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Abstract

This thesis is concerned with the existence and spectral stability of periodic
waves in the fractional Korteweg—de Vries (KdV) equation and the fractional
modified Korteweg—de Vries (mKdV) equation. We study the existence of
periodic travelling waves using various tools such as Green’s function for frac-
tional Laplacian operator, Petviashvili fixed point method, and a new vari-
ational characterization in which the periodic waves in fractional KdV and
fractional mKdV are realized as the constrained minimizers of the quadratic
part of the energy functional subject to fixed L? and L* norm respectively.
This new variational framework allows us to identify the existence region of
periodic travelling waves and to derive the criterion for spectral stability of
the periodic waves with respect to perturbations of the same period.
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Chapter 1

Introduction

1.1 Nonlinear Dispersive Waves

The study of dispersive waves has long and rich history dating back to the
work of Airy, Boussinesq and Stokes, where Airy developed the linear theory
for water waves and Boussinesq and Stokes pioneered the nonlinear theory
[3,4,22,90]. Informally, the dispersing effect refers to the phenomenon where
waves at different frequency propagate at different speed. This effect is readily
seen via the Airy equation, which is a linear partial differential equation of the
form

Up + Upgy = 0 (1.1)

where u(t, ) : R x R — R. The equation admits the plane wave solution
u(z,t) = elEte’t), (1.2)

Hence, the dispersion relation obtained from u(t,z) = ¢%“*~«(* is given by
w(€) = —&3. Since the phase velocity of the wave is given by ¢ = @, the so-
lution implies that waves move to the left and waves with higher wave number
propagate at higher speed. An example of nondispersive wave is the transport
equation u; + vu, = 0; the solution is u(t,z) = f(x — vt) and the dispersion
relation of which is w = v¢, implying that for any frequency, the wave travels
at the same speed v.
The nonlinear counterpart of the Airy equation is the Korteweg—de Vries
equation
Up + Ugpy + 20ty = 0 (1.3)

Although equation (|1.3)) was first introduced by Boussinesq in 1877 [23], it
bears the name of Diederik Korteweg and Gustav de Vries, who rediscovered
and studied the equation in depth about twenty years later [61].

The KdV equation has a wide range of applications in various fields. In
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the context of water waves, it is used to model unidirectional propagation of
shallow surface waves in a canal, internal solitons in the ocean, propagation of
nonlinear acoustic waves in bubbly liquids.

Equation is completely integrable, which can be solved explicitly using
the method of IST (Inverse Scattering Transform). It is known that equation
admits travelling wave solution of the form u(t, z) = ¢ (z — ct) where ¢ is
a real valued constant representing the wave speed. When the travelling wave
Y(x — ct) = () is substituted to equation ([1.3), we obtain the third order
ordinary differential equation

¢m_c¢/+2¢¢/:0-

Integrating the equation above once yields a nonlinear second order differential
equation

' —cp+ 1t —b=0, (1.4)

where b is a constant of integration. Viewing the above as Newton’s law, we
obtain the potential function

V($) = 50— S07 b,
whose critical points occur when 1% — ¢y — b = 0 corresponding to the equi-
librium solutions of . Setting the constant of integration b to zero, we
have two equilibria at ¥» = 0 and ¥ = ¢. There are two types of travelling
waves solutions of : solitary and periodic waves. Fig shows the phase
portrait of with b = 0 and ¢ = 1 where we see a homoclinic orbit (red
curve) to the saddle point (0,0) and a family of periodic orbits surrounding the
center point (1,0). The homoclinic orbit defines a solitary wave as a bounded
solution on the line and decaying to zero at infinity. The periodic orbits define
periodic waves. It is well-known [2] that the solitary wave solution of equation

(1.3) takes the form

u(t,z) = %sechQ (%C(x _ ct)) ,

and the periodic solutions are expressed as cnoidal waves [61].

This thesis focuses on the existence and stability of nonlinear, periodic
travelling waves with nonlocal dispersion, that is, the dispersion relation w(§)
is no longer a polynomial in ¢£. Models of the form

ug — Mug + f'(u)u, =0 (1.5)
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Figure 1.1: Phase Portrait of the KAV equation (1.4): ¢’ vs ¢) with b = 0 and

c=1

where M is a constant coefficient, pseudodifferential operator and f is a gen-
eral function were first studied in . The equation can be used to describe
unidirectional wave motion, and dynamics of dislocation in crystals. We are
particularly interested in the case when M = D* = (—A)*/2 is the fractional
Laplacian defined via Fourier series by

F@) =" fae™, (D f)(@) = |n|*foe™. (1.6)

The fractional KdV and fractional mKdV equations are given respectively
by

up + 2uu, — (D%u), = 0, (1.7)

up + 6uuy — (D), = 0, (1.8)

where u(t,x) : RxT := [—m,n|. From the travelling wave anzat u(t,z) =
(x — ct), we obtain the stationary equations for(|1.7)) and(1.8])

DY+ cp —ppP* 4 b =10, ¢ € Hy (T) (1.9)

where p = 1,2 respectively, the constant of integration b is another parameter
of ([1.9) in addition to the wave speed ¢, and the space HS (T) is the class of

per

L2, (T) functions, whose derivatives up to order « also belong to L2, .(T) and
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satisfying

He, (T) = {f € Ly (T) : Y (1 +1nl*)" [ ful < OO} :

For simplicity, in what follows, we will write Hp, and L}Z)er instead of Hp, (T)

and L7 (T). The subspace of odd (even) periodic functions in is denoted

HS oqd (Hiereven)- Similarly, the subspace of odd (even) functions in L? is

denoted by Lf)er,odd (Lf)er,even>‘
We are interested in the single-lobe, periodic waves v satisfying the follow-

ing definition.

Definition 1.1. We say the periodic wave v satisfying (1.9)) has a single lobe
profile if there exists only one mazimum and minimum of 1 on T.

In equation ((1.7), when o = 2 we recover the KdV equation , and
when o = 1, we recover the Benjamin-Ono (BO) equation [19,/77], which
models unidirectional propagation of small amplitude, internal waves in deep
water. Similarly in equation , the two special cases are when @ = 1 and 2,
corresponding to the modified KdV and modified BO equations.

Equation has the following conserved quantities

M(u) = /7r udz, (1.10)

1 ™

F(u) = 5/ uldz, (1.11)
1 4 a 2 1 4 3

E(u) = 5 (Dzu)” dz — 3 uw’dx, (1.12)

representing mass, momentum and energy respectively. Equation (1.8 also
admits the same conserved quantities with the mass and momentum defined
similarly to ((1.10)) and ((1.11)) respectively, whereas the energy of equation ({1.8|)
is given by

B(u) =5 /7r ((D%u)2 - u4> dz, (1.13)

—Tr
Moreover, the stationary equation (1.9)) is the Euler-Lagrange equation of the
augmented Lyapunov functional

Gep(u) = E(u) + cF(u) + bM (u), (1.14)

so that the solution ¢ of (1.9) is a critical point of G (u) satisfying G, () =

0. The conserved quantities in (1.10)-(1.12)) and (1.13) are defined in Hp%er.
By Sobolev inequality, it follows that the last term of the energy in (1.12)) is

4
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bounded if av >
we require o >

. Similarly, to control the second term of the energy in (|1.13]),

TV

1.2 Stability Theory

After well-posedness theory of the initial value problem, stability theory plays
important role in the analysis of partial differential equations. Since the equa-
tions aim to model physical phenomena, their solutions are only useful if they
can actually manifest in real life. Therefore, it is of special interest that we
have a theory which can determine the robustness of the solutions, i.e, whether
the solutions can persist under perturbations.

In general, we can give four definitions of stability of solutions in nonlinear
evolution equations: spectral stability, linearized stability, orbital stability and
asymptotic stability. However, in this thesis, we focus mainly on spectral sta-
bility. In order to explain the formalism of spectral stability for the travelling
wave, let us consider the stationary equation ([1.9) when p = 1. We compute
the Hessian operator from and find the linearized operator around the
wave 1) in the form

M= Gly() = D* + ¢ — 2. (1.15)

We note that H is related to the . Indeed, when we take the derivative in
(1.9) with respect to the spatial variable, we get H(0,%) = 0. It follows that
the zero is an eigenvalue of H with eigenfunction d,¢. The property that zero
is a simple eigenvalue turns out to be important in our analysis.

The linearized operator H determines the spectral stability of the periodic
wave with the profile . By using u(t,x) = ¥(z — ct) + v(t,x — ct) and
substituting equation for 1, we obtain

vy + 2vv, + 2(Yv), — cv, — D%, = 0. (1.16)

Replacing the nonlinear equation (1.16)) by its linearization at the zero solution
yields the linearized evolution equation

vy = O, Ho, (1.17)

where H is given by (|1.15)). Since ¢ depends only on x, separation of variables
in the form v(t,z) = e’n(z) with some A € C and n(z) : T — C reduces the
linear equation ([1.17]) to the spectral stability problem

O, Hn = An. (1.18)

Definition 1.2 (Spectral stability of periodic wave).
The periodic wave with profile v is said to be spectrally stable with respect to
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perturbations of the same period if 0(0,H) C iR in Lf)er. Otherwise, it is
spectrally unstable if o(0,H) in L2, contains a point A with Re(\) > 0.

per

In fact, since the operator 0, is not one-to—one in the periodic case, the

spectral problem (1.18]) with A\ # 0 is restricted to the space of zero mean
functions

OpH| v = Ao, Xo:={feL :(f(x),1)=0}, (1.19)

per

where (-, ) denotes the standard inner product in L2 .. In [36,/50], it is shown
that the periodic wave with profile v is spectrally and orbitally stable if it
is the constrained minimizer of the energy subject to fixed momentum
and mass . The mass constraint is given by the zero mean function
space Xy and the momentum constraint provides an additional orthogonality

condition (f,1) = 0. Since H is the Hessian operator of G(u) in ((1.14), v is
the constrained minimizer if the operator H satisfies

H!L% > 0, ker(H|r2) = ker(H) = span(09,v) (1.20)

where L? := {f € L2, : (f,1) = 0= (f,¢)} is a constrained subspace of L2 ..

Then, Theorem provides the count for the number of negative eigenvalues
of 'H‘ ;2 Dy relating to the number of negative and zero eigenvalues of the

matrix D()), which is constructed from the two constraints of L?

_ [ {(H=AD)" ) (K= A", 1)
PO=1 -1,y (H-an-1yy | AE0F (121

By using Lagrange multipliers theorem we can show that the constrained
minimizers are indeed solutions to the boundary value problem but this
leads to a delicate issue of determining if the solutions can be smoothly con-
tinued with respect to the Lagrange multipliers, which incidentally is the wave
speed ¢ and the integration constant b. In [53], it was claimed that for all
a € [1/3,2], the solution of with p = 2 obtained from minimizing the
energy subject to fixed mass and momentum is smoothly differentiable with
respect to both b and ¢ and that the kernel of the operator H is one dimen-
sional. However, from Stokes expansion argument (see Chapter 3) we observe
a threshold «q = % — 1 for which the number of negative eigenvalue of H
changes from 1 to 2 as « crosses «g from above. If o < ag, we show that
the solution 1 to the boundary value problem continued with respect
to parameters ¢ and b may pass the fold point in the sense of the following
definition.

Definition 1.3. We say that the solution v to the stationary equation (@ 15
at the fold point if the linearized operator H at ) has a double zero eigenvalue.

6
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To ensure the smooth continuation of the solution with respect to pa-
rameter ¢ and b, in Chapter 5 we develop a new variational method which
characterizes the solution as minimizer of the quadratic part of the energy
functional subject to the zero mean condition and the fixed L? norm (see [65]
for similar approach for the fifth order KdV equation). By using the new vari-
ational method, we are able to establish the sharp condition for stability of the
periodic waves of the fractional KdV equation based the monotonicity
of the map between the wave speed ¢ and the momentum. Furthermore, this
variational characterization allows us to classify the entire region of existence
of the periodic waves for a near «.

Although spectral stability does not imply other modes of stability, the
spectral information are important for the study of linear or nonlinear stability.
If the periodic wave 1) is spectrally unstable, one can conclude that 1 is also
linearly unstable. One mode of stability that is closely related to spectral
stability is orbital stability. In order the define orbital stability we first have
to define an orbit of 1, that is, the family of 7'(w)vy, where w € R belongs
to an open set and T'(w) is a generator of the group related to the symmetry
of the evolution equation. We will use the following definition for the orbital
stability of the periodic wave with the profile 1.

Definition 1.4 (Orbital Stability of periodic wave).
The periodic wave with profile v is said to be orbitally stable in Banach space X
with norm || - || x if for any e > 0, there is a § > 0 such that if ||[u(t) —¢||x <6
then

i [[u(t) = T(w)i]x < e (1.22)

for all t € RY. Otherwise, ¥ is orbitally unstable in X .

In the context of the fractional KAV and the fractional mKdV equations,
the orbit of ¢ is generated by the translation invariance, i.e T'(w)y = ¥(- + w)
and the Banach space X is given by the energy space H,?‘e/,?. In the case of
the fractional KdV equation, given global well-posedness in the space H? . for

er
s > g, if a periodic wave with profile 1 is spectrally stable then it ig also
orbitally stable according to the technique developed in [9).

Stability of the periodic waves in the cubic case with p = 2 has been unex-
plored for o < 2. In Chapter 6, we use the similar approach to that of Chapter
5 and construct the periodic waves as the minimizers of the quadratic part of
the energy functional subject to the zero mean condition and the fixed L*
norm. Unlike the fractional KdV case, we are not able to classify all possible
periodic, single-lobe solutions in the cubic case because the Galilean transfor-
mation in the cubic case generates an additional quadratic term. However, we
are still able to consider the periodic waves satisfying with p = 2 and

b = 0 and establish the criteria for their spectral stability and instability.
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1.3 Numerical Methods

Due to the pseudo—differential operator D®, (1.7]) and (|1.8)) are not integrable
except when o = 1,2. Thus, explicit solutions are difficult to obtain. Here,
we outline two fixed point methods which will be employed to numerically

generate solutions of ([1.7]) and (1.8 in later chapters.

1.3.1 Petviashvili method

First introduced in Petviashvili’s seminal paper in 1976 [82], the iteration
method is robust for capturing solitary wave solutions in nonlinear evolution
equations. In recent years, renewed interest in the method has resulted in
several convergence analysis and modifications of the iteration, [8,32}39,41].
While the convergence analysis of the Petviashvili method applied to the peri-
odic fractional KdV equation is the main topic of Chapter 4, we briefly explain
the iteration scheme here. Let us motivate the formulation of the Petviashvili
method by first considering a nonlinear equation of the form

L(u) =uP, (1.23)

where L is a positive operator and p > 1. The stationary equations @ with
the constant of integration b = 0 can be formulated in the form of (|1.23) with

L=D+c (1.24)

Since L is a positive operator, it is invertible; an intuitive, although naive,
fixed point iteration of ((1.23) reads

Upir = L7, n €N, (1.25)

However, it is easy to see that if ¢ is a solution of (|1.23)), then the scheme
(1.25)) fails to converge for the sequence u,, = a,¢ where {a,} C R satisfying

Ap4+1 = Cl;z

since a, = 1 is an unstable fixed point of the above for p > 1. To circumvent
this difficulty, Petviashvili method introduces the stabilizing factor M,, to the
naive iteration (|1.25]) as follows

-1
U1 = ML "y,
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where
(L, uy)
<u7sw un)
P

and 7y is a constant which can be chosen to be s for optimal convergence.

This can be observed by taking w,, = a,¢. Then, M, = a}[p and the iteration
gives a1 = a2 50 the value of v = =25 reduces the power to 0 and the
iterations converge in a single iteration.

Although Petviashvili method is favored for approximating solitary waves
[31,/40], empirical experiments have shown it to diverge for periodic waves in
finite depth, particularly sign indefinite, periodic waves. In [87], Petviashvili
method was modified and it successfully approximated the periodic waves in
infinite depth, however, the iteration did not work in finite depth. In [32],
to overcome this drawback, the authors suggest rewriting the Euler equations
in the form of a Babenko equation [16], then use a variable transform which
makes the Babenko equation suitable for the classical Petviashvili method.
The work [41] explores the generalization of Petviashvili method for non-power
nonlinearities proposed originally in [63].

The rigorous analysis for the convergence (or divergence) of the classical
Petviashvili method for periodic waves is one of the main results of Chapter 4.
By using Stokes expansion and perturbation analysis, we are able to demarcate
the specific range of ¢ and « for which the Petviashvili iteration converges (or
diverges) for both left propagating and right propagating waves. Moreover,
we discover an important threshold oy = ii‘; — 1 =~ 0.585. As «a changes
from o > ap to a < ap, the number of negative eigenvalues of the operator H
increases from 1 to 2, which implies a double zero eigenvalue at o = ay. Since
the operator H coincides with Hessian operator of the action functional G in
, the number of zero eigenvalues has important implication in stability of
the periodic waves [53] and in the solution continuation argument in Chapter
D.

M, =

Y

1.3.2 Newton’s method

We recast equation ([1.23) as a root finding problem
F(u) :=L(u) —u? = (c+ D*)u—uP =0, (1.26)
then given an initial guess ug, the Newton’s method is defined by

Upi1 = Up — [F'(u,)] " Fluy), neN, (1.27)
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where I’ := (c+ D®)u — puP~! denotes the Jacobian operator of equation
(1.26). Note that when p = 2, F' = H in equation (L.15). It is well known
that the Newton’s method converges quadratically whenever the operator F’
is invertible. By differentiating in x we see that if ¢ is the solution then )’
belongs to ker(F"), corresponding to the a zero eigenvalue of H induced by
translational symmetry. Thus, using parity between 1 and v’ we need to
restrict F’ to appropriate subspace in order to guarantee its invertibility.

One drawback of the Newton’s method is that it requires a good initial
guess whereas the Petviashvili method is not as sensitive to the initial guess.
Hence, it makes sense to use the Petviashvili method and the Newton’s method
in tandem. In bifurcation and solution continuation problems, which we en-
counter in Chapter 5 and 6, the Petviashvili method is used first to approxi-
mate the periodic wave, then this solution is set to be the initial seed for the
Newton’s method.

1.4 Background Literature

We list the important results in local well-posedness, stability theory and

numerical analysis of (1.7)) and (1.8).

1.4.1 Fractional KdV

Local well-posedness of the Cauchy problem for fractional KdV equation (1.7])
was proven in [1] for the initial data in Sobolev space H*(R) or H*(T) for s > 3.
3

Local well-posedness in H*(R) for s > 2 — 2o was proven in [67], where the

authors also showed existence of weak global solutions in energy space H2 (R)

for a > % and for @ = % and small data. More recently, local well-posedness

in H*(R) was proven in 73] for & > 0 and s > 2 — 2a. Together with the
conservation of energy, the latter result implies global well-posedness in the
energy space Hz(R) for o > g. Traveling solitary waves were characterized
as minimizers of energy subject to the fixed momentum in [68] for o € (%7 1)
and in [5] for a > 1.

Existence and stability of traveling periodic waves were analyzed by using
perturbative [54], variational [25]27,53], and fixed-point [26] methods. From
the variational point of view, the traveling periodic waves are characterized
as constrained minimizers of energy F(u) subject to fixed momentum F'(u)
and mass M (u) for every a € (%, 2] [53]. Spectral stability of periodic waves
with respect to perturbations of the same period follows from computations
of eigenvalues of a 2-by-2 matrix involving derivatives of momentum and mass
with respect to two parameters of the periodic waves, see |36}50] for review.
Recently, a different approach was developed in [48] where the periodic waves
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with single-lobe profile were constructed by minimizing the energy E(u) using
the fixed momentum F'(u) as the only constraint. It was shown that such min-
imizers were degenerate up to the translation symmetry and were spectrally
stable.

1.4.2 Fractional mKdV

In the case of equation (I1.§)), the well-posedness and stability theory are lim-
ited to the local cases a = 1, 2. The global well-posedness results for the initial
data in H*(R) with s > 1 and in H*(T) with s > 1 were obtained for o = 2
in [33]. Local well-posedness results for initial data in H*(R) with s > 3 were
obtained for &« = 1 in [59]. Energy and momentum are conserved in the time
evolution of such solutions. Local solutions with sufficiently large initial data
in H2(R) blow up in a finite time [58,[70].

Spectral and orbital stability of the periodic waves of the stationary equa-
tion (|1.9) with p = 2 were studied in the local case &« = 2. Employing the
arguments in [21] and [92,93], orbital stability of sign-definite dnoidal waves
was proven in [12]. Spectral stability of sign-indefinite cnoidal waves was
studied in [36] by using the count of negative eigenvalues of the operator H
restricted to the orthogonal complement of span(1,) (also also [50,/80]). It
was discovered in [36] that the cnoidal waves were spectrally stable for smaller
speeds ¢ and spectrally unstable for larger speeds c¢. Spectral and orbital sta-
bility and instability of the cnoidal waves was proven in [15] by adopting the
arguments of [66] in the periodic context and employing the approach in [51]
based on the existence of a sufficiently smooth data-to-solution-map. Orbital
stability of a particular family of positive periodic waves of the dnoidal type
with b # 0 was proven in [11] by adopting the arguments of [47].

1.5 Future Study

We address possible avenues for future research, which arise from the results
this thesis.

e In Chapter 2, we formulate two conjectures which are supported numer-
ically. Since the Green’s function was formulated using integral repre-
sentation with the Mittag—LefHler functions, one possible route to pursue
analytical evidence for the conjectures is to study the asymptotic expan-
sion of the Mittag—LefHler function and to investigate how to control the
associating error.

e The variational problem with one constraint (fixed L* norm), (6.5 and

11



PhD Thesis — U. Le McMaster University — Mathematics

presented in Chapter 6 only describes only two particular fami-
lies of periodic solution of the stationary equation (6.2)) with b = 0.
These families generalize the sign-indefinite cnoidal and the sign-definite
dnoidal elliptic solutions of the local case o = 2. However, it remains an
open problem to characterize the most general solution of the stationary
equation (|6.2) with arbitrary b. Further studies are needed to investigate
if the variational problem with two constraints

U o m 1 ™
inf {/ [(D2u)? + cou?] du / utdr =1, —/ udr = m}
uer%er —T —T 27 —T

can recover the most general periodic solution to (6.2]).
1.6 Outline of the Thesis

Chapter 2,3 and 4 focus on the existence and positivity property of the periodic
waves of the fractional KdV while Chapter 5 and 6 deal with the spectral
stability of the periodic waves of the fractional KdV and the fractional
mKdV . The brief overview of each chapter is as follows.

e In Chapter 2, we study the Green’s function, G, of the shifted frac-
tional Laplacian operator ¢ + (—A)2 := ¢+ D, with ¢ > 0, on periodic
domain, which arises from the stationary equation of the fractional KdV.
We show that G is positive and has single-lobe profile for o € (0,2]. In
particular, we give explicit formulation of the Green’s function in terms
of the Mittag—LefHler functions. The Mittag—Leffler functions are im-
portant special functions of mathematical physics and often used in the
context of Riemann—Liouville and Caputo’s fractional derivatives. The
positivity result of the Green’s function is going to provide an important
ingredient for the proof of the existence of positive, periodic waves of the
fractional KdV in Chapter 3.

The content of Chapter 2 is based on:

U. Le and D. Pelinovsky, “Green’s Function for the Fractional KDV
Equation on the Periodic Domain via Mittag—Leffler’s Function”.
arXiv:2101.02269

e In Chapter 3, our main goal is to establish the existence of single-lobe,
periodic, travelling waves of ([1.7)). First, we make use of the perturba-
tive argument to review existence of periodic waves in small amplitude
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limits. We identify the left travelling waves bifurcation from zero solu-
tion via Stokes expansion. We also connect the left propagating waves to
the right propagating waves using the speed parameter c¢. Then, we use
the property of the Green’s function obtained in Chapter 2 to show that
the right moving waves are positive. This task is achieved by utilizing
the Kranoselskii’s fixed point theorem in a positive cone, and applying a
homotopy argument with the Leray—Schauder index to distinguish single
lobe solution from constant solution. Finally, we will also verify that the
right—propagating waves are minimizers of the constrained energy func-
tional.

e In Chapter 4, we recast the stationary equation of with p = 1
as a fixed point problem to study the Petviashvili method. We explain
the divergence (convergence) of the fixed point iterations from unstable
eigenvalues of the generalized eigenvalue problem. We also show that a
simple modification of the iterative method after the mean value shift
results in the unconditional convergence of Petviashvili method. Then,
we will illustrate the results numerically for the classical Korteweg—de
Vries and Benjamin-Ono equations.

The content of Chapter 3 and Chapter 4 is based on:

U.Le, D. Pelinovsky, “Convergence of the Petviashvili’s Method Near
Periodic Waves in the Fractional Korteweg—De Vries Equation”. SIAM
J. Math. Anal. 51 (2019), 2850-2883.

e In Chapter 5, we put forth a new variational method where the peri-
odic waves are realized constrained minimizers of the quadratic form of
energy subject to fixed cubic part of energy and the zero mean. This new
variational characterization allows us to unfold the existence region of
travelling periodic waves and to give a sharp criterion for spectral stabil-
ity of periodic waves with respect to perturbations of the same period.
The sharp stability criterion is given by the monotonicity of the map
from the wave speed to the wave momentum similarly to the stability
criterion for solitary waves.

The content of Chapter 5 is based on:

F. Natali, U. Le and D. Pelinovsky, “ New Variational Characterization
of Perioic Waves in the Fractional Korteweg—de Vries Equation”. Non-
linearity 33, 2020, 1956-1986.

13
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e In Chapter 6, we extend the variational framework in Chapter 5 to the
fractional mKdV equation ([1.8). Two families of solutions in the local
case are given by the sign-definite dnoidal and sign-indefinite cnoidal
solutions. Both solutions can be characterized in the general fractional
case as global minimizers of the quadratic part of the energy functional
subject to the fixed L* norm: the sign-definite (sign-indefinite) solutions
are obtained in the subspace of even (odd) functions. Morse index is
computed for both solutions and the spectral stability criterion is de-
rived. We show numerically that the family of sign-definite solutions has
a generic fold bifurcation for the fractional Laplacian of lower regular-
ity and the family of sign-indefinite solutions has a generic symmetry-
breaking bifurcation both in the fractional and local cases.

The content of Chapter 6 is based on:

F. Natali, U. Le and D. Pelinovsky, “Periodic Waves in the Fractional
Modified Korteweg—de Vries Equation”. In print. arXiw:2006.14398
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Chapter 2

The Green’s Function For The
Fractional KdV Equation

This chapter covers the strict positivity and single-lobe profile properties of
the Green’s function for the linear operator

Leo = c+ (—A)/2 (2.1)

where (—A)? = D as defined in (L.6), ¢ > 0 is a parameter and a > 0.
Our goal is to provide a new formulation of the Green’s function Gr using the
Mittag—Leffler function |72] and to prove the positivity of Gr using this new
representation.

Properties of the fractional Laplacian on the d-dimensional torus T¢ were
studied in [86]. Recent review of boundary-value problems for the fractional
Laplacian and related applications can be found in [69).

The Green’s function satisfies the periodic boundary value problem

[c+ (—A)O‘/Q] Gr(z) =6(x), xe€T, (2.2)
where ¢ is the Dirac delta distribution. The solution is represented via Fourier
series by

R O T GO

nez

Green’s function Gt arises in the study of the nonlinear equation
o+ (—A)2] ¥(a) = ¥(@)™**, @ €T, (2.4

where p € N. The nonlinear equation (2.4) defines the travelling periodic
waves of the fractional Korteweg-de Vries (fKdV) equation with the speed ¢
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[26,27,53}544(741/75] and the standing periodic waves of the fractional nonlinear
Schrodinger (fNLS) equation with the frequency ¢ [30,48]. Periodic solutions
in other nonlinear elliptic equations associated with the fractional Laplacian
were also considered, i.e., in [10}3§].

The plan for this chapter is as follows. The main results of the chapter are
stated in Section [2.1] In Section 2.2 we mention properties of the Mittag—
Leffler function which are important to the proof of the main results. Section
2.3 and are devoted to proving the two main theorems of this chapter.
We discuss the conjectures which extends of the main results to the case a €
(2,4] in Section 2.5 Finally, numerical illustrations and numerical evidence to
support the conjectures are collected in Section [2.6]

2.1 Main Results

We prove strict positivity and single—lobe profile properties of Green’s function
Gr satisfying the boundary-value problem on T for every ¢ > 0 and every
a € (0,2]. Moreover, the main novelty of our approach is to relate Gr and the
Mittag—Leffler functions [72]. The positivity of Gr for o € (0,2] are crucial
for the existence of positive periodic, travelling waves of the fractional KDV
equation , see Remark and Chapter 3 for more details.

The following theorems summarize our results. The Green’s function Gr
can be rewritten from its Fourier series definition in to the integral form
involving the Mittag-LefHler function E,, , according to the following theorem

Theorem 2.1. For every ¢ > 0 and every o € (0,2] and x € T it is true that

Grlr) = — + 2 /Ooo ( ¢ cos(z) — 1 )ta—lEa,a(—ct“)dt. (2.5)

2rc W 1 — 2et cos(x) + e?

Furthermore, the representation (2.5)) holds for a > 2 provided that ¢ € (0, ¢c,),

where ¢, 18 given by
T —Q
o = — ) 2.6
o= [oos (3 29

Remark 2.1. Several equivalent forms of the fractional Laplacian operator
on R with d = {1,2,3...} were shown in [62]. However, to the best of our
knowledge, the fractional Laplacian has not been expressed in terms of the
Mittag—Leffler function.

Theorem 2.2. For every ¢ > 0 and every o € (0,2], Green’s function Gr
defined by and 15 even, strictly positive on T, and monotonically

decreasing on (0, 7).

Remark 2.2. The property of strict positivity of Green’s function was proven
for different boundary-value problems associated with the fractional operators
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in |76] for a € (0,1) and in |17] for a € (1,2); however, the fractional deriva-
tives were considered in the Riemann—Liouville sense (see [60,83] for review
of fractional derivatives).

Remark 2.3. We note that strict positivity and single—-lobe profile property of
the Green’s function on the real line, Gg, has been shown in |42 (see Lemma
A.4) using similar properties of the heat kernel related to the fractional Lapla-
cian (—A)*/? (see Lemma A.1 in [42]). The constant ¢ > 0 in L., can be
normalized to unity when L., is considered on the real line R. We observe
that the same properties hold for Green’s function Gt on the periodic domain
T because it can be written as the following periodic superposition of Green’s
function Gg on the real line R:

Gr(x) = Z Gr(x —2mn), z€T. (2.7)

ne”

Hence, if Gr(xz) > 0 for x € R, then Gr(z) > 0 for x € T and if Gp(x) < 0
and G%(x) <0 forx >0 for x > 0, then Gi(x) < 0 for x € [0,7]. However,
here the parameter ¢ in Gr cannot be normalized to unity.

Remark 2.4. In [88|, the author gave an alternative proof of Theorem
using probabilistic argument and proved complete monotonicity property of Gr
on (0,7).

Remark 2.5. Fquation coincides with the travelling wave reduction of
the fractional KdV equation for p = 1land b = 0. The positive solution
U of can be realized as a fired point of the nonlinear operator A, (v) :
L2 (T)— L2 (T)

per per

Aco() = /7r Gr(z — s)Y(s)?ds. (2.8)

Choosing an appropriate positive cone, and the positivity of the Green’s func-
tion implies that the operator A., is closed in the cone. Then, application of
the Kranoselskii’s fixed point theorem verifies the existence of a fixed point of
Acq in the cone, see Section 3.4.

2.2 Properties of the Mittag—Leffler Function

We first review some important properties of the Mittag—Leffler function which
will be used for the proof of Theorem [2.1] The Mittag—Leffler function is
defined by

Ea(z) =Y ﬁ a>0, (2.9)

e
k=0
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and its two-parametric generalization is defined by

0o ok
Ea”@(l') = Z m, a, > 0. (210)

k=0

Mittag—Leffler functions were introduced in the theory of analytic functions
[72]. In recent years, they have become popular due to their applications in
fractional differential equations [60]. In depth studies of the Mittag—Leffler
functions can be found in [18] and [46]. Mittag-Leffler functions are typi-
cally used to represent solutions of initial-value problems for the fractional
differential equations defined by the Riemann-Liouville or Caputo fractional
derivatives [60].

Lemma 2.1. For every a > 0 and every x € R, it is true that

d
Eoolr) =a—E,(z). 2.11
o) = a2 () (211)
Proof. The result is obtained by differentiating (2.9)) and using ([2.10)):
= ak” 1 1
_ — - = ~F, ().
;af ozkzgl“ozkﬂ—a a al®)

The series converges absolutely for every € R since E, and E, , are entire
functions. O
Lemma 2.2. [84] For every a € (0,1], the function x — E,(—x) is positive
and completely monotonic for x > 0, that is

dm
dz™

(=™

Consequently, E,.(—x) > 0 for every x > 0.

E.(—z) >0, meN, z>0. (2.12)

Remark 2.6. A necessary and sufficient condition for the function x +—
E.(—x) to be completely monotonic for x > 0 is that E,(—x) can be expressed
wn the form

Eo(—2) = / e AE (1), x>0,
0

where F, is a non decreasing and bounded on (0,00). The proof of [84] is based
on the representation of E,(—x) given by

1 tl/c
Ea(—l’) ~ 5 / . dtu

2ita Jot+x

with a specially selected the contour C in C.
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Lemma 2.3. [46] For every a € (0,2), E,(—x%) admits the asymptotic ex-
PaAnsLon

Eo(— a)——ii+o ! — (2.13)
al—2%) = 2 (1 = ak)zo® oNTa as T — 00, .

where N € N is arbitrarily fized. For every a > 2, E,(—x%) admits the
asymptotic expansion

N
E,(—x%) = 1 Z e+ 0 (L) as & — 00, (2.14)

(0]
n=—N-+1

im(2n—1)

where a,, = e~ «  and N 1is the largest integer satisfying the bound 2N —1 <

«

R

Remark 2.7. Asymptotic expansions and can be differentiated
term by term.

Remark 2.8. We list the explicit cases of the Mittag—Leffler function E,(—z®)
for the first integers:

a=1, Ei(—x)=¢e"",
a=2, Ey(—2?) = cos(z),
1 2 2 3
o =3, By(—a®) = §e_x Tgeres (Tx> 7

a=4, Ey(—2*) = cos <%) cosh (%) .

For a« = 1, the asymptotic representation admits zero leading-order
terms for every N € N. The asymptotic representation 15 also obvious
from the exact expressions for a = 2,3,4, moreover, the remainder term is
zero for a = 2 and can be included to the summation by increasing N by one
fora=3 and a = 4.

Lemma 2.4. [46] For every a € (0,2) and every x € R, E,(—x) satisfies the
following integral representation,

By (—1) 2 . <7ra> /°° t*~1 cos(xt) @t (2.15)
W(—2%) = =sin (— - :
o 14 2t*cos (%) + t2e

Remark 2.9. [t is claimed in [46] that the integral representation is
true for all o > 0, however, the integral is singular for « = 2 and a discrepancy
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exists at x = 0 for a > 2. For example, when o = 3, it follows from (@)
that E5(0) = 1 whereas computing the integral given in (2.15|) via the change
of variable u = t3 gives

2 < du 1

B5(0) = —— =41
3(0) 3 Jo 1+ u? 37,é

Hence, the integral representation can only be used for a € (0,2), for
which E,(—x%) is bounded and decaying as x — +00.

2.3 Integral Representation

The goal of this Section is to prove Theorem

Proof. Assume first that x # 0 and ¢ € (0,1). Expanding each term of the
trigonometric sum in (2.3)) into absolutely convergent geometric series and
interchanging the two series, we obtain

Sl Sl (o) S gy

n=1 k=0 k=0 n=1
It is known from the integral representation (1) in [85, Section 5.4.2] that for
every x # 0 and a > 0 that

Shcos(nr) _ 1 /WUHU1<etcos<a:>—1>dt, (2.17)
0

nokt+) - D(ak + ) 1 — 2¢t cos(x) + e?

n=1

where k£ > 0. Substituting (2.17)) into (2.16)) and interchanging formally the
summation and the integration yields the following representation:

o o oo pa(k+1)—1 (et COS(:L‘) _ 1)
dt 2.1
g Zo ak —|— Q) / 1 —2etcos(x) +e2t (2.18)
> e’ cos(x) — = (=)
= e ———dt 2.1
/o (1 — 2et cos(x) + 62t> kzg I'(ak+a) (2.19)

:/Ooo( e’ cos(x )) e2t)ta—1Ea,a(—cta)dt. (2.20)

1 — 2et cos(x) +

This yields formally the integral formula (2.5). Let us now justify the in-
terchange of summation and integration in (2.18)). Using the chain rule and
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Lemma 2.1} we get

1d
B, J(=ct®) = —=—E,(—ct®). 2.21
alet®) = L LB (et (221)
It follows from ([2.21)) that for every o € (0, 2], the asymptotic expansion ({2.13])
in Lemma[2.3|for a € (0,2) and Remark for o = 2 imply that

sup t* By a(—tY)| < oo. (2.22)

tel0,00)

Hence, the integral in (2.5 converges absolutely for every z # 0 and a € (0, 2].
Similarly, the integral in (2.18)) converges absolutely for every x # 0 and a €
(0, 2], whereas the numerical series converges absolutely for every ¢ € (0,1).
Thus, the interchange of summation and integration in is justified by
Fubini’s theorem.

For x = 0, we note that Gr(0) < oo if @ > 1 and Gr(0) = o if a €
(0,1]. Since Eqo(—2%) =1+ O(z*) as x — 0, the integral in (2.5)) converges
absolutely for x = 0 and a € (1,2] and diverges for x = 0 and a € (0, 1].
Hence, the integral representation holds again for x = 0, ¢ € (0, 1), and
a € (0,2]. In order to extend the integral representation from ¢ € (0,1)
to every ¢ > 0, we use real analyticity of Green’s function Gr and the integral
in in ¢ for ¢ > 0. Due to uniqueness of the analytical continuation of both
Gr and the integral in in ¢, the equality in is uniquely continued
from ¢ € (0,1) to ¢ > 0.

Next, we verify that the integral representation (2.5)) extends to a > 2 if
c is sufficiently small. The asymptotic expansion in Lemma implies
for every ¢ > 0 and a > 2 that

sup e_tcos<g)to‘_l|Ea,a(—t°‘)| < 00, (2.23)
te[0,00)

where we have used again the connection formula (2.21). In addition, E, (—2%) =
1+ O(x*) as © — 0. Due to the above properties, the integral in (2.5 con-
verges absolutely for every x € T if ¢ € (0,¢,), where ¢, is given by .
This justifies the formal computations similarly to those in the case when
a € (0,2]. O

Remark 2.10. For ¢ > ¢, and o > 2, the Fourier series representation
suggests that |Gr(z)| < oo for every x € T. However, the integral in
does not converge absolutely, hence it is not clear if the integral representation
(2.5) can be used in this case. Our numerical results in Section show that
the integral representation (2.5)) cannot be used for ¢ > c,.
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2.4 Properties of Green’s function for o < 2

Here, we prove Theorem by incorporating the integral representation (2.5))

in Theorem 2.1} It follows from (2.3) that Gr is even for every ¢ > 0 and

a > 0. Furthermore, if o € (0, 1], then lin’(l) Gr(x) = +o0, and if a > 1, then
T—

1 (1 1
QT(O):% <Z+QZC—|—7’L”) > 0.

n=1

We shall prove that Gp(z) < 0 for x € (0,7) and Gr(w) > 0 for every ¢ > 0
and « € (0,2]. The proof of G(z) <0 on (0, ) of is broken into Propositions
2.2 and corresponding to « € (0, 1], o € (1,2) and « = 2 respectively.
Proposition gives an integral representation for Gr(m) which implies its
strict positivity for every ¢ > 0 and « € (0,2). For a = 2, this result follows
from the exact analytical representation of Gr.

Proposition 2.1. For every ¢ > 0 and every a € (0,2), it is true that

Gr(m) = —-

1
T«

ds (2.24)

 sin(%g) /°° s csch(mea s)
o 142%cos(f)+ 52«

which implies Gr(mw) > 0.

Proof. Evaluating the integral representation (2.5 at = = m, we obtain

1 1 [~ 1
— it LR, o(—ct®) st 2.25
G () 2mc 7T/0 1+et al=ct?)s ( )

Substituting (2.21)) into ([2.25)), integrating by parts, and using the asymptotic
representation (2.13)) to get zero contribution in the limit of ¢ — oo, we obtain

1 et

Gr(m) = /Ooo <—E (—ct)st, (2.26)

T e 1+et)2 "

where the integral converges absolutely for every ¢ > 0 and a € (0,2). Sub-
stituting the integral representation (2.15]) for E,(—ct®) from Lemma[2.4] into
(2.26]), we obtain

2 %8

< e > galoog(cats)
= 5 sin{— dsdt (2.2
g’]l‘<7T) 2 S111 ( 9 > /0 (1 + et)g /0 1+ 2 COS(%) T g2 S ( 7)

Since both integrates belong to L'(0, 00), the order of integration in (2.27)) can
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be interchanged to get

00 a—1 oo _t 1
Gr(r) = — sin (@)/ i / cleos(cest) s (2.98)
0 0

2 1+ 2% cos(%) 4 52 (1+et)?

The inner integral is evaluated exactly with the help of integral (7) in [85,
Section 2.5.46]:

/°° e! cos(ca st) T o1
0

1) dt = 5033 csch(m:és),

When it is substituted into (2.28)), it yields the integral representation ([2.24]).
The integrated is positive and absolutely integrate for every ¢ > 0 and a €
(0,2), which implies that Gr(7) > 0. O

Remark 2.11. positivity of Gr(m) for ¢ > 0 and o € (0, 1] also follows from
the representation due to positivity of Eq(—ct®) for every t > 0 in
Lemma . However, E,(—ct) is not positive for all t > 0 when a > 1,
hence, the representation 1s not sufficient for the proof of positivity of
Gr(m) if a € (1,2).

It remains to prove that Gf(z) < 0 for every x € (0,7). The proof is
carried differently for a € (0, 1], for a € (1,2), and for o = 2. In the first case,
we obtain the integral representation for Gi.(z), which is strictly negative for
x € (0,7). In the second case, we employ the variational method to verify
that the unique solution Gr of the boundary-value problem admits the
single lobe profile, with the only maximum located at the point of symmetry
at z = 0. In the case a = 2, we rely on the exact analytic form of Gr.

The next two propositions give results for the case a € (0,1] and @ € (1,2).

Proposition 2.2. For every ¢ > 0 and every a € (0,1], Gr(x) < 0 for every
x € (0,m).

Proof. Differentiating the integral representation (2.5 in x yields

1 [ d el cos(x) — 1
(2)=— [ t*'Eya(—ct®)— dt
Gr(e) e Jo al=c )dx (1 — 2¢t cos(x) + e%) ’

: o) t(,2t 1
_ _sin(@) / B o (—ct®) el ) sdt,  (2.29)
e Jo ’ (1 — 2¢t cos(z) + e?t)

where the integrand is absolutely integrable. It follows by Lemma that
E,o(—ct*) >0 for t > 0. Since sin(z) > 0 for x € (0,7), and the integrand is
positive, it follows from the integral representation (2.29)) that Gr(z) < 0 for
x € (0,m). O
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Proposition 2.3. For every ¢ > 0 and every a € (1,2), Gi(xz) < 0 for every
x € (0,m).

Proof. The proof consists of the following two steps. First, we obtain a vari-
ational solution to the boundary-value problem . Second, we use the
fractional Polya—Szego inequality to show that the solution G has a single-
lobe profile on T with the only maximum located at the point of symmetry at
z = 0.

Step 1: Let us consider the following minimization problem,

B.:= min {B.(u) —u(0)}, (2.30)

uEHZ,
where the quadratic functional B.(u) is given by

1

B,(u) = §/T [(D%u)z + cuZ] dz. (2.31)

Since ¢ > 0, we have

1 1
Smin(Lo)ull,g < Bulu) < 5 max(1,o)

ull 5
pe: per

hence, B.(u) is equivalent to the squared HZ, norm. Moreover, for « € (1,2),
d € Hpe? , the dual of HZ, since

1
I1611,-5 = Zm <00

per
14/

Thus, by Lax-Milgram theorem (see Corollary 5.8 in [24]), there exists a unique
gr € Hp%e]r such that Gr is the global minimizer of the variational problem
, for which the Euler-Lagrange equation is equivalent to the boundary-
value problem ([2.2)). By uniqueness of solutions of the two problems, Gr is
equivalently written as the Fourier series , from which it follows that
Gr(m) < Gr(0). Hence, Gy is different from a constant function on T.

Remark 2.12. The variational method and in particular the Lax—Milgram the-
orem cannot be applied to the case o € (0, 1] since the Dirac delta distribution
d does not belong to the dual space of Hzx when o € (0,1].

Step 2: We utilize the fractional Polya—Szeg6 inequality, proved in the
appendix of [30], to show that a symmetric decreasing rearrangement of the

minimizer Gr on T does not increase B.(u). For completeness, we state the
following definition and lemma.
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Definition 2.1. Let m be the Lebesgue measure on T and f(x) : R — R be a
27 periodic function. The symmetric and decreasing rearrangement f of f on
T s given by

fl@)=if{t: m{zeT: f(z)>t}) <2z}, =zeT. (2.32)

The rearrangement f satisfies the following properties:
i) f(=z) = f(x) and f'(x) < 0 for x € (0, 7).

ii) f(0) = maxser f(x).

iii) [|fllz2cry = I1fll2oy-

Lemma 2.5. [30] For every a > 1 and every f € Hp%er(’]l‘), it is true that

/|D3f|2dx§/ D8 f[2de. (2.33)

_ The argument of the proof in the second step goes as follows. Suppose
G is the symmetric and decreasing rearrangement of Gr, then by Lemma
and by property (iii) of Deﬁnition we have B.(Gr) < B.(Gr). Since the
global minimizer of the variational problem is uniquely given by Gr, G
coincides with Gr up to a translation on T. However, it follows from that
Gr(—z) = Gr(x) and Gr(mw) < Gr(0), hence an internal maximum at xy € (0, )
would contradicts to the single-lobe profile of Gr and the only maximum of
Gr is located at 0, so that Gr(z) = Gr(z) for every z € T. It follows from
property (i) of Definition [2.1| that Gf(x) < 0 for x € (0, 7). O

Finally, we derive the explicit form of G for « = 2. The proposition below
verifies Theorem 2.2 for o = 2.

Proposition 2.4. For every ¢ > 0, Green’s function Gy at o = 2 s even,
strictly positive on T, and strictly monotonically decreasing on (0, ).

Proof. For a = 2, Green’s function Gy satisfies the second-order differential
equation

— Gf(x) + cGr(x) = 6(x), z €T, (2.34)

where ¢ > 0. It follows from the theory of Dirac delta distributions that Gr
is continuous, even, periodic on T, and have a jump discontinuity of the first
derivative at x = 0.
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To see the jump condition of Gr(x) across z = 0, we integrate (2.34]) on
(—¢,¢) and then take the limit as e — 0.

3 3

lim [ (=Gf(z) + cGr(z))de = ll_I)Il d(z)dx =1, (2.35)

e—0 e 0 e

where the last equality follows from properties of 6. Since Gr € C°(R), the
second term on the left hand side vanishes as ¢ — 0, which yields —G7(0") +
G7(07) = 1. Since Gr is even on R, we obtain

gr(07) = —%- (2.36)

Additionally, it follows from the Fourier series representation ([2.3)) with o = 2
that

Gr(0) = % >- an - CO“QI(\\[?W), (2.37)

nez

where we have used numerical series (4) in [85, Section 5.1.25].
The differential equation ([2.34]) is solved for even Gr as follows:

Gr(z) = Gr(0) cosh(v/cz) + Q{T(OJF)%, reT.

Due to (2.36) and ({2.37)), this can be rewritten in the closed form as

cosh(v/e(m — |z[))

gr(z) = 2y/csinh(y/cm)

zeT. (2.38)

It follows from ([2.38)) that

GL(z) = _sinh(ve(m —2)) _ 0, x€(0,7), (2.39)

2sinh(y/cmr)

and hence Gr is strictly monotonically decreasing on (0, 7). On the other hand,

1

T e

0, ¢>0, (2.40)

and hence Gr is strictly positive on T. Note that the exact expression for Gr(m)
in ([2.40) also follows from numerical series (6) in |85, Section 5.1.25]. O

Remark 2.13. [t follows from that Gr(m) = 0, due to smoothness and
periodicity of even Gr(x) across x = £mw. Therefore, the exact expression in

and the relation for Gr(0) in can be alternatively found by solving
the differential equation for even G subject to the boundary conditions
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Gr(0%) = F1 and Gf(£m) = 0.

2.5 Properties of Green’s function Gy for oo > 2

From the results of previous sections, we see that the properties of Gr for
a € (0,2) is similar to those of & = 2 (the same is true for Gg). However, it
is an open question if the properties of Gr for o € (2,4) is similar to those of
a = 4, for which Gg has infinitely many oscillations, whereas the number of
oscillations of G only becomes infinite in the limit of ¢ — co. We make the
following conjectures.

Conjecture 2.1. For each o € (2,4], there exists co > 0 such that for ¢ €
(0,co), Green’s function Gy defined by and 15 even, strictly positive
on T, and monotonically decreasing on (0,7). For ¢ € [cp,00), Gr has a finite
number of zeros on T. The number of zeros is bounded in the limit of ¢ — o0
if a € (2,4) and unbounded as ¢ — oo if o = 4.

Since the limit ¢ — oo for Green’s function Gt can be re-scaled as Green’s
function Gg with ¢ normalized to unity, Conjecture 2.1] implies the following
conjecture (which is relevant for interactions of strongly localized waves in
[34,135]).

Conjecture 2.2. For every ¢ > 0 and every a € (2,4], Green’s function Gg
is not strictly positive on R and is not monotonically decreasing on (0,00). It

has a finite number of zeros on R if a € (2,4) and an infinite number of zeros
if a = 4.

Since we can obtain the exact analytical form of Gr for a = 4, we prove
Conjecture 2.1 for « = 4 in Proposition 2.5, For the case a € (2,4), numerical
approximations of Gr to support Conjecture [2.1] are given in Section [2.6]

Proposition 2.5. There exists co > 0 such that for ¢ € (0,co), Green’s func-
tion Gr at o = 4 1is even, strictly positive on T, and strictly monotonically
decreasing on (0,m). For ¢ € [co,00), Gr has a finite number of zeros on T,
which becomes unbounded as ¢ — 0.

Proof. For a = 4, Green’s function Gr satisfies the fourth-order differential
equation
7 (x) 4+ cGr(z) = 6(x), x€eT, (2.41)

where ¢ > 0. It follows from the theory of Dirac delta distributions that
Gr is continuous, even, periodic on T, and have a jump discontinuity of the
third derivative at x = 0. Similarly to the computation in (2.35)), it follows
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that Green’s function solves the boundary-value problem with the boundary
conditions

GH(O) = Gh(m) = G¥(4m) =0, GF(0F) =y (242)

Due to the boundary conditions (2.42)), it is easier to solve the differential
equation (2.41) for Gr on [0,7]. By using the parametrization ¢ = 4a*, we
obtain

Gr(z) = ¢ cosh(az)cos(ax) + ¢z cosh(az) sin(ax)
+c5 sinh(ax) cos(ax) 4 ¢4 sinh(ax) sin(az), =z € [0, 7],
where ¢1, ¢o, 3, and ¢, are some coefficients. We can find ¢; = 0 and ¢4 = ﬁ

from the two boundary conditions (2.42)) at x = 07. The other two boundary
conditions (2.42)) at x = 7 gives the linear system for ¢; and c3:

o nira) s om0 1 2] = e iz

By Cramer’s rule, we find the unique solution

sinh(27a) sin(27a)

@A cosh(2ma) — cos(2ra)’ > ‘cosh(27a) — cos(2ma)’

which results in the exact analytical expression

sinh(ax) sina(27m — ) — sin(az) sinh a(27 — z)

, x €07
(2.43)

L) = L
Gr(z) = 4a2 cosh(27a) — cos(2ma)

Integrating (2.43) in z yields the exact analytical expression for Gr:

Gr(w) = %cosh(27rag)<i)cos(27m)7 v € (07, (244)

where

g(x) := sinh(azx)cosa(2m — ) 4 cosh(azx) sin a(27 — x)

+sin(ax) cosh a(2m — x) + cos(az) sinh a(27 — )

and the constant of integration is set to zero due to the differential equation
(2.41]).
We verify the validity of the exact solution ([2.44)) by comparing Gr(0) and
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Gr(m) with the Fourier series representation (2.3) for ov = 4:

1 1 _ 1 sinh(2ma) + sin(27a)
Gr(0) = o ; 4a* +n?  8a?cosh(27wa) — cos(27a) (245)
and
1 (=)™ 1 sinh(7wa) cos(ma) + sin(wa) cosh(mwa)
Gr(m) = o > = — . (2.46)

~ 4at +n?  4ad cosh(2ma) — cos(2ma)

Indeed, the exact expressions coincide with those found from the numerical
series (1) and (2) in 85} Section 5.1.27].

It follows from (2.46) that Gr(m) vanishes for ¢ = 4a* > 0 if and only if
a > 0 is a solution of the transcendental equation

tanh(ma) + tan(mwa) = 0. (2.47)

Elementary graphical analysis on Figure|[2.1|shows that there exist a countable
1
4

sequence of zeros {a, }nen such that a, € (n — n), n € N. Hence, Gr is not

positive for a € (a;,00).

Figure 2.1: Countable sequence of zeros {a, }nen of

Let us now show that the profile of Gr is strictly, monotonically decreasing
on (0, ) for small a. Tt follows from that Gi(x) < 0 for z € (0, ) if and
only if

sin(azx) sina(2m — x)

sinh(az) = sinha(27 — )’ z € (0,7). (2.48)

The function
sin(ax)
rr— —
sinh(ax)
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is monotonically decreasing on [0, 27] as long as

cos(ax) sinh(ax) — sin(ax) cosh(az) < 0, x € |0, 27], (2.49)
which is true at least for a € (0, %) Hence, Gr is strictly monotonically
decreasing on (0,7) with Gr(m) > 0 for a € (0,a0), where ag € (3,1). On the
other hand, it is obvious that there exists a. € (1, %) such that the inequality
(2.49) [and hence the inequality (2.48)] is violated at z = 7 for a € (a., 2), for
which Gr(x) > 0 at least near z = 7.

The first part of the proposition is proven due to the relation ¢ = 4a*. It
remains to prove that Gr has a finite number of zeros on T for fixed a € [ag, 00)
which becomes unbounded as a — oo. To do so, we simplify the expression
for Gr in the asymptotic limit of large a for every fixed z € (0, 7):

Gr(z) = ! [e7%% cos(az) + e~** sin(azx) + O(e‘a(%_z)ﬂ as a — o0.

T 8a3
(2.50)
Thus, as a gets large, there are finitely many zeros of Gr on (0,7) but the
number of zeros of Gr grows unbounded as a — oc. O

Remark 2.14. The leading-order term in the asymptotic expansion
represents Green’s function Gg. The proof of Conjecture[2.3 for a = 4 follows
from this explicit expression.

Remark 2.15. Figure shows boundaries on the (a,x) plane between posi-
tive (yellow) and negative (blue) values of Gr (left) and G (right). It follows
from the figure that the zeros of Gr and G} are monotonically decreasing with
respect to parameter a and the number of zeros only grows as a increases. In
other words, zeros of Gr cannot coalesce and disappear. We were not able to
prove these properties for every a > 0 inside (0, 7).

2.6 Numerical Illustrations

In this section, we present graphical illustrations for Theorem and Con-
jecture as well as numerical approximations of the Green’s function ([2.3)),
and its the first five roots.

Figure [2.3] illustrates the statement of Theorem It shows the single-
lobe positive profile of Gr for two values of ¢ in the case o = 0.5 (left) and
a = 1.5 (right). The only difference between these two cases is that Gr(0) is
bounded for o > 1 and is unbounded for o < 1.

Figure supports the statement of Conjecture . For a = 2.5 (top),
Green’s function G has the single-lobe positive profile for ¢ = 2 (red curve) but
it is not positive for ¢ = 10 (blue curve). For aw = 3.5 (bottom), it is positive
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Figure 2.2: Left: areas on (a,x) plane where Gr is positive (yellow) and nega-
tive (blue). Right: the same but for Gf.

10 = T T T T T 0.8
c=0.1
c=1 7 07+

06

051

Foar

031

021

— Jw I 1 0.1F

G(x)
(= R\ R ¥ B N &) Y > N - N O]
G

Figure 2.3: Profiles of Gr for @ = 0.5 (left) and o = 1.5 (right) for specific
values of c.

for ¢ = 1 (red curve), has one pair of zeros for ¢ = 10 (blue curve), and has
two pairs of zeros for ¢ = 60 (black curve).

Next, we study how zeros of Gp(m) depend on parameters (¢, «), which
supports Conjucture [2.1] The profiles of Gr are depicted on Figure [2.4

It follows from the Fourier series that Gr(m) can be computed by the

numerical series
1 (1 = (=)
=— =42 E 2.51
Gr(m) 27 (c * c—l—na> ’ (251)

n=1

where the series converges absolutely if & > 1. On the other hand, Gr(7) can
also be computed from the integral representation ({2.5)), that is,

Gr () = % /0 h ﬁ@(—da)dt, (2.52)
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Figure 2.4: Profiles of G on T for a = 2.5 (top) and a = 3.5 (bottom) at
specific values of c.

which converges absolutely for ¢ € (0,¢,), see Theorem where ¢, is given
by . Figure shows the difference of Gr(7) computed from and
for a = 2.5 (left) and o = 3.5 (right) in logarithmic scale versus pa-
rameter c¢. The Fourier series is truncated such that the remainder is
of the size O(107°). For the integral representation of Gr(r) in (2.52)), we
numerically compute the Mittag—Leffler function E,(—ct®) on the half line;
this task is accomplished by using the Matlab code provided in [44], where
the Mittag—LefHler functions are approximated with relative errors of the size
O(107). As follows from Fig. [2.5 the difference between the two compu-
tations is constantly small if ¢ < ¢,, when the integral representation
converges absolutely, where c,—25 ~ 18.8 and c,—35 ~ 5.2. However, the ac-
curacy of numerical computations based on the integral representation (|2.52])
deteriorates for ¢ approaching ¢, and as a result, the difference between two
computations quickly grows for ¢ > c,.
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Figure 2.5: Difference between computations of Gr(7) in (2.51)) and (2.52)) for
a = 2.5 (left) and o = 3.5 (right) versus parameter c.

Green’s function Gy was computed versus x using the Fourier series repre-
sentation for fixed values of (¢, «). The plots of Gr are shown in Figures
and 2.4 The roots of Gr(7) in ¢ for each fixed o > 2 are computed using
the bisection method. Figure (top) shows the first five zeros of Gr(7) on
the (¢, ) plane, where the dots show the roots of Gr(m) computed from the
exact solutions in using the transcendental equation for a = 4. The
first root exists for every a > 2 and is located inside (0,¢,), in particular,
the first root of Gr(7m) occurs at ¢ ~ 2.507 for @ = 2.5 and at ¢ ~ 1.446 for
a = 3.5, see Fig. (bottom left panel). The threshold ¢y in Conjecture
reduces with the larger value of a. The other roots are located outside (0, ¢,)
and disappear via pairwise coalescence as « is reduced towards a = 2, see the
bottom right panels. The 2nd and 3rd roots coalesce at a ~ 3.325 and the
4th and Hth roots coalesce at o = 3.89. The number of terms in the Fourier
series of Gr(m) is increased to compute the 4th and 5th roots such that the
remainder is of the size of O(107!*) because Gr(m) becomes very small near
the location of these roots.

Table compares the error between the numerically detected roots at
a = 4 and the roots of Gr(m) obtained from solving the transcendental equation

@.47).
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Figure 2.6: Top: Location of the first five roots of Gr(m) on the (¢, «) plane.
Bottom left: The first root of Gr(7) relative to the boundary ¢, (left). Bottom
right: Coalescence of the 2nd and 3rd roots (upper right) and the 4th and 5th
roots (lower right).

Root Error
1st | 1.9915 e-11
2nd | 7.1495 e-08
3rd | 3.3182 e-06
4th 0.0031
5th 0.0156

Table 2.1: Difference between locations of the first five roots of Gr(7) for a = 4

computed from and ([2.47)).
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Chapter 3

Existence Of Periodic Waves Of
The Fractional KdV Equation

In this chapter, we turn our attention to the existence of periodic, travelling
waves of the fractional KdV equation (1.7). Our goal is to prove the exis-
tence of periodic waves in the small-amplitude limit, and to verify that these
solutions are the local minimizers of the energy subject to fixed mass
and momentum . Moreover, we prove a new result stating that
the periodic waves, travelling to the right, are positive by using the positivity
result of the Green’s function in Theorem [2.1]

We recall the fractional KdV equation taken in the normalized form

u + 2uu, — (D%), =0, (3.1)

where u(t,z) : RxT — R, T := [—7, 7], and the fractional Laplacian D is
defined via Fourier series by

fx) =) fac™, (D f)(@) =Y |n|" fue™. (3.2)

nez neL

Periodic traveling waves are solutions of the fractional KdV equation (3.1))
in the form wu(t, z) = ¢ (x — ct), where 1 is a periodic function in its argument
and c is the speed parameter. Without loss of generality, due to scaling and
translation invariance of the fractional KdV equation , we scale the period
of ¥ to 27 and translate 1) to become an even function of its argument. The
wave profile ¢ is a 2m-periodic even solution to the following boundary-value
problem (|1.9) with p = 1 and the constant of integration b = 0 due to Galilean
invariance

(D +epp =¢*, € Hy,. (3-3)

We say that the periodic wave has a single-lobe profile accordingly to Definition
[L.1], that is, if there exist only one maximum and minimum of ¢ on the period.
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For uniqueness of solutions, we place the maximum of 1 at x = 0 and the
minimum of ¢ at x = 7. If ¢ > 0, then the wave with profile ¢ propagates
to the right. In addition, we can also consider 2m-periodic waves with profile ¢
propagating to the left. These are solutions of the KdV equation in the
form u(t,x) = ¢(x + ct), with ¢ > 0 satisfying the following boundary-value
problem:

(c=D%¢+¢*=0, ¢e Hy

per*

(3.4)

A very simple formula connects the right-propagating waves with the left-
propagating waves:

¢(x) = —c+ (). (3:5)

The wave profile ¢ is a solution to the boundary-value problem ([3.4) with some
¢ > 0 if and only if ¢ is a solution to the boundary-value problem ({3.3]) with
the same ¢ > 0.

Although recent works in the literature (see Section particularly |14,
26,127, 53,/54]) are devoted the right-propagating waves with profile ¢, there
are no apriori reasons to prefer these waves over the left-propagating waves
with profile ¢. As we are going to show in Theorem the perturbative
expansions for waves of small amplitudes are more easily developed for the
left-propagating waves with profile ¢ since they arise in the local bifurcation
theory from linearization of the zero equilibrium. On the other hand, the right-
propagating waves with profile 1 are more suitable for the proof of positivity
result in Theorem Moreover, we are going to prove in Theorem that
these right travelling waves in the small-amplitude limit are the constrained
minimizers of the energy functional subject to fixed mass and
momentum .

The chapter is organized as follows. In Section [3.1| we present the main
results of the chapter. Section is dedicated to the proof of the Stokes
expansion for the solution of the boundary value problem . Section
presents the proof that the periodic, small-amplitude, single-lobe solutions are
the local minimizers of the energy subject to fixed mass and momentum; we
also state the closed form solutions for the integrable cases @« = 1 and a = 2.
Section[3.4]presents the proof of the existence of the positive periodic wave with
profile ¥ of the boundary value problem . Section provides explicit
solution of the classical KAV and BO equations as examples of Theorem [3.3]

3.1 Main Results

Here, we state the main results for this chapter. Let us define the following
operators and important thresholds of o which will be referred to throughout
the rest of the chapter. The Jacobian operator of the boundary value problem
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(3.3)) is given by
HC,& = Da + C — 2w7 (3-6)

the Jacobian operator of the boundary value problem (3.4)) is given by

Heo =D — ¢ — 26, (3.7)

and the thresholds for a are

_ log3 __log5

y (O3

Qg : (3.8)

_10g2_ _log2_

Theorem 3.1. For every a > «p, there exists ¢co > 1 such that for every
c € (1,¢9) there exists a unique single-lobe solution ¢ of the boundary-value
problem with the global maximum at x = 0. The wave profile ¢ and the
wave speed ¢ are real-analytic functions of the wave amplitude a satisfying the
following Stokes expansions:

Gaa(T) = acos(z) + a’po (1) + a®p3(x) + a'ps(x) + O(a°), (3.9)

where
bol) = —% + ﬁ cos(2x), (3.10)
(@) = 57 1§ sl (3.11)
dalw) = }L - 4(2&1— - 8(2&1— R 4(2&1— 1)2 {3a2— 1 2a1— 1] cos(2z)
(3.12)
TR 11(4@ ) [3@4— 1 2&1— 1] cos(4z),
and

Can =1+ c2a? + cyat + (’)(a6), (3.13)
with the correction terms given by

1

Cy = 1-— m, (314)
1 1 1 1 3
=57 2(20 — 1) * 4(20 —1)2 N 420 —1)3 420 —1)2(3° — 1)
(3.15)

Remark 3.1. The small-amplitude periodic waves bifurcate from the constant
zero solution to the boundary-value problem . The construction of the
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small-amplitude periodic waves is nearly identical to Lemma 2.1 in [54] subject
to the following two changes. First, the constant of integration is set to zero,
while in |54] the constant was carried as an additional (redundant) parameter
of the problem. Second, the speed c is used as the main parameter of the
periodic solution while the period is set to 2w, whereas in [54] ¢ was set to 1
and the period was taken as the main parameter of the periodic solution.

Remark 3.2. Although the formal computations of the periodic waves in the
small-amplitude limit hold for every a > 0, the justification of the perturbative
expansions requires o > 1/2, for which HS, is a Banach algebra with respect
to multiplication with a continuous embedding into Lyg, . A typical justification
of the perturbative expansions is based on the method of Lyapunov-Schmidt
reductions (see Appendiz A of [54]) which requires smoothness of the nonlin-
ear mappings. This smoothness is guaranteed in Hp, with a > 1/2. Since
refinement to o € (0,1/2) is not important for the subject of our work, we
leave the restriction o > 1/2 in the same way as it was used in Theorem A.1

in [54].

The next theorem shows that the small-amplitude single-lobe solutions to
Theorem [3.T]agree with the variational characterization of single-lobe solutions
as minimizers of energy subject to fixed mass and momentum as in Proposition
2.1 shown in [53].

Theorem 3.2. Let 1) = cqq + Qa0 be the locally unique single-lobe solution
of the boundary value problem (3.3) for a > ag and ¢ > 1 defined by Theorem
3. 1. Then, ¥ 1s a local minimizer of the energy

Blu) = — / " (D) de — % / " de, (3.16)

—T —T

subjected to the fized momentum F(u) = 5 [*_u?dz and mass M (u) = [*_udz.

Remark 3.3. In Proposition 2.1 of [53|, the variational results are obtained
in the energy space ng/rz for a € (1/3,2] and for every ¢ > 0, however, it
15 overlooked that the local minimizer may coincide with the nonzero constant
solution V.(x) = ¢ for all x € T to the boundary-value problem . The
same problem is present in Proposition 12 in [25].

Lastly, the following theorem proves the existence of positive, periodic and
single-lobe wave with profile ¢/ in the boundary value problem for all
¢ > 1and a € (ap,2] by using the positivity result of the Green’s function
obtained in Theorem 2.1]

Theorem 3.3. Assume that the spectrum of the Jacobian operator H. . in L%er

consists of one simple negative eigenvalue and a simple zero eigenvalue bounded
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away from the rest of its spectrum for every ¢ > 1 and o € (v, 2]. Then, there
exists a unique single-lobe solution v of the boundary-value problem such
that (x) > 0 for every x € T.

Remark 3.4. The result has not appeared in the literature, e.qg. a remark in
the proof of Proposition 2.1 in [53| states that a periodic solution need not be
positive everywhere. On the other hand, positivity of the Fourier coefficients in
the Fourier series for the periodic wave ¢ is proven in Theorem 3.5 of [26] for
every a > 1/2 and for sufficiently large periods (which is equivalent to ¢ > 1
at the 2m-period).

Remark 3.5. In Lemma we show that there exists co > 1 such that the
assumption of Theorem 3.3 is satisfied for ¢ € (1,¢9) and o € (ap,2]. See
Section for numerical evidence supporting the assumption of Theorem
3.8 for all ¢ > 1.

Remark 3.6. Our proof has similarity to the work of [91] on the second-order
differential equations. However, the existence of constant solutions is elimi-
nated in [91] by the space-dependent coefficients in the boundary-value problem.
Since the boundary value problem has space independent coefficients, we
have to use the Leray—Schauder index to single out single-lobe periodic solu-
tions from the constant solutions.

3.2 Proof of Theorem [3.1]

We prove Theorem by employing algorithmic computations of the higher
order coefficients to the periodic wave.

Proof. From the classical Stokes expansions:

= Z akgbk(x), c=1+ chkazk
k=1 k=1

the correction terms satisfy recursively,

Oa) : (1 —=D%¢1 =0,
O(a®): (1 —D%)¢a+ ¢2 =0,
O(a®) 1 (1= D)3 + cap1 + 2¢1¢2 = 0,
O(a') 1 (1= D%)ps + cap + 20103 + ¢35 = 0,
O(a®) : (1= D)5 + caps + car + 20104 + 2¢2¢5 = 0,

For the single-lobe wave profile ¢ with the global maximum at x = 0, we select
uniquely ¢1(x) = cos(z) since Kereyen (1 — D) = span{cos(-)} in the space of
even functions in L?)er In order to select uniquely all other corrections to
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the Stokes expansion (3.9), we require the corrections terms {¢y}r>2 to be
orthogonal to ¢ in L2 .
Solving the inhomogeneous equation at O(a?) yields the exact solution in
HZ.:
62(2) = —5 + 5= cos(20)
x) = —— + —— cos(2x).
? 2 2(20 — 1)

The inhomogeneous equation at O(a?) admits a solution ¢3 € HS, if and only
if the right-hand side is orthogonal to ¢, which selects uniquely the correction
co by

1
2(20 — 1)

After the resonant term is removed, the inhomogeneous equation at O(a?)

yields the exact solution in Hp:

02:].—

1
2(2 — 1)(3* — 1)

P3() = cos(3z).

By continuing the algorithm, we find the exact solution of the inhomogeneous
equation at O(a?) in H%, :

per*

1 1 1 1 2 1
e B T T § ST s AT G N {30‘ —1 2o 1] cos(2z)
1 4 |
e D@ 1) [3& T J cos(4e).

Finally, the inhomogeneous equation at O(a’) admits a solution ¢5 € Hp,, if

and only if the right-hand side is orthogonal to ¢, which selects uniquely the
correction ¢4 by

L SR B 3
C4 = —= - .
T2 220 1) 420 —1)2 420 =13 4(20 —1)2(3* —1)

Thus, we obtain the higher order correction terms for ¢ and c as stated in
equations (3.10) to (3.14]).

Note that co > 0 if o > o :=log3/log2 — 1 ~ 0.585, which implies that
the small-amplitude periodic wave with profile ¢ exists in the boundary-value
problem for ¢ € (1,¢p) with ¢g > 1, and «a > ap. The periodic wave has
a global maximum at z = 0 for small a since z = 0 is the only maximum of
¢1(x) = cos(z) and ¢'(0) = 0 with ¢"(0) = —a + O(a?) < 0.

Justification of the existence, uniqueness, and analyticity of the Stokes ex-
pansions and is performed with the method of Lyapunov—Schmidt
reductions for @ > 1/2; see Lemma 2.1 and Theorem A.l in [54]. Since
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ap > 1/2, the justification procedure applies for every a > ayg. O

Remark 3.7. If a < ag, then co < 0 so that the small-amplitude periodic
wave ezists for ¢ € (co, 1) with some ¢y < 1. The critical value ag can also be
seen in the expansion of the wave period T' (for fixed ¢ = 1) with respect to the
wave amplitude a in Lemma 2.1 of [54].

3.3 Proof of Theorem 3.2

Here, we are going to verify that the small-amplitude, periodic and single-lobe
solution ¢ = ¢4 o+ ¢q.o With ¢,  given in Theorem are the local minimizers
of the energy subject to fixed mass and momentum.

Let us consider the Euler—Lagrange equation

(D +¢)tp —* +b=0, (3.17)
which is associated with the action functional ([1.14)
Gep(u) := E(u) + cF(u) + bM (u).

Note that the Euler-Lagrange equation (3.17]) coincides with the equation ((3.3))
for b = 0. With the transformation

1 -
v =3 <c Y/ 4b) (), (3.18)
the Euler-Lagrange equation (3.17)) transforms to the form
(D* + &) —* =0,

with ¢ := v/c% 4+ 4b. By expansion ([3.13]) in Theorem , we have the following
Stokes expansion for the new speed

¢ =1+ ca®+ O(a*),
from which the parameter a = a(c,b) near (1,0) is defined by
wa®=c—1+2b4+0 ((c—1)*+b*). (3.19)

A single-lobe periodic solution of the Euler-Lagrange equation (3.17) for (¢, b)
near (1,0) is defined by the expansion ({3.10)) in Theorem [3.1| as follows:

Y(z)=1—b+acos(z)+a’(c2+ ¢a(x)) + O (a® + b?) . (3.20)

This single-lobe periodic solution is a critical point of the action functional
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Gep(u) in (L.14)); hence we denote it as ¢.4(z). The Hessian operator of the
action functional G p(u) at the critical point u = v is given by G7,(Ycp) =
DY+c—21).,. We observe that ng(wc,b) has one zero eigenvalue which persists
with respect to b since Gep(vep)V),(z) = 0 for every b € R.

When the critical point ., of G.p(u) is considered as a critical point of
E(u) subject to the fixed F'(u) and M (u), the space L2, .(T) is constrained by
two orthogonality conditions

(ep,v) =0, (1,v) =0, (3.21)

imposed on the perturbation v € HS, (T) to the periodic wave ., € H%, (T).

per per

By Theorem the number of negative eigenvalues of G%,(¢.p) in L2, (T)
is reduced under the constraints (3.21)) by the number of negative eigenvalues
of the matrix

([GLWen)] " tentiea) ([CLaen)] L) | _ [ e e
<[G/c/,b(¢c7b)}i 77[1071),1) <[G::/,b(wc,b)]i 1’1> % OMep |0

b
where we denote F.p = F(¢.p) and M.y := M(t.p), and have used the
derivative equations

ey Vep)Octhep = —Vep, Gry(ep)Opthey = —1,

assuming that 1., is differentiable with respect to ¢ and b. It follows from

(3.19) and (3.20)) that 1., is differentiable in ¢ and b if ¢; # 0 (@ # ).
Thanks to the expansion (3.20]) for (¢, b) near (1,0), we compute

. _
.7:075:#[1—21)4—@2 <202—§>+(9(a4+b2) ,

and

. -
My =2m [1—b+a2 <02—§)—|—O(a4+b2) ,

from which we obtain

8]:075 8.7:071, T 3 1 1_ 1

b _ 2 2c—1 2c—1
o ol |=2[3270 TET) em
dc b C2 201 201

where the chain rule with the expression has been used. Since the
determinant of the matrix above is —:—22 and cg > 0 thanks to a > ag > %, there
exists exactly one positive and one negative eigenvalues. Hence, the number
of negative eigenvalues of G7,(t.p) in the constrained L2 . (T) is reduced by
one. Therefore, 1., is a local minimizer of F(u) subject to the fixed F'(u) and
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M (u) for (c,b) near (1,0) if we can show that o(G7,(1.p)) has only one simple
negative eigenvalue.

Notice that when b = 0, ¢, —o coincides with ¢ = c.o + ¢Paa SO G’c’7b:0(1p)
coincides with the Jacobian operator H. , . Moreover, using the transfor-
mation , we have also that the Jacobian operator H., of the boundary
value problem is identical to the Jacobian operator 7'2(:704 of the boundary

value problem (3.4])
Hea=D"+c—20=D"+c—2(c+¢)=D"—c—2¢p=Heo (3.23)

Hence, the assertion of Theorem is obtained once we prove Lemma |3.1
which verifies that for & > g and ¢ € (1,¢9) with ¢g > 1, o (7:[W> has only

one simple negative eigenvalue, one simple zero eigenvalue and the rest of its
spectrum bounded away from zero.

Remark 3.8. Another periodic wave solution of the boundary value problem
is the constant wave V.(x) = c. It is also a critical point of the action
functional Gp—o(u) with the Hessian operator G¢,_(1.) has only one simple
negative eigenvalue for ¢ € (0,1) and three more negative eigenvalues for c > 1.
The constraints of fired momentum F(u) and fized mass M (u) impose only
one orthogonality condition (1,v) = 0 since V¥.(x) = c. Computing P, =
P(+p,) = mc? shows that the constraint removes exactly one negative eigenvalue
of ’6’7620(1#0). Hence, the constant wave 1. is a local constrained minimizer of
E(u) subject to fivred F(u) and M(u) for ¢ € (0,1), but it is a saddle point of
E(u) forc>1.

Lemma 3.1. For every a > ap, there exists co > 1 such that for every c €
(1,c0), 0(Hen) in Lger consists of one simple negative eigenvalue, a simple zero
eigenvalue, and a countable sequence of positive eigenvalues bounded away from

ZEro.

Proof. Note that o(H.,) in Lger is purely discrete for every ¢ > 1, thanks to
the compactness of [—m, 7| and boundedness of ¢ € L3 . Let us consider the

linear operator

Leo:=D"—c (3.24)
in L2, with domain in HS,. For ¢ = 1, Hey,, coincide with £, whose
spectrum in L7, is obtained for every a > 0 as o (ﬁNC:La) ={|n|*—1,n € Z}.

Hence, it follows that o(#H.—1 ) has a simple negative eigenvalue, a double zero
eigenvalue, and a countable sequence of positive eigenvalues bounded away
from zero.

Since ?:[w — ﬁc,a = —2¢ is a bounded perturbation and (¢, c) depend
analytically on a, the analytic perturbation theory (Theorem VII.1.7 in [57])
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guarantees continuity of eigenvalues for ¢ > 1 close to their limiting values as
¢ — 1. Therefore, the proof is achieved if we can show that the double zero
eigenvalue of H,., in L2, splits as ¢ > 1 into a simple zero eigenvalue and a
simple positive eigenvalue.

Since Ker(He—4) = span{cos(-),sin(:)} and H.,¢' = 0 for every ¢ > 1
with odd ¢, the zero eigenvalue associated with the subspace Kerodd(?:lczl,a) =
span{sin(-)} persists for ¢ > 1. It remains to check the shift of the zero eigen-

value associated with the subspace Kereyen(He=1,0) = span{cos(-)}. Hence, we
expand H., in powers of a by using |)

2

20 —1

Hea = —1— D, —2acos(z) —

{cos(Qx) - %] Lo (3.25)

and look for solutions (A,v) € R x H{, of the eigenvalue problem Heov = v

near (A, v) = (0, cos(+)) by using the expansions

{ v(z) = cos(z) + avy(x) + a*va(z) + O(a?),
A= CL)\l + (12)\2 + O(CL?’).

The correction terms in Hp,, satisfy recursively,

O(a): (14 Dy)vy + 14 cos(2x) + Ay cos(z) =0,
O(a?): (1 + Da)va + 2cos(z)vy + 527 [cos(2z) — 1] cos(z) + A cos(z) = 0.
In order to determine them uniquely, we impose orthogonality conditions of
{vg}r>1 to cos(+) in L?,,. The linear inhomogeneous equation at O(a) admits

per*
a solution v; € Hg‘er if and only if Ay = 0, after which the solution is found
explicitly:

1
vi(z) = a1 cos(2z) — 1.

The linear inhomogeneous equation at O(a*) admits a solution v, € Hg,, if
and only if Ay = 2¢y, where ¢y is defined by ; cy is positive if a > «p
and negative if o < «ap. Hence, if @ > «g, the small positive eigenvalue
A = 2¢9a* + O(a®) bifurcates from the zero eigenvalue as ¢ > 1. Functional-
analytic setup for justification of perturbative expansions can be found in [54]

(see also [52]) for o > 1/2, which is met since ag > 1/2. O

Remark 3.9. It was shown in Proposition 3.1 and Lemma 3.3 of [53] that

Ker(H..) = span{¢'} is one-dimensional, the zero eigenvalue is the lowest

eigenvalue in the subspace of odd functions in Lfm, and o(Hca) has either
one or two negative eigefwalues for every ¢ > 1 and o € (1/3,2]. By Lemma
above, for ¢ > 1 0(H,) has one negative eigenvalue for o > ap and two

negative eigenvalues for o < ay.
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3.4 Proof of Theorem [3.3

In this section, we present the proof for Theorem [3.3] which states that the
single-lobe wave profile ¢ in the boundary-value problem ({3.3)) is positive for
every ¢ > 1 and a € (g, 2].

Proof. For ¢ € (1,¢p) with some ¢y > 1, the assertion follows from Theorem
thanks to the transformation and smallness of a in the Stokes expan-
sion . In order to prove the same for every ¢ > 1, we use Kranoselskii’s
fixed—point theorem in a positive cone and a homotopy argument with the
Leray—Schauder index to trace a branch of the single-lobe positive solution in
c. We divide the proof in five steps.

Step 1. The Green’s function for (D“ + ¢).
We recall the Green’s function Gr which satisfies the equation (2.2), and is
given by the Fourier series

1 cos(nx)
Gn(z) = 5 ; s (3.26)

In what follows, we will denote the Green’s function Gt as G, , to emphasize the
dependence on the parameters ¢ and a. It follows from that Geo € L2,
if @ > 1/2 but G.,(0) = 0o if @ < 1. It has been proven in Theorem [2.1] that
Geo 1s positive for a € (0,2]. There is a positive (¢, «)-dependent constant
Mo Such that

Geo(®) >men, x€T. (3.27)

In addition, for @ > 1/2, there exists a positive (¢, «)-dependent constant M, ,
such that
||gc,a||L%er < Mc,a-

Step 2. Nonlinear operator A., in a positive cone F,,.

Let us consider a positive cone in the space of L2 -functions defined by

Me.o
P = {w € L2t (@) 2 T Wlleg,,, w € "JI‘}. (3.28)

Define the following nonlinear operator A.,(¢) : L2, — L2, for any ¢ > 0:

per per

Aeald)i= (D47 5 Aa@)@) = [ Gualo = s)(sds. (329
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2
per

The operator A., is bounded and continuous in L7 thanks to the gener-

alized Young inequality:

|‘Ac,a<¢)HL}%er < Geallrz

per

Wy, < Mealltll3s. (3.30)

per

Moreover, A., is compact because it is the limit of compact operators Agﬁ)
given by the first 2N + 1 Fourier coefficients. Indeed, we have

1 [(4?)n]?
[Aca() = AL ()72 = — o

o0r =t (c+ |n|*)
1 1

< @l >
27 T (c+ |n|®)
1 1

< =Pl Y s
27 i (c+ [n|*)

1, 1
= %quHL%er Z D

[n|>N

where the numerical series converges for every o > 1/2. Therefore, for every
e L?

per’

lim [[Aea(¥) = AL (¥)llzg,, =0,

N—o0 per

so that A, maps bounded sets in Lf)er to pre-compact sets in Lf)er.

Thanks to the positivity of the Green function in (3.27]), we confirm that
the operator A, (1) is closed in P., C L3,

per*

Me,a

Aca(®)(@) = meall¥llZa, > 77 [Aca ()l 2z,

3.31
Mc,a per ( )

A fixed point ¢ of A.o(¢)) in Peo C L2, corresponds to the positive function

¥ such that ¥ (x) > 0 for every x € T.

Step 3. Existence of a fixed point in the positive cone F,,.
Let B, :={¢ € L2, |[¥llrz, <7} beaballof radius rin L7,. The existence
of a fixed point of A.,(¢)) in P., N (B”\Bh) for some 0 < r_ < r, < oo
follows from Krasnoselskii’s fixed-point theorem if there exist r_ and r, such
that

[Aca(@)llz, < [¥lzz,, ¥ € PoaNOB,_ (3.32)

per

and
||Ac,a(¢)||Lger > ||¢||L§era 1/} € PC,a N 8BT+- (3'33)

The bound (3.32)) follows from (3.30) with M.,r— < 1. The bound (3.33)
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follows from 1' with v27m,ry > 1, hence the two radii satisfy the con-

straints
O<r_<

1
< <71y < oo, 3.34
Mc,a - V 27rmc7a * ( )
where v2mm,, < Mc_,a follows from l} Hence, there exists a fixed point
of Acoa(?) in P N (B, \B,_).

Step 4. Regularity of the fixed point.
We use bootstrapping arguments similar to those used in the proof of Proposi-
tion 2.1 in [53] and show that the fixed point of A., in L? , also exists in H,,
hence ) is a positive solution of the boundary-value problem . Indeed, if
¢ e L2 (T), then ¢ € H2, thanks to the estimate:

per per

1Dat¥llzz,, = 1Da(Da + )¢ |lzz,, < 19°[le,, = ¥,

per per per per
In order to show that ¢ € L} (T), we use the generalized Young and Hélder
inequalities:

[Pllzg., < 9eallze.,
< Geally

per

1 1 1

¢2HLger, l+-=-+—-, p,qr>1,(3.35)
r p g

(0 (G

A

sq
Lper

qu/(sfl), S 2 1 (336)
By using the Hausdorff-Young inequality

HQC,OcHL” < Cp||(|n|a + C)_luép/(pfl)v P> 2,

per —

we can see that [|G.ol|z, < o0 if ap/(p—1) > 1. If @ > 1, then G, € L},
for every p € [2,00). Applying with 7 = p and ¢ = 1, we have ¢ € L2 |
for every p € [2,00).

If @ € (ap,1), we set pp = 1/(1 — ap) > 2 and obtain with the same
argument that Geo,® € L. Then, using bound with sq = 2 and
sq/(s — 1) = pg, that is, with s = 1+ 2/py and ¢ = 2po/(2 + po), we
obtain ¢ € Ly, with r = 2pg/(4 — po) > po (because py > 2). Iterating
bound with s¢ = 2 and sq/(s — 1) = r, we obtain a bigger value for
r = po/(3 —po) > 2po/(4 — po), hence by further iterations, we get ¢ € LP
for every p € [2,00) including p = 4.

Step 5. Leray—Schauder index along branches of fixed points.

The fixed point ¢ € P., N (B,,\B,_ ) for r_ < r satisfying (3.34) exists for
every ¢ > (0. However, the constant periodic solution

Yo(r)=¢, x€T (3.37)
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is a fixed point of A., in P, N (B, \B,_) for every ¢ > 0 and o > 0. Indeed,
Aco(pe) = 9. for every a > 0 and 9. € P., N (BT+\BT_) for every ¢ > 0
thanks to the condition \/ﬁmw < M,qo. In order to be able to claim that
there exists a non-trivial fixed point ¢ € P.,N (B, \B,_) for ¢ > 1 in addition
to the constant fixed point 1., we look at the Leray—Schauder index of the fixed

point in the subspace of even functions in L2 :

Definition 3.1. The Leray—Schauder index of the fized point v is defined as

(=1)N, where N is the number of unstable eigenvalues of Al, ,(1) outside the
unit disk with the account of their multiplicities.

For the fixed point 1. in @, we have Al (1) = 2¢(D* 4 ¢)7', hence
there exists NV = K + 1 unstable eigenvalues of A ,(¢.) outside the unit disk
for every ¢ € (K*, (K +1)%), where K € N. Therefore, the index of 1. changes
sign every time c crosses values in the set { K} e, as is shown on Figure [3.1]
On the other hand, for K = 1, ¢ = 1 is a bifurcation value by Theorem and
two non-trivial fixed points ¢ € P.,N(B,,\B, ) bifurcate for ¢ > 1 if a > ay,
one is single-lobe with maximum at z = 0 and the other one is single-lobe
with minimum at x = 0, both are strictly positive. For the non-trivial fixed

points ¢, we have

AL (W) =2(D*+¢) " =1d — (D* + ¢) ' Hea,

where it follows from positivity of ¢ that A, (1) > 0. By the assumption that
the spectrum of H., contains only one negative eigenvalue and a simple zero
eigenvalue for all ¢ > 1 and a € (v, 2], there exists N = 1 unstable eigenvalues

of A,c,a(w- Therefore, the pair of non-trivial fixed points ¢ € P. ,N (B, \B,_)
is distinct from the constant fixed point 1. for every ¢ € (1,¢p), as is shown

on Figure [3.1]

N=2

N=1

Figure 3.1: Schematic representation of the constant fixed point 1. and pairs
of non-trivial fixed points on the (c, || 12, ) plane for a = 2.

The pair of non-trivial fixed points for the single-lobe solution remains
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inside P, ,N(B,, \B,_) in continuation of the solution family in c for a fixed a €
(cv, 2], thanks to the conditions ,, and . Their indices also
remain invariant with respect to ¢ because no zero eigenvalue of H are supposed
to exist in the parameter continuations of the periodic waves. Therefore,
these fixed points cannot coalesce with any other fixed points of A., in P.,N
(B,,\B,_). By continuity, these fixed points coincide with the single-lobe
solutions, existence of which is proven in Proposition 2.1 in [53]. ]

Remark 3.10. At every bifurcation point ¢ = K with K > 2, a pair of
additional fized points of A.. bifurcates in P, N (BH\B,_), as 1s shown on
Figure[3.1 for K = 2 and o = 2. These fized points are not single-lobe solutions
for K > 2 but instead these are concatenations of the single-lobe solutions with
K periods on |—m, 7).

3.5 Periodic Waves for a =1 and 2

We give examples illustrating positivity of ¢ for the classical cases a = 2 and
a = 1. For the KdV equation (see, e.g., Proposition 4.1 in [49]), the solution
¢ to the boundary-value problem (3.4)) with v = 2 is given by

2K (k)* K(k

o(x) = (2 ) 1 —2k* — V1 — k2 + k* + 3k%cn? (Lx, l{;)} (3.38)
™ ™

where cn is the Jacobi elliptic function, K (k) is a complete elliptic integral

of the first kind, and k € (0,1) is the elliptic modulus that parameterizes the

wave speed ¢ given by

S Uy ey (3.39)

T2

Using the relation between ¢ and v in equation ([3.5]), we obtain

2
Y(z) = 2—[;(2]{) 1 —2k* + V1 — k2 + k* + 3k*cn? (@x, k;)} ., (3.40)
from which ¢ (z) > 1 (£m) > 0 holds for every x € T and every k € (0,1), in
accordance with Theorem (see Figure , left panel). Indeed, if a = 2,
the boundary-value problem can be formulated as a planar Hamiltonian
system on the phase plane (¢,¢') and a set of closed orbits for periodic so-
lutions is located on the phase plane between the saddle point (0,0) and the
center point (¢, 0), hence, ¥ (z) > 0 for every = € [—m, 7.

For the BO equation (see, e.g., |[71]), the solution ¢ to the boundary-value
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problem (3.4) with a = 1 is given by

coshycosx — 1

= = coth . 3.41
¢() sinh y(coshy — cosz)’ ¢ oy (341)
Again, we use equation ({3.5)) to obtain
sinh y
(r) = (3.42)

- )
coshy —cosz

from which i (z) > ¢(£m) = tanh~y > 0 holds for every x € T and every
v € (0,00), in agreement with Theorem (see Figure [3.2] right panel).

Figure 3.2: Left: profile ¢ in (3.40), « = 2 and k = 0.5, Right: profile ¢ in
(3-42), o =1 and v = 1.0884
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Chapter 4

Convergence Of the Petviashvili
Method

In this chapter, our goal is to analyze the convergence of the Petviashvili
method for approximating the solution of the boundary value problems:

(c—D*o+¢>=0, ¢eHS, (4.1)

and
(c+ D) =9 e H,,. (4.2)

Let us first explain the classical Petviashvili method applied to the equation
(4.1). For c ¢ {1,2%3%,...} and given a suitable initial guess wy € Hp,,, we
define a sequence {wy, }neny C Hp,, by the iterative rule

Wn1 = Tpo(wy) = [M(w,)]?L L (w?), neN. (4.3)

c,x

where the Petviashvili quotient is given by

= <£~c,o¢w7 w>

M(w) = , weH

per’

(4.4)

(w?,w)

with the linear operator L., := D — c and its spectrum in Lf)er for c € R and
a > 0 is given by
0(Lea) ={|n|* —¢c, nelZ}. (4.5)

Here, we note that the exponent of M (w,) is chosen to be quadratic so that
T.o(w) is a homogeneous power function in w of degree zero. This ensures the
fastest convergence rate of the iterative method (4.3]) near a solution of the

nonlinear equation (4.1 [81].

Linearizing T, at ¢ with w, = ¢ + w,, where w, € ngr,

yields the

o1
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linearized iterative rule:

2<£~C,a¢7 W)
<£~c,a¢7 ¢>

Since ﬁgé(gbz) = ¢ and [:;é(QQSgb’ ) = ¢/, the linearized iterative rule (4.6) is

invariant in the constrained space

LP={well,: (¢ w)=(p¢ ,w)=0}. (4.7)

¢+ 2;5(2@%), n e N. (4.6)

Wnt+1 = —

To satisfy the two constraints, one can expand w, = a,¢ + b,¢' + 5, with
Bn € HS, N LZ and derive the following from (4.6)):

Anp+1 = 07 bn-l—l - bna ﬂn—f—l - zTﬁnv (48)

where

Lr=L2(2¢)=1d— L Hea: Ho NLZ— HSL.NLZ (4.9
with the Jacobian operator for defined as 7:[6@ = D% —c— 2¢. We call
£~T the linearized iterative operator of the iterative rule .

As is well understood since the first proof of convergence in [81] (see also
follow-up works in [6,(7,[29,]37,|63]), convergence of the iterative method is
analyzed from the contraction of the linearized iterative operator L7 in (£.9).
We observe that the operator Lo is necessarily a contraction if its spectrum
is confined within the unit disk. Moreover, by Lemma 1.2 in [81], the set of
fixed points of Tc,a coincides with the set of solutions to the boundary-value
problem . Thus, the contraction of the operator Ly is determined by the
spectrum of the generalized eigenvalue problem

7—207@2} = Aﬁqoﬂ), ve H

per*

(4.10)

Similarly for the boundary value problem (4.2]), for any suitable initial
guess wy € HJ, we have the iteration rule

Wt = Toalwy) = [M(w,)]* LA (w?), neN. (4.11)
where o >
C,Oéw7 w (6%
M(w) = W’ w € Hper7 (412)

with the positive operator L., = D* 4 c. We linearize T, , at ¢ with w,, =
Y+ ap,) + by + B, satisfying the two constraints in

i {we Ll () = (b'w) =0}, (4.13)
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and obtain the linearized iterative rule

Ap41 = 07 bn+1 = bna ﬁn—f—l = LTﬁnv (414)

where the linearized iterative operator is given by

Lr:=L(2¢)=1d =L Hea: HeNL2— HS N L (4.15)
with H.n = D% + ¢ — 27 is the Jacobian operator of the boundary value
problem (4.2). We recall from Chapter 3 that H., by the relation

Hea=D"+c—20=D"+c—2c+¢)=D"—c—2¢=Hea.

Hence, the contraction of operator Lr is also determined by the spectrum of
the generalized eigenvalue problem

Heav = ALoqv, v E H, (4.16)

per*

This chapter is organized as follows. In Section [4.1, we state the main
results regarding the sufficient condition for convergence (divergence) of itera-
tions and ; we also describe the specific range of parameters ¢ and
« for which the convergence (divergence) of the Petviashvili iteration occurs
when applied to the boundary value problems and . The proofs of
the main results will be presented in Section [£.2] and Finally, we
collect the numerical illustrations for iterations and in Sectio.

4.1 Main Results

Here, we provide the sufficient condition for convergence and divergence of the
iterations and . In order to make the statement less cumbersome,
we only mention the iteration in the Theorem [4.1} The same conclusion
also holds when the iteration replaces the iteration .

Theorem 4.1. Assume
/W ¢*dx # 0, /7r B(¢')*dx # 0. (4.17)

If o(Ly) in L? includes at least one eigenvalue outside the unit disk, then there
exists wyg € HY near ¢ € HS . such that the iterative method diverges

per - per
from ¢. Otherwise, if o(Ly) in L? is located inside the unit disk, there exists
a small €9 > 0 such that for every wy € HS,. satisfying

per

€ := [Jwy — @ g, < o, (4.18)

93



PhD Thesis — U. Le McMaster University — Mathematics

there exist b, satisfying |by| < Ce for some e-independent C' > 0 such that the
iterative method converges to ¢(- — by).

We recall again the two thresholds of «, which were obtained through the
perturbative argument in Chapter 3

log 3
= ——— ~ 0.558
W g2 —1 ’
and
log 5
ap = —1
log 2

The following two theorems describe the convergence (divergence) of the Petvi-

ashvili method when applied to the boundary value problems (4.1)) and (4.2)).

Theorem 4.2. For every ¢ > 1 and o € (v, 2], consider the unique, single—
lobe solution ¢ € Hp,, obtained in Theorem . There is ¢y > 0 such that
for every ¢ € (1,¢y) this solution is an unstable fixed point of the iterative
method for a € (o, 1) and an asymptotically stable fized point (up to

a translation) for o € (o, 2].

Remark 4.1. Theorem implies that the iterative method diverges
from ¢ for the classical BO equation with o = 1. Although the iterative method
converges to ¢ for the classical KdV equation with o = 2 for ¢ € (1, ¢p),
we show numerically that it diverges from ¢ for ¢ > ¢y with ¢y £ 2.3. Instabil-
ities of the iterative method are explained by the unstable eigenvalues of

the generalized eigenvalue problem :

Theorem 4.3. Consider the unique, single-lobe solution v € Hp,, obtained
. Theorem . This unique solution is an asymptotically stable (up to a
translation) fixed point of the iterative method for every ¢ > 1 and

a € (o, 2.

Remark 4.2. We observe that the small-amplitude solution ¢ of the boundary
value problem (4.1]) obtained by Theorem [3.1] satisfies assumption ([A.17). In

fact, using the Stokes expansion of ¢ we have

P dx =

—T

m(i’) — 21 4 O(a®)

and

7T6L4

| ot = 6 -2+ 0L,

which imply that for ag and ay given in (3.8))

/ $*dz ig x> Qo } (4.19)

a < Qp,
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and

a < aq,

/: o(¢)2dx ig a=>a, } (4.20)

The solution v of the boundary value problem (4.2)) defined in Theorem
also satisfies assumption (3.3)) thanks to the positivity of 1.

Remark 4.3. The unconditional convergence of the iterative method
compared to the iterative method has a well-known physical interpreta-
tion. The phase velocity of the linear waves of the fractional KdV equation
on the zero background is strictly negative, hence the travelling wave
u(z,t) = ¢(x + ct) propagating to the left is in resonance with the linear
waves. On the other hand, the travelling wave on the constant background
b ;= —c < 0 propagates to the right and avoids resonances with the linear
waves on the background b < 0, which still have negative phase velocity.

Remark 4.4. The new iterative method can be considered as a mod-
ification of the classical Petviashvili method after the shift of the field
variable proposed in [8]. The modified algorithm consists of three steps. In the
first step, the constant value b is found from the constant solution of the sta-
tionary problem . Solving cb + b* = 0 for nonzero b yields b = —c. In the
second step, the change of variables ¢ = b+ transforms the original problem
to the new problem , which is confirmed from the transformation
formula since b = —c. Finally, the third step is the iterative method for

the transformed problem , which is defined by the new iterative operator
Teo in .

Remark 4.5. In the case of solitary waves, the boundary-value problem (4.1
for ¢ and ¢ > 0 admits no solutions and the iterative method cannot be
defined since L. is not invertible in L*(R) for ¢ > 0. On the other hand, the
boundary-value problem for ¥ and ¢ > 0 admits solitary wave solutions
and the iterative method 1s well-defined to approximate this solution, as
shown numerically in [39].

4.2 Proof of Theorem 4.1

If o(Ly) in L? admits at least one eigenvalue outside the unit disk, the cor-
responding eigenfunction of Ly defines a direction in Hp,, along which the
sequence {wy, }nen diverges from the fixed point ¢, as follows from the unsta-
ble manifold theorem.

To show that the iteration (4.3) converges to a translation of ¢ if a(ﬁT) in

L? is confined inside the unit disk, we first prove it for an even initial guess
wo then extend it to a general function.
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Let us first assume that wy € HJ,, is even, in which case the assertion is true
with b, = 0. Since Zc,a maps even functions to even functions, the sequence
of functions {wy }nen in H,, generated by iteration is even. Therefore,
the linearization w, = ¢ + w, and the decomposition w, = a,¢ + b,¢ + S,
yields b, = 0 for every n > 0. The linear iterative formula yields a, = 0
for every n > 1 even if ag # 0. The linearized operator L given by is a
strict contraction if o(Ly) in L2 is located inside the unit disk. Convergence
of the sequence to ¢ follows by Banach’s fixed-point theorem [A.5]

Let us now relax the condition that the initial guess wy € Hy,, is even. In
order to control the projection b, in the decomposition w, = a,¢ + b,¢" + S,,
we need to use tools of the modulation theory for periodic waves, see, e.g.,
Section 5 in [43]. Instead of defining b, by w, = a,¢ + b,¢' + [, we define

b, € R by using the decomposition
wy () = ¢(x — by) + wp(x — by) (4.21)
and the orthogonality condition

(99, wn) = 0. (4.22)

By a standard application of the implicit function theorem, see, e.g., Lemma
6.1 in [43], for every w, € HZ  satisfying

per

eni= inf [wn — 6 —b)lug, < e (4.23)

be[—m,7) per =

the decomposition (4.21)(4.22) is unique under the assumption [* ¢(¢')*dx #

0 with uniquely defined b,, near the argument of the infimum in (4.23)) and
uniquely defined w,, satisfying

[wnlfzg,, < Coen (4.24)

per —

for some ¢,-independent constant Cy > 0.

Substituting the decomposition into the iterative method and
using the translational invariance in x, we obtain the equivalent iterative
scheme:

Wit = O(- + Aby) — ¢ + T'(d(- + Aby)wn (- + Aby) + N(wy(- + Aby)), (4.25)

where Ab,, 1= b1 —by, T’ (¢)w, denotes the linearized iterative operator given
by the right-hand side in (4.6)), and N(w,,) is the nonlinear terms satisfying

IV (wa)llmg,,, < CllwnllZyg,, (4.26)

per —
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for every w, € B,(0) := {w e HS,, : [wll g, < p}, where the constant C' > 0
does not depend on p prov1ded the radius p of the ball B,(0) is small. Thanks
to and , we work with p = Ce for some positive e-independent
constant C.

By using the constraint both for w,, and w,, 1, we derive the following
equation for Ab,:

(4. 27)
This equation can be treated as the root-finding problem F(Ab,,w,) = 0,
where

F:RxH? —R

per

is a smooth function in its variables satisfying F'(0,0) = 0 and Oas, F'(0,0) #
0 thanks to smoothness of ¢ € HyS and N(w,) as well as the assumption
[ o(¢')?dx # 0. By the implicit function theorem, the root-finding problem
is uniquely solvable in Ab, for every w, € B,(0) with small p > 0.
Moreover, thanks to (¢¢', T'(¢)wn) = (¢¢',w,) = 0 and (4.26), the uniquely

found Ab,, satisfies the bound
| Aby| < Cllwnllzrg,, (4.28)

for some constant C' > 0 that does not depend on the small radius p.

Substituting Ab,, satisfying (4 into (4.25)) and decomposing w,, = a, ¢+
B, with a,, € R and 8, € HY N L2 we obtain the linearized problem

per

i1 =0, Byt = LS. (4.29)

Since L is a strict contraction in L?, convergence a, — 0, Ab, — 0, and 3, —
0 as n — oo follows by Banach’s fixed-point theorem [A.5] Moreover, these
sequences converge exponentially fast so that the sequence {b, },en converges
to a limit denoted by b,. Since |b, — by| < C¢? thanks to and (4.29),
whereas |bg| < Ce thanks to (£.18)), (4.23), and triangle inequality, we also
have |b,| < Ce for some e-independent C' > 0. The assertion is proven thanks

to the decomposition (4.21)) with w, = a,¢ + B,.

4.3 Proof of Theorem 4.2

Here we present the proof of convergence (divergence) results for the iteration

. The proof is achieved through Lemma and Corollary {4.1] - In Lemma

. we characterize the spectrum of the operator Ec i?—lca for c € (1, ¢p) with
some ¢p > 1, then in Corollary 4.1 we count the number of remaining unstable
eigenvalues in the constrained space L? in (4.7).
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We begin by determining the spectrum of the operator E 1HC o In Lpe]r i
the following lemma.

Lemma 4.1. ~]5’07’~eve71y a > ap there exists co € (1,2%) such that for every
ce(1,c), o(L Hea) in Lger consists of a countable sequence of eigenvalues

in a neighborhood of 1 and simple eigenvalues {—1,0, A1, Ao} with

2a+1 -5
Alﬁm and )\2%2 as c¢— 1.

Moreover, Ay < 2, whereas \y < 0 if a € (g, 1) and Ay € (0,1) if a > ay.

Proof. Tt follows from |D that for every ¢ € (1,2%), the operator /Jca in Lf)er
is invertible and

o(Loa) ={(n|* =)', neZ}.

Since the sequence of eigenvalues is squared summable if @ > 1/2, the lin-
ear bounded operator £} is of the Hilbert-Schmidt class (see Example 2 in

Section 5.16 of [94]), hence it is compact. The linear operator Ly in L2, is

a composition of a bounded operator 2¢- and a compact (Hilbert—Schmidt)
operator [,w, hence Ly is a compact operator and o(Lr) in L2, consists of a
sequence of eigenvalues converging to 0. Thanks to the representation ,

O'(Z;é?:[qa) in L[2)er consists of a sequence of eigenvalues converging to 1.
Eigenvalues {—1,0} of £ 17—[ e i L2 follow from exact computations for
every ¢ > 1:

Lo MHead=—¢ and L H.ad =0. (4.30)

In order to identify other eigenvalues of E 17—[ca in L?_., we consider the

per’
generalized eigenvalue problem ( . deﬁned by linear operators LNQQ and
Heq in Lper with the domains in Hg‘er

Since ’HC:LQ coincides with Eczl,a, the generalized eigenvalue problem
for ¢ = 1 admits only one solution A = 1 for every v € H%, \{e”, e "}
Since (¢, c¢) depend analytically on a in Theorem |3 - 3.1, by the analytic pertur-
bation theory (Theorem VII.1.7 in [57]), the eigenvalues of [, 17—[w in Lper
for every ¢ > 1 are divided into two sets: a countable sequence of eigenvalues
near 1 and converging to 1 related to the subspace Lper\{ei“"”, e~} and a fi-
nite number of eigenvalues related to the subspace {e'*, “‘} The second set
includes eigenvalues {—1,0} due to the exact solutions ) for every ¢ > 1.
The subspace {€**, e~} may be related to more than two Slmple eigenvalues
in the generalized eigenvalue problem (4 because both Hc_l o and Ec_l o
vanish on the subspace.

In order to study all possible eigenvalues of £ 17—[ca in L2_ related to the

per
subspace {e™®, e}, we perform perturbation expansions. Since Ec o and HC o
are closed in the subspaces of even and odd functions in L2, the generalized
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eigenvalue problem (4.10) can be uncoupled in these subspaces. By using

(5.15) and (3.25)), we rewrite the generalized eigenvalue problem (4.10) in the
perturbed form:

(A=1)[1 = D* + c2a® + cya* + O(a®) ] v
—2 [acos(z) + a®pa(x) + a’P3(z) + a*du(z) + O(@®)]v = 0. (4.31)

Assuming A # 1, we are looking for perturbative expansions of the eigenvalues
related to the even and odd subspace of {e™®, e~} separately from each other.
For the even subspace, we set

v(x) = cos(x) + avi(z) + a*vq(z) + O(a?) (4.32)
and obtain recursively

{ O(a) : (A—=1)(1 = D% v, =1+ cos(2x),
O(@@®): (A—=1)(1 =D v+ (A—1)cycos(x) = 2cos(z)(vy + ¢2).

At O(a), we obtain the exact solution in HS, :

per*

vi(z) = % [1 - 6205(_2931)] . (4.33)

The linear inhomogeneous equation at O(a?) admits a solution vy € Hg,, if
and only if A satisfies
A 2 0
— co = 0.
A-1]"7

If > v, then ¢y # 0 and ) satisfies the quadratic equation A(A—1) = 2 with
two roots {—1,2}. For each of the two roots, we obtain the exact solution in
H& .

per*

(3 — ) cos(3x)

(1) = SR T e — e = 1) (4:34)
For the odd subspace, we set
v(x) = sin(x) + avi(z) + a*vy(z) + O(a?) (4.35)

and obtain recursively

{ O(a) : (A—=1)(1 = D*) v, =sin(2x),
O@@®): A=1)(1—Dvy+ (A= 1)cgsin(z) = 2(cos(z)v; + sin(z)eps).
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At O(a), we obtain the exact solution in H, :

per*

sin(2z)
A=1)2>-1)

(4.36)

v () = —

The linear inhomogeneous equation at O(a?) admits a solution vy € Hp,, if
and only if \ satisfies

A
)\02—1— ()\_1)(2(1_1) =0.

If a > ap, then ¢y # 0 and )\ satisfies the quadratic equation

A =3)A— (2T =5)] =0

with two roots {0, %} For each of the two roots, we obtain the exact

a .
solution in H,:

(3 — \) sin(3z)
20— 1)2(2* = 1)(3« — 1)’

(4.37)

vo(x)

Summarizing, we have obtained four eigenvalues related to the subspace {e%, e},
which are located as ¢ — 1 at the points {—1, 0, 3211_2, 2}.

The eigenvalues {—1,0} are preserved for every ¢ > 1 thanks to the exact
solution (4.30). However, the eigenvalues {\i, Ao} near {%,2} depend
generally on c. It follows by the perturbation theory that A\; < 0if a € (g, aq)
and A\, € (0,1) if @« > ay. We now claim that Ay < 2 if & > o9 and ¢ > 1. To
prove this claim, we use the extended spectral problem (4.31]) up to the order
O(a*). Hence, instead of the expansion with (4.33)) and (4.34)), we use

the expansions

v(z) = cos(x) + avi () + a®vy(z) + aPvs(x) + a'vy(x) + O(aP),
{ A =2+ Aa® + Ofa?), (4.38)
where (22) (32)
w@ =1-57 el =sm @1

We obtain from the extended spectral problem (4.31)) the linear inhomogeneous
equations:

O(a®) : (1 — D3 + Ay(1 — D)y + covy = 2[cos(x)(ve + ¢3) + dav1],
O(a): (1 — D%y + Ay(1 — DY)y + covg + (¢4 + col\y) cos(x)
= 2[cos(z)(v3 + 1) + Pava + P3v1] .
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The linear inhomogeneous equation at O(a?®) admits the explicit solution:

3o 90t 4 1
w(®) = e rEe —n@e =) W
n { A, _1—!—(24—02)(30‘—1)

20 -1 (20 —1)2(3*—1)

] cos(2z)

1
— (A I+——.
< 2 tco+ 1+ 2(2a_1)2)
The linear inhomogeneous equation at O(a*) admits a solution vy € Hg,, if
and only if Ay is given by
3 7
Ay =—1+ (4.39)

20 —1 20413’

It is easy to see that Ay has a vertical asymptote at o = ag. By plotting A,
versus « on Figure [f.1], we verify that Ay < 0 for every o > . Hence, the
eigenvalue A = 2 + Aya® + O(a) satisfies A < 2 for every a > ay. O

Na(a)

50l
Figure 4.1: Plot of Ay versus a.

The following Corollary describes the range of « for which the operator L
is the strict contraction in the constrained space L? defined in (4.7)), and thus
determines the convergence of the iteration (4.3]).

Corollary 4.1. For every c € (1,¢o) in Lemmal{.1} the iterative method

converges to ¢ in HS. if a > a1 and diverges from ¢ if a € (o, o).

Proof. 1f o > a1, then A\; € (0,1) by Lemma 4.1, By using the representation
and the count of eigenvalues of the generalized eigenvalue problem (4.10))
in Lemma we can see that o(Ly) in Lger consists of a countable sequence of
eigenvalues in a neighborhood of 0 and converging to 0, two simple eigenvalues
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inside the interval (—1, 1), and two additional simple eigenvalues: 1 related to
the eigenfunction ¢’ and 2 related to the eigenfunction ¢. The two constraints
in remove the latter two eigenvalues so that the operator Lr is a strict
contraction in L? for every ¢ € (1,¢p) if @ > ;. Convergence of the iterative
method for o > o follows by Theorem [4.1]

If & € (ag, ), then \; < 0 by Lemma [4.1[ Then, o(L7) in L2, consists of
a countable sequence of eigenvalues in a neighborhood of 0 and converging to
0, one simple eigenvalue inside the interval (—1, 1), simple eigenvalue 1 related
to the eigenfunction ¢’, simple eigenvalue 2 related to the eigenfunction ¢,
and an additional simple eigenvalue bigger than 1 with an odd eigenfunction

denoted by v,. Because of the orthogonality conditions

<£C,avja Uk) = 07 j 7é ky

between eigenfunctions v; and vy, of the generalized eigenvalue problem (4.10))
for distinct eigenvalues, we verify that (¢?, v,) = (¢¢', v,) = 0, which implies
that v, € L2. Therefore, o(Ly) in L? contains exactly one eigenvalue outside
the unit disk for every ¢ € (1,¢9) if @ € (o, a1). Divergence of the iterative
method for a € (ap, o) follows by Theorem [4.1] O

Remark 4.6. Since the unstable eigenfunction v, is odd, divergence of the
iterative method for a € (g, 1) is only observed if the initial guess

wo € Hpy,, is not even but of a general form.

4.4 Proof of Theorem 4.3

The proof of Theorem [4.3]is achieved from Lemma [£.2] and Corollary 4.2} In
Lemma , we prove that the spectrum of the operator E;;’Hm is confined in
the unit disk for every ¢ > 1. Then, Corollary concludes that the operator
L7 is a strict contraction in the constrained space (4.13]) and thus the iteration
@ converges to the single-lobe solution v of the boundary value problem

13).

Lemma 4.2. For every ¢ > 1 and o € (o, 2], 0(L, Hea) € (0,1) in L2

Proof. We note that L., is positive for every ¢ > 1 and a > 0, whereas, by
assumption given in Theorem , the operator H., has one simple negative
eigenvalue and a simple zero eigenvalue for every ¢ > 1 and « € (ay, 2].

By Theorem 1 in [28], o(£ 1 H,q) in L2, is real and contains one simple
negative eigenvalue and a simple zero eigenvalue, the rest of the spectrum
is positive and bounded away from zero. The negative and zero eigenvalues

correspond to the exact solutions:
‘Cc_,(iHC,Oé¢ = —¢ and [’;iHc,aw/ = O (440)
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These eigenvalues are removed by adding two constraints in the definition of
L? in (4.7). The positive eigenvalues are bounded from above by 1 because
the operator

Lr=L L 20)=1d— L Heq

is strictly positive due to positivity of L., and 1. Hence, (L 3 Hea) € (0,1)
in L2. O]

Corollary 4.2. For every ¢ > 1 and o € (wy, 2], the iterative method

converges to v in Hg,,.

Proof. As mentioned in Remark conditions [ _¢3dx > 0and [T () dx >
0 follow by positivity of ¢ in Theorem [3.3] By Lemma[4.2] the operator Lr is
a strict contraction in L? for every ¢ > 1 and a € (ay, 2|. Convergence of the

iterative method (4.11)) follows by Theorem [4.1] O

4.5 Numerical Illustrations

Here we address numerically convergence of the iterative method (4.3 and
(4.11) near the single-lobe periodic wave for ¢ € (1,2%). For simplicity of
computations, we only consider the classical KAV and BO equations.

4.5.1 Iteration (4.3)

In the case of the KdV equation with a = 2, the following numerical re-
sults illustrate the convergence of the method for ¢ € (1, ¢y) with ¢y ~ 2.3 in
agreement with Corollary [£.1] the transition to instability at ¢ = ¢, and the
divergence for ¢ € (cg,4).

Figure shows eigenvalues of the generalized eigenvalue problem (4.10))
computed numerically with the Fourier method for ¢ € (1,4). Five largest
and five smallest eigenvalues of the operator ﬁ;é?flc,a are shown on the left
panel. In agreement with the result of Lemma we observe eigenvalues
A near points {—1,0, g, 2} in addition to a countable sequence of eigenvalues
near 1. The right panel zooms in eigenvalues near ¢ = 1 and shows the
asymptotic approximation of the eigenvalue near 2 given by (4.38)) and (4.39)
with a = 2. For ¢, & 1.2, two real eigenvalues coalesce to create a pair of
complex eigenvalues that exist for every ¢ > ¢,. Figure shows that |1 — )|
for the eigenvalues of L7 remains inside the unit disk for ¢ € (¢, 4). Therefore,
the complex eigenvalue pair does not introduce additional instability to the
iterative method.

For ¢ € (1,¢) with ¢y ~ 2.3, the spectrum of £ in L? remains inside the
unit disk for ¢ € (1, ¢p). However, the largest eigenvalue of /jc_’cly’Hc,a crosses the
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Figure 4.2: Left: Eigenvalues of the operator E;é?jtc,a for « = 2. The blue
curves and green curves represent the five largest and five smallest eigenvalues
respectively. Right: Zoom in with the asymptotic dependence given by (4.38))

and (4.39).

level 2 for ¢ = ¢y and the corresponding eigenvalue of L is smaller than —1
for ¢ € (cg,4). This numerical result suggests that the iterative method
converges for ¢ € (1, ¢g) and diverge for ¢ € (cg,4). Moreover, for ¢; ~ 2.7, the
second largest eigenvalue of ljgéﬁc,a crosses the level 2, hence the iterative
method diverges with two unstable eigenvalues for ¢ € (¢1,4).

To illustrate convergence of the iterative method for a = 2, we use
the initial function

up(x) = acos(x) + %a2 (cos(2z) — 3) + esin(x), (4.41)

where a > 0 and € € R are small parameters to our disposal. Notice that we
include the O(a?) correction term of the Stokes expansion in the initial
function to avoid vanishing denominator in the Petviashvili quotient M
defined by . Indeed, f: cos(z)3dxr = 0, whereas f; ¢*dxr < 0 for every
c>1and a = 2, see Lemma Appendix Bl Computations reported below
correspond to a = 0.4 and € = 0; we have checked that computations for other
small values of a and ¢ return similar results. We measure the computational
errors in three ways: the quantity |1 — M, |, where M,, = M (u,), the distance
between two successive approximations ||t, 1 — uy,|| L=, and the residual error
|cu, + u!l + u?|| L. If iterations do not converge, we stop the algorithm after
500 iterations.

Figure [4.4] shows the profile of the last iteration and the three computa-
tional errors versus the number of iterations in the case ¢ = 2. It is seen
that the iterative method converges to the single-lobe periodic wave,
in agreement with Corollary [4.1] Since the exact periodic wave is known in
—, we can also compute the distance between the last iteration and
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Figure 4.3: The plot of |1 — A| for the complex eigenvalues A. The insert shows
that the complex eigenvalues do not reach the boundary of the unit disk.

the exact solution, in which case we find ||u— ¢||p~ ~ 2-107. If £ # 0 in the
initial function (4.41)), the convergence to the periodic wave is still observed
but the last iteration is shifted from z = 0, in agreement with Theorem [4.1]
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Figure 4.4: Tterations for ¢ = 2 and a = 2. (a) The last iteration versus z. (b)
Computational errors versus n.

Figure [4.5] illustrates the case ¢ = 2.3. Since the largest eigenvalue of
[ﬁ;é?—lcya crosses the level 2 at this value of ¢, see Figure , this case is
marginal for convergence of iterations. As we can see from Figure it-
erations still converge to a single-lobe periodic wave but the convergence is
slow.

Figure illustrates the case ¢ = 3. The iterative method diverges
from the single-lobe periodic wave. The instability is related to the eigenvalue
of L1 which is smaller than —1, hence the period-doubling instability leads
to an alternating sequence which oscillates between two double-lobe profile
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Figure 4.5: Iterations for ¢ = 2.3 and a = 2. (a) The last iteration versus z.
(b) Computational errors versus n.
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Figure 4.6: Iterations for ¢ = 3 and = 2. (a) The last two iterations versus
x. (b) Computational errors versus n.

shown on the left panel. The right panel shows that the factor M no longer
converges to 1 but to -4.3737 and the residual errors does not converge to 0
but remains strictly positive with the number of iterations. Therefore, the two
limiting states of the iterative method in the 2-periodic orbit are not a
periodic wave of the boundary-value problem (4.1)).

In the case of BO equation with o = 1, we show that the method diverges
for ¢ € (1,2) in agreement with Corollary [4.1]
Figure [4.7] shows the eigenvalues of the generalized eigenvalue problem
4.10)) for a = 1. The eigenvalue \; = % in Lemmayields A = —1 for
a = 1 in addition to the other eigenvalue —1 in {—1,0, A1, A2}. Hence, A = —1
is a double eigenvalue and the left panel shows that this double eigenvalue is
preserved in c¢. The right panel zooms in eigenvalues near ¢ = 1 and shows the
asymptotic approximation of the eigenvalue near 2 given by (4.38)) and (4.39)
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Figure 4.7: Left: Eigenvalues of the operator ﬁgé?—laa for « = 1. Right: Zoom
in with the asymptotic dependence given by (4.38) and (4.39).
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Figure 4.8: Iterations for ¢ = 1.1 and o = 1. (a) The last four iterations versus
z. (b) Computational errors versus n.

To illustrate the divergence of the iterative method (4.3)) for a = 1, we use
the initial function

uo(x) = acos(z) + %aQ (cos(2x) — 1) + esin(x), (4.42)

where a > 0 and € € R. We verify in Lemma in Appendix [B] that indeed,
f:r ¢*dx < 0 for every ¢ > 1 when o = 1. We include the second term of the
Stokes expansion in the initial function in order to ensure that
ffﬂ uddr < 0. In computations below, we take a = 0.4.

As predicted by Corollary [4.1]for a = 1, the iterative method (4.3)) diverges
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Figure 4.9: Iterations for ¢ = 1.3 and o« = 1. (a) The last four iterations versus
x. (b) Computational errors versus n.
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Figure 4.10: Iterations for ¢ = 1.6 and o = 1. (a) The last two iterations

versus z. (b) Computational errors versus n.

for the BO equation and this divergence is due to an odd eigenfunction of the
generalized eigenvalue problem for the eigenvalue \; = —1.

Figure [4.§| illustrates the case ¢ = 1.1 showing the last four iterations in
the left panel and the factor M converging to 1.0107 and the residual er-
ror converges to 0.0826 in the right panel. In this computation, we take
e = 0. Although the residual error starts to decrease initially due to con-
tracting properties of L7 on the even subspace of Lf)er, round-off errors induce
odd perturbations which result in slow instability. As a result, the periodic
wave of amplitude 0.458 is not captured by the iterative method , instead
iterations converge to the periodic profile of amplitude 0.344 which is drifted
by every iteration to the right. This drifted periodic profile of the iterative
method is not a solution to the boundary-value problem . If e #£0,

the instability develops much faster and the drifted periodic profile is drifted
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to the right if € > 0 and to the left if € < 0.

Figure 4.9 shows the marginal case ¢ = 1.3 where another unstable eigen-
value of Ly related to the even eigenfunction crosses the level —1. Although
the instability pattern of Figure [4.§ is repeated on Figure [4.9] the periodic
profile becomes more complicated and the instability process is accompanied
by many intermediate oscillations. Here again we set ¢ = 0, if ¢ # 0, the
drifted periodic profile is formed much faster and intermediate oscillations are
reduced.

Figure illustrates the case ¢ = 1.6 when several eigenvalues of Ly are
located below —1. After short intermediate iterations, the iterative method
starts to oscillate between two iterations, similarly to the pattern of Figure [£.6]
The right panel of Figure shows that the factor M converges to —5.1447
and the residual error remains strictly positive. The two limiting states of the
iterative method in the 2-periodic orbit are not a periodic wave of the
boundary-value problem (4.1)).

4.5.2 Iteration (4.11)

Finally, we demonstrate the convergence of the iterative method (4.11)) using
the initial condition
up(z) = ¢ + acos(z)

with a = 0.4. This initial guess corresponds to the first two terms of the Stokes
expansion for 1 (z) = ¢+ ¢(x). We do not need to include the O(a?) to
the initial guess because [* uidz > 0 and the denominator of the Petviashvili
quotient does not vanish at wuyg.

Figure shows the result of iterations for ¢ = 3 and a = 2. It is seen
that iterations converge quickly to a positive, single-lobe periodic wave 9 in
agreement with Corollary . Note that the iterative method diverges
for ¢ = 3 and o = 2, as is seen from Figure 4.6, We can also compute the
distance between the last iteration and the exact solution, in which case we
find ||u — ¢||p~ ~ 1.3- 1071,

Figure reports similar results for ¢ = 1.6 and o = 1. Again, the
iterative method diverges for these values of ¢ and «, as is seen from
Figure [4.10] We can also compute the distance between the last iteration and
the exact solution, in which case we find ||u — ¢||p~ ~ 5.9 - 1071
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Figure 4.11: Iterations for ¢ = 3 and o = 2. (a) The last iteration versus x.
(b) Computational errors versus n.
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(b) Computational errors versus n.

70



Chapter 5

Spectral Stability Of Periodic
Waves In Fractional KdV

Equation

The goal of this chapter is of twofold. First, we want to develop a new vari-
ational characterization for the periodic, travelling wave solutions of the frac-
tional KdV equation (1.7) which allows us to determine the conditions with
which the periodic solutions can be smoothly continued with respect to the
Lagrange multipliers. Second, we wish to study the spectral stability of such
waves according to definition [1.2]

Again, we recall the stationary equation of the fractional KdV equation
(1.7) when p =1

D%+ cp —* +b=0, (5.1)

where b is another real constant obtained from integrating equation (1.7)) in
x. If we require that ¢(x) : T — R be a periodic function with the zero mean
value, then b = b(c) is defined at an admissible solution ¢ by

b(c) : ! /Tf ©*dx. (5.2)

:% o

The solution ¢ also depends on the speed parameter ¢ but we often omit
explicit reference to this dependence for notational simplicity. The momentum
F(u) (L.11)) and mass M (u) (1.10)) computed at the solution ¢ are given by

F(g) = 7b(c),  M(p) = 0. (5.3)

The relation (5.2)) closes the stationary equation (5.1) as the boundary-value
problem
D%p + cp = Tlyp?, € HY (5.4)

per’
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where Il f := f — % f:r f(x)dx is the projection operator to the closed sub-
space X of periodic functions with zero mean

X := {feLzer:/Wf(x)dx:0}.

By following the procedure outlined in Section (1.2 spectral stability of the
periodic wave ¢ is determined by the spectrum of the linearized operator 9, H
in L2 in the sense of Definition .

per

5.1 Main Results

The following theorems present the main results of this chapter.

Theorem 5.1. Fiz o € (%, 2}. For every ¢y € (—1,00), there exists a solution
to the boundary-value problem with the even, single-lobe profile pq, which
1s obtained from a constrained minimizer of the following variational problem:

inf {/ [(D2u)? + cou?] da / wdr =1, / udr = O} . (5.5)
u€HZ(T) /=7 - -

Remark 5.1. In [48|, the positive single-lobe periodic waves were constructed
by minimizing the energy E(u) subject to only one constraint of the fized mo-
mentum F(u). It was shown that for every o € (%, 2} and for every positive
value of the fixed momentum each such minimizer is degenerate only up to
the translation symmetry and is spectrally stable. Compared to the variational
method in [48], our method allows us (i) to construct all single-lobe periodic
solutions of the stationary equation on the (¢,b) parameter plane, (ii)
to extend the results for every a € (%, 2} , (111) to filter out the constant solu-
tion from the single-lobe periodic solutions, (iv) to find more spectrally stable
branches of local minimizers, and (v) to unfold the fold point in Definition .

Theorem 5.2. Fiz a € (%,2]. Let g be the even, single-lobe solution ob-

tained from Theorem [5.1 Assuming that Ker(H|x,) = span(0yp0) for the

linearized operator H at py, there exists a C* mapping c — (-, c) € Hp,, ina
2

local neighborhood of cy such that (-, co) = wo and the spectrum of H in L.,
includes

e a simple negative eigenvalue and a simple zero eigenvalue if co+2b'(co) >
0,

e o simple negative eigenvalue and a double zero eigenvalue if co+2b (co) =
0,
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e two negative eigenvalues and a simple zero eigenvalue if co+ 20 (¢o) < 0.

Theorem 5.3. Under the same assumption as Theorem[5.3, the periodic wave
with profile ¢ is spectrally stable if V'(c) > 0 and is spectrally unstable with
ezactly one unstable (real, positive) eigenvalue of O, H in L2, if b'(c) <0,

per
Remark 5.2. Thanks to the correspondence F(p) = mb(c) in (5.5), the spec-
tral stability result reproduces the criterion for stability of solitary waves [56./606,
80, ?bona2|. Note that this scalar criterion, obtained from the new variational
characterization of periodic waves in Theorem|5.1|, replaces computations of a
2 X 2 matriz needed to establish if the periodic wave is a constrained minimizer
of energy subject to fived momentum and mass as in [53]. In particular, the
sharp criterion based on the sign of b'(cy) works equally well in the cases when
the linearized operator H has one or two negative eigenvalues, see Remark

(2.1
Remark 5.3. If V/(co) > 0 and the periodic wave with profile po is spectrally

stable, then it is also orbitally stable in HZ, according to the standard technique
from [9], assuming global well-posedness of the fractional KdV equation
in Hy,, for s > 5. For such results on the orbital stability of the periodic wave,
we do not need to use the non-degeneracy assumption on the 2-by-2 matriz of
derivatives of momentum F(p) and mass M(p) with respect to parameters ¢

and b stated in Theorem 4.1 in [53].

5.2 Proof of Theorem 5.1

In this section, we obtain solutions to the boundary-value problem for a >
%. These solutions have an even, single-lobe profile ¢ in the sense of Definition
for a < 2. Compared to statement of Theorem we use the general
notation ¢ for the profile of the periodic wave satisfying the boundary-value
problem and c for the (fixed) wave speed. For every fixed ¢ € (—1,0),
the assertion of Theorem [5.1]is proven from Theorem [5.4] Corollary and
Proposition [5.1} First, in Theorem [5.4] we prove the existence of a minimizer
of the following minimization problem

¢ = inf B.(u), B.(u):= - /7r [(D2u)? + cu®] d (5.6)
in the constrained set

Yy = {u € Hp%er(T) : /7r udde =1, /7r udx = O} : (5.7)
Second, in Corollary [5.1] we use Lagrange multipliers to show that the Euler—
Lagrange equation for and is equivalent to the stationary equation
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(5.1). Third, by using bootstrapping argument similar to the one given in
Step 4 of the proof of Theorem [3.3, we conclude that the solution ¢ of the
minimization problem is actually smooth in H (R) so that it satisfies
the boundary-value problem (}5.4)).

Theorem 5.4. Fix o > % For every ¢ > —1, there exists a ground state of the
constrained minimization problem (5.6)), that is, there exists ¢ € Yy satisfying

B.(¢) = inf B.(u). (5.8)

If a < 2, the ground state has an even, single-lobe profile ¢ in the sense of
Definition 1.1

Proof. 1t follows that B, is a smooth functional bounded on Hp%er(T). Moreover,
B. is proportional to the quadratic form of the operator ¢ + D* with the

spectrum in L?_ given by {c + |m|*, m € Z}. Thanks to the zero-mass
constraint in ([5.7)), for every ¢ > —1, we have

1
Bu(u) = S(c+ Vlully,, weY, (59)

and by the standard Garding’s inequality, for every ¢ > —1 there exists C' > 0
such that
B(u) > Cllul? 5

per

u € Y.

Hence B, is equivalent to the squared norm in HZ.(T) for functions in Yj,
yielding ¢. > 0 in (5.6). Let {u,}neny be a minimizing sequence for the con-
strained minimization problem ({5.6)), that is, a sequence in Yj satisfying

B.(u,) — q. as n — oo.

Since {uy }nen is bounded in HZ:(T), there exists ¢ € Hg:(T) such that, up
to a subsequence,

Up, = ¢ in Hg(T), as n — co.

For every a > 3, the energy space Hp%er('ﬂ‘) is compactly embedded in L3 (T).
Thus,
U, = ¢ in L3

pery @S M —» 00,
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Using the estimate

[ i

< / b — ¢|de

—T

< (l9l1s,, + lllzg

per per

tnllz, + g, ) llum = Ollzs,.,

it follows that [* ¢*dz = 1. By a similar argument, since Hp%er(']l‘) is also
compactly embedded in LI (T), it follows that [*_ ¢da = 0. Hence, ¢ € Y.

per
Thanks to the weak lower semi-continuity of B., we have

B.(6) < liminf B(u,) = g..
Therefore, B.(¢) = ge.

If « € (0, 2], the symmetric decreasing rearrangements of u do not increase
B.(u) while leaving the constraints in Y invariant thanks to the fractional
Polya—Szeg6 inequality, see Lemma A.1 in [30]. As a result, the minimizer
¢ €Yy of B.(u) must decrease away symmetrically from the maximum point.
By the translational invariance, the maximum point can be placed at z = 0,
which yields an even, single-lobe profile for ¢. O]

Corollary 5.1. For every o € (%, 2} , there exists a solution to the boundary-
value problem with an even, single-lobe profile .

Proof. By Lagrange’s Multiplier Theorem, the constrained minimizer ¢ € Y
in Theorem [5.4] satisfies the stationary equation

D¢ + cop = C1¢* + Cs, (5.10)

for some constants C and Cs. From the two constraints in Y, we have

Cl = 260((]5), CQ = —i (/ﬂ- ¢2d$> Cl, (511)

2 \J_,

The scaling transformation ¢ = C1¢ maps the stationary equation ((5.10) to
the form (5.1)) with b = b(c) computed from ¢ by (/5.2). O

The following lemma states that the infimum g, in ([5.6]) is continuous in ¢
for ¢ > —1 and that ¢. — 0 as ¢ — —1.

Lemma 5.1. Let ¢ € Yy be the ground state of the constrained minimization
problem (@) i Theorem and q. = B.(¢). Then q. is continuous in c for
c>—1andq. — 0 as c — —1.
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Proof. For a fixed u € Yy and for every ¢ > ¢ > —1, we have

/

1 c —c
0 < Bo(u) — B.(u) = §<C’ _ c)||u||%ger < e

Be.(u),

thanks to the bound (5.9)). Let B.(¢) = ¢. and By (¢') = q~. Then, we have

qc — 4e = Bc’<¢/) - Bc(¢,) + Bc<¢/) - Bc(¢) > Bc’(¢/) - Bc(¢/) >0
and

d—c

G = Qe = Bo(¢') = B (¢) + Bu(9) — Be(¢) < Ber(¢) — Be(¢) < Be(¢).

c+1"°°
From here, it is clear that ¢ — ¢. as ¢ — ¢, so that ¢, is continuous in ¢ for
¢ > —1. It remains to show that q. — 0 as ¢ —+ —1. Consider the following
family of two-mode functions in Yj:

u,(z) = pcos(z) + cos(2x), p >0,

3 p?

which satisfy the constraints in (5.7). Substituting v, into B.(u) yields

3m(2% + ¢)3 (1 + )23
2(3m)%/3 ’

where the lower bound is found from the minimization of B.(u,

fore, we obtain

Be(u,) = = [12(1+¢) +

5 (2% +c¢)| >

92yt

) in p. There-

37(2% 4 ¢)3 (1 + ¢)?/3
0<q. < :
= e = 2(3m)2/3

which shows that ¢. — 0 as ¢ — —1. O

)

The following proposition ensures that ¢ is smooth in z and hence satisfies
the boundary-value problem (|5.4)).

Proposition 5.1. Assume that ¢ € Hp%er(T) is a solution of the stationary
equation with ¢ > —1 and b = b(c) in the sense of distributions. Then
p e He(T).

per

Proof. See Step 4 of the proof of Theorem [3.3in Section O

We show next that the periodic waves of the boundary-value problem
with an even, single-lobe profile ¢ in the sense of Definition [1.1] are given
by the Stokes expansion for ¢ near —1. Because we reuse the method of
Lyapunov—Schmidt reductions from [54], the results on the Stokes expansion
of the periodic wave 1) are restricted to the values of o > %
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The small-amplitude (Stokes) expansion for single-lobe periodic waves of
the boundary-value problem (5.4)) is constructed in three steps. First, we
present Galilean transformation between solutions of the stationary equation
. Second, we obtain Stokes expansion of the normalized stationary equa-
tion. Third, we transform the Stokes expansion of the normalized stationary
equation back to the solutions of the boundary-value problem (|5.4))

Proposition 5.2. Let p € Hy,, be a solution to the stationary equation
with some (c,b). Then,

@D:zgp—%(e—@) (5.12)
1s a solution of the stationary equation
D +wip—p* =0, e HY, (5.13)
with w := /¢ + 4b.
Proof. The proof is given by direct substitution. n

Proposition 5.3. For every a > %, there exists ag > 0 such that for every
a € (0,ap) there exists a locally unique, even, single-lobe solution ¢ of the

stationary equation in the sense of Definition . The pair (w,p) €

R x HE,, is smooth in a and is given by the following Stokes expansion:

Y(x) = 1+ acos(z) + a*iq(z) + ays(z) + O(at), (5.14)
and

w=1+wa®+ O(a*), (5.15)

where the corrections terms are
o) = wy — % + 2(2a1_ D cos(2x), (5.16)

1
s(z) = 22— )@ = 1) cos(3zx). (5.17)
1

Wy = 1-— m. (518)

Proof. The proof is given by algorithmic computations similarly to the proof
of Theorem in Section [3.2l However, we note that in Theorem the
parameter b was set to be 0 whereas in this case we consider nonzero b. O

Corollary 5.2. For every a € (%, 2], there exists ¢y € (—1,00) such that the
solution of the boundary-value problem for every ¢ € (—1,¢q) with an

7
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even, single-lobe profile ¢ in Theorem and Corollary [5.1] is given by the
following Stokes expansion:

a2 3 )
v = acos(r) + 320 = 1) cos(2zx) + 22— 1)@ = 1) cos(3z) + O(a”) (5.19)
with parameters
g b "
c= 1+2(2a_1)a + O(a”) (5.20)
and ]
bc) = §a2 + O(a*). (5.21)

Proof. We apply the Galilean transformation (5.12)) of Proposition to the
Stokes expansion ([5.14]) and (5.15)) in Proposition . Therefore, we define

™ 1 9

=1y, c=w-— l/ Ydx, b(c) = ~(w? —?) (5.22)
7r s

and obtain the Stokes expansion (5.19)), (5.20]), and (5.21)) for solutions of the

boundary-value problem ([5.4)).

It follows from (5.19) and (5.20)) that [|¢[/zz, — 0 as ¢ — —1. Since the
511

Stokes expansion | for the even, single-lobe solution ¢ is locally unique
by Proposition and B.(¢) — 0 as ¢ — —1 by Lemma implies that
lellze, — 0 as ¢ — —1, the small-amplitude periodic wave (5.19) with an
even, single-lobe profile ¢ coincides as ¢ — —1 with the family of minimizers

in Theorem and Corollary given by ¢ = 2B.(¢)o. O
Remark 5.4. It follows from that wy > 0 if and only if @ > ag, where
~ log3

log 2
It follows from the expansions , , and that the threshold «y

does not show up in the Stokes expansion of the solution ¢ to the boundary-
value problem .

— 1~ 0.585.

Qp -

5.3 Proof of Theorem 5.2

In order to prove Theorem [5.2] we first characterize the number and multi-
plicity of negative and zero eigenvalues of the linearized operator H in Lger
in Corollary [5.3] Because we use the oscillation theory from [53], the results
on the smooth continuation of periodic waves with respect to wave speed ¢
are limited to the interval a € (3,2] and to the periodic waves with an even,
single-lobe profile ¢.
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Next, in Lemma we find a sharp condition for the continuation of the
zero-mean solution 1 of the boundary-value problem as a smooth family
with respect to the wave speed c¢ in a local neighborhood of ¢y. Then, for
each value of ¢y € (—1,00), for which the family is a C! function of ¢, we
show in Lemma that the number of negative eigenvalues of H is character-
ized by the sign of ¢y + 2b'(cg). Moreover, H has a double zero eigenvalue if
co + 20/ (co) = 0 and a simple zero eigenvalue if ¢y + 2b'(cy) # 0. The assertion
of Theorem [5.2] is proven from Lemma [5.3] Corollary [5.6] and Lemma [5.4]

Let ¢ € Hyg, be a solution to the boundary-value problem for some
¢ € (—1,00) obtained with Theorem , Corollary , and Proposition .
The solution has an even, single-lobe profile ¢ in the sense of Definition [1.1}
The linearized operator H at ¢ is given by , which we rewrite again as
the following self-adjoint operator:
H=D"+c—2p: HS CL2, — L. (5.23)

For continuation of the solution ¢ € H3g to the boundary-value problem
in ¢, we need to determine the multiplicity of the zero eigenvalue of H
denoted as z(H). For spectral stability of the periodic wave ¢, we also need to
determine the number of negative eigenvalues of H with the account of their
multiplicities denoted as n(H).

It follows by direct computations from the boundary-value problem
that

Heo = —p* — b(c) (5.24)
and
H1=—2p+c. (5.25)

By the translational symmetry, we always have Hd,p = 0. However, the
main question is whether Ker(#) = span(d,¢), that is, if (%) = 1. The
following corollary gives the count for zero eigenvalues and negative eigenvalues
of operator H.

Corollary 5.3. Assume ¢ be an even, single-lobe periodic wave obtained
with Theorem Corollary and Proposition for a € (%,2] and
c € (—=1,00). Then, n(H) € {1,2} and z(H) € {1,2}.

Proof. 1t follows by (5.24)) that

(Hp,p) = — /7r ©’dr = —8B.(¢)* < 0, (5.26)

—T
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thanks to (5.7)), (5.9), and (5.11). Therefore, n(H) > 1. Thanks to the

variational formulation (5.6)—(5.7) and Theorem , ¢ € H3 is a minimizer
of G(u) in (6.3)) for every ¢ € (—1,00) subject to two constraints in ([5.7)).

Since H is the Hessian operator for G(u) in (1.15)), we have
M|y oy 2 0. (5.27)

By Courant’s Mini-Max Principle, n(H) < 2, so that n(H) € {1,2} is proven.
Since ¢ is even, Lger is decomposed into an orthogonal sum of an even
and odd subspaces. By Proposition [A.3] 0 is the lowest eigenvalue of H in
the subspace of odd functions in Lf)er with the eigenfunction 0,¢ with a single
node. Hence, z2(H) > 1. To determine the upper bound for z(H), we rely
on Proposition which concerns Sturm’s oscillation theory for fractional
derivative operators developed in [53].

In the subspace of even functions in Lger, the number of nodes is even.
If n(H) = 1, then 0 is the second eigenvalue of H. By Proposition the
corresponding even function may have at most two nodes, hence there may be
at most one such eigenfunction of H for the zero eigenvalue in the subspace of
even functions in Lf)er. If n(H) = 2, then the second (negative) eigenvalue has
an even eigenfunction with exactly two nodes, whereas 0 is the third eigenvalue
of H. According to Proposition [A.T] the corresponding even function for the
zero eigenvalue may have at most four nodes, hence there may be at most one
such eigenfunction of #H in the subspace of even functions in L?_. In both

per*

cases, z(H) < 2, so that z(H) € {1,2} is proven. O

The following lemma characterizes the kernel of H|x, = oHIly, where IIy

is defined in and X := {f e L, : 7 flx)de = 0}.

Lemma 5.2. Assume o € (%, 2] and ¢ € H3e, be an even, single-lobe periodic
wave. If there exists f € Ker(H|x,) such that (f,0.p) =0 and f # 0, then

Ker(H) = span(d,p), (f,) #0, and (f,¢?) =0. (5.28)

Proof. Since f € Ker(H|x,), then (1, f) = 0 and f satisfies
1 ™
0:H|Xof=7-[f+%/ fedz. (5.29)

Either (f,¢) =0 or (f,¢) # 0.
Assume first that (f,¢) = 0. It follows by (5.29) that f € Ker(H)

and by equality (5.24), we have (f,¢?) = 0. By Corollary the kernel
of H can be at most two-dimensional, hence Ker(#) = span(d,¢, f) and

{1, 0, ¢?} € [Ker(H)]*. By Fredholm theorem for self-adjoint operator ([5.23)),
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we have {1, ¢, ¢?} € Range(H) and by Proposition [A.2] Ker(H) = span(9, )
in contradiction to the conclusion that f € Ker(#). Therefore, assumption
(f, ) =0 leads to contradiction.

Assume now that (f,¢) # 0. It follows by that 1 € Range(H).
Then, by and (5.25), we have ¢*> € Range(H) and ¢ € Range(H)
respectively. In other words, {1, ¢, ¢*} € Range(H) and by Proposition ,
Ker(H) = span(0,p). In addition, by , we have

() = =, M) = (1. 0) = <)L, 9) =0

This yields ([5.28]). O

Remark 5.5. Proposition is Proposition 3.1 in [53] and is proven from
the property {1, p, ¢*} € Range(H) claimed in (L3) of Lemma 3.3 in [53]. The
proof of (L3) relies on the smoothness of minimizers of energy E(u) subject
to fired momentum F(u) and mass M (u) with respect to Lagrange multipliers
c and b. Unfortunately, this smoothness cannot be taken as granted and may
be false. Indeed, Ker(H) # span(0,p) for some periodic waves satisfying the

stationary equation for a < ag (see Corollary Remark and
Remark :

Corollary 5.4. If f exists in Lemma[5.9, then Ker(H|x,) = span(d,¢p, f).

Proof. Assume two orthogonal vectors fi, fo € Ker(H|x,) such that (f1 2, 0,¢) =
0 and fi2 # 0. Since (fi2, %) # 0, there exists a linear combination of f; and
fo in Ker(H) in contradiction with Ker(#) = span(d,¢) in (5.28]). O

Corollary 5.5. Ker(H|x,) = Ker(H|{1 4231).

Proof. By using orthogonal projections, we write

[ (H f, Tgp?)
= — d — H 2 = 7 530
Hlp o2y f = Hf + =] fodx — ollgp®, « ERTER (5.30)
where (¢?, Ilop?) = ||l¢l|74 — 5= [l¢[|22 > 0 for every non-constant (single-lobe)

®.
By Lemma [5.2] if f € Ker(H|x,), then (f,¢? = 0. Since (1, yp?) =0, it
follows from and that f € Ker(H|( y231).
In the opposite direction, assume that f € Ker(H|( o231), (f,0w0) = 0,
and f # 0. Since (f,1) = (f, »?) = 0, we have by that 0 = (f, Hy) =

<Hfa 90> = a<HOS02a 90> Since <H09027 90> = <S02a 90> > 07 thanks to " "
and (5.11]), we obtain o = 0 which implies that f € Ker(H|y,). O

The following lemma provides a sharp condition for a smooth continuation
of the periodic wave with profile ¢ with respect to the wave speed c.
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Lemma 5.3. Assume o € (£,2] and ¢y be an even, single-lobe solution of the

boundary-value problem for a fized co € (—1,00) obtained with Theorem
Corollary and Proposition [5.1  Assume Ker(H|x,) = span(dy¢o).
Then, there exists a unique continuation of even solutions of the boundary-
value problem in an open interval . C (—1,00) containing ¢y such that
the mapping

Z.3c— (-, c) € HE (T) N Xy (5.31)

per

is C' and (-, co) = @o.

Proof. Let ¢o € Hp,, N Xo be an even, single-lobe solution of the boundary-
value problem (5.4)) for ¢y € (—1,00). Let ¢ € Hj. N Xy be a solution of the

boundary-value problem (5.4)) for ¢ € (—1,00) to be constructed from ¢ for ¢
near cg. Then, ¢ := ¢ — g € HJ,, N Xy satisfies the following equation:

HO’XOVND = _(C - CU)((PO + ()5) + HO(:EQ? (532)

where H, is obtained from H in at ¢ = ¢y and ¢ = @y, whereas Holx,
acts on @ by the same expressions as in .

Assume Ker(Hy|x,) = span(9.po) and consider the subspace of even func-
tions for which ¢y belongs. Then, Hy|x, is invertible on the subspace of even
functions in Hp,, N Xy so that we can rewrite as the fixed-point equation:

p = —(c—co) (Holxo) " (0 + &) + (Holx,) " Mo (5.33)

By the Implicit Function Theorem, there exist an open interval containing cy,
an open ball B, € H®_ N X of radius r > 0 centered at 0, and a unique C*

per
mapping Z. > ¢ — ¢(-,¢) € B, such that ¢(-,¢) is an even solution to the
fixed-point equation ([5.33)) for every ¢ € Z. and @(-, ¢g) = 0. In particular, we
find that B

Oupl- o) 1= lim == = — (Ho|x,) . (5.34)

c—co C — CO

Hence, ¢(+, ¢) is an even solution of the boundary-value problem ({5.4)) for every
cel. ]

Remark 5.6. Although the solution pq is obtained from a global minimizer
of the variational problem (5.6)—(5.7), the solution ¢(-,c) in Lemma is
continued from the Fuler—Lagrange equation . Therefore, even if the so-
lution ¢(-,c) is C' with respect to ¢ in I. as in Lemma this solution may
not coincide with the global minimizer of B. in Yy for ¢ # cq, the existence of
which s guaranteed by Theorem for every c € (—1,00). For example, the
solution may only be a local minimizer of B. in Yy for ¢ # cq in Z.. Similarly,
we cannot guarantee that the solution (-, c) has a single-lobe profile for ¢ # cq.

Remark 5.7. In what follows, we again use the general notation ¢ for the
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solution to the boundary-value problem and ¢ for the (fized) wave speed.

Corollary 5.6. For every c € (—1,00) for which Ker(H|x,) = span(0d.p), we
have

Hoep = —p —b(c), (5.35)

where V' (c) = L [T pdupdx. If ¢ + 2V (c) # 0, then Ker(H) = span(d,),
whereas if ¢ + 20 (c) = 0, then Ker(H) = span(0,¢, 1 — 20.p).

Proof. By Lemma , equation ([5.35)) follows from ([5.34)) and the definition
of H|x, in (5.29). The same equation can also be obtained by formal differ-
entiation of the boundary-value problem (5.4) in c since ¢ and b are C* with

respect to c. It follows from ([5.25)) and (5.35]) that
H (1 —20:p) =c+2b(c), (5.36)

If ¢ +2V(c) = 0, then Ker(H) = span(9d,p,1 — 20.¢) by Corollary |5.3} If
¢+ 2b'(c) # 0, then {1,¢,9?} € Range(H) by (5.24), (5.25), and (5.35), so

that Ker(H) = span(d,¢) by Proposition [A.2] O
Remark 5.8. It follows from and that
2m
—27Tb(C) (H@cgo, 90> = <80¢7H@> = _?/y (C)u

so that 7/'(c) = 3b(c) > 0, where y(c) := & [T @Pdx.

2w

Remark 5.9. If ¢o+ 20/ (co) = 0 for some ¢y € (—1,00), then v and w, which

satisfy the stationary equation after the Galilean transformation ,
2
Ve + 4b(co)

are O functions of ¢ in I, but not C* functions of w at wy =
Indeed, differentiating the relation w* = ¢ + 4b(c) in ¢ yields

dw
w— = c+ 2b'(c),
dc (c)
so that fl—f|c:co =0 and the C* mapping I, 3 ¢ — w(c) € I, is not invertible.
Since the kernel of H at g is two-dimensional, the solution g is at the fold
point according to Definition |1.5. The fold point yields the fold bifurcation of
the solution 1 with respect to parameter w at wy.

The following lemma provides the explicit count of the number of nega-
tive eigenvalues n(H) and the multiplicity of the zero eigenvalue z(#H) for the
linearized operator H in (5.23]).
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Lemma 5.4. Assume o € (%, 2] and ¢ € H, be an even, single-lobe periodic
wave for ¢ € (—1,00) in Lemma with Ker(H|x,) = span(9.p). Then, we
have

oo-{L oot o
and
1, c+2V(c) >0,
n(H) = { 2,  c¢+2(c) <O. (5.38)

Proof. Thanks to ([5.27]), we have n(?—[’{l SDQ}L) = 0. By Corollary and the
assumption Ker(H|x,) = span(d,p), we have Z(H‘{l @2}L) = 1. By Theorem

5.3.2 in [55] or Theorem we construct the following symmetric 2-by-2
matrix related to the two constraints in (5.27)):

(H =A% 0% (H— M) 1)
(H=A)7'1L, 9% ((H—AI)7',1) ] , Ago(H)

By Corollary [5.6, we can use equation (5.35)) in addition to equations ([5.24)
and (5.25)). Assuming ¢ + 2b'(c) # 0, we compute at A = 0:

P(\) =

(#L) <1c_+222ifé>1> e +227;'<c>’
(1,7 = <1:§Zﬁ ;ﬁ :c+227;(c) [ @5 ’(C)]
(H7'9% 1) = —(p,1) — 6(0>%: ciﬂgl()’cgc)
(H'? %) = —<¢,w2>—b(0)% —2my(e) - %IE’C()C)[M

where 7/(c) = 3b(c) holds by Remark [5.8] Therefore, the determinant of P(0)
for ¢+ 20'(¢) # 0 is computed as follows:

A5 (c)

det P(0) = Te (o)

(5.39)

Denote the number of negative and zero eigenvalues of P(0) by ny and zg
respectively. If ¢ + 20'(¢) = 0, then P(0) is singular, in which case denote the
number of diverging eigenvalues of P(\) as A — 0 by 2. By Theorem 4.1 in
[79], we have the following identities:

n<H‘ 2 L):n(H>—n0—zO7
{1¢%}
{ o H‘{1,¢2}L) =2(H) + 20 — Zoo- (5.40)
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Since y(c¢) > 0, it follows that zp = 0. Since n 7—[} = 0 we have

1,2}t

n(H) = ng by (5.40). It follows from the determinant @_LQD that ng = 1 if
c+2b'(c) > 0and nyg = 2 if ¢+ 2b'(c) < 0. This yields (5.38) for ¢+ 2b'(¢) # 0.
Since z(?—[‘{WQ}L) =1, we have z(H) = 1+ 2z, by (5.40)). If ¢+ 2b'(c) # 0,
then zo, = 0 so that z(H) = 1. The determinant (5.39) implies that one
eigenvalue of P(\) remains negative as A — 0, whereas the other eigenvalue
of P()) in the limit A\ — 0 jumps from positive side for ¢ + 2b'(¢) > 0 to the
negative side for ¢+ 2b'(c¢) < 0 through infinity at ¢+ 2b'(c) = 0. Therefore, if
c+2V(c ) =0, then no =1 and 2z = 1 so that n(H) =1 and z(H) = 2. This

yields (5.37) and (5.38) for ¢+ 2V'(¢) = 0. O

Remark 5.10. By Proposition we have invariance of the linearized oper-
ator H under the Galilean transformation .'

H=D"+c—2p=D+w— 2. (5.41)
By using and , we compute the small-amplitude expansion
c+2V(c) =2 — 3+ O(a?).

Hence, for a > oy and small a € (0,a0), we have ¢ + 20'(c) > 0 so that
n(H) =1 in agreement with Lemma 2.2 in [64], whereas for a < g and small

€ (0,a0), we have ¢ + 20'(c) < 0 so that n(H) = 2. In the continuation of
the solution ¢ in a for o < o by Corollary[5.9, there exists a fold point in the
sense of Definition[1.3 for which c+2V/(c) = 0, see Corollary[5.6 and Remark
)

5.4 Proof of Theorem 5.3

Here we consider the spectral stability problem . We assume that ¢ €
H7e, is an even, single-lobe solution to the boundary-value problem for
some ¢ € (—1,00) obtained with Theorem [5.4] Corollary [p.1} and Proposition
. Since ¢ is smooth, the domain of d,H in L2, is H 5.

If Ker(H|x,) = span(d,¢), then ¢(-,c) and b(c) are C' functions in ¢ by
Lemma . Therefore, we can use the three equations , , and
for the range of H. We can also use the count of n(#H) and z(H) in
Lemma 5.4

It was shown in [36,50] that the periodic wave ¢ is spectrally stable if it
is a constrained minimizer of energy under fixed momentum and
mass ([L.10). Since H is the Hessian operator for the action functional G(u) in
, the spectral stability holds if

M|y e 2 0. (5.42)
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On the other hand, the periodic wave ¢ is spectrally unstable with exactly one
unstable (real, positive) eigenvalue of 0, H in Lf)er if n <H| o} L) =1.
By Theorem 5.3.2 in [55] or Theorem 4.1 in |79], we construct the following

symmetric 2-by-2 matrix related to the two constraints in (5.42)):

. <<,H_/\I)71 ) > <(,H_>‘[)71 71>
D)= | 4ar _AD11oe) (- AN ] o Ago(H).

Assuming ¢ + 2'(¢) # 0, we compute at A = 0:

2
HLY) =
(M1, ¢) —%,
(1) = —%,
(H ', 0) = —mb/(c) + %
Therefore, the determinant of D(0) for ¢ + 2b'(c) # 0 is computed as follows:
det D(0) = —%. (5.43)

Denote the number of negative and zero eigenvalues of D(0) by ng and zy
respectively. If ¢ + 2b'(¢) = 0, then D(0) is singular, in which case denote the
number of diverging eigenvalues of D(A) as A — 0 by z,. By Theorem 4.1 in
[79], we have the following identities:

n(H‘{1,¢}L) = n(H) — no — 2o, (5.44)
2(H {W}L) =2(H) + 20 — Zoo-
By Lemma 5.4 n(H) = 1 if ¢+ 2V/(c) > 0 and n(H) = 2 if ¢+ 2b/(c) < 0,
whereas z(H) = 1 if ¢+ 20/ (¢) # 0 and 2(H) = 2 if ¢+ 2b'(¢) = 0.

Assume first that ¢+ 2b'(c) # 0 so that zo, = 0. If ¥'(¢) > 0, then 2y = 0
whereas ng = 1 if ¢ + 20/(¢) > 0 and ny = 2 if ¢ + 20'(¢) < 0. In both cases,
it follows from (|5.44) that n(?—[‘{w}l) =0 and Z(KH}{L@}L) = 1 which implies
spectral stability of ¢.

If O'(¢) = 0, then zyp = 1 whereas ng = 0 if ¢ +20'(¢) > 0 and ng = 1 if
¢+ 2V (¢) < 0. In both cases, it follows from ([5.44) that n(H|{1,w}L> =0 and
Z(IH{{L@}L) = 2, which still implies spectral stability of ¢.

If ¥(c) < 0, then zy = 0 whereas ng = 0 if ¢+ 20'(¢) > 0 and ny = 1 if

36



PhD Thesis — U. Le McMaster University — Mathematics

¢+ 20 (c) < 0. In both cases, it follows from ([5.44]) that n(?—[|{1 go}i) =1 and
z(?—l! 1.0} ) =1, which implies spectral instability of .

If ¢+ 2 (c) =0, then zo, = 1 and z(H) = 2. Therefore, there is no change
in the count compared to the previous cases.

Remark 5.11. By using and , we compute
V(c)=2"—1+0O(a?),

which shows that the small-amplitude periodic waves are spectrally stable for
small a and o > 0 thanks to Lemma[5.3 Since the fold point in the sense of
Definition exists for a < «, see Remark [5.10, the result of Lemma
shows spectral stability of the periodic waves across the fold point as long as
b'(c) > 0.

5.5 Numerical Illustrations

Here, we illustrate the theoretical results by approximating the existence curve
for the single-lobe periodic solutions of the boundary-value problem on
the parameter plane (c,b) for a € (%, 2}.
For the integrable BO equation (« = 1), the single-lobe periodic solution
to the boundary-value problem is known in the exact form:
sinh y
w=cothy, ¢r)=——— (5.45)

Y
cosh~vy — cosx

where v € (0,00) is a free parameter of the solution. Since [ ¢ (z)dz = m,
we compute explicitly ¢ = w — 2 and b = %(uﬂ — ) = w — 1. Eliminating
w € (1,00) yields b(c) = ¢+ 1, shown on the left panel of Fig. [5.1}

In the right panel of Fig we reproduce the existence curve but on the
parameter plane (w, i), where w is the Lagrange multiplier in the boundary-
value problem and p = 5= [7_?dz is the period-normalized momen-
tum computed at the periodic wave . The parameter (w, u) corresponds to
the minimization of the energy FE(u) subject to the fixed momentum F'(u)
with a = 0 used in [48].

There exists a constrained minimizer of energy for every p > 0 as in The-
orem 1 in [48], however, it is given by the constant solution for p € (0,1)
and w € (0,1) with the exact relation u = w? (solid black curve) and by the
single-lobe periodic solution for p € (1,00) and w € (1,00) with the exact
relation g = w (solid blue curve).

As shown in Chapter 3 (see Remark [3.8)), the constant solution is a saddle
point of energy for p € (1,00) (dotted black curve). As a result, the family of
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constrained minimizers of energy is piecewise smooth and a transition between
the two minimizers occur at 4 = 1. Moreover, the slope of p along the branch
for single-lobe periodic waves at w = g = 1 can be found directly from the

Stokes expansion (5.14)) and ([5.20)) as

1 3-24—-5
lim g (w) =2 — = .
g ) 2w;  2-29—3
The slope becomes horizontal at @ = a, = % ~ 0.737, negative for

a € (ap, ay), vertical at @ = ag = iggg — 1 &~ 0.585, and positive for a < ay.

By comparing the left and right panels of Fig. [5.1], we highlight the differences
in the outcomes of our variational method to the method of |48 as mentioned

in Remark G511

0 0
- -05 0 05 1 15 c 2 0 05 1 15 2 25 0 3

Figure 5.1: The dependence of b versus ¢ (left) and pu versus w (right) for
a=1.

For the integrable KdV equation (a = 2), the single-lobe periodic solution
to the boundary-value problem (5.13) is known in the exact form:

AK (K)?
W= #\/1 SRy (5.46)
T
and

2K (k)2

2

() = {m + 1 — 2k + 3k%cn® (@x k)} . (5.47)

where the elliptic modulus k£ € (0, 1) is a free parameter of the solution. Since

/W@D(a:)d:v _ 2K [\/1 —k2+ ki1 — 2k2] +%<k) [E(k) + (K* — 1)K(k)],

™
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where K (k) and E(k) are complete elliptic integrals of the first and second
kinds, respectively, we compute explicitly

c= —Mir(f i [2 -k - —?’[Jfé:))} (5.48)
and
b= 4K;T(f) [—3(1 — )+ (2 - k2)6ff((:)) - ‘();?((:))2 } (5.49)

Fig[5.2] (left) shows the existence curve ([5.48)) and (5.49) on the parameter
plane (¢, b). It follows that the function b(c) is monotonically increasing in c.

In the limit & — 1, for which K(k) — oo and E(k) — 1, we compute from

(5.48) and (5.49)) the asymptotic behavior

3
ble) ~ =32 as ¢ — oo,
T

which coincides with the behavior of KdV solitons.

55 ¢
-3 L
50 ] 10

45+

40
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Figure 5.2: Left: the dependence of b versus c for a = 2. Right: the difference
between the numerical and exact values of b versus c.

The existence curve on the (¢, b) plane is also computed numerically by
using the Petviashvili method (see Chapter 4) for the stationary equation
(5.13) with w € (1, 00) and applying the transformation formula . Fig
(left) also shows the numerically obtained existence curve (invisible from the
theoretical curve). The right panel of Fig shows the error between the
numerical and exact curves for two computations different by the number N
of Fourier modes in the approximation of periodic solutions (for N = 512 by
red curve and N = 4906 by blue curve). The more Fourier modes are included,
the smaller is the error.
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Figure 5.3: Left: the dependence of b versus ¢ for a = 0.6 obtained with the
Petviashvili method. Right: Profiles of ¢ for two values of c.

For other values of a in (%, 1), we only compute the existence curve nu-
merically. Figl5.3| shows the existence curve (left) and two profiles of the
numerically computed ¥ in the stationary equation (5.13)) (right) in the case
a = 0.6 > ag. The function b(c) is still monotonically increasing in ¢ and the
values of ¢ € (—1, 00) are obtained monotonically from the values of w € (1, 00)
in the stationary equation . We also note that the greater is the wave
speed c, the larger is the amplitude of the periodic wave and the smaller is its
characteristic width.

Figl5.4] (left) shows the existence curve in the case o = 0.55 < a computed
numerically (blue curve) and by using Stokes expansions ((5.20)) and ((5.21]) (red
curve). The insert displays the mismatch between the red and blue curves
with a small gap. The reason for mismatch is the lack of numerical data
for ¢ € (—1,—0.6) due to the fold point discussed in Remarks and
5.10, The function w(c) is not monotonically increasing near the fold point
and there exist two single-humped solutions for w < 1. Only the solution with
n(H) = 1 can be approximated with the Petviashvili method (see Chapter 4),
whereas the other solution with n(H) = 2 is unstable in the iterations of the
Petviashvili method which then converge to a constant solution instead of the
single-lobe solution. This is why we augmented the existence curve on Fig.
(left) with the Stokes expansion given by and .

The right panel of Fig[5.4 shows the number of Fourier modes used in our
numerical computations as the wave speed ¢ increases. We have to increase
the number of Fourier modes in order to control the accuracy of the numerical
approximations and to ensure that the strongly compressed solution with the
wave profile v is properly resolved. It follows from the Heisenberg’s uncertainty
principle that the narrower is the characteristic width of the wave profile, the
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Figure 5.4: Left: the dependence of b versus ¢ for a = 0.55 obtained with the
Petviashvili method. Right: The number of Fourier modes versus c.

weaker is the decay of the Fourier transform at infinity. We compute the
maximum of the Fourier transform at the last ten Fourier modes and increase
the number of Fourier modes every time the maximum becomes bigger than
a certain tolerance level of the size 107%. The computational time becomes
longer for larger values of the wave speed, nevertheless, it is clear that the
function b(c) is still monotonically increasing in c.

In order to overcome the computational problem seen on Fig5.4| (left), we
have developed the Newton’s method for the solutions v to the stationary
equation near the fold point that exists for a < ay. With the initial
guess from the Stokes expansion in and , we were able to find the
branch of solutions with n(#) = 2 and connect it with the branch of solutions
with n(H) = 1. As a result, the mismatch seen on the insert of Fig[5.4] for
a = 0.55 has been eliminated by using the Newton’s method (not shown).

Fig5.5|shows the existence curve on the parameter plane (¢, b) in the cases
a = 0.5 (left) and @ = 0.45 (right) obtained with Newton’s method. It is
obvious that the function b(c) is monotonically increasing in ¢ for a = 0.5 and
approaches to the horizontal asymptote as ¢ — oo, whereas the function b(c)
is not monotone in ¢ for a« = 0.45 and is decreasing for large values of ¢. This
coincides with the conclusion of [13] on the solitary waves which correspond
to the limit of ¢ — oo.

By the stability result of Theorem [5.2] we conjecture based on our nu-
merical results that the single-lobe periodic waves are spectrally stable for

a € [1,2] since V/(c) > 0 for every ¢ € (—1,00). On the other hand, for

o € (3, 3), there exists ¢, € (—1,00) such that ¥'(c) > 0 for ¢ € (—1,¢,) and
b'(c) < 0 for ¢ € (¢, 00), hence the periodic waves are spectrally stable for

¢ € (—1,c.) and spectrally unstable for ¢ € (c,, 00).

91



PhD Thesis — U. Le

McMaster University — Mathematics

035
03} //
025}
02f
015 |
0.1 —‘;"“

0.05 [/

027

018

0.16 -

0.14

012

01r

0.08

0.06 |

0.04

0.02

0 |

-1 0 1 2 3 4 5 6 7 8 9

0

-1

0

1

2

3

4

5

6

7

8

9

Figure 5.5: The dependence of b versus ¢ for a = 0.5 (left) and o = 0.45
(right) obtained with the Newton’s method.

Figl5.6| shows the bifurcation diagram on the parameter plane (w,pu) for

a = 0.6 (left) and o = 0.5 (right).
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Figure 5.6: The dependence of p versus w for a = 0.6 (left) and a = 0.5 (right)
obtained with the Newton’s method.

For a = 0.6, see Fig. [5.6] (left), two single-lobe periodic waves (blue curve)
coexist for the same value of p below 1. The right branch is a local minimizer
of energy F(u) subject to fixed momentum F'(u), whereas the left branch is a
saddle point of energy subject to fixed momentum and is a local minimizer of
energy F(u) subject to two constraints of momentum F'(u) and mass M (u).
This folded picture is unfolded on Fig. [5.3| (left), which contains all the single-
lobe periodic waves and none of the constant solutions.

For a = 0.5, see Fig. [5.6| (right), the folded diagram on the (w, u) plane
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becomes more complicated because two single-lobe periodic waves coexist for
w below 1 (red and blue curves) and two periodic waves coexist for u below 1.
The red (blue) curve on Fig. [5.6| (right) corresponds to the part of the curve on
Fig. (left) below (above) the red point. Both branches are resolved well by
using the Newton’s method. The branch shown by the red curve corresponds
to n(H) = 2, nevertheless, it is a local minimizer of energy E(u) subject to two
constraints of momentum F'(u) and mass M (u). At the fold point wy € (0,1),
the linearized operator #H is degenerate with z(#) = 2. The branch is contin-
ued below the fold point and then to the right with n(#) = 1. The decreasing
and increasing parts of the branch have the same variational characterization
as those on Fig. [5.6] (left). The folded picture is again unfolded on Fig. [5.5
(left) on the parameter plane (c,b), where the scalar condition ¥'(¢) > 0 for
spectral stability of the single-lobe periodic waves implies that every point on
the folded bifurcation diagram on the (w,p) parameter plane correspond to
spectrally stable periodic waves. The fold point on Fig. 5.6 (right), where
the linearized operator H is degenerate and the momentum and mass are not
smooth with respect to Lagrange multipliers, appears to be an internal point
on the branch on Fig. [5.5| (left) which remains smooth with respect to the
only parameter of the wave speed c.

Thus, we conclude that the new variational characterization of the zero-
mean single-lobe periodic waves in the fractional KdV equation (|1.7) allows
us to unfold all the solution branches on the parameter plane (¢,b) and to
identify the stable periodic waves using the scalar criterion o'(c) > 0.
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Chapter 6

Periodic Waves In Fractional
Modified KdV Equation

In this chapter, our goal is to extend the variational framework outlined in
Chapter 5 to study existence, variational characterization, bifurcations and
spectral stability of periodic solutions of the fractional mKdV equation

uy + 6u*u, — (Du), = 0, (6.1)

with u(t,z) : R x T — R. A travelling wave solution to the mKdV equation
(6.1) satisfies the stationary equation

D%+ cp + b = 20, (6.2)

where the wave ¢(z) : T — R has single-lobe profile defined accordingly to
Definition , (¢,b) are real parameters, and D* is the fractional Laplacian
operator on T as defined in (1.6)).

The fractional mKdV equation (6.1)) admits the following conserved quan-
tities:

E(u) = 5 /Tf ((D%u)2 - u4) dx,

—T

which stand for mass, momentum and energy respectively. The stationary
equation (6.2) is the Euler-Lagrange equation for the action functional,

G(u) = E(u) + cF(u) + bM (u), (6.3)
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so that G’(¢)) = 0. The Hessian operator from the action functional (6.3])
yields the linearized operator around the wave v in the form:

H:=G" () = D* + ¢ — 6Y°. (6.4)

Global well-posedness results for the initial data in H*(R) with s > 1 and
in H*(T) with s > 3 were obtained for & = 2 in [33]. Local well-posedness
results for initial data in H*(R) with s > 1 were obtained for @ = 1 in [59].
Energy and momentum are conserved in the time evolution of such solutions.
Local solutions with sufficiently large initial data in H 3 (R) blow up in a finite
time [58,/70].

In the case of the fractional KdV, we saw that the variational approach in
Chapter 5 combining with the Galilean transformation allow us to represent
all possible periodic waves of the single-lobe profile 1 and to derive a simple
stability criterion from the derivative of the momentum F'()) with respect
to the wave speed c. However, when these ideas are extended to the cubic
nonlinearity in the framework of the stationary equation , we face the
difficulty that the Galilean transformation generates a quadratic nonlinear
term and connects solutions of the fractional mKdV equation to solutions of
the fractional Gardner equation. As a result, we are not able yet to characterize
all possible periodic waves of the single-lobe profile in the stationary equation
(6.2). Instead, we shall study the two particular families of solutions which
correspond to b = 0 and generalize the sign-definite dnoidal and sign-indefinite
cnoidal elliptic solutions of the local case o = 2. Both families are obtained as
minimizers of the quadratic part of the action functional G(u) subject to the
fixed quartic part of the energy, but one family is obtained in the subspace
of even functions which we refer to as the even periodic waves, and the other
family is obtained in the subspace of odd function and to be referred to as the
odd periodic waves.

The chapter is organized as follows. The main results are stated in Section
followed by their proofs in Sections and Lastly, the numerical
illustrations are collected in Section [6.4]

6.1 Main Results

The following two theorems describe the variational characterization and cri-

teria for spectral stability for the even periodic waves and the odd periodic

waves the stationary equation when b = 0. The subspace of odd (even)

functions in L? is denoted by L2,y (L2.,). Similarly, the subspace of odd
(H er even)-

- s o s
(even) periodic functions in H;,, is denoted by H7 44 (Her even

Theorem 6.1 (Odd periodic wave). Fiz «a € (%, 2]. For every ¢y € (—1,00),
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there exists a solution to the stationary equation with b =0 and the odd,
single-lobe profile 1y, which is obtained from a constrained minimizer of the
following variational problem:

inf {/7r [(D2u)? + cou] da : /7r utdr = 1} . (6.5)

“EHp2cr,odd - -
There exists a C* mapping ¢ — (-, c) € Hpo, 0aa i a local neighborhood
of co such that (-, co) = 1o. The spectrum of H in L*(T) has ezactly two
negative eigenvalues and if 1 € Range(H), a simple zero eigenvalue. Assuming
1 € Range(H) and setting o¢ := (H™11,1), the periodic wave with the profile
Yo 18 spectrally stable if

d
o <0, Il 20 (6.6)

and 1s spectrally unstable with exactly one real, positive eigenvalue of O, H in

L(T) if

. d d d
either 00%|WH%2 >0 or Og — 0, %H,(bH%Q < O, or og > 0, d—cul/JH%Q =0.
(6.7)
If 1 ¢ Range(H), then the periodic wave is spectrally unstable with exactly one
real positive eigenvalue of O, H in L*(T) if

d
Tl > 0. (63)

Remark 6.1. If oo = 0, the odd periodic wave of Theorem[6.1] undertakes the
stability bifurcation, which also results in the bifurcation of new solutions in
the stationary equation with b # 0. The stability bifurcation was first
discovered in [36] for a = 2. We show numerically that this bifurcation is
generic for every o € (%, 2).

Remark 6.2. Based on numerical studies, see Section[6.4, we conjecture that
the case 1 ¢ Range(H) is impossible for the odd periodic wave in Theorem
for every a € (3,2] and every ¢ € (—1,00). Nevertheless, the case 1 ¢
Range(H) is observed for the new solutions bifurcating from the odd periodic
wave in Theorem [6.1

Remark 6.3. Although the solution 1y 1s obtained as a global minimizer of the
variational problem , the solution ¥ (-, c) € HYo, oaa i a local neighborhood
of co 1s continued from the Fuler—Lagrange equation. Therefore, even if the
solution (-, c) € HS, jaq s C with respect to c, it may not coincide with
the global minimizer of for ¢ # ¢¢ because uniqueness of minimizers of
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the variational problem 1s not proven. Nevertheless, the spectral stability
conclusions of Theorem apply to every global minimizer of the variational

problem for every ¢y € (—1,00).

Theorem 6.2 (Even periodic wave). Fiz a € (%,2]. For every cy € (%, oo),
there exists a solution to the stationary equation with b = 0 and the even,
single-lobe profile 1y, which is obtained from a constrained minimizer of the
following variational problem:

inf {/w [(D2u)? + cou?] da /W utdr = 1} : (6.9)

2 — —
uerer,eVen u ™

The spectrum of H in L*(T) has exactly one simple negative eigenvalue and if
1 € Range(H), a simple zero eigenvalue. With the transformation,

1
o7

Yo(r)dz, wp = cy — 6ag, (6.10)

—T

Yo(x) = ag + ¢o(x), ap:

assuming wy € (—1,00), there exists a C' mapping (w,a) — ¢(-,w,a) €
H® in a local neighborhood of (wo,ag) such that ¢(-,woy,ag) = ¢o and

per,even
the mean value of ¢ is zero. The periodic wave 1y is spectrally stable if

E 2
- Qb 2 > .

and 1s spectrally unstable with exactly one real, positive eigenvalue of O, H in
L*(T) if

AT
a5 19llze < 0. (6.12)

Remark 6.4. We derive the criterion for 1 ¢ Range(H), in which case H
has the double zero eigenvalue and the even periodic wave of Theorem
undertakes the fold bifurcation. Two solutions of the stationary equation
with b = 0 coexist for the same value of ¢ near the fold bifurcation. We show
numerically that the fold bifurcation is generic for every a € (%, ao), where

_ log8 —logh

oy = ~ 0.6781.

log 2

Ifa € (%, ao), two solutions with the even, single-lobe profile exist for the same
value of ¢ € (cy, %) with ¢y € (0, %) beyond the admissible range of values of ¢
in Theorem [G.2.

Remark 6.5. Based on numerical evidences, we conjecture that w € (—1,00)
is always satisfied for the even periodic wave in Theorem [6.2,
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Remark 6.6. Similarly to Remark the smooth continuation of the solu-
tion Y(-,w,a) = a+ ¢(r,w,a) with ¢(-,c,a) € Ho, o 8 obtained from the
Euler—Lagrange equation and the solution (-, w,a) may not coincide with the
global minimizer of for c(w,a) # co. Nevertheless, under the assumption
wo € (—1,00), the spectral stability conclusions of Theorem apply to every

global minimizer of the variational problem for every cq € (%, 00).

6.2 0Odd Periodic Waves

Here, we study the odd periodic waves and provide the proof of Theorem [6.1]
First, in Theorem and Corollary [6.1, we obtain the variational charac-
terization of the odd periodic waves. Next, Lemma [6.2] provides a smooth
continuation of the odd periodic waves with respect to the speed parameter

c. Finally, we obtain the spectral stability conclusions in Lemma [6.5] and
Theorem [6.4]

6.2.1 Variational Characterization

If ¢ € H,, is a solution to the stationary equation (6.2) with b= < ["_¢d,
then 1) satisfies the zero-mean constraint and the boundary-value problem:

D% 4 cp = 20T, (6.13)

where Il f := f — % f:r f(z)dx is the projection operator reducing the mean
value of 27-periodic functions to zero. Since we use variational methods, we

consider weak solutions of the boundary-value problem (6.13) in HgZ,. By

the same bootstrapping argument as in Proposition 5.1, if ¢ € Hpe is a

weak solution of the boundary-value problem , then ¢ € HZS and, in

particular, it is a strong solution to the boundary-value problem in H,.
The following theorem and its corollary give the construction and prop-

erties of the periodic waves in a subspace of odd functions which satisfy the

boundary-value problem (6.13]).

Theorem 6.3. Fix o > % For every ¢ > —1, there exists the ground state

(minimizer) x € H2 of the following constrained minimization problem:

per,odd

dc,odd ‘= H;f {BC(U) : / u4d:c = 1} ) (614)

2 -7
uerer,odd

where

B.(u) := = /7r [(D2u)? + cu?] da. (6.15)
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If o < 2, the ground state has the single-lobe profile, which is even with respect
to the points at © = £m /2.

Proof. The proof follows from the proof of Theorem mutatis mutandis.
We note that the symmetric rearrangement of the ground state yields the
single-lobe profile with the maximum points located at x = +m/2 as opposed
to at = 0 in the proof of Theorem [5.4] n

Corollary 6.1. Let x be the ground state of Theorem[6.3. There exists C' > 0
such that ¥(x) = C'x(x) satisfies the stationary equation with b = 0.

Proof. By Lagrange’s Multiplier Theorem, the constrained minimizer y €

H3, ,qq satisfies the stationary equation

DX + ex = px’, (6.16)
where p = 2B8,(x) is the Lagrange multiplier found from the constraint ["_ y*dz =
1. Since B.(x) > 0, the scaling transformation ¢y = C'x with C' := /B.(x)
maps the stationary equation (6.16|) to the form (6.2]) with b = 0. ]

Lemma 6.1. Let x be the ground state of Theorem and geoaa = Be(x)-
Then gcoaq 5 continuous in ¢ for ¢ > —1 and geoqqa — 0 as ¢ = —1.

Proof. The proof of continuity of g, .44 follows the proof of Lemma verba-
tim. In order to show that g.,qqa — 0 as ¢ — —1, we consider the following
function

u(z) = Asin(z),

which satisfy the constraint in (6.14]) for A := (%)1/ ! Substituting u into
B.(u) yields

™

T NZ3
B.(u) = =A*(1 +¢) = Y=(1 +¢).
(1) = 541 +0) = V(1 +0)
Since
0 S Ge,0dd S Bc(u)7
it follows that g.oqqa — 0 as ¢ = —1. O

6.2.2 Smooth continuation

Let ¢ € HJ,, ,qq be a solution to the boundary-value problem || for some
¢ € (—1,00) obtained by Theorem [6.3] and Corollary Let H be the lin-
earized operator around the wave v given by (/6.4]) and

H: HS, C L*(T)— L*T). (6.17)

per
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In what follows, we determine the multiplicity of the zero eigenvalue of H
denoted as z(H) and the number of negative eigenvalues of H with the account
of their multiplicities denoted as n(#H). It follows from the stationary equation
(6.2) with b =0 that

H1 = c — 67 (6.18)
and
Hep = —40)>. (6.19)

Due to the translational symmetry, we always have Hd,1 = 0.

By an elementary application of the implicit function theorem (similarly
to Lemma , we obtain the smooth continuation of the solution to the
boundary value problem (|6.13)) with respect to parameter c.

Lemma 6.2. Assume o € (3,2] and ¢y € HS,, 44 be a solution obtained in
Theorem and Corollary . for ¢ = cy. Assume Ker(H|Lz ) 18 trivial.

Then, there exists a C' mapping in an open subset of cg denoted by T CR:

Isc—Y(sc) € (6.20)

«a
per,odd

such that ¥ (- ¢o) = o and HO(+; ¢o) = —o.

Proof. Let T : (=1,00) X HS,, jaq = L244(T) be defined by Y(c, f) :== D*f +
cf — 2f3. By hypothesis of the lemma, we have Y(cg, 1) = 0. Moreover, T
is smooth and its Fréchet derivative with respect to f evaluated at (co, 1) is
given by H computed at 1y. Since Ker(H| Lc2>dd) is empty by the assumption,
we conclude that H is one-to-one. It is also onto since its spectrum consists of
nonzero isolated eigenvalues with finite algebraic multiplicities because Hp,, 44
is compactly embedded in L2 ;(T) if @ > 1/2 and because H is a self-adjoint
operator. Hence, H is a bounded linear operator with a bounded inverse.
Thus, since T and its derivative with respect to f are smooth maps on their

domains, the result follows from the implicit function theorem. O

Since 1 is the single-lobe profile of the periodic wave in the sense of Defi-
nition and since ) is even with respect to the points at x = +7/2, then we
can place the unique maximum of ¢ at = 7/2 and adopt several results in
Propositions , , after translating z — x — m/2. We compute n(H)
and z(H) in the following lemma.

Lemma 6.3. Let a € (3,2] and ¢ € HS,, 44 be a solution obtained in Theorem
and Corollary[6.1] Then, n(H) =2 and

[ 1, if 1 € Range(H),
(H) = { 2, if 1 ¢ Range(H).
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Proof. Since ¢ € H{,, ,4q 18 @ minimizer of the constrained variational problem
(6.14]) with only one constraint, we have n(’Hledd) < 1. On the other hand,
we have

(H, )2 = —4||Y||7. <O,

with odd v, hence n(H|2 ) > 1, so that n(H|[,: )= 1.

Thanks to Proposition, which states that an eigenfunction correspond-
ing to the n-th eigenvalue of H can change signs at most 2(n — 1) times over T,
we see that 0 is not the first eigenvalue of H|;2  because 9,7 € Ker(H) and
0,v is even with two nodes on T. Hence, n(H|z2 ) > 1. However, another
negative eigenvalue of H|;2  is impossible since the eigenfunction for the sec-
ond eigenvalue of H|;2 ~ must have two nodes by Proposition and the
nodes are located at the symmetry points x = £7/2, hence this eigenfunction
is not orthogonal to 0,1 € Ker(#). Therefore, 0 is the second eigenvalue of
|2 ., which yields n(H|r2, ) =1 and

L2 >:2

even

n(M) = n(H|rz,,) +n(H

It remains to consider z(H) > 1. For illustration purposes, we give the
first five eigenfunctions of the operator H in L*(T) for o = 2 on Figure [6.1]

By the symmetry of 1 and 12, the operator H in and has a
m-periodic potential, which is even with respect to both x = 0 and x = 7/2.
The negative eigenvalue of H in L2, which is the lowest eigenvalue of H in
L*(T), corresponds to the sign-definite m-periodic function, which is even with
respect to both = 0 and x = 7/2. The negative eigenvalue in L%, which
is the second eigenvalue of H in L*(T), corresponds to the eigenfunction with
two nodes on T, which is even with respect to x = 7/2. The eigenfunction 0,1
for the zero eigenvalue in L2, which is the third eigenvalue of H in L*(T),
has two nodes and is odd with respect to z = m/2. By Proposition , the
zero eigenvalue is the lowest eigenvalue for the eigenfunctions that are odd
with respect to x = 7/2.

Finally, we consider the eigenfunctions with four nodes on T since 0 is
the third eigenvalue of H. These eigenfunctions have the same parity with
respect to x = 0 and x = 7/2, hence odd functions in L?,, are also odd with
respect to x = /2. Since the zero eigenvalue is the lowest eigenvalue for the
eigenfunctions that are odd with respect to z = 7/2, the odd eigenfunction
of # in L2, with four nodes corresponds to the positive eigenvalue of H.
Therefore, z(H)| ch)dd) = 0 and by Lemma the mapping ¢ — (+;¢) is C! in
¢ with Ho.1» = —1, so that ¢ € Range(H).

Assume that the even eigenfunction of H in L2 with four nodes (call it
f) belongs to Ker(#), hence Ker(H) = span(0,v, f). Either (1, f);2 = 0 or
(1, fyp2 #0. If (1, f)z2 = 0, then 1 € Range(H). It follows from that if
1 € Range(H), then ¢* € Range(H). Therefore, {1,v,v?} € Range(H) and
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by Proposition [A.2] Ker(H) = span(d,1)), so that the existence of f € Ker(H)
leads to a contradiction. Hence, 2(H) = 1 if 1 € Range(H). If (1, f)r2 #
0, then 1 ¢ Range(H) because Range(#) is orthogonal to Ker(#). Hence,
z(H) =2 if and only if 1 ¢ Range(H). O

0.5 q 051

-0.5 q -0.5

0.5
051

-0.5

L 0.5, L L
2 3 -3 -2 -1 0 1 2 3

Figure 6.1: Normalized eigenfunctions of H on T for a = 2 computed from
the exact expression of equations (6.71)—(6.73) and (6.75)—(6.76)

Next, we recall the subspace of L? with zero mean X defined in ((1.19):

Xo = {f e LX(T) : / fla)da = o}. (6.21)
Denote [IyHIIy by H|x,. By an explicit computation, it follows that if f €
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He N Xy, then

per
3
Hlxof = Hf+—(f, V7). (6.22)
The following result is similar to Lemma 5.2.

Lemma 6.4. Let a € (3,2] and 1) € HY, 0aa be a solution obtained in Theorem

and Corollary [6.1. If there exists a nonzero f € Ker(H|x,) such that
(F.0,4) = 0, then
z(H) =1, and (f, 9% #0. (6.23)

Proof. Since f € Ker(H|x,), then (1, f) =0 and f satisfies
Hf==2(f.47). (6.24)

Either (f,4?) = 0 or (f,¢?) # 0.

If (f,4?) =0, then f € Ker(H) so that z(#) = 2 and 1 ¢ Range(H) by
Lemma [6.3, However, 1 L span(9d,v, f) = Ker(H) implies 1 € Range(H),
which is a contradiction.

If (f, 4% # 0, then it follows from (6.24)) that 1 € Range(H) and hence
z(H) =1 by Lemma [6.3] This yields (6.23). O
Remark 6.7. Assuming 1 € Range(H), let us define o := (H™'1,1). Then,
2(H|x,) = 2 if and only if 09 = 0. On the other hand, z(H) = 2 if and only if
oo 18 unbounded.

6.2.3 Spectral Stability

Next, we study the condition for which the ground state of the variational
problem ((6.14) with a single constraint is a local minimizer of the following
variational problem with two constraints:

.= inf {Bc(u) : / udr = 1, / udr = 0} . (6.25)
u€Hhy - -

It is clear that r. < ¢.oqqa and therefore, minimizers of (6.14) could be saddle
points of ((6.25)).

The following lemma provides the count of the negative and zero eigen-
values of the operator H in the constrained space related to the variational

problem ([6.25)).

Lemma 6.5. Let o € (%, 2] andyp € HY,, oqq be a solution obtained in Theorem

and Corollary[6.1 If 1 € Range(H), then

O’ g S 07 ]., g 7é 0,
n(H‘{l,wS}J—) = { 1 Uz =0 Z(H’{l,qu}L) = { 9 03 Z 0 (6.26)
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where oo := (H~'1,1). If 1 ¢ Range(H), then
n(Hlppne) =1, 2(Hlpyse) =1 (6.27)

Proof. By using the result of Theorem [A.3] we construct the following sym-
metric 2-by-2 matrix related to the two constraints in (6.25)):

L (H =D 0%) (H = M) 7%, 1)
POY=1 Y = an11, %) «H—AUILD]> Ado(H).

If 1 € Range(H), then

1 s
(L0 = o0, (108 = (H0101) =0, () = - [ vldieas)
thanks to equation (6.19). By Theorem , we have the following identities:

n(H|{1,¢3}J_) = n(H) — o — 2o, (6.29)
Z(H‘{1,¢3}i) = 2(H) + zo,

where ny and z, are the numbers of negative and zero eigenvalues of P(0).
Since n(H) = 2 and z(H) = 1 by Lemma the count yields
due to (6.28)).

If 1 ¢ Range(#), then z(H) = 2 but z(H|x,) = 1 by Lemma [6.4 By
Theorem , the count must be replaced by

{ n(%|{1’w3}L) = n(H) — Mo — 20,

Z(H}{st}i) = Z(H) + 20 — 2o,

(6.30)

where 2, =1, 2o = 0, and ny = 1. The count ([6.30) yields (6.27)). ]

It follows by Lemma that the ground state of the variational problem
is a local minimizer of the variational problem (6.25]) if og < 0, which
is only degenerate by the translational symmetry if oy # 0, whereas it is the
saddle point of the variational problem if 0o > 0 or if 1 ¢ Range(H), in
which case g is unbounded.

Equipped with the variational characterization of Lemma|6.5] we can clarify
the spectral stability of the odd periodic waves. The following theorem gives
the relevant result.

Theorem 6.4. Let o € (3,2] and ¢ € Hpo, 0aa be a solution obtained in
Theorem and Corollary . If 1 € Range(H), then the periodic wave is
spectrally stable if

d
o0 <0, LIl 20, (6:31)
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and 1is spectrally unstable with exactly one real positive eigenvalue of O, H in

L*(T) if

d d d
either JOEH@/JH%Q >0 or oy=0, %Hwﬂiz <0, or g9p>0, d—c||¢||%2 =0,

(6.32)

where o := (H'1,1). If 1 ¢ Range(H), then the periodic wave is spectrally
unstable with exactly one real positive eigenvalue of O, H in L*(T) if

d
iz > 0.

(6.33)

Proof. 1t is well-known [50] that the periodic wave 1 is spectrally stable if it
is a constrained minimizer of energy ((1.13]) under fixed momentum ((1.11)) and
mass (1.10). Since # is the Hessian operator for G(u) in (6.4), the spectral

stability holds if

7—[|{W}i > 0.

(6.34)

On the other hand, the periodic wave 1 is spectrally unstable with exactly one

real positive eigenvalue if n (’H‘{l w}L) = 1, whereas the case n (H‘g ¢}l> =2

is inconclusive (see [80]).
Similarly to the proof of Lemma [6.5] we construct the following symmetric
2-by-2 matrix related to the two constraints in (6.34)):

(A0 (2]

D@y:{

If 1 € Range(H), then

(H'1,1) =00, (H7'L) = (H ¥, 1) =0,

(H—=AI)™1,4)

(H — AI)'1,1)

1d

(H, ) = —5 —[|v]766.35)

2dc

where we have used Hd.1¢) = — from Lemma [6.2, which can be applied since
z(H|pz, ) = 0 follows from the proof of Lemma By Theorem , we have

the following identities:

{

z(’H‘

{l,w}L)

n(H‘{Lw}L) =n(H) — no — 2o,
= 2(H) + 2,

(6.36)

where ng and 2y are the numbers of negative and zero eigenvalues of D(0).
Since n(H) = 2 and z(H

n<H‘{1¢}L) = 0 dueto

6.35

= 1 by Lemma [6.3

if the conditions

1 if the condition (6.32|) is satisfied.
If 1 ¢ Range(H), then z(H) = 2 but 2(H|x,) = 1 by Lemma [6.4 By
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Theorem [A.3] the count (6.36) must be replaced by
(6.37)

where z,, = 1 and ng + 2o = 1 if the condition (6.33)) is satisfied. In this case,
n(H‘ (1.0} . ) = 1 and the periodic wave is spectrally unstable. O

Remark 6.8. If 1 € Range(H), the case oo > 0 and L||¢||2. < 0 is incon-
clusive because n(H}{Lw}L) = 2. In this case, one needs to find if the spectral
stability problem has eigenvalues A € iR with so-called negative Krein sig-
nature, see |[80] for further details. The same is true if 1 ¢ Range(H) and

vl <0.

6.3 Even Periodic Waves

Here, we consider the even periodic waves and provide the proof of Theorem
6.2] The structure is similar to that of Section [6.2] First, in Theorem [6.5],
we obtain the variational characterization of the even periodic waves. Next,
a smooth continuation of the even periodic waves is provided in Lemma [6.8]
Finally, we prove criteria for the spectral stability in Theorem [6.6]

6.3.1 Variational characterization

The odd periodic wave constructed in Theorem and Corollary is even
after translation x — x — w/2. However, since n(#H) = 2 by Lemma [6.3] and
the eigenfunctions corresponding to the negative eigenvalues are both even
after the translation x — x — 7/2 Figur, the odd periodic wave translated
into an even function cannot be a solution of the constrained minimization
problem with a single constraint. Therefore, the same constrained minimiza-
tion problem (|6.14)) in a subspace of even functions yields a different branch of
periodic waves. The following theorem gives the construction and properties
of the even periodic waves.

Theorem 6.5. Let o > % be fized. For every c > 0, there exists the ground

state (minimizer) X € Hgreven 0f the following constrained minimization prob-
lem:

Qc,even ‘= 1£1f {BC(U) : / ulde = 1} R (638)

2 —
UEHper,even m

with the same B.(u) as in (6.15). There exists C > 0 such that ¢(z) = C'x(z)
satisfies the stationary equation with b = 0. If a < 2, the ground state
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1s the constant solution for ¢ € (0, l] and has the single-lobe profile for ¢ €

| 2
(3,00).
Proof. The proof follows from the proof of Theorem mutatis mutandis.
Here, we note that in order to ensure that the minimizsr has the single-lobe
profile, we need to eliminate the constant solution in HZ;even. By Lagrange’s
Multiplier Theorem, the constrained minimizer y € Hp%er,even satisfies the sta-
tionary equation

DX + ex = px’, (6.39)

where p = 2B.(x) due to the normalization in (6.38]). Since B.(x) > 0,
the scaling transformation ¢y = C'x with C' := \/B.(x) maps the stationary

equation to the form ((6.2) with b = 0. The nonzero constant solution
to the stationary equation With b =0 is given by ¢(x) = \/c/_2 up to a
sign choice. The linearization operator H in (6.4)) evaluated at the constant
solution is given by

H = D + ¢ — 6¢° = D* — 2c.

Since n(H) = 1 if and only if ¢ € (O, %}, the constant wave is a constrained
minimizer of for c € (O, %} and a saddle point of for ¢ € (%, oo).
By the symmetric rearrangements, the global minimizer is given by the con-
stant solution in the former case and by a non-constant solution with the
single-lobe profile in the latter case. O

6.3.2 Smooth continuation

Let ¢ € HZ,, cwon be a solution to the stationary equation (6.2]) with b = 0
for ¢ € (%, oo) obtained by Theorem . We introduce again the linearized
operator H by and . Equalities and hold true for the
even periodic wave and.

The following lemma presents the count of n(H) and z(H) for the even
periodic wave.

Lemma 6.6. Let o € (%, 2] and ¢ € be a solution obtained in Theo-

rem|[6.5. Then, n(H) =1 and

[ 1, if1 e Range(H),
(W) = { 2, if 1 ¢ Range(H).

H®
per,even

Proof. Since ¢ € HJ,, .., 18 a minimizer of the constrained variational problem
(6.38) with only one constraint, we have n(#[z2, ) < 1. On the other hand,
we have

(H, )2 = —4||Y||7. <O,
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with even 1, hence n(H|z2 ) > 1, so that n(H|[.,2 )= 1. By Proposition
(without translation), n(H|[2, ) =0 and z(H|z2 ) = 1. Hence, n(H) = 1.

It remains to consider z(#) > 1. Since 0 is the second eigenvalue of H,
Proposition suggests that if z(H) = 2, then the even eigenfunction of
Ker(#) has at most two symmetric nodes on T. If the periodic wave has the
single-lobe profile 1), then ¢® has also the single-lobe profile. By using the same
argument as in the proof of Proposition 3.1 in [53], it follows that z(H) = 1 if
and only if {1,¢?} € Range(H).

Indeed, if h € Ker(H) is an even eigenfunction in the case z(H) = 2 and
{1,4*} € Range(H), then (h,1) = 0 and (h,¢*) = 0. The first condition
suggests that h is sign-indefinite with exactly two symmetric nodes at +xg
with 2o € (0,7), but then (h, 13 —?(z¢)) is sign-definite and cannot be zero,
so that no h € Ker(H) exists.

Since 1> € Range(H) due to equation (5.25), it follows that z(H) = 1 if
and only if 1 € Range(H). O

The definition of H|x,, where X, C L*(T) is defined by (6.21), is the same
as in (6.22). The result of Lemma holds true for the even periodic wave
Y € HY, en- In order to count the indices n(H|x,) and 2(H|x,), we shall
re-parameterize the even periodic wave to the zero-mean periodic waves.

The even periodic wave with profile 1) has generally nonzero mean value
and does not satisfy the boundary-value problem . Let us define ¢(x) =
a+ ¢(z), where a := 5= [7_(x)dz. Then, ¢ € N Xy is a solution of
the stationary equation:

He
per,even

D% +w¢+ 8 =2 (¢ + 3ag?), (6.40)

where w = ¢ — 6a® and B = ca — 2a®. Since ¢ has zero mean, 3 can be
equivalently written as

8= %/ﬂ (¢° + 3a¢?) d, (6.41)

—T

so that the stationary equation (6.40) can be rewritten as the boundary-value
problem:

D¢+ w¢ = 200 (¢° + 3ag?) . (6.42)

The following lemma presents the computation of n(H|x,) and z(H|x, )

Lemma 6.7. Let o € (%, 2] and Y € HY., on be a solution obtained in Theo-
rem . Assume that w € (—1,00) after the transformation to the stationary
equation (6.40). Then, n(H|x,) =1 and z(H|x,) = 1.

Proof. Transformation v = a + ¢ and w = ¢ — 6a? changes H given by (6.4)

108



PhD Thesis — U. Le McMaster University — Mathematics

into the equivalent form:
H =D+ c—6y% =D +w— 66 — 120 =: H. (6.43)

Then, it follows directly that
(H|x,®, 0) = —4/ ¢tdx — 6a/ ¢’dz. (6.44)

Taking an inner product of the stationary equation (6.40) with ¢ yields the
Pohozhaev-type identity

B,(¢) = /_ ' ¢rdr + 3a ' H3dx. (6.45)

—Tr

where B, (¢) is defined by (6.15). Since w € (—1,00) and ¢ € H} N Xo,

per,even

we have B, (¢) > 0, so that the equality (6.44) can be estimated by

(H[x,0, ¢) < _2[ ¢*dr < 0. (6.46)

Hence n(H|x,) > 1 and since n(H) = 1 by Lemma [6.6] we have n(H|x,) = 1.
By Theorem we have the following identities:

{ n(Mlx,) = n(H) = no = 20,

S(H|x) = 2(H) + 20 — 2. (6.47)

where 2z, = 1 if 1 ¢ Range(H). It follows from the first equality in (6.47))
that ng = 2o = 0 since n(H) = n(H|x,) = 1. Then, the second equality yields
2(H|x,) = 2(H) = 2e0- If 2(H|x,) = 2, then z(H) > 2, which is in contradiction
with Lemma extended to the even periodic wave ¢ € Hp, ... Hence,
2(H|x,) = 1, n which case z(H) = 1 + z in agreement with Lemma [6.6] O

Remark 6.9. It follows from the proof of Lemma that o9 > 0 if 1 €
Range(H), where ¢ := (H711,1).

In order to derive the spectral stability result, we shall now extend solutions
to the stationary equation with respect to two independent parameters
(w, a) with 8 being a C* function of (w,a). Since the periodic waves satisfy the
stationary equation with b = 0, where c is the only parameter, parameters
w, a, and 8 in the stationary equation (6.40)) are parameterized by ¢, hence a
is not independent of w. The following lemma allows us to extend zero-mean
solutions to the boundary-value problem with respect to independent
parameters (w, a) near each uniquely defined point (wy, ag).
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Lemma 6.8. Assume a € (3,2] and ¢g € HS,, .en N Xo be a solution to the

boundary-value problem with w = wy € (—1,00) and a = ag € R. Then,

there exists a C* mapping in an open subset of (wo,ag) denoted by O C R?:
O >3 (w,a) — ¢(;w,a) € HS N Xo, (6.48)

per,even

such that ¢(+; wo, ag) = ¢o.

Proof. The proof repeats the arguments in the proof of Lemma Let T :
(_17 OO) xR x ngr,even N XU - Lgven(T) N XU be defined by

T(w,a,g) := D +wg — 2M, (¢° + 3ag?) . (6.49)

By hypothesis we have Y(wy, ag, o) = 0. Moreover, since T is smooth, its
Fréchet derivative with respect to g evaluated at (wy, ag, ¢o) is given by

DgT(wo, ap, ¢0> =D~ + wop — 6H0 (QZ% + 2a0q§0) =D~ +co — 6H0¢(2) = H|X0,
(6.50)
where we have unfolded the previous transformation ¥y = ag + ¢9 and wy =
co — 6a? and used the same operator as in (6.22)) computed at .

Since z(H|x,) = 1 by Lemma[6.7]and Ker(#|x,) = span{d,¢o} with 0,00 ¢

H.. cven N Xo, we conclude that DT (wo, ag, ¢o) is one-to-one. Next, we show
that D, (wo, ag, ¢o) is onto. Since H,, ., N Xo is compactly embedded in

L2, (T)NX, if > 1/2, the operator H|x, has compact resolvent. In addition,

even

H|x, is a self-adjoint operator, hence its spectrum o(H|x,) consists of isolated
eigenvalues with finite algebraic multiplicities. Since D,Y (wo, ag, ¢o) is one-
to-one, it follows that 0 is not in the spectrum of D,Y (wy, ag, o), so that it
is onto. Hence, D,Y (wy, ao, ¢o) is a bounded linear operator with a bounded
inverse. Thus, since T and its derivative with respect to g are smooth maps
on their domains, the result follows from the implicit function theorem. O

Recall that # = # in (6.43)). Extension of relations and yields
H1 = w — 12a¢ — 64* (6.51)

and
Ho = —f — 6a¢® — 4¢°, (6.52)

where 8 = f(w,a) is a C! function by Lemma and the representation
(6.41)). Therefore, we also obtain two more relations:
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and
HOyp = —0uf3 + 6¢°. (6.54)

These relations allow us to completely characterize Ker(#), which can be two-
dimensional if 1 ¢ Range(#) by Lemmal|6.6]

Lemma 6.9. Assume o € (3,2] and ¢ € HS,, ...NXo be a single-lobe solution
to the boundary-value problem with w € (—1,00) and a € R. Then,
2(H) =1 if and only if sg :=w — 9,8 + 12a0,,8 # 0.

Proof. Eliminating ¢ and ¢* from (6.51)), (6.53)), and (6.54)) yields

H(1+ 0y — 12a0,0) = w — 0,5 + 12a0,,8 =: so. (6.55)

Recall that H = H in (6.43)). If so # 0, then 1 € Range(H), so that z(H) = 1
holds by Lemma [6.6] If so = 0, then 1+ 9,¢ — 12ad,,¢ € Ker(H) in addition
to 0,¢ € Ker(H). O

6.3.3 Spectral stability of even periodic waves

We are now ready to provide the criterion for spectral stability of the even
periodic waves. This result is given by the following theorem.

Theorem 6.6. Assume o € (3,2] and ¢ € H® N Xo be a single-lobe

2 per,even

solution to the boundary-value problem with w € (—1,00) and a € R.
The periodic wave is spectrally stable if and only if

0 5
- 2 > :
e ) (6.50)

independently of either z(H) =1 or z2(H) = 2.
Proof. We proceed similarly to the proof of Theorem If 1 € Range(H),
we use (6.55)) and compute

2
oo = (H'1,1) = —7T,
So
where sy # 0 by Lemma For the even periodic wave, we have gq > 0
(see Remark [6.9)), so that sy > 0. Eliminating constant term from (6.53)) and

(6.53)) yields

H [0 + 5510.8 (1 + 0u¢p — 12a0,,0)] = —¢, (6.57)
By projecting (6.53) to d,¢ and ((6.54)) to 0, ¢, it is easy to verify that
6(¢?, 0,0) + (¢, 0up) = 0. (6.58)
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Using yields
(H7'1,0) = (K710, 1) = —000uB,
where we have used that
210,8 = 6(6°, 0.0) + 12a(9, 0.0) = —(¢, 0a0) + 12a(¢, 0 0),

which follows from ([6.41]) and (6.58)). Finally, we obtain from ((6.57)) and (/6.58))
that

(H'6,6) = —(6,0.0) + 00 (0.5)°.
Theorem [A.3] we have the following identities:

{ TL(H‘{Lw}L) =n(H) — ng — 20,

(M| 4y = 2(H) + 7. (6:59)

where ny and 2y are the numbers of negative and zero eigenvalues of D(0) in
the proof of Theorem Since

detD(0) = —a0(¢, D).

and o9 > 0, we have ng + zop = 1 if the condition (6.56|) is satisfied and
ng + zo = 0 if it is not satisfied. Since n(H) = 1 and z(H) = 1 by Lemmas
and the count (6.59) implies n(H|{1,w}l) = 0 if the condition (6.56)) is
satisfied and n(?—[} (1.0} .) = 1if it is not satisfied. This gives the assertion of
the theorem if 1 € Range(H).

If 1 ¢ Range(H), then 2(H) = 2 and sg = 0. In this case, the count
should be adjusted as

n(H‘{Lw}L) = TL(H) — Mo — 20,
Z(H‘{lﬂp}L) = Z(H) + 20 — 2o,

(6.60)

where z,, = 1. At the same time, ng+ zg = 1 if and only if the same condition
(6.56) is satisfied and ng + zp = 0 if it is not satisfied. Hence the stability
conclusion remains unchanged if 1 ¢ Range(#). O

Remark 6.10. The momentum computed at the even periodic wave
with the profile 1 and the decomposition ) = a + ¢ is given by

F(¢) = F(¢) + ma®.
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If w and a are independent parameters, it is true that

——F(¢) = —F(¥), (6.61)

however, this quantity is not defined by the dependence of the momentum F (1))
on the original wave speed c. In addition, if ¢ satisfies the stationary equation
with b = 0, then a depends on w, therefore, the dependence of F'(1) versus
w does not generally provide information about the slope condition . See
also numerical approximations in the next section.

6.4 Examples and Numerical Illustrations

Here, we provide examples for the odd and even periodic waves.

6.4.1 Stokes Expansion for Odd Waves

Stokes expansions of small-amplitude periodic waves near the bifurcation point
¢ = —1 are rather standard in getting precise results on the existence and
stability of periodic waves. The following proposition describes the properties
of the small-amplitude periodic waves.

Proposition 6.1. For each o € (%,2}, there exists ¢y € (—1,00) such that
the odd periodic wave exists for ¢ € (—1,¢q) with n(H) = 2, 2(H) =1 and is
spectrally stable.

Proof. We solve the stationary equation (6.2)) with b = 0 in the space of odd
functions by using Stokes expansions in terms of small amplitude A:

U(x) = Aty (w) + A%s() + O(A) (6.62)

and
c=—1+ A%, + O(AY). (6.63)

We obtain recursively: ¢ (z) = sin(x),

s(x) = sin(3x),

2(1-3%)

and ¢y = 3 uniformly in o.

Since H = D — 1 + O(A?), then 1 € Range(H) for small A, so that
n(H) =2 and z(H) =1 for any a € (1,2] by Lemma

Furthermore, H~'1 = —1 + O(A?), so that o9 = (H'1,1) = —27 +
O(A?) < 0, which implies n(H|( y3+) = 0 and z(H|( y332) = 1 by Lemma
[6.5] Hence, the odd periodic wave for small amplitude A represents a local
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minimizer of the variational problem ((6.25) with two constraints for any o €
1
(3.2]-
2 )
Finally, we obtain [[¢[|7, = TA* + O(A*) so that

d 9 2m

il | A? :

S0l = 5 [1+0()] >0
By Theorem the Stokes wave ((6.62)) for small A is spectrally stable since
the criterion (|6.31f) is satisfied. [

Remark 6.11. For ¢ near —1, the small-amplitude wave of Proposition |6.1

coincides with the odd periodic wave obtained in Theorem and Corollary

6.1. This follows from local uniqueness of the small-amplitude wave in the
2

neighborhood of (0, —1) in H;Cr’odd X R > (¢, ¢) and the result of Lemma

which guarantees that ¢ — 0 in ngr,odd as ¢ — —1.

6.4.2 Exact Solutions for Odd Wave with a = 2

In the case of the modified KdV equation (o = 2), the stationary equation
(6.2) with b = 0 can be solved in the space of odd functions by using the
Jacobian cnoidal function [15,36].

Let us recall the normalized second-order equation

0 (2) + (1 = 26%)o(2) + 2o (2)° = 0, (6.64)

which admits the periodic solution 1y(z) = ken(z; k) with the period 4K (k),
where K (k) is the complete elliptic integral of the first kind and k& € (0, 1).
The periodic solution also satisfies the first-order invariant given by

()" + (1 — 2Ky + vy = k*(1 — k7). (6.65)

By adopting a scaling transformation and a translation of the even function
cn(z; k) by a quarter-period, we obtain the exact solution for the odd periodic
wave in the form:

W) = %kK(k)cn 2K (ke — K(k): k

2 . sn [2K (k)z; k|
=k mK(k)dn [2K (k)a; K] (6.66)
with
c= %K(W(%? —1). (6.67)

We recall some properties of complete elliptic integrals K (k) and E(k) of the
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first and second kinds, respectively:

and
(c) %E(k‘) — w <0, %K(k) = k<f(_k3€2) — K]ik) >0
It follows from (a) and (c) that
(1—-K)K(k) < BE(k) < K(k), ke (0,1). (6.68)

The following proposition summarizes properties of the odd periodic waves
for a = 2. These properties were also studied in [36] and [15].

Proposition 6.2. Fiz o = 2. The odd periodic wave exists for every
c € (—1,00) with n(H) = 2 and z(H) = 1. There exists ¢, € (—1,00) such
that the odd periodic wave is spectrally stable for ¢ € (—1,c.] and is spectrally
unstable with one real positive eigenvalue for ¢ € (¢, 00).

Proof. The mapping (0,1) 3 k +— ¢(k) € (—1, 00) is one-to-one and onto. This
follows from

m*de  K(k)

T = R [0~ R~ B+ KEE) >0

where property has been used. Hence, the odd periodic wave parame-
terized by k € (0,1) in (6.66]) and (6.67]) exists for every ¢ € (—1, 00).

The first five eigenvalues and eigenfunctions of the normalized linearized
operator

Ho = —0? + 2k* — 1 — 6k%cn(z; k)? (6.69)

are known in space L*(—2K(k),2K(k)) in the explicit form [12,36]. The
two negative eigenvalues and a simple zero eigenvalue with the corresponding
eigenfunctions are given by

No=1—2k2 =21 —k2+Ek* N\ =-3k% X =0, (6.70)
©o(2) =1+ k*+ V1 — k? + k* — 3k?sn(z; k)?, (6.71)
©1(2) = en(z; k)dn(z; k), (6.72)

pa2(z) = sn(z; k)dn(z; k). (6.73)

The next two positive eigenvalues with the corresponding eigenfunctions are
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given by
Mo =3(1—k2), A=1-2k2+2/T _IZ1 K, (6.74)
w3(z) = sn(z; k)en(z; k), (6.75)
0a(2) =1+ k* — V1 — k2 + k* — 3k?sn(z; k)2 (6.76)

Eigenvalues and eigenvectors of the linearized operator H are obtained af-
ter the same scaling and translational transformation as in , see Fig-
ure In agreement with Lemma [6.3] we have n(H) = 2, z(H) = 1, and

1 € Range(H) for every ¢ € (—1, 00). Moreover, we compute

N VEE ) RO N
WI—2+ it Ao WI—R+k TR

from which it follows that

i (00, 1) — Ao(ps, 1)

(Hy'1,1) = T R, = —42E(k) — K(k)] .
Since
d%kE(k) = 2B(k) — K(k), (6.77)
d? (1 —K*)[E(k) — K(k)] - K*E(k)
%kE(k) — FI R <0, (6.78)

in addition to (b), there exists exactly one value of k, labeled as k* ~ 0.909
in [36], such that (Hy;'1,1) < 0 for & € (0,k*) and (Hy'1,1) > 0 for k €
(k*,1). Up to a positive scaling factor, (Hy'1,1) gives the value of oy =
(H7'1,1). By Lemma [6.5] this implies that (| y.) = 0 for k € (0,k7]
and n(H|g ys32) = 1 for k € (k*,1). Therefore, there exists a bifurcation
at k = k* such that the odd periodic wave is a local minimizer of the
variational problem ([6.25) with two constraints for k£ € (0,k*) and a saddle
point for k£ € (k*,1). The value of k* defines uniquely a value ¢* ~ 1.425 by
(6.67]).
Finally, we obtain

013 = S5 ) [B) — (01— KK ®E)] >0
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and
= 1uwan -
i [ KWK R = BE) + EGIER = (1= F)K®] >0

for every k € (0, 1), where the property @ has been used. By Theorem (6 -
due to the stability and mstablhty criteria (]@ and - the odd periodic
wave - ) with the speed (6.67)) is spectrally stable for ¢ € (—1,¢*] and is
spectrally unstable with exactly one real positive eigenvalue if ¢ € (c*, o00). O

Remark 6.12. The cnoidal wave of Proposition[6.3 coincides with the odd pe-
riodic wave obtained in Theorem[6.3 and Corollary[6.1] for o = 2. This follows
from uniqueness of smooth, odd, and 2m-periodic solutions of the differential
equation

— "+ ep = 2%, (6.79)

with ¢ € (—1, 00), where the second-order equation 15 the Fuler—Lagrange
equation for the variational problem in Theorem and Corollary [6.1]

The claim in Remark is based on the following proposition. Since the
previous results in [45,[89] are not sufficient for the proof of this proposition,
we provide a simple proof based on explicit computations.

Proposition 6.3. For every ¢ € R, there exists a family of L-periodic, sign-
indefinite solutions of the differential equation , which can be parame-
terized by the value T of the first-order invariant

T =) —e® + (6.80)

The mapping T — L is monotonically decreasing for every ¢ € R with L €
(0,27|c|~Y2) for ¢ < 0 and L € (0,00) for ¢ > 0. Consequently, the odd, 27-
periodic solution of the differential equation for c € (—1,00) is unique.

Proof. Elementary phase-plane analysis (see [45,89]) shows the existence of
the L-periodic, sign-indefinite solutions of the differential equation (6.79) in-
tegrable with the first-order invariant . By using the scaling transfor-
mation, the L-periodic sign-indefinite solution is obtained from the periodic

solution ¢g(z) = k cn(z; k) of the normalized equations (6.64) and (6.65) in
the form:

1/2
Y(x) =k acn(ar; k), «o:= (kac_ 1) , (6.81)

WherekE(O—)lfc<OandkE(f, 1) if ¢ > 0. For ¢ = 0, the choice

k= \% is unique but parameter « is arbitrary.
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It follows from (6.81)) that period L and parameter Z are expressed uniquely
by
L=4a'K(k), T=da*k*(1—k?), (6.82)

where a depends on k if ¢ # 0. Computing derivatives in k yields

dT o%k dL 4 d
- ¢ - (1 -2 K (k) — 2kK (k)| .

dk — (1-2k23" dk /(2 - 1) dk

If c>0andk € (\%, 1), then & > 0 and % < 0 so that the mapping

7 — L is monotonically decreasing. As k — \/Li’ a — oo and L — 0. As

k—1, K(k) = oo and L — co.
If ¢ <0 and k € (0, 75), then §f < 0 and G < 0 due to (6.68) and

dL 4
dk — \/c(2k® — k(1 — k2)

so that the mapping Z — L is also monotonically decreasing. As k —

a—ooand L — 0. As k — 0, K(k) = % and L — 27|c|"1/2

Ifc=0and k = \%, then the parameter a € R is arbitrary and it follows
from that Z = C'/L* for some C' > 0 so that the mapping Z +— L is also
monotonically decreasing and L € (0, 00).

Since the period function L = L(Z) is monotonically decreasing in Z, there
exists exactly one odd, 27m-periodic solution for every ¢ € (—1,00) and by

uniqueness of solutions to differential equations, this unique solution is given

by the cnoidal wave and ((6.67)). O

(1= k") (E(k) — K(k)) — KK (k)] <0,

1
V27

6.4.3 Numerical Approximations for Odd Waves

Here, we numerically compute solutions of the stationary equation (6.2)) using
Newton’s method in the Fourier space. For better performance, the odd peri-
odic wave with profile ¢ in Theorem is translated by a quarter period /2
to an even function of x. The starting iteration is generated from the Stokes
expansion after the translation and this solution is uniquely continued
in ¢ for all ¢ € (—1,00). This family of solutions correspond to b = 0 in the
stationary equation (|6.2)).

Additionally, we add a perturbation to the profile ¢ to preserve the even
symmetry but to break the odd symmetry after the translation. Numerical
iterations converge back to the same family of solutions with b = 0 for ¢ < ¢,
where ¢, € (—1,00) is the bifurcation point for which a nontrivial solution in
Lemma exists. The value of ¢, exists for all a € (%,2]. When ¢ > ¢,
numerical iterations converge to a new family of solutions to the stationary
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equation with b # 0, which is then continued with respect to ¢. Conver-
gence of numerical iterations is measured by the L? norm of the residue for
the stationary equation (6.2)), with the tolerance equals to 10710,

Figure presents the periodic wave solutions to the stationary equation
for a« = 2. The top left panel shows the profiles of 1 of the family
with b = 0 for three different values of ¢: near the Stokes wave limit (blue
curve), near the bifurcation point ¢, (black curve) and when c is away from
the bifurcation point ¢, (red curve). The top right panel shows the profiles of 1
of the bifurcating family with b # 0 near the bifurcation point ¢, (black curve)
and increasingly away from the bifurcation point (blue and red curves). The
vertical lines show the symmetry points at x = +x/2. The family with b = 0
has odd symmetry with respect to these points, whereas the family with b # 0
does not have this symmetry; both families are even at + = 0 and x = +.

The middle left panel of Figure|6.2{shows the dependence of b in the station-
ary equation (6.2]) versus speed c¢. The pitchfork bifurcation point is located
at ¢, &~ 1.425. The two symmetric branches of solutions with b > 0 and b < 0
are obtained by using the positive and negative perturbations to the family of
solutions with b = 0.

The middle right panel of Figure [6.2{ shows the momentum F' (1)) versus c.
The bottom left panel shows the dependence of oy versus c¢. The bottom right
panel displays the lowest eigenvalues of H versus c¢. The blue curve shows
the family of solutions with b = 0, whereas the red curve shows the family of
solutions with b # 0.

As shown on the middle right panel of Figure [6.2] the momentum F(¢) is
increasing function of ¢ for both the families. In agreement with the theory, o
for the family with b = 0 changes sign from negative to positive when ¢ passes
through the bifurcation point c,, see the bottom left panel of Figure |6.2 By
Theorem [6.4] it follows that the family of solutions with b = 0 is spectrally
stable for ¢ < ¢, and spectrally unstable for ¢ > ¢,.

On the other hand, the bifurcating family with b # 0 has o9 < 0 near the
bifurcation point but there exists another point ¢, > ¢, such that oy diverges
at ¢ = ¢, and becomes positive for ¢ > ¢,. This agrees with the behavior of
the lowest eigenvalues of ‘H shown on the bottom right panel of Figure [6.2
since z(H) = 2 at ¢ = é, n(H) = 2 for ¢ < ¢, and n(H) = 1 for ¢ > ¢,.
Lemma [6.5] and Theorem [6.4] are trivially extended to the family with b # 0
and they confirm that for both cases of ¢ < ¢, and ¢ > ¢,, the periodic waves of
the family with b # 0 correspond to minimizers of the constrained variational
problem and they are spectrally stable for ¢ > ¢,.

Figure presents similar results for the periodic wave solutions to the
stationary equation for « = 1. Note that bifurcation point ¢, moves to
the left and becomes ¢, ~ —0.310. The existence and stability of the family of
solutions with b = 0 is very similar with the only difference that the dependence
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Figure 6.2: Periodic waves for a = 2. Top left: Profiles of ¢ with b = 0 for
three different values of ¢. Top right: Profiles of 1 with b # 0 for three values
of ¢. Middle left: Dependence of b versus ¢ showing the pitchfork bifurcation
point ¢,. Middle right: Dependence of the momentum F'()) versus c¢. Bottom
left: Dependence of oy versus ¢. Bottom right: The lowest eigenvalues of H
versus c¢. The blue (red) line corresponds to the family with b =0 (b # 0).
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Figure 6.3: The same as Figure but for ao = 1.
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of the momentum F(¢)) versus speed ¢ approaches the horizontal asymptote
as ¢ — oo since a = 1 is the L2-critical modified Benjamin-Ono equation
[20,58.|70] and the periodic waves with the single-lobe profile converge to the
solitary waves in the limit ¢ — oo.

The stability of the family of solutions with b # 0 is however different.
The momentum F(v) is a decreasing function of the speed ¢, as the insert
shows, hence the family of solutions is spectrally unstable for all ¢ > ¢,. It
also approaches to the horizontal asymptote as ¢ — oo. Profiles of both the
families in the limit of large ¢ approach the soliton profile, but the family with
b = 0 contains two solitons on the period, whereas the family with b # 0
contains a single soliton on the period. Hence the momentum F(v) of the
family with b = 0 approaches the double horizontal asymptote as ¢ — oo
compared to the momentum F(¢) of the family with b # 0.

We have checked again that oy along the family with b = 0 changes sign
from negative to positive at the bifurcation point ¢ = c,, whereas oy along the
family with b # 0 is negative for ¢ € (c,, ¢.) and positive for ¢ € (¢, 00), where
¢, is the point where z(H) = 2 along the family with b # 0.

6.4.4 Stokes Expansion for Even Waves

Stokes expansion gives again a direct way to illustrate small-amplitude periodic
waves bifurcating from the constant solutions at ¢ = % In order to eliminate
the constant wave, we set

Ve,
V() = \/ﬁﬂo( ) (6.83)

where ¢ is not required to satisfy the zero-mean property. The stationary
equation (|6.2)) with b = 0 is written in the equivalent form:

D% — 2cp = 20° + 3v/2¢?. (6.84)
By using the Stokes expansion in terms of small amplitude A:

{ p(z) = Api(2) + A%ps(x) + A’ps(z) + O(AY),

2c =1+ A%y, + O(AY), ’ (6.85)

we obtain recursively: o;(x) = cos(z),

3 3
QOQ(.TJ) = —5 m COS(2$>,
1 9
p3(z) = 23— 1) [1 + S J cos(3x),
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and
15 9

L Cra

It follows that v, = 0 if and only if 2% = g, which is true at

_ log8 —logh

~ 0.6781. 6.86
log 2 ( )

Qp

The following proposition summarizes properties of the small-amplitude peri-
odic waves.

Proposition 6.4. Let ag be given by . For each o € (o, 2], there exists
co > % such that the even periodic wave exists for ¢ € (%,CO) with n(H) = 1,
2(H) = 1 and is spectrally stable. For each o € (%,ao), there exists ¢y < %
such that the even periodic wave eists for c € (co, 1) withn(H) =2, 2(H) = 1,
and s spectrally stable.

Proof. The existence statement follows from the Stokes expansion (|6.85]) with
small wave amplitude A since v > 0 for a > o and v, < 0 for a < ay.

In order to compute n(H) and z(H), we substitute (6.83) and (6.85) into
(6.4) and obtain

H=D"—1— Acos(z) — A* [y + 6pa(z) — 6 cos®(z)] + O(A?).

We solve the spectral problem Hv = Av perturbatively near the eigenvalue
A = 0 associated with the subspace of even functions in L*(T). Hence, we
expand

u = cos(x) + Aup(z) + A%uy(z) + O(4?), A= A%\ + O(AY),

and obtain recursively: u;(z) = 2po(z) and Ay = 2795. Hence, A > 0 if v > 0
and A < 0 if 75 < 0. The zero eigenvalue associated with the subspace of odd
functions in L?(T) is preserved at zero for every A due to 9,9 € Ker(H). In
addition, there exists a negative eigenvalue of H associated with the constant
functions at A = 0. Hence, we confirm that n(H) = 1 for a > oy and n(H) = 2
for a < ap, whereas z(H) = 1 for both @ > ap and a < «y.

In order to deduce the spectral stability conclusion, we use transformation
¥(x) = a+ ¢(x), where the zero-mean function ¢ satisfies the boundary-value
problem (6.42)). Computing the mean value

_ L[ ERLU & PR e 1
a.—2ﬁ/_ww($)d$—2+8{l 2&_1]A + O(A%)
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we obtain

w::c—6a2:—1+g [14—2&3_11 A?+ O(A?)

and

B:=ca—2a° = ;Az + O(AY.

No fold point occurs in the expansion of w with respect to the Stokes amplitude
A, in particular,

dw 3 3
— =11 A? :
e 2{+2a_1}+(9( ) >0
Since ||¢[]7. = mA* + O(A*), we have
d . ., 21201
g, = 2T A2 .

and p p
2 _ 2 2 ‘
110l = 16132 + O0(4) > 0

By Theorem [6.6] the periodic waves are spectrally stable for small A both for
a > ap and a < ag. O

Remark 6.13. For a > «ayg, the small-amplitude periodic wave in Proposition
have the same properties n(H) = 1, z(H) = 1, and oy > 0 as the even
periodic wave in Theorem [6.5. However, for a < «p, the small-amplitude
periodic wave in Proposition cannot be a minimizer of the constrained
variational problem m Theorem because it exists for ¢ < % and has
n(H) =2 and oy < 0. Spectral stability of the periodic wave with n(H) = 2,
oo < 0, and the slope condition follows from the same computation as
in the proof of Theorem [6.0,

6.4.5 Exact Solutions for Even Wave with a = 2

In the case of the modified KdV equation (o = 2), the stationary equation
(6.2) with b = 0 can be solved in the space of even functions by using the
Jacobian dnoidal function [12,36].

Let us recall the normalized second-order equation

0(2) + (k* = 2)1o(2) + 24(2)* = 0, (6.88)

which admits the periodic solution ¢y(z) = dn(z; k) with the period 2K (k),
where K (k) is the complete elliptic integral of the first kind. Adopting an
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elementary scaling transformation yields the exact solution in the form:

W(x) = %K(k‘)dn {%K(l@)x, k] (6.89)
with )
c= FK(lf)2(2 —k?). (6.90)

The following proposition summarizes properties of the even periodic waves
for a = 2. These properties were studied in [12}36].

Proposition 6.5. Fiz o = 2. The even periodic wave exists and 1is
spectrally stable for every c € (%,oo) Moreover, n(H) =1, z(H) = 1, and
o9 > 0 for every c € (%,oo)

Proof. The mapping (0,1) 2 k — c(k) € (3,00) is one-to-one and onto. This
follows from

wde  K(k)

S dE = k) (2= K)E(k) —2(1 — K*)K (k)] >0, (6.91)

where the latter inequality was proved in [12] (see also [36]). Indeed, if
f(k) = (2= k*)E(k) — 2(1 — k) K (k),

then f(0) = 0, whereas f'(k) = 3k[K(k) — E(k)] > 0 so that f(k) > 0 for
ke (0,1).
The mean value of the periodic wave in (6.89)) is computed explicitly by

1 (" 1 KW 1
a= o /_Ww(x)dx = ;/o dn(z; k)dz = 5

Hence, the zero-mean function ¢(z) := ¥ (x) —a is a solution to the boundary-

value problem ([6.42)) with

This gives the straight line dependence § = %(w + 1) for the periodic waves
with the single-lobe profile. Furthermore, we can compute

2
61132 = ~K(R)E(R) — 3.
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from which we verify that

(¢, Ok0) = —m [K(k)*(1— k) — E(k)?] > 0.

The latter inequality is also proven directly by setting
f(k) == K(k)*(1 - k%) — E(k)*

such that f(0) = 0 and f'(k) = —2k'[K (k) — E(k)]* < 0 so that f(k) < 0
for k € (0,1). By Theorem , the even periodic wave (|6.89) with the speed

satisfying is spectrally stable for ¢ € (%, oo).

Other properties such as 1 € Range(#), o9 > 0, and n(H) = 1 for every k €
(0,1) can be confirmed by explicit computations. The normalized linearized
operator is given by

Ho = —07 — 4+ 5k* — 6k”cn(z; k). (6.92)

Eigenvalues of H in ((6.92)) are given by subtracting 3(1 — &?) from eigenvalues
of H in (6.69). However, Hy in (6.92) is considered in space L?(—K (k), K (k))

so that the eigenvalues A\; and \; given below (6.92)) with the eigenfunctions
in L?(—2K(k),2K(k)) are not relevant. Hence, the first three eigenvalues of

Ho in (6.92)) are given by
No=—2+k—2V1—k2+k%,  o(2) =1 +K + V1 —k2+ k%= 3K%n(z; k)?,
A1 =0, v1(2) = sn(z; k)en(z; k),
Ao =2+ K2+ 2T —k2+ k% @o(2) = 1+ k% — V1 — k2 + k* — 3k*sn(z; k)2
Eigenvalues and eigenvectors of the linearized operator H are obtained after
the same scaling transformation as in (6.89). In agreement with Lemma ,

we have n(H) = 1 and z(H) = 1. The property 1 € Range(H) follows from
the representation

1 {)\2900 — o2
WI—R+k Aoz

Direct computations yield

_ Mafeo 1) — Ao, 1) 2
Wk 1 kAN, K

where the latter inequality is justified by assigning

1
Ny EaE e

}:1 and

(Ho'1,1) (2 - K)K(k) —2E(k)] >0,

F(k) = (2 — KK (k) — 2E(k)
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with f(0) = 0 and f/'(k) = k(1 — E*)"YE(k) — (1 — k*)K(k)] > 0 so that
F(k) >0 for k € (0,1). O

Remark 6.14. Ezplicit computations in the proof of Proposition repeat
computations in [36], however, the expression for (Hg'l,1) was typed incor-
rectly in [36].

Remark 6.15. The dnoidal wave of Proposition coincides with the even
periodic wave obtained in Theorem [6.5 for o = 2. Similarly to Remark [6.13,
this follows from uniqueness of smooth, positive, and 2m-periodic solutions
of the differential equation with ¢ € (%,oo), where the second-order
equation 1s the Euler—Lagrange equation for the variational problem in
Theorem[6.5. Compared to Proposition[6.3, it is well-known (see, e.g., [?Yaga])
that the mapping L — L is monotonically increasing for the L-periodic, positive
solutions of the differential equation with the first-order invariant
for ¢ > 0 such that L € (2m(2¢)~Y/2,00). Therefore, there exists eractly one
even, positive, 2m-periodic solution for every c € (%, o0) and by uniqueness of

solutions to differential equations, this unique solution is given by the dnoidal

wave and .

6.4.6 Numerical Approximations

Here we numerically compute solutions of the stationary equation (6.2)) with
b = 0 using Newton’s method in the Fourier space. The starting iteration
is generated from the Stokes expansion and this solution is uniquely
continued in ¢ for all ¢ € (%, oo) if a > ayp.

Figure presents the periodic wave solutions for a = 2. The top panel
shows the profiles of ¢ for three different values of ¢. The bottom panels show
the dependence of F'(1)) versus ¢ (left) and the dependence of F(¢) versus w
(right), where ¢ and w was computed from the transformation ¢(z) = ¥ (z) —a
and w = ¢ — 6a® with a := 5= [7_4(z)dz. The even periodic wave with the
single-lobe profile ¢ (red line) bifurcates at ¢ = § from the constant wave (grey
line) shown on the bottom left. Since F(¢) is increasing in w and a = 1 is
independent of w, the even periodic wave is stable by Theorem [6.6]

Figure presents similar results but for « = 1. The periodic wave (red
line on the top right panel) still bifurcates from the constant wave (grey line
on the top right panel) to the right of the bifurcation point at ¢ = % However,

a depends on w for the even periodic wave, hence

d 0 daﬁ

@F(@ = 8_wF(¢) + 0 9a (¢)

by the chain rule. In the Stokes limit, we have shown in Appendix A that
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c w

Figure 6.4: Periodic waves for o = 2. Top: Profiles of ¢ for three different
values of ¢. Bottom: Dependence of the momentum F(1)) versus ¢ (left) and
F(¢) versus w (right).
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X112
S

Figure 6.5: Periodic waves for o = 1. Top: Profiles of ¢ for three different val-
ues of ¢ (left). Dependence of the momentum F(¢) versus ¢ (right). Bottom:
Dependence of F(¢) versus w (left). and derivatives of F(¢) in w (right). The
solid (dashed) line shows the partial (ordinary) derivative in w.
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L F(¢) = O(A?) for small A so that

0 d 9

awF((b) = dwF(gb) + O(A%) > 0.

However, a discrepancy between partial and ordinary derivatives of F'(¢) in
w exists away from the Stokes limit. The additional bottom right panel on
Fig. m (compared to Fig. shows the partial and ordinary derivatives
on the same graph by the solid and dashed lines respectively. Since %F (9)
remains positive, the even periodic wave is stable by Theorem . Since F'(1))
for the even periodic wave is decreasing in ¢ towards the horizontal asymptote
as ¢ — 00, it is clear that the stability conclusion does not follow from the
dependence of the momentum F' (1) versus the wave speed ¢ (see Remark [6.10]).

Figure presents similar results but for « = 0.6 < . The periodic wave
with the single-lobe profile ¥ bifurcates to the left of the bifurcation point at
c= % There exists a fold point ¢ = ¢y ~ 0.4722, where the branch turns and
extends to all values of ¢ > ¢5. The upper branch (shown in red line on the
top right panel) in ¢ € (¢, %) has n(H) = 2, whereas the lower branch (shown
in blue line on the top right panel) has n(#) = 1. The two branches were
found iteratively from different initial approximations: the Stokes expansion
was used for the upper branch and the periodic wave with larger ¢ > % was
used for the lower branch, then the two branches were continued in either
direction. The grey line on the top right panel shows the momentum F'()) of
the constant solution.

It follows from the graph of F'(¢) versus w and its derivatives (bottom
panels) that the periodic wave is stable near the bifurcation point before and
after the fold point but there exists ¢, ~ 0.4774 such that the even periodic
wave is stable for ¢ < ¢, and unstable for ¢ > ¢,. By comparing the partial
and ordinary derivatives of F(¢) with respect to w (solid and dashed lines,
respectively), we can see that the partial derivative becomes zero for a smaller
value of w, which gives the correct transition from stability to instability at

¢ = ¢, by Theorem [6.6]
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Figure 6.6: The same as Figure but for a = 0.6.
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Appendix A

Preliminary Results

Here, we list a few basic definitions and results which are referred to throughout
the thesis.

Definition A.1 (Resolvent and Spectrum set).
Let H be a Hilbert space with the inner product (-,-)y and L be a densely
defined operator on H with the domain Dom(L) C H The resolvent set of L,
denoted p(L) is the set of A\ € C such that (L — N )™" exists, bounded and
Ran(L — M) is densed in H.

The spectrum of L, denoted o(L), is the complement of the resolvent set
of L, that is, o(L) = C\p(L). Moreover, spectrum of L comprises of three
disjoint sets:

o The point spectrum o,(L) is the set of A € o(L) such that Ker(L—\I) #
{0},

e The residual spectrum o,.(L) is set of A\ € o(L) such that (L — N\I)™*
exists and Ran(L — \I) is not densed in H,

e The continuous spectrum o.(L) is the set of X\ € o(L) such that (L —
M), Ran(L — M) is dense in H but the operator (L — NI)™' is not
bounded.

Definition A.2 (Adjoint operator).

Let H be a Hilbert space with the inner product (-,-)y and L be a densely
defined operator on H with the domain Dom(L) C H. The adjoint operator
L* with the domain Dom(L*) C H is defined by

Yu € Dom(L), v € Dom(L*): (Lu,v) = (u, L™)

We say L is self-adjoint if L = L*.
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Definition A.3 (Fredholm operator).
We say a linear operator L : Dom(L) C H — H is a Fredholm operator of

index zero if
dim (ker(L)) = dim (ker(L")) < oo

and Ran(L) is closed.

Theorem A.1 (Orthogonal decomposition of H).
Let L be a Fredholm operator of index zero. Then

H = Ker(L*) ® Ran(L), H = Ker(L)® Ran(L").

Theorem A.2 (Fredholm Alternative).

Let L : Dom(L) C H — H is a Fredholm operator of index zero. There exists
a solution uw € Dom(L) of the inhomogeneous equation Lu = f for a given
f € H if and only if (f,vo) =0 for all vy € Ker(L*). Moreover, the solution
u is unique under the constraint (u,wy)=0 for all wy € Ker(L).

Theorem A.3 (Eigenvalue Count in Constrained L? space). [7§]

Let L be a self-adjoint operator in L* with o.(L) > ¢ > 0 and dim (0,(L)) < oo,
and denote the number of negative and zero eigenvalues of L by n(L) and z(L).
Define L? as the subspace of L* by

Lp={ue L {(uv)e = 0}, ),

where {v;}IL, is a set of linearly independent vectors. Let A(u) be the matriz
valued function defined by

Vi G—f U(L) : Ai,j(:u) = <(:u - L)il 'Uiavj>L27 1,] € {1’27 7N}

Let ng, zo and po be the numbers of negative, zero, and positive eigenvalues of
hH(l) A(p) and denote zoo = N —ng — 20 — po. Then, the number of negative
H—

and zero eigenvalues of L2 are given by

n(L|r2) = n(L) = po — 2,
2(L|r2) = 2(L) + 20 — %00

Theorem A.4 (Impicit Function Theoreom).
Let X, Y, and Z be Banach spaces and let F(x,y): X XY +— Z be a C' map
on an open neighborhood of the point (xo,yo) € X X Y. Assume that

F(x07y0> = 07

and that
D, F(zo,v0) : X — Z is one-to-one and onto.
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There are r > 0 and § > 0 such that for each y with ||y —yo|| < J there exists a
unique solution x € X of the operator equation F(x,y) = 0 with ||x — x| < 7.
Moreover, the map Y 3y z(y) € X is C' near y = yo.

Theorem A.5 (Banach Fixed Point Theorem).
Let M be a closed, non—empty subset in the Banach space X and let A : M —
M be a contraction operator, that is, for all u,v € M there exists q¢ € [0,1)

satisfying ||Au — Av||x < qllu — v||x. Then, there exists a unique y € M such
that A(y) = y.

The following three propositions are formulated as Lemma 3.2 and claims
(L1) and (L3) in Lemma 3.3 of [53]

Proposition A.1. Let o € (5,2] and ¢ € Hp, 0aa e a solution obtained in

Theorem and Corollary . An eigenfunction of H defined by and
corresponding to the n-th eigenvalue of H for n = 1,2,3 changes its

sign at most 2(n — 1) times over T. An eigenfunction of H|2  for the n-th
eigenvalue of H|r2,  changes its sign at most 2(n — 1) times over T.

Proposition A.2. Assume « € (3,2] and ¢ € HS,. 44 be a solution obtained

in Theorem and C’orollary If {1,9,v?*} € Range(H), then Ker(H) =
span(0,1)).

Proposition A.3. Assume « € (3,2] and ¢ € HS., 44 be a solution obtained
mn Theorem and Corollary . Then, 0,1 € Ker(H) corresponds to the
lowest eigenvalue of H in the space of odd functions with respect to x = /2.
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Appendix B

Periodic Waves In The KdV
And BO Equation

We verify the assumptions [4.17/in Theorem of Chapter 4 for the KdV and
BO equations.
The solution ¢ to the boundary-value problem (4.1)) with o = 2 is given by

2 T

¢(;c)::?£@E 1 —2k* — V1 — k2 + k* + 3k*cn? (fg@ﬁagk)} (B.1)

where cn is the Jacobi elliptic function, K (k) is a complete elliptic integral
of the first kind, and k € (0,1) is the elliptic modulus that parameterizes the
wave speed ¢ given by

c= AR ()’ V1— k24 k% (B.2)

T2

The small-amplitude expansions (3.9) and (3.13) are recovered from ((3.38])—
(3.39) with the wave amplitude a := 3k*/4 + O(k*) as k — 0.

We prove that the map (0,1) 3 k +— ¢ € (1, 00) is strictly increasing, hence
the explicit solution (3.38)—(3.39) exists for every ¢ > 1 (see also [14]). We
also extend the inequalities (4.19)) and (4.20]) with o = 2 for every ¢ > 1.

Lemma B.1. The map (0,1) 3 k — ¢ € (1,00) for the solution (B.1)-(B.-3)
is strictly increasing. In addition, for every ¢ > 1, we have

ﬂ¢%x<& /WwdﬂM<0 (B.3)

Proof. We have ¢ = 0 and ¢ = 1 at k = 0. Thanks to the smoothness of ¢
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and ¢ in k, it holds from (3.39) by explicit differentiation:

1= k2 + k' de
AK (k) dk

=21 —k*+ l{:ﬂ%ék) — k(1 =2k K (k).

By using the differential relation,

dK (k) E(k) — (1 — k) K (k)

dk k(1 — k2) ’

the previous expression can be reduced to the form

w2 k(1 — k*)V1 — k2 + k* dc 2, 4 2 g4 _.
K o = 20K R B(k) = (23K + k") K (k) =: 1(k),

where E(k) is a complete elliptic integral of the second kind and I(k) is

introduced for convenience. Note that [(0) = 0. We claim that the map

(0,1) 3 k + I is strictly increasing. Indeed, by using the differential relation
dE(k)  E(k)— K(k)

dk k ’

we obtain after straightforward computations

dl(k)
dk
where the last inequality follows from the fact that K (k) > E(k) for every
k € (0,1). Since 1(0) = 0, we have I(k) > 0 for every k € (0, 1), which implies
that 9 > 0 for every k € (0,1).

Let us now prove the inequalities (B.3|) for every ¢ > 1. Since ¢ and ¢
are smooth in k, we differentiate the nonlinear equation in the boundary-value
problem (4.1)) with a = 2 in k& and obtain

o¢p dc
Dy +20] 22 + 2 = 0,
[c+ 2 + ¢]8k:+dk¢

=5k [(1 - K*)K(k) — (1 — 2k*)E(k)] >0,

Multiplying this equation by ¢ and integrating on [—m, 7] imply that

T 00 de [T
2_d — _ 2d
|t = =g | o
where we have used the facts that D,—o is self-adjoint in le)er(—ﬂ',ﬂ'> and
¢, 0.0 € HoZ?(—m, ). Since % > 0 for every k € (0,1), themap k — [ ¢3dx

per

is strictly decreasing with [ ¢*dx = 0 at k = 0. Therefore, [*_¢*dz < 0 for
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k € (0,1) by the continuity argument in k.
Finally, the inequality [”_¢(¢')?dz < 0 for every ¢ > 1 follows from the
boundary-value problem (4.1f) with o = 2:

[owra= | [“@pedss [ o).

where the first term in the right-hand side is zero thanks to the smoothness of

o. O

The next Lemma shows that the solution ¢ of the boundary value problem
(4.1) when o = 1 also satisfies assumption [4.17]

Lemma B.2. Let

coshycosz — 1

= B.4
¢(z) sinh~ (coshy — cos ), ¢ = cothy (B-4)

be the solution of (4.1) with a =1 then the inequalities

/7r P3dx < 0, /ﬂ P(¢)*dw < 0 (B.5)

hold for every ¢ > 1.

Proof. We notice that the small amplitude expansion and are
recovered from (B.4) with the wave amplitude a := 2™ + O(e™37) as v — oc.
Since the map (0,00) 3 v +— ¢ = cothy € (1,00) is strictly decreasing, the
explicit solution exists for every ¢ > 1.

Using the explicit formula (B.4) and symbolic computations with Wol-
fram’s Mathematica, we obtain

/ﬂ Gz — —m(c— 12(2c + 1),

and
| oteyds = -1y,
from which the inequalities (B.5)) hold for all ¢ > 1. O
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