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Lay Abstract

Soft condensed matter physics is the study of soft, deformable materials, such as soap
bubbles, foams, and plastics. Many different soft matter systems undergo a fascinating phe-
nomenon known as self-assembly, wherein the constituent particles spontaneously arrange
themselves to form various ordered structures. In particular, the spherical packing phases
appear when the particles first cluster into spherical aggregates, which then pack into larger
arrangements. This sort of self-assembly is interesting because many different spherical ar-
rangements are observed, including the complex spherical packing phases (also known as the
Frank-Kasper phases). The fact that these complex phases appear in many different types
of materials is not well understood. In this thesis we use a model known as the Ginzburg-
Landau theory to ask which of these arrangements will form in a given system, and why.
We uncover generic features of the Ginzburg-Landau theory that control which spherical
packing phases appear, and we connect these features to several specific systems. These
results provide insight into the mechanisms behind the formation of the complex spherical

packing phases in a diverse range of systems.
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Abstract

Stable Frank-Kasper spherical packing phases have been observed in a wide variety of soft-
condensed matter systems, but the universality of these phases is not well understood.
Recently, it was shown that the Frank-Kasper ¢ and A15 phases are stable in the well-known
Landau-Brazovskii (LB) model. In this work we consider the ¢ and A15 phases, as well as
the Laves C14 and C15 phases, and show that none of these is stable in the Ohta-Kawasaki
(OK) model, which is another widely studied Ginzburg-Landau theory. The LB and OK
models differ only in their quadratic coeflicients. We conduct a thorough investigation of
the role that this coefficient plays in stabilizing the complex phases. We uncover generic
principles linking the functional form of the coefficient in reciprocal space with the stability
of the complex phases. A Ginzburg-Landau theory for a for diblock copolymer system with a
conformational asymmetry parameter is derived, but the complex phases are not found to be
stable in this model. We also consider a Ginzburg-Landau theory for a system of hard spheres
interacting via a pairwise short-range attractive, long-range repulsive (SALR) potential, and
use our framework to demonstrate how the parameters in the potential influence the stability
of the Frank-Kasper phases. Taken together, these results provide insight into the universal
mechanisms that underlie the formation of the complex spherical packing phases in soft

condensed matter.
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Chapter 1

Introduction

1.1 What is soft condensed matter?

Soft condensed matter (or soft matter) refers broadly to a class of materials that can be
mechanically or structurally deformed by thermal fluctuations or external forces — in other
words, materials that are soft. Some examples are polymers, surfactants, colloids, and liquid
crystals. In his beginner-friendly text on the subject, Soft Condensed Matter [1], R. A. L.
Jones lists three common features of these materials. The first is the importance of the so-
called mesoscopic molecular length scales, which range from 1 nm to 1 gm. The molecules
that make up soft matter are much larger than their constituent atoms, meaning they are
well described by coarse grained models. This results in universality; similar phenomena
appear across multiple systems even though they appear very different from a molecular
standpoint. The softness is also a consequence of particle size. Daan Frenkel makes a rough
argument for this using dimensional analysis [2]. Consider that the elastic modulus has units
of [energy/volume]. The energetic interactions between soft matter particles are weaker
than those between atoms, and the length scales are 10 to 100 times larger, meaning the
particles are at least 10® to 10° times softer than atomic or hard condensed matter systems.
The second important feature that Jones lists is the relevance of thermal fluctuations and

Brownian motion. By setting the upper limit of the length scales to ~ lum, we ensure
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that the soft matter systems are well described by statistical mechanics. Together with
the softness this means that thermal fluctuations are sufficient to deform the system, so we
should visualize soft matter as being in a state of constant flux. The final important feature
is the phenomenon of equilibrium self-assembly. This refers to the spontaneous formation
of equilibrium ordered structures. The same or similar self-assembled patterns appear in
a wide variety of soft matter systems [3]. Understanding and guiding the formation of

self-assembled structures is an active research area of soft condensed matter physics.

1.2 Spherical packing phases

The current work concerns a subset of the possible self-assembled structures that appear
when the molecules in a material are driven to form spherical assemblies such as micelles.
Under correct conditions these micelles will form dense arrangements referred to as the
spherical packing phases. As we will soon discuss, these phases are very common in soft
matter. They appear in block copolymers, surfactants, liquid crystals, colloidal solutions,
and many other systems. There are many different spherical packing phases associated with
the different possible arrangements of these micelles, which mimic the structures observed
in hard condensed matter [4, [5]. Our objective is to understand the principles governing
the formation of these phases and determining which packing will be favoured for a given

system.

1.2.1 Hard sphere packing

In order to understand the complexity of this problem it is informative to first consider the
packing of hard, non-interacting spheres. For identical hard spheres the largest possible
periodic packing fraction (the fraction of available volume that is occupied by the spheres)
is 7/(3v/2) ~ 0.74. This was proved by Carl Friedrich Gauss in 1831 [6]. It is the packing
fraction achieved by both the face-centered cubic (fcc also known as cubic close packed) and
hexagonally close packed (hcp) arrangements. Both of these arrangements are made up of
stacked layers of spheres arranged in hexagonal close packed configurations, and differ only

in the alignments of successive layers, as illustrated in figure (1.1

2
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First layer Second layer
B

Figure 1.1: Tllustration of how the fcec and hep arrangements are constructed from successive

layers of hexagonally close packed spheres.

The statement that this is the largest possible packing fraction among all possible arrange-
ments of uniform spheres (including random packings) came to be known as the Kepler
conjecture after it was proposed by Johannes Kepler in a 1611 paper titled “On the six-
cornered snowflake” [7]. Though it may seem intuitive, the Kepler conjecture was not
proven until 1998 when Thomas Hales conducted a proof by exhaustion, which involved
numerically checking a sufficiently large number of cases [8]. Numerical calculations show
the maximum packing fraction that can be obtained by randomly close-packed (rcp) spheres

is approximately 0.64 [9].

In the 1950s and 60s statistical physicists were interested in the following question: will a
system of hard spheres spontaneously order? It is clear from purely geometric considerations
that they must if the packing fraction is above the 0.64 threshold for random packing, but
could this transition occur at lower packing fractions? In one anecdote, the physicist George
Uhlenbeck posed this question at a symposium on many body physics in 1959 in Hoboken
New Jersey. He told the audience that he had held the question to a vote at a discussion
in Seattle and that the final count was tied. The same vote in Hoboken once again ended

in a tie [I0]. To understand why his question caused such disagreement, consider a system
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of uniform hard spheres with diameter o. The interaction energy between any pair of such

spheres is given as a function of the separation distance between their centres, r, by

0 r<o
u(r) = . (1.1)

0 r>o

The equilibrium state will be the one that minimizes the Helmholtz free-energy:
F=FE-TS (1.2)

where F is the internal energy, S is the entropy, and T is the temperature. Equation
tells us that all allowed microstates of this system have the same energy and thus the
equilibrium phase will be the one that maximizes entropy, regardless of the temperature. We
often think of the order-disorder phase transition as energy-driven; the lost of translational
entropy in the ordered state is offset by a decrease in energy of the system at sufficiently low
temperatures. That cannot occur here. Can a transition to the apparently more ordered
periodic structure be driven entirely by the principle of maximum entropy? Monte Carlo
simulations done by Alder and Wainwright [II] and by Wood and Jacobson [12] in 1957
showed that a system of hard spheres would undergo a phase transition to a close-packed
(fce or hep) structure when the volume fraction of spheres was increased above a fraction of
~0.49, well below the packing density of rcp spheres. The experimental verification was more
challenging to obtain, owing to the difficulty in producing non-interacting spherical particles
of uniform radius. The ordering of hard spheres was observed experimentally by Pusey and
Van Megen in 1986 for a system of colloidal particles with a very short-ranged repulsive
interaction [I3]. Additionally, detailed numerical calculations by Bolhuis et. al. showed
that the fcc phase is actually slightly favoured over the hcp phase at room temperature,

with an energy difference of only 10~2kgT per mol [14].

So how is this possible? The argument requires us to accept that our intuitive notion of
randomness does not always correspond to the maximal entropy. When hard spheres order
the loss of long-range translational entropy is offset by some gain in local configurational
entropy. Each sphere has more space to explore when it maintains equal distance from
each of its neighbours, a situation which corresponds to a regular packing arrangement.
See articles by Bruce Ackerson [I5] and Daan Frenkel [I6] for a more detailed intuitive

explanation of entropy driven ordering in hard spheres.



Ph.D. Thesis - S. Dawson; McMaster University - Physics & Astronomy

(a) ‘ I (b) | (c) I (d) ‘

Figure 1.2: The four Frank-Kasper polyhedra, (a) CN12 (the icosahedron), (b) CN14, (c)
CN15, and (d) CN16

1.2.2 The Frank-Kasper phases

We have seen that a system of uniform spheres will order into the close-packed fcc phase
when their volume fraction is sufficiently large. As it turns out, the hard sphere model is a
good description of atomic metals. The atoms in a metal will crystallize into structures that
maximize electron density by finding configurations with the largest packing fraction. This
can be achieved via structures with a coordination number (CN) of 12, where coordination
number refers to the number of nearest neighbour atoms at each lattice site. There are
three possible structures that can be formed with CN12: the fcc and hcp structures and
the tetrahedron. In a paper published in 1952 [I7], Sir F. C. Frank demonstrated that
a collection of 13 atoms interacting via a simple Lennard-Jones pair potential has a free-
energy minimum when arranged in the icosahedral configuration. He argued that this was
due to the tetrahedral interstitial spaces of this shape. In atomic metal such as copper or
iron, however, only the fcc and hcp phases appear because these are space filling crystal
structures. Icosahedra alone cannot be packed together to fill space without gaps. However
when we ease the requirement that the spheres have uniform size, as we must if we wish
to consider metallic alloys, then the optimal spherical packing arrangement becomes more
complex. In a pair of papers published in 1958 and 1959 Frank and Kasper described
how the icosahedral configuration could be incorporated into a space filling crystal lattice
when paired with three other tetrahedra known as the Frank-Kasper polyhedra [I8], [19].
As previously stated the icosahedron has coordination number 12 (CN12). The three other
polyhedra Frank and Kasper used are made up of spheres of slightly different sizes, and
have coordination numbers 14 (CN14), 15 (CN15), and 16 (CN16). The four Frank-Kasper

polyhedra are shown in figure [1.2
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Because the Frank-Kasper phases are close-packed structures, they were predicted to be
the most energetically favourable way for spheres to pack when size differences between
the spheres were present. At least 20 different Frank-Kasper phases have been observed
in metal alloys [20]. In this work we are particularly interested in the o, A15, C14 and
C15 phases which, as we will see, are the most relevant for soft condensed matter systems.
The unit cells for these four phases are shown in figure [I.3] These phases are sometimes
refered to as the complex spherical packing phases due to their larger unit cells. We use the
terms Frank-Kasper phase and complex phase interchangeably throughout this thesis. A
detailed description of the Frank-Kasper crystal structures can be found in Marc De Graef

and Michael E. McHenry’s text [21].

©
0 i 5 l i; @ i

Figure 1.3: Unit cells for four different Frank-Kasper phases, (a) the A15 phase, (b) the
o phase, (c) the C14 phase, and (d) the C15 phase. Sphere colours indicate which of the

polyhedra depicted in figure sits at each site.

1.2.3 Soft sphere packing

We must now contend with the fact that soft matter micelles are, by their very definition,
not hard spheres. To understand the packing behaviour of soft spheres we next consider
the other extreme case, when the spheres are so soft that there is no free-energy cost to
deform them. In this case the problem becomes one of minimizing the area of contact. We
might imagine that we are dealing with something like a collection of soap bubbles arranged
into a foam. After the last section the reader should not be surprised to learn that figuring
out the optimal way to arrange soap bubbles of equal volume into a lattice structure is not

trivial. This problem was notably studied in the 1800s by Joseph Plateau [22] and by Lord

6
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Figure 1.4: (a) Unit cell and (b) Voronoi cell shapes for body-centred cubic (bcc) lattice.

Kelvin [23], who hypothesized that a foam with no gas in the interstitial sites could have zero
modulus and thus might be an interesting mechanical model for the ether through which
light was then thought to propagate. To describe the crystal structures formed by foams, we
should introduce the concept of a Voronoi cell. For a given set of points, the Voronoi cells
are the volumes associated with each point that are constructed by taking the loci of points
in the space that are closer to the point of interest than to any other point in the original set.
The spherical bubbles in an ideal foam are deformed to fill space and their final, distorted
shapes are Voronoi cells for an underlying lattice structure. Lord Kelvin proposed that the
optimal packing for such soft spheres was one in which the bubbles deformed into a shape
he called the tetrakaidecahedron, and which then packed into a body-centred cubic (bcc)
lattice. A single unit cell for the bcce lattice is shown in ﬁgure (a), together corresponding
shapes of the deformed bubbles, (b).

The bcc structure was the best-known solution to the Kelvin problem until 1993 when Denis
Weaire and Robert Phelan discovered a more efficient solution, now known as the Weaire-
Phelan structure [24]. This structure is made up of two different polyhedral Voronoi cells
with the same volume, packed into a lattice that has the Frank-Kasper A15 symmetry.
The A15 unit cell is shown in figure (a). The Weaire-Phelan structure is the current

best-known solution to the Kelvin problem, but there is still no proof that it is optimal.
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1.2.4 Spherical packing phases in soft condensed matter

Having considered the two extreme cases, we return now to the original problem: the packing
of soft spherical micelles. Here the physics is governed by space filling constraints and surface
area minimization just like the spherical bubbles of the Kelvin problem. However, unlike
soap bubbles, these spheres have non-zero elastic moduli and so they resist deformation.
In the limit of very large elastic moduli we recover the hard sphere case. The tension
between the need to fill space and the resistance to deformation leads to the complexity
of spherical packing phases observed in soft matter systems. These systems are frustrated,
with competing effects leading to phase diagrams that are both highly diverse and extremely
sensitive to fine tuning. The Frank-Kasper spherical packing phases appear in many soft
matter systems as a consequence of this frustration. Experimentalists have observed the o
and A15 phases in liquid crystalline dendrimers [25] [26] and in linear tetrablock copolymer
melts [27, 28], the o, C14 and C15 phases in diblock copolymer melts [29] B0, 3], the
A15 phase in linear dendron block copolymer melts [32] and amphiphilic nanotetrahedral
surfactants [33] [34], the C14 phase in monodisperse functionalized nanoparticles [35], and

the o, A15, C14 and C15 phases in concentrated ionic surfactants [36, [37], to name a few.

1.2.5 Spherical packing phases in diblock copolymers

The phase behaviour of block copolymers has been studied in detail. They provide a good
illustration of how the competition between factors in the packing of soft spheres can lead
to the formation of the Frank-Kasper phases [38]. Block copolymers are heterogeneous
polymers created by bonding two or more chemically distinct sub-chains together. This
chain architecture results in a system where frustration emerges between chain connectivity
effects that favour mixing of the different species and enthalpic effects that prefer phase
separation. Block copolymer structures can be fine-tuned to enable a wide range of phase
behaviours [39, 29]. A recent overview by Dorfman discusses many of the mechanisms
known to stabilize the complex phases in block copolymers [40]. Here we will discuss the
simplest example, the diblock copolymer, which is made of two polymers joined together
as illustrated in figure (a). The immiscibility of the two species causes micelles to form

at low temperatures in order to reduce the contact between chains of unlike species, see

8
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Figure 1.5: (a) Diblock copolymer molecules are composed of two unlike chains (red and
blue) that are bonded together. The immiscibility of the chains causes them to phase
separate. Depending on the geometry of the chain this process may result in the formation

of a spherical micelle, like the one shown in (b).

figure (b). We visualize the spherical micelle formed in a diblock melt as consisting of
an inner core and an outer corona, The balance between entropic and enthalpic effects that
stabilizes complex phases in diblock systems is illustrated by a model called the diblock
foam model (DFM), first described by Milner and Olmstead [41], [42]. In this model, packed
micelles are assumed to deform in order to fill space, much like the bubbles described in
the Kelvin problem. The resulting shapes are called quasi-spherical domains (¢qSD). It is
further assumed that the inner core of the micelles is deformed so that it forms an affinely
shrunk copy of the Voronoi cell shape. This is illustrated in figure which is reproduced
from [5]. Unlike in the Kelvin problem there is a free energy cost to this deformation. The
immiscibility of the chains means there is also a cost associated with the surface of contact
between the core and the corona. In the DFM these free energies are taken to be functions
of the geometry of the Voronoi cells. This geometrical interpretation can help us see how
the complex phases appear in systems with physics that is partway between the soft and
hard sphere models described in previous sections. For illustration purposes we will sketch

the arguments of the DFM here, following reference [5].

To compute the free-energy we begin by choosing a particular lattice packing, X, that is
required to be space filling. X consists of a collection of Voronoi cells (for example, a set of
Frank-Kasper polyhedra) that can be tiled to create a space-filling lattice. The free-energy

per chain, f, for a given choice of X is:

kK 2
Ry + 2I(X)RO. (1.3)

Here Ry is the radius of a sphere which has volume equal to the mean volume of the Voronoi

9



Ph.D. Thesis - S. Dawson; McMaster University - Physics & Astronomy

flexible coron 2N stiff corona,
O 3 polyhedral core
~

WY,
/ &i‘%

Figure 1.6: Illustration of how the core shape may differ from the shape of the Voronoi cell.
The sphere on the left corresponds to the case when the corona polymer is stretched, the
sphere on the right to when the core is stretched. The DFM assumes the latter. Figure

reproduced from reference [5].

cells in X, i.e.,
dops= L > (1.4)
—T = —_— ’[)<’ .
370 Nae="
where the sum is over all cells in X, v; is the volume of the 7" cell, and Ny is the number of
cells. The first term in equation (|1.3]) measures the unfavourable interaction energy between
the core of each micelle and its corona. The coefficient v is positive and measures the
immiscibility of the two components, it can be thought of as a sort of surface tension. A(X)

is the dimensionless ratio between the average interfacial area per chain and the area of a

perfectly spherical micelle with radius Ry:

N_l - (g
AX) = % (15)

where again the sum is over all cells in X and A; is the area per chain in the it" cell. If it
were possible to construct a space filling set of perfectly spherical Voronoi cells, we would
find A(X) = 1. This term is minimized when the core-corona interface is small, and so

drives the system to favour Voronoi cells with high sphericity.

The second term in (|1.3)) is a measure of the entropic cost of stretching the chains inside the

core. £ is a measure of the chain stiffness and 7 is a dimensionless stretching moment:

NS I
() = N 2ili (16)
gﬂ'RO

10
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where I, is the second moment of the i Voronoi cell, which is centred at z;:

I; :/ dx |z — z;|% . (1.7)
The free energy in can be computed for each candidate lattice structure X', and it can
be supposed that the structure which minimizes f(X) is preferred. The model was used by
Milner and Olmstead to demonstrate that the Frank-Kasper A15 phase can be favoured over
the fcc and bee phases [42]. In their paper [5], Reddy et. al. relax the requirement that the
cells have equal volume and use the DFM to analyse 11 Frank-Kasper phases, as well as the
bee and fce phases. The authors find that the DFM predicts the Frank-Kasper o phase as
the stable phase of the system for diblock copolymers formed from two highly asymmetric
species, consistent with results from experiment and self-consistent field theory (SCFT).
The model also accurately describes the relative free energies of the complex phases when
compared with the results from a SCEFT calculation of the same system [43] [30]. We can
therefore trust that this is a useful intuitive picture of the factors governing the formation
of FK phases in diblock copolymers. The frustration that arises between the space-filling
constraint and the resistance to deformation is likely also at play in other systems of soft

spheres.

We now have a picture of micelles as intermediate between hard and soft spheres. We also
have a description of how this intermediate behaviour leads to the appearance of the Frank-
Kasper phases. Beyond providing us with some good intuition, however, the DFM cannot

be extended to other soft matter systems where the complex phases are known to be stable.

1.3 Ginzburg-Landau theory

In the previous section we saw how the formation and relative stability of the spherical
packing phases is described in various systems of spheres, and we presented a detailed
discussion of the interplay between factors that leads to the stability of the Frank-Kasper
phases in diblock copolymer systems. We now remind the reader of the fact that the complex
phases appear in a wider range of systems. The ubiquity of these phases indicates that some

more general mechanisms must be at play. Ginzburg-Landau (GL) theories provide us with

11
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a framework to understand the phase behaviour of self-assembled systems in a generic way.

Lev Landau first developed his general theory of phase transitions in a pair of papers pub-
lished in 1937 [44] [45]. Landau theory relies on the choice of an order parameter, ¢, to
capture the phase behaviour of the system. The order parameter must satisfy the condition
that ¢ = 0 in the high symmetry (disordered) phase and is small but non zero in the ordered
phase close to the transition point. If ¢ is chosen so that it doesn’t become too large in the
low symmetry (ordered) phase, then we can expand the free-energy of the system as a poly-
nomial function of ¢. Only terms that reflect the symmetry of the underlying Hamiltonian
are included in this expansion. Thus Landau theory allows us to understand universality
classes of phase transitions — close to the transition point the nature of the transition is
determined by the symmetry of the system rather than any particular atomic or molecular
interactions. In order to describe crystallization it is necessary to consider a spatially vary-
ing order parameter ¢(z) that satisfies ¢(x) = 0 everywhere in the disordered state. The
generalization of the Landau theory to an order parameter field is known as the Ginzburg-
Landau theory. Notable early work in the use of a GL theory to study the formation of
ordered phases was done by Brazovskii [46] and by Alexander and McTague [47]. Papers by
Leibler [48], Friedrickson and Helfand [49], and Ohta and Kawasaki [50] developed theories
that connected the polynomial coefficients with molecular parameters of diblock copolymers.
E. I. Katz et. al. [5I] developed the theory for liquid crystal systems. GL theory has also
been used to describe the phase behaviour of colloidal systems [52]. Seul and Andelman [3]
worked on the use of GL theory to describe the formation of ordered phases in a generic
system where competing interactions pick out a particular length scale. Though the theory
has been used extensively to study self assembly, the Frank Kasper phases were largely ig-
nored until the thesis work by Duncan McClenegan, supervised by Dr. An-Chang Shi [53],

which will be discussed in some detail in the next section.

The GL theories considered in this work all have the following form,

F[¢] = Flocal[gﬂ + Fu [¢]’ (18)

where ¢ is an appropriate order parameter field. The local part is given by a quartic

polynomial:

Foea) = [ o {Jo(o)* = Jota + ot} (19)

12



Ph.D. Thesis - S. Dawson; McMaster University - Physics & Astronomy

where 7 and «y are constants. It is significant that a cubic term appears in this theory; the
presence of this term means that the phase transitions will be first order. The non-local

term in equation (|1.8) is a quadratic functional,

Fuld) = 5 [ ot @d@d(-a). (1.10)

Here ¢(q) is the Fourier transform of ¢(z):

oa) = / dz(q)e 97, (1.11)

The formation of periodic ordered phases in these models is due to the coefficient I'(¢). We
assume that I'(¢) has at least one minimum at some finite, non-zero ¢, and the theory is
scaled so that this minimum occurs at ¢ = 1. This means that equation is minimized
by order parameters that have density modulations with wavevectors |g| = 1. As noted by
Alexander and McTague [47] and others, the set of vectors with |g| = 1 forms a spherical shell
in reciprocal space so there are multiple periodic phases that minimize F,;. We may also
see the solutions with additional non-zero modes, |q| # 1, provided these offer a sufficient

decrease in the local part of the free energy.

1.3.1 Frank-Kasper phases in the Landau-Brazovskii model

As was mentioned above, the question of whether the Frank-Kasper phases might be stable
in a GL theory was investigated by McClenegan and Shi [53]. In that work the authors
considered a particular form of equation (1.8]) known as the Landau-Brazovskii (LB) model

[46]. The free energy of this model is given by:
_ [ & 2.7 2,12 7;/ / 271/ (IR LTI IRY
Funlo) = [do'{ £5(72 — o)+ So@P - Lo+ po@t ). (1)
g ! !

Here 27/qq is the principal length scale of the theory and £2, 7/, 4/ and u’ are all constants.

The authors showed that the free energy can be rescaled to match equation (|1.8)) with,

Fun(o) = (¢ — 17 (1.13)

Their work showed that the Frank-Kasper ¢ and A15 phases were stable in the LB model
in a region between the bcc and fcc phases. The phase diagram shown in figure is
a reconstruction of the one computed in that work. Minor differences are the result of a

different numerical algorithm.

13
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Figure 1.7: Phase diagram for the Landau-Brazovskii model, showing stable regions for the
Frank Kasper ¢ and A15 phases. This diagram closely matches the one constructed by

McClenegan and Shi [53].

The LB free energy functional appears frequently in discussions of self-assembly in the GL
theory. Any quadratic coefficient I'(¢) that depends on the square of the wavevector, ¢2,
and has a minimum at gy # 0 can be approximated to quadratic order by the LB model:

D) ~ 316 e — ) (114)

If we suppose that only those wavevectors close to ¢g contribute to the free energy then
this should be a good approximation. Thus the quadratic term in a GL theory is often
assumed to have the form of equation ([1.13)). The ubiquity of the LB model underscores
the importance of McClenegan’s result; their updated phase diagram has consequences for
any work that models the formation of ordered phases using a GL theory. It also raises
several new questions: do the complex phases still appear if we change the form of T'(q)?
If not, then what factors control their stability? Lastly, what does this mean for any work
that uses the GL theory to approximate the free-energy functional of a soft matter system?

These questions are the focus of this work.

14
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1.4 Density functional theory of spherical packing phases

We will now mention another theoretical framework that has been used to study self-
assembly of soft condensed matter, the density functional theory (DFT). In particular we
are interested in the use of DFT to study the formation of ordered phases in a system of
hard-core spherical particles that interact via a short-range attractive, long-range repulsive
(SALR) potential (sometimes also called a mermaid potential because of its attractive head
and repulsive tail). Such potentials can be realized experimentally and with a high degree of
control in colloid polymer mixtures [54} [55] 56 57]. This makes them an exciting focus for
theoretical work. DFT calculations reveal that a range of ordered phases are stable in SALR
systems. In particular we highlight the work of Davide Pini and Alberto Parola [58], whose
phase diagram is reprinted here in figure[1.8] and of Yuan Zhuang and Patrick Charbonneau
[59]. Both authors detected the bee and hep spherical packing phases in their respective

models.

T T l

0.8

0.4

0.2 g
. . 0.75
gyroid  * gyroid
p
Figure 1.8: Phase diagram computed by D. Pini and A. Parola for a SALR potential using
the DFT. Reprinted from [58]. The authors discovered regions of stability of the hep and

bee spherical packing phases in the model that they considered.

The appearance of the bce and hep phases means that the SALR models are interesting

candidates for the appearance of complex phases. No one had investigated the stability of
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any of the complex phases in an SALR system until quite recently when our collaborators
Jiayu Xie and Cameron Burns did a calculation that detected the Frank-Kasper ¢ and A15
phases [60]. Those results are highly relevant to our work. They will be discussed in more

detail in chapter 4 where they can be compared with the main conclusions of this thesis.

1.5 The organization of this thesis

We have seen that the Frank-Kasper phases appear in many soft condensed matter systems.
Their formation is a consequence of the packing of soft spherical assemblies. In section 1.3.1
we highlighted a result showing that the complex phases are stable in the Landau-Brazovskii
model. The remainder of this work is dedicated to investigating the stability of the complex
phases in other Ginzburg-Landau theories. The thesis is structured as follows. In chapter
2 we will describe in detail the Ginzburg-Landau theories considered in this work. The
numerical methods we used to obtain our results will be explained in chapter 3. Chapter 4
contains a description and discussion of the results obtained. Chapter 5 gives a summary

and contextualization of the work.
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Chapter 2

Generic Landau theory

In chapter 1 we described the context for this research and introduced the generic form
of the free energy functionals used in this work, equations 7 , and . In the
first part of this chapter we will explain this expression. We will then present the specific
theories that are analysed in later chapters. In section we discuss the Ginzburg-Landau
theory that was created by T. Ohta and K. Kawasaki in 1986 [50], and which is known as the
Ohta-Kawasaki (OK) model. Like the Landau-Brazovskii (LB) model, it is widely used to
describe the formation of ordered phases. We also create a model that interpolates between
the LB and OK models, which we will use later to understand the difference between their
respective phase behaviours. In section we discuss the theory that was first derived by
Ludwik Leibler in 1980 [48], which we will refer to as the Leibler model throughout this
work. We rederive the Leibler model with a modification that is expected to influence the
stability of the complex phases, and we refer to this result as the modified Leibler (ML)
model. In the final section, 2:4] we discuss how a Ginzburg-Landau theory can be derived

from DFT models with SALR potentials, and present a couple examples.
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2.1 Form of the free energy functional

In this section we will first explain how the truncated series expansion for the free energy
functional is obtained and then we will describe how it can be rescaled so that we can make
comparisons between different theories. The scaling of the free energy functional that we

describe here was first derived by Duncan McClenegan and An-Chang Shi [53].

We begin with an order parameter ¢’(x) which is a scalar field that measures the thermal
average of deviations of the system away from the disordered phase. Thus ¢’ is zero ev-
erywhere in the disordered phase: ¢/, (z) = 0. For many soft condensed matter systems
a natural choice of ¢’ is the deviation of the density of material away from the average
density. Throughout this thesis we work in the canonical ensemble, which means that our
order parameter is conserved within the volume occupied by our system. This results in the

following constraint on ¢':

/dmgb'(m) =0. (2.1)
We write our free energy functional as a series expanded about the disordered phase:
=1
Pl =Y o [ e ds G (a2 0/ (a)) 6. (22)
n=2

Here the free energy in the disordered state is taken as the reference point (F'[¢/;.] = 0),
which we can always guarantee by shifting the free energy by a constant value. There is no
linear term in the series because we assume that the disordered state is a local minimum on

the free energy landscape.

In this work our focus is the simplest theories that are useful for describing crystallization.
To this end we assume that the cubic and quartic coefficients are both constant with respect
to position and we label them as 7' = —Gs(x1,22,23) and u = G4(z1, - ,24) to signify
this fact. We assume that ¢'(z) is small so that we can truncate the series at quartic order
without significant loss of accuracy. This truncation requires that w is always positive,
otherwise our system will be driven towards the unphysical solutions ¢’ — +o0o. With these

assumptions we are left with the following expression for the free energy functional:

Flo) = Rld)+ [ {-T0@) + o], (2.3
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where Fy[¢'] is still the most general form for the quadratic term:
Falo') = 5 [ datshGalol )6 (2)6 25, (2.4
We assume the disordered phase is translation invariant, which means
Ga(x1,22) = Go(@1 +y, 22 +Y) (2.5)

for any vector y. In particular, choosing y = —x2, we have Ga(x1,22) = Ga2(z; — 22,0).
Therefore if we define G(x) = Ga(z,0) then the translation invariance of the system lets us

write
1
Falo') = 5 [ doidaiGial - a)6' () (@) (26)

We will replace G(x1 — 22) with an integral over Fourier modes:

G} — ) = / (;'f) Glg)e' =), @.7)

Putting this back into equation [2.6] and rearranging:
— 5 [ dedel [ GG D w0 )
1 dq N VYO (&1 !l (ol —iq -
=3/ @y G(q) [ dxy¢'(zy)e"? 1 [ day'(@y)e™ T 2. (2.8)

The integrals over &} and z} give the Fourier transforms of the order parameter field:

'(q) = /dwm’(wi)e‘“"’“- (2.9)

We are left with

Rl = 5 [ a5 G @) (a) (2.10)

We assume that the system is isotropic, so that the quadratic coefficient in equation
only depends on the magnitude of its argument, ¢ = |q|, so we have that G(q) = G(q).
In order to describe the formation of ordered phases G(q) must have one or more minima
at some q; # 0, i.e. (dé(q)/dq) . =0. We call the first minimum ¢g. We can rewrite
equation in terms of the sca[,llgzlt length = gox’ and ¢ = ¢’'/qo. Note that the Fourier

modes pick up a factor of gg: <z~5’(q’) — qgé’(qoq). The free energy becomes
1 dq B .
F/ / - u , 4 .
[¢'] 27 / @) G(909)9' (209)¢' (—q0q) + P /da:{ '(x/q0)* 4!¢ (z/q0) }
(2.11)
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Our goal is to standardize the functional form of the quadratic coefficient so that we can
make comparisons between theories. To this end we will define a new function I'(¢) in terms
of G(q) so that it has its first minimum at ¢ = 1, is shifted vertically so I'(1) = 0, and is
scaled so that its second derivative at that minimum satisfies I'’(1) = 8. Note that each of
these conditions is satisfied by the scaled LB model used by McClenegan and Shi, equation

(1.13). The new function I'(¢) has the following form:
1 /- 3
9= qoq) — &\Qqo) |, :
INC) G(q09) — G(q0) (2.12)

where a = ¢2G"(q0)/8. Rewriting equation ([2-11)) in terms of T'(g):
dp q g ¢q q

!

)= 5 [ o (0@ + 6a) #awd Ca) + [ do{ - Lol + 16w/}

2] @n)3 3!
~5 | a0 wad )
+ [ ]G oto/mr - o @/ + §oo/m)t | (2.13)

where in the second line we have transformed the constant part of the quadratic term into
real space and defined 7/ = é(qo). Now we rewrite the free-energy in terms of the scaled

order parameter co(x) = ¢'(x/qo), where ¢ is a constant that will be defined shortly:

acC

2 o 2 /03 e
e =% [ pr@i@it-a + [ e T ow? - Lol + o)t}

2 2 3!
(2.14)

Next the entire free energy can be rescaled by uc*, so that the quartic coefficient is 1/4!:

3 o -~ T
Brledl = 505, [ ot @d@it-a + [ s

uct 2¢2u 2¢2u

/ /

e - grol@) + olo)' ).

3leu

(2.15)

Finally we choose ¢ so that the first quadratic coefficient is equal to 1/2: ¢ = y/a/u. The

final free energy looks like

Pl = 3 [ ot t@iic-a + [a{fow? - Jow? + pow ). )
where the unprimed quantities F, 7 and ~ are related to the original quantities by

Fl¢] = (qu/a®)F' |Valug|, (2.17)

T=1"/a, (2.18)

v =7/Vau. (2.19)

Equation ([2.16) is the general form of the free energy functional that we will use throughout

this work.
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2.2 Ohta-Kawasaki and piecewise models

In the introductory chapter we reproduced the phase diagram that was created by Duncan
McClenegan for the LB model. The diagram shows that the Frank-Kasper ¢ and A15 phases
are stable in that model. Directly motivated by that result our first question is: do the
complex phases appear in other Ginzburg-Landau theories for crystallization? Our starting
point is the Ohta-Kawasaki (OK) model. This model was originally created to describe the
formation of periodic ordered phases in diblock copolymers. In fact it was derived as an
approximation to the Leibler theory which will be discussed in the next section. The original

form of the free energy functional derived by Ohta and Kawasaki is,

B dq A 2\ </~ ™' s 7 3, U 4
Fox[p] = / @)y (q2 + Bq ) P(@)p(—q) + /dx {290(-"3) - 590(-”3) + J‘P(ﬂ”) :
(2.20)
When we apply the scaling that led us to equation (2.12)) we find that the OK model can be
written in the form of equation (2.16) with a scaled quadratic coefficient I'ok (¢) given by:

1
Tok(q) = ¢* + Z 2 (2.21)
We see that, like the LB model, the OK model depends on only two parameters,: 7 and ~.

Plots of the scaled quadratic coefficients I';5(¢) and I'ok (¢) in equations and
are shown in figure We see that, relative to the LB model, T'ok(q) is larger for wavevec-
tors ¢ < 1 and smaller values for ¢ > 1. Any differences in the phase diagrams of the two
theories must be caused by this difference in the quadratic coefficients. In order to investi-
gate the relative importance of the short (¢ > 1) and long (¢ < 1) wavelength modes on the
stability of the ordered phases we create a third model that interpolates between the two
theories. We call this the piecewise (PW) model and define it as in equation with

quadratic coefficient I'pw (q) given by:

Lpw (g; A1, A2) = MTox(g) + (1= 2)Tin(@) ¢ <1 . (2.22)
Aelox(g) + (1= A2)lep(e) ¢>1

The parameter A\ controls the free energy cost associated with the long wavelength (¢ < 1)
modes, and Ao controls the cost of the short wavelength modes. We can vary these two

parameters independently and observe their effect on the complex phases. Figure 2.2 shows
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Figure 2.1: Plots of quadratic coefficients for the Landau-Brazovskii model and Ohta

Kawasaki model, as defined in equations (1.13]) and (2.21]), respectively

the shape of I'pw compared against I'yg and gk for several different values of A\; and Ao,

demonstrating how we can vary the small- and large-q values of the function independently.

2.3 Modified Leibler theory

An analysis of the OK and PW models presented in the last section will help us to understand
what effect the quadratic coefficient I'(¢) has on the stability of the complex spherical phases.
In the work presented so far we have been interested in probing the universal properties of the
complex phases and thus we have avoided discussions of any specific soft condensed matter
system. Indeed both the LB and OK models are used to study the formation of ordered
phases in many different contexts. We are now going to look at a Ginzburg-Landau theory
that is derived for a specific system in which the complex phases are expected to appear.
We will investigate how the microscopic parameters of this system influence the shape of
the quadratic coefficient. We hope to use this result to connect the generic mechanisms

uncovered by the PW theory to those at play in this specific case.
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Figure 2.2: Plots of I'pw (a) A1 varied, changing the shape of the left branch of T', A2 = 0,
fixed. (b) A1 = 0 fixed and A\g varied, changing the shape of the right branch. In both

figures I'g and I'pok are included for reference.

We have chosen to consider a modification of the theory developed by Ludwik Leibler to
describe the formation of ordered phases in diblock copolymers [48]. We discussed block
copolymers in some detail in the last chapter (section 1.2.5), where we mentioned that the
complex phases sometimes appear. Experiments [29] [30, BI], [61] and self-consistent field
theory calculations [61, 43] have shown that the behaviour of these systems depends on
the conformational asymmetry, e. This parameter is defined below for diblock copolymers,
but for now we simply note that both SCFT and experiment show the complex phases
only appear in diblock systems when the asymmetry is sufficiently large. Leibler’s original
calculation assumes there is no asymmetry. In this section we modify Leibler’s calculation
to incorporate conformational asymmetry between the two diblock species and investigate
how the inclusion of the € parameter impacts the shape of the quadratic coefficient in the

resulting Ginzburg-Landau theory.

We consider a monodisperse system of M diblock copolymer chains with degree of poly-
merization N. The chains are all composed of two chemically distinct polymer species, A
and B. The number of segments of type « is denoted N,; (k = A, B), so that ). N, = N.
A useful parameter in this theory is the composition fraction f, defined as f = N4/N. In
Leibler’s calculation the Kuhn statistical segment lengths of the two polymer species are
assumed to be the same, but here we relax that assumption. Let the Kuhn length of the
k-type polymer be b, and define the segment asymmetry parameter as the square of the

ratios of the Kuhn lengths: € = (ba/bg)?. Taking bp = b, it follows that bs = \/eb.
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Deﬁne the reduced number density Of the k segments as,
(.’L‘) = 71} E 5(:17 —x ) (2 23)
PH 7‘ (7‘7 K/ .

where the system and the sum is over the centre-of-mass position of every x-type polymer
segment, of which there are M N, in total. The factor of volume, V in this expression makes
it into a dimensionless quantity. In the uniformly mixed (disordered) state, the thermal
averages of the reduced densities of A and B are (pa(z)) = f and {pp(z)) = (1 — f),
respectively. The system is assumed to be incompressible, which means that the thermal

average of the local density must always be a constant value:

(pa(x)) + (pp(x)) = 1. (2.24)

This incompressibility condition holds even when the system is not in the disordered state.
Equation ([2.24) means that a good choice of order parameter for this system is the thermal

average of the deviation of the local density away from its value in the disordered state:

¢'(x) = (pa(z)) — f. (2.25)

Leibler’s theory is applicable in the so-called weak-segregation limit. This refers to the region
of the phase diagram close to the order-disorder transition line, where the local density of
both A and B segments is assumed to be close to the average value. In this limit, we can
assume that ¢ is small and we can construct a Ginzburg-Landau theory by expanding the
free energy functional in powers of ¢’ about the disordered state. This part of the calculation
follows Leibler’s procedure exactly, nevertheless it is presented in full in the first section of
appendix A for the convenience of the interested reader. The result of this expansion is a

free energy functional of the form,

)
1= 5 [ o [ G e Galan g a) e

(2.26)
Here $ is inversely proportional to the temperature T, 8 = (kgT)~! where kp is the
Boltzmann constant. Equation looks like the Fourier transform of equation
when translation invariance is assumed. Since we are interested in free energy functionals of

the form in equation (2.16)), we will truncate this series at quartic order and take the cubic

and quartic coefficients to be constant (independent of q). Leibler’s derivation gives us the
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following expression for the quadratic coefficient:

Ga(q) = =——, (2.27)

where Cs(q) is the Fourier transform of the two point correlation function in the disordered
phase:
Co(x1 — x2) = (0pa(®1)6pa(T2)) 4 - (2.28)

Leibler demonstrates how an approximate expression for Co can be obtained using the ran-
dom phase approximation (RPA). The RPA relies on the fact that closed form expressions,
can be obtained for the two point correlation functions of non-interacting diblock copoly-
mers. This is done using the Gaussian, or bead-spring model, which treats a polymer chain
with degree of polymerization N as a string of N + 1 beads connected by springs. A good
description of the model can be found in the textbook by T. Kawakatsu [62]. In particular
the Kuhn length of each polymer species shows up in the spring constant of the segments,
and so the non-interacting asymmetric diblock copolymer is modelled as a chain composed
of two connected springs with different stiffness. There are three two-point correlation func-
tions, Saa, Spp, and Sup, that are needed to find Cy using the RPA. Each of these is

computed in section 2 of appendix A. The resulting expressions can be rescaled to find:

Saalq) =g (e, f), (2.:29)
Spe(q) =g (>1—f), (2.30)
SAB(q) = h(€q27f)h<q271 _f) ) (231)

where g (a modified version of the Debye function) and h are defined as

2 —«
9y, @) = " (ay+e7 v —1), (2.32)
1
h(y,a) = " (1 — e_o‘y) . (2.33)
Note that by setting ¢ = 1 we recover the expressions found by Leibler for the symmetric

case. The details of the RPA are presented in section 3 of appendix A. The final expression

for the quadratic coefficient of the modified Leibler theory is given by,

Ga(q) = Vs[*/((qq)) -2y, (2.34)

where y (called the Flory parameter) is a measure of the interaction strength between A
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and B segments, and,

S(q) = Saalq) +2Sap(q) + Ses(9), (2.35)

W(q) = Saa(q)Bsr(q) — (Sar(q))’. (2.36)

Equation for the quadratic coefficient of the ML theory is the main result for this
section. In order to draw comparisons between this theory and the models considered in
section we need to rescale the quadratic term so that it has the form of equation .
‘We can compute the second derivative of ég(q) analytically, but we rely on a numerical root

finding algorithm to calculate the minimum, gq.

2.4 SALR potential theories

In the introduction (section we described some results that used the DF'T to construct
phase diagrams for systems of hard spheres with SALR pairwise interactions. Those results
hinted to us that the complex phases might be stable in such systems. It is now interesting
to see if we can predict the onset of the complex phases by comparing the form of these
theories with the quadratic coefficients that we have considered so far. SALR systems are
also interesting to investigate because the parameters that appear in these potentials are
simple to interpret and can provide us with some intuition about the origin of the long and

short wavelength modes of the quadratic coefficient.

In this section we describe how a Ginzburg-Landau theory can be derived from the classical
DFT. We start with the expression for the free energy, which is a functional of the density of
spheres, p(z). One expression for the free energy functional consists of three contributions
[59):

Flpl = Fylp] + Feslp] + F2[p). (2.37)

Here Fylp] is the free energy of an ideal gas:

Folp] = kT / dzp(z) (In p(z) —1). (2.38)

The second term, Feg[p], is known as the Carnahan-Starling expression,it is an approxima-

26



Ph.D. Thesis - S. Dawson; McMaster University - Physics & Astronomy

tion that accounts for the hard-core repulsion of the spheres within the classical DFT:

Feslpl = kBT/de

where n(z) = mo3p(x)/6, and o is the diameter of the spheres. The last term in equation

; (2.39)

(2.37)) is the pairwise interaction between the spheres:

1
Fyp] = 5//dxdx’p(x)w(w —z')p(a'). (2.40)
Here w(r) is an interaction potential that captures the desired short-range attractive, long-

range repulsive behaviour.

We could of course expand equation in powers of p(z) and truncate at quartic order to
obtain our Ginzburg Landau theory. However for our purposes it is more efficient to simply
note that only Fy will contribute to the g-dependence of the quadratic coefficient in the
series. Recall that we scale our theories to match equation . Therefore the particular
expressions for the remaining coefficients will turn out to be irrelevant. Saving ourselves
some time, then, we focus our attention on equation . We want systems with order
parameters that satisfy equation , so we write the density of hard spheres at position

z as a deviation away from the average value, p: p(z) = p+ ¢'(z). Then F» becomes

1
R=1 / / dezdz' ¢ (@)w (@ — z')' () + const. (2.41)
Using the fact that [dz¢’(z) = 0 to eliminate the linear terms we see that the functional
form of F5 is unchanged. Comparing with equation (2.6, the connection between the
classical DFT and the Ginzburg-Landau theory is clear. The quadratic coefficient I'(q) is

obtained simply by scaling the SALR potential:

0(0) = s (o)~ (). (242

where w(q) is the Fourier transform of the interaction potential and ¢g is the minimum of

w: w'(qo) = 0. We will next consider two specific expressions for w(z).

2.4.1 The double-Gaussian potential

We consider a pair potential with the desired SALR behaviour and a simple functional form,

the sum of two Gaussian functions:
wpg(r) = —Aexp(—r?/0?) + Bexp(—r?/o3). (2.43)
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Figure 2.3: Plots of the real-space interaction potential wpg(r) for the double-Gaussian
model, equation (2.44)), with the WCA condition (C = «) using various values of the pa-

rameter o.

Here 07 and o9 are the length scales of the attractive and repulsive parts of the potential,
respectively, so 01 < 03. We can rescale the length r by o1 and the energy scale by A to
obtain

wpg(r) = — exp(—r?) + Cexp(—a’r?), (2.44)

where C = B/A and o« = 01/02 < 1. In the DFT, a criterion known as the WCA (Weeks,
Chandler, Anderson) condition is often used to determine the overall amplitude of the in-
teraction potential. As described in [63], the WCA condition requires that the Fourier
transform, wpg(q), passes through the origin when ¢ = 0. Applied to our expression, this

constraint yields C = a.

Plots of the real-space potential, wpg(r), are shown in figure for three different values
of a. The plots show the SALR behaviour of this mode. Smaller values of « correspond to

a longer range for the repulsive part of the potential and a deeper minimum.

Taking the Fourier transform of equation (2.44) with C' = « gives,

1 2 1 2, 2
@ _ e~ /A L —_ema /AT 2.45

The minimum of this potential can be found analytically:

qQ = (lell(a))m. (2.46)

a?—1
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The second derivative of Wpg(gq) is also required to compute the quadratic coefficient for
this theory.

1 1
Whe(q) = 2 (e—‘f’/‘* - Oﬂe—‘f/““z) +

- —¢*/4 _ 1e—q2/4a2) 2.47
75 (2.47)

1
—F 1 €
22 ( a?

The scaled quadratic coefficient for this theory, which we call I'pg, can be computed fol-
lowing equation (2.12)), with G(q) = @pc(q) in equation (2.45), go given by equation (2.46)),
and G” given by equation (2.47).

2.4.2 The step potential

The Double-Gaussian SALR potential considered in the last section is appealing to work
with because of its simple functional form. A drawback to that potential is that it depends
only on a single parameter, a, which means we have limited control over its shape. In this
section we will describe another SALR potential which has a more complex expression. This
potential, which we call the generic step potential, was analysed by Zhuang and Charbonneau
[59]. These authors used the DFT as well as numerical simulations to find a phase diagram

for this model that included the fcc phase. The potential has the following functional form:

C r<l,
—A 1<7’<1+O’1,

wstep(r) = (248)
B(1to14+0y—7) 14+01<7 <140 +09,

02

0 r>14o01 + 0s.

We can find the Fourier transform of ws;., analytically, although the expression is a little

messy:

iupla) = 4] C1(0) + A[1(0) - H(1+ ) )]+

+ 023;4 [ (2 + (1 + 1)) cos((1 + a1) q) — 2cos((1 + o1 + a2) )+
4 q(1+ 01 — o) sin((1+ 1) q) — gsin(o + 1+ g + 1) q)} } (2.49)
where
flg) =12 Cos(qq)3+ sin(g) (2.50)
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Figure 2.4: Plot of the step potential defined in equation (2.48]) with o1 =2, 09 =3, B = 3,
C =5, and A ~ 8.760, as determined by the WCA condition, equation (2.51)).

The parameter A can be set using the WCA condition described in the last section,

O+ iBag (6 +60% + 4oy + 401 (3 + 02))

A
301 + 302 + 03

. (2.51)

In order to find the scaled quadratic coefficient, I'step(q) we will need to find the first
minimum of equation (2.49). We do this numerically using a root finding algorithm. We

also need the second derivative, which can be found analytically.

Plots of wsep(r) are shown in figure This model is appealing because we have a great
deal of control over its shape. We can manipulate the free parameters in equation and
observe how they affect the shape of the scaled quadratic coefficient I'sze,(q). We can then
connect this change of shape with the physical interpretation of these parameters in order
to gain more insight into what factors in the SALR potential control the relative stability

of the spherical packing phases.

We have the Landau-Brazovskii (LB) and Ohta Kawasaki (OK) models, equations ([1.13)
and , as well as the piecewise (PW) model, , that interpolates between them. We
will compare the behaviours of these three models in order to gain an understanding of the
mechanisms that control the relative stabilities of the spherical packing phases. We will then
look at the shape of the gamma functions for the modified Leibler (ML) theory, equation
, and the double-Gaussian SALR potential, equation , (both scaled according
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to equation (2.12))) and attempt to connect the parameters in those models with the onset
of the complex spherical phases. In the next section we describe how this calculation is

performed.
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Chapter 3

Numerical methods

In this chapter we will describe the computational techniques used to obtain the phase
diagrams presented in chapter 4 of this thesis. The goal of this chapter is to provide the
reader with enough detail to reproduce these results. We start with a free energy functional,
F[¢], of the form given in equation , and a set of candidate phases. We do not consider
every possible ordered phase, we instead restrict ourselves to a smaller set of phases of
interest. We will use the symbol P to denote the set of phases under consideration and p to
denote individual elements of this set. We use a subscript p to denote an order-parameter
field that has symmetry consistent with the phase p: ¢,. For example ¢p..(x) is a real-space
field with the bee symmetry and ¢pec(q) is its Fourier transform. F will depend on multiple
parameters, including the 7 and  variables of equation and possibly others as well.
For a given set of parameter values the goal is to determine which of the phases in P is
the most stable, i.e. has the lowest free energy. Since there are an infinite number of fields
¢p that are consistent with the phase p, and since each of these has a different free energy,
we need to minimize F[¢,] for each phase individually. This optimization is described in
section Once the minimum free energy has been determined for each p in P, the stable
phase can be determined at this point in the space of model parameters. By performing
this calculation over a range of parameter values we can construct a phase diagram for the

model. Section describes how the phase diagrams are constructed.
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3.1 Phase optimization

In this section we describe how a given phase p is optimized for the free energy functional
of interest. We are looking for the particular field ¢ that minimizes the free energy while

remaining consistent with the symmetries of p.

In this work we are interested in periodic phases. Any such phase can be divided into an

infinite number of identical rectangular boxes, or unit cells. Thus, in order to find the

optimal field for phase p it is sufficient for us to optimize ¢, over a single unit cell. Let

lz, Iy, and [, be the dimensions of the unit cell, and v, = I, be its volume. ¢, can be

written as a sum of plane waves whose periodicity is commensurate with the unit cell size:
dp(x) = Z (lgp(Qijk)@iq”k'z, (3.1)

ijk
where q;;5, are the reciprocal lattice vectors associated with this unit cell:

2mi .,  2my . 27k,
Qijk = Rl ijy + 578, (3:2)
et YT

and 4, j, k are integers. The coefficients g?)l-jk = qu(ql-jk) are given by:

- 1 .
Fisn = — / Az, (w)e 9, (3.3)
Up Vp

where the integration is over a single unit cell.

Each phase will have a different unit cell size, so in order to make comparisons we need
the minimum free-energy density for each phase, f, = F,/v,, where F), is the free energy
integrated over the entire unit cell and v, is the volume of that unit cell. Starting from the

general expression for the free energy, the density is given by:

fr= Ulp/v dx B/dx’d)p(w)G(x —a')p,(x") + {£¢p(x)2 = %@,(x)g + L¢p($)4}]
= ;%F(Qijk) J)ijkr + Ulp /vp dx {72—(;513(2;)2 _ %¢p($)3 + L¢p(m)4} ' (3.4)

In order to minimize (3.4) for a given phase we must optimize the field ¢, and also the unit
cell dimensions I, [y, .. The minimization algorithm for the phase p is summarized in table

BT
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Phase optimization algorithm

1. Initialize a unit cell for the target phase. This involves choosing both
box dimensions and a field ¢ with the required symmetry. Details on the

initialization of each phase considered in this work are given in section

BI1

2. Fix the box size and optimize the order parameter field ¢, so that it

minimizes the free energy density, (3.4). Details of this optimization are

given in section [3.1.2]

3. Fix the field and stretch or compress the box size until we find the

optimal dimensions. This process is described in section [3.1.3

4. Alternate between steps 2 and 3 until the resulting change in the free
energy density is below some threshold error tolerance. Note that this
tolerance should be much smaller than the difference between the free

energy densities of the phases.

Table 3.1: Summary of the algorithm used to find the minimum free energy density for a

each phase p in P.

3.1.1 Initialization

The unit cell is a three dimensional box with one corner located at the origin and with
dimensions I, l,, [.. Each axis is divided into N, equal segments of length Aa = 1, /N,
(v = z,y, 2) so that the unit cell is discretized into N = N, N, N, boxes, each with volume
v = AzAyAz. We create a discrete approximation to the field ¢(z) by treating its value
within the (ijk)" box as a constant value equal to Gijk = &(®ijx). Here x;jy is the vector
that points from the origin to the bottom corner of the (ijk)*® box, and i =0, -- , N, — 1,
j=0,---,N,—1,and k =0,--- ,N, — 1. The accuracy of this discretization depends on

whether ¢(z) changes sufficiently slowly relative to the grid spacing.

The discretization of the real-space field ¢(x) also affects the discrete Fourier transform
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(DFT). The reciprocal vectors gm,, have the same form as equation (3.2), but now the

21

Ao This means that the series

highest frequency mode is set by the grid spacing: Vo maz =
expression, equation (3.1)), is truncated. The assumption that ¢(x) varies slowly means that
these high-frequency modes which we ignore are not important to accurately describe the

field.

For the remaining modes, the Fourier coefficients are computed using the discretization of

equation ({3.3)):

- 1
o ” > AzAYAzGimn exp {idijk - Eimn}

P imn

1 LS
=N Z Bumn €xp {iGijk - Timn} > (3.5)

lmn

with (— e 4+ 1) <1< (D ypy<m < and (& +1)<n< .

The free energy density of the discretized field is given by ,

1 2 1 1
f= 5 ZP(Qijk) ¢¢jk‘ +5 Z {72-¢?jk - %@%k + 4!¢fjk} , (3.6)

ijk ijk
where the first sum is over Fourier modes, ¢;;; and the second sum is over the discretized

¢ values in real-space. We should choose the N, large enough that equation (3.6) is inde-

pendent of them.

Now that we understand how the volume is discretized, we need to initialize the order
parameter field for the phase of interest. Figure shows the initial unit cell for each the
nine phases considered in this work: the lamellar (lam), hexagonally close-packed cylindrical
(hex), double gyroid (gyr), body-centred cubic (bec), and face-centred cubic (fcc) phases,
as well as the Frank Kasper A15, o, C14, and C15 phases. The full details of each can be

found in appendix B.

The optimization algorithm described in the next two sections can sometimes cause ¢, to
evolve into a different phase. The final step in the initialization process is to choose a point
somewhere in the phase space where the phase of interest is well behaved, optimize the field
at that point, and then save the resulting order parameter. Using this pre-optimized field
as an initial condition for the remaining points in the phase diagram is beneficial because

it speeds up the convergence of the algorithm and decreases the frequency with which the
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a) Lamellar (c) Double-gyroid

¢

N/

(b) HCP cylindrical

(d) Body-centred cubic (e) Face-centred cubic

Figure 3.1: Initial unit cells for each of the nine phases considered in this work. Note that the
lamellar phase, (a), is one-dimensional and the hep cylindrical phase (b) is two-dimensional.

The remaining phases are three dimensional.
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field evolves away from the phase of interest.

3.1.2 Free energy optimization

In this section we describe how the order parameter field for a given phase p is optimized
when the dimensions of the unit cell are fixed. We are looking for the optimized field ¢,

which minimizes the free energy density in equation ([3.4):

(1) - o

We can locate stationary states of f[¢] using a gradient descent algorithm, but recall this
problem is subject to the constraint that the order parameter is conserved, meaning the
integral of ¢(z) over the entire system must be 0 (see equation (2.I))). For periodic ¢, this
conservation constraint must hold over a single unit cell:

/dmgbp(:z:) =0, (3.8)

v
or, equivalently, (5,,((1 = 0) = 0. If we start with an initial guess, gbg, that matches the
symmetry of the target phase and satisfies equation (3.8]), then we can ensure that the

constraint is always satisfied by evolving ¢, according to the continuity equation:

Ip(x) . .
28—V j(a) (39)
where j(z) is the current density:
j(@) = —-DVu(z). (3.10)

Here D is the diffusion coefficient, which we have assumed is a constant, and p(z) is the

chemical potential field, which is related to the order parameter field through the equation

of state:
/19|
() = . 3.11
@ = 5o (3.11)
Putting all of this together we get the following expression for the time evolution of ¢p,
9bp _ 20/(00]
— =V . 3.12
ot 0dp (3.12)

We are not interested in dynamics here beyond ensuring equation (3.8]) is satisfied, so we

have scaled the time variable ¢ to eliminate D from the expression. ¢, is evolved according
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to equation (3.12) until a steady state solution is reached (9;¢ = 0). This solution will be
¢y, the local minima of the free energy density subject to the constraint in equation (3.8)).
The algorithm used to find ¢ is based on the one described by Kai Jiang, et. al. [64].

Details of this algorithm can be found in section 2 of appendix B.

3.1.3 Unit cell optimization

In this section we describe how the size of the unit cell is determined for a given order
parameter field ¢,. We can visualize fixing the density profile, stretching or compressing
the box, and observing how the free energy changes. Referring back to equations and
, we hold the amplitudes, qgijk fixed and vary the g;;, vectors by varying the lengths

Iz, 1y, 1. First a quick bit of notation, define b, = 27/l,, o = x,y, 2, so that,

@ik = by + jbyy + kb.Z. (3.13)

Consider again the expression for the free energy density, equation (3.4). We will make
the dependence on the box size clear by writing f entirely in terms of the Fourier space
representation of ¢:

T A 2 N N N
+ 5 ¢p(Q)‘ 3 Z bp(@)0p(d ) Dp(d") -

’ 1

a9

1 Y 0@d@)d@)da >) (3.14)

r 11

qqq

Here the sum over q is shorthand for a sum over the integer coefficients 4, j, k of equation
(313). We see that only the first term will change when we vary any b, with ¢ held fixed.

Therefore we only need to minimize this non-local part of the free energy:

1 - 2
fu=75 > T(qijn) |bijn (3.15)
ijk
Taking the derivative of f,; with respect to b,:
afnl _ ’2 8F Qz]k) 6%]16
aba ”k 8(]”k 8[)
-2 iiba
=D Tlgin) |digr| = (3.16)
ijk ik
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where i, = i, j, kK when o = z, y, z, respectively, and we have used the fact that the

magnitude of g;;; depends on the b,:
(272 s232 2;2\1/2
Giji = (P02 + j205 + k207) 7. (3.17)
We therefore have three equations to solve in order to find the optimal b,, b, and b,:

i
Z M (qijn)

iik qijk

‘ 2

Gijk

=0, (3.18)

for « = z,y,z. Note that these equations depend on the values of the b, through the
reciprocal lattice vectors, equation (3.17). We use a conjugate gradient method like the one
described in [65] to find the solutions to equation (3.18]). The details of the algorithm can

be found in section 3 of appendix B.

3.2 Constructing phase diagrams

In this section we describe how phase diagrams like the one shown in figure [I.7] are con-
structed. All of our free energy functionals depend on some set of parameters which includes
the coefficients 7 and ~, as well as any other parameters, w, appearing in the quadratic co-
efficient ' = T'(¢;w). In general we are interested in how the minimum free energy density
of each phase, f; = fp(qS;), varies as a function of these parameters. Let us take 7 and v as
an example. In order to compute the 7—y phase diagram we begin by choosing a range for
each parameter and then taking a discrete set of values within that range, so that we end
up with a set of pairs (7;,7;). We find the minimal free energy density for each phase in the
set P at each point in the set of pairs. By comparing each of these densities at the point
(7i,7;) we can determine the phase that is stable at that point: p* = {p | [y = minyep f;,}
This can be visualized in a diagram like figure [3.2] which shows how p* varies as a function

of 7 and ~, and also shows how the calculation is first done over a discrete set of points.

Figure shows how the free energy densities for each phase considered vary as a function
of v, with 7 = —0.05 fixed. In this plot we have zoomed into the region between v = 0.5
and v = 0.8. Comparison with the diagram in figure [3.2] shows that there is a transition
point here between the hex and bcc phase. In order to determine the approximate value of

~ at which this transition occurs, we first interpolate between the calculated points using a
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Figure 3.2: Preliminary phase diagram for the Landau Brazovskii model, coloured dots

indicate which phase p in P has the lowest free energy density at each value of the parameters

T and

40

dis
lam
gyr
hex
bee
fee
Alb



Ph.D. Thesis - S. Dawson; McMaster University - Physics & Astronomy

0.000

—0.005 A
—0.010 1

—0.015 1

—0.020
S~
—0.025
—0.030 Al5
o
—0.035
— (14
=
—0.040 C15

% hex-bee intersection pt.

—0.045 T T T T —
0.50 0.55 0.60 0.65 0.70 0.75 0.80

Figure 3.3: Plots of free energy densities f,; for each p in P (points), computed at 7 = —0.05
using the algorithm described in section 3.1. Lines fit to numerical data using cubic spline
interpolation algorithm. Intersection point (black star, dashed line) indicates the v value

where bee becomes stable over hex, this point is calculated using a root finding algorithm.

cubic spline interpolation algorithm. We then compute the intersection point using a root

finding algorithm. The calculated intersection point is indicated by a star in figure |3.3]

The final step is to interpolate between the set of boundary points in order to produce the
final phase diagram. Figure [3.4] shows a small region of the phase diagram with v between
0 and 0.5 and 7 between —0.35 and 0. The set of intersection points between the lam and
hex phases are shown, together with the boundary line between the two phases. This line

is found using a cubic spline interpolation.

We can see from figure that the lam-hex phase boundary line will intersect either the
lam-gyr or hex-gyr boundary line at the bottom and the order-disorder transition line at the

top. Once we've fitted lines to all of the boundaries in figure [3.2) we can find the intersection
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Figure 3.4: Close up of figure showing intersection points and interpolated boundary

line between lam and hex phases. Line is found using a cubic spline interpolation.

points between each line. We then choose the appropriate end points for each line. The
reader may get the impression that this is a somewhat arbitrary choice. Indeed the precise
location of triple points is difficult to obtain, and we can only ever approach it’s precise
location using the algorithm described here. For the purposes of this work, we accept this
imprecision in the phase diagram. Once we have obtained all of the phase boundaries and

their limits we can construct the phase diagram shown in figure

We have explained how the minimum free energy associated with each phase in the set P is
calculated and described how that information is used to construct phase diagrams. In the

next chapter we move onto a presentation of the results.
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Chapter 4

Results and discussion

In this chapter we will analyse the phase diagram for Ginzburg-Landau theory with the form
described in chapter 2, equation . In section 4.1 we begin by constructing the phase
diagram for the Ohta-Kawasaki model and comparing that with the Landau-Brazovskii
diagram. We then use the piecewise model to understand the differences between these
diagrams, section 4.2. We discuss the modified Leibler model and the double-Gaussian

SALR model in sections 4.3 and 4.4, respectively.

4.1 The Ohta-Kawasaki model

The phase diagram for the Ohta-Kawasaki model, equation with quadratic coefficient
, is shown in figure We see immediately that none of the Frank-Kasper phases
are present in this diagram. This is in contrast to the phase diagram for the Landau-
Brazovskii model that was computed by McClenegan and Shi [53] (figure , in which the

Frank-Kasper ¢ and A15 phases were both stable between the bce and fcc phases.
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Figure 4.1: 7-v phase diagram for the Ohta-Kawasaki model, equations (2.16) and (2.21)).
In this diagram the Frank-Kasper ¢ and alb phases do not appear between the bee and fec

phases, unlike the diagram computed by McClenegan and Shi [53] for the Landau-Brazovskii
model, figure E
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4.2 The piecewise interpolation model

We now use the piecewise interpolation (PW) model, equation , to help us understand
the difference between the OK and LB phase diagrams. We begin by varying A; in
while Ay is held fixed. This has the effect of changing the shape of I'pw(g) for ¢ < 1 only,
and so we can isolate the effects of the long wavelength modes. These results are described
in section 4.2.1. We then consider what happens when we hold A\; fixed and instead vary Ao,
an analysis that allows us to understand the effects of the short wavelength (¢ > 1) modes.

These results are discussed in section 4.2.2.

4.2.1 Effect of the long wavelength modes

We begin by isolating the effects of the long wavelength (¢ < 1) modes. Figure shows
three different \; versus -y phase diagrams. The parameters 7 and Ao are held constant in
all of the diagrams, with 7 = 0 in all three and Ay = 0 (top), A2 = 0.5 (center), and A2 =1
(bottom). A; varies from 0 to 1 which leads to an increase in the free energy cost associated

with the long wavelength modes as we move up the y-axis in each diagram.

The A15 phase is only stable in the top (Ay = 0) diagram. The o phase is stable in some
region of all three diagrams. The Frank-Kasper C14 and C15 phases were also included in
the analysis but they were not found to be stable at any point. In all three diagrams we see
that the region occupied by the complex o and A15 phases shrinks as Ay increases. This
suggests that increasing the free-energy cost associated with the long-wavelength modes

supresses the formation of these phases.

Figure [£.3] shows how the free energy densities of each of the spherical phases vary with
A1 when all of the other parameters are held fixed: 7 = 0.0, v = 1.1 and Ay = 0. The
stable phase is indicated at each point by the background colour: purple for the A15 phase
and yellow for o. The z-axis correspond to the vertical line v = 1.1 in the topmost plot of
figure The leftmost plot in figure [4.3] shows the total free energy density of each of the
spherical phases, as defined in . The plot in the center shows the contribution from
the non-local term, equation , and the rightmost plot shows the contribution from the
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Figure 4.2: \; versus 7 phase diagram for the Piecewise model with 7 = 0 (all) and Ay =0
(top), A2 = 0.5 (center), A2 = 1 (bottom). Inset shows how the shape of I'pw(g) changes as

A1 increases.
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Figure 4.3: (a) Total free energy deunsity, f, (b) non-local free energy density, f;, and (c)
local free energy density fiocar for each of the spherical candidate phases (bcc, fee, Al5, o,
C14 and C15), plotted against A1, with 7 =0, v = 1.1, Ay = 0. In all plots the background
colour indicates the phase that is stable in that region of phase space: al5 (purple), and o

(yellow).

local term, which is defined as:

fuea =1 [[da{Got@f - Jow? + ot} (a.)

In plot (a) we see that the slope of the free energy density of the bee phase is almost flat,
while the other phases have larger, positive slopes. This indicates that the bcc phase is
relatively insensitive to the shape of I'(¢) when ¢ < 1. The free energy cost associated
with the formation of the remaining phases increases as A1 increases, with the fcc phase less
sensitive than the A15, o, C14 and C15 phases. If we imagine extrapolating the lines shown
in (a) out to larger \; values, we might expect that the fcc and eventually the bee phase
would become stable. In plot (b) we see that the non-local part of the free energy density
increases with A; for the fcc, A15, o, C14, and C15 phases, an unsurprising result. Plot (c)

shows that the local part of the free energy density also increases for all of these phases.
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Furthermore, (b) and (c) show that both terms are approximately flat for the bee phase.

In order to understand the effect that the shape of I'(¢) has on the free energy densities of
the spherical phases, we next look at their Fourier spectra. These are shown in the top plots
of figure[£.4] The height of the peak associated with wavevector ¢ in these plots is given by:

Iy = Z ‘QB(Q)

lal=q

2
B (4.2)
where qu(q) is the Fourier transform of the phase p that has been optimized at the point
7 =0, v=1.1 in the LB model (A\; =0, Ay = 0). The bottom plots in figure show how

each peak in the Fourier spectra contributes to the total non-linear free energy density:

fula) = 3T(@)1(a). (43)

Each peak in these bottom plots is normalized by the total non-linear free energy density

for this phase, f,; calculated at the point 7 =0, v — 1.1 in phase space.

Figure [£:4] can provide us with some insight into the relationships we saw in figure [1.3]
between the free energy densities and A;. Starting with the bce phase, (a), the top plot
reveals that the longest wavelength mode occurs at ¢ = 0.98, very close to ¢ = 1. The
bottom plot shows that this main peak contributes only a small fraction (about a tenth)
of the total non-local free energy density. It makes sense then that varying the free energy
cost associated with the long-wavelength peaks would not have a significant impact on the
bee phase. Looking at fce (b) next, we see that this phase has two peaks close to ¢ = 1,
at ¢ = 0.93 and ¢ = 1.08. Together these two peaks account for about 68% of the total
non-local free energy density, which is in sharp contrast to the situation for the bce phase.
The minimization of the free energy density of the fcc phase is constrained by a competition
between the positions of these two peaks. Increasing A; may decrease the height of the
first peak or cause it to move closer to ¢ = 1, either way we can understand why the fcc
is relatively more sensitive to A; than the bcec phase was. Similarly, the Frank-Kasper A15
(c), o (d), C14 (e), and C15 (f) phases all have multiple peaks around ¢ = 1. It naturally
follows that these phases have a stronger dependence on the long-wavelength part of I'(q).
The short wavelength modes are relatively more important for the C15 phases than for the
A15, o, and C14 phases, and this accounts for the fact that C15 is the most sensitive of the

four phases to changes in \;.

48



Ph.D. Thesis - S. Dawson; McMaster University - Physics & Astronomy

] @) (b.d) (cd)

n L
10-5 I [ |

087 (aii) (b.ii) (c.ii)

0871 (dLii) (e.i) (£.ii)

Figure 4.4: Plots of Fourier modes I(g) defined in equation (top plot, logarithmic axis),
and the fractional contribution of each mode to the non-local free energy density (bottom
plot) for the (a) bee, (b) fee, (¢) Al5, (d) o, (e) Cl4, and (f) C15 phases. Each of the
spectra represents the optimized order parameter field for its respective phase, computed

using the LB model with 7 = 0.0 and v = 1.1
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The particular shape of the Fourier spectrum influences how sensitive each phase is to Ap.
The complex phases in particular have more long-wavelength peaks, and so they are the
most sensitive to changes in the shape of the quadratic coefficient for ¢ < 1. The following
argument may provide some intuition as to why: the longest wavelength mode that appears
in each of the plots in figure is associated with the size of the unit cell: Gumin = 27/l
where [ is the largest dimension of the unit cell. Each phase must also have one or more peaks
associated with the length scales of the spheres. In the case of the bce phase we see from
figure that there is one dominant peak (note that the y-axis of the Fourier spectra plots
uses a logarithmic scale). This indicates that the sphere sizes are roughly commensurate
with the unit cell size. In contrast, the fcc phase and the Frank-Kasper phases all have
multiple dominant peaks, indicating that the sphere sizes are smaller than the box size.,

and (in the case of the complex phases) that the spheres are not all the same size.

4.2.2 Effect of the short wavelength modes

We now turn our attention to the effects of the short-wavelength (¢ > 1) modes. Figure
shows three Ao versus 7 phase diagrams constructed by holding 7 and A; fixed, with 7 =0
in all three diagrams and A; = 0 (top), A2 = 0.5 (center), and A\; = 1.0 (bottom). Note
that an increase in Ao corresponds to a decrease in the free energy cost associated with the
short-wavelength modes. This is illustrated by the insets in figure and is different from

the situation with \;.

The A15 phase is stable in a small region in both the top and centre plots and nowhere in
the bottom plot. The ¢ phase is stable in some region of all three plots. In each of the plots
the bce phase becomes more stable as As is increased. The behaviour of the o phase is more
complicated. In the top plot we observe that the o region appears to overtake both the A15
and fcc regions as Ao is increased. Conversely, in the bottom plot the fcc appears to become

favoured over o as A increases. The centre plot demonstrates both behaviours.

Figure shows plots of the total free energy density for all the spherical candidate phases,

as well as contributions from the local and non-local terms.

In (a) we see that all of the spherical phases are strongly dependent on the shape of
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Figure 4.5: Ay versus « phase diagram for the Piecewise model with 7 =0 (all) and A\; =0
(top), A1 = 0.5 (center), A; = 1 (bottom). Inset shows how the shape of I'(q) changes as \a

increases.
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Figure 4.6: (a) Total free energy density, f, (b) non-local free energy density, f;, and (c)
local free energy density fiocq; for each of the candidate spherical phases (bce, fec, Al5,
o, Cl4, and C15) plotted against Ao, with 7 = 0, v = 1.25, \; = 0.5. In all plots the
background colour indicates the phase that is stable in that region of phase space: bcc

(red), A15 (purple), and o (yellow).

52



Ph.D. Thesis - S. Dawson; McMaster University - Physics & Astronomy

() (b) (c)

0.004 \ \

0.002 4

0.003 4 = 0.0024

B

0.002 4

fo
fnl - fnlﬂ

0.000 4 3
0.000 -

jloml - flom/ o

0.001 4

0.000 4— \ ~0.002 1 ~0.002 /

0.0 UjB 1.0 0.0 l)j,’) 1.0 0.0 lJ?-ﬁ 1.0
Ao Ao A2
— bce — fecc — Al5 o — (Cl14 C15

Figure 4.7: Plots of free energy densities shown in figure with the o-phase values

subtracted off. All parameters are the same between the two figures.

the right-hand side of I'(¢) (¢ > 1). The total free energy density always decreases as Ay
increases. Surprisingly, the non-local free energy density (b) actually increases when we
decrease the cost of the short-wavelength modes by increasing Ay. Plot (c) shows that the

overall decrease in free energy density is driven by a decrease in the local term.

Figure doesn’t give us much information about the effect of A\ on the relative free
energy densities of the various phases. The next plot, figure [£.7], shows the same free
energy densities for the bee, fee, A15, C14, and C15 phases, this time calculated relative to

their values in the o phase.

Figure (a) shows that the free energy density of the bee phase decreases rapidly relative
to that of the o phase as A9 increases. Both f,,;, plot (b), and fj,cai, plot (¢), contribute to
this trend. An increase in Ag appears to suppress the A15 phase relative to the o phase. This
suppression appears to be driven primarily by the non-local free energy density shown in
plot (b). On the other hand, increasing Ao appears to enhance both C14 and C15 relative to
o. Finally, the relationship between the free energy densities of the o and fcc phases is more

complicated. Plot (b) shows that f,,; for the fec phase decreases relative to the o phase, but
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plot (c) shows that fi,q increases. In plot (a) we see the effect of the competition between
these two terms, the total free energy density of the fcc phase has a minimum that appears

around Ay = 0.7. These trends agree qualitatively with the phase behaviour observed in

figure

Figure shows how the Fourier spectra for the optimized spherical packing phases change
when Az is increased from A2 = 0 (top plots) to Ay = 1 (bottom plots). In all four plots the
remaining parameters are fixed at 7 = 0, v = 1.25 and A\; = 0.5. Plots therefore correspond

to the bottom and top points of the vertical line v = 1.25 in the middle phase diagram of

figure [.5]

Comparison of the top and bottom plots for each phase in figure 4.8 shows both the ap-
pearance of new peaks and an increase in the height of existing peaks with ¢ > 1 when A,
is increased. This is the expected behaviour, of course, since an increase in Ay corresponds

to a decrease in the free energy cost associated with the short wavelength modes.

We refer back to figure where we observed that the total free energy density decreased
with increasing Ao, and that this decrease was driven by the local term in f. We can get some
insight into this trend by considering again the expressions for the different contributions
to the total free energy density. It is clear that the non-local free energy density, equation
, is always positive. This term always associates a free energy cost to any Fourier
peak, é(q) (unless ¢ = 1). As for the local free energy density, let’s write equation in
terms of the Fourier components éijk and take 7 = 0:
LR R SR
fiocar = 3 | =31+ 51 2 0 | dadw b (44)
4.9’ .q q

Both the cubic and quartic terms pick out combinations of peaks. In other words, each of
these terms will increase in magnitude when new peaks are added. The extent to which the
cubic term (always negative) is able to ‘win out’ over both f,,; and the quartic term depends
on the value of v, but at any rate we can connect the increase in amplitude and number of
short-wavelength peaks that we observed in figure [1.§ with the change in local free energy

density that we saw in figure [4.6

Our investigation of the short-wavelength modes reveals a couple of trends: decreasing the

free energy cost of these modes promotes the formation of the bce phase and suppresses the
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Figure 4.8: Plots of Fourier peaks for (a) bee, (b) fec, (c) Al5, (d) o, (e) C14, and (f) C15
phases. Top plot in each pair shows intensities at A = 0 and bottom plot shows intensities

at Ao = 1. Other parameters are fixed: 7 = 0.0, v = 1.25, A\; = 0.5.

alb phase. Upon closer inspection our analysis reveals that the dependence of the phase
diagram on the short-wavelength modes is the result of an interplay between the different

terms in the free energy density.
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4.3 Modified Leibler theory

We turn now to the modified Leibler (ML) model described in section 2.3. The functional
form for the quadratic coefficient, I'y1,(q) is obtained by scaling equation to match the
expression given in equation . The parameter € is a measure of the segment asymmetry
of the diblocks. Increasing € is expected to stabilize the Frank-Kasper ¢ and A15 phases
based on the literature, see [43] 29, 30, [31]. Figureshows how the shape of the coefficient
I'vr, that we derived depends on the two parameters, the composition fraction, f, and the

asymmetry parameter, €.

(a) f=0.1 (b) f=0.3 (c) f=0.9

T t T T T t T T T t T T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 2.5

— I'ip — Dok e=1 €e=2 e=4 €e=38

Figure 4.9: Plots showing how the shape of the quadratic coefficient for the modified Leibler
theory, I'vr (q), varies with € when (a) f = 0.1, (b) f = 0.3, and (c) f = 0.9. The coefficients

for the LB and OK models are included in all plots for comparison.

We see that the shape of T'yp,(¢) changes very little in any of the three figures. We also
see that the shape of this function looks very similar to the shape of I'ok, and here we
note that the OK model was originally derived as an approximation to Leibler’s original
(e = 1) theory [50]. Looking at the shape of T'yiy, in figure [£.9] (a), we see that there is some
dependence of the shape of €. This plot shows that the free energy cost associated with the
short-wavelength modes increases slightly and the cost associated with the long-wavelength
modes decreases slightly when e is increased and f = 0.1. In ﬁgure (¢), by contrast, we

can make out the reverse behaviour.

What does the shape of I'ypp, tell us about the phase behaviour of our ML theory? Well the
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shape is very similar to I'ok, and we saw in section 4.1 that this shape was associated with
a suppression of the complex phases. For f = 0.1 we see that increasing e does slightly alter
the shape in a way that should correspond to increased stability for the complex phases per
our analysis in sections 4.2.1 and 4.2.2. In a 2014 paper by Xie et. al. [43], for example,
the authors found that increasing e corresponded to an increased region of stability for the
complex phases when f < 0.5, so our results are somewhat consistent with the literature.
When f = 0.9 we see that increasing e changes the shape of I'yyr, in a way that is expected
to suppress the complex phases. This result is also consistent with Xie’s result. However the
change in shape that we observe is not large. The function still closely resembles the OK
coefficient for all values of f and e. Looking at the shape of 'y, that we derived, we can
conclude that increasing the asymmetry parameter ¢ does not stabilize the complex phases

within the ML theory.

Figure shows the € versus v phase diagram constructed for the ML theory with 7 =0
and f = 0.1 held fixed. These values are thought to be the most likely candidates for

stabilizing the complex phases in this model based on the shape of the quadratic coefficient

(figure [1.9).

We see that no complex phases appear between the fcc and bee phases in this diagram. We
can conclude that our ML theory does not successfully predict the onset of the complex
phases as a function of the asymmetry parameter e. Possible shortcomings of this theory

are discussed in chapter 5.

4.4 The SALR potentials

The final set of quadratic coefficients considered in this work are those derived from the
density functional theory for short-range attractive, long-range repulsive (SALR) pair po-
tentials, as described in section 2.4. In this section we consider two such theories, the
double-Gaussian (introduced in section 2.4.1) and the step potential (section 2.4.2). We
also discuss work by Jiayu Xie and Cameron Burns [60], who used the DFT to construct

phase diagrams for these potentials. We compare those results with the ones presented here.
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Figure 4.10: « vs. € phase diagram for the modified Leibler theory with 7 =0 and f = 0.1.
The Frank Kasper o phase is expected to appear between the bee and fcc phases when they

are stable. In this diagram we see that these phases do not appear for this range of € values.

4.4.1 The double-Gaussian potential

The functional form of the double-Gaussian coefficient is given by scaling equation ([2.45) to
match equation (2.42)). Figure shows how the shape of the scaled quadratic coefficient,

I'pa(q), varies with the ratio of length scales, a.

Beginning with an analysis of the long wavelength modes, we see from figure that
decreasing « has the effect of suppressing these modes. Increasing a therefore favours the
formation of the complex phases, according to our analysis in 4.2.1. Of course, « also impacts
the shape of I'pg for short wavelengths. Looking at the right hand (¢ > 1) side of figure
[£11] we see that increasing « also increases the cost of the short wavelength modes until
q =~ 2.5, at which point there is a crossover. We see that increasing « causes the value of the
quadratic coefficient to decrease past this point. Applying the results from section 4.2.2, that
suppressing short-wavelength modes should promote the complex phases, is therefore more
complicated. To summarize, increasing « should have the effect of promoting the formation

of the complex phases based on the shape of the quadratic coefficient for ¢ < 2.5. For larger
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Figure 4.11: Shape of quadratic coefficient for the double-Gaussian SALR theory, I'pg, for
different values of the parameter a. Plots of the LB and OK coefficients are included for

comparison.

values of ¢, increasing « causes I'pg to decrease, an effect which we expect to suppress the
complex phases. There is thus some ambiguity about the expected phase behaviour of this

model based on the analysis we have done so far.

Figure shows a v vs. « phase diagram for the double-Gaussian model with 7 = 0
held fixed. This phase diagram reveals that increasing « has the effect of stabilizing the o
phase. The result that an increase in « stabilizes the complex phases means that the short
wavelength modes close to ¢ = 1 are more important for determining the phase behaviour
of the theory than the larger values of ¢ are. This makes sense based on the Fourier spectra

from figures and which show that the spectrum rapidly decays as ¢ increases.

We developed the Ginzburg-Landau theory based on the SALR model so that we could
attempt to gain an intuition about the physical mechanisms that control the shape of the
quadratic coefficient. Our DG model has a single parameter, «, that drives the formation
of the complex ¢ phase and has a physical interpretation: « is the ratio of attractive to
repulsive length scales in equation . Figure shows how the real-space interaction
potential, w(r) in equation , varies as a function of a. We see that increasing the value

of « effectively flattens this potential, making the attractive well shallower and causing the
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Figure 4.12: ~ vs. « phase diagram for the DG model with 7 = 0 calculated using the
Ginzburg-Landau theory.

function to flatten to zero more quickly. The results of this section show us that this

flattening behaviour is connected with the formation of the Frank-Kasper ¢ phase.

4.4.2 The step potential

The quadratic coefficient for the step potential is given by equation (2.49)), scaled using
equation (2.42)). Figure shows how the shape of I'sep(q) changes with each of the

parameters in the theory.

In plots (a) and (b) we see that decreasing the range of the attractive part of the
potential, o, changes the shape of 'y, in a way that suggests the complex phases will be
favoured. In (c) and (d) we see that decreasing the range of the long-range repulsive part of
the potential, oo, favours these phases. Lastly, in plots (e) and (f) we see that decreasing the
maximum amplitude of the repulsive part of the potential, B, favours the complex phases.
Overall, weaker interactions with a shorter-range are more favourable to the formation of
the Frank-Kasper phases. This appears to agree with the results from the double-Gaussian

potential. Figure[2:3]shows that increasing « in the DG model decreases both the magnitude
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Figure 4.13: Plots of the real-space potential wgtep (1) (left column) and quadratic coefficient,

Lstep(q) (right column). In (a) and (b) we vary o1, keeping 0o = 1 and B =1 fixed. In (c)

and (d) we vary o9, keeping o7 = 1 and B = 1 fixed. In (e) and (f) we vary B, keeping

o1 =1 and o9 = 1 fixed.
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and range of the potential, and we saw in figure that this favours the formation of the

o phase.

4.4.3 DFT results

As mentioned in the introduction, our colleagues Jiayu Xie and Cameron Burns, supervised
by Dr. An-Chang Shi, performed DFT calculations to search for the o, A15, C14, and C15
Frank Kasper phases using the free energy functional in equation . They considered
three different SALR potentials. The first was the double-Yukawa (DY) potential used by
Pini [58], the second was the double-Gaussian potential, equation , and the third was
the step potential, equation . Figure shows the phase diagrams they computed

for each of these theories.

Xie and Burns found that no complex phases were stable in the double-Yukawa model, figure
4.14] (a). They observed the o phase (orange) in diagrams (b) and (c) (the double-Gaussian
potential) and (d) and (e) (the step potential). They also found that the Al5 phase (lime
green) was stable in diagram (e). The C14 and C15 phases were not stable in any of the
models considered. Diagrams (b) and (c¢) were constructed using (b) @ = 1/1.667 =~ 0.6 and
(¢) @« =1/1.4 ~ 0.71. The stability of the o phase in both of these diagrams, and the fact

that the region of stability is larger in the second diagram, is consistent with our results.

Figure .15 shows the shapes of the quadratic coefficients associated with each of the po-
tentials considered by Xie and Burns, using the scaling described in equation (2.42]).

The quadratic coefficients in this figure change shape in a way that has been demonstrated
to favour the formation of the complex phases as we move from (a) to (e).x The Yukawa
potential (diagram (a) in figure has both the highest cost for the long-wavelength
modes and the lowest cost for the short-wavelength modes, making it the most similar to
the OK theory. The result of this is that no complex phases are stable in this theory. The
second step potential, Step (2), is the most similar to the shape of the LB model. The
phase diagram for this potential is shown in figure (e). We see that both the o and
A15 phases are stable in this model. The calculation of Xie and Burns shows that the same

mechanisms that stabilize the complex phases in the GL theory also work in the DFT model
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Figure 4.14: Phase diagrams computed by Xie, Burns, and Shi. Reprinted from [60]. Plot
(a) shows the phase diagram computed for the double-Yukawa model used by Pini [58], with
B =1.0, 21 = 1.0 and 2z, = 0.5. Diagrams (b) and (c) were computed using the double-
Gaussian model considered in this work with (b) o = 0.6 and (¢) o = 0.71. Diagrams (d)

and (e) were constructed using the step potential described by Zhuang and Charbonneau
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with (d) B = 1.0, 01 = 1.5, 03 = 3.0 and (e) B = 0.5, 01 = 1.0, 02 = 1.5 [59].
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Figure 4.15: Quadratic coefficients corresponding to each of the 5 diagrams shown in figure
Yukawa (a), Gauss (1) (b), Gauss (2) (c), Step (1) (d) and Step 2 (e). Figure courtesy
of Xie, Burns, and Shi [60].

of interacting spheres.
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Chapter 5

Conclusion

In this work we studied the simplest Ginzburg-Landau theories that one can use to describe
the formation of ordered phases. These theories have a generic form given by equation ,
with a local term always given by the quartic polynomial in equation and a non-local
term of the form presented in . We have thoroughly explored how the shape of the
quadratic coefficient in equation influences the stability of the Frank-Kasper spherical
packing phases. Building on the work of McClenegan and Shi [53], which demonstrated the
stability of the Frank-Kasper o and A15 phases in the Landau-Brazovskii model, we showed
that these phases do not appear in the Ohta-Kawasaki model. These models differ only in
the shape of the quadratic coefficient. To understand why the phase diagrams look different
we constructed our piecewise interpolation model and used it to isolate the effects of the
long and short wavelength modes on the stability of the complex phases. We discovered
that the formation of complex phases is suppressed relative to the other spherical phases
when the free energy cost associated with the long wavelength modes increases. We found

that decreasing the cost of the short wavelength modes also suppresses the complex phases.

Hoping to connect these results with a physical mechanism that is known to govern the
formation of the complex phases in block copolymer systems, we derived a Ginzburg-Landau
theory for diblock copolymers with segment asymmetry. Despite being responsible for the

formation of the Frank-Kasper ¢ and A15 phases in both experimental systems and SCFT
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calculations, we saw that the conformational asymmetry parameter in this theory did not
cause the shape of the quadratic coeflicient to change in a way that would be favourable to
these phases in our model. This model failed to describe the onset of the complex phases.
The reason for this must be that the approximations made in the derivation are too crude.
The fact that the inclusion of conformational asymmetry into the derivation does not change
the asymptotic behaviour of the quadratic coefficient means that this term on its own is not
sufficient to account for the impact. In particular, relaxing the assumption that the cubic
coeflicient can be treated as a constant value could have a significant effect on the phase

behaviour. Leibler’s calculation uses a cubic term of the following form:

F3 [¢] 1 / dQI d‘h d‘h

=31 ) @) @n) 20 (g1 + g2 +93)G*(q1,42.43)0(q1) H(q2) H(g3), (5.1)

Making the assumption that v has no dependence on ¢ means that we lose access to a lot
of physically relevant effects that might stabilize the complex phases. One might consider
a theory with a more complicated cubic term of the form in equation (5.1). However this
term will make the numerical methods used in this work significantly more computationally

intensive.

We considered two Ginzburg-Landau theories derived for a system of spheres interacting
via a pairwise short-range attractive, long-range repulsive (SALR) potential. These were
chosen to allow us to make comparisons with DF'T results discussed in the introduction that
showed the formation of the bee and fee spherical packing phases. First we considered a
specific SALR potential which was the sum of two Gaussian functions. We saw that the free
parameter in this theory is sufficient to stabilize the Frank-Kasper o phase. This parameter,
called «, is the ratio of length scales of the attractive and repulsive terms in the real-space
potential. As this ratio approaches 1 the quadratic coefficient gets smaller for ¢ < 1 and
larger for ¢ > 1, behaviours that are consistent with the factors needed to stabilize the
complex phases. We then considered a SALR step-potential taken from a paper by Zhuang
and Charbonneau [59]. We investigated how varying the parameters in this theory caused
the shape of the quadratic coefficient to change. This result enabled us to develop some
intuition for the relationship between the real-space interactions and the stability of the
spherical packing phases. In particular, we observed that a weaker repulsion strength and a

shorter range both stabilized the complex phases.
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We described DFT calculations performed by Jiayu Xie and Cameron Burns, supervised
by Dr. Shi, which showed that the same mechanisms that control the relative stability of
the complex spherical packing phases in the Ginzburg-Landau theory are relevant in that

model.

We set out to explore universal mechanisms that influence the formation and relative stability
of the complex spherical packing phases in soft condensed matter systems. We discovered
that a very simple Ginzburg-Landau theory is sufficient to explore this question, and we
thoroughly probed the mechanisms that are available to this theory. Xie and Burns’ result
shows that these mechanisms extend beyond the GL theory and into the DFT as well.
Ginzburg-Landau theories of the form considered in this work, and DFT theories of the form
in equation are ubiquitous in the literature. Our result has important consequences
for any work that uses these theories to model the physics of a soft matter system. A
natural next step for this project would be to include quasi-crystalline phases in the set
P of phases considered. Quasicrystal phases appear in many systems that also exhibit the
complex phases, and might be stable in some of our models. Another promising extension
could be to consider a two-field system with a free-energy functional of the form:
1 2 ~2
Flo.01 =3 ¥ (1o i@ + 10 |ia)

q

+ Flocal[ﬁﬂ + Eocal [TM + Fcoupl'mg [Qba W (52)

+rx@&@¢e@)

Such models appear for example in the study of binary blends. It is possible that the Frank-
Kasper C14 and C15 phases might become stable in such a model. Both of these proposals
will give us a more complete understanding of the phase behaviour exhibited by Ginzburg-
Landau theories and allow us to better understand the universal mechanisms underlying self

assembly in soft condensed matter systems.
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Appendix A

Modified Leibler theory

This appendix contains the details of the modified Leibler calculation described in section

2.3.

A.1 Series expansion of the free energy functional

Here we will describe how the series expansion of the free energy functional, equation ,
is obtained. We want an expression for I’ expanded in powers of the order parameter field
@', as defined in equation . To do this we first imagine that there is some external
field U(z) that couples to the density fluctuations dp4 such that the system is disordered

when U = 0. The full Hamiltonian for the system can be written:
H=Has + /d:tU(x)épA(a:), (A1)

where H4;s describes the system in the disordered state. The partition function for this

Hamiltonian is a functional of U:

Z[U] = Trexp {—B’Hdm — ,B/da:U(x)6pA(x)} (A.2)

— s <eXp {—ﬂ / de(a:)(SpA(x)}>dis. (A3)
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In the second line Zg;; is the partition function of the disordered system and we have defined

the thermal average with respect to the disordered Hamiltonian:

(s = 7T fexp (=6} (A1)
The Helmholtz free energy for this system is likewise a functional of U:
BF'U] = —1In Z[U]
=—InZ4s—In <exp {—ﬁ/dzU(z)épA(z)}> . (A.5)
dis

The free energy functional that we are interested in, F[¢'], is related to F'[U] through a

Legendre transform,
Fig) = FIU) - [ o (@)6' (o). (A6)

We will proceed first by expanding F'[U] in powers of U and then by using equation (A.6)
to relate that result to the one that we are actually interested in, the expansion of F' in

powers of ¢'. The expansion of F'[U] looks like,

BF'[U] = BFgs — i (_ﬁ)n /da;l e dzy Ol (1, 20U (1) - UZ), (A7)

where the nth coefficient CJ, is given by,

, 1 5" BF'[U]
Cn(xla e 7xn) - (_6)71 <6U($1) . 5U(.’l7n) ) U0 : (A8)

In particular, note that the first coefficient is:

Ci(z) = _% (;53(Zz)>u_o

= (0pa(®)) 4is
=0. (A.9)

Using the fact that the density fluctuations average to zero everywhere in the disordered

state. The second coefficient is:

/ 1 /1 62 1 62 &2
Colen,®) = 5 (z SU(21)0U (x2) 226U (21 oU (x2) > o
= (0pa(®1)0pa(T2)) 4is — (0pA(21)) 455 (0pA(T2)) i
= (0pa(®1)dpa(x2)) 4y, - (A.10)
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In general the coeflicients are related to the n-point correlation functions. For this work we

only need the exact form of the quadratic coefficient.

At this point it is useful to take the Fourier transform of equation (A.7). We will do this
term-by-term. Denote the nth term of (A.7) as F. Just as in equation ({2.5)), translation

invariance here means that for each coefficient C,,
C':l(xh"' 7mn):C7/z(x1_ya"' 7xn_y)' (All)
For any vector y. Taking y = x,,, we can write:

Cl(x1, ,x,) =CL(®1 —Tp, + ,Tp—1 — Ty, 0)

= Cn(xl —Zp,  ,Tp—1 — xn)a (A12)

where we are taking this as a definition for the un-primed coefficient C),. We can replace

C,, with the integral over its Fourier components:

Cn(ml —Tn, ", Tp—1 *mn) =

dgn1 ~ » ,
/ dg.  dq LCo(qr, qn1)e @E) @) (A 13)

Putting this back into the expression for F) and rearranging the order of the integrals:

=B)" [ dq dgn—1 ~
F’U:—( p) / R Lt g e Gpet) -
ﬁ n[ ] n (27’()3 (27’()3 (Qh »q 1)
dey - de, Uz - - Uz, )edt @1 2n) . pln-1:@n—1=2n) (A.14)
We can perform the integrals over &; for ¢ = 1,--- ,n — 1, each of which give us the Fourier
transform of U(x;):
/ dz;U(x;)e' % = U(g). (A.15)

The integral over x, looks a little bit different but gives the same result. We find:
/dan(mn)e_izn‘(ql+“'+an71) _ U(_QI . anl) (A.16)

We thus find that equation (A.14]) becomes,

BE U] = _(—j)” / (;?r;g C(lgg; én(‘lh"' ,qnfl)ﬁ(fh) ) "ﬁ(QnA)U(—‘Il — = qn-1)
_ _(—5)” / (‘;‘33 ((;?TT)L?)(S(‘” o4 4)Cnlgr, - an-1)U(q1) - Ulgy).

(A.17)
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The next step is to obtain an expression for U(q) in terms of the order parameter gzNS’ . The

order parameter in Fourier space, ¢'(q) = <(5~p A (q)>7 is given by,

51@) = 5 15pa(0) exp { 57— 8 [ S0~ 15pa(d)}

_ _i 0lnZ

B (5(7(—(1)
_ LopF'[U] (A18)

B 6U(—q)
So by differentiating each term of equation (A.17)) we find,
o e <—ﬂ)”‘1/ dg>  dgn
n=2

Cnl(g.92. 1 qn-1)U(a2) - U(qn-1)U(qn). (A.19)

Equation (A.19)) can be inverted iteratively to obtain an expression for U in terms of g?) To

do this we first write U as a series in powers of ¢':
Ulg) = Uo(q) + Ur(q) +--- . (A.20)

We can plug equation (A.20) into (A.19) and match powers of ¢'. Finding Uy is simple,
since there are no zeroth order terms on the left-hand side of (A.19)):

0=—§ / 92 5(q + 42)Co(@)00(a2)

(2m)3
+ 212/ (3%3 (;l::;:), (g + g2 +a3)C3(a.92)Uo(a2)Us(g3)+
T (A.21)

This requires that Uy = 0. For U; we find that the only term on the right-hand side of
(A19) that is linear in ¢’ comes from the n = 2 term:

30 = =0 [ 320+ ool )

= —BCs(q)Ur(—q)- (A.22)
Rearranging this result, we obtain,
. 1 ¢/(q)
Ui(—q) = -5 = (A.23)
1 5 Cala)

In this way we can iterate to find U,, for any n, although the algebra does become messy.

Mercifully, for our purposes it is adequate to stop here.
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Returning to equation (A.6)) and differentiating with respect to ¢’, we find,

L
) U(q). (A.24)

Integrating equation (A.20)) term-by-term allows us to easily obtain the series expression for

F[¢'] up to a constant factor,

8F16) =5 [ ot + 4ol (@) )

2
1 [ dg.  dgs
31 ) 2m)3  (2m)3

5(gr + - +a3)G3(q1,92)0 (q1) - ¢ (g3)

SR (A.25)

where consideration of equation (A.23)) reveals that

1
Ga(q) = AT (A.26)

We have thus arrived at equations (2.26]) and (2.27]).

A.2 1Ideal chain correlation functions

In this section we will derive the two-point correlation functions for a non-interacting, ideal

diblock copolymer chain, equations (2.29)), (2.30) and (2.31) in the text.

We start with a string of IV + 1 beads connected by springs. Let z; be the position of the
ith bead (i =0,---, N) The Hamiltonian for a single chain is:
1Y )
Ho = 3 Z ki (i —xi_1)". (A.27)

i=1
Note that we are using the subscript 0 to distinguish the Hamiltonian of the ideal system
from that of the disordered system, Hg;s, discussed in the last section. Here k; is the spring
constant for the spring connecting the i** bead to the (i — 1)* In this model the spring

constants are related to the Kuhn lengths b; of the polymers through:

ki = —. (A.28)
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For the AB diblock b; = by = \/eb for i < fN and b; = bg = b for i > fN. The partition

function for this model is,
Zo = /da;o---de exp {—Ho ({z:})}
Y3
= e _ (s — s )2
= /dmo dx N exp { z; o, (®; —xi—1) } . (A.29)
i—
Here the trace over system states becomes a series of IV + 1 integrals over positions of each
bead. We see how the quadratic functional form of Hy results in a Gaussian integral in the
partition function. We can evaluate equation (A.29) exactly. First define the bond vectors

u; = x; —x;_1,. We will do a change of variables from zy,Z1, - - ,Zx to Zg,u1, -+ ,uUyN-.

The determinant of the Jacobian for this transformation is 1, and so the partition function

N
3
ZO /da:o/dm duN exp{ ZT }
27b? 8/2
()

Fp2y 3N/2
_y (2”; b ) . (A.30)

becomes,

The integral over z( gives us the factor of the system volume V), this is a reflection of the

translation invariance of the centre of mass of the system.

We can now move on to the main result of this section, which is the calculation of the

two-point correlation functions,

Sy (@, 2") = (6pu(2)dp,(z')), (A.31)

where 0p, () = py — (pu),- From this we get the following expression for S, (z,z'):

Su(@.2) = (pu(@)pu(@))y — (pu(@)) (00 (")), (A.32)

We will begin by computing (p,(x)),. Using the definition of p, in equation (2.23)):

Ny

(ou(@))y = % D (6@ — ). (A.33)

i=1
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We need the thermal average of the delta function:

N
1 1 3
(5(m—xi)>O:Z—O dxg - - dend(x — x;) exp —52?(:1:] x;i_1)
j=1"J
N
1 dq 1 3 2
:70 @2n)? /da:o -dx Ny exp | iq - (x — ;) 521)—2 -z 1)

j=1J

(A.34)

Using the fact that ; = 9 +u1 + - - - + u;, we can perform the same change of variables

trick that we used to compute Zj:

1 d 0. g 1 3
(O(x —x;)), = Z (2:)3 e'r® /da:oe Ty - - - duy exp § —iq - Zul - = Z ?u?
j=1 j:l J
N N
1 dg o , 1L 3
= Z—O/ (Qﬁ)3(27r)3(5(q)e q’”/dul < duy exp { —iq - Zluj —5 Zl @uf
j= j=
N
1 3
:7/du1 -dupy exp 52—23
j=1 bj
1
Putting this back into equation ({A.33):
N,
(Pu(@))o = (A.36)

This is an unsurprising result (see the discussion in section 2.3), but it is nevertheless
comforting to see. Returning to equation (A.32), we still need to compute the two point

density correlation functions:

T (@,2") = (pu(@)pu (@),
V2 NH N,
WZZ (@ —z)0(z" —x5)),- (A.37)

=1 j5=1
We will treat the two distinct cases, u = v and p # v, separately. Let’s start with the y = v
case:

Ty (z, ') N2 Z (x —x;)0(’ —:cj)>0

7,7=1

21?2
=57 Z Rij. (A.38)

i<j
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In the second line R;; = (§(x — ;)d(z' — x;)), Computing this quantity:
1 dqg dq
= — [ dag---d =
Ry = g [ deo-oetow [ o
1 3
cxp{iq~(a:—a:,-)+iq’ ' —z;) 5;? mk—wk_l)Q}

1 dg  dq eiq-m+iq'-x'/dxoe—i(ﬁm')-xo...

??"

ZO (2m)3 (27)3
/du1 duNexp{zq+q Zukfzq Zukf Zb2 }
k=1i+1
1 7. xT
ZO ( i ( m)/dul ~dupy exp [ iq - Zuk— ZbQuk
k=i+1
1 & 2
v/ { (z—a) - 22;"2}
k=it1

At this point we can note that 7}, is a function of the distance between 2 and ' only:
T, (x,2") = T, (x — ). This is a reflection of the translation invariance of the system. We

should evaluate the sum in this expression. Noting that by = b,, for all terms:

Z b = b2(j — 1), (A.40)

k=i+1
equation (A.39) becomes:
1 3 5/ 3

Rij=<|—7"= exp{—,, m—z'Q}. A41
1=y (mzo ) 22— %) (841

We can now compute T}, (z — '), equation ([A.38)

2y 3 8/ 3

T —_—— - _(x—2')?}. A.42
we )= 53 (gig) ol mp e o) ew

We will make the assumption that the chains are very long relative to the length of an
individual segment (N,b, > b, or N, > 1) and replace the sums with integrals,

Z Z /fu /fu As)

=0 j=14+1

where s; and s; are dimensionless parameters that measure the distance travelled along the

chain and f, = NM/N. The sum in equation (A.42]) becomes an integral,

Lz =) /f“ /f“ <2wb2(i_s)>3/lxp{m(j_$@w}.

(A.44)
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To evaluate this integral we will first take the Fourier transform,

Tula) = / dyTu(y)e ¥
fu fu b _
= / ds’ exp { <8 i )q2}
6
2V ( 6 > <fuNb2 { Nubi 2} )
== |33 g t+exp ———q¢“ > —1]. (A.45)
N2\ b2g? 6 6

Let x = %N b2¢?. The Fourier transform of the two-point pu density correlation function is:
. 1 \?
Tuu(q) =2V (ez) (fuepx +exp{—fueux} —1), (A.46)
nw
where €, = b,,/b. The Fourier transform of the full scattering function (equation (A.32)) is,
Sun(@) = Tuula) — (27)° f75(q)- (A.47)

From this we get equations (2.29)) and (2.30]) in section 2.3.

Next up we repeat the calculation for 1 # v. In this case T),, = T4p and equation (A.37)

becomes,
V2 N
Tap(x,2') =2 > Z Rij. (A.48)
i=0 j=fN+1

The calculation of R;; in this case is the same as above up until equation (A.39)), at which

point we need to compute the sum over Kuhn lengths. This time we note that ¢ < fN and

7> fN, so:
J fN J
SNobi= > e+ > v
k=i+1 k=i+1 k=fN+1
= (fN —i)eb> + (j — fN)b%. (A.49)

Putting this back into equation (A.48]) we are left to compute the sum:

fN N
Tap(x —2') - N2 Z Z
=0 j=fN

3/2
3 o d 3z —2a')
(mz((fN —i)e+ (i~ fN))> ’ p{ 202((fN —i)e + (j — N)) } -

As before we convert this into an integral:
v IN N
TAB(m—x')H—/ ds/ ds’ -
N2 Jo N
a2
3@ —2) } . (A51)

3/2
<27rb2((fN —s)e+ (s — FN)) ) P {_2b2 (FN = s)e + (s — IN))
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Taking the Fourier transform and evaluating, we arrive at the two-point AB density corre-

lation function:

- fN N 9 Qe o
Tar(q) = 4 ds/des’exp{_b ((fN = s)e+( fN))qg}

N2 J, 6

V [ 6\’ b?fN V(1 — f)N
() (e ) (e )
_ V& (1 efer) (1 _ e—(l—f)w) , (A.52)

where x has the same definition as before. The Fourier transform of the full AB scattering

function is,
San(q) = Tag(®) — (2m)° f(1 - )8(q). (A.53)

This gives us equation ([2.31)) in section 2.3.

A.3 Random phase approximation

In this section we will show how the random phase approximation (RPA) can be used to
get an expression for the two point correlation function Cs (g). We begin by considering the

two point pwv-correlation function in real space:
4 (@ —a') = (5p,(@)3pu (@) . (A.54)

where p and v = A, B. Recall the incompressibility condition requires that dpa + dpp = 0.
This means that there is actually only one correlation function C34 = CPB = —C3'B.
Elsewhere we have called this function C5. We imagine applying external fields U, (u =
A, B) to produce density fluctuations ¢L. The relationship between the density at & and
a field applied at position #’ is determined by the correlation functions. Since we are only
interested in an expression for the two-point correlation function it is sufficient to consider

a linear response:
@)= -5 / da! O (@ — &)U, (). (A.55)

Actually it will be useful to work in reciprocal space for this work:

¢r(a) = -8 CL (@)U, (g)- (A.56)
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The RPA assumes that the interaction terms in the Hamiltonian H4;s are small so that
the response of the system to the applied fields Uu is the same as the response of the ideal

system to two effective fields U¢f:
d.(g) =—BY_ S (@)U (g), (A.57)
where S5 is the Fourier transform of the response function for the ideal system:
SE = (Gpu(@)ipn(a)), (A.58)

USH accounts for the applied field U, and the interactions between the A and B segments. We
also include a Lagrange multiplier, A, that is used to enforce the incompressibility condition
¢y + ¢ =0

U (@) = Uu(a) + UM (a) + Ma). (A.59)
The standard interaction term is a contact interaction between the A and B segments,
Uint — >, V””’(i'77 where,

0 v=r
Ve = . (A.60)

X V#EY
X is the strength of the interaction between segments, called the Flory interaction parameter.

See for example discussions in [62] and [66]. The RPA can be summarized in the following

matrix equation,

71 SVAA SAB 0 0 T 1
?A =g e X/ ?A +A . (A61)
7 spr5pe) (\os) \ws o )\ 1

where we have suppressed the q dependence. We begin by calculating A from the incom-

pressibility condition. A bit of algebra yields the following result:
)\ZCAUA+CBUB, (A.62)

with constants c4 and cp defined by,

_ §§4A —|—5'2AB —xW

= A.63
e 2xW - S ’ (4.63)
GBB | GAB _ |1
cp= 2 to3” X (A.64)
2xW - S
W is the determinant of the correlation matrix in equation (A.61)),
W = S34577 — (955)2, (A.65)
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and S is a linear combination of the correlation functions,

S =554 + 578 — 2545

(A.66)

These are the definitions that appear in equations ([2.35)) and (2.36)). Putting equation (A.62)

back into equation (A.61]) and rearranging the terms yields this expression:

U
al ) = s |
g Us

)

where the matrices A and B are,

14+ xS88 xS

A= ,
XSPP 14 xS5P
B 55“4 5543 1+ca cB
SAB - SBB cA 1+cp

We can rewrite equation (A.67) so that it is in the form of (A.56):

AN IR

) \esr cpe) \os

and read off the expression for the correlation function: Cy = C3*4 = (A~1B)1;.

working through the algebra we find,

Wiq)

~NAA _
@ = s av

This is equation (2.34) in the text.

79

(A.67)

(A.68)

(A.69)

(A.70)

Again

(A.71)



Ph.D. Thesis - S. Dawson; McMaster University - Physics & Astronomy

Appendix B

Numerical details

B.1 Initializations

Each phase is initialized using a function f,(x), and then adjusted so that it satisfies

N
Z%(xi) =0, (B.1)

where N = NNy N, is the total number of grid points. This condition is guaranteed by

defining the initial density profile as

1 N
B(@) = @) = 5 D f(@). (B2)

B.1.1 Spherical phases

All of the spherical phases are initialized using equation (B.2) with a function fy(z) of the

following form:
fo@) =Y gu@ ), (B.3)
x;

where the sum is over the locations of the centres of each of the spheres and g,.(x — z;)

defines a sphere with radius r centred at x;:

g(@) = exp {1 —(1-(z- :1:1-)2/7"2)_1} . (B.4)
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grid unit cell
phase initialization function, f,(z)
size(s) dimension(s)
lamellar
N, =64 l, =27 Gram(x) = cos (?—”m)
(lam) v
hep /\[ A
N, =64 |1, =41/V3 e (AT
cylindrical Phex (@, y) = cos ( ly y)
N, =64 ly=4m o o
(hex) +2cos | —x | cos | —y
ls Ly
1-2 |r(zy,2) > 1
¢gyr($7 Y, Z) = Y
_% ‘T("E,y72)| <1
double N, =64 l, =15
gyroid N, =64 ly =15 where
(gyr) N, =64 l.=15
. 2T 2T
r(z,y,z) =sin <lw> cos <Zx>
(5= (57)
+sin | —y ) cos | —y
Ly Ly
. 27 27
+ sin l—z cos l—z

Table B.1: Initialization functions, f,(x), and parameters for non-spherical phases.

Figure shows a one-dimensional cross section of the spherical profile created by g, ().

Table[B.2] contains a list of coordinates for all of the spheres in the unit cell of each spherical
phase, as well as the radius r of the spheres and the grid sizes and initial unit cell dimensions.
Together with equation , this provides the information needed to initialize the spherical
phases. Note that the unit cell is assumed to have opposite corners located at the coordinates
(0,0,0) and (I

fractions of their respective dimensions, so for example the coordinate (1,1,0.5) should be

21y, [>), and that the coordinates given in the table should be interpreted as

interpreted as the point (I,1l,,!-/2) in the unit cell.
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)

1/2,3/a,1), (1/4,0,1/2
54,0,1/2), (Y/4,1,1/2),

?

( )
1/2,3/4,0), (1/2,/4,1)
) ( )

( )

unit cell di- | sphere coordinate sphere
phase grid size(s)
mension(s) list radius, r
(1/2,1/2,1/2), (0,0,0),
N, = 64 l. =227 (1,0,0), (0,1,0),
body-centred
N, =64 l, =2V2r (0,0,1), (1,1,0), Thee = 2/27
cubic (bcc)
N, =64 l, =2V2m (1,0,1), (0,1,1),
(1,1,1)
( 7070)7 (17070)7
( 7170)7 (0707 1)a
N, =64 l, =237 (1,1,0), (1,0,1),
face-centred
N, =64 =23n (0,1,1), (1,1,1), Tiee = 2V/37
cubic (fec)
N, = 64 I, =237 (1/2,1/2,0), (1/2,0,1/2),
(0,1/2,1/2), (V/2,/2,1),
(Y2,1,/2), (1,1/2,1/2)
(Y/2,1/2,1/2), (0,0,0),
(1,0,0), (0,1,0),
(0,0,1), (1,1,0),
(1,0,1), (0,1,1),
N, =64 l, = 2v/57 (1,1,1), (0,1/2,1/4),
al5 N, = 64 l, = 2V/57 (0.1/2,3/4), (1,1/2,1/4), | 7415 = V/57
N, = 64 I, =257 (1,1/2,3/1), (1/2,1/4,0),
(
(
(
(

5/4,1,1/2)
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N, =128
o N, =128
N, = 64

l, =97
ly =97
I, =97/2
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1/2,1/2,1/2), (0,0,0),
1,0,0), (0,1,0),
0,0,1), (1,1,0),
1,0,1), (0,1,1),
1,1,1),

0.3684,0.9632, 1/2),

0.0368,0.6316, 1/2),
0.6316,0.0368, 1/2

)

0.1019,0.8981, 1/2),

0.8981,0.1019, 1/2),

(
(
(
(
(
(
(0.9632,0.3684,1/2),
(
(
(
(
(0.5653,0.7624,1/2),
(

)
)
)
)
)
)
)
)

0.7624,0.5653, 1/2),

re = 9m/4
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Table B.2: Parameters and list of coordinate points used with equation (B.3) to initialize

spherical phases.

B.2 Field optimization algorithm

Here we present the details of the algorithm used to find the order-parameter field that
optimizes the free energy density, equation (3.4), subject to the conservation constraint,
equation (3.8)). We begin with the time-evolution equation, (3.12). Fourier transforming

both sides, we obtain,

- 5 ‘
29,(q) _ —q2/dx ];>e“1'x

ot 0o(
_ 2 vy 9| 0focal (¢(1‘))}
——Pr@lg) - o | Lot D), (B5)
where we use F to denote the Fourier transform, i.e.,
Flf@) = [ dof@ye e, (B.6)

and fiocai(@) refers to the local part of the free energy density, which is the same for all

models considered in this work. Define g (¢) as the functional derivative of fiocar, given by:

_ 5flocal
do(x)

= 79(z) - 10(@)? + 5 0(a)" (B.7)

g (o))

We discretize equation (B.5) into timesteps of length « using a semi-implicit scheme:

1 in n in n

=~ (671 = 9") = —’T@9" ! — P F g (¢")], (B3)
from which we obtain the following update step,

o = (14 %)t (6" — ¢*aF[g(6")]). (B.9)

We could simply iterate equation until convergence was reached, however to improve

the speed of convergence we follow [64] and use a damped Nesterov acceleration technique.
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1.0 1

0.0

Figure B.1: Plot of g,(x — x), equation (B.4), with » = 2 and 27 = 2.

We define a second field, (), which is initially equal to ¢(z). We update ¢ using the
Nesterov field:

G = (14 2a) ! (8" PaF g (u")]). (B.10)

The Nesterov field is then updated using a Nesterov coefficient 8", which is initialized to 0.

The update step for ¢ is:
" g) = (1+8™)9" (q) — 579" (9)- (B.11)

The Nesterov coefficient is also updated using a series that approaches 1 as n gets large:

o= 01 =0") (B.12)
(67)2 + on i1 |
where,
1 1
O = =5 0" 47 (0" (077, (B.13)

and 8° = 0, 8° = 1. The Nesterov acceleration technique can produce fluctuations in the
solution, to avoid this we implement a simple restart - setting #"*! = 1, and g**! = 0
if the free energy ever increases. Table contains a summary of the field optimization

technique.
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Field optimization algorithm

1. Start with an initial field ¢°(z) and its Fourier transform ¢°(q). The
initial Nesterov field is given by 7,/;0 = QEO.

2. Use the Nesterov field to compute the derivative of the local free energy
density, g(1™), using equation (B.7). Find its Fourier transform,
Flg@m)].

3. Update the order parameter field using equation (B.10).

4. Update the Nesterov field using equation (B.11)) and then update the
Nesterov coefficients using equations (B.12) and (B.13) and the restart
condition.

5. Compute the inverse Fourier transform of the Nesterov field.

6. Iterate steps 2 to 5 until the change in the free energy density over
successive iterations is below the threshold error tolerance (10~7 for this
work).

Table B.3: Summary of the algorithm used to find the optimal order parameter field ¢, for
phase p.

B.3 Unit cell optimization algorithm

In this section we describe how a conjugate gradient method is used to find the optimal
unit cell dimensions. More details about the conjugate gradient method can be found in
reference [65]. Here we simply describe the specific algorithm used in this work. Define

the vector b = (bg, by, bz)T. In a regular gradient descent method, we would compute the

solution b* to equation (3.18) by iterating:

b =b" 4 ar”,
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where r” is the residual vector (so called because of equation (B.14)):

n __ 7afnl
T T e

(B.15)

and « is the timestep. In the conjugate gradient method, the update step is instead replaced
with,
bt =b" + as™, (B.16)

where 8" is a linear combination of the last two residual vectors:
st =r"+ " (B-17)

and (™ is called the conjugate coefficient. It is initialized to 0 and then updated using the

o= ( ) (B.18)

/r-’ﬂ

Fletcher-Reeves formulas:

with r = |r|. If the free energy of the system ever increases then we reset the conjugate
coefficient to 0. In this algorithm we also use an adaptive time step, @« — o™ in equation
(B.16]). We start with some initial guess a™. We then find "' using equation and
compute the change in the non-local part of the free-energy. We accept our value of a™ if

the following inequality holds:
far®"FY) = fu (@) > ca™r", (B.19)

where ¢ is some constant value chosen at the start. If the inequality does not hold then

n

a™ is shrunk by some factor p (o™ — pa™) and the process is repeated. This algorithm is

summarized in table[B:4} The full unit cell optimization algorithm is described in table [B:5]
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Timestep update algorithm

1. Start with constants ¢ and p (¢ = 0.1 and p = 0.9 in this work), some

minimum value &y, and some initial guess a™ (in this work, o™ = 1).

2. Compute " ! using equation (B.16).

3. If the inequality in equation (B.19) is satisfied, or if ™ < @, then stop

and return min (@™, Qmin)-

4. If neither condition is satisfied, then take a™ — pa™ and repeat steps 2

and 3.

Table B.4: Summary of the algorithm used to find the timestep o™ used in equation (B.16]).

Unit cell optimization algorithm

1. Start with some b™. Compute the residual 7™ using equation (B.15)) with
the components of df,;/0b™ given in equation (3.1.3).

2. Compute the conjugate vector s” using equation (B.17)), where the
coefficient 3" computed using equation (B.18]) (Note 3° = 0).

3. Find the timestep, o™ using the algorithm described in table

4. Find "' using equation (B.16]).

(31

. Repeat steps 1 through 4 until the change in the non-local free energy

density is smaller than the threshold error tolerance (10~7 in this work).

Table B.5: Summary of the algorithm used to find the optimal unit cell sizes b = (b, by, bZ)T.
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