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Lay Abstract

Visible light communications (VLC) integrate into the ubiquitous light-emitting

diode (LED) luminaires, providing lighting and communication simultaneously. Com-

mercially available LEDs are low-cost, simple, and have a limited modulation band-

width. These LEDs demand that VLC orthogonal frequency division multiplexing

(OFDM) modulation schemes be spectrum- and power-efficient with low complexity.

Concerning these challenges, this thesis presents a novel spectrum- and power-efficient

VLC OFDM scheme with low complexity. Firstly, absolute value layered asymmet-

rically clipped optical OFDM (ALACO-OFDM) is presented to achieve high spec-

tral and power efficiency while requiring fewer layers. Then layered antisymmetry-

constructed clipped optical OFDM (LAC-OFDM) is introduced, which requires low

complexity as compared to existing layered asymmetrically-clipped optical OFDM

(LACO-OFDM). Given a VLC dispersive channel, low-complexity LACO-OFDM (L-

LACO) is furthermore introduced with simple equalization but generates an iden-

tical signal to the existing LACO-OFDM. Finally, for a bandlimited VLC channel,

Kramers-Kronig optical OFDM (KKO-OFDM) is presented to achieve high spectral

and power efficiency. The ALACO-OFDM and LAC-OFDM work in flat VLC line-of-

sight links while L-LACO in VLC dispersive links and KKO-OFDM in bandlimited

VLC dispersive links with simple equalizer.
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Abstract

The need for wireless connectivity is ever increasing while conventional radio fre-

quency (RF) communications are limited by the amount of available spectrum. Visi-

ble light communications (VLC) are emerging as a promising complementary to the

RF wireless, thanks to the enormous available bandwidth in the visible spectrum.

Moreover, VLC integrates into the ubiquitous illumination infrastructures to satisfy

the need for wireless connectivity indoors.

Commercially available light-emitting diodes (LEDs) are low-cost, simple, and

have a small modulation bandwidth. For the small modulation bandwidth, VLC

systems must enjoy high spectral efficiency to achieve high-rate transmission. Addi-

tionally, VLC systems must have high power efficiency to help preserve the critical

advantage of LEDs for illumination applications. Furthermore, since LED luminaires

are constrained by cost, deployed VLC systems must be low-complexity. Indoor VLC

channels are dispersive due to multipath propagation indoors and due to the lim-

ited bandwidth of the optoelectronics. However, time-domain equalization on such

channels can be prohibitively expensive for long serials. These challenges motivate

extensive research on optical orthogonal frequency division multiplexing (OFDM).

Given those problems and challenges, this thesis introduces novel spectrum- and
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power-efficient optical OFDM modulation schemes to implement with low complex-

ity in VLC systems. Firstly, absolute value layered asymmetrically clipped optical

OFDM (ALACO-OFDM) is presented to achieve high spectral efficiency and high

power efficiency with fewer layers, thus requiring low complexity. Compared to its

counterparts, ALACO-OFDM can achieve higher spectral efficiency and information

rate even with fewer layers.

Antisymmetry-constructed clipped optical OFDM (AC-OFDM) is then introduced

as a novel low-complexity modulation scheme. To enhance the spectral efficiency and

retain low-complexity, layered AC-OFDM (LAC-OFDM) is introduced, consisting

of several layers of AC-OFDM signals. LAC-OFDM is shown to be less complex

compared to its state-of-the-art counterparts.

Concerning a practical VLC dispersive channel, low-complexity layered ACO-

OFDM (L-LACO) is introduced with simple equalization. Mathematically, L-LACO

generates identical signals to the existing layered asymmetrically-clipped optical OFDM

(LACO-OFDM); however, it requires only half arithmetic operations at both the

transmitter and the receiver.

For a practical bandlimited VLC dispersive channel, the previous optical OFDM

modulation schemes will be no longer non-negative after interpolation with sinc(t)

pulse. This thesis presents Kramers-Kronig (KK) optical OFDM (KKO-OFDM) to

enhance the spectral efficiency and power efficiency for such bandlimited VLC chan-

nels. The KKO-OFDM transmit signal is constructed to be real-valued, non-negative,

and strictly bandlimited. Numerical results show that KKO-OFDM outperforms

DCO-OFDM and LACO-OFDM in bandlimited VLC channels in terms of optical

power efficiency.
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Chapter 1

Introduction

As new information technologies and applications arise, such as artificial intelli-

gence (AI), the Internet-of-Things (IoT), virtual reality (VR), and augmented reality

(AR), billions of mobile devices are connected, and the requirements for data trans-

mission are escalating. According to the Cisco Annual Internet Report, it will grow

to 13.1 billion mobile devices and 14.7 billion machine-to-machine (M2M) connec-

tions by 2023 [1]. This increase demands a great capacity for next-generation wireless

computing and wireless communication. While conventional radio frequency (RF)

communications provide an attractive solution, they are limited by the amount of

available RF spectrum [2, 3]. As a consequence, optical wireless communication

(OWC) has been considered as a complementary physical layer for conventional wire-

less communications [3]. Optical wireless communication is a type of optical commu-

nication, which leverages the huge amount of available spectrum such as infrared (IR)

[4], visible light [5], or ultraviolet [6] to achieve wireless communications. Thanks to

the ubiquity of LED luminaires, visible light communications (VLC) as a variant of

OWC is a promising candidate for indoor wireless data transmission [2, 3].

1
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1.1 Visible Light Communications

1.1.1 Context

Visible light communications employ the visible light spectrum between 460 THz

and 790 THz (Terahertz, THz) to achieve indoor wireless data transmission [7]. This

is an available bandwidth of nearly 330 THz. Visible light communications do not

require any licenses worldwide, unlike conventional RF communications. In VLC

systems, a light-emitting diode (LED) typically serves as the transmitter, while a

photodetector (PD) serves as the receiver. LEDs are massively used in illumination

thanks to their high power efficacy, long lifespan, and high colour quality [8]. LEDs

are anticipated to comprise 84% of all lighting installations in The United States

of America (USA) by the year 2035 [8]. Leveraging the enormous license-free op-

tical spectrum and the ubiquity of solid-state lighting (SSL), VLC is a promising

candidate for indoor situations demanding high capacity for multi-users. Power line

communications (PLC) [9, 10, 11, 12, 13], power-over-Ethernet (PoE) [14, 15, 16, 17],

lighting control network [18, 19, 20] are proposed as backbone networks for VLC sys-

tems to integrate into existing illumination infrastructures. In VLC systems, only the

intensity of visible light is modulated to carry information and inherently does not

interfere with conventional RF wireless communications. Additionally, VLC systems

add a secondary communication function to the LED while simultaneously providing

illumination, saving energy, and being environment-friendly. The intensity of light

can be changed quickly, and the average optical power is set to a constant value such

that no LED flickering will be perceptible to humans [7, 15]. Furthermore, there is no

radio wave in the VLC systems compared to conventional RF wireless, which will not
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cause electromagnetic pollution. Compared to conventional RF wireless, VLC sys-

tems are a more secure communication candidate, which cannot be eavesdropped on

by a next-door eavesdropper since visible light will inherently not penetrate the walls

of an office. While there may still exist eavesdroppers in the same room as legitimate

users, secure methods such as transmit beamforming and artificial noise are proposed

to enhance the secrecy rate in VLC wiretap channels [21, 22, 23, 24, 25, 26]. Com-

pared to conventional RF wireless, VLC systems enjoy cost competitiveness since the

transmitters, LEDs are less expensive than base stations employed in conventional

RF wireless communication systems [7].

1.1.2 Visible Light Communication History

The first visible red LED was invented by Nick Holonyak Jr. in 1962 [27]. However,

the first red LED was not sufficiently bright. In 1994, high-brightness blue LEDs were

invented by Shuji Nakamura [28]. White light can be generated by coating the blue

LEDs with phosphors, which is adopted in much of today’s lighting industry.

The first wireless audio transmission employing VLC with white LEDs dates back

to 1999 by G. Pang et al. [29]. Wireless optical communication system using white-

coloured LEDs was proposed and simulated for wireless home links in the year 2000

in [30]. In 2003, M. Nakagawa et al. proposed to integrate power-line communication

and white LED VLC systems. This integrated system was built and verified in a lab

with a data rate of 1 Kb/s [31]. In 2009, D. O’Brien et al. verified an indoor VLC

system at a rate of 100 Mb/s with a distance of 10 cm [32]. This VLC system utilized

a first-order analog equalizer to expand the bandwidth to 50 MHz. Moreover, a blue

filter was employed, and only the blue component of the white LED was detected
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at the receiver. In 2011, J. Vučić et al. reported a VLC system achieving at 803

Mb/s with bit error rate (BER) below 2× 10−3 operating at a distance of 12 cm [33].

This VLC system employed wavelength division multiplexing (WDM) and discrete

multitone (DMT) modulation and utilized a RGB-type white LED. In the same year,

A. M. Khalid et al. reported an experimental demonstration achieving 1 Gb/s with

a phosphorescent white LED at a BER of 1.5 × 10−3, which employed optimized

DMT modulation and adaptive bit- and power-loading [34]. In 2012, G. Cossu et

al. reported an experimental demonstration of a gigabit-class indoor VLC system

using RGB white LEDs and leveraging DMT modulation, in which 1.5 Gbit/s with

single channel and 3.4 Gbit/s by WDM transmission were demonstrated [35]. The

3-dB modulation bandwidth of an µLED is exhibited to be more than 60 MHz, much

higher than the bandwidth of a conventional commercial white LED. In 2014, H.

Haas et al. presented a VLC experiment achieving 3 Gb/s using a single µLED and

employing orthogonal frequency division multiplexing (OFDM) [36]. In 2015, N. Chi

et al. reported the highest data rate at the time of 1.6 Gb/s exploiting a cascaded

pre-equalization circuit using a commercially available white phosphorescent LED

[37]. In 2017, M. S. Islim et al. proposed a novel violet micro-LED array allowing a

modulation bandwidth up to 655 MHz [38]. A transmission rate of 11.12 Gb/s was

reported at the 7% FEC limit (i.e., BER = 0.0038) for an OFDM-based VLC system

employing that violet micro-LED [38]. In 2019, H. Haas et al. demonstrated a VLC

system enabling 15.73 Gb/s employing four single colour off-the-shelf commercially

available LEDs working at a link-distance of 1.6 m [39]. This VLC system used

forward error correction coding and the OFDM scheme with adaptive bit loading.

More recently, Z. Xu et al. demonstrated indoor VLC systems employing off-the-shelf
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red, green and blue LEDs achieving 3 Gb/s at a distance of 5 meters in 2021 [40]. The

VLC systems leveraged on-off keying (OOK) modulation and imaging techniques and

utilized analogue pre-equalization to extend the modulation bandwidth of the LEDs

from 10 MHz to about 300 MHz [40]. In the same year, N. Chi et al. demonstrated an

underwater VLC system employing adaptive deep-learning equalizer to tackle LED

nonlinearity [41]. A data rate of 2.85 Gb/s was reported achieving a BER below

3.8 × 10−3 with reduced computation complexity [41]. In the same year, N. Chi et

al. reported a VLC system employing InGaN/GaN-based LEDs with Si-substrate,

which achieved 24.25 Gb/s transmissions using eight wavelengths at a distance of 1.2

m [42].

There is an inherent trade-off between modulation bandwidth and optical effi-

ciency for commercially available LEDs. Additionally, the modulation bandwidth of

a commercial phosphorescent LED used for illumination applications is typically sev-

eral MHz [32]. In contrast, a laser diode (LD) has a high optical efficiency at high

current densities and enjoys a large modulation bandwidth in the GHz range [43].

Consequently, LDs are attracting increasing interest in making the most of the visi-

ble light spectrum. In 2015, H. Haas et al. demonstrated an experiment employing

commercially available off-the-shelf RGB-LDs achieving Gigabit-class wireless trans-

mission and showed potential wireless access beyond 100 Gb/s considering indoor

illumination constraints [43]. In 2019, D. O’Brien et al. reported an LD-based VLC

operating over a wide area (i.e., a covering area of 39 m2) and supporting up to 35

Gb/s data rate. This system employed four-colour multiplexed VLC transmission

with a link distance of 4 m [44].
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Besides these academic advancements, there are huge developments in the stan-

dards and industry, which help commercialize VLC a lot. In 2003, the visible light

communications consortium (VLCC) was firstly started in Japan, working on propos-

ing standards on VLC systems [45]. Later, Japan Electronics and Information Tech-

nology Industries Association(JEITA) presented three standards for VLC, including

JEITA CP-1221 (in 2007), JEITA CP-1222 (in 2007), and JEITA CP-1223 (in 2013).

In 2008, a project named as the Home Gigabit Access was introduced in Europe, which

faces the challenge to develop VLC networks and standards [46]. Later in 2011, IEEE

802.15.7 standard was proposed for VLC systems [47]. Several VLC solution ven-

dors worldwide include pureLiFi, Oledcomm, Outstanding Technology, Koninklijke

Philips, Nakagawa Laboratories, and Nakagawa Laboratories.

1.2 Visible Light Communications Channel Model

In VLC systems, a commercially available LED is typically employed as the trans-

mitter. Information is modulated onto the instantaneous optical intensity (i.e., in-

tensity modulation (IM)) [3, 4, 7]. The optical intensity is well modelled as being

proportional to the LED input electrical current [4]. The LED input current is re-

quired to be real-valued and non-negative. Considering the illumination requirement

and dimming control, constraints are also imposed on the average amplitude of the

emitted signals [3, 4, 7].

Visible light communications systems typically employ a PD as the receiver, which

utilizes direct detection (DD) for simplicity. The PD generates an electrical current

that is well modelled as being proportional to the effective optical power received

[3, 4, 7]. Additionally, considering a quasi-static indoor environment, VLC channels

6



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

are generally assumed to be linear time-invariant (LTI) [48]. At the receiver, thermal

noise and shot noise are well modelled as additive white Gaussian noise (AWGN) [4].

High-speed LEDs specifically designed for high bandwidth VLC are complex and

expensive. Additionally, high-speed LDs are costly and complicated, which may also

cause health concerns, i.e., irreversible injury to the skin and eye, due to laser bio-

logical effects [49]. Hence, the aforementioned high-speed LEDs and LDs in Section

1.1.2 only typically exist in the lab. The existing illumination infrastructures are gen-

erally commercially available, and affordable LEDs [8]. These commercially available

off-the-shelf LEDs are less expensive and much simpler though they also have a much

smaller modulation [32].

Therefore, improving spectral and power efficiency and reducing the complexity

is critically essential for VLC going into people’s houses soon.

1.3 Optical Orthogonal Frequency Division Multi-

plexing

VLC integrates into existing illumination infrastructure to provide lighting and

communications simultaneously at low complexity and low cost. Visible light com-

munications employ an IM/DD channel link, in which LED input electrical current

must remain real-valued and non-negative with a constraint on the mean value. In

addition, the VLC channel is dispersive due to multipath distortion from multiple

reflections of light from transmitter to receiver [4, 50].

Orthogonal frequency division multiplexing (OFDM) is extensively employed as
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a modulation technique in conventional radio frequency communication systems be-

cause of its resistance to inter-symbol interference (ISI) caused by dispersive chan-

nels. However, conventional OFDM cannot be employed directly in VLC systems

since conventional OFDM signals are complex-valued and bipolar with an electrical

power constraint. In contrast, LED input electrical current requires a real-valued and

non-negative signal. Conventional OFDM has to be modified before being applied in

VLC systems [51].

The Hermitian symmetry constraint is generally imposed in the frequency-domain

symbol to achieve a real-valued signal in the time domain. Hence, only half of the

total subcarriers are available for modulation [51]. Several methods were proposed to

ensure the signal is non-negative, resulting in many optical OFDM schemes suitable

for IM/DD VLC channels. This Chapter classifies these optical OFDM schemes into

three main categories: Single-layer optical OFDM, Dual-layer optical OFDM, and

Multiple-layer optical OFDM. In this thesis, the term ‘layer’ refers to a set of OFDM

signals that are superimposed to improve the spectral efficiency of the modulation.

1.3.1 Single-layer Optical OFDM

Due to the low complexity and high spectral efficiency, the direct current (DC)

biased optical OFDM (DCO-OFDM) is a popular scheme for VLC systems. In the

DCO-OFDM, Hermitian symmetry (HS) is employed to generate a real-valued output

of the inverse fast Fourier transform (IFFT). To make the output signal non-negative,

a DC bias is added, and all the remaining negative peaks are clipped at zero [4][51].

Although spectrally efficient, DCO-OFDM requires a large DC bias that consumes

much optical power. Note that the DC bias conveys no information resulting in power
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inefficiency. The DC bias can also be used to help guarantee a desired illumination

level [52]. In order to fit the DCO-OFDM signal into dynamic range for the LED, a

clipping operation is typically done, resulting in out-of-band (OOB) distortion [53].

Alternatively, an adaptive minimum DC bias can be added to ensure non-negativity

according to an OFDM symbol [54]. Although there is no OOB clipping distortion,

this method may result in LED flickering for VLC systems.

Asymmetrically clipped optical OFDM (ACO-OFDM) was proposed to improve

the power efficiency of ACO-OFDM at the expense of spectral efficiency [55, 56]. In

ACO-OFDM, data are modulated onto odd subcarriers while the even subcarriers

are set to zeros leading to the output of IFFT having an anti-symmetry. Thanks to

this anti-symmetry, the negative parts can be clipped directly without any loss of

information. It is shown in [55] that ACO-OFDM enjoys optical power efficiency over

DCO-OFDM since no DC bias is required; however, the spectral efficiency is half as

large as DCO-OFDM. In other words, ACO-OFDM sacrifices half spectral efficiency

to achieve non-negative. In addition, the sharp clipping will cause OOB clipping

distortion [53].

Pulse-amplitude-modulated discrete multitone modulation (PAM-DMT) was pro-

posed in [57], in which data are modulated onto the imaginary parts of each subcarrier,

leading to an anti-symmetry in the output of the IFFT. Like ACO-OFDM, clipping

negative parts directly results in non-negative signals suitable for VLC channels. In

addition, PAM-DMT is optically power-efficient, although its spectral efficiency is

only half as large as DCO-OFDM, and there is OOB clipping distortion due to the

clipping.

Unipolar OFDM (U-OFDM) was proposed in [58], which utilizes two real-valued
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and non-negative samples in two adjacent OFDM frames to carry information of one

sample in the original OFDM frame. The position of zero is used to indicate the sign of

a sample. In this way, U-OFDM signals are real-valued and non-negative, and suitable

for VLC channels. Flip-OFDM was proposed in parallel [59], in which two adjacent

OFDM frames are employed to send portions of one OFDM frame depending on the

sign of each sample. Similar to PAM-DMT and ACO-OFDM, U-OFDM and Flip-

OFDM are optically power-efficient; however, the spectral efficiency is half as large

as DCO-OFDM, and the signals are not bandlimited due to the sharp transition.

A power-efficient DCO-OFDM was proposed in [60], in which absolute value opera-

tion is employed to ensure non-negativity, unlike DCO-OFDM clipping the remaining

negative peaks. At the receiver, the sign of each sample is retrieved using an iterative

signs estimation algorithm (ISEA). However, high DC bias is still required, which

causes power inefficiency. In addition, the proposed iterative receiver based on ISEA

requires high computational complexity.

Clipping-enhanced optical OFDM (CEO-OFDM) was proposed in [61], in which

a peak-power-clipped signal is transmitted using two-time slots to carry information.

The clipping operation allows higher SNR thanks to using a higher modulation in-

dex while sacrificing bandwidth. In addition, it was shown that CEO-OFDM is less

sensitive to the LED nonlinear transferring characteristic over other state-of-the-art

OFDM. Later an L-slots CEO-OFDM (LCEO-OFDM) was proposed in [62], which

transmits the clipped signal by using L time slots to improve CEO-OFDM perfor-

mance further.
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Although the aforementioned single-layer optical OFDM modulation schemes sat-

isfy the non-negativity constraint, there may exist negative peaks when these mod-

ulation schemes are filtered by a low-pass filter due to the sharp transitions [53].

Alternatively, spectrally factorized optical OFDM (SFO-OFDM) was proposed in

[63], which was shown to be bandwidth efficient. In SFO-OFDM, information carried

is linked to the position of the roots. A bandlimited real, non-negative signal is then

generated by using the autocorrelation of a complex data sequence. Though poten-

tially high spectral efficiency, SFO-OFDM requires high complexity for a practical

VLC system, which utilizes many subcarriers.

Those above single-layer optical OFDM schemes are briefly summarized and com-

pared in the following Table 1.1.

1.3.2 Dual-layer Optical OFDM

To enhance the spectral efficiency and retain optically power-efficient at the same

time, dual layers/streams of simple OFDM, such as DCO-, ACO-OFDM, PAM-DMT

and U-OFDM in 1.3.1, are combined, which are termed as Dual-layer optical OFDM

in this thesis.

Asymmetrically clipped DC-biased optical OFDM (ADO-OFDM) was proposed

in [56], in which ACO-OFDM symbols are modulated onto odd subcarriers while

DCO-OFDM symbols are modulated onto even subcarriers. ADO-OFDM enjoys the

same spectral efficiency as DCO-OFDM; however, ADO-OFDM is more efficient in

optical power thanks to employing optimal constellation combination with smaller

DC bias required compared to one-stream DCO-OFDM. A novel iterative receiver
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Table 1.1: Single-layer optical OFDM comparison (Spectral efficiency is with
respect to DCO-OFDM, i.e., spectral efficiency of DCO-OFDM is 100% )

Modulation
Scheme

Brief Description Spectral
Efficiency

DCO-OFDM
[4, 51]

Adds DC bias; Clips remaining negative
peaks

100%

Power-efficient
DCO-OFDM [60]

Adds DC bias; Take the absolute value to
meet non-negativity

100%

ACO-OFDM [55] Modulates odd subcarriers only; Clips
negative parts

50%

PAM-DMT [57] Modulates only imaginary parts of
subcarriers; Clip negative parts

50%

U-OFDM [58] Use two OFDM frames; Sample position
indicate the sign

50%

Flip-OFDM [59] Positive and flipped negative parts
transmitted in two OFDM frames;

50%

CEO-OFDM [61] Use three OFDM frames to transmit
positive parts, negative-part magnitudes,

and peak-power-clipped signals

1/3

LCEO-OFDM [62] Use L+ 2 OFDM frames to transmit
positive parts, negative-part magnitudes,

and peak-power-clipped signals

1/(L+2)

SFO-OFDM [63] Root positions carry information. 100%
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for ADO-OFDM was proposed in [64], in which ACO-OFDM and DCO-OFDM time-

domain signals are distinguished firstly. Pairwise clipping, negative clipping, pairwise

averaging are employed to reduce the effect of noise and interference caused by zero

clipping in ACO-OFDM. Additionally, an optimal optical power allocation was de-

rived ACO-OFDM component in ADO-OFDM.

Enhanced asymmetrically clipped DC biased optical OFDM (EADO-OFDM) was

proposed in [65], in which ACO-OFDM symbols are modulated onto odd subcarriers

while absolute valued DC biased optical OFDM (AV-DCO-OFDM) symbols are mod-

ulated onto even subcarriers. The spectral efficiency of EADO-OFDM is the same as

DCO-OFDM. The DC bias required in EADO-OFDM is smaller than power-efficient

DCO-OFDM, conventional DCO-OFDM and ADO-OFDM. Additionally, there is no

clipping distortion in EADO-OFDM compared to DCO-OFDM and ADO-OFDM.

Hence EADO-OFDM is more optical power efficient.

Enhanced ADO-OFDM (eADO-OFDM) was proposed in [66], which combines

ADO-OFDM and negative ADO-OFDM (NADO-OFDM) in different time slots, i.e.,

time-division multiplexing to achieve various dimming levels. It was shown that

eADO-OFDM could utilize the entire dynamic range of LEDs and achieve higher

spectral efficiency over its conventional counterparts. An iterative receiver with in-

terference cancellation is also employed to enhance the BER performance.

Hybrid asymmetrically clipped optical OFDM (HACO-OFDM) was proposed in

[67], in which ACO-OFDM symbols are modulated onto the odd subcarriers, and

PAM symbols are modulated onto the imaginary parts of the even subcarriers. The

spectral efficiency of HACO-OFDM is smaller than DCO-OFDM but higher than

ACO-OFDM since real parts of the even subcarrier are discarded.
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Asymmetrically and symmetrically clipped optical OFDM (ASCO-OFDM) was

proposed in [68]. ASCO-OFDM combines ACO-OFDM symbols modulated onto the

odd subcarriers and symmetrically clipping optical OFDM (SCO-OFDM) / Flip-

OFDM / U-OFDM symbols modulated onto the even subcarriers of two adjacent

OFDM frames. SCO-OFDM signals using two adjacent OFDM frames carry the

same information as one OFDM frame. Hence half of the even subcarriers are wasted.

Theoretically, the spectral efficiency is the same as HACO-OFDM.

Asymmetrical hybrid optical OFDM (AHO-OFDM) was proposed in [69], in which

either ACO-OFDM signal on odd subcarriers or PAM-DMT signal on even subcarriers

is inverted. Then both signals are combined for transmission to achieve dimming

control. AHO-OFDM can make the most of the dynamic range of LEDs at various

dimming targets. The spectral efficiency is the same as HACO-OFDM, considering

that the real parts of even subcarriers are discarded.

Asymmetrically clipped absolute value optical OFDM (AAO-OFDM) was pro-

posed in [48]. In AAO-OFDM, ACO-OFDM symbols are modulated onto the odd

subcarriers, while absolute value optical OFDM (AVO-OFDM) symbols are modu-

lated onto the even subcarriers. In AVO-OFDM, absolute value operation is employed

to ensure signal non-negative. The sign information is carried by ACO-OFDM mod-

ulated onto the odd subcarriers. It is worth noting that the sign information of AVO-

OFDM signals consumes some spectral efficiency, which indicates that the spectral

efficiency of AAO-OFDM can still be improved further.

Those dual-layer optical OFDM schemes are briefly compared in the following

Table 1.2.
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Table 1.2: Dual-layer optical OFDM comparison (Spectral efficiency is with respect
to DCO-OFDM, i.e., spectral efficiency of DCO-OFDM is 100% )

Modulation
Scheme

Brief Description Spectral
Efficiency

ADO-OFDM [56] ACO-OFDM modulates odd subcarriers
while DCO-OFDM modulates even

subcarriers

100%

EADO-OFDM [65] Power-efficient DCO-OFDM modulates
even subcarriers while ACO-OFDM

modulates odd subcarriers

100%

eADO-OFDM [66] Transmits ADO-OFDM and
NADO-OFDM in different time slots

≈ 100%

HACO-OFDM [67] ACO-OFDM modulates odd subcarriers
while PAM-DMT modulates imaginary

parts of even subcarriers

75%

ASCO-OFDM [68] ACO-OFDM modulates odd subcarriers
while SCO-OFDM modulates even
subcarriers in two OFDM frames

75%

AHO-OFDM [69] Replace PAM-DMT with minus
PAM-DMT in HACO-OFDM with a DC

bias

75%

AAO-OFDM [48] ACO-OFDM modulates odd subcarriers
while AVO-OFDM modulates even

subcarriers

<100%
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1.3.3 Multiple-layer Optical OFDM

To enhance the spectral efficiency and retain optically power-efficient, multiple

streams of simple OFDM are combined and transmitted simultaneously, which are

termed as multiple-layer optical OFDM in this thesis. Here, assume there are more

than two layers.

Enhanced unipolar orthogonal frequency division multiplexing (eU-OFDM) was

proposed in [58], which superimposes multiple depths of U-OFDM to enhance the

spectral efficiency while requiring no added DC bias. A super eU-OFDM frame

combines D depths of eU-OFDM for the same length, 2DN where N is the number of

subcarriers. In the d-th depth, each U-OFDM frame is replicated for 2d−1 times while

N -point IFFT is required for all U-OFDM frames in all depths. As a consequence, the

spectral efficiency is enhanced as big as DCO-OFDM whenD →∞. It is shown in [58]

eU-OFDM achieves significant electrical/optical power advantages compared to DCO-

OFDM with sacrificing negligible spectral efficiency. Later, GeneRalizEd EnhaNcEd

unipolaR OFDM (GREENER-OFDM) was proposed in [70], which generalize eU-

OFDM for arbitrary combinations of different constellation sizes and power allocation

schemes.

Enhanced PAM-DMT (ePAM-OFDM) was proposed in [71], which superimposes

multiple depths of PAM-DMT signal, and no DC bias is required. The superim-

position of ePAM-DMT is similar to eU-OFDM. ePAM-DMT with arbitrary power

allocation factors and with arbitrary modulation order were analyzed in [71] and

was demonstrated to be more electrical power efficient, however, less optical power

efficient compared to conventional DCO-OFDM.

16



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

Spectrally and energy efficient OFDM (SEE-OFDM) was proposed as a multi-

component/path scheme in [72]. SEE-OFDM enjoys the similar philosophy of LACO-

OFDM at the transmitter; however, only one N -point FFT is required at the receiver

after anti-symmetry reconstruction. Though the SEE-OFDM receiver requires less

complexity compared to LACO-OFDM, its BER performance is worse due to doubled

noise power for the reconstruction. A late version of SEE-OFDM was then proposed

in [73], in which slicing was utilized to enhance the performance.

Layered ACO-OFDM (LACO-OFDM) was proposed in [74], in which L layers

of ACO-OFDM signal are added together and transmitted simultaneously. These L

ACO-OFDM layers are modulated onto disjoint sets of subcarriers, and each layer

enjoys an anti-symmetry with the negative parts clipped. At the receiver, LACO-

OFDM is demodulated layer by layer successively. The first layer is demodulated

first because it is not distorted by any layers. Then, the clipping distortion from the

first layer is estimated and removed from the received signal in the frequency domain

to demodulate the second layer, the third layer, etc. There are intense research articles

on LACO-OFDM, which are briefly compared and analysed in Table 1.3.

Several multi-layer OFDM schemes were proposed independently in a similar

philosophy to LACO-OFDM. Asymmetrically clipped, successively decoded OFDM

(AC/SD-OFDM) was proposed in [109, 110]. AC/SD-OFDM transmitter employs

a single N -point IFFT for each layer while LACO-OFDM proposed in [74] employs

one N/2l−1-point IFFT for the l-th layer. In contrast, the LACO-OFDM transmitter

requires less complexity. AC/SD-OFDM receiver removes the clipping distortion in

the time domain, while LACO-OFDM removes clipping distortion in the frequency
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Table 1.3: Recent Research on LACO-OFDM (reproduced from [75]).

Topics and Di-
rections

Relevant Recent Researches

BER performance

[76] An improved receiver with residual clipping noise mitigation
[77] An improved receiver using pairwise detection for noise cancellation
[78] A receiver using diversity combining on both flat and frequency-selective channels
[79] A diversity combining receiver achieving up to 2 dB electrical gains
[80] A two-stage receiver realizing up to 2.43 dB gains
[81] A multi-stage improved receiver to mitigate the clipping noise due to dynamic range
of electrical and optical components

PAPR reduction

[82] Performance analysis & PAPR reduction
[83] Layered/enhanced asymmetrically clipped optical single-carrier frequency-division
multiplexing (L/E-ACO-SCFDM) with PAPR reduction up to 4.2 dB
[84] Interleaved discrete-Fourier-transform-spread layered/enhanced ACO-OFDM
(IDFTS-L/e-ACO) with PAPR reduction up to 7.5 dB
[85] Cyclic shifted LACO-OFDM with PAPR reduction up to 2.5 dB

Capacity analysis

[86] Analyses, optimises and compares the achievable information rate of optical OFDM
modulation schemes in an IM/DD channel with Gaussian noise
[87] Proposes adaptive LACO-OFDM and analyses capacity with optimal layer
[88] Analyses comparatively the capacity of unipolar OFDM schemes in Gaussian optical
intensity channel
[89] Analyses and optimises discrete-input continuous-output memoryless channel capac-
ity of LACO-OFDM
[53] Analyses and compares achievable rate of multi-carrier modulation schemes for ban-
dlimited IM/DD Systems

Channel coding

[90] Pairwise coding to mitigate error propagation between layers
[91] Analyses capacity and integrates forward error correction (FEC) codes to LACO-
OFDM for BER improvement
[92] Designs a multilayered code that trades spectral efficiency for BER improvement
[93] Multilayered channel coding with experiment verification

Dimming control

[94] Dimmable LACO-OFDM with wide dimming range
[95] Spatial-domain and time-domain dimming control for LACO-OFDM
[96] Dimmable L/E-ACO-SCFDM
[97] Dimmable reconstructed LACO-OFDM (RLACO-OFDM)

Spectrum efficient

[86, 98] Proposes ALACO-OFDM that can be more spectral efficient than LACO-OFDM
with fewer layers
[99] Proposes hybrid non-orthogonal multiple access (NOMA) and orthogonal multiple
access (OMA) for LACO-OFDM performance improvement
[100] Proposes hierarchical pre-distorted LACO-OFDM (HPD-LACO-OFDM) for
NOMA performance improvement
[101] Proposes flexible NOMA-based non-orthogonal hybrid optical OFDM (NOHO-
OFDM) scheme

Experimental demo.

[102] Demonstrates an experiment based field-programmable gate arrays with low-
complexity transmitter
[100] Demonstrates a point-to-point transmission experiment
[103] Demonstrates worst-case residual clipping noise power model for bit-loading in
LACO-OFDM
[104] Demonstrates a short-haul optical fiber link using layered/enhanced ACO-OFDM
(L/E-ACO-OFDM)

Reduce complexity
[105, 72] Proposes a receiver with a single FFT sacrificing about 2− 3 dB power
[102] Focuses on a high-efficient implementation from the hardware prospect and im-
proves L/E-ACO-OFDM transmitter
[106, 107] Proposes LAC-OFDM saving half arithmetic operations while achieving same
BER performance as LACO-OFDM under a VLC LOS flat channel

Bandlimited signal
[108] Simulates LACO-OFDM BER performance for a strictly bandlimited VLC system
[53] Analyses achievable rate of multi-carrier modulation schemes, including SEE-OFDM,
and proposes filtered SEE-OFDM for bandlimited IM/DD systems
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domain. AC/SD-OFDM receiver employs N -point IFFT to estimate the clipping dis-

tortion from each layer while LACO-OFDM receiver estimates the clipping distortion

from the l-th layer using N/2l−1-point IFFT. Hence, the LACO-OFDM receiver also

requires less complexity. Enhanced asymmetrically clipped optical OFDM (eACO-

OFDM) was proposed in [111], in which multiple depths of ACO-OFDM signals are

combined. It was shown that in [111], eACO-OFDM achieves the same performance as

GREENER-OFDM, and eACO-OFDM is more electrical power efficient compared to

DCO-OFDM. In addition, eACO-OFDM achieves equivalent performance to DCO-

OFDM for optical SNR values. Enhanced asymmetrically clipped optical OFDM

(EACO-OFDM) was proposed in [112], which combines ACO-OFDM signals based

on musical chords corresponding to multiple layers. With 1024-QAM modulation,

EACO-OFDM was shown to achieve a 7-dB sensitivity advantage compared to DCO-

OFDM.

Triple-layer hybrid optical OFDM (THO-OFDM) was proposed in [113], which

combines two layers of ACO-OFDM and one layer PAM-DMT onto imaginary parts

of the remaining subcarriers with the real parts discarded. It was demonstrated that

THO-OFDM requires less complexity and has a 3-dB smaller PAPR compared to

LACO-OFDM.

Hybrid DC-biased asymmetrically-clipped pulse-amplitude-modulated OFDM (HDAP-

OFDM) was proposed in [114], in which lower-index subcarriers modulate DCO-

OFDM symbols, and the remaining subcarriers modulate ACO-OFDM symbols on

the odd subcarriers and modulate PAM-DMT symbols on imaginary parts of the

even-index subcarriers with the real parts discarded. It was shown in [114] that

HDAP-OFDM is more suitable for dimming Li-Fi systems, though not optical power
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efficient due to requiring a DC bias.

Negative LACO-OFDM (NLACO-OFDM) was proposed in [115], in which positive

parts of the ACO-OFDM signal are clipped in each layer. Hybrid LACO-OFDM

(HLACO-OFDM) was then proposed to combine LACO-OFDM and NLACO-OFDM

compromising different time slots, i.e., time-division multiplexing. It was shown that

HLACO-OFDM could make the most of the dynamic range of LED and enhance

spectral efficiency compared to its counterparts when achieving a dimming target.

Non-orthogonal multiple access (NOMA) based optical OFDM (NOHO-OFDM)

was proposed in [101], which combines triple layers to enhance data rate. The NOHO-

OFDM includes ACO-OFDM on odd subcarriers and DCO-OFDM on both odd and

even subcarriers arising from NOMA. It was shown that NOHO-OFDM is superior to

DCO-OFDM with respect to high power efficiency and to ACO-OFDM with respect

to high spectral efficiency.

Comparison between the multiple-layer optical OFDM modulation schemes is

summarized in the following Table 1.4.

1.4 Approaches to Enhance Optical OFDM BER

Performance

This section introduces several approaches that enhance the BER performance

of VLC systems employing the aforementioned optical OFDM schemes presented in

Section 1.3.
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Table 1.4: Multi-layer optical OFDM comparison (Spectral efficiency is with respect
to DCO-OFDM, i.e., spectral efficiency of DCO-OFDM is 100% )

Modulation
Scheme

Brief Description Spectral
Efficiency

eU-OFDM [58] Superimposes L depths of U-OFDM to
with no added DC bias.

1− 1
2L

GREENER-OFDM
[70]

Generalized eU-OFDM 1− 1
2L

ePAM-OFDM [71] Superimposes L depths of PAM-DMT
with no DC bias

1− 1
2L

LACO-OFDM [74] Superimposes L ACO-OFDM layers with
no DC bias

1− 1
2L

SEE-OFDM [72] Similar to LACO-OFDM transmitter;
however, only one N -point FFT is

required at the receiver

1− 1
2L

AC/SD-OFDM [109,
110]

Superimposes L ACO-OFDM layers;
Bigger-size IFFT than LACO-OFDM

transmitter

1− 1
2L

eACO-OFDM [111] Independent work similar to
LACO-OFDM

1− 1
2L

EACO-OFDM [112] Independent work similar to
LACO-OFDM

1− 1
2L

THO-OFDM [113] Superimposes two-layer LACO-OFDM
and PAM-DMT with no DC bias

87.5%

HDAP-OFDM [114] Superimposes DCO-OFDM, ACO-OFDM
and PAM-DMT

≈100%

HLACO-OFDM
[115]

Combines LACO-OFDM and
NLACO-OFDM in different time slots

≈ 1− 1
2L

NOHO-OFDM [101] Combines ACO-OFDM and two
DCO-OFDM layers

>100%
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1.4.1 Clipping at Receiver for ACO-OFDM

The IM/DD VLC channel demands that the drive current of an LED be real-valued

and non-negative. At the receiver, negative peaks in the received signals are results

from AWGN. Hence, clipping the negative peaks at the receiver side can enhance the

BER performance of an optical OFDM scheme. Clipping the negative peaks at the

receiver could reduce parts of the effect of AWGN and enhance the BER performance

of ACO-OFDM [116]. It was reported that approximately 25% of AWGN or about

1.25 dB electrical power of the AWGN would be reduced; hence the BER performance

would be enhanced at the receiver of ACO-OFDM [116].

Remark 1. As verified in Chapter 5, ACO-OFDM signals are not bandlimited. Hence

there will exist negative peaks as well after a low-pass filter. Therefore, negative peaks

of the received signals may be caused by AWGN and low-pass filtering. In a practical

VLC system, this fact may decrease the gains of this method proposed in [116].

1.4.2 Diversity Combing Receiver for ACO-OFDM

A conventional ACO-OFDM receiver detects symbols on the odd subcarriers while

discarding clipping distortion falling onto even subcarriers. However, the clipping

distortion also carries instructive information about the transmit signal. Employing

both information carried on odd subcarriers, and even subcarriers can enhance ACO-

OFDM demodulation performance. A diversity combining receiver for ACO-OFDM

was proposed in [117], which combines the received signals from odd subcarriers and

clipping distortion from even subcarriers with a weighting factor α. It was reported

that theoretically and by simulation, up to 2.53 dB electrical gain could be achieved

for a flat VLC LOS channel with AWGN.
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However, it is shown in [118] that the aforementioned diversity combining ACO-

OFDM is extremely sensitive to the value of the 0-th subcarrier. This value depends

on the DC offset caused by biasing of the transmitter LED or the receiver PD cir-

cuit, low-frequency noise, or ambient light sources. Then, [118] proposed two novel

algorithms to combat DC offset for diversity combining ACO-OFDM, which achieve

the identical BER performance as the diversity combining ACO-OFDM, however, are

insensitive to the value of the DC offset.

A frequency-domain diversity combining (FDDC) receiver is proposed in [119] for

ACO-OFDM, which combines the received signals from odd subcarriers and clipping

distortion from even subcarriers with a weighting factor βk where k is the index

number of subcarriers. The frequency-domain diversity combining (FDDC) receiver

is shown to achieve better BER performance in a frequency selective channel over the

aforementioned time-domain diversity combining ACO-OFDM receiver.

1.4.3 Pairwise Clipping Receiver for ACO-OFDM

Conventional ACO-OFDM receiver detects symbols using only received signals on

odd subcarriers while discarding even subcarriers, which fails to exact information

from even subcarriers. On the other hand, the ACO-OFDM signal has an anti-

symmetry that guarantees non-negativity by clipping negative parts leading to half

of the transmit samples being zero-valued. Based on this observation, [120] proposed

a novel pairwise maximum likelihood receiver for ACO-OFDM to exploit the signal

structure in the symbol detection fully and to enhance the BER performance. This

pairwise maximum likelihood receiver fixes half of the received samples to zero by

comparing each pair that enjoys anti-symmetry to mitigate some effects of noise.
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This pairwise receiver outperforms the conventional ACO-OFDM receiver. Hence,

simulations show the pairwise maximum likelihood receiver achieves 1.3 dB optical

gain over the conventional ACO-OFDM receiver at a BER of 10−5 in [120].

1.4.4 Noise Filtering Receiver for Flip-OFDM

Two nonlinear noise filtering stages for the received time-domain Flip-OFDM

sample were proposed in [121] to enhance the detection performance. In the first stage,

a negative clipper is employed, which is similar to clipping at receiver for ACO-OFDM

[116] and is shown to be able to achieve 1.25 dB electrical gain over the conventional

Flip-OFDM receiver. In the second stage, a threshold-based noise filtering algorithm

is employed to enhance the BER performance furthermore. After negative clipper,

this threshold-based noise filtering algorithm compares two received signals inside

the positive/negative subframe with the same index number to a threshold c and

forces the output to three distinguish values. This threshold-based noise filtering is a

generalized algorithm for pairwise clipping receiver for ACO-OFDM [120], i.e., when

c = 0, it is the same algorithm as the pairwise clipping receiver. To conclude, it

is shown that the two-stage noise filtering receiver enables to improve Flip-OFDM

receiver by almost 3 dB electrical gains.

1.4.5 Iterative Receivers

Iterative Receiver for ACO-OFDM

In ACO-OFDM, signals on the even subcarriers can be viewed as data-dependent

linear precoded OFDM [122]. Hence, a novel iterative receiver for ACO-OFDM is pro-

posed to collect this additional diversity and coding gains in [122]. This novel receiver
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extracts information carried by all the subcarriers and the structure of the clipping

distortion. It is shown that this novel iterative receiver is based on the minimum

mean square error (MMSE), which is shown to be superior over diversity combining

receiver proposed in [117] and pairwise maximum likelihood (ML) receiver proposed

in [120]. It was reported that SNR gain could exceed 3 dB over the conventional

ACO-OFDM receiver in a non-flat frequency selectivity channel [122].

Iterative Receiver for PAM-DMT

Conventional PAM-DMT receiver detects symbols on the imaginary parts of the

subcarriers while discarding the real parts on which the clipping distortion falls. How-

ever, the clipping distortion of PAM-DMT also carries information that can be ex-

tracted to enhance PAM-DMT performance. A novel iterative receiver for PAM-DMT

is proposed to improve the BER performance in [123], which exploits both real and

imaginary parts of all the subcarriers. It is shown that this iterative receiver improves

the transmission performance by about 2 dB.

Iterative Receiver for Flip-OFDM

To achieve real-valued and non-negativity, Flip-OFDM employs Hermitian sym-

metry and then transmits positive parts and negative parts of a bipolar signal over

two adjacent OFDM frames. The Flip-OFDM receiver detects symbols by exploiting

the results of subtracting the negative subframe from the positive subframe that in-

creases the noise variance and does not fully exploit the special structure. It is shown

in [124] that the special structure of Flip-OFDM contains information and proposes
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a novel iterative receiver in a similar philosophy to the iterative receiver for PAM-

DMT [123]. About 2 dB electrical gain is achieved over the conventional Flip-OFDM

receiver.

Iterative Receiver for eU-OFDM

Working in a similar way to iterative receiver for ACO-OFDM [122] and for Flip-

OFDM [123], a novel iterative receiver for eU-OFDM is proposed in [125], which

exploits the special structure of the transmit signal iteratively. It is shown that up

to 3 dB gain is achieved over the conventional eU-OFDM in the high SNR regime.

Iterative Receiver for ADO-OFDM

ADO-OFDM transmits ACO-OFDM signals on the odd subcarriers and DCO-

OFDM signals on the even subcarriers and is shown to be spectrum-efficient and

energy-efficient [56]. ACO-OFDM signals have an anti-symmetry and are clipped at

zero, leading to half samples being zeros while DCO-OFDM signals have symme-

try. Conventional ADO-OFDM receiver fails to exploit this particular structure thus

suffers from high noise power. A novel iterative receiver is proposed in [64], which dis-

tinguishes ACO-OFDM signals from DCO-OFDM signals in the time domain firstly.

Then pairwise clipping for ACO-OFDM signal, negative clipping for ACO-OFDM

and DCO-OFDM signals, and pairwise averaging for DCO-OFDM are employed in

each iteration to reduce the effect of noise. In addition, an optimal optical power

allocation factor is derived to enhance ADO-OFDM BER performance further.
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Iterative Receiver for HACO-OFDM

HACO-OFDM transmits ACO-OFDM signals on the odd subcarriers and PAM-

DMT signals simultaneously on imaginary parts of the even subcarriers. Both ACO-

OFDM and PAM-DMT have an anti-symmetry and are clipped at zero to meet non-

negativity, resulting in half of the samples being zeros in the time domain. Conven-

tional HACO-OFDM receiver fails to exploit this special structure of ACO-OFDM

and PAM-DMT components. An iterative receiver is proposed in [126] to enhance

HACO-OFDM detection performance at the receiver. In this iterative receiver, ACO-

OFDM signals and PAM-DMT signals are distinguished in the time domain firstly.

Then pairwise clipping is employed to force half received samples of ACO-OFDM

components and PAM-DMT components to be zero, which reduces up to half of the

noise power. In addition, unequal power allocation is investigated to guarantee sim-

ilar performance between ACO-OFDM and PAM-DMT signals. Simulations show

that less than 3 dB electrical gains are achieved over the conventional HACO-OFDM

receiver.

Iterative Receiver for LACO-OFDM

LACO-OFDM transmits L layers of ACO-OFDM signal simultaneously and de-

tects each layer successively. Pairwise clipping can be employed to each ACO-OFDM

signal layer to reduce noise and enhance LACO-OFDM performance. Therefore, an

improved receiver for LACO-OFDM is then proposed in [77] to reduce noise and inter-

layer interference. This improved receiver distinguishes all ACO-OFDM layers first

in the time domain, and pairwise clipping is employed in each layer to fully exploit
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each ACO-OFDM layer’s special structure. Simulations show that the improved re-

ceiver can achieve more than 2 dB electrical gain over the conventional LACO-OFDM

receiver.

1.5 Open Challenges in the Optical OFDM

LEDs are ubiquitously employed for indoor illumination, thanks to many strengths

mentioned above. Visible light communications are integrating into these existing

illumination infrastructures; thus, signalling design should consider the characteristics

of these LEDs. The LEDs that are commercially available off-the-shelf products for

illumination applications are low-cost, simple, and have an LPF property [32]. Hence,

these LEDs demand optical OFDM signalling design to achieve high spectral efficiency

and power efficiency and retain low computation complexity. Generally, there exists

a trade-off.

1.5.1 Enhancing Spectrum Efficiency

The commercially available off-the-shelf LEDs have an LPF transferring charac-

teristic and have a small modulation bandwidth of several MHz [32] though there

exits more than 340 THz license-free visible light spectrum. However, the demand

for high capacity data transmission is ever-growing, as mentioned at the beginning of

this Chapter. This means VLC signalling design should have high spectral efficiency

to make the most of this small modulation bandwidth to meet the high-rate trans-

mission demand. Hence, enhancing spectrum efficiency is an essential open challenge

and is a persistent pursuit for VLC OFDM systems.
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1.5.2 Enhancing Power Efficiency

As aforementioned, LEDs are incredibly popular for illumination that they will

comprise 84% of all lighting installations in the USA by the year 2035 [8]. The main

reason behind LEDs’ popularity is the high energy efficiency that helps save tremen-

dous electrical energy and cost. In addition, saving electrical energy is positive for the

Earth’s environment and will help people combat climate-changing challenges [127].

Furthermore, VLC is considered a green technology, implying that data transmis-

sion should not decrease the high power efficiency of the LEDs [128]. Hence, VLC

OFDM systems should integrate into the existing illumination infrastructures and be

designed with high power efficiency to retain LEDs’ popularity. Therefore, enhancing

power efficiency is a critical open challenge for the implementation of VLC OFDM

systems.

1.5.3 Decreasing Computational Complexity

To retain popularity, luminaires must be inexpensive and thus widely deployed

VLC systems must remain simple. This means high computation complexity at opti-

cal OFDM transmitters should be avoided. In addition, multiple luminaires are typi-

cally sued to illuminate a room and to transmit data. The cost would be prohibitively

high if complex drive electronics are utlized at each luminaire. Hence, avoiding high

computation complexity that requires complex drive electronics is another significant

open challenge at the luminaire.
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1.5.4 Decreasing Peak-to-Average Power Ratio

Commercially available LEDs are low-cost and simple, with a narrow linear dy-

namic range. If signals go beyond this dynamic range, there will incur in-band non-

linear signal distortion and degrade the detected BER performance. This means large

PAPR should be avoided in the signalling design. However, large PAPR is a notori-

ous shortcoming for conventional OFDM signals. Hence, decreasing PAPR is an open

challenge when modifying and redesigning conventional OFDM in VLC systems.

1.6 Thesis Layout

This thesis presents spectrum- and power-efficient optical OFDM schemes with

low computational complexity and small PAPR to solve the problems and challenges

mentioned above.

This thesis assumes that channel state information is known at both transmitter

and receiver for simplicity since pilot symbols can be utilized to estimate channel

state information. Furthermore, a standard model for noise in indoor VLC systems

[4, 129] is assumed in this thesis. The noise is added to the photocurrent, which is the

electric current through a photosensitive device, such as a photodiode (PD), arising

from optical wireless radiation [4]. There are two main kinds of noise, including shot

and thermal noise. At the receiver, photo-generated shot noise arises due to both

the transmitted desired signal and the ambient light. Typically, the high-intensity

shot noise results from the summation of many independent, Poisson distributed

random variables. According to the central limit theorem (CLT), that summation

approach a Gaussian distribution. Hence, the shot noise source in many indoor optical

30



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

wireless channels can be well modelled as signal-independent white Gaussian noise

[4, 129]. Additionally, the thermal noise at the receiver can also be modelled as

signal-independent Gaussian noise [4, 129]. Therefore, this thesis assumes a signal-

independent Gaussian noise.

The optical signal-to-noise ratio (OSNR) is defined as the ratio between the aver-

age optical power of the signal and the standard deviation of the noise in this thesis.

It was shown in [130] and [131] that the capacity bound for an optical wireless channel

with optical power constraint is a function of the OSNR. Therefore, this thesis derives

the BER and data rate that are a function of OSNR, e.g., (2.4.21). Additionally, for

the sake of comparison with previous work, this thesis employs OSNR when carrying

out Monte Carlo simulations.

This thesis is formalized according to regulations for a ‘sandwich’ format. The

thesis layout is shown in Fig. 1.1 The body of this thesis contains four self-contained

chapters. Every Chapter comprises sections of abstract, introduction, body and con-

clusions. An appendix is appended after the thesis body. All chapters are referenced

and cite recent literature, which is listed in the order in Bibliography at the end of

the document. The balance of this thesis is organized as follows.

Chapter 2 presents absolute value layered ACO-OFDM (ALACO-OFDM) that

achieves higher spectral efficiency and higher power efficiency without any added DC

bias even for fewer layers compared to its counterparts [98, 86].

In ALACO-OFDM, ACO-OFDM signals are transmitted at the first L layers,

and AVO-OFDM is modulated onto the remaining subcarriers, and both signals are

transmitted simultaneously. Spectral efficiency is analyzed and compared to its coun-

terparts. Achievable information rates of ALACO-OFDM and related LACO-OFDM
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Figure 1.1: Thesis layout.

are derived theoretically. The comparison shows that ALACO-OFDM achieves higher

spectral efficiency and information rate even with fewer layers than LACO-OFDM

and eU-OFDM. In addition, two optical power allocation schemes over the layers of

ALACO-OFDM are developed to optimize uncoded transmission performance and

the achievable information rate, respectively. Furthermore, a theoretical bound on

the uncoded BER of ALACO-OFDM is derived, which is verified by Monte Carlo

simulation results. In terms of the peak-to-average power ratio (PAPR), ALACO-

OFDM is also shown to have a lower PAPR compared to existing LACO-OFDM and

eU-OFDM.

Chapter 3 introduces layered antisymmetry-constructed clipped optical OFDM

(LAC-OFDM) that requires lower computational complexity than existing LACO-

OFDM and eU-OFDM [107, 106].

This Chapter presents antisymmetry-constructed clipped optical OFDM (AC-

OFDM) as a low-complexity optical OFDM scheme for VLC systems. In AC-OFDM,
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an anti-symmetry is directly constructed in one time-domain OFDM frame. AC-

OFDM is shown to achieve the same spectral efficiency and PAPR as conventional

ACO-OFDM, however, is less complex to implement. LAC-OFDM is then introduced

to enhance spectral efficiency, consisting of L layers of AC-OFDM signals and trans-

mitting them simultaneously. The computational complexity of LAC-OFDM and its

state-of-the-art counterparts are analyzed, showing LAC-OFDM enjoys low complex-

ity by requiring less than half the multiplication and addition operations compared

to LACO-OFDM at both the transmitter and the receiver. In addition, a theoretical

BER expression for LAC-OFDM is derived theoretically, which is aligned well with

simulated BER in the high SNR regime. The PAPR of LAC-OFDM and its counter-

parts are also evaluated and compared, which shows the PAPR of LAC-OFDM equals

LACO-OFDM and is smaller than eU-OFDM with the same number of layers/streams

and subcarriers. Furthermore, a pairwise iterative receiver for LAC-OFDM is intro-

duced for LAC-OFDM to enhance power efficiency by exploiting the anti-symmetry.

The computational complexity of this pairwise iterative receiver is also analyzed and

compared to an existing improved receiver for LACO-OFDM. This pairwise iterative

receiver can achieve better performance over an improved receiver of LACO-OFDM

at the same computational complexity.

Chapter 4 presents low-complexity layered ACO-OFDM (termed as L-LACO)

that generates identical signals, however, requires only half arithmetic operations

compared to LACO-OFDM [75]. LAC-OFDM in Chapter 3 works in a VLC line-of-

sight flat channel and requires low computational complexity. In contrast, L-LACO

works in a VLC line-of-sight flat channel and a more practical VLC dispersive channel

as well, which still has low computational complexity.
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L-LACO mathematically generates identical signals to LACO-OFDM; however, it

requires half-size IFFT and FFT in each layer at the transmitter and receiver. LACO-

OFDM classically achieves anti-symmetry in each layer by modulating data onto odd

subcarriers, which requires high computational complexity. In contrast, L-LACO

constructs anti-symmetry in the time domain directly. Consequently, LACO-OFDM

requires nearly two times more real-valued multiplication operation (RMO) and real-

valued addition operation (RAO) than the proposed L-LACO at both transmitter and

receiver. It is worth mentioning that L-LACO generates an identical signal to LACO-

OFDM mathematically, thus achieving the same spectral efficiency, PAPR and BER

performance. However, it requires about half arithmetic operations. Additionally, the

power saving thanks to the saved arithmetic operations is analyzed. Furthermore, the

BER of L-LACO is simulated under a line of sight (LOS) flat channel with AWGN

and under a VLC dispersive low pass filter (LPF) channel, respectively, which is

shown to be identical to LACO-OFDM. Therefore, L-LACO is more suitable to low-

complexity and low-cost LED luminaires employed in VLC systems due to requiring

fewer arithmetic operations.

Chapter 5 introduces Kramers-Kronig Optical OFDM (KKO-OFDM) that achieves

high spectral efficiency and high power efficiency for a more realistic and strictly ban-

dlimited VLC system [108].

As discussed before, realistic VLC links are dispersive channels. Hence, the trans-

mit signals must be strictly bandlimited such that no in-band distortion will happen.

Interpolation can help generate a continuous analog signal using the discrete samples

before being fed into a low pass filter. However, the previously mentioned modulation

approaches, including ALACO-OFDM, LAC-OFDM, and L-LACO, will be no longer
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non-negative when interpolation with sinc(t) pulse is utilized though the samples are

strictly non-negative. A non-negative rectangular pulse can alternatively be used for

interpolation; however, the generated analog signal will not be bandlimited. To solve

these problems and challenges, in this Chapter, we directly generate bandlimited

non-negative OFDM signals constrained in the mean.

In KKO-OFDM, a minimum phase single-sideband (SSB) signal is utilized to

carry information, and its double-sideband (DSB) squared amplitude is used to drive

an LED. Mathematically, the transmit signal is constructed to be real-valued, non-

negative and strictly bandlimited, which is suitable for IM/DD VLC channels employ-

ing low-cost commercially available LEDs. The KKO-OFDM transmitter is shown to

be low complexity as well and fits the low-cost, simple LEDs. KK relations are em-

ployed at the receiver to retrieve the minimum phase SSB signal phase. The required

DC bias is analyzed and is compared to the complementary cumulative distribution

function (CCDF) of the minimum of the signal. The average electrical SNR and BER

are analyzed based on the first-order Taylor series approximation, supported by Monte

Carlo simulations. The information rate is approximated by a closed-form, which is

aligned well with mutual information numerical results. KKO-OFDM achieves the

same spectral efficiency as DCO-OFDM, however, realizes about 1 dB optical gain at

a BER= 10−4 in a VLC line-of-sight (LOS) channel and realizes about 1.3 dB optical

gain over DCO-OFDM in a VLC dispersive LPF channel.

In Chapter 6, conclusions are drawn for the thesis, and future research plans are

outlined.

35



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

1.7 Description of Contributions to Publications

The thesis is prepared in the format of “sandwich thesis”. Chapters 2 has been

published in IEEE Transactions on Communications [86]. Chapter 3 has been pub-

lished in Optics Express [106]. Chapter 4 is under major review in IEEE Transactions

on Green Communications and Networking [75]. Chapter 5 has been published in

Journal of Lightwave Technology [108]. The contribution of each of the co-authors is

described below.

Chapter 2: Absolute Value Layered ACO-OFDM for Intensity-Modulated

Optical Wireless Channels

Authors: Ruowen Bai, and Steve Hranilovic

Ruowen Bai and Dr. Steve Hranilovic came up with the idea of ALACO-OFDM

during a supervisory meeting in Fall 2018. Dr. Steve Hranilovic encouraged Ruowen

Bai to present the idea elaborately. Ruowen Bai designed the block diagram for

ALACO-OFDM transmitter and receiver, did signal analysis, carried out Monte Carlo

simulations and plotted all the figures based on valuable comments and feedback from

Dr. Steve Hranilovic. Additionally, Ruowen Bai wrote a draft of ALACO-OFDM pa-

per while Ruowen Bai and Dr. Steve Hranilovic revised and edited the draft together.

This work was presented in part at the 2019 IEEE Int. Conference on Communi-

cations (ICC 2019) [98]. All materials have been published in IEEE Transactions

on Communications (Volume: 68, Number: 11, Pages: 7098–7110, November 2020)

[86]. The copyright of the materials is held by the IEEE, which is re-used with the

permission of the IEEE. This statement follows IEEE’s request.

Chapter 3: Layered antisymmetry-constructed clipped optical OFDM for
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low-complexity VLC systems

Authors: Ruowen Bai, and Steve Hranilovic

Ruowen Bai and Dr. Steve Hranilovic came up with the idea of LAC-OFDM dur-

ing a supervisory meeting in Spring 2019. Ruowen Bai designed the transmitter and

receiver of LAC-OFDM, did computational complexity analysis, carried out Monte

Carlo simulations and plotted all the figures while receiving valuable comments and

feedback from Dr. Steve Hranilovic. Additionally, Ruowen Bai wrote a draft of LAC-

OFDM paper. Ruowen Bai and Dr. Steve Hranilovic revised and edited the draft

together. Furthermore, Ruowen Bai and Dr. Steve Hranilovic would like to thank

Prof. Zhaocheng Wang for insightful discussions and for providing sample code on an

improved receiver for LACO-OFDM to aid in comparison with [77]. This work was

presented in part at the 2019 IEEE Global Communications Conference (GLOBE-

COM 2019) [107]. All materials have been published in Optics Express (Volume: 29,

Number: 7, Pages: 10613–10630, March 2021) [106]. The copyright of the materi-

als is held by IEEE and Optica (formerly OSA). All materials are re-used with the

permission of IEEE and Optica. This statement is following IEEE’s and Optica’s

requests.

Chapter 4: Low-Complexity Layered ACO-OFDM for Power-Efficient

Visible Light Communications

Authors: Ruowen Bai, Steve Hranilovic, and Zhaocheng Wang

Ruowen Bai and Dr. Steve Hranilovic came up with the basic idea of L-LACO dur-

ing a supervisory meeting in Spring 2020. Ruowen Bai designed the transmitter and

receiver of L-LACO, did computational complexity analysis, carried out Monte Carlo
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simulations and plotted all the figures while receiving valuable comments and insight-

ful feedback from Dr. Steve Hranilovic and Dr. Zhaocheng Wang. Dr. Zhaocheng

Wang also helped with comparing L-LACO with his previous work LACO-OFDM.

Additionally, Ruowen Bai wrote a draft of LAC-OFDM paper. Ruowen Bai, Dr. Steve

Hranilovic, and Dr. Zhaocheng Wang revised and edited the draft. The work in this

Chapter is under major revision in IEEE Transactions on Green Communications

and Networking [75].

Chapter 5: Kramers-Kronig Optical OFDM for Bandlimited Intensity

Modulated Visible Light Communications

Authors: Ruowen Bai, and Steve Hranilovic

Ruowen Bai and Dr. Steve Hranilovic came up with the idea of KKO-OFDM

during a supervisory meeting in Fall 2019. Ruowen Bai designed the block dia-

grams for KKO-OFDM transceiver, did signal analysis, carried out Monte Carlo

simulations and plotted all the figures based on valuable comments and feedback

from Dr. Steve Hranilovic. In addition, Ruowen Bai wrote a draft of KKO-OFDM

paper while Ruowen Bai and Dr. Steve Hranilovic revised and edited the draft to-

gether. All materials have been published in Journal of Lightwave Technology (doi:

10.1109/JLT.2021.3110661, Sep. 2021) [108]. The copyright of the materials is held

by the IEEE. All materials are re-used with the permission of the IEEE. This state-

ment follows IEEE’s request.
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Chapter 2

Absolute Value Layered

ACO-OFDM for

Intensity-Modulated Optical

Wireless Channels

IEEE Copyright Notice

The copyright of materials in this chapter is owned by IEEE. The materials are

permitted to be re-used in this thesis, and this statement is included at the IEEE’s

request.

Research work in this chapter appears in the following two papers [98, 86]; how-

ever, minor modifications are made according to thesis format.

� R. Bai and S. Hranilovic, “Absolute value layered ACO-OFDM for intensity-

modulated optical wireless channels,” in ICC 2019 - 2019 IEEE International
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Conference on Communications (ICC), 2019, pp. 1-6.

� R. Bai and S. Hranilovic, “Absolute value layered ACO-OFDM for intensity-

modulated optical wireless channels,” IEEE Transactions on Communications,

vol. 68, no. 11, pp. 7098-7110, 2020.

As pointed out in Section 1.5.1, enhancing spectral efficiency and energy efficiency

is a key challenge in VLC systems using commercially available LEDs are low-cost

and simple with a small modulation bandwidth. Given this problem and challenge,

absolute value layered asymmetrically clipped optical OFDM (ALACO-OFDM) is

introduced to enhance spectral efficiency and energy efficiency in this chapter.

In ALACO-OFDM, asymmetrically clipped optical OFDM (ACO-OFDM) modu-

lates the first L layers while absolute value optical OFDM (AVO-OFDM) modulates

the remaining subcarriers. In this way, ALACO-OFDM uses all available subcarriers

to carry information while generating a real-valued and non-negative signal suitable

for IM/DD VLC links. In the existing LACO-OFDM, there are still some subcar-

riers remaining unused. Hence, ALACO-OFDM achieves higher spectral efficiency

even with fewer layers than the state-of-the-art counterparts, LACO-OFDM and eU-

OFDM. Thanks to the smaller number of layers, the required computational com-

plexity is slightly lower compared to existing LACO-OFDM. Because no explicit DC

bias is added, ALACO-OFDM achieves high energy efficiency as well. Additionally,

the achievable information rate of ALACO-OFDM and its counterparts are analysed,

which shows ALACO-OFDM’s superior over existing LACO-OFDM. Optical power

allocation is optimized by convex optimization techniques to enhance the energy effi-

ciency and information rate further. Furthermore, ALACO-OFDM is more robust to
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LED non-linear transferring characteristics thanks to a lower PAPR than its coun-

terparts, including eU-OFDM, LACO-OFDM, and ACO-OFDM.
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Abstract Enhanced unipolar orthogonal frequency division multiplexing (eU-

OFDM) and layered asymmetrically clipped optical OFDM (LACO-OFDM) are spec-

trally efficient modulation techniques for intensity modulated systems which layer

multiple non-negative signals. In this paper, we propose absolute value layered asym-

metrically clipped optical OFDM (ALACO-OFDM), which further improves the spec-

tral efficiency while using a smaller number of layers and no explicit direct current

(DC) bias. In ALACO-OFDM, asymmetrically clipped optical OFDM (ACO-OFDM)

signals are sent at the first L layers and absolute value optical OFDM (AVO-OFDM)

is used for the remaining subcarriers and transmitted simultaneously. Analysis in-

dicates that ALACO- achieves higher spectral efficiency than eU- or LACO-OFDM

while using a smaller number of layers. Bounds on achievable information rates of

ALACO-OFDM and related layered ACO-OFDM techniques are also developed. Two

optical power allocation schemes over the layers of ALACO-OFDM are developed with

the objective of optimizing uncoded transmission performance and the achievable in-

formation rate respectively. Additionally, a theoretical bound on the uncoded BER of

ALACO-OFDM is derived. Monte Carlo simulation results indicate ALACO-OFDM

with the optimum power allocation achieves significant uncoded BER performance

gains compared to its counterparts at the same spectral efficiency while having a

smaller peak-to-average power ratio.

2.1 Introduction

While a majority of wireless communications systems operate in the radio bands,

optical wireless communications (OWC) has recently emerged as an attractive com-

plementary link due to the ubiquity of solid-state illumination and the availability
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of large amounts of unregulated spectrum [3, 4]. Data are conveyed by modulating

the instantaneous optical intensity (i.e., intensity modulation (IM)) and detecting the

received signal power using a photodiode (i.e., direct detection (DD)). Such IM/DD

links impose constraints on the non-negativity of all emitted signals and constrain

the average amplitude [3, 4, 48].

Many of these optical wireless channels, especially those that arise due to visi-

ble light communications (VLC), are bandwidth limited. In this context, spectrally

efficient orthogonal frequency division multiplexing (OFDM) has been investigated

for OWC to enhance the data rate while satisfying IM/DD amplitude constraints.

To generate a real-value time-domain signal, Hermitian symmetry in the spectrum is

required [51]. However, many approaches exist to ensure amplitude non-negativity.

In direct current (DC) biased optical OFDM (DCO-OFDM) a conventional OFDM

signal is biased to ensure non-negativity. Although this preserves its high spectral

efficiency, the addition of a large DC bias makes this approach power inefficient [51].

Approaches such as asymmetrically clipped optical OFDM (ACO-OFDM) [56] and

unipolar OFDM (U-OFDM) [58] are more power efficient and ensure amplitude non-

negativity at a cost of half of the spectral efficiency. To address this spectral effi-

ciency loss, enhanced U-OFDM (eU-OFDM) superimposing multiple streams of U-

OFDM [58], and layered ACO-OFDM (LACO-OFDM), superimposing multiple layers

of ACO-OFDM [109, 132, 74, 111, 102], have been proposed. In general, both ap-

proaches work by layering a number of non-negative signals and performing successive

detection at the receiver. In theory, the spectral efficiency of eU- and LACO-OFDM

approaches that of DCO-OFDM as the number of layers or streams increases. How-

ever, using a large number of layers incurs high computational complexity and latency
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Figure 2.1: Transmitter design block diagram for ALACO-OFDM.

in the demodulator. Recently, asymmetrically clipped absolute value optical OFDM

(AAO-OFDM) [48] has been proposed to enhance the spectral efficiency, in which

no explicit DC bias is required. Although AAO-OFDM has only two streams, the

spectral efficiency is still 0.5 bits/channel use smaller than that of DCO-OFDM.

In this work we present absolute value layered ACO-OFDM (ALACO-OFDM),

which has a spectral efficiency approaching that of DCO-OFDM while preserving

power efficiency [98]. Different from dual-stream AAO-OFDM [48], in ALACO-

OFDM, ACO-OFDM signals are sent in the first L layers and absolute value optical

OFDM (AVO-OFDM) [48] is used over the remaining subcarriers. These streams are

superimposed in the time domain and transmitted simultaneously with no explicit DC

bias. Thus, AAO-OFDM in [48] is a special case of ALACO-OFDM with L = 1. At

the receiver, the L layers of ACO-OFDM symbols are first demodulated layer-by-layer

as in LACO-OFDM [74] and then the AVO-OFDM symbols are demodulated with the

aid of sign information carried in the first layer. In order to design an ALACO-OFDM

system, two optimal power allocations over the layers are derived which optimize un-

coded bit error rate (BER) and information rate, respectively. Our analysis indicates
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that for the same spectral efficiency, ALACO-OFDM requires fewer layers, and is

less complex than LACO-OFDM in terms of the number of real-valued multiplica-

tion operations and real-valued addition operations. Additionally, ALACO-OFDM

achieves higher information rate than ACO-, AAO- and LACO-OFDM at moder-

ate to high signal-to-noise ratios (SNRs). Furthermore, a theoretical bound on the

BER of ALACO-OFDM is derived, which is close to the simulation results in high

SNR regime. A BER performance comparison indicates uncoded ALACO-OFDM

achieves significant gains over AAO-, LACO- and eU-OFDM. In terms of peak-to-

average power ratio (PAPR), ALACO-OFDM is also shown to have a lower PAPR

than ACO-, AAO-, LACO- or eU-OFDM.

Section 2.2 defines the ALACO-OFDM transmitter and receiver. The spectral

efficiency and complexity of the ALACO-OFDM are analyzed and compared to its

counterparts in Sec. 2.3. Two optimal optical power allocation schemes are designed

with respect to uncoded BER and achievable information rate in Sec. 2.4. The BER

and PAPR performance of ALACO-OFDM are presented and compared to its coun-

terparts in Sec. 2.5. Finally, conclusions are drawn in Sec. 2.6.

2.2 Definition of ALACO-OFDM

2.2.1 Transmitter

The transmitter block diagram for an ALACO-OFDM based IM/DD system with

N subcarriers is shown in Fig. 2.1, where N is assumed to be a power of 2. The

ALACO-OFDM signal consists of L layers of ACO-OFDM [74] and a single layer of

AVO-OFDM [48].
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Transmitted bits are serial-to-parallel (S/P) converted and mapped to quadrature

amplitude modulation (QAM) constellation symbols. To obtain a real-valued time-

domain signal, Hermitian symmetry is imposed on the N subcarriers, where Xk =

X∗N−k, and X0 and XN/2 are set to zero [51].

For the first layer of ACO-OFDM, the constellation symbols are mapped onto odd

subcarriers, i.e., X2k+1 for k = 0, 1, 2, · · · , N/4−1), in a frame and unused subcarriers

are set to zero. After applying Hermitian symmetry, the frequency-domain symbol

vector X(1) is given by

X(1) =
[
0, X1, 0, X3, 0, · · · , XN/2−1, 0, X

∗
N/2−1, · · · , 0, X∗1

]
. (2.2.1)

In general, for the l-th layer ACO-OFDM (l = 1, · · · , L and L < log2N − 1),

define the index set of data bearing carriers (before Hermitian symmetry) as K(l)
ACO =

{2l−1(2q + 1), q = 0, 1, · · · , φ(l)− 1} where

φ(l)
4
=

N

2l+1
. (2.2.2)

Therefore, for the l-th layer the constellation symbols are mapped onto Xk for k ∈

K(l)
ACO, Hermitian symmetry is imposed and all other subcarriers are set to zero re-

sulting in the frequency domain symbol

X(l) = [0, · · · , 0, X2l−1 , 0, · · · , 0, X3·2l−1 , 0, · · · , 0, X∗2l−1 , 0, · · · , 0] (2.2.3)

where there are (2l − 1) zeros in between two adjacent non-zero symbols.

Next, an N -point inverse fast Fourier transform (IFFT) is performed on X(l) at
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l-th layer to obtain a bipolar time-domain signal vector x(l), where the n-th element

is defined as

x(l)
n =

1√
N

N−1∑
k=0

Xk
(l) exp

(
j

2π

N
nk

)
, 0 ≤ n ≤ N − 1. (2.2.4)

As shown in [74], x(l) is a real-valued bipolar vector with a period of 4φ(l) = N
2l−1 ,

and has an anti-symmetry as

x(l)
n = −x(l)

n+2φ(l), 0 ≤ n ≤ 2φ(l)− 1. (2.2.5)

Therefore, the negative part of x(l) can be directly clipped without losing any infor-

mation leading to ACO-OFDM time-domain signal x
(l)
c , which is given by [56]

x(l)
c,n =

1

2
x(l)
n +

1

2

∣∣x(l)
n

∣∣ (2.2.6)

where | · | denotes absolute value operation.

After L layers of ACO-OFDM, there remain 2φ(L) subcarriers that are unused.

In this work, AVO-OFDM [48] is employed to send data on these unused carriers.

Note that L is a variable that must be designed to optimize the performance of

ALACO-OFDM as shown in Sec. 2.4. Define KAVO = {q2L, q = 1, · · · , φ(L) − 1} as

the index set of data bearing carriers (before Hermitian symmetry) for AVO-OFDM.

Specifically, QAM symbols are mapped onto Yk for k ∈ KAVO with other subcarriers

set to zero. After Hermitian symmetry, the frequency-domain symbol vector Y is

given as

Y = [0, · · · , 0, Y2L , 0, · · · , 0, Y2·2L , 0, · · · , 0, Y ∗2L , 0, · · · , 0] (2.2.7)
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where there are (2L − 1) zeros in between two adjacent non-zero symbols. The time-

domain signal yn is obtained via the IFFT to give

yn =
1√
N

N−1∑
k=0

Yk exp

(
j

2π

N
nk

)
, 0 ≤ n ≤ N − 1. (2.2.8)

Substituting (2.2.7) into (2.2.8) gives

yn =
1√
N

2φ(L)−1∑
q=0

Yq2L exp

(
j

2π

2φ(L)
qn

)
(2.2.9)

where 0 ≤ n ≤ N − 1. From (2.2.9), notice that y has a period of 2φ(L), i.e.,

yn = yn+2φ(L). (2.2.10)

To ensure non-negativity, define ya,n as

ya,n = |yn|, 0 ≤ n ≤ N − 1. (2.2.11)

Considering y has a period of 2φ(L), only 2φ(L) sign bits need to be transmitted to

reconstruct the original AVO-OFDM signal. Let the vector of sign bits be denoted

as s, with components [48]

sn =

0, yn ≤ 0;

1, yn > 0,
(2.2.12)

where 0 ≤ n ≤ 2φ(L) − 1. These sign bits are inserted uniformly over transmitting

symbols mapped to symbol vector X(1), which is transmitted by the first layer ACO-

OFDM.

48



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

N-point 

IFFT

QAM 

de-mapping

N-point

FFT

N-point

FFT

ˆ (1)
X (1)X%ˆ

(L)x

ˆ
(2)x

Zero

Clipping

Zero

Clipping

N-point 

IFFT

QAM 

de-mapping

ˆ (2)
X (2)X%

nr

QAM 

de-mapping

N-point

FFT

(2)x%

L

(3)x%

N-point

FFT

ˆ
(L)x

Zero

Clipping

N-point 

IFFT

QAM 

de-mapping

ˆ (L)
X (L)X%

(L)
x%ˆ

(L)

c,nx

ˆ
rs

r
y%r

Y%Ŷ
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Figure 2.2: Receiver design block diagram for ALACO-OFDM.

Adding together the L layer ACO-OFDM signals x
(l)
c and the AVO-OFDM signal

ya, the discrete time-domain transmitted signal vector is denoted z with components

zn =
L∑
l=1

x(l)
c,n + ya,n, 0 ≤ n ≤ N − 1. (2.2.13)

Finally, after parallel-to-serial (P/S) conversion and the addition of a cyclic prefix

(CP), z is fed into a digital-to-analog (D/A) converter before driving an LED.

2.2.2 Receiver

At the receiver, a photo-diode (PD) converts the received optical signal into an

electrical current. The shot noise and thermal noise are modelled as additive white

Gaussian noise (AWGN) [74, 56]. As this paper focuses on transceiver design, here

we consider a flat channel with perfect equalization and synchronization are assumed

and the channel gain from the LED to the PD is assumed to be unity [58, 56].
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The receiver block diagram is depicted in Fig. 2.2. After S/P conversion, analog-

to-digital (A/D) conversion and removal of the CP, the received signal rn is

rn = zn + wn, 0 ≤ n ≤ N − 1 (2.2.14)

where wn is zero mean AWGN with variance σ2
w.

It is well known that the clipping distortion of l-th (1 ≤ l ≤ L) layer ACO-

OFDM falls on subcarriers of higher layers; i.e., the l-th layer ACO-OFDM must be

demodulated before the (l + 1)-th layer [74]. It can also be shown that the AVO-

OFDM layer has components solely at frequencies indices in KAVO and Hermitian

symmetric components and thus does not interfere with any of the ACO-OFDM

layers [98]. Thus, demodulation starts at the first ACO-OFDM layer and clipping

noise is successively removed from lower layer signals.

For the demodulation of the first layer, r is fed into a fast Fourier transform (FFT)

module to generate its DFT symbol vector, denoted as X̃
(1)

in Fig. 2.2 with elements

X̃
(1)
k =

1√
N

N−1∑
n=0

rn exp

(
−j 2π

N
nk

)
, 0 ≤ k ≤ N − 1. (2.2.15)

This vector is then utilized to detect the modulated symbols at the first layer as

X̂
(1)
k = arg min

X∈Ω
(1)
X

∥∥∥X − 2X̃
(1)
k

∥∥∥2

, k = 1, 3, · · · , N/2− 1 (2.2.16)

where Ω
(1)
X denotes the constellation set of symbols at the first layer and the scalar 2

is due to the zero clipping loss [74].

An ACO-OFDM time-domain signal local estimation x̂
(1)
c,n can be generated using

an IFFT and clipping, as shown in Fig. 2.2. The signal x̂
(1)
c,n is subtracted from the
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received signal rn leading to x̃
(2)
n that is employed to demodulate the symbols at the

second layer.

Demodulation of the subsequent ACO-OFDM layers proceeds in a similar fashion

where at layer l, QAM symbols are detected to the DFT symbol vector X̃
(l)

which

arises as the FFT of x̃(l) = x̃(l−1) − x̂(l−1)
c , i.e., the impact of the detected symbols in

the previous layers is removed from subsequent layers.

After the L-th ACO-OFDM layer is detected, the clipping noise on the carriers in

KAVO can be removed by computing the local estimate of x̂(L)
c and subtracting it from

the remaining signal vector x̃(L). More compactly, an estimate of the AVO-OFDM

signal ŷa = x̃(L) − x̂(L)
c .

In order to be able to demodulate the data in the AVO-OFDM signal, the sign

information must be extracted from the first layer of ACO-OFDM. Let ŝn denote the

detected sign information of the AVO-OFDM signal that is transmitted in layer one.

Furthermore, let ŝrn ∈ {−1, 1} denote the sign of the ŷa,n which is extracted for the

first 2φ(L) symbols by

ŝrn =

 1, ŝn = 1;

−1, ŝn = 0,
(2.2.17)

where n = 0, · · · , 2φ(L)− 1. As noted in (2.2.10), the AVO-OFDM signal is periodic

with period 2φ(L) and thus, ŝrn can be readily extended for all n = 0, · · · , N − 1.

The AVO-OFDM time-domain signal can be reconstructed as

ŷrn = ŝrnŷa,n, n = 0, 1, 2, · · · , N − 1. (2.2.18)
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After an N -point FFT module, the AVO-OFDM symbols can be detected using

Ŷk = arg min
Y ∈ΩY

∥∥∥Y − Ŷ r
k

∥∥∥2

(2.2.19)

where ΩY denotes the constellation set of AVO-OFDM, Ŷ r
k denotes the DFT of ŷrn

and k ∈ KAVO.

2.3 ALACO-OFDM Signal Analysis

In this section, the spectral efficiency and computational complexity of ALACO-

are analyzed and compared to eU- [58], LACO- [74] and AAO-OFDM [48].

2.3.1 Spectral Efficiency

In this work, the spectral efficiency is defined as information rate per channel use.

Hence, the spectral efficiency of DCO-OFDM with QAM constellation size M , ΥDCO,

can be written as

ΥDCO =
1

2
log2M bits/channel use. (2.3.1)

The spectral efficiency of eU-OFDM with L streams, Υ
(L)
eU , and of LACO-OFDM

with L layers, Υ
(L)
LA , are equal, and take the form [58, 74]

Υ
(L)
LA =

1

2
log2M −

1

2L+1
log2M bits/channel use, (2.3.2)

in which each stream/layer is assumed to use the same constellation size M .
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Figure 2.3: The spectral efficiency comparison between ALACO-OFDM and its
counterparts with different constellation sizes.

The spectral efficiency of AAO-OFDM, ΥAAO, can be calculated by [48]

ΥAAO =
1

4
(log2M1 + log2M2)− 1

2
bits/channel use, (2.3.3)

in which the constellation size M1 and M2 are assumed for AVO-OFDM and ACO-

OFDM component parts, respectively. In the case of M1 = M2 = M

ΥAAO =
1

2
log2M −

1

2
bits/channel use. (2.3.4)

For ALACO-OFDM, for the l-th (1 ≤ l ≤ L) layer ACO-OFDM, let Ml denote

the size of the constellation sent on each ACO-OFDM layer. Note that there are
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φ(l) = N
2l+1 effective complex symbols before Hermitian symmetry for each ACO-

OFDM layer l. For AVO-OFDM, the constellation size is denoted Mv and there are

φ(L)−1 = N
2L+1−1 effective complex symbols before Hermitian symmetry. Notice also

that 2φ(L) = N
2L

sign bits of AVO-OFDM time-domain signals are inserted uniformly

into transmitting symbols at the first layer.

Hence, the spectral efficiency of ALACO-OFDM with L layers, denoted by Υ
(L)
AL ,

is

Υ
(L)
AL =

1

N

(
L∑
l=1

N

2l+1
log2Ml +

(
N

2L+1
− 1

)
log2Mv −

N

2L

)

≈
L∑
l=1

1

2l+1
log2Ml +

1

2L+1
log2Mv −

1

2L

(2.3.5)

where the approximation holds for large N .

If Ml = Mv = M , Υ
(L)
AL can be rewritten as

Υ
(L)
AL =

1

2
log2M −

1

2L
bits/channel use. (2.3.6)

Notice that AAO-OFDM is a special case of ALACO-OFDM with L = 1 according

to (2.3.4) and (2.3.6).

The spectral efficiency comparison between ALACO- and DCO-, eU-, LACO- and

AAO-OFDM for large N is depicted with different constellation sizes in Fig. 2.3. It

can be seen that ΥAAO, Υ
(2)
AL, Υ

(3)
AL, Υ

(4)
AL and ΥDCO are parallel, which indicates a

constant gap between them. Additionally, notice that ALACO-OFDM is closest to

the spectral efficiency of DCO-OFDM. The difference in spectral efficiency between

ALACO- and DCO-OFDM decreases with increasing L as 1/2L. For example, for

L = 2 ALACO-OFDM 0.25 bits/channel use less than DCO-OFDM, while at L = 4

the difference is only 0.0625 bits/channel use. For eU-OFDM and LACO-OFDM,
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the larger the constellation size, the larger the spectral-efficiency gap compared to

DCO-OFDM. When M > 256, ALACO-OFDM with L = 2 achieves larger spectral

efficiency than eU-OFDM and LACO-OFDM with L = 4. For the same layer number

L, the spectral efficiency of ALACO-OFDM is

log2M − 2

2L+1
bits/channel use

larger than eU-OFDM and LACO-OFDM.

2.3.2 Computational Complexity

For an N -point (N a power of 2) IFFT or FFT module using the Cooley-Tukey

decomposition, M(N) real-valued multiplication operations (RMOs) and A(N) real-

valued addition operations (RAOs) are required where [133]

M(N) = 2N log2(N)− 4N + 4 (2.3.7)

and

A(N) = 3N log2(N)− 2N + 2. (2.3.8)

In the subsequent analysis, we assume that operations such as zero clipping, taking

the sign bits, and absolute value operation do not require any arithmetic operations

as they can be efficiently implemented via switching logic. In addition, the complexity

of detecting QAM symbols on carriers is the same for all schemes thus is not included

in this analysis.

Though the N -point IFFT and FFT in Fig. 2.1 and 2.2 are useful in depicting
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the basic idea of ALACO-OFDM transceiver design, more efficient approaches have

been documented in the literature. For LACO- and ALACO-OFDM, to reduce the

complexity, a 4φ(l)-point IFFT can be employed and repeated 2l−1 times for l-th

ACO-OFDM layer as shown in [74]. A 2φ(L)-point IFFT can similarly to used and

repeated 2L times for AVO-OFDM layer due to the periodic property of y. At the

receiver, averaging is required in the time domain over 2l−1 periods for l-th ACO-

OFDM layer and over 2L periods for AVO-OFDM layer to enhance the performance.

These two approaches to the implementation layered ACO-OFDM have been included

in the following analysis.

Transmitter

For DCO-OFDM, an N -point IFFT module is required at transmitter and it

requires M
(t)
DCO(N) = M(N) RMOs and A

(t)
DCO(N) = A(N) RAOs.

For ALACO-OFDM, the required RMOs and RAOs of ALACO-OFDM can be

written as

M
(t)
AL(L,N) =

L∑
l=1

M

(
N

2l−1

)
+M

(
N

2L

)
=

(
1− 1

2L+1

)
4N log2(N)−

(
12− L+ 4

2L−1

)
N + 4L+ 4

(2.3.9)

and

A
(t)
AL(L,N) =

L∑
l=1

A

(
N

2l−1

)
+ A

(
N

2L

)
+ LN

=

(
1− 1

2L+1

)
6N log2(N)−

(
11− L− 3L+ 8

2L

)
N + 2L+ 2.

(2.3.10)
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Similarly, for LACO-OFDM with N subcarriers and L layers, the required RMOs

and RAOs are given by

M
(t)
LA(L,N) =

L∑
l=1

M

(
N

2l−1

)
=

(
1− 1

2L

)
4N log2(N)−

(
12− 2L+ 6

2L−1

)
N + 4L

(2.3.11)

and

A
(t)
LA(L,N) =

L∑
l=1

A

(
N

2l−1

)
+ (L− 1)N

=

(
1− 1

2L

)
6N log2(N)−

(
11− L− 3L+ 5

2L−1

)
N + 2L.

(2.3.12)

For eU-OFDM with N subcarriers and L streams, there are 2L OFDM frames

included in one super frame. Hence, RMOs and RAOs averaged over a super frame

are [107]

M
(t)
eU(L,N) =

(
1− 1

2L

)
(2N log2(N)− 4N + 4) (2.3.13)

and

A
(t)
eU(L,N) =

(
1− 1

2L

)
(3N log2(N)− 2N + 2) + (L− 1)N. (2.3.14)

Receiver

For DCO-OFDM, an N -point FFT module is required at receiver and requires

M
(r)
DCO(N) = M(N) RMOs and A

(r)
DCO(N) = A(N) RAOs.

For ALACO-OFDM, to detect the l-th layer of the ACO-OFDM signal (1 ≤ l ≤

L), an 4φ(l)-point FFT is required followed by an 4φ(l)-point IFFT for signal recon-

struction. For AVO-OFDM layer, 2φ(L)-point FFT is required only for demodulation.
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Hence ALACO-OFDM requires M
(r)
AL(L,N) RMOs as

M
(r)
AL(L,N) = 2

L∑
l=1

M

(
N

2l−1

)
+M

(
N

2L

)
=

(
1− 3

2L+2

)
8N log2(N)−

(
24− 3L+ 10

2L−1

)
N + 8L+ 4

(2.3.15)

and RAOs as

A
(r)
AL(L,N) =

2
L∑
l=1

A

(
N

2l−1

)
+ A

(
N

2L

)
+

L∑
l=1

(
2l−1 − 1

) N

2l−1
+
(
2L − 1

) N
2L︸ ︷︷ ︸

Averaging for L ACO layers and AVO

+ LN︸︷︷︸
Removing low layers

=

(
1− 3

2L+2

)
12N log2(N)−

(
21− 2L− 9L+ 19

2L

)
N + 4L+ 2.

(2.3.16)

The conventional LACO-OFDM receiver [74] removes interference from lower lay-

ers in the frequency domain. In contrast, the receiver in Fig. 2.2 removes interference

between layers at the receiver directly in the time domain. This approach requires

fewer N -point FFTs than the receiver in [74] and is thus less complex. For the sake of

fair comparison, the receiver for LACO-OFDM is computed when the interference is

removed in the time domain (as shown for the first L layers in Fig. 2.2). The number

of RMOs and RAOs for LACO-OFDM when interference is removed in time domain

are

M
(r)
LA(L,N) = 2

L−1∑
l=1

M

(
N

2l−1

)
+M

(
N

2L−1

)
=

(
1− 3

2L+1

)
8N log2(N)−

(
24− 6L+ 14

2L−1

)
N + 8L− 4

(2.3.17)
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and

A
(r)
LA(L,N) = 2

L−1∑
l=1

A

(
N

2l−1

)
+ A

(
N

2L−1

)
+

L∑
l=1

(
2l−1 − 1

) N

2l−1︸ ︷︷ ︸
Averaging for L ACO layers

+ (L− 1)N︸ ︷︷ ︸
Removing low layers

=

(
1− 3

2L+1

)
12N log2(N)−

(
23− 2L− 9L+ 10

2L−1

)
N + 4L− 2.

(2.3.18)

For eU-OFDM with N subcarriers and L streams, the number of RMOs and RAOs

on average over a super frame are [107]

M
(r)
eU (L,N) =

(
1− 3

2L+1

)
(4N log2(N)− 8N + 8) (2.3.19)

and

A
(r)
eU(L,N) =

(
1− 3

2L+1

)
6N log2(N)−

(
6− 2L− 7

2L

)
N + 4− 6

2L
. (2.3.20)

Fig. 2.4 presents a comparison of the RMOs and RAOs for ALACO-, LACO-

and eU-OFDM. Although for the same L, ALACO-OFDM requires slightly more

RMOs and RAOs than LACO-OFDM, given the same spectral efficiency LACO-

OFDM requires more layers and is more complex as compared to ALACO-OFDM.

For example, ALACO-OFDM with L = 2 and M = 256 and LACO-OFDM with

L = 4 and M = 256 achieve the same spectral efficiency of 3.75 bits/channel use.

From Fig. 2.4, at transmitter, LACO-OFDM with L = 4 requires about 5% more

RMOs and 7% more RAOs than ALACO-OFDM with L = 2. At receiver, LACO-

OFDM requires about 9% more RMOs and 11% more RAOs than ALACO-OFDM

when operating at the same spectral efficiency.
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Figure 2.4: Computational complexity comparison between ALACO-OFDM and its
counterparts for different L (N = 1024 in all cases).

2.4 Design of ALACO-OFDM Systems

Given that signals from different layers in ALACO-OFDM are combined to make

the emitted signal, an open question is the allocation of optical power amongst the

layers to ensure optimal performance. In this section, two optical power allocation

schemes over the layers of ALACO-OFDM are discussed to optimize uncoded trans-

mission performance and achievable information rates, respectively.
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2.4.1 Signal Distributions, Optical and Electrical Power

Using the central limit theorem (CLT), the probability density function (PDF) of

ACO-OFDM signal in the l-th layer is given by [56, 82, 134, 115, 110]

fl(w) =
1√

2πσl
exp

(
−ξ2

2σ2
l

)
u(ξ) +

1

2
δ(ξ) (2.4.1)

where σl is the standard deviation of the ACO-OFDM signal in the l-th layer before

clipping, (see x(l) in Fig. 2.1), u(ξ) is a unit step function and δ(ξ) is a unit impulse

funtion. The average optical and electrical power of ACO-OFDM signal in the l-th

layer can be calculated as [82, 115]

Po,l =
σl√
2π

and Pe,l =
σ2
l

2
. (2.4.2)

For AVO-OFDM, the PDF of ya,n is a truncated Gaussian [48]

fv(ξ) =
2√

2πσv
exp

(
−ξ2

2σ2
v

)
u(ξ) (2.4.3)

where σv is the standard deviation of AVO-OFDM signal before absolute value op-

eration (see y in Fig. 2.1). Additionally, the average optical and electrical power of

AVO-OFDM signal are [48]

Po,v =
2σv√

2π
and Pe,v = σ2

v . (2.4.4)

Thus, the average optical power of ALACO-OFDM signal zn in Fig. 2.1 is can be
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calculated by

Po,AL =
L∑
l=1

E{x(l)
c,n}+ E{ya,n} =

1√
2π

(
L∑
l=1

σl + 2σv

)
(2.4.5)

where E{·} denotes the expectation operator.

After clipping, the transmitted signal for each layer in frequency domain can be

decomposed into two orthogonal components following (2.2.6), as

X
(l)
c,k =

1

2
X

(l)
k +

1

2
X

(l)
a,k

(2.4.6)

where 1
2
X

(l)
k , k ∈ K(l)

ACO is the useful transmitted signal and 1
2
X

(l)
a,k is clipping distor-

tion.

After some straightforward manipulation, the average electrical power of data

symbols falling onto each subcarrier in the l-th layer ACO-OFDM is given by (ignoring

Hermitian symmetric components)

E

{∣∣∣∣12X(l)
k

∣∣∣∣2
}

=

2l−2σ2
l , k ∈ K(l)

ACO,

0, otherwise.
(2.4.7)

Similarly, assuming that the sign information is recovered correctly, the average

electrical power of data symbol in k-th subcarrier in AVO-OFDM is given by

E{|Yk|2} =

2Lσ2
v , k ∈ KAVO,

0, otherwise.
(2.4.8)
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2.4.2 Optical Power Allocation - Uncoded Transmission

Consider an ALACO-OFDM system which operates under a fixed average optical

power constraint, Po,AL. Such systems arise in VLC links with dimming constraints.

Assume that the clipping distortion from lower layers is completely removed from

higher layers which is reasonable at high SNRs. Additionally, assume a flat channel

with AWGN noise in each subcarrier with variance σ2
w. Let SNRk denote the electrical

SNR of the k-th subcarrier from (2.4.7) and (2.4.8) which governs the uncoded BER

performance.

Here we consider the optimal allocation of optical power to each ALACO-OFDM

layer subject to an average optical power constraint with the objective of optimizing

the uncoded BER. In particular, the optimal power allocation is the one which selects

σl and σv over ALACO-OFDM layers which maximizes the minimum SNR over all

data-bearing subcarriers while satisfying the average optical power constraint (2.4.5).

More precisely,

P1 :max
σl, σv

min
k

SNRk (2.4.9a)

s.t. SNRk =


2l−2σ2

l

σ2
w
, k ∈ K(l)

ACO, 1 ≤ l ≤ L,

2Lσ2
v

σ2
w
, k ∈ KAVO,

(2.4.9b)

L∑
l=1

σl + 2σv =
√

2πPo,AL, (2.4.9c)

σl ≥ 0, 1 ≤ l ≤ L, (2.4.9d)

σv ≥ 0. (2.4.9e)

Since SNRk ≥ 0, taking the square root of SNRk linearizes the optimization
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problem as

P2 :min
σl,t

− t (2.4.10a)

s.t. 2
l−2
2
σl
σw
≥ t, k ∈ K(l)

ACO, 1 ≤ l ≤ L, (2.4.10b)

2
L
2
σv
σw
≥ t, k ∈ KAVO, (2.4.10c)

(2.4.9c)− (2.4.9e). (2.4.10d)

The objective function and constraints of P2 are affine, which can be solved easily

through Karush-Kuhn-Tucker (KKT) method. The solutions are given as

σ?l =
2−

l−2
2
√
πPo,AL

A
, 1 ≤ l ≤ L, (2.4.11a)

σ?v =
2−

L
2
√
πPo,AL

A
(2.4.11b)

where for readability, A
4
= 2 +

√
2− 2−(L−2)/2. Substituting (2.4.11) into (2.4.2) and

(2.4.4), we can obtain the optimal optical power P ?
o,l and P ?

o,v.

Notice that using the optimum power allocation σ?l and σ?v yields the same SNRk

for all data bearing subcarriers regardless of their layer, that is

SNRk =
π

A2

P 2
o,AL

σ2
w

. (2.4.12)

This result corresponds to the empirically chosen power allocations used in previous

work [74, 82]. Section 2.5 presents numerical investigation of (2.4.11) over different

choices of power allocation.

Define power allocation factor α as the ratio between optical power of adjacent
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ACO-OFDM layers, i.e.,

α
4
=

Po,l
Po,l+1

, 1 ≤ l ≤ L− 1. (2.4.13)

Notice that using the optimum power allocation σ?l and σ?v in (2.4.11), α =
√

2 and

Po,v = Po,L. This result matches previous empirically derived power allocations in

[74, 82, 135, 136, 84] and [48] for LACO- and AAO-OFDM respectively. In a related

context, [115] also conclude that LACO-OFDM achieves optimal power allocation

with α =
√

2 under an electrical power constraint.

2.4.3 Optical Power Allocation - Information Rate

Here, the optical power allocation amongst ALACO-OFDM layers is done to max-

imize the overall achievable information rate under an average optical power con-

straint.

Achievable information rate of ALACO-OFDM

For the l-th layer ACO-OFDM, an optical power constraint leads to an electrical

power constraint according to (2.4.2) and (2.4.7), hence Shannon capacity formula in

[137] can be employed [134]. In addition, there are N
2l+1 out of N subcarriers bearing

data symbols before Hermitian symmetry. The achievable information rate for l-th

ACO-OFDM layer was first derived in [88] as

Cl =
1

2l+1
log

(
1 +

2l−2σ2
l

σ2
w

)
bits/channel use. (2.4.14)

For the AVO-OFDM layer, consider the following theorem.
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Theorem 1. Consider an absolute-value Gaussian random variable channel, i.e.,

z = y + w, where y = |x|, x is real and Gaussian distributed with zero mean and

variance of σ2
x, and w is AWGN with variance of σ2

w. The achievable information

rate of this absolute-value Gaussian channel is

Cv =
1

2
log

(
1 +

σ2
x

σ2
w

)
− (1−D) (2.4.15)

where D is a monotonically decreasing function of γ = σx/σw, 0 < D ≤ 1 and D → 0

as γ →∞.

Proof. See Appendix A.

For AVO-OFDM, φ(L) out of N complex channels bear data (before Hermitian

symmetry). Hence, according to Thm. 1, the achievable information rate for AVO-

OFDM is

Cavo =
1

2L+1
log

(
1 +

2Lσ2
v

σ2
w

)
− 1

2L
(1−D) bits/channel use. (2.4.16)

The achievable information rate of ALACO-OFDM can be bounded by the sum of

achievable information rates of L layers of ACO-OFDM, the AVO-OFDM layer and

subtracting the sign bits carried in the first layer to give

C
(L)
AL =

L∑
l=1

Cl + Cavo −
1

2L

=
L∑
l=1

1

2l+1
log

(
1 +

2l−2σ2
l

σ2
w

)
+

1

2L+1
log

(
1 +

2Lσ2
v

σ2
w

)
− 1

2L−1
+
D

2L
, C1 ≥

1

2L
.

(2.4.17)
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Optimization problem

Most VLC channels operate in the high SNR regime [138, 139]. At high SNRs,

C
(L)
AL can be approximated as

C̃
(L)
AL ≈

L∑
l=1

1

2l
log

(
2

l−2
2 σl
σw

)
+

1

2L
log

(
2

L
2 σv
σw

)
− 1

2L−1
(2.4.18)

since at high SNR D → 0 according to Thm. 1.

Consider an optimal power allocation over the ALACO-OFDM layers to maximize

the capacity at high SNR, as approximated by C̃
(L)
AL , given formally as

P3 :max
σl,σv

C̃
(L)
AL (2.4.19a)

s.t. (2.4.9c)− (2.4.9e). (2.4.19b)

The objective is the sum of concave functions and is thus also concave with the

constraints are affine. Hence, an optimal solution can be obtained by solving the

KKT conditions as

σ̃l =

√
2πPo,AL

2l
, 1 ≤ l ≤ L, (2.4.20a)

σ̃v =

√
2πPo,AL

2L+1
. (2.4.20b)

Notice that the optical power allocation factor, defined in (2.4.13), for the capacity

optimal power allocation is α = 2 which is similar to the result reported in [53, 88].

Substituting (2.4.20) into (2.4.2) and (2.4.4), the optimal optical power P̃o,l and P̃o,v

can also be obtained.
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Substituting (2.4.20) into (2.4.17), a lower bound on the achievable information

rate of ALACO-OFDM is

Ĉ
(L)
AL =

L∑
l=1

1

2l+1
log

(
1 +

πP 2
o,AL

2l+1σ2
w

)
− 1

2L−1
+

1

2L+1
log

(
1 +

πP 2
o,AL

2L+1σ2
w

)
+
D

2L

bits/channel use.

(2.4.21)

Similarly, the achievable information rate of LACO-OFDM with α = 2 can be

bounded by the sum of the rates of L layers of ACO-OFDM as

C
(L)
LA =

L∑
l=1

1

2l+1
log

(
1 +

πP 2
o,AL

2l−1 (2− 2−(L−1))
2
σ2
w

)
. (2.4.22)

Note that in the limiting case for large L and at high SNRs, the capacities of

LACO- and ALACO-OFDM are equal according to (2.4.21) and (2.4.22) and approach

Cα=2 =
1

2
log

(
πP 2

o,AL

8σ2
w

)
bits/channel use. (2.4.23)

This asymptotic result has also been presented in [88].

2.4.4 Comparison Between Power Allocation Schemes

For the sake of comparison with previous work, define the optical SNR (OSNR)

as in [139, 140, 53, 88]

OSNR(dB) = 10 log10

(
Po,AL

σw

)
. (2.4.24)

From Sec. 2.4.2, ALACO-OFDM achieves optimal uncoded transmission perfor-

mance with α =
√

2 while the high SNR information optimal allocations has α = 2
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according to Sec. 2.4.3.

Substituting (2.4.11) into (2.4.17), the achievable information rate of ALACO-

OFDM with α =
√

2 is

C
(L)
AL =

1

2
log

(
1 +

π

A2

P 2
o,AL

σ2
w

)
− 1

2L−1
+
D

2L
bits/channel use. (2.4.25)

Similarly, for LACO-OFDM with α =
√

2,

C
(L)
LA =

(
1

2
− 1

2L+1

)
log

(
1 +

π

B2

P 2
o,LA

σ2
w

)
bits/channel use (2.4.26)

where B
4
= 2 +

√
2− 2−(L−2)/2 − 2−(L−1)/2.

In the limit of large L and OSNR, the performance of LACO- and ALACO-OFDM

with α =
√

2 are identical and are given as

Cα=
√

2 =
1

2
log

(
1 +

π

6 + 4
√

2

P 2
o,AL

σ2
w

)
bits/channel use. (2.4.27)

Subtracting (2.4.27) from (2.4.23), the asymptotic gap in information rate between

the both optical power allocation schemes, i.e., α = 2 and α =
√

2, is

4C ≈ 1

2
log

(
6 + 4

√
2

8

)
= 0.27 bits/channel use. (2.4.28)

Figure 2.5 presents a comparison of the information rate among ACO-, LACO-,

ALACO-, and AAO-OFDM for different OSNR and power allocation schemes. Note

that AAO-OFDM is a special case of ALACO-OFDM with L = 1, i.e., the informa-

tion rate of AAO-OFDM is given by C
(1)
AL. An upper bound on capacity of IM/DD

optical channel based on sphere packing [130] and a lower bound based on entropy
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Figure 2.5: Achievable information rate comparison among ACO-, LACO-, ALACO-
and AAO-OFDM for different OSNR.

power inequality (EPI) and exponentially distributed input [131] are added as the

benchmarks. It can be seen ALACO- and LACO-OFDM with α = 2 achieves higher

information rate than that with α =
√

2. And the gap is about 0.27 bits/channel

use at OSNR= 30 dB that agrees well with (2.4.28). Although ALACO- and LACO-

OFDM with α = 2 can achieve higher capacity at high OSNR, its uncoded BER

performance is worse than that with α =
√

2, which is shown in Fig. 2.7.

Figure 2.6 presents the achievable information rate comparison between ALACO-

and LACO-OFDM for different number of layers and OSNRs. It is evident that

ALACO-OFDM achieves higher rate than LACO-OFDM with a smaller number of

layers at high OSNR.

Specifically, for α =
√

2, when OSNR = 20 dB, ALACO-OFDM with L = 3

achieves 5.8 bits/channel use, which is higher than the highest achievable information
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Figure 2.6: Achievable information rate comparison between ALACO- and
LACO-OFDM for different OSNRs and L layers (Note: L denotes the number of

ACO-OFDM layers used).

rate of LACO-OFDM with L = 6. When OSNR = 30 dB, ALACO-OFDM achieves

the highest achievable information rate with L = 4, which is larger than the highest

achievable information rate of LACO-OFDM with L = 7. However, when OSNR =

10 dB, LACO-OFDM achieve highest achievable information rate with L = 3 and

is slightly higher than ALCO-OFDM. This is because of the increased overhead in

transmitting the sign information in the first layer. Similar conclusions hold for α = 2

where ALACO- can still achieve higher rate than LACO-OFDM with fewer number

of layers.

Notice that the difference between the achievable information rates of ALACO-

and LACO-OFDM becomes smaller as number of layers increases. This is because

ALACO-OFDM is defined to use all the available subcarriers, and the number of

unused subcarriers in LACO-OFDM approaches zero as L becomes large.
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2.5 Numerical Results

2.5.1 BER Performance

In this section, uncoded BER performance of ALACO-OFDM is analyzed and

compared to its counterparts in terms of OSNR. A flat channel with AWGN is as-

sumed and the channel gain from an LED to a PD is assumed to be unity [56, 58].

Considering a flat channel and mitigating the effect of error propagation in layered

OFDM schemes, the sign bits of the AVO-OFDM layer are uniformly inserted into

the bits modulated in the first ACO-OFDM layer. The total number of subcarriers

is set to N = 1024 and M -QAM constellations with gray labeling are utilized.

The overall BER performance of ALACO-OFDM with M = 16 and L = 3 for

different α are shown in Fig. 2.7. It can be seen ALACO-OFDM with power allocation

factor α =
√

2 achieves optimal BER performance in high OSNR regime. ALACO

with α =
√

2 achieves about 1.3 dB gains compared to that with α = 2 at BER= 10−5.

Hence, the optical power allocation factor is set to α =
√

2 for ALACO-, LACO- and

eU-OFDM in Fig. 2.8, Fig. 2.9, Fig. 2.10 and Fig. 3.10.

Using the formula for calculating the BER of QAM [82, 141], a theoretical bound

on the BER of ALACO-OFDM can be given by

BERAL =

∑L
l=1 BER

(l)
ACO2−l log2Ml + BERAVO2−L log2Mv∑L
l=1 2−l log2Ml + 2−L log2Mv

(2.5.1)

where BER
(l)
ACO is BER of l-th layer ACO-OFDM, given by

BER
(l)
ACO ≈

4(
√
M1 − 1)√

M1 log2M1

Q

(√
3

M1 − 1

2l−2σ2
l

σ2
w

)
, (2.5.2)
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Figure 2.7: Overall uncoded BER performance of ALACO-OFDM with different
optical power allocation factor α with L = 3 and M = 16 used.

and BERAVO is BER of AVO-OFDM, given by

BERAVO ≈
4(
√
Mv − 1)√

Mv log2Mv

Q

(√
3

Mv − 1

2Lσ2
v

σ2
w

)
. (2.5.3)

“≈” is used in (2.5.2) and (2.5.3) since we assume the interference from lower layers

is removed completely.

Theoretical and simulated overall BER with sign bits in first layer and in second

layer are shown in Fig. 2.8, in which L = 3, α =
√

2 and M = 16 are used. It

can be seen ALACO-OFDM with sign bits carried in first layer slightly outperforms

that with sign bits in second layer in low OSNR regime, while both perform nearly

the same in high OSNR regime. This is because sign bits carried in second layer

are distorted by AWGN and estimation error accumulated from the first layer, which

slightly worsens the overall BER performance. As OSNR increases, the estimation
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Figure 2.8: Theoretical and simulated overall BER with sign bits in first layer and
in second layer with L = 3 and M = 16 used.

error in first layer becomes negligible [98]. The theoretical bound on BER is also

shown in Fig. 2.8, which is close to the simulated overall BER in high OSNR regime.

The BER performance of ALACO- is compared to eU-, LACO- and AAO-OFDM

is shown in Fig. 2.9 with the same spectral efficiency and a finite number of layers.

Notice that AAO-OFDM is the special case of the ALACO-OFDM with L = 1 and

the both share the same performance. For ALACO-OFDM, M = 256 with L = 2,

3 or 4 is employed, of which has spectral efficiency is Υ
(L)
AL = 3.75, 3.875 or 3.9375

bits/channel use according to (2.3.6). For eU- and LACO-OFDM, combinations of

M = 1024 with L = 2, M = 512 with L = 3 and M = 256 with L = 4 are utilized,

of which the spectral efficiency is respectively 3.75, 3.9375 and 3.75 bits/channel use

based on (2.3.2). For AAO-OFDM, M1 = 512 with M2 = 1024 is employed, of which

the spectral efficiency is ΥAAO = 3.75 bits/channel use according to (2.3.3). It can be
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Figure 2.9: Uncoded BER performance comparison between ALACO-OFDM and its
counterparts with the same or close spectral efficiency (Set
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(2)
eU = Υ

(2)
LA = Υ
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(4)
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LA = 3.75 bits/channel use,

Υ
(3)
eU = Υ

(3)
LA = Υ

(4)
AL = 3.9375 bits/channel use, and Υ

(3)
AL = 3.875 bits/channel use).

seen that eU- and LACO-OFDM have the similar BER performance with the same

layer number and constellation size, in which the spectral efficiencies of the both

schemes are the same.

Consider comparing schemes with the same spectral efficiency and number of

layers. Fig. 2.9 indicates that ALACO- with M = 256 and L = 2 has the best BER

performance compared to eU- with M = 1024 and L = 2, LACO- with M = 1024 and

L = 2 and AAO-OFDM with M1 = 512 and M2 = 1024 at the same spectral efficiency

of 3.75 bits/channel use. When the BER approaches 10−6, ALACO-OFDM achieves

about 1.3, 1.4 and 0.8 dB performance gains over eU-, LACO- and AAO-OFDM,

respectively. This is because ALACO-OFDM can employ smaller constellation size

M to achieve the same spectral efficiency compared to the other three schemes.
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Considering only the spectral efficiency, from Sec. 2.3.1, increasing L improves

the spectral efficiency of ALACO-, eU- and LACO-OFDM. Notice that ALACO-

with M = 256 and L = 2 has about 0.2 dB gain over eU- and LACO-OFDM with

M = 256 and L = 4 at BER=10−6. The spectral efficiencies of all schemes noted

are the same, however, ALACO-OFDM is able to provide a gain while operating

with less complexity and latency (i.e., smaller L). Similarly at a higher spectral

efficiency, ALACO-OFDM with M = 256 and L = 4 achieves about 0.2 dB gain at

BER= 10−6 compared to eU- and LACO-OFDM with M = 512 and L = 3 at the

spectral efficiency of 3.9375 bits/channel use. Thus, ALACO-OFDM provides higher

spectral efficiencies over earlier approaches while retaining the power efficiency of

ACO-OFDM schemes.

2.5.2 Probability Density Function

In this section, the PDF of ALACO-OFDM time-domain signal for different num-

ber of layers is investigated. In ALACO-OFDM, L layers of ACO-OFDM time-domain

signal are independent. Although first layer ACO-OFDM signal carries sign bits of

AVO-OFDM signal, the both are independent [48]. Hence, the PDF of ALACO-

OFDM can be calculated by convolving the PDFs of L layers of ACO-OFDM and

the PDF of AVO-OFDM. Then the PDF of ALACO-OFDM is given by

f
(L)
AL (ξ) = f1(ξ)⊗ . . .⊗ fL(ξ)⊗ fv(ξ) (2.5.4)

where ⊗ denotes convolution operation and fl(ξ) and fv(ξ) are given by (2.4.1) and

(2.4.3).

The simulated and theoretical PDF of ALACO-OFDM are shown in Fig. 2.10, in
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Figure 2.10: Simulated and theoretical PDF of ALACO-OFDM with
L = 2, 3, and 4 (‘Simu.’ and ‘Theo.’ denote ‘Simulated’ and ‘Theoretical’,

respectively).

which the total optical power is set to unity and α =
√

2. For the simulated PDF,

N = 1024 subcarriers and 16-QAM are utilized. It can be seen the simulated and

theoretical PDF of ALACO-OFDM are aligned well.

2.5.3 PAPR Comparison

In this section, the PAPR of ALACO-OFDM is compared versus its counterparts.

Define the PAPR of a discrete time-domain signal zn as [142]

PAPR =
max

0≤n≤N−1
z2
n

E{z2
n}

. (2.5.5)

The complementary cumulative distribution function (CCDF) of PAPR is defined
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Figure 2.11: PAPR comparison between ALACO-OFDM and its counterparts with
N = 1024 subcarriers (α =

√
2 is used for ALACO, LACO-, and eU-OFDM).

as

CCDF(γ) = 1− Pr {PAPR ≤ γ} (2.5.6)

where Pr {Ψ} denotes the probability of an event Ψ.

Following the method calculating the CCDF of LACO-OFDM in [82], the CCDF(γ)

can be well approximated using its PDF as

CCDF(γ) ≈ 1−

(
2

∫ √γE{z2n}

−∞
f

(L)
AL (ξ)dξ − 1

)N/2

. (2.5.7)

The CCDF of PAPR in ALACO- with different total layer number L is analyzed

and compared to ACO-, eU-, LACO- and AAO-OFDM as shown in Fig. 3.10 for

N = 1024. It can be seen the theoretical CCDFs of ALACO-OFDM approximated

by (2.5.7) agree well with the simulated results for different number of layers. It is
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evident that ACO-OFDM has the worst PAPR performance. For eU-, LACO- and

ALACO-OFDM, the PAPR performance becomes better as the total layer number

L increases from 2 to 4. This trend was also noticed in earlier work [82]. When

CCDF = 10−3, the PAPR of ALACO- with L = 2 is about 0.4 dB, 1.3 dB, 2.1

dB and 2.5 dB smaller compared to AAO-, LACO- with L = 2, eU- with L = 2

and ACO-OFDM, respectively. This is because for the same peak value, the average

electrical power of ALACO-OFDM is bigger, which leads to a smaller PAPR according

to (3.5.9). When CCDF approaches 10−3, the PAPR of ALACO- with L = 4 is about

0.9 dB, 0.5 dB, 1.3 dB and 3.1 dB smaller compared to AAO-, LACO- with L = 4,

eU- with L = 4 and ACO-OFDM, respectively. The analysis and comparison between

ALACO-OFDM and its counterparts suggests that ALACO-OFDM, with its lower

PAPR, may be less sensitive to LED nonlinearity.

2.6 Conclusions

In this paper, ALACO-OFDM is proposed to enhance the spectral efficiency for

IM/DD OFDM communications while retaining power efficiency. Signal analysis in-

dicates the spectral efficiency gap between ALACO- and DCO-OFDM can be made

negligible even with a small number of layers. Notice that ALACO-OFDM is a gener-

alization of AAO-OFDM and has a spectral efficiency that is log2M−2
2L+1 bits/channel use

larger than eU- or LACO-OFDM with the same layer number L. Two optical power

allocation schemes are discussed over the layers of ALACO-OFDM with the objective

of optimizing uncoded transmission performance and the achievable information rate

respectively. ALACO-OFDM with optical power allocation factor α = 2 achieves

optimal rate while the optimal uncoded BER performance is achieved when α =
√

2.
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A theoretical bound on the uncoded BER of ALACO-OFDM is also derived, which

matches the simulated BER in high SNR regime. The information rate analysis also

indicates ALACO- can achieve higher rate with even smaller number of layers than

LACO-OFDM. In addition, ALACO- has smaller PAPR compared to eU-, LACO-

and AAO-OFDM, which suggests better performance on nonlinear LED channels.

Complexity analysis indicates the computational complexity of ALACO-OFDM is on

the same order at LACO- and eU-OFDM while realizing performance gains. Monte

Carlo simulation of BER performance is analyzed and compared, from which it can

be concluded that ALACO- has the best BER performance over layered ACO-OFDM

approaches with the same spectral efficiency while using a smaller number of layers.

This paper focuses on transceiver design for ALACO-OFDM and shows its ad-

vantage with a smaller number of layers over its counterparts operating at a given

spectral efficiency. Future investigation include integrating ALACO-OFDM with er-

ror control coding, PAPR suppressing approaches, specially designed low-complex

FFTs/IFFTs for ACO- and AVO-OFDM as well as the use of alternate transforms

such as the Harley transform.
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Antisymmetry-Constructed

Clipped Optical OFDM for

Low-Complexity VLC Systems
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OFDM for IM/DD systems,” in 2019 IEEE Global Communications Conference
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(GLOBECOM). IEEE, Nov. 2019, pp. 1-6.

� R. Bai and S. Hranilovic, “Layered antisymmetry-constructed clipped optical

OFDM for low-complexity VLC systems,” Optics Express, vol. 29, no. 7, pp.

10613-10630, 2021.

According to the discussions in Section 1.5.1, decreasing required computational

complexity is another important challenge in VLC systems. Given this challenge,

antisymmetry-constructed clipped optical orthogonal frequency division multiplexing

(AC-OFDM) and layered AC-OFDM (LAC-OFDM) are presented for VLC systems

in this chapter.

In ACO-OFDM, signals have an anti-symmetry, and the negative parts are clipped

to satisfy the non-negativity constraint without any loss of information [51]. Inspired

by ACO-OFDM, an anti-symmetry is constructed in an OFDM frame, and nega-

tive parts are clipped at zero in AC-OFDM. However, ACO-OFDM’s anti-symmetry

arises by modulating odd subcarriers only and setting even subcarriers to be zero in

the frequency domain. In contrast, AC-OFDM directly constructs an anti-symmetry

in one frame in the time domain. In this way, AC-OFDM requires half-size inverse

fast Fourier transform (IFFT) at the transmitter and half-size fast Fourier trans-

form (FFT) at the receiver, respectively. Hence, AC-OFDM enjoys low complexity

to implement at both the transmitter and the receiver. Though low-complexity to

implement, AC-OFDM achieves the same spectral efficiency, BER performance and

PAPR performance as conventional ACO-OFDM.

To enhance the spectral efficiency, LAC-OFDM is further developed by combining

and transmitting L layers of AC-OFDM signals simultaneously in philosophy similar

82



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

to LACO-OFDM [74] and eU-OFDM [143]. At the receiver, the first layer is demod-

ulated first and is reconstructed. Then, the reconstructed signal is removed from the

received signal before demodulating the next layer. In this way, LAC-OFDM is de-

modulated layer by layer. The required IFFT and FFT sizes are halved in each layer

at both the transmitter and the receiver. The required real-valued multiplication and

addition operations are computed and compared to the existing LACO-OFDM and

eU-OFDM. Numerical results show LAC-OFDM achieves the same BER performance

as LACO-OFDM and eU-OFDM in a VLC LOS flat channel. However, LAC-OFDM

is superior in requiring fewer arithmetic operations to implement at both the transmit-

ter and receiver. It is worth mentioning that for non-flat channels, the time-domain

processing in LAC-OFDM makes equalization at the receiver more complex.
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Abstract In this paper, antisymmetry-constructed clipped optical orthogo-

nal frequency division multiplexing (AC-OFDM) is proposed for visible light com-

munications (VLC) systems, in which an antisymmetry property is imposed directly

in time domain. AC-OFDM has nearly the same spectral efficiency and peak-to-

average power ratio (PAPR) as traditional asymmetrically clipped optical OFDM

(ACO-OFDM) but is less complex to implement. Layered AC-OFDM (LAC-OFDM)

is then proposed as an extension to further improve spectral efficiency, where dif-

ferent layers of AC-OFDM signals are added in the time domain and transmitted

simultaneously. Computational complexity analysis and numerical results show that

LAC-OFDM has nearly the same spectral efficiency as layered asymmetrically clipped

optical OFDM (LACO-OFDM) and enhanced unipolar OFDM (eU-OFDM) but is

less complex. Specifically, LAC-OFDM requires less than half the multiplication and

addition operations compared to the comparable LACO-OFDM scheme. Addition-

ally, a pairwise iterative receiver for LAC-OFDM is proposed and its computational

complexity is analysed. Monte Carlo simulation results show that LAC-OFDM re-

quires nearly the same optical signal-to-noise ratio (OSNR) to achieve the same BER

performance as LACO- and eU-OFDM.

3.1 Introduction

Visible light communications (VLC) adds a secondary communication channel to

ubiquitous solid-state illumination devices [2, 3, 4, 144] and is a candidate for future

indoor broadband distribution. In VLC, data are modulated onto the instantaneous

optical intensity emitted by a light-emitting diode (LED), i.e., intensity modulation

(IM), and are detected by a photodiode (PD), i.e., direct detection (DD). As a result,
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all signals for VLC channels must be real, non-negative and have a bounded mean

value [2, 3, 4, 48, 145, 144].

The use of orthogonal frequency division multiplexing (OFDM) in VLC chan-

nels has been popular since illumination LEDs are typically low pass in nature. In

order to make OFDM compatible with IM/DD VLC channels, direct current (DC)

biased optical OFDM (DCO-OFDM) adds a DC bias to a conventional OFDM sig-

nal, consuming optical power while conveying no information [51]. To improve optical

power efficiency, asymmetrically clipped optical OFDM (ACO-OFDM) [146], unipolar

OFDM (U-OFDM) [143] and Flip-OFDM [121] were proposed, however, at a cost of

half of the spectral efficiency. Enhanced U-OFDM (eU-OFDM) [143], layered ACO-

OFDM (LACO-OFDM) [74], enhanced ACO-OFDM (eACO-OFDM) [147], spectral

and energy efficient OFDM (SEE-OFDM) [132], and enhanced ACO-OFDM (EACO-

OFDM) [102] were then proposed to retain the power efficiency of early approaches

(i.e., no added DC bias) while improving spectral efficiency. LACO-OFDM and eU-

OFDM work by combining different streams or layers of non-negative time-domain

signals at the transmitter and successively detecting the modulated symbols at the

receiver. The achievable information rate and optimal optical power allocation of

LACO-OFDM are recently studied in [88, 53, 148, 86], indicating that LACO-OFDM

has a small gap to the capacity for the Gaussian optical intensity channels. Al-

though eU- and LACO-OFDM have the advantages aforementioned, they suffer from

high computational complexity to generate and demodulate streams or layers which

may limit their application in simple and energy efficient luminaires [149]. A low-

complexity single-FFT receiver for LACO-OFDM was proposed and investigated in

[105], which can reduce the computational complexity of the receiver. However, the
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reduction in complexity comes at the expense of approximately 2 dB power penalty

at a bit error rate (BER) of 10−3 [105]. Reducing the complexity at both transmitter

and receiver and retaining power efficiency remains a challenge for LACO-OFDM.

This paper proposes antisymmetry-constructed clipped optical OFDM (AC-OFDM)

and layered AC-OFDM (LAC-OFDM) for VLC systems, extending our previous work

in [107]. In AC-OFDM, an antisymmetric time domain signal is constructed, as in

ACO-OFDM, however, all processing is done in time domain. Different from Flip-

OFDM, which employs two OFDM frames to send portions of one OFDM symbol

depending on their sign [121], AC-OFDM imposes anti-symmetry directly in time

domain in a single OFDM frame. AC-OFDM employs a half-size inverse fast Fourier

transform (IFFT) and a half-size fast Fourier transform (FFT) compared to ACO-

OFDM and Flip-OFDM. Recently, and in parallel, an approach with a half-size FFT

was proposed to reduce the complexity of only the receiver for hybrid asymmetrically

clipped optical OFDM (HACO-OFDM) [150]. While [150] is similar in philosophy

to our earlier work on AC-OFDM [107], in this work we present a general frame-

work which applies at both the transmitter and the receiver as well as developing a

layered modulation to improve spectral efficiency. LAC-OFDM sends information in

different layers of AC-OFDM signals that are superimposed and detected successively.

The spectral efficiency of LAC-OFDM is nearly two times bigger than ACO-OFDM,

AC-OFDM and Flip-OFDM. Though LAC-OFDM is similar in philosophy to LACO-

OFDM, it is shown to have a much simpler implementation which is more amenable

to low cost, energy efficient, luminaires employed in VLC systems.

Compared to our previous conference paper [107], in this paper theoretical BER

expressions for LAC-OFDM are derived to evaluate the reliability, which is aligned
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well with numerical results in the high signal-to-noise ratio (SNR) regime. The PAPR

performance of LAC-OFDM is also evaluated and compared with its counterparts,

which shows that the PAPR of LAC-OFDM is nearly the same as LACO-OFDM, and

is smaller than that of eU-OFDM with the same number of layers/streams. Further-

more, a pairwise iterative receiver is proposed to further improve BER performance

of AC-OFDM and LAC-OFDM. In the proposed pairwise iterative receiver, pairwise

clipping is utilized in each AC-OFDM layer. This pairwise iterative receiver con-

cept has also been extended to the case of eU-OFDM to improve BER performance.

A computational complexity analysis is presented to compare this pairwise iterative

receiver for LAC-OFDM to an improved receiver for LACO-OFDM [77] and to the

pairwise iterative receiver for eU-OFDM. It is shown that LAC-OFDM is less com-

plex for the same number of layers and the same number of iterations. Thus, for the

same complexity, the pairwise iterative receiver for LAC-OFDM can employ more

iterations and thus achieve greater BER gains compared to LACO-OFDM.

The balance of this paper is organized as follows. Section 3.2 introduces AC-

and LAC-OFDM and makes connections to existing ACO-OFDM, eU-OFDM and

LACO-OFDM techniques. The computational complexity and spectral efficiency of

LAC-OFDM are analysed in Section 3.3 and a pairwise iterative receiver for LAC-

OFDM is presented in Section 3.4. Numerical results of the computational complexity,

BER, and PAPR performance are presented in Section 3.5. Finally, conclusions are

drawn in Section 3.6.
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3.2 System Description

3.2.1 Background

In an ACO-OFDM system with N subcarriers, data symbols are only modulated

onto the odd subcarriers, while the even subcarriers are set to zero [146]. Considering

the Hermitian symmetry necessary to have a real-valued output, the input symbol

vector to the inverse fast Fourier transform (IFFT) is

XACO = [0, X1, 0, X3, 0, · · · , 0, X∗3 , 0, X∗1 ]T (3.2.1)

where Xk, 1 ≤ k ≤ N − 1, is a complex symbol chosen from a quadrature amplitude

modulation (QAM) constellation and (·)T denotes the transpose operation. A conse-

quence of using odd carriers only is that the output ACO-OFDM signal vector x of

the IFFT is antisymmetric [146], i.e.,

xn = −xn+N/2, 0 ≤ n ≤ N/2− 1. (3.2.2)

It has been shown that the non-negativity constraint can be satisfied by clipping the

negative part of x directly with no distortion to the data being transmitted. The

clipping distortion consists only of components at even subcarriers in the frequency

domain and hence at the receiver side, symbols can be detected directly on the odd

subcarriers [146].

Although, ACO-OFDM is optically power efficient, it has half of the spectral effi-

ciency of traditional DCO-OFDM. To improve the spectral efficiency, LACO-OFDM
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Figure 3.1: Transceiver design block diagram for AC-OFDM.

was proposed where different layers of ACO-OFDM signals are summed in time do-

main and transmitted simultaneously [74]. In the l-th layer, LACO-OFDM modulates

data onto subcarriers with index 2l−1(2k+ 1), (k = 0, 1, . . . , N/2l+1 − 1). Notice that

for each layer, the sets of subcarriers used are disjoint. The output signal vector of the

IFFT of each layer shares the antisymmetric property of ACO-OFDM and thus zero

clipping is used to make the signal non-negative. The clipping distortion for a given

layer distorts all higher layers and hence, the LACO-OFDM receiver demodulates

lower layer ACO-OFDM symbols before higher layers.

3.2.2 Antisymmetry-constructed clipped optical OFDM

For an N -subcarrier AC-OFDM system, the transceiver block diagram is shown

in Fig. 3.1.

At the transmitter, bits are mapped to QAM constellation symbols after serial-

to-parallel (S/P) conversion. After Hermitian symmetry, the input symbol vector to

the N/2-point IFFT is given by

X =
[
0, X1, X2 · · · , XN/4−1, 0, X

∗
N/4−1, · · · , X∗2 , X∗1

]T
. (3.2.3)

Notice that the AC-OFDM frame is of length N/2, rather than N for ACO-OFDM
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in (3.2.1), and that there is no requirement to use only odd subcarriers. The output

of the N/2-point IFFT is given as

xn =
1√
N/2

N/2−1∑
k=0

Xk exp

(
j

2π

N/2
nk

)
, 0 ≤ n ≤ N

2
− 1. (3.2.4)

Prior to zero clipping, consider constructing the time-domain signal vector y using

a process termed here as antisymmetry construction (AC) as

y = [xT ,−xT ]T . (3.2.5)

Notice that y is antisymmetric, as in ACO-OFDM, i.e.,

yn = −yn+N/2, 0 ≤ n ≤ N/2− 1. (3.2.6)

Similar to ACO-OFDM, the negative part of y can be clipped without any loss of

information. Hence, applying zero clipping to y leads to the AC-OFDM signal

yc,n =
1

2
(yn + |yn|), 0 ≤ n ≤ N − 1 (3.2.7)

where |yn| is the clipping distortion and | · | denotes the absolute value operation.

Using (3.2.5) and (3.2.7), yc can be written as

yc =

[
1

2
xT +

1

2
|x|T ,−1

2
xT +

1

2
|x|T

]T
. (3.2.8)
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Notice that x can be retrieved from yc through the an inverse antisymmetry con-

struction (IAC) operation

xn = yc,n − yc,n+N/2, 0 ≤ n ≤ N/2− 1. (3.2.9)

It is straightforward to show that the IAC operation proposed here also appears

implicitly in the demodulation of traditional ACO-OFDM, however, it requires an

N -point FFT. After a cyclic prefix (CP) is added to each OFDM symbol, a digital to

analog converter (DAC) is employed. The resulting analog signal yc(t) is utilized to

modulate an LED.

At the receiver, shot noise and thermal noise are well modelled as additive white

Gaussian noise (AWGN) [146, 4]. After sampling and discarding CP, the received

signal is then given by

rn = yc,n + wn, 0 ≤ n ≤ N − 1 (3.2.10)

where wn is a sample of AWGN with standard deviation σw. Based on (3.2.9), an

estimate of xn can be obtained through the IAC operation as

x̃n = rn − rn+N/2, 0 ≤ n ≤ N/2− 1. (3.2.11)

Define X̃ as the N/2-point FFT of the received vector x̃.

Finally, AC-OFDM can be detected symbol-by-symbol, i.e.,

X̂k = arg min
X∈ΩX

∥∥∥X − X̃k

∥∥∥2

, k = 1, 2, · · · , N/4− 1 (3.2.12)
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Figure 3.2: Transmitter design block diagram for LAC-OFDM.

where ΩX denotes the constellation and ‖·‖ denotes the magnitude of a complex value.

Although a line-of-sight (LOS), flat VLC channel is assumed in this paper to aid

in presenting the core idea and to compare with earlier work [146, 53, 143, 147, 132,

105, 77], AC-OFDM and later LAC-OFDM are applicable to dispersive channels.

An equalization approach similar to those proposed for eU-OFDM [141] would be

equivalently be applicable to AC- and LAC-OFDM.

3.2.3 Layered AC-OFDM

The transmitter block diagram for the proposed LAC-OFDM is shown in Fig.

3.2. Similar to traditional LACO-OFDM [74], different layers of AC-OFDM signals

are added in the time domain and transmitted simultaneously to improve spectral

efficiency.

In the l-th layer LAC-OFDM, an NAC(l)-point IFFT is utilized where

NAC(l) =
N

2l
. (3.2.13)
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Figure 3.3: An example of LAC-OFDM signal with L = 3 layers and N = 64
subcarriers (16 QAM is used and αl defined in (3.5.3)).

At each layer, AC-OFDM modulation is performed including an NAC(l)-point IFFT

(3.2.4), antisymmetry construction (3.2.5) and zero clipping (3.2.7), resulting in the

signal, y
(l)
c , with length 2NAC(l). Notice that, in contrast, a 2NAC(l)-point IFFT is

used at layer l in the traditional LACO-OFDM. Similar to traditional LACO-OFDM

[74], repeating y
(l)
c for 2l−1 times gives the l-th layer signal in LAC-OFDM

y
(l)
L = [y(l)

c

T
, · · · ,y(l)

c

T︸ ︷︷ ︸
repeated 2l−1 times

]T . (3.2.14)

The LAC-OFDM signal vector, z is the summation of the L layers,

z =
L∑
l=1

αly
(l)
L (3.2.15)

where αl is power allocation factor for each layer. To illustrate the core concepts, Fig.
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3.3 presents an example of the waveforms at all layers for LAC-OFDM with L = 3

and N = 64. Though not explicitly shown in Fig. 3.2, this scaling is done to ensure

that each layer has the same BER performance as discussed in Sec. 3.5.

At the receiver, LAC-OFDM is demodulated layer-by-layer in an analogous fash-

ion to LACO-OFDM, as shown in Fig. 3.4. Since the clipping distortion of l-th layer

only affects layers higher than l, symbols in lower layers are detected first. Specifically,

symbols X̂
(1)

in the first layer are detected first through an N/2-point AC-OFDM de-

modulation including inverse antisymmetry construction (3.2.11), N/2-point FFT and

symbol detection (3.2.12). Then the first layer AC-OFDM signal ŷ
(1)
L is reconstructed

through N/2-point AC-OFDM modulation including N/2-point IFFT (3.2.4), anti-

symmetry construction (3.2.5) and zero clipping (3.2.7). The signal ŷ
(1)
L is subtracted

from r leading to ỹ
(2)
L , which is used to demodulate the symbols X̂

(2)
in the second

layer.

For l ≥ 2, as seen in Figs. 3.2 and 3.3, notice that y
(l)
c is repeated 2l−1 times

in each frame. Taking advantage of this inherent repetition code in the frame of

the LAC-OFDM signal, an estimate of the AC-OFDM signal ỹ(l)
c can be found by

averaging over the repetitions in the frame as

ỹ(l)
c,n =

1

2l−1

2l−1−1∑
q=0

ỹ
(l)
L,n+2qNAC(l), 0 ≤ n ≤ 2NAC(l)− 1. (3.2.16)

This repetition in the structure of the LAC-OFDM signal is also exploited in LACO-

OFDM through the use of the N -point FFT operation. The remaining detection

process is similar to the case for layer 1 described earlier with the signals reconstructed

at each layer and subtracted from the received signal. To distinguish this receiver

from the pairwise iterative receiver in Sec. IV.A, we denote this receiver as simple

94



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

r(1)
X̂              -point AC-

OFDM demodulation

(2)

Ly%(2)
X̂                -point AC-

OFDM demodulation

(2)

Lŷ
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Figure 3.4: Receiver design block diagram for LAC-OFDM.

receiver for LAC.

It is interesting to note that this receiver structure combines the layered approach

of LACO-OFDM [74] with the time-domain processing of the receiver from eU-OFDM

[143].

3.3 Complexity Analysis

3.3.1 Computational Complexity Assumptions

In this section, the computational complexity of LAC-OFDM is quantified by

counting the number of real-valued multiplication and addition operations required

and comparing them to the requirements for LACO- and eU-OFDM.
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According to [133], for an N -point IFFT or FFT module using Cooley-Tukey de-

composition and N a power of 2, M(N) real-valued multiplication operations (RMOs)

and A(N) real-valued addition operations (RAOs) are required where

M(N) = 2N log2(N)− 4N + 4 (3.3.1)

and

A(N) = 3N log2(N)− 2N + 2. (3.3.2)

In the subsequent analyses, our underlying assumption is that operations such as clip-

ping or antisymmetry construction (3.2.5) do not require any arithmetic operations as

they can be efficiently implemented via switching logic. Additionally, the complexity

of detecting individual symbols on carriers is not included in this analysis and will be

the same for all schemes considered.

3.3.2 Computational Complexity: Transmitter

At the LAC-OFDM transmitter, each layer requires an FFT of length N
2l

. Hence,

the number of required RMOs and RAOs for an N -subcarrier LAC-OFDM system

with L layers are

M
(t)
LAC(L,N) =

L∑
l=1

M

(
N

2l

)
=

(
1− 1

2L

)
2N log2(N)−

(
8− L+ 4

2L−1

)
N+4L (3.3.3)
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and

A
(t)
LAC(L,N) =

L∑
l=1

A

(
N

2l

)
+ (L− 1)N =

(
1− 1

2L

)
3N log2(N)

−
(

9− L− 3L+ 8

2L

)
N + 2L.

(3.3.4)

Using a similar analysis, for traditional LACO-OFDM with N subcarriers and L

layers, the RMOs and AMOs are [86]

M
(t)
LACO(L,N) =

L∑
l=1

M

(
N

2l−1

)
=

(
1− 1

2L

)
4N log2(N)−

(
12− 2L+ 6

2L−1

)
N + 4L

(3.3.5)

and

A
(t)
LACO(L,N) =

L∑
l=1

A

(
N

2l−1

)
+ (L− 1)N =

(
1− 1

2L

)
6N log2(N)

−
(

11− L− 3L+ 5

2L−1

)
N + 2L.

(3.3.6)

For eU-OFDM with N subcarriers and L streams, the RMOs and RAOs averaged

over an OFDM super frame are [86]

M
(t)
eU(L,N) =

1

2L

L∑
l=1

2L−lM(N) =

(
1− 1

2L

)
(2N log2(N)− 4N + 4) (3.3.7)

and

A
(t)
eU(L,N) =

1

2L

(
L∑
l=1

2L−lA(N) + (L− 1)2LN

)

=

(
1− 1

2L

)
(3N log2(N)− 2N + 2) + (L− 1)N.

(3.3.8)

Comparing the dominant terms of M
(t)
LAC(L,N) and A

(t)
LAC(L,N) to M

(t)
LACO(L,N)
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and A
(t)
LACO(L,N), LAC-OFDM requires only half the RMOs and half the RAOs as

traditional LACO-OFDM. Though the complexity of LAC-OFDM and the averaged

complexity eU-OFDM are comparable, LAC-OFDM has the advantage of lower la-

tency since the transmitting signal is N -samples long while eU-OFDM transmits a

signal of length 2LN -samples. Numerical comparisons of complexity are presented in

Sec. 3.5.

3.3.3 Computational Complexity: Receiver

To detect the l-th layer of the AC-OFDM signal (1 ≤ l ≤ L− 1), an NAC(l) point

FFT is required followed by an NAC(l) point IFFT. For the last layer, i.e., l = L, only

an NAC(L) point FFT is required since signal reconstruction is not necessary. Thus,

LAC-OFDM requires M
(r)
LAC(L,N) RMOs where

M
(r)
LAC(L,N) = 2

L−1∑
l=1

M

(
N

2l

)
+M

(
N

2L

)
=

(
1− 3

2L+1

)
4N log2(N)−

(
16− 3L+ 10

2L−1

)
N + 8L− 4.

(3.3.9)

Similarly, the number of RAOs can be computed, however, three additional steps

are required. Averaging of the received samples is done in each layer following (3.2.16)

to take advantage of the structure of each layer followed by the IAC operation, defined

in (3.2.9). Also, the interference of lower layers must be removed from higher layers.
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The resulting number of real additions required is

A
(r)
LAC(L,N)

= 2
L−1∑
l=1

A

(
N

2l

)
+ A

(
N

2L

)
+

L∑
l=1

(
1− 1

2l−1

)
N︸ ︷︷ ︸

Averaging (3.2.16)

+
L∑
l=1

N

2l︸ ︷︷ ︸
IAC (3.2.9)

+ N(L− 1)︸ ︷︷ ︸
Subtraction of lower layers

=

(
1− 3

2L+1

)
6N log2(N)−

(
18− 2L− 9L+ 19

2L

)
N + 4L− 2.

(3.3.10)

For LACO-OFDM with receiver proposed in [74], in which inter-layer interference

(ILI) is removed in frequency domain, the total number of real arithmetic operations

are

M
(r)
LACO(L,N) =

2
L−1∑
l=1

M

(
N

2l−1

)
+M(N) =

(
1−

8
5

2L

)
10N log2(N)−

(
28− L+ 2

2L−4

)
N + 8L− 4

(3.3.11)

and

A
(r)
LACO(L,N) =

2
L−1∑
l=1

A

(
N

2l−1

)
+ A(N) +

L−1∑
l=1

N

2l
=

(
1−

8
5

2L

)
15N log2(N)−

(
21− 12L+ 7

2L−1

)
N

+ 4L− 2.

(3.3.12)

As shown in [86], the complexity of LACO-OFDM receiver can be reduced by

removing ILI from the lower layers in the time domain before demodulating each
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layer. The required RMOs and RAOs in this case are

M
(r)
LA(L,N) =

(
1− 3

2L+1

)
8N log2(N)−

(
24− 6L+ 14

2L−1

)
N + 8L− 4 (3.3.13)

and

A
(r)
LA(L,N) =

(
1− 3

2L+1

)
12N log2(N)−

(
23− 2L− 9L+ 10

2L−1

)
N+4L−2. (3.3.14)

For the same N and L, M
(r)
LA(L,N) and A

(r)
LA(L,N) are smaller than M

(r)
LACO(L,N)

and A
(r)
LACO(L,N), respectively, since an N -point FFT is used once in the receiver to

remove ILI in the time domain while it is used twice in the receiver with removing

ILI in the frequency domain.

For eU-OFDM, the RMOs and RAOs averaged over an OFDM super frame are

[86]

M
(r)
eU (L,N)

=
1

2L

(
2
L−1∑
l=1

2L−lM(N) +M(N)

)
=

(
1− 3

2L+1

)
(4N log2(N)− 8N + 8)

(3.3.15)

and

A
(r)
eU(L,N) =

1

2L

(
2
L−1∑
l=1

2L−lA(N) + A(N) +
L∑
l=1

(
2l−1 − 1

) 2LN

2l−1
+

L∑
l=1

2L−lN + 2L(L− 1)N

)

=

(
1− 3

2L+1

)
6N log2(N)−

(
6− 2L− 7

2L

)
N + 4− 6

2L
.

(3.3.16)

Observing the dominant terms of M
(r)
LAC(L,N) and A

(r)
LAC(L,N) with M

(r)
LACO(L,N)
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and A
(r)
LACO(L,N), the proposed receiver for LAC-OFDM requires less than half com-

plexity than the traditional LACO-OFDM. As is the case with the transmitter, the

receiver of LAC-OFDM requires nearly the same complexity as eU-OFDM on aver-

age. However, LAC-OFDM also has an advantage of lower latency at the receiver

since each symbol can be decoded from N received samples while eU-OFDM requires

2LN received samples for demodulation [143].

3.3.4 Spectral Efficiency Analysis

In LAC-OFDM, L layers of AC-OFDM signals are added together in the time

domain and transmitted simultaneously. The spectral efficiency can be calculated by

Υ
(L)
LAC =

∑L
l=1

(
N

2l+1 − 1
)

log2Ml

N +NCP

(3.3.17)

where Ml is constellation size of QAM utilized in l-th layer and NCP is assumed to be

length of CP. If the constellation size for each layer is set to be the same, Ml = M ,

(3.3.17) can be rewritten as

Υ
(L)
LAC =

1

2

(
1− 1

2L

)
N

N +NCP

log2(M)− L

N +NCP

log2(M). (3.3.18)

For LACO-OFDM, the spectral efficiency is given by [74]

Υ
(L)
LACO =

1

2

(
1− 1

2L

)
N

N +NCP

log2(M) (3.3.19)
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Figure 3.5: Spectral efficiency comparison between LAC-OFDM and its
counterparts.

while for eU-OFDM with N subcarriers and L streams, spectral efficiency is [143]

Υ
(L)
eU =

1

2

(
1− 1

2L

)
N − 2

N +NCP

log2(M). (3.3.20)

For LACO-OFDM and LAC-OFDM, the number of layers L cannot be greater

than log2N − 1. For a given N and L ≤ log2N − 1, LACO-OFDM has the largest

spectral efficiency while LAC-OFDM has the smallest spectral efficiency. However,

in the case when N is large

lim
N−→∞

L

N
log2(M) = 0 (3.3.21)

and ΥLAC → ΥLACO. Hence, for large N

Υ
(L)
LAC ≈ Υ

(L)
eU ≈ Υ

(L)
LACO =

1

2

(
1− 1

2L

)
N

N +NCP

log2(M). (3.3.22)
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Spectral efficiency comparisons between LAC-OFDM and its counterparts for dif-

ferent constellation sizes is shown in Fig. 3.5, where N = 1024. It can be seen that the

spectral efficiency of LAC-OFDM is nearly the same as eU- and LACO-OFDM when

the same constellation size and the same number of layers/streams are employed.

3.4 Pairwise Iterative Receiver

3.4.1 Pairwise Iterative Receiver Design

To fully exploit the antisymmetric characteristics of the AC-OFDM signal and to

enhance the BER performance, a pairwise iterative receiver for LAC-OFDM is pro-

posed. In this pairwise receiver, AC-OFDM layers are distinguished from each other

and pairwise detection on antisymmetric clipped samples is performed to mitigate

the effect of noise (analogous to [120, 77] which were developed in the context of

ACO-OFDM).

For the l-th AC-OFDM layer, due to the antisymmetry (3.2.6) and zero clip-

ping (3.2.7), there exists one prior knowledge that one component inside the pair(
ỹ

(l)
c,n, ỹ

(l)
c,n+NAC(l)

)
(0 ≤ n ≤ NAC(l) − 1) is necessarily zero. As given in [120], the

impact on noise can be theoretically cut in half by detecting which sample was clipped

at the transmitter and setting it to zero at the receiver. Specifically, after imposing

pairwise detection of ỹ
(l)
c,n, an estimate of the l-th layer AC-OFDM signal is given by

(
ỹ(l)
p,n, ỹ

(l)
p,n+NAC(l)

)
=

 (ỹ
(l)
c,n, 0), ỹ

(l)
c,n ≥ ỹ

(l)
c,n+NAC(l)

(0, ỹ
(l)
c,n), ỹ

(l)
c,n < ỹ

(l)
c,n+NAC(l)

, 0 ≤ n ≤ NAC(l)− 1. (3.4.1)
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Employing pairwise detection following (3.4.1), Algorithm 1 presents the pseu-

docode for this pairwise iterative receiver. Note that a subscript “(i)” is added to all

signals to denote the iteration number. As in [77], in the i-th iteration, a more pre-

cise estimate of l-th layer AC-OFDM signal is obtained using the pairwise detection

(3.4.1). Subsequent layers are then updated by removing interference from this layer

using this pairwise detected estimate according to (3.4.2).

Algorithm 1 Pairwise iterative receiver for LAC-OFDM

Input: Received signals, rn; Number of layers, L; Constellation set, ΩX ; Maximum
number of iterations, Im;

Output: Detected symbols, X̂(l),(Im);
1: Calculate X̂(l),(0) and ŷ

(l),(0)
L , l ∈ [1 L], by using the simple LAC receiver intro-

duced in Sec. II.C (i.e., 0-th iteration)
2: for i = 1 : Im do
3: for l = 1 : L do
4: Create an estimate of layer signal ŷ′

(l)

L by removing previously detected
layer signals

ŷ′
(l),(i)

L,n = rn −
l−1∑
ν=1

αν ŷ
(ν),(i)
L,n −

L∑
ν=l+1

αν ŷ
(ν),(i−1)
L,n . (3.4.2)

5: Generate y′(l)c by averaging according to (3.2.16);

6: Calculate ỹ′
(l)

p according to pairwise detector (3.4.1);

7: Update X̂(l),(i) by AC-OFDM demodulation;
8: Update ŷ

(l),(i)
c using AC-OFDM modulation;

9: Update ŷ
(l),(i)
L by repeating 2(l−1) times of ŷ

(l),(i)
c ;

10: end for
11: end for
12: return X̂(l),(Im);

As shown in Sec. 3.5, as the number of iterations increases the performance of this

pairwise receiver converges. In practice, the number of iterations is fixed and denoted

Im.
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3.4.2 Computational Complexity: Pairwise Iterative Receiver

In each iteration of this pairwise iterative receiver, an additional simple LAC-

OFDM receiver step is required in addition to pairwise detection and an additional

NAC(L)-point AC-OFDM modulation for the L-th layer. The complexity of pairwise

detection is not included in this analysis, since it can be implemented efficiently by

logic operations. Hence, the pairwise iterative receiver with Im iterations requires

RMOs and RAOs as

M
(PR)
LAC (L,N, Im) = M

(r)
LAC(L,N) + Im

(
M

(r)
LAC(L,N) +M

(
N

2L

))
, (3.4.3)

A
(PR)
LAC (L,N, Im) = A

(r)
LAC(L,N) + Im

(
A

(r)
LAC(L,N) + A

(
N

2L

))
. (3.4.4)

For the improved receiver of LACO-OFDM in [77], pairwise detection is also

required. The complexity can be similarly derived as,

M
(IR)
LA (L,N, Im) = M

(r)
LA(L,N) + Im

(
M

(r)
LA(L,N) +M

(
N

2L−1

))
, (3.4.5)

A
(IR)
LA (L,N, Im) = A

(r)
LA(L,N) + Im

(
A

(r)
LA(L,N) + A

(
N

2L−1

))
. (3.4.6)

A similar pairwise detector can be applied to the detection of eU-OFDM using the

approach in Sec.3.4.1 recognizing that half of the samples in the transmitted signal

are zero in each layer. In addition, an iterative detector can be implemented using
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the framework in Algorithm 1 to yield complexity

M
(PR)
eU (L,N, Im) = M

(r)
eU (L,N) + Im

(
M

(r)
eU (L,N) +

M(N)

2L

)
, (3.4.7)

A
(PR)
eU (L,N, Im) = A

(r)
eU(L,N) + Im

(
A

(r)
eU(L,N) +

A(N)

2L

)
. (3.4.8)

In contrast to an earlier iterative receiver for eU-OFDM in [125], this approach is likely

less complex since it does not require matrix inversion operations in each iteration.

3.5 Numerical results

3.5.1 Computational Complexity Comparisons

Computational complexity comparisons among the transmitters of LAC- and

LACO- and eU-OFDM with different subcarrier number N and layer number L is

shown in Fig. 3.6 and are plotted using the expressions derived in Sec. 3.3.2. In Fig.

3.6 (a) and (b), the layer number L = 4 and in Fig. 3.6 (c) and (d), N = 1024. It is

evident the transmitter of traditional LACO-OFDM requires the most RMOs as well

as RAOs, which is more than twice as the proposed LAC-OFDM. Notice also that

the transmitter of eU-OFDM requires slightly more operations than LAC-OFDM.

Computational complexity comparison among receivers is computed using the

expressions in Sec. 3.3.3 and is shown in Fig. 3.7. In Fig. 3.7 (a) and (b), L is set to

4, while in Fig. 3.7 (c) and (d), N is set to 1024. As is the case in the transmitter, the

relative complexity of LAC-OFDM is the least amongst the techniques considered.

Additionally, Fig. 3.7 demonstrates that the receiver for LACO-OFDM which removes
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Figure 3.6: Transmitter Complexity Comparison.

ILI in the time domain is less complex than the receiver for LACO-OFDM removing

ILI in the frequency domain. Notice also that the complexity of all receivers is

sensitive to N as the dominant term in the complexity analysis arises due to the size

of the FFT/IFFT operations. Since LAC-OFDM uses a smaller FFT size, it benefits

from reduced complexity. In addition, the complexity saturates with increasing L

since the number of degrees of freedom, either in frequency (e.g., LAC- or LACO-

OFDM) or in time (e.g., eU-OFDM), in all IM/DD OFDM techniques considered here

reduces by half with each increase in layer number. Thus, the incremental increase

in complexity must saturate for increasing L.

Consider the case of N = 1024 and L = 4 for example. Table 3.1 provides a

summary of the number of real addition and multiplication operations required for

each IM/DD OFDM approach. Clearly, LACO-OFDM requires the most operations
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Figure 3.7: Receiver Complexity Comparison.

Table 3.1: Complexity comparison of LAC-, LACO- and eU-OFDM (N = 1024 and
L = 4)

M (t) A(t) M (r) A(r)

LAC 12048 24968 23580 48974
LACO 27920 52616 69660 123790
eU 15364 29954 29703 58180

while LAC-OFDM requires the smallest number. Notice that the transmitter for

LACO-OFDM requires more than twice the number of RMOs as LAC-OFDM while

for the receiver LAC-OFDM requires nearly one-third of the number of RMOs as

LACO-ODFM with receiver designed in [74] according to (3.3.11).

Computational complexity comparison among the pairwise iterative receivers for

different number of iterations are computed according to the expressions in Sec. 3.4.2

and is shown in Fig. 3.8, where L = 4 and N = 1024. The complexity of the simple
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Figure 3.8: Computational complexity comparison among the pairwise iterative
receivers for LAC- and LACO- and eU-OFDM for different number of iterations

(L = 4 and N = 1024 are used).

receivers is denoted with Im = 0 iterations. For all the pairwise iterative receivers, the

computational complexity increases linearly with Im. For a given Im, the pairwise

iterative receiver for LAC-OFDM is the least complex among the three schemes.

Additionally, as Im increases, the gap between number of RMOs (or RAOs) for the

pairwise receiver for LAC-OFDM and that for LACO-OFDM increases. This also

holds for the gap between the pairwise iterative receivers for LAC- and eU-OFDM.

3.5.2 BER Performance

Define the optical signal-to-noise ratio (OSNR) as OSNR = 10 log10(Po/σw) (dB)

where Po is total average optical power [139]. A flat channel with AWGN is assumed in

the simulation [146, 143] and QAM constellations normalized to unit average energy

with Gray labelling are utilized.
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Like LACO-OFDM, each layer AC-OFDM signal follows a clipped Gaussian dis-

tribution and the total average optical power is given by [86]

Po =
∑L

l=1

αlσl√
2π

(3.5.1)

where σl =

√
E{|x(l)

n |2} is the standard deviation of x
(l)
n .

For the l-th layer AC-OFDM, y
(l)
c is repeated 2l−1 times based on (3.2.14) similar

to LACO-OFDM in [74]. Thanks to this inherent repetition code, the electrical SNR

at k-th subcarrier assuming the clipping distortion removed completely is given by

SNR
(l)
k = 2l−1α2

l

E{|X(l)
k |2}

2σ2
w

(a)
= 2l−1α2

l

E{|x(l)
n |2}

2σ2
w

=
2l−2α2

l σ
2
l

σ2
w

(3.5.2)

where (a) is due to Parseval’s theorem [133]. When the power allocation factor is set

as [143, 74, 86]

α1 : α2 : · · · : αL = 1 : 2−
1
2 : · · · : 2−

L−1
2 , and α1 = 1, (3.5.3)

then

SNR
(l)
k =

E{‖X(l)
k ‖2}

2σ2
w

, 1 ≤ l ≤ L. (3.5.4)

If the same constellation is used in all layers, the SNR of all data-bearing subcarriers

in all layers will be the same. Using the formula for BER of QAM [141], a bound on

the BER of AC-OFDM is given by

BER
(l)
AC ≈

4(
√
Ml − 1)√

Ml log2Ml

Q

(√
3

Ml − 1
SNR

(l)
k

)
. (3.5.5)
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Then a bound on the BER of LAC-OFDM is given by

BERLAC =

∑L
l=1 BER

(l)
AC2−l log2Ml∑L

l=1 2−l log2Ml

. (3.5.6)

Since pairwise detection can at best cut the impact of noise in half at the receiver

side [120, 77], SNR
(l)
k in (3.5.4) can be enhanced by at most 3-dB by using the pairwise

iterative receiver. Hence, a theoretical BER approximation for the proposed pairwise

iterative receiver can be obtained as

BERLAC, PR =

∑L
l=1 BER

(l)
AC, PR2−l log2Ml∑L

l=1 2−l log2Ml

(3.5.7)

where

BER
(l)
AC, PR ≈

4(
√
Ml − 1)√

Ml log2Ml

Q

(√
6

Ml − 1
SNR

(l)
k

)
. (3.5.8)

The BER performance comparison among LAC-, LACO- and eU-OFDM is shown

for each layer in Fig. 3.9(a) where N = 1024, L = 4 and 16-QAM are utilized. It

can be seen that all schemes have nearly the same performance. As discussed in

Sec.3.3.4, the spectral efficiency of these three techniques are also nearly identical.

Thus, LAC-OFDM provides the same BER performance as LACO- and eU-OFDM

while remaining less complex. In addition, the theoretical BER bound of LAC-OFDM

according to (3.5.6) is presented, which indicates the theoretical BER is aligned well

with simulated results especially in the high OSNR regime.

The BER performance of the proposed pairwise iterative receiver of LAC-OFDM

for different number of iterations is shown in Fig. 3.9(b), in which the performance of

improved receiver of LACO-OFDM in [77] is also presented. In all cases, N = 1024,

L = 4 and 16-QAM are utilized. The pairwise iterative receiver of LAC-OFDM
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Figure 3.9: BER performance comparison between LAC-OFDM and its
counterparts (N = 1024 and L = 4). Note ‘Theo.’ denotes the ‘theoretical’.

achieves nearly the same performance as the improved receiver for LACO-OFDM

in [77] while remaining less complex as shown in Fig. 3.8. At BER = 10−4, for

Im = 1, 2, 3 and 4, the pairwise iterative receiver achieves about 0.88 dB, 1.08

dB, 1.15 dB and 1.19 dB OSNR gains compared to the simple receiver, respectively.

Although the BER performance becomes better as Im increases from 1 to 4, the

relative improvement decreases with Im. Additionally, the theoretical BER estimate

according to (3.5.7) is presented, which is aligned well with simulated results in the

high OSNR regime.

Consider the complexity constrained design examples in Table 3.2 where the two

cases have nearly same computational complexity. In Case 1, the pairwise iterative

receiver of LAC-OFDM employs one iteration while LACO-OFDM employs no itera-

tions. Though the receivers in this scenario require approximately the same complex-

ity, LAC-OFDM achieves a 0.88 dB OSNR gain over LACO-OFDM at BER = 10−4.

In Case 2, the pairwise iterative receiver for LAC-OFDM employs 3 iterations while

LACO-OFDM employs a single iteration. In Case 2, the both schemes have nearly
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Table 3.2: Comparison between pairwise receivers for LAC- and LACO-OFDM with
nearly same complexity and their gain compared to corresponding simple (Im = 0)

receivers at BER = 10−4 (N = 1024 and L = 4)

RMOs RAOs Gain

Case 1
LAC @ Im = 1 47676 98974 0.88 dB

LACO @ Im = 0 54556 101902 0 dB

Case 2
LAC @ Im = 3 95868 198974 1.15 dB

LACO @ Im = 1 110396 206238 0.88 dB

the same complexity, however, the pairwise iterative receiver for LAC-OFDM achieves

0.27 dB gain over the improved LACO-OFDM receiver [77] at BER = 10−4.

3.5.3 PAPR Performance

The PAPR of the transmitted signal z is defined as [142]

PAPR =
max

0≤n≤N−1
z2
n

E{z2
n}

. (3.5.9)

The complementary cumulative distribution function (CCDF) of the PAPR is

defined as [151] CCDF(ξ) = Pr {PAPR > ξ} where Pr {Π} denotes the probability of

an event Π.

Figure 3.10 compares the CCDF of the PAPR for a variety of LAC-OFDM with

related schemes where N = 1024. The power allocation factor is set according to

(3.5.3). Notice that the PAPR performance of LAC-OFDM closely mirrors that of

LACO-OFDM with the same number of layers. This is because each layer of LAC-

OFDM follows the same clipped Gaussian distribution as the ACO-OFDM layers

in LACO-OFDM. The total signal distribution of LAC-OFDM is thus the same as

LACO-OFDM for a given number of layers. The PAPR of eU-OFDM is higher than
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Figure 3.10: PAPR comparison between LAC-OFDM and its counterparts with
N = 1024 subcarriers.

LAC- and LACO-OFDM for the same number of layers. Therefore, LAC-OFDM has

the same PAPR as LACO-OFDM while remaining less complex to implement.

3.6 Conclusions

In this paper, a new approach for the construction of IM/DD OFDM signalling

is given. Low-complexity AC-OFDM is proposed where antisymmetry is imposed in

time-domain to make satisfying the non-negatively constraint straightforward. To

improve spectral efficiency, LAC-OFDM is then proposed, which consists of L super-

imposed layers of AC-OFDM much like traditional LACO- and eU-OFDM. Exploiting

the special structure of the antisymmetry, a pairwise iterative receiver is also proposed
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for LAC-OFDM, which can significantly enhance the BER performance.

Our analysis shows that for the same number of layers/streams LAC-OFDM is

less complex than existing LACO- and eU-OFDM methods both for the transmit-

ter and receiver while preserving the same BER performance. LAC-OFDM has the

same PAPR performance as LACO-OFDM and a smaller PAPR than eU-OFDM.

Additionally, at the same complexity, LAC-OFDM can perform more iterations than

LACO-OFDM resulting in a gain in power efficiency. In particular, the pairwise

iterative receiver for LAC-OFDM with one iteration requires nearly the same com-

putational complexity as the simple receiver of LACO-OFDM while providing a 0.88

dB OSNR gain at BER = 10−4. The development of low complexity optical OFDM

signalling is especially important in VLC systems due to the requirement to maintain

energy efficient illumination from the luminaire.

In this paper, the emphasis is on presenting the central concept of AC- and LAC-

OFDM and on transceiver design and complexity analysis for LAC-OFDM for low-

complexity VLC systems. Future work includes quantifying the performance on dis-

persive channels as well as experimental verification.
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tions on Green Communications and Networking, 2021.

Based on discussion in Section 1.5.1, enhancing power efficiency and decreasing the
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required computational complexity are important challenges in VLC systems because

of the usage of low-cost and simple LEDs that are commercially available. Considering

these problems and challenges, this chapter presents low-complexity layered ACO-

OFDM (L-LACO) for VLC systems.

As discussed in Chapter 2, LAC-OFDM works in a VLC LOS flat channel, how-

ever, requires complex equalization at the receiver in a VLC dispersive channel. In

contrast, with the aid of a low-complexity one-tap equalizer at the receiver, L-LACO

works in a VLC LOS flat channel and a VLC dispersive channel.

Mathematically, L-LACO achieves identical signals to existing LACO-OFDM while

requiring only half-size IFFTs in each layer at the transmitter and requiring half-size

IFFTs and FFTs at the receiver. Different from each layer in LACO-OFDM hav-

ing an anti-symmetry by only modulating odd subcarriers in the frequency domain,

each layer in L-LACO is directly constructed to be anti-symmetric in the time do-

main like LAC-OFDM. The required RMOs and RAOs are computed and compared

to LACO-OFDM. Numerical results show L-LACO only requires half arithmetic op-

erations, however, generates an identical signal as LACO-OFDM. Because identical

signals are generated, L-LACO achieves the same BER performance as the existing

LACO-OFDM in a VLC LOS channel and in a VLC dispersive channel as well.

Compared to LACO-OFDM, saved power for L-LACO corresponding to the re-

duction in arithmetic operations is analysed and verified by numerical results. The

saved power increases logarithmically with the number of subcarriers and increases

linearly with modulation bandwidth. As the bandwidth of VLC systems increases

with new devices, such as µLEDs and LDs, the superiority of L-LACO will become

increasingly essential.
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Abstract Commercially available LED luminaires demand both low-complexity

and high power efficiency from visible light communication (VLC) deployments.

Layered asymmetrically clipped optical orthogonal frequency division multiplexing

(LACO-OFDM) is attracting increasing interest due to the high spectral efficiency

and high power efficiency. However, these advantages come at the price of high com-

putational complexity at both transmitter and receiver. In this paper, we propose a

low-complexity LACO-OFDM (L-LACO) to generating identical signals to conven-

tional systems while employing a half-size IFFT/FFT and possessing low implemen-

tation complexity. The required number of real-valued multiplication operations and

real-valued addition operations are quantified and compared to conventional LACO-

OFDM. The saved power corresponding to the reduction in arithmetic operations is

also estimated, which is shown to increase logarithmically with number of subcarriers,

and to increase linearly with modulation bandwidth. Numerical results show that the

proposed L-LACO requires about half the number of arithmetic operations as LACO-

OFDM for both the transmitter and the receiver. The BER performance of L-LACO

is estimated by Monte Carlo simulations under a VLC line-of-sight (LOS) channel

and under a VLC dispersive channel that is shown to be identical to LACO-OFDM.

4.1 Introduction

Visible light communication (VLC) for indoor communications has been touted

as a promising complementary link to conventional wireless radio frequency (RF)

communication due to the ubiquity of solid-state illumination and large amounts of

unregulated visible light spectrum [2, 3, 7]. An underlying constraint in any VLC
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system based on commercial luminaires is that the complexity and power consump-

tion of any processing must be minimized to preserve energy efficiency. As a result,

intensity modulation with direct detection (IM/DD) is typically employed in VLC

links thanks to its low complexity [76, 129, 152]. The data are modulated onto the

instantaneous optical intensity emitted by a light-emitting diode (LED), where the

average optical power corresponds to the average LED driving current. Hence, the

input signal must be real-valued and non-negative [2, 3, 4, 7, 76, 129, 152]. At the re-

ceiver, a photodiode (PD) is used to convert the received optical signal to an electrical

current, which is assumed to be proportional to the received optical power.

In VLC channels, orthogonal frequency division multiplexing (OFDM) has been

investigated intensely to enhance data rate and power efficiency due to its inherent

benefits including high spectral efficiency, resistance to frequency-selective channels,

and simple one-tap equalization [153, 34, 67, 82]. In order to produce a real-valued

signal compatible with IM/DD, Hermitian symmetry is generally induced in the fre-

quency domain [51, 67, 48, 86]. Further, to achieve non-negative output amplitudes,

direct current (DC) biased optical OFDM (DCO-OFDM) requires a large DC bias

and all the remaining negative peaks are clipped at zero [56]. The required DC bias

consumes much optical power but carries no information.

To improve optical power efficiency, asymmetrically clipped optical OFDM (ACO-

OFDM) [55, 56], pulse-amplitude-modulated discrete multitone (PAM-DMT) [57],

unipolar OFDM (U-OFDM) [141] and Flip-OFDM [121], antisymmetry-constructed

clipped optical OFDM (AC-OFDM) [106] were proposed; however, these optical power

efficient OFDM schemes have a drawback of achieving only half the spectral effi-

ciency as DCO-OFDM. To enhance the spectral efficiency and to retain optical power
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efficiency, layered spectrum efficient OFDM schemes such as enhanced U-OFDM

(eU-OFDM) [141], enhanced ACO-OFDM (eACO-OFDM) [111], spectral and en-

ergy efficient OFDM (SEE-OFDM) [72], layered ACO-OFDM (LACO-OFDM) [74],

and enhanced ACO-OFDM (EACO-OFDM) [154] were then proposed independently.

These spectrum efficient OFDM schemes superimpose several layers/streams, which

are transmitted at the same time. These multiple-layer/stream OFDM schemes are

in a similar philosophy to LACO-OFDM while proposed independently.

Recently, there has been intense research on LACO-OFDM, including improved

the detection performance [76, 77, 78, 79, 80, 81], reduction in peak-to-average power

ratio (PAPR) [82, 83, 84, 85], capacity analysis [86, 87, 88, 89], investigation of chan-

nel coding performance [90, 91, 92, 93], dimming [94, 95, 96, 97], enhanced spectral

efficiency [86, 98, 113, 99, 100, 101], experimental demonstrations [102, 100, 103, 104],

decreased computational complexity [105, 72, 102, 106, 107], and explicit consider-

ation of bandwidth constraints [108, 53]. For readability, these research papers are

summarized and contrasted in Table 4.1.

Though spectrally efficient, the use of multiple layers/streams of OFDM modula-

tion schemes suffer from increased computational complexity [149], which is especially

significant for cost and power constrained VLC luminaires. Hardware-efficient lay-

ered/enhanced ACO-OFDM (L/E-ACO-OFDM) was proposed in [102], and focuses

on a highly efficient implementation from a hardware perspective and creatively im-

proves L/E-ACO-OFDM transmitter by modifying the inverse fast Fourier transform

(IFFT) implementation that calculates only the bottom half in the IFFT butterfly.

However, the approach only applies to the transmitter and the receiver remains highly
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Table 4.1: Recent Research on LACO-OFDM.

Topics and Di-
rections

Relevant Recent Researches

BER performance

[76] An improved receiver with residual clipping noise mitigation
[77] An improved receiver using pairwise detection for noise cancellation
[78] A receiver using diversity combining on both flat and frequency-selective channels
[79] A diversity combining receiver achieving up to 2 dB electrical gains
[80] A two-stage receiver realizing up to 2.43 dB gains
[81] A multi-stage improved receiver to mitigate the clipping noise due to dynamic range
of electrical and optical components

PAPR reduction

[82] Performance analysis & PAPR reduction
[83] Layered/enhanced asymmetrically clipped optical single-carrier frequency-division
multiplexing (L/E-ACO-SCFDM) with PAPR reduction up to 4.2 dB
[84] Interleaved discrete-Fourier-transform-spread layered/enhanced ACO-OFDM
(IDFTS-L/e-ACO) with PAPR reduction up to 7.5 dB
[85] Cyclic shifted LACO-OFDM with PAPR reduction up to 2.5 dB

Capacity analysis

[86] Analyses, optimises and compares the achievable information rate of optical OFDM
modulation schemes in an IM/DD channel with Gaussian noise
[87] Proposes adaptive LACO-OFDM and analyses capacity with optimal layer
[88] Analyses comparatively the capacity of unipolar OFDM schemes in Gaussian optical
intensity channel
[89] Analyses and optimises discrete-input continuous-output memoryless channel
(DCMC) capacity of LACO-OFDM
[53] Analyses and compares achievable rate of multi-carrier modulation schemes for ban-
dlimited IM/DD Systems

Channel coding

[90] Pairwise coding to mitigate error propagation between layers
[91] Analyses capacity and integrates forward error correction (FEC) codes to LACO-
OFDM for BER improvement
[92] Designs a multilayered code that trades spectral efficiency for BER improvement
[93] Multilayered channel coding with experiment verification

Dimming control

[94] Dimmable LACO-OFDM with wide dimming range
[95] Spatial-domain and time-domain dimming control for LACO-OFDM
[96] Dimmable L/E-ACO-SCFDM
[97] Dimmable reconstructed LACO-OFDM (RLACO-OFDM)

Spectrum efficient

[86, 98] Proposes ALACO-OFDM that can be more spectral efficient than LACO-OFDM
with fewer layers
[113] Proposes triple-layer hybrid optical OFDM (THO-OFDM) that can be more spec-
tral efficient than LACO-OFDM with three layers
[99] Proposes hybrid non-orthogonal multiple access (NOMA) and orthogonal multiple
access (OMA) for LACO-OFDM performance improvement
[100] Proposes hierarchical pre-distorted LACO-OFDM (HPD-LACO-OFDM) for
NOMA performance improvement
[101] Proposes flexible NOMA-based non-orthogonal hybrid optical OFDM (NOHO-
OFDM) scheme

Experimental demo.

[102] Demonstrates an experiment based field-programmable gate arrays (FPGA) with
low-complexity transmitter
[100] Demonstrates a point-to-point transmission experiment
[103] Demonstrates worst-case residual clipping noise power model for bit-loading in
LACO-OFDM
[104] Demonstrates a short-haul optical fiber link using layered/enhanced ACO-OFDM

Reduce complexity
[105, 72] Proposes a receiver with a single FFT sacrificing about 2− 3 dB power
[102] focuses on a high-efficient implementation from the hardware prospect and improves
L/E-ACO-OFDM transmitter
[106, 107] Proposes LAC-OFDM saving half arithmetic operations while achieving same
BER performance as LACO-OFDM under a VLC LOS flat channel

Bandlimited signal
[108] Simulates LACO-OFDM BER performance for a strictly bandlimited VLC system
[53] Analyses achievable rate of multi-carrier modulation schemes, including SEE-OFDM,
and proposes filtered SEE-OFDM (FSEE-OFDM) for bandlimited IM/DD systems
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complex. A low-complexity receiver using a single fast Fourier transform (FFT) mod-

ule for LACO-OFDM is investigated in [105], which reduces the complexity of the

receiver at the expense of about 2−3 dB power loss at a bit error rate (BER) of 10−3.

More recently, layered AC-OFDM (LAC-OFDM) is proposed for VLC line-of-sight

(LOS) channels, which is low-complexity thanks to employing half-size IFFT and half-

size FFT while retaining the same optical power efficiency as LACO-OFDM [106].

However, an additional N -point FFT and N -point IFFT are additionally required

to implement frequency domain equalization (FDE) when LAC-OFDM is employed

on a dispersive VLC channel. To summarize, only a few papers have considered the

reduction of computation complexity at both the transmitter and the receiver while

retaining the spectral- and power efficiency simultaneously, which is a key motivation

of this work.

4.1.1 Novelty and Contributions

In this paper, we propose low-complexity ACO-OFDM (L-ACO-OFDM, termed

as L-ACO hereafter), which generates identical OFDM signals as conventional ACO-

OFDM while employing an IFFT that is only half the size of ACO-OFDM. To enhance

the spectral efficiency, low-complexity LACO-OFDM (L-LACO-OFDM, termed as L-

LACO hereafter) is proposed, which combines L layers of L-ACO signals to generate

identical OFDM signals as LACO-OFDM in [74]. The size of the IFFT/FFTs em-

ployed in each layer are half the size needed in LACO-OFDM. Hence L-LACO is

far less-complex as compared to LACO-OFDM at both the transmitter and receiver.

The power savings due to the reduced computation compared to LACO-OFDM are

estimated at both transmitter and receiver. Additionally, the BER performance of
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Table 4.2: Contrast between methodology adopted in [102] and L-LACO.

Ref. [102] L-LACO
Complexity reduction at
transmitter

Half Half

Complexity reduction at
receiver

Same complexity as
LACO-OFDM receiver

Half

The IFFT size in the l-th
layer

Same size as IFFT at
LACO-OFDM transmit-
ter

Half size as IFFT at
LACO-OFDM trans-
mitter

R-radix IFFT butterfly R = 2 R could be any divi-
sor of N

The need for modifying
IFFT algorithm

Modifies the IFFT imple-
mentation that calculates
only the bottom half in
the IFFT butterfly.

No need. A common
IFFT is good.

the proposed L-LACO is estimated by Monte Carlo simulations under a VLC line-

of-sight (LOS) channel and a VLC dispersive channel, respectively. The simulation

results show that L-LACO achieves the identical performance compared to LACO-

OFDM. Therefore, L-LACO generates spectrally efficient LACO-OFDM using half-

size IFFT/FFT at transmitter and receiver, which is essential for complexity and

energy constrained VLC systems.

Compared to the methodology adopted in [102] that modifies the IFFT imple-

mentation by calculating only the bottom half in the IFFT butterfly, L-LACO does

not need to modify any IFFT butterfly structure. In [102], a 2-radix IFFT butter-

fly is required to save half the complexity compared to LACO-OFDM transmitter.

In contrast, a common IFFT with R-radix butterfly could be utilized to save half-

complexity whereR could be any divisor of the number of subcarriers N . In [102], the

size of IFFT in each layer remains the same as conventional LACO-OFDM. In con-

trast, L-LACO employs half-size IFFT as conventional LACO-OFDM in each layer.
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Additionally, [102] only decreases the complexity of the L/e-ACO-OFDM transmit-

ter. The receiver still requires as high computational complexity as conventional

LACO-OFDM. In contrast, our proposed L-LACO decreases the complexity of the

LACO-OFDM transmitter and the receiver by nearly half. The contrast between the

methodology adopted in [102] and that adopted in L-LACO is summarized in Table

4.2.

The main contributions of this paper can be summarised as:

� Firstly, this paper proposes L-LACO to design the entire transceiver. L-LACO

is shown mathematically to generate identical signals as conventional LACO-

OFDM while its transceiver is less complex. The L-LACO transmitter utilizes

a half-size IFFT in each layer as conventional LACO-OFDM transmitter, and

L-LACO receiver utilizes half-size IFFT and half-size FFT in each iteration as

conventional LACO-OFDM receiver.

� Secondly, we analyse the computational complexity of both transmitter and re-

ceiver quantitatively. This work quantifies the required number of real-valued

multiplication operations (RMOs) and real-valued addition operations (RAOs)

for L-LACO transceiver and conventional LACO-OFDM. Numerical results sup-

port the theoretical analysis of the computational complexity reduction.

� Thirdly, this work quantifies the saved power of the L-LACO transmitter and re-

ceiver as compared to conventional LACO-OFDM. Numerical results are aligned

well with our theoretical analysis on saved power.

� Finally, this work presents the BER performance of L-LACO and conventional

LACO-OFDM under both VLC LOS and dispersive channels. Numerical results
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show that L-LACO has the identical BER as LACO-OFDM, however, requires

about half the number of arithmetic operations.

4.1.2 Paper Structure

The remainder of this paper is organized as follows. Section 4.2 briefly introduces

VLC channel model and conventional ACO-OFDM and LACO-OFDM, while the

proposed L-ACO and L-LACO are presented in Sections 4.3 and 4.4, respectively.

Computational complexity is analysed in Section 4.5. Numerical results are presented

in Section 4.6. Finally, conclusions are drawn in Section 4.7.

Notations: In this paper, N denotes the number of subcarriers. Additionally, we

use an uppercase letter, e.g, Y and its bold form, e.g., Y to denote a frequency-domain

scalar and vector signal while a lowercase letter, e.g., y and its bold form, e.g., y

denote a time-domain scalar and vector signal, respectively. Note Y ∗ denotes complex

conjugate of a complex number Y . Furthermore, mod(·, ·) denotes modulo operation.

| · | denotes magnitude of a complex number or absolute value of a real number.

Specifically, notation symbols with the corresponding meaning utilized throughout

the paper are listed in Table 4.3.
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Table 4.3: Key notations and the meaning.

Notation Meaning
WN The first entry in IDFT matrix
Y Input symbol vector to N -point IFFT for ACO-OFDM
X Input symbol vector to N/2-point IFFT for L-ACO
x Output symbol vector of N/2-point IFFT for L-ACO
y Output symbol vector of N -point IFFT for ACO-OFDM
yc ACO-OFDM signal after clipping
c cn, the n-th element of ACO-OFDM clipping distortion
NAC(1) IFFT size of the first layer L-ACO

Y
(l)
L Input symbol vector to N -point IFFT for the l-th layer

X(l) Input symbol vector to NAC(l)-point IFFT for the l-th layer
x(l) Output symbol vector of NAC(l)-point IFFT for the l-th layer
y(l) Anti-symmetric signal vector with length of 2NAC(l) in the l-th layer

s(l) s
(l)
n = 1√

2l
W n

N

2l−1

, constant in the l-th layer

v(l) v
(l)
n = s

(l)
n x

(l)
n , real-valued signal in the l-th layer

y
(l)
c Symbol vector generated by clipping y(l) at zero

c(l) c
(l)
n , time-domain CD induced by the l-th layer

C(l) C
(l)
k , CD falling onto k-th subcarrier induced by the l-th layer

x
(l)
a x

(l)
a,n, absolute value of x

(l)
n

X
(l)
a DFT of x

(l)
a

X̃(l) An estimate of X(l)

X̂(l) An estimate of X(l) after symbol detection

Ĉ(l) An estimate of C(l)

x̂
(l)
a An estimate of x

(l)
a

X̂
(l)
a An estimate of X

(l)
a
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4.2 Background

4.2.1 VLC Channel Model

For a VLC LOS link, the channel is assumed to be flat with a gain HLOS as [4]

HLOS =


ηAPD(m+1)

2πd2
cosm(ψ) cos (θ), 0 ≤ θ ≤ ΘF,

0, Otherwise,
(4.2.1)

where η is optical-to-electrical (O/E) conversion coefficient, APD is the effective col-

lection area of the PD, ψ is the angle of irradiance with respect to LED axis, θ is

the angle of incidence with respect to PD axis, ΘF is field of view (FOV), d is the

distance between LED and PD surfaces, and m = − ln(2)/ln (cos(Ψ1/2)) is the order

of Lambertian emission and Ψ1/2 is LED semi-angle. Without loss of generality, the

receiver filter is assumed to be rectangular with optical power gain setting to unit.

Indoor VLC dispersive channels include both LOS link and diffuse components

that can be well estimated by a close-form function as [4, 155]

h(t) = HLOS
τ 6

0

(t+ τ0)7
u(t) (4.2.2)

where u(t) is the unit step function, τ0 = 2H/c, H is height of room, and c is speed

of light [4, 155].

4.2.2 Conventional ACO-OFDM and LACO-OFDM

In ACO-OFDM, the output time-domain signal vector has an inherent anti-

symmetry due to loading data on only odd subcarriers [56]. To achieve non-negativity,
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the negative parts are clipped at zero without any loss of information [56]. This clip-

ping distortion (CD) falls onto even subcarriers, which are orthogonal to data-carrying

subcarriers. Hence, symbols can be detected successfully on the odd subcarriers at

the receiver [56].

To enhance the spectral efficiency, LACO-OFDM uses L layers of ACO-OFDM

signals which are superimposed and transmitted simultaneously [74]. These L lay-

ers modulate symbols onto disjoint sets of subcarriers and each layer has an anti-

symmetry. At the receiver, LACO-OFDM is demodulated successively layer by layer

[74].

4.3 Low-complexity ACO-OFDM

For completeness, define [? ]

WN = exp

{
j2π

N

}
(4.3.1)

where N is size of IFFT and FFT and j =
√
−1.

Conventional ACO-OFDM with N subcarriers requires an N -point IFFT at trans-

mitter. Hermitian symmetry is required to generate real-valued signals and only odd

subcarriers are utilized to carry data leading to anti-symmetric output of an IFFT.

Hence the input frequency-domain symbol vector to the IFFT for ACO-OFDM is

Y = [0, Y1, 0, Y3, 0, · · · , 0, Y ∗3 , 0, Y ∗1 ] (4.3.2)

where Yk denotes M -ary quadrature amplitude modulation (QAM) symbols and (·)∗
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denotes complex conjugate. The resulting time-domain output of IFFT is thus

yn =
1√
N

N−1∑
k=0

YkW
nk
N , 0 ≤ n ≤ N − 1 . (4.3.3)

Notice that y has an inherent anti-symmetry due to the modulation of only odd

subcarriers, i.e., [56]

yn = −yn+N/2, 0 ≤ n ≤ N/2− 1 . (4.3.4)

Conventional ACO-OFDM requires high computational complexity due to the

usage of N -point IFFT according to (4.3.3). In the following, we show that a half-

size IFFT can be employed to generate the identical signal y in (4.3.4). Following

the philosophy of AC-OFDM [106], where anti-symmetry is introduced in the time

domain, y can be written as

y = [v,−v] (4.3.5)

where v is an N
2

-length vector with the n-th element given by

vn = snxn (4.3.6)

where sn = 1√
2
W n
N and

xn =
1√
N/2

N
2
−1∑

q=0

XqW
nq
N
2

, 0 ≤ n ≤ N/2− 1 (4.3.7)

where Xq = Y2q+1 and q = 0, 1, . . . , N/2 − 1. Notice that (4.3.7) is an N
2

-point

IFFT. Therefore, a conventional ACO-OFDM signal y in (4.3.5) can be constructed
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by computing v using an N
2

-point IFFT and imposing anti-symmetry in time-domain

(which requires no additional arithmetic operations). It is worth noting that vn is a

real-valued signal though xn is not necessarily real-valued.

To satisfy the non-negativity requirement, the negative part of y is clipped at zero

leading to yc with the n-th element given as [56]

yc,n =
1

2
yn + cn , 0 ≤ n ≤ N − 1 (4.3.8)

where cn = 1
2
|yn| is CD falling onto even subcarriers only, which is orthogonal to the

data-bearing (i.e., odd) subcarriers in the frequency domain.

It is worth to noting that L-ACO signal yc,n generated by an N/2-point IFFT is

identical to conventional ACO-OFDM signal generated by an N -point IFFT. There-

fore, at the receiver side, symbols can be detected on the odd subcarriers using con-

ventional ACO-OFDM demodulator proposed in [55].

4.4 Low-complexity LACO-OFDM

4.4.1 Transmitter Design

For conventional LACO-OFDM superimposing L layers of ACO-OFDM, an 2NAC(l)-

point (1 ≤ l ≤ L) IFFT is employed in the l-th layer [74], where for readability, we

define

NAC(l) =
N

2l
. (4.4.1)

Here we demonstrate that extending the approach of L-ACO and inspired by LAC-

OFDM [106], an identical LACO-OFDM signal can be generated by using half-sized
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Figure 4.1: Transmitter block diagram for L-LACO.

IFFTs.

In the l-th ACO-OFDM layer, NAC(l) symbols, after considering Hermitian sym-

metry, are modulated onto subcarriers with index (2p+1)2l−1 (p = 0 , 1 , . . . , NAC(l))

and the remaining subcarriers are set to zero [86], resulting in the frequency domain

symbol vector

Y
(l)
L =

[0, · · · , 0, Y2l−1 , 0, · · · , 0, Y3·2l−1 , 0, · · · , 0, Y ∗2l−1 , 0, · · · , 0] .

(4.4.2)

The output of an N -point IFFT of Y
(l)
L has a period of 2NAC(l) with an anti-symmetry

inside each period [86]. Conventional LACO-OFDM generates this output signal by

employing a 2NAC(l)-point IFFT and repeating the frame in time-domain 2(l−1) times.

Consider the transmitter block diagram of L-LACO in Fig. 4.1 where an iden-

tical LACO-OFDM frame can be generated using half-size IFFTs. Generalizing the

approach of L-ACO in Sec.4.3, L-LACO constructs the anti-symmetry directly in

time-domain as

y(l) = [v(l),−v(l)] (4.4.3)
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where v(l) is an NAC(l)-length real-valued vector with the n-th element given as

v(l)
n = s(l)

n x
(l)
n

(4.4.4)

where s
(l)
n = 1√

2l
W n

N

2l−1

and

x(l)
n =

1√
N/2l

N

2l
−1∑

q=0

X(l)
q W

nq
N

2l

(4.4.5)

and X
(l)
q = Y

(l)

L,(2q+1)2l−1 , q = 0, 1, . . . , NAC(l) − 1, Y
(l)

L,(2q+1)2l−1 is given in (4.4.2).

Notice that (4.4.5) is exactly an NAC(l)-point IFFT, which indicates that a half-size

IFFT can be employed in each layer to generate an identical signal to LACO-OFDM.

The negative samples of y(l) are clipped at zero to meet the non-negativity con-

straint leading to y
(l)
c , denoted in Fig. 4.1 by the block ‘Zero clipping’. Hence, the

n-th (0 ≤ n ≤ 2NAC(l)− 1) element of y
(l)
c is given as

y(l)
c,n =

1

2
y(l)

c,n + c(l)
n (4.4.6)

where c
(l)
n = 1

2
|y(l)

mod(n,NAC(l))| is CD falling on the k2l-th (k = 0, 1, . . . , NAC(l) − 1)

subcarriers, which is orthogonal to the data-bearing subcarriers in the l-th layer. c(l)

is a vector of length N . In each layer, y
(l)
c is repeated 2l−1 times resulting in y

(l)
L,n of

length N , given by

y
(l)
L = [y(l)

c , · · · ,y(l)
c︸ ︷︷ ︸

repeat 2l−1 times

] . (4.4.7)

The L layers of ACO-OFDM signals are added together leading to L-LACO signal
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Figure 4.2: An illustration of the construction of a second layer (l = 2 ) L-ACO

signal, y
(2)
L,n, for L-LACO (N = 64 and M = 16).

given by

z =
L∑
l=1

y
(l)
L . (4.4.8)

Thus, the L-LACO signal z generated using this procedure is identical to LACO-

OFDM while using a half-sized IFFT used in each layer resulting in less required

operations (multiplications and additions).

The signal z is then converted from parallel to serial (P/S) and a cyclic prefix (CP)

is appended to the front of each OFDM symbol to avoid inter-symbol interference

(ISI). After a digital-to-analog converter (DAC) and a low-pass filter (LPF), the

resulting analog signal z(t) is utilized to drive an LED.

Figure 4.2 presents an example of the signals used to construct the second layer

signal, y
(2)
L,n, for L-LACO where N = 64 and M = 16. Denote x

(2)
r,n and x

(2)
i,n as the real
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Figure 4.3: An illustration of the L-LACO signals at each layer (y
(l)
L,n) and sum (zn)

( (N = 64, L = 3 and M = 16).

and imaginary parts of x
(2)
n , respectively. As shown in Fig. 4.2, the complex-valued

output of the IFFT, x
(2)
n is used to generate the real-valued signal, v

(2)
n and then to

construct a signal, y
(2)
n , with anti-symmetry imposed in time-domain. The signal y

(2)
n

is then clipped at zero leading to y
(2)
c,n, which is repeated twice resulting in the second

layer signal, y
(2)
L,n.

Figure 4.3 shows an illustration of the construction of a complete L-LACO signal

(L = 3, N = 64, M = 16). Notice that the first layer does not repeat while the

second layer repeats two times and the third layer repeats four times. These output

signals are identical to conventional LACO-OFDM, however, the size of the IFFTs

used to compute each layer are half-sized.

135



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

N-point 

FFT

Equal-

-izer

Remove 

CD Eq. (28)

Symbol 

detection

-

point IFFT

-
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Figure 4.4: Receiver block diagram for L-LACO. Note that, in contrast to the
LACO-OFDM receiver in [74], L-LACO uses half-size IFFT/FFT to estimate the

CD (indicated in the shaded box).

4.4.2 Receiver Design

At the receiver side, the optical signal is first converted into an electrical current

using a PD. Shot noise and thermal noise are well modelled as additive white Gaussian

noise (AWGN) [4, 56, 156]. Hence, the received signal is given by

r(t) = h(t) ∗ z(t) + n(t) (4.4.9)

where h(t) denotes channel impulse response, ‘∗’ denotes the convolution operation

and n(t) is the AWGN. After a low-pass filter, analog-to-digital conversion (ADC),

removal of CP, and serial to parallel (P/S) conversion, the discrete received signal rn

is obtained.

Recall that the L-LACO transmitted signal z generated in Sec. 4.4.1 is identical

to LACO-OFDM though using half-size IFFT in each layer. Hence, rn can be demod-

ulated using a conventional LACO-OFDM receiver designed in [74], which removes

CD induced by the l-th layer using 2NAC(l)-point IFFT and 2NAC(l)-point FFT.

Here a low-complexity receiver is proposed for LACO-OFDM and L-LACO, which
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removes CD induced by the l-th layer using NAC(l)-point IFFT and NAC(l)-point

FFT that are half-size compared to conventional LACO-OFDM receiver. It is worth

to noting that the proposed low-complexity receiver can also be used to demodulate

LACO-OFDM.

Fig. 4.4 presents a block diagram of low-complexity receiver for L-LACO. The

received signal rn is fed into an N -point FFT followed by a one-tap equalizer. Since

there is no CD affecting data-bearing subcarriers in the first layer, an estimate of Xq

is obtained considering only the odd subcarriers

X̃(1)
q = 2R̂2q+1, q = 0, 1, . . . , N/2− 1 (4.4.10)

where the factor 2 is due to zero clipping operation according to (4.4.6). Due to

Hermitian symmetry, only symbols in the first half of an OFDM frame are required

to be detected as

X̂(1)
q = arg min

X∈ΩX

|X̃(1)
q −X|, q = 0, 1, . . . , N/4− 1 (4.4.11)

where ΩX denotes the constellation set.

Note that the CD from lower layers only impacts higher layers [74]. Hence, prior to

detecting symbols in the second layer, CD from the first layer must be removed. The

CD induced by the first layer is given by c
(1)
n = 1

2
|y(1)
n | = 1

2
√

2
|x(1)

mod(n,N/2)|, according to

(4.4.6) and (4.4.7), which has a period of N/2. Hence, the discrete Fourier tranform
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(DFT) of the CD induced by the first layer is given as

C
(1)
k =

1√
N

N−1∑
n=0

c(1)
n W−nk

N (4.4.12a)

=
1

2
√
N

N/2−1∑
n=0

|y(1)
n |W−nk

N (1 + cos(kπ)) (4.4.12b)

=
1/2√
2N

N/2−1∑
n=0

|x(1)
n |W−nk

N (1 + cos(kπ)) (4.4.12c)

=


1
2

1√
N/2

∑N/2−1
n=0 |x(1)

n |W−nk
N , k ∈ K(1)

clip

0, Otherwise,

(4.4.12d)

=


1
2
X

(1)
a,q , k ∈ K(1)

clip, & q = k/2

0, Otherwise,
(4.4.12e)

where (4.4.12a) is definition of DFT and (4.4.12b) is due to clipping distortion c
(1)
n =

1
2
|y(1)
n | with a period of N/2, according to (4.4.6) and (4.4.7). (4.4.12c) is due to

|y(1)
n | = 1√

2
|x(1)

mod(n,N/2)| according to (4.4.3) and (4.4.4) with l = 1. In (4.4.12d),

K(1)
clip , {k|k = 2q, q = 0, . . . , N/2− 1}. In (4.4.12e), X

(1)
a,q is given by

X(1)
a,q =

1√
N/2

N/2−1∑
n=0

x(1)
a,nW

−nq
N/2

(4.4.13)

where x
(1)
a,n = |x(1)

n | and x
(1)
n is given by (4.4.5) with l = 1, which is an N

2
-point IFFT.

Additionally, note that (4.4.13) is an N
2

-point FFT.

Hence, an estimate of the second layer can be estimated as

X̃(2)
q = 2R̂(2q+1)2 − 2Ĉ

(1)
(2q+1)2 , q = 0, 1, . . . , N/4− 1 (4.4.14)
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where Ĉ
(1)
k is an estimate of CD C

(1)
k calculated according to (4.4.12) and replace X

(1)
q

with its estimate X̂
(1)
q . It is apparent that the factor 1/2 in (4.4.12) and 2 in (4.4.14)

cancel, saving two multiplications.

Symbols in the second layer are thus detected as

X̂(2)
q = arg min

X∈ΩX

|X̃(2)
q −X|, q = 0, 1, . . . , N/8− 1 . (4.4.15)

More generally, according to (4.4.6) and (4.4.7), the CD induced by l-th (1 ≤ l ≤

L) layer is c
(l)
n = 1

2
|y(l)

mod(n,N/2l−1)
| = 1

2
√

2l
|x(l)

mod(n,N/2l)
| with a period of NAC(l). Hence,

its DFT is given by

C
(l)
k =

1√
N

N−1∑
n=0

c(l)
n W

−nk
N (4.4.16a)

=
1

2
√
N

N/2l−1∑
n=0

|y(l)
n |W−nk

N (1 +W
−N

2l
k

N + . . .W
−(2l−1)N

2l
k

N ) (4.4.16b)

=
1/2√
2lN

N/2l−1∑
n=0

|x(l)
n |W−nk

N (1 +W
−N

2l
k

N + . . .W
−(2l−1)N

2l
k

N ) (4.4.16c)

=


1
2

1√
N/2l

∑N/2l−1
n=0 |x(l)

n |W−nk
N , k ∈ K(l)

clip

0, Otherwise,

(4.4.16d)

=


1
2
X

(l)
a,q , k ∈ K(l)

clip, & q = k/2l

0, Otherwise
(4.4.16e)

where (4.4.16a) is DFT definition, and (4.4.16b) is due to that the CD induced by

l-th (1 ≤ l ≤ L) layer is c
(l)
n = 1

2
|y(l)

mod(n,N/2l−1)
| with a period of N/2l. (4.4.16c) is

due to |y(l)

mod(n,N/2l−1)
| = 1√

2l
|x(l)

mod(n,N/2l)
| according to (4.4.3) and (4.4.4). In (4.4.16d),

K(l)
clip , {k|q2l , q = 0, . . . , NAC(l)− 1}. In (4.4.16e), X

(l)
a,q is the DFT of x

(l)
a,n = |x(l)

n |,
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which is given by

X(l)
a,q =

1√
N/2l

N/2l−1∑
n=0

x(l)
a,nW

−nq
N/2l

(4.4.17)

where x
(l)
n is calculated according to (4.4.5), which is an NAC(l)-point IFFT. As was

noted for the first layer, note that (4.4.17) is an NAC(l)-point FFT.

As shown in [74], prior to demodulating ACO-OFDM symbols on the k-th (k =

(2q + 1)2l−1) subcarrier in the l-th (1 < l ≤ L) layer, CD from lower layers must be

removed first. Hence, we obtain an estimate for X
(l)
q as

X̃(l)
q = 2R̂(2q+1)2l−1 − 2

l−1∑
η=1

Ĉ
(η)

(2q+1)2l−1 ,

q = 0, 1, . . . , NAC(l)− 1

(4.4.18)

where Ĉ
(η)
k is an estimate of CD C

(η)
k calculated according to (4.4.16) replacing X

(η)
a,q

with its estimate X̂
(η)
a,q .

Thanks to the Hermitian symmetry, only symbols in the first half OFDM frame

are required to be detected employing symbol detection for the l-th (1 < l ≤ L) layer

as

X̂(l)
q = arg min

X∈ΩX

|X̃(l)
q −X|, q = 0, 1, . . . , NAC(l)/2− 1 . (4.4.19)

Remark 2. Compared to the LACO-OFDM receiver in [74], the proposed L-LACO

receiver is less complex. In the proposed L-LACO receiver, the CD induced by l-

th layer is estimated using single NAC(l)-point FFT and single NAC(l)-point IFFT,

whereas LACO-OFDM receiver utilizes one 2NAC(l)-point FFT and one 2NAC(l)-point

IFFT.
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4.5 Computational Complexity Analysis

As described above, the transmitter and receiver of L-LACO require half-size

IFFT/FFT compared to LACO-OFDM thus requires less computational complexity.

In this section, we quantify the reduction in complexity for L-LACO over LACO-

OFDM for a given set of modulation parameters.

4.5.1 Complexity Analysis of Low-complexity ACO-OFDM

Similar to [106], we assume in the subsequent analysis that operations such as anti-

symmetry construction (4.3.5) and (4.4.3) do not require any arithmetic operations

since they can efficiently implement with switching logic. Additionally, the scaled

twiddle factors sn in (4.3.6) and s
(l)
n in (4.4.4) can be precomputed and stored in a

table. Furthermore, the complexity of zero clipping in (4.3.8) and (4.4.6), and symbol

detection on each carrier according to (4.4.11) and (4.4.19) are not included and will

be identical for both L-LACO and LACO-OFDM.

Specifically, for conventional ACO-OFDM, a single N -point IFFT and N -point

FFT are required at the transmitter and the receiver, respectively. Hence, complex-

ity can be quantified by counting the required number of real-valued multiplication

operations (RMOs) and of real-valued addition operations (RAOs) for each N -point

IFFT/FFT. Based on Cooley-Tukey decomposition [133], an N -point (N a power of

2) IFFT/FFT requires M(N) RMOs and A(N) RAOs, which are given by

M(N) = 2N log2(N)− 4N + 4 (4.5.1)
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and

A(N) = 3N log2(N)− 2N + 2. (4.5.2)

Notice that in the L-ACO transmitter , vn, 0 ≤ n ≤ N/2 − 1, is real according

to (4.3.6). Hence RMOs between the real parts of sn and xn, and RMOs between

the imaginary parts are necessary, i.e., only two RMOs and one RAO are required

to generate vn in (4.3.6). Considering signals with N/2 samples, N RMOs and N/2

RAOs are additionally required for vn and thus yn (0 ≤ n ≤ N/2 − 1) besides the

N/2-point IFFT in (4.3.7). Hence, the required numbers of RMOs and RAOs for

L-ACO are

M
(t)
L-ACO(N) = M

(
N

2

)
+N = N log2(N)− 2N + 4 (4.5.3)

and

A
(t)
L-ACO(N) = A

(
N

2

)
+
N

2
=

3

2
N log2(N)− 2N + 2 . (4.5.4)

At the receiver side, since L-ACO employs conventional ACO-OFDM receiver, its

computational complexity is the same as ACO-OFDM.

4.5.2 Complexity Analysis of Low-complexity LACO-OFDM

At the transmitter of L-LACO, each ACO-OFDM layer requires an NAC(l)-point

IFFT. The factors s
(l)
n in (4.4.4) can be precomputed and stored. Similar to L-ACO,

it is known a priori that v
(l)
n and y

(l)
n are real-valued thanks to Hermitian symmetry

of the input vector according to (4.4.2). Hence RMOs between the real parts of s
(l)
n

and x
(l)
n , and RMOs between their imaginary parts are necessary, i.e., only two RMOs

and one RAO are required to generate v
(l)
n in (4.4.4). Considering that the length of

v(l) is NAC(l), 2NAC(l) RMOs and NAC(l) RAOs are additionally required for v
(l)
n and
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yn (0 ≤ n ≤ NAC(l)− 1) besides the NAC(l)-point IFFT in (4.4.5).

Hence, the required numbers of RMOs and of RAOs for L-LACO transmitter are

M
(t)
L-LACO(L,N) =

L∑
l=1

M

(
N

2l

)
︸ ︷︷ ︸

For IFFTs

+
L∑
l=1

2NAC(l)︸ ︷︷ ︸
Calculate v

(l)
n in (4.4.4)

=

(
1− 1

2L

)
2N log2(N)−

(
6− L+ 3

2L−1

)
N + 4L

(4.5.5)

and

A
(t)
L-LACO(L,N) =

L∑
l=1

A

(
N

2l

)
︸ ︷︷ ︸

For IFFTs

+ (L− 1)N︸ ︷︷ ︸
Sum L layers

+
L∑
l=1

NAC(l)︸ ︷︷ ︸
Calculate v

(l)
n in (4.4.4)

=

(
1− 1

2L

)
3N log2(N)−

(
8− L− 3L+ 7

2L

)
N + 2L .

(4.5.6)

At the receiver side of L-LACO as shown in Fig. 4.4, the N -point FFT requires

M(N) RMOs and A(N) RAOs. When a one-tap zero-forcing equalizer (ZFE) is

adopted, it requires N/2 complex-valued multiplications or 2N RMOs and N RAOs

thanks to the Hermitian symmetry. It is apparent that the computational complexity

induced by a ZFE is also required by LACO-OFDM. Additionally, the estimate of

CD requires a single NAC(l)-point IFFT and a single NAC(l)-point FFT for l-th (1 ≤

l ≤ L − 1) layer 1. Hence, the required numbers of RMOs and RAOs for L-LACO

1Note that the absolute value operation requires simple logic operation which is omitted in the
complexity analysis.
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receiver are

M
(r)
L-LACO(L,N) = M(N) + 2N︸︷︷︸

For ZFE

+ 2
L−1∑
l=1

M

(
N

2l

)
︸ ︷︷ ︸

Estimate CD

=

(
6− 8

2L

)
N log2(N)−

(
18− L+ 3

2L−3

)
N + 8L− 4

(4.5.7)

and

A
(r)
L-LACO(L,N)

= A(N) + N︸︷︷︸
For ZFE

+ 2
L−1∑
l=1

A

(
N

2l

)
︸ ︷︷ ︸

Estimate CD

+
L∑
l=2

(l − 1)
N

2l︸ ︷︷ ︸
Remove CD

=

(
9− 12

2L

)
N log2(N)−

(
16− 11L+ 19

2L

)
N + 4L− 2 .

(4.5.8)

For comparison, the required numbers of RMOs and RAOs for LACO-OFDM

transmitter are [86, 106]

M
(t)
LACO(L,N) =(
1− 1

2L

)
4N log2(N)−

(
12− 2L+ 6

2L−1

)
N + 4L

(4.5.9)

and

A
(t)
LACO(L,N) =(
1− 1

2L

)
6N log2(N)−

(
11− L− 3L+ 5

2L−1

)
N + 2L .

(4.5.10)

For LACO-OFDM receiver, an identical ZFE is adopted. Hence, the required

number of RMOs and RAOs for LACO-OFDM receiver are, respectively, given as
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[106]

M
(r)
LACO(L,N) =(
1−

8
5

2L

)
10N log2(N)−

(
26− L+ 2

2L−4

)
N + 8L− 4

(4.5.11)

and

A
(r)
LACO(L,N) =(
1−

8
5

2L

)
15N log2(N)−

(
19− 23L+ 13

2L

)
N + 4L− 2 .

(4.5.12)

4.5.3 Power Savings

VLC transmitters are constrained by complexity, i.e. transmitters must be simple

and integrated into inexpensive luminaires, using low cost commercially available

LEDs. Additionally, VLC transmitters must be energy efficient given that the energy

efficiency of LED luminaries is a primary advantage of this illumination technology.

Hence, in this section, the saved power of L-LACO over LACO-OFDM is quantified

due to the reduction in number of arithmetic operations.

Following the computational complexity analysis in Section 4.5.2, the reduction in

RMOs and RAOs of L-LACO transmitter over LACO-OFDM for an OFDM symbol

are given as

∆
(t)
Mul = M

(t)
LACO(L,N)−M (t)

L-LACO(L,N) (4.5.13)

and

∆
(t)
Add = A

(t)
LACO(L,N)− A(t)

L-LACO(L,N), (4.5.14)

respectively.

Let the energy consumed by a single RMO and a single RAO be denoted as EMul
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and EAdd, respectively. Then the saved energy of L-LACO transmitter over LACO-

OFDM for an OFDM symbol can be computed as

∆
(t)
Energy = ∆

(t)
MulEMul + ∆

(t)
AddEAdd. (4.5.15)

Assume the time length of an OFDM symbol is Ts and the time length of CP is

TCP. Hence, the saved power of the L-LACO transmitter over LACO-OFDM is

P (t)
save(L,N,B) =

∆
(t)
Energy

Ts + TCP

. (4.5.16)

For readability, assume TCP = βTs without loss of generality and assume a mod-

ulation bandwidth of the VLC system is B Hz. Then the length of an OFDM frame

is Ts = N/(2B) and Ts + TCP = (1 + β)N/(2B). Substituting (4.5.5), (4.5.6), (4.5.9),

(4.5.10), (4.5.13), (4.5.14) and (4.5.15) into (4.5.16) results in

P (t)
save(L,N,B) =

2B

1 + β
(γ log2N − ζ) (4.5.17)

where γ , (1− 1/2L)(2EMul + 3EAdd) and ζ , (6− L+3
2L−1 )EMul + (3− 3L+3

2L
)EAdd.

Using a similar approach, the saved power of L-LACO receiver over existing

LACO-OFDM can be calculated as

P (r)
save(L,N,B) =

∆
(r)
Energy

Ts + TCP

(4.5.18)

where ∆
(r)
Energy = ∆

(r)
MulEMul + ∆

(r)
AddEAdd is saved energy of L-LACO receiver for an

OFDM symbol while ∆
(r)
Mul = M

(r)
LACO(L,N) −M

(r)
L-LACO(L,N) denotes saved RMOs

and ∆
(r)
Add = A

(r)
LACO(L,N)− A(r)

L-LACO(L,N) denotes saved RAOs, respectively.
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Substituting (4.5.7), (4.5.8), (4.5.11) and (4.5.12) into (4.5.18) gives

P (r)
save(L,N,B) =

2B

1 + β
(ψ log2N − ξ) (4.5.19)

where ψ , (1− 2/2L)(4EMul + 6EAdd) and ξ , (8− L+1
2L−3 )EMul + (3− 6L−3

2L−1 )EAdd.

Remark 3. As L increases with B and N fixed, γ and ζ in (4.5.17), ψ and ξ in

(4.5.19) saturate to a constant, respectively as do P
(t)
save(L,N,B) and P

(r)
save(L,N,B).

As N increases with B and L fixed, P
(t)
save(L,N,B) increases logarithmically as does

P
(r)
save(L,N,B). As B increases with L and N fixed, both P

(t)
save(L,N,B) and P

(r)
save(L,N,B)

increase linearly.

4.6 Numerical Results

4.6.1 Computational Complexity

Numerical results for the computational complexity of L-LACO are presented and

compared to LACO-OFDM [74] with realistic parameters for VLC systems.

A computational complexity comparison between transmitters of L-LACO and

LACO-OFDM for different values of N and L are shown in Fig. 4.5, in which for

(a) and (b) L is fixed to 4 while for (c) and (d) N is fixed to 1024. It is evident

that the conventional LACO-OFDM is more complex than our proposed L-LACO

in terms of the number of RMOs and RAOs. More specifically, for L = 4 layers

and N = 1024 subcarriers, LACO-OFDM requires 27920 RMOs and 52620 RAOs;

while our proposed L-LACO requires 13970 RMOs and 25930 RAOs. LACO-OFDM

requires two times more RMOs/RAOs when compared with our proposed L-LACO.
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Figure 4.5: Computational complexity comparison between transmitters of L-LACO
and LACO-OFDM for different values of N and L (L = 4 for (a) and (b), N = 1024

for (c) and (d)).
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Figure 4.6: Computational complexity comparison between receivers of L-LACO
and LACO-OFDM for different values of N and L (L = 4 for (a) and (b), N = 1024

for (c) and (d)).

For receivers, a computational complexity comparison between L-LACO and LACO-

OFDM for different values of N and L are shown in Fig. 4.6, in which for (a) and

(b) L is fixed to 4 while for (c) and (d) N is fixed to 1024. Evidently, the LACO-

OFDM receiver is more complex than our proposed L-LACO in terms of the number

of RMOs and RAOs since the size of IFFT/FFT used to remove CD induced by

each layer are halved in L-LACO. Specifically, LACO-OFDM requires 71710 RMOs

and 125518 RAOs when L = 4 and N = 1024; while our proposed low-complexity

L-LACO requires 41500 RMOs and 72142 RAOs. LACO-OFDM requires nearly 1.73

times more RMOs and 1.74 times more RAOs when compared with our proposed

L-LACO.
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The number of RMOs and RAOs of both L-LACO transmitter and receiver in-

crease dramatically fast as N increases. This is because the dominant term of

M
(t)
L-LACO(L,N), A

(t)
L-LACO(L,N), M

(r)
L-LACO(L,N), and A

(r)
L-LACO(L,N) are respectively(

1− 1/2L
)

2N log2(N),
(
1− 1/2L

)
3N log2(N),

(
6− 8/2L

)
N log2(N) and(

9− 12/2L
)
N log2(N), which increase faster than linear functions of N when N is

large. While the number of RMOs and RAOs increase more slowly and saturate as

L increases when N = 1024. This is because the previously noted dominant terms,

for a fixed N , saturate to limit with increasing L.

4.6.2 Saved Power

According to [157], a 32-bit floating point multiplication and a 32-bit floating

point addition consume EMul = 3.7 pJ and EAdd = 0.9 pJ, respectively. Assume a

modulation bandwidth of B = 100 MHz and that the length of an OFDM frame is

Ts = N/(2B) and TCP = Ts/16 with β = 1/16.

The saved power of L-LACO over LACO-OFDM is then calculated according to

Sec. 4.5.3 and presented for different values of L and N in Fig. 4.7. It can be seen

the saved power of L-LACO receiver is higher than L-LACO transmitter when L ≥ 2,

which is aligned well given that the L-LACO receiver saved more arithmetic operations

than L-LACO transmitter shown in Figs. 4.5 and 4.6. In addition, compared to

LACO-OFDM, the saved power of L-LACO transmitter and receiver increase and

saturate as L increases when N = 1024, which is aligned well with theoretical analysis

in Sec. 4.5.3 and Remark 3. This is because the saved arithmetic operations increase

and saturate as L increases.
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Figure 4.7: Power saving of L-LACO compared to LACO-OFDM for different values
of L and N when B = 100 MHz (N = 1024 for (a) and L = 4 for (b)).
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Figure 4.8: Saved power of L-LACO compared to LACO-OFDM for different values
of B (L = 4 and N = 1024).

In contrast, notice that the saved power of the L-LACO transmitter over LACO-

OFDM increases logarithmically with N as does the saved power of the L-LACO

receiver. This trend agrees well with theoretical analysis in Remark 3.

The saved power of the L-LACO transmitter and receiver over LACO-OFDM for

different values of modulation bandwidth is shown in Fig. 4.8. The saved power of

the L-LACO transmitter and receiver increase linearly as modulation bandwidth B

increases when L = 4 and N = 1024. This is aligned well with theoretical analysis in

Remark 3. Notice that the power savings become especially significant for high-speed

VLC systems realized using L-LACO.

It is worth noting that the saved power will increase linearly for larger B. For

example, B = 600 MHz for Si-substrate LED [42], B = 655 MHz for micro-LED [38]
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Table 4.4: Simulation Parameters

Parameters Values
Room size Width× Length× Height 5m× 5m× 3m
Number of LED/PD 1 / 1
LED location (2.5, 2.5, 2.50) m
LED semi-angle Ψ1/2 45o

PD location (2.5, 2.5, 0.75) m
Optical power gain of receive filter 1
PD FOV ΘF 62o [158]
PD effective collection area APD 1 cm2

O/E conversion coefficient η 0.54 A/W [21]
Average electrical noise power σ2

w −98.82 dBm [21]
Number of subcarriers N 1024
Number of layers L 3
Length of CP NCP 64
Maximum delay spread Dmax 64
Modulation schemes 4-QAM, 16-QAM

and B = 1.4 GHz for laser diode (LD) based white-light VLC [44] are reported in

recent experimental demonstrations. Thus, L-LACO becomes an even more attractive

approach with the arrival of new high-bandwidth light sources envisioned for future

VLC applications.

4.6.3 BER performance

In this section, the BER performance of L-LACO is evaluated by back-to-back

simulations in terms of transmitted optical power Po expressed in decibel milliwatts

(dBm), and compared with LACO-OFDM.
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Figure 4.9: BER performance of L-LACO and LACO-OFDM under a VLC LOS
channel.

BER Under a VLC LOS Link

The BER of L-LACO under a VLC LOS Link is simulated with parameters sum-

marized in Table 4.4.

The BER performance of the proposed L-LACO and of LACO-OFDM under a

VLC LOS link is shown in Fig. 4.9, where 4-QAM and 16-QAM with Gray labelling

are employed in each layer. The BER of each layer are approximately the samen when

operating in the high SNR regime. In addition, the BER of the proposed L-LACO is

the same as existing LACO-OFDM since L-LACO generates the same OFDM symbol

as LACO-OFDM, however, L-LACO requires less complexity at both the transmitter

and the receiver thanks to employing half-size IFFTs/FFTs.
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Figure 4.10: BER performance of L-LACO and LACO-OFDM under a VLC
dispersive channel.

BER Under a VLC Dispersive Channel

In this section, the BER of L-LACO under a VLC dispersive channel is simulated.

Here, the sampling rate for impulse response h(t) in (5.4.1) is set to 300 MHz. The

maximum delay span of samples of h(t) is assumed to 64. Hence, the length of CP is

also set to NCP = 64.

The BER performance of the proposed L-LACO and of LACO-OFDM under a

VLC dispersive channel are shown in Fig. 4.10, where the simulation parameters are

summarized in Table 4.4. The BER of each layer in these Monte Carlo simulations

are in close agreement especially at high SNR. Additionally, the BER of the proposed

L-LACO is the same as LACO-OFDM since L-LACO generates identical signal to

LACO-OFDM, however, L-LACO requires less complexity at both the transmitter
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and the receiver thanks to employing a half-size IFFT/FFT.

4.7 Conclusions

In this paper, L-LACO is proposed for IM/DD systems, in which the size of

IFFT and FFT used in each layer is halved compared to the existing LACO-OFDM.

The proposed L-LACO generates the identical OFDM signal to LACO-OFDM and

thus achieves the same spectral efficiency and optical power efficiency but retains less

complexity. Numerical results show that LACO-OFDM requires two times the RMOs

/ RAOs as compared to the proposed L-LACO at the transmitter. At the receiver,

LACO-OFDM requires 1.73 times more RMOs and 1.74 times more RAOs when com-

pared with the proposed L-LACO. This reduction in complexity translates directly

into power savings which are especially important for LED luminaires. Additionally,

the proposed L-LACO achieves the same BER performance under VLC LOS and dis-

persive channels thanks to the identical OFDM signals generated as LACO-OFDM.

As the bandwidth of VLC systems increases with new devices, the need for low

complexity, power efficient approaches, such as L-LACO, to implement spectrally ef-

ficient IM/DD modulation becomes essential. Our future work includes experimental

demonstration of L-LACO including quantifying the impact of oversampling at the

transmitter and receiver.
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Kramers-Kronig Based Optical

OFDM for Bandlimited Visible

Light Communications

IEEE Copyright Notice

The copyright of materials in this chapter is owned by IEEE. The materials are

permitted to be re-used in this thesis, and this statement is appended at the IEEE’s

request.

Research work in this chapter appears in the following paper [108] while minor

modifications are made according to thesis format.

� R. Bai and S. Hranilovic, “Kramers-Kronig Optical OFDM for bandlimited

intensity modulated visible light communications,” Journal of Lightwave Tech-

nology, 2021, doi: 10.1109/JLT.2021.3110661.

As discussed in Section 1.5.1, to enhance spectral efficiency and energy efficiency
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are important challenges in VLC systems since commercially off-the-shelf LEDs are

low-cost, simple, and have a small modulation bandwidth. Additionally, in a realistic

VLC system, the links are a dispersive channel rather than an ideal flat channel due

to multiple reflections of the light from the transmitter to the receiver. For such a

practical VLC dispersive channel, transmit signal is required to be strictly bandlimited

to avoid in-band distortion. Before being fed into an LPF, interpolation with sinc(t)

pulse can be utilized to make the transmit signal bandlimited. However, for ALACO-

OFDM in Chapter 2, LAC-OFDM in Chapter 3, and L-LACO in Chapter 4, the

transmit signal will not be non-negative at all time instants when interpolation with

sinc(t) pulse is used. Alternatively, interpolation with a non-negative rectangular

pulse can be employed to generate an analog signal; however, the transmit signal is

no longer bandlimited.

To solve these problems and challenges, this chapter introduces KKO-OFDM that

directly generates bandlimited non-negative OFDM signals that are constrained in

the mean. In KKO-OFDM, a single-sideband minimum phase signal is employed

to carry information. Then the squared modulus of this signal is utilized as LED

drive current to modulate the light intensity. Mathematically, the transmit signal is

constructed to be real-valued, non-negative and strictly bandlimited, thus is suitable

for VLC channels. At the receiver, the phase of the information-carrying signal is

retrieved according to the Kramers-kronig relations.

For KKO-OFDM, the required DC bias is analysed and designed theoretically and

is verified by numerical results. The theoretical analysis on the electrical signal-to-

noise ratio, bit-error rate, and data rate is supported by Monte Carlo simulations.

Our analysis shows KKO-OFDM achieves as high spectral efficiency as DCO-OFDM,
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however, realizes about 1 dB optical gain at a BER= 10−4 in a VLC line-of-sight

(LOS) flat channel, and realizes about 1.3 dB optical gains in a VLC dispersive LPF

channel. KKO-OFDM achieves about 1.4 dB optical gains over bandlimited LACO-

OFDM in a VLC LOS flat channel and achieves about 1.8 dB optical gains in a

VLC dispersive LPF channel. What is more, KKO-OFDM transmitter requires less

complexity compared to LACO-OFDM. The PAPR for KKO-OFDM is also smaller

than LACO-OFDM. These advantages support a ascendancy of KKO-OFDM over

DCO-OFDM and LACO-OFDM for a realistic bandlimited VLC system.
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Abstract Visible light communication (VLC) operates on optical intensity

channels that are inherently limited in bandwidth. Though Kramers-Kronig (KK)

receivers have been considered as a lower complexity alternative for coherent fiber

optic communication (FOC) systems, in this paper we extend this concept to ban-

dlimited IM/DD VLC channels and propose KK optical OFDM (KKO-OFDM). In

KKO-OFDM the optical power of a low-cost LED is directly modulated by the double-

sideband (DSB) squared modulus of a minimum phase single-sideband (SSB) signal.

This results in a real-valued, non-negative and strictly bandlimited transmit signal

which is suitable for VLC channels. At the receiver, the phase of the transmit-

ted SSB signal is reconstructed via the KK relations. The required DC bias, average

electrical signal-to-noise ratio (SNR), bit error rate (BER), and capacity are analyzed

with approximate closed-forms and through simulation. Numerical results show that

KKO-OFDM achieves the same spectral efficiency as the existing DC biased optical

OFDM (DCO-OFDM), however, realizes approximately 1 dB optical SNR gain at a

BER= 10−4 while simultaneously having a small peak-to-average power ratio.

5.1 Introduction

Visible light communication (VLC) systems are emerging complementary links

to radio due to the ubiquity of solid-state illumination as well as the availability of

unregulated optical spectrum [3, 4, 159, 48, 139, 86]. For a VLC system, a light-

emitting diode (LED) is used as a transmitter and its optical intensity is modulated

to carry information (i.e., intensity modulation (IM)). The receiver is typically a

photodiode (PD) which produces an electrical current in proportion to the intensity

of light (i.e., direct detection (DD)). Such IM/DD systems must drive the LED with a
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real-valued and non-negative electrical current signal, while maintaining a constraint

on the average amplitude (i.e., intensity) [3, 4, 159, 48, 139, 86].

The low-cost white LEDs employed in IM/DD VLC systems have a low-pass

characteristic and have a typical modulation bandwidth of only several tens of MHz

[160]. Orthogonal frequency division multiplexing (OFDM) has been considered as

a candidate modulation scheme for such systems due to its high spectral efficiency,

resistance to inter-symbol interference (ISI), simple one-tap equalization and extensive

usage in wired and wireless broadband communications [56, 160, 86, 161, 106, 101].

Direct current (DC) biased optical OFDM (DCO-OFDM) is a popular OFDM scheme

for IM/DD systems due to its simplicity and high spectral efficiency. In order to

generate a transmittable signal, a real output is guaranteed by imposing Hermitian

symmetry in frequency domain and a DC bias is added to ensure non-negativity. If a

fixed DC bias is selected, there is a risk of clipping the DCO-OFDM signals resulting

in out-of-band (OOB) distortion which is not bandlimited [53]. Alternatively, the

DC bias can be varied symbol-by-symbol to ensure non-negativity, resulting in no

OOB distortion [54]. However, this method can cause flickering and is not suitable

for VLC systems that are required to provide stable illumination. Asymmetrically

clipped optical OFDM (ACO-OFDM) is another popular scheme for VLC systems,

in which only odd subcarriers are modulated [56]. Using the anti-symmetric property

of such signals, the negative parts are clipped at zero directly without any loss of

information. However, OOB clipping distortion still exists due to sharp transition

caused by this zero clipping [53]. Alternative approaches have also been considered,

namely spectrally factorized optical OFDM (SFO-OFDM) [63] which considers the

generation of bandlimited IM signals directly through the autocorrelation of a complex
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data sequence to guarantee non-negativity. However, the demodulation requires high

computational complexity for a practical SFO-OFDM system with many subcarriers.

In related coherent fiber-optic communication (FOC) systems, data are transmit-

ted in both the amplitude and the phase of an electric field of a laser. Recently,

low complexity receivers for such FOC coherent links have been proposed which can

recover both the amplitude and phase from measurements of the intensity using a PD

at the receiver [162, 163, 164, 165, 166]. These systems require that the transmitted

complex signal is a minimum phase waveform and rely on the Kramers-Kronig (KK)

relations to recover the phase [162].

In this paper, we extend the application of the KK relations to develop a strictly

bandlimited IM/DD optical OFDM modulation format termed as KK Optical -OFDM

(KKO-OFDM). In KKO-OFDM, a minimum phase single-sideband (SSB) complex

signal is employed to carry information and its squared modulus is utilized to di-

rectly modulate the optical power emitted from a low-cost LED. Mathematically, the

squared modulus of an SSB signal is necessarily non-negative and strictly bandlimited

and has no OOB clipping distortion as compared to conventional DCO- and ACO-

OFDM. At the receiver, a PD is used to detect the received optical power and the

KK relations are used to infer the phase information to reconstruct the original SSB

signal. Unlike related work on coherent FOC channels, where the KK relations are

used to reconstruct the phase of an electric field, here the squared modulus of an SSB

signal is used to directly modulate the optical power emitted by the white LEDs in

a VLC system and the KK relations are used to infer the phase of this SSB signal

at the receiver. Compared to recent work in VLC optical single side-band OFDM

(SSB-OFDM) [160], KKO-OFDM does not require upsampling and up-conversion

162



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

at the transmitter, resulting in less complexity, which is attractive to VLC systems

employing low-cost simplicity LEDs.

The paper provides a design guide for KKO-OFDM for VLC channels. A theoret-

ical bit error rate (BER) is derived which shows a small gap to the simulated results

and thus can be employed to evaluate the performance conveniently. The capacity of

KKO-OFDM is analysed and a small gap is found compared to capacity bounds of

IM/DD OWC channels in existing literature. The computation complexity of KKO-

OFDM is comparable to DCO-OFDM at the transmitter, however requiring greater

complexity at the receiver. Monte Carlo simulation results show that KKO-OFDM

is more power efficient compared to DCO-OFDM and LACO-OFDM for a bandlim-

ited VLC systems achieving a 1.0 dB gain over bandlimited DCO-OFDM and 1.4

dB gain over bandlimited LACO-OFDM at BER= 10−4. The peak-to-average power

ratio (PAPR) of KKO-OFDM signals is shown to be smaller than DCO-OFDM and

LACO-OFDM, indicating the increased robustness of KKO-OFDM to LED nonlinear

transfer characteristics.

The balance of the paper is organized as follows. Sec. 5.2 describes bandlim-

ited IM/DD optical OFDM schemes and introduces the transceiver for KKO-OFDM.

KKO-OFDM design and signal analysis are presented in Sec. 5.3. Numerical results

are analysed in Sec. 5.4. Finally, conclusions are drawn in Sec. 5.5.
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Figure 5.1: Transmitter (a) and receiver (b) block diagrams for KKO-OFDM.

5.2 Bandlimited KK Optical-OFDM Definition

5.2.1 Conventional Bandlimited Optical OFDM

For comparison and completeness, in this subsection we define two conventional

strictly bandlimited optical OFDM approaches. A continuous, finite energy signal

s(t) is defined as bandlimited to frequency range [−B,B] if the support of its Fourier

transform is limited to [−B,B].

In DCO-OFDM with N subcarriers, the 0-th and N/2-th subcarriers are set to

zero with data symbols modulated onto the remaining subcarriers. Hermitian sym-

metry, i.e., Xk = X∗N−k, is imposed on each OFDM symbol to ensure the output of

inverse fast Fourier transform (IFFT), xn, a real-valued signal [56]. Assuming the

available bandwidth of the LED is B, consider constructing the strictly bandlimited

data bearing signal x(t) via Nyquist-Shannon interpolation as [137]

xDCO(t) =
∞∑

n=−∞

xnsinc (2Bt− n)︸ ︷︷ ︸
x(t)

+DDCO (5.2.1)
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where sinc(ζ) = sin(πζ)/(πζ), x(t) is the data-bearing signal and DDCO is a DC bias

added to satisfy the non-negativity constraint. To improve power efficiency, consider

adaptively setting the DC bias per OFDM frame as the minimum required to ensure

non-negativity [54]

DDCO = −min{x(t)} . (5.2.2)

In ACO-OFDM, data symbols are only modulated onto the odd subcarriers with

even subcarriers set to zero while imposing Hermitian symmetry in the frequency

domain. The resulting output of IFFT xn is anti-symmetric and clipping the negative

parts to zero results in no loss of information leading to [56]

xclip,n =
1

2
xn +

1

2
|xn|, 0 ≤ n ≤ N − 1 (5.2.3)

where 1
2
|xn| is clipping distortion only onto even subcarriers.

Similar to DCO-OFDM in (5.2.1), consider constructing a bandlimited signal

with samples xclip,n using Nyquist-Shannon interpolation leading to xclip(t). Though

xclip,n ≥ 0, after interpolation, xclip(t) may no longer satisfy the non-negativity con-

straint, hence a sufficiently large DC bias must be added to xclip(t) as in [53, 54]

leading to

xACO(t) = xclip(t) +DACO (5.2.4)

where DACO = −min{xclip(t)}.

To enhance the spectral efficiency, LACO-OFDM simultaneously transmits the

sum of L layers of ACO-OFDM signals in the time domain [74]. These ACO-OFDM

layers employ disjoint sets of subcarriers, with each layer satisfying an anti-symmetric

property. Define similarly, xL,clip,n as sum of samples of the L layers of ACO-OFDM
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and xL,clip(t) as the bandlimited signal arising from Nyquist-Shannon interpolation.

To ensure non-negativity a sufficiently large DC bias, DLACO = −min{xL,clip(t)}, is

adaptively added to each LACO-OFDM symbol, resulting in a non-negative bandlim-

ited signal xLACO(t).

5.2.2 KKO-OFDM Transmitter

The transmitter block diagram for KKO-OFDM with N subcarriers is shown in

Fig. 5.1(a). For convenience, assume N is a power of 2. The bits to be transmitted

are first mapped to quadrature amplitude modulation (QAM) symbols. These QAM

constellation symbols are modulated onto subcarriers with index number of k =

1, . . . , N/2 − 1 with remaining subcarriers set to zero to form the SSB frequency-

domain symbol as

X =

0, X1, X2, X3, . . . , XN/2−1, 0, . . . , 0︸ ︷︷ ︸
N/2 zeros

 . (5.2.5)

Notice that different from DCO-OFDM, KKO-OFDM does not require Hermitian

symmetry.

The frequency-domain symbol X is fed into an N -point IFFT module leading to

time-domain signal x, of which the n-th element is given by

xn =
1√
N

N−1∑
k=0

Xk exp

(
j

2π

N
nk

)
, 0 ≤ n ≤ N − 1 (5.2.6)

where xn is a complex-valued signal.

Consider adding a real DC bias A > 0 to the SSB-signal xn to ensure that resulting
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xD,n is a minimum phase waveform [162, 163], given by

xD,n = xn + A . (5.2.7)

An SSB signal is a minimum phase waveform for which all roots are outside the unit

circle [162]. In this work, in order to avoid flickering in VLC systems, A is set as a

constant. The selection of A is discussed at length in Sec. 5.3.2.

For a minimum phase signal such as xD,n, the phase and the natural logarithm of

its amplitude form a Hilbert transform pair [162]. Thus, only intensity of xD,n need

be transmitted over the channel without any loss of information. The phase can be

recovered completely from the measurements of the intensity at the receiver. Thus,

define the driving signal for the LED as

xsq,n = ‖xD,n‖2 (5.2.8)

where ‖ · ‖ denotes the magnitude of a complex value.

Notice that while xD,n is a complex-valued single-sideband signal, xsq,n is a real-

valued, double-sideband (DSB) signal with support over discrete frequency indices

{0, . . . , N − 1} [162].

After parallel-to-serial (P/S) and padding a CP, the transmitted intensity signal

xsq(t) is formed using Nyquist-Shannon interpolation as

xsq(t) =
∞∑

n=−∞

xsq,nsinc(2Bt− n) . (5.2.9)

Notice that xsq(t) is real, strictly bandlimited to frequencies [−B,B] and ∀t, xsq(t) ≥ 0
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since it arises as the magnitude square of a single-sideband signal [63]. That is, xsq(t)

is a strictly bandlimited signal satisfying the non-negativity constraint without the

need of clipping or additional bias.

Unlike coherent FOC systems where the electric field of a laser is modulated by

a complex-valued signal [162, 163, 165], here KKO-OFDM produces a real-valued,

non-negative, bandlimited signal xsq(t) as LED drive current to directly modulate

the optical power of the light emitted by an LED for VLC systems.

The average optical power of KKO-OFDM signal is proportional to the mean of

xsq(t), which is given by

Po = E{xsq(t)} = E{(xr,n + A)2 + x2
i,n} = E{‖xn‖2}+ A2 (5.2.10)

where xr,n and xi,n are real and imaginary parts of xn, respectively and E{·} denotes

expectation.

5.2.3 KKO-OFDM Receiver

The KKO-OFDM receiver block diagram is shown in Fig. 5.1(b). A PD is uti-

lized to convert the received optical intensity into a photocurrent, which is assumed

proportional to the received instantaneous optical power. The optical bandwidth of

the PD response, BPD is generally much greater than the bandwidth of an LED, i.e.,

BPD � B. The detected photocurrent, r(t), is contaminated by high-intensity shot

noise and thermal noise and is given by [4, 129, 158]

r(t) = hVLC(t)⊗ xsq(t) + w(t) (5.2.11)
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where hVLC(t) is impulse response (IR) for the VLC channel. The combination

thermal noise and high-intensity shot noise, w(t), can be well modelled as signal-

independent additive white Gaussian noise (AWGN) [4, 129, 158].

The front end of the receiver consists of an ideal low pass filter (LPF) to B Hz

followed by Nyquist rate sampling, and removal of the cyclic prefix (CP). Equalization

is performed in frequency domain by a single complex multiplication in each frequency

bin after an N -point FFT. Since rn is real, its DFT Rk has a Hermitian symmetry.

Thanks to this Hermitian symmetry, only N/2 complex-valued multiplications are

required to implement the one-tap equalization. As is conventional in KK receivers

for FOC systems, up-sampling is required for subsequent steps [162]. Let α ≥ 1

denote the up-sampling factor, i.e., αN samples per symbol. Here, up-sampling is

accomplished by zero padding in frequency domain in prior to performing an αN -

point IFFT to yield signal r̃n.

Recall that for a minimum phase waveform, the phase and the natural logarithm

of amplitude form a Hilbert transform pair [162, 163]. Define x̃D,n as a minimum

phase waveform with phase φ̃n so that ‖x̃D,n‖2 = ‖r̃n‖ which can be shown to always

exist [162]. Hence, φ̃n can be estimated through the Hilbert Transform block in Fig.

5.1(b) as

φ̃n = H
(

log
(√
‖r̃n‖

))
(5.2.12)

where H denotes the Hilbert transform. Subsequently, x̃D,n is estimated as

x̃D,n =
√
‖r̃n‖ exp{jφ̃n} . (5.2.13)
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Taking the DFT of x̃D,n, an estimate of Xk can be obtained as

X̃k =
1√
αN

αN−1∑
n=0

x̃D,n exp

(
−j 2π

αN
nk

)
. (5.2.14)

Finally, symbol detection is employed to detect the modulated QAM symbols as

X̂k = arg min
X∈ΩX

‖X − X̃k‖, k = 1, · · · , N/2− 1 (5.2.15)

where ΩX denotes the constellation set of symbols.

5.3 KKO-OFDM Design & Analysis

5.3.1 Spectral Efficiency

The spectral efficiency is defined as the transmitted bit rate divided by bandwidth

usage. Assume NCP is the length of CP used and constellation size is M for each sub-

carrier. For KKO-OFDM, N/2 − 1 subcarriers out of N are employed to modulate

QAM symbols, hence the spectral efficiency is

ΥKKO =
N/2− 1

N +NCP

log2 (M) bits/s/Hz. (5.3.1)

Note that (5.3.1) is also the spectral efficiency of DCO-OFDM [56].

For ACO-OFDM, the spectral efficiency is given by [56]

ΥACO =
N/4

N +NCP

log2 (M) bits/s/Hz (5.3.2)
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while the spectral efficiency of LACO-OFDM with L layers is given by [106, 74]

ΥLACO =

(
1− 1

2L

)
N/2

N +NCP

log2 (M) bits/s/Hz. (5.3.3)

Based on comparison among these OFDM schemes, the spectral efficiencies of

DCO- and KKO-OFDM are the highest while ACO-OFDM is the smallest. As L

increases, the spectral efficiency of LACO-OFDM approaches that of DCO- and KKO-

OFDM.

5.3.2 Selection of DC bias A

Given that KKO-OFDM only transmits the squared modulus of the data signal,

xD(t) must be a minimum phase in order to recover the phase exactly. From [164],

xD(t) is minimum phase if and only if the DC bias A is large enough to ensure that

the winding number of the trajectory of xD(t) in complex plane is zero. DefineM as

the event that xD(t) is minimum phase. A more tractable sufficient condition for a

given signal xD(t) to be minimum phase is to set A ≥ Amax where [162]

Amax = max
t
‖x(t)‖. (5.3.4)

Define S as the event that for a fixed bias A the sufficient condition holds, i.e., that

A ≥ Amax for a random selection x(t). In the following, the likelihood of S will be

used to lower bound the probability of M when using a fixed value of DC bias A.

For a given OFDM symbol, (5.3.4) can be approximated as

Amax ≈ max
0≤n≤N−1

‖xn‖ . (5.3.5)
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According to central limit theorem (CLT) [110], the real and imaginary parts of xn

are distributed as xr,n ∼ N (0, σ2
x/2) and xi,n ∼ N (0, σ2

x/2) where σ2
x = E{‖xn‖2}.

In addition, xr,n and xi,n are statistically independent resulting in the amplitude

‖xn‖ following a Rayleigh distribution. The complementary cumulative distribution

function (CCDF) of Amax is thus

FAmax(a) = Pr{Amax > a} = 1− Pr{∩∀n{‖xn‖ ≤ a}}

= 1−

(
1− exp

(
−
(
a

σx

)2
))N

.

(5.3.6)

Notice that FAmax(A) = Pr{Sc} where the superscript ‘c’ indicates the set comple-

ment. Noting the form of (5.3.6), for readability, define µmax = Amax/σx where

Fµmax(µ) = Pr{µmax > µ} = 1−
(
1− exp

(
−µ2

))N
. (5.3.7)

Consider selecting a fixed bias A = µσx for some µ in order to ensure that the

resulting xD(t) is minimum phase with a sufficiently high probability. Figure 5.2

presents Pr{Sc} using the closed-form CCDF (5.3.7) based on the sufficient condition

(5.3.4) as well as Pr{Mc} using the definition in Sec. 5.2.2 and simulated for N = 1024

and 16-QAM.

Notice that the closed-form on Pr{Sc} aligns well with simulated results and can

be used as a convenient, but loose, upper bound on Pr{Mc}. For example, for µ = 3,

Pr{Mc} = 0.03 while Fµmax(3) = 0.11. Interestingly, numerical results in Sec. 5.4.2

indicate KKO-OFDM with µ = 3 can achieve BER < 10−4 when employing 16-QAM.

That is, the proposed KKO-OFDM receiver is able to correctly detect the transmitted

symbols even when xD(t) is not a minimum phase. Increasing A will cause smaller
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Figure 5.2: CCDF of µmax for KKO-OFDM signals (N = 1024 and 16-QAM).

Pr{Mc} at the expense of reduced optical power efficiency. Therefore, the selection

of A, and equivalently µ, must be carefully tuned to balance optical power efficiency

with the probability of xD(t) being a minimum phase. The theoretical bound from

(5.3.7) serves as a useful starting point for the selection of µ.

From (5.2.10),

Po = (µ2 + 1)σ2
x. (5.3.8)

Dimming of the illumination of the VLC-enabled luminaire is closely related to

the average optical power Po. The values of µ and of σ2
x can be carefully set to

achieve a specific dimming target. From Sec. 5.4.2, the optimal value of µ is fixed for

a specific constellation size. Hence, σ2
x = Po/(µ

2 + 1) is carefully adjusted to satisfy

the required dimming target.
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Define the optical signal-to-noise ratio (OSNR) as [139, 86]

OSNR =
Po

σw
. (5.3.9)

5.3.3 Effective Average Electrical SNR

In order to obtain insight on the performance of KKO-OFDM, in this subsection

an analytical estimate of the end-to-end electrical SNR is computed under the as-

sumption of high OSNR, which is typical in many VLC applications [139, 167, 158].

An additional assumption of this analysis is that a sufficiently large bias A is added

so that xD,n is minimum phase.

Consider rewriting the received signal in (5.2.12) as

‖r̃n‖ =
(
‖xD,n‖2

)
(‖1 + 2vn‖) (5.3.10)

where

vn =
wn

2‖xD,n‖2
, ‖xD,n‖ > 0 . (5.3.11)

Substituting (5.3.10) into (5.2.12) gives

φ̃n = φn + φe,n (5.3.12)

where φn is the phase of xD,n and φe,n is the error in phase estimation given by

φe,n = H
(

log
(√
‖1 + 2vn‖

))
. (5.3.13)
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Substituting (5.3.10) and (5.3.12) into (5.2.13) gives

x̃D,n = ‖xD,n‖
√
‖1 + 2vn‖ exp{j(φn + φe,n)}

= xD,n

√
‖1 + 2vn‖ exp{jφe,n} .

(5.3.14)

When OSNR is large, ‖vn‖ < ε, for small real ε, with a high probability, and

φe,n in (5.3.13) is equivalently small such that symbols can be detected successfully.

Hence, using a first-order Taylor series approximation yields

x̃D,n ≈ xD,n (1 + vn) exp{jφe,n} = xD,n + w̃n (5.3.15)

where w̃n is an equivalent additive noise given by

w̃n = xD,n ((exp{jφe,n} − 1) + vn exp{jφe,n})

≈ xD,n (jφe,n + vn(1 + jφe,n))

= xD,n (vn + jφe,n (1 + vn)) .

(5.3.16)

From (5.3.13), using the first-order Taylor series approximation of the argument gives

φe,n ≈ H (vn) . (5.3.17)

Substituting (5.3.17) into (5.3.16) gives

w̃n ≈ xD,n (vn + jH (vn) (1 + vn)) . (5.3.18)
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Hence, at high OSNR, the average power of noise can be approximated as

Pw̃ = E{‖w̃n‖2} = E
{
‖xD,n‖2

(
v2
n +H2 (vn) (1 + vn)2)}

≈ E
{
‖xD,n‖2v2

n

}
+ E

{
‖xD,n‖2H2 (vn)

}
.

(5.3.19)

Given that typically A � ‖xn‖ (to ensure xD,n is minimum phase) and wn is

independent of xD,n, vn in (5.3.11) can be approximated as

vn ≈
wn
2A2

=
µ2 + 1

2µ2

wn
Po

. (5.3.20)

Substituting (5.3.20) into (5.3.19) gives

Pw̃ =
(µ2 + 1)

2
σ2
w

4µ4Po

+
(µ2 + 1)

2
E {H2 (wn)}

4µ4Po

(a)
=

(µ2 + 1)
2
σ2
w

2µ4Po

. (5.3.21)

where (a) arises since the Hilbert transform changes only the phase in the frequency

domain, and the power remains the same, thus E {H2 (wn)} = E {w2
n} = σ2

w.

An underlying assumption of this analysis is that x̃D,n and xD,n are minimum

phase SSB signals. Hence w̃n is an SSB signal according to (5.3.15). Let W̃k denote

the DFT of w̃n. Following Parseval’s theorem, the electrical power of the signal and

equivalent noise at each frequency bin can be approximated as

PW̃ = E{‖W̃k‖2} = 2E{‖w̃n‖2} = 2Pw̃ . (5.3.22)

and

PX = E{‖Xk‖2} = 2σ2
x =

2Po

µ2 + 1
. (5.3.23)

Notice that in general w̃n is dependent on the signal xD,n via (5.3.16). However, in
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practice and as shown in [168], after the FFT at the receiver in Fig. 5.1 the resulting

time-domain signal-dependent noise is well approximated as being signal-independent.

Hence, the average electrical SNR at each subcarrier can be estimated as

SNRe =
PX

PW̃
≈ 2µ4

(µ2 + 1)3

P 2
o

σ2
w

=
2µ4

(µ2 + 1)3 OSNR2 . (5.3.24)

The BER of KKO-OFDM can thus be estimated as [141, 169],

BER ≈ 4(
√
M − 1)√

M log2M
Q

(√
6µ4

(µ2 + 1)3(M − 1)
OSNR

)
(5.3.25)

where M is the rectangular QAM constellation size.

5.3.4 Capacity Analysis

Assuming xr,n and xI,n are accurately modelled as independent and Gaussian

distributed, notice that xsq,n = (xr,n + A)2 + x2
i,n follows a (scaled) noncentral chi-

squared distribution with two degrees of freedom [170] and has probability density

function (PDF)

f(ξ) =
1

σ2
x

exp

{
−µ

2σ2
x + ξ

σ2
x

}
I0

(√
4µ2ξ

σ2
x

)
, ξ > 0 (5.3.26)

where Iν(y) = (y/2)ν
∑∞

j=0
(y2/4)j

jΓ(ν+j+1)
is a modified Bessel function of the first kind and

Γ(z) is the gamma function [170]. In the special case of µ = 0, f(ξ) is exponential.

The theoretical and simulated PDF of KKO-OFDM signal with uniformly selected

16-QAM constellation points are depicted in Fig. 5.3. It can be seen the theoretical

PDF follows closely the simulated PDF.
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Figure 5.3: Theoretical and simulated PDF of KKO-OFDM signal with QAM
symbols (µ = 3 and Po = 1, M = 16, N = 1024).

The capacity of the bandlimited average amplitude-constrained IM/DD channel

can be lower bounded by the mutual information between xsq,n and rn denoted as

IKKO

IKKO = h(rn)− h(rn|xsq,n) = h(rn)− h(wn) (5.3.27)

where h(·) denotes the differential entropy of a continuous random variable. The

PDF of rn can be calculated by convolving the PDF of xsq,n in (5.3.26) with the

Gaussian noise distribution of wn. The resulting IKKO in (5.3.27) can thus be obtained

numerically, though there is no closed-form is available.

On the other hand, a closed-form estimate of the information rate can be computed

using the approximation for electrical SNR in (5.3.24) and Shannon’s famous capacity

expression for the AWGN channel [137].

Since the approximation in (5.3.24) relates the optical power constraint to an
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electrical power constraint, the resulting KKO-OFDM system can be treated as N/2−

1 parallel independent complexed-valued AWGN channels or N−2 real-valued AWGN

channels with an electrical SNR, SNRe according to (5.3.24). The resulting estimate

on the information rate of KKO-OFDM is

RKKO =
1

2
log

(
1 +

2µ4

(µ2 + 1)3 OSNR2

)
bits/channel use (5.3.28)

for large N .

Figure 5.4 presents the information rate of KKO-OFDM versus OSNR for ban-

dlimited IM/DD channels with an average amplitude constraint. Additionally, an

upper bound on the capacity of discrete-time IM/DD OWC channels [130] and lower

bounds (using the entropy power inequality, exponential input distribution and LACO-

OFDM [86]) are added as benchmarks. Notice that these bounds apply only to

discrete-time IM/DD channels and do not simultaneously consider non-negativity

and a strict bandwidth constraint.

The lower bound on the capacity of bandlimited IM/DD channels via IKKO is close

to the closed-form approximation RKKO at each specific value of OSNR for µ = 3.

There is a gap between the information rate of KKO-OFDM and the bounds on the

capacity of the discrete-time IM/DD OWC channel. This is not surprising given that

KKO-OFDM is by construction bandlimited and earlier bounds are computed for

discrete-time channels, which do not consider an explicit bandwidth limit. Indeed,

discrete-time IM/DD channels can be made compatible with bandlimited channels via

the Nyquist-Shannon interpolation formula at the expense of requiring an additional,

and often large, DC bias as discussed in Sec. 5.2.1 and shown numerically in Sec. 5.4.

The information rate of DCO-OFDM with a fixed DC bias DDCO = 3σx is also
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Figure 5.4: Capacity bounds on data rate of KKO-OFDM (µ = 3).

presented in Fig. 5.4 according to Eq. (51) [53]. Due to the fixed bias, clipping

distortion is unavoidable and results in a saturated rate in the high OSNR regime

[53]. Notice that RKKO is greater than RDCO and the gain of KKO-OFDM over

DCO-OFDM increases with OSNR.

5.3.5 Computational Complexity Analysis

At the transmitter, KKO-OFDM requires only a single N -point IFFT module,

which is same as DCO-OFDM. The computational complexity of the transmitter is

thus O(N log2N) [48]. In LACO-OFDM, L-IFFT modules are needed for L layers,

resulting in a complexity of (2 − 1/2L−1)O(N log2N) [74]. Hence, DCO- and KKO-

OFDM transmitters are less complex than LACO-OFDM, which makes them more
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suitable for low-cost LED luminaries in VLC systems.

At the receiver, DCO-OFDM requires an N -point FFT module, resulting in a

computational complexity of O(N log2N) [48]. LACO-OFDM is demodulated recur-

sively and the complexity can be estimated as (5− 1/2L−3)O(N log2N) [74]. KKO-

OFDM requires digital up-sampling, which employs an N -point FFT module and an

αN -point IFFT module. Additionally, KKO-OFDM requires an additional Hilbert

transform module, which can be achieved in frequency domain using an αN -point

FFT module and an αN -point IFFT module [162]. In addition, an αN -point FFT is

used before symbol detection. Hence, in total, the computational complexity can be

estimated as O(αN log2(αN)). Indeed the receiver of KKO-OFDM is more complex

that DCO-OFDM, however, given the availability of computational resources at mo-

bile receivers this complexity may be acceptable given the achieved gains quantified

in the next section.

5.4 Numerical Results

5.4.1 Bandlimited Optical OFDM and KKO-OFDM Wave-

forms

Examples time-domain waveforms for bandlimited IM/DD DCO-, ACO-, and

KKO-OFDM are shown in Fig. 5.5 where the average optical power of all signals

are normalized to unity.

Figure 5.5(a) shows an example of DCO-OFDM time-domain waveform, from

which it can be seen that all samples of DCO-OFDM xn + DDCO fall onto xDCO(t)

after Nyquist-Shannon interpolation using (5.2.1). Similarly, Figure 5.5(b) shows an

181



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

0 0.5 1 1.5 2 2.5 3

t (s) 10
-6

0

0.5

1

1.5

2

2.5

A
m

p
lit

u
d

e

x
n
+D

DCO

x
DCO

(t)

(a) Bandlimited DCO-OFDM

0 0.5 1 1.5 2 2.5 3

t (s) 10
-6

0

0.5

1

1.5

2

2.5

A
m

p
lit

u
d
e

x
clip,n

+D
ACO

x
ACO

(t)

(b) Bandlimited ACO-OFDM

0 0.5 1 1.5 2 2.5 3

t (s) 10
-6

0

0.5

1

1.5

2

2.5

A
m

p
lit

u
d
e

x
sq

,n

x
sq

(t)

(c) KKO-OFDM

Figure 5.5: Signals of DCO-, ACO-, and KKO-OFDM with/without
Nyquist-Shannon interpolation normalized to have unit optical power (N = 64,

M = 16 and B = 10 MHz).
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ACO-OFDM waveform where the minimum bias DACO is added to avoid clipping of

the bandlimited Nyquist-Shannon interpolated signal (5.2.4).

Figure 5.5(c) shows the KKO-OFDM time-domain waveform where µ = 3. All

samples of KKO-OFDM xsq,n fall onto the signal xsq(t) constructed via Nyquist-

Shannon interpolation using (5.2.9). In addition, xsq(t) is a non-negative and strictly

bandlimited signal falling into [−B, B]. This result arises directly since the squared

magnitude of a complex SSB signal is necessarily real, non-negative and remains

bandlimited in [−B, B]. The bandlimited signal, xsq(t) is completely determined by

the samples spaced 1/(2B) seconds apart [137].

5.4.2 BER Performance

In the case of line-of-sight (LOS) VLC links, and to aid in comparing with earlier

work, a good model is to consider a flat channel response [56]. In the following, and

without loss of generality, channel is assumed flat in the band of interest and the DC

gain between the transmitter and receiver is assumed to be unity [56]. The number

of subcarriers are set to N = 1024 and QAM constellations with gray labelling are

employed. The bandwidth is set to B = 10 MHz in all simulations.

BER versus α

The BER performance of KKO-OFDM for different values of up-sampling factor

α is shown in Fig. 5.6, in which 16-QAM and µ = 3 are used. It can be seen that

the BER performance of KKO-OFDM improves and approaches the theoretical BER

as α increases. From (5.2.12), notice that though xsq(t) is bandlimited, log(xsq(t)) is

not necessarily bandlimited. As the up-sampling factor α increases, more information
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Figure 5.6: BER performance of KKO-OFDM for different values of up-sampling
factor with µ = 3.

about log(xsq(t)) is collected and improved BER performance is achieved. However,

increasing the up-sampling factor comes at the expense of increasing the computa-

tional complexity. From Fig. 5.6, the performance of the KKO receiver saturates

at α = 4 and small gains are available for further increases in α. Hence, α = 4 is

employed to balance performance versus complexity in subsequent simulations.

Notice that the theoretical BER is loose at higher OSNRs. This gap arises primar-

ily due to the fact that the theoretical BER given by (5.3.25) is based on a first-order

Taylor series approximation, which holds only for large A and xD(t) remaining a

minimum phase signal. Additionally, limited oversampling results in inaccuracies

in the logarithmic (5.2.12) and exponential (5.2.13) operations which are nonlinear.

Thus, the theoretical BER according to (5.3.25) can be treated as an estimate of

performance.
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Figure 5.7: BER performance of KKO-OFDM for different values of up-sampling
factor with µ = 4.

Similar KKO-OFDM BER results are shown in Fig. 5.7 with µ = 4 for various

α. In this case, the theoretical BER approximation in (5.3.25) is much tighter to the

numerical results. This can be explained by the fact that when µ is large so too is A

and the first-order Taylor series approximations used to compute (5.3.25) are more

accurate. Notice also that for µ = 4, the BER curves saturate for smaller values of α

as compared to the case µ = 3 illustrated in Fig. 5.6. This is because the first-order

Taylor series approximation for the log of the received signal is more accurate as µ

and equivalently A increases. Thus, increasing µ and A will cause power inefficiency

while allowing for a decrease in α leading to a decrease computational complexity.

Therefore, there exists a trade-off between α and µ.
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Figure 5.8: BER performance of KKO-OFDM for different values of µ (M = 16 and
α = 4).

BER versus µ

Figure 5.8 presents the BER performance of KKO-OFDM for different values of

µ using 16-QAM and α = 4. Notice from Fig. 5.2 that µ ≈ 3 ensures that xD,n is

minimum phase with high probability. As seen in the figure, if µ = 2, xD,n is minimum

phase with Pr{M} = 0.004 which dominates the overall BER regardless of OSNR.

However, when µ = 4, xD,n is minimum phase with high probability at the expense

of reduced optical power efficiency (5.3.24) due to conservatively large choice of A

resulting in worse BER performance than the case with µ = 3.

Thus, µ = 3 is used as the starting point to search for the optimal value for

each OSNR for each constellation employed. Table 5.1 presents the optimal values

of µ for various QAM constellations which minimize the OSNR required to achieve

a BER= 10−4. Notice that the optimal value of µ also increases with the order of
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Table 5.1: Optimal µ for BER=10−4 over constellation sizes

M -QAM 4 16 64 128 256
Optimal µ 2.7 3.0 3.3 3.4 3.4

QAM formats. For normalized constellations, the minimum distance decreases as

the constellation size increases requiring a higher likelihood of xD,n being minimum

phase to meet the SNR requirements at a given BER. Therefore, the optimal value

of µ increases slightly as the order of QAM format increases.

In all cases, the values remain near µ = 3 and balance the impact of increases Po

in (5.3.8) with the likelihood that the transmitted waveform is not minimum phase.

The values of µ in Table 5.1 were found through extensive simulations are used in

subsequent simulations.

Received Constellations

The received scatter plot of constellation points is shown in Fig. 5.9, where the

OSNR= 18 dB, α = 4 and 1000 OFDM symbols are simulated. Notice that the indi-

vidual constellation points are easily discernible. In practice, SNRs in VLC channels

often operation and OSNRs significantly exceeding 18 dB [167].

BER Comparison

Figure 5.10 presents the BER comparison between KKO-OFDM and DCO-OFDM

operating the same spectral efficiency. Notice that both KKO- and DCO-OFDM

have the same spectral efficiency for a given M . In particular, constellation sizes

of M = 4, 16, 64 and 256 are employed yielding spectral efficiencies of ΥKKO =

1, 2, 3 and 4 bits/s/Hz, respectively. It can be seen that KKO-OFDM outperforms
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(a) 16-QAM (b) 64-QAM

Figure 5.9: Scatter constellation plots of KKO-OFDM.

5 10 15 20

OSNR (dB)

10
-4

10
-3

10
-2

10
-1

10
0

B
E

R

KKO M=4

KKO M=16

KKO M=64

KKO M=256

DCO M=4

DCO M=16

DCO M=64

DCO M=256

Figure 5.10: BER comparison between KKO-OFDM and DCO-OFDM at the same
constellation size and hence spectral efficiency (µ selected according to Table 5.1).

DCO-OFDM at these four spectral efficiencies at BER= 10−4. Compared to DCO-

OFDM, KKO-OFDM achieves about 1.0 dB OSNR gain at BER= 10−4.

Notice that KKO-OFDM modulates a SSB signal and constrains its energy to
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Figure 5.11: BER comparison between KKO-OFDM, DCO-OFDM and
LACO-OFDM at a spectral efficiency of 3.5 bits/s/Hz.

signal carriers only, while DCO-OFDM modulates DSB signal requiring Hermitian

symmetry. Additionally after Nyquist-Shannon interpolation, by construction there

exist no negative peaks in KKO-OFDM. However, the large negative peaks in DCO-

OFDM require a comparably large DC bias to meet the non-negativity constraint

leading to optical power inefficiency.

A BER comparison between KKO-OFDM, DCO-OFDM and LACO-OFDM all

operating at the same spectral efficiency of 3.5 bits/s/Hz is shown in Fig. 5.11. For

KKO-OFDM and DCO-OFDM, 128-QAM is utilized while for LACO-OFDM, the

number of layers is set to L = 3, and 256-QAM is utilized. It can be seen that

KKO-OFDM achieves the best BER performance at the BER of 10−4 and achieves

about 1.0 dB and 1.4 dB OSNR gains compared to DCO-OFDM and LACO-OFDM

respectively.
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Figure 5.12: BER comparison between KKO-OFDM, DCO-OFDM and
LACO-OFDM under a VLC LPF channel at a spectral efficiency of 3.5 bits/s/Hz.

BER in a VLC Lowpass Channel

In this section, BER performance of KKO-OFDM is evaluated in a VLC lowpass

dispersive channel, which includes line-of-sight (LOS) path and diffuse reflections.

The impulse response of this channel is well estimated by a close-form function as [4]

hVLC(t) = HDC
τ 6

0

(t+ τ0)7
u(t) (5.4.1)

where channel DC gain HDC is assumed to be unity without loss of generality, u(t) is

the unit step function, τ0 = 12
√

11/13τrms, and τrms is root-mean-square (rms) delay

spread typically assumed to be 10 ns [4]. Here, the sampling rate to simulated the

impulse response h(t) is set to 60 MHz.

Figure 5.12 presents BER comparison between KKO-OFDM, DCO-OFDM and

LACO-OFDM in the lowpass VLC channel at the same spectral efficiency of 3.5 bits/s/Hz.
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For simplicity, a zero forcing equalizer is employed, which only requires N/2 complex-

valued multiplications as discussed in Sec. 5.2.3. It is apparent the proposed receiver

in this paper can successfully demodulate KKO-OFDM under a VLC lowpass disper-

sive channel. When BER= 10−4, KKO-OFDM achieves a 1.3 dB and 1.8 dB optical

gains compared to DCO-OFDM and LACO-OFDM with L = 3, respectively.

5.4.3 PAPR Performance

The CCDF comparison of PAPR for KKO-OFDM, DCO-OFDM and LACO-

OFDM is shown in Fig. 5.13, where N = 1024 subcarriers is assumed. For ACO-

OFDM and DCO-OFDM, the CCDF of PAPR is calculated using [142] while the

CCDF of PAPR in LACO-OFDM is evaluated by simulation [86, 106]. For KKO-

OFDM, µ = 3 is used. It is worth noting that increasing µ will decrease PAPR,

191



Ph.D. Thesis – R. Bai McMaster University – Electrical Engineering

however it may degrade the BER performance.

As can be seen, the PAPR CCDF of KKO-OFDM is significantly lower than other

approaches. In particular, at a CCDF value of 10−3, the PAPR of KKO-OFDM is

2.3 dB and 5.1 dB smaller than DCO-OFDM and ACO-OFDM, respectively. This

more compact PAPR distribution for KKO-OFDM suggests that it is more robust in

the presence of nonlinear LED transfer characteristics.

5.5 Conclusions

In this paper, KKO-OFDM is introduced which produces an inherently real-

valued, non-negative amplitude and strictly bandlimited signal well suited to IM/DD

VLC systems. Relying on the KK relations, KKO-OFDM modulates an SSB signal

and requires no Hermitian symmetry. Indeed, KKO-OFDM is the first inherently

bandlimited IM/DD modulation format suitable for lowpass optical wireless chan-

nels. Unlike earlier work in optical fiber channels where the KK relations are used

to retrieve the phase of a coherent laser emission, here we extend the use of the KK

relations to develop an IM/DD system suited to bandwidth constrained VLC systems.

Numerical results are aligned well with analysis and show that KKO-OFDM out-

performs DCO-OFDM and LACO-OFDM when operating at the same spectral ef-

ficiency and with a strict bandwidth limitation. We present a design guide for the

selection of parameters for KKO-OFDM as well as closed-form approximations for

the resulting electrical SNR and achievable information rates for the first time ex-

plicitly taking into account bandlimited channels. Numerical results show that an

optical power gain of 1 dB over DCO-OFDM and 1.4 dB gains over LACO-OFDM

are readily obtainable. On a low pass VLC channel, KKO-OFDM was able to realize
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a larger gain of 1.3 dB in optical SNR over DCO-OFDM. As an additional benefit, the

PAPR distribution of KKO-OFDM signal is significantly more compact than DCO-

and LACO-OFDM indicating an improved resilience to LED nonlinear characteristics.

Our future investigations include experimental demonstrations of this approach

in realistic VLC channels.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

While visible light communications are integrating into the ubiquitously employed

illumination LEDs, there are several problems and challenges for OFDM-based VLC

systems, including enhancing spectral and power efficiency and decreasing computa-

tional complexity. This thesis introduces novel spectrum- and power-efficient, and

low-complexity optical OFDM schemes compatible with IM/DD VLC channels to

solve these problems and challenges.

Leveraging all the subcarriers, ALACO-OFDM is introduced to enhance spectral

efficiency and energy efficiency. Compared to the existing LACO-OFDM and eU-

OFDM, ALACO-OFDM can achieve higher spectral efficiency and information rate

even with fewer layers. Thanks to fewer layers, the required computational complexity

is slightly lower. Additionally, optical power allocation is optimized based on convex

optimization techniques to enhance energy efficiency and information rate further.
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ALACO-OFDM is shown to be more energy-efficient compared to existing LACO-

OFDM and eU-OFDM in a VLC LOS flat channel. Furthermore, ALACO-OFDM is

more robust to LED non-linear transferring thanks to lower PAPR compared to its

counterparts.

By constructing an anti-symmetry directly in the time domain, this thesis in-

troduces AC-OFDM as a low-complexity modulation scheme, unlike ACO-OFDM

having an anti-symmetry by modulating odd subcarriers only. AC-OFDM is shown

to achieve the same spectral efficiency and PAPR as conventional ACO-OFDM, how-

ever, is less complex to implement thanks to employing half-size IFFT/FFT. This

thesis introduces LAC-OFDM to enhance spectral efficiency, consisting of L layers of

AC-OFDM signals and transmitting them simultaneously. The computational com-

plexity of LAC-OFDM, eU-OFDM and LACO-OFDM are analyzed, which shows

that LAC-OFDM enjoys lower complexity at both the transmitter and the receiver

compared to LACO-OFDM and eU-OFDM while achieving nearly the same BER

performance in a VLC LOS flat channel. Furthermore, a pairwise iterative receiver

is presented for LAC-OFDM to enhance the power efficiency, which employs pairwise

detection in each iteration.

Given a practical VLC dispersive channel, L-LACO is introduced with simple

one-tap equalization while LAC-OFDM makes the receiver equalization complex. L-

LACO mathematically generates identical signals to LACO-OFDM; however, it re-

quires half-size IFFT and FFT in each layer at the transmitter and receiver. Different

form LACO-OFDM classically achieving anti-symmetry in each layer by modulating

data onto odd subcarriers, L-LACO constructs anti-symmetry in the time domain

directly. Consequently, LACO-OFDM requires about two times RMOs and RAOs
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more than the proposed L-LACO at both transmitter and receiver, respectively. L-

LACO generates an identical signal to LACO-OFDM mathematically, thus achieving

the same performance requiring half arithmetic operations. Additionally, the power

saving thanks to the saved arithmetic operations is analyzed. Furthermore, the BER

of L-LACO is simulated under a VLC LOS flat channel with AWGN and under a

VLC dispersive LPF channel, respectively, which are identical to LACO-OFDM.

Finally, for practical bandlimited VLC channels, KKO-OFDM is presented based

on KK relations to enhance spectral and power efficiency. In KKO-OFDM, a mini-

mum phase signal’s squared modulus is employed to modulate the light intensity emit-

ted by an LED. Mathematically, the transmit signal is constructed to be real-valued,

non-negative and strictly bandlimited, suitable for VLC channels. The KKO-OFDM

transmitter is shown to be low complexity and fits low-cost, simple LEDs. At the re-

ceiver, the phase of the minimum phase signal is retrieved according to KK relations.

Additionally, the required DC bias is analyzed and designed. The theoretical analy-

sis of electrical SNR, BER, and data rate is supported by Monte Carlo simulations.

Furthermore, KKO-OFDM realizes better BER performance over DCO-OFDM and

LACO-OFDM in bandlimited VLC LOS AWGN channels and VLC dispersive LPF

channels.

6.2 Future Work Plan

This thesis introduces novel optical OFDM schemes to enhance spectral and en-

ergy efficiency and decrease the required computational complexity. This thesis’s

potential future work includes spectrum- and energy-efficient optical OFDM consid-

ering dimming, secured optical OFDM, and experimental demonstrations.
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6.2.1 Optical OFDM Considering Dimming

VLC adds a secondary communication functionality to ubiquitous LED luminaires

while providing illumination simultaneously. Illuminating a room is the primary role

of LEDs. Additionally, there require different dimming levels in different offices, in

different cases and by different people. Hence, a VLC system needs to support dim-

ming and keep communication least suffered. Hence, spectrum- and energy-efficient

OFDM-based VLC systems will be investigated to support dimming in the future.

6.2.2 Physical Layer Security for Optical OFDM

Internet security is becoming increasingly essential and frequently comes to peo-

ple’s minds. VLC systems are much more secure than conventional RF if eavesdrop-

pers are in the next-door office since light cannot inherently penetrate a wall while

low-frequency electromagnetic waves can easily hang out in an office. Although VLC

systems enjoy such an advantage, VLC systems cannot be secure enough when le-

gitimate users are close to unauthorized eavesdroppers inside an office due to the

broadcast nature of the wireless medium. Therefore, it is essential to investigate

methods to secure spectrum- and energy-efficient OFDM-based VLC systems.

6.2.3 Experimental Demonstrations

This thesis has massive theoretical analyses considering a realistic indoor case sup-

ported by Monte Carlo simulations. Simulation results are shown to be pretty close

to actual experimental results; however, experimental demonstrations are straightfor-

ward to verify a VLC system successful in the real world. In the future, experiments

will be implemented to demonstrate the proposed spectrum- and energy-efficient
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OFDM-based VLC systems.
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Appendix A

Proof of the achievable information

rate of the absolute-value Gaussian

channel

This appendix develops the achievable information rate of the absolute-value

Gaussian channel. The following proof is used to prove Theorem 1. in Chapter

2.

Given y = |x| and x ∼ N(0, σ2
x), y follows a truncated Gaussian distribution.

Given y and w are independent, z = y + w has PDF

fz(z) =

∫ ∞
−∞

fw(w)fy(z − w)dw = 2

(
1−Q

(
zσx
σwσ

))
1√
2πσ

exp

{
− z2

2σ2

}
(A.0.1)

where σ
4
=
√
σ2
w + σ2

x and Q(x) =
∫∞
x

1√
2π

exp{− t2

2
}dt. The differential entropy of z

is thus

h(z) = −
∫ ∞
−∞

fz(z) log fz(z)dz =
1

2
log 2πeσ2 − (1−D) (A.0.2)
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where

D = −
∫ ∞
−∞

fz(z) log

(
1−Q(

zσx
σwσ

)

)
dz

(a)
= −2

∫ ∞
−∞

(1−Q (tγ)) log (1−Q (tγ))
1√
2π

exp

{
−t

2

2

}
dt

(b)
= −2

∫ ∞
0

(1−Q (tγ)) log (1−Q (tγ))
1√
2π

exp

{
−t

2

2

}
dt

− 2

∫ ∞
0

Q (tγ) logQ (tγ)
1√
2π

exp

{
−t

2

2

}
dt

(c)
= 2

∫ ∞
0

H (Q (tγ))
1√
2π

exp

{
−t

2

2

}
dt

(A.0.3)

where H(p) is the entropy of a Bernoulli random variable with probability p. Step

(a) is based on integration by substitution t = z/σw
√
γ2 + 1 while step (b) is based

on 1−Q(−tγ) = Q(tγ) and

∫ 0

−∞
(1−Q (tγ)) log (1−Q (tγ))

1√
2π

exp

{
−t

2

2

}
dt

u=−t
=

∫ ∞
0

Q (uγ) logQ (uγ)
1√
2π

exp

{
−u

2

2

}
du.

(A.0.4)

Step (c) arises from the definition of the entropy of a Bernoulli random variable.

Hence, the capacity of this absolute-value Gaussian channel is found by substitut-

ing h(z) and h(w) = 1
2

log 2πeσ2
w into

Cv = I(z; y) = h(z)− h(z|y) = h(z)− h(w) (A.0.5)

to give

Cv =
1

2
log

(
1 +

σ2
x

σ2
w

)
− (1−D) bits/channel use. (A.0.6)
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Figure A.1: D as a function of γ.

Note that 0 < H (Q (tγ)) ≤ 1. Hence, we have

0 < D ≤ 2

∫ ∞
0

1√
2π

exp

{
−t

2

2

}
dt = 1 (A.0.7)

where the upper bound can be achieved when γ = 0.

For t > 0, if 0 ≤ γ1 < γ2 then 0 < Q (tγ2) < Q (tγ1) ≤ 1/2 and thus H (Q (tγ1)) >

H (Q (tγ2)). Hence, we have

D(γ1)−D(γ2) = 2

∫ ∞
0

(H (Q (tγ1))−H (Q (tγ2)))
1√
2π

exp

{
−t

2

2

}
dt > 0 (A.0.8)

which indicates D(γ) is monotonically decreasing in γ and D −→ 0 as γ −→∞. Fig.

A.1 shows D for different values of γ.
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