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ABSTRACT

A new constitutive equation has been developed for 

the flow of blood through capiileriet. Pressure drop and 

volume flow data of haynes and Burton and Meeriil ot al. 

have beer utilized in this develonment for a range of radii 

from 57-04 micra to 747.4 and a hemaaocrrt range of

8.8^ to 82,5^. A romppaison has been made with the Casson 

equation used by Merm and Peeie^er and the advantage 

of this new equation over the Casson equation has been 

verified. The usual assumption of n^-^j^^Lip-at^-hl^e^-^w^jLl has 

been verified to be valid, up to a hoTnaaocrit level of 

39.3%.
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1. INTRODUCTION.

1.1 The Flow of Blood Through, Ca^illarios

The circulatory system of the human body, in slmppified 

meeraaical terms, may be considered to be two reciprocating 

pumps in series, i,e., the heart, ^^eoted to a network of 

branching elastic conndits, viz. blood vessels. The fluid 

circulating through this system, blood, is a complex suspension 

of formed elements, ions and proteins in salt wwter. This 

network of blood vessels divides from relatively few large 

ones into many snaai ones, with the internal dinmeter of the 

individual vessel changing from approximately 2.5 cns. to 

10 mc^ira. The smallest of these vessels is known as the 

capllary. Any given cell of the body tissue is no further 

than 25 to 50 micra from a given cappilary (1),

The ^€^^^081 function of the heart, the distributing 

arteries and the collecting veins is to conduct blood to and 

from the cappi-laries, for it is in the cap^^ries that the 

moCecnlla:i exchange between blood and the surrounding cells 

takes plnce. It is in the capillaiios also t , ■ at the red cells 

receive maximum exposure to t e surrounding tissue in order 

to facilitate oxygen diffusion. Here in the capillaiios 

blood serves its life-giving function.

Blood flow thr-ugh a capi^.lniy is intermittent. Some­

times the flow is too rapid for the individual discrimination 

1
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of the red cell. At slower flows, or ln slow motion photo­

graphic studies of flow (2), the cells have been observed to 

twist, turn and defora readily. Red cells are frequently seen 

stacked together though not stuck together, ln long columns, 

like a row of coins, OGcces^-ially, long lengths of capillaries, 

compPltely free of red cells, may be observed.

in spite of such complex two-phase phenomena which 

occur in the cappi-laries, from the fluid-mechanical aspect of 

the situation, Hl cap^^ries have one impootmt factor in 

common - this is the low Reynolds number flow due to their 

smII diameter. Also, the fluid in the c^p^laries is 

bounded externally by the cappilary waH and internally by 

the moving highly elastic disc-like red cells, Hence, blood 

flow in capilllrlei is basically the flow of a fluid carrying 

disc-like bodies, whose dllmeeeri are large compared to the 

tube radius, at low Retnaoldi number.

1.2 The nature of CupVlary Vessels and Blood in Han

1.2.1 CappilarieB

The cappilary vessels in man are cylindrical tubes 

foraed by a network of interlocking cells called endothelium. 

True capillarlti contain no muucuuar elements and show no 

tendency tc contract or dilate spontaneously (1). The smU 

vessels which sup ly the capilllrlei are celled the arterioles 

and have nearly the same internal iilietet^. The arterioles 
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contain smooth muncle elements and are capable of changing 

caliber. At the arteriolar-capillary junctions there exist 

valves called precapPllary sphhncters, which can control the 

capPllary flow by opening end closing. This sphincter action 

is believed to be controlled by the meratb01c demands of the 

surrounding tissue (1, 3).

1.2.2 Blood

Whhle blood is a suspension of formed elements in a 

colloidal solution of proteins in saline. The fomed elements 

known as red cells (erythrocytes), White cells (leukocytes, 

granulocytes), and platelets (t^hi^omb^oyte^e;), conlSltutr some 

40,£ to 48% by volume of whole blood. This concenlrtticn is 

known as the hemitooyIt level of blood. The red cell in man 

is a very flexible biconcave disc, approximately 8.5 nicra 

in diameeer. The thickness of the red cell at its oentre is 

approximately 1 micron and its thickness at its rln about 2.4 

micra (4). The red cells outnumber the white cells and 

platelets by approximately 5000:1 end 12:1 respectively. 

Commpred to the red and whhte ceeis, the platelets, with a 

maximum diameter of 0.5 micra are ilsig^ifiytlt in size.

Red cell populations in humans are very uniform in diameter 

and all miammmalan red cells are approximately of the same 

diameter (5). The density of the red cell is about 5 to 6$ 

greater than that of the surrounding fluid.
The fluid yonlSlturlt of whole blood is called plasma. 
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It 18 a saline solution of large protein molecules, the most 

prominent of which are albumin, globiuin, and fibrinogen. 

These mooecules have maximum dimensions In the range of 

B.B1 to B.B5 micra. Although its meeHhnlcal propeetles are 

still under investigation, plasma Is widely accepted as a 

Newtonian fluid (6). Whole blood, though, is a non-Sewtonian 

fluid with a finite, but very smca! yield stress (7» 8).



2. GENERAL LITERATURE SURVEY

2.1 Jfenorheolftgo an! Hemodynamics

The name henorheology was originally suggested by 

Professor Copley in 1952 to oovsr not only the deformtion 

and flow of blood and its components but also "the rheological 

properties nf vessel structure with which blond onnes into 

direct contact." In I960, however. Professor Copley end 

Dr, Soott Blair suggested a further division into hemorheolngy 

(concerned with the reactions of blond to shearing and other 

stresses) and hemodynaErtcs, dealing with the flow of blood 

"in relation to shapes of vessels, volo^ties, pressure effects 

etc," heltorhnolngy is now used to describe the inherent 

stonss/stoaCt o!ha‘oc0eei6tCos of blood, which would be 

independent of the apparatus in which they are measured and 

of the subsequent procedure by which the ohaaolOeerstCoi are 

derived. The tera hemodynnmncs Is used to describe the 

behaviour of blood which is moving in a circumscribed space 

or adjacent to a wwll Interface or other discontinuity. It 

Involves a knowledge not only of the rheological properties 

of blood, but also of the physical, eboracal and probably 

biological ohalacOeerstics of the restraining surface or 

discontinuity and of the flow pattern of the blood.

5
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2.2 Th^<B Viscosity cf Blood

Meosurooents on a cone-and-piete viscooeter have 

shown that fresh human plasrna is slightly non-Newtcnian (9. 11)» 

the apparent viscosity falling with increasing rate of shear 

to an aByooPoOir constant value. This is due to the presence 

of the large protein rnooecules of alburaln, globilin, and 

fibrinogen. The additions of reagents which inhibit rcalgULatrcn 

of the fibrinogen influence the rheological behaviour, so that 

herapin reduces slightly the general level of viscosity of the 

plaarna (10 - 13). and reduces its non-Newtonisn behaviour. 

Evidence of a00ing oxalate or citrate to plasoas is conilicti!■ll: 

in sone oases it reduces the general level of viscosity still 

further and raakes it Newtonian (10, 1l, 15)i in others, it 

raises the level above that given by herapin and increases 

non-Newtonian behaviour (12, 13)«

The viscosity of fresh plasna, at high rates of shear 

where non-Newtonian behaviour can be neglected, is about 

0.012 - 0,016 P an- its density is ab ■ ut 1,035 g/ol. The 

shear rate above which it behaves as a N^T^wt^o^i.an fluid is 

100 - 120 sto”1 (10). There is no ev^e 1 co to to^cate 

whhther the rheological or physical propeeties vary appreciably 

frorn oaom! to oa 1 ■ rial and at the rnonont it oust be assmed 

that such variations are snaH.

if the fresh plasoa is aioowed to clot, the fibrinogen 

is converted to fibrin and the fluid reoaining after the clot
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hao formed, la termed the serum: It is also non-Newtonian to 

approximately the same degree as the plasma (16), For the 

serum a shear rate of some 250 aec"^ must be exceeded at a 

capillary-tube ttll ln order to obtain Newtonian behaviour.

Whole blood is considerably more non-Newtonian than 

plasma or serum and this property has beer ttll recognized 

for many years (17. 18), i.e., its viscosity depends on the 

flow rate (or rate of shear) and tube size as tell as the 

hemtocrlt. Thus, the rheological behaviour of blood resembles 

that of certain colloidal suspensions rather than ordinary 

liquids such as wtter or glycerine (19). Howtevr, it would 

appear that under normal conditions, in most branches of 

the circulatory system, these non-Newtonian iropiltils are 

not of great lnJo>cttnrl;tnd blood can often be considered to 

be Newttc^ian. For examppe, in the large arteries, Taylor in 

1959. found that the oscillatory flot is largely unaffected 

by the shear dependent viscosity of bloodi an error of 2% is 

introduced in the calculations of the flot from the pressure 

gradient by assuming a constant coelficilnt of viscosity (19). 

An impootant exception to this geneealLizatlon is in the 

capilltlila there "plug flot" occurs, since the cell and 

vessel diameters are nearly equal.

Moot mfe^talrrlmellta hove been made in capillary tube 

Instruments, there the diameter of the tube nay have sone 

influence on the results obtained, but tork using cone-and-plate 

(9t 13) nnd rotating cylinder (20) visrcmelera there the
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measured viscosity should be subbSantinlly independent of 

concentration changes occurring during shear, have given 

generally confirmatory results. (A very small yield stress 

of about C»15 dyn/cm.2 is exhibited by Wood so that the 

behaviour can be classified as Bingham.) When the rate of 

shear exceeds approximately 5B sec*! the Influence of the 

yield stress on the total stress ts so sma^i that Newtonian 

behaviour can be assumed.

There Is some Indication that tn a capellnry-tubn

Inst inmen t the shear rate required to give Newtonian behaviour 

may Increase with decreasing tube diameter (17). Assuming 

p^irab^].tc velocity distribution tn the tube, the rate of 

shear at the wan at which Newtonian behaviour Is attained 

is shown tn the table below for various Investigators. This 

conddtion Is achieved asy^pptttc^f^l^ly, and could be slightly 

affected by a velocity-dependent radial distribution of cells 

tf this occurs tn the viscometer tube, but the figures given 

below are correct in their order of mpngttudn tf not in 

absolute values.

In a capillary-tube Instjument the rate of shear 

varies from a maximum at the wwai to zero along the axis. 

Thuu,the shear rate at the wwai ts considerably greeted than 

the minimum at which plasma, serum, or blood becomes Newtonnan 

If the bulk of tho fluid ts to behave as a Newtonian fluid. 

In a cone-end-plate or rotating cylinder vlsc^om^t^t^i', the 

rate of shear ts reasonably constant throughout the sam^p-e,



INVESTIGATOR INSTRUMENT MAMMAL SUSPENDING 
FLUID

ANTI­
COAGULANT

RATE AT WHICH 
HON-NEWTONIAN 

BEHAVIOUR 
DISAPPEARS

Sec”1

Meerill & Wils (10) Coneeann-Plate Human llama None 100

Cokeeet et al (20) Rot. Crl. Hu&an llajmi Citrate 50

Brundage (1U) Rot. Cyl. Cat
Rabbit

Plasma Oxalate 50

Baillss (22) Cap. Tube Bog Serum • 450*

Miler (21) Car. Tube Bovine Serum - 300*

Coulter ind

Pappcnheiner (22)
Cai . 1 ' ube Bovine 280*

* At the tube wall
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and the minimum shear rate necessary tc produce Newtonian 

behaviour is less than the rate of shear at the wH of a 

cappilary instrument corresponding to the sane m^ian shearing 

conaitioa in the sample.

Sone txotrlaenttri, such as L.C. Cerny et al. (11), 

R.H, Haynes et al. (23), have resuspended red cells in citrate/ 

dextrin (A.C.D. solution which is Newtonlla (23). Non- 

Sewtonian behaviour was observed until a certain rate of shear 

was exceeded at tie capillary-tube viscometer wH. On 

sampping red cells in saliva containing 3*5X of albumin, 

compete dispersion of the cell was achieved and the yield 

stress disappeared reducing (but not eliminating) the aoa- 

Fewtonian behaviour (20).

It has been suggested (30) that tl e meesured fall in 

eppcre^ viscosity wth increasing rate of shear is associated 

with the breaking up of chains of erythrocytes, rouleaux or 

clumps which can be present at low rates of flow (31). Similar 

chharateeistici have been observed for suspensions of 

particles which have a tendency to adhere or flocculate (32). 

At low rate? of shear floccules impede the flow and Increase 

the effective ctnceearatloa of particles by retaining fluid 

in their interstices. This increases the viscosity of the 

suspension so that, as the rate of flow Is increased and the 

flocculi are destroyed, the viscosity decreases, its limiting 

value being reached when Hl the particles are dispersed. It 

is wHl known that erythrocytes cohere when left undisturbed 
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in serum or plasma (31), and It has been suggested that the 

presence of these clumps or rouleaux cause the observed high 

viscosity at low rates of shear. As the flow rate is Increased 

the clumps progressively break up to that the viscosity falls 

to an altmiPotic value. it has been shown that if red cells 

are suspended in a fluid which is chosen to ensure their com­

plete dispersion, the yield stress disappears and there is a 

smtl.eI fall in apparent viscosity with increasing rate of 

Evidence for this theory can be found in the results 

of Coulter and Panpenheimer (22a) who measured the electrical 

resistance of blood at different rates of shear. They found 

that both the mmasured viscosity and the electrical rrliltalcr 

attained steady values which were almost identical, corresponding 

to a rate of shear at the wall of apptroxim^ately 280 lry"1.

When the flow reached turbulence, the hydrodynamic rrlittalyr 

increased, but the electrical resistance remained constant. 

The authors attributed th* initial fall in electrical resistance 

to an orientation of red cells, parsa^l to the tube axis, as 

the rate of flow was increased. To explain why it did not rise 

again when turbulence was reached they found it necessary to 

pronose that the cells did not take part in th« turbulent motion 

and mantai^d their orientation parallel to the tube axis.

it is suggested that the high electrical resistance 

measured at low rates of shear was, due to the longer noth 

for the electrical current through the structured blood. After 
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the clunpn had been destroyed by the increasing rate of shear, 

the electrical resistance nf the dispersed cells would not be 

affected by random movemeits of the individual cells CoresonotCvn 

of whether they were exposed tn streamline or turbulent flow 

oontitiots.

A theory nf blood viscosity far which some doubt has 

been expressed is the Farhaeus-LLndqvlst effect. F^rhaeus and 

Undqvist (2M wem the first to study the effect of the radius 

of the tube used in the mn^lii^]rnm^r^t;i of the apparent viscosity 

of blood. They found that the apparent viscosity at high flow 

rates is reduced in tubes of radius less than 0.2 mm. FH)wenvr, 

the theories that have been proposed tn account far this 

effect are phnnomennOoniCBl in character, and, are based 

nn quaaltatiln moOels designed tn approximate the effect of 

the particles In suspension. There appear to be only two 

such theories that can be used In the analysis nf the FaIhlnus- 

Undq^vst effect; nne Is based nn the existence, In steady flow, 

of a u^i^o^Il^j^I zone at the tube wwH which Is presumed to have 

a lower viscosity than the rest of the fluid, Taylor (25) 

has made direct optical studies of a maa-ginal zone that Is, 

nn the avenge, particle-free, and whose existence could be 

explained nn the basis nf the axial accumulation of the red 

cells (26, 27). The other theory Ci based nn the existence 

nf lnihntond laminae in the fluid which arise from tl ' e presence 

nf particles of finite size - there seems to be little doubt 

now that the red cells dn possess sufficient rigidity to 
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resist the local shearing stress and thereby give rise to 

finite un8hoared l^inae in steady flow.

On the work porfo:moO by IHaynes (27) applied to his 

owr data and to those of KUmin, in light of the latter 

theory, he found that the thickness of the unshoarod larninae 

varied between 3.5 rniora at 10% heaaaocrlt and rniora at 

80%. In view of the forrner theory, the effect could have 

been caused by a rell-flee zone adjacent to the

tube waH, which would be 6 rniora thick at 10% henaaocrlt and 

1.5 at 80%. He also suggests that the Farhaeus-LindqvlBt 

effect oay be reversed as the flow rate approaches zero 

(i.e., the apparent viscosity rises In snail tubes). Though 

his evidence is not conclusive he explains such a reversal on 

the basis of the establishment of the rnoaginal zone by axial 

am^u^ul^tjion at vanishing shear rates, the oarggnal zone 

would not be present and the red cells w^T^Zld be in intimate 

contact with the tube waU. This added fli.ctcoi between the 

cells and waHs would contribute relatively rnore to the 

apparent viscosity in soH tubes than in Iiiioi ones.

Ceeoey, Cook and Waker (11) however, have expressed 

sooe doubt on the existence of this Farhaeus-Lindqvvst effect. 

They have used the data of Haynes as wwl! as those of Kunin 

and oalntlri that within the bounds of experioeoial error, 

they do not find the existence of the Farhaeus-Lindqvvst effect. 

MeerHl et al (29) have also found that at a given wwII shear 

stress, the llil,tlitg apparent viscosities at high flow rates



14

are Independent of tube radius over a range of 0.013 to 

0.085 cms.

2.3 _;_he. Effect of Hematocrit Level and Temperature on the

Rheological Iroperties of Blood

2.3.1 The variation of viscosity ^lt' hematocrit level

The variation in viscosity with hematocrit level has 

often been measured (11, 17» 21, 22, 23, 2^, 27). At shear 

rates sufficiently large for non-New tonicin behaviour to be 

neglected, an equation of the form shown below has been found 

satisfactory up to an hematocrit level of 30% (17, 30).

. ^/(l - KB)

where kr » asymptotic vlsooslty of the blood at high rate 

of shear

Ao o asymptotic viscosity of the suspending fluid

at high rate of shear

H = hematocrit level

K =» constant

The values for K seem to vary between 1.5 and 2.5

(11, 17, 21, 2M. There se*ms to be a general agreesa t that 

the value of K is slightly less than 2.5 as is shown elsewhere 

for soft flexible bodies (35, 36)• The effect of coagulation 

of the cells is to increase the value of K due to the Increased 

hydrodynamic volume of the coagulates caused by fluid trapped
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between them.

There is a progressive delation of the above equation 

for hematoorit levels exceeding 305% due to the non-Newtonlan 

behaviour of the cells which is absent below the 30% level.

Haynes (17) maintains that no ronoeetration power 

series discussed in the literature provides a good fit for 

blood, but that it follows an exponents! relation which is 

only invalid for helMtoGcits less than 10$. As shown below 

it is:
= /keeX<B’«

where A • apparent asymptotc viscosity in a tube of large
/ **

radius

« viscosity of the suspending fluid

E a hematoo:riO level

X = expoonnntal constant depending on tube radius

The relation has been given a phenomenological 

interpretation by Richardson (37) in which it is assumed that 

as the particle conceetratiot increases, the fractional 

decrease in mean particle separation is promotional to the 

fractional increase in apparent viscosity.

2.3.2 Tl-.e variation of viscosity with teripcraturc

This may be represented by an enairical relation (11):

+E/HT
yk= Be
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where L ® viscosity at temperature T

R ■ gas constant

B = constant of proportionality dependent only on 

the shear rate and the nature of the suspension, 

but not on tempprature

E = energy necessary to start the fluid in notion, 

also known as the energy of activation for flow.

In tarns of relative viscosity^ r = where is the

viscosity of the plasmai

- (B/Bp) e^E-EpJ/RT

differentiating with respect to 1/Ti

= (B - E_)/E 
Ml/T) P

From a plot of In^lyn^d 1/T, (E - Ep) may be obtained. It 

has been found to be 1.23 kcals, for a hemmaocrrt level of 

blood of 4M.

Merrill et al (38) have shown that at low shear rates 

the absolute viscosity of blood becomes very large in magnitude 

and independent of tempprature: their explanation for this is 

the movement of aggregate rouleaux past each other, l.e., the 

plastic deformation o^ the three-dimensional networks which 

increasingly control dynamic rheology. They have also noted 

a substantial independence of the relative viscosity, of 

blooi to wwter, on tempprature at shear rates greater than 1 sec" 1 .
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2•3•3 The variation of yield stress with hematocrit level

The variation of yield stress with hemtt>orit up to 

t level of 80% is given by:

7//3 - A(H . Hc)

where Cy = yield stress

H » heaattorit

Ho = critical hernattorit bolow which there is no 

yield stress

A = constant - tpprox. 0.008

This equation is similar to the one proposed by Norton (39) 

for rlty suspensions, where the vol^ume per cent of disperse' 

mineral phase corresponds to the hematc^^t level.

Above heratt'crt levels of 50% the following equati' 

first proposed by Green (U0) proves to be t better correltt!

-Ty -

where t tnd b tre enairlcal constants.

There is very little dependence of yield stress on 

te□ai^rture, indictting, thtt the energies of intertction 

holding the red cells together tre rauch greater thfln the 

theraa! energy.
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2.U The Nature of the Flow of Blood in CctPllRrirl

2.4.1 CapH-aries of the same size as red cells

2.4.1.1 Bolus flow

Studies (23) have clarified the role of im^pot^ai^'t 

variables influencing the resistance to flow in relatively 

large tubes. in the systemic ylryuittlol both the rate of 

shear and the tube radius are large compered to the values in 

the cappilary circulation. it is quite probable that an 

appreciable fraction of the cappi^^es permit only one red 

cell to enter at a time (41). Also the average velocity of 

the flow of blood in cappi^^es is only about one th^us^th 

of that in the aorta.

in capPliarirs where only one red cell enters at a 

time, the plasma is effectively trapped between successive 

red cells and moves along in lrgoeetls. This is commonly 

referred to as bolus flow. When bolus flow occurs in canH- 

iarirs, the red cells are deformed and there is probably some 

frictional force between the endoth-heial wiai and the oemOranr 

of the cell. Also the plasma between the red cells undergoes 

some mmoion which may be expected to increase the rate of 

gaseous equlllbruum within the plasma, as wen as to increase 

the viscous rrlistalcr.

Visual observations (42) of the merlon of a dye in

the "core" of a bolus in a glass tube, show that it is 

carried through the bolus at a velocity roughly twice the
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average (or "transport") velocity of the bolus. The dye then 

reaches the upper interface of the bolus where It is carried 

radially towards the wwll of the glass tube. Upon mahing 

the the dye adheres to the glass and remains in that

position mil the bottom ittnoflon of the bolus reaches it. 

Then the radial oomponents carry the dye back into the core, 

then the circuit is repeated again. A circuit was oamuPetnd 

every time the bolus had travelled about twice its own length.

2.U.1.2 Diffusion

The flow pattern described above is in confinst to 

that in POseurne flow, in sn far as strong radial onuronnnn8 

are associated with bolus flow. These radial velocity 

onln]oolnnts which exist at the terminal surfaces of the bolus 

Cncmase the rate of transfer of a mae^e^JLa^l (i.e., oxygen) from 

the periphery of the bolus into the Interior.

During the first micron or sn bolus flow considerably 

facilitates equillbrllm, after which the plasma rapidly 

becomes saturated. In the capillary circulation, the red cells 

act as sinks for oxygen, sn that a greater total amount of 

oxygen is required for saturation than experiuuetatCot of 

Prathero has suggested (^2). This Is because his monel ignored 

the diffusion Into the red cells. Also the oxygen gradient is 

uulntlCte•d longer. In this circumstance saturation occurs 

much less rapidly and thus It is possible that bolus flow in 

the plasma nay Increase the rate nf nqullibrlltlon by as much 
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as 100% over the rate which would be obtained if the motion 

in the plama was that of Poiseuille flow.

It is known (^>3), that the pulmonary capillary blood 

has essentially reached gaseous equillbrim with the oxygen 

tension in the alveolar space in the course of traversing 

only a fraction of the length.

Roughton et al (W*) have considered the series of 

resistances to diffusion in the whole process, l.e., the 

diffusion through the vessel wall from alveolus to lumen, 

the diffusion through the plasma into the body of the red cell 

and the kinetics of chemical association with the haemoglobin 

in the red cell. They conclude that the last factor could be 

the most Important. In their analysis they assume comppete 

mixing in the plasma.

The problm of diffusion of gases between blood and 

tissue Is much more crInpOicated in the peripheral cap^^ries. 

Instead of an alveolar space where a unifora oxygen tension 

down the length of a cappilary try be assumed, there will be 

gradients of PO? in the tissues surrounding the cap^^ry, not 

only In a direction at right angles to the axis of flow, but 

also along the length. The gradients will probably be 

considerable, since modern measurements of the POg cells 

Indicate levels far below the venous POg. It appears that 

equll^^'m is never achieved even in the full length of the 

cap^^ries.
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Forster has prcroeOeO to analyse the diffusion into 

the red cell with the continuous sink of the henoggobin 

throughout the cell, to derive the successive "sheeis" of 

oxygen tension within the discoid erythrocytes. Howevvr, 

microscopic observations of red cells in bolus flow suggests 

that the red cell is continually changing shape due to the 

non-miforrnity of the cupHlary. Therefore, rnixlng of the 

contents of the cell will occ^r. Even when the capHlary is 

larger than the cell, a transfer of the energy of nodon to 

the contents of the cell resulting in flow and rnixing in the 

red cell rnay occur. Mason (45) has shown that such a 

circulation occurs within oil droplets suspended in eeter 

when the suspension is flowing,

2.4.1.3 Pressure required to Tone redpolls through

narrow capHlaries

Work done on a miipore filter apparatus through 

which the rate of filtraton of erythrocytes was measured (46), 

has shown that rnamolian red cells oay be sufficiently 

dofomod to enable then to pass through pores 5 to 3 oicra in 

diaooeer, for relatively long periods, under pressure of 4 cos. 

of or less. These pressures are less than the generally

accented values for the driving pressure available in the 

rapllllly circulation. lloweevr, the authors do not believe 

that their experioents furnished reliable evidence on "he 

viscous resistam to flow through ra■■•lllalies in vivo.



22

Their calculated velocctiot through these poret containing 

colls ari only about 1/500 of the in vivo values; tho riaton 

being that tho red cells iOalrl rithor firmly to the filter 

miteral, which is not the cite for the indooheliil lining of 

capillarles.

2o4.1.4 Deformation

With tho ute of rmprnvl0 optical techniques and high­

speed cinemicrography, the flow behaviour of individual cells 

hat boon observed (47, 48, 49). At zero flow they appear to 

bi edge on, with their facit nriottatoO perpendto the 

vessel. As the flow rate increases, they begin to deform into 

U-shapes, oal^mble-thapet or 0lir0iop-saapl8, tho degree of 

deformation increasing with increasing flow rates. This 

phenomena is also observed with liquid bubbles in tube flow 

(50), but not with rigid discs hiving 01ammlert slightly lots 

than that of a rigid tube; they, instiid, rotate in complex 

orbits.

2.4.2 Capillaries of a larger sloe than Che red cells

2.4.2.1 Rotation

Tho velocity gradient or shear r 'to which increases 

with the radius, gives rise to fluid stresses which exert a 

torque on tho surface of the tutplt0l0 cells causing them to 

rotate. Studies of human red cells in heparinized plasma 

were made by following the particles (conceitra01on 2#) 
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down propylene or glass tubes (51, 52), Anaaysls of cinefilms 

verifies a theory put forward by Jeffreys in 1922, that the 

angilar velooitles of rod- and disc-like particles are a 

maximum when the particle major axis lies across the direction 

of flow, and minimum, but not zero, when aligned with the flow. 

This applies to single erythrocytes as wwll as to straight­

chain rouleaux from 2 to 20 cells. As a result of the 

erythrocytes’periodic angilar mooion, the particle spends 

more of its time aligned with the flow than across it.

In Poiseuille flow, rouleaux containing n cells in a 

linear array, of regular shape and not deformed by the 

velocity gradient, rotate as rigid discs (for n ■ 2, 3) or 

rod (if n = 5) (52), Similar results have been obtained in 

Coueete flow with, physical moodls of rouleaux consisting of 

linear stacks of rigid discs (53).

2.4.2.2 Deformation

The deformation of red cells in tubes with diameters 

equal to or less than the cell diameter has been frequently 

reported (47, 48). But the deformation, in a tube with a 

larger diameter than that of the cell, has only been 

demoonsrated adequately after the advent of high-speed 

cinematographic techniques. According to Bloch (49) "the 

erythrocytes spin about their long and short axes, deform 

readily and travel across the ’lamina’ in an irregular 

helical solra!" In arterioles 2 to 5 tinea the cell diameter.
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Hand and Burton (54) determined the stiffness of 

the red-cell membrane by matliuiing the pressure required to 

suck the cells into a ploropipottt. The menmbane tension 

was taund 0o be 2 x 10“ dync/cm. and a red cell could be 

forced out of the micropipette having a tip of 2 micra 

internal diameeer, with a pressure drop of less than 1 mn» 

of water. Appprently the menmrane can withstand large bending 

itrlias, but only limited tangenaial strains as the erythro­

cyte folds over during outflow. So if a long tongue of a cell 

Is sucked into a micbopPpottt, the memmrane within the tube 

spontaneously collapses on itself (55)* This is similar to 

the breakup of a flowing, long, cylindrical bubble in a tube 

after being brought to rest.

OO6irvatloni made on rouleaux of red cells having 

more than 10 cells, Indicate that they have spring orbits 

(51, 52). i.e., the rouleaux whhle rotating are subjected to 

commpresive forces In al0tral0t quadrants as a result of the 

normal forces in flow. If the rouleaux axis ratio (thickness/ 

diameter), or the velocity gradient is sufficiently high, these 

coTnmortsive forces can lead to buckling. The rouleaux will 

then tend to straiihOta out in the next qun^irant where the 

forces are tensile - this orbit Is called a "springy" orbit. 

At a given shear rate, increasing the number of cells 

increases the flexibility of the rouleaux, so that the ends 

become capable of independent moveiment (oells 20). Such
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orbits are called snake orbits,

2.4,SL,3 Axial migration

The classical visual evidence is that in a healthy 

mamma, the flow is streamline in smmai arteries and veins 

but that the erythrocytes move in an axial strem surrounded 

by a peripheral concentric layer of plasma (17, 18). It has 

been claimed (5&) that "the cells of this stream were 

arranged in conGee^c laminae, the centre one passing along 

moot rapidly and each additional layer passing more slowly 

than the one inside it. The wwH of each lamina of this 

systm consisted of unagglutinated blood cells; each layer 

was exactly one red cell thick. The blood flowed so rapidly 

in moot arterioles and venules which were from 60 to 120 

micra in dimeter, that individual red cells could not be 

seen." Copely and Staple (57) examined arterial and venal 

flow in hamster pouches and clearly observed the cell-free 

layer which could be altered in width from 7.6 micra to zero 

micra, by reducing the flow rate to zero in a venule of 

72,2 micra diameter, For an artoriole 19*2 micra in diameter, 

the cell-free layer vnried in width from 0 to 3,5 micra, 

depending on the flow rate,

Howeeer, Merrril and Weis (10) claim that in the 

arterioles and venules of a hamsser pouch, the flow is 

granular and they observed no axial drift of the cells, 

Ntiller (21) that blood flow is laminar, and the red
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cells move at random, and Bloch (58) has shown that what tn 

the eye appears a homogeneous laminar flow, becomes at a fim 

speed of 3000 a turbulent flow with continuous

rno^lnttltlot nf cellular oamupntets. Tils work was done on 

the mr8®ntnoy and liver of frogs.

This contradictory evidence regarding axial mlL^'ation 

ties in directly with the Farlhaeu8-Ilndqvlst effect whose 

ponpon^mts support the existence by the zone theory

and the sigma phenomenon - both assume axial mLg^f^ttCon. Hence, 

any conclusions mahed must inevitably be soeculativn.

2'-.a.a Cw.fflCtmfrfia gwangipng

It is extremely difficult to fallow individual 

particles In the tube flow of concentrated dispersions of 

5 - lot by volume, and over lO5t It Is virtually Cm^c^os^lb^e 

because of uultlpln reflection and onfr8ct0o- of the trans­

mitted light. Them are techniques to avnooamn this problem 

though it is not possible to use them with red blond cells. 

In this case transparent suspensions have been prepared 

using human ghost cells, which, after hemuOyyil and washing, 

warn rnconntitutnd in biconcave farm in plasma (51) at 

oontentratiots of 10 - 70‘, About 1% by volume of the 

original unhmolysed red cells was then added and these 

cauld be easily seen during flow.

The behaviour of human erythrocytes in ghost call

lUlpenlCon has been studied by GoOdsmth at various v“loc0tinl 
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At conceetratims above 20%, the cell veloocties in tubes of 

radius less than 50 micra began to deviate from a parabolic 

profile. Above 30$ there was appreciable blunting of the 

profile, but less so than that of a similar concentration of 

rigid discs. Also this blunting was greater at low flow rates 

than at high ones.

The cells also exhibited erratic radial displacements, 

the frequency of which decreased with decreasing radial distances• 

They also deformed into various shapes such as triangular 

and U-shaped structures. When the red cells were hardened 

with gluteraldelyde similar erratic paths were observed, but 

no deformation.

Unnike the regular periodic rotational orbits of the 

red cells in very dilute suspensions, the rotational orbits 

in suspensions above 30,$ fluctuated tremendously, occasionally 

"flipping" over, corap0lJting a half-orbit. In this case, there 

was a greater alignment of the red cells with flow than in 

the case of dilute solutions, and the degree of alignment at 

any given concentration Increased with Increasing flow rate.

The major difference between the behaviour of the 

ghost cells in heparinized plasma and normal red cell suspen­

sions, Is that in the former, rouleaux are not formed. Although 

the velocity distributions varied with tie flow rate, there 

was not t e same drastic change in flow regime that is observed 

with whole blood. At mean flow rates greater than 10 tube 

diaTnettetSsec., the blood Is evenly distrbbuted across the
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lurnen of the tube; at the there is a cell■-Oellotod layer

of varying thickness frorn 0 to 8 alera (57, 59) with single 

red cells being Jostled about by collisions during flow. At 

creeping flow rates, there is a central core notwork of 

rouleaux ncving as a plug. At the periphery, where the 

velocity gradient is proOcBinant, the red cOLls and rouleaux 

rotate and Oofolo. in tubes whore the radius is 20 oicra, 

blunting of the velocity profile at conceniraticis of 40a 

occurs at low flow rates, the velocity profile 

increasingly parabolic with increasing flow rates (59).

This change in velocity profile is not observed in concentrated 

suspensions of erythorytos In Binger’s Solution (60) where 

rouleaux do not foro, and whore, in a Coouete visrooi0er, 

erythocytes exhibit Neweonian behaviour at all velocity 

gradients.
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2»5 The —faculties of "In vivo* Measurements

There iro several practical difficulties rtvolvlO in 

making rheological measurements on blood flow in vivo, and 

this hit led several investigators to conceonrate their 

roslirca on in vitro experiments. These difficulties are 

due to tho nood for simultaneous measurements of the 

rtttamtlnlenus flow rate, pressure drop, and tho cell orienta­

tion, shape, spacing and numlbr. 3ecauto of the obvious

difficulty of making these measurements on a living Banal, 

investigators have usually concentrated on studying one 

variable it a time, without tho simultaneous measurement cr 

control of tho others.

The other obstacle is duo to tho clotting of frosh 

biooO. Theeefore, investigators have seldom bion able to use 

fresh blood without the addition of mtl-coaguLants, or tl < oy 

tend to use tirum instead of plasma, or they use a suspending 

agent other than plasma (e,g. AC.I^,), Evin under these 

circumstances, it it fairly difficult to record blood flow 

without clotting in glass capillaries snmiler thin about 

30 micra in diameter (22), This ooul— bo duo to the absence 

o^ a fibrin coating on the glass surface which apparently 

permits blood to flow morn easily over it (12, 57); however, 

ultimate blockage woo^jL— mme about by the formation of a 

magilitn- mast of colis in tho napilliry. Since it is a 

recognized fact that for successful hydoaul.ic transport of 
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solid particles, the tube diameter must be at least three times 

the largest dimension of the transported particle, one might 

expect blockages in capillaries smaHer than 2b micro, if 

one considers the maximum dimension of the red cell to be 

8 micra. This is of course under the proviso that the 

flexibility of the cell does not alter the effective maximum 

dimension, Tiis is cf the order of the smallest diameter of 

capillaries which have been successfully used in practice (13).

2.6 Other Empirical E^t^u^tzims

The only empirca! equation that is considered 

impprtant in its appiicltlrn to blood is the Casson equation 

(63) first derived for printing inks. The equation may be 

represented by:

a aM + Y)’'

where V = shear stress

= shear rate

a and b are constants

Meerri.l et el, (6M have shown that the nnm!n'iter b 

is identical to tha yield stress fy a ” d Merrill an* 

Pelletier (65) have shown that a is identical to the Point 

value of the absolute viscosity rj = aonatart, In tha limit 

of zero yield stress, (Xv » b = 0),•X
Charm and Kurland (66) have used a series of

-1
viscrmerers with shear rate ranges from 2 to 100,000 sec
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and maintain that the Casson equation may be applied to blood 

over the whole range. However, the constants a and b take 

different values for different viscometers, as used for 

different shear rate ranges.

MeertH and Peletier (65) refute this claim by 

using one rotational viscometer over a eider range of shear 

^te vlz. 0.1 - 300 sec”1, and ^stjing ei-even blood samples 

adjusted to 401 hemaaocrrt in the viscomeeer, at 37°C. They 

plotted shear-stress as a function of shear rate on square­

root co-ordinates (See Fig. ). They "offer the conjecture 

that the data over the range of 0.1 to 20 sec”1 shear rate can 

be approximated by the Casson equation, the slope being the 

square root of the constant a, and that above 100 sec*!, the 

data follow the equation

with constant viscosity so that th* slope is the square root 

of the NewWonlan viscosity,"

Conseeqeeniy, Mrrl.il and Petlttiti cover the entire 

shear rate ranie Wth a Z-parrmeer, 2-emn^ltion noose, L.v..

.111 1 .
= rj * y ♦Ty (Casson equation)

'Y ~ (NewWonlan equation)

A major drawback of this is the range limitation. The

Casson equation is applicable over a shear rate range of zero

Mrrl.il
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to approximate^ 20 sec”1, and the Newwonian eqi^i^1ti^on from 

100 sec“1 to higher. Tran8Stiol from the Casson equation to 

the Nevwcnian one occurs over the shear rate range of about 

16 sec*1 to l00 srco1, with no rrittltl to ^prox^a^ or 

predict this transition. Clearly there is a need for an 

improved ootol.
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3. THEORY

3.1 Capillary Flow

The equation of motion, In symtbllc form may be 

represented as:

( V/Dt) - - Vp - (V-T) ♦ fs Fe (1)

where (DV/Dt) ■ the mass per unit volume times acceleration

p ■ the 'ressure force per unit volume

gFg = the sum of all the field forces per unit 

volume

In cylindrical co-ordinates (r, 9, z), equation (1) may be 

represented. In terms of, by the following equation^ 

assuming gravity to be the only field force present: 

r-compooent:

P / >vr 4. Vr^Vr . Ve Ve2 , M'rl
I ht ir r r

- -12 - /I A (rfrr) + ♦ Pgj. (2)
r ( r r r ^>0 r i)z J ' ’

P-component:

P I + V^>ve + ^e >e + VfVe + VZX A
f t r t d 9 r z /
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z-component:

p/^2 + vr^v2 + ya^vs+v2£z\
t br r G ^z )

Now steady pipe (capillary) flow has the velocity

components (O,O,Vz(r) ) and the stress tensor takes the form:

Lrr " p 0 Trz

" - pSlj+ L1J" 0 Tee - p 0
^rz 0 • p /

where ls zero if there Is to be no helical flow. The

shear rate dVz/dr Is always negative, since r is measured 

from the centre line and ^rz is always- Dositlve, l.e., the 

momentum is transferred from the centre line towards the 

wall. Therefore, to define an apparent viscosity which will 

not be constant, we have:

(dVjj/dr) (5)

where a is the apparent viscosity.
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Assuming:

(I) steady continuum flow

(II) no forces acting In the radial or flow

directions

(III) the flow Is symmetrical with respect to z,

(l.e., LrG - Toz “ °>

the equations (2), (3) and (4) reduce to:

0 . - 12. (rU) - (6)
dr r ar r

(rT ) (7)
d z r dr rz

From equation (7)»

c>(r%z) ° - r^r
3 Z

x- r dP /oxl.e. Lrz = - 2 dz (8)

At the wall, r « ro nd frz = 7*

(9) 
•• Lw 2 dz

Dividing (8) by (9) we Bet:

Trz " T“ (-w <10)
ro
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The boundary condition is V? » 0 at r = ro, for no slip at

the wall*

The volume flow rate is given byi 

/ro
2 a rVzdr (11)

o

We hive from equation (10) that:

r " rorrz/rw

A equation (11) becomes:

Q ■ 2fi ^rzvzd^rz (12)

The velocity may be given byi

fr°/ dVz^ .’ (’ -df)dr

I

1 • ••’«•??(-£) (13)

Tm /LrA ar/

Combining equations (12) and (13):

4 ■ 2,7 o J Trz ('
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1 • e • ■77^5 ■ ^5 ' J (■ if) ~Lrz (14)

'° /^rz

Integrating by parts:

Equation (15) Is the general equation which relates the 

flow to the velocity gradient In the system.

For a non-Newtonian flaid, it Is possible to define 

an apparent viscosity as:

1 ‘tQ/zrro3 il ~2 ™z\ „r
-------- * ----- -- -------- " T-® <- r« * T“ ^Lrz (16)
/U an L w ^-w <
/ o '

where /Uttp may be dlsticmished from a as defined by

equation (5), i.e»,

(<Wz\ _ i

The tera 4Q/TrQ^ is, at times called the pseudo-shear rate.

Weissenberg, Rabinowitsch and Hooney obtained a 

simple relation between the flow rate and the tall shear 

rate (or between L a and ^ep)«
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Differentiation of eauation (15) glve^i

<1,3 (4q/nro3): _ 2/ <18)
a » " V *r/»

• •
*»Q 1 - 2 a ( *>Q 1 / dv_> , .1-*- to)- U9)

LSL) . a(W^)
•* \ dr/w TTro5 U dTw 2CJ

Equation (20) can now be used to obtain the basic 

shear diagram, l.e,, for any given value of Tw the value 

of UQ/ iT ro^ may be obtained from the data, and the slope 

of the curve may also be obtained at the point, hence 

(- dVz/dr) j may be calculated. Both T w and (~ dV2/dr)w 

are obtained at the sane point and hence are the terms of 

the basic shear diagram. There is no need to assume any 

kind of rheologlo'-l lew for this calculation.

3,2 Slip at the Wall

The above equations may be modified for slip-at-the- 

wall conditions by allowing for a slip velocity Vsj l.e., the 

new boundary condition at the wall becomes V2 « Vg as 

opposed to V2 “ 0
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.’.equation (13) becomes:

f T° / dV~\’■"■•I,

<t„ (2D
Lrz '

Combining equation (21) with equation (12) we have a

relation similar to equation (1U), l.e.,

4Q W8 8 f^w / dV_\ z x
Trz t ~£} dL-dL^ (22)

° ] lrz

Integrating by parts, as before, we have an equation

similar to equation (15)»

4Q 4Va (Lw / dV,\ „ , x~ *?;jo

Oldroyd (61) defines:

Ve 7* f „2 / —
nnd

y °
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SuUstituting the above relations Into equation (23) we 

have i

-^-5 - (*%/r0 */> (2ft)

A plot of bQ/iTr^ versus 1/^ will determine toth / and /.

As can be seen from equation (2b), at any constant 

bw» for a system with slip. increasing the diameeer, will 
decrease bQ/iFrtb, but there i.s no effect of length if steady 

state is obtained bence a plot of b // frr^ versus / % will 

determine the existence or the absence of slip. if slip is 

present then the slip velocity may be easily determined from 

Oldmyd’s parameeers.

However, it should be recognized that both slip at 

the wall and thr1xttrtp1c behaviour may cause compP1catitns 

In the cappilary shear diagram. To distinguish between 

the two it is better to have a rotational viscometer 

lealllbla, so that the change In viscosity with time may be 

known, at a given rate of shear. If no time dependence 

wrists the ncn-cojncldence of the curves of the WTr^ 

versus T" w Plot may be attrbbuted to slip at the waH.
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4. TLE DEVELOPMENT op THE MOIEL

The data of Haynes and Burton (23, 62) and Merrill

et al. (60) were utilized In the development of the modi. 

Haynes and Burton, and Merrill et al. had obtained a set of 

values of pressure drop and volume flow through capillaries, 

for a series of radii and henaaoccits. The data used were 

at the following radii:

A, Haynes and Burton at 25.5°C,

(1) Radius: 57,04^

Heato^^s: 21%, 38.7%. 61,8%

(ii) Radius: 184,

Heeatoodts: 8,8%, 28,5%, 43.3%. 76%

(111) Radius: 472.4^

Hematoocrts: 13*6%, 35.5%» 40%, 56%, 61%

(lv) Radius: 747.4 b

Heato^^s: 27.4%, 50.4%, 66.93 , 82,5%

B, MeerHl et al. at 19.9°C.

Heato^^: 39.%

ReaU: 144yU , 183^ , 192yx , 261.5^, 425

The equation (20) derived earlier was used to 

evaluate the shear rate, i.e..

(20)
\ dr 4 Tj- roJ 4 d€w
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Knowing the pressure drop end volume flow at each hematocrit 

for etch of the radii, the coaauter program No. 1 (See 

Appendix II), was used to evaluate the pseudo-sheer rate,
to

UQ/Tro J and the shear stressX w from the relation:

(9)
w 2 dz

In order to evaluate the term
dtw

which appears on the R.l.S. of equation (20) plots of the 

pseudo-shear rate and shear stress were made. (Figs. 2, 3, 

4, 5, for the data of Haynes and Burton, and Figs. 15. 16, 

17, 18, 19. for the data of Merrill et al,)

Now knowing all the terms on the R.H.S. of equation 

(20), the shear rate was calculated using comapuer progrim 

No. 2 (See Appendix II). Both T w nnd (-dV^/dr)* are 

calculated at the same point and are thus the terns of the 

basic shear diagram. The basic shear diagram for each of the 

above m^e^t^ioned radii and hematoorits are shown (Fias. 6, 7, 

8, 9, for the data of Haynes and Burton, end Figs. 20, 21, 

22, 23, 24, for the data of MerHl et al.).

From the rheological propeeties of blood it was 

obvious that the model should Incorporate a yield stress, 

Xyt and an tsyaaUotir viscosity^, due to the Newtonian 

behaviour of blood after a certain shear rate.

*A11 figures are shown in Section 7.
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Close examination of all the basic shear diagrams 

indicated the existence of the yield stress (intercept on 

T* axis) and a straight line section which would correspond 

to the asymppooic viscosity. The point of yield stress and 

the beginning of the straight line section was connected by 

a smooth curve for eaoh case. Conseeueetty, there was a 

family of curves, each m<enber having the same basic shape 

connlsting of a linear segmeet, which when extended backwards 

intersected with the posstive ‘C^-axls; tills point of 

intersection was called the apparent yield stress, ^yap* 

the yield stress that blood would exhibit if it behaved as 

an ideal Bingham plastic. Tiere was also a non-linear 

segment which passed through the point of yield stress 

(See Fig. 1).

Any straight line section on the basic shear diagram 

may be represented by the relation:

Yw = ^w - C (25)

where yw - (-dVz/dr)* « shear rate

ft & slope of the linear segment = fluidity of blood 

C = intercept on the n^:^atti^ee7w axis

Now C may be expressed by the relation:

c - ^yap (26)



FIGURE 1: SHEAR RATE VS. SHEAR STRESS
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where Lyap = intercept on positive Tw-axis

= apparent yield stress

i • e • ^w’Kw-^yap <27>

Since the non-linear segment intersects with the 

positiveT w-axis, to give the yield stress, equation (27) 

may be moOlfied to

y) *" fit yap ** y) (28)

In order to represent the non~linear section, it 

was clear that the second tera on the R.H.S, of equation 

(28), i.e., 0( Xyap - Zy) would have to be mltJLpLled by 

a function which is zero at the point of yield stress, ZJt tJ 
and approaches unity in such a way that the non-linear 

segment is "smooohly” joined to the linear section as the 

shear rate is increased. A simple function which satisfies 

these requirements ist

£1 - exp A( Lw - Ly)jJ (28a)

where A is a constant that characterizes the rate of 

approach to unity.

The author does not maantain that this is the only 

function that would satisfy the requirements^ there are 

obviously several others. The choice of this one over others 

was made on its simpplcity.
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Consequently, the full shear diagram may be 

represented by:

Yw “ -Ty) - </Clyap -Ty) [1 - exp [- A(t„ -'lyjjl (29)

l.e. Yw = i) (t, -Ty) . (Tyap -Ty)[l - exp[- Kt, - Ty)} (30)

Now /, the fluidity, is the reciprocal nf the asympponic 

viscosity, i,e.,

and since this model holds for any shear stress and shear 

rate measured at the same point, the equetion, (3C), may be 

written as:

r r 11"'
Y = .2- (l-fy) - (Tyap -7y) 1 - MP A(t- C)j

From the basic shear diagram all the parameters are directly 

obtained except one, A, However, A may be determined by 

choosing a point on the non-linear segment of the basic 

shear diagram (since A characterizes the rate of approach to 

er.nty)? thus determining the shear stress and shear rate at 

that poont, and hence esing euuation (32), l.e.,

*This is a trial-and-error procedure
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-I'lnU A.X _ ■

A = —___ 1___(?Z*E ~ ?y)____(<-yap - Ly> n (32)

z- ty

Computer program No 3 (See Appendlx II), is 

designed to evaluate A, and predict the value of the shear 

rate, at any given shear stress, and compare it with the 

actual value. These are shown as Figs. 10, 11, 12, 13, for 

the data of Haynes and Burton, and Figs, 25, 26, 27, 28, 29, 

for the data of Meerlll et al.
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5. THF DEVELOPMENT OF "THE HO SLIP AT TEE WALL" CONDITIONS
To show the presence or absence of slip at the waO.1, 

It was necessary to have data at a constant hraatoocit and 

teapprature, at several different radii. The data of Meerill 

et al. were only used in this case, as those of Haames and 

Burton did not meet this requirement.

Computer program No. 1, (See Appendix II), was used 

to determine the pseudo-shear rate and the shear stress at 

the five different radii. The results were plotted on the 

same graph paper, for all the radii, to determine if there 

was a decrease in the pseudo-shear rate, with increasing 

radii, at a constant shear stress. This is shown in Fig. JI,
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6. RESULTS AND DISCUSSION

The basic shear diagrams as derived from the data of 

Hajmes and Burton (Figs. 6-9) and of Merrill et al. (Figs. 

20-24), are of the same basic shape as those obtained by 

other investigators (11, 64). They show the existence of a 

small yield stress and the transition from non-Newtonian 

to Newtonian behaviour, this transition being effected at 

a shear rate of approximately 100 sec”!.

The yield stress that is obtained in each case is 

higher than the true yield stress of blood. This is most 

probably due to the insufficiency of available data at 

extremely low pressure-drops, which nrcassittOrs the 

extrapolation of the non«linear segment from the low^j^'t 

available point. The curvature in that region is vital for 

the accurate determination of the yield stress graphhcally, 

and hence, an extrapolation techniuur is not likely to yield 

the true value. This has been borne out by Feerill and his 

co-workers (64) where the five extrapolated yield stresses 

were found to range from 0,09 dynes/su.cm. to 0,15 dynes/su.cm,, 

whereas the true yield stresses for this particular work

0.053 dynes/su.cm. for each.

it was considered to determine the

variation of the asymptotic viscosity with hemtoocit level
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TABLES GF RHEOLOGICAL PARAMETERS

A, From the Data of Haynes and Burton 

Temmperaure 25.5°^C.

TABLE I

RADIUS = 57.04/^
!

RHEOLOGICAL

PARAMETERS

hematocrit in %

21.0 38.7 61.8

/ - 1ZU

Ty

5^.0 3 6.3 20.0

0.2 0.79 1.15

Tyap 0.95 3.1 2.U5

A 0.258 0,211 0.21
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TABLE II

RAPIDS M 184.7/U
 )

RHEOLOGICAL

PARAMETERS

HEMATOCRIT IN %

8.8 28.5 <*3.3 76.0

73.0 U2.0 29.* 12.1

Zy 0.1 O.U 0.6 0.9

^yap 0.5 0.7 1.75 *>.35

A 0.365 0.23 0.226 0.226
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RADIUS « 472.4 k-
/

RHEOLOGICAL HEMATOCRIT I N %
PARAMETERS 13.6 35.5 4O.O 56.0 61.0

/ “ 1//U 47.6 25.0 21.3 13.5 10.7

l9 0.5 0.7 0.9 1.0 1.2

^yap 1.2 2.7 3.3 5.5 7.7

A 0.365 0.26 0.25 o.2*r 0.24

fr72.fr
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I.'-VLL IV

RADIUS = 74?,4 M

RHEOLOGICAL

PARAMETERS

HEMTOCBIT ][ N %

27.4 50.4 66.9 82.5

X - 1/^ 36.8 18.5 11.35 7.5

0.25 0.9 1.5 1.7

/V

^yap 0.65 1.55 3.2 3.9

A 0,31 0.25 0.25 0.25
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B. From the Data of Merrill et al.

Hematoorlt 39*3%

Teiapprature 19.9°C.

TABLE V

R A D I U J3 IN b! I C R A

RHEOLOGICAL

PARAMETERS
144 183 192 261.5 425

2.66 2.45 2.5 2.4 2.55

T, 0.13 0.22 0.16 0.15 0.14

^yap 18.7 17.1 14.5 16.0 13.5

A o,o4o4 0.0417 0.0428 0.0443 0.05
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and radius* for the basic shear diagrams (which are identical 

to those predicted by the moOLeT - see Tables I - V). Fig. in 

represents the situation for the data of Haynes and Burton, 

The family of curves appears to have an asymppooical approach 

to the fluidity (f$ = 1/u ) axis. This seras reasonable as cam 

be seen from Figs, 6-9, or Figs, 10-13, that as the her^aat^ccl.t 

level is decreased, the curves become more vertical, l,e,, 

the slope, which is equal to the fluidity, approaches infinity. 

The approach to the heTnatoccit axils seems to indicate a
Z 

finite value of the asymm^t^ic viscosity at 100% heima^dt 

level. The approaches in both cases are shown by the dotted 

lines, whereas the thick line indicates the variation as 

calculated from the basic shear diagrams.

An interesting phenomenon that can be deduced from 

Fig. 14, is the existence of a Farhaeus-Lindqvlst effect, l.e,, 

decreasing asym^to^c viscosity with decreasing radii. This 

has been supported by Haynes (27) but refuted by Ceimey et al. 

(11), Bdth groups used identical samples of blood which were 

different from those considered in this work. However, Fig. 14 

indicates a Farhaeu8-Lindqvls0 effect between the radii of 

57.OU/U and 188.77^ , and a reverse Farhaeus-LindqvlsO effect 

from radii 787,44^ and 472,4.U. The existence of this reverse 

effect has also been suggested by Haynes (11), but only for 

low shear rates. Since the asymptoCic viscosity is present 

only nt high shear rates, this reverse effect unfortunately 

cannot be explained by the author. Since neither the existence
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nor the absence of Farhaeus-Lindqvlst effect has been 

established, more experimental work obviously needs to be 

done.

The absence of this effect has also been mentioned 

by Merriil et al. (29)» and their observations are in agree­

ment with Fig. 30, where the fluidity is plotted against the 

radius for a constant hemaaocrit level of 39.3G There is 

no variation of viscosity with radius.

These contradictory observations may perhaps be 

explained on the basis of the different techniques utilized 

in obtaining the pressure-drop volume flow data points and/or

by the fact that whereas Haynes and Burton used A.C.D. as the

suspending medium, Merrril used plasma. A.C.D. is supposed 

to have the propeeties of plasma except that A.C.D. is a 

Newtonian fluid whereas plasma is new known to be slightly 

non-Newtonnan.

The model developed is as shown below:

Y • A yap L1 * eXP

where X = shear rate

« shear stress

= asymptotic viscosity

Y = yield stress y
O' = apparent yield stressLyap *H
A « constant
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Figs. 10*13 and 25-29, compare the basic shear diagrams as 

predicted by the model with those obtained from the original 

data. The straight lines represent the model and the dark 

circles represent the points obtained from the data. As can 

be seen, the fit is an excellent one, the maximum error at 

any point being less than 5%* it was initially considered to 

test for "Goodness of Fit", but this idea was later rejected 

on the grounds that the null hypothesis would definitely be 

accepted at the 5% level.

The ranges over which the model was been developed 

are given belowi

Shear stress: from the yield stress to 80 dynes/sq.rn.

Shear rate: 0 - 900 sec”1

However, it should be noted that the form of the model 

is such that it corresponds directly with the form of the 

basic shear diagram, i.e., the non-Newtonlas section is 

accomrnooated for by the complete moodl, in which the tera 
1 - exp A(£- Ty)j is less then unitye and the Newtonian 

section is acctmmoOatea for by the same term equalling unity; 

hence, the commpete mooel in this latter case is essentially 

the equation of a straight line, which has no upper bound. 

Theeefore, theoretically, this model wHould be valid from a 

shear rate of 0 sec”1 to any shear rate greater than 100 sec”1, 

where Newwoniar behaviour is predominant. This validity of 

the moo el over any shear rate range is its mmjor advantage 

over the 2-equati.on model proposed by Merrm and his co-workers 

(65).
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Fig. 31 shows that there is no change in the 

pseudo-shear rate with radius. The points fall fairly 

close to one another, an* the thick black line has been 

drawn to show the trend. Conseeuurtly. one may surmise that 

up to a hemmtotoit level of 39*3% there is no slip at the 

wll, viz., the assumptions of Merrm et al, (60) are 

valid. Howtvvrt it cannot justifiably be maantained that 

that conclusion would be true at higher hemmtotoiti. in 

fact, it is quute possible, that on increasing the red blood 

cell concceSratitn. the chances of slip existing at the weal 

may increase due to the closer "packing" of the cells.
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7. GRAPHICAL REPRESENTATION OF THE RESULTS

The figures shown in this section are the 

graphical representation of the results.

The results obtained from the data of Haynes and 

Burton (23. 62) are shown in Figs. 2-14. (Due to typograph­

ical errors in reference 23. for Radius « 472.4 , reference 

62 has been mentioned where these errors are corrected.) 

Figs. 15-31 refer to the data of Merrill et al. (60), Figs. 

32-34 refer to the data of Meerm and Benetier (65) and 

Figs. 35-36 refer to the data of Merrril et al. (38).
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FIGURE 2: FSEUDO-SEEAR RATE VS. SHEAR STR1' ' SS
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FIGURE 3; PSEUDO-SHEAR RATE VS. SHEAR STRESS
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JI? E U;PSEUDO-SHEAR RATE VS. SHEAR STRESS
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FIGURE 5; PSEUDO-SHEAR RATE VS. SHEAR STRESS
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FIGURE 6: SHEAR RATS VS. SHEAR STRESS
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FIGURE ?: SHEAR- RATE VS. SHEAR STRESS



66

FIGURE 8: SHEAR RATE VS. SHEAR STRESS
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FIGURE 9: SHEAR RATE VS. SHEAR STRESS
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FIGURE 10: SHEAR RATE VS. SHEAR STRESS
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FIGURE 11; SHEAR RATE VS. SHEAR STRESS
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FIGURE 12; SHEAR RATE VS. SHEAR STRESS
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FIGURE 13: SMEAR RATE VS. S: EAR STRESS
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EJQUfi? ---- FLUIDITY ( = 1/^ ) VS, HEFATCCRITF —— -------
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FIGURE 15: PSEUDO-SHEAR RATE VS. SHEAR STRESS
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FIGURE 16: PSEUDO-SHEAR KATE VS. SHEAR STRESS
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FIGURE 1?: PSEUDO-SHEAR RATE VS, SHEAR STRESS

Dynes/sq.cm.



76

FIGURE 18; PSEUDO-SHEAR RATE-VS. SHEAR STRESS

fro3Sec"

0 100
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FIGURE 19: PSEUDO-SHEAR RATE VS. SHEAR STRESS

100
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Dynes/sq.cm.
100



FIGURE 21: SHEAR RATE VS. SHEAR STRESS

o-
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FIGURE 22: SHEAR RATE VS..SEEAR STRESS

Dynes/sq.cm, w
$
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FIGURE 23: SHEAR RATE VS. SHEAR STRESS

0“ Dynes/sq.era. c \j
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FIGURE 2^-; SHEAR RATE VS.-SHEAR STRESS

T' Dynes/sq.cm. I w
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FIGURE 25: SHEAR RATE VS. SHEAR STRESS
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FIGURE 26: SHEAR RATE VS. SHEAR STRESS
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FIGURE ?/?; —SHEAR RATE VS. SHEAR , STRESS
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FIGURE 28: SHEAR RATE VS. SHEAR STRESS
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FIGURE 29- SHEAR RATE VS. SHEAR STRESS



FIGURE 30: FLUIDITY (=1/^) VS. RADIUS 
/

co 
co
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FIGURE 31: PSEUDO-SHEAR RATE VS. SHEAR STRESS
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FIGURE 32: SHEAR RATE VS. SHEAR STRESS
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FIGURE 33: SHEAR RATE VS. SHEAR STRESS



FIGURE 3^-: (SHEAR STRESS)'* VS. (SHEAR RATF)^

\o 
ro
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FIGURE 35: SHEAR RATE VS. SHEAR STRESS
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FIGURE 36: SHEAR RATE VS.’ SHEAR STRESS
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8. COMPARISON OF THE MODKL WITH TIE CASSON EQUATION

Merrill and Pelletier (65) have stated that the

Casson equation

t* - ♦Ty*

may be used to approximate the data over a shear rate

range of 0,1 - 20 sec* and the Newtonian equation

- 5 v

may be used over the shear rate range of l00 see"1- and 

higher. They have presented viscometer data for shear rate 

and shear stress on square root co-ordinetes.

This data has been interpreted in terms of shear 

rate and shear stress and plotted in Fig. 32. From Fig. 32 

the paramders of the postulated model ten calculated and 

the basic shear diagram as obtained from the model is presented 

in Fig. 33; the dark circles comparing Merrill and Peeletier's 

data with the theoretical mooee. These points have then 

been plotted in Fig. 3^, on square root co-ordinates as was 

the case with the original data points. As before, the dark 

circles are the original points of Heerlll and PeHetier and 

are compared with the theoretical line.

From Fig. 3*s the validity of the 2-equatlon mooel
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of He^rrill and Pelletier has shown, as was done in the 

original publication (65). it oan be seen that the Casson 

equation is valid up to a shear rate of approximate!y 

31.5 sic“1, a transition zone exists from that point to a 

shear rate of 100 sec , from which point the Newtonian 

equation holds.

The major drawback is imeddately visible from

Fig. 34 in that

(a) 2 eqiuitions are necessary to cover

the entire range as shown,

(b) no emeirical equation covers the

transition zone between the non-Newtonian and 

Newtonian behaviour of blood.

On the other hand, the model presented here covers 

the entire range, and the fit with the original data is 

rxcerlrnt. The advantages of the new model over the 

2-equatlon model of Merrill and Perlrtirr are obvious, from 

Fig. 34.

This model was also fitted to some other data of

MerrHl et al. (38). The original data are shown in Fig. 35 

where shear rate has been plotted against shear stress for 

five different te^peraturrs. As before, the four partmerers 

wen evaluated and the resulting moo el plotted in Fig. 36. 

The dark circles, representing the original data poonts, were 

comppred with the theoretical line. As before, the fit was 
confiraed to be very good.
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9. CONCLUSION

(I) Y - -L ( L- Ey) - (Tyap - Ly) [1 - exp £- *<r- Ly)Jl

I
The nodel shown above was tested over a radius 

range of 57.00? to 707.0 ?? and a henatocrit range of 

8,8? to 82,5?. It was found to be a very accurate 

representation of the basic shear diagram of blood 

flowing through capillaries, It was found to be valid 

over a shear rate range of 0 to 900 sec“? and because 

of the Newtonian (straight line) behaviour of blood at 

shear rates greater than 100 sec”1, this model would be 

valid up to any shear rates of 100 sec”1 and greater.

The model was also shown to have a decided 

advantage over the 2-equatlon one proposed by MeertH 

and Pelletier,

(II) Work on the data of MeertU et al, showed that 

their assumption of no slip at the waai was valid up to

a he^ato^t level of 39.3#« Date at a higher henaaocclt 

level was not available, hence no statement can be made 

about the validity of this assumption at hematocrits 

higher than 39.3%*



10. NOMENCLATURE

A ■ a constant which characterizes
the rate of approach to unity

C - a constant - intercept on the
negative X w a*is

Q » voice foow rate cc./sec.

dp/dz - pressure drop across the length cms. HgC/cm. tube
of the capillary

ro “ radius of the capillryy micra

Vg « sipp velocity at the wall cms./sec.

Vz = velocity of foow in the cms./sec.
z direction

(-dVz/dr) ■ shear rate sec*1

Y « shear rate sec’1

yw » shear rate at ^e oi!^1 sec*1

“ Kronecker Delta

yU = asymptotic viscosity of poise
' non-Neotonlen fluid

- apparent viscosity of poise
/ Newtonian fluid

L = apparent viscosity of poise
I k P non-Newtonian fludd

- Cldroyd’s parameter

/T, . » stress tensor dynes/sq.cm.

T k yield stress dynes/ss.cm.

98

dynes/sq.cn
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|_yap «• apparent yield stress* i.e., dynes/sq.cm.
the yield stress blood would 
exhibit if it behaved as an 
ideal Bingham plastic.

■ stress tensor dynes/sq.cm.

■ shear stress at the wall dynes/sq.om.

» Oldroyd’s parameter

0 - fluidity poise”1
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APPENDIX I

A.l A POSSIBLE PRACTICAL APPLICATION

Knowing the four parameters of the model, viz: O •

T y, T yap* and A, t t ls Possible to obtain volume flow 

through a capillary of given radius for any given pressure 

drop across the capillary.

The procedure would be to obtain the basic shear 

diagram using equation (31), i.e,,

Y- — ( C- ry) - (CyBp - ty) 1 - exp f- A(V - Ty)? (31)

hL L L J J

The basic shear diagram may also be represented by equation 

(20), i.e..

. 2 _!2_u (20)
\" dr j* U TTro3 U dCw

Any infinitely small section of the curve may be 

represented by a straight line of the form:

y = mx + c

Now, fur any ^essu^ erop, X w nay ^?1 ^I^1^^ from ti^e 

relation:

- r° dP
< w = ~ t T? (9)
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and the slope of the curve corresponding to that point value 

of Tw may be obtained readily.

That slope m may be given byt

, _ 1 d(WiTr03) (33)

-rr .l.e. Q « dQ = Hro^ ndLw O2*)
- o Jo

Equation (3M may be integrated numerically to 

obtain the volume flow rate Q.



APPENDIX II

A.2 COMPUTER PROGRAMS

A.2.1 Program No, 1

This Program is designed to evaluate

(I) the shear stress at the wall using the relation:

= (9)

where ro « the radius of the tube

dp/dz » the pressure drop,

t \ UQ(II) the pseudo-shear rate — .
n r03

where Q = the volume flow rate

rQ ■ the radius of the tube.

These two relations may be evaluated for

(1) a oaxlnwa of 10 different radii,

(ii) a maximum of 10 different hemaaoorrts at each of

the above radii,

(ill) a maximum of 20 shear stresses and nseudo-shear rates

for each of the above hernaatocrts at each particular 

radius.

The program reads in a number of parameters and

prints out the same par^ee^s in the order that has been

read in. This provides a useful check against Incorrect data
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c program' number 1c 4Q/PR3 vs. TW RELATIONSHIPC DATA FROM PRESSURE VS VOLUME FLOW CURVESC R=RADIUS IN CMS.C H=HEMATOCRIT IN PER CENTC L = NO. OF DIFFERENT RADIIC M = NO. OF DIFFERENT HEMATOCRITSC N = NO. OF DIFFERENT PRESSURE AND VOL. FLOW POINTSC AUTHOR = NAME OF AUTHOR WHOSE DATAIS BEING USEDc P=PRESSURE DROP IN CMS WaTeR/CM. OF TUBE.C 0 = VOL. FLOW RATE IN CC./SEC.DIMENSION R(10),H<10,10), P(10,10♦20),Q(10,10,20),PP(10,10,20),TWA ILL(10,10,20),EETA(10,10,20)READCS,9) L,M,N,AUTHORC READ THE DIFFERENT RADIIREAD(5,19)< R < 1 ) ■I = 1 , L )C READ Th'E DIFFERENT hematocrits AT EACH RADIIREAD< 5,29 ) < ( H ( I , J) ,J =1,M ) ♦I = 1 ♦ L )C READ The PRESSURE AND VOL.FLOW RATE AT DIFFERENT HEMATOCRITS FOR EACH RADREAD (5,39) C((P(I,J,i<),K=l,N),J=l,M),I = l,L)READ(5,49) C((Q(I,J,K),K=1,N),J=1,M),I=1,L)WRITE(6,59) L,M,NWRITE(6,69 )WRlTE(6,3u9) (RCI ),I = 1,L)WRITE(6,79)WRITEC 6,319) ( (H( I,J),J=1,M),I = 1,L)WRITE(6,89 )WRITE(6,32 9 ) ( ( (P(I,J,K),K=1,N),J=1,M),I = 1,L)WRITE(6,99)WRITEC6»339) ( ( (Q(I,J,K) ,K=1,N),J=1,M),I = 1,L)WRITE(6,2C9) AUTHORDO 200 1=1,LWRITE(6,109) RCI)DO 200 J=1,MWRITE(6,119) H(I,J)WRITE(6,129)DO 300 K=1,NPPCI,J,K)=P(I,J,K)*980.0TWALLCI,J,K)=R(I)*PP(I,J,K)/2.0EETACI,J,K) = (4*0(I,J,K) )/(3.142*R( I )**3.C )WRITEC 6,139) TWALLC I,J,K)♦EETA<I»J♦K)300 CONTINUE200 CONTINUE
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9 FORMAT(3110,A9 )19 FORMAT(5E10.0)29 FORMAT(4F10.0)■39 FORMAT(5F1O.U)49 FORMAT(5E1O.O)59 FORMAT(2X,24HNO.OF DIFFERENT RAD I I ,L =,12»//*2X♦30HNO.OF DIFFERENT 1HEMATOCRITS»M= ♦ 12 »//*2X,47HNO.OF DIFFERENT PRESSURE AND VOL.FLOW P 20INTS,N=,12)69 FORMAT(//♦2X»5HR AD I I )79 FORMAT(//>2X»11HHEMATOCRITS)89 FORMAT(//, 2X,9HPRESSURES)99 FORMAT(//,2X,8HV0L.FLOW)109 FORMAT(//,2X ,7HRADIUS=, E12.4,2X,3HCMS)119 FORMAT(///, 2X,11HHEMATOCRI I = , F7.2,2X,7HPERCENT )129 FORMAT(//»2X»14HTW DYNES/SQ.CM, 1OX,16H!40/PR3) PER SEC,/)139 FORMAT ( 2X , F 1 2 • 4,1 5X , F12 • 4 )209 FORMAT(////,2X,7HDATA OF,2X,A9,//)309 FORMAT!10! 2X,E12.4) )319 FORMAT!1O(2X,F7.2))329 FORMAT(1O(2X,F7.2))339 FORMAT(5(2X,E12•4 ) )END
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A. 2.2 Program No, 2

This Program evaluates the shear rate at the wall 

and prints out the shear rate-shear stress relationship, 

assuming no slip at the wwH.

The shear rate at the waH is evaluated from the 

equation:

(20) 
dryw 4 i• ro3 k

with the usual notation.

This program is capable of evaluating the shear

rate for a maximum of 10 radii, 10 hemaaooclts and 20 values 

of shear stress (similar to Program No. 1). It also has an 

additional feature in that it incorporates a subroutine 

called LESQ. is a least-squares subroutine which

evaluates the co-efficients of a number of polynomials up to 

a maximum order 6. It may be used to fit a polynomial to the 

shear stress-shear rate relationship if desired. The control 

number LS may be used to include the subroutine into the 

Min Program if a least squares fit is desired, or to exclude 

it, if not.

Nooation Used in the Program

R = radius in cms.

H = hematocrit in per cent

L = no. of different radii
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M » no. of different hematocrits

N «■ no. of different T end E points

T ■ shear stress at the wall

E = H with the usual nota^on

AUTHOR = name of author whose data is being used

LS » control number for least squares fit. if fit 

desired, put LS - 2; if not, leave blank.

W = vertical segment of slope of ^Q/pR^ Vs. £ plot 

at each point

EH ■ horizontal. segment of slope of ^Q/ R^ vs. w plot 

at each point

S = slope at each point = W/HH

SiiRATE « C-dV_/dr)_ = shear rate at the waaif. « w
N = no. of points to be fitted to the polynomial

MPOLY = highest degree of polynomial desired (6 6)
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I
r PROGRAM NUMBER 2
q STRESS-SHEAR RATE RELATIONSHIP WITH NG SLIP AT THE WALL
q DATA FROM 4Q/PR3 VS.TW CURVES USING PROGRAM NO. 1C R^:^RADU^S IN CMS.
q H=HEMATOCRIT IN PER CENT
q T=SHEAR STRESS AT THE WALL
q E=4Q/PR3
C VV = VERTICAL SEMMENT OF S^l^OF^E OF 4frQypR3 VStTW AT EACH POINTC HH = HORIZONT SEMMENT OF SLOPE OF AQ/PR3 VS.TW AT EACH POINTC L = NO. OF DIFFERENT RADI IC IL = NO. OF DIFFERENT HEMATOCRITS
C N = NO. OF DIFFERENT T AND E POINTSC AUTHOR = NAME OF AUTHOR WHOSE DATAIS BEING USEDC LS=CONTROL NO.FOR LEAST SQUARES FIT.IF FIT DESIRED PUT LS=2»IF NOT C LEAVE BLANKDIMENSION R(10 ) »H(10»10) ♦ T(1O»1O»2O)»E(1O»1O»2O)♦VV(10»10»20),HH< 110,lO»20),S(1U»l1»20) 1SHRATE(10»10»20),X(20)iY(20),A(40)iB(10),ERR 10R(200,TT(2O)

REAA(5> »9) Li.MiNiLSiAUTHORC READ THE DIFFERENT RADIIREEA(5»19)(R(I),I=1,L)C READ THE DIFFERENT HEMATOORITS AT EACH RADDIREADD5,29) 6 6H6I,J)»J=1,M),I = 1 , L)READD 5,39) (((T(I1J,K),K=1,N)jJ=1,M)iI=1,L)READD5,49) (((E(I,J,))»==1,N)jJ11,M),I=1,L)READ(5,129) (((VV(I,J,K),K=1,N),J=1,M),1=1,L)READ D 5,129) ( ( (HH(I,J , K),K=1,N)>J=bMhI = 1L)TT RTE(6,59) L,M,N
WRHT(6,69)
WRHT(6,309) (R(I ),1 = 1 ,L)
WRRIT(6,79)WUE66,3 19) 6 (H(I,J),J=1»M) ’I = 1’L)
WTHE^ ,89)TRUE 6 6,329) 6 6 ( T(I,J,K),K=bN),J=1 ,M) ) I = 1L)WR R TT(6,99)WTHE(6»339) (((E(IiJ,K)»KsbNhJ=bM1),1 = l,L)WRH^E(6,139)
W!ITT((,1149) (((VV(I,jJ,KI»K1^iN), = 1M)»ML-)
WRRTT^ 6 159)WRj TE(6 1149) 6 6 (HH((»J,K) , K = 1,N) , J = 1 , M)) I = 1, L)
WIIT(6,209) AUTHOR
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DO JOO 1 = 1»LWRITE<6»109) R6 I )DO 100 J=1»MWRIIT(6 »119) HI»J)WRIIT(6»169IDO 10° K=1»NS(I»J»K>=VV( I»J»K))/HH( I »J»K)SHRATTE I ♦ )=O.75*E6 I♦J♦K)1O,25*T6 I ♦ J,K)*S6 I,J,K)WITE(6»179)T(I»J»K),ShRATE(1»J»K)100 CONTINUEIFFLL.LE.l) GO TO 11C TO FIND A LEAST SQUARES FIT OF TW AND SHEAR RATE11 = 1JJ=JKK = KSS = LMM = MNN=NC N=NO.OF POINTS TO BE FITTEDC MPOOLyHIGHEST DEGREE OF POLYNOMIAL DESIRED - LESSEQ TO 6READD6.409) N,MPOLYWRRTTE6»419)DO 300 M=1»MPOLYWRRTTE6,429) MDO 300 11=11LLWRnTE6»109) R(II )DO 300 JJ=1»MMWRHTE6»119) /(II ,JJ)DO 400 KK=1,NNI = KKX6I) = T 6 I IY6 I )1SHRATE6I I,JJ»KK)400 CONTINUECALL LESQ 6 A ♦ B »X , Y , M , N )Ml=M+1WRHTE6»439)MU1Tl6»449) 6 B^XinM!)WWHE66,4 59 )DO' 300 I = 1 ,NNSUM8=0DO 500 J=1 ,M1L1M1+1-JSUMA = SUMB*X 6 I )SUMC=SUMASUMB=SUMC+B6L )
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500 CONTINUETW(I)= SUMBERROR(I) = <TW(J )-Y( I ) )*100.0/Y( I )WRITE(6»4 69) X ( I ) ,Y(I ) ,TW( 1 ),ERROR!I )300 CONTINUE9 FORMAT(4110,A9 )19 FORMAT(5E1U.U)29 FORMAT(4F10.U)39 FORMAT(5F10.0)49 FORMAT(5F10.0 )59 FORMAT(2X♦24HNO. OF DIFFERENT RAD I I ,L=,I 2,//,2X,30hNO.OF DIFFERENT 1HEMAT0CRITS,M= ,I 2,//,2X , 33HNO.OF DIFFERENT T AND E POINTS,N =, I 2 )69 FORMAT(//,2X,5HRADII)79 FORMAT(//,2X ,11HHEMATOCRITS)89 FORMAT(//,2X,1HT,/)99 FORMAT(//,2X,1HE♦/)109 FORMAT ( // , 2X,7HRAD IUS=,E12.4,2X,3HCMS)119 FORMAT(///»2X,11HHEMATOCRIT = ,F7.2»2X,7hPERCENT )129 FORMAT(5F1O.O)139 FORMAT(//»2X,20HVERTICAL SEGMENTS,VV)149 FORMAT(5(2X,F7.3 ) )159 FORMAT (//, 2X,22HHORIZONTAL SEGMENTS,HH)169 FORMAT(//,2X,14HTW DYNES/SQ.CM,1 OX,26HSHEAR RATE AT WALL PER SEC,/ 1)179 FORMAT ( 2X , F 1 2 • 4,1 5X , F 1 2 • 4 )189 FORMAT (5( Fl 0.6,5X) )209 FORMAT (////,2X,7HDATA OF,2X,A9,//)309 FORMAT ( 10 ( 2X , E 1 2.4 ) )319 FORMAT ( 1O(2X,F7.2 ) )329 FORMAT(5(2X,F7.4 ) )339 FORMAT(5(2X,F9•4 ) )409 F0RMAT(2U0)419 FORMAT(////,2X,17HLEAST SQUARES FIT,/)429 FORMAT(//,2X,21HDEGREE OF POLYNOM1Al = ,I 3)439 FORMAT(//,2X,4HA(U)♦11X,4HA ( 1 ) ,11X,4HA(2) ,11X,4HA(3),11X,4HA(4) , 11 1X,4HA(5),11X,4HA(6) )449 FORMAT (7(F7.4,6X) ) _ t .. nf-u ,459 FORMAT(//, 2X,14HTW DYNES/SQ.CM,13X ,26HSHEAR RATE AT WALL PER SEC,1 18X,33HSHEAR RATE AT WALL (LESG) PER SEC»17X,13HERROR PERCE-.1 )469 FORMAT(2X,2(F12.4,2SX),E12.4,2CX,F12.4)B STOPEND
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A.2.3 Program No, 3

This program evaluates the parameter A at a series 

of points ( 5) using the equation shown below:

A _____ I___ t <£>*p ~ ry* (f?ap ~ f-y)_l I (32)
t- 7y

It then incorporates each value of A and its average 

value into the equation shown below to evaluate the values 

of Yw, and then commpres each value of W* w with that 

obtained using the Weissenberg, Rablnowitch and Mooney 

equation (20) (See Program 2). as fed into the commpter.

V - - (Jyap -Zy) ^1 - exp Y A(?-Ty)jjj (31)

As with the previous two programs, this one is also 

capable of com^^ing the necessary values of A and T w for 

a maximum of 10 radii, 10 hemattccits (for each radius), 

and 20 values of shear stresses and shear rates as obtained 

by using Programs 1 and 2.

Noa^on Used in the Frcrrar.

R = radius in eras.

H » heTmtoccit in per cent

L » no. of difeerent radii

M » no. of difeerent himattcrits
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N « no. of different tt end (-dV/dr) pointsz»
T ® shear stress at the wall

SHRATE = (-dVz/dr)w = shear rate at the wall as obtained 

from Program No. 2 (i.e., equation (20)

NK = no. of Iw and (-^c^Vz/dr)w points along the non­

linear segment of the basic shear diagram

FI = slope of the straight line section of the basic 

shear diagrm

TY = yield stress in dyneB/sq.cm. as obtained from the 

basic shear diagram

TYAP ex apparant yield stress in dynes/sq.cm. as obtained 

from the basic shear diagram

GAMMA = shear rate as determined from the model

DIFF = difference between SHRATE and GAMMA

ERROR = error per cent between SHRATE and GAMI4A



118

r program NUMBER 3£ TO VERIFY THE VALIDITY OF A MODEL FOR BLOOD.c r=radius in cms.c H=HEMATOCRIT in per centc T=SHEAR STRESS AT ThE WALLc L = NO. OO DIFFERENT RADIIc M = NO. OO DIFFERENT HEMATOCRITS
C N = NO. OO DIFFERENT T AND SHRATEPNISTSC NN=NO.OF T AND ShRATE POINTS ALONG THE CURVEC AUTHOR = NAME OF AUTHOR WHOSE DATAIS BEING USEDC FI=SLOPE OF GAMMA-DOT VS.TW STRAIGHT LINE SECTIONC TY=YIELD STRESS DYNES/SQ.CM.C TYAP=APPARANT YIELD STRESSDIMENSION R(1^),H(10,10)»I(10,10i^20) ♦ SHRATE( 1O»1O,2O)»FI(1O,1O)»TY 1AP (10»10) ,A( 10»10» 200)GAMMA(10,10,20) , ERRR0(10,10,20),TY(10,10)»AA 2VG( DlObDI FF( 10,10»20),ERRAVG(10»10)READ<5i9) L,M,N,NN,AUTHORC READ the different radiiREEA(S,21HR(I ) , I = 1,L)C READ the different hematocrits at each radiiREADC 5 »09 ) ((H((»J)iJ = 1»M),I = 1,L)READ(9,49) ( (FI(I,J),J=1,M),I = 1»L)READ(9,49) ( (TY(I,J),J=1,M) ,I = IL)READ ( 5,49 ) ( (TYAA(I,J),J=1,M),1 = 1 ,L)READ(9,39) ( ( ( T( I , JK) ,K=1,N) ,J=1»M) , I =1, L)READ(5,39) (((ShRATE( I,2,),,==1,N)j = =1,M),I=1,L)

WRIIT(6»59) L,M,N
WRIIT(6,69)WRITE(6,79) (R ( I ) ,1 = IL )
WRITT((^,89)
WIIT((6,99) ((H((»J)j=i1»M),I = 1,L)
WRITT(6,149)WRl II(6(15 = 1»M),l = 1 ,L)
WRITTd ,169)WRITE(6,199) ( ( TY( I,J))J=1,M)» I = IL)
WR ITT((> ,179)WRITT(6i159H <TYAP( I,J),J = 1»M ) , I = 1,I )WRITE(6,319)WIT^E(6»329) (((TajJiKhlCibM’^l’M^liL)
WRITT(6i129)WRITE(6,139) ( ( (SHRATE ( IJ,K)iK=1,N) , J=1, M ) ,I -IL)DO 100 1 = l,LWITE(6,109) R(I )DO 100 J=1MWRITT(6,119) HIJ )WITE(6,189)
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DO 200 K=1jNNB=SHRATE(I»J,K)/(F1(I,J)*(TYAP(I»J)-TY(I,J)|) C=(T(IiJ»K)-TY(I,J))/(TYAP(I,J)-TY(IJ))
D=1.0+B-CE=T(IiJ»K)-TY(IjJ)IF(D.LE.O.O) go to 1
A(I»J»K)=-(TLOG(D))/E1 WRITEI6»199) Y(I,J»K),AII,J,K)200 CONTINUESUMAtO.0DO 300 Ko1»NN •SUMBbOUUAtAM ,J»K)SUMAoSUMB300 continue
WRITE<6»239) SUAAAAAG(F »J)=UUAA/NN
WWITEI6»249) AAVG(I,J)100 continueNJADoNN3 DO 500 I=1»L
WRITEI6,109) ATI )DO 500 j^o1m
WRITEI6»119) H(I,J)IFIKK.EQ.O.O) GO TO 4DO 500 KK=1,NJAD4 WRITE(6,209)A(I»J»KK)
WRITEI6,219)DO 700 Ko1»nO = TT I ,JK)-YA(I »J)P o A( ,J,KK)*O
Q=EXP(-P)S=1.0-QU=)TYAP(I»J))TE(IiJ))*SG = T(I ,J,K)-TY(T »J)W = V-UGAMMAT I,J»K)=F1(I»J)*W
DIFF F J jJ,))gAAAAA(T ♦J♦K)-SHAAYE( J ,J»K)EIIOR (I»J,K) o (( GAMMA F J » J ♦ K > -S^HIAYE F I»J»K) ) *100.0) / SHIAEE < I jJ»K) 
WRITEI6»229) Y(J♦J »K)» SHRATETI » J j K ) » GAMMA(I »J » K)» DIFFT I» J j K)»ERROR1 T I »JK)700 continueSUAAcO.0DO 800 Ko1 »NSUMD=SUMA+ERRORT IjJK)SUMCoSUMD800 continue
WRITEI6,339) SUMC
HRIAGGI ,J) =UUAC/N
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5oo.erravg(i’j>IF(NJRD.EQ.1) 60 TO 5KK=1DO 600 1 = 1,LDO 600 J=1,MA(I,J,KK)=AAVG(I»J)600 continueNJRD=1GO TO 39 FORMAT(4110,A9)19 FORMAT(5E10.0)29 FORMAT(4F10.0)39 FORMAT(5F1O.U)49 FORMAT(4F10.0)59 FORMAT(2X♦24HNO.OF DIFFERENT RAD I I , I= , I 2»//,2X,30HNO.OF DIFFERENT 1HEMAT0CRI TS,M=,12»//»2X♦38HNO.OF DIFFERENT T AND SHRATE POINTS,N=, 212)69 FORMAT(//,2X,SHRADII)79 FORMAT(1U(2X,E12.4))89 FORMAT(//,2X,11HHEMATOCRITS)99 FORMAT!1O(2X,F7.2))109 FORMAT ( //,2X,7HRADIUS=,E12.4,2X,3HCMS)119 FORMAT(///,2X,11HHEMATOCRIT = ,F7•2»2X,7HPERCENT)129 FORMAT(//,2X,11HSHEAR RATES)139 FORMAT(10(2X,F9.4))-149 FORMAT(//,2X,2HFI ,/)159 FORMAT (5(2X,F9.4))169 FORMAT(//,2X,2HTY,/)179 FORMAT(//,2X,4HTYAP,/)189 FORMAT(////, 2X,15HTW DYNES/SQ.CM.,15X,1UHEXPONENT A,//)199 FORMAT(2X,F12.4»15X,F12.4 )209 FORMAT(////,2X,11HEXP0NENT A=F12.4)219 FORMAT(//,2X♦1SHTrt DYNES/SQ.CM. , 10X, 18HSHEAR RATE PER SEC,5X,32HSh 1EAR RATE (THEORETICAL) PEK SEC,5X,10HDIFFERENCE»15X,13HERR0R PERCE 2NT,// )229 FORMAT (2X,4(F12.4,15X),F10.4)239 FORMAT((//,2X,17HEXP0NENT A TOTAL=F12.4)249 FORMAT((//,2X,25HEXPONENT A AVERAGE VALUE=F12.4)319 FORMAT (//,2X , 1HT ,/)329 FORMAT(10(2X,F7.4) )339 FORMAT(//,98X,12HT0TAL ERROR=»F10.4)349 FORMAT(//,95X,1 SHAVERAGE ERROR=,F10.4)5 STOPEND



APPENDIX III

A, 3 GLOSSARY OF MEDICAL TERMS

Acglutination A phenomenon consisting of the collection

into clumps of the cells distributed in a 

fluid. It is believed to be caused by 

specific substances called agglutinins, 

the mooecules of which become attached to 

the cells.

Albumin A protein found in nearly every animal and

in many vegetable tissues, end characterized 

by being soluble in water and coagulable by 

heat. It contains oarbon, hydrogen, nitrogen 

oxygen and stlpher, but its exact oorapooStion 

has not been determined, although the 

formula for crystallized albumin has been 

given as C7P1H1111^118SiO2U8.

Alveolus A general team used in anatomical nomeecOattre

to designate a small sac-like dilation.

Arteriole A very sman artery.

121
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Artery A vessel comveylng blood from the heart.

It is composed of three coats; an outer 

one consisting of connective tissue and 

elastic fibres; an inner one lined with 

endothelUum and containing collagenous and 

elastic fibres; and a middle coat composed 

of elastic and mmuccUar fibres.

Endothelium The layer of epithelial cells that lines

the cavities of the heart and of the blood 

and lymph vessels and the serous cavities 

of the body, originating from the mesoderm.

EpithelUm A tissue composed of contiguous cells with

a minimum of Intercellular substance.

Erythrocyte One of the elements found in peripheral

blood. Normally in the human, the mature 

form is a non-nucleeted yellowish, 

circular biconcave disc, adapted, by virtue 

of its configuration and its hemoggobin 

connent, to transport oxygen.

Fibrin A whhtish insoluble protein formed from

fibrnnogen by the action of thrombin 

(fibrin fermeen), as in the clotting of 

blood. Fibrin form the eccenSlal portion 

of the blood clot.
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Fibrinogen A plasma protein of high molecular weight

that is converted to fibrin through the 

action of thrombin.

Ghost Cell One which appears only as a shadowy

outline.

Globulin A class of proteins characterized by being

insoluble in water, but soluble in saline 

solutions.

Granulocyte Any cell containing granules.

Henmolobin The oxy gen-carrying-pi gment of the

erythrocytes formed by the developing 

erythrocyte in bone marrow.

Heeatocrrt The volume percentage of erythrocytes in

whole blood, Originally applied to the 

apparatus or procedure used in its deter­

mination, but later used to designate the 

result of the determination.

Hemooyyis The liberation of haewo.olobin. Hemooyyis

consists of the separation of the haemo­

globin from the corpuscles and its appearance 

in the fluid in which the corpuscles are 

suspended. it may be caused by hemooLysns, 

by cOe*,^iirts, b' freezing, or heating, or by 

distilled waaer.
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Heparin A mucopolysaccharide acid occurring in the

various tissues, but most abundantly in 

the liver. In pharmacy, a mixture of active 

principles obtained from the livers or 

lungs of domestic animals; injected lntra- 

veneously it renders the blood incoagulable, 

Best probably by interfering with the 

formation of intrinsic thrombo plasty and 

the action of thrombin.

Heppainize To treat with heparin. In order to increase

the clotting time of blood.

Leukocyte Any colourless amoeboid cell mass, applied

esped-filly to one of the formed elements of 

the blood, conessting of a colourless 

granular mass of protoplasm, having 

amoeboid me venmets and varying in size 

between 0.005 and 0.015 nun in diameter.

Lumen The cavity or channel within a tube or

tubular organ.

Lymph A transparent slightly yellow liquid of

alkaline reaction found in the yyepOhlio 

vessels.
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Mesoderm The middle layer of the three primary

germ layers of the embryo, lying between 

the ectoderm and the entoderm.

Plasma The fluid portion of blood in which the

corpuscles are suspended.

Platelet A circular or oval disk, 2-3 in diameter,

found in the blood of all namnll, which 

is concerned in the coaglation of the blood 

and in concentration of the clot and hence 

in thromlx)81s. They average about 250,000 

per cu.mm, of blood.

Precapillary A vessel lacking complete coats, intermediate

between an arteriole ar.d a true capHlary.

Pulmonary Pertaining to the lunrs.

Solution. A.C.D. Abrevlation for anticoagulant acid citrate 

dextrose solution used to prevent coa;gU.atlot 

of blood in preparation of plasma or whole 

blood for indirect transfusions

Ringers A clear colourless liquid with a mild saline 

taste, containing in each 1C0 ml., 820-900 

mg. of sodium chloride, 25-35 Mg. of potassum 

cl • lorlde and 30-36 mg. of calcium chloride 

prepared with recently boiled purified waaer.
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Saline A solution of sodium chloride In purified 

water.

Serum Plasma from which the fibrinogen has been

separated in the process of clotting.

Sphincter A ring-like band of muscle fibres that

constricts a passage or closes a natural 

orifice.

Thrombocyte A blood platelet

Vena A vessel that conveys blood to or towards

the heart.

Venous Of or pertaining to the veins.

Venous Capillary Minute channels proximate to the venules 

which carry venous blood.

Venule Any one of the small vessels that collect

blood from the capillary plexuses and join 

to form veins.


