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Abstract

Minimal free resolutions are an important notion in algebraic geometry and commu-
tative algebra. The minimal free resolution of a subvariety in projective spaces provides
geometric properties of the subvariety. However, if the ambient space is the product of
projective spaces, the minimal free resolution can be too long. On the other hand, virtual
resolutions of a subvariety of products of projective spaces can be shorter and they still
provide information about the subvariety. In this thesis, we investigate sets of points in
P! x P! with generic Hilbert function and in particular, points in a sufficiently general
positions. We find an explicit virtual resolution of ideals of a sufficiently general set of
points in P! x P, Our proof depends upon computing some values of the mutigraded
Castelnuovo-Mumford regularity and using a result of Berkesch, Erman and Smith. We
also generalize one of the Berkesch, Erman and Smith’s result in a special case.
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CHAPTER 1
Introduction

Many invariants in algebraic geometry and commutative algebra may be defined in
terms of free resolutions. A free resolution is an exact sequence of free modules. Let R
be a Noetherian ring. For every R-module M, one can construct a free resolution of free
R-modules F; which fit into an exact sequence

F: o3R5S RS M0,

as follows: define Fjy to be the free R-module whose basis elements are mapped to a set
of generators of M. Then, we define F; to be the free R-module whose basis elements are
mapped to generators of the kernel of the map Fy — M. We define each F;, for i > 1 to
be the free R-module whose basis elements are mapped to the generators of the kernel of
the map ;1 : Fi1 — Fio.

If M is a graded module over a graded ring, e.g. the polynomial ring S = k[xg, 1, .. ., z,]
over n+1 variables, then we can define a graded version of a free resolution. Hilbert proved
that every finitely generated S-module has a finite graded free resolution of length at most
n + 1. Among graded free resolutions, the minimal free resolutions are those for which
the map ¢, : F; — F;_1, takes the standard basis of F; to a minimal generating set of ker
(pe_1) for all £, ¢ > 0 The condition of minimality is important since without minimality,
resolutions are not unique (up to isomorphism).

Minimal free resolutions give us some information of a subvariety in a projective
space. As an example, we can compute the Hilbert function of a variety which is used for
computing the dimension and the degree of the variety. However, when the ambient space
is a product of projective spaces, minimal free resolutions over the coordinate ring can be
too long. However, virtual resolutions, as first defined in [BES20|] by Berkesch, Erman
and Smith, can be much shorter and they still give us some of the geometric properties.

The definition of a virtual resolution is new and there is still much to learn about them.
Here are some of the works on virtual resolutions. Berkesch, Erman, and Smith [BES20]
constructed virtual resolutions. They proved that the set of virtual resolutions of a module
determines its multigraded Castelnuovo-Mumford regularity. They also showed how to
extract a virtual resolution from a minimal free resolution. Loper [Lop19] identified two
algebraic conditions that characterize when a chain complex is virtual. Kennedy [Ken20]
also gave an algebraic condition on a complex to guarantee it is a virtual resolution. In
IGLLM21], Gao, Li, Loper and Mattoo investigated which sets of points have a virtual
resolution that is a Koszul complex on a regular sequence. They provided conditions on
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Chapter 1. Introduction 2

sets of points in P! x P!, some of which guarantee the points have this property, and
some of which guarantee the points do not have this property. A Macaulay2 package
was released by Almousa, Bruce, Loper, and Sayrafi in [ABLS20]. They introduced
the VirtualResolutions package that has tools to construct, display, and study virtual
resolutions for products of projective spaces. The package also has tools for generating
curves in P! x P2, providing sources of interesting virtual resolutions. Recently, Berkesch,
Klein, Loper, and Yang [BKLY20] continued the research program on the notion of a
virtually Cohen—Macaulay property started by Berkesch, Erman, and Smith in [BES20] in
two related ways. Firstly, when X is a product of projective spaces, they described a large
new class of virtually Cohen—Macaulay Stanley—Reisner rings. Secondly, for an arbitrary
smooth projective toric variety X, they developed homological tools for assessing the
virtual Cohen—Macaulay property. They also used these tools to establish relationships
among the arithmetically, geometrically, and virtually Cohen-Macaulay properties.

Let P2 = P™ x --. x P be the product of projective spaces, where the n;’s are
positive integers. Let S = k[z;; : 1 <1i <r, 0 <j < mny] be the coordinate ring of P* and,
B =(i_1{%i0, i1, .., Tin,;) be its irrelevant ideal. Berkesch, Erman, and Smith proved

the following proposition:

ProposiTION 1.1. [BES20], Proposition 1.2.] FEwvery finitely-generated Z"-graded B-

saturated S-module has a virtual resolution of length at most |n| :==ny +ns+---+n, =
dim P2,

Therefore, by Proposition[L.1] every finitely generated Z-graded (g, 21, - - - , z,,)-saturated
S-module where S = k[xg,x1, -+ ,x,] has a virtual resolution of length at most n =
dim P". The Hilbert Syzygy Theorem also asserts the existence of a finite free resolution.

THEOREM 1.2. (Hilbert Syzygy Theorem) Let S = klxg,z1, - ,x,]. Then every
finitely generated S-module has a finite free resolution of length at most n + 1.

Hence, Proposition [1.1] generalizes this result.

Let X to be a set of points in P! x P!, and let Ix be its defining ideal in S =
k[xo, 1, Y0, y1]. Proposition implies the existence of virtual resolutions of length at
most two for Ix. In this thesis we find an explicit virtual resolution of length two for the
ideal of finitely many points in sufficiently general position in P' x P!, Specifically, we
prove the following theorem which is one of the main results of our thesis.

THEOREM 1.3. (Theorem[4.7]) Let X be a set of sufficiently general points in P* x PL.
Then Ix has a virtual resolution of length two. In particular, if s is even, then a virtual
resolution 1s

S(—s/2,—1)*
0— S(—s,—1)% — ® — S.
S(—s,0)
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and, if s is odd,

1s a virtual resolution of Ix.

The structure of the thesis is as follows.

We start Chapter 2 with the definitions of graded rings and graded modules. These
results are needed to define minimal free resolutions in Section 2.2. Virtual resolutions
are defined geometrically by Berkesch, Erman, and Smith in [BES20], but there is an
algebraic reformulation of the geometric definition proved by Kennedy in [Ken20]. We
will use this as our definition for virtual resolutions. In Section 2.3 we also introduce the
concept of multigraded Castelnuovo-Mumford regularity defined in [M[S04]. We need the
notion of multigraded regularity for one of the main theorems in [BES20] that is the key
result in the proof of Theorem [4.7 Lastly, we will introduce a few concepts from algebraic
geometry. Most of the content of Chapter 2 can be found in [CLOO05] and [Eis95].

We begin Chapter 3 by defining the biprojective space P! x P!. We continue by
focusing on the properties of a finite set of points in P! x P'. Some of the main results of
Chapter 3 are from [GMR92| and [GMR96]. At the end of Chapter 3, we explain what

it means to have a set of points in sufficiently general position.

In Chapter 4, we start with an example to explain our strategy in proving our main
theorem, Theorem [4.7. Then we provide a series of lemmas we need to prove our main
theorem.

Finally, in Chapter 5, we state three conjectures, with supporting examples. The
motivation behind these conjectures is that in [BES20, Theorem 4.1], Berkesch, Erman
and Smith prove the existence of a virtual resolution for an ideal of a set of points. In
these conjectures we try to find the virtual resolutions explicitly.

One of our conjectures is the following.

CONJECTURE 1.4. Let X be a set of s points in P! x P! that has generic Hilbert
function and let Ix C S = k[zo,x1,v0,%1] be its defining ideal. Let B0 = (xq, ).
The smallest value of a where the minimal free resolution of S/(Ix N B is a virtual
resolution of S/Ix has the following properties.

(1) a<s—1.
(2) If a yields such a virtual resolution of S/Ix, then a + 1 does as well.
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Moreover, if a is the smallest value where the minimal free resolution of S/(Ix N B(®)
is a virtual resolution of S/Ix, then this virtual resolution will be of the form

S(—s,0)
0— S(—1,—s)" — ® — S,
S(—s+1,-1)°
and for i > 0, the virtual resolution corresponding to (a + i,0) is:
S(—s—1,0)! S(—s—i+1,0)"
0— S — S — 5.
S(=s—i,—1)* S(=s—i+1,-1)°

The idea of the conjecture above is based on the following theorem by Berkesch,
Erman and Smith [BES20, Theorem 4.1]. In this theorem they prove the existence of an
a = (a,0) such that the minimal free resolution of S/(Ix N B(®Y) is a virtual resolution
of S/Ix. For the conjecture above we checked more than 20 different configurations of
sets of points in P! x P! and found the least a for each configuration.

THEOREM 1.5. [BES20|, Theorem 4.1] If Z C P2 is a zero-dimensional scheme and I
1s the corresponding B-saturated S-ideal, then there exists an a € N" with a, = 0 such that
the minimal free resolution of S/(I N B%) has length equal |n| = dimP®. Moreover, any
a € N" with a, = 0 and other entries sufficiently positive yields such a virtual resolution

of S/I.

In Chapter 5, we give a partial answer to the conjecture above. Ee show that for
a > s — 1 the minimal free resolution of S/(Ix N B(%) is a virtual resolution of S/Ix.
We prove the following proposition.

PROPOSITION 1.6. Let X be a set of s points in P! x P! that has generic Hilbert
function and let Ix C S = k[xg, z1,Yo,y1] be its corresponding B-saturated defining ideal.
If a = s — 1, then, the minimal free resolution of S/(Ix N B@%) is a virtual resolution for
S/Ix. Moreover, for every numbert € N, where t > s — 1, the minimal free resolution of
S/(Ix N B is also a virtual resolution.



CHAPTER 2
Background and Preliminaries on Resolutions

Let S = k[xg, x1, ..., x,| be the polynomial ring in n+ 1 variables over an algebraically
closed field k. In order to study the homogeneous ideals I = I(V') of projective varieties
V', we study their free resolutions. In this chapter we shall recall the background on the
minimal free resolutions and virtual resolutions of I. An important fact is that these
resolutions have an extra structure coming from grading on the ring S. Much of the
content of this section can be found in [CLOO05| and [Eis95].

1. Graded Modules

In this section we collect together all the results we will need about graded modules.
We start with the definition of a graded ring.

DEFINITION 2.1. A graded ring is a ring R together with a direct sum decomposition
R=DAr.
i>0
as abelian groups, such that

RZ'R]' g Ri+j for all Z,j Z 0.

Thus Ry, is a subring of R, and each R,, is an Ry-module.

A homogeneous element of R is an element of one of the groups R;, and a homogeneous
tdeal of R is an ideal generated by homogeneous elements. If f € R, there is a unique
expression for f of the form

f=Y_fiwith f; € R;.

The f; are called the homogeneous components of f. One can enlarge these definitions to
allow components of negative degrees. In that case we shall sometimes call the result a
Z-graded ring. More generally, one can construct a ring graded by any semigroup with
identity. We will discuss such a case in Chapter 3.

EXAMPLE 2.2. The polynomial ring S = k[xy, ..., z,] is a graded ring, where S; is the
set of all homogeneous polynomials of degree i. Now, each S; is a Sy-module, and since
So = k, each S; is a k-vector space.

In the following definition we define graded modules over graded rings.
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DEFINITION 2.3. If R = @izo R; is a graded ring, then a graded module over R is an
R-module M with a decomposition
M =P M,

i€Z
as abelian groups, such that R;M; C M;,; for all i > 0 and j € Z.

It is easy to see from the definition that each M; is a module over the subring R.

EXAMPLE 2.4. Let R" = R® R @ --- @ R (m times) for m > 1. Then R™ is a
graded R-module. The modules R™ are called free R-modules. There is a standard basis
of R™ given by the set of coordinate vectors e; := (1,0,...,0), e5 := (0,1,0,...,0), ...,
em = (0,...,0,1).

DEFINITION 2.5. Given a graded R-module M, we define the twisted module M (n),
with n € Z, as the same R-module, but with the shifted grading

M(n)k = Mn—i—k‘

ExXAMPLE 2.6. The R-module R(d), by Definition [2.5]is a twisted module with grading
R(d)r, = Ray for all k € Z. The modules (R™)(d) = R(d)™ are called shifted or twisted
graded free modules over R. The standard basis vectors e; from Example still form a
module basis for R(d)™, but they are now defined to be homogeneous elements of degree
—d in the grading, since R(d)_4 = Ry. More generally, we can consider graded free
R-modules of the form

for any integers di, ..., d,,, where the basis vector e; is homogeneous of degree —d; for
each 1.

A graded module is said to be finitely generated if the underlying module is finitely
generated. The generators may be taken to be homogeneous [Bou, page 367]. If M is a
finitely generated graded S-module, for each t € Z, the degree ¢t homogeneous part M,
is a finite dimensional vector space over k. This leads naturally to the definition of the
Hilbert function [CLOO05) page 280].

DEFINITION 2.7. If M is a finitely generated graded S-module, then the Hilbert func-
tion Hps(t) is defined by

Hy(t) := dimy, M.

EXAMPLE 2.8. The most basic example of a graded module is S = k[xg, z1, ..., x,]
considered as a (free) module over itself. Since S; is the vector space of homogeneous
polynomials of deg ¢ in n + 1 variables, we have

Hs(t) = dlmk St = (t—;n>
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If we adopt the convention that (2) = 0 if @ > b, then the above formula holds for all ¢.
Similarly, the Hilbert function of the twisted module S(d) is given by
t+d+n

Hs(d)(t) = dimk S(d)t = ( n

), for all t € Z.

If M and N are two R-modules, then we can define an R-module homomorphism
between them as follows.

DEFINITION 2.9. An R-module homomorphism between two R-modules M and N
is an R-linear map between M and N. That is, a map ¢ : M — N is an R-module
homomorphism if for all @ € R and all f,g € M, we have

plaf +g) = ap(f) + ¢(g).

Now, let M and N be two graded R-modules. We define a graded R-module homo-
morphism between them as follows.

DEFINITION 2.10. Let M, N be graded R-modules. A homomorphism of R-modules
¢ : M — N is said to a graded R-module homomorphism of degree d if o(M;) C Nyyq for
all t € Z.

EXAMPLE 2.11. Suppose that M is a graded R-module generated by homogeneous
elements fi,..., f,, of degrees dy,...,d,,. Then we can define a graded homomorphism
o:R(—d) @ ®R(—dy) > M

by defining ¢(e;) = f; for all 1 <i < m. Note that ¢ is onto because fi, fa, ..., f gener-
ates M. Also, since ¢; has degree d;, it follows that ¢ is a graded R-module homomorphism
of degree zero.

Another example of a graded homomorphism is given by an m x p matrix A, all of
whose nonzero entries are homogeneous polynomials of degree d in the ring R. Then A
defines a graded homomorphism ¢ of degree d by matrix multiplication, i.e.,

p: R — R™
f— Af.
We can also consider A as defining a graded homomorphism of degree zero from the shifted
module R(—d)? to R™. Similarly, if the entries of the jth column are all homogeneous

polynomials of degree d;, but the degree varies with the column, then A defines a graded
homomorphism of degree zero

R(—dy)®---® R(—d,) - R™
Still more generally, a graded homomorphism of degree zero
R(—dy) @ ---® R(—dy,) = R(—c1) ® - ® R(—cp)

is defined by an m x p matrix A where the 7, jth entry a;; € R is homogeneous of degree
d; — ¢; for all ¢, 7. We will call a matrix A satisfying this condition for some collection d;
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of column degrees, and some collection ¢; of row degrees, a graded matriz over R. Graded
matrices appear in free resolutions of graded modules over R. We give an example after
defining free resolutions (see Example [2.23]).

We now give the definition of a regular sequence.

DEFINITION 2.12. If I C S = k[xo, 21, Yo, y1] is a bihomogeneous ideal, then a sequence
Fy, ..., F, of elements is a regular sequence modulo [ if and only if

1) <_[>F17F27"'aFT> C <3?0,331>?Joayl>
2) F) is not a zero-divisor in S/1,
3) F; is not a zerodividor in S/{(I, Fy,..., F;_y).

In the following theorem, we see that the union of the associated primes of an R-
module M consists of 0 and the set of zero-divisors on M (See [Eis95|, Theorem 3.1]).

THEOREM 2.13. Let R be a Noetherian ring and let M be a finitely generated nonzero
R-module. The union of the associated primes of M consists of 0 and the set of zero-
divisors on M.

We can find the associated primes of a decomposable ideal from its minimal primary
decomposition as follows (see [AMG69, Proposition 4.7]).

PROPOSITION 2.14. Let I be a decomposable ideal, let I = (;_, ¢; be a minimal pri-
mary decomposition, and let \/q; = p;. Then

Upi:{xER:(I:x)séI}

In particular, if the zero ideal is decomposable, the set D of zero-divisors of R is the union
of the prime ideals belonging to 0.

2. Basic Algebraic Geometry Terminology

We start with the definition of projective spaces of dimension n over an algebraically
closed field k.

DEFINITION 2.15. The n-dimensional projective space over the field k, denoted P",
is the set of equivalence classes of ~ on k"1 \ {(0,0,...,0)}, where ~ is defined on the
nonzero points of k"*! by setting (zg,x1,...,2,) ~ (x), 2}, ..., z)) if there is a nonzero
element A\ € k such that (zo, z1,...,2,) = Az, 21, ...,2)). Thus, as a space we have

P" .= (kn+1 \ {(0707 s 70)})/ ~

Each nonzero (n + 1)-tuple (xq,x1,...,2,) € k"' defines a point P in P", and we say
that [z : 1 : -+ : x,] are the homogeneous coordinates of P.

We define the projective algebraic set associated to a homogeneous ideal I.
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DEFINITION 2.16. Given any homogeneous ideal I of S = k[zg,z1,: - ,x,], we define
the projective algebraic set Z(I) associated to I to be
Z(I)=Alag:---:a,) €P"| f(ap,...,a,) =0 for all homogeneous f € I}.

In the following definition we define projective varieties.

DEFINITION 2.17. A projective variety V' C P™ is defined as
V:V(fl,f27...,fs>:{[GOZCL1 : '~'Z(ln] GPn:fi<a07a17“' 7a'rL) =0 for all 1 SZSS},

where f; € S = k[zg,x1,...,2,]. The homogeneous coordinate ring of V' is defined to be
the quotient ring

k[V]=S/I(V),
where I(V') = (f1, fa, .-, f5)-

The next theorem gives the projective ideal-variety correspondence [CLO15l Theorem
10, page 384].

THEOREM 2.18. Let B = (xg,x1,...,T,) C S = kl[zo,x1,...,2,] be the irrelevant
tdeal. There is a bijective correspondence

{ non-empty subvarieties of P"} <= { homogeneous radical ideals not equal to B}.

3. Minimal Free Resolutions

In this section our goal is to define a minimal free resolution of an R-module M.
First, we define free resolutions. We then define minimal free resolutions by adding some
conditions on free resolutions.

DEFINITION 2.19. Let M be an R-module. A projective resolution of M is a complex

F:iooo RS RS M-S0

of projective R-modules such that F has no homology, i.e., Imy; =kery; 1, except at Fj.

A free resolution is a projective resolution where all the projective modules are free
modules.

DEFINITION 2.20. Let M be an R-module. A free resolution of M is an exact sequence
of the form

F:oaoRB 2255 RS M-S0
where for all 7, F; = R" is a free R-module for some positive integer r;. If there is an [
such that Fj,1 = Fjy o = --- =0, but F; # 0, then we shall say that F is a finite resolution

of length 1.

We define the ith syzygy module of an R-module M as follows [Peelll Page 38|.
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DEFINITION 2.21. The kernel of the map ¢; 1 : F;_1 — F;_5 is called the ith syzygy
module of M and denoted by Syzf(M). We can see that Syzf(Syz'(M))=Syzf ;(M).

If R is a graded ring and M is a graded R-module we define graded free resolutions
to be as follows.

DEFINITION 2.22. A free resolution F is a graded free resolution if R is a graded
ring, M is a graded R-module, the F; are graded free R-modules, and the maps are
homogeneous maps of degree 0.

In the following example, we give the graded free resolution of the ideal for the degree
two Veronese surface.

EXAMPLE 2.23. The degree two Veronese surface V' C P% is the image of the mapping
given in homogeneous coordinates by
@ : P> — P°
[To @1 @) &[] 1 @] a3 Moy ¢ ToTo 1 T1T).
The homogeneous ideal I(V') C klxo, 1, ..., x5] is:

I(V) = (zox3 — 22, 2024 — 172, ToT5 — T3, T1T4 — Tol3, T1T5 — Toly, T3Ts — 7).
Using Macaulay?2 [GS], we find that there exists a graded free resolution for R/I(V') of
the form

0— R(—4)* 2 R(-3)® 25 R(-2)* = R — R/I(V) — 0.

where

_ 2 2 2
Y1 = (.%'0.1’3 — X7 Xy — T1T2 Tols — Xy T1Xy — T2T3 T1T5 — TaXy T3T5 — $4) y

—X9 0 T4 0 Ty 0 0 0
Ty —Ty —XT3 T4 —T4 s 0 0
. 0 I 0 —T3 0 —XT4 0 0
Y2 = —2X 0 T i) 0 0 —XTy Ty ’
0 -z O 0 Ty To T3 —T4
0 0 0 Zo —Xp 0 —T1 )
and,
—x4a —x5 O
T3 Ty 0
—XT9 0 —I5
o Ty 0 T4
vs = 0 —z9 x4
0 T —X3
Zo 0 i)
0 —Xo T
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The next theorem states that every finitely generated graded S-module has a graded
resolution of finite length [Eis95, Theorem 1.13].

THEOREM 2.24. (Hilbert Syzygy Theorem) Let S = k|xg, z1, ..., x,] be the polynomial
ring in n+ 1 variables. Then every finitely generated graded S-module has a finite graded
free resolution of length < n + 1.

We define a minimal free resolution as follows.

DEFINITION 2.25. Suppose that
s SR s s Ry M0

is a graded free resolution of M. Then the resolution is minimal if for every | > 1, the
nonzero entries of the graded matrix of ; have positive degree.

EXAMPLE 2.26. By looking at the maps in Example [2.23] we can see that all the
nonzero entries have positive degrees. Thus, the free resolution in Example is mini-
mal.

DEFINITION 2.27. Two graded resolutions --- — Fj 2% M — 0 and --- — Gy ﬂ)
M — 0 are isomorphic if there are graded isomorphisms «; : F; — G; of degree zero for
all £ > 0 such that 1y o g = g and, for every [ > 1, the diagram

F, —"— F,
azl lal—l
G -2 Gy
commutes, meaning «o;_1 0 @; = ¥ 0 oy.

The following theorem states that a finitely generated module M has a unique minimal
resolution up to isomorphism (see [CLOQS5, Theorem 3.13]).

THEOREM 2.28. Any two minimal resolutions of M are isomorphic in the sense of
Definition[2.27.
4. Virtual Resolutions

A virtual resolution was defined by Berkesch, Erman, and Smith in [BES20l Definition
1.1] as follows.

DEFINITION 2.29. A free complex F : .-+ — Fy — F} — [, of Pic(X)-graded S-
modules is called a virtual resolution of a Pic(X)-graded S-module M if the corresponding
complex F' of vector bundles on X is a locally-free resolution of the sheaf M.

There is an equivalent algebraic condition for a complex F to be a virtual resolution
proved by Kennedy in [Ken20, Theorem 4.9], and we will use this formulation instead of
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Definition [2.29] above. Therefore, we will not give the precise definitions of all the terms
used in Definition [2.29] But first, to state the algebraic conditions, we need to define the
irrelevant ideal, saturation, homology modules and local cohomology modules.

Let P2 := P™ x P" x - . - x P" denote the product of projective spaces with dimension
vector n := (n1,ng,...,n,) € N over a field k. Let S :=k[z;; : 1 <i <r,0< j <ny be
the coordinate ring of P2. If ey, eq, - - - , €, is the standard basis of Z", then the polynomial
ring S has the Z"-grading induced by deg(z; ;) := e;.

We define the irrelevant ideal of P2 as follows.

DEFINITION 2.30. Let S := k[z;; : 1 <¢ <r,0 < j <n;] be a polynomial ring. The
wrrelevant ideal of S is defined by

,
B = m@i,o; Lily- - >J"”L>
i=1

We define the B-saturation of an ideal as follows:

DEFINITION 2.31. Let B be the irrelevant ideal in S := K[z, ; : 1 <i <7r,0 <j <n,l.
We define the B-saturation ideal of an ideal I C S to be

(I:B*)={feS| fB"CI for somen € N}

If I =(I:B*), wesay [ is B-saturated.

EXAMPLE 2.32. Let S = k[zo, Z1, Yo, Y1, 2] be a polynomial ring associated to P! x P?
and let B = (xo,z1) N (Yo, Y1, y2) be its irrelevant ideal. Let

I = (y1 — 43ys, yo — 28y2, 18xoys — 1Yo, 34776xg — 3516x3x1 + 106:10@% — x?)
By using Macaulay2, we calculate the B-saturation of I to be
(I . Boo) = <y1 — 43y2, Yo — 283/2, 1856(] — $1>

EXAMPLE 2.33. Let S = k[xo,z1, yo,y1] be a polynomial ring associated to P! x P!
and let B = (zg,71) N (yo,v1) be its irrelevant ideal. Let I = (2275y2 — 100yoy; +
y%, 22751y — 19440y — 112191, 682520Yy0 — 267201 + 221Y1, 2916:5(2) —117zox1 + m%) By
using Macaulay2, we can see that I = (I : B*), which means that, [ is B-saturated.

We define the homology modules of a complex as follows.

DEFINITION 2.34. A complex of R-modules F

Pi i
Fivooos Fy —L F 25 F ) — e,

is a sequence of modules F; and maps F; 2 F,_; such that the compositions Fj 4 RAGEN

F, 2% F,_; are all zero. The homology of this complex at F; is the module

H;(F) = kerp; /imp; 1.

Now, we define the B-power torsion module of M as follows:
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DEFINITION 2.35. For an S-module M, we define the B-power torsion module of M
to be
(M) :={me M | B'm =0 for some t € N},

i.e., the set of all elements annihilated by some power of B.

It is easy to check that I'g(M) is a submodule of M.
The following theorem gives the algebraic condition for a complex to be a virtual
resolution [Ken20, Theorem 4.9].

THEOREM 2.36. Let M be a finitely generated S-module and let
Fi==FE—=F5N—=I
be a complex of free S-modules satisfying:
(1) For each i > 0 there is some power t such that B'H;(F) = 0, and
(2) Ho(F)/Ts(Ho(F)) = M/I'p(M).

Then F is a virtual resolution of M.

The following proposition [BES20, Proposition 1.2] shows the existence of a virtual
resolution for a finitely generated Z"-graded B-saturated S-module.

PROPOSITION 2.37. Every finitely generated Z"-graded B-saturated S-module has a
virtual resolution of length at most |n| :=ny + ng + - -+ + n, = dim P2,

Theorem below will give us a way to get a virtual resolution from the minimal free
resolution of a module ([BES20, Theorem 1.3]). To state it, we first need to define the
multigraded Castelnuovo-Mumford regularity, which is a generalization of Castelnuovo-
Mumford regularity. This definition was first introduced by Maclagan-Smith in [MS04].

We start with the definition of Castelnuovo-Mumford regularity. The Castelnuovo-
Mumford reqularity, or simply the reqularity of an ideal in S, is an important measure of

how complicated the ideal is. Regularity is actually a property of a complex, defined as
follows [Eis05].

DEFINITION 2.38. Let S = k[zg,z1,...,x,] and let
f_>E_>F’Z_1_>

be a graded complex of free S-modules, with F; = >7,S(—a;;). The Castelnuovo-
Mumford regularity of F is the supremum of the numbers a; ; — 1.

For a finitely generated graded S-module M the regularity of M is defined to be the
regularity of a minimal graded free resolution of M. We will write reg M for this number.
If X C P" is a projective variety and Ix is its associated ideal, then reg I'x is called the
reqularity of X, denoted reg X.

EXAMPLE 2.39. Let M be a free S-module. Then the regularity of M is the supremum
of the degrees of a set of homogeneous minimal generators of M.
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NoTaTion 2.40. Let p = (p1,...,px). We denote by p + N* the set
{(alv"'7ak) ‘ a1 Zplw"?ak Zpk}
DEFINITION 2.41. Let ¢ € Z and set
NF[i] = U<|’—.|p +N¥) C Z*
£

where the union is over all p € N¥ whose coordinates sum to |i|.

EXAMPLE 2.42. Let ¢ = —1. Then N*[i] = N¥[-1] = |J(—p + N¥) C ZF, where the
union is over all p € N¥ whose coordinates sum to 1. Thus,

{(1,0,...,0),(0,1,0,...,0),...,(0,0,...,0,1)}

are all the possible values for p.

We defined I';(M) for an ideal [ in S in Definition [2.35, We now define the ith local
cohomology as follows. From this definition, HY(M) = T';(M).

DEFINITION 2.43. Let I be an ideal in S. we define
Hi(M) = lim Extiy(S/I", M).
n—oo

Since we will not use this definition directly, we will not give precise definition of the
terms used in Definition [2.43

For a finitely generated N¥-graded S-module M, the multigraded regularity of M,
which is a subset of Z*, is defined as follows.

DEFINITION 2.44. Let M be a finitely generated N*-graded S-module. If m € ZF,
we say that M is a m-reqular if Hy(M), = 0 for all p € m + NF[1 — 4] for all i > 0.
The multigraded reqularity of M, denoted regp(M), is the set of all m for which M is
m-regular.

The next theorem gives us a way to get a virtual resolution from the minimal free
resolution of a module ([BES20, Theorem 1.3]).

THEOREM 2.45. Let M be a finitely generated 7" -graded B-saturated S-module that
is d-reqular. If G is the free subcomplex of a minimal free resolution of M consisting of
all summands generated in degree at most d + n, then G is a virtual resolution of M.

By this theorem, if Iy is the defining ideal of a set of points in P* x P! which is
d-regular, and F is its minimal free resolution, then S(—i, —j) appears in the resolution
if (4,7) < d+(1,1).



CHAPTER 3
Points in P! x P!

In this chapter we define the biprojective space P* x P'. Then, we explain algebraic
properties of the defining ideal Iy of a set of points X in P! x PL. In Section 2 we provide
some results we need about multigraded regularity for points in P' x P!. Much of the
content of this section can be found in [GVT15].

1. Generic Points in P! x P!

We start by defining the biprojective space P' x P!.

DEFINITION 3.1. The biprojective space P! x P! is defined as the set of equivalence
classes of (k?\ {(0,0)}) x (k*\ {(0,0)}) with respect to the relation ~, where

(a1, a2) X (b1,b2) ~ (a3, az) x (b7, b5)
if (a1,a2) = (Ma), \ah) and (b1, b) = (b, A\ob,) for some nonzero A\i, Ag € k.

If (a1,as) x (b1,bo) € (k*\ {(0,0)}) x (k*\ {(0,0)}), then the equivalence class of
(a1, as) x (by,by) is called a point in P! x P!, denoted [a; : as] X [by : bo]. Tt follows that
[ap : ay], respectively [by : b1], is a point of PL.

Let S = k[xo, 21, Yo, y1] be the coordinate ring of P* x P! and let B = (g, z1) N (yo, y1)
be its irrelevant ideal. Then the polynomial ring S has the N2-grading induced by

(3.1) deg(zo) = deg(z1) = (1,0) and  deg(yo) = deg(y1) = (0,1).

REMARK 3.2. Let S = k[xo, z1,v0,v1] and let N ={0,1,...}. Then S equipped with
the grading in Equationis an N2-graded (bigraded) ring, where S = D jene Sij» and
S;.; is the finite dimensional vector space over £ that is spanned by all monomials of the

form 250251y Yt where ap + ay =i and By + 1 = j. Thus it can be seen that

. 1+ 1\ [/7+1 . .
Compare this to the example for graded rings, given in Example

We say that an element F' € S is bihomogeneous if F' € S;; for some (i,7) € N If
F' is bihomogeneous, we say its degree is deg(F') = (7,7). Any polynomial F' € S can
be written uniquely as F' = F} + --- + F; where each F; is bihomogeneous. We call the
F;’s the bihomogeneous terms of F. Suppose that I = (Fy,...,F.) C S is an ideal. If
each Fj; is bihomogeneous, then we say that [ is a bthomogeneous ideal. Just as in the

15
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standard graded case, it can be shown that I is a bihomogeneous ideal if and only if for
every F' € I, all of the bihomogeneous terms of F' also belong to I.

We now define the bigraded modules over the bigraded ring S.

DEFINITION 3.3. An S-module M is a bigraded S-module if it has a direct sum de-

composition
M= P M,
(i.4) €22

with the property that S; jMy; C My ;4 for all (i, ), (k,1) € Z*.

If I is a bihomogeneous ideal of S, then I and S/I are both examples of bigraded
S-modules.

NOTATION 3.4. Let < denote the natural partial order on the elements of Z? defined
by (a,b) = (c,d) in Z? if and only if a < ¢ and b < d.

ExXAMPLE 3.5. Another example of a bigraded module is the polynomial ring S but
with a shifted grading. Specifically, let (a,b) € Z*. Then S(—a, —b) is the polynomial
ring with a shifted bigrading: the (i, j)-th graded piece of S(—a, —b) is defined to be

S(—CL, _b)i,j = Sifa,jfb-
Note that S;; = 0 if (0,0) £ (i, ).

Since S; ; = 0 if (0,0) £ (4, 7), we can also consider S as an N*-graded ring.

The next lemma shows that if we have a nonzero ith syzygy of a degree d, we must
have at least two (i — 1)th syzygies of degrees less than d. In Chapter 4, we will use the
following lemma and Theorem to prove our main result.

LEMMA 3.6. Let I be a bigraded ideal in S = k[zo, x1,%0,v1]. If S(—a,—b) appears
in the ith step of the minimal free resolution of I, then there exist S(—ay, —by) and
S(—ag, —by) in the (i — 1)st step of the minimal free resolution, where, (a1,b1) < (a,b)
and (ag, by) < (a,b).

Note that a; = a or by = b is allowed, but not both.

PROOF. Let
Fiovoo BB SF5T50
be the minimal free resolution for I. As we stated before, Syz(Syz; ,(I))=Syz; (I) for
all j > 1. Let Syz’(I) = (g1,...,9:;) be a system of homogeneous generators. Let
f=(fi,..., ft) €Syz?.1(I) be an element in F;. So, by the definition we have the relation
fi91 + fo92 + - - - + figr = 0. In particular, t > 2, i.e., there are at least two generators of
Syz?(I). Suppose that deg(f) = (a,b). We have o;(f) €lmyp; =kerp; 1, since we have an
exact sequence. Hence, ¢;(f) €Syz’(I). Therefore, there exists ay,...,a; € S such that
vi(f) = a1g1 + ... + ayg;. Moreover, g; € F;_1 and f € F; and since F is a minimal free
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resolution, for every j > 1, the nonzero entries of the graded matrix of ¢; have positive
degree. Hence, there should exist at least two nonzero generators g, and ¢; with degree
less than the degree of f. O

As we stated earlier, a point P € P! x P! has the foorm P = A x B where A, B € P!,
Given a point P = A x B, its associated bihomogeneous ideal is given by

[p:{FGS | F(P):O} CS:k’[Io,ﬂfl,yo,yl].

The following theorem gives some properties about Ip. The proof of the theorem can
be found in [GVT15, Theorem 3.1].

THEOREM 3.7. Let Ip be the bihomogeneous ideal in the bigraded ring S = k|xq, 21, Yo, ¥1]
associated with a point P € P! x PL. Then

(1) Ip is a prime ideal of S.

(2) Ip = (H, V) where deg(H) = (1,0) and deg(V') = (0, 1).

(3) Let X ={Py,..., P} CP' x P! be a set of s distinct points and suppose that Ip,
15 the ideal associated with the point P;. Then Ix = Ip, N Ip, N ---N Ips.

The following corollary is contained in the proof [GVT15, Theorem 3.1].

COROLLARY 3.8. Let P = AxB € P'xP'. IfA=lag:a1] € P and B = [by : by] € P!,
then Ip = <CL1.§L’0 — Qp1, blyO — b0y1>.

EXAMPLE 3.9. Let X = {[1:2] x [3:4],[1:3] x[1:4]}. Then
Iy = Inagyxga) = (w1 — 20, 4y0 — 3y1),

Iy = Ingjxpea = (1 — 320, 11 — 440),
and, by the previous theorem Iy = I; N I5. Therefore
Ix = (16y(2) — 16yoy1 + 3y%, 4x1yo — 1220y1 + 321Y1, 4T0Yo — TT0Y1 + 22191, 61:(2) —b5xor + x%)

We now introduce a way to present sets of points in P! x P*. On P! x P! there exist two
families of lines { Hc} and {V}, each parametrized by C' € P!, with the property that if
A#BeP then HyNHp =0 and V4NVp =0, and forall A, B € P!, HyNVz = Ax B
is a point on P! x P!. We can thus view P! x P! as a grid with horizontal and vertical
rulings. A point P = [ag : a1] X [bg : b1] € P! x P! can be viewed as the intersection of
the horizontal ruling defined by the degree (1, 0) line H = ajxy — agx; and the vertical
ruling defined by the degree (0, 1) line V' = byyy — boy1 (see [GVT15], Page 22]).

Let S = k[xq, x1, Y0, y1] and let I be a bihomogeneous ideal of S. We define the Hilbert
function for the bigraded module S/I as follows.

DEFINITION 3.10. Let I be a bihomogeneous ideal of S = k[zg, x1, Yo, y1]. The Hilbert
function of S/I is the numerical function Hg/; : N* — N defined by

Hs/[<i,j) = dlmk(S/I)z’] = dlIIl]c S@j — dll’nk Ii,j-
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NoTATION 3.11. When S/I is a bigraded ring, we write the output of the Hilbert
function of S/I as an infinite matrix where the initial row and column are indexed with

0.

NOTATION 3.12. Let X be a set of points in P! x P! and let Ix be its ideal. We denote
the Hilbert function of S/Ix by Hx.

The following definition (see [GVT15, Lemma 3.25]) distinguishes certain sets of
points in P! x P! by values of its Hilbert function.

DEFINITION 3.13. Let X be a finite set of s points in P! x P! with Hilbert function
Hy. If
Hx(i,j) = min{(i + 1)(j + 1), s} for all (i, ) € N?

then the Hilbert function is called mazimal. A set of s points in P* x P! is said to have
generic Hilbert function if its Hilbert function is maximal.

We motivate this terminology in the following example.

ExXAMPLE 3.14. Let X be the set of points given in the following diagram
‘/[2:3] ‘/[3:5]‘/[3:7}‘/[4:11}

H[l:?}i I

Hpp:5-9

H[Q:ﬂ .-

Le, X ={[1:2] x[2:3,[1:2] x[3:7,[1:3]x[3:7],[2:5] x[2:3],[2:7] x[4:11]}.
By using Macaulay?2 for computing the Hilbert function of Iy, we can see that this is an
example of a set of points that does not have a generic Hilbert function.

R W N
Ot Ot Ot =~ DN
Ot Ot Ot Ot W
Tt Ot Ot Ut
GUOU O Ot s

However in the following example, the points in the set Y have a generic Hilbert func-
tion.

Let Y be the set of points given in the following diagram
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‘/[2:3] ‘/[3:5]‘/[3:7}‘/[4:11}

Hpp:51-9
H[Q:ﬂ

r

Le, Y ={[1:2]x[3:5],[1:3]x[3:7,[2:5] x[2:3],[2:7] x[4:11]}. Notice that all
points in Y lie on distinct horizontal and vertical lines.

ExAMPLE 3.15. Let X be a set of four points that have a generic Hilbert function.
Then its Hilbert matrix is

R W N
NS SO SO Y
NS S SN It
NN O OGN
NN O OO

If Y is a set of seven points in P! x P! that have a generic Hilbert function. Then its
Hilbert function is

=

I
NN O U W N
INIENIEN PN BN R
ENEEN EEN BEN IS IR i ot
SN IEN IE SEN ERN EPN BEN NN
ENEENERN IPS I BEN EEN Sy
ENEENERN RN I BEN BENEON
NN B S G BENEEN RPN |
ENEEN BN S G BENEEN RPN |

Let X C P! x P! be a set of points. Then the first difference and the second difference
functions of Hy can be computed from the Hilbert function. As we will see, in some cases
Hy will give us information about the resolution of X.

DEFINITION 3.16. Let H : N> — N be a function. The first difference function of H,
denoted AH, is the function AH : N> — N defined by

AH(i, ) = H(i,j) — H(i—1,§) — H(i,j — 1)+ H(i —1,j —1)
where H(i,7) = 0if (i,5) % (0,0).
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ExaMPLE 3.17. Continuing Example [3.15] the first difference matrix for Hy is

1 1 1 1 0

1 1 -1 -1 0

1 -1 0 0 O
AHx=11 1 ¢ o0 o0 )

0O 0 0 0 0

and the first difference matrix for Hy is
1 1 1 1 1 1 1 0 i

1 1 1 O -1 -1 -1 0
1 1 -1 -1 0 0 0 O
1 0 -1 0 0 0 0 O
AHy=1|1 -1 0 0 0 0 0 0
1 -1 0 0 O O 0 O
1 -1 0 0 O O 0 O
o 0 0 0 O O 0 0

DEFINITION 3.18. Let H : N? — N be a function. Let AHy = (¢;;) be the first
difference function. We define the second difference function to be A*H = AH(i,j) —
AH(Gi—1,7)—AH(@G,j— 1)+ AH@GE—1,5—1).

ExaMpPLE 3.19. Continuing Example [3.17, the second difference matrix for Hx is:

10 0 0 -10 ]

0 0 —20 2 0

0 -2 3 0 —10
A2Hy—=|0 0 0 0 0 0

-1 2 -10 0 0

0 0 0 0 0 0
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and the second difference matrix for Hy is

1 0 0 0 0 00 =10
0 0 0 -1 -100 2 0

0 0 -2 1 2 00 —10

0 -1 1 1 =100 0 0

N _ |0 =12 =1 0 00 00
Y=10 0 0 0 0 00 0 0
0 0 0 0 0 00 0 0

-1 2 =10 0 00 0 0

0 0 0 0 0 00 0 0

In order to derive some results about the resolution of Iy, we recall some results from
homological algebra. The depth of a module S/I is an important invariant that is defined
as follows.

DEFINITION 3.20. The depth of S/I, denoted depth(S/I), is the length of the maxi-
mum regular sequence modulo /.

The projective dimension of an S-module M is defined as follows.

DEFINITION 3.21. The projective dimension of an S-module M, denoted proj-dim (M),
is the length of the minimal free resolution of M.

This means that if M admits a finite projective resolution, the minimal length among
all finite projective resolutions of M is the projective dimension. If M does not admit
a finite projective resolution, then by convention the projective dimension is said to be
infinite. The projective dimension can be thought of as a measure of how far M is from
being a free module, since finitely generated modules with projective dimension 0 are free.
We note that over S = k[xg, 1, - -, z,]| every finitely generated graded projective module
is free. This explains why the length of a minimal free resolution is called the projective
dimension [MS13| page 553].

Next, we will define the notion of a height of a prime ideal of S/I for a bihomegenous
ideal I, and the Krull dimension of S/I.

DEFINITION 3.22. If I C S is a bihomogeneous ideal, then the height of a prime ideal
P in S/I, denoted htg/;(P), is the largest integer ¢ such that there exist prime ideals P;
of S/I for 0 < i <t such that P, C P, C--- C P,y C P, = P. For any ideal I of S, the
Krull dimension of S/I, denoted K-dim(S/I), is
K-dim(S/I) := sup{htg/;(P) | P a prime ideal of S/I}.

ExAMPLE 3.23. The Krull dimension of S where S = k[x¢, x1, Yo, y1], is the number
of variables, which is four. To prove this, we know

(x(];a:l?yanl) 2 (xoaxby()) 2 (‘1:07x1) ) (130) 2 (O>
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is a sequence of prime ideals in S. By [Eis95, Theorem A], we can see there is no longer
sequence of prime ideals for S. So, K-dim(S) = 4.

The following is a special case of Auslander-Buchsbaum Formula [Eis95| Theorem
19.9].

THEOREM 3.24. Let I be a bihomogeneous ideal in the ring S = k[xg, z1,Y0,y1]. Then
proj-dim(S/I) + depth(S/I) = K-dim(S) = 4.

Given a finitely generated module M, we define the minimal number of generators of
the module M, often denoted by u(M), to be the smallest number of elements in any
generating set of M. We call a sets of generators unshortenable if it has no proper subset
that generates M. Unshortenable sets of generators are minimal, and any set of generators
contains an unshortenable set [CLO15| Section 5.4].

Now, let X be a set of points in P! x P! with associated ideal Iy. The bigraded
minimal free resolution of Ix has either length two or three (see [GMR92| page 268]).
We will see in Proposition [GMR92| Proposition 3.3] that the bigraded minimal free
resolution of Ix has the form

p n m
0— @S(—agi, —agy;) < @S(—agi, —agy;) — @S(—au, —al;) —» Ix — 0,
i=1 i=1 i=1
where the morphisms are of bidegree (0,0). With the notation of the resolution above,
we set the following:

(32) Qpk = #{(aliv allz) = (h7 k)};
which gives us number of minimal generators of I of degree (h, k), and
(3.3) Bk = #{(az, ay;) = (h, k)},

that is the number of summands of the form S(—h, —k) that appears in the first step of
the minimal free resolution of I, and

(3-4) Thk = #{(ai’»i’ agz) = <h> k>}7

which is the number of summands of the form S(—h, —k) that appears in the second step
of the minimal free resolution of I.

EXAMPLE 3.25. Let X be the following sets of points in P! x P!
‘/[2:3] ‘/[3:5]‘/[3:7}‘/[4:11}
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Thus, Ix = Ijoxs:s) N Iayxza) N Lzis)xe:s) N Iirx4:1)- By using Macaulay2 we get the
minimal free resolution

S(—4,0)
S(—4,—1)?2 o
S(—4,—-2) @ S(—2,-1)?
0— D — 5(-2,-2)3 — & — Ix — 0.
S(—2, —4) o S(—1,-2)?
S(—1,—4)? ®
S(0, —4)

Thus, o1 — 2,0612 = 2,0(04 = 1,0(40 = 1,522 = 3,/614 = 2,&41 = 2,’}/24 = 1, and Ya2 = 1.
AlSO, Q5 = Bij = Yij = 0 for all other Z,j

Let X be a set of points in P* x P! with Hy = (m;;), AHyx = (¢;;) and A?Hy = (d;;).
The following proposition gives us some information about the resolutions of points on
P! x P! [GMR92, Proposition 3.3].

PROPOSITION 3.26. Let X be a set of points in Pt x P! and let

p n m
0— @S(-G/gi, —aél) — @S(-C@i, —CLIQZ) — @S(—au, —a’h) —» IX —0

i=1 i=1 i=1
be the minimal free resolution of Ix. Then we have:

(i) n+1=m+p;
(ii) the following relations between the given resolution of Ix and the functions Hx =
(mi;), AHx = (¢ij) and A*Hy = (d;;) hold:
) Mg = (1 1)(s 4+ 1) = Yy, pen(r+ 1= )(s 4+ 1= k) — B + ).
b) ¢ = Zhgr k§s<05hk — Bnk + Vi)
C) doo =1,
d) fOT every <T7 S) - (07 0) d?"s = —Qus + ﬁrs = Vrs-

ExAMPLE 3.27. In Example|3.25|it can be seen that n = 7, m = 6, and, p = 2, and we
have n + 1 = 8 = m + p. Also, from Examples [3.15] [3.17 and [3.19, we have the Hilbert
function, the first difference function and the second difference function. By looking at
the second difference function

1 0 0 0 -1
0 0 -20 2
nepo_ |0 =23 0 -1
X=1o 0 0 0 0
-1 2 -10 0

we see that for example, 3 = dgs = —ig9 + P22 — 7220 =04+3 — 0 = 3.
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The following theorem gives us some information about the minimal generators of Ix.
It is a special case of [GMR96], Theorem 4.3].

THEOREM 3.28. For each integer s > 1, there exists a dense open-subset U of (P! xP!)*
such that for every (Py,...,Ps) € U, the set of points X = {Py,...,Ps} has the generic
Hilbert function and the number c;; of minimal generators of the homogeneous saturated
tdeal Ix of X can be read in the second difference function in the following way: for any
degree (i,7) such that

d;; <0 and d;s > 0 for some s > j or
d;j <0 and d,; > 0 for some r > 1

we have o;; = —d;;. Furthermore, these numbers give all the minimal generators of
Ix.

DEFINITION 3.29. A set of s points X = {P,..., P} in P! x P! is in sufficiently
general position if (P, ..., Ps) belongs to the open set of the above theorem.

ExAMPLE 3.30. Let X be the following sets of points in P! x P*

‘/[2:3] ‘/[3:5]‘/[3:7}
Hii:9)
H[l:?)} *—
Hpp:51-9

Le, X ={[1:2] x[3:5],[1:3] x[3:7],[2:5] x[2:3]}. Then its Hilbert function is

1 2 3 3
2 3 3 3
Hy=13 3 3 3 ’
33 3 3
the first difference function for Hx is
1 1 1 0 ]
1 -1 0
AHy= |1 -1 0 0 7
0O 0 0 O
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and its second difference function is

1 0 0 -1

0O -1 -1 2

A’Hy=10 -1 2 -1

-1 2 -1 0
For instance, we can see from function A’Hy = (d;j) that, do3 = —1 < 0 and dy3 =
2 > 0. Hence by Theorem [3.28, a3 = —dogz = 1. Also aj9 = —dio = 1 and ay; = —dy; =
1.Moreover, aa; = —ds; = 1 and ag3 = —dop3 = 1. We could also see this from the fact

that A2Hy = (d;;) is symmetric. Therefore, the zeroth step of the minimal free resolution
of X will be

S(—3,0)® S(—2,~1) & S(—1,-2) & S(—1, —1) & S(0, —-3).

We saw that if X is a set of s points in P! x P! with generic Hilbert function, the
structure of Iy, the defining ideal of X has interesting properties. One of them is given
in the following proposition (See [HVTO04,, Proposition 2.3]).

PROPOSITION 3.31. Let Ix be the defining ideal of s points X C P! x P! with generic
Hilbert function. Ift = (t1,t2) € N? is such that t,+ty > s, and ty > 0, then (Ix,yo); = Sy

2. Multigraded Regularity for Points in P! x P!

We stated the definition of multigraded Castelnuovo-Mumford regularity in Definition
[2.44] In this section we collect together all the results we need about this multigraded
Castelnuovo-Mumford regularity of sets of points in P! x P! to prove our main theorem
in Chapter 4.

If X is a set of points with generic Hilbert function in P! x P!, we can compute
regp(X) from Hx(i) by the following theorem. This theorem is a special case of [MS04,
Proposition 6.7].

THEOREM 3.32. Let X be a set of points in P™ x --- x P™ with generic Hilbert
function. Then i € regp(X) if and only if Hx (i) = | X]|.

Specially, if X is a set of points in P* x P! that has the generic Hilbert function, then
we have:

COROLLARY 3.33. Let X be a set of s points in P! x P that has the generic Hilbert
function. Then (s —1,0) € regp(X).

PROOF. When X is a set of s points in P! x P! that have the generic Hilbert function,
by Definition [3.13| its Hilbert function is maximal. Thus by Theorem |3.32

regp(X) = {(i,j)| dimy S; ; > s}.
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—1+1 1+0
dimkSs—Lo:(S 1+ )< —; )ZSZS>

by Remark [3.2] we conclude that (s — 1,0) € regg(X). O

Since

COROLLARY 3.34. Let X be a set of s points in P! x P! with the generic Hilbert
function and let Ix be its ideal. Then for any d = (i,7) = (s — 1,0), Ix is d-reqular.

PrOOF. From Corollary [3.33, (s —1,0) € regg(X). Notice that if H(i,j) = |X|, then
for any d = (i,7), H(d) = | X]| (see [GVT15, Theorem 3.27]. Hence by Theorem for
any d = (i,7) = (s — 1,0), Ix is d-regular. O



CHAPTER 4
Virtual Resolutions of Points in P! x P!

The main result of this chapter, Theorem [£.7] finds an explicit virtual resolution of
length two for a set of s points in sufficiently general position in P! x P!. In [BES20],
Berkesch, Erman and Smith only proved the existence of a virtual resolution of length
n for a set of points in a multi-projective space, where n is the dimension of the space.
However, in this chapter we find such virtual resolutions explicitly, for certain sets of
points in P! x P!

We start with an example of four points with the generic Hilbert function in P! x P!,
and find a virtual resolution for it. This example also illustrates how we prove the main
theorem.

EXAMPLE 4.1. In Examples and [3.19] we found the Hilbert function, first
difference function, and second difference function for a set of four points with generic
Hilbert function. By Proposition [3.26] the resolution must be of the form:

p n m
0— @ S(—agi, —CLg,) — @ S(—agi, —0/21) — @S(—(Zli, —(l/h) — IX —0
i=1 i=1 i=1
Our strategy is to compute some of the constants a;; and a}; in the resolution and
then use Theorem to find a virtual resolution of length two. We follow the same
notation as introduced in Equations [3.2] and in Section 3.1. In particular, o
denotes the number of minimal generators of Iy of degree (4, j). By looking at the second
difference function for X, A*Hx = (d;;), in Example , we see that dy = doy = —1,
and, dy; = dyy = 2. So, by Theorem [3.28, a4y = ags = 1. By the same argument,
a2 = @91 = 2, and since there are no other entries d;; of A’Hy = (d;;) that satisfies the
conditions of Theorem [3.28] the generators are only of degrees (4,0), (0,4), (1,2), and,
(2,1). So the resolution will be of the form

S(—2,—1)?
s>
. 0 S(—1,—-2)?
0— @ S(—agz‘, —Cbéz) — @ S(_CLQZ‘, —a’%) — I, — IX — 0.
i=1 i=1 S(—4,0)
©®
S(0, —4)
27
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Let f5;; and ~;; be the number of syzygies of degree (¢,7) and the number of second
syzygies of degree (i, ), respectively. In Lemma [3.6] we proved that if we have an sth
syzygy of degree (i, j), then there exist at least two (s — 1)th syzygies with degrees strictly
less than (4, j). So, 8;; = 0 for (i,7) less than or equal to the degrees of the generators.
Moreover, ayg = aps = 1 and a0 = ap; = 0 for @ # 4, so, Bio is zero by Lemma [3.6] Since
a1 = g = 2, there may exist syzygies of degrees (3,1), (1,3), (4,1), and (1,4). From
the second difference matrix, we have 0 = d;3, and as we stated earlier, ay3 = 0. So, by
Proposition [3.26(ii) part (d), we have 0 = di3 = 0+ 13— 713 So, B13 = 713. However,there
are no syzygies of degrees less than (1, 3), therefore, by Lemma ~v13 = 0. Hence by
Lemma [3.26[(ii) part (d), f13 = 0. Thus, since there are no 3;; # 0, for (i,5) < (1,4), by
Lemma [3.6] 714 = 0.

Since all the functions Hy, AHyx and A2Hy are symmetric, 4 is also 0. This proves
that there are no second syzygies of degrees (i,1) or (1,j) for i,7 < 4. Moreover, since
diy = 2 = —a14 + B4 — 714, and ayq = 714 = 0 by Theorem |3.28, we conclude f14 = 2,
and by symmetry, B4 = 2.

Since X is a set of 4 points that has generic Hilbert function, by Corollary [3.33] Ix is
d-regular for d = (3,0). Since n = (1,1), then by Theorem , the free subcomplex of a
minimal free resolution of Iy consisting of all the summands generated in degree at most
(3,0) + (1,1) = (4,1) is a virtual resolution of Ix. However, since we proved ~;; = 0 for
all (7,7) < (4, 1), the virtual resolution is of length two.

In particular,

S(—2,—1)?
0— S(—4,-1)* - ® - S,
S<_470)

is a virtual resolution.

The example above shows how to use the Theorem and Corollary to find a
virtual resolution of length two for a sufficiently general set of points.

Now we consider a more general case. Let X C P! x P! be a set of s points
that is in sufficiently general position. Then X has the generic Hilbert function, i.e.,
Hx(i,j) = min{(i + 1)(j + 1), s}. Let Hy = (my;), AHx = (¢;;), and A?Hx = (d;;) be
the Hilbert function, the first difference function, and the second difference function, re-
spectively. As we saw in Theorem and Proposition [3.26], the d;;’s give us information
about «j, B;;, and, 7;;.

The next lemma finds g, B0, and, 7,0 by computing the d;o. We need this lemma in
order to find virtual resolutions for a set of points in P! x P!,
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LEMMA 4.2. Let X C P! x P! be a set of s points in sufficiently general position, and
let Ix be its defining ideal. Then for all 0 <1 < s we have

1 ifi=s
Qip = and 0o = Yio = 0
0 {0 otherwise Pio = 0

PROOF. By the definition of the first and the second difference functions we get the
following relations:

Cij = Mij + M(i1)(-1) = M(i-1)j — Mi(i-1), and dij = ¢ij + Ci1)(j-1) = Ci-1)j — Ci(G-1)-
From these relations we get
dip = cio + C(i—1)(0—1) — €(i—1)0 — Ci(0—1) = Ci0 — C(i—1)0
since c(j—1)(-1) and ¢;—y) are zero. However,
Ciop = Mip + M(i—1)(0—1) — M(i—1)0 — M4(0—1) = Mo — M(i—1)0,
since m;_1y(—1) and m;_1) are zero. Therefore, we have
dio = Mo — 2m_1y0 + Mi—2)0-
The same procedure will give a relation for d;;. We have the following expressions
(4.1)  dio = mio — 2m(—1)0 + M—2p0 and  dip = My — 2mG_1y1 + Mm_g)1 — 2ds.

Moreover, since X has a generic Hilbert function, m;; = Hx(i,7) = min{(i+1)(j +1), s}.
From Equation |4.1) and the fact that m;; = Hx(4,7) = min{(i + 1)(j + 1), s} we get

1 ifi=1
dip=4¢ -1 ifi=s
0 otherwise.

We see that dyg = —1, and dg; = 2, so by Theorem [3.28] dyo = —aso = —1, and ;o = 0
for all © < s. Also, by Proposition m (ii), dio = —auo + Bio — Yio, SO Bio = i for all 4.
Since ;o = 0 for i < s, by Lemma [3.6] S0 = 0 for all i, so 70 =0 for all 0 < i < s.

Therefore, for all 0 <1 < s,

1 ifi=s
o = and 0= Yo =20
0 {0 otherwise Pio = o

O

In order to find the nonzero values of d;; for all i, we will check two cases. First, we
assume that s is even.
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LEMMA 4.3. Let X C P! x P! be a set of s points in sufficiently general position, where
s is even, and let Ix be its defining ideal. Then for all 0 < i < s we have

9 ifi_s o ifi_
ailz{ fi=s @'1:{ fi=s and v = 0.

0 otherwise’ 0 otherwise’

PROOF. Because Hx(i,7) = min{(i + 1)(j + 1), s} we have

-1
-1

2(0+1) ifi<
s if 1 >

N &

Hx(2,1> =m;1 = {

N ®»

So, by [£.1] we get,

—2 ifi=2
dip =42 ifi=s
0 otherwise.
We see that d;l =—-2<0and ds; =2 > 0. So by Theorem , d;l =-2= —as, and
for i # 35, a1 = 0. So, by Lemma , we can conclude that f; = 0 for i < 5. (Notice
that by Lemma , o = 0 for i < 3).

By Propositionm (ii), we have dj; = —ay1 + 81 —7i1. Fori < 3, diy = ay = Bin = 0,
50 %1 = 0. Fori =3, diy = —a; = —2and 81 =0s0y; = 0. Fori = $+1,diy = a = 0.
Therefore, by Proposition (ii), we have 81 = v1. However, 5,1 = Bjo = 0 for all
j < i, i.e., there are no first syzygies of degree less than (i,1). Hence, 7,3 = 0. If we
continue this process, we see that for ¢« < s, ;3 = 71 = 0. For i = s, a;; = 0, so by
Proposition m (ii), 2 = ds = Bin — vir. However, ;1 = Bjo = 0 for j < 4, so there are
no syzygies of degree less than (i,1). Hence v;; = 0 and (3;; = 2. Therefore,

2, ifi=2%2 2, ifi=
aip =18 o 2, Bu=<s n S‘ , and ;=0 forall0<i<s.
0, otherwise 0, otherwise

In the next lemma, we prove a similar result for the case s is odd.

LEMMA 4.4. Let X C P! x P! be a set of s points in sufficiently general position, where
s 1s odd, and let Ix be its defining ideal. Then for all 0 < i < s we have

1 ifi=25L ori=stL 2 ifi=s
aﬂ:{ / 2 2 Ba= / , and 7 =0.

0 otherwise 0 otherwise
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PROOF. In this case

20i+1), ifi< Y
(4.2) my = +1) 1 Z (SE)
s, if i > —==.
By [.1] we get,
—1, ifi=25tori==H

0, otherwise.

We see that d;; = —1 < 0 fori = % and i = %, and dg; = 2 > 0so by Theorem@,
dscry = =1 = sy, depy = =1 = —aspy, and a;; = 0 for other values of ¢. By
Lemma , there are no syzygies of degrees (i, 1), for i < % So, B;1 = 0 for ¢ < %
Moreover, by Lemma ’Yil =0 fori < % By Proposition [3.26| (ii) we have, dinl =
— Qg1+ Bapy — a1y Also, we know dapiy = sy = —land 7.0, = 0. S0, fapny = 0.
So far, we know ;7 = ;1 = 0 for ¢ < % By Lemma , Vetsy = 0. By Proposition |3.26
(i), diy = —ay1 + B — Vi1, and by the fact that dj; = o = 751 = 0, we get 8;; = 0. If
we continue this process, we see that for ¢ < s, f;; = 7,1 = 0. For ¢ = s, a;; = 0, so by
Proposition m (ii), din = Bin — vi1. However, Bj; = B0 = 0 for j < i, so by Lemma ,
there are no first syzygies of degree less than (i,1). Hence v;; = 0 and ;; = 2. Therefore,
forall 0 <17 <s,

1, ifi=2tori=sHL 2, ifi=s
%12{ 2 2 Ba= , and 91 =0

0, otherwise 0, otherwise

By the results from Lemma [4.3 and [4.4] we have the following corollary.

COROLLARY 4.5. Let X C P! x P! be a set of s points in sufficiently general position,
and let Iy be its defining ideal. Let ~y;; be the number of summands of the form S(—i,—j)
that appears in the second step of the minimal free resolution of Ix. Then, for (i,j) <
(s,1), we have v;; = 0.

The following lemma proves the existence of a virtual resolution of length two for a
set of points in P! x P! with generic Hilbert function.

LEMMA 4.6. Let X C P! x P! be a set of s points with generic Hilbert function. Then
Ix a virtual resolution of length two.

PRrooOF. Notice that by Corollary |3.33, if X C P! x P! is a set of s points with generic
Hilbert function, then (s—1,0) € regp(X). Also, by Corollary|3.33} as (s—1,0) € regp(X),
then for any d = (¢,5) = (s —1,0), Ix is d-regular. Since Iy is d-regular for d = (s —1,0)
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and n = (1,1), then by Theorem the free subcomplex of a minimal free resolution
of Iy consisting of all summands generated in degree at most (s —1,0) +n = (s,1) is
a virtual resolution of Ix. However, since we proved v;; = 0 for all (i,5) < (s,1), the
virtual resolution obtained by keeping all summands generated in degrees at most (s, 1)
and removing the rest, has length two. 0

Now we have all the materials to find virtual resolutions of a set of points.

THEOREM 4.7. Let X be a set of sufficiently general points in P* x PL. Then Ix has
a virtual resolution of length two. In particular, if s is even, then a virtual resolution is

S(—s/2,—1)?
0— S(—s,—1)? = ® — S.
S(—s,0)
and, if s is odd,
S(=%H-1)
S

0— S(—s,—1)> = 5 (-2, —1) — S,

S
S(_S7 0)
1s a virtual resolution of Ix.

PROOF. We check two cases.

(i) s is odd:
In this case by Lemma [1.4] we have

1, ifi=3tori=stL 2, ifi=s
o = 2 2 By = o, and ;=0 for0<i<s.
0, otherwise 0, otherwise

By Lemma [4.6] if we trim the minimal free resolution of Iy to get the free subcomplex
consisting of all summands generated in degree at most (s, 1) we get a virtual resolution
of Iy of length two.

So, the resolution will be

(ii) s is even:
In this case, by Lemma [£.3] we have

2 ifi=2 2 ifi=s
a1 = 2 s il = s and i1 — 0.
! {0 otherwise fa {0 otherwise it
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Again, by Lemmal[4.6] the free subcomplex consisting of all summands generated in degree
at most (s,1) is a virtual resolution of Iy of length two. So the resolution will be

S(—s/2,—1)?
0— S(—s,—1)% — ® — S.
S(_S70)

O

In the next theorem we will find virtual resolutions of a set of points by finding the
positive components of the second difference matrix. We identify other vectors (i, j) such
that when we trim the resolution by keeping all terms with (a,b) < (i,7) + (1,1) and
removing the rest, we get a virtual resolution.

THEOREM 4.8. Let X C P! x P! be a set of s points, and let A*Hx = (d;;) be the
second difference function for Hilbert function of X. If d;; > 0 and (i,7) # (0,0), then
Ix is (1, 7)-regular.

PROOF. For every ¢ > 0, degX =1 -¢q; +r; with 0 < r; <1, then

4

ri —1 for j = ¢q;

—7; forj=¢ +1

2(i—1—r;—y) forj=qi
di—1; = 4 2r;4 forj=qi1+1.

rig—(i—2) forj=gq s

—Ti-2 for j =¢i—o+1

0 otherwise

\

(See [GMR94], Page 201]). So, the only positive entries happen when d;_1,, , = 2(i —
1-— 7"1',1) or difl(qi_ﬁrl) = 27},1.
However,
((=1)4+1)(gim1+1) = (i—=1)gima+(i—1)+qi1+1 > (i—=1)gi—1+rim1+qi—1+1 = s+qi—1+1 > s,
and
(=D +D(ga+ D)+ =(G—1)giq +2G0—1)+¢q_1+2
where

(i=1)qic14+2(i—1)+qi1+2 > (i—1)g_1+ri+(i—1)+q1+2 = s+(i—1)+¢1+2 > 5 ()
As we stated before, if S = k[zo, x1, Y0, 1], and S = @(MENQ Si;, then,

+ 1 )+ 1

Moreover, by the definition of multigraded regularity, if X is a set of s points with generic
Hilbert function,
regp(X) = {(4,7)| dimy, S; ; > s}.
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By (%), dy = (i — 1,¢i—1), and dy = (i — 1,¢;—1 + 1) are in regp(X). O

COROLLARY 4.9. Let X C P' x P! be a set of s points, and let A*Hx = (d;;) be
the second difference function for Hilbert function of X. Let G be the free subcomplex of
a minimal free resolution of Ix consisting of all summands generated in degree at most
(i,¢i—1 + 1), where s =i -q; +r; and di—1q,_, = 2(i — 1 —1,1). Then G is a virtual
resolution of Ix.

PROOF. As we proved in Theorem , dy = (i —1,¢;-1) is in regz(X). By Theo-
rem [2.45] the subcomplex of minimal free resolution of I'x consisting of all the summands
generated in degree at most dy + (1, 1) is a virtual resolution of Ix. 0J



CHAPTER 5
Future Directions

In this chapter we discuss three conjectures. All of the conjectures are related to the
following theorem of Berkesch, Erman and Smith [BES20, Theorem 4.1]. Let P* :=
Pt x P™ x ... x P™ be the product of projective spaces with dimension vector n :=
(n1,n9,...,n,) € N" over a field k. Let S := kfz;; : 1 < i <70 < j < ny be the
coordinate ring of P* and let B := (\_,(Zi0,Ti1,--.,Tin,) be its irrelevant ideal. For
a € N", we define B2 to be

Bg = ﬂ(l‘@o, xi,l, e ,$i7ni>ai.
i=1

THEOREM 5.1. [BES20, Theorem 4.1] If Z C P® is a zero-dimensional scheme and I
is the corresponding B-saturated S-ideal, then there exists an a € N" with a, = 0 such that
the minimal free resolution of S/(I N B%) has length equal to |n| = dimP®. Moreover, any
a € N" with a, = 0 and other entries sufficiently positive yields such a virtual resolution

of S/I.

The theorem above only proves the existence of a. However, in the following conjecture
we try to find a explicitly and this will give us an infinite number of virtual resolutions
for a set of s points in P! x P! that has the generic Hilbert function.

CONJECTURE 5.2. Let X be a set of s points in P! x P! that has generic Hilbert
function and let Ix C S = k[zo, x1, Yo, y1] be its corresponding B-saturated defining ideal.
(1) The smallest value of a € N where the minimal free resolution of S/(Ix N B@Y) is a
virtual resolution of S/Ix isa =s—1. (2) For every number t € N, where t > s — 1, the
minimal free resolution of S/(Ix N B®%) is also a virtual resolution of S/Ix.

Moreover, if a € N is the smallest value where the minimal free resolution of S/(Ix N
B9 s a virtual resolution of S/Ix, then this virtual resolution will be of the form

S(—s,0)
0— S(—s,—1)° — &) — S,
S(=s+1,-1)°
and for i > 0, the virtual resolution corresponding to (a + 1i,0) is:
S(—s—1,0) 1 S(—s—i+1,0)
0— ® — @ — 5.
S(—s—1,—1)°  S(—s—i+1,—-1)°
35
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Below, we show that for @ > s — 1 the minimal free resolution of S/(Ix N B@9) is a
virtual resolution of S/Ix. This gives a partial answer to Conjecture .

PROPOSITION 5.3. Let X be a set of s points in P* x P! that has generic Hilbert
function and let Iy C S = k[xo, x1, Yo, y1] be its corresponding B-saturated defining ideal.
If a = s —1, then, the minimal free resolution of S/(Ix N B@9) is a virtual resolution for
S/Ix. Moreover, for every numbert € N, where t > s — 1, the minimal free resolution of
S/(Ix N B®) is also a virtual resolution.

PrROOF. Let X = {Py,..., P} be a set of s points. Without loss of generality, we can
assume that each P, = [1: A;] x [1: B;], and therefore Ip. = (A;xo — x1, Biyo — 1)-

First, we prove that the depth of S/IxNB®% is 2 for a > s—1. Then by the Auslander-
Buchsbaum Formula, Theorem [3.24} we can see that proj-dim(S/Ix N B(“’O)) = 2.

Claim 1: The depth of S/Ix N B@Y for a = s — 1, is 2.

Proof: To see that the depth is 2, we need to show that the maximal length of a
regular sequence is 2. We begin by showing that there exists a regular sequence of length

2 . More precisely, we claim, {yo, xo + y1} is a regular sequence for Iy N B (s=1,0),

By Definition [2.12} to prove that {yo,zo + 1} is a regular sequence for Iy N BE=10)
we need to show the following:

(1) (Ix N BE19 o 20 + 1) C (20, 71, Y0, 1),
(2) yo is a non-zero-divisor in S/Ix N BE~10),
(3) 2o + y1 is a non-zero-divisor in S/{(Ix N BE=10) ).

We can see that (1) is true since Ix N BG~19 is a bihomogeneous ideal with generators
of degrees at least (s —1,0).

In order to show that yo is a non-zero-divisor in S/(Ix N B¢~49) we use Theorem
and Proposition 2.14 From these results it follows that we only need to show that
Yo is not in the Ass(Ix N BE=10),

We first compute Ass(Ix N BE~49)). Let S = k[xo, 71, Y0, 1], and let Iy N BE~10) be
as above. The primary decomposition of Iy N B9 ig

S
Iy N BY10 = ((1p) N BE10,

i=1

since each Ip, is a prime ideal and therefore a primary ideal. Moreover, B6=10) is also a
primary ideal. To see this, we need to prove that for every f,¢g € S, where fg € BE~10),
either f € B0 or g™ € BG~10) for some integer m > 0. Since g is a polynomial,
we can write g as a sum of monomials, g = g; + g2 + -+ + ¢,. We have two cases, i)
deg(g;) = (1,0) for all 1 <4 <r. ii) There exists some j, where deg(g;) = (0,b) for some
integer b. If case (i) happens, then deg(g)*~! = (s — 1,0). Therefore, g°=* € B=10),
If case (ii) happens, then deg(f) must be at least (s — 1,0), since deg(fg) = (s — 1,0).
Therefore, f € B&~19. Hence BC~19 is a primary ideal.
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Therefore, we have

Ass (Ix N B(sfl’o)) ={Ip,...,Ip, (xo,11)},

since B0 = (14, 2,)°!, therefore vV B6=10) = (x4, x1).

From Theorem [2.13] we can see that 1, is not in the union of the associated primes of
Ix N BE=L9) since we took each P; to be in the form [1 : A4;] x [1 : B;] and hence each
Ip, is (Asxg — 21, Biyo — y1) . Therefore, yo is a non-zero-divisor in S/Ix N B¢~10, This
proves (2).

We now prove (3). To do this, we again find associated primes, this time of (Ix N
BGE=L0 90). We assumed that P, = [1: 4;] x [1: B;] and Ip, = (Azg — 21, Biyo — 1) for
each 7. We claim that

Claim 2:

s

(5.1) (e N BEY0 o) = () (W0, v, Asro — 1)) N (BETH, o).

i=1
is a primary decomposition for (Ix N BEH0) g0},
Proof: We will show that

(52) ([ wo yr, Aiwo — 21)) N (B0 o) = (yo, yr, [ [(Aiwo — 21)) N (BE0, o),
=1 =1
(5.3)

(Yo, Y1, H(Aixo—9€1)>ﬂ<3(871’0), Yo) = (Yo, TG TG T, -, BT Ty H(Ail’o—fﬁl)%

i=1 i=1

and,
(5.4)  (Ix N B yo) = (yo, yiad ™t yrag 2y, - iwox L i H(Ail"o —z1)).
i—1

If we prove Equation (.3 and, [5.4] then we have shown that Equation [5.1] is indeed
the primary decomposition of (Ix N B=10), Yo), as we proved each ideal is primary.

First we prove that

S S

(5.5) ﬂ(yo, y1, Aizo — 21) = (Yo, Y1, H(Aﬂo — x1)).

i=1 i=1

To prove RHS C LHS, we can see that yo and y; are in (;_, (y0, y1, Aito —x1). To show
that []_, (Aizo — 1) € (;—; (Yo, Y1, Aizo — 1), notice that for each 4, [[;_, (Aizo — z1) =
(Ajxg — 1) Hj#(ijo — 21). Therefore, for each 4, [[;_; (Aizo — z1) € (Yo, v1, Aixo — 21).
Hence RHS C LHS as desired.

For the other inclusion, let f € (_,(vo,y1, Aixo — z1). Therefore, for each i, we
can write f = yory + yire + (Aixo — x1)rs;, where r,; is a polynomial in xy and ;.
Notice that f € (yo,v1, Aizog — 1) for all i. Let j and k be fixed integers between 1
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and s. f = Yor1j; + Y1725 + (All‘o — $1)’/’3j € <y0,y1,Akl’0 — .Z‘1>. Therefore Akl’o — X1
divides rs;. If we do the same process for all 7 between 1 and s, we see that f can be
written as f = yory + y172 + (A;xg — x1)r3 where for each i, A;zq — 1 divides r3. Hence
f € (o, y1, [1;—;(Aixo — x1)). This completes the proof of Equation .

We now prove Equation [5.3] To simplify our notation, we define
Ji = (Yo, y1, HAz'l“o — 1) N (BU7MY ),
i=1

and,

S

o s—1 s—2 s—2 s—1
Jo = (Yo, Y1TG S Y1TG T Y1ToT] Y1 7H(Ai$0 —x1)).

i=1

We first show J; C J,. Let f € J;. Therefore, we have f € (yo,y1, [[_, (Aizo — 21))
and f € (BC7Y0 yo). From f € (yo,y1, [[;, Airo — x1), we have f = ryyo + rays +
13 [Ti—, (Aizo — 1). Since f € (BE~L0 yo) we know r1yo + 1oys + 73 [[1—, (Aizo — 1) €
(BE10) ). Notice that deg [];_,(Aizo — x1) = (s,0), so [[;_,(Aizo — x1) = (5,0) €
BE=10) and hence r3 [];_, (Aizo—x1) € BE 19, Hence roy; € (BE~19 45). We can write
ro = t1yo + to, Where t5 is a polynomial in xg, x1, and y;. Since, r9y1 = t1yoy1 + toy; €
BG=19 and ¢, is a polynomial in xg,x1, and y;, we have deg(ty) = (s — 1,0). Hence,
Ty € (BE™L0) yo). Therefore, f € Jy, and J; C J, as desired.

Now, let f € J5. So, we can write

f=tiyo + toyas ™t +tayiay ey 4 -+t 2t @t 4ty H(Aixo — 1),
i=1

fort; € 5,1 <i < s+2. We cansee that f € (yo, y1, [ [, (Aizo—21)) and f € (BE10 )
and hence f € J;. Thus, J; = Js.

Now we prove Equation [5.4

First, we show that (Ix N B9 yo) C J,. To see this, let f € (Ix N BE710 ).
Therefore, f = r1y9+72g where g € IxNBE™10 If g € IxNBE~10 | we have two cases, (i)
degg = (a,0), where a > s (ii) degg = (s —1,1). If deg g = (a,0) for a > s, we can write
g =rs][,_, (Aixzo—x1) where degrs = (a—s,0). Therefore, f = riyo+rars [[;_, (Aizo— 1)
which is clearly in Jo. If degg = (s —1,1), we can write g as finite sum ) c;rse i yboytt
where (ag + a1,by + b1) = degg and ¢; € k. Therefore, ag+a; > s — 1 and by +b; > 1
which concludes that f € Js.

We now prove that Jy C (Ix N BEH0 g0,

We can see that yo and [];_, (Aizg — x1) are in (Ix N BE~L0 ye). Therefore it suffices
to prove that each monomial yle)xi_l_i for 0 <i<s—1isin (IxN B(=1.0), Yo). We can
prove this by Proposition as follows. If we let t = (s—1, 1), then from the Proposition
, we can see that (Ix,yo); = S;. Notice that (Ix N BE™10 y4), = (Ix, yo),. Therefore,

i ,.s—1—1

all the monomials y; xyx] are in (Ix N BG40 y4). This proves Equation .
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To prove that this is indeed a primary decomposition, we first prove that each (yo, y1, A;z0—
x1) is a prime ideal.

To see this, let f,g € S. We can write f = fi1(Aixo — x1) + fayo + f3y1 + f1 and
g = q1(Aixg — 1) + g2yo + g3y1 + ga, where f; and g4 are polynomials in zy and ;.
We now prove that if fg € (yo,y1, Aixo — x1), then either f € (yo,y1, Ajxg — 1) or
9 € (Yo, y1, Aizo — x1). If fg € (yo, 11, Aixg — 1), since fy and g4 are polynomials purely
in zo and xy, it must follow that fig4 € (yo, 1, Aizo — z1). So, Ajzg— x1 divides fyg4. We
can conclude that either A;xo—x1 | fy or A;xo—x1 | ga, and therefore f € (yo, y1, Aizo—1x1)
or g € (Yo, y1,Aixg — x1). Since every prime ideal is primary, each (yo, y1, Ajzo — 1) is
primary.

We now prove that (B®~10 y,) is a primary ideal. Let f,g € S where fg €
(BG=10) 40). We can write f = fiyo+ f2 and g = g19o + g2 where f, and g, are polynomi-
als in g, 21, and y;. Since fg € (BE1Y yo) and f19192 + figoyo + f2g190 € (BE10 g0,
it must follow fogo € BG~19  and since BE~59 is a primary ideal, we have either
fo € BGL) or g € BG7LO for some m. Therefore, either f € (BG4 yo) or
g™ € (BE=19) o). This proves Equation is a primary decomposition.

Next, we need to find the associated primes of (Ix N B9 o). To do this, by
Theroem [2.14] we only need to find the radical of the ideals in the primary decomposition
of (Ix N B(S_l’o),yo). Since (yo, y1, Aizo — x1) is a prime ideal for all 7, we only need to

find / B(s=1,0) yO

We clalm that \/(B6E=19 40) = (yo, 2, z1). Notice that (BE=10) o) = BETL0) 4 (y,),

We also have A/ B(s_1:0)7 yO = \/\/B(S_I’O) -+ \/ yo TO see thlS Hotice that <B(S_1’0), y0> -
BGE=10) 4 (y4). Moreover, we have B(~10) 4 ( \/\/B(S 1) +\/(yo). Therefore

VBEL0) + (yg) C \/\/B(S*LO) + +/(yo). For the other inclusion, let f € \/\/B s=10) +\ /(yo).

Then f™ € VBG-10) 4 \/<y0) for some integer m > 0. This means that f™ = g+ h where
gt € B0 and A" € (y,) for some integers [,n > 0. Then fm+n) = (fm)dn ¢

BETL0 4 (), therefore f € /BE-19 4 (yy). This proves that \/(BG—10) y,) =
VVBETO 1 /o).

However, vV B6—19) = (x, 1) and /(yo) = (yo). Therefore \/\/B s=10) +/(yo) =

\/<$0,$1> + (yo) = \/<$0,$1ayo>' Since <$0,~’U1a3/0> is a prime ideal, (o, 21,90) =
(%0, 1,Y0). S0, \/(BG=1L0) yo) = (xg,x1,%0), as desired. This proves Claim 2.

By the above discussion we can conclude that

ASS (IX N B(s_1’0)7 ?J0>) - {<y07 Y1, Ale — .T1>, sy <y07 Y1, AsxO — xl)v <y07 Xo, LU1>}

and we can also see that xo + ¥ is not contained in Ass (Ix N BE~10 y,)). Therefore,
by Theorem [2.13} it is a non-zero-divisor in Iy N (BG40 g0},
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We have proved that S/Ix N B®~10 has a regular sequence of length 2. This proves
that the depth of Ix N B9 is at least 2. However, the depth of Iy N B&~19 cannot
be more than 2. This follows from the fact that depth S/Ix N BE~19) < K-dim S/Ix N
BG=19 . Moreover, K-dim S/Iy N BE~10 < K-dim S/Ix. Since K-dim S/Ix = 2 (see
[GVT15, Lemma 4.2] for the proof), we conclude that depth S/Ix N B0 = 2. This
completes the proof of Claim 1.

In fact, we can also prove that S/Ix N B9 has a regular sequence of length 2 for
a > s. In order to prove this, we follow the same strategy. We show that yg, z¢o + y1 is
a regular sequence for S/Ix N B®*% for a > s. Again, we need to show the following for
a> s:

1) (Ix N B9 yo, 0 + 1) C (o, 21, Yo, Y1),
2) 9o is a non-zero-divisor in S/ Iy N B@0)
3) xo + y1 is a non-zero-divisor in S/{(Ix N B(

and

a,0)7 y0>

We can see that (1) is true. In order to show that g is a non-zero-divisor in S/(IxNB@9),
we show that 1, is not in the union of the associated primes of Ix N B9, The primary
decomposition of Ix N B@0 ig

Ix N B@Y = ﬂfp )N B0,

=1

Therefore, we have

Ass (Ix N B = {Ip,, ..., Ip,, (xo,21)}.

(a,0)

We can see that g, is not in the union of the associated primes of Ix N B'*"). Therefore,

Yo is a non-zero-divisor in S/Ix N B@%. This proves (2).
To prove (3), again, we find Ass (Ix N B9, y,)).
Claim 3: The primary decomposition of (Ix N B9 g} is

S

(5.6) (Lx N B o) = ("o, v, Asro — 1)) N (B, ).

=1

Proof: First, we show that

s

(Ix N B9, Yo) = (ﬂ(ymyh Ajzo — 1)) N <B(a’0)>yo>-

i=1

To prove this, we prove that

S S

BT (o v, Ao — 1) N (B o) = (yo, v, [ [(Aiwo — 21)) 0 (B0, o),

i=1 =1
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and
(5.8)

S S

(Yo, y1, H(Ai$0—$1)>ﬂ<3(a’0)7 Yo) = (Yo, 12, a2 w, - pawery Tyt H(A¢$0—$1)>-
i=1 i=1
We proved Equation in the proof when a = s — 1. We now prove Equation [5.8]
Let F = [[;_,(Ajzo — z1). We show that

(Yo, y1, F) N (B0 yo) =
(Yo, il s oy, . ety Fad™s Fad ™5 tay, ..., Fogrd st Fad™*).
For simplicity, we let
Jz = (Yo, mal, yal tay, . ypwer Tt ad, Fod ™S Fal 5 tay, ... Foor§ 7t Fa™*).

To prove this, first let f € (yo, 1, F) N (B9 44). Therefore, we have f € (yo,y1, F)
and f € (B9 yo). From f € (yo,y1, F), we have f = riyo + moy1 + r3F where 75 and
r3 are polynomials in xg, z;and y;. We also have f € (B(“’O),yo% and since B0 is a
monomial ideal, it concludes o, 73F € B(*% which means that 7, can be written as a
finite sum, > t;x5 )7, where t; € S. Also, since r3F € B(@% and deg F' = (s,0),
degrs = (a — 3,0). So, f € Js.

Now, let f € J3. So, we can write

f = tiyottayi 2d+tayi 2y vt a1 Y1208 Hapo 1 i H a3 F g o a Fal ey +

ot tog—sro P oy T+ tag_ gy FafT"

It is easy to see f € (yo,y1, F) and f € (BC~59 40} and hence f € (yo,v1, F) N
<B(S_1’O), y0>‘

Now we prove

<]X N B(a’0)7y0> = J3.

First, we show that
(Ix N B(a’0)73/0> CJ3

To see this, let f € (Ix N B@Y y). Therefore, f = r1yo + rog where g € Ix N B@0), If
g € Ix N B@Y we have two cases, (i) degg = (p,0), where p > a (ii) degg > (a, 1) If
case (i) happens, since g € Ix, then g = rF for some r € S and hence, f € J3. If case (ii)
happens, then g = 1y + 1211 where degr; = (a,0), and therefore, f € Js.

We now prove that
Jg - <IX N B(a,O) , Yo >

To see this, it is easy to see yy and Fx“ S7igt for 0 < i < a—sarein (IxNB@Y o). We
now prove that each monomial y;z)z{ ™" is in <IX N B0 y). By Proposition , 1}, if we
let t = (a, 1), then we can see that (Ix,yo); = S;. Notice that (Ix N B o), = (Ix, yo):.
Therefore, all the monomials 3,252z " are in (Ix N B y,). This proves Equation .
We have seen in the proof of the case a = s — 1 that the ideals in RHS of Equation
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[5.6] are primary ideals. Therefore, Equation [5.6] is indeed the primary decomposition of
(Ix N B9 y) . Hence,

Ass (Ix 0 B yo)) = {(yo, y1, Ao — 1),
We can see that zo + y; is not in

ASS (IX N B(a’0)7y0>) - {(y(]?yhAle - .Z'1>,

a,0)

ceey <y0a Y1, ASJ;O - ':Bl)? <y0a Zo, $1>}

sy <y07 Y1, AsxO - Il)? <y07 Zo, .T1>}

) y0>
We proved that S/Ix N B* has a regular sequence of length at least 2 and since
depth S/Ix N B < K-dim S/Ix N B < 2, depth S/Ix N B =2,

Therefore, it is a non-zero-divisor in (Ix N B!

OJ

In the following example we find the minimal free resolution of S/(Ix N B@) for
different values of a by using Macaulay?2.

EXAMPLE 5.4. Let
X={[1:0]x[1:2],[2:1]x[2:3],[3:2] x[3:4],[4:3] x[4:5],[5:4] x[5:6]}
be a set of 5 points in P! x P! with the generic Hilbert function. If a = 0, and a = (0, 0),

S(=2,-1)
>
S(=3,-2)>  S(-1,-2)
S(—3,-3) ® D
@ S(—2,-3)*  S(-3,-1)
0— S(-5,-2) — D — @ — S —= S/Ix — 0.
@ S(—5,—-1)>  S(—1,-3)
S(—2,-5) D 0
S(—1,—5)? S(—5,0)
%
S(0,-5)
Ifa=1, and a = (1,0),
S(=2,-1)
¥
S(—3,-2)>  S(-1,-2)
S(—3,-3) ® O
0—- @& —8(-2,-3=5(-3,-1) =S = S/(Ixn B 5 0.
S(—5,-2) ® ®
S(=5,—-1)%  S(—1,-3)
¥

S(=5,0)



Chapter 5. Future Directions 43
If a =2, and a = (2,0),

S(—2,-1)
¥
S(=3,—27  §(=3,—1)
0— S(—5,-2) — @ — ® — S — S/(Ix N BZY) — 0.
S(=5,—1)2  §(—2,—2)?
¥
S(=5,0)

If a =3, and a = (3,0),

S(—4,-1)  S(—3,-1)

- =
0— S(=5,-2) = S(=5,-1)> = §(=3,-2) = S —= S/(Ix N B®Y) = 0.
® ®

S(—4,—2)? S(=5,0)
If a=4, and a = (4,0),
S(—=5,0)

0— S(=5,—1)°> = ® — S = S/(Ix N B - 0.
S(—4, ~1)°

If a =5, and a = (5,0),
S(—5,0)

0— S(—6,-1)° — O — S — S/(Ix N B®Y) - 0.
S<_5a_1)5

If a =6, and a = (6,0),
S(=7,-1)° S(—6,0)?

0— P — T — S — S/(Ix N BEY) - 0.
S(=7,0)  S(—6,—-1)°

Ifa=7 and a = (7,0),
S(—8,—1)° S(-17,0)3

0— P — T — S — S/(Ix N B™) = 0.
S(=8,0)2  S(=7,—1)°

As we can see in the example above, the least a that yields a virtual resolution is
a=4=5—1.

Our next conjecture is about virtual resolutions of a finite set of points in P! x P! x P!,
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Let 7; : P! x P! x P! — P! be the natural projection morphism onto the ith coordinate.
Let X be a set of points in P! x P! x P!. We denote |m;(X)| to be the number of distinct
1th coordinates that appear in X.

CONJECTURE 5.5. Let X be a set of s points in P! x P x P! where |m(X)| = |ma(X)| =
s. Let Ix C S = k[xo, z1,Y0, Y1, 20, 21] be its defining ideal. If the minimal free resolution
of S/(Ix N B%) where a = (ay,as,0) is a virtual resolution of S/Ix of length 3, then
a = (a1 +1,a2,0), and, @’ = (a1,as + 1,0) is also a virtual resolution of S/Ix of length
3.

EXAMPLE 5.6. Let X = {[1 :45] x [1:7] x[1:9],[1:21] x[1:25 x[1:32],[1:
48] % [1:20) x [1:31],[1:2] % [1:13] x [1:32),[1:44] x [1: 1] x [1:12]} and let Ip, be
the defining ideal of P, for i =1,2,...,5

Ip, = (4520 — o1, Tyo — y1, 920 — 21)
Ip, = (21lwg — 1,25y — 11,3220 — 1)
Ip, = (4819 — x1,20yy — 1, 3120 — 21)
Ip, = (2x0 — 21, 13y — Y1, 3220 — 21)

IP5 = <44330 —T1,Y0 — Y1, 1229 — Zl)

The following diagram shows all (a1, as) € N? for (aj,as) < (5,4), such that S/(Ix N
Ba1:220)) gives us a virtual resolution of S/Ix.

5e ° ° ° ° °
4 e ° ° ° ° °
3 ° ° ° ° °
S
2 A ° ° ° ° °
1 - ° ° ° °
0 t t t \ 4 L 4
0 1 2 3 4 )

ai

Let m : P! x P2 — P! be the natural projection morphism onto the first coordinate.
Let X be a set of points in P! x P2, We denote |7;(X)| to be the number of distinct first
coordinates that appear in X.
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CONJECTURE 5.7. Let X be a set of s points in P* x P? where |7 (X)| = s. Let
Ix C S = k[xg, 21,90, y1,Y2] be its defining ideal. Then smallest value of a where the
minimal free resolution of S/(Ix N B@Y) is a virtual resolution of S/Ix has the following
properties:

(1) The virtual resolution is of the form
0—=>5"=85"=95"=S9
(2) a=s—1
(3) m =3s
EXAMPLE 5.8. Let X = {[43:4:40] x [1:1],[30: 5:24] x [1:38],[22: 14 : 49] x [1 :
7], [1:4:13] x [1:14],[23 : 10 : 15] x [1 : 26]} and Ip, be the defining ideal of P;, for
1=1,2,...,5 where
Ip, = (—4yo + 43y1, —40yo + 43ya, vo — 21)
Ip2 = <—5y0 + 30y1, —24y0 -+ 30y2, 38.7}0 — LL’1>
Ip3 = <—16y0 + 22y1, —49y0 + 22y2, 7ZEO — I1>
Ip, = (—4yo + y1, —13yo + y2, 14w — 21)
Ip5 = <—10y0 + 23y1, —15y0 + 23y2, 263170 — (L‘1>
By using Macaulay2 we get the following virtual resolution of length 3, where a = 4:

0S5 >89 568 58

In order to get the conjectures above, we checked more than 20 different configurations
of sets of points for each case, until we found the right condition to have the properties
explained in the conjectures.

Lastly, we hope that the ideas presented in this thesis will help to find the answers of
these conjectures.
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