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Abstract

This thesis is devoted to the fundamental properties and applications of the Bargmann
transform and the Fock—Segal-Bargmann space. The fundamental properties include uni-
tarity and invertibility of the transformation in L? spaces and embeddings of the Fock—
Segal-Bargmann spaces in L? for any p > 0. Applications include the linear partial differ-
ential equations such as the time-dependent Schrodinger equation in harmonic potential,
the diffusion equation in self-similar variables, and the linearized Korteweg—de Vries equa-
tion and one nonlinear partial differential equation given by the Gross—Pitaevskii model
for the rotating Bose-FEinstein condensate. The main question considered in this work in
the context of linear partial differential equation is whether the envelope of the Gaussian
function remains bounded in the time evolution. We show that the answer to this question
is positive for the diffusion equation, negative for the Schrodinger equation, and unknown
for the Korteweg—de Vries equation. We also address the local and global well-posedness
of the nonlocal evolution equation derived for the Bose—FEinstein condensates at the lowest
Landau level.
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Chapter 1

Introduction

1.1 Historical notes

In 1923, following discussions of Max Planck’s and Albert Einstein’s research on wave-
particle duality in the context of photons, Louis de Broglie formulated an idea that the
electrons could be described as waves. Attracted by this idea, Erwin Schrodinger wrote
down in 1925 a relativistically invariant equation for the wave function of the electron,
which is now known as the Klein—Gordon equation. The electron energy levels (which
were known from experiments) were recovered from the new equation; however, the rela-
tivistic corrections to the energy levels of the hydrogen atom were inconsistent with the
experimental measurements. As a result, Schrodinger shelved his relativistic equation
and retreated to the nonrelativistic limit, where he derived what is now known as the
Schrodinger equation.

Few years later, Vladimir Fock worked on the representation of eigenstates of many
particles in the Schrodinger equation as products of eigenstates of a single particle in
a Hilbert space [16]. This representation bears now the name of the Fock space, which
is the direct sum of the symmetric or antisymmetric tensors in the tensor powers of a
single-particle Hilbert space.

In 1961, Valentine Bargmann introduced the space of holomorphic functions square-
integrable with respect to a Gaussian measure and the transformation between this space
and a finite-dimensional Hilbert space [3]. Independently, Irving Segal [39] developed
a similar concept in the setting of an infinite-dimensional Hilbert space. This space of
holomorphic functions squared integrable with the Gaussian weight is now known as the
Segal-Bargmann space and the transformation between the spaces is now known as the
Bargmann transform.

It was shown by Segal [40] and Bargmann [4] in the setting of multi-particle wave
functions that the Segal-Bargmann space is isomorphic to a bosonic Fock space. The
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Schrodinger representation and the Fock representation are unitarily equivalent under
the Bargmann transform. The review [41] gives a technically better description of the
Segal-Bargmann space in infinitely many degrees of freedom and describes explicitly the
corresponding transform.

Since then, the Bargmann transform and the Fock-Segal-Bargmann space have been
widely used in many fields of mathematics [17, 27, 43]. An example of how the Bargmann
transform is influential is given by the high number of citations of the pioneering paper
3], e.g. it was cited 22 times in 2020 according to MathSciNet.

Applications of the Bargmann transform in the quantized Yang—Mills theory on a
space-time cylinder were developed in [12]. The Segal-Bargmann space was generalized to
the group manifold of a compact Lie group [25, 26], which can be applied to the rotational
degrees of freedom of a rigid body, where the configuration space is the compact Lie group.
Recent paper [30] uses applications of the Bargmann transform to the imaginary time flow
of a quadratic hyperbolic Hamiltonian on the symplectic plane.

Some special operators have been studied in the Fock space such as Toeplitz operators
with generating symbols invariant under some group actions [24, 37]. Various properties
of these operators such as boundedness, compactness, and eigenvalues have been studied
by many authors, see [35, 44]. The C*-algebra generated by such operators was explicitly
described in [14] for the Fock space. Radial operators of polyanalytic or truepolyanalytic
functions were recently analyzed in Fock spaces [32].

In the context of the nonlinear PDEs, the Bargmann transform was applied to study
the Gross—Pitaevskii equation [1, 21] and Lagrangian systems in the semi-classical limit
131, 36]. Numerical aspects of the Bargmann transform for the time-dependent Schrodinger
problems were discussed in the recent paper [38].

The purpose of this thesis is to review the basic properties of the Segal-Bargmann
space and the Bargmann transform in applications to the partial differential equations
such as the Schrodinger, diffusion, and Korteweg—de Vries equation. Although these
equations are formulated in one spatial dimension, we will also review applications in the
two-dimensional space in the context of the nonlinear Gross—Pitaevskii equation.

The following two sections of the introduction overview results obtained in the three
different chapters of the thesis.

1.2 Properties of the Bargmann transform

In the simplest setting, the Bargmann transform is a transformation of a given real func-
tion of a single real variable to its complex-valued image in a single complex variable. To
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be precise, if p(y) : R — R is given, then the Bargmann transform of ¢ is

@mwr:(@ji&*/meﬂzy<>@,ze@ (1)

™ —0o0

provided that the integral is finite. Here parameter o > 0 is fixed arbitrarily.

Chapter 2 reviews properties of the Bargmann transform (1.1). We will show in
Lemma 2.1 that B is a unitary transformation from L*(R) to F C L2(C), where J is the
Fock—Segal-Bargmann space given by

F={feLi(C): [f(z)is entire in z € C} (1.2)
and p is the weight in the weighted L? space given by
p(z) = 2ol (1.3)
T

The adjoint Bargmann transform is given by

(B°/)(y 44/423 A f (2 dade, (14)

We will show in Lemma 2.2 and Corollary 2.1 that B* : L2(C) — L*(R) and moreover,
B* is the left inverse of B. On the other hand, B* : F C L>(C) — L*(R) is also the right
inverse of B, which allows us to introduce the orthogonal projection operator

I1:=BB*: Li((C) — F C Li((C). (1.5)

Lemma 2.3 shows that II is an identity in F and also gives a useful computational formula
for the projection operator:

/ f(2erE=)% dyl e’ (1.6)
RQ

Corollary 2.2 ensures that B* : F C L2(C) — L*(R) is a unitary transformation.
Extending the Bargmann transform into L(C) spaces for any p > 0 and the Fock-
Segal-Bargmann space J, defined similarly to (1.2), we show in Lemma 2.4 that if f € F,,
then for every z € C, .
1£(2)] < I Fllzge>". (1.7)
Due to this bound, Lemmas 2.5 and 2.6 establish the following sharp bound on the
embedding of J, into F, for every 0 < p < ¢ < oc:

aqy apy\ s
(52) " llulla < (55) lull, (1.8)

where u(z) = f(z)e 2 f € F,, and ||ul|, is the standard LP norm on C. The sharp
bound (1.8) is very useful in applications of the Bargmann transform in the context of
nonlinear partial differential equation.
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1.3 Applications of the Bargmann transform

The main goal of this thesis is to study applications of the Bargmann transform to partial
differential equations (PDEs). Chapter 3 explains applications to PDEs in one spatial
dimension. Chapter 4 reviews applications to PDEs in two spatial dimensions.

1.3.1 PDESs in one spatial dimension

In the context of PDEs in one spatial dimension y and one temporal variable ¢, the
Bargmann transform (1.1) maps a solution ®(¢,y) : R x R — R to an equivalent solution
F(t,z) : R x C — C which depends on artificial complex variable z. Since the time
evolution is greatly simplified after the transform, the PDE for F(t,z) can be analyzed
and solved in a closed form. If ®(¢,-) belongs to a subset of L?*(R) space, then F(t,-)
belongs to a subset of Fock—Segal-Bargmann space (1.2).

A basis in the Fock—Segal-Bargmann space F is reviewed in Section 3.2. The basis is
given by monomials which represent Taylor series of holomorphic functions of a complex
variable. By using the properties of the basis, it is then shown in Sections 3.3, 3.4, and
3.5 how the time evolution of the following three PDEs is simplified in the Fock—Segal—
Bargmann space F. The PDEs are given by the time-dependent Schrédinger equation
with harmonic potential:

0P 0*P
or T a2

the diffusion equation with harmonic potential:

+ (- 1)0, (1.9)

0b 020 )
o 8_y2+<1_y )P, (1.10)

and the linearized log-KdV (Korteweg—de Vries) equation:

o0 _ o
ot Oy

0P
+ (y* — 1)— + 2y®. 1.11
(y" = 1) oy Y (1.11)
We show that the Bargmann transform maps the three evolution PDEs to their equivalent
forms:

OF oF
OF oF
and OF O*F OF
—_ [ J— 2 JE—
pr 2z 5.2 +(2—2 )82' (1.14)
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The time-dependent Schrédinger equation (1.9) after Bargmann transform (1.12) can be
solved in the general form F(t,2) = f(ze "), where f € JF represents the initial data
F(0,2z) = f(2). The diffusion equation (1.10) after Bargmann transform (1.13) can be
solved in the general form F(t,2) = f(ze™?'), where f € F also represents the initial
data F(0,z) = f(z). Finally, solvability of the Cauchy problem for the linearized log—
KdV equation (1.11) after Bargmann transform (1.14) is shown in Lemma 3.15 by using
methods from [34].

The main motivation to study the three physically important PDEs (1.9), (1.10), and
(1.11) was to answer the following general question formulated in [7]:

Let ®(t,y) = H(t,y)e 2¥" be a solution to the time evolution problem with the initial
condition o(y) = h(y)e 2", If h € L®(R), does H(t,-) remain in L(R) for ¢ > 07

We show in Lemma 3.9 that the answer to this main question is negative for the
Schrodinger equation (1.9). We construct a counter-example with a specific h € L>(R)
for which H(t,-) ¢ L>°(R) for all ¢ > 0. On the other hand, we show in Lemma 3.11 that
the answer is positive for the diffusion equation (1.10). In the context of the linearized
log-KdV equation (1.11), the answer to this main question is still unknown.

Among other interesting applications considered in Chapter 3, we mention the fol-
lowing. In Lemma 3.8, we verify the following representation of solution ®(t,y) to the
time-independent Schrodinger equation (1.9):

1 ,%y2+%(y/)2,w

1_e—4it
)

(1.15)

@mw—émmwwww,xmyw=73:;5e

where ©(0,y) = ¢(y).

A similar representation is also derived for the diffusion equation (1.10). We discuss
applications of this representation to analysis of the nonlinear diffusion equation with
the power nonlinearity written in self-similar variables, which were applied for study of
blowup in [22, 23] (see also recent work [33]).

In Lemma 3.12, we show applications of the explicit solution of the diffusion equation
(1.10) in analysis of another diffusion equation with the logarithmic nonlinearity:

ou 0%u

a = @ + QUIOg(u). (1.16)

Blow-up versus global decay in the solutions of the nonlinear diffusion equation (1.16) was
investigated recently by Alfaro & Carles [2]. We show how some results can be recovered
by using the diffusion equation (1.10) arising after the applications of self-similar variables.

Finally, the linearized log-KdV equation (1.11) is related to the linearization of the
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log-KdV equation

ou 0 Pu

at the Gaussian solution ug(z) = e272%°. The log-KdV equation (1.17) was derived
in [29] and justified in [13] in the context of the granular chains with nearly harmonic
interactions. Analysis of the time evolution of the log—KdV equation (1.17) was reported
in [7] and [34].

Although the time evolution of the linearized log-KdV equation (1.17) is well-posed,
as we show in Lemma 3.15, this useful feature is special for the class of linearized log-KdV
equations. In the final Lemma 3.16, we construct another example of the linear equation
of the same class:

oo Pe 02, 0D )
= py— —1)=— — y?)d 1.1

for which the Bargmann transform gives the linear transport equation

oF OF

— = —22"—. 1.19

ot © 0z (1.19)
It is clear from the exact solution F'(t,2) = f(i%5;), where F'(0,z) = f(2) that the time

evolution of the linear equation (1.18) is not well-posed in a subset of L*(R).

1.3.2 PDEs in two spatial dimensions

In the context of PDEs in two spatial dimensions (z,y) and one temporal variable ¢, one
can introduce the complex variable z = x + iy from (z,y) and interpret the solution
u(t,z,y) of the PDE in complex variables as u(t, z). In this case, the adjoint Bargmann
transform (1.4) would map a complex-valued functions f € F to an artificial real vari-
able. This artificial variable does not have many applications but the projection operator
written in terms of B and B* in (1.5) and (1.6) plays the central role in analysis of the
nonlinear PDEs in two spatial dimensions.

The content of Chapter 4 refer to just one example of such PDEs, given by the Gross—
Pitaevskii equation for rotating Bose-Einstein condensates:

ou

Za = —Au + 2i(x0, — yO,)u + (z° + y*)u + |ul>u — 2u, (1.20)

The rotation takes place at the critical rotational frequency, for which the model is sim-
plified at the lowest Landau level [5, 7]. We review the recent study of [20, 21|, where the
Gross—Pitaevskii equation was reduced to the nonlocal evolution equation

i— = (|ul?w), (1.21)

D
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where II is an analogue of II in (1.5) in the sense that it acts on general functions in
LP(C) spaces and return functions of the class u(z) = f(z)e 21", where f € F, C LH(C).
Justification of the reduction is well elaborated in the recent works [15, 19].

In Lemmas 4.1 and 4.2, we show that the time evolution of the nonlocal equation
(1.21) is locally well-posed in LP(C) for any p > 1 and is globally well-posed in L*(C).

1.4 Further directions

Although the main results of this thesis are based on review of literature and reconstruc-
tion of the classical proofs and results, we believe that the methods of the Bargmann
transform and Fock—Segal-Bargmann spaces will be useful for future analysis of many
partial differential equations. The linear and nonlinear Schrodinger equations (including
the Gross—Pitaevskii model) and the linear and nonlinear diffusion equations are natural
examples where these methods have already been widely useful.

The new applications include the log-KdV equation and related to models, which
were much less studied in the literature. It remains to be seen if the methods will help
to solve the open problems for uniqueness of solutions and orbital stability of Gaussian
solitons discussed in [7] and [34]. Although the linear evolution is greatly simplified after
the Bargmann transform and the basis of Hermite functions is replaced by the basis of
monomials for Taylor series, we were still unable to answer positively or negatively on
the main question whether the envelope of the Gaussian function remains bounded in the
time evolution if it is bounded initially. Further work in this direction is needed.

We also hope that the Bargmann transform can find its way in the analysis of new
Gross—Pitaevskii models with the logarithmic nonlinearities, such as the model discussed
in [8]. Similarly to applications to the lowest Landau level model in [21] and in the semi-
classical limit [1], we can anticipate new inspiring applications of the Bargmann transform
to problems of Bose-Einstein condensation.

Finally, Bargmann constraints, Bargmann maps, and Bargmann systems are known
in the theory of integrable systems [6], e.g. when the Schrodinger eigenvalue problem
arises in the Lax system for the integrable Korteweg—de Vries equation. The class of
reflectionless potentials can be expressed as the sum of squared eigenfunctions of the
Schrodinger spectral problem, which inspired many new studies in integrable systems,
e.g. [11]. This is another area of applied mathematics, where the properties of the
Bargmann transform reviewed in this thesis can be useful in future applications.



Chapter 2

Bargmann transform

2.1 Introduction

Let z =z — 1€ € C be an extension of x € R to z € C. Let a > 0 be fixed arbitrarily and
define L2(C) by its weight .
= —eol 2.1

o) = % (2.1)

and the standard inner product

(f,9)12(0) //RQ g(z)e F dade. (2.2)

The induced squared norm in L2(C) is defined by HfHLz(@) = (f, flrzc)
For a given function ¢(y) : R — R, the Bargmann transform of ¢ is given by

(Be)(2) = (Qj‘) el (2.3
provided that the integral is finite.

Transformation (2.3) was introduced by Bargmann in [3]. Different normalizations of
the complex variable z and the fixed parameter o were used in the literature. Analysis of
the Bose Einstein condensation in the semi-classical limit in [1] uses o = 1/v/h with the
small parameter h > 0. Introduction of the Bargmann transform in harmonic analysis
in [17, Section 1.6] uses a = 1/4/m. Recent work on the lowest Landau level in [21] uses
a = 1. Monograph on Fock spaces [43] covers many properties of the Bargmann transform
in its general normalization with a > 0.

The L*-based Fock space denoted by J is the space of all entire functions in L?(C):

F={feLi(C): [f(z)is entire in z € C} (2.4)

8
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To make notations easier, we use notation f(z) for all complex-valued functions in L2(C),
independently whether they are holomorphic or not.

Fock spaces can be extended to the LP-Lebesgue spaces. We use the following norm
in LP(C) space:

[ flle == (%/Cyf(z),pe—épauﬁdz)p, (2.5)

which coincides with the definition of || f||zz for p = 2. Similarly to (2.4), we define the
LP-based Fock space denoted by F, by

F,={f€Lb(C): [(z)is entire in z € C}. (2.6)

Thus, F = F ).

Section 2.2 reviews properties of the Bargmann transform in the L2-based Fock space
F C L2(C). Section 2.3 studies embeddings of a Fock space in L£(C) into a Fock space
in LI(C), where 0 < p < ¢ < oo.

2.2 Properties of the Bargmann transform

The following lemma shows that the Bargmann transform B is well defined as a unitary
transformation from L*(R) to F C L2(C).

Lemma 2.1 B : L*(R) — F C L2(C) is a unitary transformation.
Proof. We shall prove that the range of B is in L%((C) and, moreover,

HB@HL%(C) = ||el|r2@) for every ¢ € L*(R). (2.7)

It follows formally that
2 _ 2 —alz|?
1Bellzee) = — | Be(z)["e” " dwdg
P m R2

2l 3 . ; / YA
-7 / / / / 208 —ale—it—yPalerie=y'? o (1Yo (o) dadE dydy
R4

3
T2

2l 3 N2 o ’ ; / YA
-7 / / / / . e 203 W) =5 (v 42000 ) o () o (Y dd dycly
R

3
T2

2%04% —2a(z—y)? 2
=3 e o (y)|"dedy
R

1
T2

= "90|’%2(R)7
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where we have used the following property for Dirac ¢ distribution:

/RZ"”&”)dé“— oy =) (2.8)

In order to verify the previous formal computation, the interchange of integrations under
the four integrals needs to be justified. This can be done by approximating the ¢ dis-
tribution with the Gaussian kernel, applying Fubini’s theorem for absolutely integrable
functions, and taking the limit. The result ensures that By € L2(C) with the isometry
property (2.7). Furthermore, since (Byp)(z) does not depend on z for every z € C, (Bp)(z)
is entire in C. Thus, By € J. n

The following lemma introduces the adjoint Bargmann transform B*.

Lemma 2.2 The adjoint transform of B : L*(R) — F C Li((C) is given by

B* 2iad [ seras ot f()drd .
N0 =5 [[ ¢ f()drde, (29)
where B* : L2(C) — L*(R).

Proof. First, we prove that B*f € L*(R) for every f € Li(@). We compute formally:

1B 220 = / (B* F)(w)dy

— 22@2 ///// —Oé(y z)2—a(y—a')?+2ai(E—¢" )y+ai(a' € —z€) dzdeda’de' dy
R4

:220‘2 / / / / / e 20— =5 i P g a0 § (€42 g e i de dy
R4

- //// 6 —%(z—a')2 -5 (§—¢")  +ai(a’E—xt’) da:dfdaj'df,

where g(z) = f(2)e” 21" is defined in L2(C). Let us define

(z—a')? -5 (6—¢')? +ai(w’£*zé’)dx/d£/’

R2
so that
|G(2)| S/ lg(2") e 2@ =5 C  qu/de’ =: (h+ |g])(2)
]RQ

10
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is the double convolution operator with h(z) := e~ sl By using the Cauchy—-Schwarz
inequality and Young’s convolution inequalities, we obtain

2
. Q
1B* fl| 72wy < FHQGHLI(C)
2
«
FHQHLQ(C)Hh * 19|l 2 (c)
2
«
FHhHLl(C)HgH%%C)

IN

IN

a2
< 7||9HL2(<C)
=l

hence B*f € L*(R) if f € L3(C).
It remains to prove that

(f,Bo)rzc) = (B [, p)r2m), forevery fe€ Ly(C), ¢ € L*(R).

This follows by combining all integrations into the triple integral

<f,3<p>Lg(<C) = 24&4 //Rdf % ~o(z-y)*—alzl* ( Ydydzdé,

which coincides with the triple integral obtained from (B*f, ) 2. All formal compu-
tations are justified because Fubini’s theorem can be used to interchange integrations.
| ]

The following corollary is deduced from Lemmas 2.1 and 2.2.

Corollary 2.1 B* : L2(C) — L*(R) is the left inverse of B : L*(R) — F C L2(C), so
that B*By = ¢ for every p € L*(R).

Proof. By Lemma 2.2, we have for every ¢ € L*(R):
||B%0||%g(¢:) = (Be, Bo)12(c) = (B" By, ) r2(w)-
By Lemma 2.1, it follows that ||BgoH%%(C) = [[ll72 ) hence
(B*Bp, @) r2m) = (¢, @) 12x), for every ¢ € L*(R).
This implies that B*By = ¢ for every ¢ € L*(R). n

11
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Remark 2.1 The adjoint Bargmann transform B* is not a unitary transformation from
L3(C) to L*(R) in the sense that there exists f € L3(C) such that ||B*f[|72) # [ fl122(c)
P

Indeed, B*Z = 0 for nonzero z € L2(C):

15
B*z = 2405” // (I_I_,L'g)e—%a$2—%afz—ay2+2azy+ia£(2y—x)dxd§

T4 R2
2%0{% 20(x—y)2—ay?—La(E+i(z—2y)

= =0 (z +i€)e =3 0 dpdg
ma R2
Z%Q% —2a(z—y)%—ay?

= 5 (x —y)e dx
T4 R

= 0.

Hence, B* : L2(C) ~ L*(R) is not the right inverse of B : L*(R) — F C L2(C).
The following lemma shows that the following operator
— * ., 172 2
IT:=3BB": L (C) — JF C L;(C) (2.10)

is an identity on & C L2(C). This implies that B* : F C L2(C) — L*(R) is the right
inverse of B : L*(R) — F C L3(C).

Lemma 2.3 If f € F C L2(C), then IIf = f.
Proof. Let us first deduce the explicit formula for I1f if f € L2(C):

1 3
(ILf)(z) = 223265az2/ —a(z—y)? // o307 =aly=2P=al1 £ (1 1t g’ dy

! é / 2f _ az/z 1a£/27mx§ l/ 72ay2+2ay(zfi§)+2ay(z’+i5/)dy dx/dgl
T2 R

- _/ F(2)et =7 dal e’
™ R2

Next, we show that if f € ¥ C L2(C), then IIf = f. We shall use the distributional
property for every z =z — £ € C and 2y = xy — i € C:

0 1

0z z — 2

Q

M‘H
I\J\W

= mo(x — 20)d(§ — &),

12
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with § being one-dimensional Dirac distribution and 0; = % (Oy — i0¢). Let us rewrite the
integral on R? as the limit of the integral on the compact domain Dg\D.:

g / f(zl)ea(zfz’)i’dm/dfl
R2

a( -2z’ .
-~ lim // [ Je L L rf(2)erEF (2 — )0 (¢ —€) | da'de,
T e—=0,R—00 Dg\D-. — 2
where we have used that f € F is entire and introduced the square Dg := [—R, R] X

[—R, R] and the hole D, := {2 € C: |2 — z| <¢€}. Since

hm// f oz(zzz /d€_0
e—0

az 2"z
11—{%// (92’ Z—z T W

= — lim f a z— z)z (IL‘, o :L')é(g, . f)dmldfl

e—0 D.

we have

On the other hand, we claim that for every € > 0:

a(z 2"z

lim //DR\D { e_ + ()T 5 (2 — x)8(E — €)| da'de’

R—o0 2!

a 2Nz’
- _ LN/ dadE 2.11
//Dg 0z 22—z de'dt’, (2.11)

which yields

aneE = 2 f Wf(z')eaw’ﬁ’dx'ds'

az 2"z’
_ ——lm// T 7 e
T e—0 —

as stated above. In order to prove (2.11), we note that the second term with § distribution
is identically zero for every e > 0 because the support of d-distribution is outside Dg\ D..

13
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For the first term, we integrate by parts,

/ /DR\De %ﬂz’ e = % /Z [F(z, R — i) = F(z, =R —i¢")] d¢’

E-/R [F(z,2' +iR) — F(z,2' — iR)] dx’

// 5 F(z,2)dx'd¢,

where P
, . z 60[ Z—zZ )z
F(z,2') = PR
It remains to prove that
R R
lim F(z, R —i&")d¢ = lim F(z,2' £iR)dx’ = 0. (2.12)
R—oo J_p R—oo J_p

We prove the second limit, whereas the proof of the first limit is analogous. To do so, we
use the representation

. f(:):/ j:’LR) i ' Rx)— 21 R2_40/TR
F(z,2' +iR) = o —i(€a'F Ra)—a(a"+ R*—za' T RE)
(@ —a') —i({ £ R)
S £ iR) —io(éx'FRr)— 0z’ ~2)* ~ Fa(EFR)* ~ Fa(a? +R?)+ Fa(z? +€7)

(z—a') —i(§ £ R) ’
so that for every fixed z € C, there exists an R-independent positive constant C, such
that for every large R > 0, we have

|F(z,2/ £iR)| < CRY|f(2/ £ iR)|e” 206" +F),
This implies that

R R
' / F(z,2 +iR)d2'| < CR™ / |f(z' +iR)|e” 2@+ gy
—-R _

R

oo 1/2
< V2CR'? ( / f(z + z'R)Pea<w’2+R2>dx') .
However, since f € L2(C), we have

/ I(R)dR < oo, where I(R) := / |f(2! £ iR)[Pe @ 1) gy

[e.9] [e.9]

This implies that I(R) — 0 as R — oo since /(R) is smooth and positive for every R € R
if feJ c L3(C). Since R™'2 - 0 as R — oo, the estimate above justifies the second
limit in (2.12). .

14
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The following corollary is deduced from Lemma 2.3.
Corollary 2.2 B*:F C L2(C) — L*(R) is a unitary transformation.
Proof. = We show that ||B*f||%2( = ||f||L2(<c for every f € F € L3(C). Indeed, by
Lemma 2.2, we have

||B*f|’%2(R) = <B*f7B*f>L2(R) = <f>BB*f>L§(C)'
By Lemma 2.3, it follows for every f € F C Li(@) that
(£, BB flrze) = {f, Hrze) = 1 fllZzc)

and the assertion is proven. [

Remark 2.2 The operator IT : L2(C) — F C L>(C) is an orthogonal projection, since
for every f € L2(C), we have

(L = T0) £ L) ey = (1 — BB) £, BB f) e
— ([ BB ) ze) — (BB f, BB 1o
— (£ BB ) 13c) — (B BB £, B f) page)
— (BB sy — (B°F, B ) oy
(£ BB ) o) — (BB ey
-0,
where the results of Lemmas 2.2 and Corollary 2.1 have been used.
Remark 2.3 The bound [|B*f]|3, ) < 2| 113 ) for every f € L2(C) was obtained in
the proof of Lemma 2.2. The 1sometry result ||fB fl3: ® = IIf Ik 12(C in Corollary 2.2

shows that the upper bound is not sharp on F C Li((C) The followmg examples suggest
that the upper bound is not sharp everywhere on Li(@).

Example 2.1 Consider f(z) = 29 with a € C satisfying Re(a) € (—o0, a), for which
f € L3(C). We compute

1 5
gy oo 2 / / e Hala+€)~2a(e—9) ~ar? Yale+io-20))? g g
]RQ

T4
2l 5
e ot // e—ﬁ[(2a—a)x—2ay}2—o¢y2—%(a—a)[
5
T4 R2
2§ 5
44 1 20— — 20112 —a?
= 5 6 72@,&)[( a—a)z—2ayl’—ay dl‘df
Tir/ 0 — Q
5 5
_ 214 efayz

15
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If a = agr + ia; with ag,a; € R, then we obtain:

" 4a2 (e
1B e = ez Vo = 5o
Hence, we have
1B*fl172 ) 4da(a —ag) (a% + a?)
2 = 2 5 = 1— 2 <L
12y (2a—agr)* +d; (2a —ag)® +aj

The quotient is exactly 1 if and only @ = 0 when f(z) = 1 is entire.

Example 2.2 Consider f(z) = €% with a,b € C. Then, we compute

B*f — 24041 // a(x—i€)+-b(z+if) —2a(x—y)? _ayQ_%a(g-ﬁ-zm 2y)) d$d§
R2

5
T4
l 5

5
— o // —2a(z—y)? (a b)2+2ay-+2b(z— y)—ayQ—%oz(g—H(x 2y)+ia"1(a—b)) dl’df
R2
3

7T

2§ 3

1004 21 (.2 2
_ _ /62(1(1 y— 20C) — 55 (a®—2ab)+2ay—ay dr

T R

21 1
_ 40144 e—i(a2—2ab)+2ay—ay2

’
T4

from which we obtain
By = oo +2Rto)

and o
“fH%g( )= E(|a| +2Re(ab)+|b|? )7
so that ||B*f\|2
L2(R) _ L2
e ¢ St
L2(C)

The quotient is exactly 1 if and only b = 0 when f(z) = € is entire.

2.3 Embedding of Fock spaces

Here we discuss embedding of a Fock space in LF(C) into a Fock space in LZ(C), where
0 < p<gq<ooand pis the same weight as in (2.1). The presentation is based on [10]
and Section 2.1 in [43].

The following lemma gives pointwise embedding of the LP-based Fock space .

16
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Lemma 2.4 Fiz 0 < p < o0o. For every z € C and every f € F,, the following is true:

1F)] < [ fllzezr. (2.13)

Proof. First, we show that if f € F,, then |f[? is subharmonic for every 0 < p < occ.
Indeed, let f = u + iv, then |f|? = (u® 4+ v?)2%, and we obtain

VIfIP = p(u®+ v2)p2;2(uVu +ovVv)
= p|lfIP*(uVu + vVv), (2.14)
AlfIP = p(u2—|—v2)p2;2(uAu+ |Vul? + vAv + |[Vo]?)
+p(p — 2)(u? + 01T [uVu + vV
= P fIPuVu 4+ vVu)?, (2.15)

where we have used Au = Av = 0 and the Cauchy-Riemann equations implying |Vu|* =
|Vv|? and Vu - Vv = 0. Hence, we have A|f|P > 0 for every 0 < p < oo.
Next, by using the mean value property for subharmonic functions, we have

2| FO)P < / ()i P,

which yields

[e'e) ') 27
FOP / drre oy < / / () P 3™ v,
0

where 6 is the angle in the parametrization z = re® at fixed r. After integration, we
obtain

o < 2 [ 1rGpeiote,

hence [f(0)] < || f|lzz for every f € F,.

In order to extend this result for every z € C, we set F(w) := f(z — w)e®7 22" and
use |F'(0)[P < ||F[|zz, which yields

HOIE

< 2;_04/ (2 — w)|PeePRe(o)—gapleP~gapll? g,
T Jc
- % /@ f(z — w)[Pe~ 2ol gy,

_ px p,—3aplC|?
= B [irpe tta
= N£1%

17
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Extracting the p-root yields the inequality (2.13). n
The following lemma gives an embedding of F, to J, for 0 < p < ¢ < 0.
Lemma 2.5 Fiz 0 <p < g <oo. Then, F, ;Cé Fy and the inclusion is continuous.

Proof. By using bound (2.13), we obtain for every f € JF,:
qo —Laalz|?
||f||ng — %/C|f(z)|qe 392121° 7,

s / HOI O e
qo - —Lpalz|?

< Zusig [ 1repe it

_ 4y sa

- it

Extracting the ¢-th root yields the bound

1l < (g) 1l (2.16)

hence J, C J, is a continuous embedding. It remains to show that J, # J.

Let us assume that J, = F, and obtain a contradiction. If F, = F,, then the identity
map [ : F, — F, is bounded and bijection. By the open mapping theorem, there exists
C such that

C 1 flly < [1£llg < Ol Ly, for every f €, (217)

Consider f(z) = 2", n € N and compute

27 oo
[[2"|[5, = ba / / rpe” 5" rdrdf
p 2 Jo  Jo

(o]
_pa,2
= pa/ P HeT 2 dr
0

1 ® .
= — s7e *ds
(pa)= Jo

1
- —MF<@+]‘)7
(pa)z 2

where I' is the Gamma function. By Stirling’s formula, we have

F<@+1)N<@>7 2mn  as n — 00,
2 2e

18
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hence N
HanLgN(QL)Q(zm)% as m — oo.
ae

Since ||2"[|zg grows slower for ¢ > p as n — oo, there is no positive constant C' in the
lower bound (2.17) for large n € N. Hence, &, # F,. [

The bound (2.16) is not sharp. The following lemma provides the sharp bound for the
embedding of JF, into JF.

Lemma 2.6 Fiz 0 <p < g < oo. For every f € J,, it is true that

1 1
aqg\ q ap\ p
— <|{=— 2.1
(52) "l < (52)" lely (2.18)

where u(z) = | f(2)|e 2" and ||u||, is the standard LP norm on C.

Proof. First, we note the following elementary identity for every s > 0:
/lVW )|?dz = % u®(z)dz (2.19)
C

Indeed, we have

[viipa [ (\vm P+ Sl - S vm) il
C

- /C( |f|A+—|f| + = (V|f|) ) oozl g

= §/|f|s@—%aslz2dz+/(
2 C C

where the Green identity has been used with the zero boundary terms at infinity. It
follows from (2.14) and (2.15) that the second term is identically zero, and we obtain
(2.19).

Next, it follows from Lemma 2.4 that if f € F,, then u € L>(C) and |u(z)| < || f| zz-
Since u € LP(C), we have u € L*(C) for every p < s < oo by interpolation. Let us set the
function

o S
o(s) = 2 ull; (2:20)
T
for the given u € L*(C). The function g is continuously differentiable in s on (p, co) with
the derivative given by
d o
— = — *Inu’dxdy. 2.21
sdsg(s) 2W//ﬂg2u nu’drdy (2.21)
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We use the logarithmic Sobolev inequality from [9]:

1
/ plnpdz < —/ IVp?[’dz + Int — 2, (2.22)
c mt Je
where ¢ > 0 is parameter and p is a positive function on C satisfying p% € H'(C) and the
normalization fc pdz = 1. To satisfy the constraint, we choose p := W and obtain from
(2.22) that

2dz + (Int — 2)ull5.

s 1 s
/usln<u )dzg—/|Vu2
C [oat 7t Jc

By using identity (2.19), the bound can be rewritten in the form:

/ w Inu’dz < (lnt + In [Jul|$ + 28 2) w2,
C 2mt

Setting ¢ := 52 and using (2.20) and (2.21) yields a closed inequality for g(s):

sd%g(s) <(Ins+1Ing(s) —1)g(s). (2.23)

When the inequality (2.23) is replaced by the equality, there exists the exact solution
given by G(s) = <. Substitution g(s) := @ reduces the inequality (2.23) to the form

%h(s) < %h(s) In h(s). (2.24)

If h(p) = 1 and s > p, then the comparison principle for differential equations gives
h(s) <1 and Inh(s) < 0. Therefore, we obtain for every q > p:

q9(q) = h(q) <1 = h(p) = pq(p),

which recovers (2.18) in view of (2.20). ]
Example 2.3 If f(z) =1 and u(z) = e~ 2% then
o 2
[ull§ = / ezl gy = 27r/ P
C 0 aq

Hence, the inequality (2.18) becomes the equality for the Gaussian functions. In other
words, the inequality (2.18) is sharp.
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Chapter 3

Applications to partial differential
equations in one dimension

3.1 Introduction

The Bargmann transform B defined by (2.3) is useful for applications to the Schrodinger
operator with the harmonic potential in one dimension. We fix o = % everywhere in this
chapter and consider the Schrodinger operator L : D(L) C L*(R) — L?*(R) defined by
the differential expression

L:=-8+y -1 (3.1)

and the domain
D(L):={pe L’R): &¢pecl*R), y’peclLl’R)}. (3.2)

Review of properties of this operator can be found in [28].

Section 3.2 reviews orthonormal basis in the Fock space F C L2(C) related to the
orthonormal basis of Gauss—Hermite functions, which are eigenfunctions of the operator
L in L*(R). Sections 3.3, 3.4, and 3.5 study applications of the Bargmann transform to
the linearized Schrodinger, heat, and Korteweg—de Vries equations, respectively.

3.2 Orthonormal basis in the Fock space

Recall the orthonormal basis {u, }ney, in L*(R) given by the Gauss-Hermite functions

1
Un(y) = ————H,(y)e 2", n €N, (3.3)

\V 2mnl\/m
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where H,, is the Hermite polynomial of degree n and Ny := {0, 1,2,...}.
The following lemma computes the image of the orthonormal basis {u,}nen, under
the Bargmann transform B : L*(R) — F C L2(C) given by (2.3) with o = 3.

Lemma 3.1 Let u, be given by (3.3) and o = % If f,, := Bu,, then

n

n(2) = —, n €N, 3.4
Proof. Substituting (3.3) into (2.3) yields
1 1 2
Bu,, = /Hn (=) gy,
V2ran! Jr ) Y

By using the generating formula for Hermite polynomials,
ar e

Ho(y) = (—1)"e¥ —e ¥,

) = (-1’ o

we evaluate the integrals for every n € Ny by integrating by parts n times thanks to the

fast decay of the integrand at infinity:

1 d"
Bu, = (—1)”6_}122/692—6_926134
2n7n! r dy"

= zn/ 67(%277’)26@
2nn! R

= Zn7

21|

g

g

;

where the last equality is justified for a fixed z € C since e " is extended as the entire
function in a complex plane with fast decay as Re(y) — toc. "

By Lemma 2.1, the transformation B : L*(R) — F C L3(C) is unitary, which suggests
that the set of monomials { f,}nen, given by (3.4) is an orthonormal basis in I C L2(C).
Indeed, this can be checked directly.

Lemma 3.2 Let f, be given by (3.4). Then, we have
<fna fm>L§((C) = 5n,m7 (35)

where Oy, 15 the Kronecker’s symbol and the inner product in Li(C) 18 normalized by

(2.2).
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Proof. We use the polar coordinates for (z,¢) in R*:

1 1,02

_ nzm , —=|z|
ns Jm = Z2"Z"e 2¥ dxd
Un: >L%(C) 274/ 272mplm) /]1{2 ¢

1 S * 12
z(n—m)@dg) (/ ntm+1l —or d >
= € r € .
2wV 272 nlm)! (/o 0

This yields zero for n # m. For n = m, we further compute

1 "
(fas fadrzc) = Sar </ r2tle=s 2dr>
'\Jo

. 1 > n_—t
- o ( /O (20" dt),

which yields the normalization (fn, fn)12(c) = 1. n

As an application of the Bargmann transform B, we can establish the orthogonality
and normalization conditions for the Hermite polynomials { H,, }nen,, which is well-known
in the properties of the Hermite polynomials.

Corollary 3.1 The Hermite polynomials { H,, }nen, satisfy the orthogonality and normal-
1zation conditions:

/H y)e Y dy = 2"nIN/T0pm. (3.6)

Proof. This follows by the transformation of Corollary 2.1 with the account of (3.4)
and (3.5):

d m = <fn7 fm)L?)((C) = <Bun78um>L%(C) = <‘B*‘Bunaum>L2(R) = <un7um>L2(R)-
Substitution of (3.3) yields (3.6). ]

Remark 3.1 Every entire function f can be represented by the Taylor series which con-
verges uniformly and absolutely for every z € C:

=3 /0) (3.7)

n=0
If f € 3 C L3(C), this Taylor series becomes the decomposition over the orthonormal
basis of monomials { f,, }ren, given by (3.4):

o0

F(2) =D fs )z fal2): (38)

n=0
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It follows from (3.7) and (3.8) that

1
2n+17T

70(0) =

/ f(2)zre 2P dede, n e N
R2

In particular, for every f € &, it is true that

1
10) = o [ et dade,
21 R2
which is a remarkable identity in complex analysis.

Remark 3.2 If ¢ = B*f with f given by (3.8), then we obtain a decomposition of a
function in L?(R) over the Gauss-Hermite functions given by (3.3):

[e.9]

oY) =D {0, un) L2y ta(y)- (3.9)

n=0

Indeed, using transformations in Corollary 2.1 and the correspondence (3.4), we obtain:
(@, un) 2wy = (B*f, un) 2y = (fs Bun)rzc) = {f, fa)r2(c)- (3.10)

The following two lemmas explore the orthonormal basis in F C L?)(C).
Lemma 3.3 Let f € F. Then for every z € C, it is true that

1F(2)] < e fll o). (3.11)

Proof. By Parseval’s equality, we have

11220y = D (Fs Fad 2oy

n€eNy

This gives by the Schwarz inequality for sequences

1/2
F <D ) zellfa(2)] < (Z Ifn(2)|2> 1 llz2(0)-

n&eNp neNp

The proof is completed with the explicit computation:

2 Bl 1122
S hEP=)] e =€

n€Np n€Np

Taking square root yields (3.11). ]
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Remark 3.3 Bound (3.11) coincides with the bound (2.13) for p =2 and « = 3.

Remark 3.4 The uniform bound (3.11) can be used in the proof of Lemma 2.3 to control
|[F(z,a' £iR)| < CR7|f(2/ £ iR)|e 5™ < CR7| f||130)-

However, this is still insufficient for the proof of (2.12).

Lemma 3.4 Let f € F. The Taylor decomposition over the basis in (3.7) can be written
in the form of representation

f(Z) = <f7 EZ>L%(C)7 (312)

where B, € F is given by E,(2) = e2% .

Proof. Formal interchange of integration and summation in the representation (3.8)

yields
R _ Zn(2/>n _ iz
E.(2) =) fal2)ful2) = D oo = €37,
neNp n€Np
from which F.(2’) in (3.12) follows by complex conjugation. ]

Remark 3.5 Comparison of (3.11) and (3.12) suggests that ||E.||rzc) = eil?® which
can be confirmed by an explicit computation. The representation formula (3.12) is in
agreement with the explicit formula:

(M1f)(=) = 5- / [ 1 avag (3.13)

obtained in Lemma 2.3 for the projection operator II in (2.10).

Next, we obtain the explicit formulas of projections of monomials 2™z* to the Fock
space J by using the projection operator IT = BB* defined by (2.10). By Lemma 2.3, we
have I1z™ = z™ for every m € Ny. The following lemma gives us the general case.

Lemma 3.5 For every m,k € N with k < m, it is true that

mzk\ (Qm)” m—k __ ka' m—k

whereas TI(2™z%) = 0 if k > m.
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Proof. The following computational formula
1
oIIf = EHZf(z) (3.15)

follows by the formal differentiation of (3.13). Using (3.15) with f(z) = 2™ and f(2) =
2™z, we obtain II(2™2) = 2mz™"1 and I1(2™z%) = (2m)(2m — 2)2™2 respectively. By
induction, we obtain (3.14) for every k < m.

For k = m, we have II(|]z|*") = C,, with constant C,, = %, hence further

iterations of (3.15) yield II(2™z*%) = 0 for k > m. ]

3.3 Evolution of the linear Schrodinger equation

The Gauss—Hermite functions (3.3) are eigenfunctions of the Schrodinger operator L given
by (3.1) and (3.2). To be precise, we know that

Lu, = (2n)u,, n € Ny. (3.16)

Since {uy, fnen, is an orthonormal basis in L*(R), it diagonalizes operator L in L*(R).
The following lemma gives the transformation of the operator L defined in L*(R) to
the operator BLB* defined in the Fock space F € L2(C).

Lemma 3.6 If £ := BLB*: D(L) C F— T, then

(LN =29 e D), (3.17)
with
D(L)={feLyC): =z0.feLC)}. (3.18)

Proof. By using the decomposition over the orthonormal basis for every ¢ € L*(R)
given by (3.9), we can write

Ly = Z 2N Up,  An i= (P, Un) [2(R)-

n€ENg

Let f:= By € F, so that p = B*f. Then,

Lf =) 2nanfn, an={f fa)r20)

n€Np

where the last equation is due to (3.10). Since f,, are monomials given by (3.4), we confirm
that (£f)(z) = 2zf'(z) for every f € F. ]
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Remark 3.6 The representation (3.17) implies £ f,, = 2nf, for the monomials in (3.4),
in agreement with Lu,, = 2nu,, for the Hermite-Gauss functions in (3.3).

Corollary 3.2 The inverse transformation to (3.17) is L = B*LB : D(L) C L*(R)
L3(R), where
Lo =B*(]z|* = 2)By, ¢ € D(L). (3.19)

Proof. This follows from the computational formula (3.15) applied to f € F: 2f/(2) =
II(zf(z)), from which

227/(2) = 2 [2f(2)] ~ 2(2) = () — 2f = BB (|2 ~ 2)BB"f
By using the inverse operators, thanks to Lemmas 2.3 and 3.6, we obtain
L=BLB=B*(|z]* - 2)B,
which gives the assertion. "

Remark 3.7 The representation (3.19) implies that the Schrodinger operator L in L?(R)
is equivalent to the nonlocal operator TI(|z|> — 2) in the Fock space I C L2(C).

We shall now express the general solution of the Cauchy problem for the time-dependent
Schrodinger equation: '
{ id = Lo

3.20
Pli—o = ¢ € L*(R), ( )

where the dot denotes the derivative with respect to time. Solutions to the Cauchy prob-
lem (3.20) can be obtained in a closed integral form by reducing L under the Bargmann
transform in the Fock space F.

After the Bargmann transform B, the Cauchy problem (3.20) is rewritten in the form:

(3.21)

{z’F—LF
F’t:0:f€§7

where f = By and F(t,-) = BP(¢,-). The following lemma gives the unique solution of
the Cauchy problem (3.21) in a closed analytical form.

Lemma 3.7 For every f € JF, there exists the unique solution to the Cauchy problem
(8.21) which can be written in the form:

F(t,z) = f (7). (3.22)
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Proof. The partial differential equation
I— = 22— (3.23)

is nothing but the transport equation after a transformation of variables z — log z and
t — 2it. Hence, its general solution is given by

F(t,z) .= G(log z — 2it),

where the function G is found from the initial condition G(log z) = f(z). Expressing G
yields (3.22). The solution to the Cauchy problem (3.21) is conjugate to the solution to
the Cauchy problem (3.20) since B is a unitary transformation. Therefore, the solution
to (3.21) is unique because the solution to (3.20) is unique. ]

Remark 3.8 Decomposition of f € F via the monomials { f,, },en, yields the solution to
the Cauchy problem (3.21) for F'(t,z) written in the series form

F(t,2) =Y _{f ez fulz)e (3.24)

n€eNg

By using B* and B, the corresponding solution to the Cauchy problem (3.20) can be
written in the series form:

Ot,y) = D (0, un)r2cyun(y)e ™, (3.25)

n€Ny

which is the decomposition of ® € L*(R) over the Hermite-Gauss functions {uy, },en,-

Lemma 3.8 The unique solution to the Cauchy problem (3.20) can be expressed in the
integral form:

(t,y) = /RKt(y, y)e)dy', (3.26)

where _
ye—Q'Lt)Q

1 _ 1,20 1 n2_ (W —ye2"H)?
Ki(y,y') = ﬂ(l_@—m)e D e e ) (3.27)

Proof. By using the series form (3.24), the unique solution to the Cauchy problem
(3.21) can be rewritten in the integral form: in the Green’s function form:

Fit,2) = o // Gulz, ) f()e 3 Pda'dg, (3.28)
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where
1_5/,—2it — <
Z fulz fn it _ p32Fem T B2 (2'). (3.29)
n€Ng
As follows from Example 2.2 with a = 1z'e™** b =0, and o = 3, we have
B* <e%'32/'3_2”> _ ile_i(5/)26_4it+2/6_2it_%y2.
e

By using B* and B, the corresponding solution to the Cauchy problem (3.20) can be
rewritten in the 1ntegral form (3.26) with

// L(y—ze~2it)? %(y’—z)2+%226*4“+%z2—%|Z|2dxd§’ (330)
R2

where we replaced 2’ by z. The kernel K,(y,y’) is the m-periodic function in ¢. In the
limits t — 0 and ¢t — 7/2, we obtain

13 // e—%(y2+(y’)2)+(y+y’)x+i(y—y’)£—x2dxdg =6y — y')
RQ

2m2

Ki(y
27r2

. AN
lim K (y, y') =

and

lim K;(y,y') = L // e~ 3 WD D=ty g ge — §(y + o)
t—)g ’ 27‘(% R2 ’

where the property (2.8) is used for Dirac 0 distribution. By factorizing the argument of

the exponential function in Ky(y,y')
1 . 1 1 : 1 1
5(@/—2672”)2—0—5(1/—2)2—122674“—122—%5&’2
1 , Ly —ye2it]? 1 (y —ye ")
— (1 — —44t o 9 A . \2 T (02 N2 A
4( e )[5 ir+ g +(z—1) +2(y (y')*) + =

and performing integrations first in ¢ and then in z, we obtain a closed-form expression
(3.27). n

Next, we investigate the main question of this thesis on the evolution of the envelope to
. . 1 1
the Gaussian function. If ®(t,y) = H(t,y)e ¥’ and ¢(y) = h(y)e 2%, then the envelope
function H(t,y) is a solution to the Cauchy problem:

{ il = —02H + 2y0, H, (3.31)

Hlt:0 = h

We ask the following: If h € L*®(R), does H(t,-) remain in L*(R) for t > 02 The
following lemma gives a negative answer to this question.
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Lemma 3.9 There exists h € L®(R) and tg > 0 such that the unique solution to the
Cauchy problem (3.31) satisfies H(t,-) ¢ L>®(R) for every t € (0,to).

Proof. Instead of solving (3.31) directly, we use the transformation
H(t,y) = 2" B F(L,-),

where F\(t, z) is the unique solution to the Cauchy problem (3.21) given by Lemma 3.7.
It suffices to construct one example of such A for which the assertion is true.

Let us consider f(z) = sin(z), then the unique solution to the Cauchy problem (3.21)
is given by (3.22) rewritten in the explicit form F(t,z) = sin(ze ?"). By using the result
of Example 2.2 with a = Fie ?* b = 0, and o = % as well as the linear superposition

principle, we obtain ’
H(t,y) = 734 ecosU=isin(h) (i) (99 cos(2t) ) cosh(2y sin(2t)) — i cos(2y cos(2t)) sinh(2y sin(2t))] .
We confirm that h € L>(R) by computing

h(y) = H(0,y) = W—liel sin(2y).

However, we have

1
|H(t,y)|* = 2—16200S(4t) [cosh(4y sin(2t)) — cos(4y cos(2t))] ,
T2
hence H(t,y) is unbounded as [y| — oo for every t € (0, 7). ]

Lemma 3.10 The unique solution to the Cauchy problem (3.31) can be obtained in the

integral form:
(y ye—21t)2

H(t,y) = =T h(y')dy' (3.32)

Proof. The integral form follows from (3.26) and (3.27). Alternatively, the same solution
can be derived by reducing the evolution equation

8H 0*H +o 0H

Yor T~ a2 T Vay

by using the similarity reduction. Indeed, let us define H(t,y) = f[(T =a(t),n = B(t)y)
for some a(t) and B(t). If we pick them from solutions to differential equations

of(t) = p(t), iB'(t) = 26(t), (3.33)
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then H (7,7) satisfies the linear Schrédinger equation iH, = —ﬁ],m with the exact solution
A(rn) = — / A0, 1) S ary (3.34)
Y T] \/m R Y T] T] ° °

Solving differential equations (3.33) by
1

a(t) = ag = e, B(t) = foe ™ (3.35)

i
and picking integration constants oy = %53 and By = 1 from the initial conditions
a(0) = 0 and B(0) = 1, we verify that the fundamental solution (3.34) recovers (3.32)
with H(t,y) = H(7 = a(t), 5 = B(t)y). .

1

Example 3.1 Let h(y) = e 2%"%" with @ > 0. The convolution integral in (3.32) can be
evaluated after the solution is rewritten in the explicit form:

2

it , ‘
H(t7y) — 6—/eéa2(y/)2m(ezty/e—zty) dy/
2misin(2t) Jr
1 1 a2y2574it
- e TG, (3.36)

/1 + ia?sin(2t)e~21

It is clear that H(t,y) becomes unbounded in a finite time. Indeed,

I <7r > 1 %“2‘1’2
-, = ——¢* 1+a
1Y V1+a?

is unbounded and so is H(t,y) for ¢t € (to, 5 —t0), where t, € (0, §) is given by the root of

e—4zt

R — =0
“1+ia? sin(2t)e—2t

or equivalently, by the root of cos(4tg) = a?/(2 + a?).

Remark 3.9 The exact solution in Example 3.1 is related to the reduction of the time-
dependent Schrodinger equation ¢® = L® for the Gaussian solutions

1 2

®(t,y) = A(t)e 280V (3.37)

to a system of differential equations for A(t) and B(¢). Indeed, direct substitution yields
iA=A(B—-1), iB=2(B*-1),
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which have exact solutions
1 a2e—4it

, B(t) =1+ — —.
V/1+ ia?sin(2t)e2it Q 1 + ia? sin(2t)e—2

Alt) = (3.38)

Substituting (3.38) to (3.37) and extracting H (t,y) = ®(t,y)e2?’ yields the exact formula
(3.36). It is easy to verify that ReB(t) > 0 for all t € R, which implies that ®(¢,-) € L*(R)
for all t € R.

Example 3.2 Let h(y) = % By using the Fourier transform

e) = /R hy)evedy = 10,

we can rewrite the convolution integral in (3.32) in the following equivalent form:

—22t 2

H(t,y) = (yl e ) _i’gy/dfdy'
’ 271'\/71' 1 — e %t)
_ 1 eizgye—%ﬁ 31&2(1 —4zt)d£'
o

For every t € (0, %), the solution can be rewritten in the form

1 T cot(2t) 2= 225 cot(21)~ 25
H t B — 2 2 2 2d
( 7y) 27Ty Sln(2t) / ’ o

—my sin(2t)
from which we prove hereafter that |H(t,y)| — oo as |y| — oco. For definiteness, we work

for t € (0,7%), a similar result for ¢t € (7§, %) can be obtained by symmetry, whereas the

estimates for ¢ = 7 can be obtained directly from

s 1 ™o, 22
H(T) = A [7 e
2 T oy ) ¢ T

By using the transformation

u=2+22/(27), z=—-v*+y"V1+2u/y?

we write P
1 Y) em¥g] t(2t
ImH (t, ) — / e " sinfu cot(2t)] du
27Ty sin(2t) ftw) 1+ 2u/y?
where

f(t,y) = mysin(2t) [1 _ WSin(Qt)}

2y
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™

and t € (0, %) is fixed. Define a sequence {y, }nen such that
|1 — 7 sin(2t) _2n |

2y, cos(2t)

We have y, — +o00 as n — oo. Fix N € N such that for every n > N, we have the

following estimate:
~1/2
grtan(z) o (1 2r@nt1) /
cot(2t)y2 '

n € N.

Let us use the following anti-derivative:

g 1
/ e “sin(au)du = = [e™*sin(aa) — e sin(aB) + ae™ cos(aa) — ae~ cos(apB)] .
Since sinfu cot(2t)] > 0 for u € [—7(2n+2) tan(2t), —7(2n+1) tan(2¢)] and sin[u cot(2t)] <
0 for u € [~7m(2n + 1) tan(2t), —7(2n)tan(2t)] for t € (0,%), we obtain the following
estimate:

/—f(tyyn) e Y Sin[u COt(Qt)] d
U

—f(tyn+1) V 1 + 2u/y121

—7(2n+1) tan(2t)
> / e~ sinfu cot(21)]du
7(2n+2) tan( 2t)

7(2n) tan(2t)
/ ““sinucot(2t)|du
2 2n+l

(2n+1) tan(2t)
cot( 2t Yy2

2m(2n +1) \
> Sln(2t> COS(Qt)(eﬂtan(Qt) + 1)627rntan(2t) leﬂ'tan(?t) . (1 . ;(t(zt—)i_yg) ) ] )

The lower bound is posivite and diverges exponentially fast as n — co. Since

/Oo e " sinfu cot(2t)] J
~ftyy) V1 2u/y?

for the fixed N € N and the previous lower bound is positive and diverges exponentially
fast, we confirm that |ImH (¢, y,)| — oo as n — co.

u| < 00,

3.4 Evolution of the linear diffusion equation

Here we consider the linear diffusion equation
0P 0’0

E = 8_y2 + (1 — y2)(I)_ (339)
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Bargmann transform with F'(t,-) = B®(¢,-) maps it to the following transport equation

oF oF

— + 22— =0. 3.40

ot + “ 02 ( )
With a simple modification of computations of Section 3.3 (or by formal change of t —
—it), the Cauchy problem associated with the transport equation (3.40) is solved in the
form

F(t,z) = f(ze ). (3.41)
Similarly, the Cauchy problem associated with the diffusion equation (3.39) is solved in
the Green’s function form (3.26) with the kernel K;(y,y’) in the form

/_ —2t)2

1 _%y2+%(y/)2_(y 1—yee—4t . (3.42)

Ki(y,y') = me

If ®(t,y) = H(t,y)e 2¥", then the envelope of the Gaussian function H(t,y) satisfies
the linear diffusion equation in self-similar variables:

OH O0*°H _ g OH

ot 02 Yoy dy (3:43)

It follows from (3.42) that the unique solution of the Cauchy problem associated with the
diffusion equation (3.43) is given in the integral form:

_ @ —ye?H? 2t)2

H(t,y) = =T h(y)dy' (3.44)

This solution can also be found by using the similarity reduction

H(t,y) = H(r = a(t),n = B(t)y),

where o/ (t) = 2(t), B'(t) = —28(t), and H, = H,,.
Referring to the main question on the evolution of the envelope of the Gaussian func-
tion, the following lemma gives a positive answer to the question.

Lemma 3.11 For every h € L>(R), the unique solution to the diffusion equation (3.43)
with H(0,y) = h(y) satisfies H(t,-) € L*(R) for everyt € R,.

Proof. By the change of variables, we can rewrite the exact solution (3.44) as the
convolution integral

! T~ / 1 - 4%2
H(t,y)z/RGt(y—y)h(ye My, Gyy) = me AT

34



Master of Science — Nabil AL ASMER — McMaster University

hence we obtain by standard estimates that
I (t, )z < NGelleal[A(e™) ]| < [|Al] 2. (3.45)
Hence, if h € L*(R), then H(t,-) € L*(R) for every ¢t > 0. ]

Remark 3.10 The bound (3.45) is equivalent to the weak maximum principle for the
diffusion equation (3.43).

Remark 3.11 More general convolution estimates give for 1 < ¢ < oc:

1 6—2(1—5)1&
“GtHLq = 1 -1
(gre=)% (1 = e-0) 5
and for 1 < p,q < oc:
2
1 er’
IH (- )||r = el L(PAR

(qn11)3 (1 — e~4)"5

where r = Wlfq*l‘ No singularity appears in the estimates at t = 0if r = p (and ¢ = 1)
but the upper bound grows exponentially as t — oo if 1 < p < 0o. On the other hand,
there is no exponential growth at infinity if p = oo (and r = q%l) but the upper bound is

singular at t =0 if 1 <r < oo (and 1 < ¢ < 00).

Example 3.3 Let h(y) = e~*¥" with a > 0. The convolution integral in (3.44) can be
evaluated explicitly:

Hig) = [y,
7 V(1 —e %) Jr
1 a2y2574t
_ ¢ TR (3.46)

V14 a2 (1l —e )
It is clear that H(t,y) is bounded for every ¢ > 0 and although it is decaying to zero at

infinity for ¢ > 0, it becomes delocalized as t — 4o00:

1
lim H(t,y) = ———
Jm H(ty) = —r——s

Remark 3.12 The exact solution in the previous example is related to the reduction of
the linear diffusion equation ® + L® = 0 for the Gaussian solutions

y € R.

O(t,y) = A(t)e 250, (3.47)
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to the following system of differential equations for A(t) and B(t):
A=A(1-B), B=2(1-B?.
This system admits the exact solutions

1 2a%e™4

Alt) = V14 a(1 — e %)’ B =1+ 1+a?(1 —e %)’

(3.48)

which can be verified by a substitution. Substituting (3.48) to (3.47) and extracting
H(t,y) = ®(t,y)e2¥” yields the exact formula (3.46). Since B(t) > 1, we have ®(t,-) €
L3(R) for all t € R including the limit ¢ — +o0.

We give two examples on how the linear diffusion equation (3.43) arises in the context
of the nonlinear diffusion equations.
The first example is the nonlinear diffusion equation

ou  O%*u

E = @ + |u|p_1u, (349)

where p > 1. The space-independent solutions of the differential equation
i =|z|P e

blows up in a finite time if 2(0) > 0. The self-similar blow-up solutions to the nonlinear
diffusion equation (3.49) were studied in [22, 23] (see also recent work [33]). By using the
substitution

1

w(t,z) = (T — 1) 7 1w(s, ), o= —Slog(T— ), (3.50)

x
YT ouT 1 1
for a fixed blow-up time T > 0, we obtain the nonlinear diffusion equation in self-similar

variables 5 52 5 |
v_2v —2y—w—|—4 (|w|p_1 — —) w

% = 52 o 0 (3.51)

Linearizing at the constant solution wy := (p — 1)717%1 and using the exponential trans-
formation
U)(S, y) = Wo + H(S7 y)€48

yields the linear diffusion equation (3.43) with ¢ = s. Hence, the result of Lemma 3.11 is
relevant for analysis of the linearization of the nonlinear diffusion equation (3.51).
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The second example is the logarithmic diffusion (log-diffusion) equation

ou_ ot
ot Ox2

This nonlinear equation was investigated in many details by Alfaro & Carles [2].

Compared to the nonlinear diffusion equation (3.49), unique positive solutions with
bounded continuous derivatives up to the second order exist globally and no blow-up may
occur in a finite time [2]. This is already clear from the space-independent solutions of
the differential equation

+ 2ulog(u). (3.52)

i = 2xlog(z)

with the exact solution
2
o(t) = (x0), t>0

for zp > 0. If 29 € (0,1), the solution decays to zero super-exponentially fast: z(t) — 0
as t — +oo. If g € (1,00), the solution blows up to infinity super-exponentially fast:
x(t) = 400 as t — +oo. Both decay and growth occur in the infinite time intervals.
The authors of [2] has shown that the same conclusion remains true if the initial
condition ug(x) to the log-diffusion equation (3.52) satisfies either uy(z) < 1 — € (decay)
or ug(x) > 1+4€ (blow-up) for € > 0 and all x € R. They also obtained a similar conclusion

for the Gaussian solutions ) ,
u(t,z) = B(t)e 241" (3.53)

where A(t) and B(t) satisfy the following system of differential equations:

A=2A(1-A) B=2Blog(B)— AB.

The system admits the exact solution

A(t) = Goc™ (3.54)
1+ ap(e? —1)
and
log B(t) = €* |log by + ﬁ log(ag + (1 —ag)e )|, (3.55)
where A(0) = ap and B(0) = by. If logby + %g%) < 0, the solution decays super-
ao log(ap)

exponentially fast as t — oo, whereas if log by + > 0, the solution grows super-

) 2(1—ap)
exponentially fast as t — oo.
By using the substitution
(t.2) = () ly. s ! Hlog(T 1) (3.56)
u(t,z) = w(y, s), =———, s=—-1o —t), )
Y Y Y oIT — 1 1 g
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with ~(t) satisfying the differential equation 4 = 2vlog~, for a fixed ”"blow-up” time
T > 0, we obtain the log—diffusion equation in self-similar variables
Ow 82 Ow
— = —— —2y— +2¢ Fwl 3.57
which is non-autonomous compared to the nonlinear diffusion equation in self-similar
variables given by (3.51).
The following lemma describes bounded solutions of the log-diffusion equation (3.57).

Lemma 3.12 For every ¢ > 0 (small), there exists 6 > 0 such that if wy € L*(R)
satisfies ||wo — 1||p~ < 0, then the unique solution of the log—difusion equation (3.57) with
the initial condition w(0,y) = wo(y) satisfies W (s,-) € L*(R) for s € Ry and

W (s,) — 1|z <e, 5> 0. (3.58)

Proof. Let N(w,s) :=2e *wlog(w). The variation of parameter formula that extends
the solution given by (3.44) is given by

( 5—25)2
e wo(y')dy’

w(say> = /—1_6_4s /
v [Nl ),
0 \/71'(6_48/ —e %) Jr

where wy(y) := w(0,y) is the initial condition. The previous formula can be rewritten as
a weighted convolution in the form:

_u —y)?
A5 1 wo 6—25)dy/

w(s,y) = \/647/

If w=1+W with ||W(s,-)||z~ < e <1 for all s> 0, then the nonlinearity is expanded
in powers as

@' —)?

T A(s—s")_ 1]\/' (S y/€25) S,)dy/.

1
N(1+W,s) =2e* [W + 5W2 +O(W?)
with the obvious bound as long as ||[W (s, )|z~ < € < 1:

IN(L+W (s, ), 8) e < de™[[W(s, )| e (3.59)
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As a result, the bound on ||[W (s, j||Loo can be controlled globally over s > 0. Indeed, it
follows from the variation of parameter formula with the same convolution estimate as in
the proof of Lemma 3.11 that

W (s, e < [Wollz= + 4/ e NW(S', )| =ds', (3.60)
0
where the bound (3.59) has been used. By Gronwall’s inequality, this yields
W (s, )|z < [[Woll e o4 < [ Wp |l et <6, (3.61)
provided that ||[Wo| r~ < ee! =: §. Hence, the bound (3.61) yields (3.58). ]

Remark 3.13 The global solution obtained in Lemma 3.12 gives
I—e<|lw(s, oo <1+e

for every s > 0. However, this only corresponds to the finite interval ¢ € [0,7] due to
the self-similar reduction (3.56). Therefore, the result of Lemma 3.12 is weaker than the
result of Corollary 3.10 in [2].

Remark 3.14 Consider a modified transformation in self-similar variables given by
1
- log(T + 1), (3.62)

ult.z) =(Ouwly. ), y=5-m=—= 5=

with ~(t) satisfying the same differential equation ¥ = 2ylog~y. Here T > 0 is the
parameter and the solution (3.62) is formally defined for all ¢ > 0. The function w(y, s)
satisfies the log—diffusion equation in self-similar variables

ow  Pw ow

s 0P + 2y6— + 2e**w log(w), (3.63)

which has exponentially growing term compared to (3.57). The solution can be written
as a weighted convolution in the form:

y)2
/ 25)dy

U)(S,y) = \/1—7645\/ ye
A [T N e, o
+ e 1ottt s,ye”),s)dy,

0o \/m(l— 6—4(5—5')) R

where N(w,s) := 2e**wlog(w) is the nonlinear term and wy(y) := w(0,y) is the initial
condition. Expansion near w = 1 with the estimate like in (3.59) leads to the linear
integral inequality with exponentially growing kernel compared to the inequality (3.60)
with the exponentially decaying kernel. As a result, the global bound like (3.61) cannot
be obtained in this case and ||W (s, )|/~ is expected to grow in time. With the decaying
v(t) =~ double-exponentially if 7, € (0, 1) and growing |[W (s, -)|| .-, the decomposition
w(s,y) =1+ W(s,y) is no longer useful.
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3.5 Evolution of the linear KdV equation
Here we consider the Cauchy problem for the linear Korteweg—de Vries (KdV) equation:

{ ¢ =0, LP, (3.64)

Pli—g = p € L*(R).

In order to reformulate the Cauchy problem (3.64) in the Fock space F, we need to see
how the Bargmann transform B is applied to the derivative 9, and to the multiplication
by y. The following lemma gives the transformation formula.

Lemma 3.13 Fix f € F. Then,

(B0,3")(z) = (=) ~ 52/ () (3.65)

and

. 1
(ByB f)(2) = ['(2) + 52/ (2). (3.66)
Proof. It follows from integration by parts for every ¢ € H'(R) that

(BO,p)(z) = et / VP G (y)dy

which yields the formula (3.65) for f = By with ¢ = B*f. Similarly, for every ¢ € L*(R)
with yp € L?(R), we obtain

1 lZQ e _1 r— 2
(Bye)(z) = —er / e 2 yo(y)dy

1 1.2 1

= i — [ e g(y)dy + 2(By)(2)
T dz J_o
d 1

= L Bo)) + 32Be)2).

which yields the formula (3.66) for f = By with ¢ = B*f. n
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Remark 3.15 Transformation (3.17) follows from (3.65) and (3.66) because
L= _8§‘|‘?/2_ 1= (=0, +y)(0y+y)

and
daf

(B0 +y)B°f)(z) =2, (B(=0, +y)B"f)(2) = 2f(2).

By using (3.17) and (3.65), we rewrite the Cauchy problem (3.64) in the equivalent
form:

N )
{ F =20,20,F — 2?0, F, (3.67)

F|t=0:f€3~7

where f = By and F(t,-) = BP(t,-). Compared to (3.23), the evolution equation is now
generated by the second-order differential operator. Using the following decomposition
over the monomials in (3.4)

F(t,z) =Y bu(t)falz) = Y an(t)2", (3.68)

n=0

one can derive the system of differential equations:

day
% = 2(n +1) %1 — (n — Dan_1, (3.69)
or equivalently,

db,,

= = V2| (n+ 1)V + 1byy — (n — 1)\/ﬁbn_1} : (3.70)

System (3.69) is closed for a := {a,}nen, Whereas ag(t) is obtained from the decoupled
equation ay(t) = 2a,(t). By using the substitution

ba(t) = ° neN (3.71)

one can rewrite system (3.70) in the form

de,

= V2i(Je)n,  (JO)n = (n+ 1)vnca +nvn — le,, (3.72)

where ¢ := {¢, }nen and J is the Jacobi operator.
The Jacobi operator is said to have a limit circle at infinity if a solution ¢ of J¢ = z¢

with ¢; = 1 belongs to £%(N) for some z € C [42]. This property is justified J in (3.72).
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Lemma 3.14 Consider J¢ =0 with ¢; = 1. Then, ¢ € /*(N).
Proof. The solution ¢ of J¢ = 0 satisfies the recurrency relation

vn(n—1)

n—1Li N; 373
nt 1 Cn—1 n € ( )

Cp+1 =

from ¢, = 0 for even n and ¢, # 0 for odd n with the explicit solution given by
o1 = ()" [ V2k(2k = 1)2k+1, meN. (3.74)

In order to analyze the decay |comi1] — 0 as m — oo, we rewrite

1 1 = 1
= = log(l — —) — log(1 4+ —
leamia| = exp |5 > log(l— o) = > log(1+ )
L™ k=1 k=1
31 1
= exp —Z;Ejt(?(g) , as m — oo.
Hence, there is C' > 0 such that
C
|Cgm+1| S W7 m €N (375)
so that ¢ € (*(N). ]

As a consequence of Lemma 3.14, there exists a self-adjoint extension of the Jacobi
operator J subject to a boundary condition at infinity, so that the spectrum of J in ¢?(N)
consists of a countable set of simple real isolated eigenvalues [42]. The existence of the
self-adjoint extension of J guarantees local well-posedness of the Cauchy problem (3.67)
in a subspace of F.

Lemma 3.15 Assume that f € F is given by the decomposition (3.68) with

e}

> nlba(0)]” < oo.

n=0

There exists the unique solution of the Cauchy problem (3.67) with F(t,-) given by the
decomposition (3.68) for every t > 0 with

D nlba(t)F =) nfba(0)* < oo.
n=0 n=0
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Proof. Since J has a self-adjoint extension in £*(N) subject to a boundary condition at
infinity [42], the evolution operator e¥2” : 2(N) — (%(N) is unitary. Hence, there exists
the unique solution to the evolution problem (3.72) in the form ¢(t) = eV?*/¢(0) satisfying
for every t > 0:

Do nlbaOF = lea® = Y leal0)) = Y nlba(0)]

n=0 neN neN n=0
The unique solution defines the unique solution of the Cauchy problem (3.67) with F(¢,-)
given by the decomposition (3.68) for every t > 0. ]

Remark 3.16 The results of Lemmas 3.13, 3.14, and 3.15 are very similar to the results
of [34] for the following Cauchy problem:
{ d=0,(L—2)0,
Pli—g = ¢ € L*(R).

The Cauchy problem (3.76) arises in the linearization of the logarithmic KdV (log-KdV)
equation

(3.76)

ou 0 1 Pu
§+8_xu og(u)—l—%—o
at the Gaussian solutions
uo(z) = ex 2"

By using the travelling reference frame in the form ®(¢,y) — ®(t,y — 2t), the shifted
problem (3.76) can be cast in the form (3.64). This explains why both problems share
the same properties.

Let us modify the Cauchy problem (3.64) as follows:

b = (ay —y)Lo,
{ Bloo — o € I2(R). (3.77)

This toy problem does not arise in modeling of physical processes. Nevertheless, this
example shows that the Cauchy problem associated with the linear KdV equation may
be ill-posed in a subspace of L*(R).

The Cauchy problem (3.77) can be easily solved with the Bargmann transform. By
Lemmas 3.6 and 3.13, we rewrite the Cauchy problem (3.77) in the equivalent form:

{ F = —2220,F,
F’t:O - f € 3:’7

where f = By and F(t,-) = BP(t,-). The following lemma shows that the Cauchy
problem (3.78) is ill-posed.

(3.78)
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Lemma 3.16 The only f € F, for which the Cauchy problem (3.78) gives the unique
solution F(t,-) € F fort # 0, is the constant function.

Proof. The partial differential equation

OF  _ ,0F
> = %5 (3.79)

is the transport equation after a transformation of variables z — 2~! and t — 2¢. Hence,
its general solution is given by

F(t,2) =Gz ' +2t),

where the function G is found from the initial condition G(z') = f(z). Expressing G
yields the unique solution to the Cauchy problem (3.78):

F(t,z):f< : ) (3.80)

1+ 2tz

Since [ is entire and 175;; has a pole at z = —2% for every t # 0, F'(t,-) is entire if and only

if | f(o0)| < co. However, by Liouville’s theorem, the only entire and bounded function is
the constant function. ]

Corollary 3.3 The Cauchy problem (3.78) is ill-posed in L*(R).

Proof. This follows from the conjugacy of the Cauchy problem (3.77) in L?(R) and the
Cauchy problem (3.78) in F since B is a unitary transformation. n

Remark 3.17 Since
0y —y)L = =0, +yd; + (y* = 1)0, + y(3 — 97,

ill-posedness of the Cauchy problem (3.77) in Lemma 3.16 is related to ill-posedness of
the diffusion equation with operator yag which defines forward diffusion for ¥ > 0 and
backward diffusion for y < 0. This term is absent in the Cauchy problem (3.64) since

OyL = =05 + (y* — 1)9, + 2y,

for which well-posedness in a subset of L*(R) follows from Lemma 3.15.
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Chapter 4

Applications to partial differential
equations in two dimensions

4.1 Introduction

Compared to applications of the Bargmann transform in one dimension, two-dimensional
problems in space (z,y) can be formulated by using the complex variable z = x + iy.
Therefore, holomorphic functions in F C Lz((C) will be defined on the physical two-
dimensional space (z,y). The adjoint Bargmann transform B* transforms these functions
to a spectral space in L?*(R), which is no longer the physical space.

This formalism is opposite to applications of the Bargmann transform in one dimension
where B transforms functions defined in the physical space L*(R) to the holomorphic
functions in the spectral space z = x — i&.

Do to these differences, we fix @ = 1 everywhere in this chapter and use z = = + iy.
The projection operator II is rewritten in the form:

1 AV
= —/ f(2e =7 da'dy . (4.1)
™ R2

The inner product in L>(C) (with new definition of p(z) = %G*MQ) is given by

(f,9)120) = / /R 2 1P dedy. (4.2)

Section 4.2 reviews applications of the Bargmann transform to the Gross—Pitaevskii
equation for the rotating Bose-Einstein condensates at the lowest Landau level.
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4.2 Lowest Landau Level Equation

The lowest Landau level (LLL) equation arises when one considers rotating Bose—FEinstein
condensates at the critical rotational frequency [5]. The main model is the following
Gross—Pitaevskii equation:

0
26—1: = —Au + 2i(x0, — yO,)u + (z° + y*)u + |ul>u — 2u, (4.3)
where the frequency shift (the last term in the right-hand side) is added for convenience
and the rotational term (the second term in the right-hand side) has a specific coefficient
of the critical rotational frequency [18].

Let z = x 4+ 7y and consider the functions in the form

u(z) = f(z)e” 22 |2, (4.4)

where f € F C L2(C) and L2(C) is defined from (4.2). The projection operator acting on
functions of the form wu(z) = f(z)e_%‘zF will be denoted by II. It is given by

7/\

¥ 12" Z)da'dy = (Muez)(z)e™

1
§|Z|2

(4.5)

RZ

With the use of complex variable z = x + iy, the Gross—Pitaevskii equation (4.3) can be

rewritten in the form
Ou 0 0 9

For the functions u in the form (4.4) with f € F, we have (z + 2%) u = 0. However,
the evolution of a local equation

Ou

2
4.
7 u|u| ( 7)

is not closed in the space of functions in the form (4.4) because |ul?u = |f|2fe 2P is
not in the form f(z)e 2" with f € F C L2(C). The way to get around this issue is to

decompose u into the sum of two terms: the leading-order term satisfying the following
closed initial-value problem
8u T 2
{ a0 = M(|ul*u) (4.8)

u(0, z) = up(2).
and the error term which satisfies the residual equation. As is shown in many works (see,
e.g., [15, 19]), the approximation error can be controlled to be small in some norm during
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the time evolution on a finite time interval. The approximation result justifies the validity
of the leading-order approximation defined by solutions of the initial-value problem (4.8).
We refer to the nonlocal equation in (4.8) as the lowest Landau level (LLL) equation.
Well-posedness of the initial-value problem (4.8) has been obtained in [21] (see also earlier
works in [1, 20]). The review of these results is given next.
By Lemma 2.6 and Example 2.3, for every 0 < p < ¢ < co and every u in the form
(4.4), the following embedding property is true:

1 1
qd\aq P\»r
- q < - P 49
(5=) " ey < ()" ulzae) (49)

where the inequality becomes the equality if and only if u(z) is constant proportional to
a translation of e~ 27",

The following lemma states the local well-posedness of the initial-value problem (4.8)
in the L? spaces.

Lemma 4.1 The initial-value problem (4.8) is locally well-posed in LP(C) for any p > 1.

Proof. It follows from (4.5) that

~ 1 1 N2 1 2
|(Hu)(z)| < ;//]R2 6*5(90*:2) -5y |U(Z/)|d:L‘/dy/.

By the generalized Young’s inequality for convolution integrals, the projection operator
IT: LP(C) — L*(C), 1 < p < oo is bounded with the p-independent bound:

[Tl e ey < 2||ul| e (o), (4.10)

// e~ 2@ 3w g/ gy = o7
R2

Let us rewrite the evolution problem (4.8) in the integral form u = A(u), where

due to the exact value:

A(u)(t, ) == ug — i/o (Ju(s, ) [2u(s,-))ds, t> 0.

We show that there exists a sufficiently small ¢y > 0 such that the operator A is a closed

contraction operator in the ball By defined by sup ||u(t, -)||r(c) < 0 with § := 2[Jug|| e (c)-
t€(0,to]
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It follows from (4.9) and (4.10) that

to R
sup [|A(u)(t, ) re) < HU0||LP(<C)+/O ITL(fu(s, ) [Puls, )| ooy ds

tel0,t0]

to
< Hu0||LP(C)+2/O (s, )Pu(s, )lpoc)ds
to
< HUOHLP(C)+2/O [u(s, )l ooy llu(s; ) ooy ds

2 to
p
< fuoloier +2 (22)7 [ luto. s
T 0

so that sup [[A(u)(t,)||rc) < 6 = 2l[uollLe(c) if
t€(0,to]

2
4 <ﬁ>’7 1062 < 1.
2

T

Hence, the operator is closed in the ball Bs. It is also a contraction in the ball Bs because

to R
sup [|A(u)(t,-) = A(v)(t,)llre) < /0 ITE(fu*w — [0]*0) [ Lo (cyds

te[0,t0]

to
2
< 9 / (lall (o) + [ollzmcey) 1 — ll ey ds

2 to
p 2
< 2 (%)p/o (l[ullzr(c) + ol zecy)” I = vl oicyds

2
< 8 <£> "100% sup ||u— v||r(cyds,
27 t€[0,to]
where we have used the elementary inequality
[lul*u = Jo*v] = [u?(@ = 0) + (u+v)(u = v)| < (|Jul + |[v])*|u —v].

Thus, A is a contraction in the ball By if

2
8 (£>p t052 < 1.
27
For any 0 > 0, there is a sufficiently small #, > 0 satisfying both the inequalities above
such that the operator A has a unique fixed point in Bs by the Banach fixed-point theorem.
The proof of continuous dependence on the initial data uy € LP(C) is standard and follows
from the contraction mapping property. ]
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Remark 4.1 Bound (4.10) is not sharp for p = 2 because Lemma 2.1 and Corollary 2.2
imply for the function w in the form (4.4) with f € F C L%(C) that
1, =~ 11,2
;HHUH%%C) = HH(U@QI | )H%g(@
er L2
— BB (ued ) 2
R
= B (uez"") |72

1,2
= [luez"! ||%g(<c>
1
= ;HUH%%«:);

so that ||Hul|r2cy = [|uf|L2(c)-

The following lemma gives global well-posedness of the initial-value problem (4.8) in
the L? space.

Lemma 4.2 The initial-value problem (4.8) is globally well-posed in L?(C) if ug € L*(C).
Moreover, for every t € R, the following two quantities are conserved in time:

/ lu(t, 2)|*dvdy = / |luo(2)|*dxdy (4.11)
R2 R2

and

/R2 Ju(t, Z)I“dwdy://Rz |uo(2)| dxdy (4.12)

Proof. By Lemma 4.1, if uy € L?(C), there exists a local solution to the initial-value
problem (4.8) in L?*(C). By the embedding properties, u(t,-) € LP(C), t € [0, t,] for every
2 < q < o including g = 4.

Next, we show the L?-conservation property (4.11). Since Il is a bounded operator
by (4.10) and the solution u(t,-) € Bs C L*(C) belongs to a bounded set closed with
its boundary, we have u € C1((0,ty), L*(C)). Hence, it is allowed to differentiate the L?
norm and to use the time evolution equation in (4.8):

d . = . A~
@/RQ u(t, 2) Pdady = i, T(|ul?u)) 20y — i(T0(|ul?u), u) 20

i(Tu, |ul?u) 2 ey — i{|ulu, TTu) 2
= i(% |U|2U>L2(<c) - i<|“|2ua U>L2((C)
= 0,
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where we have used the fact that IT : L2(C) — L2(C) is an orthogonal projection (Remark

2.2), which implies that II : L2(C) — L2(C) is also an orthogonal projection due to the
relation (4.5). Due to the L? conservation, the local solution u(t,:) € Bs C L?*(C),
t € [0,to] is continuously extended to the global solution u(t,-) € Bs C L?*(C), t € R.

Finally, we show the L*-conservation property (4.12). By continuous embedding (4.9),
it follows that if v € C*(R,L*(C)), then u € C'(R,L*(C)). Hence, it is allowed to
differentiate the L* norm and to use the time evolution equation in (4.8):

d . = . A~
i //R2 lu(t, z)|4d$dy = 22<|u’2u,H(‘u|2u)>L2(c) _ 2Z(H(|u]2u), ’U|2u>L2((C)

by the same property that I : L?*(C) — L*(C) is an orthogonal projection. n
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