(𝑥)
௫ర௘ೣ

(௘ೣିଵ)మ
𝑑𝑥

೅ీ
೅

଴
  

(2.49) 

 
𝑇ୈ =  ቀ

଺గమ

ே௏ೌ ೡ
ቁ

ଵ/ଷ ħ௩ೞ

௞ಳ
   

(2.50) 

 𝑥 =  ℏ𝜔 𝑘୆𝑇⁄  (2.51) 

Where TD is the Debye temperature, vs is the bulk sound velocity which could be directly 

measured, x is the reduced energy, N is the number of atoms per unit cell, Vav is the average 

volume for each atom, and 𝜏௧௢௧(𝑥) is the energy dependent phonon relaxation time. 

 

Figure 2.6 (a) Effective mass model. (b) Debye model. 

The discussion of phonon scattering is beyond the scope of this thesis, here we directly 

provide the mostly used equations for various scattering mechanisms: 
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 𝜏୲୭୲
ିଵ = 𝜏୙

ିଵ + 𝜏୒
ିଵ +  𝜏୆

ିଵ +  𝜏୔ୈ
ିଵ +  𝜏୔

ିଵ  (2.52) 

 
𝜏୙

ିଵ =  
ଶ௞ಳ

య ௏ೌ ೡ
భ/య

ఊమ்య

(଺గమ)భ/యெೌೡ௩ೞ
య௛మ

𝑥ଶ𝑒𝑥𝑝 (−
ఏೌ

ଷ்
)  

(2.53) 

 𝜏୒
ିଵ =  𝐵୒𝜏୙

ିଵ  (2.54) 

 𝜏୆
ିଵ =  

௩౩

஽
  (2.55) 

 
𝜏୔ୈ

ିଵ =  
௏౗౬௰

ସగ௩౩
య ቀ

௞ా்

௛
ቁ

ସ

𝑥ସ  (2.56) 

 
𝜏௉

ିଵ =  𝑣ୱ ቈ(2𝜋𝑅ଶ)ିଵ +  ൬𝜋𝑅ଶ ସ

ଽ
ቀ

୼ఘ

ఘ
ቁ

ଶ

ቀ
௫௞ా்ோ

ℏ௩౩
ቁ

ସ
൰

ିଵ

቉

ିଵ

𝑁௉  
(2.57) 

 𝛾 =
ଷ

ଶ
൬

ଵାజ౦

ଶିଷజ౦
൰  (2.58) 

 𝜐୮ =
ଵିଶ(௩౪ ௩ౢ⁄ )మ

ଶିଶ(௩౪ ௩ౢ⁄ )మ
  (2.59) 

Where 𝜏୙
ିଵ, 𝜏୒

ିଵ, 𝜏୔ୈ
ିଵ , 𝜏୆

ିଵ and 𝜏୔
ିଵ are the scattering rate of Umklapp process (U), normal 

process (N), point defect scattering (PD), grain boundary scattering (B) and precipitation 

scattering (P), respectively. γ is the Grüneisen parameter, vp is the Poisson ratio, BN is the 

fitting coefficient (here we assume a simple linear relation between the U and N process), 

D is the grain size. Γ is the structure contrast parameter, which consists of the mass contrast 

ΓM and size contrast ΓS between the dopant and host atoms: 

 𝛤 =  𝛤ெ +  𝛤ௌ (2.60) 

 
𝛤ெ =  ∑ 𝑐௜ ቀ

ெഥ೔

ெന
ቁ

ଶ

∑ 𝑓௝௝ ൬1 −
௠ೕ

೔

ெഢതതതത
൰

ଶ

௜   
(2.61) 

 
𝛤ௌ =  ∑ 𝑐௜ ቀ

௥ഢഥ

௥̿
ቁ

ଶ
∑ 𝑓௝௝ ൬1 −

௥ೕ
೔

௥ഢഥ
൰

ଶ

௜   
(2.62) 
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𝑀ഥ௜ is the average mass for the ith sublattice,  𝑀ന  is the average atomic mass, 𝑓௝ is the jth 

atomic fraction, 𝑚௝
௜  is the atomic mass of the jth atom. 𝑟పഥ is the average size for the ith 

sublattice,  �̿� is the average atomic size, and 𝑟௝
௜ is the atomic size of the jth atom. 
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Chapter 3: Characterization of Thermoelectric Properties 

3.1 Crystal Structure 

3.1.1 Fundamentals of X-ray Diffraction  

 

Figure 3.1 (a) The sketch of the X-ray scattering by two points separated by d. (b) Ewald’s 

sphere geometry. The sphere has the radius of ห𝑘ሬ⃑ ห. The red spots represent the reciprocal 

lattice points which satisfy the diffraction condition. 

To describe the periodicity of the crystal structure, we first give the definition of 

Bravais lattice: A Bravais lattice is a collection of points with position vectors 𝑅ሬ⃑  in the 

form of 

 𝑅ሬ⃑ =  𝑛ଵ�⃑�ଵ + 𝑛ଶ�⃑�ଶ + 𝑛ଷ�⃑�ଷ (3.1) 

Where �⃑�ଵ, �⃑�ଶ and �⃑�ଷ are three vectors that are not linear correlated with each other and 𝑛ଵ, 

𝑛ଶ and 𝑛ଷ are integers. The unit cell vectors, �⃑�௜, of a Bravais lattice are also called primitive 

vectors. By applying all symmetry operations to a set of primitive vectors, the crystal 

structure can be generated. Assume a beam with the wavelength 𝜆 is incident along a 
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direction 𝑛ො, with a wave vector of 𝑘ሬ⃑ =  
ଶగ௡ො

ఒ
. After being elastically scattered in the direction 

𝑛ොᇱ, the corresponding wave vector becomes 𝑘ሬ⃑ ᇱ =  
ଶగ௡ොᇲ

ఒ
, as shown in Figure 3.1 (a). The 

path difference between beams that being scattered by two random points separated by d is 

given by 

 𝑑 cos 𝛽 + 𝑑 cos 𝛽ᇱ =  𝑑 · (𝑛ො − 𝑛ොᇱ) (3.2) 

When the path difference is the integer multiple of the wavelength of the incident beam the 

scattered beams will constructively interfere with each other this is mathematically given 

by 

 𝑑 · (𝑛ො − 𝑛ොᇱ) =  𝑚𝜆 (3.3) 

Multiply both side with 2𝜋 𝜆⁄ , we have 

 𝑑 · (𝑘ሬ⃑ − 𝑘ሬ⃑ ᇱ) = 2𝜋𝑚 (3.4) 

If we want to study the interaction between the incident beam and the whole crystal lattice, 

we simply replace 𝑑 with 𝑅ሬ⃑ . 

 𝑅ሬ⃑ · (𝑘ሬ⃑ − 𝑘ሬ⃑ ᇱ) = 2𝜋𝑚 (3.5) 

Note that 𝑅ሬ⃑  is a collection of Bravais lattice vectors, this equation describes the 

interference between series of scattered beams. Mathematically, the above equation is 

equivalent to 

 𝑒௜(௞ሬ⃑ ି௞ሬ⃑ ᇲ)·ோሬ⃑ = 1 (3.6) 
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Define the change in wave vector as �⃑� =  𝑘ሬ⃑ − 𝑘ሬ⃑ ᇱ , the constructive interference only 

happens when �⃑� satisfies the above condition, which is known as the von Laue condition. 

Therefore, it is easier to study the diffraction in a space which generated by �⃑� vectors. This 

new vector space is known as the reciprocal space, it has the following relation with the 

real space: 

 𝑏ሬ⃑ ଵ = 2𝜋
௔ሬ⃑ మ×௔ሬ⃑ య

௔ሬ⃑ భ·(௔ሬ⃑ మ×௔ሬ⃑ య)
   

 

(3.7) 

 𝑏ሬ⃑ ଶ = 2𝜋
௔ሬ⃑ య×௔ሬ⃑ భ

௔ሬ⃑ భ·(௔ሬ⃑ మ×௔ሬ⃑ య)
  

 𝑏ሬ⃑ ଷ = 2𝜋
௔ሬ⃑ భ×௔ሬ⃑ మ

௔ሬ⃑ భ·(௔ሬ⃑ మ×௔ሬ⃑ య)
  

Where 𝑏ሬ⃑ ଵ, 𝑏ሬ⃑ ଶand 𝑏ሬ⃑ ଷ are reciprocal primitive vectors. Each real space Bravais lattice will 

have a corresponding Bravais lattice in the reciprocal space (i.e. the FCC real space Bravais 

lattice has a BCC reciprocal space Bravais lattice. We name �⃑� as reciprocal lattice vector.  

  Since we assume elastic scattering,  ห𝑘ሬ⃑ ห =  ห𝑘ሬ⃑ ᇱห. Therefore, the incident vector and 

scattered vector satisfy the Ewald’s geometry, which is presented in Figure 3.1 (b). 

Intuitively, we have 

 ห𝑘ሬ⃑ ห sin 𝜃 =
ଵ

ଶ
ห�⃑�ห  (3.8) 

Multiply both side with ห𝑅ሬ⃑ ห, 

 2
ଶగ

ఒ
𝑑 sin 𝜃 = 2𝜋𝑚 → 2𝑑 sin 𝜃 = 𝑚𝜆 (3.9) 

Eq. (3.9) is the Bragg’s law. This equation directly connects the diffraction angle with the 

crystal structure – the interplanar distance d. In the meantime, this equation also indicates 
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that, to capture the crystallographic information, the wavelength of the incident beam must 

be comparable with d (~ Å). One of such waves is X-ray (0.01 ~ 10nm). 

3.1.2 Intensity of X-ray Diffraction 

Since X-ray is an electromagnetic wave, apart from being scattered by nuclei, it will 

also be scattered by the electron cloud. The electrons distribution can be described by the 

electron density function 𝜌(𝑟), where 𝑟 is a real space vector. For a perfect crystal with no 

defects, the electron density function will have the periodicity of the lattice. Therefore, we 

only need to study the scattering within one unit cell. For consistency with the previous 

discussion, we also convert 𝜌(𝑟) into reciprocal space. This can be done by performing 

Fourier transform: 

 𝜌(𝑟) =  ∑ 𝜌ୋ𝑒௜ீ⃑·௥⃑
ீ⃑ → 𝜌ୋ =

ଵ

ఆ
∫ 𝜌(𝑟)𝑒ି௜ீ⃑·௥⃑𝑑𝑉

ୡୣ୪୪
  (3.10) 

Where 𝜌ୋ is the electron distribution function in the reciprocal space, Ω is the volume of 

the unit cell. Again, 𝑘ሬ⃑  is the wave vector of the incident X-ray and 𝑘ሬ⃑ ᇱ is the wave vector 

after the scattering. The resulting amplitude from the interference is given by 

 𝐹 = ∫ ർ𝑒௜௞ሬ⃑ ·௥⃑ቚ𝜌(𝑟)ቚ𝑒௜௞ሬ⃑ ᇲ·௥⃑඀ 𝑑𝑉 =   ∑ 𝜌ୋீ⃑ ∫ 𝑒௜(ீ⃑ି௚ሬ⃑ )·௥⃑  (3.11) 

Notice that, F integrated through the whole space. Based on the von Laue condition, when 

�⃑� is also a reciprocal lattice vector, 𝐹 = 𝑉୲୭୲ୟ୪ 𝜌ୋ, otherwise, F = 0. Since the crystal is 

perfectly periodic, we have 

 𝐹 = 𝑁𝑆ୋ  (3.12) 
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 𝑆ୋ =  ∫ 𝑒ି௜ீ⃑·௥⃑𝑑𝑉
ୡୣ୪୪

=  𝛺 𝜌ୋ  (3.13) 

Where SG is the amplitude contributed by one unit cell and is known as the structure factor, 

N is the total number of unit cells. For a basis with s atoms, the electron density can be 

written as 

 𝜌(𝑟) = ∑ 𝜌௝൫𝑟 − 𝑟௝൯௦
௝ୀଵ   (3.14) 

Where 𝑟 − 𝑟௝ is the position of the jth atom. Substituting Eq. (3.14) into (3.13), we have 

 𝑆ୋ =  ∑ ∫ 𝜌௝൫𝑟 − 𝑟௝൯
ୡୣ୪୪

௦
௝ୀଵ 𝑒ି௜ீ⃑·௥⃑𝑑𝑉  (3.15) 

By defining 𝑑௝ =  𝑟 − 𝑟௝, we rewrite the above equation 

 𝑆ୋ =  ∑ 𝑒ି௜ீ⃑·௥⃑ೕ ∫ 𝜌௝൫𝑑௝൯
ୡୣ୪୪

௦
௝ୀଵ 𝑒ି௜ீ⃑·ௗ⃑ೕ𝑑𝑉 =  ∑ 𝑒ି௜ீ⃑·௥⃑ೕ௦

௝ୀଵ 𝑓௝(�⃑�)   (3.16) 

Where 𝑓௝(�⃑�)  only relates to the nature of the jth atom, which is known as the atomic form 

factor. It describes the scattering effect contributed by the electron cloud of a given element. 

Now we focus on the first term ∑ 𝑒ି௜ீ⃑·௥⃑ೕ௦
௝ୀଵ . For a reciprocal lattice vector  �⃑� = ℎ𝑏ሬ⃑ ଵ +

𝑘𝑏ሬ⃑ ଶ + 𝑙𝑏ሬ⃑ ଷ, and for a real space vector 𝑟௝ =  𝑥௝�⃑�ଵ + 𝑦௝�⃑�ଶ + 𝑧௝�⃑�ଷ, we have 

 ∑ 𝑒ି௜ீ⃑·௥⃑ೕ௦
௝ୀଵ =  ∑ 𝑒ିଶగ௜(௛௫ೕା௞௬ೕା௟௭ೕ)௦

௝ୀଵ    (3.17) 

In case of a rock-salt structure consisting of only one element with the basis A (0,0,0) and 

B(a/2,0,0), we have 

 ∑ 𝑒ି௜ீ⃑·௥⃑ೕ௦
௝ୀଵ =  [(−1)௛ା௞ + (−1)௞ା௟ + (−1)௛ା௟]  (3.18) 



M.Sc. Thesis – Z. Yang;             McMaster University – Chemistry and Chemical Biology  
 
 

39 
 

As can be seen, when h, k and l are mixed with even and odd number, the corresponding 

amplitude Fhkl = 0. This symmetry induced absence of diffraction is called systematic 

extinction. 

3.1.3 Powder XRD 

Assume an orthogonal unit cell, its cell vectors are ൥
𝑎 0 0
0 𝑏 0
0 0 𝑐

൩. Based on Eq. (3.7), 

the corresponding reciprocal lattice vectors are given by 

 

⎣
⎢
⎢
⎢
⎡

ଶగ

௔
0 0

0
ଶగ

௕
0

0 0
ଶగ

௖ ⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡

ଶగ

௔మ
0 0

0
ଶగ

௕మ
0

0 0
ଶగ

௖మ ⎦
⎥
⎥
⎥
⎤

൥
𝑎 0 0
0 𝑏 0
0 0 𝑐

൩    

 

(3.19) 

Define the matrix 

⎣
⎢
⎢
⎢
⎡

ଶగ

௔మ
0 0

0
ଶగ

௕మ
0

0 0
ଶగ

௖మ ⎦
⎥
⎥
⎥
⎤

 as the reciprocal operator 𝑔ො. If we now rotate the real space 

lattice by a random space angle (α, β, γ), the corresponding reciprocal lattice will be given 

by 

 

𝑔ො ൭൥
𝑎 0 0
0 𝑏 0
0 0 𝑐

൩ �̂�൱ =  ൭𝑔ො ൥
𝑎 0 0
0 𝑏 0
0 0 𝑐

൩൱ �̂� =

⎣
⎢
⎢
⎢
⎡

ଶగ

௔
0 0

0
ଶగ

௕
0

0 0
ଶగ

௖ ⎦
⎥
⎥
⎥
⎤

�̂�  

 

(3.20) 

Where �̂� is the rotational matrix. The above equation indicates that if we rotate the real 

space lattice, the corresponding reciprocal lattice will also be rotated in the exact same way.  

 In a powder (or polycrystalline) sample, different grains point at different 

orientation. When shinning X-ray onto the sample, a huge number of grains will participate 
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in diffraction. If we assume there is no preferred orientation (texturing), then there is equal 

possibility for the crystals to point in any directions. Consequently, the 2D Ewald’s circle 

in Figure 3.1 (a) will now become a 3D Ewald’s sphere and all the reciprocal lattice points 

will also form a sphere around the origin (randomly defined). The intersection between the 

Ewald sphere and all the reciprocal spheres all satisfies the diffraction condition and each 

reflection ring can be indexed by a particular reflection angle. Combined with previous 

sections we see that a given crystal structure will exhibits a unique set of diffraction peaks 

located at different angles with certain diffraction intensity. We call this set of diffraction 

peaks an XRD pattern of the crystal. By measuring the pattern for a given sample, we are 

able to identify its crystal structure and even composition. 

 

Figure 3.2 (a) Formation of powder diffraction rings. (b) A XRD pattern for the NaCl 

sample. 
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3.1.4 Instrumentation 

 

Figure 3.3 Structure of a typical powder XRD instrument. The red dash lines indicate the 

optical path of the X-ray beam. 

 To perform XRD, a highly monochromatic X-ray light source is essential. Figure 

3.3 shows the shows the typical structure of a powder X-ray diffraction instrument, each of 

the components will be briefly introduced. 

 

Figure 3.4 The X-ray light source. 
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X-ray Light Source: When an accelerated electron hit the surface of the target metal, the 

kinetic energy of the electron will convert into photons or dissipates as heat. Since the 

energy conversion rate is random, the wavelength of the emitted photons will be a 

distribution function (white radiation). When the energy of the incident electron is high 

enough, the inner electrons of the target metal may be “knocked away”, leaving an empty 

energy state behind. The outer shell electrons will spontaneously fill up the empty state and 

emit X-ray photons. Since the energy for each orbital are constant, these emitted X-ray 

photons show high monochromaticity and intensity which is known as the characteristic X-

ray. By extracting these signals from the background noise, a high-quality X-ray beam can 

be obtained.  

 

Figure 3.5 Effect of a Soller slit on the diffraction pattern. 

Soller Slits: Figure 3.5 shows the sketch of a Soller slit. It reduces the divergence of the 

incident beam in the direction normal to the plane, in which the diffraction intensity is 
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measured. This will reduce the angle expansion of the diffraction peaks, making it easier 

to distinguish the peaks which are close to each other. 

Divergence Slit: The divergence slit, controls the aperture of the incident beam, which 

limits the illumination area onto the sample. The geometry of the divergence slit is shown 

in Figure 3.6 (a). The illumination area L is given by 

 𝑙ଵ =
ோ

ୱ୧୬ቀఏା
ക

మ
ቁ

sin ቀ
ఝ

ଶ
ቁ   (3.21) 

 𝑙ଶ =
ோ

ୱ୧୬ቀఏି
ക

మ
ቁ

sin ቀ
ఝ

ଶ
ቁ   (3.22) 

 𝐿 = 𝑙ଵ + 𝑙ଶ  (3.23) 

Where 𝜑 is the aperture of the incident beam, which is controlled by the size of divergence 

slit, 𝜃 is the diffraction angle, 𝐿 is the length of the illumination area, as shown in Figure 

3.6 (b). Increasing the illumination area can improve the signal intensity, but at the same 

time, when the illumination area goes beyond sample surface and directly acting on the 

sample holder, extra background noise will be introduced. 
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Figure 3.6 (a) Divergence slit geometry. (b) The illumination area from different slit sizes 

under the same diffraction angle34. 

Monochromator: Although the Kβ X-ray can be easily removed by filter, the undesired Kα2 

is difficult to eliminate, as shown in Figure 3.7 (a). To further improve the 

monochromaticity of the X-ray beam, a monochromator is usually added in between the  

X-ray tube and sample. Nowadays, the most widely used monochromator is the crystal 

monochromator (CM) which uses Bragg’s law to separate X-rays with different wavelength. 

For a Cu light source, a Ge CM is used. The incident beam (Kα1 + Kα2) is diffracted by (111) 

plane of Ge. Due to the different wavelength of Kα1 and Kα2, only Kα1 will satisfy the 

diffraction condition. Thus, through this process, a highly monochromatic X-ray could be 

obtained. 

 

Figure 3.7 (a) Kα and Kβ characteristic X-ray. Although Kβ is well separated with Kα series 

in wavelength, Kα1 and Kα2 are extremely close to each other, making it impossible to 

directly filter out the undesired Kα2. (b) Ge single crystal monochromator. 
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3.2 Temperature-dependent Resistivity and Seebeck coefficient Measurement 

The Seebeck coefficient and electrical resistivity can be measured on a ZEM-3 

instrument, following the procedure in patents JSR I 1650-1 and JSR I 1650-235. The 

measurements setups are presented in Figure 3.8. When measuring the Seebeck coefficient, 

the temperature gradient is established inside the sample by controlling the temperature of 

the upper and lower furnace. Two pairs of thermocouples are attached to the hot and cold 

part of the sample, as shown in Figure 3. 8 (a). The voltage induced by the Seebeck 

coefficient is given by 

 𝑉 = ∫ (𝑆ୱୟ୫୮୪ୣ − 𝑆୵୧୰ୣ)𝑑𝑇భ்

మ்
   (3.24) 

Here T1 is the hot side temperature, T2 is the cold side temperature, Ssample is the Seebeck 

coefficient of the sample and Swire is the Seebeck coefficient of the wire. Since the 

temperature difference between the two contacts are normally very small (less than 5K), 

Ssample and Swire are treated as temperature independent. By measuring the voltage between 

the two contacts, the Seebeck coefficient can be calculated as 

 𝑆ୱୟ୫୮୪ୣ =
௏

భ்ି మ்
+  𝑆୵୧୰ୣ   (3.25) 

The resistivity of the sample is measured by applying a steady electric current through the 

sample, as shown in Figure 3.8 (b). After bringing the sample to equilibrium, the voltage 

between the two contacts is measured again, and the resistivity is given by the following 

equations 

 𝑅 =  
௏

ூ
   (3.26) 
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 𝜌 = 𝑅
஺

ௗ
  (3.27) 

Where A is the intersection of the sample, d is the distance between two contacts. 

 

Figure 3.8 Measurements setups of ZEM-3 for (a) Seebeck coefficient and (b) resistivity. 

3.3 Determination of the Carrier Concentration  

In Chapter 2, we show that the transport properties of the material can be simulated 

by solving the transport equations. This requires knowledge of the position of the Fermi 

level. For a material with a simple band structure i.e., SnTe, Ef can be determined by fitting 

the experimental Seebeck coefficient. However, Eq. (2.26) and (2.34) indicates that, to 

calculate the effective mass, the knowledge of the carrier concentration is required. 

Moreover, most of the promising TE materials have complex band structures, thus the 

multi-band model is used to simulate their properties, which also requires the knowledge 

of their carrier concentration. 
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3.3.1 Hall Effect 

 

Figure 3.9 Hall effect. 

 For simplicity, we will use the classical Drude model to derive the Hall effect 

equations. Under external electric 𝐸ሬ⃑  and magnetic 𝐵ሬ⃑  fields the equation of motion is given 

by16 

 ௗ௣⃑

ௗ௧
=  −𝑒𝐸ሬ⃑ −

௣⃑

௠
𝑒 × 𝐵ሬ⃑ − 

ଵ

ఛ
𝑝(𝑡)  (3.28) 

Where p is the momentum of the electron and τ is the relaxation time. The third term is the 

damping term caused by collisions. Assuming the electric field is orthogonal with the 

electric field (as shown in Figure 3.9), when the equilibrium is established, we have the 

following relation 

 ௗ௣ೣ

ௗ௧
=  −𝑒𝐸௫ −

௘஻

௠
𝑝௬ −  

ଵ

ఛ
𝑝௫ = 0  (3.29) 

 ௗ௣೤

ௗ௧
=  −𝑒𝐸௬ +

௘஻

௠
𝑝௫ −  

ଵ

ఛ
𝑝௬ = 0  (3.30) 

Multiply both sides by −𝑛𝑒𝜏 𝑚⁄ , (m is the free electron mass) we have 
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 𝜎଴𝐸௫ =  
௘஻

௠
𝜏𝑗௬ + 𝑗௫  (3.31) 

 𝜎଴𝐸௬ =  −
௘஻

௠
𝜏𝑗௫ + 𝑗௬  (3.32) 

Where 𝜎଴ is the Drude DC conductivity, n is the carrier concentration, 𝑗௫ and 𝑗௬ are the 

current density along x and y direction, respectively. When the equilibrium is established, 

𝑗௬ = 0 

 𝐸௬ =  − ቀ
௘஻ఛ

ఙబ௠
ቁ 𝑗௫ = − ቀ

஻

௡௘
ቁ 𝑗௫  (3.33) 

Practically, the voltage which transverse to the inject electric current is measured, which is 

known as the Hall voltage 𝑉ୌ = 𝑊𝐸௬. Define Hall coefficient RH as 

 𝑅ୌ =  −
ଵ

௡௘
= −

஺ౄ

௡ౄ௘
  (3.34) 

𝑛ୌ is the Hall carrier concentration. It should be noted that the Hall carrier concentration is 

different with the actual carrier concentration by a factor of 𝐴ୌ, which is the Hall constant, 

determined by Eq. (2.27) and (2.35). The above equation shows that, the carrier 

concentration of the sample can be directly obtained via Hall effect. To also obtain the 

mobility 𝜇ୌ, one can use the following equation 

 𝜇ୌ =  𝑅ୌ𝜎଴ = −
ଵ

௡௘

௡௘మఛ

௠
= −

௘ఛ

௠
  (3.35) 

Therefore, the conductivity (or resistivity) of the sample will have to be measured.  
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3.3.2 van der Pauw Geometry 

Assuming an infinite half-plane sheet with thickness of t. Four points 1, 2, 3 and 4 

are located at the edge of the sheet and the distances are a, b and c, as shown in Figure 

3.10.  

 

Figure 3.10 Infinite half-plane sheet model36. 

A current I inject from point 2, at a distance r from point 2, the current density is given by 

 𝐽 =  
ூ

గ௥௧
�̂�  (3.36) 

Where �̂�  is the radical primitive vector. Based on Ohm’s law, the radical electric field is 

then given by 

 𝐸ሬ⃑ = 𝜌𝐽 =  
ఘூ

గ௥௧
�̂�  (3.37) 

Here, 𝜌 is the resistivity of the sheet. The voltage between point 4 and 3 induced by the 

injection current is  

 (𝑉ଷ − 𝑉ସ)୧୬ = − ∫ 𝐸ሬ⃑
ଷ

ସ
𝑑𝑟 = −

ఘூ

గ௧
ln ቀ

௔ା௕ା௖

௔ା௕
ቁ  (3.38) 
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If the current is then drained from point 1, the voltage between point 3 and 4 induced by 

the drainage current is given by 

 (𝑉ଷ − 𝑉ସ)୭୳୲ = − ∫ 𝐸ሬ⃑
ଷ

ସ
𝑑𝑟 =

ఘூ

గ௧
ln ቀ

௕ା௖

௖
ቁ   (3.39) 

The total current is finally given by 

 (𝑉ଷ − 𝑉ସ)୲୭୲ୟ୪ = (𝑉ଷ − 𝑉ସ)୧୬ + (𝑉ଷ − 𝑉ସ)୭୳୲ =
ఘூ

గ௧
ln ቂ

(௕ା௖)(௔ା௕)

௕(௔ା௕ା௖)
ቃ  (3.40) 

Define R21,34 as the resistance being measured between point 3 and 4, when injecting the 

current at point 2 and draining the current at point 1. 

 𝑅ଶଵ,ଷସ =
௏యర

ூమభ
=

ఘ

గ௧
ln ቂ

(௕ା௖)(௔ା௕)

௕(௔ା௕ା௖)
ቃ  (3.41) 

Similarly, by injecting the current at point 4, draining it at point 1, and measuring resistance 

between point 2 and 3, we have 

 𝑅ସଵ,ଶଷ =
௏మయ

ூరభ
=

ఘ

గ௧
ln ቂ

௔௖

(௕ା௖)(௔ା௕)
ቃ  (3.42) 

Combine Eq. (3.40) and (3.41), we then find the relation below 

 exp ቀ−
గ௧

ఘ
𝑅ଶଵ,ଷସቁ + exp ቀ−

గ௧

ఘ
𝑅ସଵ,ଶଷቁ = 1  (3.43) 

This is the famous van der Pauw relation36. The van der Pauw theorem states that if: 

(1) The sheet is homogenous. 

(2) With uniform thickness. 

(3) Thin enough (can be treated as 2D system). 
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Eq. (3.43) will always hold regardless of the shape of the sample or the position of the four 

points. 

 By manipulating the equations, we can have 

 exp ቂ−
గ௧(ோమభ,యరାோరభ,మయ)

ଶఘ
ቃ cosh ቂ

గ௧(ோమభ,యరିோరభ,మయ)

ଶఘ
ቃ =

ଵ

ଶ
   (3.44) 

Define the quantity f as 

 𝑓 = ln 2
ଶఘ

గ௧

ଵ

ோమభ,యరାோరభ,మయ
  (3.45) 

Substituting Eq. (3.45) into (3.44) we have 

 
exp ቂ−

୪୬ ଶ

௙
ቃ cosh ൤

ோమభ,యర ோరభ,మయ⁄ ିଵ

ோమభ,యర ோరభ,మయ⁄ ାଵ

୪୬ ଶ

௙
൨ =

ଵ

ଶ
   (3.46) 

Eq. (3.46) shows that the value of f is solely related to 𝑅ଶଵ,ଷସ 𝑅ସଵ,ଶଷ⁄ , which could be 

directly measured. By numerically solving f, the resistivity 𝜌 could then be calculated via 

Eq. (3.45). Practically, a square sample is used in the Hall measurement, as shown in 

Figure 3.11 (a). Because of the symmetry, 𝑅ଶଵ,ଷସ = 𝑅ସଵ,ଶଷ. Thus, 𝜌 is simply given by 

 𝜌 =
గ

୪୬ ଶ

௏

ூ
  (3.47) 

Therefore, by forcing current I through two contacts and measuring the V between the other 

two contacts, the resistivity of the square sheet can be determined.  

 Using the same geometry, the Hall effect can be also measured. This time, the 

current will be injected at point 1 and flow through the diagonal of the square and being 

drained at point 3, Figure 3.11 (b). By definition, the Hall voltage is given by 
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 𝑉ୌ = 𝜌
௘ఛ

௠
𝐵 ∫ 𝚥

ସ

ଶ
· 𝑛ො 𝑑𝑙  (3.48) 

Where the integration term is the normal component of the current with respect to the 2-4 

line. Due to the square symmetry, we can easily have that this is just the total current I that 

injected into the sample. Therefore, we simply have 

 𝑉ୌ = 𝜌
௘ఛ

௠
𝐵𝐼  (3.49) 

 

Figure 3.11 van der Pauw geometry. (a) Resistivity measurement setup and (b) Hall effect 

measurement setup. 

During the measurement, the direction of the current will be reversed to eliminate 

the thermoelectric voltage, and the magnetic field will also be reversed to eliminate the 

misalignment voltage (resulting from the imperfect contact geometry). 
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3.4 Total Thermal Conductivity 

 

Figure 3.12 (a) Laser flash analysis system. (b) The determination of thermal diffusivity. 

The total thermal conductivity can be measured using the laser flash analysis (LFA). 

A typical LFA system is shown in Figure 3.12 (a). During the LFA, a laser pulse 

illuminates the back of the sample and, ideally, uniformly heats up the surface. By 

measuring the temperature evolution at the opposite side of the sample, the thermal 

diffusivity can then be measured using the method shown in Figure 3.12 (b). The thermal 

diffusivity D is given by 

 𝐷 = 0.1388
ௗమ

௧ఱబ
   (3.50) 

Where d is the thickness of the sample, 𝑡ହ଴  is the time which corresponds to the half 

maximum signal intensity. After obtaining D, the total thermal conductivity is given as37 

 𝜅 = 𝐷𝜌𝐶୔   (3.51) 
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𝜌 is the density of the sample, 𝐶୔  is the constant pressure heat capacity which can be 

approximated via the Dulong-Petit law. 

3.5 Microstructure Analysis 

The total thermal conductivity of the material is highly sensitive to its 

microstructure. To characterize the microstructure, scanning electron microscope (SEM) is 

commonly used.  Unlike the conventional optical microscope which uses visible light for 

the analysis, SEM uses high energy electron beam. Here, we skip the complex electron 

optics of the SEM and briefly introduce three widely used imaging techniques – secondary 

electron (SE) imaging, back scattered electron (BSE) imaging and energy dispersive 

spectroscopy (EDS), as demonstrated in Figure 3.13. 

Secondary Electrons: Secondary electrons originate from the inelastic interaction between 

the host atom and incident electrons. The signal depth of the secondary electrons is ~ 20 

nm and is highly sensitive to the surface topography. Due to its small interaction volume, 

secondary electrons can be used to obtain high-resolution images of the material surface. 

Back Scattered Electrons: Back scattered electrons result from the elastic scattering of the 

incident electrons by the nuclei. The intensity of the BSE is related to the atomic number 

of the element. The heavier the element, the stronger the BSE signal will be. Thus, BSE 

image uses atomic number as its contrast. However, due to its relatively large signal depth 

(~ 0.5 μm) and interaction volume, the resolution of a BSE image is lower than that of an 

SE image. 
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Energy Dispersive Spectroscopy: EDS utilizes the characteristic X-ray emission to identify 

elements. Since each element has a unique electronic configuration, its X-ray emission lines 

are also unique. Therefore, by collecting the X-ray signal that emitted from the surface, the 

composition of the sample can be determined. However, it should be noted that the 

interaction volume of EDS has a diameter of approximately 2 ~ 3 μm, making it less reliable 

for precise elemental distribution characterization. 

 

Figure 3.13 Principals of the scanning electron microscope imaging. 
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Chapter 4 Optimized Electronic Properties and nano-Structural Features 

for Securing High Thermoelectric Performance in Doped GeTe 

4.1 Introduction 

Recently, GeTe has received extensive attention in the field of thermoelectrics for 

its promising TE performance, making it one of the best state-of-the-art TE materials38–42. 

However, due to its high intrinsic carrier concentration and non-ideal electronic band 

structure, further optimization of its performance has reached a bottleneck. When the 

temperature reaches 673K or higher, GeTe crystalizes in rock-salt structure Fm-3m (#225). 

Upon cooling, the material will undergo a cubic-to-rhombohedral phase transition. As a 

result, the room-temperature phase of GeTe becomes R3m (#160). This phase transition is 

caused by the lone pair effect of the Ge 4s2 orbital, which distorted the lattice along the 

(111) direction and such distortion resulting in low band degeneracy.  Based on Mott’s 

equation under degenerate limit and single band picture, the Seebeck coefficient is given 

by: 

 
𝑆 =  

଼గమ௞ా
మ

ଷ௘௛మ
𝑚∗𝑇 ቀ

గ

ଷ௡
ቁ

ଶ/ଷ

  
(4.1) 

 𝑚∗ = 𝑁୚
ଶ/ଷ

𝑚ୠ
∗   (4.2) 

Where m* is the density of states (DOS) effective mass, n is the carrier concentration, NV 

is the band degeneracy, and 𝑚ୠ
∗  is the single-band effective mass. The above equations 

indicate that a material with high band degeneracy in the vicinity of the Fermi energy will 

be most likely to show a high Seebeck coefficient. The low band degeneracy of 
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rhombohedral GeTe (R-GeTe) results in poor TE performance in the near-room-

temperature range, limiting the overall average zT value of GeTe. Figure 4.1 (a) shows the 

Pisarenko plot of R- and C-GeTe at 300K. As can be seen, the curve of R-GeTe is well 

below C-GeTe, indicating that if the cubic phase could be stabilized to low temperature, 

the TE performance of GeTe could be improved. Motivated by the above facts, many works 

have been done to stabilize the cubic phase to room temperature42–47. However, those 

materials are all heavily doped systems with poor carrier mobility, which limits their overall 

TE performance. An alternative way to increase the band degeneracy is to induce band 

convergence through doping, but such dopants usually have low solubility in GeTe, 

resulting in limited performance improvements45,46,48,49.  

In addition to the non-ideal band structure, the lone pair effect also results in the 

precipitation of Ge atoms which produces a vast amount of Ge vacancies inside the crystal50. 

These vacancies act as acceptor dopants, resulting in a high intrinsic hole carrier 

concentration of the level of 1021 cm-3 in pristine GeTe. Figure 4.1 (b) shows the simulated 

power factor at room-temperatures based on the relaxation time approximation (here τ was 

set to be 3.9×10-15 s) 51. The highlighted points belong to pristine GeTe samples which were 

synthesised by other groups. As can be seen, the intrinsic carrier concentration of GeTe 

severely deviates from its optimal value.  
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Figure 4.1. (a) Pisarenko plot of C-GeTe and R-GeTe at 300K and (b) Power factor vs. 

carrier concentration of R-GeTe. Highlighted data points belong to pristine GeTe of 

previous reports52–61. 

 

In this work, we optimized the TE performance of GeTe via Bi, Zn and In co-doping. 

We observed unusual behavior of Zn dopants in the GeTe-based system. The widely 

studied Bi-doped GeTe was chosen as the base material. Recent works show that doping 

Bi in different forms (BiTe and Bi2Te3) can have very different effects on its thermoelectric 

properties57,61. During the experiment, Zn was doped into the GeTe + 5 mol.% BiTe and 

GeTe + 3 mol.% Bi2Te3, separately. For simplicity, the former will be named as a non-

charge balanced (NCB) system and the latter as a charge balanced (CB) system. Hall effect 

measurement indicates that Zn doping effectively reduces the carrier concentration and 

density of states (DOS) effective mass in both systems. DFT calculations reveal that such 

phenomenon originates from the band modification and the relocation of the Fermi level. 

Meanwhile, the introduction of Zn also suppressed the formation of Ge vacancies (which 

is also the cause of the reduced carrier concentration), which reduces the carrier scattering 
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rate and, consequently, secures high carrier mobility. As a result, the power factor of all 

samples is maintained at a relatively high value. Our powder X-ray diffraction (PXRD) 

results indicate that the solubility of Zn is less than 4 mol.%, which is lower than the 

previously reported value of 6 mol.%. Because of such low solubility, nanoscale ZnTe 

precipitations ranging from 80nm to 500nm were observed in the samples during the STEM 

analysis. Microstructures including nano twining, defect layers, and “dislocation bands” 

were also observed. Our geometric phase analysis shows that these defects induce strong 

strain fluctuations and high lattice anharmonicity, both of which facilitate the suppression 

of lattice thermal conductivity. Finally, to improve the average zT value, 1 mol.% of In was 

doped onto the Ge site to induce a strong DOS distortion in the vicinity of the Fermi level. 

As a result, a peak zT value of 2.06 and a promising average zT value of 1.30 have been 

achieved in (Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03, which is among the state-of-the-art lead-

free TE materials.   

4.2 Experiment 

Sample Preparation: Ge1-x-y-zBixZnyInzTe (non-charge balanced, NCB) and (Ge1-y-

zZnyInzTe)1-x(Bi2Te3)x (charge balanced, CB) were prepared by tube sealing method with 

pure elements as starting materials. Ge (99.999 wt.%), Bi (99.995 wt.%), Zn (99.99 wt.%), 

In (99.999 wt.%) and Te (99.999 wt.%) pieces were used without further purification. The 

elements were weighted according to stoichiometric ratios (total mass 5 grams) and 

transferred into silica tubes. The tubes were evacuated (10−3 Torr) and sealed with an 

oxygen/natural gas torch. Samples were then transferred into muffle oven and heated to 

1000 ℃ in 12h and kept for 12h before quenching in ice water. The obtained ingots were 
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then grinded for 30min into fine powder in an argon glovebox and then sealed inside a 

Teflon ball milling jar. Powders were then milled at 200rpm for 30min on a Netzsch 

PULVERISETTE 6 planetary ball mill machine. The obtained powders were loaded into a 

graphite die (15 mm in diameter) and sandwiched between two pieces of 0.15 mm thick 

graphite foils. Pellet samples with thickness of 2~3 mm and high relative density (>95%, 

see Table S1) were obtained via spark plasma sintering. Powders were heated to 500 ℃ in 

5min and held for 5 min under a pressure of 40 MPa.  

Phase Identification: Powder X-ray diffraction (PXRD) was employed to characterize the 

samples’ purity. PXRD data were collected in the 2θ range from 20 to 80° on a PANalytical 

X’Pert Pro diffractometer. Linear X’Celerator detector and Cu Kα1 (λ = 1.5406 Å) radiation 

were used during the measurement. Powders were deposited on a zero-background silicon 

disc to minimize the background scattering. High-temperature powder diffraction data were 

collected on the same diffractometer using an Anton Paar HTK 2000 chamber and under 

dynamic vacuum achieved by a turbomolecular pump. For these high-temperature 

measurements, the powder was deposited on the Pt heating strip.  

Thermoelectric Properties Characterization: Seebeck coefficient (S) and electrical 

conductivity (σ) from 300K to 800K were measured on a ULVAC-RIKO ZEM-3 

instrument. During the measurement, samples were kept under helium atmosphere to avoid 

oxidation. Bar-shaped samples with the dimension of 2 x 2 x 10 mm3 were used. The 

surface of each specimen was gently polished using 600 and 1200 grit SiC papers to 

eliminate surface contamination. The total thermal conductivity, κ, was calculated using the 

formula κ = DCpρ, where ρ is the sample density, measured using the Archimedes method. 
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All samples show high relative density of over 95% (Table S1). Thermal diffusivity D from 

300K to 800K was measured using laser flash analysis (LFA) method on a Netzsch LFA-

457 instrument. Heat capacity Cp was directly derived using the Dulong-Petit law. The Hall 

coefficient (𝑅ୌ) was measured using the Van der Pauw geometry in a reversable magnetic 

field up to ± 0.5T62. Carrier concentration (𝑛ୌ ) and Hall carrier mobility (𝜇ୌ ) were 

calculated using 𝑛ୌ =  1 (𝑒𝑅ୌ)⁄  and 𝜇ୌ =  𝜎𝑅ୌ , respectively. Here, e representing the 

electron charge. 

Microstructure analysis: Secondary and backscattering electron images were captured by 

a scanning electron microscope (SEM, Tescan Vega II LSU, USA. The samples were 

prepared by hand polishing using 600 and 1200 grit SiC papers. Elemental distribution was 

determined via energy dispersive X-ray spectroscopy (EDS). The transmission electron 

microscopy (TEM) specimen was prepared using a ThermoFisher Scientific Helios G4 

UXe dual-beam plasma focused ion beam (PFIB) following in-situ lift-out procedure63. 

Selected area electron diffraction (SAED) and scanning transmission electron microscopy-

energy dispersive X-ray spectroscopy (STEM-EDS) were performed on a ThermoFisher 

Scientific Talos F200X G2 TEM microscope operated at 200kV. High-angle annular dark-

field transmission electron microscopy (HAADF-STEM) images were recorded on a 

double-aberration-corrected FEI (part of ThermoFisher Scientific now) Titan Cubed 

80/300 TEM at 200 kV with a semi-convergence angle of ~ 19 mrad and a semi-collection 

angle in the range from 64 to 200 mrad. The TEM sample has been cleaned with a Gatan 

low-energy Solarus plasma cleaner for 3 mins before the TEM experiments. Inverse fast 

Fourier transforms (IFFT) was done via the Gatan Digital Micrograph software. 
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Theoretical Calculations: Density functional theory calculations were performed via the 

Quantum Espresso64–66. A projector-augmented wave (PAW) method was used to model 

the electron-ion interaction for the Ge, Bi, Zn, In and Te atoms. The parameterization by 

Predew, Burke and Ernzerfhof (PBE) based on generalized gradient approximation 

(GGA)67–69 was applied to calculate the band structure and the cutoff energy for the wave 

function was set to 50 Ry. A 3 × 3 × 3 supercell containing 27 Ge and 27 Te sites was 

constructed, and a 6 × 6 × 6 k mesh was adopted for the Brillouin zone integration. Some 

of the Ge sites were replaced by Bi, Zn, In, and a vacancy to simulate the doped systems. 

All the possible configurations were considered and the one with the lowest total energy 

was chosen as the final supercell structure. Considering that the band morphology of GeTe 

is highly sensitive to the cell parameters, we directly used the values extracted from our 

PXRD data. Only the position of the atoms was fully relaxed until the force on each atom 

is less than 0.001eV/Å. Spin-orbit coupling was included in the calculation. 

4.3 Results and Discussion 

4.3.1 Phase Identification 

A series of Bi/Zn/In co-doped samples were synthesised and their PXRD pattern 

are presented in Figure 4.2. The PXRD patterns for each phase based on their powder 

diffraction files (PDF) are listed at the bottom of the diagram 70–72. In this work, Bi was 

doped in two different ways, in the form of BiTe and Bi2Te3 for the NCB and CB systems, 

respectively. All the samples contained the major phase with the rhombohedral symmetry 

(R3m, #160) with trivial Ge precipitates (marked by red asterisks). A ZnTe secondary phase 

could also be detected in Zn-doped samples as seen in the close-up image in Figure 4.2 (b), 
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where ZnTe peaks are marked by purple triangles. The formation of ZnTe impurity phase 

indicates that the solubility of Zn is less than 4 mol.%, which is lower than the previously 

reported 6 mol.% 52,73. Cell parameters were extracted through the Rietveld refinement and 

are listed in Table S4.2. Doping with Bi reduces the c/a ratio, and such phenomenon is 

more profound in the CB system. Further doping with Zn and In only slightly affects the 

cell parameters; this can be attributed to the similar atomic size of Zn (0.88 Å) and Ge (0.87 

Å) and the low doping levels of Zn and In. SEM analysis was performed on 

(Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03, and the results are presented in Figure S4.2. 

According to our elemental mapping, all elements are distributed uniformly inside the 

sample, indicating the successful doping of Bi, Zn and In.  

 

Figure 4.2. (a) PXRD patterns of the Bi/Zn/In co-doped samples synthesised for this work. 

(b) A close-up between 2θ = 40° and 2θ = 45°, showing a peak of the ZnTe impurity.  
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4.3.2 Electrical Properties 

Figure 4.3 shows the measured electric properties. The positive sign of Seebeck 

coefficient, S, indicates a p-type conduction nature for all the samples. In both systems, Bi 

doping improves the Seebeck coefficient significantly; a room-temperature Seebeck 

coefficient as high as 182 μV/K is achieved in Ge0.95Bi0.05Te. Such improvement was 

caused by two reasons. Firstly, the donor nature of Bi effectively reduced the carrier 

concentration from 6.10×1020 cm-3 in pristine GeTe to 1.75×1020 cm-3 in Ge0.95Bi0.05Te and 

3.51×1020 cm-3 in (GeTe)0.97(Bi2Te3)0.03. In the NCB system, such reduction is caused by 

the counter doping; where Bi substitutes for Ge and provide one free electron which 

neutralizes the intrinsic hole carriers: 

 Bi + Geୋୣ
×   Ge + Biୋୣ 

ᇱ   (4.3) 

However, in the CB system, doping by Bi2Te3, yields: 

 2Bi + 3Geୋୣ 
×   2Biୋୣ

ᇱ + Vୋୣ
·· + 3Ge  (4.4) 

Here, Geୋୣ 
×  is a Ge atom on the Ge site with no extra charges, Biୋୣ

ᇱ  is a Bi atom on 

the Ge site with a charge of -1 and Vୋୣ
··  represents a Ge vacancy with a charge of +2. As 

can be seen, Bi2Te3 doping should not directly affect the carrier concentration. It has been 

widely reported that Bi2Te3 and Sb2Te3 doping can effectively increase the formation 

energy of the cation vacancy defect in both the GeTe and SnTe systems 74–76. Therefore, 

the reduction of the carrier concentration in the CB system originates from the suppression 

of Ge vacancies. Our DFT calculation shows that doping with Bi2Te3 increases the Ge 

vacancy formation energy from 0.62 eV to 0.96 eV (Figure S4.6), which agrees well with 

previous reports. Besides lowering the carrier concentration, Bi doping also reduces the 
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𝑐 𝑎⁄  ratio (enlarges the interaxial angle), which decreases the energy separation between 

the Σ and L bands (ΔEL-Σ)42,52. This can be proved by the increased DOS effective mass 

upon Bi doping, as shown in Table S4.3. Here, the DOS effective mass is calculated based 

on the developed single Kane band (SKB) model, whose details could be found in Section 

4.5 Supporting Information.  

The subsequent Zn doping impact the Seebeck coefficient and electrical 

conductivity differently in the two systems. For the NCB system, Zn doping slightly 

reduces the Seebeck coefficient while improving the electrical conductivity. As a result, 

the overall power factor is improved throughout the whole working temperature range. 

However, no obvious trend could be found upon Zn doping in CB system. In both cases, 

doping Zn effectively reduces the carrier concentration and improves the carrier mobility, 

which could be explained by the reduced Ge vacancy concentration. Our DFT calculation 

shows that introducing Zn increases the formation energy of Ge vacancy from 0.62 eV to 

0.69 eV, indicating that Zn doping can suppress the formation of Ge vacancy defects, as 

shown in Figure S4.7. In comparison with Bi2Te3 doping, which also increases the 

formation energy of Ge vacancies, Zn atom has the same valency and similar atomic size 

with respect to the host Ge atoms, which minimizes the scattering caused by itself, making 

it possible to improve the mobility. 
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Figure 4.3. (a), (b) Seebeck coefficient, (c), (d) electrical conductivity and (e), (f) power 

factor. Here (a), (c), (e) belongs to NCB system while (b), (d), (f) belongs to CB system. 

Finally, 1 mol. % of In was introduced into both systems to induce DOS distortion 

in the vicinity of the Fermi level (Figure S4.5 (d)); such strategy has been shown to be an 

effective way to improve the average zT value of the GeTe-based systems 77. The induced 
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DOS distortion effectively increases the DOS effective mass for both systems (Table S4.3) 

which improves the Seebeck coefficient in the whole temperature range. 

4.3.3 DFT Study 

 

Figure 4.4 (a) Hall carrier concentration for the NCB and CB samples, (b) calculated DOS 

effective mass for the NCB and CB samples, (c) Room temperature Pisarenko plot for the 

NCB samples and (d) Pisarenko plot for the CB samples. 

Room-temperature Pisarenko plots were calculated based on the semi-classical 

Boltzmann transport theory using  Quantum Espresso and BoltzTraP code78 (Figure 4.4). 

Non-self consistency calculations were performed on a primitive unit cell of GeTe. During 

the calculation, a dense k mesh of 30 × 30 × 30 was used to sample the first Brillouin zone. 



M.Sc. Thesis – Z. Yang;             McMaster University – Chemistry and Chemical Biology  
 
 

68 
 

The Hall data points were adapted into the calculated Pisarenko plots (Figure 4.4 (c) and 

(d)). As can be seen, in both systems, Bi doping gradually shifts the data points above the 

theoretical curve, which is due to the reduced ΔEL-Σ. Further Zn doping shifts the data points 

to the left and places them onto the theoretical curve, indicating that Zn doping enlarges 

ΔEL-Σ. To verify this assumption, the band structure of the doped systems was calculated, 

and the results are presented in Figure 4.5.  

 

Figure 4.5. Calculated band structure of (a) Ge27Te27 (b) Ge26BiTe27 and (c) 

Ge25BiZnTe27. The color bars under the band structure represent to the number of primitive 

cell bands which overlap at a given primitive wave vector. The Fermi level is set to the top 

of the valence band. 

Band unfolding is performed via the BandUP code 79,80. The Fermi level is set to 

the top of the valence band. As can be seen, ΔEL-Σ of is firstly reduced from 0.23 eV in 

pristine GeTe to 0.17 eV in Bi doped supercell. After introducing Zn element, ΔEL-Σ was 

enlarged to 0.20 eV. This result indicates that, when co-doping with Bi, Zn tend to enlarge 

ΔEL-Σ, which agrees well with our theory. In the meantime, as shown in Figure S4.5, 

introducing In results in a strong DOS distortion near Fermi level. This distortion is caused 
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by the strong s-p hybridization between the Ge 4p2, Te 5p4, and In 5s2 orbitals. Since the 

size of the supercell was kept small, the simulated In doping level was 3.7 mol.%, which is 

3 times higher than the actual doping level of 1 mol. %. While the results for the In-doped 

systems could be analyzed only qualitatively, the calculated DOS distortion should lead to 

heavier charge carriers, and that is exactly what is observed experimentally (Table S3). 

The thermal conductivity was measured via laser flash analysis and the results are 

displayed in Figure 4.6, where the lattice thermal conductivity was calculated by extracting 

the electrical thermal conductivity from the total thermal conductivity. The electrical 

thermal conductivity is given by the Wiedemann-Franz law. The Lorenz number L was 

calculated by the SKB model28. The total thermal conductivity dropped significantly 

throughout the whole temperature range upon the Bi doping. As can be seen, the dominant 

factor in such suppression is the lower electrical thermal conductivity, which can be 

attributed to the reduced carrier concentration (Table S4.3).   
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4.3.4 Thermal Transport Properties  
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Figure 4.6. (a), (b) Total thermal conductivity, (c), (d) lattice thermal conductivity and (e), 

(f) electrical thermal conductivity. (a), (c), (e) are for the NCB system; (b), (d), (f) are for 

the CB system. 

The room-temperature electrical thermal conductivity of the NCB and CB systems 

are reduced from 3.92 Wm-1K-1 to 0.31 Wm-1K-1 and 1.16 Wm-1K-1, respectively. In the 

NCB system, Zn doping increases the low-temperature electrical thermal conductivity and 

reduces the lattice thermal conductivity. In the CB system, Zn doping reduces the lattice 

thermal conductivity systematically, and the reduced carrier concentration effectively 

suppresses the electrical thermal conductivity for y = 0.04. It should be noted that the 

electrical thermal conductivity is higher for y = 0.02 than for y = 0 (without Zn doping) in 

the CB system; this is due to the improved carrier mobility upon Zn doping (51.3 cm2/V·s 

vs. 36.5 cm2/V·s). In both systems, In doping reduces the electrical thermal conductivity, 

which is caused by the relatively poor carrier mobility (Table S4.3). Close-up images 

excluding the pristine GeTe curve can be found in Figure S4.4 (c) and (d). 
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Figure 4.7. STEM and SAED images of (Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03. (a) Twin 

formation inside the matrix. The gray particles marked by red circles are ZnTe 

nanoprecipitations and the black particles at the top of the image are nano-sized Ge 

precipitations. (b) Selected area electron diffraction pattern along <101>. (c) STEM-

HAADF image; defect layers are marked by red arrows. (d) Close-up image of such defect 

layer. (e) Dislocation band; the dotted lines are guides for the eye. The inserted image is 

the IFFT of the selected area, high density of dislocations could be observed. (f) Strain (𝜀௬௬) 

distribution calculated via the geometric phase analysis. The color bar is shown at the 

bottom of the image. 

4.3.5 TEM Analysis 

To gain more knowledge of the suppressed lattice thermal conductivity, TEM 

analysis was performed on (Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03. Figure 4.7(a) shows the 

overview of the sample lifted out using the Plasma-FIB. Areas with bright and dark contrast 

are distributed alternately. This herringbone structure originates from the regular 

arrangement of twin domains in the rhombohedral GeTe-type phase. Nano-sized particles 

with gray and black colors are observed. To find out their compositions, EDS analysis was 

performed, and the results are shown in Figure S4.7. As can be seen, the black particles 

are Ge precipitations while the gray particles are a Zn- and Te- rich phase. Combined with 

the PXRD pattern (Figure 4.2(b)), these particles could be identified as ZnTe precipitations. 

Figure 4.7(b) shows the selected area electron diffraction pattern along <101>, and the 

diffraction spot splitting indicates the presence of twinning 52,81. Figure 4.7 (c) shows the 
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STEM-HAADF image of the lattice; dark lines (highlighted by red arrows) are seen inside 

the structure. 

A close-up image of such area is shown in Figure 4.7(d), and a defect layer is visible. 

Such phenomenon has been reported in the Bi2Te3- and Sb2Te3-doped GeTe systems82–85. 

We also observed band-shaped areas with relatively low contrast, and one of them is shown 

in Figure 4.7(e). An IFFT image for the selected area (marked by the red box) is shown in 

the inserted image in Figure 4.7(e). As can be seen, the low contrast is caused by the high-

density of dislocation defects that accumulate in this area. Geometric phase analysis 86 was 

performed via the Strain ++ software and the result is shown in Figure 4.7(f). The presence 

of high-density dislocation creates strong strain fluctuation inside these areas and extra 

scattering sources of phonons with various wavelengths. 

4.3.6 Figure of Merit 

Using the above data, zT values were calculated and are presented in Figure 4.8. 

With all the uncertainties added up, the error is around 15%. For the NCB system, a peak 

zT value of 2.01 at 673K and an average zT value of 1.26 are achieved in 

Ge0.93Bi0.05Zn0.02Te. For the CB system, a peak zT value of 2.06 at 667K and an average zT 

value of 1.30 are achieved in (Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03, which is slightly higher 

than that for the NCB sample. As shown in Figure 4.7(b), the Bi/Zn/In co-doping improves 

the average zT value by more than 30% in comparison with the solely Bi-doped samples. 

The TE performance of this work is among the best lead-free system reported so far. The 

high average zT is attributed to the promising low temperature (300K ~ 550K) TE 
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performance, which is above that of the many state-of-the-art lead-free GeTe systems, as 

shown in Figure 4.8(d).  
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Figure 4.8. (a) and (b) zT values of the NCB and CB systems, respectively. (c) Average 

and peak zT values for the different materials in this work. (d) Comparison of our zT vs. T 

curves with those for the state-of-the-art lead-free GeTe materials87–89,73,52,45,90–92 

4.4 Summary 

In this work, the thermoelectric behavior of the Bi/Zn/In co-doped GeTe was 

investigated. During the experiments, Bi was doped in two ways, as BiTe (NCB system) 

and Bi2Te3 (CB system). In both cases, Bi doping positively affects the thermoelectric 

performance. The subsequent Zn doping reduced the carrier concentration and optimized 

the mobility, and this effect was not observed in the previous Zn-doped GeTe-based 

systems. This could be attributed to the suppression of Ge vacancy formation by Zn doping. 

Further In doping on the Ge site leads to a strong DOS distortion in the vicinity of the Fermi 

level and also affects the thermal conductivity. In the NCB systems, the resulting high 

performance is attributed to the improved power factor in the whole temperature range. In 

the CB systems, the improvements originate from the effectively suppressed thermal 

conductivity. 

Nano twinning, defect layers, “dislocation bands”, and nanosized ZnTe and Ge 

precipitations (80 ~ 500nm) were observed in the STEM images of 

(Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03. These microstructures induce strong strain fluctuations 

and high lattice anharmonicity which facilitate the suppression of lattice thermal 

conductivity. Eventually, a peak zT of 2.06 and a promising average zT of 1.30 have been 

achieved in (Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03. This work provides new insights into the 
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thermoelectric behavior of the co-dopants in the GeTe-based system and paves the path for 

improving the performance of the lead-free GeTe-based thermoelectric materials. 

4.5 Supporting Information 

 

Figure S4.1. SEM images of (Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03. (a) Back scattered 

electron (BSE) image, (b) energy dispersive spectroscopy (EDS) spectrum and the 

corresponding elemental concentrations, (i) ~ (v) elemental mappings. 
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Figure S4.2. Weighted mobility for the (a) NCB and (b) CB samples, respectively. 

Here the weighted mobility is given by93 
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Figure S4.3. (a) Basic logic of the SKB solving code. (b) Carrier concentration obtained 

by the Hall effect measurements. (c) DOS effective mass calculated by the SKB model. 

The exact value of both (b) and (c) could be found in Table S4.4. Here, y is the doping 

level of Zn. 
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Figure S4.4. (a), (b) Lorenz number, (c), (d) zoom-in image of the carrier thermal 

conductivity. (a) and (c) belongs to the NCB system, (b) and (d) belongs to the CB system. 
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Figure S4.5. Partial density of states of (a)Ge27BiTe27, (b) Ge26BiTe27, (c) Ge25BiZnTe27, 

(d) Ge24BiZnInTe27. The Fermi levels are set to the top of the valence band. 
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Figure S4.6. Formation energy of a Ge vacancy defect, calculated for Ge27Te27, 

Ge26ZnTe27 and Ge24Bi2Te27. 
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Figure S4.7. (a) STEM image of (Ge0.97Zn0.02In0.01Te)0.97(Bi2Te3)0.03. This image belongs 

to another Plasma-FIB lifted sample from the same sample. (b) ~ (f) EDS mapping of Ge, 

Bi, Zn, In, and Te, respectively. The gray particles are ZnTe precipitations and the black 

particle at the lower right corner is a Ge precipitation. 
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Table S4.1. Experimental densities, theoretical densities, and the corresponding relative 

densities. 

x/y/z Experimental 

Density (g/cm3) 

Theoretical 

Density (g/cm3) 

Relative Density 

(%) 

Pristine GeTe 6.03 6.14 98.17 
Ge1-xBixZnyInzTe -- NCB 

0.03/0/0 6.11 6.26 97.60 
0.05/0/0 6.10 6.35 96.06 

0.05/0.02/0 6.11 6.34 96.37 
0.05/0.04/0 6.06 6.34 95.58 

0.05/0.02/0.01 6.06 6.35 95.43 
(Ge1-y-zZnyInzTe)1-x(Bi2Te3)x -- CB 

0.03/0/0 6.06 6.31 96.04 
0.05/0/0 6.34 6.42 98.75 

0.03/0.02/0 6.28 6.31 99.52 
0.03/0.04/0 6.10 6.30 96.82 

0.03/0.02/0.01 6.06 6.32 95.89 
 

Table S4.2. Cell parameters extracted from the Rietveld refinement. 

x/y/z a (Å) c (Å) c / a Ω (Å3) 
Pristine GeTe 4.1660(6) 10.669(2) 2.56 160.36(5) 

Ge1-xBixZnyInzTe -- NCB 
0.03/0/0 4.18114(9) 10.643(3) 2.54 161.14(6) 
0.05/0/0 4.18999(5) 10.625(1) 2.53 161.54(1) 

0.05/0.02/0 4.19689(5) 10.600(1) 2.53 161.70(1) 
0.05/0.04/0 4.19640(7) 10.605(1) 2.53 161.73(2) 

0.05/0.02/0.01 4.19969(5) 10.582(1) 2.52 161.64(1) 
(Ge1-y-zZnyInzTe)1-x(Bi2Te3)x -- CB 

0.03/0/0 4.19240(2) 10.6152(7) 2.53 161.58(6) 
0.05/0/0 4.21100(2) 10.5531(5) 2.51 162.06(8) 

0.03/0.02/0 4.19223(3) 10.6004(8) 2.53 161.34(1) 
0.03/0.04/0 4.20088(2) 10.5965(5) 2.52 161.95(1) 

0.03/0.02/0.01 4.20200(2) 10.5799(5) 2.52 161.780 (8) 
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Table S4.3. Hall measurement data. 

x/y/z μH (cm2/V·s) pH (1020 cm-3) m* (me) 

Pristine GeTe 57.6 6.10 1.73 

Ge1-xBixZnyInzTe -- NCB 

0.03/0/0 46.6 5.91 2.05 

0.05/0/0 34.6 1.75 3.11 

0.05/0.02/0 73.0 0.81 1.28 

0.05/0.04/0 60.6 0.85 1.12 

0.05/0.02/0.01 24.9 2.16 3.59 

(Ge1-y-zZnyInzTe)1-x(Bi2Te3)x -- CB 

0.03/0/0 36.5 3.51 2.33 

0.05/0/0 20.5 2.09 3.09 

0.03/0.02/0 51.3 2.22 1.51 

0.03/0.04/0 61.1 0.80 1.16 

0.03/0.02/0.01 23.7 2.28 3.27 

* The density of state effective mass is calculated by the developed single Kane band 
model and is in the unit of free electron mass me. 
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Chapter 5. Band and Vacancy Engineering in SnTe to Improve its 
Thermoelectric Performance 

5.1 Introduction 

SnTe is a promising analog of PbTe, is environmentally friendly and with low cost. 

Although SnTe crystalizes in the highly symmetric rock-salt structure, the large energy 

separation (ΔEL-Σ) between the light hole L and heavy hole Σ bands (0.31eV) makes the 

contribution of the underlying Σ band almost neglectable94. In the meantime, the narrow 

band gap at the L point (0.18eV) induces strong interaction between the valence band 

maxima (VBM) and the conduction band minima (CBM) making the top of the L band 

extremely sharp30. Consequently, the density of states (DOS) effective mass of L band is 

merely ~ 0.3 me, resulting in poor a Seebeck coefficient. To overcome this problem, 

strategies such as band convergence and band inversion were performed95–98. Unfortunately, 

the overall improvement is very limited. Most recently, it was found that Sb2Te3 alloying 

can increase the density of states (DOS) effective mass of SnTe which effectively improves 

the performance of SnTe76. However, limited works were done to explain the mechanism 

behind such improvement. In the meantime, like all the other vacancy layered systems, 

SnTe-Sb2Te3 shows poor carrier mobility due to the severe electron-vacancy scattering99,100, 

which limits any further improvements. 

In this work, we first thoroughly investigated the TE properties of Sn0.98Ge0.05Te-

Sb2Te3 system. Here, excess amount of Ge was doped onto cation site, which has been 

reported as an effective way in reducing the carrier concentration. Sb2Te3 alloying shift the 

direct band gap at the L point into an indirect band gap between the L and Σ points, which 
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effectively reduced the interaction between the VBM and CBM. Consequently, the L band 

was flattened, which effectively improved the Seebeck coefficient. Subsequently, to 

overcome the poor carrier mobility, Pb compensation was performed to control the cation 

vacancy concentration, improved the carrier mobility from 33.40 cm2V-1s-1 to 56.38 cm2V-

1s-1. Meanwhile, Pb compensation broke the charge balance, allowing Sb to precipitate out 

of the structure. These second-phase particles provided additional source of phonon 

scattering, effectively suppressing the lattice thermal conductivity. As a result, a peak zT of 

1.1 at 778K and an average zT of 0.56 from 300K to 778K was achieved in 

(Sn0.98Ge0.05Te)0.91 (Sb2Pb0.5Te)0.09, which is one of the best SnTe-based thermoelectric 

systems.  

5.2 Experimental Methods 

Sample preparation: (Sn0.98Ge0.05Te)1-x(Sb2PbyTe3)x samples were synthesized with the 

conventional tube sealing method. Sn (ingot, 99.999 wt.%), Ge (pieces, 99.999 wt.%), Sb 

(pieces, 99.999 wt.%) Te (lump, 99.999 wt.%) and Pb (droplet, 99.999 wt.%) were used 

during the synthesis. Sn was purified before use based on Zhou et al.’s work101. The 

elements were weighted according to the stoichiometric ratios and sealed inside silica tubes 

(10−3 Torr). Samples were heated to 1000 ℃ in 12h and kept for 6h before being quenched 

in ice water. Samples were then annealed for 3 days under 650 ℃. The obtained ingots 

were hand grounded into fine powder inside an argon glovebox and sealed inside a Teflon 

ball milling jar. Powders was ball milled at 200rpm for 30min with a Fritsch 

PULVERISETTE 6 planetary ball mill machine. The obtained powders were then loaded 

into a graphite die (12.7 mm in diameter) and sandwiched between two pieces of 0.15 mm 
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thick graphite foils. Pellet samples with a thickness of 2~3 mm were prepared by spark 

plasma sintering (SPS). During the SPS, powders were heated to 450 ℃ in 5 min and held 

for 5 min under a pressure of 45 MPa.  

Crystallographic Study: Powder X-ray diffraction (PXRD) was employed to characterize 

the samples’ purity. Powder XRD data were collected in the range of 2θ= 20-120° on a 

PANalytical X’Pert Pro diffractometer equipped with a linear X’Celerator detector and 

using Cu Kα1 (λ = 1.5406 Å) radiation at room temperature. During the analysis, powders 

were deposited on a zero-background silicon disc to minimize the background scattering.  

Crystals of the reported phases were manually picked for single crystal X-ray 

diffraction study. The room temperature experimental data were collected on STOE IPDS 

II diffractometer (MoKα radiation) equipped with an image plate detector. The absorption 

correction was performed by optimization of the crystal shape against equivalent 

reflection102. The structure solution was performed with the SHELXT software103. The full-

matrix least square refinement of the structure was done with SHELXL104. The OLEX2 

interface105 was used to run structure solution and refinement programs. The 

crystallographic data and some experimental details are summarized in Table 1. According 

to the single crystal XRD data, in all reported phases the occupancy of the sole Sn 

crystallographic site is below unity. Thus, the Sn site occupancies for all 7 samples were 

refined freely and the resulting compositions are shown in Table S5.3.  

Thermoelectric properties characterization: Seebeck coefficient and electrical resistivity 

were measured from 300K to 800K on an ULVAC-RIKO ZEM-3 instrument. The 
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measurements were performed under a helium atmosphere to avoid oxidation. During the 

measurement, bar samples with the dimension of 2 x 2 x 10 mm3 were used. The total 

thermal conductivity, κ was calculated using the formula κ = DCpρ, where ρ is the sample 

density, measured by the Archimedes method. All samples show a high relative density of 

over 95%. Thermal diffusivity D was measured from 300K to 800K using the laser flash 

diffusivity method on a Netzsch LFA-457 instrument. Squares with 10×10×1.5 mm3 were 

used for these measurements. Heat capacity Cp was derived using the law of Dulong-Petit. 

The Hall coefficient (𝑅ୌ) was measured according to Van der Pauw method. The reversable 

magnetic field was set to ± 0.5T. Hall carrier concentration (𝑛ୌ) and Hall carrier mobility 

( 𝜇ୌ ) were calculated using 𝑛ୌ =  1 (𝑒𝑅ୌ)⁄  and 𝜇ୌ =  𝜎𝑅ୌ  , respectively. Here, e 

representing the electron charge. Using the obtained 𝑛ୌ , the Lorenz number and DOS 

effective mass was then derived by the Boltzmann transport equations. Details can be found 

in the Supplementary Materials. 

Sound velocity measurement: Sound velocity measurements were carried out using a 

pulse-echo transducer setup with both longitudinal and transverse transducers (Olympus 

5072PR Pulser/Receiver). 

Theoretical calculations: Density functional theory calculations were performed via the 

Quantum Espresso64,66. A norm-conserving (NC) technique was chosen to model the 

electron-ion interaction for the Sn, Sb, Ge, Mn, and Te atoms. The parameterization by 

Predew, Burke, and Ernzerfhof (PBE) based on generalized gradient approximation (GGA) 

was applied to calculate the band structure67,69,106, and the cutoff energy for the wave 

function was set to 82 Ry. 3 × 3 × 3 supercells containing 27 Sn and 27 Te sites was 
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constructed and a 6 × 6 × 6 k mesh was adopted for the Brillouin zone integration. Some 

Sn sites were replaced by Ge, Sb, Pb, and a vacancy to simulate the doped system. Both 

cell parameters and atomic positions were fully relaxed until the force on each atom was 

less than 0.0001eV/Å.  

5.3 Results and Discussion 

5.3.1 Sb2Te3 Alloying Effect  

5.3.1.1 Crystallographic Study  

Series of Sb2T3 doped samples, (Sn0.98Ge0.05Te)1-x(Sb2Te3)x (x = 0, 0.03, 0.06, 0.09), 

were synthesised and their PXRD patterns are shown in Figure 5.1 (a). All samples adopt 

the rock-salt structure (space group # 225, Fm3തm), and no impurities could be detected. 

Cell parameters were extracted by the Retived refinement using the Rietica software107. 

Figure 5.1(b) shows the cell parameter (a) as a function of doping concentration. The linear 

trend suggests high solubility of Sb2Te3 in Sn0.98Ge0.05Te.  

 

Figure 5.1. (a) XRD pattern71 and (b) cell parameters of (Sn0.98Ge0.05Te)1-x(Sb2Te3)x (x = 0, 

0.03, 0.06, 0.09).  
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It should be noted that a small (111) peak at around 25° emerged after doping with 

Sb2Te3 (highlighted by the red box), and its intensity increases with the alloying. For the 

face-centered cubic lattice, if we set Sn at origin, then the intensity of the diffraction peak 

is given as: 

 𝐼௛௞௟ =  |𝑆௛௞௟|
ଶ (5.1) 

 𝑆௛௞௟ =  [𝑓ୗ୬ + (−1)௛𝑓୘ୣ][(−1)௛ା௞ + (−1)௞ା௟ + (−1)௛ା௟] (5.2) 

 
𝑓஺ =  න 𝜌(𝑟)𝑒௜௤௥𝑑ଷ𝑟 

(5.3) 

Where h, k, and l are Miller indexes, 𝐼௛௞௟ is the diffraction intensity of the (hkl) crystal 

plane, 𝑆௛௞௟ is the corresponding structural factor, fSn and fTe are the atomic form factor of 

Sn and Te sites, respectively. The value of the atomic form factor could be determined by 

equation (3) which is just the Fourier transform of the average electron density of the lattice 

site A. r is the real space vector, q is the reciprocal lattice vector, ρ is the real space electron 

density. In our case, the intensity from the (111) plane is 

 𝐼ଵଵଵ = 9(𝑓ୗ୬ − 𝑓୘ୣ)ଶ (5.4) 

For pristine SnTe, the difference between the two atomic form factors is small due to the 

relatively similar electronic configuration between Sn and Te atom. As a result, the 

intensity of (111) is extremely weak. After alloying with Sb2Te3, a vast amount of Sn 

vacancies is introduced, which lowers the average electron density of the Sn site. This is 

justified by the refinement result, which showing the reduced occupation on the Sn site 

(Table S5.3). Based on equation (3), the reduced average electron density will lower the 

atomic form factor of the Sn site. As a result, the intensity of the (111) peak is increased.  
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5.3.1.2 Electric Properties Analysis 

 

Figure 5.2. (a) Seebeck coefficient, (b) electrical conductivity, (c) power factor, (d) Hall 

data (e) room-temperature Pisarenko plot94 and (f) DOS effective mass of (Sn0.98Ge0.05Te)1-

x(Sb2Te3)x   (x = 0, 0.03, 0.06, 0.09).  
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The transport properties are presented in Figure 5.2 (a) ~ (d). As can be seen, both 

resistivity and Seebeck coefficient were increased systematically upon Sb2Te3 alloying, as 

shown in Figure 5.2 (a) and (b). Hall measurement revealed that Sb2Te3 alloying increased 

the carrier concentration from 1.69×1020 cm-3 to 2.6×1020 cm-3 while the carrier mobility 

was drastically reduced from 196 cm2V-1s-1 to merely 34 cm2V-1s-1, see Figure 5.2 (d). 

Caused by the poor carrier mobility, the power factor saturated at x = 0.09, Figure 5.2 (c).  

By adapting the data points into the Pisarenko plot (Figure 5.2 (e)), we found that Sb2Te3 

doping gradually pushed the data points above the theoretical curve, indicating an improved 

DOS effective mass. To verify this observation, a temperature-dependent two-band (TD-

TB) model was established to simulate transport properties. The detailed calculation 

procedure can be found in the Supporting Information. The simulation result showed that, 

the DOS effective mass of the L band increased monotonically upon the Sb2Te3 doping, as 

indicated in Figure 5.2 (f). 

The band structures of Sn0.98Ge0.05Te before and after the Sb2Te3 alloying were 

calculated and shown in Figure 5.3 (a) and (b). Here, to simplify the calculation, the doping 

effect of Ge element was neglected. A comparison of the band structure and DOS before 

and after the Ge doping was presented in Figure S5.1, the result indicating that Ge doping 

show neglectable impact on the electronic structure of SnTe. As can be seen, Sb2Te3 

alloying shift the direct band gap at L point into an indirect band gap between the L and Σ 

points. As a result, the modified band gap reduces the interaction between the CBM and 

VBM at the L point, which effectively flattens the L band and increases the DOS effective 

mass. 
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Figure 5.3. (a) Band structure and (c) DOS of Sn27Te27. (b) Band structure and (d) DOS of 

Sn24Sb2Te27. The introduction of the Sb2Te3 shift the direct band gap at L point into an 

indirect band gap between L and Σ points. 
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5.3.1.3 Thermal Conductivity 

Using a two-band model based on the discussion in Section 2.3.3, the Lorenz 

numbers L are calculated, and the electrical thermal conductivity is then calculated using 

the Wiedemann-Franz law: 

 𝜅ୣ = 𝐿𝜎𝑇 (5) 

Where κe is the electrical thermal conductivity. The lattice thermal conductivity κl was 

obtained by subtracting the κe from the total thermal conductivity κ, and the result is shown 

in Figure 5.4. The Sb2Te3 alloying suppressed κe and κl simultaneously, as a result, the 

room temperature thermal conductivity is reduced by 70%. The suppression of the electrical 

thermal conductivity originated from the significantly reduced carrier mobility (Figure 5.2 

(d)), which was caused by the strong electron-vacancy scattering, while the reduction in the 

lattice thermal conductivity was attributed to the various crystal defects inside the structure. 

These defects induced a strong lattice anharmonicity, which contributed to the phonon 

scattering process. This statement can be proved by the significantly reduced bulk sound 

velocity, which is given in Table S5.4. 
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Figure 5.4. (a) Total thermal conductivity, (b) Lorenz number, (c) electrical thermal 

conductivity, (d) lattice thermal conductivity of (Sn0.98Ge0.05Te)1-x(Sb2Te3)x  (x = 0, 0.03, 

0.06, 0.09). 
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5.3.2 Vacancy Engineering via Pb Compensation 

5.3.2.1 Proofs of Pb Compensation 

 

Figure 5.5. (a) A demonstration of Pb compensation. (b) Powder XRD pattern71,108 and 

(c) cell parameter of (Sn0.98Ge0.05Te)0.91(Sb2PbyTe3)0.09. 

Based on the above discussion, the thermoelectric performance of the SnTe-Sb2Te3 

system was limited by the poor carrier mobility caused by the cation vacancy scattering. 

To optimize the carrier mobility, Sn vacancies were partially compensated via Pb doping, 

as demonstrated in Figure 5.5 (a). Series of Pb compensated samples, (Sn0.98Ge0.05Te)0.91 

(Sb2PbyTe3)0.09 (y = 0, 0.02, 0.05, 0.08), were synthesised and their PXRD pattern are given 
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in Figure 5.5 (b). All samples adopt the rock-salt structure, and Sb precipitates were found 

in all Pb-compensated samples, as marked by the red triangles. The crystallographic 

information extracted via Rietveld refinement is listed in Table S5.3. As, shown in Figure 

5.5 (c), the cell parameter increases monotonically, indicating the successful introduction 

of Pb into the lattice. 

Single crystal XRD showed that the occupancy of the cation site rises upon Pb 

compensation. It should be noted that such result can only indicate that the average electron 

density at the cation site increases, and this could be caused by two possible processes: Pb 

compensation process (CP) where Vୗ୬
··  defects filled by Pb elements and Pb substitution 

process (SP) where Sbୗ୬
ᇱ  substituted by Pb elements. 

Here, Vୗ୬
··  represents a Sn vacancy with 2 positive charges and Sbୗ୬

ᇱ  is a Sb atom on 

the Sn site with one negative charge. CP process will annihilate two holes, while the SP 

one will generate 1 hole carrier per each Pb atom introduced. The existence of SP can be 

directly proved by the presence of Sb precipitations, as shown in Figure 5.5 (b). To also 

prove the existence of CP process, in the following discussion, we provide three proofs. 

ZEM and Hall effect data were presented in Figure 5.6. Pb compensation slightly 

reduced the Seebeck coefficient in the low-temperature range (300 ~ 600K) and effectively 

reduced the resistivity throughout the whole temperature range. As a result, the power 

factor was improved by ~ 15% when y = 0.5. Room-temperature Hall measurement showed 

that Pb compensation effectively improved the mobility from 33.40 cm2V-1s-1 to 56.38 

cm2V-1s-1, which explains the reduced resistivity. Meanwhile, the carrier concentration is 
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reduced from 2.60 × 1020 cm-3 to 1.87 × 1020 cm-3 (Figure 5.6 (d)), and this supports the 

CP. The DOS effective mass was also decreased monotonically upon the Pb doping, as 

shown in Figure 5.6 (f).  Band structures that corresponding to both CP and SP, are 

presented in Figure 5.7 (a) and (b). 

 

Figure 5.6. (a) Seebeck coefficient, (b) resistivity, (c) power factor, (d) mobility, (e) Hall 

carrier concentration and (f) DOS effective mass of (Sn0.98Ge0.05Te)0.91(Sb2PbyTe3)0.09. 
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It was found that when replacing the vacancy with Pb (CP, Sn24Sb2PbTe27), the 

indirect band gap shifts back into a direct band gap at the L point and the value is even 

smaller than for the undoped sample. As a result, the interaction between the CBM and 

VBM is intensified by the Pb compensation, which fits well with the observed reduction of 

the L band DOS effective mass. In the meantime, replacing one Sb with Pb atom (SP, 

Sn24SbPbTe27) shows neglectable effect on the band morphology which further proves the 

presence of CP. 

The temperature-dependent mobility of base material (x = 0, y = 0), alloyed sample 

(x = 0.09, y = 0) and alloyed + compensated sample (x = 0.09, y = 0.5) were measured, and 

the results are presented in Figure 5.7 (d). As one can see, Sb2Te3 alloying drastically 

reduces the mobility throughout the whole temperature range but shows a weak 

temperature-dependency. After the introduction of Pb element, the low-temperature 

mobility was effectively improved, and the temperature-dependency was altered. The 

scattering factors r (𝜇~ 𝑇௥) were extracted from the mobility vs. temperature curves to 

determine the scattering mechanism. The r values of 1.5, -1.5 and 0 indicates ionized 

impurity (II) scattering, acoustic phonon (AP) scattering and mixed scattering, respectively. 

The base material shows r = -0.4936 throughout the whole temperature range, suggesting 

a dominant AP scattering mixed with the II scattering induced by the Ge dopant. The 

scattering factor of the Sb2Te3-alloyed sample is 0.0259, indicating that the II scattering 

controls the charge transport. Upon the Pb introduction, the AP scattering takes over, and 

r reduces to -2.123 for T > 475K, suggesting that the point defect concentration was 

effectively reduced. This phenomenon once again supports the occurrence of the CP.  
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Figure 5.7. Band structure of (a) Sn24Sb2PbTe27 and (b) Sn24SbPbTe27 which corresponds 

to the CP and SP processes, respectively. (c) Temperature-dependent mobility and (d) the 

fitted scattering factor under both low and high-temperature range. 

In summary, we have provided 3 evidences for the existence of CP. First, while CP 

process annihilates two holes, SP generates one hole. The Hall effect data indicating a 

reduction on the carrier concentration, indicating the hole concentration reduction process 

CP exist. Second, the band structures which correspond to CP and SP were presented in 

Figure 5.7 (a) and (b). It was found that SP process show neglectable effect on the band 

structure while CP sharpens the L band edge, which is consistent with the reduced DOS 
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effective mass. Finally, Pb compensation reduced the II scattering intensity, indicating a 

reduced cation vacancy concentration, consistence with the CP process. 

5.3.2.2 Thermal Conductivity 

 

Figure 5.8. (a) Total thermal conductivity, (b) Lorenz number, (c) electrical thermal 

conductivity and (d) lattice thermal conductivity for (Sn0.98Ge0.05Te)0.91(Sb2PbyTe3)0.09 (y = 

0, 0.2, 0.5, 0.8), respectively. 

Figure 5.8 showed the LFA data for the Pb-doped samples. Interestingly, Pb doping 

reduced the total thermal conductivity systematically. While the Lorenz number showed 

neglectable changes, the electrical thermal conductivity was increased for 25%, which was 

due to the optimized carrier mobility. Meanwhile, Pb compensation suppressed the lattice 
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thermal conductivity significantly throughout the whole temperature range. Eventually, the 

overall total thermal conductivity is effectively suppressed upon the Pb compensation. This 

can be due to both Pb substitution and Sb precipitation.  

5.3.2.3 Microstructure Analysis and Role of Sb Precipitates on Thermal Conductivity 

 

Figure 5.9. Back scattering image and elemental mapping of (a) (Sn0.98Ge0.05Te)0.91 

(Sb2Te3)0.09 and (b) (Sn0.98Ge0.05Te)0.91(Sb2Pb0.5Te3)0.09, respectively. 

To gain better understanding of the reduced lattice thermal conductivity, the SEM 

analysis before and after the Pb compensation was performed (Figure 5.9). It should be 

noted that the black areas in Figure 5.9 (a) are pores which were introduced during the 
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polishing. In agreement with the X-ray results, Sb precipitates are observed upon the Pb 

compensation.  

 

Figure 5.10. A comparison of (a) total thermal conductivity, (b) Lorenz number, (c) 

electrical conductivity and (d) lattice thermal conductivity between Base, CB and NCB 

samples. 

To elucidate the effect of Sb precipitates and Pb doping on the lattice thermal 

conductivity, a sample free of Sb precipitates but with the same Pb concentration was 

synthesised. To prevent Sb precipitation, the sample needed to be charge balanced. The 

compositions of base material (Base), charge balanced (CB) sample and the non-charge 

balanced (NCB) sample are (Sn0.98Ge0.05Te)0.91 (Sb2Te3)0.09, (Sn0.98Ge0.05Te)0.91 

(Sb1.4644Pb0.5Te3)0.09 and (Sn0.98Ge0.05Te)0.91 (Sb2Pb0.5Te3)0.09, respectively. The XRD 
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patterns are shown in Figure S5.5. No secondary phases could be detected in the CB 

samples, indicating that the Sb precipitates were successfully removed. Electrical 

properties of the CB and NCB samples are shown in Figure S5.6. As can be seen, removing 

the Sb precipitates reduced the Seebeck coefficient and resistivity, which could be 

attributed to the increased carrier concentration. The thermal conductivity data are shown 

in Figure 5.10. Comparing Base and CB, it showed that Pb substitution reduced the mid-

temperature (500K~800K) part of the lattice thermal conductivity. The subsequent 

formation of Sb precipitates effectively suppressed the lattice thermal conductivity 

throughout the whole temperature range, as indicated by comparing CB and NCB samples.  

5.3.3 Figure of Merit 

Figure 5.11 shows the figure of merit, zT, values obtained in this work. Sb2Te3 

alloying increases the peak and average zT from 0.5 and 0.13 to 0.8 and 0.46, which is 

improvement of 60% and 254%, respectively. Subsequent Pb doping further improves the 

peak and average zT by 21% and 22%. Comparison of the zT values of our materials with 

those of other SnTe-based thermoelectric systems is provided in Figure 5.11 (c). As one 

can see, our strategy allowed to effectively optimize the thermoelectric performance 

throughout the whole temperature range, and the presented materials outperform most of 

the state-of-the-art SnTe-based thermoelectrics. 



M.Sc. Thesis – Z. Yang;             McMaster University – Chemistry and Chemical Biology  
 
 

106 
 

 

Figure 5.11. (a) Calculated zT values, (b) peak and average zT values for (Sn0.98Ge0.05Te)1-

x (Sn2PbyTe3)x (c) Comparing the optimal zT value obtained in this work with previous 

articles 97,98,109–113. 

5.4 Conclusion 

The TE properties of SnTe-Sb2Te3 system were thoroughly investigated. DFT 

calculations indicate that Sb2Te3 doping shifts the direct band gap at the L point to an 

indirect band gap between the L and Σ points and reduces the CBM – VBM interaction at 

the L point. Subsequent experimental studies showed that Sb2Te3 alloying effectively 

improves the Seebeck coefficient and suppresses the thermal conductivity. Our TD-TB 

simulation showed that Sb2Te3 alloying effectively improves the DOS effective mass by 

225%, which agrees well with the DFT calculations. In the meantime, room-temperature 
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Hall measurements revealed drastic degradation of the carrier mobility upon the Sb2Te3 

alloying, which is caused by the strong vacancy scattering. To further improve the 

thermoelectric performance, cation vacancies were partially compensated via Pb doping, 

which successfully reduced the resistivity. As a result, the high-temperature power factor 

was improved by ~ 15% when y = 0.5. In the meantime, LFA measurement revealed that 

Pb doping effectively suppressed the thermal conductivity by 30%, which is attributed to 

the reduced lattice thermal conductivity. Such reduction is due to the simultaneous 

contribution from Pb substitution and Sb precipitation upon Pb compensation which 

contributes to the phonon scattering process. As a result, a peak zT of 1.1 at 778K and an 

average zT of 0.56 from 300K to 778K is achieved in (Sn0.98Ge0.05Te)0.91(Sb2Pb0.5Te)0.09, 

which is one of the best SnTe-based thermoelectric systems. This work provides 

demonstrates that vacancy compensation can effectively optimize the transport properties 

of the SnTe-Sb2Te3 system and secure high thermoelectric performance in the SnTe-based 

thermoelectric materials. 
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5.5 Supplementary Materials 

5.5.1 Ge Doping Effect 

 

Figure S5.1. Doping effect of Ge. (a) Band structure and (b) density of states. The solid 

black line and red dash line represent the pristine SnTe and Ge doped SnTe, respectively. 
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5.5.2 BTE Simulation Results 

 

Figure S5.2. TD-TB simulation results for Sn0.98Ge0.05Te. (a) Seebeck coefficient, (b) 

energy separation between top of the valence band EV and Fermi level Ef, (c) Lorenz 

number, (d) Energy separation between the L and Σ bands, (e) DOS effective mass of the 

L band, and (f) DOS effective mass of the Σ band. 
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As shown in Figure S5.3 (a), most of the carriers are located at the L band, the 

contribution of the lower Σ band is neglectable. This was verified by comparing the Lorenz 

numbers calculated by the two-band model and single-band model. The simulation result 

shows that Σ band has little impact on the outcome. Therefore, for simplicity, we used the 

single band model to calculate the Lorenz number for all samples. 

 

Figure S5.3. (a) log of the ratio between the carrier concentration distributed in the L band 

and Σ bands. (b) Lorenz number computed by the two-band model and single-band model. 

A solid black line represents to the two-band model, and a red dosh line represents the 

single band. 
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5.5.3 EBSD Analysis  

 Pb compensation increased the average grain size from 0.6 μm to 1.36 μm. SnTe3O8 

(yellow area in phase maps) could be found along the grain boundaries, which is caused by 

the inevitable oxidation during the sample synthesis. 

 

Figure S5.4. (a) and (b) EBSD map and (c) and (d) phase map of (Sn0.98Ge0.05Te)0.91 

(Sb2Te3)0.09 and (Sn0.98Ge0.05Te)0.91(Sb2Pb0.5Te3)0.09, respectively. 
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5.5.4 Effect of Sb precipitation 

 

Figure S5.5. (a) Powder XRD pattern of the NCB and CB samples. (b) A zoom-in image 

of the pattern; the peaks marked by red triangles belong to Sb precipitates.   
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Figure S5.6. A comparison of (a) Seebeck coefficient, (b) resistivity, (c) power factor and 

(d) zT values between Base, CB and NCB samples. 

 

The compositions of base material (Base), charge balanced (CB) sample and the non-charge 

balanced (NCB) sample are (Sn0.98Ge0.05Te)0.91 (Sb2Te3)0.09, (Sn0.98Ge0.05Te)0.91 

(Sb1.4644Pb0.5Te3)0.09 and (Sn0.98Ge0.05Te)0.91 (Sb2Pb0.5Te3)0.09, respectively. 
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Table S5.1. Density of Samples. 

Composition ρM  
(gcm-3) 

ρT  
(gcm-3) 

Relative Density 
(%) 

x = 0, y = 0 6.16 6.41 96.10 
x = 0.03, y = 0 6.33 6.43 98.44 
x = 0.06, y = 0 6.16 6.30 97.78 
x = 0.09, y = 0 6.09 6.34 96.06 

x = 0.09, y = 0.2 6.14 6.40 95.94 
x = 0.09, y = 0.5 6.36 6.53 97.40 
x = 0.09, y = 0.8 6.31 6.62 95.32 

 

Table S5.2. Room-temperature Hall Data. 

Composition pHall (1020 cm-3) μHall (cm2V-1s-1) 𝒎𝐋
∗  (me) 

x = 0, y = 0 1.89 195.91 0.32 
x = 0.03, y = 0 2.87 64.11 0.79 
x = 0.06, y = 0 2.87 45.51 0.87 
x = 0.09, y = 0 2.60 33.40 1.04 

x = 0.09, y = 0.2 2.56 41.83 0.91 
x = 0.09, y = 0.5 2.10 50.42 0.80 
x = 0.09, y = 0.8 1.87 56.38 0.74 
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Table S5.3. Selected crystallographic data, experiment details and refinement results for 

the (Sn0.98Ge0.05Te)1-x(Sb2PbyTe3)x single crystals. 

Composition x = 0  

y = 0 

x = 0.03  

y = 0 

x = 0.06 

y = 0 

x = 0.09 

y = 0 

x = 0.09 

y = 0.2 

x = 0.09 

y = 0.5 

x = 0.09 

y = 0.8 

Sn Site 
Occupancy (%) 

97.7(2) 95.7(5) 94.3(4) 92.87(1) 94.1(5) 95.1(3) 97.6(3) 

Crystal System Cubic 

Space Group Fm3തm 

a, Å 6.3030(7) 6.2879(7) 6.2775(7) 6.2672(7) 6.2751(7) 6.2756(7) 6.2858(7) 

Volume, Å3 250.40(8) 248.61(8) 247.38(8) 246.16(8) 247.09(8) 247.15(8) 248.36(8) 

Z 4 

μ/mm-1 20.978 20.933 20.889 20.868 20.987 20.908 21.175 

F(000) 404 400 396 394 398 396 404 

2Θ Range (°) 5.604 – 
34.319 

5.618-
34.413 

5.627-
34.478 

5.636-
32.135 

5.629-
34.493 

5.629-
34.490 

5.619-
32.029 

Index Ranges -10 ≤h≤ 10 

-10 ≤ k ≤ 9 

-10 ≤ l ≤ 10 

-10 ≤h≤ 10 

-9 ≤ k ≤ 10 

-10 ≤ l ≤ 10 

-10 ≤h≤ 10 

-9 ≤ k ≤ 10 

-10 ≤ l ≤ 9 

-9 ≤h≤ 8 

-9 ≤ k ≤ 9 

-9 ≤ l ≤ 9 

-10 ≤h≤ 9 

-10 ≤ k ≤ 10 

-8 ≤ l ≤ 10 

-10 ≤h≤ 9 

-10 ≤ k ≤ 9 

-10 ≤ l ≤ 7 

-9 ≤h≤ 9 

-8 ≤ k ≤ 9 

-7 ≤ l ≤ 9 

Reflections 
Collected 

1587 1110 1102 1387 1095 1070 567 

Data/Restraints/ 
Parameters 

46/0/4 46/0/5 46/0/4 39/0/4 46/0/5 46/0/4 38/0/4 

GOOF 1.240 1.067 0.937 0.908 1.193 1.293 1.139 

R1 (I>2σ (I)) 0.0130 0.0109 0.0141 0.0052 0.0107 0.0258 0.0110 

Largest diff. 
peak/hole (e/Å3) 

0.660/ 

-0.642 

0.559/ 

-0.242 

0.380/ 

-0.434 

0.357/         
-0.212 

0.506/ 

-0.609 

0.882/ 

-1.359 

0.355/ 

-0.699 
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Table S5.4. Sound velocity measurement data. vl is the longitudinal velocity, vt is the 

transverse velocity and v is the bulk sound velocity. 

Composition vl (m/s) vt (m/s) v (m/s) 
x = 0, y = 0 3300.8 1911.7 2121.8 

x = 0.03, y = 0 3293.8 1898.2 2107.7 
x = 0.06, y = 0 3201.2 1836.7 2040.2 
x = 0.09, y = 0 2863.2 1694.0 1876.5 

x = 0.09, y = 0.2 3191.7 1825.5 2028.3 
x = 0.09, y = 0.5 3183.0 1841.7 2044.2 
x = 0.09, y = 0.8 2927.3 1698.5 1884.8 

Here v is given by: 
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Chapter 6 Conclusion and Future Works 

6.1 Conclusion 

When applying a temperature gradient through a bulk material, the charge carriers 

inside the material will drift along (or against) the temperature gradient which is known as 

Seebeck effect. The thermodynamic driven force of such phenomenon is the difference in 

Fermi-Dirac distribution caused by the variation of temperature. By taking the first order 

derivative of the Fermi-Dirac distribution with respect to the temperature, we found two 

fluxes right above and below the Fermi energy. These fluxes are equal in intensity but point 

in the opposite direction. For a material with band gap (i.e., semiconductor), when the 

Fermi level is located near the band edge, one of the fluxes will show lower intensity in 

comparison with the other one due to the absence of available energy states (density of 

states). As a result, there will be a net flux induced by the temperature gradient. Utilizing 

this phenomenon, a generator that harvests thermal energy stored in the temperature 

gradient can be fabricated (Figure 6.1 (a)), which currently received extensive attention.  

In the aspect of electric properties, a good thermoelectric material should possess a 

complex Fermi surface morphology where sharp bands with high degeneracy contribute to 

the conductivity. Therefore, a large density of states and a good carrier mobility could be 

obtained simultaneously. On the other hand, to minimize the energy losses due to direct 

heat transfer and to stabilize a large temperature difference between hot side and cold side, 

it also requires the material to have a low thermal conductivity. The overall performance 

of a given material is evaluated via a dimensionless figure of merit zT value, which is given 
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by 𝑧𝑇 =  
ௌమఙ

఑
𝑇 =

௉ி

఑೐ା఑೗
𝑇 . These parameters are intrinsically coupled with each other, 

making thermoelectric material an extremely complex system, as shown in Figure 6.1 (b). 

 

Figure 6.1 (a) two-leg thermoelectric energy generator. (b) A qualitative demonstration 

of the complex coupling of thermoelectric parameters. 

In this  thesis, a thorough summarization of our thermoelectrics related research was 

presented. Firstly, the electrical and thermal transport properties of the material were 

derived under near-equilibrium condition using Landauer approach. Based on this, multi-

band model and Debye-Callaway model were presented which could be used to simulate 

the transport properties using experimental data. Then, a series of characterization methods 

used in our experiments were introduced. Finally, two research projects regarding the 

thermoelectric study of GeTe and SnTe-based materials were presented. 
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6.2 Future works 

6.2.1 GeTe-based thermoelectric materials 

Due to the unfavorable band structure of the low-temperature phase, the near-room-

temperature zT value of GeTe is relatively low, which limits any further improvement  on its 

overall average zT value. Segmenting room-temperature TE materials with mid-temperature 

GeTe-based materials to combine their peak performance within different working 

temperatures is, by far, the most effective way to optimize the overall device performance 

across a given temperature gradient38,114–118. However, extra interfaces are introduced 

during the segmentation. Though the device efficiency η is insensitive to the interfacial 

thermal resistance, it is reported that an interfacial electrical resistance of 10-4 Ωcm2 is 

enough to reduce the efficiency by 15%119. Additionally, Snyder et al. pointed out that the 

relative current density μ (𝜇 =  𝐽 𝜅 ▽ 𝑇⁄ , the ratio between electric current density and 

thermal current density) must be balanced between all segments to maximize the efficiency 

of a segmented TE leg120. To determine the optimal segmentation ratio, extensive device 

simulation is needed during the device fabrication. Based on the above discussion, one can 

see that although the segmenting method is a promising approach in improving the average 

zT value of GeTe, the associated interface problem drastically increases the system’s 

complexity and limits the improvement. Therefore, there is an urgent need to develop novel 

segmentation methods which do not introduce any extra interfaces.  

The degree of rhombohedral distortion in r-GeTe can be evaluated by the interaxial 

angle (α) and the Te displacement factor (γ). When the angle between the two primitive 

unit cell vectors is α and the crystal coordinate of Te is (0.5+γ, 0.5+γ, 0.5+γ), the 
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rhombohedral distortion can be expressed as (α, γ). For pristine GeTe, α = 58.0309 and γ = 

0.0223. To show how α and γ affect the band structure of GeTe, series of band structures 

under different α and γ values are calculated and the bands energy separation was extracted. 

Here, the effect of α was determined by fixing γ to 0.0223 while the effect of γ was 

determined by fixing α to 58.0309°, as shown in Figure 6.2 (b) and Figure 6.2 (c), 

respectively. As can be seen, increasing the value of α significantly reduced the energy 

separation of L and Ω bands with respect to Σ band, which could potentially boost the band 

degeneracy. On the other hand, the value of γ also shows strong effect on the band 

morphology. Reducing γ weakens the Rashba effect which merges the split Z and Ω bands. 

Meanwhile, reducing γ can also induces band convergence between Z and Σ bands. 

Therefore, there exist an optimal combination of α and γ which can potentially provide a 

high band degeneracy of 16 (Σ + L + Z + Ω = 6 + 3 + 1 + 6). It should be noted that the 

band structure calculated here neglected the interaction between α and γ, therefore, they 

can only be analyzed qualitatively. A more comprehensive calculation will going need to 

be performed to accurately predict the optimal combination of α and γ. Although the 

optimal value of α was experimentally identified to be 59.3° ~ 59.5° 42,121, little attention 

was given to the optimization of γ. In the meantime, the room-temperature structure of 

GeTe largely deviates from the optimal one which is why this phenomenon can only be 

observed near the R to C phase transition (~673K)42. As a result, it is almost impossible to 

induce such phenomenon at near-room-temperature range, as indicated in Figure 6.2 (a). 
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Figure 6.2. (a) Effect of the interaxial angle α and Te displacement factor γ on the band 

structure. Increasing α results in multiband convergence, while increasing γ enhances the 

Rashba effect and causes the band splitting. (b) and (c) Energy separation with respect to 

the top of Σ↑band as a function of α and γ, respectively. The negative value means the 

band is above the ↑band.  
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Figure 6.3. Sb2Te3 slabs (left) are formally enlarged by inserting GeTe-type layers in the 

blocks. The resulting structure (right) consists of rhombohedral-type building blocks with 

a thickness depending on the GeTe content n100. 

It was found that in (GeTe)n(Sb2Te3) (GST) alloys, the C to R phase transition type 

is changed from displacive phase transition into order-disorder phase transition, which 

induced by the cation vacancy diffusion85,122,123. During the order-disorder transition, the 

mean cation vacancy diffusion length is controlled by the content of GeTe, as indicated in 

Figure 6.3. Due to these unique features, the high temperature cubic phase could be 

stabilized to room-temperature by quenching a GeTe-rich GST (for simplicity, the obtained 

metastable GST will be named as m-GST). As a result, a crystal structure which close to 

the optimal one could be obtained at room-temperature. In the meantime, it was found that 

the crystal structure of m-GST is highly sensitive to thermal treatment and chemical 

composition100,124. By exploiting the highly tunable structure of m-GST, the transport 

properties in the (α, γ) space will be mapped so that an optimal combination will be 
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determined, and the corresponding synthetic route could be used as a reference for future 

thermoelectric research. Furthermore, to overcome the poor thermal stability of m-GST, a 

segmented device will be fabricated by combining m-GST with the conventional mid-

temperature GeTe. Benefit from their similar properties, an interface-free segmented 

thermal leg can be synthesized via facile co-sintering method. 

6.2.3 SnTe-based thermoelectric materials 

In the work presented in Chapter 5, we qualitatively showed the contribution of 

the Pb substitution and Sb precipitation in reducing the lattice thermal conductivity. To 

gain more knowledge of the mechanism behind the reduced lattice thermal conductivity, a 

detailed TEM analysis will be performed to characterize the nanostructure of the samples. 

The average distance between the vacancy layers, density and sizes of the Sb 

nanoprecipitations will be directly observed. Using the Debye-Callaway model in Section 

2.4, we can then determine the individual contributions of the above-mentioned defects to 

the reduction of the lattice thermal conductivity. 
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