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Abstract

We study energy-driven nonlocal pattern forming systems with opposing interactions. Selections are
drawn from the area of Quantum Physics, and nonlocalities are present via Coulombian type interactions.
More precisely, we study Thomas-Fermi-Dirac-Von Weizsidcker (TFDW) type models, which are mass-
constrained variational problems. The TFDW model is a physical model describing ground state electron

configurations of many-body systems.

First, we consider minimization problems of the TFDW type, both for general external potentials and for
perturbations of the Newtonian potential satisfying mild conditions. We describe the structure of minimizing
sequences, and obtain a more precise characterization of patterns in minimizing sequences for the TFDW

functionals regularized by long-range perturbations.

Second, we consider the TFDW model and the Liquid Drop Model with external potential, a model pro-
posed by Gamow in the context of nuclear structure. It has been observed that the TFDW model and the
Liquid Drop Model exhibit many of the same properties, especially in regard to the existence and nonexis-
tence of minimizers. We show that, under a “sharp interface” scaling of the coefficients, the TFDW energy
with constrained mass Gamma-converges to the Liquid Drop model, for a general class of external potentials.

Finally, we present some consequences for global minimizers of each model.
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Chapter 1

Introduction

In computational Chemistry and Physics, behaviour of atoms and molecules should be governed by the many-
body Schriédinger theory. However, using this theory is unfeasible, both analytically and computationally,
when there is a large number of particles. Thus, approximate theories have been developed to study properties
of atoms and molecules, and the most widely used ones can be classified into two main classes: wavefunction
methods, and density functional methods. The Thomas-Fermi-Dirac-von Weizsicker (TFDW) theory is an
example of the latter. In the TFDW theory, properties of atoms and molecules are encoded in the electron
density instead of the more complex wavefunction. The first density functional theory was the TF theory
(see [56} [19],) a theory that captures the behavior of the ground state energy of molecules in the large nuclear
charge limit [35]]. But negative ions, molecules with more electrons than protons, were absent in this theory,
and there were issues with stability of molecules in the TF theory [55]. Then, two corrections were incorpo-
rated (see [57, [16]]) hence making the accuracy of the TFDW theory comparable to that of the Hartre Fock
theory [6], an accurate density matrix theory (statistical ensemble of various quantum states,) when there are

many protons.

Throughout this thesis we are concerned with a class of energy functionals which include the TFDW

model. More precisely, we consider variational problems of the form
IPUM) = inf{&) 5 ue AR, |ul o gay =M}, M >0, (1.1)

where the energy &7 is defined as

1 () (3)
EM(u ::/ ewl|Vull> + crrlul? — cplul? — Vi? d?c’—l—f/ / — 2 dXdY,
\% () .R3(W|| || TF|| D|| ) 2.]R3.R3 HX*)’H y
with cw,crr,cp > 0,2 < g < p <6,and
V>0, VEE%(R3)+$"°(R3),andV(Y)WO. (1.2)
||
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Conditions above ensure %7/ (M) is finite for each M > 0, & is coercive in 7! (R?) on the constraint set

(see Proposition[3]) and
ue A (R »—)/3Vu2d7
R

is weakly continuous (see Proposition 3])

The TFDW model corresponds to particular choices of cw,crr and cp, p = %, q= %, and
K
— O
Vrepw(X) = ) 5= (1.3)
77
108
with K € N, {og}f_ | C R* and {7} C R? all fixed. &2 > (u) is to be thought of as the energy of a

system of M electrons interacting with K nuclei fixed at positions 7. Each nucleus has charge ¢ > 0, and
the total nuclear charge is denoted

Qp::iak>0, 1.4

k=1

and plays a key role in existence results (see the works of Frank, Nam, and Van Den Bosch [23]], and Lieb [33]]
for a survey.) We note that chemical and physical systems are usually found in their most stable state, and
that corresponds to the lowest energy possible. The infimum corresponds to the ground state energy, and an
optimal u corresponds to a state or configuration of optimal energy.

Background potentials of the form
(1.5)

with K € N, {Otk}f: , C RT, {?k}le C R3, and 0 < v < 2, are also of mathematical interest.

In the TFDW model, the gradient term in the energy is the von-Weizsicker term; it corresponds to the
kinetic energy of particles very close to nuclei, the leading order correction. The term with the % in it also
corresponds to the kinetic energy. The Dirac term is the term with % in it, which represents the exchange
energy between electrons, the second order correction. In regard to other terms, Vrrpw is a Coulombian po-
tential that corresponds to the one-body attractive interaction between electrons and nuclei, while the nonlocal
term models the two-body repulsive interaction between electrons. Here u plays the role of electron distribu-
tion. We note that 2 and M do not necessarily have to be integers. Also, appropriate values of coefficients
would have to be chosen in order for the TFDW model to be an accurate approximation to Schrodinger’s
theory.

The second chapter of the thesis contains preliminary results, some of which are original. The main con-
tribution of the third chapter of this thesis is the characterization of minimizing sequences for ﬂ‘ﬁ’ . both with

V general and with V chosen to be a perturbation of the molecular potential Vrrpw .
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Even though the energy &7 is coercive, existence of a minimizer for .#7(M) is a highly nontrivial
problem, due to a lack of compactness at infinity and the nonconvexity of &%. Lions devised a method
for studying compactness of minimizing sequences in unbounded domains for a diverse array of problems
in Physics, including functionals of the form f\ﬁ;’zw. The method is called the concentration-compactness
method and it relies on a Lemma that tells us that there are only three options when we have a sequence
of functions with fixed mass in R3: there is convergence up to a subsequence and translations, or there is
vanishing, or there is splitting of mass into at least two pieces moving infinitely far away from one another.
The proof of the concentration Lemma relies on a concentration function that measures “the largest piece of
mass that stays in a bounded region”. In our setting, convergence ensures the existence of minimizers and
we can prove that translations can be bypassed, vanishing cannot happen because f‘f 1 < 0, and if there is
splitting then the energy splits accordingly (see Proposition [0]) Lions [37] used his method to prove that

there exists a minimizer for J‘f’T’ZDW (M) if M < &, while Le Bris [31]] proved existence of minimizers for

108
Varoy (M) in the case M < 2+ ¢ for some € = (") > 0. We can extend the latter with little to no changes

to the following result we do not prove in this thesis:

Theorem 1. (Le Bris [31| Theorem 1]) Let V satisfy (1.2) and

K
Q
V(X) > Verow(X) =), ﬁ, pointwise almost everywhere in R, (1.6)
=1 11X = Tk

for some K €N, {og}X | C R and {7 }K_| CR3. Then, (M) is attained for 0 < M < Z + € for some
e=¢(2).

For V more general, we can easily extend a proof by Lions [37] to the following result we do not prove in
this thesis:

Theorem 2. (Lions [37) Corollary 11.2, part i)]) Let V satisfy (I2). Then, 7% (M) is attained for M suffi-

ciently small.

108 10 8
In regard to nonexistence of minimizers for .#, '3 (M), Nam and Van Den Bosch proved that .#} > (M)
TFDW TFDW
is not attained if both M is sufficiently large and 2 is sufficiently small, while Frank, Nam, and Van Den
Bosch [46] proved nonexistence of a minimizer for M > 2 + C, for some universal C > 0, in the case where
there is only one nucleus (i.e., K = 1 in (I.3).) In experiments, it has been observed that this constant is two.
It makes sense there is a bound on the number of electrons which can be bound by nuclei because when nuclei

are not sufficiently charged, then electrons are left free to repel each other and escape.

o

10 8
There is a special class of potentials V for which the existence problem for .#,° "3 is completely under-

o)

stood. We say that V is a long-range potential if V satisfies (1.2)) and

liminf [t( inf V(?))} = oo, (1.7)

f=ree %=

For instance, the homogeneous potentials VY (X) = || X|| ™" are of long-range for 0 < v < 1. For long-range
10 8
potentials, Alama el al. [3] showed that %, * (M) is attained for every M > 0. We can extend their result

with little to no changes to the following result we do not prove in this thesis:
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Theorem 3. (Alama et al. [3] Theorem 2]) Let 2 < p < 4, and V satisfy (1.2) and (I.7). Then, f‘f’q(M) is
attained for every M > 0.

Thus, we may perturb the TFDW potential via a long-range potential of the form V;, as in (1.5]), and think

of this as a “regularization” of the TFDW model. We, thus, define a family of long-range potentials,

Z

Vz(X) == Vrrpw (X) + =

O<v<l,

10
with parameter Z > 0. By taking a sequence Z, — 0T we recover the TFDW model JV;FDW,
n—soo

8
'3 but via a spe-

08 08

cial minimizing sequence {uy, },cn composed of minimizers of the long-range problem, gv: 3 (up) = ,ﬂvj 3,
108

The energy .#,° '* plays a special role as the “energy at infinity” obtained by translating u(- + X,) with

10 8

3

Y 10 8
| || — co. The existence properties for .#,* '* are analogous to those of .#, 3 : the infimum is attained
n—soo

Vrrpw
for sufficiently small M > 0 (see [46, Lemma 9 (iii)],) while the infimum is not attained for large M (see [39].)

If a function u € 7! (R?) attains the minimum in %/ (M) (respectively, ug € 5! (R?) attains the mini-
mum in fOp “/(M),) the minimizers satisfy the partial differential equations (PDEs)

—cWAu+cTF§u|u|P72 —cDgu\uV*z —Vu+ (x| -] u = pu, (1.8)

—cwAu+ crpgu|u|”72 - cDguMq*z +u? ||| = (1.9)
with Lagrange multiplier 1 induced by the mass constraint (see Propositions [I0]and [I})

As mentioned above, the existence question is complicated by noncompactness due to translations of
mass to infinity and the lack of concavity of the energy functional. However, minimizing sequences may be
characterized using a general Concentration-Compactness structure (see [36], [37].) The following Theorem

is proved in section 1 of chapter 3.

Concentration Theorem 4. Let {u, },cn be a minimizing sequence for (M), where V satisfies (I.2).
Assume q < 3 in the case V = 0.

Then, there exist N € NU{0,0}, masses {m'}Y, C RF, translations {X!},en C R, and functions
{”i}i‘io C 1 (R®) such that, up to a subsequence,

N
un(-) =Y u' (= %}) — 0in L*(R%), (1.10)
i=0 e

S0 = EPI). AP ) = G0, >, .
i)2 i, ’
where ||u sz(w) =m';
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N N
m=M, FPIm)+Y s m') = 7]IM), (1.12)
i=0 i=0
%5 =X ——= o0, i# ). (1.13)
n—roo

The functions u' satisfy (I.8) for i = 1,...,N, and u° satisfies (I.9), each with the same Lagrange multiplier
1 <0.

Moreover,
1. ifV 20, then we can take %0 = 0, while
2. ifp=" and q= 3§, then N < o and the convergence in (I.10) takes place in 71 (R3).

If a minimizer exists, then no splitting is necessary, and there exist minimizing sequences with N = 0.
This occurs for V = Vrppw when the mass is not much larger than the total charge (see Theorem ) or for V
in the class of long-range potentials (see Theorem [3]) for instance. In contrast, we expect splitting with large
mass M, and the pieces resulting from noncompactness each minimize .#}* or JO” 4 for its given mass, that
is,

m ey, me. al?i>0,

where
M= {M >0; #P9(M) has a minimizer u € ' (R?), /z u? :M}.
R3

It is an open question to determine whether .7 is an interval, for any choice of background potential V and

powers p and q.

Let us explain the basic idea behind Theorem 4] Minimizing sequences {uy },en for #7?(M) may lose
compactness due to splitting into widely spaced components, each of which tends to a minimizer of %" or
(for those components which translate off to infinity) ] "?. Asymptotically, all of the mass M is accounted
for by this splitting. Although the pieces eventually move infinitely far away, they retain some information of
the original minimization problem as they share the same Lagrange multiplier.

Concentration results like this one have appeared in numerous papers. For the TFDW model, a very sim-
ilar result is outlined in [37]], and a proof of the exact decomposition of energy (1.12) for the case V =0,
p= %, and g = % is given in [46, Lemma 9]. The finiteness of the components in the case p = % and g = %

108
is a result of the concavity of the energy &,° "> for small masses, as proved in Proposition

We obtain more precise information on the splitting structure of sequences coming from perturbing
J‘f’T"F]Dw. In particular, when mass splits, the piece that remains in a bounded region has mass md > &,
the total nuclear charge in case p = % and g = %. The proof of the following Theorem can be found in

section 2 of chapter 3.

Theorem 5. Assume V satisfies (I.2) and (1.6). Then, with the notation of Theorem [ for any minimizing
sequence {un }nen of FL (M), either M € 4 or splitting occurs with m® > %, with 2 as in (T4).
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Heuristically, this is a satisfying result when p = and q = 5: after splitting, the nuclei should still cap-
ture as many electrons as the total nuclear charge 2. We expect that nuclei should be able to retain strictly

more, to form a negatively charged ion.

Next, we examine more closely the loss of compactness which may occur for the long- range regulamzed

families V,, satisfying (I.14] W1th 0 <v <1 and with p = 3 0 g =28. First, minimizers of 2y > 3( ) form

8
a minimizing sequence for JV;F;W (M), so when M is large in comparison with 2, compactness is lost and

mass splits off to infinity as described in Theorem 4]

Proposition 1. Let Z, — 0" and
n—o0

> > Z
V(%) = Vrrpw (X) + HY’IIV’ (1.14)
10 8
with0 < v < 1, and & as in (L4). Suppose that u, minimizes f 33 (M), n € N. Then,
10 8
(i) {un}nen is @ minimizing sequence for #,75 (M).

108

(ii) Either M € M4} 3

or splitting occurs with m® > %.
TFDW

The nonlocal term in &;; 35 exerts a repulsive effect on the components u, while the vanishing long-range
potential provides a degree of containment. The combination of attractive and repulsive terms has generally
led to pattern formation, at a scale determined by the relative strengths of the competitors. This phenomenon
has been identified in nonlocal isoperimetric problems (such as the Gamow Liquid Drop Model; see [[L1, 2]].)

Nonetheless, for potentials V? of the form (T.T4), the interactions between the fleeing components u’

appear in the energy at order Z, ¥. As a result, we need some information about the spatial decay of the
10 8

minimizers of ﬂ 273 away from the centers of the support in order to control the errors in an expansion of

the energy in terms of Z, — 0T. In the liquid drop problem, the splitting is into characteristic functions
Nn—yoo

of disjoint bounded domains , and this issue does not arise. To calculate interactions we require exponential

decay of the solutions, which is connected to the delicate question of the negativity of the Lagrange multiplier

1. We obtain exponential decay when t < 0,
lu(%)| < Ce M7

for any 0 < A < /—p. We know that u < 0 because ﬂvliffw (M) is strictly decreasing in M and in fact we
expect that u < 0 should hold, if not always, at least for all but a residual set of M. It is an open question
whether 1 < 0 holds whenever M € ///VITO % The strict negativity is known for the cases V = 0 with suffi-
ciently small mass, or with V = Vpppw with M < Z + k with k = k(Vrppw) > 0 (see Proposition )

Let us state our result on the distribution of masses in the case of splitting. The proof of this result can be
found in section 3 of chapter 3. But first, we define the set

8
5

108 Q
My = {M €., "’ ; every minimizer u of .7, > (M) satisfies (I.8) with p < 0.}
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10 8
Theorem 6. Let u, minimize %, '3 (M) with V, satisfying (L.14) with0 < v < 1 and Z, — 0". LetN € N,
n n—soo

{m'}Y , and {0} pen,. ... {XN }uen be as in TheoremH| Assume m° € My - Then, up to a subsequence

and relabeling, either
(i) m® > Z and

—i

1
T—v =i
an vxt

1 —>N)

where (Y1,..., YN) minimizes the interaction energy

—1 SN m'm’ 0 \-
Fy 0ttty (W W) 2= Y oy W|+(m _g)z‘i ”’H Z
=

15wt = i= 1||”””V
over
Ty = {(W&...,WN) e (R\{ONY: ' £ w’f};
or,
1
(ii) m ZZ"'_”—>OandlfN>2wehave
n—soo
I .
Zy 'R —— ', i=2,...,N,,
n—soo
where (¥2,..., YN) minimizes the interaction energy
Fr itz oy (W2, W) = _,7 =
N,(m! m?,...mN) ’ ZSZKj |||W’ Z || l|| lzz ||Wl||V
over
Ty i= {(Wz,...,w’N) e ®\{OY "W 2w},
Remark 1. 1. The specific choice of powers p = and q= § in the nonlinear potential well W (u) =

crrlulP — cplul? is physically appropriate for the TFDW model, but from the point of view of analysis
other choices might be possible. Theorem[6|can be extended to the case 2 < q <3 and q < p < 4 with
no major modifications provided that N in Theorem @) is finite. A necessary condition for N < oo is
that JOF (M) is strictly subadditive for M < 1, but it is unclear whether this is the case for general p
and q.

2. The degenerate case m’ = % is very delicate, as the term measuring the repulsion between the weakly
convergent component supported near zero and the diverging pieces is nearly exactly cancelled by the
attractive effect of the nuclear potential Vrrpw. Thus, the error terms in the expansion of the energy
may exceed the principal term creating a net repulsion (or attraction) to the nuclei which is difficult

to estimate. For instance, if N = 1 and only one component splits to infinity then all we can say when
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. .. L .
m® = % is that it diverges at a rate much slower than Z~ 7V . In some sense, there is no natural scale
for its interaction distance to the nuclei. For this reason, we believe that in fact m® > %, but have no

proof of this conjecture.
3. Ifm® = %, thenm® € My, automatically (see Proposition )

4. The proof of the compactness of all minimizing sequences of ianN’( N and inffNy(

mO m!.....m

follows with little modification from the proof of [I2, Proposition 8] (see Proposition[16])

mlm?2,....mN)

5. By Theorem each of the components u' shares the same Lagrange multiplier |1, and hence it suffices

to have that any one of the components satisfy (I.8) with i < 0.

6. We do not know whether the condition |1 < 0 could be relaxed. We make use of | < 0 for uniform
exponential decay of the functions {u,},en away from X, but some weaker uniform decay away from

the mass centers may be sufficient. It is unclear how rapidly minimizers of (I.1) decay when i = 0.

Graphically, we are thinking of the following situation:

N, /\ Ny e\

m / 4

v /Vﬂ\é*f\
A :

51,62,83, 68 ~ 2, 7
(52 5{ 54 Z 1 v

Figure 1.1: Splitting, in the case there are four pieces in total (N = 3)

From now on we denote

/ @85 g2 a5,
R3 JR3 ||x - yll

for any pair of functions f,g: R3 — R.

We build a bridge between the TFDW mode and the Liquid Drop Model in chapters four and five of this
thesis. The Liquid Drop model was conceived by George Gamow, a Russian theoretical physicist, during his
visit to Bohr. Mathematicians became more interested in the Liquid Drop Model about fifteen years ago when
studying the Ohta-Kawasaki functional. The purpose of the Liquid Drop Model is to predict three features:
the shape of nuclei (observed ones are spherical,) the existence of nuclei with the least energy per nucleon,
and the nonexistence of nuclei with too many protons. Nuclei are to be thought of as fluid bodies that are

incompressible and uniformly charged.
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The Liquid Drop Model (with potential) is also a variational problem: for sets Q C R? of finite perimeter

and fixed volume |Q| = M, we minimize the energy
ELD(Q) = Peng (.Q.) 7/ Vd7+D(]].Q7 ]].Q).
Q

In this model, the first term represents the perimeter of dQ2, which may be calculated as the total variation
, with 1o € BV(R3;{0,1}). When V = 0, this is Gamow’s problem. The constraint
value M represents the number of nucleons bound by the strong nuclear force. Mathematically, the energy

of the measure |V1g

that is being minimized corresponds to the sum of surface tension and the Coulombic repulsion interaction

term over sets of fixed nuclear mass, that is, a fixed number of neutrons.

As variational problems, the TFDW and Liquid Drop Models have much in common. Each problem
features a competition between local attractive terms (gradient and potential terms) and a common nonlocal
repulsive term. As such, each problem is characterized by subtle problems of existence and nonexistence due
to the translation invariance of the problem “at infinity”: for large values of the “mass” constraint M, minimiz-
ing sequences may fail to converge due to splitting of mass which escapes to infinity, the “dichotomy” case in
the concentration-compactness principle of Lions [36]. (See e.g., [9, [L1} 20} 21} 23] 28}, 1291 137, [39] 40, 146]].)
While this similarity has often been remarked, and we often speak of the Liquid Drop Model as a sort of
“sharp interface” version of TFDW, no direct analytic connection between the two has been made. If we think
of the Liquid Drop model as sharp interface toy model for the TFDW model, then we are thinking of an atom

as having piece-wise constant density, and the kinetic energy corresponds to surface tension.

In the second part of this thesis we prove that, after an appropriate “sharp interface” scaling and normal-
ization, a TDFW energy converges to the Liquid Drop Model with potential, in the context of I'-convergence.
In order to establish this connection we select the constants in the TFDW type energy so as to set up a sharp
interface limit. We emphasize that this choice of scaling is not physically natural for the application to ion-
ization phenomena, but is motivated purely mathematically.

We introduce a length-scale parameter € > 0, and choose constants cy = %, CTF = ﬁ and cp = é We
note that for fixed €, the qualitative behavior of the minimization problem for TFDW type models is not
affected by the specific choices of the constants cy,crr,cp, and the values we select here match the standard
choice of constants in the Liquid Drop Model. In addition, we complete the square in the nonlinear potential
by adding in a multiple of the constrained .#> norm, which is a constant in the minimization problem and
thus has no effect on the existence of minimizers or the Euler-Lagrange equations. That is, we rewrite the

nonlinear potential as,

1 10 8\ > I 5/ 2 2., M
/R} - <|u| 2lul )dx /M L (|u\ 1) a3,

where M = Hu||f%,2 (&) according to the constraint. Thus we recognize the triple well potential,

W) = (Juf} _1)2,
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vanishing at |u| = 0, 1, and a version of the TFDW type energy in the rescaled and normalized form,
€ 1
EY (u) := /R3 [2 | Vul|> + 7w - Vi | dx+ D(u,u?), Hu||f(£2(R3) =M. (1.15)

As € — 0T we expect that sequences {ug }¢~0 of uniformly bounded energy converge almost everywhere to
one of the wells of the potential W, that is, in the limit u(¥) € {0,+1}. As &Y (Ju|) = &Y (u), we expect
minimizers of &) to have fixed sign, but families {u¢ }¢~o with bounded energy might well take both positive

and negative values. Hence, we define the limiting liquid drop functional for u € BV (R3;{0,+1}) as

1 -
& (u) := 7/ [ Vu| —/ VirdX +D(u?, u?). (1.16)
8 R3 R3
The first term is the total variation of the measure || Vu||, and for u = 1 it measures the perimeter of dQ. If

u takes both values £1, then
L val= [ 9]+ v,
R3 R3

which measures the perimeter of { ¥ € R? ; u(X) = 1} and that of {¥ € R® ; u(X’) = —1}, whereas the other

terms yield the same value for u and |u| = u?.

For the second part of this thesis we make the following general hypotheses regarding the background
potential V:
VeZIRY)+.2°(RY) and V() e (1.17)
X || o0
The hypothesis (1.17) is slightly stronger than is typical for problems of TEFDW type, in which a weaker
3
local integrability is assumed, V satisfying (I.2) (see e.g., [8l[46].) Having V € %>

2 (R?) is a natural condi-

tion for using the squared gradient to control V |u|? via the Sobolev embedding. However, given the singularly
perturbed nature of &, control on the Dirichlet energy is lost as € — 0%, and we must rely on the .% % norm
instead; hence the need for the more stringent &’ 3 (R3) +.2>(R3) demanded in (T.T7).

We define domains for the functionals which incorporate the mass constraint,
M = {ue @) lul o) =M |

M= {u € BV (R {0, 1}); [|u%2 sy :M}’

and define the infima values
el (M) := inf{é?/(u) JUE JfM}, ef (M) := inf{éoov(u) sue MY,

for the constrained TFDW and liquid drop problems. Given that the existence problem for both the TFDW
type and the Liquid Drop models is very subtle (see the first chapter of this thesis and papers [[L1]], [46l, [2], [1],
and [12]],) the target space and I'-limit incorporate the concentration structure of minimizing sequences for

the Liquid Drop Model: while minimizing sequences for either TFDW or liquid drop may not converge, they

10



McMaster University - Mathematics PhD Thesis - Lorena Aguirre Salazar

do concentrate at one or more mass centers, and if there is splitting of mass the separate pieces diverge away
via translation. We define the energy “at infinity”, &) (u), taking potential V = 0, with infimum value ¢3(M).

From this we then define the appropriate I'-limit as
. & (W) + Y &), {u}zy e,
Fo ({u'Yy) = i (1.18)
oo, otherwise,

on the space of limiting configurations,

Ay = {{u"}?"o C BV(R®{0,£1}); ZO/R IVa'|| < oo, ZO 1 %2 ps) = M} :
1= 1=
Let us state our I'-convergence result with respect to the notion of convergence given by (1.19)-(1.20). This
result is proved in chapter 4.
Theorem 7. &) T'—converges to ﬂov , in the sense that:

(i) (Compactness and Lower-bound) For any sequence & k—> 0", if {ug, }reny C M and sup; é"gg(ugk) <
—yo00

oo, then there exist a subsequence (still denoted €,) a collection {ui}l?lo € %’BM, and translations
. 3 . —>
{Fi tken C R, with { %} ew = {0}, so that

uek(-)—i;)ul’(—}’;;) H—M>Oin$2(R3), (1.19)
1T} — %L —— o, i), (1.20)

k—o0
o ({u'}i2o) < liminf & (ue,)- (1.21)

(ii) (Upper-bound) Given {u'}., € #M and a sequence & k—) 0%, there exist functions {ug, freny C HM
—o0

and translations { X }reny C R, with { X} gen = {6} such that equations (1.19) and (1.20) hold, and

Fo ({u'}iZo) = limsup & (ug, ).

k—yo0

The compactness and lower semicontinuity with respect to the notion of convergence given by (I.19)-
proved in (i) combine two different approaches in the calculus of variations. Local convergence of the
singular limits uses BV bounds in the flavor of the Cahn-Hilliard problems, as studied in [44, 52]. There,
authors consider a fluid under isothermal conditions and confined to a bounded container in R? whose Gibbs
free energy, per unit volume, is a prescribed function W of the density distribution u. The classical problem
of determining stable configurations of the fluid is to minimize the total energy of the fluid. To recover the
physically reasonable criterion that the interface has minimal area, the gradient term is added with a coeffi-

cient €2 that vanishes.

11
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On the other hand, the lack of global compactness imposes a concentration-compactness structure [36} 137,
21L12]], in order to recover all of the mass escaping to infinity. This form of the I'-limit, as a sum of disassoci-
ated variational problems splitting on different scales is common in droplet breakup for di-block copolymers;
see 11, 14].

For the recovery sequence and upper bound (ii), the presence of an infinite number of {ui};?;() presents
some obstacles not normally seen in Cahn-Hilliard-type problems, where the setting is usually a bounded
domain or a flat torus. Indeed, for (ii) of Theorem we must consider {u'}?, with infinitely many nontrivial
components, and then it is only possible at any fixed € > 0 to construct a trial function approximating u' when

the scale of its support is large compared to €.

There are various implications of Theorem [7]to minimization problems in various settings on minimizers
of TFDW type and of the liquid drop problem. We note that & (|u|) = &) (u), & (lu|) = &} (u), and so we

restrict to the cone of nonnegative functions 77’ +M , XM, Jfff‘i as the domain for each.

We think of a I'-limit as a framework in which minimizers of the € functionals should converge to
minimizers of the limiting energy (see, e.g., [30],) but given the complexity of the question of the existence
of minimizers for each model, this is a subtle point. The notion of generalized minimizers, introduced for
the case V = 0 in [29, Definition 4.3], provides a useful means of discussing the structure of minimizing

sequences which may lose compactness:

Definition 1. Suppose that V satisfies (IIT) and M > 0. A generalized minimizer of &) (M) is a finite
collection {u®,u",....uN}, u' € BV(R3,{0,1}), such that:

N
1. ||uf||f%,2(R3) =m', i=0,1,...,N, with Y m' = M;
i=0
2. u® attains the minimum el (m°) and u' attains ed(m’), i =1,...,N;

N
3. el (M) = el (m")+ ;eg(mi).

Alama et al. showed in [2]] that we may associate a generalized minimizer as above to any minimizing
sequence for the Liquid Drop Model with (or without) potential V. In this way, up to translation ferrying
the components u' to infinity, the collection of all generalized minimizers of @@OV with constrained mass M

completely characterizes the minimizing sequences of @f”‘OV.

We naturally associate to a generalized minimizer {uo, ul, o uV } an element {u’ =0 of %M by taking
u' =0 for all i > N+ 1, and then we have .7} ({u'}7 ) = e}l (M). In what follows, when convenient, we
abuse notation and set % ({u'}Y.) to be the value of the limiting energy for a generalized minimizer. We
may thus address the convergence of minimizers of &) (should they exist) in terms of generalized minimizers
of &, using Theorem

Theorem 8. Let M > 0 and assume that there exists €, — 0T for which e,‘s/n (M) is attained at u, € M
n—soo

for each n € N. Then, there exists a subsequence (not relabeled) and a generalized minimizer {u°,... uN} of

12
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&y for which (II9) and (T:20) hold for i =0,...,N, and

Fo ({u'}io) = et (M) = lim ef, (M).
n—oo M
A slightly more general version of Theorem [§is proved in Lemma and both results can be found in

chapter 5.

As mentioned before, there is a special class of potentials V for which the existence problem inf &) is
completely understood for each €; namely, long-range V. We proved that the global minimum is attained for
any M > 0 for TFDW type models in Theorem 3] and the same is true for liquid drop functionals [3]]. For this
class of problem, we prove global convergence of minimizers in .#*(IR?) in chapter 5:

Corollary 1. Assume that V satisfies (1.17) and (1.7), and for M >0 and € > 0, let uz € +M be a minimizer

of €Y (M). Then, for any sequence &, — 0" there exists a subsequence (not relabeled) and a minimizer

u® € M of el (M) with ug, — u® in L*(R3).
n—so0

Atomic or molecular potentials V are the most important examples for TFDW as they are related to the

Ionization Conjecture (37,131} 123| 140, 46l]. We consider the atomic case,

N

V(X)=Vz(X) = =T

with Z > 0 representing a constant nuclear charge in the case p = 13—0 and g = %. With slight abuse of notation,
we denote by &7, &7 the energies (I.13) and (T.16)), respectively, with the atomic choice V =V = Z/|| %],
and

(M) =inf{&EXw) :ue M}, ef(M):=inf{E(u) :ue XM},

For this choice of potential in the liquid drop setting, Lu and Otto [40] proved that there exists tp > 0 for
which the ball By, = B, ((_))), M= Q/% , centered at the origin of volume M is the unique (up to translations
for Z = 0), strict minimizer of 4 (M) for all 0 < M < Z+ o. The corresponding existence result for TFDW
is much weaker, as stated in Theoremﬂ} A natural conjecture is that the intervals of existence converge, that

is, Le — Uo. Using Theorem we can prove the following in chapter 5:
e—01

Theorem 9. Let V(X) = Héw and Z>0.
(a) Forany M € (0,Z+¢), €4(M) is attained at ug € M for each € >0, and ug —— 1), in L2(RY).
£—0
(b) Forall M € (Z,Z+ Up) and € > 0, IMe < M with M, —— M such that e%(Mg) attains a minimizer
£—0
MEEJﬁME. Moreover, ug — 1p,, in ZL(R3).
&£—0

Theorem E] is related to the classical Kohn-Sternberg [30] result on the existence of local minimizers of
the e-problem in an .#>-neighborhood of an isolated local minimizer of the I'-limit. We find minimizers for
&7 which converge to the ball of mass M as € — 0" in .#?(R?), which would have the given mass M except
for the possibility of vanishingly small pieces splitting off and diverging to infinity as € — 0. If we could

13
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find a uniform (in € > 0) lower bound on the quantity of diverging mass in the case of splitting, then we would

be able to eliminate this possibility completely and assert that M, = M in (b), as conjectured above.

My studies have left a wealth of questions unanswered that have motivated me to consider continuations
of my work in multiple directions, including exploring collective behaviour and nonlocal PDEs further.

I would like to investigate local minimizers or nonminimizing critical points of TFDW type models fur-
ther by using the Lyapunov-Schmidt reduction method. Naturally, knowing more about spectral properties
of TFDW type equations would be very important, and this falls into the areas of spectral properties of
Schrodinger equations and nonlocal equations. HF, TFW, and some of TFDW equations have been studied
by Lions [37] by using min-max critical point theory, fixed point theory, and critical point theory and index
bounds. On the other hand, the Lyapunov-Schmidt reduction has been used to study local minimizers and
nonminimizing critical points for sharp interface energies of Ohta-Kawasaki models in works like the ones
by Cristoferi [[15]], and Ren and Wei [50]]. Functions we may start studying as candidates for critical points of
the atomic TFDW model relate to the atomic TFDW functional restricted to radial functions. Indeed, we can
show that the radial atomic TFDW problem always has minimizers; Lieb [33] showed that minimizers for the
atomic TFDW are radial if M < Z, and Nam and Van Den Bosch [46] proved that such minimizers are not

radially symmetric if M is sufficiently large.

It is possible to extend my studies to models with similar structure. Examples of such models come not
only from considering V and W more general, but also the repulsive term is not necessarily Coulombic, nor
the model 3D. Super-Coulombic interactions between closely spaced atoms and molecules, like 1/[x — y|3,
have been observed in 2D hyperbolic media [[7, [14]; that is, highly anisotropic media with hyperbolic disper-
sion. Extensions to more general nonlocal terms have been recently explored for the Liquid Drop Model with
background potential by Alama et al. [2]], and for Riesz-type problems generalizing the Liquid Drop model
by Novaga and Pratelli [47]]. On the other hand, models with coercive background potentials; i.e., potentials
that do not decay but grow at infinity, are likely to lead to new patterns, as well. One such problem was
recently studied by Générau and Oudet [25] in the context of the Liquid Drop Model, where they proved that
there exists a minimizer for all masses such that for certain interactions, as the mass blows up, minimizers
eventually coalesce into a large ball, and that balls centered at the origin are the only minimizers for large
M, again, for certain interactions. Even though the Liquid Drop Model with background potential and the
TFDW model are close to one another, analyses for the latter may differ due to the fact that minimizers are
not necessarily compactly supported. Therefore, some information about the spatial decay of minimizers
may be required, which leads to questions on properties of solutions of the PDE associated with the problem
and related spectral problems. Among other directions that could be explored there are TF type functionals.
An example of such functionals, more precisely the TFDW energy for graphene at the neutrality point, was
recently studied by Lu et al. [38].

There are many interesting questions about the structure of minimizing sequences for TFDW type models

that remain open. For instance, one of the questions concerns the existence of minimizing sequences that

14
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undergo splitting and end up with a prescribed structure. Also, it is unclear how components into which min-
imizing sequences may break decay. In regard to the first issue, we can generate minimizing sequences by
minimizing perturbations that “regularize” the problem. Since those minimizers are eigenfunctions of PDEs
that differ by little, it is natural to try to generate combinations of eigenfunctions of such equations in a way
that the prescribed structure is imposed. However, complications arise very quickly due to the complexity of
the PDE; namely, such equation is nonlinear and nonlocal, and its spectral properties are not fully understood.
As for the second issue, components decay exponentially if, for instance, zero is not a Lagrange Multiplier
of the equations associated with the system; this seems to be a difficult spectral problem. Another question is
how different “regularizations” via potentials that decay slow enough may impact the structure of minimizers

as there are multiple ways to introduce these perturbations.

Lastly, there are long-standing questions in the TFDW theory, for instance the nonexistence of highly
negative molecules, and a better understanding of qualitative properties of minimizers. In regard to qualita-
tive properties, works on Choquard equations by Ma and Zhao [42], and Moroz and Schaftingen [43] may be
relevant for further explorations in the PDE direction, while works on a quantitative P6lya-Szego principle by
Cianchi et al. [13]], and spherical flocking by Frank and Lieb [22]] may be relevant for further exploration in

the direction of the Calculus of Variations.

Note: C denotes a generic constant hereafter; C might vary from one line to the other.
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Chapter 2

Energy estimates

In this chapter we establish some basic estimates, which give relations between the various terms in the TFDW
energy, both for arbitrary functions in 7! (R?) and for minimizers. We treat various cases of p > ¢, including
the physically relevant p = % and ¢ = % The study of (I.1)) with ¢ > p instead of p > ¢ differs greatly.

Throughout this chapter, we assume V satisfies (I.2).

2.1 On nonlinearity

By considering powers 6 > p > g > 2 we cover the origlin;ﬂ TFDW model. The choices p = % and g = %
are particularly convenient because of the origins of fva’gW in Physics, and because we know more about

10 8
#,*? than we do about Jop ! with p and ¢ more general (see Proposition) By understanding the energy “at
infinity” better, we are then able to carry out a more detailed analysis of the structure of minimizing sequences
10 8
for %, % (see Theorems )

On the other hand, considering p < ¢ leads to very different analyses. More precisely, in such case it is
possible to have either .#)"? = —co or .#(M) = 0 (see Proposition right below.) If the latter occurs, then

the concentration-compactness structure of minimizing sequences might be simpler (see [37, Corollary I1.1].)
Proposition 2. Suppose that2 < p < g < 6. The following hold:
(i) If ¢ > %0, then #J (M) = —oo for all M > 0.

(ii) If g < %, then for M sufficiently small, both (M) = 0 and 7J"?(M) is not attained.
Proof. In order to prove (i), we note that the transformation

ue LR = ug(¥) := 6>?u(c¥),0 >0, .1)

16
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keeps the .#’? norm invariant, and for u € 7! (R?),

L VuolPa% = [ ¥ u(e®) Pd% = [ (163 (Vu)(oF)Pd¥ = o [ |VulFd¥,
R’ R3 R3

/\ua|rd7:/ 632u(c ) dF = 6¥/> 3/ Wfd®, r>1,
R3 R3

and

o3/2u( 12[632u(c 7)]?
// ) o™ u(oy)] dXdY = oD(u*,u?).
R® JR3 HGx—GyH

Consequently,

o@‘f’q(uc) < @@(f"q(uo)
|
= /z(cW62||Vu||2+CTFG3P/2_3|M|P —cpc1273 || d R + ED(uz,u?) —— —oo,
]R,

G—roo

As for statement (ii), fop ' < 0 follows from applying the transformation (2.I)) and taking o — 0.

Moreover, if we also have cyy = crr = cp = 1, then Holder’s inequality and Sobolev’s inequality give
0 _,
/ lul?d % </ lu| 3 dX
{REeR3:|u(F)|>1} {TER3:|u(7)|>1}
2 1
3 3
< ( / u2d7c’> ( / uﬁd?>
{FER3:[u(¥)|>1} {FER3:[u(¥)|>1}
1 4 2
— — 3 1 2)\3 — 3 —
/ uzdx> (/ u6dx> S() (/ uzdx) / | Vul[>dX.
R3 R3 3\ 7w R3 R3

As a result, for u in the domain of 50’7 4 and M sufficiently small, we have

&9 = [ IVulPd¥ + [ (ul” = luft)a
- /3||w||2dx+ / (il ~af)a®+ [ (al? = ) F
R {lul>1} {lul<1}

4
1/2\3
||w||2dx+ (|u|”—|u\q)d?2 1—= (=) M3 [ |VulPa? >0,
{Ju[>1 3\7m R3

Then, fop (M) = 0, and the infimum cannot be attained. The proof we just gave does not change sig-

nificantly if cy,crr, and ¢p are more general.
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2.2 Some bounds for terms in &7 and coercivity

We use the following results to prove that &7 is coercive.

We begin by estimating the nonlinear terms.

Lemma l. Givene >0and 1 <r < g < p < oo,

q—r

[ lraz < [ wdmp‘q[ a=r } [ urax, we z@) 22)
R R3 p—rle(p=r) R3

In particular,
1
[tz <e [ whazs [ wa¥, e>ouezi®)
R3 R3 4e Jr3

Proof. By the interpolation inequality in Lebesgue spaces,

1-6)

146 La(
/3 lu|9d ¥ < (/3 |u|rd7> (/3 |uﬂd7> g : (2.3)
R R R

where
1 1 1
———0+—(1-9),
r p
or, equivalently,
0 r(p—q)7
q(p—r)
implying
1 _ ) —r(p— _
lo=P=4 g(l_e):gq(p n-rlp=q) _q-r _,
r p—r’ p p qlp—r) p—r
Therefore, (2.3) reads
pP—q q=r

/ lul?d¥ < (/ |u|rd7c’) o (/ |u|pd?c’) o
R3 R3 R3

and Young’s inequality applies to ensure

Jlva < = L(qp—rrﬂ
el

S

—r P=aq(r

lu|"d¥ +e | |ufdX
R3 R3

/ \u|’d?+8/ ulPdz.
R3 R3

=
<

~

—r

I

<

—r

<

18



McMaster University - Mathematics PhD Thesis - Lorena Aguirre Salazar

Next, we consider bounds on the external potential.

Lemma 2. Given € >0,
/ Vuzd}’gs/ ||Vu||2d7+Cg/ 2dR, ue 'R, 2.4)
R3 R3 R3

where Cg —— oo,
e—0T

Moreover, in the case V =V, as in @, we can take

4 2
1/2\3 A1 3 /maxg—1,.. k Ok 5
Ce== (= ( - ) z
€ 3(75) (63\/) €

Finally, in the case V =V, with v taking certain values we can tell more:

/3 Voild® < e VulPya e+ CV/Dlu), &> 0ue A (B2 <v <2,
R

Proof. We follow techniques from [34} section 11.3].

Let us rewrite V = V3 5 + V.. where V3, € £3 (R?) and V., € £~ (R%). Since

— - -3 3
LR eR ) > <27 5 .
LI RERYA(T)[>1))
3
<t 3f12, . fe LR, >0,
37(R3)

we have that
LR ER: V3p(R)| >1}) =0 (f%) ast — oo,

As aresult,

H[Va/z—t(e)h\\xg ) ||V3/2—f(3)||$

T
( %({Y€R3:V3/2(Y)>t(e)}) <3 (5) €

for some #(€) > 0. Therefore, by Holder’s inequality and Sobolev’s inequality,

ViddR = / [Vajo —1(e)Ju2d X +1(e) / W2dT + / Vould? 2.5)
R3 R3 R3 R3
g/ [V3/2—t(£)]+u2d7+t(£)/ u2d7+/ Voild®
R3 R3 R3
S N 1 P
< 'SHV“”;Z(RS) +C||"’||igz(]1g3)-

Next suppose V = V), for 0 < v < 2. Then, by Holder’s inequality and Sobolev’s inequality,

/ VirdX = (/ —|—/ )Vuzd}’
R3 UB&(?j) R3\U35(7J’)
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2
< ||V||$%<UB§(7’}‘))||u||"?6(UBS< + ||V||$°° (R3\UBs(7 H””gZ (R3\UB5 (7))

2r 5.3 } - 2
= (3—2\/6 2V> Z||u||$6 LB (7 ))Jrk:rrllaxKakS V|\”||$2(R3\u35(?j))

ar N3 oo 2 - 2
:(6_3v) 8 Zlul o gyt xS ll g2 s gy 7

2
4T \3 - 2 - 2
= (6—3v) 8 Zlull g0 sy +  Tmax, 048 lull g2 s

4
1 /2\3 4 2 2
<1(3) (6—3v> F IVl sy + 1oax, 48l e 8> 0.

Equation (2:9) is established by choosing & appropriately.
Next, given § > 0 to be fixed, pick any smooth 17 : R* — [0, 1] for which

Lgy @M =1 Tpogyy(d) M =0,

and let
Vi(X) = [IZ"'n(¥) and Vo(3) = | X[ [1 = n(X)]-
Then, by definition of 1 and since 3 — %v >0,
3

LoV =0 Vi€ LH(E),

and
Ly 5)V2=0, VaeW> (R, r>1, and —AVy € Z3(R%),
the latter coming from 3 — g(v +2) < 0. Also, from
—A (|| X)) = 4w,

and by Sobolev’s inequality, we have

4
172 2 4 (23
I 1”26(]1&*) Y 3 < ) HV (Lt *H ” l)ng(M) = ? (7‘[) D(uz,uz).

Consequently, by Holder’s inequality and Sobolev’s inequality,

2 .>
/ w(X) > /Vluzder/ Vor2d®
R3 IIXHv

SVl 3 o Iagasy + [ VerPd

[Je? %1
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=il % ez + 5 / G ITE

o e+ 27 / (CAV)(R) (@) (D)

<|||| || VH % U)Hu||$6 R3) H*AVzH g, ||I/l2 ||'H_1||$6<R3)
4 3 ) ) ]
= [3—2V(26) V] ”MH36<R3 ||—AV2H g )Hu *H”* Hfﬁ(]l@)
2
8 3 B B
= (6—3v> (28)? VHu”ng(R3 ||—AV2|| iw )HMZ -l 1||$5(R3)

4 2
L/2\5/ 87 \7 -,
< \%
(n) (6 3v) (287~ [Vl e
V ||_ V2|| %R3)|’V<MZ*H~H71)||$2<R3)
4
3

3
0 <6_3v>
4
L [sm 2y
ar 3 \7m

—A[l_ = ]H D(u?,u?).
-1l 23 ®)

O

Now we can prove coercivity of the TFDW energy, which is essential for proving compactness of mini-
mizing sequences.

Proposition 3. (Coercivity) For each u € 1 (R3), we have

L1 o 1
é”‘f’q(u)—i—C/ wdx > f/ (cW||Vu||2+cTF|u\p)dx +7D(u27u2).
R3 2 R3 2

(2.6)
Proof. This is an immediate consequence of equations (2:2) and (2:4) both with € = 5 O
We make use of the following Proposition throughout the thesis
Proposition 4. Let u € 57" (R?) with H“”fﬁ(ﬂ@) =M and &7 (u) < 0. Then,
1l gy + D) +/RS Vidd® < CM.
Proof. This is an immediate consequence of Proposition [8and (2.3) O

Remark 2. We note that boundedness of a sequence in 7' (R3) implies boundedness of the same sequence
in L7 (R3) for2 <r<6.

10
Next, we study the nonlocal relation. We use the following result to prove that .7,*’

8
3
concave down for M sufficiently small (see part (vi) of Proposition [7)

(M) is strictly
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Lemma 3. Given 12/5 < r < 3, we have that

2(5r—12)
D(?,u?) < Cllu ||=;<{ﬂ§3 [Ju IIE’rﬁ@ ue Z2(R)NL (R,

where

1 1 1

3/4 \32(5r-06) r 3 r 3

Cc<
2(3”) 32 {{30—2)} +(6—2r> }
In particular, when r = % we obtain
4 8
D) < Cllul L lul® s, ue LAR)NLIRY),
( ) fg(ﬂ@)
where

11 2 /TS
< = 3)([— ) =~4.5.
c< 8(3+3)(12) 5

Furthermore, if also g < %, uy is a minimizer for f‘f”q(M), and M is sufficiently small, then

D( ) < CM3‘1 2 ||u||jq R3)" 2.7
Proof. Since
2 1 5r-—6
- -2
r 3 + 3r ’

we can make use of Hardy-Littlewood’s inequality to obtain

D@, u?) < Cll] 5 s 1711

2
= Cllull g ||u||

273 (R3) | (2.8)

5 (R3) 6 (R3)

On the other hand, by the interpolation inequality,

el

gSf:S(R < ”"‘HgZ R3) Hu”_gr (R3)?

where

5r—6 1 1 1 1 1 r—2 1
=—0+-(1-0)=(=-—-]6+-= 0+ -
2 +2( ) ( ) +r 2r +r

or, equivalently,

9:

2r <5r6 1) 2r 5r—12  5r—12

r—2\"6r r) r—2 6r 3(r-2)
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Then,
=
il g ) < el Yz 2.9)

By inserting (2.9) into (2:8) we obtain

2(5r—12) [ 6-2r ] 2(ir 12)

r—2)
D(u’ %<CHH££R3HH$rW) CHﬂgaRaHHfrw

Finally, (2.7) follows from Propositionand the fact that when g < % and M is sufficiently small,

29

Zq

hence ”quq ]R% < ||uH=_-Z)q R?) D

The following proposition states that the background potential term in the TFDW energy is weakly sequen-
tially continuous. This result plays an important role in characterizing the structure of minimizing sequences
of £ described in Theorem ]

Proposition 5. If u, —— uin A 1(R3), then
n—yo00

n—eo

/ Vuzd X — VildX.
JR3
Proof. We follow ideas from [33 Theorem 11.4].

Let us rewrite V = V3 5 + V.. where V3, € £3 (R3) and V.. € Z=(R?).
We have that for R > 0,

g/ V02 —u*|dX

R3

= </ V3/2|u —u?|dX —|—/ V|2 — X +/ V2 —u2|dx>
Bg(T) (0) R3\Bg (T

<[ Vil —az+ [ Vsl ~ ¥
Br(0)N{¥€R3:|V32| >R} Br(0)N{¥€R¥:|[V3 5] <R}

bWl [ Vil )
R3\B

Bg(0) R(0)

(u? —u?)dx

<l i =2l ooy + (R+C) [ =¥

L3 (TR (7)1 2RY) Bx(T)

+/ V=i |d?,
R3\BR(0)

< |IVayal (o, + s ) + R+C) [ i =il ¥

23 ((FERY|V; 5(7)[2R)) B (T)

+/ L V|uE—i?|dx,
R3\Bg(0)
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On the other hand, it is possible to choose a radius R > 0 such that all terms on the right hand side are small

for n large thanks to the Dominated Convergence Theorem, Sobolev’s inequality,
[[nl] 1 m3) < C,

the Rellich-Kondrakov compactness Theorem, and (1.2)). Thus the conclusion follows. ]

Finally, the following result plays an important role in the proof of Theorem [/} We could have stated

Proposition[5]as a corollary of the following:

Proposition 6. Assume V satisfies (T17), and {u, }nen, {Va }nen are sequences which are bounded in £ (R3) N
2% (R3) and such that (u, —v,) — 0 in £2_(R3). Then,
n—o0

loc

/RSV(\M,,|2—|V,,|2)dY—>O.

n—soo

Proof. Let 6 > 0 be given. By (1.17) we may decompose V = V| +V, + V3, where
Vi(X) =V(Z)[1 =1 (X)), VaX) = [V(F) = 1]+ 15, (¥),  V3(X) =min{V(¥),1}1p, (%),

) < 6. Note that V3 is compactly

supported and uniformly bounded. We then consider each part separately:

with R large enough that [[Vi|| g« g3y < &; t large enough that ||V2H$%(

/[R3 V1||un\2 _ |v,,‘2’d76> < 5(||”n||=2gZ(R3) + HV"||=.2%’2(R3)) <8

2 2| 32 .
LVallal =P < Vall s o (g o+l g ) < €5

3

/M Vsl un? — o] < Hv3||$m<R3>/B a2 = v} dT — 0.
" R

n—se0

Pm)

As & > 0 is arbitrary, the result follows. O

2.3 Basic properties of .7
In this section we present properties of ﬂ‘f ! we use in later chapters.
Proposition 7. The following hold:
(i) Forany M >0, 931 (M) <0.
(ii) The following "binding inequality” holds:
IPUM) < IPUM)+ I M —m), 0<m<M. (2.10)
In particular, J‘f’ 4 is always nonincreasing.

Proof. Statement (i) follows from (2:1)) by taking ¢ — 0.
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Next, let vy, v, € C3(R?) satisfy

/v%d?c’:m, /V%dY:M—m,
R3 R3

pick any ®o € R\ {0}, and set

wa(+) :=vi(:) +va(-+nXo),n €N
Then, up to a subsequence

/ ||vw,,||2d7=/ V01 () + V(T +n70))|2dT +
R3 supp vy

IV (F +n%0)) P
R3\supp vy
[V IPaT+ [ 1(V02) (3 + nF0)|Pd
supp vy R3

= [ IveiPaz+ [ |Ves|fa¥

/ |wn|’d?:/ v1(X) +v2 (X +nXo)|dX +
R3 supp vy

|vz(}'+n70)|’d?c'
R3\supp vy
v|["dX + (X +nXo)|d¥X
Vil
supp vy R3

v |"d % + vo|"d ¥,
Supp vi

r>1,
supp va

/ szdx—/ Vv%dx—l—Z/ V(X)W (X)v2 (X +no) dx—l—/ V(¥
:/ VvidX 42
R3

Supp vy
:/3Vv%d7c’—|—
R

supp vp
and

/ / i(X)+v2 (X +nX0))*vi(F) +va(y+nXo)|
supp vy Jsupp vy

¥ =7
R3\supp vy JR3\supp v| [
=2 = \p2
[ M@ TP
R3\supp vy Jsupp v| (B
+/ / [v2(¥ +nX0)
supp vy JR3\supp v|

Pvi(¥) +va(y+nXo)?

dXdy
1% =l
_/ / wd}’dy

supp vy Jsupp vy Hx -y H

+/ / |V2(})—|—
R3\supp vi JR3\supp vy ||(Y+

d¥dy

-2 2
o) Py X0 o
") = (o)
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2> = \2
R3\supp vy Jsupp V1 X -l
(¥

= / / MM XAy + / (WG 25
supp vy Jsupp vy || X — || R3\supp vi+n T JR\supp vi+n 7o | X — V|
/ L%()d;gdy
R3\supp V1+n?o supp vy ||x Y +nXo|

—/ / AEW) gy / / @) 2y
supp vy Jsupp vy ||x - y || supp vy Jsupp v HX -y ||

v2(7) - 17—
+2/ / == s dxdy
supp vy Jsupp vy ||x - y +nX H

Consequently, the dominated convergence Theorem applies to ensure

+2

FPUM) < lim &7 (wn) = (1) + & (1), @.11)
and we can optimize the right hand side of (Z.T1) to obtain 2.10). O

We can say that the energy “at infinity” vanishes under certain conditions. As pointed out in the first

section of this chapter, the study of TFDW problems with vanishing energy “at infinity” might be simpler.

Proposition 8. Assume that

2./
glt) = cTF\z|P—cD|t|q+%|t|3 >0, reR, 2.12)

where C satisfies

— C —
/%\u|3dx < E“ 3||Vu||2d)c\/D(uz,uz)7 uc AN (R). (2.13)
R R’

Then, fop 4 =0 and the infimum cannot be attained.

Moreover,
10
i) both fop’ * (M) = 0 and the infimum is not attained for M < 1,

ii) (2:12) holds if and only if

Ccp 2
q=3, Jew S C (2.14)
or
o 2(p—3) (p—3\Fu
CTF CD P—q p— p— P—q
>3, o\ AP TR) (PO 2.15)
1 vew (CTF> Clp—q) (q—3>

Proof. In virtue of (2.13),
N 1
0w = [ (ewlVulP = 2LV ) a4+ D0 )
R3 C 2
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s R 1
2 _ 2 2 .2 - 2 2
ZCW/]R3 IVul|<d¥ HCW/]R3 IVul|?dX\/D(u?,u )+2D(u Ju)
2
' , 1 1
- 27— = 2,2 2002 2 13
_(1/Cw/R3||VM|| dx 2\/D(u,u)> —|—4D(u,u)>0, ue 2 (R)\ {0}

As a result, .#? > 0, which joint with the nonpositivity of .#/¢ implies .#J*? = 0. Moreover, from the

equation above we can see that the infimum cannot be attained.

Next, we establish (i). We note that

10

Pae) $0-0)
<cmie (/3 ||Vu||2> . @16)
R;

%\
=
w3
QU
=l
IA
N
%\
<
[38)
QU
=l
N———
[N]
|
N
—
=
o
QU
=
N———
=

by the interpolation inequality in Lebesgue spaces and Sobolev’s inequality, where

3 1 1
7—,9_’_,

10 2 6(1_6)’

or, equivalently, 8 = 2/5. Then, (2.16)) reads
/ u|$a7 < oM’ / IVu|2d 7,
R3 R3

thus

1
&Y (u) > /3 [(CW —cDCM%)||Vu||2+cTF|u|”} dxX + ED(uz,uz), ue AR,
R
and when M < 1,

Eo(u) > 0,u € A (R, [u]2poze) = M.

10

3

10
The latter joint with the nonpositivity of fop "7 implies Jop "3 = 0. Moreover, the infimum cannot be attained.

This proves (i).
Finally, in regards to (ii), ¢ < 3 is discarded because g(r) < 0 for # < 1 in this case. Regarding the other

two posibilities for g, first note that

lim g(¢) = oo.
lt|—eo

Then,

2,/ 2,/
‘1:3:>g(f)=CTF|f|p+( gW_CD)f|37Vf€R»:> (8(t)>0,VreR,<:>cD< ch);
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that is, if (2:14) holds, then (2:.12) holds. Moreover, if (Z.13) holds, then g(0) = 0 and for

g(t)

CTF|Z|3’

t € R\ {0} — f(z):=
it is true that

(f(t) >0 g(r) >0,vr e R\{0}), lim f(r) =co.

lt|—eo

Also, f has only one critical point, say fy, and it satisfies

; ; ] 3) 4 eolg—3) 175
3yt D —3tq4:0@tp3:%tq @t[ ,
(p=3)y = —(a=3)g 0 T r(p=3)0 0= e (p=3)
then
ep(g—3) CD] -3 | 2w
)= | ——— —— [+
f(to) LTF(P—3) crr | ° crrC
_ CD(CI_p) tq73_~_2\/CW
CTF([)—3) 0 CTFC
g3
_ <p(g—p) {CD(4—3) }”q+2\/cw >0
CTF(p—3) CTF(p—3) CTFC '
As aresult, (2.12)) also holds if we assume (2.13)) holds. O

The following Lemma is used in the proof of the Concentration-compactness Theorem in the case p =
10/3 and g = 8/3 (see Theorem , in the study of vanishing of the energy at “infinity” (see Corollary right
after the Lemma), and in the study of the minimization problem over the class of radial functions (see section

4 in chapter 3):

Lemma 4. The following hold:

8

10 8 10
1. 7y’ % (M) is strictly concave for M < 1. In particular, this implies that 7, "> (M) is strictly subaddi-

tive for M < 1, hence no splitting occurs for sufficiently small masses (i.e. there exist minimizers).

2. Ifq<3,K=1,79= 6)andeitherZ:00rc:2q—4, then

MeR' %
is nondecreasing.
3 Letg<24andK=1,7¢= 0. Then,
MeR" — S0 M)

M
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is nonincreasing for

12 —5¢q
= 1
v=o. we o Tal) (e o)

or
2g—4 3¢q—6 3 (g—2)? q
V£0, ve|——,—|(C(0,1)), =-———+-(€1[0,1)).
#0. ve |22 20 o) w=350 2+ de by
10 8
Proof. Nam and Van Den Bosch [46] showed .#,* "* (M) is attained for M small enough by exploiting the
fact that
So(M) = inf{F,(M);u € A (R?), |ul| g2msy = 1}, M >0,
where
5 2
M (- M3D,)
FM(M) = 2 - 9
4(Au+M3B,)
with

A ::cw/ IVulPdR, B. ::cTF/ ¥ a%,
JR3 JR3

- 1
Cy:= cD/ |u|%dx, D, = =D, u?).
JR3 2

10
3 bl

Indeed, they proved M < 1 — .7

wioo

(M) is strictly subadditive by showing that M < 1 — F,(M)/M is

strictly increasing, uniformly in u. The latter was established by making use of the inequalities
B, < CM3A,, D, <CM3C,, uc #'(R3). 2.17)

(2.17) follow from Holder’s inequality, Sobolev’s inequality, Hardy-Littlewood’s inequality, and the interpo-
lation inequality in Lebesgue spaces.

Then, let us fix any o € (0, 1), and M}, M, < 1. By 2.17),

5 2 2

d2F d2 M3 (Cu —MjDu) ZGM(M)

dMZZdMZ - 2 == 1 2 , ML
4 (Au +M§Bu) OM* (A, + M3 B,)?

where

Gu(M) = 14M3 B2D? + M2 (374,8,D% — 10BIC,D,) + M (27A2D% — 304,B,C.D,)
+ M3 (~28A2C,D, +AB,C2) + 5A2C?
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> A2C2(—10M2 — 30M3 — 28M3 +5) > 0,

uniformly in u. Therefore, F,(M) is strictly concave for M < 1 uniformly in u. In consequence, for some

ux = “*0!7M1 M,
So(aM + (1 —a)My) = F-(aM, + (1 — a)M>)

> oFy (Ml) + (1 - (X)Fu* (Mz)
> o S(M)+ (1 —a) A (My).

S

8
Since o, M1, and M, were arbitrary, we conclude that fo '3 is strictly concave for M < 1.

Now we turn to the proof of statement 2. Given o and f3 positive, & < 3, choose any function u € 7! (R?)
with H“”iﬁ(ﬂ@) = B. Setv:= y?u(y-) where y:= o/ < 1. Then,

/vzd}’:/ \yzu(}/-)|2d7:}// W dX = a,
R3 R3 R3

L wsiPaz = [ VORI = [ 17 (Va(e)|PdE =7 [ IVulPaz,

/ |v|rd7=/ |72u(7/-)|’d7:72”3/ ufd®, r>1,
R3 JR3 JR3

V4
/ szd}’:y“"/ u(}/x / Vird® =y~ 3/ Viu*,d3
R R HYXHV

and

7 u yx 2[72”(7/?)]2 e e )
— dxdy =y D(u”,u”).
y/uw/uv 1Y% =7l V=7 D)

Consequently,

Hy () < &7 (v)
1
= /3(CW73||VM||2d7+crp}/2p73|u|”d7c’—cD)/Z"73|u|"d7— YI3vi?)d X + 573D(u2,u2)
R

< PIEN w).
Thus the conclusion follows.
Regarding statement 3, for s, @ € R satisfying

25—3a=1,
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SPIM) = , ;gf(m {71 (MPw(M*-))}

”W”;fZ(RS):l

- inf {/ (cwM™ 2% | Vw2 4 creM3 =20+ 5 |yl cpp3 @208 |10 g7
we (R3) R3
”WHgZ(RS):l
. R 1
+ Moet! /3Vw2dx —|—M2+a2D(w2,w2)}
Jr

3a+
2

R {/RJCWM(S%”““glel2+cTFM =0l — cplw|?)dT
. \
||W||22(R3):1

; 1
—M*F1=0 /R3 szdYJrM(‘F%q)aJrZ*% 2D(w2,w2)} ,

where
3 q
=—(¢g—2)o+=.
10 2(4 )+2
If V=0 Choose any constant & such that
q 4—q
—— << - 2.18
3g—6~ — 8-3¢g<0 ( )
Note that the interval above is well defined thanks to g < 2.4, and that as one varies o,
3 q q 3 4—gq qg 12—-5¢
0=>0-2) 7= )+5<0w<5q-2) (5= ) +;5= .
2\ )< 3q—6>+2_yo_2(q )< §-3¢) 27 8-3¢
If V #£ 0 Choose a constant o such that so that the powers of negative terms in éo‘f ““ match; i.e.
q—2
o= —. 2.1
2c+6—3g @.19)
2g—4 39—6
Then, as v € {ffq, qT] ,
—-2)(8-3 —2)(3¢—6
(g 4)( q)S20+6_3q§_(q )(3¢ )7
—q q

so that from (2.19), (2:18) holds again. Also, for this value of ¢,

3 (g—2)?

—= g
22¢+6-3q 2’

Y
In any case, we have

3 q
5-~gloa+1—2<0+0=0
( zq) r1-9 oy
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and

Consequently, if M < M,

FPUM) =M®  inf / (ewM G308 7012 4 cr M5 (=D |y P — | w|9)d R
we (R3) R3
HWH32(R3):1

7/3 Vwld T + M- 3a)ar2-g ;D(wz,wz)}
i

<M®  inf { / (ewM =303 |7y |2 4 cpp bl ™5 PO y|P — cp|w]1)d T
wes! (R?) R3
HWHgZ(R3):1

- 3 1 M b} .
—/RS Vw2d7+M(43‘1)“+232D(w2,w2)} = <M> S (8)

Finally, we can prove that the energy at “infinity” does not vanish under certain conditions:
Corollary 2. If g < 3, then .7 < 0.

Proof. Following the same reasoning as in the proof of part 2 of Lemma E] with B = 1 and u fixed, we find
that the leading term in &) /(v) is the negative one, so that .# (o) < 0 for all p € (¢,6) and all o@ < 1.
Consequently, the binding inequality ensures the function is strictly negative on its whole domain. It is worth
to mention that when we choose functions v = Y'u(y-) and see what happens with s to force the negative term
to be dominant, we find the same condition q < 3 coming from trying to force sq—3 < 2s —1,4s —5 that leads
t02/(4—q)<2/(g—2). O

The following proposition contains what the concentration-compactness Lemma by Lions gives in relation
to minimizing sequences of TFDW type problems. The first part concerns conditions under which there is

equality in the binding inequality.
Proposition 9. The following are true:

(i) Let {uy}nen be a minimizing sequence for S (M) and assume 7] < 0. Then, there exist translations
{R% en and a function u® € 1 (R3)\ {0} such that, up to a subsequence,

(- — X0 — 1> —— 0in A1 (R?) and pointwise almost everywhere in R>.

n—oo

Moreover,

ﬂ‘f’q(M) = f‘f’q(mo) + ,ﬂ(fw(M—mO), f‘f’q(mo) = éa‘f’q(uo),ﬂ‘f’q(M—mo) = lim éa‘f’q(u,, — uo).

n—oo
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0. — = .
where m” ;= ||u and we can choose vectors {X, = 0 },en if V £0.

OHQZ(RS)’
(i) S < P <0 forV #0.
Proof. (i) Let us consider V = 0 first.

The sequence {uy}ncn is bounded in 7' (R?) as &7 is coercive (see Proposition . Then, there
exists u’ € 2! (R3) and a (not relabeled) subsequence for which u, — u” weakly in J#!(R?) and

n—oo
pointwise almost everywhere in R3. By the weak convergence and the Brezis-Lieb Lemma [10], &M

decouples in the limit (see [46,[33]]),

lim [éa‘f’q(u,,) — 5‘7’q(u0) — & (uy — uo)} =0,

n—oo

and thus

IPT = 1lim 7 (uy) = EP(W0) + lim () > A0 (m°) + 774 (M —m).

n—oo n—yoo

On the other hand, by the binding inequality (2.10), we have

]‘577!1(”10) + fop’q(M _ mO) > ]&M](M) > 5‘57711(140) + lim goﬂﬂ(ug) > jvﬂ,q(mO) + ]OP#](M _ mO)’
n—yoo
(2.20)
and hence we obtain equality of each expression,

E71W0) = S’ and - lim &7 — i) = I (M — ),

that is, the remainder sequence {u0},cy is a minimizing sequence for I M— m°).
Next, we prove that m® > 0. Suppose this was not the case to get a contradiction.

We eliminate the possibility of “vanishing” in the Concentration-Compactness framework [36]], for any
bounded sequence we define (as in Nam-van den Bosch [46],)

O({vy }nen) :=sup { ||V||f%2(R3) ; 3y, € R? and a subsequence such that v, (- —y,) — in ! (R3)}
Nn—roo

2.21)

We claim that @ ({u, }nen) > 0. Indeed, applying [36, Lemma 1.1], if 0 ({uy }nen) = 0, then uy, — 0

in " (IR?®) norm, for all 2 < r < 6, so in particular

/ |up|? —— 0.
R3

n—soo
In addition, by Proposition 5] we have
/ V|u,|?’dX¥ — 0,
R3 n—oo

and hence
FPUM) =1lim & (u,) < liminf & (u,) >0
v (M) = lim &, (uy) < liminf & (un) = 0,
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which contradicts .#7 < 0. Hence “vanishing” cannot occur. Then, by definition of @({u, }nen), we

can choose translations { ¥} },,cxy so that, up to a subsequence, u, (- — X)) —— u! #0in ' (R3).
n—yoo

Now, since éaop 4 is translation invariant, V # 0, and by Proposition we have

SPIM) < liminf 62 (- - X))

n—oo
= ng@f{é’o"’q(un) - /}R3 V{un (X — ?,',)]Zd?}

RTINS ¥ _ N2 ;=
_lllgg}fé"v (un) ./]1&3‘/(” )°dx
= A9~ [ vi2az.

R3

We reached a contradiction. We then must have that m° > 0.

Finally, we consider V = 0. In this case, we prove that @ ({, }»,en) > 0 by using negativity of the energy

again, so that it is possible to translations { ¥9},cy so that u, (- — ¥9) —— u® # 0 in 21 (R?).
n—soo

(i1) By part (i) and Proposition there exists m € (0,M] for which
ILIM) = L m) + I (M~ m),
where .#J(m) is attained by a function |ug,,| > 0. Then,
T = T m) < T o) = I 0m) = = [ V(F)i(F) <0,
because V # 0. Therefore, the binding inequality gives

IPUM) < IPIM) + TP M —m) < FL)(m) + I9(M —m) = FP9(M) <0,

Finally, we can compare %"/ with M as follows.

Corollary 3. Let V be as in (I.3). Then, there exist Ki,K» € R" for which
—K\M < F(M) < —K:M.

ForV more general, we can take Ky = 0.

Proof. The lower bound follows from coercivity of &7*?. On the other hand, the upper bound follows from
applying the binding inequality multiple times and from

IPI(M
limsup =¥ (M)

<0
M—0t M 7

an inequality we establish in what remains of this proof.
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Let us define

Eyy:= inf{/}(cw||vu||2_vu2)d7; u e %1(R3),/3u2 :M}, M > 0.
’ R R’

We can show that Ey;y < 0 by applying the transformation u +— G%u(o) and taking 6 — 0. Moreover,
Eyy = MEy for M > 0. Then, by applying the concentration-compactness Lemma to a minimizing se-
quence for any of the E); y and by lower semicontinuity of the energy that is being minimized, we obtain that
each Ey v is attained. In particular, there exists ¢; € S 1 (R3) at which E y is attained.
Next, we have
LI < EPI(VMoy) = MEyy +Me(M),

where €(M) — 0 as M — 0. Hence

T M)

limsup =¥
M—0t

< El,V <0.

2.4 Basic properties of minimizers of .7}

In this section we present some estimates on minimizers and consequences.

1

Proposition 10. If .7 (M) is attained at ug u, then u € €=(R3), 0 < |ug | < (1"—1’> "1 and (T9) holds

P CTF
with Lagrange Multiplier L < 0 induced by the mass constraint. Moreover, if either g < 15—2 or both g < % and

M < 1, then u <O.

Remark 3. When the Lagrange multiplier |1 < 0, we obtain exponential decay (see (66) in [37)]): for all

t < \/—U/cw, there exists C with

luo.m (X)) |+ || Vo m (X)) || < Ce 171 pointwise almost everywhere in R>. (2.22)

Even if o = 0, we still have |ug p|+ || Vo m|| W 0. This follows from (1.9) and Theorem 8.17 uniformly
X || oo
by Gilbarg and Trudinger [26]].

Proof. Equation (I.9), without the sign of i, corresponds to the Euler-Lagrange equation associated to fop 4,

From the Euler-Lagrange equation we obtain
Cw/ ||VuoﬁM||2d7+CTFE/ |MO’M|de—CDg/ |u0,M|qd7+D(u%~M,u(2)M) = uM. (2.23)
R3 2 Jr3 2 Jg3 ’ '

Next, since M € R +— % (M) is nonincreasing and .%(M) = &y (uo u), the function o € [0,1] — &(ouo i)

has a minimum at ¢ = 1. Then,

d
0> %[gO(GMO,M)]

o=1
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d
do

1
{/Ra(CW‘QHVuo,MHZ+CTF0"|M0,M|”—CDGq|u0,M|q)d7 + 264D(M%Mvu(2),M):|
o=1

,/R (2CW||VMQM|| +chp|u0M|p—ch|u0M| )dx —I-ZD(MOM,MOM) 2uM,

implying that i < 0. In order to obtain p < 0 in the case g < % we note that

d .
— & (0 Puou (o))

d 1
= — [/ (Cw(F ||VMQM||2—|-CTFG3P/ 3|Lt01\/1|p—CD(F3q/2 3|Lt0M|q)d)C +26D(MOM7MOM)]

o=1

(2.24)

o=1

do
3g—6

luom|? —cp

= 3p— |
/]R? <2€W||Vu07M||2dx +erF p |u0‘M|q> dx + ED(”%,MM(ZJ,M)

as ug y is a minimizer for .#4(M), or, equivalently,

q ag>_ .24 2= cLFq(p—Z)/ Py
0 [ JouldT = [ 1V Paw 4 GELLZZ [ gl

. (2.25)
WD("%’M’ u(z),M)'

Consequently, plugging (2.23) into (2.23) gives

2
M= ) | Vug P — ELE (g2 P
it = [ =ew (52 =1) 190l = 5 (4223 = ) b

B [2(3;16) _ 1} (1,88 )

+

. 12-5
Dol ) 47 = 552D ).

(e 2L Vg2 ere P
R3 3g—6 ’ q-— 2(3g—6)

hence p1 < 0 in the case ¢ < 2. Now suppose 2 < ¢ < § and M < 1. We can rewrite (2:24) as

P raz = [ |—ey-2? 2, oPa=2), gz
crely [ a7 = [ e 2 Vol + PP ]

p
- mD(M&Ma “(2)7M)7

(2.26)

and insert (2.26)) into (2.23)) to obtain

- _2 p
_“P v 2, D ( 94—~ plio_|__ P 2 9
uM = / { < s 1) [Vuom|”+ > (Pp_2 q | luom|” | d¥ 2Gp—6) 1| D(u a1, 45.01)

g L 12-5
[ (-evs Yot a7 = 522 DG i),

2(3p—06)
Then, from (2.7) with r = g we obtain that that u < 0 if M is sufficiently small.
We note that if we insert D, or any other term, into the equation for —y we do not improve g < % For

b
P | Vuoml? —ep
6 p—
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instance, inserting D into (2.23)) gives

uM = /R3 {—3CW||VM0,M||2_CTF <3p—6— g) \MO,MV’—i—cD (3q—6— g) \MO,M\‘]} i3
:/R? |:—3CW||VMO,M||2— c%(sp— 12)|u07M|P+67D(5q_ 12)|”0,M|q:| d?

so we can see that g = % would be a sufficient condition.

Also, we observe that the Pohozaev identity associated with (T.9) does not bring new information about y.

Next, we observe that ug y € 7%(R?) C £ (IR3) as a result of —Aug y € £?(R?) and by elliptic regu-
larity. uo p(¥) — 0 and (1.9) ensure

[ # ]|

5 $ 4 2 2 _1
—cwAuo = | W — Zcrrug y+ =iy — o * |- 117 ) uom,
3 oM T 3DHo.m ,

for some pu < 0. Fix 7 € (0,/—p/cw); then, we have

—Aug p +Puop < B (lz + cii;) + g%”é
so that for R large enough
—Aug p +12ug p < 0, pointwise almost everywhere in R \ Bg(0).
Next, we can check that
—Ae I 271X > 0, pointwise almost everywhere in R? \BR((_))),
and that there exists C > 0 so that
o m| () < Ce N = Ce 171 |9B(T)-

Thus,

—Aluo (%) — Ce !IIX1) 442 [uom (%) — Ce”H?H] < 0, pointwise almost everywhere in R? \BR(H).

At this point, we use the maximum principle to assert that ug (%) is dominated by the supersolution v(X) =
— —
Ce 'II71l in R3 \ Bg(0). As the domain is unbounded, this requires some care, but applying Stampacchia’s

method as in Benguria, Brezis and Lieb [8, Lemma 8] we obtain the desired bound,
0<uom(®) <w(@)=Ce Il R\ Bg(0).
The estimate on ||Vu|| follows from standard elliptic estimates; see for instance Theorems 8.22 and 8.32

of [26]. O
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Proposition 11. If #)(M) is attained at uy, then (I.8) holds with Lagrange multiplier i < 0 induced by

the mass constraint. Furthermore, i <0 if
(i) V > Vrppw satisfies (1.2) and M < % + x, for some x = k(%) > 0, or
(ii) V is of long-range (1.7), or

(iii) V satisfies (1.2), M < 1, and
E = inf{/ (|[Vups||* = Vir))d X sup € 1 (R?), HuMHipz(Rs) = 1} <0, or,
R3

(iv) V is given by (1.3), and M < 1.

Remark 4. (i) In the case p < 4, (L.8) implies that up; € C**(R?) for all 0 < a < 1,

smooth wherever'V is.

up| >0, and uy is

(ii) When the Lagrange multiplier 1 < 0, we obtain exponential decay (see (66) in [37]) as in 2.22)). Even
if o = 0, we still have |ug |+ || Vo p|| —— 0. Thisfollowsfromand Theorem 8.17 uniformly

[ X oo
by Gilbarg and Trudinger [26]].

Proof. The proof of (I.8) with u < 0 does not differ from the one of (I.9) with p < 0 substantially.

Statement (i) is the equivalent to part (ii) of Theorem 1 by Le Bris [31]], and its prove does not change
substantially. More precisely, if 4 =0 and M < %, then Newton’s Theorem and Lemma 7.18. of Lieb [33]]
imply that uy ¢ £?(R3), a contradiction to uy € 7' (R3). On the other hand, if it is possible to find se-
quences {l, fnen = {0}, {unm, }nen and M, | 2 such that .#7%(M,,) is attained at up,, and uy, is associated
with the Lagrange multiplier U, then uyy, —ur in 21 (R3) and p, — M where u 2 is a minimum of
f‘f () associated with the Lagrange multiplier 1. However, , — 0 and p # 0 simultaneously. Thus

we reach a contradiction.

Statement (ii) is the equivalent to Theorem 2 of Alama et al. 3] and its prove does not change substantially.
More precisely, if 4 = 0, then Newton’s Theorem and Lemma 7.18. of Lieb [33] imply that uy, ¢ Z*(R3), a
contradiction to uy; € 7' (R3).

Statement (iii) follows by the same reasoning as in the proof of Corollary II.2. of Lions [37]]. More pre-

cisely, if f‘f 4 (%) is attained at uy /,,, and uy /, is associated with the Lagrange multiplier p,,, then nuy n——
n—soo

¢ in ' (R3), where ¢ is the minimizer for E. Then, u, — E <O.
H—yoo

Finally, (iv) is a consequence of (iii). O

The following result is instrumental in studying qualitative behaviour of minimizers further. This result
allows us to understand the contribution a minimizer makes to the TFDW energy outside and inside balls.
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Proposition 12. (i) (Localization estimate) Let x, M : R — [0, 1] be smooth functions satisfying x’+nt=1
on R3, and define Q := {X¥ € R*: x(¥) € (0,1)}. If #71(M) is attained at uy, then

D(x*uzy, n*ujy)

[

R
—q [ cplg—2) |7 2 2 2 >
e R (ke RN LT B R 7Es

g/ VN2t d ¥ +{ cpt
B3 P

(2.27)

(ii) (Annular estimate) If %) (M) is attained at uy, then

- - 1% = ol 2 >
V¥ €RR> 1, (/ uzdx> </ ——=—uy(X)dx
Br(X) M R3\Bagr(Fo %] M

[CD(‘I__Z)):|M+SCW+}’_}’OHV(Y) 2 (T)dX. (2.28)

|
[

<12 epl
R3\Br(¥0) p

(iii) (Special case of the annular estimate) Let V be as in (1.3). If J‘f (M) is attained at uy, then

1
VR > I,HCRﬁgg ERJr, (3/ . u%,ldY—CRﬁgg)/ N Lt[zv[d?
Br(0) R3\Bar(0)

P—q|[ cnlg—2) r‘f / 2 >
<4qc +8c uydx. (2.29)
Pp-2 LTF(pZ) Y[ e

I
[N

Moreover, we can choose constants {CR, gg}R>>1 so that
lim CR‘ff =%.
R—o0 7

Proof. We follow ideas by Nam and Van Den Bosch [46, Lemmas 6 and 7].

(i) Since
M= / d T = / (2402 dR = / xzu,zv,d7+/ n%2,dz,
R3 R3 R3 R3
we can apply the binding inequality to obtain

P ) = Ao (M) < 10 (|12 20 ) + 20 (M| ey ) < 689 Cronnr) + &0 (nun).
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Therefore,
0> &7 (unr) — 67 (unr) — &5 (M)
= cw [ (19> = ¥ Geang) |2 = |V (s )
+ [ lere (1= i = 1)l = n(1 =217 = )|} %

3 N 1
_/R3 V(] _Xz)uzzwdx + 5 [D(Mlzlhulzld) _D(lzuzzt/b?(z”/zw) _D(nzulzl/hnzulzu)]

1 -
CWA;[NVM2+IVMFW@+(1xzvfmvmﬁzvu2+na.vﬁ4dx
o . (2.30)
+/ [CTF(l—\X|p—|77\p)|uM|p—CD(l—|x|q—|n|q)|uM|q]dx —/R3Vn2dx
e Hx—yll Y (1 2 (2)2(F) - (R (TR
——cw [ 121+ V0| )iy
+f, [CTFU—\xl"—|n\">|uM|"—cD<1—|x|q—|n|q>|uMmd?

~fvwaz ] [ [ B 2 @ .

Equation (2.27) follows from estimating each of the terms on the right hand of the inequality above.

First, V) Ips g = VN 1R3 o =0 gives

LL92P+19nPdaw == [ (19212 +Vn Pda®

(2.31)
2 2 2 3=
= (192 190 ) [ i
Second, from
O<I—[xlf=nlf<1-[xIP=nF <1lo, (A=[xI"=IN)lgng=0, r=1
and
plg—2) |7
P—q q—2) |7
t|P —cplt|? > — t|*, teR,
errll” =epll Pp2 |:CT (p— 2)] i
we obtain
/]R3 lerr (1= 1x|7” = M[")uml? — ep(1 = |x|? = n|") lun 1] d X
Z/Q(l—le”—Inl”)(CTFIMM\”—CDIMMI")d? (2.32)

q—2
P—q CD(qZ)rq/ 2
> —c uydx.
- DP—ZLTF(P—z) o
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Third,

so that, by symmetry of the nonlocal term,

2 /=2\.2 (>
[ D 2 (5) (R AT = D ). 03
2 Jr3 JR3 ||

[

By plugging (2:31), (2:32), and (2:33) back into (2.30) we get

_ —2) 15
o (1o 2 /za_pqw(q /2*
0> (||Vxllgw<uz3>+||V77||z°°<R3>) o M T e (p—2) o

—/H@VnzuédYJrD(xzub,nZuﬁ)

q—2
P—q | cplg—2) |7 2 2 / 2
p—2|:cTF(p—2):| +CW(”Vfooc(R:%)+anH$w(R3)) QMMd.X

= — CD

- /3 Vn?uld X + D(x*uyy, nuiy),
R
which corresponds to (2.27) but rearranged.

(i) Let us fix any pair of smooth functions f,g : R — [0, 1] for which
F+g=1 flwo=1, flz1=0, and||f, 18"l =gy < 2- (2.34)
Define functions yx, mi : R? — [0, 1] by
X(X) = f(I¥ = ol = R—k),m(X) == g(II¥ — ol —R—k).
Each pair (j, ) satisfies hypotheses of part a) of this Lemma with corresponding sets
Q= {F eR’: 1 (F) € (0,1)} = Broas1(X0) \ Brer(X0)-

By applying (2.27) to each pair xx, N and adding over k € NU {0} we obtain

oo

Y D(xtu niuy) <Y { / VnAddz +C /
=0 L/R B

u,%,,d?}
k=0
<Yy { / Vniuidx
=0 L/R3

Rxr1(X0)\Bryk(Fo)

q—2
_ 1 (2.35)
I CDP q [ cplq ):|p q+8CW / 1412‘,1(176>
p—2 crr(p—2) Briir1(X0)\Brik(X0)
2 (4-2) |7
— — P—q
= VN2l d% +{ cpP—4 [ ‘p\d ] +8¢ / udd,
kzb/R»* Tettin Pp—2lerr(p—2) Y ez M
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where

[N

q—

 p—q|cplg—2) | 2 2
Cr = CDp _2 L’TF(P — 2)] + ||ka||$°°(R3) + ||Vnk||gw(]1{3)'

Now note that, by definition,

McMaster University - Mathematics

Xielpy, (z0) =1, Xels\ge, 1 (70) = 05 (2.36)

or, equivalently,

MLy i (30) =0, MeLr3\By41(70)

On the other hand, (2:36)), (2:37)), and

IZ=VI < IZIHITI S R+A+1+[FI <33T, ¥ €Brirr1(0), Y € R\ Bris(0)

give
202V 2 (PN 2( V2 (2
D(x]gu%/hn%u%/[):/ / Xk(x)”M(i)nk_)(J’)”M()’)d}»dy
Brx1(%0) JR3\Br (o) (B
L B DNT) e
Bri(T0) JR3\Br1(F0) 315l
(L] i) [, )
3 JBroi(R0) R3 (Edl
1 202\,,2 (2
> (/ u%wd?) M0 4 e N},
3 JBr(%0) R X
As aresult,
1 A\ ve [ @y (R)
D(y}ud;, npui,) > (/ us dx) ————dX
keNZ{O} M) 2 (5 o 005 ) By oo™
Plugging this back into (2:33)) gives
<1/ u%,,d?) y e (X) o> i/ V2l dT +C BdT. (2.38)
3 JBr(Z0) =0/ R? (Bl T im0 /R3 , R3\Br(X0)

Next, note that

2
Lo\ By, i1 (7o) < M < Lrd\p (7)) K €NU{0},

Y L gy (70 () ST = ZollTps gz (), X R’
=0
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(iii)

and
— 1 —
Z Lpa\gp o (%) (X) 2 5 (H X = Xoll = R)Lgs\py, , (v4) (%)
k=0
1 — — — —
> Z||x X ||ILR3\32R XO)(x) ¥ eR.
Then,
7|| A= ‘xOH]IRS\BZR xo Z < ||Y_ ?OHHRS\BR(?O)(Y)’ }) E R3’
This implies that
Y [ vnudaz < [ V(R)||T = Tollidy (F)d7, (2.39)
k=0 R3 RS\BR(?O)
and
oo 2/=>\.2 1> 2> = 2 >
Z Md;’ > l Md?. (2.40)
far 0 S R 4 JR3\Bor(%0) [Ed|

Equation (2:28) follows from plugging (2.39) and (2.40) back into (2.38).

The proof of (:29) is the same to that of (Z.28) with ¥ = 0 up to (Z.38). At that point, we use

— Cp
ICr» €RT YV €R3\Br(0), V()< ”%T“"
to obtain that
1 oo 202\,,2 (2
(/ u%wd}’> Y (X (X)
3 JBR(%) =0 /R? %]
o0 2 2 (>
SCR,SXZ nk(x)uM(x)d_)—l-C uydx;
=0/ R3 (E4] R3\Bg(¥0)
or, equivalently,
1/ 2 1> )w nk( )MM(Y) — 2 1>
- uydx —Cp o 7dx SC/ uydx. 241
(3 B(%o) ,;) ER R\Br(To)

Equation (2:29) follows from using (Z40) with ¥o = 0 to estimate the left hand side of (Z.4T).

O

Pick any pair of functions f,g : R — [0, 1] satisfying (2.34), and define yr,ng : R* — [0, 1] for R € R*,

by

Xr(X) = f(| %] = R) and nr(X) := g(| || - R).
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For each M > 0, let uy be a minimizer for .#}* and fix Ry, € R for which

— M —
/R3751%Mu%4dx =E=/IR3n,%Mu121,,dx.

Since xg,, ]lBRM () = 1 and xg,, 1R3\BRM+1(U) = 0, or, equivalently,
nRM]lBRM(G’) =0and nRMﬂR3\BRM+1(3) =1,
we have that
/ L ugdX > / X, upd X = M (2.42)
IBryy1(0) R} 2
and

M

2 = 2 2 4o

uydx >/ uydx = —. 2.43
/3\BRM(3) maX Z | TRy U 3 (2.43)

Here is an estimate of Rj; in terms of M.
Lemma 5. M < CR3,.

Proof. Holder’s inequality and Proposition [ give

Hence the Lemma follows. O

Then, we can say that, under certain conditions, the mass of a minimizer concentrates on an annular

region.

Corollary 4. Suppose that
limsup || X[V (X) < oo. (2.44)

[ ¥

Then, there exists a constant Cy independent of M such that if M > 1, then

/ . L updX >M—Cy.
Bogyy+2(0)\Bgy, /2(0)

Furthermore, if V is given by (L3)), then we have

1

3 Bgy,2(0)

- B -2 r=q
3y d < Cry,z +89 cpb—d [ (g —2) } '
, o

crr(p—2)

and
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2

+ 8cw

S

1

Cryy 2’
M
1-6 M

<

— - -2 p:
/ W2, d % <244 epP—4 [ cplq—2) }
R3\Bopy, 12 p—2lerr(p—2)

where Cg,, % M—> Z (Cree = Z forV = H%f“).
—ro0 '

Proof. We prove the particular case. The general case is very similar.

By (2.29),
! (g-2) |
— - P—q | ¢p\g— )
VR > 1, {/ _)uzdxC_gg]/ _’uzdx§4 c { } +8cw p M,
3 Je(@) M B ] Jesvmp() Pp=2lerr(p—2) "

where {Cg # }rs1 C RT can be chosen so that Cg »» — 2 as R — 0. Then, we can make use of Lemmato
obtain that

1/ 2 31— 2 1>
- Lu dx —Cg 1,2 / Lu dx
[3 Bryya (T) v ] B\ Bapyea(T)

+8cw M, M>>I,

and

[N]

.
1/ 2 / 2 o pq{CD(qZ)}"-q
— L uydx —C 5 L ouydx <4< cp

[3 By a(0) RM/W] BO\Bey (0) p=2lerr(p=2)

Then, 2.42) and (2.43) give

+8cw p M, M>1.

q-=2
M 5 p—q|[ cplg—2) ]
— —Cp 1.%)/ L ubdX <4{cp { +8cw ¢ M, M>1.
<6 S B3\ Bgy 12(T) p—2 lcrr(p—2)
and

M1 5
> g/ L uydX —Cpy | <4 ch_ +8ew p M, M>1,
Bry, 12(0) p

Hence conclusions follow. O

Finally, the following two propositions can be proved with no major changes from [46, Lemma 17 and

Theorem 3(ii)], correspondingly.

The first result is a consequence of the fact that the mass of a minimizer concentrates on the annular region

Bogy 12 \BRM/Z, as shown before.
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Proposition 13. There exists a constant Cy such that if uys is a minimizer for f‘f (M), then

sup  |um| > C.
R3)\Bg,, /»(0)

And we can use the Proposition above to show the following:

Proposition 14. Suppose that V satisfies both (1.2) and 2.44). Then, for M sufficiently large, minimizers of
FI(M), if any, are not radial.

46



Chapter 3

Structure of minimizing sequences

In this chapter we prove Theorems[4] [5] and [6] Throughout this chapter, we assume V satisfies (T.2).

The use of Concentration-Compactness techniques in Thomas-Fermi-type problems goes back at least to
Lions [37], for whom these problems were an important motivation for the development of the general theory.

3.1 General background potential

The idea of the Concentration Theorem[]is partly contained in Lions[37]], although it is not stated as a single

Theorem, and it leaves many details left to the reader. We provide a complete proof here.

Proof of TheoremH] We first consider V # 0.
By Proposition E], there is a function u® € 7' (R?)\ {0} such that

Un(- = X9 —u® —— 0in A1 (R?) and pointwise almost everywhere in R>,
n—soo

and
ITIM) = 77 (m°) + 70U M —m®),  F7(m) = E7(°),

where m® := ||”0||=2$2(R3)'
If m* = M, then the sequence converges strongly in .#>(R3) by the Brezis-Lieb Lemma [10], «° mini-

mizes .#)"?(M), and the procedure terminates, with N = 0.

If m® < M, then we define the remainder sequence

u =u, —u®, neN.
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We note that by the Brezis-Lieb Lemma [[10], ||u?|2 PR T M —m®, while by weak convergence and the
Brezis-Lieb Lemma [[10] again, the energy decouples in the 11m1t (see [46l 133]),
1z _ePd(, 0y _ ePd,0\] _
Tim [679(,) — E79(u) — &) =0,

and thus
A= lim 674 () = &) + lim &7 () = A7 () + I (M — m”).
n—roo

n—o0

By the binding inequality (2.10), we have
TP m®) + ILUM —mP) > FPUM) > EFWC) + lim P (d) > AP m°) + APIM —mP),  (3.1)
n—soo
and hence we obtain equality of each expression,

&) = A7) and - lim &7 up) = I (M —m"),
that is, the remainder sequence {u0},c is a minimizing sequence for .70 (M —m°).

Now we consider the residual sequence {u},cx and show it concentrates after translation. First, we must
eliminate the possibility of “vanishing” in the Concentration-Compactness framework [36]]. We claim that
o({u0},cn) > 0, where @ is given by (Z.21). Indeed, applying [36, Lemma L.1], if @({u?},cn) = 0, then
ud ——0in 2" (R?) norm, for each 2 < r < 6, so in particular

/ Wl — 0
]R3 n—yo

and hence
FLUM —m®) = Tim E(u2) > 0,

n—yoo

which contradicts Proposition[7} Hence “vanishing” cannot occur.

Therefore, we can choose a sequence of translations X, € R? for which ud(- — ¥1) —— u! weakly in
n—oo

' (R?) and pointwise almost everywhere in R3, for some u!' € 7! (R3), with mass

1
b= e e 2 S0 ber) > 0.

As u? —— 0 and by the Rellich-Kondrakov compactness Theorem, we must have that || ¥} || —— oo.
n—yoo n—soo

In case m” = M —m', the sequence converges strongly in .#?(IR?®) by the Brezis-Lieb Lemma [10], u'

minimizes .%(M —m'), and we obtain (T.10), (T.TT), (T.12), and (T.13), with N = 1.

If m' < M —mP, we again define the remainder sequence ub(¥) :=ud(¥) —u' (¥ + ¥)). By definition,

— M —m® —m!, and the energy splits,

ty —— 0, u' (- — %) —— 0, and [uy %2 3) —

EPI) = EP (") + &P wh) + o(1)
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By the same argument as in (3.1)), this implies that
goﬂﬂ(ul) — jop»ﬂl(ml)’ jOPﬂ(M _ mO) — jOP-,él(ml) + jOP#I(M _ mO _ ml)7

and {u!},cy is a minimizing sequence for .#*Y(M —m°® —m'). Substituting for £/ (M —m®) in B1) we
conclude:
f‘f’q(M) _ j‘fﬁq(mO) +](317,4(m1> _i_jOP,Q(M_mO _ml)_

We can iterate the process we just described to obtain translations { X%

uk € 1 (R3) with

k|| —— oo, functions
n—soo

[
1152 sy =:m* = S0ty o), (32)

and remainder sequences

for each k =2,3,... satisfying:

k
_ i : k2
M= i:ZOml""}gI;H”anZ(W)v

ub (=35 — 0, weakly in ' (R?) and pointwise almost everywhere in R?,

SPUM) = 77 (m°) + i T () +74 ( i )

i=1 i=0

n—soo

k
ELU k) = AUy and 1im P (ul) = I ( Z )
At this point we would like to note that the splitting process terminates at some finite step in the case
p= and g= 7. Indeed, the concavity of .#%(M) for small (see Proposition [7| or [46, Lemma 9 (iii)],)
1mphes that there exists M, > 0 such that minimizing sequences for Jop I do not split for M < M,. If the
process terminates in finitely many steps, then (T.10), (T.11), and (T.12) hold.

If the splitting process does not end, then since M > Zé‘:O mt for all k, we have lim;_,..m' = 0, and then,
by (3:2), we conclude that

lim @({t; ne) =0. (33)

On the other hand, from the proof of Lemma L.I in [36], we have

I

limsup \u | 5 dx < C[ ({uﬁ}neN)} limsupHu’,‘lHigl(R@),
n—oo

n—yoo
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where C is a universal constant. Then, since {||uX||? ) }nen is uniformly bounded in k and by (3:3),
hm limsup [ |uf|9dX =0,
R3

k—ro0 n—oo

hence

k—yo0 n—boo

1i]£i£ffop=q ( Zm ) = liminf lim EPUub) > 0.
But then, since .#}" is strictly negative, equations in (T.12)) follow.

All the above prove that statements (I.10) (by the Brezis-Lieb Lemma [10]), (T.T1)), and (T.12) still hold
if the splitting process continues indefinitely, in which case N = co.

Now we show that || X% — ¥ || —— oo for all i # k. Suppose this is not the case, and take the smallest
n—oo _—
k > i for which {|| % — ¥’ ||} ,cy remains bounded along some subsequence. (And so || ¥} — X n|| — for

all i < j < k.) Taking a further subsequence if necessary, (X% — X%) — E for some 6 eR3. Note that
0, (¥) = uy(X)+ Y, W/ (F+7T),

and hence

k
(R-R) = (- +u (X -R+ %)+ Y (R T+ 7). (.4)
j=it+l

Since | %) — X1 || —— oo fori < j < k, u/ (- — X1+ ¥) — 0, while (- — ¥+ ) — k(- + &). And
n—yeo n—yoo n—oeo
uk(-—X1) —— 0, and hence we pass to the limit in (3.4) to obtain u/,(- — X)) — u*(- + 3) # 0, which is
n—oo n—yoo
a contradiction. Hence (T.13) is verified.

Next, we show that each ' solves the Euler-Lagrange equation with the same Lagrange multiplier u. By
the Ekeland Variational Principle [[17] (see also [54, Corollary 5.3],) we may find a minimizing sequence
{Vi }nen, with ||v,1||f(f2 ®) = M and ||v, — uy|| — 0, for which the Euler-Lagrange equation is solved up to

n—o0
an small error in 7~ (R3). That is, Ju, € R with
D&Y (vy) — vy —— 0 in 27! norm.

n—yoo

The Lagrange multipliers may be expressed as:
M = (DEF (V) vn) + 0(V)][vall s m3) = (D& (V) v) + 0(1),

as minimizing sequences are bounded. By Propositions {|ttn] }nen is bounded, and hence (up to a
sequence) we may assume Ly, — K for some pt € R. As u, (- — X1) — u' weakly in 7' (R3), the same
n—o0 n—oo
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is true for ¥, := v, (- — ¥},) —— u’,i=0,...,N. Hence, for every ¢ € C5(R?),
n—soo

<Déa‘51#(u0) IJMO,(P) = lim <D(g}‘f7q(‘7n) Hn";nv(m =0,
n—roo
and similarly, D& (u') —pu' = 0,i=1,...,N.

For V = 0, the functional 6’0” 4 is translation invariant. Hence, we may begin the process at the Step
k = 1, defining ®({u, }nen) and identifying a first set of translates { X0} as above. By translation invariance,
fiy = up(- — X)) is also a minimizing sequence for Jop (M), and the weak limit u® = w — lim,, e i, is

nontrivial. The rest of the proof continues as in the case of nontrivial V. O

3.2 Potentials that are at least Newtonian

The proof of Theorem [5 relies on the splitting structure given in Theorem [] and on the idea that, when
calculating the interaction energy between fleeing components /(¥ + X)), only the mass m’ and centers X,
enter into the computation at first order. The following Lemma makes this precise for compactly supported
components:

—.

Lemma 6. (a) Let v',v? € ' (R3) be functions with compact support, suppv' C By(&Y), i=1,2, with
1<p<iRR=|C'—C?|>0. Then,

R N 192 2112
/ / P EOPRIE o g P Tz ¥ Tnn | 2 Ve V212
By (T I3y (T TR ET Y

-
% -

y >
il ¢t =¢2

(b) Letv € s (R?) be a function with compact support, suppv C BP(E), with1 <p < IR=|| EH For
any v > 0 and fixed vector r € R3 with 0 < ||| < %R,

[ p@P o e
Bo(D) | X = 7Y HE

p 2
> anVng(R.z)-

Proof. These follow from the pointwise estimates,

1 1 2p 4p
— — = — S 2 S Ta
Icr—¢2| I¥=YI|~ R=p)* "R
1 1
- T = __—e < = Gp <Cy ﬁea
Igpe 1= (N =p—Ilrf)e+? R
forall ¥ € By(L1), ¥ € By(L2),and 1 < p < 1R. O

Unlike the case of the Gamow liquid drop problem, our components %' are not of compact support, so we

need to resort to truncation. This proves effective provided we are in a situation where the minimizers ' have
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exponential decay. To generate localization functions, let us fix any smooth ¢ : R — [0, 1] for which

Pl =1, 91w =0, [¢]z=m) <2. (3.5)

Now we prove Theorem [5| and Proposition [I] on the size of the compact part of minimizing sequences. We
note that the argument for the first Theorem is similar to Lions’ proof of existence of minimizers [37]] for
TFDW type models in the case V = Vpppw and M < %

Proof of Theorem[3] We rewrite the potential V = Vrppw + W, where W(X) > 0 and W satisfies (I.2). To
obtain a contradiction, assume {u, },cy is a minimizing sequence for .%*/(M) that splits but 0 < m® < 2.

We let u', m' = ||u 0,...,N be as given by Theoremﬂ Fix unit vectors

Weprgay 1=
Vi = (0,cos(2m/i),sin(27/i)) € R3,
and for p > 1 define g, by
7°:=0, ql=ePVl,  Gh=ePTi=2 N
Then we define the truncated components,

UNZ):=9(|X~ Gl —p+1)u(T~F), i=0,..N.

Each function U’ has been truncated to have support in the ball By(q").

Asm® < Z, by Proposition i < 0 for all Lagrange multipliers corresponding to u’, i =0,...,N, and
hence the exponential decay estimate holds for all of them. We choose the constant A = %H for
simplicity. Then,

o = Ul < [ WP =i =077,
pl 4 )

and
EPIUN =PI +0(e),  EPUUY) = EPN ) +0(e M), i=1,....N.

Let

As |lwp H‘zgz (83) < M., by monotonicity of FPUM) (see Proposition we have

FIM) < I (wp o es)) < 69 ()

Moo UL PV
SgP:‘](uO)_i_ éapﬁq(Uz)_,'_ / / p - ﬁ d?d?
v ; ¢ e E‘p B (@) Jap(7i) X =T
#]

N
_Z/ ) [VTFDW(Y)+W(Y)]‘U;(7)|2d7+0(e_%p)
i=17/Bp(q")
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il y Us ()P0 (7)1
= A m°)+ Y Io(m') + / / PP dXdy (3.6)
Y ; E‘o Bo(70) JBy(7) X =V
i#j

—IZI/BP 70 Vrrpw (X)+W (X )}|U”;(7c’)|2d7{+0(e—%p).

Next, we use Lemmalg]to evaluate the interaction terms. Note that R™/ = || §7 — §7|| is of order evP when
i+ j =1, and of order &3P otherwise, and

0<m — m <0(e™*P).

Thus, we have

mom

/ / \U,Q(Y)IZIUK(?)IZWW 5 FO0(e M) ifiyi=1,
N 5= xdy =3 e
Bp Bp(q’ 1% =i O(e—mm{lﬂ}ﬁ’)’ otherwise,
and fori = 1,...,N, the interaction with Vrrpw gives
; 2 m' (e~ min{3.1}p)
|U’(_’)\ —+0(e” ’ , ifi=1,
P AR =4 VP
/Bp ”x _rl| —min{3,u} 7
Ole HiP), if i > 2.

Substituting into @, and using W > 0, we obtain the strict subadditivity of f‘f ’q(M )s

N 0,1 1
(mz)] < m'm. —Z'm _|_O(efmin{3/2,u/2}p)<07

74 0) - [fﬂq(m‘)) +Y —

for all p sufficiently large, since we are assuming m® < 2. However, this contradicts (I.T2) in the Concen-
tration Theorem@ Thus m® > %, and the Theorem is proved. O

The following is stated as part of Proposition [T} but its proof only depends on the bounds stated in Propo-
sition[d] and the result is needed below.

10 8
Proposition 15. Let u, minimize 9> "> (M), where V,, is as in (L14). Then {u, },en is a minimizing sequence

for ﬂv;ggw (M).
10
3

Proof. Let u, be a minimizer for jv, (M), n € N. First, note that V| > V,, > Vrppw, and hence

10

(up) < &7 3 (uy) =57 3 (M) < 7,73

Vrr

1=

STz
w0

(M)<0

S
S

for all n. Applying Proposition 4| with V = V|, the sequence {un tnen satisfies the bounds in Lemma E]

uniformly in n € N. Next, we observe that || X|| " € fz (R3) for 0 < v < 1, and thus

loc

. 2 . 2
z,,/ “"_(,xv)dz’gz,,/ wlF )iz +z/ (D)7
| B,(0) [ XY R3\By (T)
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<Z ””n“géR3 H”xH VH % 1(6))+ZnM

< Zu | Vit ) + ZaM — 0.

In particular,

and therefore we may conclude,

10 8 10 8 70 8
gy (M) S HIINE 0 (1) = liminf 6,7 ()
= llmll‘lfj?o §( M)
n—yo0
jTO % /? %
< limsu < M).
n—>oop ( )7 TFDW( )

O

Proof of Proposition[I} In Proposition [I3] we have already shown that any sequence of minimizers u, of
8

2y > 3 forms a minimizing sequence for f ’ 3 ( ). Part (ii) then follows from Theorem [5 O

Lemma 7. Under all hypotheses of Theorem@ we have that, up to a subsequence, for all 0 <t < \/—U/cw,

there exists a constant C independent of n with

0 < [un(Z)|+ |Vun(2)|| < Ce "% F) | pointwise almost everywhere in R, 3.7)
where
O-n(Y) = Ogn<nNH X = ana

and X! are as in the Concentration Theorem

Proof. By Proposition we may take u, > 0 in R3. Alama et al. [3] proved that

4

5 4
—cwAu, = (un —CcrFRu; + 3cDun +V,—u *H I~ 1) Uy, (3.8)

for some u,, < 0. Additionally, by the final step in the proof of the Concentration TheoremEI, U, — u. Fix
n—soo
t € (0,4/—u/cw); then, for n sufficiently large, we have

1 4 2
— Aty 412y, < {2 (t + ”>+CD %}un.

Furthermore, by Lemma E| and equation (3.8), we have that {u,},cr is bounded in J#2(RR?), and hence in
Z>(R3). Therefore, we can apply Theorem 8.17 by Gilbarg and Trudinger [26] to obtain:

lnll =3, (7)) < Clltnll 2(8,(3)) < Cllunll r2@n0mp oz T €RP\NUBR(T),R> 1,

54



McMaster University - Mathematics PhD Thesis - Lorena Aguirre Salazar

where C is a constant independent of 1, R and y. By covering R\ UBg (X)) with balls of radius one centered

at points in the same set we obtain

[[un || o= a\uBR (7)) < Cllunll 22 (m3\UB o (7))

108
33

On the other hand, by Proposition , {un}nen is a minimizing sequence for ., "° (M), and hence

the conclusions of Concentration Theorem [ hold. In particular, this implies that given € > 0, there exists
Ry = Ryp(€) > 1 such that

€

< )
N+1

i=0,...,N, R> R,

12
(L ”32<R3\BR/2<6>>

and (T.10), (T.13), the Rellich-Kondrakov compactness Theorem, and the decay of all ' (2.22)) ensure that,
up to a subsequence,
Un(-+%1) — il in L*(Bg)y(0)), i=0,...N, R>Ry.

n—so0

Consequently,

. 2 _ T 2 )
B llunll 2 @3\ gy ety = M = B (a2 g )

N
_ 1 — — 2 N
=M ng}ol;()”un(x +x”)||.272(BR/2(0))

N
_ 12
=M= ;) 11 2 )

i
N .
= LI g5 <
Then, given any € > 0, by choosing Ry = Ro(€) larger if necessary, we have
ligljoljp lnl| = (m3\uBg(77))) < € R=Ro,
and hence for large enough n and R,
—Auy, +12u,, < 0, pointwise almost everywhere in R> \ UBg(x!).

Next, we can check that

—Ae "% 412719 > 0, pointwise almost everywhere in R*\ UBR(X),

and that there exists C > 0 so that

—tR __ —ton(X )
Unlgupg(wiy < Ce R =Ce )5 p o)
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Thus,

—Afun (%) — Ce %3] 42 [u, (X) — Ce "9 (¥)] < 0, pointwise almost everywhere in R> \ UB(X").
At this point, we would like to invoke the maximum principle to assert that u, (%) is dominated by the
supersolution v(X) = Ce "% in the domain Q,, := R3\ UBg(X"). As the domain is unbounded, this requires
some care, but applying Stampacchia’s method as in Benguria, Brezis and Lieb [8, Lemma 8] we obtain the
desired bound,

0<u,(F) <H(F) =Ce ), Feaq,

The estimate on ||Vu,|| then follows from standard elliptic estimates; see for instance Theorems 8.22 and
8.32 of [26]. O

Proposition 16. Let F, vy and F, be as in Theorem|6| Then,
N( mi) No(

mOm!.. mlm?2,....mN)

infFy 0,1 vy +infFy 12 ny > —oo
Ty N,(mOm! ... mN) Ty N,(m!' m?,...mN)

and for each infimum, minimizing sequences are compact.

Proof. With no loss of generality, assume we are studying a functional of the form

mimd N i N o i
GN(VV)I,...,V—V)N):Z ————+b S — S0,
13,;@ || — W] ; W] ; WY
over
Sy = {(Wh...,w’N) e (R\{OPV:w £ w’/}.
with m!,...,m" b > 0 fixed. —co < infy, Gy < 0 as
lim (ar™ ' —bt™Y) =00, a>0,
t—0t
and
tlgg(ar—l —bt7V)=0, a'—btY <O0fort>>1. (3.9)

Next, suppose, by contradiction, that
. . 1 ZN
infGy =1limGy(&,,,..., &)
XN neN

but {E’;}%N is not compact for some i € {1,... ,N}\I" = I"" #£0.
First, we observe that /* # 0 because of (3.9) and infy,, Gy < 0. Then, up to (not relabeled) subsequences,

—. —. —.
En—— &lielrand ||E)|| —— ,ic ™
n—oo n—oo
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Therefore,
. mim’ m mt . mim’
Iy ijer 167 =&l e 187 ier 1§71V mNiier [ &4 — &all

On the other hand, we can check that for each j € I**,

—oo < inf S—+b — <0
int, (Z TR |W||V>

— . -
is attained at a vector &/. Then, we replace one of the sequences { & },en, j € ™, by the constant sequence

{£J0} ,en, and then evaluate G, at the new vector of sequences. By doing so, we obtain

i

3

mt mim’
Z —— +lim o < infGy
[EY "Nicjerm\(ioy &0 —Eall =¥

m'm/
———=—+b Z =
i<jel*U{jo} NEi—&| icl*U{jo} &l i€l*U{jo}
in the limit. However, the equation above contradicts the fact that the original sequence was a minimizing

sequence. Hence we cannot have I** £ (). O

3.3 Potentials approaching a Newtonian potential

The proof of Theorem 6]is more intricate than that of Theorem 3] as it requires us to make a finer estimate of

the smaller order terms in the expansion of the energy.

By (i) of Proposition {un }nen is a minimizing sequence for Jvliéw (M), and hence the conclusions
of Concentration Theorem [4| hold with N < c. We assume there is splitting, that is, N > 1, and let ul,
mi = ||u Hiﬂz (B3) and X (with X0 = 0,) be as in the Concentration Theorem. By hypothesis, the common
value of the Lagrange multipliers of the limit components u' is negative, p < 0.

As in the proof of Theorem [S| we construct comparison functions by localization to balls with centers ¢’
spreading to infinity. However, we have limited control on the errors introduced by the passage of u, (- —
X)) - u', and thus we use truncations of the minimizers themselves to make these constructions.

Let us set

Ry = min [[¥, - %] (3.10)

= —
Consider also a sequence p, —— o and translations {79 = 0 },en, .-, { 7N bnen C R? (all to be chosen

later,) satisfying
1 4 .
1<p, < Zmin{Rn,Qn} where Q,, ;= min|| ¢}, — 72| (3.11)
i<j

Using the same cutoff functions ¢ defined in (3.5)), we then set

Xou () = 0( - | = pn+ 1),
Gi() = 2p, (- = X)un(-), and Hy(-) :==G(-+ X} — Th). (3.12)
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Thus, each G/, is compactly supported in a ball By, (X)), while H! is the same function but translated to have
centers at ¢, which we choose later to create appropriate comparison functions. Set
i i 112 _ P12
mi = G gy = IH -

The following Lemma states that truncations we just defined provide a good approximation to the limit
profiles.

Lemma 8. For any p, satisfying (3.11),
) . . -
r}g&m:’ =m = ||MIH$Z(R3)'

Proof. First, we have that G/ (- + X\) —— u, i = 0,...,N weakly in 2! (R?) by construction, and in the
n—yoo

norm on .,ijc(R?) by the Rellich-Kondrakov compactness Theorem. As a consequence,
P12 < liminfm .
m H"‘z”gz&@) < llrgglfmn (3.13)

To obtain the complementary bound, we note that Y~ , G%,(¥) < u,(¥) pointwise almost everywhere on R3,

and since the supports of the G/, are disjoint we have

hmsupZmn < ||u,,||$2 ®) =M= Zm < thlnfm < hmlanm

n—o0 i=0 i=0
In particular, the limit
N
M=1lim Y m
n—yo0 ;’) n

exists. Since individually the terms are bounded below via (3:13)), we claim that each of the terms m!, — m',

i=0,...,N. Indeed, given & > 0 there exists K > 0 for which Y m!, < M + ¢ and for any i, m}, > m' — £/N

whenever n > K. Thus, for each j we have
+Zm —e< Zm <Zm + €,
i#]
and so m{, < m! 4 2¢, for all n > K, that is, limsup,,_,.,, m’n < m', for each i, and the claim is proved. O

Since we assume { < 0, the exponential decay of each u,, away from balls By, (X0) (see Lemma allows

108
us to localize the energy &, " (u,) with an exponentially small error as stated in the following:

Lemma9. Let p, —— oo with p, < %Rn. Then,
n—oo

2 23 0 ; 1G)()E
&2 (un) > 620 (Gy) + Z (Gh) Z/ IIXIIV
mzmé 0 N mi N mi
R R ) My R W oyt
1<i<j | X5 —Xall i=1 n i=1 n
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where
lera| <C &+Z"p" te (3.14)
In| > erl R,I,'W ) .

as n — oo, with C depending on {m'}Y_, and % but independent of translations { X'}, {X}},... . {ZN}.
Proof. By Lemmal[J] for sufficiently large n,

N . N

ZG’ (D) <Ce 7T e, =R\ JB,,(TY)
i=0

where 0,(%) is as in Lemma This together with (3.7), B.8), un — u, Lemmal ||Vxn onll =3y <2,
n—
and Holder estimates for first derivatives imply

o ga)

From G, (¥) = u,(¥X) in By, (X)), and has support in By, 1(X",), the contribution to the energy is unchanged

ﬁcﬂ(y)

<Ce™

in |J; Bp, (X)), and is exponentially small in the complementary region, Q,,. Furthermore, the energy density

.. Vol
is integrable over Q,, and of order €, , = O(e” "2 P»). Hence, we calculate:

108 N G ()G}
SRR WCACAED 3 A A GELIGIE 14y -+,
i=0 i<j Bpn<7{:) ” - y”
98 Ga(F)I?
G (G0 -2, [ SR
oo () =2 Jo i TR
G ()P
+Y |4 (G) / V(?)|GL(Z)2dT ~ 2, O X7 12
Z{ : Bou (%) XY
Gi( G)
+Z/ / N ‘ | |a( bl dXdy+ €, (3.15)
i<j BPn BPn Xn - y”
: Gl (X)P?
—gi G +Y & (G | dx
Vrepw n) ; 0( n) By (0) Hva
. . Gi -2 2Gj 2>\|2 N
i<,~ Bou () JBp,(h) X =V
Gl —> 2 Gz 2
_ZZ / ‘ (x| -7, Z/ | v‘ dx—|—81’,,.
i=1k= R3 |x_rk| Bp, (¥ H
Now, we apply Lemma6]to evaluate the interaction terms. In this way we have:
Gl GJ i)
[ GUEIPIGHTIE gy 1yt P
BPn BPn ?1 ||x_yH ||x - {l” R
G () m, Pr
T dX < +Cymt =2
/R3 [ —re] (B "R
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GL(X)* —_  m, ; Pn
s dx < +Cymy,
/Bpn(*’) [l E Ry T

By substituting these estimates into (3.15)) we arrive at the desired lower bound. O

Next we create an upper bound estimate on the minimum energy by moving the localized components

—i

H! (which are simply translates of G',,) to study the role of the ¥i. That is, we consider a trial function
Wy, = fvzo H!, which has the same localized components as u, but with centers ¢',. The advantage of this
over the upper bound constructed for the proof of Theorem [3|is that the terms of order O(1) exactly match

those in the lower bound given by Lemma[9]

Lemma 10. Let {pn}nGN C (la‘x’) and {Z[?z = 6}n€N7 EEER) {72\]}}161\1 - R? Satisfy " Then,

9.5 25 0 i |Gh(X)P
& () < &0 (G)+ 0 (Gh) z/ |x||V
mm/ N i N
+ Y S (- 2) Y = e Y =ty T e
1<ici<n | 95 — g2l el R7AA =g
where
P P _V/H
|82An|§C<Q’§+ ’{+”V+e 7 p) (3.16)

as n — oo, with C depending on {m'}Y_, and % but independent of { " }Y_,

Proof. Set

N .
wn =Y Hj.
i=0

108
33

As 0 < w,(X) < u,(X) for all ¥ € R3, ' (M)

(Proposition|[7])

) By the monotonicity of ﬂ

%
@@V

n

8
3

oo

10
3

(Hwn”gz ]R*)) < éavn 3 (wy).

wioo

(un) = F7 3 (M) < A7

98 ;
,
éDVTFDW ( n

we expand as in the proof of Lemma[J]to obtain the desired upper bound. O

By matching the lower bound from Lemma 9] with the upper bound from Lemma[I0] we conclude for any

choice of p,, {7’} satisfying (3.11), we have the following bound satisfied by the translations { ¥,

. H —
1<icyen || X5 — 7%” = ,:1 EN =1



McMaster University - Mathematics PhD Thesis - Lorena Aguirre Salazar

N mi
H _ZnZ 1 +81,n+£2,m (317)
i=1

g
n

i)
(- )

— —i —j + n F
1<i<j<N lqs — qnll

=i
g%

1=
3

<y

where € ,, &, are defined in the statements of the Lemmas [9]and [T0}
In what follows we exploit the freedom we have of choosing vectors ¢, and radii p, to prove Theorem@

First we must find the correct scale for the diverging centers { X% }. We define

0. : -0
Rn T lrgnilgnN”an’
and for N > 2,
R — : 2 2]
Rn . 1§Iigl}'l§N”x” nH

By Concentration Theorem |4} each diverges to infinity; furthermore, R, = min{R,,R}} (see (3.10).) By
passing to a subsequence and reordering the components if necessary, we may assume that the first diverging
center is the closest:

X =R%, neN.

Lemma 11. (a) Ifm° > %, then
1
liminfR,Z!" > 0. (3.18)
n—soo

(b) If N > 2 and
0

R
limsup =2 > 0,

n—yoo n

then there exists a subsequence for which (3.18) holds.
(c) If N >2and

then 1
liminfR,Z;~" > 0.

n—yoo
Proof. First assume m® > 2. By contradiction, assume that along some subsequence
e -
R, ZI™Y —— 0.
n—soo
. . —; . —>
Choose vectors ¢', = R, p', for distinct fixed vectors p, i = 1,...,N, and p° = 0. We denote by

¥i =R;!Xi. By the definition of R,, we have || 3| > 1 forall i=1,...,N, and || ¥ — ¥4| > 1 for all

n n:

0 <i< j < N. Extracting a further subsequence if necessary, we may assume that either

| YL =1, or, there exists i, jo # O for which ||y — J/o|| = 1,n € N. (3.19)

n

Set p, = /Ry, and so (3.11)) is satisfied for these choices, and in fact R, €| ,,, R,& , — 0, where €| ,, &
, I s €2,

are the remainder terms defined in Lemmas [0l and [T0l
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Then, we multiply (3.17) by R, to obtain:

J N i i) N i

m! /I 0 m m,ny 0 m
(mn_g)2||'>:l||§ Z ||»,-'i»j||+(mn—ff)2 5

1<icy<n | ¥ — H i=1 1Y n I<i<j<n |1 P =P ;

Zak” VZ IR VZ “

(3.20)
+Rn81,n +Rn82,n
mimd N i
< i n f»j +(m)—2) Y, = +o(1),

1<i<j<N /1P — P l i=1 7]l

as Z,R\~v — 0 by the contradiction hypothesis. Assuming that || Yo _y || = 1 is chosen in (3.19), we then
n {==]
obtain )
io i 0 -
mo mjo < _,17_,],+(mn—§f)z = +o(1),
1<i<j<N |7t =P i=1 7]

which holds for all n € N and any choice of vectors { p'} . Since mi, — m' >0,i=0,...,N, we obtain
n—soo
a contradiction by choosing || 77 — p/|| (with 0 < i < j < N) sufficiently large. If the choice in (3.19) gives
| 72|l = 1, we instead have
i N
—Z)ymy< Y %—k(mg—f)z Tn_ 4 o(1).
7 .

1<i<j

(m

As we are assuming m°® = lim,_,..m" > % we arrive at the same contradiction as above, choosing || 77 — 7/||
(with 1 <i < j < N) sufficiently large. This completes the proof of (a).

In order to prove (b), we assume N > 2 and there exists a subsequence and r > 0 for which Rg > rR,, but

1
R.Z}Y —— 0.
n—so0

Recall that R, = min{R?,R,}, and so

min{r, 1}R, <R, <Ry,

—i

and so each of R),R,,, R, is of the same order of magnitude. As in part (a), let Y/, = R, ' X!, ¢/ = R,p', and
choose indexes iy, jo for which || ¥ — ¥/0|| = R,,. Note that

. , R, '

170 =30l = =% > min{1,r}.
R,

Again, multiply (3.17) by R, and pass to the limit as in (3.20) to obtain:

N
min{1, r}m m/o + (m® — ,," < — - =
(= 2) 5 = X T 5] L7
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for all n and any choice of vectors p’. Since m, — m' > 0 and m® > Z by Theorem we obtain a
n—soo
contradiction by choosing vectors 7' with || 7% — p/|| sufficiently large.
Finally, to prove (c) we assume

IO

—0,
n—soo

=l| 2%

_ 1
and suppose that R,Z, ¥ —— 0 instead. First, we note that
n—soo

. . . — 1—
Xl =11%5 = %o+ Tall 2 17, = %ol = IX5] > R =Ry > SR> [ K]l i22,n> 1.

and so only one of the centers is much closer to the origin than the others, || X} < R, < || X% ]|, for all
i=2,....N.

Choose cut-off radii p, in Lemmas |§I and [10| with R < p, < R,; for instance, p, = \/RYR,. Notice
that the ball B, (6) now includes both ¥9 = 0 and ¥’} In particular, when defining the disjoint components

G',H! with R, and p,,, we no longer have a component with i = 1, but the i = 0 piece accounts for the mass

concentrating both at the origin and at ¥}. In particular, we have,
1G22 g3y = IHR o 3y = m” +m' +0(1) > Z. (3.21)

In this way, we return to the same situation as in part (a), but where R, replaces R, as the decisive length
scale. As in (a), we choose distinct vectors ¢° = 0 and §',i=2,...,N, and set B’ := R, ¢, and (as before)
yi =X /R,. Modulo a subsequence, either there is a pair with

HY? - 7{10” = 15i07j0 > Za

or ig > 2 with || ¥|| = 1,n € N. Then we multiply (3.17) by R,, to obtain:

i N i N i
,,.mnimi,--i- (m°+m' —Z +o0(1)) ’_n,’; —Z,,ﬁ,lfvz _nfi" V
254 1V, = Vall b 8 A SVl
mimj N o i i N o i _ _
S ”_,l’%fn + (m0+m1 _ Qf—f—o(])) Z 7:’ —Zan VZ —>zﬂ - +Rn81,n +Rn€2,n7
2<i<j I P P i—2 izl i— |7l

where € , and €, , satisfy (3.14) and (3.16), for R, p,, replacing R,, p,. In particular, R, €1 ,,,R,€2 — 0.
n—oo
_ _
Employing the contradiction hypothesis R,Z, ¥ —— 0, and the choice of R,, p,, we deduce that (in the case
n—yoo
1% =¥l =1

Yn —Yy

i)
m, Ny

mo mio < = d
S Y T L7
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or (in the case || ¥2|| = 1,)

i)
(mo—i—ml—.ff)m’og Z %—i—(mo—i—ml—ﬂ‘”—i—o )Z —
2§i<jHPI_P"|| || l”

In either case, we then arrive at the same contradiction as in (a), by choosing |7’ — P/| large enough,
i ] O

1
We now prove the main theorem on the convergence of concentration points at the scale R, = O(Z, '

,V).
10 8

Proof of Theorem[6] Let uy, attain the minimum in ., " (M), n € N. Applying the Concentration Theorem
we obtain a value of N € N, masses {m'}} , and translations { X" }.

For part (i), we assume m° € My, A0 m°® > % . For any choice of N and masses m",...,m" with
m® > 2, all minimizing sequences for Ey m0,...m) (w!,...,wN) on Iy are convergent by Propositon|16| Let
(a',...,a") € Ly be such a minimizer,

1 N . 1 N
FN’(,,107“.7,,,1\/)(a> yeeydt) = min FN,(mO ..... mN)(W e, W) <0.

We define the vectors ]
—>. — .
&l =27, %0,

By Lemma \\3;||, ||E’;1 - EZH > ¢ > 0 are bounded below, for eachi=1,...,N and j # .
Set

1
Pn:=2y """ and §. =2, "V @".
Then, by the previous Lemma, up to a subsequence,
|
1< pn < ymin{[[gy — 7all R},
i<j
so that equation (3.17) holds, and

J

i=1 i=1

mim N mi mi
Y ()Y ey
1<< 1E5—=Eqll = | &Ll =LY
o 2w "
— - % & & 3.22
S L a2 L Znalnv T(atE), G2

,L
-

where €, and &, satisfy (3.14) and (3.16), correspondingly. In particular, Z,
In addition to this, by Lemma

Ve, Zy TV E, —— 0.

. =, 1
liminf|| &} — &7]] > liminfZ, "R, > 0. (3.23)
n—oo n—oo
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By Lemma|8} lim,, .. !, = m', and hence applying (3:22) and (3.23) we obtain:

—

liInsupFN,( ..mM) (éna N
n—soo
m N o i N i
_llmsup[ i (mg—f'f)z r_n}n —Z _T” ]
e 1<z<;<NH§n &l =G =Y
i P - 2) 3 Y
imsup m, — L — .
oo 1<l<,<N [la —ad]] = Slal Sl
Ex 0. ( a")
_ : 1 N
= <w1“_1.1_l"111\11>€2N FN,(mO,...,mN) (W geee g W ) (324)
Therefore, {(E},, c gf;’ ) }nen is a minimizing sequence for Fy (0 vy in Ly, and by Proposition ,
gl =%z — ¥, i=0,....N,
n—soo
with (¥',..., V) a minimizing configuration for Fy (no....mv)- This completes the proof in case ml > 7.

1
Now consider (ii), for which m® = 2. We first show that || ¥}|| < Zy~". Indeed, assume the contrary
L
Xz > ¢ >0 for all n. In case N > 2, by part (b) of Lemma then
1
R.Zy™" > > 0. As in the proof of (i), define

then ||3;1|| >c,i=1,...,N, is bounded below. We also fix any distinct points p',...,p¥ € R3\ {0} and
Ti=pzi .

We now proceed as above, arriving at (3.22)). Note that the inequality (3.22) holds for any N > 1. In fact,
if N =1 the inequality simplifies significantly: the double sums are not present, and only the i = 1 terms

remain. Passing to the limit as in (3.24)), and recalling m2 —— %, we then have
n—yoco

li F 71 ENy < F -1 =N
IIILSup N,(Q",inl7...7mN)(€n""’ én) = N7(fz"’,ml,...,mN)<p yers P )7
n—y00
for any choice of distinct nonzero vectors p',...,p" in R3. Now, as the & are bounded below, the left hand

side of the above inequality is finite. However, the function Fy (4 1 vy is unbounded below, and thus we

.....

may choose vectors p!,..., BV so as to contradict the inequality. We conclude that || ¥} || < Z,,V%1 .

Lastly, for m* = 2 and N > 2 we prove the asymptotic distribution of the concentration centers. For
this, we return to the definitions of R,,p, in the proof of Lemma |11 (c) above, in which we proved that
R, > cZ, = . We recall that the components GY, H? defined in (3:12) (but using p,, in the cut-off Xp,») enclose
neighborhoods of both ¥ = 0 and ¥, and hence their masses combine in G%,H?, as in (32I). By the

same arguments as in [3] Proposition 8], all minimizing sequences of the interaction energy F (! i2,..mV)
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1

converge to a minimizer (y2,..., V) € Zy. Define ¢0 =0 and ¢, = ¥'Z/",i=2,...,N. Applying (3.17)
with these choices, we have:

mimj N i N o
Y ot mam =2 o))} =i -7 Y =
el B | S x5 = 1%
mm}{l N z i

gt llgi - || ST

with (as in part (i))

Multiplying the above inequality by va , we pass to the limit and obtain an inequality for F N (m! m2,...mN)>

hmsupFN(m m? mN)(‘gﬁv"Wé ) < F N,(mlm2,.. mN)(yzf"??N)'

.....

n—soo

. . —)2 —>
Again, the renormalized centers (£2,..., &%) give a minimizing sequence for F, (m! 2.y and must con-
verge to a minimizer. This completes the proof of Theorem [6] O

3.4 Infimum over the class of radial functions

In this section we consider the minimization problem in a radial class. We set

radial : ‘
f\f% (M) = lnf{éa\f'q( ) MEH dlul( 3)’||MH§ZZ(R3):M}.

Remark 5. 1. If the binding inequality holds, its proof is not the same we showed for the general case.

2. Corollary[2|does not necessarily hold because the proof used the binding inequality.
Proposition 17. ./ aradial - moreover, if g < 8/3 or ¢ < 1, the inequality is strict.

Proof. The transformation (2.1) does not only keep the .#? norm, but it is also invariant under rotations.

Then, just as in the proof of part (i) of Proposition |/} and since

, 312
/ Vild® —/ z— 7 lo oX)P” dx¥ = G3Gv/ Zﬂd =0 / VuldX,
: |x||" ® [loX[]Y

1
EV N ug) = /3 (CwﬁZHVM”Z +cpp P23 P — CDG3"/273|u|qGVVu2) dx + EGD(uz,uz). (3.25)
R
As a result, the nonpositivity follows from (3.23)) by taking ¢ — 0™, while the strict negativity follows from
the fact that when ¢ < 8/3 or ¢ < 1, the dominant term as ¢ — 0 is negative. O
Theorem 10. Let g < 2.4 and M be any positive real number. If

2g—4 3g—6

v=oorve [22 30 c o),

66



McMaster University - Mathematics PhD Thesis - Lorena Aguirre Salazar

then 77 gradial (M) is attained.
Remark 6. If g < 2.4 the interval for v is well defined.
Remark 7. In particular, if g < 2.4, then .7} radial M) <7y gradial (M).

Proof. Let {u,}nen be a minimizing sequence for .77 radial pry - Up to a subsequence (not relabelled),

uy —— uin H! . (R3) for some u because (2.6) ensures {u, } is bounded in 1 (R?). Then,

oo radial

U, s ue L (R,2<r<6, (3.26)

by compactness of the embedding H, ,, ,(R?) — .Z"(R?) for2 < r <2* =6,

lim Vuzdx —/ Viuld®

n—se0

by Proposition[5] and
mi= / wdX <M. (3.27)
Furthermore, u,, — u in ' (R3), (3.26), ¢ < 8/3 and Propositioncombined imply
n—yo

g\f’q’radial< ) < llmmf@@p \q, radtal(un) — j\f’%l’adial (M) < 0,

n—yoo

so that m = 0 cannot happen, while .77 < 0 and (3:26)-(3:27) yield

APm) _ ) _ 6P IS ey (3.28)
AV A VA e

Therefore, part 3 of Lemma which is also valid in the radial case, ensures M = m, otherwise &4/ (1) <
0 and (3.28) would give

A _ 0
mY MY ’

As aresult, # is a minimizer. O
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Chapter 4

Convergence to the Liquid Drop model

In this chapter we prove Theorem[7} From now on, we assume V satisfies (I.17).
Recall

€ 1 2 2
&Y (u) ::/W {2||Vu||2+2£W(u)vM2] dx+D(u?,12), W (u) ::uz(\u|3—l) :

1 -
&Y (u) := §/RS (V| —/R3 VitdX 4+ D(u?,u?),

M= {ue A ®): ullpo s =M}
2= {u e BY (R {0,21}): ulo s = M}
el (M) ::inf{é’g/(u);u € %”M}, el (M) = inf{cfov(u);u € %M},
& W)+ Y &), {uyp,e AN,
i=1

Fo ({u'}i0) 1=

oo, otherwise,

and

A = {{u"}?o CBVE{0.£1)): ¥ [ Vil <oo, Yo e M}.
=05 i=0

4.1 Compactness and Lower Bound

In this section we prove part (i) of Theorem|[7] This involves combining lower bounds on singularly perturbed
problems of Cahn-Hilliard type with concentration-compactness methods, to deal with possible loss of com-

pactness via splitting.
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We begin with some preliminary estimates.

Lemma 12. Let {ve}eso C A (R?), with ||Vg||f$2(]R3) <M and &Y (ve) < Ko , where Ky > 0 is a constant
independent of €. Then there exists a constant Co = Co(Ko, M, V) such that for all 0 < € < %, we have

€ 1 N
/}R3 {ZV\}5|2—|—2£W(118) dX 4 D(|ve|?, [ve|?) < Co.

Proof. Firstby (.I7), we write V = V5, + V.o, where Vs, € 73 (R3) and V.. € £>(R?), and fix K > 0 large
enough so that

*"c

W] Wn

3 < =W(), |[t|>K.
Then, by Young’s inequality, for any u € 77! (R?),
ViddR < / Vs jot2d %+ ||V o3, /R W27
<2 [ Wepllaz s [ Va1Vl e [ a3

<C ul?dx +/ Wu)d X + ||Veo|| pee /uzd?
( [l ) W Ve [,
1
SCerC]/ u2d7+—/ W (u)d
R3 2¢ JRr3

R3

Hence, there exist constants C,C, > 0 for which
- " € 1 -
26Y (u) +c1/ WBdT+Cr > / VUl + —W(u)| dZ + D),
R3 R3 |2 2¢e

and the desired estimate follows. ]

Remark 8. Under the hypotheses of Lemmall2}| {ve }e~o is bounded in & ¥ (R3) and

/Wvgdx—>0

e—0t

Next, we prepare the way for the proof of the compactness part of Theorem [/| by establishing that se-
quences {u; }¢~0 with bounded energy must have centers of concentration, even if they are divergent. The
following Lemma is used to rule out vanishing of {ug}¢~0 as long as the BV norm is bounded and the .Z 3

norm of ug is not vanishing:

Lemma 13. There exists a universal constant C > 0 such that for all y € BV (R?),

1
3
zc/ yliaz. @.1)
JR3

1Vl e [sup [T

a’eRS Jbi(a
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Proof. Tt suffices to prove (@.I) holds for y € W1 (R?), as we can extend it to y € 7 (R?) by using a
density argument [5| Theorem 3.9.].

Let y € W' (R?), and define yz := x(¥ — @), where x € C5(R?)\ {0} is any nonnegative function that
is compactly supported in By (6)

Then, by Holder’s inequality and Sobolev’s inequality,

a a

1 2
e 3=\’
<| [ eviaw] ([ eviax)
B(@) R3
1

3.
<clswp [ wlax| [ IVGawlaT
1(@) R

@eR3 a

4 5 1 —
| xaviia®= [ javldgeyies
B\(@) B\(@)

3
SClsup / ﬂwfd?] L Vvl + [V xa ) a5
1

Zer3 /B (@
We conclude the proof of this Lemma by integrating with respect to @ € R3. O

From this Lemma we may then conclude that noncompactness of sequences with bounded %% (R3) norm
is due to splitting and translation. The following is an adaptation of [21} Proposition 2.1], which is proved for
characteristic functions of finite perimeter sets.

Proposition 18. Assume {y,},y is a bounded sequence in BV (R3), for which liminf, .. | l,l/,,||$ ) >0

Then, there exists translations {ay},.yCR®, and y° € BV (R*)\{0}, such that for some (not relabeled)

subsequence we have:

((l) Wn( _Cln) T> ll/o in ,,?1 (R3),

loc
(b) ||WO||@W(R3) < liminfyeo || W ll 2y (r3)-

Proof. By LemmalI3] we have

—

TeR3/B1(3d

4 5 3
Cfiwd] sae

sup Ya|dX >
) [Wnll 29 (r3)

for some ¢ > 0 independent of 7. Hence, for each n € N we may choose vectors @, € R? for which

/ YldT > ¢ > 0. 4.2)
Bl(ﬁn)

As {W,(- — @) },cy is bounded in ¥ (R?), there exists a subsequence and y° € 27 (R?) for which (a)
and (b) hold. By @.2)) and .&!

loc

convergence, the limit y?z0. O

Once we have localized a piece of our 27 (R?)-bounded sequence {, },en as an &} -converging part,

we need to separate the compact piece from the rest, which converges locally to zero but may carry nontrivial
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#1-mass to infinity. To do this, we first define a smooth cut-off function @ : R — [0, 1], with
w=1forx<0, w=0forx>1,and \|a)/||$m(R3> <2,

and for any p > 0,
@p(¥) = o([[ ]| - p). (4.3)

The next Proposition is based on [21, Lemma 2.2.]:

Proposition 19. Let {y, },cn be bounded in B (R3) with v, — v in L) (R%) and pointwise almost
everywhere in R3, for some function y° € B (R?). If0 < || ‘I/OH“%I(H@) <liminfy e || Wl| @1 (m3), then there
exist radii {py tnen C (0,00) such that, up to a subsequence,

L 19wl = 19 vn@n,) | = 19 (v = v, )] 0. (4.4)
Furthermore,
Y 0p, —— v in LY (R?) and v, (1 — ap,) — 0 in L) (RY), 4.5)

with each converging pointwise almost everywhere in R>,

Proof. Note that

Lo vl < [ 19 man)li+ [ 1V [va(1= )] |

< [Ivwl+2 [ 1wV -pla?
R R’

< [vwleaf .
R3 BP;1+1(O)\BPn(O>

Therefore, (@.4) holds if we find {p, },en C (0,0) such that

|Yald ¥ —— 0. (4.6)

—

/Bp,,+1<6>\8pn<0>
We consider two different cases.
=

First, suppose that supp w® C Bg(0), for some R > 0. In this case, we claim that it suffices to choose radii
Ppn = R for all n € N. Indeed, by .,2”13)0(]1@) convergence and the compact support of y?,

0
Hllfnwp,, LR T ||anpn LV (Bryr (T) H—w> ||ll/ ||21(R3)7

and therefore (@.3)) holds by the Brezis-Lieb Lemma [10] with each sequence converging pointwise almost
everywhere in R3. Also, since y°1 By (0)\Be(0) = 0 and v, — w0 in Z!(Br.1(0)), we conclude that

@36) is also verified in case supp (W) is compact.
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In the second case, if supp y? is essentially unbounded, note that || y°|| 23y < Hminfy e || Wl o1 (r3)

implies that along some subsequence (not relabeled) we may choose radii R,, such that

_wld® = 10| o1 g3 (€%))
L, 9l = 1

n

We claim that, chosen this way, R, —— co. Indeed, assume that (taking a further subsequence if neces-
n—yoo
sary) , Ry A—_>n—>oo Ro:= sup,cn Ry Then,

||W0||$1(]R3) = 1ir{11>i£f||‘lfn]131en .21 @3) < li’{gglfHWn]lBRo 21 ®3) = HWO]]'BRO |21 @3) < ||WO||$1(R3)7

since we are assuming that supp y? is essentially unbounded. Thus, R,, — oo.
n—soo
Next, fix R > 1 such that

1
0d% > ~||y° :
U A P

By .,Zj}) . (R3) convergence, for all sufficiently large n we have

1
dX > || y° . 4.8
e T P (48)

We now claim that for n large enough such that R, > R, there exists p, € [RJ“ZR” ,Rn] for which

3
o WlT < e IV 1) o)
/Bpnﬂ(o)\Bp,,(O) R,—R L1(R3)

If so, then (@.0) is satisfied with this choice of p, > r, := B£& — oo, To verify the claim, suppose the
n—oo

contrary, and so for every p € [r,, R,] we have the opposite inequality to (#.9). For fixed n, choose a constant
K € Nwith R, — 1 <r,+K <R, so there are K intervals of unit length lying in [r,, R,]. Then, by @&7), @3),

3 0 / — / —
= 5 > W|d % — ld
IVl @) 2 . (mlwl X B,m"”' X

n

Brn+K( 0 )\Brn( 0 )

3 0
> KRn _R||llf .21 (3

Rn—}’n—l 0
23&7_13\\‘1/ |21 (r3)

3R, —R—2, ,
= Eﬂlw | 21 @3

for all sufficiently large n, a contradiction. This completes the proof of (#-4). Finally, note that v, ®,, —
n—soo

v pointwise almost everywhere in R?, Fatou’s Lemma, (&.6), p, < R,, and imply that

190l ) < limint | |y,
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:liminf/ ﬁ\wwn|d7c’+/ o vy, dX
n—yoo [BP (0) P Bpn+1(0)\BPn(0) P

n

— . . —> < 0

mint [ vl < 19l

Then, @3] follows from the Brezis-Lieb Lemma [10]], with each sequence converging pointwise almost
everywhere in R. O

Remark 9. By lower semicontinuity of the total variation with respect to the X' convergence, up to a

subsequence,

0 : _ —
L vwi< tim [ (19l = 19 (v - va@p,))
We are now ready to prove the compactness and I'-liminf part of the theorem:

Proof of Theorem[J|(i). Let {ug }e~o be a family in 7™ with & (ug) < Ko, € > 0.
Step 1: Truncation.

First, we show that when proving (i) it suffices to restrict to u, satisfying the pointwise bounds —1 < wue <1
pointwise almost everywhere in R?. Indeed, we define the truncations

_l, U < _1,
“2 = Ug, ‘ué‘lgla
1, ug > 1.
We show that ||ug — u§||;2(R3) m 0, and
liminf &) (u}) < liminf &Y (ue). (4.10)
£—0T £—0t

To accomplish this, we first note that by Remark [8] we have that

0</ ufu*zd}’:/ u —12d7<C/Wu dX¥ —— 0,

< JlwemwPaz= | (el =17dX < C [ Wad¥

where C is a constant independent of €. Also by Remark {ute }e=0 is bounded in .Z*(R*)N.¥ ¥ (R3), and
hence the sequence of truncation s {u} }¢~ is as well. By Proposition@ we conclude that the local potential

terms are close,
/ V (uel? — [ut]?) 4% — 0.
R3

e—0t
Finally, each of the other terms decreases under truncation,

IVuell < [Vuell, W(ug) SW(ue),  D(lugl lug?) < D(Jue |, ue|?),

and so (@.10) is verified.
In the following we therefore assume, without loss of generality, that —1 < u, < 1, € > 0, pointwise

almost everywhere in R.
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Step 2: Passing to the first limit.
Let ¢ := D(ug), where @ : R — R is defined by

®(1) = /3 NG

Then,
e 2 . 1 3,8
b= [ 1011 = 13 )dr = signue)  Sluel® — Sheel )
0 2 8
and since ||ug|| g (r3) < 1,

1 1 1
gluel < 19el < Sluel” and el < 9e(1) = 2. (@.11)

In particular,

1 M
||¢8||:Z'(R3) < E””e”fggz(Rs) < 5
)-

| is bounded in BV (R3

Furthermore, {@¢},_, <

Indeed, by Young’s inequality and Lemma (12| with

Ve = Ug,

— — € 1 —
/ Ve dT :/ W) ||V [T g/ E Vel + —W(ue) | d7 < K1, (4.12)
R3 R3 R3 [ 2 2e

with constant K| = K (Ko, M,V ). Consequently, {\|¢g||@7(R3)}0<8<% is bounded.
Now let & — 0" be any sequence. By the compact embedding of Z7 (R?) in £} (R?) there exist a
—300

subsequence, which we continue to denote by & k—) 0%, and a function ¢° € 7 (R?) so that Oe, k—> ¢°
—00 —o00

in £!

i OC(R3) and pointwise almost everywhere in R3. What is more, by lower semicontinuity of the total

variation with respect to the .#’! convergence,

196 < timint [ Vg |7 @13)

Now we can use the invertibility of & and the local uniform continuity of ®~! to obtain that Ug, k4—+ ul =
Yoo

&~ 1(¢?) pointwise almost everywhere in R3. Then, by Fatou’s Lemma and Remark we have

0< / W (u®)dX <liminf | W(ug )dX =0
R3 R3

k—roo
hence W (u°) = 0, u®(¥) € {0,41} pointwise almost everywhere, and

1
d)o = gu() pointwise almost everywhere in R3. (4.14)
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As a result, by Fatou’s Lemma and (@-T1)), for any compact K C R?,
/|¢°\dx =7/ WOPd < fhmmf/ g, 2T < llm/ |96 |d T = / 00ld®.  (4.15)
K 8 Jk 8 k= Jg k—oo JK JK

Thus, u, k—> ud pointwise almost everywhere in R3 and, by Brezis-Lieb Lemma [[10], in .,Zﬁ . (R3), while
—3o0
) 012
by Fatou’s Lemma ||u ||22(R3) <M.
For the nonlocal term, as ue, k—> u® locally, along a further subsequence it converges pointwise almost
—yo0

everywhere in R3, and hence by Fatou’s Lemma,

D(ju’,[u[?) < liminf D(|ue, |, g, |*), (4.16)

and by Proposition|§| with u, = ug, and v, = u°, @I13), @12), and #T14) we have

&Y () < 1115121%5 (g, )-

If ¢g, — ¢° in .Z!(R?), then by the same argument as (@.13) we may conclude that ug, — u® con-
—yo0 —roo

verges in .2 (IR3), and so m” := ||u = M, and setting u' = 0 for all i > 1, the proof is complete.

0112
||$2(R3)

Step 3: Splitting off the remainder sequence. 1f m® = M, then Ug, k—> u® in £ (R3) by the Brezis-
—o0

Lieb Lemma [10], and setting u' =0 forall i > 1, the proof is complete. To continue we assume that md =
| H3$2(R3) < M, so the first limit does not capture all of the mass in the sequence ug, . In this case, both ug,

and ¢, converge only locally (and not in norm), that is,

0 . .
1071 213 <h]£il£f||¢£kH$1(R3)a

and similarly for u, , by the Brezis-Lieb Lemma [10].
Applying Proposition@ and Remark|2|t0 ¢, , and the fact that we do not have global convergence, there
exists a sequence of radii {py }reny C (0,00) with py T80 that, for
—»00

0. 1.
¢gk = wpk(P&‘kv ¢8k = (1 - wpk)¢sk7

where @, is defined in .3), and for a subsequence (which we continue to write as & = 0t),
—>o0

0, — ¢° in LR, ¢s, — 0in L. (R), 4.17)

k—yoo

(ng — ¢0 and ¢81k —— 0 pointwise almost everywhere in ]R3, and
k—roo fk—so0
L1960+ [ Vol ]laz < [ V0| a% +o(1). 4.18)
R R3 R3

Moreover, from #.6) and (@.1T) the mass contained in the cut-off region is negligible:

- -

lim . |9e,|dX =0 = lim R g, |*d 3. (4.19)
k=0 /B 41 (T)\Bp (0) k=0 /By 41 (T)\Bp, (0)
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We also decompose ug, into two pieces,

U, =g \/@p,, and uy = ug, /T~ @y, (4.20)

so that (ug, )? = (ugk)2 + (uék)2 and uék — 0 pointwise almost everywhere in R*. Note that d)ék = @(ugk)

—yo0

holds in R3\ {py < || ¥|| < px+ 1}, and by (#19) the region where they are no longer explicitly related carries
a negligible amount of the mass of ug, .

Equations (@.18), (@.14) and {.12)) give

1 0 . L) g=> 1 s € 2 1 -
g vl i [ 9ol a7 <timint [\ S 1Vl owtue) | a7 <o @an

and in particular, {(])elk }ren is bounded in 7 (R?). The nonlocal term also splits in the same way. Indeed,
by (@.20), ugk P u® pointwise almost everywhere in R?, the positivity of D(f,g) for f,g > 0, and {@.16)
—yo0

.. 2 2 L 02 121,02 12
liminf D(|ug,|°, lug,|") = liminf D(|ug, |”+ lug |, [ug, |” + Jueg, |°)
> liminf D(Ju |, gy [*) +D (g [, e 1) 4.22)

> D .4 ?) + liminf Dl . el ).
Additionally, (4.14), Fatou’s Lemma, {@.11)), and (4.17) give
[ 19007 = 5 [ 1a0az < gimint [ Paw < Jim [ 108147 = [ [¢%la.
thus ugk - u® in Z%(R3). As aresult,
M=m’ +]}i$§°Mgk, where Mg = |lug, |12 3) = llue, — (122 g3 +o(1). (4.23)

Lastly, as ug, ]H—m> 0 in .,Zf)c(ﬂ@), by Proposition |§| we have

/ V|ugk|2d7c’:/ VI 2T +0(1),
R3 R3
and hence we conclude by @.14) and (@#21),
V0N 4 Tims Ly 7= 1212 e oV
&y (u )+lllgglf [/R3 Hv‘pskde +D(""£k| »|“8k| ):| Sllgrg(l)ﬂf‘g)e (ug).

Step 4: Concentration in the remainder sequence.

For any bounded sequence { W }rcn in 2! (R?) we define
A ({ic}) == sup{[|[ V|| o1 (m3) - Txx € R, we (- +x) a4 in Ze(R%)},

So . ({y;}) identifies the largest possible £

1oc limiting mass of the sequence, up to translation.
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We claim that for our remainder sequence, .# ({¢£1k }) > 0. Indeed, this follows from Proposition|18fonce
we have established the hypotheses. We first note that by @21), {qbglk}keN is bounded in Z7 (R?). Next,
we must show that the .#3 norm of q)glk is bounded below. As uék = ug, pointwise almost everywhere in
R3\ By, 11(0), from Lemma we have

Goez [
R}\Bp 11(0)

and thus, from @1T)), @.6), @23) , and ¢ 5= (1% +12)/2—W(t)/2, we have:

4 1
_lodltaz > o [ ul | fd
/R3\Bpk+1(0) o 16 Jr3\By 41 (T) %

1
Z— (u 3—|—u )dY—CS
32 RS\Bkarl ) | €k| | 8k| 0<k
1

> —
32 JR3\By, (0)

P e d
233/3\“ek| 4% +o(1)

Ml

g, |*d T —o(1) (4.24)

1
ﬁ(Mme) +o(1) > 0.
Applying Proposition [I8]the claim follows.
By the claim and Proposition we may choose a subsequence, translations {Yi}keN, and ¢! € BV (R?)
with
O, (= Xp) —= 9" in Ly (RY), and [[¢]| 1z0) > 54 ({9g,})-

Note that since ¢£ 2 0 in .} (R?), the sequence || X} || e By the same arguments as in Step 1

1

we may conclude that ue (-—%}) — u' =8¢'in £? (R?) and pointwise almost everywhere in R?, with

loc
W (u') = 0 pointwise almost everywhere in R?, and hence u' € BV (R?,{0,+1}) with [|u'[1%,, ®) =" m! <
(M —m).
Finally, the nonlocal term, which splits as in (4.22)), passes to the limit using Fatou’s Lemma,

D(|u?, (ju° ) +D(lu' |2, |u' ) < D(u° [, ) +1ilgniﬂfD(|M(«lsk|27 Jug, |*)
—»00
< 1ilfgglfo(|u8k|2, |ug, |*).
In conclusion, using the previous inequality and @.21)) we have

00+ 00 < 6 W) +imine | [ 1904147 4D (ul e, )| < i 5 ().
k—roo R3 £—0t

with m® +m! <M. If m' = ||u' |@2< =M—m", then u} (- —X}) — u' in Z?(R3) by the Brezis-Lieb
—yoo

R3)

Lemma [[10], and the proof terminates, with W =0forall i >2.

Step S: Iterating the argument.
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If m® +m' < M, then as in Step 3, the convergence of ¢ (- — X}) — ¢! is only local and not in the

norm of .Z!(R?) (and similarly for uék(' - - u' in L2(R3) ), and so there is again a remainder
—So0

part to be separated via Proposition That is, we may choose radii {pk1 tken going to infinity and further
decompose @7, (- — X),

O, (= X1 @y — 91 in LV norm, 95 = 9 (-— Xp)(1 = wp1) — 0in L, (RY),

with the same consequences as in Step 4, identifying a mass center for ¢52 via Proposition , translating and
passing to a local .Z! limit to find ¢ = 8u and creating a refined lower bound.
Assuming the procedure has been done for the first n steps, we would have u°,...u" € BV(R3,{0,41})

with masses ||ui\\f%2(R3) = m’, and translations { X} };cy for each i = 1,...,n, such that:
g, = u’ + Z”i(' = X)) Fugt (=X, and Wt (= X7) . 0in Zoe(RY);

mi: ||ui||=2$2(]R3>7 l:0777’l,

Xl = o0 I¥h= X3l oo 1<i# s (4.25)
M= Zm + 11m ||u"+1||$2(R3>;

n
%) + Z &) < hm(i)nfé"’o (ug).
i=1

If for some n € N, the remainder ¢} — 0 in .Z'(R3), then the iteration terminates at that », and the
—%00

proof (i) of Theoremis completed by choosing u’ = 0 for all i > n+ 1. If the iteration continues indefinitely,
we must verify that the entire mass corresponding to {ug, }xen is exhausted by the {u'} . It is here that we
use A ({q);k} ). When localizing mass in the remainder term q)g , the translations { ¥} and limit ¢’ = {u' are

chosen via Proposition[I8]in such a way that

197l 1) = 5 ({9,}), i=1....n.

In this way, the boundedness of the partial sums )} om < M implies that, should the process continue
indefinitely, the residual mass .2 ({@;, }) <2m' — 0. We claim that this implies that
i—voo

M=y m' =Y [, (4.26)
i=0 i=0
and that the entire mass corresponding to {ug, }ren is exhausted by the {u'} . Indeed, if ¥" ym' = M' < M,

then each remainder sequence satisfies

: M—-M
||¢£‘k|i$1(R3) Z 8 :
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Returning to Step 4, and calculating as in {#.24)), we obtain a lower bound up to a subsequence

[ Joitaz = cou—ar),

for a constant C independent of k,i. Using Lemma[I3|we then have a uniform lower bound,

M ({95 }) > sup [

7R3 Bi(d

|0¢,|d% > C' (M —M')?,

for each i € N, with C’ depending on the upper energy bound Kj, but independent of k,i. This contradicts
({(])ek}) <2m — 0. Hence (.26) is established, and passing to the limit n — oo in (4.23) we conclude
the proof of (i) of Theorem 7 O

4.2 Upper bound

In this section we prove part (ii) of Theorem|[7} the construction of recovery sequences in the I'-convergence
of &Y. As the space /M consists of a collection of functions in BV (R?,{0,£1}), we build the recovery
sequence by superposition of each, using the following lemma:

Lemma 14. Given W) € BV(R3,{0,£1}) with ||VOH$2 g3 =M, there exists & = €y(W') > 0 and functions
{Ve to<e<e, C M of compact support, such that

||vg—v0||Zr<R3)m>O,1§r<o<>, and &Y (ve)—woo( 0.

—0t

Proof. The basic construction is familiar, based on that of Sternberg [52, Proof of inequalities (1.12) and

(1.13)], so we highlight the modifications necessary for our case.

The first step is to regularize v°. As compactly supported functions are dense in the A% (R3) norm, we
may assume that supp»” is bounded. Next, define a smooth mollifier, using ¢ € C° (Bl(f)’)), o(¥) >0,
f B.(D (pd X =1 to generate

(0)).

Following the proof of regularization of BV functions (see [S, Theorem 3.42.] ), we create a sequence

Pu(X) =n’p(n¥) € C5 (B

S=

Wy = @, %" which is smooth and supported in a %-neighborhood of the support of 0. As in [5], the regulariza-
tion is obtained as a level surface of w,. Here, we have two components, corresponding to the regularizations
of v(i and 9, in case v° takes on both values +1. By Sard’s Theorem [18] 3.4.3.], there exist values ¢, € (0,1)
and t_ € (—1,0) for which the boundaries of the sets

EF={F R} wy(X) >t >0}, F, :={X R} |w,(F) <t <0}

are smooth for eachn € N, v := 1.+ —— 9 in Z1(R?), and
n p—yoo

+ 0
Ll L9
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Note by this construction that the sets F,= are smooth and disjoint for each n. Hence, the construction in
[52] may be done separately for the components F,.", for any 0 < € < 1,,, with 17,, > 0 being chosen so that the
neighborhoods of radius /€ of the boundaries F* are disjoint. Thus, applying the result of Sternberg [52
for each n € N, and each 0 < & < 1),, there exists ¥ (X) € ' (R®) with ¥, 7, disjointly supported,
0< W<l and

1
- 2
e =iy o 0 and [ [SIVR P 5w k)| o g [I9 @an
Writing v, e = ¥, . — 7, . (again, a disjoint sum for all 0 < & < 1, ), the same properties hold for v, ¢
and V) =vi v

Next, we adjust the 7, ¢ so that for each n, €, each has £ 2 norm equal to M, and hence defines a function

in 2™ . For this we use dilation: let

1
”‘7”’8”3%2(]R3) ’
M £—0t

A«g =
We define the rescaled functions ¥, : R’ >R by:
Ppe(F) 1= Pne (Aex), and 05(F) 1= vE(AeX).

First, by rescaling we have ||7,.¢ |2 =M, and s0 ¥, ¢ € M for all n, €. Next, we observe that, since the
y g €l 2 (R3) ,

supports F;- of the components of v) are smooth, for |A¢ — 1| sufficiently small, we may estimate
1
0 _ 0 3 0
190 =2l ey < el =11 [ 1988
Hence, we have convergence in the .Z ! norm,

. 0 . -0 00
0 < [[Pn,e = vall 21 (m3) < [19ne = Oull 21 @3) + 190 = Vall 21 (m3)

1
11~ 0 3 0
<26 e =l 1y el =11 [ 998 —0.

As each of |9, ¢| < 1 pointwise almost everywhere in R3, and for fixed n each is of uniformly bounded support,

the convergence extends to any .Z" (R3), r > 1. Moreover,

€. 1 . N
[ 519+ sowro) as

-1 € . 1
2 [ Iz 2t [ oWy | o g [,

I'We note that the potential in [S2] has two wells at u = £1, whereas our transitions connect v =0 to v = %1, and so our V,st =
%(Ps +1) for pg as constructed in [52].
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which holds for each n € N. As in [52]], by a diagonal argument, there exists & = & (%) > 0 so that for any
sequence & 7—% 0™ with & < &, we obtain a sequence {vg, }ren With
—3o0

1
o=y o Oz 1 and [ 2190 2 W) | a7 o g [ 191,

The local potential terms also converge by Proposition[6] Furthermore, by the Hardy-Littlewood-Sobolev
inequality 34} Theorem 4.3] (with p = 6/5 =r),

0 < [D(jve [, [ve[*) = DOV[2, )]
= [D(|ve,[* = V0P ve | + V1)
< |ve® =PI g gy Vel P g ) 527
This completes the proof of Lemma|T4] O

Proof of (ii) of Theorem[]} If {u! }2 1s a finite collection with N nontrivial components, this follows easily
from Lemma Indeed, for any sequence & k—> 0" with
—yo0

0< g < min {&(u)}izo, N,
i=0,...,N

we apply the lemma to find ug—m i=0,...,N, and form the disjoint sum,
e—0"

N
g (¥) = ug (¥) + 2%(7— ),
by choosing translations {75{}1@\! which tend to infinity and far from each other quickly enough in .

If {ui};o has an infinite number of nontrivial elements, we must be more careful. In particular, as we go
down the list of the {u’ }7 - the characteristic length scale of each u' gets smaller, and for any particular £ > 0
there can only be a finite number of i with 0 < & < gy(u!), for which the trial functions u can be constructed
via Lemma Take any decreasing sequence & ]H—m> 0. By Lemma and part (i) of Theorem for

eachi=0,1,2,... there exist & = &(u’) > 0 and a sequence {u;, }ren, for which

éoV(MO) mO

0 0 0 02 0

‘ ugk (u )’ < Tok and ||u£k —u HJ,Z(R}) < 1o’ O<g <e’, )
0/ i 0/, 500(”i) i in2 m' i

|é”8k(u8k)—c§)0(u)|< 10k ,andHugk—usz(R_;)<—10k7 O<g <€, i=1,23,...

By taking &' smaller if necessary we may assume 0 < & < &~!. We now construct U, as follows: for each
k € N, choose the largest integer n; € NU{0} such that 0 < g, < &’ for all i < ;. Note that n; k—> oo, As
—»o0
the uék are all compactly supported, say supp uék C BRfsk (6), we may choose vectors ch eR3i=1,...,m,
so that
|5 = %l > 272 R + R+ 1) oo
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In particular, this implies that the functions uék (X — 7}() are disjointly supported.

Then, we set

Note that by the choice of the 72 and V > 0, we have

3 . .
i =i |2 - 2
64 (U ) <63 (], +Z i)+ Y D, (= T )Pl (= RE)P):
ivj=1

Further, since supp uf, (- — X%, ) C BR, (X%,) and

4p 1
‘Illfl—lllel Ix—yll‘ v =2 >~ [y =y

for ¥ € Bp(y"), X € Bp(y?),p < 1w — y?||, we estimate

' ) wo (¥ — R 2uj X2
D (TPl -y = [ T T DT IR
¢ ¢ By (Th) /B (%L %=V
R, k Rék k
2|0t 122 gy [ (&)
(Bt
M2
SZﬁZO(I)aSk—)W
Hx;c—ka
As a result,
&) (Ug,) < & (ug,) Z ) (up,) +o(1) as k — oo, (4.29)

On the other hand, the mass || U,
sum.
We next show that limsupy_,..& (Ug ) <-Zg ({u'}ig).  If Zy ({u'}7) = oo, then there is nothing to

prove. Otherwise, let d > 0 be given, and choose a number N € N for which

= Z:’i 0 m' =: M® —— M~ as more components are added to the

2
”32 (R3) koo

: o)
Y &)< 5 (4.30)
From Lemma there exists K € N such that for all k > K,
; )
|0 (ug,) — |+Z| () — u)|<§. 4.31)

Then, for all k > K, using @29), @31), @.28), and @30), we estimate

e (Ug,) — 70 ({u'}20) <65, (Us,) — Z@‘B
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62— &N+ Y 62 )+o(1)

i=N+1

M=

< Y Wh) ~ & W)+

1

§ 11 & 8
<—+— ') < =
5 101.:;+l 2

Then,

limsup & (Ug,) < Fg ({u'}i2)-

k—>o0

Now we prove that

— 0.
k—roo

Usg, — <u0 + Z u'(% — 72))
i=0

Let 6 > 0 be given, and choose a number N € N for which

sz(n@)

oo ; 6
Y m'< 3 (4.32)

i=N+1

From Lemma([T4] there exists K € N such that for all k > K,

N - S
(|, — ' [z 3y < = (4.33)
k ®) ~ 5
i=0

Then, for all k > K, using #33), (#.28), and (#32)), we estimate

oo N ny oo
0 L . . . . .
Ug, — (“ +) u(X - xi)) H <Y lug, — || g2 m3y + Y g, — || prm3y + Y '] @2 (m3)
i=0 L2R3) i

i=0 i=N+1 i=ng+1

Then,

It remains to correct the mass of Uy, so that each [|Ug,

||ipz(]R3> = M. This is done as in Lemma dilating
each component ufgk by the scaling factor

that is, by setting
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Then
H”sk”_ZgZ(RS) =M,keN, ||”ek _Ueka2<R3) ]H—m> 0, and |éa£‘:(u8k) _éD&Y(ng” k_>—m> 0,

since lkk—> 1. This concludes the proof of Theorem O
—o0
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Chapter 5

Minimizers of the Liquid Drop and
TFDW functionals

In this chapter we examine the connection between minimizers of the liquid drop and TDFW functionals.
More precisely, we prove Theorems[8]and[9] and Corollary [T} Throughout this chapter, we assume V satisfies
(1.17).

Recall &7, &7 are the energies (I.13) and (T.16), respectively, with the atomic choice V =V; = Z/|| %],

and
eZ(M): =inf{&(u) :ue M}, ef(M):=inf{&(u) :ue 2},

The compactness of minimizing sequences being a delicate issue which is shared by the two models. First,

whether the minimum in e} (M) is attained or not, the infimum values converge as € — 07

Lemma 15. Assume V satisfies (L.17). Then, for all M > 0,

el (M)——el (M).
-0t

Proof. The proof is standard. First, for each € > 0, there is a function u € Y with ||ue H;z &) = M and

&Y (ue) < e (M) +e.

It suffices to prove that for any sequence & —— 07, the is a (not relabeled) subsequence for which
n—soo

et (M) — ef (M). By Theorem(i), there exists a sequence {u'}2, € 54 and a subsequence &, — 0"

with
ey (M) < Zy ({u'}5) < 11}5%1%82(“8”) =liminfey (M).

n—oo
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For the complementary inequality, for any § > 0, there exists a sequence {v' o€ %M with
Fo (IV}2o) <eg (M) +8.
Then, by (ii) in Theorem for any £ > 0, Jv, € M with

eg(M) +6> ﬁg({vi}fzo) > limsupé"gv(vg) > limsupeg (M).

e—0t e—0t
Putting the above inequalities together, and letting  — 0™, we obtain the desired conclusion. O

Proof of Corollary[l} In [3| Theorems 1 and 2] it is proved that for V satisfying (1.7), the minimum for both
éaov and &) are attained , correspondingly. Indeed, the proof of these results in [3] actually yields the stronger
conclusion that all minimizing sequences for either the TDFW or liquid drop functionals are convergent.
Thus, for all € > 0, there exists a function u, € J#™ which attains the minimum, e} (M) = &Y (u¢). By

Lemma|15| & (ue) — e (M), so for any sequence €, — 0, by Theorem(i), there exists a sequence
e—0 n—soo

of functions {u'}, € M with
FY(u)20) < limint 5 (us,) = €l (1),
n—roo

Defining m' := |ju , we have

i”ng(RS)
ep (M) =ep (m’)+ Y ef(m'), (5.1
i=1

We then obtain a contradiction by using Step 6 in the proof of Theorem 1 of [3]. Indeed, by choosing
compactly supported V0, v! € 7™ whose energies are close to the infima e}, (m"),ed(m') as in Step 6, we

obtain the strict subadditivity condition,
eq (M) < eg (m°) +eg(m') +eg(M —m® —m') < eg (m°) + Y e (m'),
i=1
and the desired contradiction to (5.1). O
Analyzing the possible loss of compactness in minimizing sequences for eZ(M), € > 0 and Z > 0, requires

the use of concentration-compactness methods [36]. The following are standard results for problems where

loss of compactness entails splitting of mass to infinity:
Lemma 16. Assume V satisfies (1.17). Then, for any € > 0 and M > 0,

(i) Ifvm® € (0,M),
el (M) < eg (m”) + el (M —m"), (5.2)

then all minimizing sequences for eg (M) are precompact.
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(ii) If there exist non-precompact minimizing sequences for ef (M), then Im® € (0,M) such that ! (m®)
attains a minimizer and
4 Vi 0y, 0 0
e (M) = Ce (m )+e£(M_m ).

Statement (ii) is a useful precision of the contrapositive of (i). The proof for the TFDW functional was
done in [37]], and for Liquid Drop Models it may be derived from the more detailed concentration lemma in
[2]]; although it is stated there for V of a special form, in fact it is true for a much larger class including those

satisfying (1.17).

Next, we specialize to the atomic case,

N

Vv X = =
=17

and present the following refinement of the existence result of [40] for the Liquid Drop Model with atomic

potential:
Proposition 20. There exists a constant Ly > 0 such that for all Z > 0 and for all M € (0,Z + L)
(i) All minimizing sequences for eg (M) are precompact.

(ii) The unique minimizer (up to translations if Z = 0) of €5 (M) is the ball IB%M(Z))) of radius

B IM 1/3
ry = E .

Proof. Statement (ii) is proved in Theorem 2 of [40]], using Theorem 2.1 in [27]. The case Z = 0 was proved
in [28]].

We sketch the proof of (i), since we need certain definitions and estimates for (ii). As in Julin [27], we

define an asymmetry function corresponding to a fixed set Q of finite perimeter,

Y(Q) = min/ 15(¥) ~1o(¥ +7) dx
yek3 JR3 (& ’

where B = IEBM(H) is the ball of mass M centered at the origin. The quantitative isoperimetric inequality (see

(2.3) of [27] or [24])) then asserts the existence of a universal constant piy > 0, such that

[ 198l [ 1914] > nov(.
R’ R3

with equality if and only if Q is a translate of B. Then, as in the proof of Theorem 1.1 of [27] in the three-
dimensional case, we may estimate the difference in the nonlocal terms by the asymmetry,

D(15,13) — D(1g,1q) < |BIY(Q).
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The optimality of the ball B = By, follows easily from this: assume Q is of finite perimeter, with |Q| = M.
Then, provided Q is not a translate of the ball B = By,

(1) - 1) > Gu-Myye)+2 ( [ Pt i)

> (Z+po—M)y(Q)>0, (53)
forall M < Z+ .

To obtain (i), the precompactness of all minimizing sequences, we use the above to establish strict subad-
ditivity of eZ(M), as in Lions [36]. Let M = m® +m! with m®,m' > 0; we show that holds, and then by
Lemma|16|all minimizing sequences for eg (M) are precompact.

Since 0 < m® < M < Z + o, both €4 (M), e5(m°) are attained by balls B = IEBM(U), B® = B, , (6)) For
any 8 > 0 (to be chosen later ), we may choose a bounded open set @ with 0 co, |o| =m', and

Note that if m® > Z, then 0 < m' < 11y and we may choose the set @ = B' = B, , which attains ) (m').
Define

a)é.fw+§,and£2f£2§ =B Uw};’

with || EH sufficiently large that the union is disjoint. We first claim that 3R > 1 such that }/(Qg) >C>0is

bounded away from zero for all 2 with || Tg)H > R, with constant C = C(m®,m'). Indeed, for ¥ € R? define

N o dX N : d¥
=t 0= [ = [
o 7= o TR

so that

d¥ maxv(y)
= —_— Vv .
B IZ yer

Y(Qg)
Hence, to bound y(Qg) from below we must bound v(y) uniformly from above. As —Av = 4x(1 g (Y) +

]lw?(i’)) in R3, it attains its maximum at y € Qp = B'U @g. Thus, there are two possibilities: if the

maximum occurs at y € B, then v(y) =v*(3) + 0(\|E||—1) Since 1°

Co=Co(M,m°) and R > 1 with

is maximized at y = 0, there exists

dx

Q- >/ oY > ¢ >0,
}/( 6)— B\B0 HXH (Hé” )_ 0

for all || || > R.
In case the maximum of v occurs at y € @g, then v(3) = v () +O0(|&|I7"). For any domain D with

dx dx
TS S/ T
p [|X[~ Jer [IX]

where B! = B, | ( 6) is the ball with mass m'. Tt follows that

vl(")—/ dx </ dx
Y oy TR=F1 " Jo T3T

|D| = m' we have
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Therefore, as in the previous case, there exist C; = C;(M,m') and R > 1 with y(Q ) > Cy > 0, for all
I E'|| > R, and the claim is established, with C = min{Cy,C }.

To conclude, we choose a constant

(Z+:u0 - )y(QE)a

1 1
0<8<(Z+p-M)C< 5

2
for any ||§H > R, and using (3.3),
e6 (M) = &7 (1p) < & (Lo ) — (Z+po —M) Y(Q7)

dxXdy
< )+ 6 (Lo~ (Z+pmo-M)y@g)+2 [ [ X
w0 Joz T =31

< 6 (1) + 8 (Lo) — (Z+ 10— M) 7(Qz) + O(| €] )
< ef(m°) +ed(m') + 6 — (Z+p0— M) ¥(Qz) +O(| €| ).

Taking || 3|| sufficiently large, (3.2) holds for all M € (0,Z+ ). O
Remark 10. Thanks to Proposition we may conclude that for the Liquid Drop Model with

z
(Kl

V(T) =

with O < M < Z+ U, the unique generalized minimizer (see Deﬁnition is the singleton {u® = 1y o} Indeed,
this is true for any functional which satisfies the strict subadditivity condition (5.2).

Next, we prove Theorem 8] In fact, we prove the following slightly more general version, which is also a

step towards the proof of Theorem 9]

Lemma 17. Let M > 0 and 8,,&, — 0T. Assume u, € M for which
n—roo
&Y (un) < el (M)+8,, neN.

Then, there exists a subsequence and a generalized minimizer {u°,...,u™} of &) for which (I.19) and (T.20)
hold fori=0,...,N, and
Fo ({u'Yo) = e (M) = lim e (M).

n—oo
Proof. By (i) of Theorem [} there exists a subsequence along which u, decomposes as in (I.19), with
{u'}yz, € M satistying (L21). By (ii) of Theoremwe have

FY (0 ) = lim 8 () = lim ¥, (M) = &b ().

Let m' = [[ul[%,, (z3)- 1t suffices to show that u® minimizes e} (m®) and ' minimizes 3(m'), for each i> 1,
and that all but a finite number of the u’ = 0. First, by ([.I8) we have

=)

eX(mo)+Z‘,68(m")S@ﬁov(uo)Jrf‘1 0 () =7 ({u'}izo) = ety (M) < e (m”) + ) eg(m),

i=1
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the last step by the Binding Inequality (subadditivity) of eg see e.g. [2].) As each term is non-negative,
equality holds in each relation. Furthermore, as e} (m®) < & (u°) and each €3(m’) < £2(u'), we must have
equality in these as well. This proves that each u/, i > 0, is minimizing.

Finally, suppose infinitely many ' % 0. Then, by the convergence of the series, 0 < m' < g for all
but finitely many i; assume 0 < m/,m/*! < yy. Then by the strict subadditivity, proved in the proof of
Proposition [20]

eQ(m!) + ey (m/ ™) > ed(m/ +mIth.

But then,
ey (M) = ef (m°) +Zeg(mi) >ep(m)+ Y, eg(m')+ef(m! +mTh) > ef (M),

a contradiction. O
We finish with the proof of Theorem ]

Proof. Recall that we assume V(¥) = Z/|| ¥
of all minimizing sequences for ¢Z(M) was proved by Lions [37, Corollary I1.2.]. Let ue € M with
&% (ug) = e%(M). By Lemmal|l7| there exists a generalized minimizer of ef (M), {u'}Y . such that (T.T9) and
(T.20) hold for i = 0,...,N, and

,Z>0. For (a), 0 <M < Z, the (relative) compactness

Fi({u'}ilo) = €5 (M) = lim e (M).

n—soo

By Remark , N=0and ue —— u® in #%(R3), which attains the minimum in e (M).
e—0

For (b), first note that if there is a sequence &, — 0T for which egn (M) attains its minimum at u, € M,
n—soo
then by the same argument as for (a) we obtain the conclusion of the Theorem with Mg, = M. It therefore

suffices to consider sequences &, — 0" for which the minimum in eZ (M) is not attained. By part (ii) of
n—soo

&
Lemma for each n there exist s m € (0,M) such that
0y, 0 0
eg, (M) = €, (my) + e, (M —my),

and there exists u, € S (R) with [[u,[|%,5 sy = my) and &Z (uy) = €Z (my). For each n, we may choose

(R3)
functions v, € 7! (R?) with compact support and ||v,, ||=‘25€2 B = M —m and for which

é"gl (vn) < egn (M—mg) +&,.

Next, choose radii p,, in the smooth cut-off @), defined in @.3), such that i, = u, @), satisfies both

Hﬁn - un”ifZ(]R?) H—oo> O and|é‘é(ﬁn) — é”é(un” IH—OO) O

— —
We also choose vectors &, € R? such that i, and v,(- + &,) have disjoint supports for each n, and
-
| €| — 0. Set
n—soo
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—

Un(X) = 10 (X) +va(-+ &),

so that

||Un||ng(R3) = ||ﬁn||?$2(R3) + an||f$2(R3) H—w> M, and |é"é(Un) —egn(M)| —0.

n—soo

By Lemma , &EZ(Uy) — e5(M), so applying (i) of Theorem 7| there exists {u'}7, € s for which
" n—oo
(T-19) and (I:20) hold, and

T ({u'}o) = eG(M).

By Remark u' =0 forall i > 1 and u® = 1p,, minimizes eff (M). From (I.19) we conclude that

U, = ﬁn+vn(+gn) T) uo in 32(R3)
Nn—yoo

Since for every fixed compact set K C R3 we have U, = u, pointwise almost everywhere in K and for

all sufficiently large n, it follows that u, — u® in .flic(]l@) and pointwise almost everywhere up to a

subsequence. Consequently, we have v, T) 0 and u, T) u® globally in .,2”2(]1{3). In conclusion, taking
n—o0 n—o0

0
Mg, :=m,,

n

¢z (Mg, = m)) is attained at ug, = uy, Mg, — M, and u, — u® = 1, in L*(R3). O
n n—soo n—soo
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