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Abstract

This research is related to modeling of the damage process in cohesive-frictional materials.
There are two primary areas of application that include modeling of fractured rock mass as well as
some selected topics in biomechanics. For both these areas, the methodology involves a
homogenization approach that incorporates volume averaging. The research in rock mechanics
deals with the assessment of equivalent mechanical properties of the host rock intercepted by sets
of fractures. The effect of fracture network orientation/spacing on the macroscopic strength
characteristics is examined. The research in biomechanics has both a numerical and experimental
component and is focused on analysis of hip fracture due to a sideways fall. Here, the cortical bone
tissue is modeled as a transversely isotropic material and an experimental program is setup to define
the anisotropic fracture criterion. In particular, a series of novel direct shear tests is performed on
small prism-shaped samples and is accompanied by uniaxial tension and compression performed at
different orientations relative to the loading direction. It is demonstrated that the conditions at
failure in compression range are independent of confining pressure, while the strength itself is
orientation dependent. The failure criteria are postulated using the critical plane approach and the
microstructure tensor approach in tension and compression regimes, respectively, and a procedure
for identification of material constants is proposed. The last part of this research deals with
numerical simulation of fracture propagation in a femur bone subjected to loading conditions
simulating a sideways fall. A specific experimental test is modelled, and the mechanical properties
of cortical tissue are specified from a series of independent material tests conducted on samples
extracted from the fractured femur. The analysis incorporates the newly developed failure criteria
and the numerical results pertaining to the assessment of ultimate load and the evolution of fracture

pattern are compared with the experimental data.
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1  Introduction

In this chapter, a summary of research and a brief review of the employed methodologies are
presented. The main focus in this work is on numerical modeling of crack growth in fractured rock
mass as well as in human femur bone under the event of a sideways fall. In addition, some
experimental tests have been performed on both bovine and human femur bone. This thesis is
presented in article-based format which includes three journal papers in separate chapters as the

main contributions in this study. The list of publications is as follows:

1. Mohammadi, H, and S. Pietruszczak. 2019. “Description of Damage Process in Fractured

Rocks.” International Journal of Rock Mechanics and Mining Sciences 113: 295-302.

2. Mohammadi, H., and S. Pietruszczak. 2020. “Experimental and Analytical Study of
Anisotropic Strength Properties of Bovine Cortical Bone.” Biomechanics and Modeling in

Mechanobiology. https://doi.org/10.1007/s10237-020-01319-2.

3. Mohammadi, H., S. Pietruszczak, C. Quenneville. 2020. “Numerical analysis of hip

fracture due to a sideways fall.” Journal of Biomechanical Engineering, submitted.

1.1 Motivation and background

This thesis deals with modeling of the localized damage in cohesive-frictional materials. The
class of materials that may be termed as cohesive-frictional is quite broad and includes geomaterials
(soils, rocks), some structural materials (e.g., concrete, masonry), as well as certain biomaterials
(e.g., bone tissue). This research comprises some aspects of Geomechanics and Biomechanics. The
former is focused on examining the behaviour of rock-like materials that contain pre-existing
fractures. The topic is of particular relevance to analysis of underground structures (tunnels, shafts,

etc.), where the design requires the specification of the Excavation Damage Zone (EDZ). The latter
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is of utmost importance in the long-term safety assessment of critical engineering structures, such
as Deep Geological Repositories of nuclear waste. The research contains several novel elements,
including the approach to deal with intersecting cracks and/or formation of new macrocracks in a

domain with pre-existing fractures.

The research on Biomechanics deals with the modeling of cortical bone tissue. This is important
for examining the fracture process in different types of bones, as well as the issues related to bone-
implant interaction. In this work, a novel experimental procedure is employed to formulate and to
verify a general form of the fracture criterion. The latter is later applied to study, in a quantitative
manner, the onset and propagation of localized damage in a human femur subjected to loading

conditions simulating a sideways fall.

The research presented here contains experimental as well as numerical parts. In what follows,
a concise literature review is provided first on both these parts in relation to the two main areas of
applications mentioned above, i.e. fractured rock mass and biomechanics. Later, the key details on

the general scope of work and the contribution are provided.
Fractured Rock Mass

Fractured rock mass is a heterogeneous and anisotropic medium at the macroscale. The existence
of fractures affects the mechanical response in two ways. First, there is a reduction of rock mass
strength which is triggered by sliding/separation along the cracks. Second, the pre-existing cracks
act as stress concentrators triggering the formation of new macrocracks that can propagate through
the domain (cf. [1], [2], [3]). Over the last few decades, extensive research has been carried out into
the behaviour of fractured rock mass under various loading conditions. The experimental work
focused primarily on examining the effect of pre-existing flaws on the response under uniaxial as

well as biaxial compression.

In parallel with experimental work, a significant amount of research has been conducted on
numerical analysis of crack growth and propagation. Since the advent of the computational era in
the 1960's, various approaches have emerged for modelling the initiation and propagation of cracks
in engineering materials. The technique used in early references ([4], [3]) incorporated separation

of the edges of elements. Another approach was the smeared crack model as proposed by Rashid
2
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in the late 1960's [5]. The latter was widely used in modelling of damage because of its simplicity
within FEM formulation. At the same time, however, the results did not prove to be reliable because

of a strong dependency of the solution on the FE discretization.

An alternative methodology for dealing with discrete propagation of crack involves the boundary
element method (BEM). Unlike the FEM, which results in a symmetric, banded system of equations
[6], the BEM approach generally leads to a non-symmetric, congestive equation system. The first
FEM approach, which enforces the mesh objectivity was that developed in reference [7]. It was
based on a smeared representation incorporating volume averaging. The formulation was later
enhanced by introducing a "characteristic dimension™ which was explicitly related to geometry of
the discretized domain [8].

Biomechanics

Both cortical and trabecular bone tissues have a complex heterogeneous microstructure that
results in an inherent anisotropy of mechanical properties at a macroscale (cf. [9]). Over the last
few decades, extensive experimental work was undertaken to investigate those properties. For
trabecular bone, it is difficult to obtain consistent quantitative results as the mechanical response
changes with the anatomical location ([10], [11]). Therefore, the literature on the specification of
the mechanical properties is more exhaustive for the cortical bone. The latter plays a primary role
in bearing physiological and other forms of loads. The most comprehensive and representative
experimental study on cortical bone is perhaps that reported in ref. [12]. The published data
typically involves the results of uniaxial tension as well as compression and is focused on the
assessment of both the strength and stiffness; the latter also in the inelastic range (cf. [13]). An
extensive overview of the existing experimental techniques is provided in ref. [14]. It is interesting
to note that shear behavior is usually tested by an indirect approach using structural elements. In
ref. [15], notched beam specimens were tested under the vertical load that created zero bending
moment across the notch. In ref. [16], the shear was caused by placing tensile axial load on
elongated specimens with asymmetric double-notch. Ref. [17] also used a double-notched
specimen; however, in the latter case the shear configuration involved testing inclined samples

under compressive axial load. The interpretation of these tests may be open to question, as they

3
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actually represent the boundary value problems. A similar conclusion applies to torsional tests on
prismatic bars (cf.[18]). The pure shear tests reported in ref. [19] appear to be the only type of
material tests conducted so far to examine the shear characteristics.

In terms of constitutive modelling of cortical bone, one of the first attempts was a lower and
upper bound evaluation of elastic moduli based on mechanics of composite materials [20]. Later,
many micromechanical approaches were adopted for determining elastic properties and ultimate
axial stress ([21],[22]). Though robust, these concepts were not tested and/or implemented in the
sense of the structural analysis of whole bones. A significant research effort has also been directed
towards the description of the onset of fracture in trabecular bone and the specification of conditions
at failure ([23], [24], [25]). More recently, an extensive experimental and analytical studies on
multiaxial response of trabecular bone were performed (cf. [26]). Generally, the primary challenge
in describing the conditions at failure in trabecular tissue is the fact that trabeculae architecture
strongly depends on anatomical position so that the definition of anisotropy requires specific fabric
descriptors. This is different from cortical bone where the principal material axes can be identified

a priori based on the cortical shell geometry.

In terms of numerical modeling, a number of researchers focused on simulation of hip fracture,
which is one of the most common injury in elderly population, inducing morbidity and loss of life
[27]. The analysis incorporated subject-specific FEM models based on quantitative Computed
Tomography ([28], [29], [30], [31], [32]). Most of these models were verified against ex-vivo
mechanical tests and some were found to produce better estimates of femoral strength and/or
fracture load than the BMD evaluation ([30], [33]). In most cases there were no separate laboratory

tests to evaluate the actual mechanical properties.

More recent studies on femoral fracture involve attempts to describe the crack initiation and
propagation. Cohesive zone elements ([34], [35]), homogenized voxel models at continuum level
[28], continuum damage mechanics methods including the elimination of cracked elements ([36],
[37]), as well as Extended Finite Element Method (XFEM) have been employed. Except XFEM,
the other mathematical frameworks provide results which are mesh-dependent. XFEM approach

has attracted a lot of attention in numerical simulation of tensile fracture of biomaterials. For

4
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instance, in refs. ([25], [38]) the authors employed XFEM to trace crack and its propagation in a
human femoral bone. The incorporation of discontinuities in XFEM requires additional degrees of
freedom around a cracked region. Moreover, the integration schemes are often vulnerable to
divergence when dealing with fracture patterns involving the propagation of long single cracks
and/or several intersecting cracks ([38], [39]).

1.2 General scope of work and contribution

In this section an overview of the material covered in each chapter is provided, together with
some comments on the contribution in each study. As mentioned earlier, the individual chapters of

this thesis are associated with journal articles that address the main research topics.

In Chapter 2, description of damage process in fractured rocks is discussed. This chapter is
focused on the study of the damage propagation in rock mass that contains several pre-existing
fractures. The methodology employs an enhanced embedded discontinuity approach which is
extended here to take into account the existence of multiple sets of joints. The framework can be
easily implemented in standard FE platform and the results are independent of the mesh size /
alignment. The method is shown to be able to predict complex fracture modes associated with the

initiation and propagation of new cracks within the region containing the pre-existing fractures.

The main novelty of research reported in Chapter 2 is the use of volume averaging approach to
deal with damage propagation in case of multiple intersecting cracks. In this case, the use of XFEM
platform would be computationally very costly and there are no applications dealing with this class

of problems.

In Chapter 3, the results of an experimental and analytical study of anisotropic strength
properties of bovine cortical bone are provided. This chapter is focused on determining conditions
at failure in cortical tissue under a general state of stress. The experimental part involves a series of
innovative direct shear experiments that examine the sensitivity of the shear strength to normal

stress for samples tested at different orientation. The study is accompanied by standard axial

5
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compression and tension tests to establish a general form of the failure criterion. The analytical part
describes two different approaches for evaluating the anisotropic strength criterion, i.e. critical
plane approach and microstructure tensor approach. A procedure for determining material
parameters is discussed which incorporates the results of the material tests conducted.

The major novel aspects of the study in Chapter 3 is the use of a direct shear test to determine
the conditions at failure in a cortical bone. To the authors” knowledge, this is the first experimental
evidence that the failure in compression regime for cortical bone is independent of the confining
pressure (i.e. hydrostatic stress). It has also been demonstrated that the strength anisotropy requires
an adequate mathematical representation as it does not follow standard transformation rules.

In Chapter 4, the numerical analysis of hip fracture due to a sideways fall is presented. The
primary purpose of this chapter is to describe a method for evaluating the probability of cortical
bone fracture in the proximal femur in the event of a sideways fall. The method consists of
conducting FE analyses in which the cortical bone is treated as an anisotropic material and verifying
the plastic admissibility of the stress field. Two methodologies are used in assessing the initiation
of fracture, i.e. Critical Plane approach and the Microstructure Tensor approach. The former is used
in the tension, while the latter in compression regime. A constitutive law with embedded
discontinuity (CLED) is used to model the propagation of localized damage. In order to define the
material properties, a series of independent experimental tests has been performed on cortical bone
samples tested at different orientation. The numerical analysis deals with simulation of the sideways
fall and the results are compared with the experimental data. This includes evolution of crack

pattern and load-displacement characteristics.

The research in Chapter 4 has elements of novelty that include the implementation of the new
fracture criteria to assess, in a quantitative way, the fracture load in a femur bone due to a sideways
fall. The approach is fairly comprehensive as it includes the specification of bone geometry based
on clinical CT scan data, conducting a series of tests to determine the appropriate material properties
and the numerical simulations of a fracture test incorporating an advanced technique for tracing the

crack propagation.
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It should be mentioned that for conducting the research, the mathematical formulation

presented here has been implemented in user material subroutine (UMAT) of the commercial

software Abaqus. This includes the governing constitutive relations as well as the crack

propagation algorithm. Finally, it needs to be mentioned that given the format of this thesis, which

includes three separate journal papers, there is a certain overlap in terms of describing the details

of the formulation. This cannot be avoided in a sandwich type of presentation.
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This paper is focused on analysis of the damage process in rock that contains some pre-existing fractures. The
methodology employs an enhanced embedded discontinuity approach, which is extended here to account for the
presence of multiple sets of joints. The approach can be easily implemented in standard FE codes and the results
are virtually independent of mesh size/alignment. This is in view of incorporation of a ‘characteristic dimension’

which explicitly depends on discretization of the domain. It is demonstrated that the approach is capable of
predicting complex fracture modes associated with formation and propagation of new cracks within the region
that contains the pre-existing flaws.

1. Introduction

A fractured rock mass is a heterogeneous and, in general, an ani-
sotropic medium at the macroscale. The existence of fractures has two
predominant effects on the mechanical response. The first one is the
reduction of strength of rock mass that is triggered by sliding/separa-
tion along the defects. Secondly, the pre-existing cracks act as stress
concentrators prompting the formation of new macrocracks that may
propagate through the domain (cf. ref.1-3). Over the last few decades,
extensive research has been conducted on the behaviour of fractured
rock mass under variable loading conditions. The experimental work
focused mainly on investigating the effect of pre-existing flaws on the
response under uniaxial as well as biaxial compression. In ref.4, a series
of uniaxial compression tests has been performed to study the crack
propagation and coalescence. The authors used gypsum specimens with
pre-existing cracks (flaws) and examined the response for different
geometries of flaws. The main conclusion of their research was that the
fracturing process for closed and open flaws was very similar. The re-
search reported in ref.5 and ref.6, also dealt with axial compression in
the presence of pre-existing cracks. In the former reference the samples
were prepared using a mixture of fine sand and cement mortar, while in
the latter the gypsum specimens were tested. In both cases, the authors
examined the influence of the flaw inclination angle as well as the
spacing between cracks on the predominant failure mode that involved
the crack coalescence. The study conducted in ref.7 comprised the
uniaxial as well as biaxial compression tests on pre-fractured rock-like
material that contained both the open as well as closed flaws. The au-
thors noted that as the vertical load was increasing new cracks would
form at the tip of the existing flaws and propagate until eventual coa-
lescence. The location of the onset of a wing crack would strongly

* Corresponding author.

https://doi.org/10.1016/j.ijrmms.2018.12.003

depend on the confining pressure. Further experimental studies on the
growth and coalescence of fractures under compressive/shear loads
have been reported in ref.8 and ref.9. The results showed that the in-
clined parallel flaws can coalesce in shear and/or tensile mode, which is
highly depend on relative position of cracks in relation to the direction
of loading. A similar study was conducted in ref.10, whereby the evo-
lution of crack pattern in axial compression tests was tracked, both at
macro and microscales, in specimens of gypsum and marble containing
pre-existing open flaws of different geometric configurations.

In parallel with experimental work, a significant amount of research
has been conducted on numerical analysis of crack growth and propa-
gation. The existing literature in this respect is too extensive to provide
a comprehensive review. Therefore, only a brief and limited overview
of different methodologies is given here. The very first approach was
based on separation of element edges.''"'* The subsequent approach,
initiated by Rashid in the late 1960's,"* incorporated the notion of a
‘smeared crack’. Both these methodologies resulted in a mesh size de-
pendency, which was a significant constraint. In order to address the
problem, a conceptually different approach has been introduced by
Pietruszczak and Mroz,'* and was later reformulated.'® This metho-
dology was based on enhancement in the constitutive relation, which
incorporated an embedded discontinuity and the associated ‘char-
acteristic dimension’. The approach has been shown to be independent
of discretization and will be employed in the research reported here.
The most notable subsequent development was the introduction of
Extended Finite Element Method (XFEM), in which additional degrees
of freedom were incorporated to reflect the presence of discontinuities
associated with the onset and propagation of fracture within the finite
element framework.

In relation to rock mechanics, examples of description of damage
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process in the presence of pre-existing cracks include the research re-
ported in ref.16 and ref.17. In ref.16, the authors employed an energy
balance algorithm to envisage the crack propagation in brittle regime.
In ref.17, the Discrete Element Method, employing a bonded-particle
model for pre-fractured specimens, was used to investigate the crack
coalescence under uniaxial compression. The authors concluded that
the coalescence and the peak strength of samples strongly depend on
the crack inclination angle, spacing between cracks, and bridging angle
between flaws. In ref.18, the rock failure process analysis (RFPA) code,
incorporating elastic damage mechanics, was employed to examine the
propagation/coalescence of cracks in brittle rocks. It was found that
under axial compression wing-cracks would initiate from the tip of pre-
existing cracks and propagate throughout the domain. The authors also
demonstrated that in the presence of confining pressure, crack propa-
gation will be stable and will stop at some finite length.

The research reported in this work deals with frictional crack pro-
pagation. It employs a different and simpler methodology that in-
corporates an enhanced embedded discontinuity approach. The latter
originates from ref.19 and is conceptually similar to that outlined in
ref.15. In what follows an extension of this framework is first presented
for the case of pre-existing sets of fractures within the rock mass. A
volume averaging scheme, often employed for upscaling purposes
(cf. ref.20), is then invoked to define the macroscopic properties. The
approach is applied to simulate a series of compression tests on a pre-
fractured rock-like samples. Various geometric configurations of pre-
existing cracks are considered and the results are compared with the
experimental data. It is demonstrated that the advocated approach,
which is simple and physically appealing, is quite adequate to describe
the process of discontinuous damage within the rock mass in the pre-
sence of pre-existing fractures.

2. Formulation incorporating the volume averaging approach

Fig. 1 shows a schematic picture of rock mass which contains two
sets of joints embedded within the intact material. The joints have
spacing s© and the thickness h®, where i = 1, 2. In this case, the da-
mage process will comprise sliding/separation along the joints as well
as the deformation of the intact rock. Note that the latter may also
result in the onset and propagation of new macrocracks that may form
within the domain. Assume that the intact rock is an isotropic (or
transversely isotropic) elastic-brittle material and consider first the
scenario when the deformation is localized along the pre-existing joints.
In order to specify the constitutive relation, define the macroscopic
strain rate in terms of volume averages of those in the constituents, i.e.

@

e =0 4 W) 4 @)

Here, the superscript (0) refers to the intact material and v’s are the
respective volume fractions of the joint sets. All strain operators are
referred to the global coordinate system (Fig. 1). The predominant
deformation mode in joints is the plastic deformation, so that the strain
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Fig. 1. Geometry of the problem.
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rate can be defined in terms of a symmetric part of a dyadic product of
unit normal n and the plastic part of velocity discontinuity gP. Thus,

1 1
() — —_ (gp(D D )s- () = —_ (gP® (2) s
€ Lo (8P @ mhyh g Lo (877 ® n?) @
where hV and h® denote the thickness of the two sets of joints.
The equilibrium of traction along the interface and the constitutive
relations for all constituents may be written in the general form

iD= pUg: @ = p@.

{0 =¢C: ¢; gr® = jO.KW; gr@ = §.KO

3
where C is the elastic compliance operator for the intact material, and
K’s are the joints’ compliances. Using the equations above, the fol-
lowing relation between stress and strain rates can be obtained after
some algebraic manipulations

£=C: ¢ + uW (KV6 -nW)® nW)y

+ 4O (KO @) @ n@Yy @
In Eq. (4), u® = v@/h® and u@ = v@/h@, so that
h@® ZLl 1
W= ypm o (P Zb e o L @~ L
# ( 5O YL @ K @ ®)

where )] L is the sum of the respective length segments of the joint set.
It is noted that when the joints are equally spaced, i.e. sV = s® =5,
there is uV = u® = 1/s. At the same time, for a single set of joints,

u® =p=1/s; pu® =0, whereas in case of a single macrocrack em-
bedded in the considered referential volume one has
po Vo _As

Vh V (6)

where V,,, A, is the volume and the cross-sectional area of the mac-
rocrack, respectively, and V is the total referential volume. It is evident
that in all cases, the parameter u is independent of h. The inverse of this
parameter, i.e. the dimension x~!(in units of length) is referred to as the
‘characteristic dimension’. It should be pointed out that the averaging
domain V, i.e. the referential volume, is identified here with that of the
finite element in which localization occurs. Therefore, its size depends
on the discretization of the system and the characteristic dimension,
viz. Eq. (6), is in fact an explicit function of it. It should also be noted
that, for a single fracture, the averaging domain may be considered as
‘the neighbourhood of the crack’, whereas for multiple joints the notion
of referential volume requires the spacing, s, to be small compared to
other dimensions.

The implementation of Eq. (4) entails the specification of the
compliance operator K for both sets of joints. Referring the problem
now to the local coordinate system, such that x-axis is normal to the
joint, the yield function can be assumed in the form consistent with
Coulomb criterion, i.e.

f=1+n0,—c=0; n=tang; n=nk) 7

where 7 = 7(x) is the softening function and ¢ = const. The softening
parameter x is identified here with the norm of the tangential compo-
nent of plastic part of velocity discontinuity and the degradation
function 7 = 7 (x) is taken as

n=n+0— n)e?s x= [ J@P+@hHd ®)
Here, 7, and 7, correspond to the initial and residual values of the
friction angle ¢, and § is a material constant. Note that the latter
controls the gradient of the softening characteristic and it can, in gen-
eral, be identified by performing a direct shear test along the fracture.
Given the expressions above, the operator K can be established fol-

lowing a standard plasticity formalism.



H. Mohammadi, S. Pietruszczak

Table 1
Samples and corresponding joint configurations.
Sample A3 B3 B4 C1 D1
Dip angles (°) 30 30,60 45,45 0,60 0,45,90

3. Numerical examples

The mathematical framework presented in the previous section has
been applied to simulate a series of experimental tests discussed in
ref.21. The tests involved samples subjected to axial compression in the
presence of pre-existing fractures. The rock-like material tested was a
mixture of Portland cement (29% by weight), dry river sand (58%) and
water (13%). In order to create weakness planes, the steel slices were
inserted into a homogeneous mixture and removed 12h later. The
mixture was then cured for 28 days (at room temperature). After that
the joints were glued with an epoxy resin adhesive and the cylindrical
samples were prepared using a core-drilling machine. Four series A-D
of samples with different joint orientation were tested. The numerical
simulations conducted here involved a number of tests for which the
details on the orientation of joints are provided in Table 1.

For numerical simulations, the samples were discretized using four-
noded linear tetrahedral elements. The bottom surface was fixed in the
vertical direction, and the out-of-plane nodes along the centre line of
this surface were also constrained against the horizontal movement.
The loading process consisted of applying the vertical displacements at
the top surface. The intact material was assumed to be elastic prior to
the onset of macrocracking; the latter defined by the standard Mohr-
Coulomb criterion. The response along the new and pre-existing crack
was described using the representation (7) and (8), while the procedure
for tracing the crack propagation was similar to that used in ref.22.
Based on the information provided in the original article,21 the fol-
lowing material parameters were assigned for the intact material:

E = 20.2MPa; v = 0.2; ¢ = 40"; ¢ = 11MPa )
for the fractures:

ky = 19.8 GPa/m; ky = 4.9 GPa/m; @, = 36

@ = 0.6p,; ¢ =3.22MPa; = 100m™1 (10)

Here, ky, kr are the elastic stiffness coefficients required for verifying
the plasticity criterion (7). The strength parameters ¢ and ¢ for the
intact material, which were not provided in the original paper, were
estimated based on the value of the uniaxial compressive strength,
which was reported to be 47MPa. Furthermore, the value of ¢. was
assumed as 0.6¢,, which is consistent with experimental results given in
ref.23. Note that there was no information provided on the value of the
softening parameter 3, Eq. (8). Therefore, some parametric studies have
been performed to assess its influence on the results of simulations.

3.1. Numerical simulation for sample A3

The first example deals with the axial compression of sample A3,
which contains one pre-existing crack with a dip angle of 30°.
The evolution of the fracture pattern is shown in Fig. 2. Here, the
pre-existing crack is shown in light pink colour, while the cracks ex-
periencing an active loading process (i.e. plastic deformation) are
shown in dark red. Initially, the material remains in the elastic range
(cf. figure on the left). As the vertical displacement increases, the ele-
ments along the pre-existing crack become gradually activated, i.e. the
plasticity criterion (7) is met. At some point, a new fracture forms and
propagates towards the pre-existing joint. It is noted that in order to
enforce a discrete propagation pattern for this macro-fracture, an im-
perfection was introduced in one of the elements (i.e. the friction angle
was reduced to 35°). The last figure on the right shows the failure mode
associated with the ultimate load.

International Journal of Rock Mechanics and Mining Sciences 113 (2019) 295-302

Fig. 2. The predicted evolution of fracture pattern in sample A3 (light pink: the
pre-existing crack; dark red: an active crack). (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of
this article.).

'

Fig. 3. Comparison of the fracture mode with the experimental results for
sample A3.

Fig. 3 shows the comparison of the fracture mode with the actual
experimental data. It is evident that the results of simulations are fairly
consistent with the observed mechanism. The latter also involves the
onset and propagation of a new macrocrack. It is noted that, in the
numerical analysis, the direction of new crack in each consecutive
element was assumed to be at 45° + ¢/2 with respect to the direction of
minor principal stress, which is implied by the Mohr-Coulomb cri-
terion.

Fig. 4 shows the average stress—strain characteristic for the sample.
The behaviour is virtually linear up to the ultimate peak load after
which the global response becomes unstable. The predicted ultimate
load is fairly consistent with the experimental data.

The last figure here, i.e. Fig. 5, shows the influence of the value of
strain-softening parameter § on the stress—strain response. As men-
tioned earlier, the assumed value of j8 is rather speculative as no ex-
perimental data is available in this respect. It is evident that the value of
this parameter affects the slope of the post-critical response; however, it
has very little influence on the prediction of ultimate load. It should be
pointed out that the simulations shown in Figs. 4 and 5 were terminated
after reaching the post-critical range. Since in the present formulation
the crack is traced in a discrete manner, there was no loss of con-
vergence. The latter is typically associated with a ‘smeared approach’
which requires the use of special iterative schemes in the post-critical
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Fig. 4. Average stress—strain curve for sample A3.

40

35

30 e

25 -

20 A

Stress (MPa)

15 °

10 -

0 0.0005 0.001 0.0015

Strain

0.002

e o o o Experimental

e N umerical; =50 m™
Numerical; =70 m™
Numerical; =100 m™

® Oneset of new crack

0.0025 0.003

Fig. 5. Influence of the value of parameter § on the mechanical characteristic (sample A3).

Fig. 6. Comparison of the fracture mode with the experimental results for sample B3.

regime (e.g., an arc-length procedure).
3.2. Numerical simulation for sample B3
The second example deals with the specimen B3 that is subjected to

axial compression. This sample contains two pre-existing cracks; one
with 30° and the other one with 60° dip angles with respect to
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horizontal. In this case, the latter crack, i.e that at 60° dip, is activated
first and as the load increases, a progressive sliding takes place along
this joint. The associated failure mode is consistent with the experi-
mental data, which is evidenced in Fig. 6. The average stress-strain
characteristic, as shown in Fig. 7, displays again an unstable (strain
softening) response and the predicted ultimate load, as well as the post
critical modulus, are very close to those recorded in the test.
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Fig. 7. Average stress-strain curve for sample B3.

Fig. 8. Comparison of the fracture mode with the experimental results for sample B4.
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Fig. 9. Average stress-strain curve for sample B4.
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Fig. 12. Comparison of the fracture mode with the experimental results for sample D1.
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Fig. 13. Average stress—strain curve for sample D1.

3.3. Numerical simulation for sample B4

This example deals with a case involving the presence of two pre-
existing cracks, both of them at 45° dip angles with respect to hor-
izontal. Fig. 8 depicts the predicted failure mode. In this case, both
fractures are engaged and there is no onset of additional macro-
cracking. In the experiment, the loss of stability is also associated with
mobilization of sliding along both of the pre-existing faults. Fig. 9
shows the average stress-strain characteristic for the sample. In this
case, again, the predicted ultimate load and the post-critical slope are
fairly consistent with the experimental data.

3.4. Numerical simulation for sample C1

In this example there are three pre-existing joints, one horizontal
and two with 60° dip angle with respect to horizontal. Given the geo-
metry, again a symmetric fracture mode is expected involving sliding
along the inclined joints, as the horizontal fracture is not activated here.
An asymmetric propagation mode, which was observed experimentally,
can be enforced by introducing an inhomogeneity along one of the
orientations; in this case, along the joint oriented at the clockwise 60°
dip. The numerical results are shown in Figs. 10 and 11. Both, the
fracture pattern as well as the average stress-strain response, Fig. 11,
are in a very close agreement with the experimental data.

3.5. Numerical simulation for sample D1

In the last example given here, that deals with sample D1, the
specimen has four pre-existing fractures; one horizontal, one vertical
and two with 45° dip angle with respect to horizontal. In this case,
owing to cracks geometry, one would again expect a symmetric fracture
mode that involves sliding along the inclined planes. However, in view
of the inhomogeneity of the sample, only one orientation gets fully
activated. In order to simulate this fracture mode, two imperfections are
introduced; a stronger one along the fracture orientation that is pre-
dominant in the experiment, and a weaker one along the other con-
jugate direction. The results, given in Figs. 12 and 13, show a fair
agreement with the experimental data. It should be noted that the
presence of imperfections affects only the evolution of fracture mode
and has virtually no impact on the value of ultimate load.

4. Final remarks
The existing finite element approaches with strong discontinuities

(XFEM and EFEM) consist of enriching the (continuous) displacement
modes of the standard finite elements with displacement jumps that

capture the physical discontinuity. This is done either via element en-
richment or nodal enrichment. In both these approaches the dis-
continuity is embedded within the finite element. The present metho-
dology is also an embedded discontinuity approach; however, the
discontinuity is accounted for via the constitutive relation by invoking
averaging within the referential volume adjacent to the macrocrack.
This leads to an improved computational efficiency as, in this case, a
standard FE framework can be employed without the need for any
additional nodal variables or enrichments. The formulation requires the
information on properties of both constituents (i.e. the intact material
and the interface) and the ‘characteristic dimension’ that is uniquely
defined.

The results of numerical simulations demonstrate that the frame-
work employed here is capable of predicting complex fracture modes
that may emerge in the context of progressive deformation in jointed
rock masses. In this case, the existence of pre-defined fractures is often
associated with the onset and propagation of new fractures that needs
to be properly accounted for.

It is evident from the results that the presence of pre-existing cracks,
as well as their orientation, has a profound effect on the value of the
compressive strength of the sample. Apparently, the lowest strength is
associated with dip angles in the range of 60°. At the same time, the
elastoplastic strain-softening characteristics for the interface material
affect the stiffness characteristics, in particular the value of the post-
critical modulus.
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Abstract

This paper is focused on specification of conditions at failure in bovine cortical bone. Both experimental and analytical
studies are conducted. The experimental part includes a series of novel direct shear tests which examine the sensitivity
of shear strength to the applied normal stress for different orientations of the sample microstructure. These experiments
are supplemented by standard axial compression and tension tests in order to define and quantify a general form of failure
criterion. The analytical part examines two different methodologies, viz. critical plane approach and microstructure tensor
approach, for defining the anisotropic strength criterion. A procedure for identification of material parameters is outlined
which is based on the results of the performed material tests.

Keywords Cortical bone - Anisotropic failure criterion - Bone fracture - Critical plane approach - Microstructure tensor

1 Introduction

Bone tissues, both cortical and trabecular, have complex het-
erogeneous microstructure which results in an inherent ani-
sotropy in mechanical properties at a macroscale (cf. Martin
et al. 2016). Over the last few decades, extensive experimen-
tal testing has been conducted to examine those properties.
For the trabecular bone, there are intrinsic difficulties in
getting consistent quantitative results (Odgaard and Linde
1991; Keaveny et al. 1997). This stems from the fact that the
trabecular tissue has high porosity and its microstructure is
very inhomogeneous, i.e. varies significantly with the ana-
tomic location. In view of this, the results strongly depend
on the size of the sample as well as its orientation relative
to the loading direction. The stiffness and strength proper-
ties are typically assessed by conducting uniaxial compres-
sion tests. However, more comprehensive testing programs,
incorporating torsion and multi-axial compression, have also
been carried out (Rincdn-Kohli and Zysset 2009).

For the cortical bone, the literature on specification of
its mechanical properties is more exhaustive, which is due
to the fact that this tissue plays a primary role in bearing
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the physiological and other types of loads. The reported
experimental programs involved various loading conditions
and included both monotonic and cyclic tests (Zdero 2017).
The earliest comprehensive work is perhaps that of Reilly
and Burstein (1975), who performed a series of uniaxial
tension, uniaxial compression and torsion tests on bovine
(with both plexiform and Haversian structure), and human
bone samples. The main focus there was on examining the
anisotropic nature of properties. The nonlinear effects in
uniaxial compression and tension, including development
of permanent deformation and cyclic degradation of stiff-
ness, were studied by Nyman et al. (2009). The authors con-
ducted both static and creep tests and demonstrated that the
response in compression is associated with larger dissipation
of energy and higher stress relaxation than that in tension. A
somewhat similar study, focused on development of irrevers-
ible (plastic) deformation under cyclic loading in tension,
compression, and shear, was conducted by Winwood et al.
(2006). The primary objective was the assessment of fatigue
life of specimens tested under a prescribed constant stress
amplitude. An extension of this work was the subsequent
study reported by Zioupos, Gresle and Winwood (2007) who
examined the relation between fatigue strength and the bone
tissue microstructure, including factors such as age and bone
density.

It is interesting to note that the behavior involving
shear has been typically assessed by indirect approach that
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employed tests on structural elements. In experiments con-
ducted by Winwood et al. (2006), notched beam specimens
were tested under the vertical load that produced zero bend-
ing moment across the notch. In the work reported by Saha
(1977), the shear was induced by applying tensile axial load
on elongated specimens with asymmetric double notch. A
similar double notched specimens were also used by Dong
et al. (2013); in the latter case, however, the shear configu-
ration involved testing inclined samples under compressive
axial load. All the shear tests mentioned above involved
human cortical bone and addressed the issues of strength
anisotropy, creep, and/or plastic deformations. While the
conclusions reached there are valuable, the interpretation
of these tests may be open to question as they, in fact, rep-
resent the boundary value problems rather than material
tests. A similar concern may be raised in the context of tor-
sional tests on prismatic bars (cf. Park and Lakes 1986). It
seems that the only type of material tests carried out so far
to examine the shear characteristics are the pure shear tests
performed by Turner et al. (2001). The latter examined both
the strength anisotropy and the effects of fatigue in human
cortical bone.

In terms of constitutive modeling of compact bone, one
of the first attempts was a simple lower and upper bound
assessment of elastic moduli based on mechanics of com-
posite materials (Piekarski 1973). Later, several microme-
chanical approaches have been pursued for the evaluation of
elastic properties and ultimate axial stress. Examples include
a model of mineralized collagen fibrils developed by Jager
and Fratzl (2000), or its extension related to unconstrained
biological optimization with respect to fracture strength
of mineral crystals (Gao et al. 2003). Such formulations,
although rigorous, have not been verified and/or applied in
the context of structural analysis of whole bones. At the
macro-level, the cortical bone tissue is typically idealized as
elastic-brittle. Here, the response in the elastic range is usu-
ally described using standard Hooke’s law for transversely
isotropic material. More advanced representations include
Cosserat (micropolar) elasticity (Park and Lakes 1986) as
well as the Biot’s framework of poroelasticity (cf. Cowin
1999). The brittle behavior of cortical bone is perceived as
being associated with localized deformation (macrocrack-
ing) and has been modeled using volume averaging of dis-
continuous fields in the vicinity of the crack (Pietruszczak
and Gdela 2010).

In terms of specification of conditions at failure, the
majority of research effort has been directed at the descrip-
tion of the onset of fracture in trabecular bone. Examples
here involve the works of Tsai and Wu (1971), Cowin (1986)
and Pietruszczak et al. (1999). Tsai and Wu (1971) criterion
is an extension of the orthotropic criterion formulated by
Hill (1950) which employs an invariant form of a quadratic
function of stress components and takes into account the
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difference in strength in compression and tension regime.
This criterion has been employed, with varying degree of
success, not only for the trabecular (Fenech and Keaveny
1999) but also for cortical bone (Hayes and Wright 1977,
Cowin 1979). Later, Cowin (1986) developed a modified
version of Tsai and Wu criterion that incorporates the notion
of fabric tensor. Both the above mentioned criteria incorpo-
rate a large number of material functions/parameters and
are independent of the third stress invariant, which plays an
important role in the mechanics of porous media. The lat-
ter issue was addressed in the formulation of Pietruszczak
et al. (1999) which also introduced a specific fabric meas-
ure related to a spatial distribution of void space. More
recently, a comprehensive experimental and analytical study
was conducted on multi-axial response of trabecular bone
and analyzed with a fabric-based generalized Hill criterion
(Rincén-Kohli and Zysset 2009). In general, the primary dif-
ficulty with describing the conditions at failure in trabecular
tissue is the fact that the architecture of trabeculae strongly
depends on anatomic location so that the fabric descriptors
remain affected by the size of the selected elementary vol-
ume. This is in contrast to cortical bone where the principal
material axes can be defined a priori based on the geometry
of the cortical shell. For cortical bone, the most common
approaches for defining the conditions of failure involve
implementation of strain-based criteria that are largely
empirical. Such criteria identify the onset of fracture with
critical values of principal strain magnitudes (Niebur et al.
2000) or the strain energy density (Ulrich et al. 1999; Pistoia
et al. 2002). In this regard, there is a need for a more general
approach, which is rigorous and experimentally verifiable.

This work is focused on the assessment of conditions at
failure in bovine cortical bone. The experimental part of this
research includes a series of novel direct shear tests which
examine the sensitivity of strength to the applied normal
stress for different orientations of the sample microstructure.
The results of experimental tests are used to formulate and
verify the performance of anisotropic failure criteria that
incorporate two conceptually different frameworks in which
the strength characteristics are linked with material micro-
structure. In the next section, the details of the experimental
program are provided followed by an analytical part dealing
with identification of material parameters and verification of
the proposed criteria. The last section provides a discussion
on the results and final conclusions.

2 Methods and results

Four whole femur bones from one bovine specimen were
acquired at a local butcher shop. The slaughter age was
within the range of 6—12 months, but no precise informa-
tion was available. All bones were wrapped in a plastic bag
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and kept frozen. Prior to sample preparation, the bones were
removed from the freezer, thawed at the room temperature,
and sprayed with phosphate-buffered saline (PBS) to prevent
dehydration. In order to extract the samples, two larger seg-
ments (of approx. 5 cm) were first cut with a band saw from
the mid-diaphysis region. Subsequently, using the machine
tools the square prisms of average dimensions 5X5X 11 mm
(for direct shear and compression testing) and dog-bone
shape (for tension) samples were prepared. The specimens
were cut in different anatomical directions. The vertical
(longitudinal) samples were extracted along the diaphysis,
while the horizontal (transverse) ones were perpendicular
to it. In the shear tests, a number of intermediate orienta-
tions between 0° and 90° were employed. Before testing, the
samples were soaked in PBS for 4 h at the room temperature.
Also, during the machining process the samples were con-
tinuously irrigated. The compression and tension tests were
conducted using an Instron (model 5967) machine, while the
shear tests were performed in a modified direct shear appa-
ratus. All tests were displacement-controlled with a constant
loading rate of 0.03 mm/s.

2.1 Micro-CT scan of a specimen

Prior to mechanical testing, a CT scan was conducted on one
of the prism-shaped samples. The scan was performed using
a high-resolution desktop X-ray micro-CT system Bruker
Skyscan 1172 with a variable X-ray energy range from 20
to 100 kV. The pixel size was 6.6 um, rotation step 0.4°, and
a 0.5 mm AL filter was used to get images at 66 kV, 149 pA.
Four frames were averaged for each image to maximize the
signal to noise ratio with 8 s. integration time. The objec-
tive of the uCT scan was to ensure that the sample prepara-
tion, which involved cutting and smoothing of the specimen,
did not induce any visible damage. Figure 1 shows vari-
ous cross-sectional views together with a 3D reconstructed
image of the sample before its testing. The dark spots
appearing in those images represent Haversian canals and/or
osteon boundaries. Based on a visual inspection, there is no

Fig.1 Micro CT scan results
for one of the samples. Left: 3D
reconstructed sample; center:
vertical sections from the 3D
model in two perpendicular
directions; right: view of four
different cross sections of the
sample

evidence of macrocracks growth and coalescence inside as
well as at the external surfaces of the sample. This indicates
that the internal structure has not been significantly altered
in the process of sample preparation.

2.2 Direct shear tests

The direct shear tests are typically used for assessing the
mechanical competence of geomaterials (soils or rocks) as
well as cohesive-frictional interfaces. They have not been
employed before in the context of biomechanical testing.
Their primary purpose is to determine the shear strength
under different values of the applied normal stress and to
identify the strength parameters appearing in Coulomb cri-
terion (viz. friction angle and cohesion). A schematic picture
of a direct shear box is shown in Fig. 2 (cf. Das 2002). The
box is split horizontally at mid-height, and the tests are con-
ducted by applying the horizontal (shear) displacement to
the upper part under a constant vertical load. The mechanical
characteristics are typically presented in terms of a relation
between the shear traction and displacement discontinuity
along the failure plane, which is constrained to remain hori-
zontal. In the present study, a series of direct shear tests was
performed in order to demonstrate that for a cortical tissue,
the conditions at failure, in compression regime, are not sig-
nificantly affected by the confining pressure. This aspect has
not been explicitly addressed in the literature before.

The soil samples commonly tested in a direct shear device
are shaped like flat disks or flat square prisms; the sample
diameter/width is typically 5-10 cm, and the thickness is
within a range of 2-2.5 cm. The samples of cortical bone
were square prisms with an average cross-sectional area of
5 x5 mm; therefore, the mold had to be refined to accom-
modate these dimensions. In addition, given the small size
of the cortical bone samples and the surface irregularities, a
thin layer (approx. 1 mm) of fine sand was placed at the top
and bottom surfaces. This was to ensure that the vertical load
is applied to the sample in a uniform way.
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Fig.2 Schematic diagram of a
standard direct shear test set up

Proving ring:
measures shear &
force F

2.3 Results of direct shear tests

The tests were carried out on sets of four differently oriented
samples, i.e. f=0°, 30°, 60°, 90°, where f=90° refers to
longitudinal (vertical) direction. At least, three tests were
conducted for each assigned value of normal load. Alto-
gether, the results of 45 shear tests on samples taken from
the same bovine specimen are reported here. This is in addi-
tion to a series of preliminary tests that were carried out on
different bovine samples in order to assess the efficiency of
the modifications to the shear device itself and the consist-
ency of the results.

B=90°; Average shear stress=72 MPa

100

o o L s
© ® (] ®
a [T Y e Ty rr ey Yy ey 8= ==0
§ opetoitocaldoi :
2 60
@ 50
%
2 40
3 30
£
© 20

10

0

0 20 40 60 80 100 120 140 160 180

Vertical weight (kg)

Fig.3 Variation of ultimate shear stress versus vertical weight; longi-
tudinal samples, f = 90°
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The experimental results for longitudinal samples
(f=90°) are presented in Fig. 3, which shows the values
of shear strength for a range of predetermined vertical
loads. It is evident that, in this case, there is virtually no
reduction in average shear strength with the decrease in
the value of normal stress. This is in contrast to frictional
materials which exhibit a strong sensitivity in this respect.
Thus, the conditions at failure within the range of compres-
sive normal stress may perceived as pressure-independent.
It should be noted that during the tests, the normal stress
was applied by placing weights on a loading frame. The
cross-sectional area of each sample over which this load
was applied was slightly different, thereby resulting in dif-
ferent normal stress. Therefore, for the clarity of presenta-
tion, the results in Fig. 3 are shown as an explicit function
of selected weights. It ought to be pointed out that since the
shear strength is virtually constant, the actual value of nor-
mal stress is of no direct significance here. Figure 4 shows
the plots for the remaining orientations, viz. f#=0°, 30°,
60°. The results are presented here in terms of the average
values and the standard deviation, and it is evident again
that the shear strength is orientation-dependent. The latter
observation is highlighted in Fig. 5 which shows a com-
bined graph of average shear strength versus normal stress
for different values of f.

It is noted that the cortical bone, both human and bovine,
has a low porosity of approx. 3—7%. This range is typical
for different types of microstructures that include plexiform,
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Haversian (osteonal) and/or mixed. The low porosity is
the primary reason behind the lack of sensitivity of shear
strength to the value of normal stress. Thus, although
the strength itself will be affected by the microstructural
arrangement of the bone tissue, the qualitative conclusion

B=90°
— - B=60°
=== p=30°

-

60 ——pe®

P o
T - it
< 50 o 3 =S
>3 - 1o N
a - AT S0 \
g 40 e = \\ \
7 1” -~ \
s S P \ \
3 -~ 2 ! \
£330 Pl B> oo \ \
& e = \ \
D \ \
20 e B! A \
Rl
e
10 L~
Z==
o
0 0.1 02 03 04 05 06 07 08

Horizontal shear displacement (mm)

Fig.6 Shear stress versus horizontal displacement curves (vertical
weight 25 kg)

regarding its insensitivity to the normal stress is likely to
hold for human cortical bone as well.

Finally, Fig. 6 shows a set of average shear stress—hori-
zontal displacement characteristics at a constant vertical
weight (25 kg) for different orientations of the sample. It
is evident that once the ultimate strength is reached the
response becomes unstable (strain-softening), which is
associated with sliding along the horizontal rapture surface.
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2.4 Results of axial compression/tension tests

The uniaxial compression tests were carried out in con-
ventional Instron testing machine. Only longitudinal and
transverse samples were tested (f#=90° and 0°, respec-
tively). The reason for this was twofold. The first was the
limitation on the number of samples, and second, the fact
that for inclined samples, the end platens impose kinematic
constraints that may render the results not to be fully reli-
able. The latter stems from the inherent anisotropy which
implies that inclined specimens will tend to distort under
vertical load. For each orientation, a series of three tests
was performed and the average axial stress—strain response
is shown in Fig. 7. Both the strength and stiffness are orien-
tation-dependent, and the behavior becomes unstable after
the peak. It is noted that the results of these tests were used
primarily for the verification of the proposed failure crite-
rion, as discussed in the next section.

The uniaxial tension tests were carried out again on longi-
tudinal and transverse samples only. The corresponding aver-
age axial stress—strain characteristics are presented in Fig. 8.
It is evident that the behavior is elastic-brittle with strength
strongly dependent on the orientation of the sample. It is noted
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Fig.7 Stress—strain curves for uniaxial compression tests
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Fig. 8 Stress—strain curves for axial tension tests

@ Springer

here that the tensile strength is significantly lower than the
compressive one which indicates that the failure criterion in
tension regime is likely to have a different functional form
from that in compression.

3 Failure criterion for the cortical bone

As evidenced by the experimental data presented in the pre-
vious section, the shear stress at failure along a pre-defined
plane does not appear to be significantly affected by the value
of normal stress. At the same time, the strength varies with the
orientation of the sample. Given this evidence, it is postulated
that the conditions at failure in compression regime may be
approximated by invoking Tresca or von Mises-like criterion
enhanced to account for inherent anisotropy in properties.
Furthermore, the ultimate stress in axial tension is signifi-
cantly lower than that in compression, indicating that Rankin
type of cutoff condition is required to limit the strength in
the tensile region. In what follows, two alternative approaches
are outlined, in which the strength characteristics are linked
with material microstructure. In particular, the critical plane
approach and the framework incorporating the notion of ani-
sotropy parameter, as proposed by Pietruszczak and Mroz
(2001), are employed. For both these methodologies, the
material functions are specified from the experimental tests
conducted here and the general procedure for their identifica-
tion is outlined.

3.1 Critical plane approach for Tresca criterion

In the critical plane methodology, the failure function F is
defined in terms of traction vector # acting on a plane with the
unit normal n. Thus,

F=f)—c@) (1)

where c is an orientation-dependent strength parameter. The
failure takes place when F' = 0, i.e.f = ¢, while the orienta-
tion of the failure plane is obtained by solving a constrained
optimization problem, i.e.

max (f¢) —c(m)) =0; c=cy(l+n-Q-n+b@n-Q2-ny
+by(n- Q- n)’ + ) )

Here, b’s are the coefficients of approximation, while 2 is a
symmetric traceless tensor which is collinear with the prin-
cipal material axes and whose eigenvalues define the bias in
the spatial distribution of c(n). It should be noted that for a
transversely isotropic material, there is only one independent
eigenvalue of © as tr Q=0.

For Tresca criterion, only the tangential component of
traction vector is employed and c is identified with the ulti-
mate shear stress. Thus, in this case, there is
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F=|n-6-s|—cn); n-s=0; maxF =0 3)

n.s

where s is a unit vector orthogonal to n. The corresponding
Lagrangian function takes the form

G=In-o-s|—c)(l+n-Q-n+b@m-2-ny
+by(m-Q-n) + )= L(mon—1)—An-s—As-5—1)
“)
Imposing now the stationary conditions with respect to n, s

and A’s, the onset of localization and the orientation of the
failure plane may be determined.

Table 1 Parameters for critical plane approach based on best-fit
approximation

Parameters First-order Second-order Third-order
approximation  approximation approximation

Cy 62.83 60.634 59.511

Q, 0.1093 0.1448 0.1211

b, 1.496 4.5017

b, 12.7837

Table2 Comparison of experimental results with numerical predic-
tions for uniaxial compression

o, (MPa)
p 0° 90°
Experimental 120 225
Linear approximation 109 200
Second-order approximation 112 219
Third-order approximation 119 224

The function c(r) can be identified from the results of
direct shear tests reported in the previous section. Figure 9
shows the variation of average shear strength with the ori-
entation of the sample (i.e., angle ). The best-fit approxi-
mations of orders 1-3, incorporating transverse isotropy in
representation (3), are also depicted in this figure while the
corresponding coefficients of approximation are given in
Table 1. It is noted that here the strength is monotonically
increasing with f and, as a result of it, a lower-order approxi-
mation (2-3) appears to be sufficiently accurate.

In order to verify the performance of this framework, the
response under uniaxial compression is considered. Assum-
ing again the transverse isotropy and referring the problem
to the principal material axes, Egs. (2)-(4) lead to

F= %asinZa - co{l + Q¢ +b1_Q%§2 +b2.(2f§3};
E=1-3cos’(a—f) (5)
i So cos 2a — Cogla - zcobl_()%ga — 3cob29?§2£
j_é = 3sin2(a — f); S = sign(c cos 2a)
a
(6)

where a is the orientation of the failure plane with respect
to the horizontal. By imposing F = 0 A ii; = 0 and solving
the above set of equations, both the ultimate stress intensity
o and the orientation of the localization plane can be defined.
Table 2 shows the comparison of computed values with the
experimental results for different orders of approximation.
It is evident that in this case, the higher order approxima-
tions give more accurate results. As mentioned earlier, the
experimental data are restricted here to orientations of f=0,
90° in view of limitations of the testing program.

3.2 Critical plane approach for tension cut-off

The simplest approximation here is the Rankine cut-off cri-
terion which postulates that the failure occurs when a critical
value of normal stress is reached along the failure plane.
Thus,

F=ln-0-n|-f#n);, max F=0;

fi=fo(l4+n-Q-n+d(n-Q-n’+dyn-Q-ny +-)

(N
Here, the function f;(r) defines the ultimate strength for ten-
sion perpendicular to the set of planes with unit normal n, d’s
are the coefficients of approximation while € describes the
distribution bias. In the special case whend, =d, = --- =0,
the remaining parameters can be related to strength along the
principal material axes. Assuming again that the material
is transversely isotropic and denoting the tensile resistance
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along the direction of lamellae and perpendicular to it as
Je 11> Jiu respectively, the representation (7) yields

Jo= Uy +261)/3: 2, = ]% - (®

to
The values of the above parameters can be obtained implic-
itly from the results of uniaxial tension tests on horizon-
tal/vertical specimens, as provided in the previous section.
For the linear approximation (i.e. d; = d, = --- = 0), the
functional form (7) can be expressed, after some algebraic
manipulations, as

F=occos’a—f,(1+R2,7) =0; y=1-3cos’(a—p)
€)
and

dF _ . dy dy .
Fri o sin 2« f“’Qlda_O’ da—3sm2(a £ (10)

Note that the experimental data for uniaxial tension at =0,
90°, provide the ultimate stress ¢ as well as the correspond-
ing orientation of the failure plane a. The latter, for tests
conducted in the principal material axes, is orthogonal to the
direction of maximum principal stress. Given this informa-
tion, Eqs. (9) and (10) can be solved for the two respective
unknowns, i.e. f,,, £2,. For the data reported in the previous
section, there is f,, = 111.33MPa; £, = 0.293.

Another way of defining the tensile strength criterion
would be a bi-linear approximation, whereby the failure
function in tension regime is assumed as

F=fln-o-s|+cln-0o-n|—cf,; max F=0 (11
ns

The above representation has a similar functional form to
that of Coulomb criterion, while the material functions
¢ =c(n) and f, = f,(n) are defined viz. Equations (2) and
(7), respectively.

3.3 Microstructure tensor approach for Tresca
criterion

An alternative approach to specifying the conditions at
failure involves incorporation of an anisotropy parameter
which depends on relative orientation of principal stress and
material axes (Pietruszczak and Mroz 2001). Following this
methodology, any isotropic failure criterion can be extended
to the case of anisotropy by assuming

F(e) =F,,J5,J5.1n) (12)

where I, = tr(0), J,, J; are the basic invariants of the stress
deviator and # is a scalar anisotropy parameter. The latter
may be expressed in the form
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Fig. 10 Variation of compressive strength based on approximation
(17); “virtual data’ generated from critical plane approach

n=n1+1-A-l+a,-A-I*+ad-A-1’+-) (13)

Here, [ represents a versor along a generalized loading vec-
tor L, that is defined as

L= Lae(”); Li = {@ g — (e(a) -6)- (e(ll) - 0) (14)
where e, a = 1,2,3, are the base vectors which specify
the direction of preferred material axes. Thus, the compo-
nents of L represent the magnitudes of tractions ¢ acting on
planes normal to the principal material axes. The latter are
defined by the eigenvectors of the operator A, which is a
traceless second-order tensor.

Using the functional form (12), the Tresca criterion may
be expressed as (cf. Pietruszczak 2010)

3

F =1/35 - g(0)o, = 0;4(0) = ————
24/3cos @ s

where 6:\/.1_2 and 6 is the Lode’s angle, i.e.
6 = —sin~! (/27/4J; / J3%)/3. Note that the scalar param-

eter 17, appearing in Eq. (12), is identified here with ultimate
strength in axial compression o, i.e. §# = o, so that for an
anisotropic material

o, =6,(1+1-A-l+a,(d-A-1+a,-A-IP +-) (16)

The coefficients appearing in the approximation (16) can
be defined from the results of axial compression tests con-
ducted at different orientations of the sample (i.e., angle ).
In this case, Eq. (16) reduces to

0. =6.(1+A x +aAly* + a,Al * +-); y = 1 —3cos*

(7
As mentioned before, the experimental tests performed in
this work were restricted to f=0°, 90°. This was due to the
fact that for intermediate orientations, the results of axial
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compression are not reliable as the presence of rigid platens
constraints the sample distortion which typically occurs in
an anisotropic material. This, in turn, leads to a non-uniform
stress state within the sample which affects the value of ulti-
mate strength. Given this limitation, the identification pro-
cedure is illustrated here by invoking a set of ‘virtual data’
generated using critical plane approach with the values of
parameters given in Table 1 (3rd order approximation). The
results of best-fit approximation for ¢, involving representa-
tion (17) are provided in Fig. 10. The 3rd order approxima-
tion, which is the most accurate here, yields the following
values of coefficients

6, =170.43, A, =0.2018, a;, = 2.0491, a, = 3.5258

Finally, it should be noted that for g(0) = const., Eq. (15)
reduces to von Mises criterion that can also be employed as
an alternative representation.

3.4 Microstructure tensor approach for tension
cut-off

In the tension regime, the Rankine cutoff criterion can be
expressed as

F=0,—o() = (2/\/5)& §in(@+2/37)+1/31, —o,(l) = 0
(18)

where o,(I) is the axial tensile strength, which is expressed
in the functional form analogous to Eq. (16). Again, this
function can be identified explicitly from the results of
direct tension tests at different orientations of the sample.
Given the fact that no comprehensive experimental data
are available here in that respect, again the set of ‘virtual
data’ was generated using the critical plane methodol-
ogy. Figure 11 shows the results of simulations for criti-
cal plane approach that correspond to the set of parameters
Jio = 111.33MPa; 2, =0.293, as identified in Sect. 3.2,
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Fig. 11 Variation of tensile strength based on approximation (19);
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together with the best-fit approximation for ¢,(I) employing
a linear form, i.e.

o, =6,1+A,x); y=1-3cos’f (19)

The coefficients of this approximation are 6, = 110.07,
A, =0.2737.

It should be noted that the tensile strength criterion could
again be expressed in an alternative form that incorporates
a bi-linear approximation in (&, /;)-space, analogous to that
suggested in Sect. 3.2, Eq. (11).

4 Discussion

As mentioned earlier in this paper, the shear strength of
cortical bone is typically assessed by indirect approach
that employs structural tests, such as 3-point bending, tor-
sion, and/or tension of specimens with asymmetric double
notch. The interpretation of the results of these tests is not
straightforward as they represent, in fact, boundary value
problems. A more accurate and appropriate way of assessing
the strength is to employ the material tests. The idea of a
material test is that the boundary conditions remain uniform
and the representative elementary volume of the sample is
sufficiently large, in relation to its microstructure, so that the
stress state may be perceived as homogeneous, in a statistical
sense, at the macroscale.

The experimental work presented here involved a series
of material tests which were conducted using a direct shear
device. The primary objective was to examine the sensitivity
of shear strength to the applied normal stress for different
orientations of the sample microstructure. The results indi-
cate that the strength is virtually independent of the value of
normal stress. Thus, the conditions at failure in compression
regime are not affected by the first stress invariant; however,
they depend on the orientation of the material triad in rela-
tion to the principal stress system. The reason for the pres-
sure insensitivity of strength appears to be twofold. First,
the low porosity of material; and second, the presence of
fluid phase, i.e. generation of excess fluid pressure which
limits the compressibility of pore space. The results also
indicated that in tension regime, the strength of the material
is significantly reduced and it is also affected by the orienta-
tion of the sample.

It should be emphasized that the tests conducted here
involved a bovine cortical bone. From a structural point
of view, bovine and human cortical bones have different
growing rates, and consequently different microstructure.
The human bone has a Haversian architecture, while bovine
can be either plexiform or mixed with a Haversian system
composed of lamellae, depending on the age and anatomic
location. The difference in microstructure will inevitably
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affect the quantitative aspects of the results. At the same
time, however, both types of tissue have low porosity and
contain interstitial fluid, so that it is likely that the qualita-
tive conclusions reached here will hold for a human cortical
bone as well.

The failure criteria advocated in this work are phenom-
enological in nature; however, the formulation is enhanced
by incorporating some information on microstructure (viz.
tensorial operators 2 or A, whose eigenvectors define the
principal material axes). This is in contrast to commonly
used anisotropic criteria, like those of Hill (Hill 1950; Gar-
cia et al. 2009) and/or Tsai—Wu (1971), which do not incor-
porate any explicit fabric measures. Hill criterion defines the
conditions at failure in terms of all independent components
of stress tensor referred to the principal material system. As
aresult, it requires a series of pure shear tests, in addition to
direct compression/tension tests, performed in the principal
material configuration. The former cannot be easily con-
ducted on bone tissues. In addition to difficulties associated
with identification of parameters, Hill criterion postulates
that the strength in compression and tension regime is the
same. This is not true for cortical tissue, since not only the
strength itself, but also its spatial variation is significantly
different in compression and tension. Furthermore, Hill cri-
terion implies that the variation of strength follows the clas-
sical rules of transformation, which is clearly not the case
here (see, for example, Fig. 11). Tsai—Wu criterion, which is
an extension of Hill’s work, is also expressed in a quadratic
form which incorporates all independent stress components.
In this formulation, the strength in tension and compression
regime is different; the general form, however, is pressure-
dependent. The latter contradicts the findings in this work,
so that applicability of this criterion to cortical bone may
be questioned. The Tsai—Wu failure function employs 12
material parameters (compared to 6 for Hill criterion) and
the spatial variation of compressive and tensile strength is
implied again by standard transformation rules.

An alternative approach to formulation of anisotropic
criteria is the representation that explicitly incorporates a
tensorial measure of fabric (cf. Boehler and Sawczuk 1977,
Cowin 1986). In this case, the general framework employs
all ten independent invariants of the both stress and fabric
tensors, together with a large number of associated material
parameters that cannot be explicitly identified. The approach
followed in this paper is a pragmatic compromise between
the two methodologies mentioned above. It incorporates
independent material functions governing the spatial dis-
tribution of strength parameters and the constants involved
are the coefficients of approximation (not the intrinsic mate-
rial parameters). The latter can be directly identified from
standard material tests, as explained in Sect. 3. It should be
noted that both critical plane and the microstructure tensor
approach are two alternative methodologies and either one

@ Springer

can be used in the numerical analysis. Our objective was
not to give preference to any of them, but to explain the
differences in the procedure for identification of material
parameters and to assess their performance.

In summary, the main novel aspects in this work include
the following: (1) the use of a direct shear test in assess-
ing the conditions at failure in a cortical bone; (2) the
first, to authors’ knowledge, experimental evidence that
in compression regime, the failure criterion is virtually
independent of the first stress invariant; (3) experimental
evidence that the directional dependence of strength prop-
erties does not follow standard transformation rules and
requires a more elaborate representation. Finally, it should
be stressed that the conclusions reached here in relation
to the mathematical form of the proposed failure criterion
require further experimental verification. In particular,
their validity needs to be assessed in other multi-axial load-
ing configurations.
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ABSTRACT

The primary purpose of this paper is to outline a methodology for evaluating the likelihood
of cortical bone fracture in the proximal femur in the event of a sideways fall. The approach
includes conducting finite element (FE) analysis in which the cortical bone is treated as an
anisotropic material and the admissibility of the stress field is validated both in tension
and compression regime. In assessing the onset of fracture, two methodologies are used,
viz. Critical Plane approach and the Microstructure Tensor approach. The former is
employed in the tension regime, while the latter governs the conditions at failure in
compression. The propagation of localized damage is modeled using a constitutive law
with embedded discontinuity (CLED). In this approach the localized deformation is
described by a homogenization procedure in which the average properties of cortical tissue
intercepted by a macrocrack are established. The key material properties governing the
conditions at failure are specified from a series of independent material tests that are
conducted on cortical bone samples tested at different orientation relative to the loading
direction. The numerical analysis deals with simulations of tests involving the sideways
fall and the results are compared with the experimental data. This includes both the
evolution of fracture and the local load-displacement characteristics.

Keywords: Cortical bone, Failure criterion, Inherent anisotropy, Microstructure tensor

approach, Finite element analysis

! pietrusz@mcmaster.ca

29



INTRODUCTION

Fracture of the hip is one of the most pervasive fractures in the world that causes morbidity
and loss of life [1]. In isolated cases these have been attributed to contraction of the muscles
[2], although clinically it has been reported that hip fractures are most frequently caused
by sideways falls from heights [3]. In order to address the underlying mechanical
conditions, numerous experiments have been conducted incorporating various loading
configurations, e.g. those representative of single leg stance [4], standing [5], sideways fall
[6], and/or impact [7-9].

Because of the diversity of bone tissue microstructure and variations in geometry of human
femoral bone among the population, subject-specific finite element (FE) models based on
quantitative computed tomography (QCT) have been developed. These were employed in
both single-leg stance [10-14] as well as sideways fall conditions [15-19]. Most of these
models were validated against mechanical tests conducted ex-vivo and some were found
to produce better predictions of femoral strength and/or fracture load than the assessment
based on BMD measurements [12, 17]. It should be pointed out though that the solutions
often involved a trial-and-error adjustment of the material parameters in order to enhance
the predictive abilities of the models in relation to the experimental data. In most cases, no
independent experimental studies were conducted to identify the actual mechanical
properties of the bone tissue.

Early approaches to assess the hip fracture risk by means of FE analysis date back to
1990’s. The research employed data from quantitative computed tomography (QCT)
images to construct the proximal femur models, while the analysis itself was conducted in
the linear elastic range [20] as well as in a nonlinear range [21]. In the latter case, a
constitutive relation for concrete was employed to model the trabecular tissue, whereas for
the cortical bone a simple bi-linear law was used. For both approaches, the selection of
material parameters was rather speculative, and the results showed a significant
discrepancy in assessment of fracture load as compared to experimental tests. At the same
time, however, the analysis itself provided a rational platform for further research.

More recent numerical studies on femoral fracture focused on prediction of crack initiation
and propagation. Different methodologies have been employed including the use of

cohesive zone elements [22, 23], homogenized voxel models at continuum level [15],
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continuum damage mechanics approaches involving deletion of cracked elements [24, 25],
as well as the models incorporating the Extended Finite Element (XFE) method. All these
mathematical frameworks, except for XFE method, do not employ any non-local
dimension, thereby resulting in a pathological mesh-dependency of the solution. The XFE
approach has attracted increasing attention in numerical analysis of tensile fracture in
biomaterials. Examples of application of XFE include the work of Marco et al. [26, 27]
dealing with the assessment of the accuracy of XFE models in evaluating the early stages
of the crack propagation as well as in tracing of the crack path in a heterogeneous human
femoral bone. The XFE framework incorporates a local enrichment of the shape functions
in order to account for the presence of discontinuity within the FE mesh. This requires
employment of additional degrees of freedom as well as special integration techniques,
which significantly deters the numerical efficiency. This is particularly evident in the
context of 3D simulations involving biomechanical applications. In addition, the XFE
packages in commercial software, such as Abaqus, are prone to divergence when dealing
with fracture patterns involving propagation of long single cracks and/or multiple
intersecting cracks [27, 28].

In terms of modeling of mechanical properties of cortical tissue, one of the first attempts
was a basic lower and upper bound assessment of elastic moduli [29]. Subsequently,
several micro as well as macro-mechanically based approaches involving assessment of
elastic properties as well as the ultimate axial strength have been employed [30, 31]. More
sophisticated approaches include Cosserat elasticity [32], the poroelasticity framework of
Biot (cf. [33]), and/or the adoption of a homogenization technique (viz. volume averaging)
for the cortical bone tissue intercepted by a fractured zone [34].

In terms of specification of the conditions at failure for trabecular bone, the attempts
include the works of Tsai and Wu [35], Cowin [36], Pietruszczak et al. [37]. Tsai and Wu
[35] criterion was implemented, with varying degrees of success, not only for the trabecular
[38] but also for the cortical bone [39, 40]. In a follow up development, Cowin [36]
formulated a modified version of this criterion by incorporating the notion of fabric tensor.
More recently, a comprehensive experimental and analytical study on multiaxial response
of trabecular bone was conducted by Rincon-Kohli and Zysset [41]. In general, it is

difficult to define the conditions at failure in trabecular tissue since the architecture of
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trabeculae is highly dependent on the anatomic location so that the macroscale description
is strongly affected by the size of elementary volume considered.

The present research is focused on modeling of femur fracture triggered by a low speed
sideways fall. These types of fractures are most common in older adults [3, 42]. The cortical
tissue is assumed to be anisotropic and its strength is considered as orientation dependent.
This is in contrast to several other approaches that often ignore the notion of material
anisotropy (e.g. [13, 14, 43]). In assessing the onset of fracture, two different frameworks
are used, viz. Critical Plane and the Microstructure Tensor approach [44]. The former is
employed in the tension domain, while the latter governs the conditions at failure in
compression regime. The evolution of crack path is modeled using a constitutive law with
embedded discontinuity (CLED). In this approach the localized deformation is described
by a volume averaging procedure in which the equivalent properties of cortical tissue
intercepted by a macrocrack are established (cf. [45]). The advantages of this approach are
twofold. First, the numerical results are mesh-independent, and second, the formulation
could be used within the standard FEM platform rather than XFE, which is computationally
more efficient. In the next section, the mathematical framework is outlined together with
description of the experimental program aimed at specification of material parameters.
Subsequently, the results of 3D numerical analysis are discussed and compared with the
experimental data. This includes both the evolution of fracture pattern within the femur

and the macroscopic load-displacement characteristics.

MATERIAL AND METHODS

The numerical component of this work involves simulation of one of the ex-vivo
experimental tests reported in a recent paper by Jazinizadeh et al. [9]. The test was
conducted on a proximal femur from a female donor (age 73) with total BMD of 759
mg/cm2. The specimen was tested to failure in a load configuration representative of a
sideways fall and the details of this and other similar static/dynamic tests are provided in
the original reference. The main focus here is on a verification of the mathematical
framework for assessing the onset and propagation of localized damage within the cortical
tissue, as outlined in section 2.1. below. In order to provide a gquantitative validation,

additional experimental tests have been conducted on small samples of cortical tissue
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extracted from the entire femur immediately after the fracture test. This enabled
identification of the primary material parameters governing the strength anisotropy, which
were subsequently employed in FE analysis. In what follows, the formulation of the

problem is reviewed first, followed by the description of experimental tests.

Mathematical formulation

The onset of localized deformation, associated with the formation of macrocracks, is
modeled here using the anisotropic fracture criteria for cortical tissue as recently proposed
and validated by Mohammadi and Pietruszczak [46]. Those involve a Rankine-type of
tension criterion formulated within the framework of critical plane approach, as well as an
enhanced Tresca criterion incorporating the notion of a microstructure tensor. The latter
governs the conditions at failure in compression regime. For tensile failure, the orientation
of macrocrack is defined as a constrained optimization problem while the propagation of
damage is described by a homogenization procedure invoking a constitutive law with
embedded discontinuity (cf. [34]). The proposed approach renders the results that are mesh
independent and can uniquely answer the question whether the failure mode associated

with a sideways fall involves tensile and/or shear induced fracture.

Critical plane approach in tension regime

The cortical tissue is perceived as a transversely isotropic material and the failure function
is formulated in terms of normal component of traction acting on a plane with unit normal
n. The tensile strength itself is assumed to be orientation-dependent and the spatial bias in
its distribution is described by employing a traceless second-order tensor 2. The failure
function is defined as (c.f. [44])

F=t"(n)-f,(n); mxF=0; f =f(l+n-Q-n) L

n

where, f (n) is the strength for tension along nand f, is a material constant. By employing

the Lagrange multiplier method, the orientation of the localization plane can be obtained

by solving the following eigenvalue problem
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(B-43)-n=0; B=6-C,Q 2)

where 4 is the Kronecker delta. Given the orientation n, the value of failure function in eq.
(1) can be checked. Apparently, F<0 is indicative of elastic response, while for F=0 the
initiation of fracture takes place.

Enhanced anisotropic Tresca criterion in compression regime

It was recently demonstrated that, in compression regime, the conditions at failure in
cortical tissue may be viewed as pressure-independent [46]. In this case, the initiation of
fracture may be described in terms of Tresca criterion enhanced by introducing the notion
of a microstructure tensor. The latter allows to relate the tissue strength to the orientation

of principal stress axes relative to material directions.

The failure function defining the Tresca criterion in the presence of anisotropy can be

expressed in terms of stress invariants as (cf. [47])

F=35-

3 » 2 3
—f =0; f.=f @Q+I1-A-l I-A-l b,(1-A-l
e =0 =LA (A A ) @

Here, 6 is the Lode’s angle, 5=\/I, where J, is the stress deviator, and f, is the axial

compressive strength, which is assumed to be orientation-dependent. The latter is described
in terms of a polynomial representation, viz. second equation in (3), in which A is a

traceless second-order tensor, and | is a unit normal along the loading vector L defined

as
L=Le®; 12=t.t0 4)

where e(i), 1=1,2,3, are the base vectors specifying the preferred principal material axis

and t is the traction vector.

It is noted that the material function f_(l;) can be identified from axial compression tests
performed on differently oriented samples of cortical tissue (cf. [48]). In this case, the

functional form of f, reduces to
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f=f(1+AE+b A2 +b,APE +.); £=1-3c0s’ (5)
where « is the angle between the direction of osteons and that of axial loading.

Volume averaging approach for fractured region

The formulation involves the decomposition of the stress and strain rates within the domain
containing a discontinuity into the volume averages associated with the basic constituents;
i.e. intact material and fractured region (cf. [45]). Assuming that the thickness of the

fractured zone is small compared to other dimensions of the referential volume, there is

@ O]

6=69 +v6P: §=69 +ve® (6)

Here, v is the volume fraction of the localization zone, while the superscripts 0,1 refer to
material in the intact and the fractured region, respectively. The average strain rate resulting

from localized deformation is defined in terms of the dyadic product of the velocity

discontinuity, u, and the unit normal n . Thus,
.(1) 1 +\S
& :H(n®u) (7)

where h is thickness of the fractured zone, and the superscript (s) refers to the symmetric

part of the operator.

The macroscopic response can now be obtained by imposing the continuity of traction t

across both regions and writing the governing constitutive relations in an incremental form
t=n-62;69=0:69¢i=K-u (8)

where ), K are the respective tangential stiffness operators. Substituting egs. (7) and (8)

in eg. (6), and performing some algebraic manipulations leads to
U=L:é; L=(K+xz(n-D-n)) ®n:D ©)

where y is a “characteristic dimension” defined as the ratio of the area of the macrocrack

to the considered referential volume. Using the localization law (9), as specified above, the

rate form of the governing stress-stain relation may be expressed as
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6=D(I-n®L):¢ (10)
where 7 is the fourth order unit tensor.

The implementation of the constitutive relation (10) requires the specification of
properties of the intact and fractured material, viz. 22, K . The former are considered here

as anisotropic elastic (prior to localization), while the latter are assessed using a plasticity
based strain-softening framework. For cracks forming in tension regime, the loading

criterion is assumed in a simple functional form
f=t-t-k* k=ke”; n=n-uP (12)

where k, is the magnitude of traction at the initiation of localization, 7 is the plastic part
of the normal component of displacement discontinuity (crack opening) and g is a
constant that controls the rate of softening. By following a standard plasticity procedure,

i.e. satisfying the consistency condition and imposing an associated flow rule, the following

expression for the matrix K is obtained

K=K°+t®t/H; H=2kk'(n-t) (12)

where K%is the elastic operator.

Experimental procedure

A clinical CT of the full bone was taken prior to the fracture testing in order to obtain the
geometry for the FE simulations. After the fracture test, segments of cortical bone were
removed for the material testing. The sample preparation followed the procedure described

below.

Immediately after the fracture test, the femur bone was wrapped in a plastic bag and kept
frozen at -20°C. Prior to material testing, the bone was thawed for approximately four hours
at room temperature, and two large pieces were removed from the mid-diaphysis.
Subsequently, six dog-bone shape samples were prepared (i.e., three for each direction of
testing) by using an end mill. A schematic picture of the sample geometry and the actual
dimensions are shown in Fig. 1-A. The specimens were cut in longitudinal and transverse

directions, with longitudinal samples extracted along the diaphysis, and transverse samples
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perpendicular to it. During the cutting process, the samples were periodically irrigated with
water to prevent dehydration. Once prepared, the specimens were then soaked in phosphate
buffered saline (PBS), and later placed again in the freezer until they were tested.

A i B

Fig. 1 A) A schematic picture of sample geometry and the actual dimensions; B) The testing
machine (Instron, Model 5967); sample in the testing machine before and after the test

Prior to conducting the material tests, a micro CT scan was performed in order to evaluate
the integrity of the samples. The scan was done for one of the tested specimens using
Bruker Skyscan 1172 (pixel size 6.6 um, rotation step 0.40, 0.5mm AL filter for getting
images at 66 kV, 149 yA.). The objective of the uCT scan was to check whether the sample
preparation, which involved cutting and smoothing of the specimen, induced any visible

damage resulting in generation of micro and/or macrocracks.

The material testing involved a series of uniaxial tension tests that were required to identify
the material parameters employed in the critical plane approach, viz. eq.(1). The testing
was performed on longitudinal and transverse samples; all tests were displacement-
controlled and involved a constant loading rate of 0.03 mm/sec. The testing was done using
an Instron machine (Model 5967), as shown in Fig. 1-B. The grippers of this testing
machine were fixed on the wider part of each sample and the specimens were aligned with

the center of the load cell.

EXPERIMENTAL AND NUMERICAL RESULTS

In this section the results of experimental tests performed on cortical tissue, as well as
numerical simulations involving the femur fracture test are presented. The former include
the results of the micro CT scan as well as the stress-strain characteristics obtained in axial
tension. Subsequently, the issue of specification of material constants for both critical plane
approach and microstructure tensor approach is discussed, followed by the details of FE

analysis and the comparison of the results with experimental data.
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Experimental results and identification of material parameters

The results of the micro CT scan are depicted in Fig. 2. The figure shows different cross-
sectional views, together with the reconstructed 3D image of the sample before the test.
The dark spots visible in those images represent Haversian canals and/or osteon
boundaries. Based on a visual inspection, there is no evidence of microcracks growth and
coalescence inside as well as at the external surfaces of the sample. This indicates that the
internal structure has not been significantly altered in the process of sample preparation.
Fig.3 shows the obtained stress-strain characteristics for longitudinal and transverse
samples. It is noted that for intermediate orientations the results would not be reliable, as
the inclined samples will tend to distort in the presence of anisotropy, which is constrained
by the kinematic boundary conditions. The results indicate that both the strength and the
stiffness properties are affected by the presence of anisotropy. The strength of longitudinal
samples (114+£8 MPa) is significantly higher than that of transverse samples (50+3 MPa).
The next aspect of the analysis is the specification of material parameters based on the
experimental findings. In order to do so, consider first the tensile strength criterion, eq.(1).

According to this equation, for a transversely isotropic material, the expression defining

the spatial distribution of f (n) reduces to
f = fAt(l+Q1 (1—3003205))

where « is the angle between direction of osteons and the horizontal plane, so that o =90°

refers to the longitudinal sample. For the simple functional form (13), the approximation

coefficients ft' Q can be defined directly in terms of values of the tensile strength for

transverse ft(tr) and longitudinal ft(l)samples. Thus

0
:tf—l

t

e _lioany) o).
ft_é(ft 210) o

which for ft(tr) =50 MPa and ft(l) =114 MPa yields f, =92.67 MPa; Q, =0.23.
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Fig. 2 Micro CT scan of the sample at different sections

Fig. 3 Stress strain curve for longitudinal and transverse samples (thinner dashed lines are

showing the standard deviation)

Fig. 4 Spatial distribution of uniaxial compressive strength, including the 3™ order best-fit

approximation based on the microstructure tensor approach

In the numerical simulations presented later in this section, the cortical tissue is assumed
to be elastic brittle. While the onset of localization in tension regime is described by the
anisotropic strength criterion (1), the static admissibility of stress in the compression
regime is checked by invoking the failure function (3) which incorporates the notion of
microstructure tensor. The identification of this framework requires a series of axial
compression tests on differently oriented samples. No such tests have been performed in
this work. Instead, the approximation coefficients have been chosen based on some typical

values of axial strength of human cortical tissue as reported in the work of Reilly and
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Burstein [48]. Fig. 4 shows their experimental data together with the third order best fit
approximation based on representation (5). The latter resulted in the following values of
coefficients

f =165.9 MPa, A =0.178, b =—-0.676, b, =-5.278

It is recognized that the values of compressive strength adopted herein may not be very
accurate for the cortical tissue tested in this work. It needs to be emphasized, however, that
these values are used only to verify the plastic admissiblity of stress field in compression
regime. As demonstrated in the following section, the numerical simulations of femur
fracture involve damage associated with formation of tensile cracks, as governed by egs.
(11)-(12), while in compression regime the value of F, as defined by eq.(3), remains

significantly below zero.

Results of numerical analysis and comparison with experimental data

The geometry of the femoral bone was reconstructed from the CT scan data file, which was
obtained prior to fracture testing. Subsequently, the FE mesh employing approx. 76500
four- noded tetrahedral solid elements was generated using Mimics and 3-Matics software
and was then imported to a commercial FE solver (Abaqus FEA). Numerical subroutines
for integration of constitutive relations presented in Section 2.1 were developed and
incorporated in the same commercial package.

The boundary conditions of the problem are shown schematically in Fig. 5. The support #1
was fixed in y-direction and support #2 was fixed in all three directions to prevent
translational movement; however, no restrain on rotation was imposed. The gray areas
shown in Fig. 5 indicate the PMMA pads, which were used in the experiment to maintain
auniform load. The loading process was displacement-controlled and consisted of applying
a quasi-static concentrated load on the greater trochanter to simulate the conditions similar

to those employed in the experiment.
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Fig. 5 Schematic diagram of geometry and boundary conditions for simulating the sideways

The strength properties of cortical tissue were selected according to the data provided in
Section 3.1. The specification of elastic constants for a transversely isotropic material
requires, in general, three different tests, i.e. uniaxial tension, uniaxial compression, and
torsion [49]. The experimental results obtained in this study were therefore insufficient to
identify all five independent parameters. In view of this, the values reported by Krone and
Schuster [50] were used, as listed in Table. 1. In this table, the subscript 1 refers to the
longitudinal direction, while 2 and 3 are the directions perpendicular to it. It should be
pointed out that the stiffness properties obtained in the present study (viz. Fig. 3) are within

the range of values reported by Krone and Schuster [50] as well as by other investigators

(e.g., [48, 50]).

fall

Table.1 Material parameters adopted in numerical analysis

Cortical bone strength

Please refer to section 3.1
E, =16000 MPa

E, =E, =6300 MPa

G, =G, =3300 MPa

Cortical bone elastic properties[50] v, =y, =0.3

0,, =0.45

Trabecular bone strength[41]

f =4.0 MPa; f, =10.2 MPa

Trabecular bone elastic properties[51] | E =500 MPa; v=0.3

Marcrocrack properties

ky =k, =1*10° MPa/mm
£=150 m™
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Trabecular bone has a complex microstructure and its properties highly depend on the
anatomical location and the associated geometry of trabeculae. A detailed description of
mechanical behaviour of this tissue is beyond the scope of the present study. It needs to be
emphasized, however, that the mechanical competence of femur bone is largely governed
by the properties and the geometry of the cortical bone. In the numerical simulations
presented here, the trabecular tissue was modelled using the properties reported in Kutz
[51] and listed in Table 1. Some parametric studies were conducted in order to evaluate the
sensitivity of the solution (in particular, the assessment of fracture load) to the value of the

elastic modulus.

For both, cortical and cancellous bone, the fracture criteria (1) and (3) governing the onset
of macrocracking were employed. The crack propagation was modeled using the

constitutive relation defined in Section 2.1.3, i.e. eq. (10). The implementation of this
framework requires the values of elastic moduli k, and k; for the damaged region, as well
as the parameter 4, eq.(11), governing the rate of strain softening. All these parameters
can, in general, be identified from a direct shear/tension tests along the fracture plane. In
this study, however, no experimental data was available in this respect. Therefore, these
parameters were selected on a somewhat intuitive basis. The elastic contact moduli were
assigned very large values, cf. Table 1, implying that the predominant mechanism for the

interface is the irreversible (plastic) deformation. The constant g was initially assigned a
value typical for cemented cohesive materials (cf. [52]), i.e. p=150m", and a parametric

study has been performed to assess its influence on the results of simulations. The
orientation of crack in the tension regime was defined by solving the eigenvalue problem
(2). There was no evidence of the onset of localized damage in the compression regime, as

explained later in this section.

The main results of the numerical analysis are presented in Figs. 6-10. Figs. 6-A and 6-B
show the evolution of crack pattern in two different views; anterior and posterior. The
regions marked in red show the elements in which the macrocracks form. It should be noted
that in the numerical simulations no special algorithm for a discrete crack tracing was
employed and, as a results, the cracks appear as smeared over a certain region. The

predicted crack pattern is, in general, in a fairly good agreement with the experimental
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observation. For completeness of the results, Fig. 6-C shows the crack penetration into the

oy

m
il

Fig. 6 Experimental crack pattern (left) vs. numerical simulation; anterior (A) and

trabecular region.

posterior (B) views; C) Numerical simulation of crack propagation in trabecular region

Fig.7 presents the contours of the value of failure function F in compression regime, cf. eq.
(3); the latter incorporating the microstructure tensor approach. Again, both the posterior
and anterior views are provided of the whole bone. It is evident that the values of this

function remain within the range of F<0, which indicates that the fracture of the femur is

associated here with the tension regime.
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Fig. 7: Contours of failure function in compression regime; posterior and anterior views,

respectively
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Fig. 8 Load-displacement characteristics for the fracture test; comparison of experimental

and numerical results

Fig. 9 Parametric studies: A) Load-displacement curves; influence of parameter 5, B)

Load-displacement curves, influence of Young’s modulus E of trabecular bone

The load-displacement characteristics are given in Fig.8. Those correspond to the selected
set of parameters, as given in Table 1. The predicted value of ultimate load is close to that
recorded experimentally. Given certain ambiguity in selection of elastic constants defining
the properties of trabecular bone, as well as the assessment of the rate of softening, a series
of parametric studies were conducted. Fig. 9-A shows the sensitivity of the solution to the

value of the parameter 2, eq.(11). It is evident that this parameter affects primarily the

post-peak response, while the ultimate load is not significantly affected. Finally, Fig. 9-B
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examines the influence of Young’s modulus E of the trabecular bone. The range of
variation of E is approx. 440+ 270 (MPa), as indicated by Keaveny et al. [53]. Therefore,
a parametric study was done using the average value of E + the standard deviation of 270
MPa. It is evident that the change in the value of E within the prescribed range does not
affect the load-displacement characteristic of the femur and, in particular, the assessment
of the fracture load.

DISCUSSION

In cortical bone, the principal material axes are defined a priori and the tissue may, in
general, be perceived as transversely isotropic. This is in contrast to trabecular bone, which
has a complex microstructure and the analysis requires a specific measure of material fabric
[54-56]. In addition, the properties depend not only on the anatomical location but also on
the size of the specimen, which poses a significant difficulty in terms of formulation of the
problem.

In this work, a recently proposed fracture criterion [46] has been employed to assess the
onset of crack propagation in cortical tissue. This criterion has been used for the first time
in the context of evaluation of fracture load in a femur bone subjected to a sideways fall.
The approach has been quite comprehensive as it involved specification of bone geometry
based on clinical CT scan, performing a series of material tests to assign the relevant
material properties and the numerical simulations of a fracture test, which involved an
advanced procedure for tracing the crack propagation.

The critical plane approach corresponding to Rankine cut-off in tension regime, and Tresca
criterion formulated within the microstructure tensor approach were used to assess the
plastic admissibility of the stress field. Both criteria take into account the anisotropy of
strength properties. The latter is often ignored by researchers in view of complexity of the
framework and the difficulties associated with specification of material parameters. The
most commonly used anisotropic criteria involve those of Hill [57] and/or Tsai and Wu
[35]. The former postulates that the strength in compression and tension regime is the same
and identification of parameters requires pure shear tests, in addition to direct
compression/tension tests, performed in the principal material configuration. Tsai and Wu

criterion, on the hand, is an extension of Hill criterion which employs an invariant form of
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a quadratic function of stress components and takes into account the difference in strength
in compression and tension regime. The conditions at failure are defined as pressure
dependent, which is not the case for cortical tissue; this criterion also employs a significant
number of material parameters. The methodology advocated in this work is simple in
numerical implementation and the procedure for identification of material functions
requires a limited number of tests, as explained in Section 3.1.

The material tests on cortical bone tissue conducted in this research were limited to axial
tension only. This was primarily due to inability to extract a sufficient number of samples
from the mid-diaphysis of the bone. However, as noted earlier, the failure mode of the
femur involved brittle fracture associated with the tensile regime, so that an accurate
assessment of compressive strength was not critical for the evaluation of the ultimate load.
In the tensile tests an imperfection, i.e. a small indentation, was generated in the centre of
the sample that triggered the onset of localization in this area. It was noted that without this
trigger the failure mode involved formation of a macrocrack in the area adjacent to the
grippers, which posed a kinematic constraint and made the results of the tests not fully
reliable.

The numerical analysis incorporating the volume averaging approach, as described in
Section 2.1.3., incorporates a non-local ‘characteristic dimension’, eq.(9), which renders
the results to be virtually mesh independent. This again is in contrast to other approaches,
such as element deletion [24] or local continuum frameworks [15, 22, 25] for which the
results show a pathological mesh-dependency. In addition, the framework employed here
can be easily implemented in a standard FE platform. This puts it in an advantage over
other approaches, such as those incorporating XFE method, as the latter requires additional
degrees of freedom and is computationally less efficient [26, 27].

One of the limitations of the present solution is the smeared nature of the predicted fracture
pattern. A more accurate representation would require a discrete tracing of the crack
trajectory. This however would drastically increase the computational cost and, at the same
time, would not significantly affect the assessment of the ultimate load [58]. It should also
be noted that the sideways fall may, in general, involve an impact load that would require

a dynamic analysis. For the latter, however, the notion of the rate-sensitivity of the material
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needs to be properly investigated in order to provide a reliable solution to the boundary-
value problem.

The other aspect that needs to be addressed more comprehensively is the influence of the
trabecular tissue. As mentioned earlier this is a complex problem that requires an
independent study in relation to description of heterogeneity and anisotropy of this tissue.
While the mechanical competence of the femur is mainly attributed to the stronger cortical
bone, the cancellous tissue may pose some resistance to crack propagation through the
trabecular region. Hence, this issue should be investigated in more depth in future studies.
Finally, Fig.7 shows the verification of plastic admissibility of the stress state in
compression regime. The picture shows the contours of the failure function F based on the
microstructure tensor approach, eg. (3), which governs the onset of cracking. The values

of this function remain within the range —185MPa > F > —-10MPa , which indicates that

no fracture occurs in compression regime and the only failure mode involved is a brittle
tensile fracture. The proposed assessment is numerical simple and, at the same time, has

the physical basis.
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5 Conclusions and future work

In this section a summary of main conclusions, together with some suggestions for future work
are provided. It should be noted that a more in-depth discussion pertaining to advantages and
limitations of the proposed approaches is given in the papers that form separate chapters of this
thesis. It should also be pointed out that, given the format of this article-based thesis, there has

been some overlap in terms of description of the methodology; this, unfortunately, is inevitable.

5.1 Concluding remarks

Based on a wide range of numerical simulations presented in this work, the enhanced
embedded discontinuity scheme is a very effective tool for describing the mechanical response in
the presence of discontinuities within the domain. Unlike other computational methodologies for
modelling crack propagation i.e. the strong discontinuity approach and the extended finite
element method, the proposed framework requires no special modifications, such as extra degrees
of freedom and/or modification of the shape functions. This not only simplifies implementation
in the finite elements analysis, but also increases the numerical efficiency, which is of great value
in analysis of large scale problems.

As discussed in Chapter 2, the embedded discontinuity approach requires information on the
properties of all constituents (i.e. the intact and interface material) and incorporates a non-local
‘characteristic dimension’. The latter ensures the objectivity of the solution with regard to
discretization. The approach is capable of describing the response in the presence of pre-existing
fractures allowing, at the same time, for the onset and propagation of new cracks. The latter has
a significant impact on the value of the sample's compressive strength.

As stated in Chapter 3, the shear strength of cortical bone tissue is usually measured by an
indirect method using structural tests such as 3-point bending, torsion, and/or tension of specimens
with asymmetric double-notch. The interpretation of the results of such experiments is not clear as
they constitute boundary value problems. Employing the material testing is a more reliable and
effective way to determine the strength. In a material test the boundary conditions should remain
uniform, and the sample's volume should be large compared to its microstructure. In that case, the
stress state at the macroscale may be interpreted as homogeneous in a statistical sense.
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The experimental work discussed in Chapter 3 included a set of material tests that were carried
out using a direct shear apparatus. The key purpose was to examine the sensitivity of shear strength
to the normal stress, for different orientations of the sample microstructure. The findings indicate
that the shear strength is independent of the normal stress. Thus, the first stress invariant does not
influence the conditions at failure in compression regime; the strength, however, depends on the
orientation of material axis relative to the principal stress system. There are two reasons for the
strength pressure-insensitivity. First, the low porosity of the material and second, the existence of
the fluid phase, i.e. the generation of excess fluid pressure which restricts the pore space
compressibility. The experiments conducted in this work have also shown that the strength of the
specimen is significantly reduced in the tension regime, and it is also influenced by the orientation
of the sample.

As discussed in Chapter 4, in cortical bone the principal material axes are defined a priori and
the tissue may generally be interpreted as transversely isotropic. On the other hand, trabecular
bone, has a complicated microstructure and its study must involve a specific measure of material
fabric. Furthermore, the properties depend not just on the anatomical position but also on the size
of the specimen, which presents a substantial challenge in terms of formulation of the problem.

To determine the plastic admissibility of the stress field, the critical plane approach
incorporating Rankine cut-off in tension regime and Tresca criterion formulated within the
microstructure tensor approach were used. Both criteria take into account the anisotropy of
strength properties. The approach advocated in this study is pragmatic and requires a limited
number of tests to define the material functions.

As mentioned earlier, the volume averaging method, incorporates a non-local ‘characteristic
element’ that allows the solution to be virtually mesh-independent. This again is in contrast to
other methods, such as deletion of elements or local continuum frameworks, for which the results
indicate a pathological mesh-dependence. Furthermore, the framework used here can be easily
implemented in a standard FE platform. This puts it in advantage over other methods, such as
XFEM, as the latter requires additional degrees of freedom and is less efficient in computational

terms.
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5.2 Suggestions for future work

The current research can be enhanced in several aspects. In relation to Chapter 2, it may be
useful to formulate the problem involving the existence of multiple intersecting cracks within
XFEM framework and to compare the results with CLED approach. In this case, a new UEL
subroutine needs to be developed and implemented in Abaqus in order to use XFE platform for
the simulations. For Chapter 3, one of the future directions would be to perform the same series
of experimental tests on small samples of the human femoral cortical bone. The latter has, in
general, a different microstructural arrangement, so that the notions of pressure insensitivity of
conditions at failure and anisotropy of strength need to be independently verified.

With regards to Chapter 4, it would be interesting to extend the study to examine the bone-
implant interaction. In particular, the performance of various implant designs under different
physiological loads could be investigated by employing the methodology outlined in that chapter.
Additional research could also be conducted in relation to modeling of mechanical properties of
trabecular bone tissue. The last, but not least, the study could be extended to consider discrete

crack propagation mode in the 3D model of femoral bone.
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