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Abstract

Light-emitting diode (LED) luminaires are ubiquitous and widely used in our daily

life. Because of energy efficiency and illumination requirements, LED lamps are

required to dim. In addition to the lighting function, visible light communica-

tion (VLC) is being considered as a potential technology beyond 5G. Orthogonal

frequency-division multiplexing (OFDM) is a popular modulation choice and most

recently spatial optical OFDM (SO-OFDM) has been used with multiple LEDs. SO-

OFDM is a low complexity way of constructing OFDM signals by sending a series

of narrow-band emissions from different LEDs and allowing them to sum in space.

The integration of dimming within an SO-OFDM framework remains an open area

of research.

In this thesis, an optimal dimming strategy for optical power allocation is proposed

based on SO-OFDM in visible light communication systems under different illumi-

nation requirements, i.e., dimming. Firstly, a non-convex problem is formulated to

maximize the capacity of SO-OFDM under a specified dimming target. Further-

more, this non-convex problem is broken into a group of convex problems through

approximations and constraint relaxation.

The proposed scheme can optimize the power allocation in SO-OFDM and achieve

the dimming target at the same time. According to the proposed power allocation
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scheme, more of the power is allocated to subcarriers with low noise variance. This

phenomenon makes sense to take advantage of good channels when power is limited

and is similar to the conventional water-filling method. When the dimming target and

signal-to-noise ratio (SNR) is sufficiently high, the optimal distribution approaches a

uniform distribution which agrees well with conventional water filling in a high SNR

regime. Compared with traditional digital dimming, the proposed spatial dimming

method can not only use spatial domain for dimming but also allocates power to dif-

ferent subcarriers according to channel conditions which is more efficient. Analytical

and numerical results imply that the proposed scheme converges quickly and performs

well compared with traditional power allocation methods.
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Chapter 1

Introduction

Due to the increasing global electricity consumption for lighting [4], dimming technol-

ogy is important in illumination for energy saving and to adjust to user requirements.

Visible light communication (VLC) technology is an emerging technology to allow for

a secondary use for light-emitting diode (LED) luminaires that use modulated light

from luminaires to transmit information while providing illumination. Integrating

VLC with the necessary dimming functionality from illumination is an ongoing issue.

Among the many modulation technologies, optical orthogonal frequency-division mul-

tiplexing (OFDM) technology has recently been considered coupled with VLC given

that it provides both high-speed and highly reliable VLC channels. However, OFDM

also suffers from the high peak-to-average power ratio (PAPR) [4]. More recently, spa-

tial optical-OFDM (SO-OFDM) has been proposed to reduce the PAPR by separating

the OFDM symbols over multiple LEDs in the luminaires thereby reducing PAPR[8].

In particular, this thesis develops optimized dimming strategies based on SO-OFDM

to jointly satisfy illumination constraints and maximize the capacity considering a

band-limited channel.
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1.1 Overview of visible light communications

This section describes the overview of lighting systems for VLC technology and intro-

duces the development status of VLC. Additionally, the problem VLC is facing when

integrated with other technologies is also discussed.

1.1.1 Introduction of visible light communication

In recent years, due to the explosive growth of technologies such as cloud computing,

artificial intelligence (AI), virtual reality (VR) and the Internet-of-Things (IoT), the

demand for wireless data traffic has also continued to increase accordingly [9]. In [10],

Cisco’s Visual Network Index (VNI) predicts that global mobile data traffic is growing

rapidly at a compound annual growth rate (CAGR) of 46%. By 2022, global mobile

data traffic will reach 77.5 exabytes per month and data traffic from wireless and

mobile devices will reach 71% of global total IP traffic [10]. As an emerging technol-

ogy with broad-spectrum resources of nearly 400THz, VLC has received widespread

attention in the 5th generation wireless systems (5G) [11].

Visible light communication is a relatively new optical wireless communications

(OWC) technology that uses visible light as an information carrier without optical

fibre or other wired transmission media to directly transmit optical signals in free

space. VLC technology can also take full advantage of the existing LED illumination

facilities which makes VLC more pervasive [12]. The electromagnetic spectrum dis-

tribution is shown in Figure 1.1 [1] which illustrates that VLC systems have a wide

available frequency band. These features make VLC systems attractive to provide a

primary illumination role together with a secondary communication role via VLC.

Figure 1.2 illustrates a block diagram of the VLC system which can be divided

2
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Figure 1.1: Schematic diagram of electromagnetic spectrum distribution [1]

into three parts: Transmitter, free-space channel and receiver [13].

At the transmitter, signals are transmitted by modulating the optical power of

LEDs by using intensity modulation (IM) as shown in Figure 1.2. Firstly, transmitted

signals are encoded and then digital signals are converted into analog signals through

a digital-to-analog converter (DAC). Additionally, filtered signals are subjected to a

suitable direct current (DC) signal drives LED for electro-optical conversion. The

optical intensity signal reaches the receiver of the system after being transmitted in

free space [14].

At the receiver, the collected signal reaches the photodiodes (PDs) which convert

the received optical power into corresponding current [15] and perform the photo-

electric conversion. After filtering the electrical signal, an analog-to-digital converter

(ADC) converts the analog electrical signals into digital signals and corresponding

signals are recovered at the receiver [16]. Intensity modulation and direct detection

(IM/DD) is used as the main modulation and demodulation method in VLC systems

[14]. It is a direct envelope detection of the intensity-modulated wireless signal. That

is to say, the intensity-modulated signal can be conveyed through the intensity of

LEDs and detected by photodiodes (PDs) directly at the receiver [17]. For IM/DD

systems, a modulated signal is directly added on the DC bias current [18] directly

modulating the intensity of light [19]. The intensity of LEDs is proportional to the

3
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Free  spaceTransmitter Receiver

Modulator Demodulator

Figure 1.2: Block diagram of VLC system

current through the LEDs. The power constraint is equal to the average amplitude of

the emitted waveform. Therefore, transmitted signals in VLC using IM/DD should

have positive amplitude, be real valued and constrained in their mean value.

1.1.2 History of VLC

The earliest VLC activities can be traced back to 1880 when Alexander G. Bell

developed the “Photo-phone”, which can transmit voice information by using the

reflection of sunlight from a metal plate [20]. In the 1970s, F. R. Gfeller published a

paper about wireless infrared networks where a new wireless channel is proposed to

achieve data transmission of different in-house terminals [5]. Beginning in 2000, the

research group of Dr.Nakagawa at Keio University in Japan proposed the use of white

LED lights to implement indoor access networks [21] and established a theoretical

model of indoor visible light communication system [22]. Since 2008, the United

States launched the ‘Smart Lighting Project’ and has researched key issues in VLC

with more than 30 top US universities including Boston University and the Georgia

4
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Institute of Technology [23] [24] [25].

1.1.3 Standards for VLC

In 1993, the Infrared Data Association (IrDA) was established to launch standards for

short-range wireless communications [26]. In the standardization of VLC, Japan es-

tablished the Visible Light Communications Consortium (VLCC) in 2003 and launched

the Japan Electronics and Information Technology Industries Association (JEITA)

1221 standard in 2007, which specifies the scope and use of three visible light fre-

quency bands [27]. The standards committee released the first VLC Personal Area

Networks (VPAN) standard [28] which supports high-data-rate up to 96 Mb/s in

VLC systems [29]. The standard also takes into account human safety which pro-

vides flicker-free VLC [29] where flicker is discussed more depth in Section 1.1.6.

To meet the specific needs of VLC in practical home applications, the European

Union and more than twenty scientific research institutions released the OMEGA

[30] standard with Port Physical Layer (PHY) architecture. The standard takes into

account the quality of service, communication mobility and practical problems in

high-speed transmission processes such as compatibility with traditional communi-

cation technologies [30]. Due to the gradual development of VLC technology, the

IEEE 802.15.7R1 working group was established in 2015 [31] which determines the

high-speed VLC application scenario standard [32]. In 2017, IEEE 802.15.13 working

group was established to realize the requirements of wireless private networks with a

transmission distance of about two hundred meters under a data rate of 10Gb/period

[33]. In 2018, the IEEE 802.11bb Task Group (TG) was established which focuses

on light-based communications[34]. The IEEE 802.11bb TG specifies a new physical

5
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layer and at least one operation mode of the new physical layer can achieve a single

link throughput of at least 5 Gb/s [35].

Commonly used VLC modulation techniques include On-Off Keying (OOK) [36],

variable pulse position modulation (VPPM) [24], Color Shift Keying (CSK) [37], Car-

rier less Amplitude Phase Modulation (CAP) [4] and Orthogonal Frequency Division

Multiplexing (OFDM) [38]. OOK is widely used in early visible light communication

systems because it is easy to implement where ‘ON’ and ‘OFF’ pulses can present the

binary bits [37] [4]. There are two widely used modulation methods in PM: pulse posi-

tion modulation (PPM) and pulse width modulation (PWM) [39]. For pulse position

modulation, the position of each pulse is controlled by a modulation signal, so that

the relative position of each pulse conveys information. The amplitude and width of

the pulse in the pulse sequence remain unchanged. PWM is pulse width modulation.

The width of each pulse in the pulse sequence is controlled by a modulation signal

and the duration of each pulse is proportional to the modulation signal. The IEEE

802.15.7 standard recommends the use of VPPM modulation format to achieve dim-

ming VLC which uses the combination of 2-PPM and PWM. VPPM can be widely

used in VLC systems since it can control the brightness of LEDs easier than PPM

[40]. By adjusting the pulse width, any brightness target (i.e., average amplitude) can

be achieved. By changing the position of each pulse without changing its amplitude,

the function of data transmission can be realized. The above modulation techniques

are susceptible to inter symbol interference (ISI) [24], which promotes the research

of OFDM technology in VLC systems as the core technology of the fifth generation

of mobile communication technology standards (5G) and sixth generation of mobile

communication technology standards (6G).

6
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1.1.4 Comparison of VLC and radio frequency (RF) channels

Facing the increasing traffic demand, traditional radio frequency (RF)-only wireless

communication has an increasingly serious issue with spectrum scarcity [4]. Since

VLC does not interfere with the RF frequency band, it is expected to effectively

complement RF wireless communication [12] [41].

Compared with traditional RF communication technologies, visible light commu-

nication can make full use of existing lighting facilities for communication [6] and

illumination due to its broad spectrum and other characteristics as shown in Table

1.1. However, RF communication is still the primary wireless communication method

[42]. As shown in Table 1.1, RF communication is a mature technology compared

with VLC while VLC systems can achieve illumination and communication at the

same time [25]. Electromagnetic interference (EMI) is a serious issue especially in

RF internet-of-things deployments with a high density of transceivers. VLC trans-

missions have immunity to EMI for sensitive electronic systems since it operates at

optical frequencies while RF communication will be disturbed [43]. For example, VLC

systems can be widely used in hospitals where EMI must be avoided [15]. However,

VLC systems must still compensate for optical interference [44]. For instance, if two

VLC devices are in the same room, the two devices will interfere with each other [45].

The wavelength of visible light is about 400nm to 700nm, and the correspond-

ing available spectrum is about 430THz to 790THz [6]. The available spectrum of

RF is 3kHz-300GHz, and the shortest wavelength of radio frequency is about 1mm

[6]. Since the wavelength of visible light is shorter than that of RF electromagnetic

waves, its diffraction is smaller and a more directive antennae can be constructed.

However, optical emissions are typically contained by opaque boundaries of rooms

7
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Table 1.1: Comparison of traditional RF communication and Visible Light
Communication [6]

Criterion VLC RF Communication
Services Illumination and Communication Communication
Coverage limited Mostly wide
Standards mainly IEEE 802.15.7,

IEEE 802.15.13 and IEEE 802.11bb Matured
Distance Short Long
EM Interference No Yes
Spectrum 430THz to 790THz 3000Hz to 300GHz
Security Good Poor

which can fill some applications indoors such as high-speed downlink and operation

in dense interference-limited environments [25]. For instance, VLC emissions cannot

penetrate opaque surfaces, such as walls [25]. Therefore, visible light communication

is often used for short-distance communication, such as indoor communication. RF

communication is more appropriate for long-distance mobile communications.

1.1.5 Industrial uses of VLC

Driven by broad market prospects, companies such as PureLiFi [1] , Philips [46] and

Velmenni [47] are working on the development of VLC systems. In 2011, Professor H.

Haas and his team established the company PureLiFi, dedicated to the production of

Li-Fi products and the promotion of Li-Fi technology [1]. The products LiFi-XC can

achieve the speeds of several Gbps in communication devices [1]. What is more, VLC

has a very wide range of applications in all walks of life. Philips proposed a VLC

indoor positioning system based on LED indoor light source [47]. Signify (the newly

renamed Philips Lighting Research branch) also has VLC products like Trulifi [46].

Velmenni’s LiFi based optical wireless backhaul technology for FTTx can deliver the

8
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throughput of about 1 Gbps [48]. Intelligent transportation systems (ITS) reduce

traffic accidents, traffic jams and fuel consumption by obtaining and transmitting

information about traffic conditions in time.

1.1.6 Integration of VLC with Lighting

In lighting systems, the ability and quality of illumination for the lighting system

can be represented by some key properties such as colour rendering index (CRI),

illumination level (dimming level) and colour temperature (CT) [49].

Colour rendering properties can be defined by the effect that a light source has on

the hue of the perceived colour of the object [50]. For example, when an individual

observes an object, the perceived hues depend on the illumination source of it [50].

Dimming means adjusting the brightness of luminaires according to the require-

ment for brightness levels in the workplace [50]. Under the constraint of illumination

level, dimming control has been explored vastly as a vital illumination task [51].

The illumination requirements of the indoor environment are related to the different

application scenarios. In general, the dimming level required for daily reading in

classrooms is about 300 lux and for using computers, the dimming level required is

merely 30 lux [52].

Flicker is a health hazard for users which is defined as the visible change in time

of the brightness of an illumination device [53]. A large number of studies have found

that light source flickering is closely related to neurological diseases. For example,

migraine and flicker can induce seizures in some individuals [49]. For most people,

the light flicker below 80 Hz can be perceived distinctly and human eyes can feel the

change in brightness of light source at this time, which is unacceptable for illumination
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[54].

Traditional luminaires include fluorescent lamps and incandescent lamps. Com-

pared with typical luminaires, light emitting diodes (LEDs) are used in luminaires

since LEDs have many advantages. For example, LEDs have a large light output for a

given input electrical power which is more energy-efficient [55] compared with typical

luminaires. LEDs also have longer service life, better durability and smaller size [56]

[22].

The communication function of VLC is possible by modelling the intensity of the

LEDs. VLC is a secondary application of luminaires and the communication function

should be considered in the context of illumination constraints [56]. To integrate

illumination and VLC, the LED equipment is used in VLC systems. Switching ‘on’

and ‘off’ for LEDs can be used to transmit information by modulating ‘0’ and ‘1’ to

different states of LEDs [57].

LEDs can switch at high speed to ensure that the human eye will not perceive

flicker which maintains the illumination function of VLC systems [58]. In practice,

dimming of illumination can be realized by changing the average current of LEDs in

VLC systems according to requirements for brightness levels in the workplace and

daily life [59]. Therefore, a visible light communication system based on LEDs can

provide a communication function while meeting illumination conditions simultane-

ously.

As discussed in Section 1.1.5, many industrial products use LEDs in VLC systems

to achieve communication and illumination such as Trulifi and PureLiFi [46].

10
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1.2 Optical OFDM Modulation Technology

1.2.1 Introduction of optical OFDM

OFDM is a type of multi-carrier modulation (MCM) that achieves modulation and

demodulation based on inverse fast Fourier transform (IFFT) and fast Fourier trans-

form (FFT) respectively [60]. The main idea of OFDM is to divide the channel

into orthogonal sub-channels and convert high-speed serial data signals into paral-

lel low-speed sub-signals [61]. Additionally, the parallel signals are used to modulate

multiple orthogonal subcarriers respectively, to transmit signals in these sub-channels

synchronously. Since the bandwidth of each sub-channel is only a small part of the

original channel bandwidth, channel equalization is simplified [62]. Due to the or-

thogonality of the subcarriers, the frequency interval is very small which makes the

frequency band utilization rate high [62]. A cyclic prefix (CP) is a cyclic structure

added to the start of every OFDM frame which repeats the last k samples from the

output where k is the memory of the channel. Formed by copying a piece of data after

a data symbol to the front of the symbol [63] [64]. The CP allows for a simpler equal-

ization by a single complex multiplication in the frequency domain at the receiver.

It allows linear convolution of the channel to be equivalent to circular convolution

making equalization in frequency domain a single complex multiplication.

In order to transform the original bipolar OFDM signal into a positive real OFDM

signal, which is necessary for IM/DD channels, a wide variety of optical OFDM

techniques have been proposed. The difference in the performance of existing optical

OFDM techniques mainly stems from the different methods of achieving positive and

real signals.

11
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.

Introduction of DCO-OFDM

Direct current biased optical OFDM (DCO-OFDM) is the most basic form of optical

OFDM technology as shown in Figure 1.3. At the transmitter, the transmitted bit

stream is mapped according to quadrature amplitude modulation (QAM) to yield

the complex QAM symbols XQAM[k], where k ∈ {1, 2, ..., N − 1}. To ensure that the

generated OFDM signals are real, the signals in the frequency domain (i..e, prior to

IFFT) should have Hermitian symmetry which can be denoted as

X(k) = X∗(N − k), 0 < k < N/2, (1.2.1)
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where N means the total number of subcarriers and k indicates the k-th subcarrier.

The time-domain DCO-OFDM signal xIFFT[n] after IFFT can be obtained as:

xIFFT[n] =
1√
N

N−1∑
k=0

X[k] exp

(
j2πkn

N

)
, (1.2.2)

where xIFFT[n] means the n-th time-domain signal.

Subsequently, the output signals are hard clipped to fit the dynamic range of the

LED which causes clipping distortion [65]. The dynamic range is the nonlinear LED

transfer characteristic as shown in Figure 1.4 [3]. In Figure 1.4 x-axis represents the

drive current input to the LEDs and the y-axis represents the output of corresponding

optical power. As shown in Figure 1.4, the dynamic range of each LED is [IL, IU]

where IL and IU means the minimum and maximum drive current of the achievable

linear range for a LED. The red dashed line represents the nonlinear LED response,

as a comparison, the blue solid line represents the linearized response [3]. When the

input amplitude of LEDs is in the non-linear region of the LED, such as Inonlinear, the

relationship between the input amplitude and the output optical power is non-linear.

Non-linear distortion will degrade the bit error rate (BER) performance of the Optical

OFDM (O-OFDM) signal. Therefore, signals outside the dynamic range of the LED

should be clipped to prevent the distortion of OFDM signals.

The clipped signal xclip can be defined as

xclip[n] =


IL, x(D)[n] < IL

xIFFT[n], IL 6 xIFFT[n] 6 IH

IH, xIFFT[n] > IH

(1.2.3)
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Figure 1.4: Nonlinear LED transfer characteristic [3]

14



M.A.Sc. Thesis – D. Li McMaster University – Electrical Engineering

After obtaining bipolar real signals, xCP can be obtained by adding a cyclic prefix

as discussed in Section 1.2. In order to obtain uni-polar positive signals, a DC bias

IDC is added to obtain the uni-polar positive signal xDCO:

xDCO(n) =

 x(n)CP + IDC, x(n)CP ≥ −IDC

0, x(n)CP < −IDC.
(1.2.4)

IDC can be set as

IDC = µσ (1.2.5)

where µ is a positive real number and σ is the standard deviation of x[n] [26].

Finally, the clipped and biased signals from each group will drive the LEDs of

each group accordingly. DCO-OFDM signals are then used to drive the LED to

achieve Electro-Optical conversion (E/O). After the signal is transmitted through

the optical channel, a photo-detector (PD) at the receiving end converts the received

optical signal into an electrical signal and then conducts the corresponding signal

demodulation for the electrical signal.

Introduction of ACO-OFDM

For asymmetrically clipped OFDM technology (ACO-OFDM), the modulation and

demodulation process is similar to that of DCO-OFDM. ACO-OFDM only transmits

data on odd subcarriers and sets zeros on even subcarriers [66]. By modulating odd

subcarriers and setting even subcarriers to 0, a real, anti-symmetric time-domain

signal is obtained after IFFT with the cost of one-half of spectrum efficiency loss [67].

The negative components of the time-domain OFDM signal can be clipped to obtain

positive and real signals. However, clipping of the negative signal will not lose the
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useful data and clipping noise can be shown to reside only on the even subcarriers

[68].

In [69], asymmetrical hybrid optical OFDM is proposed which combines ACO-

OFDM and pulse-amplitude-modulated discrete multitone (PAM-DMT), making full

use of the limited dynamic range of LEDs over a wide dimming range. In [13], lay-

ered ACO-OFDM (LACO-OFDM) hybrid dimming scheme is discussed where an

optimization problem of DC-bias to maximize the channel capacity is established.

LACO-OFDM divides subcarriers into layers and compared with ACO-OFDM, the

spectrum efficiency can be nearly doubled. Since there is no need to add DC bias,

the power efficiency of LACO is higher than DCO-OFDM [70]. In addition, there

are many other optical OFDM modulation methods proposed for high spectrum effi-

ciency, including multi-layer IFFT enhanced U-OFDM (eU-OFDM) [71], asymmetri-

cally clipped absolute value optical OFDM and polar OFDM (P-OFDM) [72] [73].

Although optical OFDM technology has many advantages, it also has some prob-

lems during transmission. The peak-to-average power ratio (PAPR) is defined as the

ratio of signal peak power to its discrete signal average power. For the OFDM sig-

nal, because the signal amplitude is Gaussian distributed and the signal peak power

is larger than the average power, which results in the large peak-to-average ratio

(PAPR) [2]. Since the dynamic range of general power amplifiers is limited, OFDM

signals with a relatively large PAPR can easily enter the nonlinear region of the power

amplifier, which will result in nonlinear distortion [74].
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.

1.2.2 Spatial summing optical-OFDM

Spatial summing optical-OFDM (SO-OFDM) is an approach for PAPR reduction

which leverages the unique spatial summing method. The key concept behind spatial

summing optical-OFDM is to separate a wide-band input signal amongst different

groups of LEDs [2]. In this way, high PAPR OFDM signals will be partitioned into

many low-PAPR narrow-band signals are transmitted from multiple LEDs. Signals

can be summed in the free-space before received [4].

The architecture of SO-OFDM is illustrated in Figure 1.5 [2]. There are L LEDs in

total and the LEDs are separated into G groups. At the transmitter, the transmitted

bit stream is mapped according to quadrature amplitude modulation (QAM) and get

the complex QAM symbols XQAM[k] firstly, where k ∈ {1, 2, ..., N − 1}. Complex-

value QAM symbols from the serial-to-parallel conversion are input the Hermitian
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Symmetry block to get real-time domain OFDM signal. The spatial processing block

divides the input wideband OFDM frame X[k] into groups of narrow-band signals.

Bipolar real time-domain spatial dimming OFDM signals will be obtained by using

inverse fast Fourier transform (IFFT) and the parallel-to-serial conversion (P/S).

Subsequently, the output signals will be hard clipped to ensure that their current

range is between the dynamic range of LEDs.

Similar to the approach discussed in Section 1.3, the DC-bias should be added IDC

after clipping the symbols to make sure that the time domain signals are non-negative.

IDC can be set as

IDC = µσg, (1.2.6)

where µ is a positive real number and σ2
g is the variance of g-th group [26]. A fixed

bias is added for each symbol which is simpler to implement resulting in a non-zero

probability of clipping. Finally, biased signals are clipped from each group and signals

will drive the LEDs of each group accordingly.

Outputs from groups of LEDs sum in free-space and propagate to a standard

OFDM receiver with a single photodiode (PD) as shown in Figure 1.5 [8]. The

received signal from the PD is delivered to a parallel-to-serial (P/S) block. In the

subsequent stage, a fast fourier transform (FFT) block will transform the time domain

signals y[k] into frequency domain signals Y [k]. Finally, the QAM demodulator block

decodes the transmitted data.
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1.3 Dimming techniques

This section presents a review of dimming approaches for LED luminaires dimming

technologies of LEDs and introduces the influence of VLC systems when integrated

with dimming control. Dimming techniques are effective ways to conserve energy for

the illumination device and achieve the brightness requirements of people in different

scenarios [36]. By using dimming schemes, the brightness of LED lamps can be

adjusted to implement the dimming level, which makes lamps generate less heat and

have a longer lifetime [36]. Since LEDs are current-driven devices, their brightness is

proportional to the forward current through LEDs. In order to adjust the brightness

of LEDs, the average power of LEDs can be changed by adjusting the drive current

according to a dimming target [4]. However, because dimming will adversely affect

communications, the main function of the VLC system cannot be neglected which

makes sure the illumination and the data communication of the system [75].

Traditional dimming approaches can be mainly divided into analogue dimming

(AD) and digital dimming (DD) [4]. In recent years, spatial dimming (SD) technology

has also been studied, which can use the spatial domain of the LED to achieve optical

power adjustment and dimming target [76] [77].

1.3.1 Analogue dimming

The essence of analogue dimming is to change the amplitude of the LED drive signal

which can achieve the amplitude constraints of the system. As shown in Figure

1.6, the x-axis represents time, the y-axis represents driving current, the dashed line

represents Ibias, and the solid line represents the implementation principle of different

dimming methods. For analogue dimming in Figure 1.6, also known as amplitude
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Figure 1.6: Principle of visible light analogue dimming and digital dimming
technology [4]
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modulation (AM), adjust the light intensity of LEDs luminaires to attain the dimming

target by varying the DC source of LEDs [78]. In this way, the intensity of the light

emitted by LEDs will change with the magnitude of the current to achieve dimming

[79]. So the advantage of analog modulation is that the receiving device is simple and

relatively easy to implement [4].

However, when the dimming target is near the upper or lower dynamic range lim-

its, the communication performance will be confined considering the dynamic range

of LEDs [51]. Accordingly, this may also result in chromaticity shift varying with the

change of the forward current [4]. So using this method to adjust the brightness of

the LED has an additional challenge of potentially changing the spectral and color

temperature for LEDs [80] [81].

1.3.2 Digital dimming

Digital dimming is the approach used most frequently in the commercial dimming of

luminaires. The essence of digital dimming is to adjust the DC content of the drive

signal by changing the duty cycle of signals to achieve the required level. Although

electromagnetic interference is possible due to the rapid changes in current [82], digital

dimming can be viewed as a simple digital-to-analogue conversion technique. Digital

dimming is also known as pulse width modulation (PWM) dimming which turns

LEDs on and off to modify the on-time of the forward current and achieve brightness

adjustment [83]. Taking into account these two characteristics, PWM achieves the

dimming target by adjusting the ratio of light to a dark time [84]. In a PWM cycle,

the brightness perceived by human eyes for light flicker greater than 100 Hz is a

cumulative process. [85]. Therefore, the greater the proportion of bright time in
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the entire cycle, the brighter the perceived illumination [86]. PWM provides high-

quality white light, as well as a simple application and high efficiency [87] would be

achieved. In addition to the EMI, another challenge with this dimming approach is

the possibility for the LED driver to generate audible noise during operation.

In order to integrate VLC with PWM, the data duty cycle of the waveform can be

adjusted utilizing a time-division multiplexing (TDM) scheme to transmit signals in

[4]. In [88], subcarrier pulse position modulation (SC-PPM) and PWM are combined

simultaneously to achieve dimming and transmitting data sequence.

In VLC systems, the large current spike will occur when the LEDs turn ‘on’,

which will cause electromagnetic interference (EMI) [82] [89]. When PWM dimming

is combined with VLC systems with large numbers of LEDs, EMI might be caused

[89].

1.3.3 Spatial Dimming

Typical indoor lighting typically uses many LEDs to achieve sufficient brightness.

In this way, multi-input multi-output (MIMO) communication system with multiple

photo detectors (PDs) would be naturally formed at the receiver. Compared with

traditional AD and DD technologies, spatial dimming (SD) is a more direct and ef-

fective dimming method considering spatial domain. The principle of spatial dimming

technology is shown in Figure 1.7. As shown in Figure 1.7, for a luminaire with many

LEDs, SD can achieve illumination level by activating part of LEDs working in the

light source. So that signals in each LED would not be affected, which would avoid

the loss of system communication rate. Subsequently, signals of the working LEDs

will sum and be transmitted to the receiver in free-space as illustrated in Figure 1.7
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Figure 1.7: Principle of spatial dimming technology
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where y(t) is defined as the received signal.

At present, spatial dimming has been initially applied in the single-user visible

light system. Reference [90] proposed the antennae basic boundary dimming (ASD)

technology which uses the number of active LEDs to achieve the dimming target.

ASD uses channel state information (CSI) to select the best antennae subset and

achieve the highest channel gain [90]. In [91], Y. Yang proposed spatial dimming

orthogonal frequency division multiplexing (SD-OFDM) technology which achieves

dimming by changing the number of LEDs in the room. Owing to the fact that SD-

OFDM technology does not change the DC bias of the signal, it significantly reduces

the clipping noise of the signal compared to analogue dimming. It also keeps the

signal in the ‘on-state’ during the dimming process, which can obtain a higher rate

than digital dimming. Since the number of LEDs in the light source will limit the

dimming accuracy of the system, the spatial dimming can jointly adjust the amplitude

of the signal to achieve higher dimming accuracy.

1.3.4 Cooperation of VLC and dimming technology

Optical OFDM based VLC system with dimming is energy-efficient which adjusts

the brightness of luminaires as different ambient light [92]. Two functions of VLC

are illumination and communication [93], while the communication function of VLC

systems may be influenced because of dimming.

As discussed in Section 1.2, DCO-OFDM and ACO-OFDM are two widely used

OFDM techniques in VLC systems [94]. When digital dimming is integrated with

DCO-OFDM, data-bearing signals are transmitted only in the ‘on’ states of corre-

sponding PWM signals [94]. So when the dimming level is relatively low, most PWM
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signals are in the ‘off’ state which cannot transmit data and ensure the communi-

cation quality. real-valued What is more, the performance of VLC systems will be

impacted by clipping noise when the required dimming target is relatively high or low

as discussed in Section 1.2.1 [69].

In VLC systems based on ACO-OFDM, the brightness of LEDs can be changed by

signal and bias. The dynamic range for LEDs can be fully utilized when the dimming

level is low [94] since the negative value of ACO-OFDM signals is clipped. While, if

the dimming target for LEDs is high, the range where signals vary will shrink [94].

Therefore, the efficiency and quality of communication will be reduced.

Many other dimming schemes integrated with VLC systems are also proposed as

follows. Y. Yang proposed Hybrid Dimming OFDM (HD-OFDM) technology in [51]

where dimming accuracy and capacity of the system has been improved due to the

simultaneous use of space and signal as resources. The main idea of HD-OFDM is to

achieve a dimming target by DC bias and the number of working LEDs [51]. Spatial

dimming adjusts the optical power by activating part of LEDs in lighting equipment

to improve the communication performance of the system under different dimming

targets [91].

However, the achievement of dimming function in VLC systems will directly af-

fect the intensity of LEDs and the light source [95]. Hence, the performance of

communication will be influenced by dimming control and then affect the number of

transmitted bits in communication [96]. In this thesis, an optimal dimming scheme

integrated with SO-OFDM is proposed to solve the problem of aforementioned dim-

ming methods [51]. Proposed dimming methods based on VLC systems maximize the

capacity of the system which maintains communication performance under different
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illumination requirements.

1.4 Contributions of this Thesis

The main contribution of this thesis is to propose a novel power allocation scheme in

spatial dimming which is based on spatial summing optical-OFDM (SO-OFDM) [2].

The traditional water pouring algorithm allocates the transmission power according

to the channel conditions to maximize the transmission rate. Usually, when the

channel conditions are good, more power will be allocated and when the channels are

poor, less power will be allocated. The proposed scheme is based on SO-OFDM in

[2] and combined with the water pouring scheme aiming to find the optical power

allocation method for LEDs to not only meet the dimming requirements but also to

maximize the communication rate of the VLC system. communication quality of the

VLC system.

The developed water filling scheme allocates the transmission power to maximize

the transmission rate and achieves the dimming target at the same time. Firstly, a

non-convex problem is formed to calculate the capacity of SO-OFDM under a specified

dimming target. Then this non-convex problem can be broken into a group of convex

problems through approximations and constraint relaxation. The proposed scheme

is solved by iteratively updating the clipping noise to achieve the optimal rate. The

proposed scheme also agrees well with conventional water filling in which when the

channel conditions are good, more power is allocated.

Numerical results and analytical results show that the proposed novel water filling

scheme converges fast and performs well in different conditions.
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1.5 Thesis Structure

The structure of the thesis is as follows. Chapter 2 describes the system model

and channel model graphically, and the problem is stated. Chapter 3 discusses the

proposed novel water pouring power allocation method for spatial dimming and com-

munications. In addition, for different values of clipping noise, the power distribution

method that maximizes the capacity of the system under group and subcarrier is

discussed separately. Chapter 4 describes the simulation results of the system and

compares the proposed power allocation method with allocating power uniformly.

Chapter 5 summarizes the research work of the thesis and points out the direction of

further research.
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Chapter 2

System model

In this chapter, the system model of the SO-OFDM system and the spatial dimming

block are illustrated. What is more, the channel model between LEDs and photo-

detectors is also discussed with the explanation of parameters. Dimming constraints

are stated so the problem is determining how to allocate power within constraints to

optimize the performance of the system.

2.1 Spatial dimming Transmitter model based on

SO-OFDM

As discussed in Section 1.2.2, the main idea of SO-OFDM is to separate a wideband

input signal amongst subsets of carriers and emit them to different groups of LEDs

[2]. In SO-OFDM, the setup of LEDs in G groups can be illustrated in Figure 2.1. In

Figure 2.1, L and Lg represent the total number of LEDs and the number of LEDs

for the g-th group separately. L LEDs are separated into G groups, so each group

28



M.A.Sc. Thesis – D. Li McMaster University – Electrical Engineering

... 

.

.

.

... 

L LEDs

... 

G groups

Lg LEDs in the g-th group

Figure 2.1: Setup of L LEDs in G groups for spatial summing in SO-OFDM

29



M.A.Sc. Thesis – D. Li McMaster University – Electrical Engineering

	QAM	
Modulator

&
S/P

.

.

.

DC
Bias

.

.

.

XQAM[k]
Hermitian
Symmetry

X[k]
.
.
.

DC
Bias

DC
Bias

LEDs
group	1

LEDs
group	2

LEDs
group	g

Input	bits
SO

dimming	
Block

u1[n]

u2[n]

ug[n]

Figure 2.2: Architecture of spatial summing OFDM transmitter

has Lg LEDs where g ranges from 1 to G.

In VLC the concept of spatial summing means signals driving different LEDs are

summed in space [2]. As discussed in Section 1.3.3, signals of those LEDs will sum in

space during propagation in the optical wireless channel. Generally, the transmission

delay and channel gain for different LEDs in the indoor VLC channel are different.

However, the distance between each LED in each compact lamp is measured in cen-

timetres, which is so negligible that the channel gains and delays of each LED can be

supposed to be the same in our system [2].

Figure 2.2 describes the architecture of the proposed spatial dimming system

which is based on SO-OFDM. The biggest difference between SO-OFDM and DCO-

OFDM discussed in Section 1.2 is the spatial dimming block. The details of the

spatial dimming block in Figure 2.2 are shown in Figure 2.3. Assume the number

of total subcarriers is N where N is a power of 2. Considering Hermitian symmetry

constraint, there are N/2 pairs of quadrature amplitude modulation (QAM) symbols,

i.e., X[k] = X∗[N − k] (0 ≤ k ≤ N/2− 1). X[0] and X[N/2] are set to zero which is

similar to DCO-OFDM discussed in Section 1.2.1.

Allocating the wide band N/2 pairs of symbols among the G groups as shown in
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Figure 2.3 such that in the g-th group there are narrow band NG/2 pairs of symbols

Xg[k] = X∗g [N − k] ((g − 1)NG/2 ≤ k ≤ gNG/2− 1, NG = N/G) and the remaining

subcarriers are set to zeros as in [2]. According to central limit theorem (CLT)

[97], when N is large, the output of IFFT xg[n] in g-th group follows a Gaussian

distribution with zero-mean and the variance σ2
g .

Following Parseval’s theorem, σ2
g is given by

σ2
g =

2

N

N/2−1∑
k=0

E
[
|Xg[k]|2

]
=

2

N

gNG/2−1∑
k=(g−1)NG/2

sg,k (2.1.1)

where

sg,k
4
= E

[
|Xg[k]|2

]
(2.1.2)

i.e., the electrical power of the k-th channel in the g-th group.

As shown in Figure 2.3, assume xg[n] is hard symmetrically clipped to ensure that

it is in the linear range of LEDs [−IH,g IH,g] leading to [98]

ug[n] =


IH,g, xg[n] > IH,g,

xg[n], −IH,g ≤ xg[n] ≤ IH,g,

−IH,g, xg[n] < −IH,g.

(2.1.3)

In the VLC system, transmitted time domain signals must be non-negative. After

clipping xg[n] , the following step is adding DC-bias IDC,g for the clipped signals ug[n].

A DC bias IDC,g is added to ug[n] to ensure that the signal is non-negative. Hence

IH,g = min{IDC,g − IL, IU − IDC,g}. (2.1.4)
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Define

IH,g = µσg = µ

√√√√ 2

N

gNG/2−1∑
k=(g−1)NG/2

sg,k (2.1.5)

where µ is a proportional scalar in the g-th group corresponding to σg [2].

Rewriting (2.1.5) as an affine function with respect to sg,k as

µ2 2

N

gNG/2−1∑
k=(g−1)NG/2

sg,k = I2
H,g, g = 1, . . . , G. (2.1.6)

Finally, those clipped and biased signals from each group will drive the LEDs

of each group accordingly. At the receiver, the received total optical power is con-

verted to a photo-current by a photo-detector (PD) being corrupted by additive white

Gaussian noise (AWGN), given by [99]

y[n] = Gele

G∑
g=1

Lg (ug[n] + IDC,g ) + z[n] (2.1.7)

where Gele is the electrical gain of the system. Gele can be defined as

Gele = SGlosRP, (2.1.8)

where S denotes the LED conversion factor. Glos denotes the DC optical channel gain

with line of sight (LOS) and RP denotes the responsivity of the PD [2].

2.2 Channel Model

The LED emission pattern is assumed to have a Lambertian pattern [2]. Lambertian

pattern refers to a radiation source that the radiant brightness of the source is constant
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Φ
Ψ

LED Photo-detector

d

Figure 2.4: Diagram of LOS link [5]

in all directions [100].

At the receiver, a standard OFDM receiver is applied [2]. As justified precisely

in this chapter, the distance between each LED is negligible. For the above reasons,

we assume that the channel gain of a line of sight (LOS) between each LED and the

photo-detector is equal [2]. The channel gain Glos can be written as [2]

Glos =


(m+1)A

2πd2
Ts(ψ)g(ψ) cosm(φ) cos(ψ), if 0 < ψ < Ψc

0, if ψ > Ψc

, (2.2.1)

where m is the Lambertian order which is equal to − ln 2

ln(cos Φ1/2)
, Φ1/2 is the LED semi-

angle at half illumination power, A is the area of detector. As shown in Figure 2.4,

assume the LED emits an axially symmetric radiation [5], d is the distance between

LED and the photo-detector, φ and ψ represent the angle of irradiance angle and
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incidence angle respectively, ψc is the field of vision (FOV) for the receiver photo-

detector, Ts(ψ) and g(ψ) are denotes as the gain of optical filter and the gain of

optical concentrator respectively, where g(ψ)is given as [22]

g(ψ) =


n2

sin2 Ψc
, 0 ≤ ψ ≤ Ψc

0, 0 ≥ Ψc

(2.2.2)

where n is the refractive index.

2.3 Dimming constraint

The illumination constraint and dimming are considered at the receiver plane in the

thesis. Let Po denote the total transmitted optical power from all the LEDs summed

in space. Po,g is the transmitted optical power contributed by each LED in the g-th

group. For convenience, Po,g and Po are set to be unity in this thesis. We have

G∑
g=1

LgPo,g = Po. (2.3.1)

Generally, Po,g is a linear function of the forward current [2] and

Po,g = E [S (ug[n] + IDC,g )] . (2.3.2)

According to (2.1.3), we have E [ug[n]] = 0 and plug this into (2.3.2) leading to

Po,g = SIDC,g. (2.3.3)
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Substituting (2.1.4) into (2.3.3),

S(IL + IH,g) ≤ Po,g ≤ S(IU − IH,g). (2.3.4)

Note that the illumination is a function of the luminaire and the illumination

level is expected to be adjustable, i.e., dimming. Define Pmax as the maximum total

received optical power for illumination. Define dimming target αdim as

αdim =
Po

Pmax

, (2.3.5)

where αdim = 1 indicates full brightness with Po = Pmax.

It is worth noting that we can control sg,k and µ to achieve the required dimming

target αdim according to (2.1.4) and (2.3.3). According to (2.3.5), αdim is a monoton-

ically increasing function of Po which is equal to the sum of LgPo,g. Notice that Po,g

is the function of IDC,g in (2.3.3) where IDC,g can be controlled by IH,g according to

(2.1.4). In (2.1.5), IH,g is the function of sg,k and µ so that the dimming target can

be achieved by adjusting sg,k and µ.

2.4 Summary

This chapter illustrates the system model of the SO-OFDM system and the channel

model for each LED in the compact lamp can be seen as equal. The optimization

problem will be solved in the next chapter according to those dimming constraints

discussed in Chapter 2.
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Chapter 3

Proposed Novel water pouring

power allocation

In this chapter, the dimming of SO-OFDM is described as an optimization problem

that is stated mathematically according to the system model described in Chapter

2. In order to solve the stated non-convex problem proposed in this chapter, a novel

water pouring power allocation is proposed. The original problem is decomposed

into two convex problems. Stated problems are solved in this chapter under different

values of µ.

3.1 Problem statement

The architecture of spatial dimming OFDM is illustrated in Figure 3.1 where L LEDs

are separated into G groups.

At the transmitter, QAM symbols from serial-to-parallel conversion are input to

the Hermitian Symmetry and spatial dimming block to obtain the real time domain
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Figure 3.1: Block diagram of spatial dimming system with Lg LEDs in G groups [2]
.

clipped OFDM signal. As discussed in Chapter 2, assume that the number of total

subcarriers is N . Due to Hermitian symmetry, there are only N
2
−1 independent data

carried subcarriers. According to central limit theorem (CLT) [97], when Xg[n] are

added together and the number of subcarriers N is large enough (i.e., N is greater

than 64), the distribution of Xg[n] can be seen as Gaussian distribution with zero-

mean and variance σ2
g ,

σ2
g = E

[
|xg[n]|2

]
=

2

N

N/2−1∑
k=1

E
[
|Xg[k]|2

]
. (3.1.1)

In practice, as noted in [97], when the number of carriers is larger than 64 this

Gaussian approximation is reasonable [97].

38



M.A.Sc. Thesis – D. Li McMaster University – Electrical Engineering

For the time domain signal xg[n] after taking the IFFT,

xg[n] =
1√
N

N−1∑
k=0

Xg[k] exp

(
j2πkn

N

)

=
1√
N

N/2−1∑
k=1

{
Xg[k] exp

(
j2πkn

N

)
+X∗g [k] exp

(
−j2πkn

N

)}

=
2√
N

N/2−1∑
k=1

<
{
Xg[k] exp

(
j2πkn

N

)}

=
2√
N

N/2−1∑
k=1

{
<{Xg[k]} cos

(
2πkn

N

)
−={Xg[k]} sin

(
2πkn

N

)}
(3.1.2)

Signals from IFFT and P/S block are clipped to fit the dynamic range of LEDs.

The clipped signal for each group ug[n] can be approximated using Bussgang’s theo-

rem [101]. This linear regression model of clipping for (2.1.3) can be rewritten as [99]

ug[n] = Kgxg[n] + cg[n] (3.1.3)

where cg[n] is clipping noise which is modelled as being uncorrelated with xg[n] [99]

and Kg is a scalar. Meanwhile, the clipping noise term cg[n] in (2.1.3) should satisfy

[2]

E [xg[n]cg[n]] = 0.

Define γg as the clipping factor which is inversely proportional to the severity of

the clipping distortion

γg ,
IH,g√
2σg

=
µ√
2
. (3.1.4)
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The scalar Kg in (3.1.3) is a function of γg given by [99]

Kg =
Cov[x(m), y(m)]

σ2
g

= erf (γg) = 1− erfc (γg) , (3.1.5)

where

erf(x) =
2√
π

∫ x

0

exp{−t2}dt. (3.1.6)

The clipped signal ug[n] will have a DC bias IDC added to ensure the non-negative

of signals to drive LEDs.

At the receiver, the photo-detector receives the optical power from all LEDs. As

discussed in Chapter 2, the intensities of LED sum in free space and the generated

photo-current y[n] can be modeled as

y[n] = Gele

G∑
g=1

Lgyg[n] + z[n]

= Gele

G∑
g=1

Lg (ug[n] + IDC ) + z[n]

= Gele

[
Kg

G∑
g=1

Lgxg[n] +
G∑
g=1

Lgcg[n] + Lg

G∑
g=1

IDC

]
+ z[n]

= Gele
L

G

[
Kg

G∑
g=1

xg[n]+
G∑
g=1

cg[n]+GIDC

]
+z[n].

(3.1.7)

where IDC is the DC bias discussed in Chapter 2 as shown in Figure 3.1 and z[n] is

the additive white Gaussian noise (AWGN) term given as

z[n] ∼ N
(
0, σ2

z

)
. (3.1.8)
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Since the DC bias carries no information, when the useful power of the system is

calculated, the DC bias part is ignored.

The discrete Fourier transform (DFT) of the received signal in (3.1.7) with DC

bias removed is

Y [k] = Gele

G∑
g=1

LgKgXg[k] +Gele

G∑
g=1

LgCg[k] + Z[k], (3.1.9)

where Cg[k] = DFT {cg[n]} is clipping noise and Z[k] ∼ N (0, σ2
z [k]) is equivalent

receiver noise. Assuming that the channels are equalized by a single tap complex

multiplication. The model of (3.1.9) arises by considering an equalizer at the receiver.

Assuming that the channels are equalized by a single tap complex multiplication. The

equivalent noise with variance σ2
z [k] = σ2

0/|H[k]|2, where σ2
0 is AWGN and H[k] is

channel gain at the k th subcarrier.

Each data-bearing subcarrier discussed in Chapter 2 is allocated to a single group

only, the useful power of symbol in the kth subcarrier in (3.1.9) can be defined as

σ2
useful[k] = G2

ele

G∑
g=1

L2
gK

2
gsg,k. (3.1.10)

The second term in (3.1.9) denotes clipping noise in the kth subcarrier, which is

well modelled as AWGN based on CLT.

Theorem 1. The variance of the clipping noise in each data-bearing subcarrier is

same and in kth subcarrier is given by

σ2
clip[k] = G2

ele

G∑
g=1

L2
gσ

2
gΓ(γg) (3.1.11)
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where for readability Γ(γg) is defined as the function of γg as

Γ (γg) ,
(
erf (γg)− erf2 (γg) + 4γ2

g (1− erf (γg)) −2γg√
π

exp
(
−γ2

g

))
(3.1.12)

Proof. For gth group, based on (3.1.3),

E {cg[n]} = E {ug[n]} −KgE {xg[n]} = 0. (3.1.13)

Considering the definition of DFT,

E {Cg[k]} = E {cg[n]} = 0. (3.1.14)

Hence, the variance of total clipping noise in the k th subcarrier from all the G

groups is

σ2
clip[k] = G2

ele

G∑
g=1

L2
gE
{
|Cg[k]|2

}
. (3.1.15)

Following the Parseval’s theorem,

E
{
|Cg[k]|2

}
= E

{
|cg[n]|2

}
. (3.1.16)

Furthermore, based on (3.1.3) and (3.1.14),

E {cg[n]}2 = E
{
u2
g[n]
}
−K2

gσ
2
g − 2E {cg[n]}Kgσg

= E
{
u2
g[n]
}
−K2

gσ
2
g

= σ2
g

(
erf (γg)− erf2 (γg) + 4γ2

g(1− erf (γg))−
2γg√
π

exp
(
−γ2

g

) )
.

(3.1.17)
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Substituting (3.1.16) into (3.1.15) leads to Theo. 1, where

E
{
u2
g[n]
}

= σ2
g erf

(
c√
2σg

)
+ c2 erfc

(
c√
2σg

)
− 2σgc√

2π
exp

(
− c2

2σ2
g

)
. (3.1.18)

The proof of equation (3.1.18) is shown in the Appendix B.

The performance of the proposed spatial dimming system is affected by clipping

noise and the channel. For each subcarrier, the signal-to-noise-and-distortion ratio

(SNDR) of k-th subcarrier is influenced by not only the useful power σ2
useful[k] but

also AWGN noise σ2
z [k] and clipping distortion noise σ2

clip[k] [2]. The SNDR of the

k-th subcarrier can be written as

SNDR[k] =
σ2

useful[k]

σ2
z [k] + σ2

clip[k]
, (3.1.19)

where σ2
useful[k] , σ2

z [k] and σ2
clip[k] are defined in Section (3.1).

The bit error rate (BER) can be approximated for different square M -QAM mod-

ulation formation which can be estimated using the signal-to-noise-and-distortion

ratio (SNDR) [2]. For each subcarrier, the bit error ratio for the subcarrier can be

approximated as [102] [103]

BER[k] =
4(
√
M − 1)√

M log2(M)
Q

(√
3 log2(M)

M − 1
(SNDR[k])

)

+
4(
√
M − 2)√

M log2(M)
Q

(
3

√
3 log2(M)

M − 1
(SNDR[k])

)
.

(3.1.20)
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Given that there are N/2 − 1 data-carrying subcarriers, the average BER is ob-

tained as

BER =
1

N/2− 1

N/2−1∑
k=1

BER[k]. (3.1.21)

Employing Shannon formula and the chain rule for mutual information, the achiev-

able information rate of (N
2
− 1) independent data carried subcarriers in SO-OFDM

can be approximated

C =

N
2
−1∑

k=1

log2

(
1 +

σ2
useful[k]

σ2
z [k] + σ2

clip[k]

)
(a)
=

G∑
g=1

gNG/2−1∑
k=(g−1)NG/2

log2

(
1 +

G2
eleL

2
gK

2
gsg,k

σ2
z [k] + σ2

clip[k]

) (3.1.22)

where (a) is due to each data-bearing subcarrier is only allocated to one group as

presented in Section 2.1.

The power allocated to each carrier determines the capacity of the system. Hence,

to find the optimal sg,k and µ to achieve the dimming target defined in Chapter 2

and maximize the capacity at the same time, an optimization problem is formulated

44



M.A.Sc. Thesis – D. Li McMaster University – Electrical Engineering

as

P1 :max
sg,k,µ

C (3.1.23a)

s.t.
G∑
g=1

LgPo,g = αdimPmax, (3.1.23b)

Po,g = SIDC,g, (3.1.23c)

IH,g = min{IDC,g − IL, IU − IDC,g}, (3.1.23d)

µ2 2

N

gNG/2−1∑
k=(g−1)NG/2

sg,k = I2
H,g, (3.1.23e)

sg,k ≥ 0, (3.1.23f)

µ ≥ 0, (3.1.23g)

where (3.1.23a) is the capacity in (3.1.22), (3.1.23b) is because the sum of optical

power for each group is equal to the total optical power. P1 is not a convex problem

because the objective is not a convex function of sg,k and µ.

3.2 Problem solution

The impact of clipping on BER depends on the channel noise but it can be controlled

by selection of µ [104]. In this section, we solve the problem in two conditions: (P1)

when µ is large (greater than 2) and (P2) when µ is small (less than 2). Clipping

noise is considered negligible in (3.1.22) when µ is large.
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3.2.1 Qualitative Analysis

To solve the optimization problem, P1 should be qualitatively analyzed. According

to Chapter 2, the time domain signal xg[n] after IFFT is hard symmetrically clipped

to fit the dynamic range of LEDs. The clipper clips the part of the xg[n] beyond the

dynamic range symmetrically. The resulting distribution after clipping is symmetric

about the mean of the Gaussian distribution.

To make it clear how symmetric clipping denoted by (2.1.3) works, three cases are

illustrated in Figure 3.2 as an example with the increasing of IDC,g. The PDF of three

cases with IDC,g = 100, 250, and 400 mA respectively under symmetric clipping are

shown in Figure 3.2. Corresponding to these three cases, αdim = 0.2, 0.5, and 0.8

respectively.

Assume the Gaussian noise σ2
z [k] is the same in all three cases. For Case 1 and

Case 3, the value of linear range IH,g is the same and IH,g = 100 mA such that the

value of σg is equal.

Hence, according to Theo. 1, the value of σ2
clip[k] is equal such that the capacity

of both cases should also be equal according to (3.1.22). That is, the capacity is

symmetric with respect to

IDC,g =
IL + IU

2
(3.2.1)

i.e., for any two cases with IDC,g and I ′DC,g = IL+IU −IDC,g respectively, the capacity

of the both cases are equal according to (3.1.22). Since the available linear range

IH,g =
IL + IU

2
= 250 mA (3.2.2)

in Case 2 is biggest such that there is more freedom room to be employed for the
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Figure 3.2: PDF of cases for different values of IDC,g and IH,g under symmetric
clipping model in (2.1.3) (Il = 0 mA, Iu = 500 mA, µ = 2.5).
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information carrying signal, the capacity should be maximum. It is safe to expect

the capacity reaches maximum at

IH,g =
IL + IU

2
. (3.2.3)

As discussed in Section 3.1, P1 is not a convex problem. Although sg,k and µ are

not independent, µ can be treated as a parameter with a preset value and then solve

P1.

Next, different values of µ are scanned and P1 is solved under different values of

µ. Finally, the capacity can be considered as the maximum rate under these different

values of µ.

3.2.2 Problem P1: µ large

Firstly consider the case in which µ is large as discussed in Section 3.2 and there is

no need to consider the clipping noise. In order to achieve the maximum value of the

entropy, the input Xi should be independent and Gaussian distributed with variance

optical power IDC,g = µσg. IDC,g is added as a bias for the zero mean Gaussian

process.

When choosing IDC,g = µ± 3σ, the area within µ± 3σ is 99.72% and the clipping

noise is small [104]. So when µ is large, a reasonable assumption is to assume that

the clipping noise is negligible, σ2
clip[k] = 0 in (3.1.22).

Hence, the objective (3.1.22) can be simplified to

CA =
G∑
g=1

gNG/2−1∑
k=(g−1)NG/2

log2

(
1 +

G2
eleL

2
gK

2
gsg,k

σ2
z [k]

)
. (3.2.4)
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In order to solve the non-convex problem, CA is simplified to the convex problem CB:

Theorem 2. CB is less than or equal to CA where

CB =
G∑
g=1

log2

(
1 +

G2
eleL

2
gK

2
gSg

σ2
z,g

)
(3.2.5)

where

Sg ,
gNG/2−1∑

k=(g−1)NG/2

sg,k (3.2.6)

and

σ2
z,g ,

gNG/2−1∑
k=(g−1)NG/2

σ2
z [k]. (3.2.7)

Proof.

CA =
G∑
g=1

gNG/2−1∑
k=(g−1)NG/2

log2

(
1 +

G2
eleL

2
gK

2
gsg,k

σ2
z [k]

)

=
G∑
g=1

log2

gNG/2−1∏
k=(g−1)NG/2

(
1 +

G2
eleL

2
gK

2
gsg,k

σ2
z [k]

)
(a)

≥
G∑
g=1

log2

1 +

gNG/2−1∑
k=(g−1)NG/2

G2
eleL

2
gK

2
gsg,k

σ2
z [k]


(b)

≥
G∑
g=1

log2

(
1 +

G2
eleL

2
gK

2
gSg

σ2
z,g

)
(3.2.8)

where (a) is due to discarding the negligible value of the expansion (i.e., ignoring all

cross terms) and (b) is due to sg,k ≥ 0 and

gNG/2−1∑
k=(g−1)NG/2

sg,k
σ2

z [k]
≥
∑gNG/2−1

k=(g−1)NG/2
sg,k∑gNG/2−1

k=(g−1)NG/2
σ2

z [k]
. (3.2.9)

where (3.2.9) can readily be proved by mathematical induction in Appendix B.
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Substituting (3.2.6) into (3.2.15),

Sg =
NI2

H,g

2µ2
. (3.2.10)

Substituting (3.2.10) into (3.2.5) leading to

CB =
G∑
g=1

log2

(
1 +

NG2
eleL

2
gK

2
g I

2
H,g

2µ2σ2
z,g

)
=

G∑
g=1

log2

(√
1 +

NG2
eleL

2
gK

2
g I

2
H,g

2µ2σ2
z,g

)2
 .

(3.2.11)

CB is not a concave function with respect to IH,g. By adding all cross terms, CB

can be approximated as

C̃B =
G∑
g=1

log2

(
1 +

√
NGeleLgKg√

2µ

IH,g

σz,g

)2

=
G∑
g=1

2 log2

(
1 +

√
NGeleLgKg√

2µ

IH,g

σz,g

)
.

(3.2.12)

where C̃B is the sum of concave function and thus is a concave function with respect

to IH,g.

Problem P1 can be approximately decomposed into a series of problems. Firstly,

define the problem P2 and P2-g. P2 considers power allocation over groups. Once

power allocation of groups is done, then P2-g considers the power allocation over
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subcarrier inside the group where

P2 :max
IH,g

C̃B (3.2.13a)

s.t.
G∑
g=1

SLg(IL + IH,g) ≤ αdimPmax, (3.2.13b)

αdimPmax ≤
G∑
g=1

SLg(IU − IH,g) (3.2.13c)

IL ≤ IH,g ≤ IU (3.2.13d)

and

P2-g :max
sg,k

gNG/2−1∑
k=(g−1)NG/2

log2

(
1 +

G2
eleL

2
gK

2
gsg,k

σ2
z [k]

)
(3.2.14a)

s.t.

gNG/2−1∑
k=(g−1)NG/2

sg,k =
NI2

H,g

2µ2
, (3.2.14b)

sg,k ≥ 0. (3.2.14c)

For P2, the objective is concave and the constraints are affine, which can be easily

solved. P2-g can be treated as a conventional water filling problem. Denote s∗g,k as

the solutions to P2-g. In P2 and P2-g,

IH,g = µσg = µ

√√√√ 2

N

gNG/2−1∑
k=(g−1)NG/2

sg,k (3.2.15)
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Figure 3.3: The flow chart of the proposed iteration approach to solve P1 which
applies to µ small case in Section 3.2.3

3.2.3 P1: µ small

When µ is small, the clipping noise is more severe. It is worth to note that in the

frequency domain, the variance of the clipping noise in each data-bearing subcarrier is

equal according to (3.1.11). This means the effect of clipping noise in each subcarrier

is modelled as being the same.

Based on (3.1.22), when σ2
z [k]� σ2

clip[k], the effect of AWGN noise dominates the

power allocation; and when σ2
z [k]� σ2

clip[k], the effect of clipping noise dominates the

power allocation.

Based on the above analysis, an iterative approach is proposed to solve P1, and

in one iteration the clipping noise is updated from the last iteration.

Specifically, define σ2
clip[k]

(i)
and s∗g,k

(i) as the variance and the solutions to P2-g

for i-th iteration. To achieve power allocation, considering the effect of clipping by
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calculating σ2
clip[k]

(i)
through s∗g,k

(i), and then in the (i+ 1)-th iteration update noise

variance by

σ2
z [k]

(i+1) ←− σ2
z [k] + σ2

clip[k]
(i)
. (3.2.16)

Again, updating s∗g,k
(i+1) by solving P2 under σ2

z [k]
(i+1)

and calculate σ2
clip[k]

(i+1)
for

(i+2)-th iteration. This iterative approach is summarized in Fig. 3.3. Hence, P1 can

be solved by this iterative approach when it finally converges or meets the maximum

number of iterations. Convergence using this approach is not guaranteed, however,

in practice (as seen in Chapter 4) this process does converge. Assume S[k] is the final

optimal average electrical power at the k-th subcarrier.

3.3 Summary

In this chapter, our proposed power allocation method under dimming target is de-

scribed and optimized. Firstly, problems are stated under constraints discussed in

Chapter 2 previously. When clipping noise is small and can be ignored, the objective

(3.1.22) can be simplified. So that, according to the value of clipping noise, two differ-

ent conditions are described with different values of µ. If µ is very large, the DC bias

will be much bigger and the clipped part of the signal is so small that the influence

of clipping noise in the SNR region can be ignored [99]. Furthermore, the situation

should be considered when the clipping distortion is ignored. In this condition, the

Bussgang theorem can be used to model the clipping noise and iteratively the clipping

noise should be updated until achieving the optimal capacity.
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Chapter 4

Simulation and Numerical Results

In this chapter, simulations are conducted to analyze the performance of the proposed

spatial dimming scheme discuessed in Chapter 2 with power allocation defended ac-

cording to Chapter 3. The simulation result shows that the proposed power allocation

scheme performs well and the results match the conventional water filling philosophy.

4.1 Parameter Selection

This section mainly sets the parameters according to references and real world con-

straints. Assume that there are N = 256 subcarriers and L = 8 LEDs. For each LED,

set IL = 0 mA and IU = 500 mA. In all analyses, the available bandwidth of each

LED is B = 100 MHz [102] and the double-sided power spectral density of AWGN is

N0/2 = 10−14/2 mA2/Hz. Hence, σ2
0 can be written as

σ2
0 = BN0 = 10−6mA2. (4.1.1)
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Parameters for the optical channel gain Glos mentioned in Chapter 2.2 are shown in

Table 4.1. In the simulation, Pmax = GLgSIU according to (2.3.1) and (2.3.2). For

example, when G = 4 and Lg = 2, Pmax = 16W. The value of Gele will nor influence

power allocation since it is just a constant in our problem.

As discussed in Chapter 2, channel gains between each LED to the receiver is

equal [2]. The channel gain of k-th subcarrier is given by [105] [106]

H[k] = 1/
√

2 exp((k −N/2)2/(2σ2
HN

2)), (4.1.2)

with σ2
H = 1

4 ln 4
thus leads to a 6-dB cut off frequency, i.e.,

|H[N/2]|2 = 0.25|H[0]|2. (4.1.3)

4.2 Simulation Results

In this section, simulation results are shown to analyze the performance of the pro-

posed power allocation scheme with different group numbers G, dimming target αdim

and proportional scalar µ. Although µ is a fixed parameter, it must be properly

selected to balance the impact of clipping and channel noise on the overall capacity.

To explore the relationship between power allocation and channel gain, the power

allocated for each subcarrier and the corresponding noise are also demonstrated in

this part. The approximations are used only for design purposes. In later results, the

calculation of the capacity using the exact expression (3.1.22) discussed in Chapter

3.
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Table 4.1: Simulation Parameters [2] [7]

Symbol Name of Parameters Values

IH Maximum allowed
current

2A

IL Minimum allowed
current

0A

σ2 The electrical power
of the signal

1 W

Φ1/2 Semiangle at half
power

60 [deg.]

Ts(ψ) Gain of the optical
filter

1

n Refractive index 1.5
A Physical area of a PD 1[cm2]
ψc Receiver FOV semi-

angle
80 [deg.]

d Distance between the
transmitter and re-
ceiver,

2m

φ Angle of irradiance, 0 [deg.]
ψ Angle of incidence, 0 [deg.]
Gele line of sight, 1
S LED conversion fac-

tor,
1W/A

Glos line of sight, 1
RP responsivity of the

PD,
1[A/W]
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4.2.1 Iteration of clipping noise

In this part, the iteration of clipping noise with different situations is discussed. The

purpose of this section is to show that the loop defined earlier converges. The opti-

mization problems defined in Chapter 3 converge in practice for the practical values.

In order to solve P2 and P2-g in Section (3.2), Matlab Software for Disciplined Con-

vex Programming (CVX) is utilized [107] [108]. As illustrated in Section 3.2.3, P2

can be solved by iterating on the resulting clipping noise.

Firstly, to find an optimized power distribution, the effect of clipping noise for

each subcarrier is considered by calculating the variance of the clipping noise σ2
clip[k]

(i)

according to (3.1.11) in Chapter 3. Then in the (i+ 1)-th iteration the noise variance

is considered continuously until the clipping noise converges.

Figure 4.1 to Figure 4.4 illustrate the convergence of σ2
clip[k]

(i)
as iteration number

i increases, in which G = 8 is fixed for different µ and αdim. It can be seen that

the convergence of σ2
clip[k]

(i)
is quickly in practice in our simulations. As shown in

Figure 4.1 to Figure 4.4, σ2
clip[k]

(i)
converges after the second iteration when G = 8.

As discussed in Chapter 3 When µ is large (µ >2 ) and the clipping noise can be

ignored, then the iteration time is 0 (i.e., no iteration is necessary). While when µ is

small (µ <2 ), the clipping noise should be considered. The total iteration number

i for σ2
clip[k]

(i)
can be set as 3. The iteration of s

(i)
g,k is illustrated in the Appendix B

which also shows that the iteration number i set as 3 is reasonable.

4.2.2 Power allocation results

In this part, according to an optimized power allocation scheme. proposed in Section

3, the power allocated to each subcarrier with different conditions is displayed, and the
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Figure 4.5: Distribution of symbol power S[k] at each data-bearing subcarrier (
µ = 2.5, αdim = 0.5 and G = 8).

relationship between the power allocation of each subcarrier S[k] and corresponding

noise variance σ2
z [k] can also be compared. In the process of solving the optimal power

allocation problem, CVX [109] and the clipping noise σ2
clip[k]

(i)
in the previous section

are utilized.

The distribution of symbol power S[k] and noise variance σ2
z [k] at each data-

carrying subcarrier are shown in Figure 4.5 and Figure 4.6, in which µ = 2.5 with

αdim = 0.5 and G = 8 are fixed.

In Figure 4.5 and Figure 4.6, the x-axis is the number of subcarriers where k refers
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z [k] = σ2
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data-bearing subcarrier (same condition with Figure 4.5

)
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to the power of the k-th carrier. The y-axis of Figure 4.5 is the power allocated to each

subcarrier and the y-axis for Figure 4.6 is the channel noise variance σ2
z [k] for k-th

subcarriers. Similar to traditional water pouring, the proposed scheme will allocate

more of the power to those subcarriers with low noise variance and small amounts

of power to noisy subcarriers. This satisfies intuition as channels with favourable

channel gains are allocated more power which matches the conventional water filling

method mentioned in [110].

4.2.3 Simulation results of proposed system

For this part, the capacity of the system C in (3.1.22) is discussed according to the

proposed optimal power allocation scheme. C̃B and CB are only defined to make an

objective that is easily solved using the optimizer. The following simulation results in

this part have selected the case of G = 8 and µ = 2.5 for simulation. Corresponding

capacity results and bit error rate for other cases are presented in the Appendix A.

The capacity (3.2.4) discussed in Chapter 3 for G = 8 with different dimming

levels αdim and different µ is shown in Figure 4.7. With the increasing of µ, there is a

trade-off between clipping noise variance σ2
clip and useful power σ2

useful. It can be seen

that the capacity increases as the dimming target αdim increases from 0 to 0.5. This

is because the available linear range, IH,g, of each LED modulating signal increases

thus increasing the total available power. However, when αdim keeps increasing from

0.5 to 1, the capacity will decrease due to the reduction of IH,g for LEDs to fit the

dynamic range of each LED.

When αdim ≤ 0.3 or αdim ≥ 0.7, capacity with µ = 1.5 is the largest. This

is likely caused by the large clipping noise. The capacity when µ = 2.5 is largest
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Figure 4.7: Capacity of SO-OFDM for different dimming levels with G = 8 group
(Solid lines show results by solving P2 and dot lines uniformly distributed S[k]).
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Figure 4.8: Zoomed-in-figure for Figure 4.7 (Solid lines show results by solving P2
and dot lines uniformly distributed S[k]).
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with 0.3 ≤ αdim ≤ 0.7 and reaches the peak when αdim = 0.5 because clipping noise is

reduced as µ increases. If µ continues to increase to 3.5 or 4.5, the capacity will reduce,

since increasing µ causes a reduction in σ2
useful[k] in (3.1.10) as well. Furthermore,

the capacity is symmetric with respect to αdim = 0.5 and reaches its maximum at

αdim = 0.5 as discussed in Section 3.2.

The achievable information rate with uniformly distributed power denoted by dot

lines is also shown in Figure 4.7 as a reference. The power allocated to each subcarrier

can be calculated as

sg,k,uniform =
NI2

H,g

NGµ2
(4.2.1)

where IH,g= min {IU−αdimPmax

GSLg
,αdimPmax

GSLg
−IL} according to (3.2.13b),(3.2.13c), (3.2.13d)

and (3.2.14b).

Compared to the rate with the uniform power allocation, the capacity obtained

by solving P2 is larger when αdim is small. This is because when αdim is small,

SNR is also small and channel noise has a large effect on the power allocation among

data-bearing subcarriers. When αdim is large, the channel noise is relatively small as

compared to the signal power.

The details of the channel capacity where αdim ranges from 0.05 to 0.3 are shown in

Figure 4.8 which is the zoomed-in-figure of Figure 4.7. In Figure 4.7, when αdim=0.1,

the capacity of the proposed power allocation method is about twice of the capacity

for uniform distribution. When αdim is less than 0.5, with the increase of αdim, the

gap of channel capacity for the optimal power allocation scheme and the uniform

distribution scheme becomes smaller. This is because when the total power is small,

the limited power should be allocated optimally to obtain a larger capacity. However,

when the dimming target is large enough, the power is large enough to allocate for
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each subcarrier, the gap between the optimal power distribution scheme and the

uniform power distribution scheme will become smaller. These phenomena also agree

well with conventional water filling in the high SNR regime.

Furthermore, a flat channel with noise variance σ2
z [k] is equal at each data-carrying

subcarrier shown in Figure 4.10, in which µ = 2.5 and G = 8. In this condition, the

performance of the proposed power allocation scheme and uniform power allocation

scheme can be observed in Figure 4.9. In Figure 4.9, the red solid line represents the

channel capacity with the optimal power allocation scheme and the blue dashed line

represents the channel capacity with the average power allocation scheme. As shown

in the figure, these two lines coincide with each other. This is because the channel is

flat, and the noise variance σ2
z [k] corresponding to each subcarrier is the same, so the

optimal power allocation scheme is the same as the average power allocation scheme.

It also verifies that the previous analysis is correct.

These phenomena when G = 8 also agree well with simulation results in Section

4.2. For all of these results, the proposed power allocation scheme always performs

well. For example, as shown in Figure 4.7, the information rate with the proposed

power allocation scheme is exceeds twice the information rate with the uniform power

loading when αdim < 0.15 or αdim > 0.85 with G = 8 and µ = 4.5.

To summarize, the power allocation of the proposed system can be calculated by

solving P2. With the increasing dimming target, µ can be selected according to the

results of the performance. For example, when αdim is small (αdim < 0.3), µ can be

selected as 1.5 when G = 8 according to Figure 4.7. The transmitted power can be

allocated according to the result of the solution of P2. While, when αdim is large

enough (such as when αdim=1), the corresponding transmitted power is also large.
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distributed S[k]).
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The large transmitted power can be allocated uniformly and µ can be selected as 2.5

when G = 8 according to Figure 4.7.

Above all, the power allocation of the designed system can be calculated by solving

P2. With the increasing dimming target, µ can be selected according to the results

of the performance. For example, when αdim = 0.5, µ can be selected as 2.5 when

G = 4. More results of the information rate of G = 4 and the comparison of C, CA,

CB and C̃B are presented in Appendix A.

4.3 Summary

Simulation results are shown in Chapter 4 to analyze the performance of the proposed

spatial dimming scheme based on SO-OFDM. The performance of the presented SO-

OFDM dimming system can be measured by the capacity, signal-to-noise ratio (SNR)

of the system. For these cases, the simulation results of the proposed scheme perform

well.
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Chapter 5

Conclusions and Future Directions

5.1 Conclusion

The thesis proposes a novel water pouring spectrum scheme for spatial dimming

based on the SO-OFDM system. The proposed scheme allocates the total power

among subcarriers in groups with the optical power constraint and dimming target.

In order to obtain the optimal power allocation, a non-convex problem is formed

to maximize the capacity of SO-OFDM with a specified dimming target. This non-

convex problem is approximated by a series of convex problems through approxima-

tions and constraint relaxation.

The proposed novel power allocation scheme integrates dimming into VLC system

based on SO-OFDM. It is observed that more of the power is allocated to subcarriers

with low channel noise. This phenomenon suggests that the channel condition plays

a vital role in allocating power for each subcarrier. The optimal capacity is close to

the capacity with uniform distribution when the dimming target and SNR are high,

which agrees well with conventional water filling in the high SNR regime. These
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simulation results for the capacity and BER show that the proposed scheme performs

well in spatial dimming.

5.2 Future Work

This thesis considers the capacity as a central target to optimize in designing a dim-

ming strategy for spatial optical OFDM systems. As the performance of the proposed

scheme has been verified previously, we could also imply this scheme for other direc-

tions to obtain a wider range of applications. Some directions could be explored in

future work.

First of all, more clipping methods could be discussed in the future. As for clip-

ping noise, symmetric clipping is considered in this thesis. While compared with

symmetrical clipping, the asymmetrical clipping in [111] has more extensive applica-

tions. Since the problem of asymmetric clipping might be more complicated due to

it clips different amounts for both sides of signals, we can consider how to optimize

the power allocation scheme with asymmetrical clipping in the future.

What is more, other modulation methods could be considered to combine with

dimming methods and obtain better channel capacity. SO-OFDM can reduce PAPR

by grouping subcarriers. While other modulation methods can also be considered to

obtain greater channel capacity. For example, layered asymmetrically clipped optical

orthogonal frequency division multiplexing (LACO-OFDM) in [112] can be used to

optimize the power allocation since LACO-OFDM has higher layers and high spectral

efficiency which makes it essential to be explored. Additionally, CB is only one of the

low bounds of CA. In the future, a tighter low bound of CA will be found to solve the

optical problem.
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Appendix A

Simulation result with other

parameters

A.1 Integration of s∗g,k
(i)

To solve P2 and P2-g, CVX is utilized [107]. Fig. A.1 shows the convergence of

s∗g,k
(i) as the iteration number i increases, in which µ = 2.5, αdim = 0.5 and G = 8. In

Fig. A.1, s1,1, s2,17 and s3,33 indicate the first nonzero subcarrier in groups 1, 2 and

3 separately. It can be seen that s∗g,k
(i) converges fast thus that the complexity can

be acceptable.

A.2 Iteration of clipping noise

In Section A.2, the iteration of clipping noise with different situations is discussed.

The simulation result agrees well with the iteration discussed in Section 4.2.1. P2

can be solved by iterating clipping noise according to the flow diagram Figure 3.3
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in Chapter 3. Figure A.2 to Figure A.3 illustrate the convergence of σ2
clip[k]

(i)
as

iteration number i increases, in which G = 4 and µ = 1.5 is fixed for different αdim. It

can be seen that the convergence of σ2
clip[k]

(i)
is quickly in practice in our simulations.

As shown in the figure, σ2
clip[k]

(i)
converges after the second iteration when G = 4.

The total iteration number i for σ2
clip[k]

(i)
can be seated as 3 which matches the result

discussed in Section 3.2.3.

A.3 Capacity results

A.3.1 Capacity of the system when G = 4

For this part, the capacity of the system when G = 4 is compared with the power

allocation discussed in Section 4.2.3. The following simulation results in this part

have selected the case of G=4, αdim and µ = 2.5 for simulation. Results present in

this section are similar to the results illustrated in Section 4.2.3 where G = 8 is used.
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The capacity of equation (3.2.4) discussed in Chapter 3 for G = 4 with different

dimming levels αdim and different µ is shown in Figure A.4. With the increasing of

µ, there is a trade-off between clipping noise variance σ2
clip and useful power σ2

useful.

The capacity also increases as the dimming target αdim increases from 0 to 0.5. When

αdim keeps increasing from 0.5 to 1, the capacity will decrease due to the reduction

of IH,g for LEDs to fit the dynamic range of each LED.

When αdim ≤ 0.25 or αdim ≥ 0.75, capacity with µ = 1.5 is the largest. This is

likely caused by the large clipping noise in these cases. The capacity when mu = 2.5 is

largest with 0.25 ≤ αdim ≤ 0.75 and reaches the peak when αdim = 0.5 since clipping

noise is reduced as µ increases. If mu continues to increase to 3.5 or 4.5 , the capacity

will reduce. The findings indicate that the increase of µ causes a reduction in σ2
useful[k]

which matches will with these results. When µ is small, e.g., µ = 1.5, the capacity

saturates since the clipping noise σ2
clip[k] is much bigger than noise. Furthermore,

the capacity is symmetric with respect to αdim = 0.5 and reaches its maximum at

αdim = 0.5 as discussed in Section 3.2.

The achievable information rate with uniformly distributed power denoted by dot

lines is also shown in Figure A.4 as a reference.

Compared to the rate with uniform power allocation, capacity obtained by solving

P2 is bigger when αdim is small. This is because when αdim is small, SNR is also small

and channel noise has a great impact on the power allocation among data-bearing

subcarriers. When αdim is large, channel noise is so small compared to signal power

that it has a negligible effect on power allocation and in this case uniform distribution

among data-carrying subcarriers is close to optimal power allocation.

The details of the channel capacity where αdim is from 0.05 to 0.3 are shown in
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Figure A.4: Capacity of SO-OFDM for different dimming levels with G = 4 group
(Solid lines show results by solving P2 and dot lines uniformly distributed S[k]).
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Figure A.5: Zoomed-in-figure for Figure A.4 (Solid lines show results by solving P2
and dot lines uniformly distributed S[k]).
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the Figure A.5 which is the zoomed-in-figure of Figure A.4. In Figure A.4, when

αdim=0.1, the capacity of the proposed power allocation method is about twice of

the capacity for uniform distribution. When αdim is less than 0.5, with the increase

of αdim, the gap of channel capacity for the optimal power allocation scheme and

the uniform distribution scheme becomes smaller and smaller. This is because when

the total power is small, the limited power should be allocated optimally to obtain

a larger capacity. However, when the dimming target is large enough, the power

is large enough to allocate for each subcarrier, the gap between the optimal power

distribution scheme and the uniform power distribution scheme will become smaller

and smaller. These phenomena also agree well with conventional water filling in a

high SNR regime.

CB , CA and C̃B are approximations of the capacity C proposed in Chapter 3

where

C=
G∑
g=1

gNG/2−1∑
k=(g−1)NG/2

log2

(
1 +

G2
eleL

2
gK

2
gsg,k

σ2
z [k] + σ2

clip[k]

)
. (A.3.1)

When µ is large, the clipping noise is very small then even the channel noise will

impact BER and the capacity C and be approximated as CA where

CA =
G∑
g=1

gNG/2−1∑
k=(g−1)NG/2

log2

(
1 +

G2
eleL

2
gK

2
gsg,k

σ2
z [k]

)
. (A.3.2)

CB is less or equal to to CA where

CB =
G∑
g=1

log2

(
1 +

G2
eleL

2
gK

2
gSg

σ2
z,g

)
. (A.3.3)
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Figure A.6: Different capacity assumption of SO-OFDM for different dimming levels

CB can be approximated as

C̃B =
G∑
g=1

log2

(
1 +

√
NGeleLgKg√

2µ

IH,g

σz,g

)2

=
G∑
g=1

2 log2

(
1 +

√
NGeleLgKg√

2µ

IH,g

σz,g

)
.

(A.3.4)

The simulation result of C , CB , CA and C̃B is shown in Figure A.6 with N = 32,

µ = 3.5 and G = 8. As shown in Figure A.6 , C̃B is always larger than CB. This
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is because compared with CB, some cross terms are add in C̃B. As shown in Figure

A.6, CA is always larger than CB as proved in Theorem 2 in Chapter 3.

Furthermore, a flat channel with noise variance σ2
z [k] is equal at each data-carrying

subcarrier shown in Figure A.8, in which µ = 2.5 and G = 4. In this condition, the

performance of the proposed power allocation scheme and uniform power allocation

scheme can be observed in Figure A.7. In Figure A.7, the red solid line represents the

channel capacity with the optimal power allocation scheme and the blue dashed line

represents the channel capacity with the average power allocation scheme. As shown

in the figure, these two lines coincide with each other. This is because the channel is

flat, and the noise variance σ2
z [k] corresponding to each subcarrier is the same, so the

optimal power allocation scheme is the same as the average power allocation scheme.

A.3.2 BER performance of SO-OFDM dimming

The BER performance of SO-OFDM dimming is illustrate against SNR and different

dimming levels αdim with µ = 2.5 and G = 4 in Figure A.9. In the numerical result

for the simulation, SNR is considered as SNDR which is defined in (3.1.19). For the

given αdim, σ2
useful[k] and the noise power can be calculate according to (3.1.10) and

(3.1.11). The relationship between BER and SNDR can be written as

BER[k] =
4(
√
M − 1)√

M log2(M)
Q

(√
3 log2(M)

M − 1
(SNDR[k])

)

+
4(
√
M − 2)√

M log2(M)
Q

(
3

√
3 log2(M)

M − 1
(SNDR[k])

)
.

(A.3.5)

according to (3.1.20). In Figure A.9, when the value of SNR is small, such as when

SNR is less than 5dB, AWGN σ2
z [k] is the dominant source of the noise in σ2

z [k]+σ2
clip[k]

79



M.A.Sc. Thesis – D. Li McMaster University – Electrical Engineering

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

dim

0

50

100

150

200

250

300

C
[b

it
s
/c

h
a
n
n
e
l 
u
s
e
]

optimal

uniform

Figure A.7: Capacity of SO-OFDM for different dimming levels with G = 4 groups
in flat channel (Solid lines show results by solving P2 and dot lines uniformly

distributed S[k]).
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Figure A.9: BER performance of SO-OFDM with the increasing of SNR and G = 4
group

[4]. Since AWGN is equal with different µ, the value of BER will be mainly influenced

by the useful subcarrier power. As discussed previously, the increasing of µ will

decrease the useful subcarrier power which leads to the result in Figure A.9 when

SNR is small. Then, with the increase of SNR, clipping noise dominates the source

of noise which causes the poor performance of BER for µ = 1.5. While there is a

trade-off between the increasing of the clipping distortion and useful subcarrier power

for different values of µ. Therefore, when the value of SNR is approximately 24 dB,

the pink line for µ = 2.5 and the green line for µ = 3.5 intersect.
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Appendix B

Proof of equations proposed in

Chapter 3

This appendix presents the equation proposed in Chapter 3.

B.1 Proof of (3.1.18) in Chapter 3

Based on (3.1.3) in Chapter 3,

E {cg[n]}2 = E
{
u2
g[n]
}
−K2

gσ
2
g

= σ2
g

(
erf (γg)− erf2 (γg) + 4γ2

g(1− erf (γg))−
2γg√
π

exp
(
−γ2

g

) )
.

(B.1.1)

Substituting (3.1.16) and (B.1.10) into (3.1.15) leads to Theo. 1, where

E
{
u2
g[n]
}

= σ2
g erf

(
c√
2σg

)
+ c2 erfc

(
c√
2σg

)
− 2σgc√

2π
exp

(
− c2

2σ2
g

)
. (B.1.2)

The proof of equation B.1.2 is as follows.
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Proof.

E {ug[n]xg[n]} = E {Kgxgxg[n]} = KgE
{
x2
g[n]
}

= Kgσ
2
g

(B.1.3)

where according to Bussgang’s theorem we have

Kg =
E {ug[n]xg[n]}

σ2
g

=

(
1− erfc

(
IH√
2σg

))
(B.1.4)

E
{

c2
g[n]
}

= E {(ug[n]−Kgxg[n]) cg[n]} = E {ug[n]cg[n]} − 0

= E {ug[n] (ug[n]−Kgxg[n])}

= E
{
u2
g[n]
}
−KgE {ug[n]xg[n]}

= u2
g[n]−K2

gσ
2
g

(B.1.5)

Below is acquiring u2
g[n].

E
{
u2
g[n]
}

=

∫ ∞
−∞

u2
g × f(ug)dug

=

∫ 0

−∞
u2
g × f(ug)dug +

∫ ∞
0

u2
g × f(ug)dug

=

∫ IL

−∞
u2
g × f(ug)dug +

∫ 0

IL

u2
g × f(ug)dug +

∫ IH

0

u2
g × f(ug)dug

+

∫ ∞
IH

u2
g × f(ug)dug

(B.1.6)
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For symmetric clipping, IL = −IH , so

E
{
u2
g[n]
}

=

∫ IL

−∞
u2
g × f(ug)dug + 2

∫ IH

0

u2
g × f(ug)dug

+

∫ ∞
IH

u2
g × f(ug)dug (B.1.7)

E
{
u2
g[n]
}

=

∫ IL

−∞
IH

2 × f(ug)dug + 2

∫ IH

0

u2
g × f(ug)dug +

∫ ∞
IH

IH
2 × f(ug)dug

= σ2
g erf

(
IH√
2σg

)
+ I2

H erfc

(
IH√
2σg

)
− 2σgIH√

2π
exp

(
− I2

H

2σ2
g

)
(B.1.8)

where erf(z) means error function, defined as:

erf(z) =
2√
π

∫ z

0

e−t
2

dt (B.1.9)

Therefore, we have

E {cg[n]}2 = E
{
u2
g[n]
}
−K2

gσ
2
g

= σ2
g

(
erf (γg)− erf2 (γg) + 4γ2

g(1− erf (γg))−
2γg√
π

exp
(
−γ2

g

) )
.

(B.1.10)

B.2 Proof of (3.2.9)in Chapter 3

gNG/2−1∑
k=(g−1)NG/2

sg,k
σ2

z [k]
≥
∑gNG/2−1

k=(g−1)NG/2
sg,k∑gNG/2−1

k=(g−1)NG/2
σ2

z [k]
. (B.2.1)
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Proof. For the first term of (B.2.6)

s1,1

σ2
z [1]
≥ s1,1

σ2
z [1]

. (B.2.2)

For the first two terms of (3.2.9)

s1,1

σ2
z [1]

+
s1,2

σ2
z [2]
− s1,1 + s1,2

σ2
z [1] + σ2

z [2]
=
s1,1σ

2
z [2] + s1,2σ

2
z [1]

σ2
z [1]σ2

z [2]
− s1,1 + s1,2

σ2
z [1] + σ2

z [2]

=
s1,1σ

4
z [2] + s1,2σ

4
z [1]

(σ2
z [1] + σ2

z [2])σ2
z [1]σ2

z [2]
≥0.

(B.2.3)

So,

s1,1

σ2
z [1]

+
s1,2

σ2
z [2]
≥ s1,1 + s1,2

σ2
z [1] + σ2

z [2]
(B.2.4)

For the k-th term, assuming previous k − 1 term equal to S and σsum, so

sg,k
σ2

z [k]
+

S

σsum
≥ sg,k + S

σ2
z [k] + σsum

(B.2.5)

According to mathematical induction

gNG/2−1∑
k=(g−1)NG/2

sg,k
σ2

z [k]
≥
∑gNG/2−1

k=(g−1)NG/2
sg,k∑gNG/2−1

k=(g−1)NG/2
σ2

z [k]
. (B.2.6)
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