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Abstract6

Self-centering systems, which are intended to survive a major earthquake with essen-

tially no residual displacements, are drawing increasing attention from designers. Both

force-based and displacement-based design methodologies require an estimate of the

peak seismic displacements. Therefore, this study focuses on estimating the peak dis-

placements of self-centering systems based on constant-strength (CR) displacement de-

mand spectra, which are calculated from more than five million nonlinear time history

analyses of single-degree-of-freedom (SDOF) systems using ground motions repre-

senting a site with stiff soil conditions. Because of the ability of self-centering systems

to achieve large displacement capacities while also being relatively stiff in the linear

range, this study includes much lower linear limits than are used to design traditional

yielding systems. Self-centering systems are shown to have displacements that are gen-

erally larger than for corresponding elastic systems, and although supplemental energy

dissipation decreases the peak displacements, the influence of increasing the energy

dissipation ratio, β, decreases as β approaches 100%. The secondary stiffness has rel-

atively little influence if it is positive and small, but a negative secondary stiffness can

lead to unbounded response. Using a tangent stiffness proportional damping model

instead of an initial stiffness proportional damping model increases the peak displace-

ments and makes the results more sensitive to the energy dissipation and secondary

stiffness. Regression analysis is used to develop a simple equation that can be used

during design to estimate the displacement demands on self-centering systems. This

equation is shown to achieve a reasonable balance between simplicity and accuracy for
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the design of four controlled rocking steel braced frames with heights between three

and nine storeys.

Keywords: self-centering systems; nonlinear displacement ratios; constant-strength1

spectra; inherent damping models; controlled rocking steel braced frames2

1. Introduction3

Most modern seismic design is based on intentionally designing an inelastic de-4

formation mechanism that involves yielding of certain elements. Those members are5

designed to exhibit a stable hysteretic response that limits seismic forces and dissipates6

energy, while other parts of the structure are capacity designed to remain elastic. The7

objective is that structural collapse is prevented and people can be evacuated safely8

after a major earthquake event. This design philosophy has proved to meet these objec-9

tives in recent earthquake events [1, 2]. Nevertheless, even if structures do not collapse,10

there can still be large inelastic deformations that are associated with structural dam-11

age and residual displacements. The structural damage may need repair afterwards,12

and the residual displacements have a strong influence on the possibility and cost of13

repair [3, 4].14

To avoid structural damage and residual deformations, self-centering systems are15

drawing increasing attention. A self-centering system also has a nonlinear mecha-16

nism that limits seismic forces for capacity design, but after a major earthquake, a17

self-centering system returns to an essentially undeformed position without significant18

residual displacements. This self-centering mechanism can be achieved in many ways,19

including unbonded post-tensioned precast concrete moment frames [5] (Figure 1(a))20

and walls [6] (Figure 1(b)), controlled rocking steel braced frames [7, 8, 9, 10] (Fig-21

ure 1(c)) and self-centering energy dissipative braces [11, 12] (Figure 1(d)). While22

all of these self-centering systems have different mechanisms, their force-displacement23

relationships can all be idealized as a flag-shaped hysteresis (Figure 1(e)) with prop-24

erties (initial stiffness k1, linear limit fy, energy dissipation parameter β, secondary25

stiffness k2) that must be selected by the designer. For all the systems identified above,26

the characteristic flag-shaped hysteresis is generally achieved by including pre-stressed27
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Figure 1: Self-centering systems: (a) unbonded post-tensioned concrete moment frame; (b) controlled rock-

ing precast concrete wall; (c) controlled rocking steel braced frame; (d) steel frame with self-centering energy

dissipative braces; (e) resulting flag-shaped hysteresis

post-tensioning strands to pull the system to its original position, in combination with1

frictional or fuse yielding energy dissipating components to provide hysteretic energy2

dissipation. If the restoring force provided by the post-tensioning prestress is greater3

than the resistance provided by the energy dissipating interface, the system will re-4

turn to a plumb position with little to no residual drift. A flag-shaped hysteresis can5

also be obtained on a material level by using shape memory alloys (e.g. [13]). A de-6

sign method for controlled rocking steel braced frames was recently proposed that is7

based on selecting these properties to achieve a set displacement target in an equivalent8

self-centering SDOF system [14]. Similarly, in conventional force-based design, the9

displacement must be checked against codified limits. Regardless of the selected self-10

centering system or the design method, the designer must be able to predict the peak11

displacement of the self-centering system being designed.12

Christopoulos et al. [15] studied the ductility demands of self-centering SDOF13

systems and concluded that self-centering systems can achieve similar or reduced duc-14

tility demands compared to traditional elastoplastic systems. Seo and Sause [16] also15

studied displacement ductility of self-centering SDOF systems, using both an initial16

frequency proportional damping model and a secant frequency proportional damping17

model. They found that self-centering systems have higher ductility demands than18

elastoplastic and stiffness degrading systems when using the same response modifi-19

cation coefficient, R, and secondary stiffness ratio, α = k2/k1, particularly when the20
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hysteretic energy dissipation ratio is small, but can achieve similar ductility demands1

by combining different secondary stiffness ratios and hysteretic energy dissipation ra-2

tios. A regression equation for displacements was proposed by Seo [17] and calibrated3

for R = 1.5 to R = 8 and initial or secant stiffness proportional damping. Alternative4

regression equations have also been proposed by Rahgozar et al. [18] and by Joo et5

al. [19]. All of these studies have considered the linear limit of self-centering systems6

at similar levels to conventional yielding systems (response modification coefficients7

of no more than R = 10). However, self-centering systems have an apparent ductility8

that can be controlled by the designer with much more freedom than is possible with9

conventional yielding systems, which are limited by the material ductility capacity. In10

this respect, many self-centering systems have more in common with base isolation11

systems, for which normalizing the displacement capacity by the maximum linear dis-12

placement would result in a very large apparent ductility ratio. The nonlinear displace-13

ment and ductility demands are not associated with structural damage in self-centering14

systems at the design level. Therefore, higher force reduction factors may be used to re-15

duce the quantity of post-tensioning or energy dissipating components that control the16

hysteretic response while still limiting seismic displacements to the same limits as are17

used for conventional systems [14]. While these displacements limits are not as critical18

for limiting material ductility demands in the lateral force resisting system, they are19

still important considerations for gravity framing and nonstructural component safety20

limits. Moreover, none of the previous studies have considered the effect of a negative21

secondary stiffness caused by significant P-Delta effect, nor have they investigated the22

peak displacements when using a tangent stiffness proportional damping model, which23

some studies have suggested is more realistic [20, 21].24

If self-centering systems are to be included in future codes and standards in a simi-25

lar manner to conventional seismic force resisting systems, it will be necessary to spec-26

ify appropriate seismic performance factors, including the response modification coef-27

ficient, R, and the deflection amplification factor, Cd, which is the ratio of the nonlinear28

displacements in a structure to the linear displacements calculated under the reduced29

seismic forces. As part of this development, SDOF analyses are useful in identifying30

the likely range of hysteretic properties that could be considered for the design of self-31
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centering systems, as well as approximating the peak seismic displacements of these1

systems without more computationally expensive multi-degree-of-freedom nonlinear2

time history analyses. Therefore, the main purpose of this paper is to extend the previ-3

ous studies on self-centering SDOF systems to consider the influence of large response4

modification coefficients, negative secondary stiffness, and a tangent stiffness propor-5

tional damping model, as well as to provide an equation to estimate the displacement6

demands in self-centering SDOF systems with this wider range of parameters. First,7

the parameters used for the parametric study are introduced, and a suite of 80 ground8

motions representing a site with stiff soil conditions (i.e. ASCE 7 site class D [22])9

is used to complete 5,529,600 nonlinear time history analyses of self-centering SDOF10

systems. Then, the analysis results are used to calibrate a regression equation to esti-11

mate the nonlinear displacement demands in self-centering systems for two different12

damping models. Finally, the regression equation is used to estimate the peak seismic13

displacements in four example structures that are located in the western United States14

and for which R and k2 are outside the range of previous studies, and the predictions15

are verified by nonlinear time history analysis of the example frames.16

2. Definition of parameters17

The equation of motion governing the dynamic response of nonlinear SDOF sys-18

tems is:19

mü + cu̇ + fs(u) = −müg (1)

where m is the mass of the system; c is the viscous damping coefficient of the system;20

fs is the structural force of the system; ü, u̇, and u are the relative acceleration, velocity21

and displacement of the system, respectively, and üg is the ground acceleration. In this22

study, m is taken as 1 kg without loss of generality.23

For SDOF systems, c is related to the stiffness of the system as:24

c = 2ζ
√

km (2)

where ζ is the inherent damping ratio, defined as 5% throughout this study. In this25

paper, when the stiffness term k1 is used in in Equation (2) to calculate a value for c that26
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is constant during the nonlinear time history analysis, this initial stiffness proportional1

damping model is referred to as the initial damping model. Most previous studies on2

SDOF systems have used the initial damping model (e.g. [15, 23]). In addition, a3

constant damping model is consistent with the mass-proportional term of a Rayleigh4

damping model for a multi-degree-of-freedom system. This term normally provides5

most of the damping in the first mode, which dominates the seismic displacements6

[24].7

Despite the common use of the initial damping model, some researchers have con-8

cluded that this model can result in a fictitious high damping force when the stiffness9

of the nonlinear system reduces [16, 20, 21]. Priestley and Grant [20] suggested that10

a tangent stiffness proportional damping model is more realistic. Therefore, in order11

to identify the significance of the assumed inherent damping model, this study also12

includes a separate set of analyses using the tangent stiffness proportional damping13

model, which is defined here as:14

ci =


2ζ
√

mki−1 if ki−1 ≥ 0,

0 if ki−1 < 0.
(3)

where ki−1 is the stiffness of the system at the end of the previous time step. This15

stiffness is used instead of the current stiffness to avoid convergence problems caused16

by iterating the stiffness within one time step. For brevity, the damping model defined17

by Equation (3) will be called the tangent damping model.18

There is limited experimental evidence available to validate inherent damping mod-19

els for self-centering systems. Rayleigh damping of 2% at the first-mode period and at20

five times that period was found to be the most consistently accurate model for large-21

scale shake table tests of an eight-storey controlled rocking steel braced frame [25]. Al-22

though the tangent stiffness matrix was used to define the damping, the damping matrix23

c was essentially constant because all elements that were used to calculate the damping24

matrix were linear elastic. The question of how best to model inherent damping for25

self-centering systems is outside the scope of this study. Rather, this research focuses26

on how the displacement demands of self-centering SDOF systems will change, and27

whether the trends of displacement demands with respect to different hysteretic param-28
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eters will change, if the tangent damping model is used instead of the initial damping1

model.2

In Equation (1), the fs(u) term is related to the flag-shaped hysteresis defined by3

the initial stiffness, k1, linear limit, fy, energy dissipation parameter, β, and secondary4

stiffness, k2. To normalize the results, k1 is defined based on the initial period, T1:5

k1 = 4π2 m
T1

2 (4)

The linear limit fy is determined from fe, the absolute peak force that a linear elas-6

tic system with the same T1 experiences during the same earthquake record, and the7

response modification coefficient R:8

fy =
fe
R

(5)

In this study, values of R are chosen to go well beyond the limits of the most ductile9

seismic force resisting systems that are currently codified (R = 8) [22], up to one value10

of R beyond the point where wind is likely to govern over seismic loads (R =30 for the11

example structures shown later).12

The secondary stiffness k2 is defined in terms of the secondary period, which is13

analogous to the initial period but using the secondary stiffness:14

k2 = 4π2 m
T2

2 sgn(T2) (6)

By this definition, k2 < 0 if the secondary period is negative, and systems with T2 = ∞15

have zero secondary stiffness. This definition avoids normalizing the secondary stiff-16

ness by the initial stiffness, thus making it possible to evaluate the influence of each17

stiffness independently. This is of value because the secondary stiffness of each self-18

centering system in Figure 1 is determined primarily by the post-tensioning properties,19

which have almost no effect on the initial stiffness.20

The parameters considered in this study are summarized in Table 1. All of the21

results in this paper are obtained by programs written in MATLAB [26]. The linear22

and nonlinear time history analyses are carried out using Newmark’s method with the23

unconditionally stable constant average acceleration assumption and Newton-Raphson24

iteration [27] with a convergence tolerance for iterated forces of 10−3 N, which was25

7



Table 1: Parameters considered in SDOF analyses

System Parameter Considered Values

Initial period, T1
0.05 - 1.0 s (increments of 0.05 s)

1.0 - 3.0 s (increments of 0.1 s)

Secondary period, T2 -5 s, -10 s, -20 s,∞, 20 s, 10 s, 8 s, 5 s, 3 s, 2 s, 1.5 s, 1 s

Response modification coefficient, R 2, 4, 6, 8, 10, 15, 20, 30, 50

Hysteretic energy dissipation ratio, β 0%, 10%, 20%, 40%, 50%, 60%, 80%, 100%

Damping ratio, ζ
Initial damping model: 5%

Tangent damping model: 5%

found to result in peak displacements that were within 0.01 mm of those determined1

using a smaller convergence criterion. The time step for elastic and nonlinear time his-2

tory analyses was selected as ∆t = 0.001 s based on sensitivity analysis. The sensitivity3

analyses are not presented here for brevity, but this time step is one fifth of the small-4

est time step used in previous studies on self-centering SDOF systems, and reducing5

the time step further did not change the peak displacements by more than 0.1% More6

detailed model validation is provided by Zhang [28].7

3. Ground motion records and example analysis8

80 unscaled broadband historical ground motion records are used for the analyses9

of this study. These records were selected for stiff soil sites assuming Vs,30 = 250 m/s10

(i.e. ASCE 7 site class D [22]) and are given as set #1A for the PEER transportation11

research program [29]. They are intended to represent the dominant hazard in active12

seismic regions with large earthquakes (M = 7) at short distances (10 km). The elastic13

acceleration response spectra are shown in Figure 2(a). A sample ground motion that is14

close to the median response spectrum is highlighted here and is used in the following15

example analysis.16

Figure 2(b) shows the results of time history analyses with the sample ground mo-17

tion and 5% inherent damping for an SDOF elastic system with T1 = 0.5 s, and for a18

self-centering SDOF system with T1 = 0.5 s, R = 8, β = 50%, and T2 = ∞. In this19

case, the self-centering system experiences a period elongation and a larger displace-20
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Figure 2: Broadband ground motions considered and example analysis: (a) 5% damped elastic acceleration

response spectra, (b) time history analyses with sample ground motion, (c) individual and median peak dis-

placements of self-centering SDOF systems, (d) individual and median displacement ratios of self-centering

SDOF systems.

ment than the corresponding elastic system. Figure 2(c) shows the peak displacements1

for all 80 ground motions and for all self-centering SDOF systems with T1 between2

0.05 and 3.0 s and the same values of R, β, and T2. Like an elastic system, the median3

displacements of self-centering systems increase as the initial period increases. In Fig-4

ure 2(d), peak displacements of the self-centering systems are normalized by the peak5

displacements of corresponding elastic systems with the same initial period. This de-6

fines a constant-strength displacement demand spectrum, in which the ratio of the peak7

nonlinear displacement to the peak displacement of the corresponding elastic SDOF8
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system is defined as the displacement ratio CR:1

CR =

∣∣∣∣∣∣∆max,nonlinear

∆max,linear

∣∣∣∣∣∣ (7)

In this study, because the linear limit ( fy) for each nonlinear time history analysis is2

defined as the peak elastic force demand for that record divided by R, and the final3

results are expressed in terms of CR, the ground motion scaling has the same effect on4

both the demand and the capacity and therefore no effect on the normalized results of5

CR. For example, scaling a ground motion by a factor of 2 will increase both the elastic6

displacement and the nonlinear displacement by a factor of exactly 2. Therefore, when7

the results are normalized by the elastic displacement, the ratio is not influenced by the8

ground motion scaling.9

The historical records used for the study were pre-processed to have a usable band-10

width of 0.01 to 10 s [30, 31]. Seo [17] showed that the response can be underestimated11

if the ground motion filtering removes energy content below the secant period of the12

system. Therefore, since it is not known whether there is significant energy content13

beyond the 10 s cutoff of the ground motion filter, the following results identify where14

the secant period exceeds 10 s. Based on the geometry of the hysteresis, the secant15

stiffness is calculated as:16

ksecant = k2 + (∆y/∆max)(k1 − k2) (8)

where ∆y is the yield displacement, and ∆max is the peak displacement reached by the17

system. Taking Tsecant = 2π
√

m/ksecant and replacing ∆y/∆max with 1/(CRR), Equa-18

tion (8) can be rearranged to calculate CR values that correspond to a specific secant19

stiffness:20

CR =
1
R
×

(
1
T1

)2

−

(
1
T2

)2

sgn(T2)(
1

Tsecant

)2

−

(
1
T2

)2

sgn(T2)

(9)

Values of CR that cause Tsecant to be greater than 10 s are identified in Figures 3-10 and21

discussed in the sections below.22
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4. Results of the parametric study: Initial damping model1

4.1. Influence of initial period2

To investigate the influence of initial period, the secondary period is fixed as T2 = ∞3

(zero secondary stiffness) and the median values of CR are shown with respect to T14

in Figure 3. The values of CR are generally significantly greater than 1.0, even for5

β = 100%. This highlights the need to quantify the increased displacements of self-6

centering systems relative to the equal displacement assumption that is common in7

design. In general, CR decreases as T1 increases. For the case of R = 2 or R = 4, CR8

becomes close to constant when T1 ≥ 1.0 s. However, for larger R values (R > 8),9

CR continues to decrease with increasing T1. The effect of the linear limit is more10

pronounced at short initial periods, where CR becomes very large. For example, in11

the case of β = 50% and T1 = 0.1 s, CR = 6.8 when R = 2, CR = 30 when R = 4,12

and CR = 41 when R = 8. Although the displacement ratio of CR = 41 seems very13

large, it corresponds to a displacement of 34 mm for a 3.5 m tall one-storey structure,14

or only 1% interstorey drift. The ductility demand in this case is larger than would15

be acceptable for conventional systems, but because this nonlinear displacement is not16

the result of any structural damage, this would generally be considered acceptable for17

a self-centering system. Reducing the linear limit can approximately double the peak18

displacement when the response modification coefficient is small (R ≤ 8), but the peak19

displacements become less sensitive to the linear limit when the response modification20

R = 2 R = 4 R = 8 R = 30 R = 50

0.0 0.5 1.0 1.5 2.0 2.5 3.00.0 0.5 1.0 1.5 2.0 2.5 3.00.0 0.5 1.0 1.5 2.0 2.5 3.0
0.5

1.0

2.0

3.0

4.0
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(e.g. this range
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Figure 3: Displacement ratios of self-centering SDOF systems with respect to initial period with initial

damping model and T2 = ∞.
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coefficient is already greater than about R = 10. Figure 3 shows that R = 50 can some-1

times result in similar or smaller displacement demands compared to R = 30, even2

when Tsecant using the median peak displacement is less than the cut-off period of the3

ground motion filter.4

The shaded regions indicate the values of CR that would cause the secant period of5

the structure to exceed 10 s for the different values of R. If there was significant energy6

content beyond 10 s, it would have been filtered out during ground motion processing,7

leading the an underestimate of the displacements in the shaded range. For R ≤ 8, all8

of the results have secant periods within the range where the ground motions have not9

been filtered, while the results for R = 15, R = 30 and R = 50 are in this range only10

for initial periods shorter than T1 = 2.1 s, T1 = 1.3 s, and T1 = 0.8 s, respectively.11

The cut-off points shift towards larger periods as the secondary stiffness increases, as12

shown later.13

4.2. Influence of response modification coefficient14

The variation of CR with respect to R for different combinations of T1 and T2 is15

shown in Figure 4. CR generally increases with increasing R for systems with different16

parameters. However, above a critical R value, typically in the range of 15 to 20, CR17

stays constant and even decreases in some cases, although the decreases are usually18

observed in cases where the secant period of the system exceeds the cut-off period19

of the ground motion filter. Comparing different rows shows that the influence of R20

diminishes as T1 becomes longer. For example, in the case of T1 = 0.2 s, T2 = 20 s,21

and β = 100%, CR changes from 2 to 12 when R is increased from 2 to 20. However,22

if T1 = 2.0 s with the same T2 and β, CR only increases from 0.96 to 1.26 when R is23

increased from 2 to 20. The trends in CR with varying R values are generally similar24

regardless of β.25

4.3. Influence of hysteretic energy dissipation26

The energy dissipation parameter β defines the hysteretic energy dissipation that27

is added to the assumed inherent viscous damping. The changes of CR with respect28

to β are shown in Figure 5. Generally, CR decreases as β is increased. Increasing29
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Figure 4: Displacement ratios of self-centering SDOF systems with respect to response modification coeffi-

cient with initial damping model

the hysteretic energy dissipation generally reduces the peak displacements by up to1

50% when comparing the case of maximum self-centering hysteretic energy dissipa-2

tion (β = 100%) to that of no hysteretic energy dissipation (β = 0%), but the curve3

becomes less steep as β becomes larger. This shows that there are diminishing returns4

with increasing β: the influence of increasing β decreases as β approaches 100%. For5

example, when T1 = 1.0 s, T2 = ∞ and R = 8, increasing β from 0% to 50% decreases6

CR from 2.4 to 1.8, but further increasing β to 100% only decreases CR to 1.6. Also,7

the energy dissipation parameter affects systems with short periods more than systems8

with long periods, as is clear from the limits of the y-axes in Figure 5.9
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4.4. Influence of secondary period1

Figure 6 shows the variation of CR with respect to T2. Generally, when T2 > 0, CR2

decreases as T2 decreases. Referring to Figure 1, the physical meaning of this is that3

adding post-tensioning stiffness reduces the displacement of a self-centering system.4

However, T2 cannot be shorter than T1, and practical construction limitations make it5

difficult for T2 to be very close to T1. In Figure 6 for 5 s ≤ T2 ≤ ∞, the changes of6

CR for most systems are mostly within 10%. For example, when T1 = 0.5 s, R = 8 and7

β = 20%, CR decreases from 2.1 to 2.0 when T2 decreases from ∞ to 5 s. Exceptions8

are some cases where β = 0% or R = 30. For the cases where β = 0%, the secondary9

14



period has a bigger influence than for β > 0%. For smaller values of T2 (i.e. T2 < 5 s),1

the displacement ratio reduces more significantly.2

When T2 becomes negative and shorter, CR starts increasing rapidly and sometimes3

becomes a vertical line (CR → ∞) in Figure 6. When there is a vertical line in Figure 6,4

it is not because the elastic displacement is very small, since this effect has already5

been indicated by the larger scale of the axis for short-period structures. Rather, a ver-6

tical line means that the system experiences large nonlinear displacements in more than7

50% of cases and becomes dynamically unstable. At short initial periods, dynamic in-8

stability only occurs when R is extremely large (R = 30 in Figure 6 where CR ≥ 103)9

with negative T2. For longer initial periods, dynamic instability occurs at a smaller10

value of R and a negative value of T2 that is closer to ∞. This unbounded mechanism11

can be physically described as representing sidesway collapse of a building structure,12

and it occurs when the force-displacement response crosses the zero-force line while13

the displacement still has a tendency of increasing. While this dynamic instability is14

caused by Tsecant becoming infinite and therefore is always within the shaded region,15

this large displacement is a result of an unbounded response in a single direction, rather16

than an oscillating response with a large secant period. When the absolute value of a17

negative T2 decreases, it means that the nonlinear slope is steeper so that the system18

is more likely to cross the zero-force line with an unbounded response. A larger R19

value or a longer initial period means a smaller linear limit, which also increases the20

likelihood of the force-displacement response of the system becoming unbounded in21

its nonlinear range. Thus, a combination of large R with a negative T2 may not provide22

adequate dynamic stability to limit lateral displacements in self-centering systems. Pre-23

vious research on conventional systems with an elastoplastic hysteresis or a hysteresis24

that captured strength degradation reached similar conclusions [32]. While increas-25

ing the hysteretic energy dissipation has been shown above to reduce the displacement26

demands in self-centering systems, increasing hysteretic energy dissipation generally27

cannot prevent this dynamic instability caused by negative secondary stiffness.28

15
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Figure 6: Displacement ratios of self-centering SDOF system with respect to secondary period with initial

damping model

5. Results of the parametric study: Tangent damping model1

With an intial stiffness proportional damping model, the peak damping forces can2

be of a similar magnitude to the peak structural forces for systems with a high strength3

(low R) and high initial stiffness [28]. In such cases, the calculated results are likely4

to be unconservative, but there is not yet enough experimental evidence to determine5

how to accurately model inherent damping in self-centering systems. Therefore, this6

section examines how the results change if the initial damping model (Equation (2)7

with k = k1) is replaced by the tangent damping model (Equation (3)). This reduces8

the damping forces when the SDOF system is in the nonlinear range, leading to larger9

16



displacements and thus a greater proportion of the results having a secant period that1

exceeds the ground motion filter cut-off of 10 s.2

5.1. Influence of initial period3

Figure 7 shows the variation of CR with respect to initial period, T1, when using4

the tangent damping model. Similar to the trends with the initial damping model, CR5

decreases with T1. However, compared with Figure 3, CR is much larger, especially6

when T1 is small. For example, in the case of β = 50% and T1 = 0.1 s, CR = 167

when R = 2 and CR = 130 when R = 4, the latter of which corresponds to a drift8

of 3% for a 3.5 m tall one-storey structure. These values are much larger than the9

values of CR = 6.8 and CR = 30, respectively, that were calculated with the initial10

damping model. If the linear limit is further reduced to use R = 8, then CR = 214 with11

the tangent damping model, meaning a drift of 5%. This suggests that, if the tangent12

damping model is more realistic than the initial damping model, it may be advisable13

to limit the response modification coefficient to small values (e.g. R = 2) for buildings14

with very short initial periods.15

However, the value of CR reduces rapidly as T1 increases. For example, if β = 50%16

and T1 = 1.0 s, CR = 1.7 when R = 4, and CR = 3.8 when R = 15. Despite these reduc-17

tions, the only case where the equal displacement assumption is within 5% of accurate18

with the tangent damping model is when R = 2, β = 100% and T1 ≥ 0.7 s. The scale of19

Figure 7 makes it appear that CR is close to 1 at long periods for R = 2 and β = 50%,20
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but numerical results show that the equal displacement assumption underestimates CR1

by more than 10%. For these cases where the secondary stiffness is zero (T2 = ∞), the2

secant periods of the systems with R = 8 and β = 0% exceed the 10 s ground motion3

filter cutoff for T1 ≥ 2.2 s. When R = 15 or R = 30, this occurs for all T1 ≥ 1.1 s and4

T1 ≥ 0.4 s, respectively, while all of the results presented here for R = 50 caused the5

secant period to exceed 10 s.6

5.2. Influence of response modification coefficient7

Figure 8 shows the variation of CR with respect to the response modification coef-8

ficient R with the tangent damping model. The shading indicates that, even for short9

initial periods, some of the results for systems with R = 50 cause Tsecant to exceed 10 s10

if T2 is large, and response modification coefficients as low as R = 10 can cause Tsecant11

to exceed 10 s for long-period systems (T1 = 2.0 s). Compared with the initial damping12

model, a similar trend of CR increasing with R is observed when R is small, followed13

by a plateau or decrease above a critical R value. However, in addition to the values of14

CR being much larger, especially at short initial periods, the distribution of curves with15

different β is more spread out when T2 is large in Figure 8 than that in Figure 4. This16

indicates that the supplemental energy dissipation is more influential when the tangent17

damping model is used.18

5.3. Influence of hysteretic energy dissipation19

Figure 9 shows the variation of CR with respect to β. Compared to the results with20

the initial damping model (Figure 5), the decrease in CR with increasing β is stronger21

for small values of β. For example, in the case of T1 = 2.0 s, T2 = ∞ and R = 4,22

increasing β from 0% to 50% decreases CR from 2.2 to 1.3, while further increasing β23

from 50% to 100% only reduces CR to 1.2.24

5.4. Influence of secondary period25

The trends of CR versus T2 with the tangent damping model, shown in Figure 10,26

are generally similar to the trends with the initial damping model, although much larger27

displacement ratios are observed. However, because of the reduced inherent damping28

18
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gent damping model

with the tangent damping model, the systems are more prone to dynamic instability.1

For example, in the case of T1 = 2.0 s and R = 4, the system experiences dynamic2

instability for all considered values of β if the tangent damping model is adopted and3

T2 = -5 s. By contrast, the system with the same properties does not experience dy-4

namic instability if the initial damping model is adopted (see Figure 6). Another differ-5

ence is that for long secondary periods (5 s ≤ T2 ≤ ∞), Figure 10 shows a consistent6

decrease in CR with increasing T2 with the tangent damping model. Even if the slope7

does not appear to be much steeper than in Figure 6, the difference is not negligible8

because of the scale of vertical axis. For example, in the case of T1 = 0.2 s, R = 15 and9

β = 20%, the decrease in CR when T2 is changed from∞ to 5 s is 40% with the tangent10

damping model, compared to 3% with the initial damping model. In other words, the11

post-tensioning is more effective in reducing displacements when the tangent damping12

model is assumed than it is when the initial damping model is assumed.13

20



6. Regression Analysis1

The discussion above demonstrated that the seismic displacement demand on a self-2

centering system is likely to exceed the equal displacement assumption. Therefore,3

there is a need for an equation that is simple enough to allow designers to quantify4

this effect without the need for nonlinear time history analysis. Seo [17] proposed an5

equation in the following form:6

CR = Rexp( f (α,β,T1)) (10)

where7

f (α, β,T1) =

(
a − b

√
α
)2

T (c−d
√
α)2

1

− 1 (11)

and a, b, c and d are regression coefficients that are tabulated for different values of β.8

This expression can be used to estimate the displacement demand in self-centering sys-9

tems generally within an accuracy of 20% for the initial damping model for 1.5 ≤ R ≤ 810

and 0% ≤ β ≤ 50% [17]. However, Zhang [28] has shown that Equation (10) does not11

extend beyond the range for which it was calibrated to capture the results of this study12

for large R values. Similarly, other recent proposals [18, 19] have not been calibrated13

for R > 10. In addition, a relatively simple expression is preferred for routine design.14

To respond to these design needs, the results presented earlier are used to calibrate15

a new expression of the following form:16

CR = 1 + (R − 1)b1
b2 + b3(1 − β)b4

T b5
1

(12)

where b1, b2, b3, b4 and b5 are constants to be determined by regression for different17

damping models; these constants do not depend on any of the design parameters (i.e.18

R, β, or T) that define the hysteretic response of the SDOF system, as those parameters19

are included in the form of the regression equation. The form of the regression equation20

was selected because it includes all of the design parameters that define the hysteretic21

response of self-centering systems in a rational form except for T2, which was shown22

to be the least significant parameter as long as it is positive and not close to the initial23

period. Reducing T2 generally reduces CR, so it is conservative to consider only T2 = ∞24

21



in the regression analysis. Based on general observations from the SDOF analyses, the1

displacement ratios are proportional to both R and 1 − β, and inversely proportional2

to the initial period T1. The equation is also physically consistent in that it returns a3

lower-bound value of 1 for R = 1 (i.e. if the system were elastic). Formulating the4

regression equation in this way will also make it simple to apply for routine design5

purposes.6

Only 4 ≤ R ≤ 30 are considered in the regression because R = 50 is likely to7

reduce the seismic design loads to less those from wind design loads in many cases and8

is therefore unlikely to be a practical value, and because it frequently led to a secant9

period that was longer than the 10 s cut-off of the ground motion filter. Although some10

of the results for R = 30 also led to a secant period beyond 10 s, the trends of the data11

in this region were still similar to the trends for other parameters that did not cause the12

secant period to exceed the ground motion filter cut-off period. Conversely, a response13

modification coefficient of R = 2 is not included because it is considered too small14

to take advantage of the benefits of a self-centering system for which the nonlinear15

displacements are not the result of structural damage. One of the primary motivations16

behind selecting a self-centering system is the ability to significantly reduce the seismic17

design loads and resulting member sizes without compromising on the performance of18

the structure.19

The results with β ≤ 10% are also not considered in the regression because they20

tended to dominate the regression and because most design proposals for self-centering21

systems recommend including hysteretic energy dissipation (e.g. [8, 33]). Even for22

these cases that are not included in the regression, the applicability of Equation (12)23

will still be checked.24

Potential regression coefficients were evaluated based on the residual, which was25

calculated using Equation (13):26

Residual =
CR,predicted −CR,observed

CR,observed
(13)

By this definition, a positive residual means that the equation conservatively overesti-27

mates the displacement and a negative residual means that it unconservatively under-28

estimates the displacement.29

22



Table 2: Coefficients from regression analyses

Damping Root Mean Squared

model b1 b2 b3 b4 b5 Error of Residual

initial 0.515 0.184 0.119 1.173 1.478 10%

tangent 0.630 0.292 0.477 1.697 1.567 16%

The ”fitnln” function in Matlab [26] was used to minimize the absolute value of1

Residual, using an iterative generalized least squares algorithm to fit the nonlinear re-2

gression model. The coefficients from the regression are summarized in Table 2. Using3

the coefficients from Table 2, the residuals are calculated using Equation (13) and plot-4

ted in Figure 11. For the regression equation developed for the initial damping model,5

the residuals are accurate to within 20% in most cases. The accuracy is similar for all6

values of 0% ≤ β ≤ 100%. However, the equation tends to slightly underestimate the7

displacement ratio when T1 ≤ 0.3 s, and to underestimate the displacement ratio by up8

to 70% in the range of T1 for which it was not calibrated (T1 ≤ 0.15 s). The regression9

equation developed for the tangent damping model tends to have larger errors than for10

the initial damping model, but is still generally accurate to within 30% for β ≥ 20%.11

The displacement estimates are very conservative for β =0%, and as was the case with12

the initial damping model, they are very unconservative for periods that were excluded13

from the regression analysis (T1 ≤ 0.15 s). Overall, although this expression is not14

exact, it provides a simple way to estimate the displacements to within a reasonable15

degree of accuracy for routine design.16

Figure 12 shows the residuals from the same equation for a high secondary stiffness17

(T2 = 3 s instead of T2 = ∞). For the initial damping model, the residuals shift upwards18

by about 0.2, making almost all results conservative. However, the regression equation19

is still accurate to within approximately 30% in most cases. For the tangent damping20

model, the regression equation tends to overestimate the displacements, with the degree21

of overestimation increasing as β reduces. None of the residuals falls below 0 for any22

T1 ≥ 0.2 s. Even if it is very conservative to use the regression equation with the23

tangent damping model for this value of T2, the estimates are still within about 30%24

with R ≤ 15 and β ≥ 80%.25

23
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7. Example applications1

To highlight the physical significance of several of the parameters selected for the2

parametric study, and to demonstrate the application of the above regression equa-3

tion, this section considers four example controlled rocking steel braced frames (Fig-4

ure 1(c)). Controlled rocking steel braced frames are chosen because their displace-5

ments are generally dominated by the first-mode response, particularly for shorter6

buildings, if the frame members are designed to remain elastic and the nonlinear mech-7

anism is rocking at the base only (e.g. [9, 34]).8

7.1. Design of the self-centering nonlinear mechanism9

Controlled rocking steel braced frames were designed for three-storey, six-storey10

and nine-storey buildings; one design case was considered for the three-storey and11

nine-storey buildings, and two design cases were considered for the six-storey building.12

All of the buildings have a first-storey height of 4.2 m, and a storey height above the13

first storey of 3.8 m. Each floor has a seismic weight of 10 200 kN, and the roof14

has a seismic weight of 6430 kN. The floor plan is 48 m by 32 m, with 8 m bays in15

each direction. The structures are located on a site in Los Angeles with Site Class D16

as defined in ASCE 7 [22], with a short-period design-level spectral acceleration of17

S DS = 1.0 g and a one-second period design-level spectral acceleration of S D1 = 0.6 g.18

The fundamental periods of the three-storey, six-storey and nine-storey buildings were19

determined to be 0.4 s, 0.7 s, and 1.3 s using modal analysis of elastic frame models for20

the buildings, in which the frame members were capacity designed using the dynamic21

procedure proposed by Steele and Wiebe [34]. In the dynamic procedure, the capacity22

design forces are computed by taking the frame member forces under the maximum23

post-tensioning force, maximum energy dissipation force, and equivalent static forces24

calculated using the design code (e.g. ASCE 7 [22]) and combining them with those25

computed for the elastic higher modes through a modal response spectrum analysis; an26

elastic rocking model is used where the boundary conditions reflect the response of the27

frame in the secondary stiffness range.28

The values of R and β were chosen to limit the predicted peak seismic displace-29

ments of each building to 2.5%. For the three-storey structure, the design parameters30

25



were selected to be R = 20 and β = 90% with two frames in each direction. The design1

base shear was calculated to be 670 kN per frame, which was distributed along the2

height of the building using the equivalent static procedure [22]. The post-tensioning,3

which was anchored at the top in the centre of the frame, was designed with a prestress4

equal to 20% of the ultimate stress. This required 16 post-tensioning strands, as op-5

posed to 39 that would have been required for a design with R = 8. Designing with6

R = 20 instead of R = 8 also reduced the activation force of the supplementary energy7

dissipation from 900 kN to 360 kN. Based on the post-tensioning and energy dissi-8

pation design parameters selected, the secondary period of the three-storey controlled9

rocking steel braced frame was T2 = 3 s.10

For the six-storey building, two different design cases were considered: in the first,11

the post-tensioning was anchored at the top of both columns of the frames, while in the12

second, the post-tensioning was anchored at the top centre of the frames. Both cases13

were designed with parameters of R = 30 and β = 70%, with four frames in each direc-14

tion. Seismic loading governed the design of the lateral force limiting mechanism over15

wind loading, despite using such a large value for R. The design base shear was cal-16

culated to be 412 kN per frame for both cases, because the initial periods and response17

modification coefficients were the same for both. The post-tensioning prestress was18

selected to be 25% of the ultimate stress for both cases in the six-storey building. For19

the first case, in which the post-tensioning was anchored at the top of both columns of20

the frames, the secondary period was calculated to be T2 = 5 s. For the second case, in21

which the post-tensioning was anchored at the top-centre of the frames, the secondary22

period was determined to be T2 = 27 s. Unlike conventional lateral force resisting sys-23

tems, in which the secondary stiffness is defined by the nonlinear material properties24

of the frame members, the six-storey designs highlight how the secondary stiffness of25

a self-centering system can be substantially different even when the initial period is the26

same. Both designs with R = 30 required 28% of the number of post-tensioning strands27

that would have been required using R = 8, and they also reduced the activation force28

of the supplementary energy dissipation from 1210 kN to 320 kN.29

Finally, for the nine-storey building, the design parameters were chosen to be30

R = 15 and β = 0% (i.e. no hysteretic energy dissipation) with four frames in each31

26



direction. The design base shear was calculated to be 675 kN per frame. The 27 post-1

tensioning strands were anchored at the top, centre of the frame, and were designed2

using a prestress of 50% of the ultimate stress. A design using R = 8 would have3

required 51 strands. The secondary period of the frame with these design parameters4

is T2 = -15 s. This design is a possible realisation given the flexibility of the design5

parameter selection. This case is used as an example for when the regression equation6

for CR is not expected to provide accurate estimates of the nonlinear displacements7

because the tangent period is negative and the energy dissipation ratio is zero. This8

design case is intended to contrast with the three other design examples for which the9

parameters are within the range of calibration.10

Figure 13 shows the push-pull hystereses for all of the controlled rocking steel11

braced frames, from which the roof displacements at the onset of rocking (∆y) for the12

three-storey, both six-storey and nine-storey frames were determined to be 0.0288%,13

0.0300%, and 0.0792% of the building height, respectively.14
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nine-storey example frames to 3.0% roof drift
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7.2. Application of the regression equation1

In this subsection, Equation 12 is used to estimate the peak interstorey drifts of the2

four example designs. The rocking displacements (∆y) of each frame in Figure 13 are3

then multiplied by the response modification coefficients to calculate the displacement4

of the equivalent linear system. As CR is a ratio of the maximum displacement of the5

self-centering system to the maximum displacement of the equivalent linear system,6

the peak roof-level displacement in each structure can be calculated as:7

∆max,est = CR × ∆max,elastic = CR × R∆y (14)

All of the example controlled rocking steel braced frames were analysed in OpenSees8

[35] using the same model developed by Steele and Wiebe [36] except that the post-9

tensioning was modelled using a linear elastic material model. The post-tensioning10

was included as a corotational truss element, and the linear elastic material model was11

wrapped in an initial stress material to include the prestress. The frame members were12

all modelled as linear elastic with and elastic modulus of 200 GPa. Gap elements13

(compression only) were included at the base of the frame to model column uplift and14

the transfer of base shear. A leaning column was included to account for the reduced15

stiffness from the P-Delta effects; the leaning column was modelled using elastic beam16

column elements with an axial stiffness representative of the gravity columns tributary17

to the frame, and negligible flexural stiffness to avoid any contribution to resisting18

lateral loads. Initial stiffness proportional Rayleigh damping applied to all elements19

except for the gap elements at the base that were used to model the rocking behaviour.20

Further discussion on the numerical model is available in [36].21

The same ground motions discussed in Section 3 were used for the analysis, with a22

scaling factor of 2.17 to match the median response spectrum to the design basis earth-23

quake (DBE) elastic design spectrum for Los Angeles for periods between 0.2 and24

2.0 s, such that the same ground motion scaling could be used for all example frames.25

Table 3 summarises the design parameters and shows the rocking displacement, ∆y,26

the displacement ratio, CR, the corresponding estimates of the estimated median peak27

displacement, ∆max,est, and the median peak displacement for each frame from the non-28

linear time history analysis, ∆max.29
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All of the SDOF results were based on the initial damping model, so as to be con-1

sistent with the mass-proportional term in the Rayleigh damping that dominates the2

first-mode damping in the MDOF model. Using the tangent damping model would3

have increased the predicted displacements of the three- , six-, and nine-storey struc-4

tures to 5.24%, 5.55%, and 4.38%, respectively, which would not have satisfied the de-5

sign intent. This underscores the importance of the assumed inherent damping model,6

not only in these SDOF analyses, but also in more detailed analyses of MDOF systems.7

7.3. Comparison of predicted displacements with analysis results8

For the three-storey frame, the predicted nonlinear displacement of 2.53% at the9

DBE level was only slightly more than the median peak roof drift of the three-storey10

frame from the nonlinear time history analysis of 2.50%. Also, the peak roof drift and11

the peak interstorey drift were nearly identical. Referring to Figure 12, the accurate12

estimates would have been expected, because the residual is very close to zero for the13

set of parameters used in this example design.14

For the two six-storey frames, Equation (12) predicted the nonlinear displacements15

as 2.74% for both frames, compared to median peak roof drifts from the nonlinear time16

history analysis results of 2.41% and 2.51%. This error of less than 13% was consistent17

with what was expected from the calibration of Equation (12) for the initial damping18

model with similar system parameters. As expected based on the SDOF analyses, the19

displacements in both systems were very similar to one another, despite the differences20

in secondary period.21

For the nine-storey frame, the peak roof drift was estimated to be 2.14%, which22

was 26% less than the median peak roof drift of 2.90% from the nonlinear time history23

Table 3: Design parameters for the controlled rocking steel braced frame buildings

Design T1 R β T2 ∆y* CR ∆max,est* ∆max*

three-storey 0.4 s 20 90% 3 s 0.0288% 4.39 2.53% 2.50%

six-storey (case 1) 0.7 s 30 70% 5 s 0.0300% 3.04 2.74% 2.41%

six-storey (case 2) 0.7 s 30 70% 27 s 0.0300% 3.04 2.74% 2.51%

nine-storey 1.3 s 15 0% -15 s 0.0792% 1.80 2.14% 2.90%

*All ∆ values are expressed as a percentage of the roof-level displacement to the building height
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analysis; this is outside the range of the residual error of the regression equation. In1

addition to the negative residual error of 12% for this set of design parameters, this2

underestimation was likely due to a combination of the nine-storey frame having a3

negative secondary stiffness, which was shown to result in larger displacements in the4

SDOF analyses, and also the more flexible frame having more significant higher mode5

response, which is not captured in the SDOF analyses. Nevertheless, this error was6

considered acceptable for preliminary design, particularly considering the simplicity7

of the regression equation.8

8. Conclusions9

This paper presented a parametric study on the seismic displacements of self-10

centering systems on stiff soil sites under broadband ground motions, with particular11

attention to systems with low linear limits (large R) or negative secondary stiffness12

(k2 < 0), and including both initial and tangent stiffness proportional damping models.13

The results were presented using constant-strength spectra that show the peak displace-14

ment ratios for self-centering and linear systems with the same initial period. Although15

this displacement ratio (CR) was very large at short initial periods (e.g. T1 ≤ 0.5 s),16

the actual displacement may still be within acceptable limits, and CR approached unity17

as the period increased. Reducing the linear limit (i.e. increasing R) significantly18

increases the peak displacement when the response modification coefficient is small19

(R ≤ 8), but as R or T1 increases, further increases in R cause less significant increases20

to the peak displacement. Increasing the hysteretic energy dissipation from no hys-21

teretic energy dissipation (β = 0%) to the maximum self-centering hysteretic energy22

dissipation (β = 100%) generally reduces the peak displacements by up to 50%, but23

the influence of increasing β diminishes as β approaches 100%, and is less for sys-24

tems with long periods. If the secondary stiffness is positive but small, it has little25

effect. However, if it becomes negative due to P-Delta effects, the response can be-26

come unbounded when R or T1 is large, and this dynamic instability is not prevented27

by increasing the hysteretic energy dissipation. Therefore, it is not recommended to28

design self-centering structures with these properties.29
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The general trends of variation of CR with respect to different hysteretic parame-1

ters are the same regardless of which damping model is used, but the tangent damping2

model results in larger peak displacements and increased susceptibility to dynamic in-3

stability when the secondary stiffness is negative. With the tangent damping model, the4

reductions in displacement demands with increasing supplemental energy dissipation5

and secondary stiffness are more pronounced. More experimental data are needed to6

determine how best to model inherent damping in self-centering systems.7

Based on these SDOF analyses, an empirical equation was developed for the dis-8

placement ratio CR as a function of T1, R, and β, and was calibrated for both the initial9

damping model and the tangent damping model. Four example controlled rocking steel10

braced frames were designed, demonstrating the potential benefits of using large values11

of R. The proposed regression equation was shown to be almost exact when compared12

to the results of nonlinear time history analyses for the three-storey building, for which13

the roof displacements were dominated by the first mode. The equation became less14

precise with increasing building height, with errors of up to 13% for the six-storey15

buildings and 26% for the nine-storey building. However, considering the importance16

of quantifying the increase in displacements of self-centering systems relative to the17

equal displacement assumption, the proposed equation was considered to achieve a18

balance between simplicity and accuracy that was appropriate for routine design.19

Given that the analyses presented in this study were all for a set of ground motions20

that represents a site with stiff soil conditions, the application of the regression equation21

presented here should be limited to such sites. A separate ground motion set represent-22

ing rock sites has been used and achieved similar results [28]. It is expected that the23

equations presented here would be unconservative for sites with softer soil conditions24

(i.e. ASCE 7 site classes E and F) because of the relatively higher low-frequency con-25

tent. New regression equation coefficients could be computed for such sites using the26

methodology presented in this study.27
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