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Abstract
Traditional 1H lung imaging using MRI faces numerous challenges and difficulties due

to low proton density and air-tissue susceptibility artifacts. New imaging techniques

using inhaled xenon gas can overcome these challenges at the cost of lower signal to

noise ratio. The signal to noise ratio determines reconstructed image quality and is

an essential parameter in ensuring reliable results in MR imaging. The traditional RF

surface coils used in MR imaging exhibit an inhomogeneous field, leading to reduced

image quality. For the last few decades, fractal-shaped antennas have been used to

optimize the performance of antennas for radiofrequency systems. Although widely

used in radiofrequency identification systems, mobile phones, and other applications,

fractal designs have yet to be fully researched in the MRI application space. The use of

fractal geometries for RF coils may prove to be fruitful and thus prompts an investiga-

tion as the main goal of this thesis. Preliminary simulation results and experimental

validation results show that RF coils created using the Gosper and pentaflake offer

improved signal to noise ratio and exhibit a more homogeneous field than that of a

traditional circular surface coil.
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Chapter 1

Introduction

1.1 Background

Magnetic resonance imaging (MRI) technology has long been used to visualize the

structure of the brain, heart, joints, and various organs within the body. The chest and

lungs are of particular interest. Standard lung imaging is done through computed to-

mography (CT) scanning at the risk of exposing a patient to ionizing radiation. Because

MRI does not involve ionizing radiation there is considerable interest in its utility for

lung imaging. However, image quality within this region is reduced due to magnetic

susceptibility artifacts caused by tissue-air interfaces as well as low 1H proton density

within the lungs (Biederer et al. 2012). Alternatively, because there are other nuclei,

besides 1H which have the quantum mechanical property of spin necessary for visibil-

ity with MRI, focus has shifted away from conventional MRI approaches to more novel

ones. Still, however, non-proton based imaging has the challenge of lower SNR. This

can be alleviated through hyperpolarized gas MRI (discussed later). The use of hyper-

polarized gases such as helium-3 (3He) and xenon-129 (129Xe) can provide higher signal
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from airways and spaces within the lungs. This procedure is called ventilation imag-

ing. In addition to structural information, hyperpolarized gas MRI can also be used to

obtain functional performance characteristics of the pulmonary system (Biederer et al.

2012).

The signal-to-noise ratio (SNR) of MR imaging is linked to radio frequency (RF)

detector coil performance. RF surface coil designs used in MRI applications exhibit an

inhomogenous RF transmit field (called B+
1 ) and thus improvements in coil design to

reduce inhomogeneity may lead to improved image quality.

Fractal-shaped radio frequency antennas are a modern innovation in antenna engi-

neering. A fractal – a structure with an embedded self-similar structure at a multiple

scales – is used as the geometric foundation in small-scale antennas because the frac-

tal structures provide similar if not better performance to standard antenna designs in

limited space applications (Cohen 1995). Fractal antennas have also successfully been

applied to near-field RF identification systems (Pakkathillam et al. 2013).

This thesis builds upon previous work (Lemus et al. 2018) in which simulations of

Koch-shaped fractal coils were shown to have an increased magnetic field strength

when compared to a standard circular coil. The Koch-shaped fractal coil also had a

more uniformmagnetic field distribution, which may lead to an improvement in image

quality. The relatively small amount of research in the application of fractal-geometry

shaped coils to MRI spurred the undertaking of this thesis. Thus the goal of this thesis

was to examine the effects of different fractal-shaped RF coils when used in a 129Xe

xenon-focused MRI application. Xenon MRI scanning was chosen because, although

important for lung MRI, the method typically suffers from poor SNR, and ΔB+
1 relative

2
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to routine 1H MRI.

1.2 Motivation

The work presented in this thesis explores a niche facet of RF engineering and inte-

grates it into the field of magnetic resonance imaging (MRI). By combining together

fractal geometries commonly used in antenna designs with the application of RF sur-

face coils in MRI, new insights can be gained in MRI surface coil design and perfor-

mance. Furthermore, if successful the concepts could be integrated into volume coils

for larger tissue coverage.

1.3 Contributions

The author has contributed to the development of RF coils in the field of magnetic

resonance imaging in the following ways:

1. Provided a design methodology for the simulation, fabrication, and verification

of RF coils

2. Examined the efficacy of fractal-geometry in the application of magnetic reso-

nance imaging coils

3. Characterized the effects of fractal shapes and on the electric and magnetic field

strength and homogeneity produced by an RF coil

3
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1.4 Outline of Thesis

This thesis presents work performed in designing, simulating, fabricating, and verify-

ing the performance characteristics of fractal-shaped surface coils in the context of 3T
129Xe MRI.

Chapter 2 discusses the background of MRI physics, the concept of magnetization

and how signals are acquired using RF coils. Additionally, the chapter discusses RF

coil theory and how fractal designs in RF antenna engineering may be applied to coil

designs in MRI.

Chapter 3 outlines the complete designmethodology, as well as the simulation com-

ponent of the RF coil designs. Each RF coil design will be simulated in software and

the designs of each fractal discussed.

Chapter 4 outlines the fabrication and measurement methods for the fractal-based

RF coils. Details on the materials and justification for design decisions are discussed.

Chapter 5 discusses the performance of fabricated coils and compares the measured

parameters of coils to their simulation. Differences between the simulation and mea-

sured results will be discussed.

Chapter 6 summarizes the work of the thesis and highlights the major results. The

chapter also provides areas of improvements and suggestions for future work.
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Chapter 2

Background

2.1 Magnetic resonance imaging

2.1.1 Signal source

Magnetic resonance imaging (MRI) uses the quantum property of spin angular mo-

mentum of an atomic nucleus, a magnetic field, and RF pulses to generate a signal.

The signal is spatially encoded using three orthogonally applied magnetic field gra-

dients leading to a resulting image. As a simplification, the spin angular momentum

of an atomic nucleus – spin – is commonly represented as a spinning charged sphere

with angular momentum, 𝐽 , and a vector denoting the nuclear magnetic moment, 𝜇.

Nuclei placed into an environment without a magnetic field have their spins randomly

oriented, and have no net magnetic moment (𝑀).

There are two overall approaches to describing MRI: one is a quantum mechanical

approach, while the other approach is a Newtonian perspective and involves simplified

representations using spinning vectors. With the exception of the most basic elements
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of the signal, the bulk of the MRI description will be focused on the Newtonian or

classical mechanical description.

In the quantummechanical description of MRI, an externally applied magnetic field

(B0) will cause the the spins within the sample to split their energy levels into a higher,

anti-parallel (−1
2 ) and lower, parallel (+1

2 ) state. The difference in energy levels between

the two states is described by the following relation:

Δ𝐸 = ℏ𝛾B0 (2.1)

where ℏ is the reduced Planck constant (J · s), 𝛾 is the gyromagnetic ratio (explained

later), and B0, the externally applied magnetic field strength (T).

The energy of a photon can be described using the Planck relation as:

Δ𝐸 = ℏ𝑓0 (2.2)

This relation was originally derived in order to explain the splitting of spectral lines

of light in a magnetic field, however the eventual discovery of nuclear magnetic reso-

nance found that this relation also applies in that context.

Of the two energy states at room temperature, the lower energy level will have a

slightly higher amount of spins. The ratio of spins in each state can be described using

6
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the Boltzmann distribution:

N+

N− = exp

(
−Δ𝐸
𝑘𝑇

)
(2.3)

where 𝑘 is the Boltzmann constant (J K−1), and 𝑇 is the temperature of the system

in Kelvin.

In the quantum description, when a sample is placed into an externally applied

magnetic field (B0), the random orientations of the nuclear spins align such that there is

a statistically significant number in parallel and anti-parallel orientations, with respect

to the direction of the field. A small number of these spins will be more aligned in the

parallel orientation than anti-parallel orientation due to a lower energy state in that

orientation. From the Newtonian description it is then said that this imbalance leads

to a net magnetic moment. Furthermore, the presence of the magnetic field leads to

precession of the nucleus at a frequency known as Larmor frequency.

By combining the Planck (2.2) and Zeeman (2.1) relations together, the Larmor pre-

cession frequency can be derived as:

𝑓𝐿𝑎𝑟𝑚𝑜𝑟 =
𝛾

2𝜋
B0 (2.4)

Where 𝛾 is a parameter known as the gyromagnetic ratio. The gyromagnetic ra-

tio is an intrinsic property of the nucleus in question, defined by the ratio of the

magnetic moment and angular momentum. The units thus are rad
s T . For a 1H atom,

7
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Nuclei 𝛾 (MHzT−1) 𝛾 (rad s−1 T−1) 𝑓𝐿𝑎𝑟𝑚𝑜𝑟 (MHz) 𝑓𝐿𝑎𝑟𝑚𝑜𝑟 (rad s−1)
1H 42.58 267.52 127.74 802.56
3He -32.43 -203.79 -97.29 -611.29
13C 10.71 67.28 32.13 201.87
19F 40.05 251.66 120.15 754.92
23Na 11.26 70.76 33.78 212.24
31P 17.24 108.29 51.72 324.96

129Xe -11.77 -73.99 -35.31 -221.86

Table 2.1: Table of common nuclei used in MRI listing Larmor reso-
nance frequencies in Hz and rad s−1. 𝑓𝐿𝑎𝑟𝑚𝑜𝑟 are for nuclei in a field of
3 T. Negative precessional frequencies indicate spin angular momen-
tum precession in a counter-clockwise rotation, opposite to the positive
clockwise convention.

𝛾 ≈ 42.576MHzT−1 and thus the precessional frequency of 1H atoms within a 3T – a

common clinical field strength – magnet is ≈ 128MHz.

Table 2.1 lists the common nuclei of interest used in MRI, along with their gyro-

magnetic ratio and resonance frequencies at 3 T.

2.1.2 Applied radiofrequency pulse

When a radiofrequency pulse, at a frequency coinciding with the product of 𝛾 and

B0, is applied to the nuclear spins, the spins will absorb the RF energy. The energy is

emitted from the spins as they return to thermal equilibrium, the energy of which can

be detected. The application of the radiofrequency pulse creates a local transmitted

magnetic field denoted B+
1 , which leads to the net magnetization of the spins to tip

from the parallel direction. In the MR context, the static magnetic field is oriented

along 𝑧, typically down the magnet bore. The applied RF pulse is delivered such that a

component of the resultant net magnetization vector projects to the transverse plane

(i.e. will tip into the 𝑥𝑦 plane). The net magnetization of these spins is represented by

8
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𝑀 .

The amount by which the net magnetization vector tips transversely toward the 𝑥𝑦

plane is described using:

𝜃 = 𝛾B+
1 𝑡𝑝 (2.5)

where 𝜃 is the tip angle, and 𝑡𝑝 is the duration of applied radiofrequency pulse. This

equation is only an approximation for rectangular “hard” pulses and for other radiofre-

quency waveforms, other equations may be used (Brown et al. 2014). The maximal

signal is seen at a tip angle of 90°, as that is when the net magnetization moment is

directed completely into the transverse plane.

The perturbation of the net magnetization vector into the transverse plane can be

described by the solutions to the set of Bloch equations. The Bloch equations are used

to determine the net magnetization of a system as a function of time, with differing

solutions accounting for higher-order interactions between the spins – such as diffu-

sion in the generalized Bloch-Torrey equation. In the simplified case of spins within a

magnet, the solutions are:

𝑀𝑥 (𝑡) = 𝑀0 exp

(
− 𝑡

𝑇2

)
sin(𝜔𝑡) (2.6)

𝑀𝑦 (𝑡) = 𝑀0 exp

(
− 𝑡

𝑇2

)
cos(𝜔𝑡) (2.7)

9
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𝑀𝑧 (𝑡) = 𝑀0

(
1 − exp

(
− 𝑡

𝑇1

))
(2.8)

where 𝑇1 and 𝑇2 are parameters known as relaxation times. Relaxation times are

decay constants which describe the change in magnetization (signal) towards its equi-

librium value, before the pulse was applied. At a particular field strength these con-

stants are tissue-dependent and are derived experimentally. The 𝑇1 constant describes

the growth or return of the magnetization from the transverse plane as it returns to

the parallel (𝐵0) orientation. The 𝑇2 constant describes how the individual spins that

comprise the net magnetization moment dephase from one another.

2.1.3 Image generation

The Bloch equation solutions in 2.6 and 2.7, are the signals produced by the nuclear

spins when excited by a radiofrequency pulse. This signal is termed the free induction

decay (FID). By itself however, this signal is not sufficient enough to produce an im-

age. In the imaging process, a secondary magnetic field – called the gradient field –

is applied to the nuclear spins along combinations of three orthogonal directions. In

general, a single magnetic field gradient induces a spatial linear change in the mag-

netic field strength across the spins, thus leading to a spatial variation in the Larmor

frequency. The deviation in frequency caused by the gradients is only a few hundred

to a few thousand Hertz.

Gradients are applied in three orthogonal directions, each with their own gradient

coils. These gradients are individually excited in order to image in the axial (via the

𝐺𝑧), coronal (via the 𝐺𝑦), and sagittal (via 𝐺𝑧) planes of anatomy.

10
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The deviation in frequency due to an applied gradient (𝐺𝑖 ) in each direction (𝑖) is:

𝐺𝑥 =
𝛿𝐵𝑧
𝛿𝑥

, 𝐺𝑦 =
𝛿𝐵𝑧
𝛿𝑦

, 𝐺𝑧 =
𝛿𝐵𝑧
𝛿𝑧

𝑓𝐿𝑎𝑟𝑚𝑜𝑟 = 𝛾 (B0 + 𝑖 · G𝑖)
(2.9)

The variation in frequency of the spins can be utilized to determine their position

in space, in a process known as slice-selection. Like the keys on a piano keyboard, the

spins with a lower resonance frequency will be located “lower” relative to the location

where the magnetic field is stronger. This can be combined with the phase differences

induced by the gradients in order to produce an image.

During the acquisition step, the digitized signals recorded by the MRI will be a

linear combination of these frequency and phase-encoded spins. After filtering and

decimation steps, this signal is ordered into a two-dimensional matrix via a formal-

ism known as k-space. k-space holds the received signal until it is reconstructed into

an image via the two-dimensional inverse Fourier transform. The outer regions of k-

space hold high-frequency components of the reconstructed image, while the center

holds the low-frequency components. Similar to image processing, the high-frequency

components of k-space correlate to the sharp rises in image space such as edges and

boundaries between high and low contrast. The low-frequency components of k-space

near the center corresponds to the bulk of the reconstructed image, representing con-

trast and defining the signal-to-noise ratio.

The encoding of the acquired signal into k-space can be performed with many dif-

ferent methods. The encoding method chosen depends on the performance required

– encoding methods will vary the acquisition time, and thus signal-to-noise ratio and

11
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final reconstructed image resolution. A Cartesian trajectory encodes the signal in a

grid-like left-to-right, up-to-down direction. More advanced encodings of k-space can

vary the trajectory into a radial, spiral, or even pseudo-random directions. These tra-

jectories can trade-off k-space sample points into a higher density near the center, thus

leading to increased signal-to-noise ratio at the cost of losing some detail at the edges

of anatomical structures.

The MRI signal obtained from the magnetization, 𝑀 , and within a volume, 𝑉 :

𝑠𝑟 (𝑡) =
∫
𝑉
𝑀 (®𝑟, 𝑡)d𝑉 (2.10)

By expanding the integral into three dimensions and applying a time-varying gra-

dient, equation 2.10 becomes:

𝑠𝑟 (𝑡) =
∫
𝑥

∫
𝑦

∫
𝑧
𝑀 (𝑥,𝑦, 𝑧, 0)𝑒 (− 𝑗𝜔0𝑡) exp

(
− 𝑗𝛾

∫ 𝑡

0

®𝐺 (𝜏) · ®𝑟d𝜏
)
d𝑥d𝑦d𝑧 (2.11)

By slicing in the the 𝑧-direction (𝑚(𝑥,𝑦) =
∫ 𝑧0+𝛿𝑧/2
𝑧0−𝛿𝑧/2 𝑀 (®𝑟, 𝑡) d𝑧), and demodulating

(by multiplying by exp( 𝑗𝜔0𝑡)), equation 2.11 is thus:

𝑠𝑟 (𝑡) =
∫
𝑥

∫
𝑦
𝑚(𝑥,𝑦)𝑒 (− 𝑗𝜔0𝑡) exp

(
− 𝑗𝛾

∫ 𝑡

0

®𝐺 (𝜏) · ®𝑟d𝜏
)
d𝑥d𝑦 (2.12)
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And given the gradient 𝐺 has orthogonal components 𝐺𝑥 and 𝐺𝑦 , the signal equa-

tion 2.12 becomes:

𝑠 (𝑡) =
∫
𝑥

∫
𝑦
𝑚(𝑥,𝑦) exp

(
− 𝑗𝛾

∫ 𝑡

0

®𝐺 (𝜏) · ®𝑟d𝜏
)
d𝑥d𝑦

=
∫
𝑥

∫
𝑦
𝑚(𝑥,𝑦) exp

(
− 𝑗𝛾

∫ 𝑡

0
[𝐺𝑥 (𝜏) +𝐺𝑦 (𝜏)]d𝜏

)
d𝑥d𝑦

=
∫
𝑥

∫
𝑦
𝑚(𝑥,𝑦) exp

(
− 𝑗2𝜋 (𝑘𝑥 (𝑡)𝑥 + 𝑘𝑦 (𝑡)𝑦)

)
d𝑥d𝑦

(2.13)

where 𝑘𝑖 (𝑡) = 𝛾
2𝜋

∫ 𝑡

0
𝐺𝑖 (𝜏)d𝜏 is the k-space signal for a given direction 𝑖 . The equa-

tion in 2.13 is precisely the two dimensional Fourier transform of the signal in image-

space and thus the image obtained from the digitized signals in k-space can be recon-

structed via the use of the inverse Fourier transform.

2.1.4 Pulse sequences

Recall that a radiofrequency pulse produces a signal by “tipping” the net magnetization

moment into the transverse plane. In equation 2.5, a “hard” pulse is applied to tip the

nuclear spins of the sample into the transverse plane. A hard pulse is the equivalent of

a continuous wave pulse in radio telecommunications engineering – a sine wave that

is pulsed on and off and contains only a single frequency component. Hard pulses are

used mainly to excite a whole volume without using any applied gradients. However,

the slice selection process uses gradients to selectively excite spins and thus allows

for the ability to encode acquired data within k-space for image reconstruction. A

hard pulse however contains only one frequency and thus the spins with resonance

deviations above and below the Larmor frequency cannot be excited. The shape of the

pulsemust bemodified in order to excite the spins. Themost simplemethod is to define

13



M.A.Sc – Jimmy Nguyen McMaster University – Electrical and Computer Engineering

a rectangular bandwidth of interest in the frequency domain (enveloping the resonance

frequencies of the spins within the slice) and then use the inverse Fourier transform

to obtain a time-domain signal that can be used as the radiofrequency pulse. This

procedure results in a radiofrequency pulse with the shape of a sinc wave. Equation

2.14 describes the sinc pulse that results from this procedure.

𝐵1(𝑡) = 𝐴
sinΔ𝑓 𝜋𝑡

Δ𝑓 𝜋𝑡
sin(2𝜋 𝑓𝐿𝑡) (2.14)

where 𝐴 is an arbitrary amplitude factor scaling the voltage of the signal and thus

emitted radiofrequency energy, Δ𝑓 is the desired frequency deviations to capture the

spins – commonly denoted as transmit bandwidth, and 𝑓𝐿 , the Larmor frequency. Math-

ematically, the sinc pulse is infinite in duration and thus the process of apodization –

applying a digital filter to limit the sidelobes of the sinc pulse – is applied in order to

truncate the radiofrequency pulse to an acceptable length. More advanced pulse shapes

that can include Gaussian-shaped pulses or pulses generated by orthogonal polynomi-

als via the Shinnar-Le Roux (SLR) algorithm (Brown et al. 2014). Note that the receive

bandwidth (RBW) is an MRI scanner dependent parameter and depends on the hard-

ware used in the radiofrequency frontend of the scanner. The RBW is selectable in

order to increase or decrease acquisition time at the cost of signal-to-noise ratio and

image quality.

The applied radiofrequency pulse can be applied in multiple repetitions and pat-

terns forming what is known as a pulse sequence. 𝑇𝐸 and𝑇𝑅 are parameters in a pulse

sequence which describe the echo time and repetition time respectively. In a spin echo

pulse sequence, an initial radiofrequency pulse tips the spins from parallel, to 90° into
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the transverse plane. After a time 𝑡 , the spins start to dephase and a second radiofre-

quency pulse is applied. This second pulse is designed to tip the spins 180°, which will

cause the spins to rephase and thus a signal can be acquired at time 𝑇𝐸 = 2𝑡 . In a

gradient echo pulse sequence, a dephasing gradient is applied to the spins leading to a

faster dephasing of the spins. A rephasing gradient is applied at the same strength but

opposite polarity to cause those dephased spins to rephase at time 𝑇𝐸. For either of

these sequences, a complete repetition of the sequence occurs at time 𝑇𝑅. The combi-

nation of applied radiofrequency pulses and gradient application in a pulse sequence

fills out k-space and thus pulse sequences play a major role in the procedure of image

generation for an MRI system.

2.1.5 Xenon MR Ventilation Imaging

Routine clinical MRI uses the proton (1H) as the signal source. In the lungs, the low

proton density leads to a far weaker signal than when compared to other tissues. The

proton density within healthy lung tissue is 0.1 g cm−3, which is approximately ten

times lower than in other tissue by comparison (Biederer et al. 2012). Additionally,

deoxyhemoglobin is paramagnetic but it switches to being diamagnetic when bound

to oxygen within tissue. This difference in magnetism leads to susceptibility varia-

tions along the air-tissue interface, leading to difficulties in imaging the lung tissue

in that region. However, the use of a nuclei other than 1H can avoid these issues.

The use of inhaled hyperpolarized gases such as 129Xe and 3He as a contrast agent can

overcome issues by imaging the airways instead of the tissues, thus avoiding the mag-

netic susceptibility artifacts. Additionally, the gas is hyperpolarized, thus making the

signal-to-noise ratio of the image virtually independent of the main B0 field.
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Hyperpolarization is a technique whereby the the nuclear spins of the gas is biased

into the parallel or anti-parallel orientation without the necessity of the main B0 field.

This is used to overcome the inherent low signal-to-noise ratio due to the low density of

the gas. A gas can become hyperpolarized through various mechanisms, but the major

method is via spin-exchange optical pumping (Walker 2010). Spin-exchange optical

pumping can polarize both 3He and 129Xe, whereby an infrared laser emits circularly

polarized light onto an alkali metal such as rubidium. The circularly polarized light

will excite electrons of the rubidium atoms, and when the gaseous molecules collide

with the rubidium sample, the angular momentum of the spin of the electron will be

transferred to the molecule. This transfer of spin causes the gas to become selectively

polarized into a spin-up or spin-down state independent of the B0 field.

The use of 129Xe over 3He offers many significant advantages. In practical terms,
3He is relatively scarce, and its use in radiation detectors has substantially increased

the price in recent years. This is in contrast to the more inexpensive and naturally

abundant 129Xe. For imaging, 129Xe is soluble in pulmonary tissues, giving it a differ-

ent resonance depending on the tissue inwhich it is dissolved. 129Xe is detectable in red

blood cells, pulmonary tissue, and within the airways, giving three resonant frequen-

cies (Roos et al. 2015). The differing resonant frequencies allows not only the structure

of the airways to be determined, but also functional and performance characteristics

of the lung may also be assessed as the dissolving of 129Xe and passage through alve-

olar walls into the bloodstream, is indicative of lung health. It should be noted that
3He does not dissolve into tissues and blood and hence it only provides a map of the

airways down to the alveoli.
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2.2 Radiofrequency coils

A radiofrequency coil used in MR signal acquisition is a resonant circuit formed from a

loop of conducting material. The loop is usually formed from wire and has an intrinsic

inductance (𝐿𝐶𝑜𝑖𝑙 ) and resistance (𝑅). The loop is tuned (explained later) using a tun-

ing capacitor (𝐶𝑡𝑢𝑛𝑒 ) and matching capacitor (𝐶𝑚𝑎𝑡𝑐ℎ). Figure 2.1 depicts a circuit-level

model of an RF coil used in MR imaging.

Figure 2.1: Circuit model of a resonant LC circuit, depicting an RF coil
with resistance and inductance, with tuning and matching capacitors

Standard MRI surface coil geometries are usually circular loops, which produce a

magnetic field within the central region of the loop (Vaidya et al. 2016). This gener-

ated magnetic field – called the B+
1 field in the MRI parlance – must have a field that is

homogeneous: that is it must have an even distribution of the magnetic field over the

region of interest. The traditional circular loop emits an inhomogenous field, which

will lead to local variations in the magnetic field, thus affecting the ability to spatially

localize the location of the nuclear spins. The B+
1 field is stronger in the regions closest

to the wire loop, resembling a toroidal shape. The inhomogeneity effect is exacerbated
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at high magnetic field strengths and Larmor frequencies, as the higher electromag-

netic wave frequencies lead to higher conduction currents within the tissue, causing

a greater asymmetry between the B+
1 transmit and B−

1 receive field (Vaidya et al. 2016;

Keltner et al. 1991). The inhomogenous field leads to artifacts in the reconstructed

image, decrease in signal-to-noise ratio and thus reduced image quality.

The majority of RF surface coils used in magnetic resonance imaging are loops

formed from wire or copper strips. Coils created using different materials may suit

unique problem spaces. For example, stitched conductive thread (Vincent and Rispoli

2019) and screen printing (Corea et al. 2017) have been researched in order to be used in

flexible, body-conforming coils. The use of copper foil tape in place of wire loops allow

the ease of soldering surface-mount devices such as diodes, inductors and capacitors

(Fujita et al. 2013). The use of printed circuit boards (PCBs) is a further advancement

of adhesive-backed copper foil, allowing precise control of trace geometry and even

allows the use of microstrip tuning stubs in place of physical capacitors or inductors.

The fibreglass backing of a printed circuit board also provides mechanical stability to

the coil.

The magnetic field produced (B±
1 field) at a point by a simple loop of wire with

constant current (𝐼 ) can be derived using the Biot-Savart law as:

d ®B±
1 =

𝜇0
4𝜋

𝐼
d®𝑠 × ®𝑟
|𝑟 3 | (2.15)

where 𝜇0 is the permeability of free space (1.257 × 10−6 TmA−1), d𝑠 is a differential

element along the curvature of the loop, and ®𝑟 is a vector towards the point in free
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space.

Recall that the free induction decay (FID) magnetization solution to the Bloch equa-

tions in equations 2.6 and 2.7 describes the signal as it is generated by the magnetiza-

tion of the nuclear spins tipping into the transverse plane. This time-varying magnetic

flux (𝜙 (𝑡)) induces a voltage in the receive coil and can be derived using Faraday’s law

as:

𝐸𝑀𝐹𝑖𝑛𝑑𝑢𝑐𝑒𝑑 = −𝜕𝜙 (𝑡)
𝜕𝑡

= − 𝜕

𝜕𝑡

∫
𝑠𝑎𝑚𝑝𝑙𝑒

B−
1 (®𝑟 ) ·M𝑥𝑦 (®𝑟 ) d3𝑟 (2.16)

where
∫
𝑠𝑎𝑚𝑝𝑙𝑒

is the volume of the sample, and B−
1 is implicitly defined as the received

magnetic field produced per unit current in the loop.

B+
1 and B−

1 distinction

The B±
1 field is generated by a coil is caused by the current passing through the coil as

seen in the Biot-Savart derivation in equation 2.15. The B±
1 field is a circularly-polarized

field that is the sum of two separate circularly-polarized fields, B+
1 and B−

1 (Vaidya et al.

2016). B+
1 is commonly denoted as the transmit field, while B−

1 is denoted as the receive

field. With a linearly-polarized surface coil such as the one used in MRI, the B±
1 field

is also linearly polarized and thus B±
1 can be decomposed into equal components of

B+
1 and B−

1 . Additionally, the reciprocity theorem in classical electromagnetics can be

applied to show that the B+
1 and B−

1 fields are the same. The reciprocity theorem allows

for the interchange of electrical currents and generated electric and magnetic fields

without a change in the field characteristics. For example, the magnetic field produced

at a point in free space by a current passing through the loop of a coil is identical to the
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magnetic field produced in the loop if that current source were placed at that point in

free space. A result of the reciprocity theorem is thus an antenna (or RF coil) is equally

effective in transmission as it is in reception, and therefore, the B+
1 transmit and B−

1

receive of the coil is the same.

Near and far field characteristics of coils

The electric and magnetic fields produced by an RF coil exists in three distinct re-

gions: the reactive near field, Fresnel – radiating near field, or transition zone, and the

Frauenhofer far field. A careful differentiation of these regions must be present in the

analysis of RF coils. In standard MR imaging, RF coils operate in the near field. The

near field is defined as the region where the wavelength of RF signal is long relative to

the imaging sample (𝑑 ≤ 0.62
√
𝐷3
𝑎𝑛𝑡𝑒𝑛𝑛𝑎/𝜆). Here, the E and H fields are out of phase by

90°. The short distance between coil and sample thus allows for analysis of generated

electromagnetic fields in the sample via the electric and magnetic vector potentials.

This is in contrast to the far field (𝑑 ≥ 2𝐷2
𝑎𝑛𝑡𝑒𝑛𝑛𝑎/𝜆) where the electromagnetic waves

of the signal are self-sustaining and propagate freely. The E and H fields are in-phase,

orthogonal to each other, and radiate in the direction of propagation. The region is far

enough away such that analysis can be performed by treating the antenna as a point

source. Within the near field, magnetic field strength decreases by 1/𝑟 3 and electric

field strength by 1/𝑟 2, while it is 1/𝑟 for both fields in the far field region. Between the

near field and far field – the Fresnel region (0.62
√
𝐷𝑎𝑛𝑡𝑒𝑛𝑛𝑎/𝜆 ≤ 𝑑 ≤ 2𝐷2

𝑎𝑛𝑡𝑒𝑛𝑛𝑎/𝜆) – radi-

ating fields begin to emerge but the shape of the radiation pattern varies significantly

with distance as they are still affected by reactive fields.
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Interfacing RF coils to MRI hardware

The resonant frequency of any coil must be tuned to the Larmor frequency of the

nucleus of interest. The resonance of an LC circuit modelling a coil is:

𝑓 =
1

2𝜋
√
𝐿𝐶

To connect a coil to theMRI, the impedance of the coil must bematched to 50Ω. This

50 Ω is a standardized value for many radiofrequency systems. The matching of coils

and system hardware to this system impedance reduces the reflection of input power

at the interface between the coil and the MRI scanner hardware. The figure 2.1 depicts

an L-network formed by 𝐶𝑡𝑢𝑛𝑒 and 𝐶𝑚𝑎𝑡𝑐ℎ used to match the coil. L-networks may be

composed from inductors, capacitors, and resistors. In MRI coil applications, inductors

and capacitors are exclusively used as the use of resistors can lead to significant heat

dissipation. There are various other methods to tune and match coils to the system

impedance: microstrip tuning stubs may be used but they apply only specifically to

coils fabricated on a printed circuit board. L-networks provide the most robust and

compatible way to interface arbitrary coils to the MRI hardware (Fujita et al. 2013).

2.3 Fractal antennas

Antennas in radiofrequency engineering consist of a wide variety of designs trading off

physical size, material cost, propagation characteristics, and other performance con-

siderations. Antenna designs may vary from quarter-wavelength monopoles and half-

wavelength dipoles formed from coaxial cable (ARRL Antenna Book 2019), to planar
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patch antennas laid out on printed circuit boards (Balanis 2016). In the MRI applica-

tion, the RF surface coil is more properly analyzed as a small loop antenna (Gruber

et al. 2018). Small loop antennas, as the name implies, are antennas formed from wire

loops in circular, triangular, square, or elliptical shapes (Stutzman and Thiele 2012).

The small loop antenna is preferred in receive applications as a magnetic field probe as

their small size allows for local measurements over a region of interest – precisely the

use case of an MRI surface coil. The small loop additionally has a low electrical resis-

tance and is close to being purely inductive, leading to a circuit that has a high quality

factor (𝑄). The high quality factor means that the coil will be easily tuned to become

resonant at one frequency with a sharp and narrow bandwidth, effectively acting as

a bandpass filter and only detecting the signals from the resonances of the nuclei of

interest.

As discussed previously, the magnetic field radiation pattern of the loop is strongest

closer to the conductive structures of loop (Vaidya et al. 2016). The toroidal shape of the

B+
1 field has a weaker “null zone” in the central region of the loop, with a stronger field

immediately above the conductive loop. Research into reducing the inhomogeneity in

this field is of great interest.

Fractal shapes – shapes with self-similarity when viewed at multiple scales – are a

modern innovation in antenna designs that seeks to improve antenna performance.

Fractal antennas can fit physically larger antennas into smaller areas due to their

unique geometry. For example, the first published analysis and design of a fractal an-

tenna miniaturized a quarter-wavelength quad antenna to one with a fractal-shaped

quad antenna with a side length of one-tenth the wavelength (Cohen 1995). The me-

andering segment lengths of the quad fractal antenna allows for the properties of the
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Figure 2.2: Fractals - A: Sierpinski arrowhead, levels 2, 3; B: Peano
curve; C: Hilbert curve, levels 4, 5; D: Gosper arrowhead; E: n-flake
“pentaflake”, levels 2, 3; F: Gosper island curve; G: Koch snowflake, lev-
els 2, 3; H: Moore curve

larger quad reference antenna to be compressed into a smaller size. Additionally, the

current path of a fractal antenna is longer and thus allows more flexibility when per-

forming impedance matching.

Fractals can be parameterized by their level or order, which describes the iteration

depth of the generation algorithm used to define the fractal. Figure 2.2 depicts the

wide variety of fractal shapes, some with multiple iteration depths for the algorithm

used to generate the fractal. All of the depicted fractals (sans n-flake) in figure 2.2

are fractals that can be generated using a rewriting system known as an L-system or
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Lindenmayer system. L-systems describe a mathematical formal grammar where an

alphabet of symbols, initial “axiom”, and set of rules can be used to generate a string

of symbols. In a simple example of an alphabet of characters A and B, a set of rules of

{A → AB,B → A}, and an axiom of A, the first iterations are thus:

𝑛 = 0 : A

𝑛 = 1 : AB

𝑛 = 2 : ABA

𝑛 = 3 : ABAAB

(2.17)

In the first iteration (𝑛 = 1), the symbol A from the axiom is rewritten into AB

following the first rule in the rule set. In the second iteration (𝑛 = 2), the symbol A is

rewritten as before, and then the symbolB is rewritten intoA.This rewriting continues

until the number of iterations reaches a specified stop point.

In the generation of fractals, a single linear segment serves as the axiom and at each

recursive iteration of the rewrite rules, the linear segment is replaced by segments with

different lengths and angles. In the Sierpinski fractal of figure 2.2, the L-system consists

of: alphabet: A B; constants: + -; axiom: A; rules: {A → B - A - B,B → A+B+A}. In

generating the fractal, the symbols are interpreted as “turtle graphics” as a cursor on a

Cartesian plane. A and B mean “draw a line segment”, + means “turn left by an angle

of 60°”, and -means “turn right by angle of 60°”. Thus, a fractal can easily be generated

by using the L-system rewriting rules.

First used in antenna designs in the 1990s, fractals were used in order to shrink the

physical dimensions of a quad antenna while maintaining the same radiation pattern
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and performance characteristics (Cohen 1995). Fractal antennas have since been ex-

panded into other use cases within radiofrequency engineering. The most similar use

case to surface coils in MRI is that of the ultra high frequency (UHF) radiofrequency

identification devices (RFID) in remote keyless entry systems. Like in MRI applica-

tions, reducing the null zone and ensuring a uniform magnetic field distribution are

key priorities in an RFID system. Koch-shaped fractal loop antennas have been shown

to perform satisfactorily in research environments using planar PCB-based (Tao et al.

2017) and in wire loop structures (Pakkathillam et al. 2013). However, these fractal-

shaped antennas are designed to work at UHF frequencies – in this case 915MHz –

higher than the frequencies required for nuclei in 3T as depicted in table 2.1.

In the MRI field, relatively little research has been performed in adapting the use

of fractal geometry to RF coils. A patent claims that a Koch-shaped fractal can have

higher signal-to-noise ratio aswell asmore uniformmagnetic field radiation pattern for
1H in 3T and 7T systems (Ha et al. 2014). Research into adapting Koch-shaped fractal

loops for use in 129Xe imaging shows that the performance benefits are still achievable

(Lemus et al. 2018). Of all the fractal research in both MRI coils and RFID systems, only

Koch-shape geometries have been considered. Further research into different fractal

shapes should be emphasized.
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Chapter 3

Design Methodology and

Simulations

In this chapter, the design methodology for the fractal geometry coils is outlined. The

goal is to design and investigate fractal-shaped geometry surface coils, which are hy-

pothesized to have improved B+
1 transmit field homogeneity and have better signal-to-

noise ratio compared to traditional surface coil designs. Each design requirement is

explained in detail and their potential effect on coil performance discussed.

The two questions this thesis seeks to answer are:

1. Do fractal coils produce a stronger magnetic field than that of a reference coil

within a specific region of interest?

2. Do fractal coils produce a more uniform magnetic field than that of a reference

coil within a specific region of interest?

26



M.A.Sc – Jimmy Nguyen McMaster University – Electrical and Computer Engineering

3.1 Design Methods, Materials and Methodology

This section describes the general overview for the design, fabrication and testing of

an RF coil.

RF surface coils forMR imaging can be constructed via a variety ofmethods. Bent or

shaped wire loops (Morey et al. 2015), copper tape adhered to acrylic (Yan et al. 2018),

stitched conductive thread in fabric (Vincent and Rispoli 2019), screen printing (Corea

et al. 2017), and etched printed circuit boards (PCB) are methods in which surface

coils are constructed. In this thesis, the decision was taken to construct the fractal-

geometry coils and reference coil using traditional printed circuit boards. The use of

printed circuit boards allows for precise and accurately laid-out copper traces. This is

essential in ensuring that the fractal structure of the coils is not only maintained on

one coil, but consistent between production batches.

The workflow for designing an RF coil is depicted in Figure 3.1. The workflow can

be summarized into the following:

1. Construct fractal geometry usingOpenSCAD (Kinel andWolf 2019) or Fusion360

(Autodesk 2020), using KiCad (Charras 2020) to fabricate the coils

2. Simulate the coils in HFSS (Ansys HFSS R19.2 2018) to evaluate the B±
1 magnetic

field

3. Fabricate the coils

4. Tune andmatch coil to 50Ω, providing an acceptable return loss for performance

5. Compare results between simulated and constructed coils
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Figure 3.1: RF coil design methodology workflow
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The fractal geometry – once selected – ismodeled inOpenSCAD for fractals that can

be generated by an algorithm and in Fusion360 otherwise. The use of KiCad ensures

that the representation of the fractal coil is preserved between the simulation software

and constructed coils.

3.1.1 Fractal design selection

As discussed in chapter 2, fractal designs exist in a variety of shapes and iteration

depths. The particular effects of each fractal shape and depth in the context of magnetic

resonance imaging is insufficiently researched and provides an avenue of exploration

for this work.

It is shown that a Koch-style fractal shape RF coil (Lemus et al. 2018) or antenna

(Tao et al. 2017) leads to a more uniform B±
1 magnetic field. The uniformity of the field

is hypothesized to be caused by an increase in corner-bent segments as compared to

a traditional circular coil. These corner bends can lead to a more even coverage of the

planar region – called a “space-filling” curve – leading to a more uniform field within

the planar region. Segmenting the loop into multiple, short segments can also lead to

an increase in magnetic field strength (Pakkathillam et al. 2013; Zhurbenko 2016).

The fractal designs chosenwere selected based on their space-filling shape and num-

ber of corner bends. Fractal designs with an extreme number of corner bends (Peano,

Hilbert curves) were rejected as they would require a significant number of in-line ca-

pacitors for tuning and in order to break up the electric field. Additionally, the shorter

segment lengths between each corner bend may not allow each copper track segment

to resonate as the lengths are far shorter than the wavelengths of the 35.3MHz sig-

nal from the 129Xe resonance. Some fractals (Gosper arrowhead, Hilbert curves) were
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rejected due to their endpoints being located too far away from each other to allow

a connection using a PCB-mounted SMA jack, or soldered-on coaxial cable. Fractal

curves with near-annular shapes as opposed to planar fractal carpets were chosen as

their annular shape resembled traditional RF coils and those found in the literature.

The space-filling properties of these fractals allows for an analysis and confirmation

into the effect of B+
1 field uniformity. The fractal depth of each coil was chosen to main-

tain the near-annular shape, as well as preventing each segment from becoming too

short. In particular, each fractal was chosen as such (see appendix A for OpenSCAD

scripts used in rule rewriting):

1. Gosper island fractal, level 3 - Figure 3.2

• generated using L-system

• most similar shape to circular coil, with same radius

• uses six capacitors for tuning as well as to break up electric field

2. Pentaflake “snowflake” fractal, level 2 - Figure 3.3

• manually drawn in Fusion360 as it was not an L-system fractal

• uses five capacitors for tuning

• pentagon geometric shape provides the best plane-filling compared to the

other fractal coils

3. Sierpinski arrowhead fractal, level 4 - Figure 3.4

• generated using L-system
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• most distinct from circular coil, with same longitudinal distance between

feed point and third tuning capacitor as the radius of the circular coil

• the effect of having the closely-spaced tracks in the center of the coil is

unknown

Figure 3.2: Gosper island fractal, level 3

Figure 3.3: n-flake “pentaflake” fractal, level 2

In addition to the three fractal coils, a standard circular coil (Figure 3.5) must be

designed and tested. The circular coil will provide a reference to which the fractal

coils will be compared.
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Figure 3.4: Sierpinski arrowhead fractal, level 4

Figure 3.5: Reference coil

3.2 Simulations

After the initial selection of fractal designs, software electromagnetic simulation of

the coil was performed. Simulation although not required, allows for cursory insights

before further design steps are taken. The simulation software can provide detailed in-

formation about the emitted electric and magnetic fields due to an induced stimulus on

the coil, surface currents along the copper trace of the coil, and impedance parameters

for matching the RF coil to the system characteristic impedance.
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Simulations of preliminary fractal coil designs were performed in Ansys HFSS An-

sys HFSS R19.2 2018.

The simulations of the fractal coils follows standard design guidelines and practices.

The dielectric substrate (FR4, Tg 130 (glass transition temperature), dielectric constant

𝜖𝑟 = 4.35), external PCB dimensions (10 cm × 10 cm), dielectric thickness (1.6mm),

copper thickness (1 oz. per square foot, ≈ 35𝜇m), and trace width (2.5mm) were all

identical between the coils. The only differences between the coils were copper trace

path, which traced a fractal shape or circle in the case of the reference coil. Addition-

ally, the reference coil had three evenly-spaced tuning capacitors, while the fractal

coils had five in the case of the Sierpinski and pentaflake coil, and six in the Gosper

coil. The number of capacitors affects the electric and magnetic field emitted by the

coil, as hypothesized and tested in (Dobkin et al. 2007). In particular, the splitting of the

tuning capacitors into multiple capacitors physically breaks up the loop into short seg-

ments. These short segments cause the entire loop to behave as a small loop antenna,

which will then enable a constant current distribution and thus allow the generation of

strong near-field magnetic fields. Additionally, using multiple capacitors reduces the

specification of individual higher-voltage rated capacitors as the electric field is now

distributed across multiple capacitors.

For the layout of the geometry within the simulation software, a 100 mm by 100

mm by 1.6 mm substrate was created with a 35 𝜇m track of copper placed on top. In

the earlier analysis by Lemus et al. (Lemus et al. 2018), the copper traces were simu-

lated on top of a ground plane of copper placed on the opposite side of the substrate.

The design by Lemus et al. simulates that of a patch antenna while the design in this
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thesis simulates that of a loop antenna. A patch antenna is an antenna that uses a cop-

per trace above a ground plane. The copper trace above a ground plane forms what is

known as a microstrip transmission line and thus the patch antenna is also referred to

as a microstrip antenna. The microstrip transmission line serves as the radiating ele-

ment in combination with the ground plane located underneath. The fringing electric

fields near the edges of the copper trace lead to the creation of the radiated electric

field. In contrast, a small loop antenna (as discussed previously in chapter 2) is an an-

tenna that couples to the magnetic field in the region close to the antenna. Given that

loop antennas are the standard antenna geometry used for the design and construction

MRI coils, the use of the ground plane on the bottom surface of the substrate was not

included.

3.2.1 Metrics for Tuning, Matching and Field Measurements

Proper tuning of the RF coils to 50 Ω is essential in ensuring that the field generated by

the coils in simulation are fairly compared. A mismatch between the coil impedance

and lumped port impedance would lead to a reduced amount of power supplied to the

coil, adversely affecting simulation results. After laying out the copper traces in Ansys

HFSS, the capacitors were added as lumped elements.

In order to determine the value of capacitors for matching and tuning, the values

of the tuning capacitor (𝐶𝑡𝑢𝑛𝑒 ) and matching capacitors (𝐶𝑚𝑎𝑡𝑐ℎ) were varied using a

parametric search and the coil simulated with an excitation of 35.3MHz – the Lar-

mor frequency of 129Xe. The metric used to determine how closely two systems are

matched is via the reflection coefficient, written as |𝑆11 | or Γ. The reflection coeffi-

cient describes the magnitude of reflected signal at the input port of a system. In
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this case, reflection coefficient is the magnitude of input power to reflected power,

Γ = 10 log10(𝑃reflected/𝑃𝑖𝑛𝑝𝑢𝑡 ), in dB. An acceptable maximum for the return loss of a

well-matched RF coil is less than -6 dB (Sohn et al. 2014) to -20 dB (Fujita et al. 2013).

A return loss of -6 dB indicates a reflection of about 25% of the input power, while a

return loss of -10 dB indicates approximately 10% reflection. With -15 dB return loss,

3% of the input power is reflected and with -20 dB return loss, 1%.

The RF coils will be considered matched if at the resonance frequency of 35.3MHz

the reflection coefficient is less than -15 dB.

The examination of the electric and magnetic field involves measuring the electric

and magnetic fields of the coils in the 𝑥𝑦, 𝑦𝑧 and 𝑥𝑧 slices. The mean (𝜇 = Σ𝑥/𝑁 )

and standard deviation (𝜎 =
√
Σ|𝑥 − 𝜇 |2/𝑁 ) for each planar slice will be compared.

Comparing means and variances using statistical tests will allow for judging whether

one coil produces a field that is stronger (using the signal to noise ratio) or is more

uniform (using the coefficient of variations) than that of the reference coil.

To test whether one coil has a stronger signal to noise ratio, the magnetic field

strength produced by each coil at each slice can be compared. The unpaired two-

sample t-test can be used in order to determine if the mean field strength between the

fractal coils have a statistically significant difference from that of the reference coil.

From a comparison of the means, the SNR can thus be qualitatively ranked based on

the magnitude of the means. A higher average magnetic field strength for a coil would

lead to a higher SNR in an imaging application.

To test uniformity of the fields, a comparison of the coefficient of variations (𝑐𝑣 =

𝜎/𝜇) can be used. The coefficient of variations parameterizes the variability of the
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data with respect to the mean, and thus can serve as a uniformity test for the coils.

The F-test statistic can be used to compare the standard deviations of the fractal coils

and determine if there is a statistically significant difference from that of the reference

coil. The coils with a larger coefficient will thus be judged more inhomogeneous than

a coil with a lower coefficient of uniformity. Tests such as the chi-squared test or

Kologomorov-Smirnov test may also be used to compare the distribution of the field

to an expected uniform distribution.

However, the F-test statistic to compare standard deviations and t-test statistic to

compare the means cannot be used as the assumptions for their use presume that the

data is normally distributed (the data is symmetric around a mean and the distribu-

tion converges to the Gaussian distribution), as well as only usable when the standard

deviations are equal across samples. In the case of the electric and magnetic field sim-

ulations, there is no indication that either of the two assumptions hold true and thus

alternative methods of comparing means and variances is required.

The Bartlett and Levene test are commonly used alternatives to the F-test, with the

Bartlett test being more sensitive to normal distributions while the Levene test is more

robust for data that is non-normal. The Bartlett and Levene tests the null hypothesis of

whether the variances of the data are equal against the variances being different. A p-

value of less than the significance value of 0.05 suggests that there is evidence that the

variances of the data sets used in the comparison are different, and thus a comparison

of means using the t-test or F-statistic is valid and can be used. Instead of the t-test

or F-statistic, a quicker comparison of the SNR values using the normalized 𝜎 can be

used so as long as the variances are initially confirmed distinct.
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The metrics used to evaluate the field performance of each coil will be an examina-

tion of the electric and magnetic field above the surface of the coil using the statistical

methods mentioned above. For the Bartlett and Levene tests, the standard significance

value of 𝛼 = 0.05 was used. Additionally, the tuning of each coil using the reflection

coefficient will be examined in order to ensure a fair comparison.

3.2.2 Simulation Results

Results and discussion for the simulations are available in chapter 5. The simulation

results will be compared to the results obtained by experimental procedure and dis-

cussed.
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Chapter 4

Fabrication and Experimental

Procedure

This chapter discusses the fabrication of the fractal and reference RF coils. Particular

details in material, component selection and fabrication technique for each coil are

discussed. The experimental procedure for tuning andmatching the coils using a vector

network analyzer is outlined.

4.1 Fabrication

Following the acceptable simulation of the RF coils, the fabrication procedure can be-

gin. To maintain the most reliable and accurate results, the fabricated coils must main-

tain as many similarities between the simulation parameters and the PCB parameters.

In the previous chapter, the parameters of the PCB used in the simulations of the

RF coils were:
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• dielectric substrate – FR4, Tg 130 (glass transition temperature), dielectric con-

stant 𝜖𝑟 = 4.35, loss tangent tan(𝛿) = 0.02

• PCB dimensions – 10 cm × 10 cm

• dielectric thickness – 1.6mm

• copper thickness – 1 oz. per square foot (≈ 34.8 𝜇m)

• copper trace width – 2.5mm

The dielectric substrate parameter describes the non-conductive backing material

on which the copper traces are laminated. FR4 is an industry standard substrate ma-

terial created from woven sheets of fibreglass laminated with epoxy. The FR4 has

a dielectric constant or relative permittivity (𝜖𝑟 ) of 4.35. The dielectric constant de-

scribes the reduction of the electric field strength within the material relative to vac-

uum. Therefore the value of the relative permittivity of the vacuum is 1. FR4 is the

most widely used substrate, but there are specialty substrates for use in specialized ap-

plications. Aluminum core substrates are often used in high-power applications such

as motor drivers, while the high-frequency demands of microwave RF printed circuit

boards require materials with lower dielectric constants. Figure 4.1 depicts the layer

stackup of the PCB of each RF coil.

As an approximation, the B+
1 region of an RF coil extends to a depth equal to that of

the radius of the loop. Most RF surface coils are on the order of 10 cm, and thus that

value was chosen as the PCB dimension. The cost to manufacture a printed circuit

board from most fabrication services is inexpensive (< $10) below a 10 cm square and

thus provides additional motivation for restricting the size.
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Figure 4.1: PCB layer stackup. Silkscreen overlay (top and bottom) are
produced using non-conductive UV-cured epoxy ink.

The thickness of the dielectric substrate within a PCB and the thickness of the cop-

per laminate are standardized to a set of common values for most fabrication services.

A 1.6 mm substrate thickness with 1 ounce per square foot copper is the default option

for most, and was chosen as it has relatively little bearing on the performance of the

RF coil. The dielectric substrate thickness and copper thickness are primarily param-

eters used in determining the impedance of copper traces for microstrip transmission

lines. Microstrip transmission lines are usually used in RF applications to interface

50-Ω surface-mount devices on a printed circuit board. The fractal RF coils do not use

these devices and therefore their effect on coil performance is minimal.

The trace width of a copper track mainly affects its ability to carry current. The

GE MR750 MRI system used for testing the RF coils has an output power of 8 kW (GE

Healthcare 2020), which then defines the minimum trace width to be approximately

2 mm. The final trace width of 2.5 mm is up-rated to prevent any issues with heat

dissipation.
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Tuning and Matching

The fractal coils were tuned matched using ceramic capacitors. ATC 100B capacitors

(AVX Corporation 2020) and Vishay VJ HIFREQ (Vishay Intertechnology Incorporated

2020) capacitors were used, as they are specifically designed to be compatible in a high

magnetic-field environment, and they are designed for the high-voltage applications

required in MRI systems. The 8 kW output amplifier within the MRI can produce a

voltage of up to 630 V and thus the capacitors are rated to 1200 V (GE Healthcare

2020). The significant over-rating of the voltage specifications on a capacitor is a stan-

dard engineering practice as the capacitance of a capacitor is significantly decreased

as the applied voltage approaches the maximum voltage specification. Capacitors are

usually derated by 50% of their nominal specifications and thus the 1200 V rating of

the capacitors is essential.

Recall that an L-network is used to match the RF coil to the system impedance

of 50 Ω. L-networks can use two capacitors, 𝐶𝑡𝑢𝑛𝑒 and 𝐶𝑚𝑎𝑡𝑐ℎ in order to match the

impedance of the coil to 50 Ω.

To begin the matching procedure, the inductance of the inserted device must be

determined. A vector network analyzer (VNA) is a measurement instrument used to

measure the impedance of a device under test (DUT). The VNA generates a radiofre-

quency signal and the amount of reflected power can be detected. By comparing the

amount of transmitted power to reflected power, the reflection coefficient of the DUT

can be determined at that frequency. The VNA will sweep the frequency to determine

the reflection coefficient as a function of frequency, allowing the determination of the

frequency response of a device. The impedance of a DUT can be determined from the
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reflection coefficient as:

𝑍 = 𝑍0

(
1 + Γ

1 − Γ

)
(4.1)

where 𝑍0 is the characteristic impedance of the system, in this case 50 Ω.

To measure inductance of the coil, the capacitor footprints for the 𝐶𝑡𝑢𝑛𝑒 capacitors

are to be soldered as a short, while the 𝐶𝑚𝑎𝑡𝑐ℎ capacitor footprint left open. This will

allow the VNA to measure the impedance of the entire copper trace. Figure 4.2 is a

photograph of the measurement setup of the coils attached to an Agilent 4395A vec-

tor network analyzer. Figure 4.3 depicts the same, but with a nanoVNA. An online

calculator can then be used to determine the match and tune capacitor (figure 4.4).

The values for the tuning and matching capacitors supplied by the online calcu-

lator are only ballpark figures. The physical capacitors used in tuning and matching

have capacitance tolerance specifications from 5% to 10%, which require the addition

of smaller capacitors to account for the error. Additionally, the 100B-series capaci-

tors include axial leads, while the VJ HIFREQ capacitors do not. This may introduce

stray parasitic inductance and capacitance that will affect the tuning of the coil to the

resonance frequency as well as the matching to an acceptable reflection coefficient.

Figure 4.5 depicts the constructed RF coils with tuning and matching capacitors.

To connect the coils to the MRI scanner, SMA edge-mount connectors were origi-

nally used. However, these connectors were found to possess ferromagnetic material

and as such were unsuitable for use in the MRI. Instead, 50-Ω RG-223/U coaxial cable
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Figure 4.2: Image of impedance measurement setup using the Agilent
4395A

(a non-ferromagnetic coaxial cable) was soldered directly to the surface-mount pads

previously occupied by the SMA connector.

4.2 MRI SNR evaluation

To experimentally validate the performance of each coil, the coils can be used in an

MRI scanner to detect a sample of 129Xe and from the signal, the SNR can be calcu-

lated. The SNR is defined by the square of the mean signal strength divided by the

square of the standard deviation (𝑆𝑁𝑅 = 10 log10(𝜇2/𝜎2)). The SNR provides a met-

ric for the determination of whether fractal-shaped coils have a stronger B+
1 field than
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Figure 4.3: Image of impedancemeasurement setup using the nanoVNA

that of the reference coil. This is the standard SNR equation used in signal processing,

although there are different equations used in different fields. In usual MRI applica-

tions, the SNR is measured using the signal and background noise standard deviation

as 𝑆𝑁𝑅 = 𝑆𝑠𝑖𝑔𝑛𝑎𝑙/𝜎𝐵𝑎𝑐𝑘𝑔𝑟𝑜𝑢𝑛𝑑 , where 𝑆 is the received signal amplitude, and 𝜎 is the

standard deviation. Another alternative to the standard SNR equation using two sig-

nals is 𝑆𝑁𝑅 = 𝑆1+𝑆2
2 /𝜎𝑆1−𝑆2. For the experimental SNR measurements of the fractal and

reference coils, the SNR was calculated as:

SNR = 10 log10

(
𝜇2
𝑆𝑖𝑔𝑛𝑎𝑙

𝜎2
𝑆𝑖𝑔𝑛𝑎𝑙

)
(4.2)
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Figure 4.4: Image of online calculator used to achieve preliminary
match (Analog Devices 2020)

where the signal acquired is the free induction decay obtained from the MRI scan-

ner. The MRI scanner used to acquire the signal is a 3T MRI scanner at the Imaging

Research Centre at St. Joseph’s Healthcare in Hamilton, Ontario (GE Healthcare 2020).

A 129Xe phantom (Polarean Imaging plc 2020) was used as the signal source. Additional
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Figure 4.5: Images of constructed PCB coils - Top-left: Reference, top-
right: Sierpinski, bottom-left: Pentaflake, bottom-right: Gosper

experimental procedure is available in chapter 5.

Bloch-Siegert pulse sequences are used to experimentally evaluate the field homo-

geneity of a coil in 129Xe applications. The Bloch-Siegert sequence produces a phase

shift in the nuclear spins after in initial excitation into the transverse plane. This phase

shift is B+
1 magnitude-dependent, and thus the inhomogeneity of the B+

1 field is measur-

able by calculating the difference in phase shift across the reconstructed image (Schulte

et al. 2011).
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Chapter 5

Performance Evaluation

In this chapter, the results from the simulations and results from the fabrication of the

coil are discussed. The electric and magnetic fields as well as reflection coefficient of

each fractal coil are compared to the reference coil. The measured SNR of the RF coils

provides information on whether fractal coils produce a stronger magnetic field than

that of the reference coil. The field homogeneity of the coils can be experimentally

evaluated by analyzing reconstructed images of scanned phantoms.

5.1 Simulation Performance Results

To allow for a fair comparison of the electric and magnetic fields in simulation, the

simulated coils must first be matched to an acceptable reflection coefficient. Matching

and tuning of the coils in simulation was performed and Figure 5.1 depicts the simu-

lated reflection coefficients for each of the coils from 30 MHz to 40 MHz. Each of the

coils have an acceptable reflection coefficient match of ≤ −15 dB at 35.3 MHz.
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Figure 5.1: |S11| (dB) reflection coefficient measurements for simu-
lated coils in HFSS. top-left: reference, top-right: Gosper, bottom-left:
pentaflake, bottom-right: Sierpinski

5.1.1 Magnetic field analysis

Themagnetic field analysis for each coil involves examining the mean, standard devia-

tion, and coefficient of variation for the magnetic field produced by each coil. For each

coil, a region of interest (ROI) must be defined for measurement purposes. Figure 5.2

depicts the regions of interest for the reference, Gosper, Sierpinski and pentaflake coils.

The regions of interest were defined as the largest circular region in the center of the

coil that avoids overlap with the copper traces and capacitors. The field immediately

above the traces and capacitors varies significantly in magnitude and thus should be

excluded from the ROI. Selecting a region that is away from the capacitors and traces

thus allows for a fair comparison between the coils.

Table 5.1 shows the position and radius of each region of interest for each coil.
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Coil X position (mm) Y position (mm) Radius (mm)
Reference 50 50 35
Sierpinski 51 37 13
Pentaflake 52 57 22
Gosper 50 50 32

Table 5.1: Table of ROI dimensions for each coil

Figure 5.2: Image of ROI for each coil - Top-left: Reference, top-right:
Sierpinski, bottom-left: pentaflake, bottom-right: Gosper

Bartlett and Levene tests

In order to compare themeans and standard deviations or coefficient of variations from

each of the field simulations, it is necessary to use a statistical test such as the t-test or
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F-test to determine if the means or variances have a significant difference. The t-test

and F-test use assumptions such as equal variances between groups, and that data in

each group has a normal distribution, or else cannot be used in this analysis. Due to

failure in these assumptions the alternatives – Bartlett and Levene test – were used

instead. Figures 5.3 and 5.4 depict the p-value for the Bartlett and Levene test as a

function of distance from the plane of the coil.

For the Bartlett and Levene tests, the sample variances for each ROI slice at a dis-

tance 𝑧 from the coil were compared to the variance of the same slice of the reference

coil. The null hypothesis for both tests test the assumption that variances are equal

across a group of samples (i.e. 𝜇𝑓 𝑟𝑎𝑐𝑡𝑎𝑙 = 𝜇𝑟𝑒 𝑓 𝑒𝑟𝑒𝑛𝑐𝑒 ). At a significance level of 𝛼 = 0.05,

a p-value result less than the significance level indicates that there is evidence to sug-

gest that the null hypothesis should be rejected and thus there is a statistical difference

between the variances of the groups.

Figure 5.3: Bartlett test for the mean of the magnetic field, ROI slices in
the z-direction

50



M.A.Sc – Jimmy Nguyen McMaster University – Electrical and Computer Engineering

Figure 5.4: Levene test for the mean of the magnetic field, ROI slices in
the z-direction

The Bartlett and Levene tests in figures 5.3 and 5.4 shows that variances between

each coil was indeed statistically different, particularly in the regions past 1 mm. The

rejection of the null hypothesis in these tests and within the regions thus allows for the

direct comparison of the sample means of each coil as an indicator of B±
1 field strength,

and thus SNR.

Magnetic field strength analysis

Figure 5.5 depicts the H field strength of each coil in the ROI planar slice from z = 0 to

100 mm. The standard deviation of each slice is shown as the shaded region. Themean,

standard deviation, and coefficient of variations for themagnetic fields are summarized

in table 5.2 for a distance of 10 mm and 20mm from the surface of the coil. The distance

chosen for the values in the table is representative of the penetration depths achieved

by a coil in standard imaging applications. The surface coils used in imaging have a
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penetration depth approximately equal to their radius (Gruber et al. 2018), and as such

the distances were chosen to allow for a fair comparison between the coils.

Figure 5.5: Simulated H-field strengths of each coil, in ROI slices in the
z-plane direction

Distance (mm) Coil 𝜇 (A/m) 𝜎 (A/m) 𝑐𝑣

10

Reference 1.42 2.36 1.66
Sierpinski 1.08 4.62 4.28
Pentaflake 2.90 6.95 2.40
Gosper 6.56 9.74 1.49

20

Reference 0.81 1.13 1.40
Sierpinski 0.57 2.46 4.28
Pentaflake 1.88 4.50 2.40
Gosper 4.35 6.42 1.48

Table 5.2: Table of means, standard deviations and coefficients of vari-
ation for simulated H fields for fractal and reference coils at z = 10 mm
and 20 mm

It can be seen in the above figure 5.5 and table that the means of the field strengths

are larger in those of the fractal-shaped coils than that of the reference coil. The

pentaflake and Gosper fractal designs had a mean field strength of 2.90 A/m and 6.56
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A/m respectively, compared to that of the reference coil at a field strength of 1.42 A/m

at a distance of 𝑧 = 10mm above the surface of the coil. At a distance of 𝑧 = 20mm, the

mean magnetic field strength is 1.88 A/m and 4.35 A/m for the pentaflake and Gosper

coils, as compared to 0.81 A/m for the reference coil.

Figure 5.6: 2D contour plot of H field in xy plane, z = 10 mm

Figures 5.6 and 5.7 depict the simulated H-field for the surface coils at a distance of

10, and 20 mm respectively. The plots are color-scaled from 30 dB to -30 dB (A/m). The

simulations match that of earlier research (Pakkathillam et al. 2013) and show that the

field is stronger in the region near the conductive copper traces, with the “null zone”

visible in the centers of the reference coil. For the fractal coils, it can be seen that there

is a contour outlining 20 dB in the region of the center of the Gosper (bottom-right)
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Figure 5.7: 2D contour plot of H field in xy plane, z = 20 mm

coil, while there is a contour of 12 dB in the region of the center of the reference coil

(top-left). Similar contours can be seen in the other fractal coils, and this implies that

the fields produced by the fractal coils is stronger than that of the reference coil. This

can also be concluded from the mean field strength in the one-dimensional plots in

figure 5.5 and table 5.2.

Field homogeneity

The figures 5.8 and 5.9 depict the magnetic field in the 𝑥𝑧 and 𝑦𝑧 planes at a distance of

50 mm. These planes intersect at center point (50mm× 50mm) of the coils and provide

information on the field in the orthogonal directions to 𝑧 plots in the previous figures.
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These figures provide good evidence that the magnetic field of the Gosper (bottom-

right), Sierpinski (bottom-left), and pentaflake (top-right) coils are homogeneous. The

-15 dB contour line can be seen extending across the x-direction in the fractal coils,

but cannot be seen in the reference coil, as there is a null in the center.

Figure 5.8: 2D contour plots of H field in xz plane, y = 50 mm

Although the contour plots in figures 5.6, 5.7, 5.8 and 5.9 can also be interpreted to

show that that the fractal coils are more inhomogenous due to the presence of more

contour lines in a region of interest than in the reference coil, table 5.2 depicts that the

coefficient of variation is smaller in the Gosper fractal coil at a distance of 10 mm than

that of the reference coil. This gives a numerical metric rather than relying the visual

contour plots to compare field homogeneity. The interpretation of the coefficient of

55



M.A.Sc – Jimmy Nguyen McMaster University – Electrical and Computer Engineering

Figure 5.9: 2D contour plots of H field in yz plane, x = 50 mm

variation describes the variance of the magnetic field strength of each ROI slice and

thus can serve as a metric of the field homogeneity. Only the Gosper coil had a smaller

coefficient of variation than the reference coil, and particularly only in the region below

18 mm. This can be seen in figure 5.10. Thus, the field homogeneity of the fractal coils

are not better than that of the reference coil, except for that of the Gosper coil.

Electric field analysis

An analysis of the electric field is also prudent to ensure patient safety. The presence of

a strong electric field results in high amounts of energy being absorbed by the human

body, leading to localized heating and the potential for RF burns to the patient.
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Figure 5.10: Coefficients of variation of each coil as a function of dis-
tance from the 𝑥𝑦-plane in the z-direction

The Health Canada Canadian Safety Code 6 (Health Canada 2011) is a guideline for

the maximum permissible electric field exposure to the human body. The Canadian

Safety Code 6 guidelines also describe themaximum specific absorption rate (SAR) lim-

its. The specific absorption rate is a limit of the rate at which electromagnetic radiation

is absorbed by the human body. The code specifies that SAR limits take precedence

over that of field strength limits but allows that in cases where SAR measurements are

impractical, the field strength limits can be used instead. In the case of the simula-

tions, only the electric and magnetic field strengths were measured and as such, the

field limits will be used in the analysis of the coils.

The safety code limits the electric field strength in a controlled environment to 53.25

V/m for a frequency of 35.3 MHz over a period of six minutes. For each of the coils, the

maximum electric field strength in 100 mm by 100 mm 𝑥𝑦 slices at a distance 𝑧 above

the coil is depicted in figure 5.11. The maximum value of the electric field strength
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for each coil is outlined in table 5.3. The maximum for each field supersedes the 53.25

V/m limit in the reference coil, Sierpinski, and Gosper coils, while it is lower in the

pentaflake coil. Surpassing the limit may seem like an issue in the Gosper, Sierpinski,

and reference coils, however this is not an issue as this maximum occurs at the surface

of the coil and the acquisition time for the MRI is shorter than the six minutes. If

used in a clinical application, the surface coil is separated from the patient by a thin

layer of foam for comfort. Furthermore, if this was ever to be used in a clinical setting,

hyperpolarized Xe scanning is acquired using a breath hold on the order of 12 to 15

seconds, well below that of the six minute exposure limit. Thus the time-averaged

power over any six minute period is safe in accordance to Canadian Safety Code 6.

All this being said, there are other variables not being fully considered that include

specific/unique pulse-sequence dependent parameters that are beyond the scope of

this body of work.

Figure 5.11: Maximum electric field (V/m) as a function of distance from
the z-plane (mm)
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Coil Maximum electric field strength (V/m)
Reference 56.85
Sierpinski 53.63
Pentaflake 52.28
Gosper 57.09

Table 5.3: Table of maximum electric field strength (V/m) for fractal
and reference coils

5.2 Experimental Results

5.2.1 Fabricated Coil Analysis

Figure 5.12 depicts the measured reflection coefficients for each of the constructed,

tuned, and matched fractal coils. Figure 5.13 depicts the same, but on a Smith chart.

All four of the constructed coils show a goodmatch (≤ −15 dB) at the Larmor frequency

for 129Xe and also have an impedance close to 50 Ω.

The coils were tested using a 3T MRI scanner at the Imaging Research Centre at

St. Joseph’s Healthcare in Hamilton, Ontario (GE Healthcare 2020). A high-pressure
129Xe thermal phantom (Polarean Imaging plc 2020) was used as the signal source. The

coils were placed into the MRI, aligned such that the B±
1field would be perpendicular to

the main magnetic field, Bo, and the thermal phantom placed atop the coil. A thermal

phantom contains a mixture of 129Xe and nitrogen gas. This mixture is not hyperpolar-

ized and is used mainly for quality assurance. The FID of the phantom was measured

from a slice located 5 cm above the coils. Figure 5.14 shows the spectrum of the FID.

Table 5.4 shows the signal to noise ratio of each coil as calculated using equation 4.2.

As per simulations above, the Gosper and pentaflake coils showed an increase in

SNR over that of the reference coil. The Sierpinski coil had a lower noise floor as well
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Figure 5.12: Comparison of |S11| (dB) measurement of constructed coils
using both NanoVNA and Agilent 4395A, top-left: reference, top-right:
Sierpinski, bottom-left: pentaflake, bottom-right: Gosper

Coil SNR
Reference 1.99
Sierpinski 1.40
Pentaflake 2.97
Gosper 2.84

Table 5.4: Table of measured SNR results for each coil

as a lower spectral power peak, leading to a lower SNR compared to the reference coil.

The SNR was 2.97 and 2.84 for the pentaflake and Gosper coils respectively, while the

reference and Sierpinski coils had an SNR of 1.99 and 1.40. In standard imaging of

the head using hydrogen, the SNR ranges from 22 to 218 (Dietrich et al. 2007), while

in 3T xenon ventilation imaging, the SNR is about 36 to 51 (Xu et al. 2012). Note that

the sample fromwhich the experimental signal was acquired used non-hyperpolarized

xenon and thus affects the SNR measurement.
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Figure 5.13: Comparison of impedance measurement (Smith chart) of
constructed coils using both NanoVNA and Agilent 4395A, top-left:
reference, top-right: pentaflake, bottom-left: Sierpinski, bottom-right:
Gosper

To verify homogeneity, an image of the phantom should be reconstructed and the

high-contrast regions would be compared to the background region of the image. Un-

fortunately, this procedure requires hyperpolarized xenon and due to circumstances

beyond the control of the author, this could not be performed. Thus, the homogeneity

of the magnetic field could not be verified and simulations must be considered as the

result.
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Figure 5.14: Comparison of FID signal power spectra, with measures of
SNR between each coil
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Chapter 6

Conclusion and Future Work

The goal of this thesis was to answer two questions related to the fractal geometry of

coils and their performance in an MR imaging application.

The first question was whether a fractal coil geometry can produce a stronger mag-

netic field (and therefore better signal to noise ratio) than standard coil geometries. In

the research performed, Gosper, pentaflake, and Sierpinski coils were shown in sim-

ulations to have stronger magnetic fields than that of a reference coil. Simulations

suggest an improvement of approximately double the magnetic field strength using

the Gosper and pentaflake fractal coils. In experimental validation, the acquired SNR

improvement was only about 1 dB. The Sierpinski fractal performed poorly in valida-

tion experiments, with an SNR decrease of about 0.6 dB.This may have been due to the

more compressed shape of the fractal relative to that of the more annular-like Gosper

and pentaflake.

The second question was whether fractal coils have a more homogeneous field than

that of a reference coil. Simulations of the magnetic field distribution suggested that
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Gosper fractal coil has a more homogeneous field and can avoid the “null zone” as-

sociated with the empty portion within the centre of a circular coil. The simulations

suggest that the space-filling fractal geometry of the traces on the fractal coils mani-

fests as a more homogeneous field. Experimental validation unfortunately could not

be performed.

Fractal coils of the Gosper and pentaflake designs seem to offer improvements in

both magnetic field strength and B±
1 magnetic field uniformity when compared to a

reference coil.

6.1 Future Improvements

Future work should be aimed at investigating more fractal geometry shapes and evalu-

ating whether they can perform well when used in MRI scanning. The negative result

of the Sierpinski fractal and positive results of the Gosper and pentaflake fractals sug-

gest that there may be more designs that have similar properties. Additionally, the

experimental verification of the homogeneity of the coils could not be performed and

thus a verification is a necessity in order to strengthen the obtained results.

The Koch-shaped fractal patent (Ha et al. 2014) suggests that fractal antennas have

less inductive coupling to each other, and thus may be used in coil arrays. Of course

transmit/receive surface coils have limited in actual clinical MRI systems. For routine

proton-based MRI, scanners typically use a homogeneous transmit coil and separate

receive RF coils. For example, the main transmit “body” coil is a birdcage type de-

sign and receive elements are arrays of overlapping surface coils. For hyperpolarized

Xe ventilation imaging a large birdcage transmit/receive coil is placed inside the MRI
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scanner, typically with a diameter close to that of the full bore. Recently, however,

homogeneous Xe transmit coils and separate arrays of receive-only surface coils have

been developed (thus mimicking what’s done in proton imaging) for lung imaging.

Coil-to-coil mutual coupling was not investigated in the process of this current re-

search. But based on the current direction of this form of lung imaging application of

fractal-based receive arrays may lead to improvement and thus warrant investigation.

It may be that fractal based coils could be of use in such receive arrays and thus would

be a valuable avenue of further investigation.
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Appendix A

Chapter 3 Supplement

A1 OpenSCAD L-system generator

Listing A.1: Listing for fractal geometry generator in OpenSCAD
/ ∗ L−sy s t em OpenSCAD l i b r a r y by Hans L o e b l i c h

Mod i f i e d by Jimmy − 2019

∗ /

$ fn =12 ;

rounded = t r u e ;

c o l o r ( [ 0 . 8 6 3 , 0 . 4 4 7 , 0 . 0 5 9 ] )

/ / s e gm e n t e d _ l i n e ( [ 0 , 0 ] , [ 1 0 , 1 0 ] ) ;

/ / t r a n s l a t e ( [ 0 , 0 , 0 ] )

/ / p e ano_ cu r v e ( n =2 , t r e e = t r u e ) ;

/ / g o s p e r _ c u r v e ( n =3 , t r e e = t r u e ) ;

/ / h i l b e r t _ c u r v e ( n =3 , t r e e = t r u e ) ;

/ / h i l b e r t _ c u r v e ( n =4 , t r e e = t r u e ) ;

/ / s c a l e ( [ 2 , 2 , 0 . 0 3 5 ] )

arrowhead ( n = 5 ) ;

/ / s c a l e ( [ 5 . 8 , 5 . 8 , 0 . 0 3 5 ] )

/ / moo r e_ cu rv e ( n =3 , t r e e = t r u e , w= 0 . 0 1 1 3 ) ;

/ / moo r e_ cu rv e ( n =3 , t r e e = t r u e , w = 0 . 0 6 ) ;

/ / s c a l e ( [ 6 . 8 , 6 . 8 , 0 . 0 3 5 ] )
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/ / f l ow s nak e ( n =2 ,w = 0 . 1 ) ;

/ / k o c h _ r i n g ( n =2 , a n g l e =60 , t r e e = t r u e ) ;

/ / r i n g ( d = 4 5 ) ;

/ / s u b s t r a t e ( ) ;

module arrowhead ( n=2 , ang l e =60 , t r e e = t r u e ) {

/ / t r a n s l a t e ( [ − 4 . 5 , 2 . 5 ] )

L_ sy s t em_ l i n e s ( [ [ ”X” , ” YF+XF+Y” ] , [ ”Y” , ”XF−YF−X” ] ] , ”XF ” , n , ang l e ) ;

}

module f l owsnake ( n=2 , ang l e =60 , w= 0 . 4 , t r e e = t r u e ) {

/ / t r a n s l a t e ( [ − 4 . 5 , 2 . 5 ] )

L_ sy s t em_ l i n e s ( [ [ ” F ” , ” F−F+F ” ] ] , ” F+F+F+F+F+F+ ” , n , ang le , w ) ;

}

module s u b s t r a t e ( ) {

s c a l e ( [ 1 , 1 , 0 . 5 ] )

c o l o r ( ” green ” )

squa re ( [ 2 0 , 2 0 ] , c e n t e r = t r u e ) ;

}

module r i n g ( d =1 , t = 2 . 5 ) {

s c a l e ( [ 1 , 1 , 0 . 2 5 ] )

d i f f e r e n c e ( ) {

c i r c l e ( d , $ fn = 5 0 ) ;

union ( ) {

/ / s q ua r e ( [ 1 0 , t / 2 ] , c e n t e r = t r u e ) ;

c i r c l e ( d−t , $ fn = 5 0 ) ;

}

} ;

}

module koch_r ing ( n=2 , ang l e =60 , t r e e = t r u e ) {

t r a n s l a t e ( [ − 4 . 5 , 2 . 5 ] )

L _ s y s t em_ l i n e s ( [ [ ” F ” , ” F−F++F−F ” ] ] , ” F++F++F ” , n , ang l e ) ;

}

module h i l b e r t _ c u r v e ( n=4 , ang l e =90 , w= 0 . 4 , t r e e = f a l s e ) {

L _ s y s t em_ l i n e s ( [ [ ”A” , ”−BF+AFA+FB−” ] , [ ”B” , ” +AF−BFB−FA+” ] ] , ”A” , n , ang le , w, t r e e = t r e e ) ;

}

module moore_curve ( n=4 , ang l e =90 , w= 0 . 2 , t r e e = f a l s e ) {

t r a n s l a t e ( [ − 7 . 5 , 0 ] )

L _ s y s t em_ l i n e s ( [ [ ” L ” , ”−RF+LFL+FR−” ] , [ ”R” , ” +LF−RFR−FL+ ” ] ] , ” LFL+F+LFL ” , n , ang le , w, t r e e = t r e e ) ;

}

module peano_curve ( n=3 , ang l e =90 , w= 0 . 4 , t r e e = f a l s e ) {

L _ s y s t em_ l i n e s ( [ [ ” L ” , ” LFRFL−F−RFLFR+F+LFRFL ” ] , [ ”R” , ” RFLFR+F+LFRFL−F−RFLFR ” ] ] , ” L ” , n , angle , w, t r e e = t r e e ) ;

}
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module go spe r_cu rve ( n=4 , ang l e =60 , w= 0 . 4 , t r e e = f a l s e ) {

/ / f i n a l pas s , c o n v e r t A and B t o ( F ) orward i n s t r u c t i o n s

f i n a l _ p a s s _ r u l e s = [ [ ”A” , ” F ” ] , [ ”B” , ” F ” ] ] ;

t r a n s l a t e ( [ 0 , −10])

L _ s y s t em_ l i n e s ( [ [ ”A” , ”A−B−−B+A++AA+B−” ] , [ ”B” , ” +A−BB−−B−A++A+B” ] ] ,

”A” , n , ang le , w, f i n a l _ p a s s _ r u l e s , t r e e = t r e e ) ;

}

module koch_curve ( n=4 , ang l e =60 , w= 0 . 4 , t r e e = f a l s e ) {

L _ s y s t em_ l i n e s ( [ [ ” F ” , ” F−F++F−F ” ] ] , ” F ” , n , ang le , w, t r e e = t r e e ) ;

}

module koch_snowf lake ( n=4 , ang l e =60 ) {

L_sys tem_polygon ( [ [ ” F ” , ” F−F++F−F ” ] ] , ” F++F++F ” , n , ang l e ) ;

}

module quad r a t i c _ t yp e 1_ko ch ( n=4 , ang l e =90 , w= 0 . 4 , t r e e = t r u e ) {

L _ s y s t em_ l i n e s ( [ [ ” F ” , ” F−F+F+F−F ” ] ] , ” F ” , n , ang le , w, t r e e = t r e e ) ;

}

module quad r a t i c _ t yp e 2_ko ch ( n=4 , ang l e =90 , w= 0 . 4 , t r e e = t r u e ) {

L _ s y s t em_ l i n e s ( [ [ ” F ” , ” F−F+F+FF−F−F+F ” ] ] , ” F ” , n , ang le , w, t r e e = t r e e ) ;

}

module s i e r p i n s k i _ t r i a n g l e ( n=5 , ang l e =120 , w= 0 . 4 , t r e e = t r u e ) {

/ / f o r drawing pu r p o s e s , G i s r e p l a c e d wi th F

f i n a l _ p a s s _ r u l e s = [ [ ”G” , ” F ” ] ] ;

L _ s y s t em_ l i n e s ( [ [ ” F ” , ” F−G+F+G−F ” ] , [ ”G” , ”GG” ] ] , ” F−G−G” , n , ang le , w, f i n a l _ p a s s _ r u l e s , t r e e = t r e e ) ;

}

module s i e r p i n s k i _ a r r owhe a d ( n=6 , ang l e =60 , w= 0 . 4 ) {

L _ s y s t em_ l i n e s ( [ [ ”X” , ” YF+XF+Y” ] , [ ”Y” , ”XF−YF−X” ] ] , ”XF ” , n , ang le , w ) ;

}

/ / / /

module L_ s y s t em_ l i n e s ( r u l e s , s t a r t , n , ang l e =90 , w= 0 . 4 , f i n a l _ p a s s _ r u l e s , t r e e = t r u e ) {

i f ( t r e e ) {

echo ( ” Tree ” ) ;

i n s t r s = L_system ( r u l e s , s t a r t , n , f i n a l _ p a s s _ r u l e s , t r e e ) ;

/ / e cho ( i n s t r s ) ;

t r e e _ p a t h = c r e a t e _ t r e e _ p a t h ( i n s t r s , ang l e ) ;

/ / e cho ( t r e e _ p a t h ) ;

d f s _ s e gmen t e d_ l i n e ( t r e e _pa th , w ) ;

i f ( rounded ) t r a n s l a t e ( l a s t _ 2 d p o i n t ( t r e e _ p a t h ) ) c i r c l e ( d=w ) ;

} e l se {

echo ( ”No ␣ Tree ” ) ;

i n s t r s = L_system ( r u l e s , s t a r t , n , f i n a l _ p a s s _ r u l e s , t r e e ) ;

echo ( i n s t r s ) ;
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path = c r e a t e _ p a t h ( i n s t r s , ang l e ) ;

echo ( path ) ;

s egmen t ed_ l i n e ( path , w ) ;

}

}

module L_system_polygon ( r u l e s , s t a r t , n , ang l e =90 , f i n a l _ p a s s _ r u l e s ) {

i n s t r s = L_system ( r u l e s , s t a r t , n , f i n a l _ p a s s _ r u l e s , f a l s e ) ;

pa th = c r e a t e _ p a t h ( i n s t r s , ang l e ) ;

/ / e cho ( pa th ) ;

polygon ( path ) ;

}

/ / t r a v e r s e a t r e e o f 2d p o i n t s , d ep th f i r s t , d rawing l i n e s b e tween them

module d f s _ s e gmen t e d_ l i n e ( root , w, prev , i =0 ) {

l = l en ( r oo t ) ;

i f ( l > 0 ) {

i f ( i < l ) {

c u r r = r oo t [ i ] ;

i f ( i s _ 2 d p o i n t ( c u r r ) ) {

i f ( prev != undef ) {

/ / e cho ( prev , ” t o ” , c u r r ) ;

l i n e ( prev , curr , w ) ;

}

} e l se {

/ / n ew l a s t = l a s t _ 2 d p o i n t ( s e c o nd ) ;

d f s _ s e gmen t e d_ l i n e ( curr , w, prev , 0 ) ;

}

d f s _ s e gmen t e d_ l i n e ( root , w, l a s t _ 2 d p o i n t ( c u r r ) , i + 1 ) ;

}

}

}

/ / works on l o ng l i s t s o f p o i n t s

module s egmen t ed_ l i n e ( po in t s , w= 0 . 1 ) {

/ / OpenSCAD doe sn ’ t a l l ow r ang e s > 10000 i n modules ,

/ / s o l i m i t i s u s ed t o s p l i t v e r y l a r g e s egmen t ed l i n e s i n t o manageab le chunks

l i m i t = 9 9 9 9 ;

l = l en ( p o i n t s ) ;

imax = f l o o r ( ( l −2) / l i m i t ) ;

for ( i = [ 0 : 1 : imax ] ) {

jmin = i ∗ l i m i t ;

jmax = min ( jmin + l i m i t − 1 , ( l − 2 ) ) ;

for ( j = [ jmin : 1 : jmax ] ) {

l i n e ( p o i n t s [ j ] , p o i n t s [ j +1 ] , w ) ;

}

}

i f ( rounded ) t r a n s l a t e ( p o i n t s [ l ] ) c i r c l e ( d=w ) ;

}

module l i n e (A , B , w= 0 . 1 ) {
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xa = A [ 0 ] ;

ya = A [ 1 ] ;

xb = B [ 0 ] ;

yb = B [ 1 ] ;

dx = ( xb − xa ) ;

dy = ( yb − ya ) ;

d = s q r t ( dx ∗ dx + dy ∗ dy ) ;

a = a t an2 ( dy , dx ) ;

t r a n s l a t e (A) {

i f ( rounded ) c i r c l e ( d=w ) ;

r o t a t e ( [ 0 , 0 , a ] ) t r a n s l a t e ( [0 , −w/ 2 ] ) squa re ( [ d ,w ] ) ;

}

}

f u n c t i o n i s _ s t r i n g ( x ) = s t r ( x )== x ;

f u n c t i o n i s _ c h a r ( x ) = x == x [ 0 ] ; / / works e x c e p t f o r unde f

f u n c t i o n is_number ( x ) = x [0 ]== undef ;

f u n c t i o n i s _ 2 d p o i n t ( p ) = ( l en ( p ) == 2 ) && is_number ( p . x ) && is_number ( p . y ) ;

f u n c t i o n i s _ 2 d p o i n t _ l i s t ( l i s t ) = _ i s _ 2 d p o i n t _ l i s t ( l i s t , l e n ( l i s t ) ) ;

f u n c t i o n _ i s _ 2 d p o i n t _ l i s t ( l i s t , i ) = i s _ 2 d p o i n t ( l i s t [ i ] ) ? ( ( i ==0) ? t r u e : _ i s _ 2 d p o i n t _ l i s t ( l i s t , i −1 ) ) : f a l s e ;

/ / t r a v e r s e t r e e l a s t e l em e n t s u n t i l 2 d p o i n t i s f ound

f u n c t i o n l a s t _ 2 d p o i n t ( r oo t ) = i s _ 2 d p o i n t ( r o o t ) ? r oo t : l a s t _ 2 d p o i n t ( r o o t [ l en ( r oo t ) − 1 ] ) ;

/ / Take a l i s t o f s t r i n g s and r e t u r n t h e c o n c a t e n a t i o n o f a l l s t r i n g s

f u n c t i o n j o i n ( s t r s , i =0 ) = ( i == l en ( s t r s )−1 ? s t r s [ i ] : s t r ( s t r s [ i ] , j o i n ( s t r s , i + 1 ) ) ) ;

/ / t a k e a s t r i n g , and a s e c o nd s t r i n g r e p r e s e n t i n g a l l v a l i d c h a r a c t e r s .

/ / r e t u r n on l y t h e v a l i d c h a r a c t e r s from th e f i r s t s t r i n g

f u n c t i o n f i l t e r _ s t r i n g ( s t r i n g , v a l i d s ) =

l e t ( imax = l en ( s t r i n g ) −1 , jmax = l en ( v a l i d s ) −1)

j o i n ( [ for ( i = [ 0 : imax ] , j = [ 0 : jmax ] ) l e t ( ch = s t r i n g [ i ] ) i f ( ch == v a l i d s [ j ] ) ch ] ) ;

/ / wrapper f o r t h e r e c u r s i v e f u n c t i o n , f o rma t s t h e f i n a l p a s s r u l e s f o r e f f i c i e n t u sage

f u n c t i o n L_system ( r u l e s , s t a r t , n , f i n a l _ p a s s _ r u l e s = [ ] , t r e e = t r u e ) =

l e t (

/ / s t r i n g o f a l l c h a r s t h a t a r e a l l ow e d as drawing i n s t r u c t i o n s

v a l i d _ c h a r s = ” F−+” ,

imax = l en ( r u l e s ) −1 ,

jmax = l en ( f i n a l _ p a s s _ r u l e s ) −1 ,

f i n a l _ r u l e s = [ for ( r u l e = r u l e s )

l e t (

r _ v a l = r u l e [ 1 ] ,

kmax = l en ( r _ v a l ) ,

/ / run f i n a l p a s s r u l e s o v e r o r i g i n a l r u l e s

new_r_val = ( l en ( f i n a l _ p a s s _ r u l e s ) > 0 ) ?

j o i n ( [ for ( k = [ 0 : kmax ] )

l e t ( ch = r _ v a l [ k ] , r e s u l t s = q u i e t _ s e a r c h ( ch , f i n a l _ p a s s _ r u l e s , 0 , 0 ) )

l e n ( r e s u l t s ) == 0 ? ch : f i n a l _ p a s s _ r u l e s [ r e s u l t s [ 0 ] ] [ 1 ] ] ) :

r _ v a l

)
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[ r u l e [ 0 ] , f i l t e r _ s t r i n g ( new_r_val , v a l i d _ c h a r s ) ]

]

)

t r e e ?

_L_ sy s t em_ t r e e ( r u l e s , s t a r t , n , f i n a l _ r u l e s ) :

_L_system ( r u l e s , s t a r t , n , f i n a l _ r u l e s ) ;

/ / r e c u r s i v e f u n c t i o n t h a t a p p l i e s r e p l a c em en t r u l e s

/ / k e e p i n g da ta i n a t r e e l i k e s t r u c t u r e h e l p s g u a r an t e e t h a t max r e c u r s i o n l i m i t i s n o t r e a c h e d

f u n c t i o n _L_sy s t em_ t r e e ( r u l e s , va l , n , f i n a l _ r u l e s ) =

l e t ( imax = l en ( v a l ) −1)

n == 0 ? v a l :

[ for ( i = [ 0 : imax ] )

l e t (

ch = v a l [ i ] ,

r s = ( n == 1 ) ? f i n a l _ r u l e s : r u l e s ,

r e s u l t s = q u i e t _ s e a r c h ( ch , rs , 0 , 0 ) )

l e n ( r e s u l t s ) == 0 ?

ch :

[ _L_ sy s t em_ t r e e ( r u l e s , r s [ r e s u l t s [ 0 ] ] [ 1 ] , n−1 , f i n a l _ r u l e s ) ]

] ;

/ / I t e r a t e an L−sys tem , r e c u r s i v e l y app ly r e p l a c em en t r u l e s t o t h e s t r i n g , n t im e s

f u n c t i o n _L_system ( r u l e s , va l , n , f i n a l _ r u l e s ) =

l e t ( imax = l en ( v a l ) −1)

n == 0 ? v a l :

j o i n ( [

for ( i = [ 0 : imax ] )

l e t (

ch = v a l [ i ] ,

r s = ( n == 1 ) ? f i n a l _ r u l e s : r u l e s ,

r e s u l t s = q u i e t _ s e a r c h ( ch , rs , 0 , 0 ) )

l e n ( r e s u l t s ) == 0 ?

ch : / / no match ing r u l e , c h a r a c t e r i s a c o n s t a n t

_L_system ( r u l e s , r s [ r e s u l t s [ 0 ] ] [ 1 ] , n−1 , f i n a l _ r u l e s )

] ) ;

/ / Take ” t u r t l e i n s t r u c t i o n s ” and c o n v e r t i n t o a l i s t o f p o i n t s on a c u r v e

/ / t h i s i s t h e u s e r − f r i e n d l y wrapper f o r t h e r e c u r s i v e f u n c t i o n

f u n c t i o n c r e a t e _ p a t h ( i n s t r s , ang l e =90 , pos = [ 0 , 0 ] , head ing =0 ) =

l e t (

imax = l en ( i n s t r s ) −1 ,

/ / s t r i p any e x t r a n e o u s c h a r a c t e r s t h a t a r e no t u s ed as drawing i n s t r u c t i o n s

/ / b e f o r e c a l l i n g t h e r e c u r s i v e f u n c t i o n , i n o r d e r t o r e d u c e t h e i ^2 l o a d o f c o n c a t f o r e v e r y e l emen t

f i l t e r e d = [ for ( i = [ 0 : imax ] , v a l i d = [ ” F ” , ”−” , ” + ” ] ) l e t ( i n s t r = i n s t r s [ i ] ) i f ( i n s t r == v a l i d ) i n s t r ] ,

l = l en ( f i l t e r e d )

)

_ c r e a t e _ p a t h ( f i l t e r e d , l , ang le , pos , head ing ) ;

/ / t hank s t o I n Pha s e f o r h e l p i n g re−w r i t e t h i s t o behave b e t t e r under heavy r e c u r s i o n
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f u n c t i o n _ c r e a t e _ p a t h ( i n s t r s , l e n i n s t r s , ang le , pos , heading , i =0 , prepend = [ ] ) =

( i >= l e n i n s t r s ) ?

[ for ( a = [ [ pos ] , prepend ] ) for ( b = a ) b ] :

_ c r e a t e _ p a t h ( i n s t r s , l e n i n s t r s , ang le ,

( i n s t r s [ i ] == ” F ” ) ? pos + [ cos ( head ing ) , s i n ( head ing ) ] : pos ,

( i n s t r s [ i ] == ”−” ) ? head ing + ang l e : ( i n s t r s [ i ] == ”+ ” ) ? head ing − ang l e : heading ,

i +1 ,

( i n s t r s [ i ] == ” F ” ) ? conca t ( [ pos ] , prepend ) : prepend ) ;

f u n c t i o n c r e a t e _ t r e e _ p a t h ( root , ang l e =90 , pos = [ 0 , 0 ] , head ing =0 ) =

l e t ( r e s u l t = _ c r e a t e _ t r e e _ p a t h ( root , ang le , l e n ( r oo t ) , 0 , [ pos , heading , [ ] ] ) )

[ pos , r e s u l t [ 2 ] ] ;

/ / Due t o how L_ s y s t em_ t r e e g e n e r a t e s i t s ou tpu t , and how c r e a t e _ t r e e _ p a t h p r o c e s s e s i t ,

/ / max r e c u r s i o n d ep th i s r o ugh l y on t h e o r d e r o f ( n + m) ,

/ / where n i s number o f i t e r a t i o n s o f t h e sy s t em and m i s l e n g t h o f t h e l o n g e s t r u l e f o r a g i v e n sy s t em

f u n c t i o n _ c r e a t e _ t r e e _ p a t h ( root , ang le , l , i =0 , v a r s ) =

l e t (

pos = va r s [ 0 ] ,

head ing = va r s [ 1 ] ,

p o i n t s = va r s [ 2 ]

)

/ / pos , head ing , p o i n t s = [ 0 , 0 ]

( i < l ?

l e t ( node = roo t [ i ] )

( i s _ c h a r ( node ) ?

/ / Found c h a r a c t e r

( node == ” F ” ?

l e t ( newpos = pos + [ cos ( head ing ) , s i n ( head ing ) ] )

_ c r e a t e _ t r e e _ p a t h ( root , ang le , l , i +1 , [ newpos , heading , conca t ( po in t s , [ newpos ] ) ] ) :

( node == ”−” ?

_ c r e a t e _ t r e e _ p a t h ( root , ang le , l , i +1 , [ pos , head ing+angle , p o i n t s ] ) :

( node == ”+ ” ?

_ c r e a t e _ t r e e _ p a t h ( root , ang le , l , i +1 , [ pos , heading−angle , p o i n t s ] ) :

_ c r e a t e _ t r e e _ p a t h ( root , ang le , l , i +1 , v a r s ) / / node i s unused c h a r a c t e r , i g n o r e and go t o n e x t i n d e x

)

)

) :

l e t ( nex t = _ c r e a t e _ t r e e _ p a t h ( node , ang le , l e n ( node ) , 0 , [ pos , heading , [ ] ] ) )

/ / node i s no t a c h a r a c t e r , s o must be a l i s t , go d e e p e r

_ c r e a t e _ t r e e _ p a t h ( root , ang le , l , i +1 , [ nex t [ 0 ] , nex t [ 1 ] , c onca t ( po in t s , [ nex t [ 2 ] ] ) ] )

) :

/ / i >= l

va r s

) ;

/ / hack t o av o i d warning me s s ag e s e v e r y t ime t h e s e a r c h f u n c t i o n m i s s e s

f u n c t i o n q u i e t _ s e a r c h (m, s , n , i ) =

l e t (

t = ( i == undef ) ?

s e a r ch (m, s t r ( s ,m) , 0 ) [ 0 ] :
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s e a r ch (m, conca t ( s , [ [ for ( j = [ 0 : 1 : i ] ) m ] ] ) , 0 , i ) [ 0 ] ,

maxi = ( n == 0 ) ? l en ( t )−2 : min ( l en ( t ) −2 , n )

)

l en ( t ) > 1 ? [ for ( i = [ 0 : 1 : maxi ] ) t [ i ] ] : [ ] ;
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