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Abstract

One of the questions arising as regards to structured materials is how one can compute
their cluster concentrations. Specifically, we are interested in deriving the concentra-
tions of the micro-structures in the NMC (Nickel-Manganese-Cobalt) layer of the cath-
odes of Li-ion batteries. A simulated annealing approach has been used lately for detect-
ing the structure of the whole lattice which is computationally heavy. Here we propose
a mathematical model, called cluster approximation model, in the form of a dynamical
system for describing the concentrations of different clusters inside the lattice. How-
ever, the dynamical system is hierarchical which requires to be truncated. Truncation
of the hierarchical system is performed by the nearest-neighbor closure scheme. Also,
a novel framework is proposed for an optimal closure of the dynamical system in order
to enhance the accuracy of the model. The parameters of the model are reconstructed
by the least square approach as a constrained optimization problem by minimizing the
mismatch between the experimental data and the model outputs. The model is validated
based on the experimental data on a known Li-ion battery cathode and different approx-
imation schemes are compared. The results clearly show that the proposed approach

significantly outperforms the conventional method.
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Symbols

E; Local energy of the i-th oxygen site

C(TM;) Charge of the i-th transition metal

P(AE) Probability assigned to an element swap

C; Marginal probability of finding a singlet in the ¢ state
Cij Probability of finding a pair in the 7 state

Cor Probability of finding a linear triplet in the 77k state
C'gk Probability of finding an open triplet in the ij£ state
Cﬁk Probability of finding a triangular triplet in the ijk state
ki Rate constant

Qi Equilibrium constant

Py Conditional probability of being in state ¢ with a neighbor in state j
Qij Pair correlation of nearest-neighbor elements

Tijk Triple correlation of a triplet

0 Probability of finding a closed triplet in a lattice

N Population size

m Number of neighbors of each site

Bi Ratios of equilibrium constants

F Cost functional of regression problem

J Cost functional of inverse problem

C Experimental concentrations
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Experimental equilibrium constants

Final time
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Chapter 1

Introduction

Lithium-ion batteries are one of the emerging technologies that are impacting our lives
significantly. They are the leading technology used in the portable electronic devices
such as tablets and phones [26]. Also, they are getting more attention in the field of
electric vehicles [37], where the combination of electricity and carbon fuel is used to
mitigate the carbon footprint. The technology has also found applications in aerospace
engineering and medical devices such as hearing aids. It has given rise to miniaturized
high-density rechargeable power sources to be used in small medical devices for drug-
delivery and glucose sensing applications [25]. The technology still needs to develop
in the field of power supply systems, leaving a huge gap in the industry to be filled
by emerging technologies. Lithium-ion batteries present great potential as regards to

sustainable energies and mitigation of carbon emission [23].

Different materials have been used for the chemistry of batteries, however, lithium is
among the most promising ones. Light weight, high electropositivity, wide accessibility

and being nontoxic are some of the reasons that lithium is the primary choice for batter-
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ies [24]. Also, high energy-to-weight ratio, low self-discharge, excellent cycle life and
no memory effect are the other advantages of lithium batteries over its rivals [30, 31].
In addition to all these advantages, lithium is highly reactive which makes its safe use
challenging. This problem is addressed by using compounds of lithium, rather than the
metallic lithium. These compounds provide ionic lithium used in the reversible reac-

tions inside the battery.

Each battery cell consists of four parts, namely, cathode, anode, electrolyte and sepa-
rator. During the charge of the battery, lithium ions migrate from the cathode toward the
anode through the electrolyte. However, the reverse happens during the discharge of the
battery. The intercalation and insertion of lithium ions occurs on the surface of the cath-
ode material, which is the solid host for arriving ions. The electrolyte contains a solvent
which provides the medium for migration of lithium ions. The separator is a barrier
which prevents the direct contact of the cathode and anode (short-circuit), while letting
lithium ions pass through it. The schematic of a Li-ion battery is shown in figure 1.1.
Normally, Li-ion batteries are named after their cathode type, which is a lithium metal
oxide material such as lithium cobalt oxide (LCO), lithium manganese oxide (LMO),
lithium iron phosphate (LFP), lithium nickel cobalt aluminum oxide (NCA) and nickel
manganese oxide (NMO) [24]. Later, C'o was added to Li(Niy/Mny/2)O5 to further
enhance its structure stability [27,30]. This new cathode is commercially called NMC
cathode and has the chemical composition Li(Niy/3C01/3Mnq/3)O,. It has a layered
structure where layers of oxygen are surrounded by a lithium layer and a transition
metal layer. NMC cathodes have been investigated widely with different stoichiome-
tries of metals in the NMC layer. Recently, a new generation of Li-rich and Mn-rich
batteries has been introduced such as Li; M nO3, which have higher capacities than nor-
mal NMC cathodes [28]. Also, a significant irreversible capacity loss during the first
charge/discharge cycle of the cathode is associated with these high capacity batteries

which has impeded their commercial use [46,47]. Some examples of these newly intro-
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duced materials can be found in [32,33]. Although these materials are being explored
for high capacity batteries, the crystal structure of their cathodes is not yet completely
understood [36]. Moreover, the capacity enhancement of these Li-excess batteries and
the irreversible capacity loss during the first cycle are attributed to their local micro-
scopic structures of the NMC layer [34,36]. Further refinement and commercialization
of these batteries requires knowledge on their microscopic structure and ordering of the

elements in the NMC layer of the cathode.

W) _
e on charge e on discharge
_— —

® ©)
poecococeoo
1 |0 000606 8ummm oISt .1
coeceoceoo : ol
pooooo o
eocoo0oo0
folooocce ~  CHEEEE o1
e e e e @ Li ondischarge : o "
o 00009090 3%

Li. MO, Li,C

Separator
10393[[0)) JUALIND) JANBTIN

Positive Current Collector

Figure 1.1: Schematic of a Li-ion battery [49].

The aforementioned problem is addressed by mathematical modeling [13,48]. Harris
et al. [13] has used NMR spectroscopy data [35] to find the structures corresponding to
different temperatures of the system. Simulated annealing is a stochastic optimization
method designed in analogy to annealing solid materials and is based on an iterative
Monte-Carlo algorithm. The structure of the lattice is randomly initialized at the start
of the process and each site is filled with elements chosen at random. At each iteration
of the Monte-Carlo algorithm microscopic rearrangements of the elements of two dif-
ferent sites are performed and the change in the energy is used to control the update at
each iteration. Accepting only those element swaps that lead to a lower energy state of
the lattice will result in a rapid quenching of the system from the highest to the lowest

temperature and consequently the meta-stable state of the system [22]. In order to pre-

3
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vent this situation, the Metropolis-Hastings algorithm is used in which steps that result
in a higher energy level of the lattice are incorporated in the simulation in a controlled

manner.

The cathode of Li-ion batteries has a layered structure where each layer of oxygen
is surrounded by a layer of Li and a NMC layer as shown in figure 1.2. Due to the
triangular structure of the lattice, each oxygen site is surrounded by three Li ions on the
above layer and 3 transition metals on the lower layer. Transition metals could be Ni, Mn
or Co for the NMC cathodes. As the oxygen element tends to remain in the oxidation
state of —2, the lowest energy state is obtained when it is surrounded by the elements
that contribute +2 to the state of the oxygen. As each neighbor element contributes 1/6
of its charge to the oxygen state, a total charge balance of +12 is required around the
oxygen site to be in the lowest energy state. Each Li ion has a charge of +1 and three
lithium ions are in the lower layer of the oxygen site. Hence, charge balance of +9 is
needed from three transition metals in a triangle. Therefore, the local energy balance on

each oxygen site is defined as [13]

E; = |C(TM,) + C(TMy) + C(TM;) — 9], (1.1)

where C' represents the charge of each transition metal atom in a triangle and F; is the
energy balance on the i-th oxygen site. In this algorithm two elements of the lattice are
randomly chosen and swapped with each other. Every element swap in the transition
metal layer affects 6 triangles on each site. The local energy change is calculated based
on the change on the energy of each one of these triangles. if AE < 0, the element swap
is accepted and the lattice configuration is updated. However, if AE > 0, a probability

is assigned to its displacement. Based on the Boltzmann distribution, the probability of
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the displacement is calculated as

exp(—2E)  if AE>0
P(AE) = (1.2)

1 it AE<O0

where 7' is the temperature at which the swap is happening. Note that the concept of
temperature being used here is not equivalent to the physical temperature of the sys-
tem. This parameter is a pseudo-temperature which accounts for the term kg6 in the
Boltzmann distribution, kg being the Boltzmann constant and # being the thermody-
namic temperature of the system. 7" for the initial state and the final state of the lattice is
chosen in a way that simulation slowly converges to the equilibrium state. Next, a ran-
domly generated number with uniform distribution in (0,1) is compared to P(AF) and
the element swap is accepted only if the probability is higher than the random number.
This allows the system to step back to the higher energy states in order to avoid rapid
quenching of the system to a state corresponding to a local minimum. These steps are
repeated sufficiently many times such that the system reaches equilibrium. The choice

of how the temperature is decreased is arbitrary, however, the equilibrium state must be

reached at the end of the process for every arbitrarily chosen temperature profile.

Ou o0 ™

Figure 1.2: Schematic of the NMC cathode [13].

One of the know materials used as the cathode in Li-ion batteries is Li[Liy s3Mmny /3] Os.

5
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The simulated annealing method has been validated on this material by Harris, et al.
[13]. The initial state of the algorithm had a high energy and was generated randomly.
However, the final state had the lowest energy state and its structure matched the crystal
structure of this material. In order to reach the equilibrium, 10° iterations were used.
At equilibrium, each triangle consists of two Mn elements and one Li element. Figure
1.3 demonstrates the results of the simulated annealing experiment and its energy state
before and after the simulation. In this example the temperature was reduced linearly,
giving it enough time to stabilize. Hence, there will be two states of the lattice, the initial
random state and the final equilibrium state. Note that an equilibrium state is occurring
at each specific temperature by giving the lattice enough time to reach equilibrium at

that temperature.

12
- <E>
seeecece scescseeceece 10 - T
....... oo eeceeceecee
secseecescese
eceeceeceece

0 20 40 60 80 = 100
Simulation duration (%)

(a) (b) (c)

Figure 1.3: (a) Initial random state, (b) final ordered state of the lattice for
Liy/3Mnyss system and (c) the local energy change of the lattice (black) and
linear decrease of temperature (red). Blue and red circles represent Li ions (or
negative ions in the cluster approximation model) and Mn ions (or positive ions
in the cluster approximation model) respectively.

In order to obtain the micro-structure concentrations, we consider two different types
of clusters of size 2 (2-clusters) and 3 (3-clusters) as shown in figure 1.4. 2-clusters
or pairs consist of 2 nearest neighbor elements. 3-clusters are clusters containing 3
elements which can be in the shape of a triangle (triangular 3-cluster), an open triplet
with 120 degree bond (open 3-cluster) or linear. The pair and triangular concentrations
have been calculated for each lattice. Table 1.1 demonstrates the results for the initial

and final states of the lattice. As can be observed, the Li — Li pair does not exist in

6
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the final state of the Li,/3Mny/3 structure. Similarly, all triangles are in the form of
Mn — Mn — Li and concentrations of all other triangles are zero. For simplicity, Mn
and L: elements are represented by + and — from now on. Note that these notations are

not an indicator of the charge of the elements.

Figure 1.4: Schematic of (a) 2-cluster, (b) triangular 3-cluster, (c) open 3-cluster
and (d) linear 3-cluster.

Pair Concentrations

Cluster Type Initial State Final State
Ci or Camnin 0.5065 0.3325
C__ or Cpip; 0.1143 0.0000
Cy_ or Cynri 0.1896 0.3338

Triangular Concentrations

Initial State Final State

Cirr of Comrnarn  0.4049 0.0000
C___ or Crinii 0.0330 0.0000
Cri of Crintingi 0.1184 0.3333
Ci—_ or Crmuiri 0.0689 0.0000

Table 1.1: Pair concentrations and triangular concentrations calculated for the
initial state and the final state of the lattice of the Li; ;3 Mny/3 system.

The simulated annealing approach has some advantages. Specifically it allows for the

direct matching of NMR spectroscopy data to the model outputs. However, it is compu-

7



M.Sc. Thesis - A. Ahmadi McMaster University - CSE

tationally heavy as it is based on the random visits of lattice states. One reason for this
excessive cost is that the simulated annealing approach predicts an entire lattice struc-
ture. On the other hand, for comparison with the results of NMR spectroscopy we only
need information about concentrations of certain clusters. In contrast, we would like
to propose a novel approach called cluster approximation, which attempts to build dy-
namical systems for the evolution of concentrations of different clusters. Thus, instead
of obtaining the whole structure of the lattice, we will be looking into approximations
of concentrations of micro-structures inside the lattice. This method has been inspired
from Ben-Avraham et al [1]. The cluster approximation models have applications in
random sequential adsorption in determining the structure of different polymers [38].
They also have been extensively used in ecology for determining the propagation of a
disease [4]. The only difference in our model is that the NMC layer of cathodes have
a triangular shaped lattice which requires different truncation strategies than those used
in the random sequential adsorption processes. Pair approximation along with a novel

approximation scheme is used to truncate the hierarchy of the dynamical systems.

The goal of this work is to find approximations of the concentrations of different
clusters inside the lattice. Cluster approximation model is developed at different levels,
however, the parameters of this model are unknown. In order to find the parameters
of the model, we will try to minimize the mismatch between the model outputs and the
experimental results (which are the simulated annealing results in this document), which
is called "inverse modeling". An inverse problem, in contrast to a forward problem, is
comprised of using the actual data and measurements in order to deduce the values
of the parameters that characterize a physical system [39]. Inverse problems have been
widely used in many different fields of technology such as engineering, electrochemistry
[44,45], machine learning [40], biomedical imaging [41], psychology [42], geophysics
[43], etc. The goal is to obtain better predictions of desired properties via indirect

measurements. We will use this approach to obtain the parameters of the constructed
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dynamical model.

In chapter 2 and 3 we will build the dynamical model, with respect to clusters of
size 2 and 3 respectively. We will also propose the analytic solution of the dynamical
system at equilibrium. Chapter 4 presents computational frameworks for calculating the
parameters of the model. It also proposes a new approach for truncating the hierarchical
systems. Chapter 5 presents the results. Chapter 6 discusses the obtained results and

provides some conclusions.



Chapter 2

Two-Element Model

In this chapter, we will be developing a system of evolution equations for a lattice con-
taining two types of elements. For simplicity, plus (+) and minus (—) are the symbols
that will be used for each type of element. This notation is not an indicator of the
charge of the elements. Two different, yet interconnected, models have been developed,
namely, a two-cluster model and triangular-cluster model. The former seeks to generate
evolution equations for concentrations of cluster of size 2 (pair concentrations), how-
ever, the latter generates a system for the evolution of triangular clusters (clusters with
3 elements in each vertex of a triangle). In order to formulate the cluster approxima-
tion model on a 2D lattice, one needs to know the lattice type of the transition metal
layer of the cathode. Harris et al. [13] supposed that TM layer of cathode holds trian-
gular lattice shape in which each element has 6 nearest neighbors as shown in figure
2.1. Ben-Avraham et al. [1] introduced an approach called the "window method" for
a 1D system that considers swaps of nearest-neighbor elements in order to derive rate

equations for the rate of change in concentrations of specific clusters. In other words,

10
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this model predicts the concentrations of different clusters inside the lattice. However,
our definition of concentration is different from its original meaning. Concentration of
a specific cluster is defined as the probability of picking one cluster of the same size and
shape from the lattice being in the desired state and is denoted by C'. In this method,
each element inside a cluster can swap with its nearest neighbors to build or destroy
specific clusters with a particular rate constant. In the 2D lattice case, each element can
swap with any of its nearest neighbors to produce or destroy a specific cluster within
the window. In the two-cluster model, we are interested in determining probabilities of
clusters of size 2 (2-clusters). Figure 2.1 demonstrates all possible ways that a neighbor
can swap with an element inside a specific cluster. These element swaps will be used in

order to generate system of evolution equations in the next sections.

11
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Figure 2.1: Schematic of a triangular lattice structure - possible element swaps
in a two-cluster model. Elements shown in blue represent a window in which the
probability of the cluster inside the window is to be determined. The element
shown in red represents a nearest neighbor to at least one of the elements inside
the window. Black arrows indicate a possible swap between one of the elements
inside the window and the nearest neighbor element.

2.1 Evolution of Two-Clusters

In order to derive rate equations for each cluster type one needs to consider all possible

3-clusters that may produce or destroy that particular cluster by swapping the third ele-

12
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ment with one of the elements inside the window. Considering 2-clusters with two types

of elements (positive (@) and negative ((©) elements), four distinct configurations can

be observed inside the window: (B®), (OO), () and (O@). All possible ways
that these configurations can be destroyed or produced are discussed in the following

sections.

Remark. The normalization condition states that the sum of the concentrations
(or probabilities) of all possible n-clusters should be equal to one, where n denotes

the size of the cluster [1]:
Z Cixy X Xn) = 1, (2.1)

in which 1,2,3,..,n indices denote different sites of the lattice where each two
subsequent ones are nearest neighbors to each other and X denotes the state of
that specific site (which could be (D or (O in this example). Applying this to 1-
clusters and 2-clusters in our model, the following equations are derived from the

normalization condition:

C(@®)+C(O) =1 (2.2.1)
C(OD) +C(O00) +C(OO) +C(OO) =1
= C(®OD) +C(O0) +2C(®O) =1.

(2.2.2)

As can be observed the concentration of (+—) and (—+) clusters are the same as
stated in Theorem 7.1.1 in Appendiz. Equation (2.2.1) is satisfied by all configu-
rations of the system. In the upcoming sections, we introduce a rate equation for

one of (+—) or (—+) clusters as they are translations of each other.

13
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2.1.1 Production and Destruction of (@) Cluster

In this section, we investigate possible reactions that will produce or destroy the (P @)
cluster via nearest neighbor element swaps. The window method introduced by Ben-
Avraham et al. [1] is used to generate the rate equations. This method states that one
has to determine a window in which the elements are in the desired state before the
destruction (or after the production) by swapping with one of the nearest neighbor ele-
ments outside the window. In each of the reactions in figure 2.2, the neighbor element
(highlighted in red) will swap with one of the elements of the window (highlighted in
blue) to produce a (H@) cluster. Also, figure 2.3 illustrates all possible ways to destroy

a (@) cluster inside the blue window.

@8@%@ @8@8@8@ 080 @8@8@8@
Qé%%%@ Og@g@gO Ogc%%o 08(92@8@
TR O e e — e
P 2 o Sy —0—
W 2~ Qb e 2 e

Figure 2.2: All possible reactions to produce a (@) cluster.

14
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Figure 2.3: All possible reactions to destroy a (D) cluster.

Some assumptions must be taken into consideration prior to deriving the rate equa-

tions:

e Some of the reactions in figure 2.2 and 2.3 are indeed symmetry transformations
of the others due to the translational and reflectional symmetry of the system.
Theorems 7.1.2 and 7.1.3 in Appendix state how these translations can occur in
the lattice. In both figures, each one of the following groups of reactions can be
obtained from one reaction inside the group by performing suitable rotations and
reflections: (1 &2 &3 & 4), (5 & 6 & 7 & 8) and (9 & 10). Thus, according to
the translational and reflectional symmetry of the system, these reactions can be

considered the same in deriving rate equations.

e Considering reactions 1, 2, 3 and 4 in figure 2.2 and 2.3, it can be observed that
production or reduction of a (BH@) cluster does not affect the total count of (H@)
clusters. In other words, all of the aforementioned reactions have one (H@)
cluster and two () clusters on the left hand side of the reaction and the count
remains the same on the right hand side too. However, the orientation of the

clusters has been altered. Hence, translational symmetry of the system dictates
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to eliminate all reactions (element swaps) that take place in a triangular-shaped

cluster in deriving the rate of change for each cluster type.

e Reaction 5 (reaction 9) has 4 (2) translations. This means the aforesaid reactions
have to be accounted 4 (2) times with the same rate constant in deriving the rate

equations for the system.

Taking into account all these factors, the number of unique reactions for deriving rate
equations will reduce significantly. Figure 2.4 demonstrates all of the reactions with a
unique rate constant written as reversible reactions for producing or destroying a (H@®)

cluster.

@1@) a CICIG Ol s Q00O
QC)@Q@%) ks QC)@Q@QQ QQ@QC%%D Fa QQ@C)@Q@

Figure 2.4: Unique reversible reactions, after considering translational symmetries,
to destroy or produce a (D) cluster.

ky to k4 are called rate constants. Each unique reaction has a unique rate constant.
The rate constant has the unit of 1/¢ime and controls the evolution of different clusters
through a reaction. It links the concentration of reactants to the rate of the chemical
reaction. These parameters are unknown in our physical system and they will be dis-
cussed thoroughly in chapter 4 and 5. Considering reactions in figure 2.4, the following
rate equation can be deduced to govern the system for a (@) cluster:
d e o o L @ e o o
—O(o ®@® o) = 4I<;1(J<o @O o) + 2]@0(. @@@)
dt e o o e o o e o o (2 3)
e o @ e o o .
e o o e o o
Note that each site in the lattice can be in the (¥) or () state and (e) indicates an

unspecified state.
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2.1.2 Production and Destruction of (©©) Cluster

In a very similar way, the reactions for producing or destroying (5(©) clusters will
be generated using nearest neighbor element swaps. According to assumptions intro-
duced in section 2.1.1, i.e. translational and rotational symmetries and dismissing of
triangular-shaped clusters, the unique reactions to produce or destroy a () cluster

will reduce to ones shown in figure 2.5.

Q0 s . 000 00 5 . 000
O©®©®%> . 00 Q@%@ . o0

Figure 2.5: Unique reversible reactions, after considering translational symmetries,
to destroy or produce a ((H() cluster.

In order to study the behavior of (©() cluster in the lattice, the following rate
equation can be inferred from unique reactions in figure 2.5:
d e o o IS o o o
(o’ = 4k (s O @ o) +2k0(s VB O)
o o e O o e o o

at \"e
(2.4)

—4k7c<.:@:@<?-> — 2ksC (-:@:@:69)-

2.1.3 Production and Destruction of ((P©) Cluster

Before deriving the corresponding rate equations, one should note that () and
(®®) clusters are mirror reflections of each other and it is intuitive to assume equal
concentrations for them. According to Ben-Avraham et al. [1], cluster probabilities are
independent of the position of the cluster on the lattice. Theorem 7.1.1 explains linear
relations between 2-clusters. Consequently, the translational invariance of clusters in the
lattice allows us to deduce the rate equation for one of these clusters only. Again, the
triangular-shaped clusters will be disregarded as they do not affect the count of clusters.
Also, the clusters with translations will get the same rate constant, however, they will

be accounted by the number of their translations in deriving the rate equations. More-
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over, the reactions that produce or destroy a () cluster are the same as the reactions
that destroy or produce a (H@) or (O(©) cluster. Hence, these type of reactions are

repetitions of the previous ones as demonstrated in figure 2.6.

O

@I@ ks @

QO

QQ ki Q00O QO ks Q
B —— @O@Q@O@ @é’éo%o —— OO0

Figure 2.6: Unique reversible reactions, after considering translational symmetries,
to destroy or produce a ((D(O) cluster is shown.

It is noticeable that all rate constants in figure 2.6 are repetitions from prior reactions
for producing or destroying (@) or () clusters. Some of these reactions may not
be found directly in figures 2.4 or 2.5, however, their translations can be marked there.
The rate equation for calculating the concentration of () cluster can be derived as

follows:
(el e el

)
+k4c<.°@'@'@) + k80< © G).@)
)

(O (S
(s @@@)—x% (+eeo).

Note that in writing eq. (2.5), the following 3-cluster concentrations have been replaced

by their equivalents to make the equations consistent with eq. (2.3) and (2.4). All these
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relations have been presented as Theorems 7.1.2 and 7.1.3

() el
() el
o) -l

£
B .
(€6e) el iele)

As can be observed in eq. (2.3), (2.4) and (2.5), there are two types of bonds in-
volved in deriving rate equations. The first type is the linear 3-cluster in which the two
bonds are colinear. This can be called a linear cluster. The second type is the cluster in
which there is an obtuse angle of 120 degrees between the bonds due to the triangular
shape of the lattice. Note that in deriving rate equations, there is no acute angle as we
disregarded all triangular-shaped 3-clusters. For simplicity, we will change the notation
for writing down cluster concentrations from now on. To do so, linear clusters will be
represented as linear combination of elements with a straight line on them as [m],
and angled clusters will be shown as linear combination of elements with a hat sign on

them as [(e @ ®)]. Applying the new notation on previous equations, the following set

of rate equations will be obtained

d

d
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d
SOy = 2k3C— + 2krC— + kyCoge + kO

dt (2.7.3)

Also, the normalization condition can be modified to a dynamic form. By taking deriva-

tive with respect to time from eq. (2.2.2), the following equation will be generated:

d d d
il il ad - 2.8
dt0++ + dtO__ + 2dtC+_ 0. (2.8)

This equation is satisfied by the system of evolution equations. Moreover, considering
reversible reactions in figure 2.4 and 2.5, the rate of forward reaction will be equal
to the rate of backward reaction in chemical equilibrium. Also, the concentration of
each cluster remains constant at equilibrium or steady state of the system, meaning that
the left hand side of the system of ODEs will be zero and it will convert to a system
of algebraic equations. As we are interested in equilibrium state of reactions, a linear
equation can be written for each pair of parameters in equilibrium. @Q;, ¢ = 1,...,4

denotes the equilibrium constant for each reversible reaction

k1O = ksCi = Q1 = Z—; = % (2.9.1)
kyCrer = kyCoe = Qy = Z—z = g:*; (2.9.2)
ksCe = krC— = Q3 = :—i - g; (2.9.3)
ke C—— = ksC—r = Q4 = Z—Z — g: (2.9.4)

It is notable that (); can be obtained from the results of a simulated annealing exper-
iment. Also, eq. (2.7.3) can be seen as the summation of eq. (2.7.1) and (2.7.2) in
the equilibrium state. The analytical solution of these equations corresponding to the

equilibrium will be presented in the upcoming sections.
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Generally, cluster approximation model in 2D can be formulated in many different
ways. In the previous approach, 2-clusters were subject of interest and our aim was to
find concentrations of different 2-clusters in terms of 3-clusters. However, this approach
cannot be used for comparing the results to the experimental NMR data. Therefore, we
propose another type of formulation, namely triangular-cluster model, as described in

the following section.

2.2 Evolution of Triangular-Clusters

The same approach can be implemented in another level of cluster concentrations.
This level of 2D cluster approximation model considers triangular 3-clusters. Harris
et al [13] has extracted the concentrations of triangular 3-clusters of the NMC layer of
the cathode using NMR spectroscopy and simulated annealing experiment results have
been matched to the data. Hence, we are interested in the evolution of triangular 3-
clusters. In this approach, concentration of triangular clusters will be written in terms
of 4-clusters. By doing so, the resulting concentrations of cluster approximation model
can be matched to the experimental NMR data. In order to build the model, we need
to consider all nearest neighbor sites to a triangular cluster. Figure 2.7 highlights all
nearest neighbors to at least one of the elements in the triangular cluster. We will be
considering all possible element swaps between the elements inside the triangle and one
of the external elements. Each swap can alter the ordering of the elements and it can
affect the cluster concentrations. Starting from an initial condition for the structure of
the system, elements can swap with specific rates to destroy current clusters and build
new ones. Our effort is to find the rate constants specific to each reaction. Figure 2.7
demonstrates all possible element swaps between an element inside the triangle and an
external one. These configurations will be used in order to derive rate equations for each

specific cluster.
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Figure 2.7: Schematic of a tringular lattice - possible element swaps in a triangular-
cluster model. Blue elements form a triangle inside the window of desired elements.
Red elements are the nearest neighbor elements to at least one of the elements
inside the window, with bright red one being the desired one. Black arrows indicate
a possible swap between elements outside and inside a window.

In this section two types of elements will be considered in the model, namely, pos-
itive and negative elements. As triangular 3-clusters are the subject of interest, 8§ con-
figurations for building a 3-cluster can be found, in which some of them are rotations
of the others. Unique configurations are as follows: (@®@>, (é%a), (@e@), (é%) Note
that <@®@), ((9@@), <®®@) and (@@@) can be obtained by rotating other clusters as stated
by Theorem 7.1.4 in Appendix. Our focus will be on deriving rate equations for the first

4-clusters.
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Remark. The normalization condition introduced in eq. (2.1) states that sum of
the concentrations (or probabilities) of all possible n-clusters should be equal to
one, where n denotes the size of the cluster [1]. Normalization condition for single
site clusters and 2-clusters has been investigated previously in eq. (2.2). In the
current setting we are interested in triangular 3-clusters. eq. (2.10) illustrates this

condition

Some terms in eq. (2.10) are rotations of each other as stated by Theorem 7.1.}
in Appendiz. By taking derivative with respect to time of eq. (2.10), following

equation will be generated:
%c@@@) i %o(ooo) + 3%0(@0@)) n 3%0(0@0) —0. (211

The rate equations derived in this section should satisfy this normalization condi-

tion.

D
2.2.1 Production and Destruction of (@) Cluster

In order to derive rate equation for (@®@) cluster, all possible element swaps that will
produce or destroy this cluster will be considered. Figure 2.8 and 2.9 demonstrate all
potential reactions for producing or destroying a (@®@) cluster. In each figure, reactions
1 and 3 are distinct, however, another reactions can be obtained by rotating or flipping
unique ones. For example, reactions 4, 7, 8, 11 and 12 are translations of reaction 3.
Theorems 7.1.4 and 7.1.5 in Appendix can shed some light on the translational symme-

tries of the system in this model. Similarly, reactions 2, 5, 6, 9 and 10 can be obtained by
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rotating or flipping reaction 1. The same concept can be used in destroying the clusters
in figure 2.9. In each of these figures, one elements outside the window is swapped by

one of the elements inside the window in order to produce or destroy the desired cluster.
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Figure 2.8: All possible reactions to produce a (@%}) cluster.
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Figure 2.9: All possible reactions to destroy a (@)@@) cluster.

Consequently, unique reactions in producing or destroying a <@®@) cluster can be

condensed to reactions described in figure 2.10.
Q0O Q0O QO QO
O C<):O ko O:(%O %) C():O il @S%O
(;) %:) O O O O O
58 Tw TGS T FE

Figure 2.10: Unique reversible reactions, after considering translational symme-

tries, to produce or destroy a ((D@(D) cluster.

Notably, reaction 1 in figures 2.8 and 2.9 is repeated 6 times considering all transla-
tions. Same translations are happening for reaction 3. Hence, each one of the reactions
will be accounted for 6 times in deriving the rate equation. Given the reversible and

unique reactions in figure 2.10, the following rate equation can be deduced for <@®@)
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cluster

(2.12)
4%H0Q3693>—6hx(<ac>

2.2.2 Production and Destruction of (@@@) Cluster

Similarly, all possible element swaps that will destroy or produce the (GS%)) cluster will
be considered. Again, each reaction will have 6 translational symmetries. All unique
reactions in destroying or producing a (é%) cluster can be summed up to the reversible

reactions described in figure 2.11.

Q0 Q0 Q0 Q0
OG0 g ICI® =0 Fua SISI®

o Qé@ O O O
:%%% bis <%%% Qé% k1o 6%%

Figure 2.11: Unique reversible reactions, after considering translational symme-
tries, to produce or destroy a ((9@@) cluster.

Considering reversible and unique reactions, with 6 translations for each one, fol-

lowing rate equation can be deduced for (&é) cluster.

Lo(S0) ~stuc(0@6) + shue( B0 )

—6k15C’<@ @@@> — 6k160(@@@@ )

S
2.2.3 Production and Destruction of (@) Cluster

Deriving rate equation for <®©®) cluster can be accomplished by considering all possible
element swaps that will destroy or produce this cluster. Note that some of these reactions
will be repetitions of the previous ones, as the production or destruction of this cluster

may result in destruction or production of the (@®@) cluster respectively. Also, some
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new reactions with unique rate constants will be introduced here. Again, due to the
symmetries of the system, the number of unique reactions will be reduced significantly.

Figure 2.12 displays all of these unique reactions with their rate constants.

Q0 Q0 (o5 DO
OG0 b OO0 OG0 b OO0
O — 00 O /)™ O O
@%@> “1<%%% 5%% ko 6%5
Q0 Q0 Q0 Q0O
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05% a2 §g6 55% k10 ©§%
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Figure 2.12: Unique reversible reactions, after considering translational symme-
tries, to produce or destroy a (@) cluster.

In order to deduce rate equation for this cluster, reversible reactions in figure 2.12
will be considered. Each of the reactions for producing or destroying the (@6@) cluster
have 2 translations and hence each term on the right hand side of the Eq. (2.14) will

have a coefficient of 2

10(68) = 2he(050) + 2uc(080) + 2huc( T )
+2k120(@@®@ ) + 2k1C (@ @@@) + 220 C (%% >
5 ® 50 (2.14)
—2k1C{ O @ @) — 2k90<@ © @) — 2k220< OIS )
D@ @ 0®
(0B ) - 2mc(000) ~2mc( ®O ).

2.2.4 Production and Destruction of (@@@) Cluster

In this section, the (é%) cluster will be considered to derive the rate of change of its

concentration based on the reactions that can produce or destroy this cluster. Similarly,

27



M.Sc. Thesis - A. Ahmadi McMaster University - CSE

the number of unique reactions will diminish significantly by applying translation in-
variance rules. Figure 2.13 demonstrates all unique reactions with their rate constants.
Note that all of the reactions stated here have been introduced in prior sections. Hence

this process will not add to the number of unique parameters of the cluster approxima-

tion model.
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Figure 2.13: Unique reversible reactions, after considering translational symme-
tries, to produce or destroy a (@®@) cluster.

Deriving rate equation for (e%) cluster is facilitated by considering the reversible
reactions in figure 2.13. Again, each term in the rate equation has a coefficient of 2 due
to number of translations of each reaction in the system

d
dt

~
+
)
=~
N
Q

C’<(§%}> = 2k230(@ @@@> + 2k150<@ @@@ )

+2k160(%% > + 2k210(@ @®® )
@@@) - 2k130< @@@) — 2kooC %% >
w0 )

Additionally, triangular 3-clusters were the focus of the current modeling. For sim-
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plicity, concentrations of triangular clusters, which up to now has been denoted C(®®®),

will be written as C' (xAzy) where, the element in the middle (z, in this example) is the
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apex of the triangle. Moreover, as can be observed in equations (2.12), (2.13), (2.14)
and (2.15), there are two types of 4-clusters involved in rate equations. Generally, these
clusters can take one of the following forms: (%% ) or (@@%@@), where, (X) denotes a site
inside the triangular 3-cluster and (0) denotes an outlier to the triangle. For simplicity,
we will change the notations from now on. If the 4-cluster has an outlier with a bond
with two elements of the triangle, this type of cluster will be denoted C(6ZxT), where
two dots on top of "0" imply the two bonds. Conversely, if the 4-cluster has an outlier
with a bond with only one element of the triangle, this type of cluster will be denoted
C(ozxT), where one dot on top of "o" denotes one bond. All previous rate equations

can be then re-written in the following more compact format

%Qﬁ) = 6koCp =) + OhaoCy =, (2.16.1)
—6/€11C' SED T 6k5120 ST
d
T I S T (2.16.2)
—6k15C(+i) — 6]5160(4}?)7
d
%CH T 2k170 +2k5110 ) +2k180
F2RnCiem + 2l + 2haC ) (2.16.3)
~2k1 C e =) — 2koCls =) — 2kanC= =)
_2k100<4ﬁ> — 2knsCegmm) — 2Ry,
d
aCA = 2kp3C =)+ 2k15C == + 2k C - =)
+2k16C ;== + 2ka1C - 7=, + 2k22C - =, (2.16.4)

—2k1oC\ ==y — 2k13C - = — 2honC\ ==

~2kyC- ) — 2k C =) — 2k1sC s =

This system of equations is determined in terms of 24 unique parameters by defining

the evolution of 4 concentrations. Also, the concentrations of 3-clusters are written in
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terms of concentrations of 4-clusters. This modeling approach thus leads to a hierarchy
of equations in which concentration of n-clusters are described by concentrations of
(n + 1)-clusters. Solving this system of equations is therefore impossible. One remedy
to this issue is to truncate the hierarchy of the equations at some level, which will be

discussed in the next section.

Also, the degree of freedom of system (2.16) can be reduced by introducing the
equilibrium constants into the model rather than the rate constants. As we are interested
in the equilibrium state of the system, rate of the forward reaction will be equal to the
rate of the reverse reaction in equilibrium. Thus, the reactions rates can be grouped

pairwise to produce the following identities

koCi=) = kuCl ) = Qs = :191 = gg;r::) (2.17.1)
k10C s =) = k12C - 3y = Qo = Ziz % (2.17.2)
k13C =) = k15C = = Q7 = Z—i g(++__; (2.17.3)
k1aClo ) = kipClp——) = Qs = Z—iz g%“; (2.17.4)
k1rCy =3, = knC o =) = Qo = Z; gg:_: (2.17.5)
k1sCp =) = knnCo =3, = Q1o = Z;i g(%: (2.17.6)
koCl == = kaaCo =) = Qui = Z_;z g(:: ; (2.17.7)
kanCls ==y = kasClo ey = Quz = Zzz % (2.17.8)

These equilibrium constants will be used in the following section along with the closed
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dynamical system to obtain an approximate equilibrium solution.

2.3 Moment Closure Approximation

There are many instances of developing hierarchical system of equations, specifically in
reaction-diffusion models that appear in ecology [2-5, 8]. Some models are introduced
without individuality, on a continuous space, although others are individual-based in
a network-based space [9]. Our problem lies in the second category where moment
closure models and mean-field approximations are used for closing the hierarchy of
equations. Cluster approximation model results in a set of hierarchical ODE equations
such as eq. (2.7) and eq. (2.16) which is not closed and hence not solvable. The hi-
erarchy has to get truncated at some level to reach a closed dynamical system. The
truncation is performed by some approximations, in which higher order terms can be
written in terms of lower order ones. There is no single answer to this type of ap-
proximations. Ben-Avraham et al. [1] suggests a class of approximations in 1D lattices
known as (n,m) approximations, where n defines the cluster size and m denotes the
overlap between clusters. The simplest case in this class corresponds to zero overlap
(m = 0) between clusters where the correlations between different clusters are com-
pletely ignored. Assuming a cluster in the form of (X;X5X3...X,,X,,11...), the (n,0)

approximation is introduced as [1]:

C(X1X2X3...Xan+1...) == C(X1X2X3...Xn)C(X"+1Xn+2...)7 (2]'8>

where 1, .., n denote different sites of the lattice and X denotes the state of that particular
site. However, in a more complex setting, the correlation is allowed for one site in the

lattice. Hence, the (n, 1) approximation can be written as:

ClXnXnin..
ClX1 Xa X5 X0 Xng1o) = C(Xlxgxg‘..xn)w. (2.19)

Cix.)
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In this setting, the second factor implies the conditional probability of having a cluster
in state (X, X,,11X,42...), given that site n is in state (X,,). The overlap between the
clusters could be increased to account for larger correlations. The (n,n — 1) approxi-
mation is the most exact one as it takes care of translation invariance automatically [1].
This approximation was used to solve the 1D system of ODEs, however, it cannot be

generalized to a higher dimensional setting.

Hierarchical systems of equations are appearing in the field of ecology for modeling
population and evolution dynamics. Different types of regular lattices, such as linear,
hexagonal, square and triangular have been studied in this field. The assumption is
that each site can only interact with its nearest neighbors [11]. The methods proposed
in this field establish a closed dynamical system by using two components: first, the
global densities of the lattice sites to be in a specified state (these probabilities are not
dependent on the state of the neighbors), and second, local densities or conditional prob-
abilities that a randomly sampled nearest neighbor of a site is in a specified state [2].
Mean-field approximation and pair-approximation methods have been proposed to de-

couple clusters which are referred to as moment-closure methods [6, 11].

The state of a site is denoted by S where S € {+,—} for a two particle system.
Global densities are denoted by C'g, giving the probability that a randomly chosen site
in the lattice is in state S. Similarly, C'ss is the global density of a cluster being in state
SS’. Also, local densities are denoted by Ps/s/, giving the probability that a randomly
chosen nearest neighbor of a site in state S’ is in state S. Indeed, the local densities are

distinguished from global densities by the effect of nearest-neighbor correlations. These
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local densities can be expressed in terms of global densities [2,11]

Cssr = Csrs = CsPsys = Cg Py, (2.20.1)
Y Cs=1, (2.20.2)
Se{+,—-,0}
Z Psjs =1 forany S € {+,—,0}. (2.20.3)
Se{+,—,0}

The first equation also satisfies the translation symmetry of the system. Notably, in
our model, the process of deriving rate equations is spatially homogeneous and hence

global densities are independent of their location in the lattice [11].

2.3.1 Two-Element Two-Cluster Model

In order to close the system of ODEs in eq. (2.7), one should write triplet densities in
terms of densities of pairs and singlets. The approximation that we use here is called
pair approximation as it neglects three-site correlations and decouples them into smaller
clusters [2,4]. Considering a cluster in the form of ()G ), the (K) element is the nearest
neighbor of (j) element and is non-nearest neighbor of () element. In the pair approxi-
mation method, we neglect the effect of (K) element on the (i) element. In other words,
it assumes correlation between nearest neighbors only and neglects the effect of non-
nearest neighbors on each other. Hence, the correlation between non-nearest-neighbor
sites is approximately reconstructed through nearest-neighbor correlations [11]. In eq.
(2.7), triplet densities can be written as multiplication of doublet densities and local
densities as stated here

(2.21)

+/+-)’
where the first term in the right hand side of the equation is the global probability of a

randomly chosen site being in state (+—), and the second term is the conditional prob-

ability that a randomly chosen nearest neighbor site of (+—) cluster is in state (+).
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Mean-Field Theory The mean-field approximation completely overlooks the spa-
tial structure of the lattice. Hence, the local densities such as P(+/+) are assumed to be
equal to singlet densities as C'(+). This is true in the case where the lattice is completely

random [3]. We are not going to apply mean-field approach to our system of equations.

Pair Approximation Assuming a square lattice in the pair approximation method,
the term P/, _) is approximated by P ,_), meaning that the probability of finding a
randomly sampled nearest neighbor of (—) in state (+) is not affected by its nearest
neighbor. Underlying this assumption is the fact that those two nearest neighbors of
(—) are not nearest neighbors of each other and elements will be less affected by distant
neighbors [2, 3, 11]. Figure 2.14 explains this assumption in a square lattice. In this

figure, Fo/+0) in the left is replaced by Pg/4) in a square lattice [4, 11].

® ®
o o lmmdl o

Figure 2.14: The underlying assumption of pair approximation method.

First, let us apply this concept on a 1D ring of elements. Assuming a triplet in the
form of (—++), the global density of this cluster can be expressed in terms of densities

of smaller ones (assuming that the window under consideration is (++)) as follows:

Ct)
Ciott) = Popen Coony & Py Gy = =5 Clan: (2.22)

Surprisingly, this equation is the same as applying the (2, 1) approximation on the clus-
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ter introduced by Ben-Avraham et al [1]. As another example, if we assume a 4-cluster
in the form of (— + ++), it can be expressed in terms of densities of triplets by using
the same concept

Clov+
Cievit) = Pejir) Clot) ® P ji) Oy = CS )

C(+++). (223)
(++)

Equation (2.23) also can be seen as the (3, 2) approximation of the (— + ++) cluster.
All in all, this approximation method could be considered as an extension of the (n, m)
approximation in higher dimensions. The idea of pair approximation is to write triplet
densities in terms of pair densities. The knowledge of spatial geometry of the lattice
can assist in finding better approximations for lattices with fixed number of neighbors
per element (regular lattices) [12]. Even if the lattice sites have variable number of

neighbors, some methods for approximation are proposed by Morris [6] and Rand [7].

Ordinary Pair Approximation Let us start by considering a random lattice in
which each element is randomly connected to n other neighbors. If the size of the
lattice is too large, it would be less likely that pair elements have neighbors in common.
Following this assumption, a nearest neighbor to an element will have no correlation
with other neighbors of aforementioned element [12]. Thus, the probability of a triplet
being in state (ijk) can be written as stated in eq. (2.24). Note that element ¢ and

element k£ will not be nearest neighbors

Cijr = CiC;CuQi5Q 1 T, (2.24)

where C;, C; and C}, denotes the global densities of singlets, ();; and ();;, are the pair
correlation of nearest neighbors and 7;;;, is the triple correlation of the chain. Notice
that there is no ();; term in the equation as they are not nearest neighbors and their

correlation is presented in 7;;;,. Pair correlations of nearest neighbors can be found as
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follows

(2.25)

Van Baleen [12] suggests that there is no deterministic way of finding triple correlations
and some assumptions have to be made in order to close the hierarchical system of
equations. The standard pair approximation method is derived by neglecting all triple
correlations as 7;;, = 1 of every triple clusters [12]

Cijr _ CiC;CkQiQjk

/ik Cj CjCijk Q] /3 ( )

Hence, for a chain-like triplet, £ element can be overlooked and F;,;;, can be estimated

by P;/; in this method [12].

Improved Pair Approximation Similarly triplet densities in triangular lattices
can be broken down into smaller clusters by using the same concept. However, triplets
can be chain-like (with an obtuse angle between pairs) or triangular (with an acute angle
between pairs). Thus, the triple correlation term will have an effect in calculations. The
probability that a randomly chosen triplet is in a closed state (and not an open chain)
is denoted by 6. For a triangular lattice, ¢ is equal to 2/5 as demonstrated in figure

2.15[12].
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Figure 2.15: Schematic of a 2D triangular lattice - Different types of 3-clusters.

Knowing the value of 6, the triplet densities for an open-chain and a closed-chain

can be calculated as [12]

Cijr = CiC;CvQi Qi T sijk, (2.27.1)

Chriji = CiC;CLQ4 Q1 Qri T niji- (2.27.2)

Notice that (); is included for a triangle cluster. Taking into account these relations,

one can write:

Pyji = Py (1 = 0)T i1 + 0QiTaijk) (2.28)

There is no a priori assumption that triple correlations should be the same. A naive
approximation of triple correlations is that Ta;;x = T, = 1. Considering eq. (2.28),
it will hold to be true only if ();z = 1, which means that the elements ¢ and k are totally

uncorrelated. This assumption is similar to the random lattice assumption with no triple
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correlations. Another approach could be to consider 7, = 1 and Tr; = 1/Qik.
This also has the same effect as the previous assumption as it eliminates the effect
of # from calculations [12]. In the two-cluster model, open chain triplets are merely
used in deriving rate equations and triangular correlations have been totally neglected.
Disregarding the fact that elements ¢ and k& have correlations, triplet densities can be
viewed as a random lattice model. Alternatively, in deriving rate equations in a two-
cluster model, there are 3 different types of triplets: triangular triplet, open triplet with a
120 degree angle between bonds and open triplet with 180 degree angle between bonds.
In our model, different types of triplets are distinguished and hence eq. (2.28) cannot
be used in our calculations. The reason is that this equation disregards the structure of
the triplets and evaluates all as one. In other words, it seeks to present a mean-field
solution for finding F;,;;, conditional probability regardless of the configuration of the
triplets. Nonetheless, we are looking for specific approximations for each configuration
of the triplet, as the triangular and chain-like triplets have been discretely expressed in

our model.

Morris [6] and Keeling [7] have proposed a formula for approximating the number of
closed or open triplets in a specific state of (ijk) for a regular lattice with fixed number
of neighbors per site by taking into account the clumping effect of triangles in the lattice.
Each regular lattice can be defined by two parameters: number of neighbors per site and
proportion of triangles to triplets, which determines the clumping intensity of the lattice.
For instance, a triangular lattice has m = 6 neighbors per site and § = 2/5. The total
number of open (i, j, k) paths and closed < i, j, k > paths can be approximated by eq.

(2.29) for a general regular lattice [5-7, 10]

(2.29.1)

(2.29.2)
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Note that NV is the population size. (ij) denotes the number of nearest neighbor pairs
in state 75 and (i) denotes the total number of sites in state i. These approximations can
provide total number of open and closed paths in a particular state and fail to produce
corresponding probabilities. One approach is to divide each term by its corresponding
aggregate number in order to calculate probabilities. For a regular lattice with N el-
ements grid, total number of pairs can be approximated by m /N and total number of

triplets by m(m — 1)N [7]. By applying this conversion eq. (2.30) will be achieved

O (1,4,k) _(1-0) 1 (m—l)fn—])%—]\;mQN2 :(1_9)Cij0jk
ik m(m —1)N m(m—1)N m % N C;
(2.30.1)
o <hjk> 1 6N (m—1) QUBED 3 s _ ¢CuCinC
AT mm—1)N  mm—1)N m m  QGO® N3 CiC;Cy,

N3
(2.30.2)

As can be seen, a chain-like triplet can be approximated by assuming correlation be-
tween nearest neighbors merely. This is the same as eq. (2.27.1) by assuming a factor
of (1 — #) as the triple correlation. Also, all pair correlations for a triangular triplet
have been considered and a factor of 6 represents the triple correlation. Notice that in
two-cluster model there are two types of chain-like triples with 120 degree angle and
180 degree angle between bonds. Referring to figure 2.15, there are 2 configurations
involving a 120 degree angle and one configuration with 180 degree angle for a triple
site to be in state (ijk). Hence, there is 1/3 probability that the chain-like triplet is a
straight triplet and 2/3 for the other one. It can be proposed that concentrations for each
type of triplets can be estimated as in eq. (2.31) where ijk denotes a straight cluster, z/ﬁc

denotes an open triplet with 120 degree bonds and ZjA]C denotes a closed triangle with 60
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degree bonds

CZ]k ( 9)3 Cj )
2C;;Cj
— = (1 —p) "
Cir = =03=6"
Ci;CikCli
. — g

O =00

Based on this approximation, we can rewrite the system of ODEs in eq.

closed system of equations as follows:

d 2 c3_ 1 Cc3_
%CJFJF = 4k1§(1 - 9) Cﬁ + 2]?25(1 - 9) C’f
2 CotC_ 1 CoiC_
Az (1 6) 5 2hs (1~ 0) —
d 2 c3_ 1 Cc3_
SO =4k (1-0) oot 2k (1= 1) o
2 C__C,_ 1 C__C,_
~keg (1 =0 =5~ 2zl =) —F—
d_, .2 CoiCy 2 C__C,_
Oy = 2ks2(1-0) ot 2hr5 (1= 0)—
1 C, Ci_ 1 C__C,_
Hhig(1 = 0= +hg (-0 =
2 c?_ 2 ci_
~2ki (1~ 0) 7~ — 2ks5(1—6) A
1 C? 1 C?
—ky=(1—0)—== — kg=(1 — §)—=.
hag(L=0)—5= —kez(1 = 0) .

(2.31.1)
(2.31.2)

(2.31.3)

(2.7) as a

(2.32.1)

(2.32.2)

(2.32.3)

A two-cluster model is developed for a two-element model with 3 independent non-

linear equations and 8 unique parameters. The aim is to deduce rate constants k1, ..., kg

from some knowledge of concentrations. As we are interested in equilibrium state of the

system, evolutionary system of equations can be converted to the algebraic system of

equations in equilibrium. After applying moment closure approximations to the model
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and simplifying them, following system of equations will govern the system in equilib-

rium

¢

C\ . Cy

Cy. Cy

4 — 4k: — = 2.33.1
ky - + ko al ks . k4 . 0, (2.33.1)
C? C? Cc__C,_ Cc__C4_
Aks—= + kg—— — 4k =k = = 2.33.2
5O++ T, T S 0, (2.33.2)
O = ks = @y = 1 = G _ OO (2.33.3)
+—+ +4— ks C_f_\_i_ c..C,’
]{)2 C(ﬁ) C++Cf
k‘ch = ]{3407_ = QQ = — = = , (2334)
=) ) ki Ca—p C4—Cy
]{35 C_/_\ C__O+
ksC— = kyC— === - 2.33.5
5C—— C—= = Qs B O C, C_ (2.33.5)
ke C=—x C__C,
kGCi = kng = Q4 = — = = s (2.33.6)
) =) ks Ce=g=) C4_C_
C_J,.+ + C__ + 20+_ - 1, (2337)

where ()1 to (4 are the equilibrium constants for unique reversible reactions of two-
cluster model. As can be seen, each equilibrium constant has a unique definition. Taking
closer look at the reversible reactions of figure 2.4, ()1 and (), both represent destruction
of (+—) cluster and production of (++) cluster. The only difference is in the angle of
the bonds, which is a 120 degree angle for the first one and straight for the second.
However, the after applying the approximation both are expressed in the same terms.
Also, to make the equations more consistent, the moment closure approximations have
to be used not only for the rate equations, but also for the derivation of equilibrium
constants to have a valid meaning and value. Hence,eq. (2.33.3) to (2.33.6) have been

written in terms of pair and single concentrations.

The rate constants are not individually important in solving the system in equilib-
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rium. Nonetheless, the ratios of parameters, which are called equilibrium constants
play vital roles in controlling the system at the equilibrium. In other words, there are no
bounds in choosing rate constants (unless they have to be positive to be plausible in a
physical system), however, their ratios determine how different clusters are engaged in
reversible reactions in the system. Taking into account all these factors, we can re-write
system of equations in eq. (2.33) in terms of ratios of rate constants in order to dimin-
ish the degree of freedom of the underdetermined system. The complete derivation of

equations can also be found in Appendix 7.2

C? Cii Oy
(4Q101 + Qo)== — (46, +1) /= =, (2.34.1)
c- c,
i C__C_
(4Q3P2 + Q4) 5 — (482 + 1)0—+ =0, (2.34.2)
+ —
GO G ks, ks
Q1 =Q2 = C, .’ Qs = Qs = c, b= Ty Ba = ke (2.34.3)

where 3; and (5 are newly introduced ratios. This transformation leads to 2 unique
reactions and 4 equilibrium constants namely, ()1-Q)4. Substituting eq. (2.34.3) into the
(2.34.1) and (2.34.2), the rate equations will be satisfied for all real values of 3; and Js.
Note that the newly introduced parameters [3; and (3, are the ratios of the rate constants
that do not correspond to a same reversible reaction, however, equilibrium constants are
defined as the ratios of the rate constants which correspond to the forward and reverse
reactions of the same reversible reaction. Intuitively, k3 and k, are the only reaction
rates that lead to the destruction of (++) cluster. Indeed, [ is the ratio of rate constants
for destroying a (++) cluster in an angled element swap versus the straight one. Hence,
it is a representative of the tendency of particles to swap in an angled position rather
than a straight position. Similarly, 35 represents the tendency of destruction of (——)

cluster in the angled bond versus the straight one. All in all, the result indicates that
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the values of (3, and (3, are not a key factor in determining the equilibrium state of the
system, however, they might be influential in intermediate states that will lead to the

equilibrium.

Some other methods have been developed for moment closure models in which
P,/ = €Py;. In the ordinary pair approximation model ¢ = 1 for all different types
of elements. However, improved pair approximation methods seek to find an optimal
value for € via comparing their results to computer simulations. The choice of ¢ is highly
dependent to the dynamics of each specific problem [4]. These types of improvements

in the approximation are discussed in chapters 4 and 5.

2.3.2 Two-Element Triangular-Cluster Model

Another approach to derive rate equations was based on considering triangular triples
and the reactions that can produce or destroy these reactions. Hence, 4-clusters will be
involved in the model and have to be approximated by smaller clusters to close the dy-
namical system. Equation (2.16) is an instance of this formulation for the two-element
model. The approximation method for this case is called triple approximation [6]. In-
stead of closing hierarchical equations at the level of pairs by writing third order clusters
in terms of second order ones, it is necessary to truncate this hierarchy in the level of

triplets by writing fourth-order densities in terms of smaller ones [8].

First, let us have a closer look at eq. (2.31) and its derivation. The coefficient in
equations (2.31.1), (2.31.2) and (2.31.3) is equal to 1/5, 2/5 and 2/5 respectively. This
coefficient actually represents the probability of finding the corresponding cluster shape
in the lattice. For instance, there is 1/5 probability that we can find the (ijk) triple as
a straight line. Moreover, putting coefficients aside, eq. 2.31.1 and 2.31.2 have been

derived by assuming no correlation between non-nearest neighbors. Hence, for both of
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them we can write

1., C

oLy
377 ¢y
(2.35)

1 1 1
Cr = (1= 0)3Cin = (1 = 0)5CiyPyjgx ~ (1 = 0)5Ciy Py = (1 = 0)
Derivation of eq. (2.31.2) is the same. However, eq. 2.31.3 is for a triangle whose
density will be estimated by assuming pair correlations between all pairs. Similarly, all
of these equations can be obtained from eq. (2.27) by neglecting triple correlations in
the lattice. The only difference is that we have added a coefficient which accounts for

the spatial structure of each configuration.

Considering the triangular-cluster model, the target is to write 4-cluster concentra-
tions in terms of triangular clusters. We will be applying the same concept to this
model, knowing that there are two distinct spatial structures for 4-clusters. Figure 2.16
demonstrates these spatial structures. As can be observed, there is 1/3 probability that
a 4-cluster in state hijk is in the closed shape and 2/3 probability otherwise. These

coefficients are indeed the coefficients of the concentration terms.

Figure 2.16: Schematic of a 2D triangular lattice - Different types of 4-clusters.
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Considering a 4-cluster in a closed shape, its concentration can be broken down as

p_~top. Lo Ca
e~ 3Cmbs = 30

o 1

w7 = 50 (2.36)

Note that P, Yz is the probability that a randomly chosen nearest neighbor of a triangle
in state 77k is in state h. But, due to the fact that we are looking for that particular neigh-
bor which forms a closed structure with the triangle, the coefficient 1/3 have also been
included. As long as element / is not a nearest neighbor of element %, their correlation

will be neglected and P, I

can be approximated by F,/;; [2]. It is notable that if we
extend eq. (2.36) to triple densities based on singlets, pairs and triple correlations as in
eq. (2.27), we obtain a definition for a 4-cluster density which complies by the concept
introduced in eq. (2.27). The only difference is that all triple and quartet correlations

have been neglected.

Similarly, considering an open 4-cluster, the element A is the nearest neighbor of ¢

only. So its correlation with j and & will be neglected

2 2 G

2

This equation is true if 7 and j sites are actually occupied by the same elements. Other-

wise, it has to be rewritten for each one of them with a 1/3 coefficient.

Taking into account these approximations, system of ODEs (2.16) can be rewritten

in the following closed format
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d 2 C(+_) 1 O_ﬁ_
6y 20— S0 g lo =
~OhngCrm g~ OhagCrm g
d 2 ) 1 C—=
—(C— = 6k;3=-C 6k1y—C—
dt N R S (2:38.2)
62— 00 g to =
153 — C_ 163 J— C__ )
d 2 C(+_) 2 C(+_) 1 Cf,_
£C¢:2k175077+ C, +2]€11§Cﬁ0—++2k1850i Cfi
1 Cr 2 Cioy 1 Cr
+2k1250ﬁ0—_~_++2k1950__+ ol +2k2050ﬁ . (2 " 3)
2 Clam) 2 Clio) 1 C—= o
1 Cr= 2 Ci4o) 1 C=
—2k1050ﬁ C._ —2k2350¢ C. —2]&‘2450_,’?_ Co
d 2 Cioy 2 Cio 1 Cﬁ
—(C— = 2k9s—C— 2k15—C— 2koy—C—
T T e eI R S e T
1 C— 2 Cri 1 C—
irg = C—— ——— + 2k = O — ) 4 Oy O ———+
e N (2.38.4)
2., Cuo 2., Cuo 1, O
—2k19=C — 2k13-C—=— ——= — 2kyg—C—
¥3Y=—+ . B3Tt oL W3+ O,
1 Cﬁ 2 C(+_) 1 Cﬁ
—216145er C+7 _2k17§CﬁT_2k18§Cﬁ Cfi .

As can be observed, the quartet densities have been written in terms of triplets and dou-

blets. Hence, as we are interested in the equilibrium state of the system, the following
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system of equations can be solved to calculate triplet and doublet densities

Ci+ C—
k’ s e v
" 93 s C_ 3C++ Cs- (2.39 1)
6k 20— 00 g Lo G o
i C, B3+,
Ci+ C—
6ki3— Cﬁ + 6k14— Cﬁ ——
c, C+ O - (2.39.2)
J— — A— . JE— ——+ —
6k1530___ C_ 6k16— C___ o 0,
2 C C+_) 1 C__
2]{:173 — C, 2]{51130ﬁ C. + 2k 830A+ C,j
1 C— Ci+ 1 C—
+2]€123Cﬁ C—:—J’_ +2k193CA+T+2k 03CA+ C—::; (2 39 3)
Ci+ Cii— 1 C— o
—2k2130¢ C+ —2k93C++ c_ 30++ . _*
C— C C—
M= | L= o B

P St M =)
3 -0 37F L U3~ Civ ’

Ce=+C—+3C——+3C— =1. (2394

Also, to reduce the degree of freedom in the system equilibrium constants can be taken
into account as in eq. (2.17). Note that equilibrium constants are written in terms of 4-
clusters which needs to be approximated by smaller clusters. Consistency of equations
dictates us to break down 4-clusters into 3-clusters and further to 2-clusters. Hence,
the equilibrium constants are all approximated by pair and single concentrations. The
equations (2.39.1) to (2.39.3) need to be re-written in terms of equilibrium constants
rather than the rate constants. Equation (2.40) demonstrates the system of equations

after applying moment closure approximation and substituting constants with ratios
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C . O3 2.3 c3.C.. C3C%
,,03 Cc?_C3_ c:_ O C3_C?
2001~ 02 + Qs Og — 22— - CEC: =0, (2.402)
C__C’3 C__Ct_ C__C3_
2Q0B5B1—5 74— 30 + Q1087 ch CJQF + 2Qllﬁ6—03 C’+
+ -+ -+
C, C__C3_ C C3_ C C__C3_
+Q12—C_3;C§ = — 2657 cic. Br cice + (2.40.3)
Y C O3 B C, Ot _0
1ol cic? ’
ok C2C? ko  CoiCo 0 kg C2.CF
Q5_k 02 27Q6 k? C 07Q7_k__02 027
11 12 +-C 15 i G
Qs — @ _ Cc__C, Q0 — k17 B .. C? 0 klg O C
Tk G0k 0T ke GO (2.40.4)
Oy = @ C..C? 0 ]f20 e By = kn
11 kgg C_ 02 ) 12 = ]{724 C,,CJF’ 3 — k12
k15 _ kxn ks ko
/84 klﬁ 55 - kzg’ 56 - k24’ ﬁ'? k24.

The complete derivation of equations can be found in Appendix 7.3. As can be ob-
served, some new ratios have been introduced in the equations which are unknown.
However, for all values of 33 to 37 the system of rate equations will be satisfied. Also,
@5 to ()15 can be found using reversible reactions in equilibrium and momentum closure

models.

To recapitulate, a regular triangular lattice is considered with two types of elements
in it. The concentration of micro-structures inside the lattice can be described by writing
the rate equations for different types of clusters, using two-cluster or triangular-cluster
model. In each model, the system of hierarchical equations is not closed. The pair
approximation model is proposed to truncate the hierarchy of the equations at the level
of 2-clusters or 3-clusters. Also, to make the system of equations determined, ratios
of rate constants were used at equilibrium rather than rates constants itself. The state

of the system at equilibrium is dependant on the values of the equilibrium constants.
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Analytical solution for the equations in equilibrium were proposed in this section. Also,
the calculation of the rate constants will be investigated in the chapters 4 and 5. In the
next chapter, the three-element model will be proposed, which is a representative of the

NMC cathodes in Li-ion batteries.

49



Chapter 3

Three-Element Model

The previous chapter developed a cluster approximation model for different types of
clusters based on existence of 2 types of elements in the lattice, namely, plus (®) and
minus (). The cluster approximation model can be modified to account for interac-
tions between 3 types of elements in a 2D lattice. This formulation is representative
of NMC layer in Li-ion batteries, as it consists of Nickel, Manganese and Cobalt. In-
teractions between 3 different types of elements will be considered in order to predict
the concentration of micro-structures in the lattice. Similar to the two-element setting,
deriving rate equations for each specific cluster requires us to contemplate all possi-
ble 3-clusters that may produce or destroy the cluster of interest by swapping nearest-
neighbor elements. Here, 3 different types of elements (positive (), negative (&) and
neutral ((0)) elements) are considered. It is notable that the name of these elements does
not correspond to their charge, as the model has no assumptions on the charge of the

elements.

50



M.Sc. Thesis - A. Ahmadi McMaster University - CSE

3.1 Evolution of Two-Clusters

The 3 types of elements can have different interactions with each other to form a variety
of 2-clusters. Combinations of these elements can create the following configurations
in building a 2-cluster: (®®), (DO), (QO) (PO). (DD). (BO), (OF). (D)
and (©©). We will be examining all possible ways that these configurations will be
destroyed or produced in order to derive rate equations for each one of them. Note that
translations of the 2-clusters will have the same concentration as stated by translational

symmetry in Theorem 7.1.1.

Remark. The normalization condition for the three-element model states that the
sum of the concentrations of all possible 2-clusters should be equal to one. The same
statement is true for the 1-clusters. Some of the concentrations have symmetries
which require to be accounted for. The following equations will be derived from the

normalization condition:

C(@) +0(0) +C(@) = 1
(3.1.1)

C(OD) +C(O0) + C(OO) +2C(DO) +2C(DO) +2C(O©) = 1.
(3.1.2)

Eq. (3.1.1) s satisfied for all configurations at all times of the system. By taking

the derivatives of eq. (3.1.2), the following equation will be generated:

Lo@o) + Loo) + Lo(@e)
1220(00) +250(00) +250(00) = 0.

The normalization condition introduced in eq. (3.2) is satisfied by the rate equa-

tions introduced in the following sections.
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The rate of change in the concentration of each one of these clusters will be derived
in terms of concentrations of bigger clusters as stated in the following sections. Note
that each reaction has some translational symmetries and the coefficients introduced in
the derivation of rate equations represent the number of translations that each reaction

can have.

3.1.1 Production and Destruction of (P@) Cluster

In each of the reactions in figure 3.1, the neighbor element (highlighted in red) will
swap with one of the elements of the window (highlighted in blue) to produce a (P @)
cluster in the forward reaction. Conversely, the reverse reactions illustrate all possible
ways to destroy a (P@) cluster inside the blue window. Figure 3.1 shows all possible

unique reactions to produce or destroy a (@) cluster.

QO ky Q00 OO ks Q00
TEE = B (e == e
QO ks CGICIONEeI® ko 00O

‘ —\ —\
B == CEWO CHEH == (W0

Figure 3.1: Unique reactions, after considering translational symmetries, to destroy
or produce a (@) cluster.

According to the forward and backward reactions in the figure 3.1, the rate equation
for the rate of change of @ cluster will be derived as follows. Note that this equation
is similar to the equation derived for the two-element model with additional terms for

the interaction of ) and (0) elements

d
d—C++ - 4]{Z10ﬁ + 2k20ﬁ - 4]?30_‘1\_ - 2]€4C++,
t (3.3)
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3.1.2 Production and Destruction of (©©) Cluster

Similarly, all possible unique reactions to produce or destroy the (5(©) cluster are
shown in figure 3.2. Each one of these reactions have some translational symmetries,

which have been taken care of in the derivation of the rate equation in eq. (3.4).

0.0 v 003 00 W, Q00
Q9§§V7T_Q999Q9§§V7T_Q%%@
s, 90@ 008 w000

000 &
# —_—\
Q%é%'7:‘%%%99999‘7T_Q%%9

Figure 3.2: Unique reactions, after considering translational symmetries, to destroy
or produce a (OO) cluster.

8 specific rate constants are introduced in this rate equation

d
—C__ — 4]{590__’_/\_ + 2]@1001 - 4]{?110_/_\_’_ - legcﬁ

dt (3.4)
+4/{I130f0j -+ 2]€14C¢ - 4k15Cf_\0 - 2]€16Cj.

3.1.3 Production and Destruction of ((0)(0)) Cluster

In each of the reactions in figure 3.3, one of the nearest-neighbor elements will swap
with one of the elements of the window to form a ((0)(0)) cluster in the forward reaction.

Conversely, the backward reactions will destroy this specific cluster.

006G _w  00® 008 _w 000
# —_—\
%%%?*77'%%%9Q9ﬁ9‘75_Q%9@

o Q00 O

00 Q@ Q
O —_—\ —_—\
O k. Q:C%@Q O@é%‘@ ke O:©Q©®

Figure 3.3: Unique reactions, after considering translational symmetries, to destroy

or produce a ((0)(0)) cluster.

The rate equation for the rate of change in concentration of (0)(0) cluster is shown in
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eq. (3.5) by accounting for the translations of each reaction

d
%COO = 4]{7170@) + legom — 4]{3190@_ — 2]6200@
(3.5)

+4]€210ﬁ -+ 2k220m - 4k2300/0t - 2]5240007_.

3.1.4 Production and Destruction of ((P©) Cluster

In order to find the reaction rate for the (P ) cluster, one needs to look for the neares-
neighbor element swaps that may build or destroy this specific cluster inside the 2-
cluster window. This can be accomplished by considering all interactions between dif-
ferent types of elements. All possible unique reactions to produce or destroy this cluster
are shown in figure 3.4. Note that the number of translations that each reaction can have

is not equal to that of previous clusters.

Q0 s . Q00® 000 w000
Q@é%VTT_Q999<m99'T?_9999
—_— O == ®
%%éé b %%%@é§9) . D60
Q0G _ & Q00 (MO0 & @00
O —_— . —_—
W = SHOO SHHO === (WO
)

Q@
o
0
:@
-
o
o

Q0
— 000 HOO0O —
00 000
Figure 3.4: Unique reactions, after considering translational symmetries, to destroy
or produce a ((DO) cluster.
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.
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The rate equation for the () cluster will be presented as

d
EC+_ = 2k3C = + 2k11C— — 2k1C— — 2koC'—=
oy O + keypC— — kO — kyoC——
2]{325010\7 + QkQGOf[ﬁ - 2]{?27017\0 - QkQSOfE

+hogCg= + k30C=57 — k31075 — k32C—15.

3.1.5 Production and Destruction of ((P(0)) Cluster

(3.6)

Similar to the @O cluster, the reversible reactions for producing or destroying the

(D) cluster are introduced by figure 3.5. Note that some of these reversible reactions

are repetitions or translations of the other reactions, thereby their unique rate constant

have been utilized here.

Ty
@8@8@%@ — @8@8@8@ g@go — @8@8@8@
@8@8 — @8@8@2@ 5 8@8@ — @2@8@8@
Q0 . 000 800 & . 000
OC)@O(%@ - T @2@0@00 - TS

Figure 3.5: Unique reactions, after considering translational symmetries, to destroy

or produce a ((D(0)) cluster.
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The rate equation for stating the concentration of the (#(©)) cluster is derived as

d

aCH) = 2/€7C:+\0 + 2]{190@_ — 2/650@1 — 2]61700/_:0

+/€80m + kzocm — kGCW — leCm (3 7)
2]6270:;\0 + 2]€3300ijr - 2]€250:[)j - 2]{?350@\7

g1 Cor—g 4 ksyCa—r — kagCrg— — kseCor—

3.1.6 Production and Destruction of (5(0)) Cluster

All possible unique reactions to produce or destroy the ((5(©)) cluster are shown in
figure 3.6. It is worth mentioning that all of these reactions are repetitions of the ones
in figures 3.2, 3.3, 3.4 and 3.5 with their specific rate constants. Thereby, this equation
is the complement of all other rate equations in (3.3)-(3.7) and satisfies the aforesaid

normalization condition.

0@ & 000 000 k  ©0O0
SICicze Z: SISOl ©©©© — SISIOIS
O O ” Q00. 800 24 Q00O
QO@Q —— 000D Q@OO —— @O0
og@g — Og@g@go % g@go o @2@8@8@
QO - Q00O QO 56 Q00O
SICISIo — SIcIole C%@Q@QQ — OO

Figure 3.6: Unique reactions, after considering translational symmetries, to destroy
or produce a (©(0)) cluster.

The following equation represents the rate of change in the concentration of the
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(®©) cluster

d
EC_O = 2k15C—5 + 2ka3Cq5= — 2k13C == — 2knCy,

—|—]€16C_7_0 + ]{7246'007_ — ]{5140_07_ — k’gng (38)

2]€28C 5T 2/€35C o= 2]{5260_/01 — 2/€3ch/_:

FhsaC—5 + ks Cor— — ksoC—oy — kaaCo—-

In summary, the following set of rate equations has been derived for the rate of
change of specific clusters in the three-element model. These equations satisfy the nor-
malization condition introduced in eq. (3.2). Hence, one of the equations in eq. (3.9) is

redundant and can be dropped

d

EO_;__A,_ 4]€10 + 2]€20+ T 4]{?30_‘:_1'_\_ - 2]4540_’_4_7_
(3.9.1)
+4ksC g7 + 2keCror — 4krC 5 — 2ksC,
d
—C,, - 4]€90/\ -+ 2]6'100 - 4/€110_/_\+ - 2/{:120j
dt (3.9.2)
—1—4]{31305@ + 2]@14C$ - 4]431507/7\0 — 2/6160_7_0,
d
%OOO 4k1700+0 + 21{:1ng — 4]€1ch0+ 2]6200@
(3.9.3)
gy Cos + 2y Cly—g — AkigsClor — 2kiaaCp,
d
S0y = 2yCe + 2k O — 2k C =, — 2kgC
dt
g O + ko Oy — kg C—r — kiygCi 590
+2k250ﬁj —|— ngﬁcj(ﬁ - 2]€27C:‘_\0 - 2k286'_/+\0
+k29Cr5= + k30C—57 — k31075 — k30—,
d
= Clro = 2k O + 2hasCogy — 2ksCry — 2hrCigg
+k80 ¥¥0 -+ k20000+ k60m — /ﬁng (395>

+2k270 -0 —|— 2k330 0—t - 2k25010t - 2]433500/_’_\

+h31C7—=5 + k34Co— — kogCrg— — k36 Cor—,
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d
%C_O = 2]{31507/7\O + 2](32300/(; — 2/{5130:)? — 2]{32100/_\0

+k7160j + k240007_ - k140$ - ngCm (396)
+2k280f:|_\0 + 21{?3506’_‘? — 2k260f61 - 21{?3300/_‘1

+k32C 5 + kssCor— — ksoCo1 — kaaC—-

As can be observed, these equations form a hierarchical system of ODEs, in which the
rate of change of each cluster concentration is given in terms of higher order clusters.
One solution to this problem is the truncation of this hierarchy, which will be investi-

gated in the next sections.

3.2 Evolution of Triangular-Clusters

In this section, the triangular cluster model will be developed for a system consisting of
3 types of elements, namely, positive, negative and neutral ones. The goal of this section
is to find the concentrations of 3-clusters with the shape of a triangle. As mentioned
before, there are three different spatial shapes of a triplet in the lattice: closed triplets
or triangles, open triplets with 180 degree bonds and open triplets with 120 degree
bonds. Triangular concentrations are a matter of interest as we are seeking to match
the predictions of the cluster approximation model with the NMR spectroscopy results.
There are 10 different combinations for a triangle with three particles: (@®@), ((ﬁa),
(©©@>, (®®®), (G%), (@)@@), (@®@>, (), (@e@)), (@@@). As stated by Theorem 7.1.4,
there are some other configurations which are rotational translations of these triangles.
In this section, the focus will be on obtaining rate equations for the rate of change of
concentrations of these triangles, thereby establishing a dynamical system in order to

comprehend the behavior of the triangular clusters.

Remark. The normalization condition can be written for the triangular clusters

with 3 types of species. This condition was investigated previously in eq. (2.2)
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for single site clusters and 2-clusters. In the current setting we are interested in

triangular 3-clusters. The following equation represents this condition

+ )
+30<@®@)+30(©@®>+3c(@©@)+

Some terms in eq. (3.10) are translations of each other as stated by Theorem 7.1.4.

By taking derivatives of eq. (3.10), the following equation is generated

%c(@%) +%C(OOO)+%C(@@@)
+3%c (@%) +3%c (@%) +3%c (@@@> (3.11)
+3%c(@®@>+3%c(o@o>+3%c(@o@)+6%c<@@o) =0

This condition will be investigated after deriving all rate equations for different

3-clusters.

D
3.2.1 Production and Destruction of ((P@) Cluster

In order to derive the rate equation for the (®®@> cluster, all possible element swaps that
will build or destroy this cluster will be considered. Figure 2.8 and 2.9 in the previous
sections demonstrate all potential reactions for producing or destroying a (@®@) cluster

by considering interactions between (¥) and © elements. Currently, the (0) element is
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also added to the model, which requires us to contemplate the interactions of (+) element
with it. The rules for producing and destroying this triangle are the same as before, with
similar translational symmetries. The possible reversible reactions that are unique are

presented in figure 3.7.
QO QO QO QO
@) (%Q b Qf%@ g;{) (%Q Ras @%@
O~ O O s~V O O
G T YT EE T G

G i B, i, e 9B,

WP e TV T T
Figure 3.7: Unique reversible reactions, after considering translational symmetries,
to produce or destroy a (@@@) cluster.

Notably, each one of the reversible reactions have 6 translational symmetries, as
referred to in the previous sections, and will be accounted for 6 times in deriving the
rate equations. The rate equation for this cluster can be derived by subtracting its rate

of production from its rate of destruction

d
ac(ﬁ) = 6]{37O(+$) + 6k380(+ﬁ) — 6k390(7ﬁ) - 6]6400(7?” (3 12)
+6k410(+ﬁ) + 6k420(4ﬁ) — 6k430(0ﬁ) — 6k440(0ﬁ).

3.2.2 Production and Destruction of (@@@) Cluster

Similarly, deriving the rate equation for the (é%a) cluster requires considering all possi-
ble element swaps that will destroy or produce this cluster. Figure 3.8 demonstrates all
potential reactions for producing or destroying a (é%) cluster, considering interactions

of © with & and (0) elements.

60



M.Sc. Thesis - A. Ahmadi McMaster University - CSE

Q0 Q0 Q0 Q0

@ICI® ks OO0 G0 b @O0
0 —— Qé% O /7 O O

é% ar C%%% Qé% s é%%

Q0 Q0 Q0 Q0

OG0 _m 0600 60600 ko 000
OICIO OO0 —F/) O O

%@%> o1 <%%% Qé% Hon é%%

Figure 3.8: Unique reversible reactions, after considering translational symmetries,
©
to produce or destroy a (O0) cluster.

Considering reversible and unique reactions in figure 3.8, the following rate equation

can be deduced for <é%) cluster

d
%C(i) = 6kysC - == + 6ksgC - == — Oka7C\ | —) — OkysC; —, (31

+6k490(;ﬁ) + 6k5OO(;O,A,) - 6k510(0i) - 6k520(0i)-

©
3.2.3 Production and Destruction of ((0)(0)) Cluster

Following the same rules, we will derive the rate equation for a (@©©) cluster. We will
consider interactions of (0) element with ) and © elements. The following reversible

reactions will be found with their specific rate constants.

@1@) OO QO @I
@IOI@) b OO0 ©00 b ©0O0
%’Q@OO o ®©©©@QQ OC)@OQ o QC)@O@OO

Q0
QIO sz N QIOI® @O kss 0)

©) O ) 0a O ~—)/7)= O O
%ﬁ%) Koo 9993 §56 oo 6%%

Figure 3.9: Unique reversible reactions, after considering translational symmetries,
to produce or destroy a (©@©) cluster.

O
O
O
@)
O
O

O
@)

Considering reversible and unique reactions in figure 3.9, the following rate equation
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can be deduced for <@@@) cluster.
d

(3.14)

S
3.2.4 Production and Destruction of (@) Cluster

Deriving the rate equation for the (®@@> cluster can be accomplished by considering all
possible element swaps that will destroy or produce this cluster. Figure 3.10 demon-
strates these reactions. Note that translational symmetries are taken into account to

reduce number of reactions.

%88380 —_ Ogggggo 0880 I Qgggcggo
Oog(%go —— Ogggggo ng — @Ooggg@
e e 0 SR =i 5
G == e i == G
@8380 —_ Ogggggo Qgggo —_ @ngggg@
i = G g = i

Figure 3.10: Unique reversible reactions, after considering translational symme-
tries, to produce or destroy a (©®) cluster.

Each one of the reactions in figure 3.10 for producing or destroying the (@Q@) clus-
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ter has 2 translational symmetries. Here we have introduced the unique ones and will
account for each one of them two times in the equation. Some of the rate constants are
the same as some of the previous ones, however, some new constants have been added

to the system to account for interactions between (3 and (5 elements

%qﬁ) = 2ke1C =) + 2k30C - ) — 2k6sCo =) — 2ksrClp =,
+2k62C 1 =3, + 2ka0C =) — 2keaC =) — 2kssCp
+2kesC == + koo C g ==, 2/%70(4?_) — 2kesCl- ) -~

+2ko0C 5=, + 2knC g — 2bnClyr=) — 2knCo—r
+2k75C g, + 2kniC 1, — ZhnsClys) — 2hneClo)
+2kr7C ) + 2krsC i) — ZhneClgrm) — 2hsoCr)

3.2.5 Production and Destruction of (@@@) Cluster

Similarly, the rate of change of the (&é) cluster can be obtained by looking into the
reactions that will build or destroy this cluster. In addition to the interactions between ()
and (O elements, the (0) element would also come into play. Figure 3.11 demonstrates
all possible unique reactions after considering translational symmetries to produce or

destroy this cluster. Note that some of the reactions might be similar to previous ones.
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S i 0 i e
%ggo — chg(gggo Qi(%ggo — oggcgggo
Oooggo — Oggcgggo oggg%o — Qgggggo
St i 0, 180, =
%gggo — ogg(gggo o?@oggo — chg(gggo
S == R S e S

Figure 3.11: Unique reversible reactions, after considering translational symme-
tries, to produce or destroy a (G)@@) cluster.

One can write the rate equation for the (é%) cluster by considering the reversible
reactions in figure 3.11. Again, each term in the rate equation has a coefficient of 2 due

to translation invariance of the system

d

+2k680(;¢) + 2k480(;i) - 2]{660(;,?) - 2]‘3460(;?1)

(770 T 2karC =) — 2kesC 5= ) — 2kssC - =,

+2k630(,ﬁ) —|— 2k64C ) — 2k610(+ﬁ) — 2k620(+ﬁ

(;ﬁ

' (3.16)
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3.2.6 Production and Destruction of (@) Cluster

Likewise, the dynamics of the <®@@) cluster can be represented by some reversible reac-
tions. Figure 3.12 demonstrates all potential reactions for producing or destroying this

cluster by considering interaction between different elements.

G == S i =
S = S0 B = S5
S == ST e =2
S == S D ==
Oogggo - Ogggggo ogggo — @ggggg@
o, = o B = S

Figure 3.12: Unique reversible reactions, after considering translational symme-
tries, to produce or destroy a (©®) cluster.

Each of the reactions in figure 3.10 for producing or destroying the (@©®) cluster has

2 translations. Here we have introduced the unique ones only and will account for each
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one of them two times in the equation

%C(+o+ 2k940 (007) T 2k430(0+++ %960 (00F) 2k410(+0++
+2ko7C 3557 T 2kaaC 5773 — 2R0oC 5757) — 2ka2C 1757
+2k980(+0+0 + 2k1010 (-+00) = 2k1000 (07+0) — 2k103C 5 (0F+0) (3.17)
+2k102C 1 =57) + 2kn2C o =) — 2k104C 157y — 2k00C 5
+2k105C 1 =57) + 2k76C 57=%) — 2k107C =157y — 2knaC 157
+2k106C 1 =5 + 2k100C 175, — 2k10sC - 15) — 2k C 175

O
3.2.7 Production and Destruction of ((0)(0)) Cluster

In a similar manner, one can find a set of reversible reactions in which the (@®@) clus-
ter can be found on one side of the reactions. Figure 3.13 demonstrates all possible

reactions of such type.
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b == b Gl == ¢
(C;go — oggcgggo O(C;SO — oggcgggo
(ggo — Og(gcggg() ogo — Qg;gggo
Lo == b o =2
nggo — Qg%gggo ogggo — Qgcg(gggo
B i 0 S e

Figure 3.13: Unique reversible reactions, after considering translational symme-

tries, to produce or destroy a (@®@) cluster.

We can write the rate equation for the (@@@) cluster by considering the reversible

reactions in figure 3.13. Again, each term in the rate equation has a coefficient of 2

corresponding to its spatial translational symmetries

d

7Corm) = 2k0C gy + 2hsC sy — 2hsCirn) — 2kssCiormn
+2k103C 5750, + 2ks6Cagmy — 2konCgrm) — 2ksaCrm,
+2ko6C ) + 2koaCrsm) — 2k0aC sz — 2korClan)

+2k110C =55, + 2k113C ;=) — 2k112C - g, — 2kn1sC - g0,
+2k114C =55, + 2kn17C 5575, — 2k116C 575 — 2k110C - g5
+2k115C =57 + 2k11C =53, — 2kr0C g7y — 2kr23C- g
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3.2.8 Production and Destruction of ((g)%) Cluster

Following the same procedure for the () cluster, its rate of change of concentration

can be deduced by investigating all possible elements swaps that involve this cluster.
Figure 3.14 displays all possible unique reactions after considering translational sym-
metries to produce or destroy this cluster. Note that some of the reactions might be

similar to previous ones.

G i B0, S e B
Ogggo — OgggggO Q%%S%@ — OgggggO
SOl =2 B0, 8 e B,
G0 e 00 9 i B
R0, e B0, 0, L B,
o0 e B S e S,

Figure 3.14: Unique reversible beactions, after considering translational symme-
tries, to produce or destroy a (O0) cluster.

The rate equation for the () cluster will be obtained based on the reversible reac-

tions in figure 3.14. Again, each term in the rate equation has a coefficient of 2 due to
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translation invariance of the system

+2k125C - g + 2k C g —

=57y = 2k122C 557 + 2k51Cy=—=,

+2k126C - g5 + 2k120C -5,

+2k130C - 357y + 2ksrClo =

+2k’1330(;ﬁ) + 2]{791 C(O—Ti)

—|—2k134C’ —f— 2]{31370

(~F-0)

— 2k1240(0ﬁ) — 2]43490(;0_A_)
2/{:1276'(0 - 2/?500(;0_A_)
2k1280 — 21{51310 (3.19)

— 2k1320 2k5850(+ﬁ)

— 2k:1350(j~ri) — kago(;(ﬁ)

— 2h136C =, — 2kiaeCiy—;,

O
3.2.9 Production and Destruction of ((0)(0)) Cluster

Similarly, the reactions leading in producing or destroying the (©@@> cluster are obtained

by investigating the element swaps between nearest neighbors to the elements of the blue

window. Figure 3.15 highlights the aforementioned reactions.

69



M.Sc. Thesis - A. Ahmadi McMaster University - CSE

Lo == o S == i
oo = S SR == o
S50 == S6b ot === e
b == Sowb S = s
gggo — Qgggggo ocgggo — Qgggggo
gggo — ogggggo Ogg;gO — og;gggo

Figure 3.15: Unique reversible reactions, after considering translational symme-

tries, to produce or destroy a (@6@ cluster.

Considering the number of spatial translations for each reversible reaction, the fol-

lowing rate equation will be derived

d

Ec(ﬁ) = ZklgsC(Oﬁ)) + 2/@‘590(;@) — 2k196C, - = — 2ks57;C

(~0-0) (6=00)

+2k151C 5==5) + 2k60C =555, — 2k120C = 5=5) — 2kssC =5

+2k1240(0ﬁ) + 2]€127C(0ﬁ) - 2k1220(;00A7) - 2]61250(;@)

(3.20)
+2k1380(0ﬁ) + 21{31150(;@) - 2]€14(]C(+(ﬁ]) - 2k1130(+_A()())
+2k1410(6ﬁ) + 21{;1190(;(?0) - 2k1430(+(ﬁ]) - 2k1170(+_A()())
+2k71420(0ﬁ) + 2]{?1450(0+T) - 2]{?144C(+()()A_) - 2]{?147C(+00A_)
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3.2.10 Production and Destruction of (P©O) Cluster

Deriving the rate equation for the (@@@) cluster is performed by considering all possible
reactions that involve 3 types of elements. It is notable that all of the rate constants
introduced here have been already introduced in the previous sections. Hence, there
will not be any new rate constants specific to this type of cluster. Here, we skip the
representation of the reversible reactions, as they have been constructed earlier in this
section. Each of the reversible reactions for this cluster has only one translation. Totally,
there are 24 different element swaps that can happen to destroy a cluster of this form
and produce a new cluster. All of the translational symmetries of this cluster will be
accounted for in the normalization condition of the system. The following rate equation

can be deduced

d

%C(ﬁ) = —keoC\15=5) + knCo=2) — ksC =) + ksCo=)
_k770(+0+ ) — krsC G700 T kraC¢ 077 T k800(0++
—kgaC gy + ksaClo==) — kseC' gy + kesCly—=
—kooC\ 5=y — ko3C 5=y + k020 g —=5) + kosCy—=
—Fk102C =57y + F104C 157y — F10sC =57y + k1orC- 157
kl%c (+=+0) k109c G50 T klOSC “Fr0) T kUlC( F10) (3.21)
—k1100(0_+0 + k1120( 370) k1140(()_A+0) + kllﬁc(;m)

—knsc(oﬁ) - k1210(0ﬁ) + k1200(;00A+) + ]f123C(;00A+)

—Fk130C + k1320, — k1330 - 35=) + F135C 1 5=

+O) +O)

—k134C(;+ k137C 5 T k136C 5 T k1390(+_ - 0)

—k133C'; + k140C — kinC; + k143C

(6+—0) (+0—0) (67—0) (40—0)

—k142C ¢ — k145C 5 @700 + k144C' y T k147C'

(0F0-) 0— (+00= (+00—

All in all, the triangular cluster model produces a system of ODEs for the rate of
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change of concentrations of different cluster types. In this case, considering 3 types of
elements in the model, the triangular model consists of 10 ODEs, along with 109 unique
rate constants for each reaction type. The system is not closed and cannot be solved
without further simplification. Additionally, the system of equations is hierarchical, in
the sense that the rate of change of concentration of 3-clusters is calculated from 4-
cluster concentrations. In the following section, we will investigate how the moment
closure model will truncate the hierarchy at the level of 3-clusters and make it a closed

system of equations.

3.3 Moment Closure Approximation

3.3.1 Three-Element Two-Cluster Model

In order to solve system of equations eq. (3.9), one must truncate the hierarchical dy-
namical system. Hierarchical system of ODEs arise when the rate of change of the
concentrations of n clusters are written in terms of the concentrations of n + 1 clusters,
where n denotes the size of the cluster. Truncation of this hierarchy by some approxima-
tions will allow us to solve the system in a desired closed form. As introduced in section
2.3, the pair approximation model will be used for truncating the system of equations.
Eq. (2.31) is used to write triplets’ concentrations in terms of the concentrations of pairs
and singlets. Applying the moment closure scheme to eq. (3.9) will produce following

closed dynamical system

d C?2 c:2. 2 C..C.. 1. C..C,_
~—C 4k +- Qk il | Pt s ) § i s
dt T 5 o Tt e TRt 57 Oy (3.22.1)
+ 4k Cio —2k Cio . 24k Cy+Clho _ 12k Ci+Cho o
*Co “cy 57 C, 57 0,
d 2 (2 1 C? 2 C__C._ 1 C__C,_
—C__ = Z4kg——= + 2k: R ) T it S ) 3t
dt 50 CL Yoo 5T o 55O (3.22.2)
2 (7, 1 c* 2 C__C, 1. C__C_ o
S 4k —2 =2k =0 Sy oy
+5 13 Cy + -2k C AT A Fehe—
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d 2 C? 1 C? 2 CooC 1 CooC
—Clo = =4k, -9 + 22k 0 S0 oy — 00
o0 = FrT e . 187~ C. 5 19 Cy 5 <h20 Cy
2 C?, 1 c?, 2 CoC_og 1 CooC_o
Aoy —2 4 22k —9 — Zd4kys — 22k
+5 2 L 5o A 5 s C 5 i Co
d c,,Cy. 2. C_C. 2 C* 2 (C2_
— = —2k: S ok, Zok — 29k
a5 c.  TytmT 57 e 57y
Co.Cil 1. C__C,_ .1 2
+5k c, she—a 5]‘C2 c_ 5w C.
2 CipCy 2. CiCo 2. CiCqy 2. C.Cy
Zok Z2k — 2ok — 2ok
+5 25 o + SRUE s 5o o 5 ~has .
1 CCo 1, CiCo 1 C.Cqo 1 Ci Cio
“k Zk _ - _ -
+5 29 o + 5 /780 o 5B o 5 /82 c.
d 2. CiiCho 2, CoCio Chh 2., C%
—Clho = =2k Zok — —2k 0 Zok
ac T T e T T Ty 5T,
1 1 1. C? 1. C?
+_k8% + —k:200000+0 Sy ¥ KU P A1

5% O 5 Co 5°%C, 5 °C.
2 C.Cqy 2. CyCqo 2. CiCo 2. Ci Cio

=2k =2k — =2k — =2k
+5 2 + 5N T A 5o o 5 N5 C.
1. C,.Cqoy 1, C..Cqy 1, CoCqoy 1, C, Cyp
—ky1———— + —kyy———— — —kyg——— — -k
58T o + 58T 5o 5 36 c.
d 2 C__Cy 2. CypCy 2. C?* 2 C?%
—C_ =2k 2k — =2k 2k
a5 C 570 ¢, 5P C, 5T C
lk C——Coo 1 CooC lk 2, _1 C_EO
50 C. 570 C 5 C 520

5 c. 5 c. 5 Co 5 c-

5 c, 5 C., 5 Co 5 c-

(3.22.3)

(3.22.4)

(3.22.5)

(3.22.6)

As we are interested in the equilibrium state of the system, the rate of change of the

concentrations for each specific cluster will be equal to zero, as the rates of the forward

and backward reactions will be the same. Hence, the right hand sides of the ODE system
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in eq. (3.22) will be equal to zero, resulting in a system of algebraic equations

2. 2 CLC CuCh

oo S g Gl Gt Oy
c TR T T LeR
Co i CiiCho , C44Ch0

Aks—9 4 ke —2 — 4k k
e, T, Mo T T

4k

(3.23.1)

=0,

C? C? C__C,_ C__Cy_
= + kio—— — 4k = — +

C, C, C_ C_
C? 2, C__C., C__Cy

4kys—2 + kpy—2 — 4k —k
+4FK13 Co + K14 Co 15 16—

4ky

(3.23.2)

=0,

C? C? CooC CooC
A 240 g Yro gy Lo Looio
17—C+ + 18_C+ 19 Co 20 Co

Cc? c? CooC_ CooC-—
—1‘4]€210—_0 + k220—_0 — 4kos 0000 0 koq ODC,O 0

(3.23.3)

=0,

C__Ci_ c3 c3
C_ C_ Cy
C__C,i_ c?_ c?
k — ky—= — kyjg—
. + K12 o 20 10 C.
C10Co Cy-Coy Cy-Cho
—4 —4
kor ol kos C.
0 _ 4 Cy-Coo I Ci-Cho
Co 00 B 2o

4k3—0++0+* + 4k,

— 4k
C, !

— 4ky

(3.23.4)

=0,

2 2
Akr Ci+Cio + 4k190000+0 — Ak —0 — 4l 0

Cy Co Co (o
CooCro O-QH) Cio
k —k —k
c. + K20 Co 6 C 18 C.
C, C, C.oC_p C, Cy
— 4kos——— — 4k
o ol 25 s 35 C,
C._C_ C._C_ CoC_ Cc,_C
+ 0, A 0 - +0b—o gt +0

C_ C_ Co C,

(3.23.5)
C,_C_y

+ks1 = 0,
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C__C, CooCo 2, 2,
ey E2Y0
e AT Ty c_

C__C. CooC o c? c?
+his— 5 O 4 oy 0270 — ks COO — Fgy C,O
Cy-Cio

Cy-Cio
Yy S50 b
c, Tl Co c-
C. Cp | CiCi )
o, TheTa Co -

(3.23.6)

+4kog

+k‘32

Also, in the equilibrium state, the reversible reactions will have equal forward and back-
ward reaction rates. All unique reversible reactions in the two-cluster model with three
elements can be found in figures 3.1, 3.2, 3.3, 3.4 and 3.5. Hence, the equilibrium con-
stants can be deduced from these reversible reactions in equilibrium. These constants
can be used to reduce the number of the degrees of freedom in the system of equations.
In addition, pair approximation is used to break down the triplet concentrations and

write them in terms of smaller clusters

]{51 C—ﬁ-\— . C++C_

b = kel = Qi = 1o = 7 = 5 (3.24.1)
koCir—p) = kaClmy = Qo = Zi = gi:z = gig; (3.24.2)
ksCie = krCg = Q= z—i — gg — g:gj (3.24.3)
keCror = ksCrrg = Qu = ZZ = g:j = g:gf (3.24.4)
koC e = ks C—y = Q5 = :—f’l = g_:: = g:gj (3.24.5)
k10C (== = k12C==5) = Qs = Ziz = gi‘ji = g:g* (3.24.6)
kisCe = kysC—y = Q7 = :i — gz — gogo, (3.24.7)
F1aC ey = kioCp) = Qs = 214 = Cem _ G (3.24.8)

ks Comy  Co-C-
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ki Caor  CooCly

kl?Cm = leC@_ = Qg - k_lg = OO/\O = C+OOO7 (3249)
+
kis  Coor  CooCy
kisCioro) = kanCioor) = Quo = - = Comn ~ Cual (3.24.10)
kn  Cg=  ConC-
knCymg = kasCig = Quu = — = = = —= (3.24.11)

ks Cyy CooCo’

0-0

kaos  Coo=  CooC-
koo Co— = koyCon— = === = 3.24.12
22%V0—-0 24%~00— QIQ k24 Oﬁ C_OC() ) ( )

kas  Cog e

kQBOﬁj = k27017\0 = QIS = k_27 = C’/O\ = C+OC , (32413)
To- _
k26 Cf\o C+_Co

k26Cf(ﬁ = k280fﬁ = Q1a = /{?_28 = C’/;; = C 0Oy (3.24.14)

ko Ci=5  Cy_Co

kasC= = kn O = Qus = 10 = Gt = Gl (3.24.15)
ksoC—gr = k32C—g = Q16 = z—z = gi’ = g:gj (3.24.16)
k3sCo— = kasCgr= = Q7 = Z—zz = gzj—i = g+zg+, (3.24.17)
k3aCo=r = k3sCor= = Q15 = Faa _ o _ CroC- (3.24.18)

kss  Cor  CoCy

As can be observed, after applying the moment closure approximations, the following
equilibrium constants will be equal and will further reduce the number of the degrees
of freedom of the system: Q1 = @9, Q3 = Q4, Q5 = W, Q7 = Qs, Q9 = 10,
Qu = Qu2, Q13 = Q15, Quu = Q16 and Q17 = (15. The next step is to write eq.
(3.23) in terms of equilibrium constants, ) to (J1s. Appendix 7.5 demonstrates the full
derivation of the resulting equations. First, equilibrium constants will be substituted into
the equations in place of the rate constants, then some extra ratios will be introduced.

For this reason, the number of unknowns will diminish significantly. As a result, the
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system (3.23) takes the following form

2
(451 + Q1 G = 45+ )

Cl Ci+Cho

FO—(‘W:H—) C. =0,

+(465+1)Qs
C? __C_
(4584 + B5)Qs5 Ct: — (484 + B5) ¢ C?Jr

02 _C_
+(486 + 1) 77—(456 )CC? °

=0,

C’0061-"-0
Co

02

(457 + 58)Qgc—+0 — (487 + fs)
+

CQ CooC_o

+(489 + 1)6211— — (@ +1) =5 =0,

C- 0

2
(4510 + P11) C+E,Cj+ — (4610 + P11)@1 %L_
2

(4B + 613)@5 (4812 + B) C—(f*
+(4514 + B16)Q13 +OCLO — (4B14 + Bis) C+CCO
+(4615 + 1)Q14 C+Of_ — (4515 + 1)C+_—f+0 -0,

Cc..C C?
(4617 + Bls)LJrO — (4617 + 518)@3—+0
o Co

CooC1o
Co

Co
— (419 + ﬁzo)@g—
C+OC_

+(419 + Ba0)
C._C.y

+(4521 + Po2) — (4B21 — Pa2) Q13

C_
C. Cy C+,C+0 -
ol (4093 — 1) . 0,

+(4523 + 1)Q17

7

(3.25.1)

(3.25.2)

(3.25.3)

(3.25.4)

(3.25.5)
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c__C_ C?
C—O — (4Ba4 + Ba25) 7—0

Co

CooC_ c?
+(4B26 + Par) Lkl (4526 + 527)@11—0
Co C_

c._C C.C_
+(45s + 529)+C—+0 — (428 + P29) Q14 +g,0 0
+

CyCio CiCoy_
C, C_

(4824 + Bas)

(3.25.6)

+(4830 + 1) (4830 + 1)Q17 0.

As can be observed, this model contains 18 equilibrium constants ();-()1s and 30 ad-
ditional ratios [3;-f39. As noted before, equilibrium constants are calculated based on
the unique reversible reactions in equilibrium and further broken down in terms of pairs
and singlets concentrations. Each of the extra parameters, namely (; to (s, is the ratio
of the rate constants which do not correspond to the same reversible reaction. The pa-
rameters are chosen arbitrarily without influencing the equilibrium phase of the system.
Nonetheless, the choice of these arbitrary parameters might influence the intermedi-
ate states of the system. In other words, as long as the equilibrium constants are not
changing, the system will reach the same equilibrium phase regardless of the choice of
additional parameters. However, changing these arbitrary parameters from one experi-
ment to another might affect the intermediate states of the system when converging to

the same equilibrium.

3.3.2 Three-Element Triangular-Cluster Model

In section 3.2, we derived the rate equations for each triangular cluster type. The sys-
tem of equations is significantly under-determined and with a hierarchy that needs to
be truncated. The moment closure model introduced earlier will be used to truncate the
hierarchy of the system at the level of 3-clusters. Additionally, we are interested in the
equilibrium phase of the system, where the rate of change of concentrations for differ-
ent clusters remains constant as the forward reaction rate will be equal to the backward
reaction rate. Adding the assumption of equilibrium will assist us in reducing the num-

ber of parameters in the model by calculating the equilibrium constants of the model.
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The ODE system of equations in equilibrium will then become an algebraic system of

equations. The following equations will be derived for equilibrium after applying the

moment closure scheme on ODE equations

) C..C3_ 1 c_@cf’;__k C’_?;+C+__1k C3,0%_
ozer TR Toigr T or T Moo
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hugrge Tgkearge ~ M gk TEsg,
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+k49—CgC'20 +5k50—0f0020 R eT e ° 5 52_0?02 =0,
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hes =0 4 —k - =
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YTozcr TR Tozon MR
1. CC__C3 1. C2.03%. C__C3_
B e Te i e Yo o
1. C,.C__C c..C3 1, C..Ct
5fos ++c303 =~ ke gg(; s 5102
+~— +V- +v—
C,_C2,C_ C C2C C,,.C% C
oot P ergr s M e
+ =40 +~0 + &=
o GO 1, C2CACo 1) CiiCh (RO
EeTeR 5 0 czerc: 5t CiC0.Ce
—lk Cit 02 CioC 1 C++Oi_0+00—o+k C,_C3Cy
50 3020, 50 3020, iNeNeNe
+1k Ci4Cy C3,Cy ok CC%_Cyg —lk C . C3_C3, _ 0
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Same for the two-element model, the rate of forward reactions and backward reactions
will be equal for reversible reactions in equilibrium. The following equilibrium con-
stants can be introduced based on reversible reactions in equilibrium. Each one of them

is broken down by applying the moment closure approximations.
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As can be observed, after applying the moment closure scheme, some of the equilibrium
constants are equal to each other. The rate equations derived in eq. (3.26) will be
written in terms of equilibrium constants and will be closed by moment closure scheme
in terms of 2-clusters. Appendix 7.6 provides the full derivation of these new equations.
Note that one of the rate equations is redundant as it can be deduced by imposing the

normalization condition
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Note that expressions for the ratios [31-(393 of the rate constants are provided in Ap-
pendinx 7.6. Each of these parameters is defined as the ratios of the rate constants that
do not correspond to the same reversible reaction. These parameters cannot be calcu-
lated by looking at reversible reactions in the system. However, these parameters can be

chosen arbitrarily without altering the equilibrium phase of the system. Having system
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of equations (3.28), and determining the equilibrium constants from the experimental
results, one will be able to solve the forward problem to calculate concentrations of

micro-states of the system.

All in all, dynamical systems were built for the concentrations of 2-clusters and
3-clusters based on higher order cluster concentrations. The pair-approximation trun-
cation scheme is utilized to truncate the hierarchy of equations. Rate constants were
replaced by their ratios to reduce the number of unknowns in the equations in equilib-
rium. Consequently, the resulting algebraic system of equations is solvable analytically
using equilibrium constants and some additional arbitrary parameters. In order to deter-
mine the rate constants in the dynamical system, we propose a different computational

framework in the next chapter based on inverse modeling approach.
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Chapter 4

Computational Framework for Inverse

Modeling

In the previous chapters we developed a system of evolution equations for the two-
element and three-element systems. Two different, yet interconnected models were
developed for describing the evolution of the concentrations of the clusters at different
levels, namely, two-cluster model and triangular-cluster model, in which the evolution
of 2-clusters and 3-clusters are considered respectively. An analytic solution of the
dynamical system was developed at equilibrium and equilibrium constants were calcu-
lated explicitly from concentrations for each reversible reaction. In this chapter we will
present computational frameworks for proposing a new closure approximation model
and also calculating the rate constants. First, the pair approximation truncation scheme,
which was based on neglecting the non-nearest-neighbor correlations of elements, is im-
proved in order to produce more accurate results. Also, we will propose a computational

framework for deriving the rate constants of each unique reaction. These parameters are
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considered to be constant in this formulation. However, temperature-dependent rate
constants will also be investigated in a more general setting. Section 4.1 proposes a
novel truncation scheme to close the dynamical system and will be subsequently com-
pared to the pair approximation scheme. Section 4.2 discusses the computational frame-
work used for deriving the parameters of the model via an inverse modeling approach.
Finally, section 4.3 suggests a framework for calculating the temperature-dependent rate

constants.

4.1 Optimal Moment Closure Approxima-
tion

The pair approximation scheme introduced in eq. (2.31), (2.36) and (2.37) can be used
to close the hierarchy of the evolution equations. However, the accuracy of this scheme
is questionable as the results are shown in section 5.4. Some analyses have been per-
formed using this scheme which are presented in chapter 5. In order to enhance the
accuracy of the truncation scheme, here we propose a new approach based on a non-
linear regression analysis in order to truncate the hierarchical system of equations more
accurately. The pair approximation scheme attempts to predict the concentrations of the
higher order clusters in terms of lower order ones with a specific functional form. In
the new approach, we attempt to give more degree of freedom to the functional forms
to make them more flexible. The new closure model depends on the same concentra-
tions as before but the functional relation is more general. Table 4.1 demonstrates the
functional forms for each particular triplet using the pair approximation and optimal
closure schemes. PA stands for the pair approximation scheme and OA refers to the
optimal approximation scheme. Note that eq. (2.31) can be expanded for each partic-
ular cluster as shown in Table 4.1. It is notable that the new functional forms are the

generalizations of the original ones obtained by adding more degree of freedom to the
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functions and involving more cluster concentrations. The numerators of the functions
involve the nearest-neighbor 2-clusters such that the effect of non-nearest neighbor ones
are neglected. The denominators, on the other hand, involve the singlet concentrations
that are present in the triplet. The later makes the functional form different from the
pair approximation in some of the cases. Also, the exponents of the concentrations in

the new model are to be determined using nonlinear regression techniques.

Triplet Type PA OA Cost Functional (F') r

Corr 1% ég% Fi= L [T [Cos () = Core(0)2dt. Ty = [ 7
— 1 1% R=L D) - C—0Pdt  To=[n 7
C—= %OCE’: %% Fy =3 [y [Co=(t.T) = Cr=®)*dt  Ts= [y 7 ]
== ¥ Lo F=L 0=t - C==(Pdt  Tu=[rn 2
Cr= %C+E~f+7 %C;%gjf} Fs =3 fo = é —(t Pdt - Ts = [n v2 73 74
C— e %Cgégﬁ’ Fo =3 Jy [C==(t,T) = C==(t)*dt T = [n 7 7 7]
Cr= %(gf %(é% r=3 fo = ( - ém(t)]th L7 = [m 7]
C— %%3: %% Fy =1 [ [C—(t.T) — C—(t)]dt I's = [11 7]
O ¥ igpes B =0 O 0P To= byl
C— 2% gCCT Fio= L JTIC——(t,T) = C—(®)2dt  Tio = [ 7 7]
Com 3%%= HEE Pu=3 [ IC=(T) - Com(OPdt Tu =12 7
O 3= 150 R[0S 0D - O Pd T =y sl
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o— 2 2 Fu=1[lIC=(t.T) - C—=(Pdt  Tu=[n 7l
Ce= %= G Ri-iC — G (®)2dt Tis = [ 72 7 il
N R %foT[Cﬁ(tI) ~ O (@t Tus= 3%

Table 4.1: The functional forms of pair approximation scheme vs. optimal closure
scheme for each triplet type.
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We will try to find the parameters of these models by minimizing the residuals
between the experimental data and the model output data points for different times
[17-19]. In this formulation the concept of time refers to the iterations of the simu-
lated annealing experiment as time is not an independent variable for this simulation.
Each time step corresponds to number of iterations of the simulated annealing experi-
ment, as the data is sampled here. The functional forms for the pair approximation and
the optimal approximation are proposed in Table 4.1. Also, the error functional to be
minimized is presented for each triplet type. C' and C' correspond to the model output
concentrations and the experimental concentrations respectively. 7' is the final time of
the process. Notice that for each specific triplet, a separate regression analysis will be
performed individually. I' is the vector of exponents in the new functional forms which
is different for each triplet type. Note that the triple concentrations are written in terms
of lower order concentrations and hence, the new functional forms have to preserve the
unit of concentration. Thus, for each functional form, the exponents have to add up
to one to maintain the concentration unit. To do so, we present three distinct formula-
tions for different triplet types based on the number of exponents that they have. The
following nonlinear regression problem needs to be solved

min Fy(T;) i=1,2,7,8,13,14

(3

such that

M= =1,

where F; is the cost functional to be minimized as stated in Table 4.1 and I' is the vector

of exponent (parameters) of the model. However, this formulation takes another form
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for some other cases, namely,

min Fi(T;) i=3,4,9,10

(3

71 > OJ (42)
such that

M =7 —73=L1L

The rest of the cases are analyzed via the following formulation:

win F(Ty) i=5,6,11,12,15,16

V1,72 > 07 (43>

such that
Nt+ve—r—7=1

The reason for making the exponents strictly positive in the numerator is that the nega-
tive exponents can cause the system of ODEs to blow up for concentrations between 0
and 1. In other words, the concentrations are defined for values in [0, 1] and the negative
exponents of the pair concentrations will, in some cases, produce unbounded terms in
the equations, which further leads to the blow up of the ODE system. Note that some of
the functions have two factors on the numerator, however, others preserve one factor in
the numerator. Notably, the exponents on the factors in the denominator are concentra-
tions of singlets, which are constants throughout the process and have no contribution
to the blow up of the ODEs. Optimal closure model presents the new functional forms
which can be used to predict the 3-cluster concentrations from lower order ones. The

unconstrained optimization problem can be solved using standard solvers.
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4.2 An Inverse Modeling Approach for Pa-

rameter Estimation

As we discussed in the previous chapters, the dynamical system at equilibrium becomes
an algebraic system of equations which is solved analytically using the expressions of
equilibrium constants and moment closure approximation truncation scheme. Nonethe-
less, the main goal is to calculate the rate constants from concentrations throughout
the process. The parameters are reconstructed by minimizing the mismatch between
the computational and experimental cluster concentrations [20,21]. The "experimental"
concentrations are obtained by simulating a Monte-Carlo experiment using Metropolis-
Hastings algorithm as shown in chapter 5. Temperature is one of the factors changing
with time in this simulation. One simplifying assumption is that the parameters (rate
constants) of the model are not changing with temperature throughout the process. The
goal is to fit experimental data to model outputs via assuming constant parameters.
However, in a real physical system, the reaction rate constants are changing with tem-
perature. This assumption will be relaxed in the next section. Also, each of the ratios
of the rate constants corresponding to each of the reversible reactions have to be equal
to their equilibrium constants throughout the evolution of the cluster concentrations (for
instance, Q; = & = Crm Ci+C) as stated in eq. (2.33) and eq. (2.40). It is

ks C;F/—\-&- Cy_Cq

noteworthy that the ratios of concentrations corresponding to a reversible reaction, as

stated in eq. (2.9) and eq. (2.17), are equal to the ratios of the rate constants corre-
sponding to the same reversible reaction, as the forward and backward rates are equal in

equilibrium (Z—; = % at equilibrium). This statement is not true during the process
as the forward and backward rates of each reversible reactions are not equal. The ratios
of concentrations corresponding to a reversible reaction (%) are changing during the
process and are referred to as rate quotients. The rate quotient is equal to the equilib-

rium constant only at the equilibrium phase of the system. However, the ratios of the
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rate constants (and not rate quotients) corresponding to a reversible reaction are equal to

oqe . . . ey . . kl
the equilibrium constants during the process and in equilibrium. For instance, ()1 = =
at all times of the process, however, ()1 = % = % only at equilibrium. In order to
‘ -+
find the parameters of the two-cluster model, the following formulation is used
min J(K) = / " 1C(LK) - S
K N 2 0 7
s
% = f(C;K) on (O,T},
C=C, ont=0, (4.4)

such that

C++ + C__ + 20+_ — 1,

Q(K) =Q,

\

where K is the vector of rate constants, C is the vector of concentrations from the model,
C is the vector of concentration from the experimental results, C; is the vector of initial
concentrations at the start of the process, Q is the vector of equilibrium constants which
are written as ratios of the rate constants, 6 is the vector of equilibrium constants cal-
culated from the simulated annealing results at equilibrium and T is the final time of the
process. The objective function is defined as the discrepancy between the experimental
concentrations and concentrations obtained from the evolutionary system of equations,
both as functions of time. This objective function is calculated for the entire time evo-
lution of the process. Note that the system of differential algebraic equations used as
the constraint satisfies the normalization condition by itself. Hence, the normalization
condition becomes redundant and one can solve the system of equations in time by an
ODE solver. Also, the concentration of (4+—) cluster can be written in terms of concen-
trations of the (++) and (——) clusters based on the normalization condition. Note that

in our approach the vector of concentrations are

(4.5)
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The system of ODEs is solved for the concentrations using an ODE solver. The evolu-

tionary system of equations for the two-cluster two-element model is

dC 4

dC__
7 = 4/€5O(_/_~‘_\_) + 2/{560(1) - 4/{570(_/_1) - 2k80(ﬁ), (4.6.2)

where k;, ¢« = 1,...,8 are the unique rate constants of the model which need to be
determined. Equation (4.6) is the hierarchical form of the equation which needs to
be truncated via the pair approximation closure scheme or an alternative one, which is

discussed in the previous section. Chapter 5 demonstrates the results of this analysis.

4.3 Temperature Dependent Rate Constants

Rate constants in chemical processes are generally temperature dependent. Section 4.2
proposes an inverse modeling approach for estimating the rate constants which are con-
stant during the process. In this section, we will neglect this assumption by making the
parameters temperature dependent. To do so, the experimental data which is evolved
in time (and temperature), is divided into a number of sub-intervals. The temperature
is decreased monotonously with time. Each sub-interval covers a range of the temper-
ature decrease. By increasing the number of sub-intervals we can make our grid finer
and obtain rate constants that resolve finer variations with temperature. This can be
performed by introducing a cost functional for minimizing the mismatch between the

experimental concentrations and the model outputs which is evaluated in time for n
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equal sub-intervals

min J(K) = % /0 [C(t,K) — C(t)] dt

2 = f(C;K) on (0,71,

C=C, at t =0,

C++ ‘I‘ C__ —|‘ 20+_ — 1, (47)
such that

K= |:K17K27"' JKn]7

K; € R® for t € ((j — )AT,jAT], j=1,2,-- ,n,

Q(K) =Q,

\

where K; is the vector of rate constants for each subinterval of the simulation introduced
in R®, AT is the time duration for each subinterval, T is the final time which is divided
into n equal sub-intervals, ¢ is simulation time, J is the cost functional to be minimized,
C' is the vector of concentrations and C; is the initial concentration at time zero. In
calculation of the cost functional, the system of ODE:s is solved for each sub-interval
depending on their specific rate constants. The ratios of the rate constants (Q) is equal
to the corresponding equilibrium constants throughout the process. This optimization

problem will be solved with standard solvers and the results are presented in chapter 5.

4.4 Computational Tools

In order to solve the constrained optimization problems in eq. (4.4) and (4.7) the
"fmincon" solver in MATLAB is used. This solver is designed for optimizing non-
linear multivariable functions subject to nonlinear constraints. The "SQP" algorithm is
used for optimizing the cost functional as an iterative approach. This algorithm respects
the bounds of the decision variables at all iterations and is able to handle NaN or Inf

values referenced to by the objective function. The reader can refer to [14] and [15] for
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further details regarding this algorithm.

The system introduced in eq. (4.1) to (4.3) is a least square curve-fitting problem.
"lsqcurvefit" solver in MATLAB is used which is a nonlinear curve-fitting solver al-
lowing for bounded decision variables. The optimization problem is solved via iterative
methods due to the nonlinear dependencies. The "trust-region-reflective” algorithm is
used for this optimization problem. The reader can refer to [16] for the details of this

algorithm.

Each iteration of the optimization problem in eq. (4.4) and (4.7) is constrained to
the solutions of a system of ODEs. "ode15s" in MATLAB is used for solving the initial
value problem. The solver is used for solving stiff differential equations and differential

algebraic equations.
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Chapter 5

Results

In the previous chapter we proposed a computational framework for calculating the con-
stant and temperature-dependent parameters in a more general setting from the results
of a simulated annealing experiment. Also, the optimal closure model was proposed for
improving the performance of the moment closure approximation model. The results of
the simulated annealing experiment were introduced in the first chapter of this document
and will be used as "experimental" data in our formulations. In this chapter, first, the
equilibrium constants will be calculated at equilibrium based on the simulated anneal-
ing results. These equilibrium constants will be used later in the calculation of rate con-
stants. The results of the optimal closure approximation will be presented and compared
to the pair approximation model. The rate constants will be calculated based on both
closure approximation models by assuming both constant and temperature-dependent
parameters. Finally, the accuracy of both models will be investigated by reconstructing
higher order concentrations and comparing them to the concentrations obtained from

the simulated annealing experiment.
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5.1 Calculation of Equilibrium Constants

Two different models were developed for describing the evolution of various clusters,
namely, the two-cluster model and the triangular-cluster model. The former predicts
the evolution of 2-clusters from 3-clusters and the latter describes the evolution of
triangular-clusters in terms of 4-clusters. As mentioned in the previous chapters, the
equilibrium state of the system is a matter of interest since the rate of forward and re-
verse reactions are equivalent. The equilibrium constants are defined as the ratios of
the rate constants corresponding to the same reversible reaction. These constants can be
calculated based on the concentrations of different clusters in equilibrium as stated in
eq. (2.33) and (2.40) for the two-cluster model and the triangular-cluster model, respec-
tively. There are 2 unique equilibrium constants involved in the two-cluster model and
8 unique equilibrium constants in the triangular-cluster model that require to be calcu-
lated. The results are presented for the Li;/3Mny/3 system in Table 5.1. In the ordered
system, some of the equilibrium constants become zero or infinity. We emphasize that
the equilibrium constants are calculated based on concentrations at equilibrium as in

(2.33) and (2.40).
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Constant Formula Approximated Value by Two-Cluster Model

Qi=0Q: & 0.4980
Qs=Qs G=¢ 0.0000

Constant Formula Approximated Value by Triangular-Cluster Model

.02

Qs o 0.0827
Qs e 0.4980
Q7 % 0.0000
Qs —ct 0.0000
Q =
Qo e 0.4995
Qu % 00
Q12 e o

Table 5.1: Equilibrium constants calculated for the Li; ;3Mny 3 system using pair
approximation truncation scheme.

As can be observed, there are some infinite and zero equilibrium constants in the
equilibrium state of this system. The reason is that all equilibrium constants are written
in terms of pair and singlet concentrations and the concentration of Li: — Lz cluster
is zero in the final state of this regular system as shown in figure 1.3. Substituting
these parameters into eq. (2.40), we notice that eqs. (2.40.1) and (2.40.2) are satisfied.
However, eq. (2.40.3) becomes degenerate in this case as C__ is equal to zero and
some parameters are infinite. In other words, in the limiting case of pair concentrations

equal to zero, the system of algebraic equations can be re-written by eliminating the pair
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concentrations that are zero, as in Appendix 7.4.

Moreover, the equilibrium constants have to satisfy equilibrium conditions, specifi-
cally the ones presented in figures 2.4 and 2.10. In the chemical equilibrium, the rate of
forward reaction has to be equal to the rate of reverse reaction. In other words, while the
forward reaction produces a specific cluster, the backward reaction will destroy it with
the same rate. The equilibrium constant can be written as the ratio of concentration of
products in the reversible reaction over the concentration of reactants. In the final state
of the Lz /3Mny /3 system, some of the reversible reactions are satisfied even without the
utilization of moment closure approximation. However, the following constants are not
satisfied without the approximation: (); = i—;, Q2 = i—j, Qs = ,f—fl, Qs = Z—g Consid-

kg

C . —
ering Q5 and figure 2.10, this constant can be calculated as Q5 = 1= = z—— before

1 Ci=

applying the moment closure approximation. By looking at figure 1.3 at equilibrium, we
notice that C'- T3 as the product of the reaction of kg, is equal to zero at equilibrium,
however, C =7 as the reactant of the same reaction is not zero. In other words, ()5
should be zero at equilibrium. However, it takes the value of 0.0827 which has been ob-
tained by considering moment closure approximation for the higher order clusters. This
discrepancy is being generated as the result of using moment closure approximation to
make them consistent with other equations. Likewise, the original equilibrium constant
values for ()1, Q)2 and Qg will be different from their approximations. Consequently,

all of the reversible reactions will satisfy the equilibrium constants as long as the higher

order concentrations are written in terms of pairs or singlets.

5.2 Optimal Moment Closure

As discussed in the previous chapters, the evolutionary system of equations is hierar-
chical, meaning that the rates of change of concentrations of lower order clusters are

described in terms of higher order ones. Pair approximation truncation scheme was in-
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troduced in section 2.3 in order to close the dynamical system. In order to enhance the
performance of the model, one needs to increase the accuracy of the pair approximation
model. Previously, in the pair approximation model, the functional form was fixed for
all 3-clusters or 4-clusters and it was only dependent on the shape of the triplet as stated
in eqs. (2.31), (2.36) and (2.37). Section 4.1 proposes new functional forms for each
triplet type to be approximated by the nearest-neighbor pairs inside the triplet. How-
ever, the new formulation suggests the functional forms according to the triplet type.
The coefficients of this new model are determined using a nonlinear regression tech-
nique. In order to find the parameters of this model, the triplet and pair concentrations
are obtained as functions of time (temperature) from the results of the simulated anneal-
ing approach. The unknown parameters of the new functional forms are calculated by

fitting the outputs of the nonlinear model to the simulated annealing data.

It is noteworthy that the simulated annealing algorithm is an stochastic optimization
method with judiciously selected updates at each iteration. Due to the stochastic na-
ture of this method, it does not have repeatability on successive runs of the algorithm
with the same initial condition. Moreover, the temperature profile can be chosen arbi-
trarily as long as the simulation converges to the equilibrium state at the end. These
two conditions, namely, repeatability of the simulation and arbitrariness in the choice
of temperature profile, forces us to consider an ensemble of simulated annealing data
sets collected from different experiments with different temperature profiles. This can
result in the system visiting a larger number of states. Different simulated annealing ex-
periments are performed for the Liy/3Mny,3 system by altering the temperature profile.

The temperature profiles are generated based on the following equation:

t (6%
T=1- (-) L ac {10,6,5,4,3,2,1, ————— — (5.1)

N

where [V is the total number of iterations in the simulated annealing experiment and ¢ is

the iteration index. Figure 5.1 demonstrates all different temperature profiles with sim-
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ulation duration. Also, the energy of the lattice for the ensemble of all the experiments
i1s demonstrated in this figure. As can be observed, all experiments have reached the

equilibrium state after about 60% of the simulation duration.
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Figure 5.1: (a) Temperature profiles and (b) energy of the lattice for the ensemble
of 13 different simulated annealing experiments in Li;/3Mny/3 system, with the
temperature profiles given in Eq. (5.1)

10° iterations were used for each of the simulated annealing experiments and 100
equally spaced samples are taken from simulated annealing data for each experiment.
The reason is to mitigate the noise of the data and obtain a close to monotonic behaviour
from the data. An ensemble of the data corresponding to different temperature profiles
is used to perform regression analysis for each triplet type. Table 5.2 presents the results

of this analysis.
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Triplet Type PA OA " Yo Y3 V4
Cerr 19 1% 2moam - -
c— (T B
C—r 1% loms 200 232 333 -
C— 1 g 0 212 am -
Cr=  190= 19500 251 583 232 9.7
O 1S L0 106 180 267 453
E T R L B
C— 2 S ar o4 - -
C— 2% s 19 132 226 -
C— 2Ue P 429 133 462 -
Com 3%%%= 2000 2004 0 375 1619
C—  30%= iR 123 205 235 553
C— = SR AU SUREE
C— 2% 2% 206 106 - -
O %5ee (e 131 325 132 489
c— % (Tege 102 060 143 205

Table 5.2: Exponents of the optimal closure approximation scheme for each triplet
type. PA stands for pair approximation and OA refers to the optimal approxima-
tion model.

In order to assess the accuracy of the optimal closure model as compared to the pair
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approximation the triplet concentrations are plotted against the pair concentrations for

each specific triplet type in figures 5.2, 5.3 and 5.4. Black dots represent the results of

the ensemble of simulated annealing experiments which serve as the "true data". The

predictions of the triplet concentrations from the pair concentrations have been inves-

tigated by both pair approximation and the optimal approximation models. Note that

some of the triple concentrations are written as functions of two different pair concen-

trations (such as C+7—), hence, surface plots are presented instead of line plots.
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Figure 5.2: Experimental data (black dots) and linear triplet concentration predic-
tions from pair concentrations via pair approximation (red) and optimal approxi-
mation (blue) schemes for the Liy/3Mny/3 system.

108



M.Sc. Thesis - A. Ahmadi McMaster University - CSE

0.35 Ur Vs Cur 0.012 . = \.[s' - : S
RN R + True Values
HE ! ' I . Prediction by New Model
03l 1 : { l ! [ 1oL 0.01| |= = = Pair Approximation
O B i L
LR B K I I . e .
So0.2s A 0.008
(3 . R @ ;
3 3 . ® W @ v
= ~
= &)
O 02 = 0.006 S . .
3 *  True Values
L Prediction by New Model ( !
<+ — — — Pair Approximation U‘ e o o o s o DY .. ..
Ghoas 0.004
e & o o o o * o o o . -7
>
e
0.1 0.002 i
____________ s o o » “ e e e e e 3T
0.05 L L L L L 0 — e = L
033 0.34 035 0.36 0.37 0.38 0.39 0 0.01 0.02 0.03 0.04 0.05 0.06
Ciy or Cunn C__or Criri
C— Vs. C4_ C— Vs. Cy_
0.35 ot 035 —i=
03 03
P 0.25
5025 3
(3 {3
= o 02
S o2 z
5 *  True Values S .
. Prediction by New Model i 0.15 i 5 e
s P imati + .
(l Fair Approximation i Prediction by New Model
o 015 S 01 — — — Pair Approximation
Bl s D P———
0.05 0
027 028 029 03 031 032 033 034 027 028 029 03 031 032 033 034
C,— or Cari

Ci— or Cari

C¢ Vs. Ciy and C4— Cg Vs. C__ and C4_
® True Values
[Cprediction by New Model

[C__JPair Approximation

® True Values
[T Prediction by New Model

0.2 -, |[__]Pair Approximation
(E 015 <:f 0,05
5 Z0.04
O o1 ©
5 5]
{ 1‘ 0.05 ﬁ
) O
0
0.34
0.4 0.06
0.28  0.32 0.28 o
¢ Ciy or Caunarn C__or CLir;
C.— or Camri Cy— or Carari

Figure 5.3: Experimental data (black dots) and open triplet concentration predic-
tions from pair concentrations via pair approximation (red) and optimal approxi-

mation (blue) schemes for the Li; 3Mngy/3 system.
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Figure 5.4: Experimental data (black dots) and closed triplet concentration pre-
dictions from pair concentrations via pair approximation (red) and optimal ap-
proximation (blue) schemes for the Li; 3Mngy/3 system.

As can be observed, the prediction accuracy using the optimal closure model is sig-
nificantly improved in almost all of the cases in comparison to the pair approximation
model. The mean-square errors of the non-linear regression analysis for each triplet

type is also presented in figure 5.5.
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Figure 5.5: Mean-square errors of the regression analysis using PA (red bars) and
OA (blue bars) schemes for each triplet type in comparison to the true data for
the Lil/gMn2/3 System.

As can be observed, the optimal closure model outperforms the pair approximation
model by a few orders of magnitude in most cases. These two truncation schemes will
be used for solving the inverse modeling problem in order to calculate the rate constants

of the model as described in the next section.

5.3 Inverse Problem for Calculation of Rate

Constants

In this section we will be calculating the rate constants of the cluster approximation
model by minimizing the mismatch between the experimental data and the model out-
puts. The rate constants will be calculated by assuming that they are either constant or

temperature-dependent in sections 5.3.1 and 5.3.2.
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5.3.1 Constant Parameters

Considering constant parameters in the cluster approximation model, the inverse model-
ing approach will be used to calculate these parameters by minimizing the discrepancy
between simulated annealing results and the model outputs. The simulated annealing
experiment used here is described in chapter 1. The temperature will be decreased lin-
early during the process. The initial and final temperatures are chosen to be one and
zero, respectively. In order to truncate the hierarchy of the system of ODEs, the pair ap-
proximation and optimal truncation schemes are used. The optimization problem starts
with a random initial guess and converges to a local minimum. In order to probe differ-
ent local minimums this optimization problem is solved 100 times independently and
the results are collected. Table 5.3 presents 10 best results of solving the inverse prob-
lem using the pair approximation scheme where the lowest values of the error functional
were obtained at the end of iterations. The results are sorted based on their error func-
tional values. 8 unique parameters, k; to kg, are involved in the two-element two-cluster

model for the Ly /3Mny,3 system.

ky ko ks kq ks ke kr ks Function Value
5.07999332e-04 1.01786072e-01 1.01996740e-03 2.04367348e-01 0 0 4.56008251e-02 1.94582406e-02 1.13322747¢-03
3.51388596e-03  8.97602673e-02 7.05522416e-03 1.80221786e-01 0 0 3.63248872e-02 5.65610343¢-02 1.13322748e-03
6.50987820e-04 1.01211647e-01 1.30706148e-03  2.03214010e-01 0 0  7.91509741e-03 1.70196579e-01 1.13322748e-03
2.57437202e-02  8.36746510e-04 5.16885632e-02 1.68003013e-03 0 0 1.16382089e-03 1.97214229e-01 1.13322751e-03
2.44660734e-02  5.93709763e-03  4.91232880e-02 1.19205788e-02 0 0 1.34488380e-02 1.48073551e-01 1.13322765e-03
8.51382014e-04 1.00409558e-01  1.70940900e-03  2.01603569e-01 0 0 8.61264635e-03 1.67319037e-01 1.13322871e-03
1.96907011e-02  2.49682472¢-02  3.95352351e-02 5.01315631e-02 0 0  5.41535284e-03 1.80438140e-01 1.13323439¢-03
7.33479572e-05 1.04372869e-01  1.47304016e-04 2.09561151e-01 0 0 5.07526120e-02 6.64693891e-04 1.13370810e-03
2.64111722e-02  4.94505491e-03  5.30286824e-02 9.92873927¢-03 0 0 7.33035082e-03 1.80143597e-01 1.15449423e-03
5.46541687e-04  9.95803073e-02 1.09735298e-03 1.99938586e-01 0 0 1.00260496e-01 7.28701238e-01 3.04122211e-03

Table 5.3: 10 best results of solving the inverse problem in (4.4) using the pair
approximation truncation scheme.
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As can be observed, different trials are converging to different local minima. Some
of the parameters such as k5 and kg remain the same for all of these trials, however,
the others are changing by few orders of magnitude. This indicates varying sensitivity
of the model to different parameters. In order to assess the performance of the cluster
approximation model using these parameters, the system of ODEs is solved numerically
as a forward problem using the best results of the inverse modeling approach. More
specifically, the 3 best results of the calculation of parameters (with the lowest error
function values) are selected and the system of ODEs is solved numerically as an initial
value problem. Figure 5.6 demonstrates the pair concentrations evolved in time using

the cluster approximation model compared to the experimental data.

Figure 5.6: The evolutionary trajectory of pair concentrations using the cluster
approximation model truncated by the pair approximation scheme. Black dots
correspond to the experimental data. Experiments 1, 2 and 3 are obtained as the
solution of the forward problem using the best parameters of the inverse problem.

As can be seen, the difference between the results are negligible for 3 different set
of parameters even though some of their rate constants are different by few orders of

magnitude.

The same analysis is performed by using the optimal approximation truncation scheme.
The inverse problem is again solved 100 independent trials. Note that due to the new
closure scheme, the equilibrium constants are different from Table 5.1. The new equi-
librium constants are presented in Table 5.4. These new equilibrium constants are used
as the constraint of the inverse modeling approach. The 10 best results of solving this

problem are presented in Table 5.5.
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Constant  Formula  Approximated Value by Two-Cluster Model
01%940:13493
— T 9aE 0T 0.0281
Ql Cig4c+.o7
024510—6-34
Q e 1.0095
2 —3.82 .
[oiaer]
01433041":02
Q3 —013409-91
01496045":39
Qs oo

Table 5.4: Equilibrium constants calculated for Li;/3Mny/3 system using optimal
approximation truncation scheme.

ky

ks

ks

ks

1.17200538e-02

2.75342644e-02

1.00207681e-02

1.00011892e-02

3.66990299e-02

2.14109117e-02

2.74975316e-02

1.94615625e-02

1.57181800e-02

1.16306491e-02

9.21985714e-01

2.19483359¢+00

7.83872314e-01

7.82881400e-01

2.98789522e+00

1.59780412e-+00

2.19895426e+00

1.47971229e-+00

1.21423278e-+00

9.13472126e-01

4.16770535e-01

9.79131181e-01

3.56343176e-01

3.55646917e-01

1.30503448e+00

7.61381926e-01

9.77824948e-01

6.92062167e-01

5.58945752e-01

4.13591263e-01

9.14415115e-01

2.17426407e+00

7.76526029¢-01

7.75544400e-01

2.95998814e+00

1.58282983e+00

2.17834613e+00

1.46584474e-+00

1.20285325e+00

9.04911257e-01

ks

0

kg

0

0

kz

ks

Function Value

7.00308010e-16

2.73545836e-08

4.64664075¢-16

1.18135128e-05

1.29445702e-15

2.80246554e-11

7.53164713e-06

6.20284780e-07

7.51773325e-07

1.78329504e-15

4.19054317e-02

4.18370670e-02

4.18994411e-02

4.19431264e-02

4.20500621e-02

4.10202393e-02

4.22289328e-02

4.13432321e-02

4.15682069e-02

4.18890802¢-02

9.18351205e-04

9.31666648e-04

9.32743512¢-04

9.32757084e-04

9.33357848e-04

9.33454679¢-04

9.33721094e-04

9.34553059e-04

9.34597982e-04

9.34685820e-04

Table 5.5: 10 best results of solving the inverse modeling problem in (4.4) using
the optimal approximation truncation scheme.

As can be observed, the objective function values using the optimal closure trunca-

tion scheme are slightly smaller than those of pair approximation model. Also, some of

the parameters such as ks and kg are always the same. However, the rest of the parame-

ters are changing slightly in different trials. It is noteworthy that the order of magnitude

of parameters is remaining the same in most of the trials which is an important improve-
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ment comparing to the pair approximation model results as in Table 5.3. The optimal
closure model is converging to local minima that are producing more accurate fits than
in the pair approximation case. In order to evaluate the performance of the cluster ap-
proximation model using the calculated parameters, the system of ODEs is solved nu-
merically as an initial value problem. The parameters of the 3 best results of the inverse
modeling problem is used along with the optimal closure approximation scheme. The

results are demonstrated in figure 5.7. As can be observed, different parameters result in

Figure 5.7: The evolutionary trajectory of pair concentrations using the cluster
approximation model truncated by the optimal approximation scheme. Black dots
represent the experimental data. Experiments 1, 2 and 3 are the solutions of the
forward problem using the best parameters obtained from the inverse problem.

approximately identical evolutionary trajectories of pair concentrations, indicating the

low sensitivity of the cluster approximation model to the variation of the parameters.

5.3.2 Temperature-Dependent Parameters

In this section we consider the parameters that are temperature-dependent, giving the
model more flexibility to fit the experimental data. The formulation used here is pre-
sented in section 4.3. We try to minimize the discrepancy between the experimental
data and the model outputs by assuming parameters (rate constants) that can change
with time. In a step-like manner, the simulation window is divided into a few subinter-
vals, allowing different vectors of parameters to fit the data in each subinterval. Note
that in the case of constant parameters the optimization initiates with an initial guess
of parameters and is solved 100 times. The best result of the inverse problem (corre-

sponding to the lowest error functional value) is used as the initial guess for solving
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the inverse problem with 2 subintervals. In other words, the vector of parameters with
lowest error functional value is used as the vector of parameters for each subinterval.
This optimization problem again is solved 100 times, using the result of each trial as the
initial guess of the next trial. Solving them 100 times ensures that the error functional
values converge to each other in the subsequent trials. Similarly, the best results for 2
subintervals is used as the initial guess of 4 subintervals. Note that the first and second
subintervals out of 4 subintervals are getting the vector of parameters for the first subin-
terval out of 2 subintervals. Similarly this process continues for 8 subintervals. The best
results of each problem are chosen and their error function values are presented in Table

5.6 using both pair approximation and optimal approximation truncation schemes.

Objective Function Value via Pair Approximation

1 subinterval 2 subintervals 4 subintervals 8 subintervals

1.13322747826335e-03  1.09716778134897e-03  9.84297621794587e-04  9.41550238311428e-04

Objective Function Value via Optimal Approximation

1 subinterval 2 subintervals 4 subintervals 8 subintervals

9.18351205546793e-04  8.58598052208305e-04  7.93552785604102e-04  7.90988553261657¢-04

Table 5.6: Error function values obtained by solving the inverse problem using
pair approximation and optimal approximation schemes and different number of
subdivisions of the time window.

As can be observed, the error function values are decreasing as the number of subin-
tervals increases, giving the model more flexibility on fitting the experimental data.
Also, for each case of the number of subintervals, the optimal approximation scheme

outperforms the pair approximation scheme in terms of the accuracy of the fits.

Note that this inverse modeling problem is ill-posed, meaning that no unique solu-
tion can be found in different trials. In other words, small changes in the initial guesses
of the parameters can lead to a significantly different parameters. It is noteworthy that

we are interested in a vector of parameters such that the resulting time-dependent con-
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centrations can match the experimental data. There might be more than one solution to
this problem with slighly different performances. The piecewise-constant rate constants

inferred using different numbers of subintervals are presented in figures 5.8 and 5.9.
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Figure 5.8: Rate constants obtained by solving the inverse modeling problem as
constant or temperature-dependent parameters via pair approximation scheme us-
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Figure 5.9: Rate constants obtained by solving the inverse modeling problem as
constant or temperature-dependent parameters via optimal approximation scheme
using different numbers of subintervals.

As can be observed, in most of the cases the parameters obtained using 2, 4 and 8
subintervals are close to each other. However, in some cases the constant parameter is
different from the temperature dependent ones. Normally, when an interval is split into
2 subintervals, it is plausible to expect that the rate constant will get higher values in

one subinterval and lower values for the other one. Most of the cases are in accordance
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with this statement, however, some of them do not follow this trend. This behaviour can
be justified by the sensitivity of the model to parameters. The model is less sensitive to
some of the parameters, allowing them to change significantly from one trial to another.

Hence, the results for different number of subintervals might vary significantly.

5.4 Model Accuracy

In this section, we present the results as regards the accuracy of the two-cluster model
in terms of quantities not matched in the inverse problem. Two types of approximations
has been used here, the pair approximation and the optimal closure. The performance
of these two methods will be investigated by reconstructing the triple concentrations
and comparing them to the experimental data. There are three types of triplets: triangu-
lar clusters, open triplets with 120 deg bonds and open triplets with 180 deg bonds as
shown in figure 2.1. In these approximations, each triplet has been written in terms of
pair and singlet concentrations. Also the true triple concentrations are generated from
the simulated annealing results. Figures 5.10, 5.11 and 5.12 demonstrate the sampled
simulated annealing data, along with reconstruction of triple concentrations from pair
and singlet concentrations. The inverse problem was solved in order to generate the rate
constants of the model as constant parameters. The initial value problem for the ODE
system was then solved using the best vector of parameters for both pair approximation
and optimal approximation schemes. The time evolution of pair concentrations are used
to reconstruct the concentrations of triplets based on the formulas presented in Table 5.2.
Note that the reconstructed triple concentrations can be obtained in two ways. First, we
can use the simulated annealing data in time for pair concentrations and reconstruct the
triple concentrations using the pair approximation and optimal approximation formulas.
However, as another approach, the time evolution of pair concentrations obtained by
solving the system of ODEs can be used to reconstruct the triple concentrations. Fig-

ures 5.10, 5.11 and 5.12 present the results using both approaches and both truncation
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schemes. Note that in some figures the experimental data (black dots) are not visible as

they are getting zero values and logarithmic scale is used.
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Figure 5.10: Reconstruction of closed triple concentrations using pair approxi-
mation and optimal approximation truncation schemes. Black dots represent the
simulated annealing data. Blue and red lines represent the reconstructions by
using the optimal approximation and pair approximation truncation schemes re-
spectively. Solid lines refer to triple concentration reconstructions by using pair
concentrations resulted from solving the system of ODEs. However, the dotted
lines refer to reconstructions resulted from using pair concentrations from the sim-

ulated annealing data.
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Figure 5.11: Reconstruction of open triple concentrations using pair approxima-

tion and optimal approximation truncation schemes.
Blue and red lines represent the reconstructions by

simulated annealing data.

Black dots represent the

using the optimal approximation and pair approximation truncation schemes re-
spectively. Solid lines refer to triple concentration reconstructions by using pair

concentrations resulted from solving the system of ODEs. However, the dotted
lines refer to reconstructions resulted from using pair concentrations from the sim-

ulated annealing data.
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Figure 5.12: Reconstruction of linear triple concentrations using pair approxima-

tion and optimal approximation truncation schemes.

simulated annealing data.

Black dots represent the

Blue and red lines represent the reconstructions by

using the optimal approximation and pair approximation truncation schemes re-
spectively. Solid lines refer to triple concentration reconstructions by using pair
concentrations resulted from solving the system of ODEs. However, the dotted
lines refer to reconstructions resulted from using pair concentrations from the sim-

ulated annealing data.

As can be observed, in almost all cases, the reconstructed triple concentrations are

more accurate by using the optimal closure model than when the pair approximation is
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used. The reason is the use of triple concentrations in performing the regression analysis
and building the optimal closure model. Note that in reconstruction of (—l—/—i-\—i-) cluster
in figure 5.11, both models are performing poorly. The reason is that the exponents of
the functional forms in building the optimal closure approximation model are forced to
be positive as show in figure 5.3, in order to prevent the system of ODEs from blowing
up. This restricts the optimal closure model to predict the triple concentrations in some

cases and decreases the accuracy of the model.
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Chapter 6

Summary and Conclusions

In this study, we were interested in discovering the micro-structure concentrations of
the NMC layer of the cathode of Li-ion batteries. Different dynamical systems are
proposed for describing the evolution of micro-structure concentrations in time. Here is

a summary of key steps we performed.

e A 2D triangular lattice with two or three types of elements has been assumed in
our model which is a representative of the NMC layer of Li-ion batteries’ cath-

odes.

e Simulated annealing approach was used to obtain the structure of the lattice. How-
ever, this approach is computationally heavy and provides unnecessary informa-

tion for comparison to the NMR spectroscopy data.

e Alternatively, a dynamical system for obtaining the micro-structure concentra-
tions is developed. Two different cluster approximation models are built based on

the order of the clusters, namely, two-cluster model and triangular-cluster model.
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The former describes the evolution of the concentrations of 2-clusters in terms of
concentrations of 3-clusters. The latter relates the concentrations of 3-clusters to

the concentrations of 4-clusters.

e The hierarchical dynamical systems for the evolution of concentrations are closed
using standard moment closure schemes. Also, an algorithm for an optimal clo-

sure of the hierarchical systems is proposed and validated.

e An algorithm is used based on the inverse modeling approach to derive the param-
eters of the model by minimizing the mismatch between the experimental data and

the model outputs.

e The parameters of the model, which control the evolution of different clusters in

the lattice, are considered to be either constant or temperature-dependent.

The following conclusions can be drawn from this study.

e No global minima is found by the solution of the inverse problem. Different trials
of solving the inverse problem with different initial guesses converge to a different

local minima. Therefore, the inverse problem is ill-posed.

e The sensitivity of the model to some of its parameters is low, hence allowing
them to change significantly from one trial to another. However, some of the pa-
rameters remain essentially unchanged between different trials, suggesting higher

sensitivity of the model to the small changes of these parameters.

e The optimal approximation model results are more accurate, as the resulting pa-
rameters mostly remain in the same order of magnitude between different trials
of solving the inverse problem. However, the precision of the results are lower in

reconstructing the parameters of the model using the pair approximation scheme.

e The performance of the two-element two-cluster model using both truncation
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schemes is investigated by solving the system of ODEs using the reconstructed
parameters. The pair concentrations obtained by both truncation schemes are fol-
lowing the trajectory of the experimental data, with slightly better results for the

optimal approximation model.

e The prediction capability of both closure models is tested by reconstructing the
concentrations of different 3-clusters in time. The optimal approximation closure
scheme is outperforming the pair approximation one by producing far more accu-
rate predictions for all triplet types. This shows that the optimal closure approx-
imation better represents the intrinsic dynamics of the system than the nearest-

neighbor approximation.

Overall, these findings result in a better prediction of micro-structure concentrations
by using optimal closure truncation scheme. However, many other questions remain
unanswered. The following points highlight some of the possible future avenues of this

study.

Exploring the prediction accuracy of the reconstructed triple concentrations for

the different systems with different composition of materials.

e Exploring the inverse modeling problem based on the triangular-clusters for re-
constructing the concentrations of triangular clusters and comparing the perfor-

mance of the model with the predictions of the two-cluster model.

e Building cluster approximation models that can match to the NMR spectroscopy
experimental data directly by eliminating the need for the simulated annealing

data.

e Quantifying the uncertainty in the parameters of the model, obtaining the distri-
bution of each one of the parameters and their corresponding confidence intervals

using statistical inference techniques.
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Chapter 7

Appendix

7.1 Theorems

Theorem 7.1.1. Assuming 2-clusters in a 2D triangular lattice, each site can
have 6 nearest neighbors which are positioned in equal angles around the site in

the middle. Every rotation of the 2-cluster in the form of ((DO) will have the

same concentration.

Proof. Assuming one site with positive element, the concentration of the positive
element can be obtained by summing over concentrations of 2-clusters, in which

the second site can be occupied by all possible elements of the system. Note that
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(e) states an unspecified state in the lattice.

C(0) =C(0s) =C(00) +C(OO)

=C(+®) =C(0O) +C(00)

(&) e &) e @)

oo )=e(% ) +c(% )

-o(0)-c( 0 )+<( @)

-o(0)-c(o )+el(p)

+c(00)-c(00)-c( &) (b )-e( @) -e(p)

Theorem 7.1.2. Assuming linear clusters in a 2D lattice with straight angle be-
tween the bonds, 3-clusters in the form of (DPQO) and (OPD) have equal con-
centrations. This, also, can be understood via translational symmetry of the lattice.

Likewise, linear 3-clusters in the form of (OO®) and (HOO) have equal con-

centrations.

Proof. Assuming 2-clusters with same elements on both sites (both positive or
both negative elements), the concentration of the 2-cluster can be calculated by
summing over concentrations of linear 3-clusters, in which the third site can be
occupied by all possible elements of the system. Note that (e) states an unspecified

state in the lattice.

C(OO)=C (DD =C(OOO) +C(ODO)
=C(+@D) =C(ODD) +C (DOD) (7.2)
= C(@O0)=C(000)
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C(OO)=C(O0s)=C(O00)+C(0O0D)
=C(s00)=C(O00)+C(BOO) (7.3)
= C(O0®) =C(GO0)

Theorem 7.1.3. Assuming angled clusters in a triangular 2D lattice with obtuse
angles between the bonds (120 degrees angle), all angled 3-clusters containing a
(O0O) cluster and a positive element occupying the third site, have equal concen-
trations. The third site has to be in a position to hold an obtuse angle with the
other two elements. Four different configurations can be found for the aforemen-
tioned cluster; Fach of which can be obtained by rotating or flipping the others,
supporting the translational symmetry of the lattice. Likewise, angled 3-clusters
containing a (D@) cluster and a third negative element are also translations of

each other.

Proof. Assuming 2-clusters with same elements on both sites (both positive or
both negative elements), the concentration of the 2-cluster can be calculated by
summing over concentrations of obtuse-angled 3-clusters, in which the third site
can be occupied by all possible elements of the system. Note that (e) states an

unspecified state in the lattice.

c(oo)-c(oo) —C(@@@ )+C(O@@ )

-o(0¢)-c( 06") +c( o)
-c(@o)=c( 00 )rc(90)

c(0)-c( 05,)-c( 2a)

~co( oo )-=c @@O)zc(o@@ )=c( @@O)
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c(00)-c(‘00 ) -c(Bo )+c(bo )
—c(0c") -c( o) +c( o)
=C<.©©)=C(Q©O)+C<@OO> (7.5
-o(00)-c( 0g) +c( 00)

= (%00 )= &) =<

Note that the concentration of angled (——/\—) will be the same regardless of its
orientation, due to the symmetry of the system. Same happens for angled (—l—/—i—\—l—)

cluster. O

Theorem 7.1.4. Assuming angled clusters in a triangular 2D lattice with acute
angle between the bonds (60 degrees angle), all angled 3-clusters containing a (O0O)
cluster and a positive element occupying the third site, have equal concentrations.
The third site have to be in a position to hold an acute angle with the other two
elements. Fach one the configurations of this form can be obtained by rotating or
flipping the others, supporting the translational symmetry of the lattice. Likewise,
angled 3-clusters containing a (P@D) cluster and a third negative element, have

also same concentrations.

Proof. Assuming 2-clusters with same elements on both sites (both positive or
both negative elements), the concentration of the 2-cluster can be calculated by
summing over concentrations of acute-angled 3-clusters, in which the third site

can be occupied by all possible elements of the system. Note that (e) states an

130



M.Sc. Thesis - A. Ahmadi McMaster University - CSE

unspecified state in the lattice.

o(00) =c(60) = c(60) + o(cd)
— C(@.@> = O(@@@) + C(®O®>
= c((g -) = O(@%) +C (@%) (7.6)
_c .%) _ c(@%) + C(C)@@)
- o(60) - 0(@0@) ~c(60) =c(50)
c(00) = (o) - () +o(&0)
-c(0p)=c(ap) +(ag)
C(GCDD-) _ c<@O@) + c(@o@> (7.7)
~ (D) = (&) + o(e0)
N COE c(99)- o(60) - o(60)

Similar derivations can also be concluded for 4-clusters.

Theorem 7.1.5. Assuming 4-clusters containing a triangular 3-cluster (with all
positive or all negative elements in the triangle), the fourth site could be occupied

by a different element. All rotations of such clusters have equal concentrations.

S
Proof. Assuming 3-clusters of the form (@@), the concentration of the 3-cluster
can be calculated by summing over concentrations of 4-clusters, in which the fourth
site can be occupied by all possible elements of the system. Same consideration

can be taken into account for (@@) Note that (e) states an unspecified state in
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the lattice.

o(60)=c(00)=c( 60 )+c( 66 )
~o(60) (6 ) +o(0 ) .
~c(6p)-c @2@) v c(@i@) |
2o 68)=c(®6 ) - 0(@2@)
c(60) =c(S8) e &) + e &)
—c(55) = (B )+ (T )
—C @?@) = C(@8®> + C<@§@) (7.9)
w0 &) -c(Bd ) - O(Ogo)

All in all, any cluster with an arbitrary size and shape can be rotated in at most 6
different states and the resulting clusters will preserve the concentration of the original

one. This feature can be utilized in order to simplify rate equations.

7.2 Derivations of Two-Element Two-Cluster

Model

System of equations in (2.33) represent the rate equations in equilibrium plus the for-
mulas for concentrations of equilibrium constants. In order to solve the system of equa-
tions, they need to be simplified by writing higher order clusters in terms of 2-clusters

and substituting the rate constants with equilibrium constants. Here, the derivations of
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simplified equations are presented.

C? C? _ _
4k O** + ko O** — 4k C*g(j* — ky C*éa =0,
- - - +
C? C? C__C,i_ C__C,i_
As—= 4 kg—— — 4k =k -
5 . + Ke . T ST 0,
0, = k1 _ C i Co 0y = ko  CpiCo
YTk CLCL T ke CCL
ks C__Cy ke C__C4
@s = kr  C._C_’ Q1= ks C._C_
Equation (7.10.1) can be simplified as follows:
2 2
4k1% + kQ% — 4k3—0+20+_ — k4—0+50+_ 0=
- - + +
i & Cyy O Cys O
4Qn ks o T Qaka— o 4k3—C+ - lfAt—CJr =0=
_ CiyCie OOy k
4@1/81 + QQ + _ 4/6 ++Y~+ _ ++~+ — 0’ 61 — _3 =
+ C+ ]{?4
ci_ CiiCie
(4Q181 + Qo)== — (4/1 + ) —/——= =0 =
C_ C
C? -
Q1(461 + 1) C*— — (4B, + 1)—0%0+ =0
- +
C,C_C2_ CiiCie
(4ﬁl+1)0++0 (; (451+1)—+5+ 0=
+-C4 O +
(461 + 1)C++C+* o (4ﬁ1 + 1)C++C+* — 0=
Cy Cy
0=0.

Equation (7.10.2) can be simplified as follows:
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3 & C__Cp.  C__C4
7 i S s e Mttt sl st s
5 C+ + 6 CJr 7 Cﬁ 3 Ci =
C+7 Ci* C——C+— C__C+_ -
4Q 3k C, + Q4ks c. 4/€7T - k’g—c_ =0=
i C? c.c,.. O _C,_ 2
4 +— +— _ 4 + _ + _ _ _7
st Cy 9 Cy P C_ C_ 0. s ks ~
i C__C,_
(4QsB2 + Qu)—== — (4B +1)— = =0= (7.12)
Cy C_
C__C,C%_ C._C,
C__Cy C__Cy
(402 + 1)T — (482 + 1)T =0=
0=0.

7.3 Derivations of Two-Element Triangular-

Cluster Model

System of equations in (2.39) in equilibrium can be solved by substituting rate constants
with equilibrium constants to make the system of equations determined. The following
equations govern the system in equilibrium after applying moment closure approxima-

tions.

2 Ol 1 Ce—
ko5 g_)+6k;10—CA_ T+

2 C(+_) 1 C—
—6k1150ﬁ C. — — =

(7.13.1)
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o C—
6k13% (JA+ c 4 kg (JA+ C”*
* A (7.13.2)
Cok2o— St g to C= _
153 — C, 163 - C,, )
2 Ciioy Ciioy 1 CL?JF
k7= C— + 2k kg C—
el 13 T C+ TRt
1 C— C( 1 C—
+2k:1230+++ O++ +2k:1930 — C_ 30— ct
Cir ) Cov | o (1133)
iy 2O ) okt — C=—""
23 O+ Y3 C, 3t O
—2k1030++ C—"—_:__ —2/€2330ﬁ C+ —2]{72430_’? C—'::_ :0,
ky C2.02 ko CiiC ks  C2_C?
QSZ__ ) 27@6 = 7@7:_:ﬁ7
kll C k'12 C+,C+ ]{315 C+_C_
k14 CffCJr ki CepC2 ks Chq O
T — 7.13.4
O e O YT, T M, T, (T3
Out — kg CiC? 0 ko  Ci_Co
U ks CLC2 Pk OOy

Equation (7.13.1) can be simplified as follows:
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2 CH*) 1 Cﬁ
6ko-C—=— 6k10C—=—
30 =T Mgt
2 C(+_) 1 T
—6ky1 = C— — 6kp-C == =0 =
Ha™it+ C, 129~ 5 ++ Cis

Ciy-
2koC = )

C—
+ klocA L —

3 o
Cii C—
—2k110ﬁ g ) —kmCﬁ C—:_—'— =0=
+ ++

Cr_ C—
2Q5k1,C— g )+Q6k120A_

e
=,
Cly- C—
—2k11Cr 8— )—klgcﬁ CT—’— =0=
+ o+

Clio) Cre=

2Q50:C = . + QCr= (;;_
Crin) Cr= _ ) 4 _Fn

20,055 C. == Cir 0, B3 = k1o =

Cii O Clim
20505
20

(7.14)
c3,01_ 1
co T cic? C,_
—28, 0oy €00 1
c: c, 3

=0
cicl

C,.C3_ c2 .03
2Q503—5 A0 T Q62—
RerTer) cic?
—28 CiJrCJr* _ C—3|r+C—2|r—
3 04
+

Gio — 0=
250Lcy14ﬁ_+aHaxﬁgﬁ_
‘c2_cr ocre?

C,.C, Cic?
5, Gl CLCE

o7 cio. V7
253 O—?—+C+_ C'?‘!)“FC'Z'F—
) CiC
Cf,Cee CRCT
— 284 ol
Jr

=0=0=0.
CiC_

Hence, for all values of 33 the expression is true. Also, eq. (7.13.2) can be simplified
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2 Ct 1 C=
6]{51336VA+ C+ + 6]’6’1436¢A+ C+
—6]€15§ i C_ CA

=0
ol =

102 Oy
C3_C__C%_ 1
~ ks

=0=

c2C, O__

C__C3
2Q7 15—t

(7.15)
c2_C3
C2C2 @G 0402
3 3 2
—2640 C,. 3.2

o o k15
4 csic, 0. b= [
2 2 3

) @lo,,c; c__C

c _C.C? P
cz 2 e e
-2 CZ0%

Cc, C_ C’fC’i
c3_C._. CP_Ci
—204 C’4+ +

o, V=

3 3 2
05, 2=, C2CY

c* C5Cy
c_C.. 3 _C?
—28, C4+ _

PR +_
=0=0=0.
50y

simplified as follows

As can be seen, all values of 3, will satisfy this equation. Also, eq. (7.13.3) can be
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Cit+ — -
- Cﬁc—-i-klgc = C’,, —G-klgCﬁ C-'H_
_ C C+,)
— Thal= (f_ o
O S g0 ‘e S N
0, B C, 0L,
— C—
(+ (+-) e
C— * 42k oC— + kooC'—
+ C, 18C= "5+ 2R C_ W0,
= = Cla- ——
—2k91C— Lk C’A——Qk C— =0
2107 22 . 23 C 4O Co. =
Cr—
2Q9 - — = +2Qu1h2sC—= — =
C’_ C__ C’_ Cy_
Cla-) = =
—2k91C— — kgyC————F — 2k 1C— =0=
21 C 20 23 C =T,
C+ — Cis Crr
2Q9ﬁ5/€220__+ = = +2Q1156k?240__+ s C+
—_— +_
C C— C C—
—2B5koaC = — kgoCO=— ——1 — 204kpsC— koyCee 4= =
BskiaaC C, 220 C._ BekasC c 24C'— Co. 0,
Koy ka3
= —, = — =
Bs Tom Be o
Ci+ C— _ e
2Q9ﬁ5/87 77+ C 77+ C L C ) — C;’_Jr
— R — Jrf
Cti) C—= Clin C++f 2>
_9 _ _ 98— _ — - 22
653704'_4__ C+ 67C++_ C+_ ﬁGC++_ C C++_ C++ O7ﬁ7 ]{324
2555704_4_03 C__C?,'__ C( + ﬁ7c++07 02 Ci_ 1 + 256 C++Cz O__C2 C(+_)
c__c* ccy C- C._Cy CiC? C__ c__c* c:cy C-
+C+,C, C__CE__ C++O2_ 1 . 25 /8 C++C_2F_ C(+ . C++O_%_ C__C_Qi__ 1
C__C, C2C, C2C_ C,_ Tecrel T Crcl CC,. O,
> 2 v
_2/660+_2;_C+7 (+_) o CJFICJgf 1 _ 0 -
c;C_ Oy CrC2 Chy
ci . C C C__C3_ c..c3_ C..Ch
2 2
e Te R G, To ML e To N oI Vo2
C ., CY_ C,.C__C3_ C,..C3  C..Ct
~2B5Br =5 g — B **Cicg = — 26 (EC— s

crez 0=

138



M.Sc. Thesis - A. Ahmadi McMaster University - CSE

Note that the terms containing ko, k19, k11 and k;, are cancelling out as in eq. (7.13.1).
These are the terms associated with producing or reducing (+ + +) triangle, which
simultaneously will produce or destroy (+ -+ —) triangles. Hence, these terms will be
removed from this equation for simplicity. Likewise, the equation will be satisfied for

all values of 35, B and [3;.

7.4 Equations of Two-Element Triangular-

Cluster Model for the Regular Case

In this section, I will propose the equations for the triangular-cluster model, in the lim-
iting case of pair concentrations being equal to zero. In the Li;/;3Mny 3 system of

elements, The final state, which corresponds to the minimal energy of the lattice, will

be completely regular. The lattice will be filled with Mn — Li — Mn clusters, in which
the concentration of Li — Li pair is equal to zero. In this limiting case, the eq. (2.40.3)

becomes degenerate and has to be re-written in the following format.

C.iCl | 308 Ci+0+— ReRes
2@5&3 Qﬁ - 253 = 0, (7171)
c2c? cic? 30
c.ci  C2ch ci_c% 32
Ci C3 O C_C3 Ci O3 OOt
2 ( : 2
bbicae T —caes Tt oice -
26, C O3 g Cy C__C3_ 25 Cr.C  CuCi o
Teso T 3B e 1ol cic: 7
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k  CPC2 ko ChlCo ks CPCE
kn C2C2 ke Cy O ks C2 C7
. k/’14 . C__C+ . k'17 . C++C% B klg B C++C_
Qs =-—= , Qo=7—=F—5, Quu=7—= ;
ke Ch O ko C__C2 T T
Q :@:C++CE Q :@:CJF—O— B :@
11 k23 C__C_Z;'_ ) 12 k?24 C__O+ sy M3 k12 )
ks _ ky ka3 ko
B47]§16, 57]?’22’ 67]{?24,577]{}24.

In this formulation, the terms containing (0 * co) is eliminated by simplifying the

equations and eliminating the C'__ from calculations.

7.5 Derivations of Three-Element Two-Cluster

Model

The three-element two-cluster model produces a set of equations for the rate of change
in concentrations of different 2-clusters in the system. Equations (3.23.1) to (3.23.6)
will govern the physical system in equilibrium by considering the moment closure ap-
proximations to truncate the hierarchy of the equations. These equations will be simpli-

fied in the equations (7.18) - (7.23) respectively by introducing equilibrium constants
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and extra ratios into the model.

C’i, Ci— Ciy Oy Ci Oy
4k, ol + ko o~ 4k33—0+ — k4—C+
C? C? C..C c..C
4 30 10 _ g ++C40 ++040 _
+4ks CO + kg CO ke C+ ks O+ 0=
C2 C? C..C,_ C..C,_
4 k k +- 4k' 4= k ++Y+
Q1ks o + Q2k4 ol STo. Mo
02 C? C..C c..C
A Clo 0 _y ++C+0 ++040 _
+4Q5ky—= o +Q ks o ke . ks . 0
+— C++O+— Ci Oy C-zro
4Q1ﬁ1 — + Q252 — 453 — [ C’ + 4@353
Cy +
C? C’ C C C
+Q4 0 4P, +g, 0 Jz: 0 — 517 52, = (33 =
+ +
(7.18)
c? C .0, _
(451 +52)Q1 C,J: - (451 52) +Z,++
02 C..C
+(455 + 1)@370 — (463 +1) +g,+ L —0=
4 4
( 51—|-32)C+ . C, — (4B + Bo) ——— C.
Cy 1 Cy C Cy Cho
4 4 L E
+( B3+ )O+OO+ CO ( ﬁ ) C+ O:>
C..C C..C,_
(451 + Bo) = = — (Wb + o) —
+ +
+(405 + 1)O++C+° — (405 + 1)—C++C+° —0=0=0.
o C,
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Eq. (3.23.2) can be simplified as follows:

C? C? C__Cy_
Akg—E= + ko= — dky ———— —
9 c, + K10 . n A o

C?, C?, C__C_ C__C_
+4k13—— Cy +/€1470—4/f15 ol 0 — ks ol 0

2 _ c__o 0Oy
4@5&4 + = - 65 C =

2

+4Q7ﬁ6 L QS—D — 405 C’_ T - 0,

ki k15
[ y 7. =
ki 54 o = Bs e Be

C? __C._
(484 + B5)Qs CJ,: — (484 + 55)%

C’2 Cc__C_
770 — (466 + 1) ol

=0=0=0.

+(4686 + 1)@

Eq. (3.23.3) can be simplifies as follows:

C? C? CooC' CooC
A 240 g S0 g CooCio 00C+0
17 . + K18 C, e C

C?, C?, CooC_o CooC_o
4k kog—— — 4ks =
+4ko1 —— ol O+ Koo - 23 s Cy

Cio CooCo

Co Co C_
02 C’00 C— COOC—O k19 kZO k23

+Q12 C_ 69 C() C() ) kg4 ﬁ77 k?24 6& k?24 69 =

4@957— + Qloﬁs — 47

(7.20)

COO C+O
0

02
(487 + Bs) Qo — . — (467 + Bs)—~—

C?, CooC—o
+(489 + )Qn — (489 + 1) o= 0=0=0.
0
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Eq. (3.23.4) can be simplifies as follows:

4k3—c+5f+‘ + 4/611—0‘5(_?*‘ 4k, CCZ_ — 4kq Ci
+ky C*gf* -+ k:12000+ %ZF— — ko Ci—
C*gf‘o + Akog C*gf‘ ke O (f‘ 5
C%fo . C+gfo . C+CCO S

— ky

+4kos

+k’29

C..C_ C,.C_ 02 2
+2,++ + Ky +2,++ — 4Q1 k3 o8 —Q2k4 +

Cz 02 Cc__C._ C__C' _
—4Qsk1 C. — Qek1a— . +41€11T++/€12T+

C.oC_ C.oC_p c,_C_
+4Q13k27 +§j’0 0 + 4Q14k2s +go — 4koy +C’, 0 c.

CoC g CoC g C,. C.y
k —k
o + Quekzz Co B .

Ak

+Q15k31

c2_ c2_
= — g -

C__C+_ (7.21)

Ci O Ci O
—a AT Qb

C2 2 C__C _
- Q6613 — + 45120—jL
C, C, C’+ C’+0
4814 o 415 .
CinCo _ OuCro CrCio
~ Buo -
Co C- +

k
= BIOa I 5117 7. = 612a k?_12 = 5137
32

kz
kg2

410

—4Q5512
CioCo

Prs—=——

C C,
+4Q 13514 0

+4Q 14515
C+OC_

+Q15516

+ Q16
k:

=0,

7 ka1
= 5147 — = Bis, T = b =
2 32

2

(4810 + 511)% — (4B10 + P11)@1 CC_

Cy
C_

C._C_
— (4614 + Po) +C’_ 0
C

C C, _C
+(4B15 + 1)Qu4 *g O (465 + 1)—+C 0 _ =
0 +

2
—(4p12 + 513)@50 —
C+OC’_

+ (4512 + B13)
+(4P14 + Bi6) Q13

0=0.
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Eq. (3.23.5) can be simplifies as follows:

CiiCiho

C’+gf+0 4 ke &
+4k19002§j+0 k=g
+4kyy C*&_C‘O + ks C+(f‘°
o kg ke

4k

+4ks3

Cy+Cho Cy+Clho
C. + Bis .

CooC' CooC
0o , 5 CooCio
Co

C+ C o

4617

+4819

Ci_Cy
+C’ + a2 — 4Q13021

+43

CooCro

2 2
C+0 C+0

Co Co

C? C?
— 4k —F0 g0

CoClo

C, C,

— 4]{725
i Cho

- k36

C'+— Cyo

Gl

Ca 29 Co

Cr-Cho
Cy

C? C?
— 4@3517—+0 — Q4518—

02 02

C - 4Q9ﬂ19 - QIOB2O
0
C+OC_

c+oc_

0

- Q15ﬁ22
_Cy-Cig

G Coo C+ Clo

4
+4Q 17523 o o

— 423

k?27

6217 T

k36 3

C11+Co
Cy
CooCro
Co

(4517 + Pis)

+(4B19 + Bao)
C._C_g

+(4521 + Ba22)
C,_C_yp

+(4B23 + 1)Q17

144

— (4517 + Pus)

- (4821 — P22) Q13
— (4823 — 1)

=0
O+ ’

5197 7 5207

k
T = 517, = Pis, ﬁ

:5227 k_ = [z =

36

C2o
3 o

02
— (419 + ﬁzo)@gc—o

+
CioCp

0

¢ -Cho

=0,=
L

0=0.

=0=

(7.22)
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Eq. (3.23.6) can be simplifies as follows:

C__C_ C__C_ C?, c?,
4k15 o 0 + k6 o 0 _ 4]%’1370 — k?1470
CooC_ CooC_p C?, C?,
—|—4k’23 00610 0 + k’24 OOC’O - 4]{21K - k22 ol
Cc._C C._C C.oC_ C.oC_
koo +C+ +0 4 ks +C+ +0 Aoy +go 0o Fso +(Ojo 0
Cy _Cho CyCho Cy_Cy C,_C
+4ks5 O+ + ksg C+ 4kss o kay o =0
C__C_ C__C_ C?, C?,
434 ° + Bas - 4Q7ﬁ24— - Qsﬁ%
C_ C_
CoC_ CooC_o C’2
+4 96 00 4 Bar © — 4@11526— — Q12/327
Co Co
C._C Cc._C CoC C C'_
+4395 +C’ 04 Bag + 0 401428 0 — Q16529 s
+ Cy Co Co
Cc._C Cc._C C._C_y C,_C_
+4s0 +C’ 0 + +C' 0 —4Q17830 + — Qs +C 0 — 0, (7.23)
+ + —
k k k
k_15 = B, ﬁ = (s, ﬁ = [, k_24 = B,
36 kg 36
k?28 K35
- y 7 — s 7 = =
k% »328 o Bag oo B30
C__C_ c?
(4B24 + Bas) — (424 + 525)Q7—0
C_ Co
CooC_ c?
+(4B26 + Par) 000 0 _ (4526 + 527)@110—0
0 _
Cc..C C.oC_
+(4Ba2s + P29) +C’ 0 (4028 + P29)CQ14 +g, 0
+ 0
Cc._C C,._C_
+(4850 + 1) +C’ 0 _ (4830 + 1)Q17 u 0 — 0,=
+ —_
0=0.

The extra ratios that has been introduced into the model in eqgs. (7.18) - (7.23), namely,
[ to B39, are chosen arbitrarily and the equations will be satisfied for all values of these
parameters. In other words, the calculation of equilibrium constants based on eq. (3.24)
is enough to solve the dynamical system in equilibrium. The rest of the ratios can be

chosen arbitrarily without affecting the equilibrium phase of the model.
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7.6 Derivations of Three-Element Triangular-

Cluster Model

The system of algebraic equations in (3.26) will be solved analytically by substituting
rate constants with equilibrium constants and ratios of rate constants. This way, de-
gree of freedom of the system will diminish significantly. Equation (3.26.1) will be

simplified as follows:

CoyC3 1 C2,C3 c3,.c,_ 1, C3.C2

Kar czez " 5has cicr a9 ct 5o CoC_
C_A'_J,_C_?:_O 1 C_2~_+C_?f_(] O_?-J,-O—i-o 1 C—?—%-O—?-O

k —k —kyys—— — —kyu—7—— =0
R4 c2C? 5 a2 cic? 43 o1 5 fiaa C2Cy =
C, . C3_ c2 .03 ci.c. 1, C3.C%

Q19031 —5 A5 CQ o2 Q2oﬂ32 04 o2 Bt +54 - 553 chi

C++C+0 1 C_2|_+C_?;_0 C—|—+C+0 1 C-?i)“‘rcio _
—|—Q21533 02 02 5Q22 CiCQ 633 5 O_‘?_Cg = 07

k3o

ka3
= , T = , T = =
]{244 531 4 ﬁ32 ]{244 533
C2,C% C O3 Tk 1C,,.C_C2,C3_
cz_cz cic: P50, C, Cic2
C2,.C20,C3  1C,,CoC2 3,

s e crer Ys0.Lc. ooz W
+0~+ Y40 +0C+ Lilyg

c3.Coo 1, C3.C2
“Tor s
+ +Y—

C—gk+o+0 1 C—?——&-C—%—O
ct 5 C2C,

Bs1

=0=

by G20 | 5 100G g OiiCen 15 G101
ct 5 C2C- ez 570
€2, Cho 103-4—03-0 _ €2, Cho _ lcircio —
+ 033 1 5 B33 1 5 =0,
Ci 5 C3C Ci 5 C2C
0=0.
(7.24)
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Following the same procedure, eqs. (3.26.2) and (3.26.3) will be satisfied by our choice

of equilibrium constants. Eq. (3.26.4) can be written in following format.

c__c3 C3 Oy C,.C3

k +— k +++ —k ++ —
"L es T ENGiTeR

c,. C3 1. C__Ct 1. C3 .C*?
—kyr— = + ks =+ cki—a

czez TyteTorer T oee
1000 1, G0 C__C3_

Kea 313 kss—=1 3
5 Cc3C3 50 0i02 C.C?
1, CitC__C3_ CiyC3_ 1, O Ot
Tk gmes ~kogag o~ she e
C C2,C C,C2,C C4C?_Cy
C.C_C? C2C?
C4C2_Cy L C?_C2,C L C4 Oy C3Cy

c2C2 50 C2C2C2 5 C3C_C?

1, CC2 ClCyqy 1, Oy C2 0hCy C,_C%,C
——krs 3 0 — —kre 3 0 +krr——

5 C3C2C, 5 C3C20, C,.C_C2
1 C..Cp C%Cy C C% Cy 1. C,.C% C2

~k _ -
5T e o cic. 5™ cic G,

+ kes

(7.25.1)

+k69 + k70

—kz2

— kv =0=

C__C3_ C,.C3_ 1 C__Ct_
(31840 C’+C;: — Bao 30 +5Q32541TC1:

| C.C C3_ C_Ci 1 C..C__C3_

—554101—03,+ Q33810——5— C’+C3 Q34ﬁ430i—0§+

Co.C3 1 Ot O, 02,0,

—Bao—m A — cic - 5543 cice + Q35B44C’+C—t0§

C,1C3,C Ci C7_Cy
CiC¢

3 Cy+C%_Ci
B Y e e

cic?
+=- Q37646

+Q36045 — Bus

CciC-
220y 1 CriCh C20C g
C2C2 (2 5 Qasbin C3C_C?
_1546 C 10O _ChoCy _ 1547 C1CF_ChoCy
5 220, 5 320,
C, C2C 1 CriCa C240
C.C_C? 5 @aokso C3C_C?
B CitC2 Cho lkgo C4C3_C3%
CiC- 5T OI0 G,
k k k
° = 5407 — = b, k—m = Baz, k—68 = fus, k—n = P
0

kso 80 80 80
k7o

ks K6 kg
_ = _— = _— = _— =
T Bas, o Bas, o Baz, o Bag =

(7.25.2)

+Q39548

=0,

Fes3
kso
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C.iC2CO_C3_ CiCl 1, CuiCC-Cl

640 2 3 /840 3 /841 2 4

C_C2 0.C° cic. C, C, C2C7

| OO C3 CC2CC3 1, Cy CCiCCh
s Tl @m oo T o o
+-— ——>+ +~— —>+ +v—

5 CiiC3 lﬁ Cip O 3 Ci4Cy Gy C1-C%,C2,
Prosc. 5P cicr TN C,0L 02 ¢ 0 C2
C2_C2C, ., C2,C, C, . C2_Cyp C,.C2_C,
+645 CQ CQ 02 02 - 644 03 C - B45 CQ C2
+0™~— +~0 +Y- +v—

1 +lg Cy Co C2_C2,C 1 Ly Cy_CoCi i Cy C2,C
YCLC. CrCRC2 TCLLC_  C3C_C?

1 C++Ci_C+OC_ 1. CpyC2 ClCoy

__B46 3 2 - _547 3 2

5 C3C2C, 5 C3C2C,

C i CC2C, _C3C 10, CyCyiCy C3iCy
CoC_oC2 C.C_CZ " 5C_C. C3C_C2

_3 C++Cifc+0 _ lC++037042ro

eIl 5 C1C_Cy

(7.25.3)

+04s

=0,=>

C O3 CiiC3_ 1, CiyC__C3_
Bao—g A~ — Cic- — Boo—5~— Cic- + 5541—03;05 =

1. CuC__C3 CoC3_ 1. CCh
_3541 0303 ﬁ42 030_ gﬁ43 C’f‘;C’E

CyC 1, C O C 1 C7_Cip
642 C?’C’, _5543 0402 B44 C_?_C,

5 O CCh o CuOECoy o CoiO Oy
207 1oh 2c?

1 ChiC? CigCy 1. CeyC? CroCop
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(7.25.4)

=0,0=0.

As can be seen, the rate equation will be satisfied by using equilibrium constants,
which are written in terms of pair and singlet concentrations. Some extra ratios are
defined in the model (54 — (48) Which can take any arbitrary value without changing

the equilibrium phase of the model. Equations (3.26.5) to (3.26.9) can be simplified by
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following the same procedures.
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