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Lay Abstract 

Microorganisms, microplastics, clay, and fine silt are classified as colloids 

within the spectrum of contaminants that might exist in groundwater. Although 

some colloids are benign (e.g., clay and fine silt), they can still affect the 

groundwater quality and aquifer porosity. Colloids can also enhance or inhibit the 

migration of other contaminants in groundwater because of their high adsorption 

capacity. Several remediation strategies are being envisioned to remove pathogenic 

colloids and eliminate other contaminants adsorbed onto benign colloids, where 

effective design of such strategies requires reliable models of colloid behavior. The 

present study aims at enhancing the reliability of simulating colloid behavior in 

fractured aquifers through: i) developing models that capture the effects of the 

aquifer’s physical and chemical properties on colloid behavior; and, ii) designing a 

framework that improves the reliability of aquifer conceptualization. Effective 

remediation strategies can then be designed for contaminated fractured aquifers 

based on the developed tools. 
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Abstract 

The design of effective quality management strategies in groundwater 

systems is crucial, as clean water is essential for livelihood, health, and 

development. Colloids represent a class of contaminants that might be pathogenic 

or benign. Colloids can also enhance or inhibit the transport of dissolved 

contaminants in groundwater, which has inspired the use of benign colloids in the 

remediation of contaminated aquifers. Reliable modelling of colloid behavior is 

therefore essential for the design of effective remediation strategies, both those 

employing benign colloids and those aiming at the removal of pathogenic colloids. 

While colloid transport is controlled by groundwater velocity, colloid retention is 

governed by the physical and chemical properties of the aquifer together with those 

of the colloid. The present study aims at enhancing the reliability of modelling 

colloid behavior in fractured aquifers through: i) developing a synchronization-

based framework that can effectively identify hydraulic connections within the 

aquifer; ii) developing a mathematical model for the relationship between the 

fraction of colloids retained along a fracture (Fr) and the parameters describing the 

aquifer’s physical and chemical properties; iii) developing an analytical model for 

the relationship between Fr and the coefficient describing irreversible colloid 

deposition in single fractures; and, iv) developing a numerical technique that can 

efficiently simulate colloid behavior in single fractures and fracture networks under 

different physical, chemical, and matrix conditions. The performance of the 

synchronization-based framework, mathematical and analytical models, and the 

numerical technique was assessed separately for different verification cases, and 

the corresponding efficacy was confirmed. Coupling the tools developed in the 

present study enables the reliable prediction of colloid behavior in response to 

changes in the groundwater-colloid-fracture system’s physical and chemical 

properties, which can aid in understanding how to manipulate the system’s 
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properties for the effective design of groundwater quality management and 

remediation strategies. 
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Chapter 1  

INTRODUCTION 

1.1. BACKGROUND AND MOTIVATION 

Water is the essence of life, and clean water is crucial for livelihood, health, 

and development. Terrestrial water is found in different forms including saline-

water in oceans and seas, as well as freshwater in ice caps and glaciers, surface-

water, and groundwater. More than 90% of the terrestrial water is saline, and two-

thirds of the freshwater resources are groundwater (Freeze and Cherry 1979; Fetter 

2001). Furthermore, approximately 50% of the global population depends on 

groundwater for drinking (WWAP 2015), which highlights the need of effective 

management of groundwater quantity and quality.  

Groundwater aquifers are generally classified into: i) unconsolidated (porous 

media) aquifers, in which connected pores represent the preferential pathways for 

water and contaminants (e.g., Collins 1961); ii) fractured aquifers, in which 

interconnected fractures are the main conduits (e.g., Snow 1970); and, iii) karst 

aquifers, in which water conduits range in size from a centimeter to multiple meters 

(e.g., White 2019), with the consensus being that a combination of different types 

of aquifers might exist in the same groundwater system. Increasing reliance on 

groundwater, due to population growth and industrialization, has led to an extensive 

overuse of this resource and subsequent acceleration of aquifer depletion (e.g., 

Castellazzi et al. 2018; Rahmati et al. 2018). This necessitates extracting water from 
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increasing depths where fractured aquifers are most likely to be found. Therefore, 

effective modelling of groundwater flow and contaminant transport in fractured 

aquifers is needed. 

Contaminants in groundwater may be dissolved, particulate, or non-aqueous 

in phase. Colloids represent a subset of particulates that range in size from a 

nanometer to ten micrometers (e.g., Buddemeier and Hunt 1988), and are 

negatively charged under normal groundwater conditions (e.g., Zvikelsky and 

Weisbrod 2006). Colloids may be pathogenic (e.g., microorganisms, anthropogenic 

materials) or benign (e.g., clay, fine silt), and are introduced to groundwater 

systems through different mechanisms, including: the infiltration of contaminated 

water or wastewater (Gschwend et al. 1990); the micro-erosion of rock matrix 

minerals due to chemical perturbations (McCarthy et al. 2002); tectonic movements 

in fragile rock materials (Degueldre et al. 1989); the scouring of fracture fillings 

(Zhang et al. 2012); and, the precipitation of colloidal mineral phases (Ryan and 

Elimelech 1996).  

Colloids have been proven to behave differently than dissolved contaminants 

and other larger particulates due to the significant effects of their surface 

characteristics (e.g., electrical charge density, and chemical groups) (Reimus 1995), 

particularly in fractured systems. Colloids typically have a large specific surface 

area and high adsorption capacity, which enable them to facilitate or inhibit the 

transport of dissolved contaminants (e.g., McDowell‐Boyer et al. 1986). As such, 

some colloidal particles have been employed for the water quality management and 
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remediation of contaminated aquifers (NRC 2015; Hamamoto et al. 2017; Koju et 

al. 2019; Sousa Neto et al. 2019; T. Wang et al. 2019). 

Colloids in fractures are subject to several transport (i.e., advection and 

dispersion) and retention (e.g., attachment, matrix diffusion, physical straining, and 

sedimentation) mechanisms (Zhang et al. 2012). While colloid transport is 

controlled by groundwater velocity and its variation across the fracture, colloid 

retention is governed by the physical (e.g., specific discharge, aperture variability, 

colloid size and density) and chemical (e.g., water ionic strength and pH) properties 

of the groundwater-colloid-fracture system (Zhang et al. 2012). However, to the 

best of the author’s knowledge, an accurate mathematical quantification of the 

combined effect of these parameters (or even the effect of each parameter 

individually) on colloid behavior does not exist. Therefore, the preparation of action 

plans to remove or inactivate pathogenic colloids and the design of colloid-based 

remediation strategies in fractured aquifers necessitate: i) effective characterization 

of the aquifer (e.g., identification of hydraulic connections), which is essential for 

the development of reliable flow and transport models; and, ii) effective modelling 

of colloid behavior in single fractures and fracture networks under different 

physical and chemical conditions, which enables the simulation of the system’s 

response during remediation. 
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1.1.1. CHARACTERIZATION OF FRACTURED AQUIFERS 

Around 20% of the earth’s groundwater aquifers are fractured (Chandra et al. 

2019), and fractured aquifers represent the primary water resource in the regions 

where they exist (e.g., Shapiro 2002). Simulating groundwater flow and 

contaminant transport in fractured systems is generally carried out through: i) 

equivalent porous media models, where fractures must be dense and highly 

interconnected within the aquifer (e.g., Berkowitz 2002); ii) dual continuum 

models, where the aquifer is divided into two interacting mediums with different 

hydraulic properties (e.g., Dershowitz and Miller 1995); and, iii) discrete fracture 

network models, where an explicit representation of fractures and the surrounding 

matrix is used (e.g., Cacas et al. 1990). Each of these modelling approaches requires 

a number of parameters that are difficult to obtain without adequate characterization 

of the aquifer at the single-fracture (e.g., location, length, aperture, orientation) and 

fracture network (e.g., fracture density and interconnectivity, statistical distribution 

of fracture properties) scales (Dorn et al. 2013).  

Several effective field techniques have been developed over the past few 

decades for the hydraulic and geometric characterization of fractures (e.g., 

Klepikova et al. 2014; Guiltinan and Becker 2015; Quinn et al. 2015; Kang et al. 

2016; Klammler et al. 2016; Alexis Shakas et al. 2016; Klepikova et al. 2018; 

Persaud et al. 2018; Hsu et al. 2019; Maldaner et al. 2019; Vitale et al. 2019; W. 

Wang et al. 2019). These techniques include hydraulic and tracer tests, and 
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geophysical investigations. Extensive, and therefore costly and time-consuming, in-

situ investigations are typically required for the full characterization of an aquifer 

(e.g., Liu and Kitanidis 2011). Therefore, groundwater flow and contaminant 

transport in fractured aquifers are most often simulated in fracture networks that are 

generated stochastically based on statistical distributions of fracture characteristics 

(e.g., Dorn et al. 2013). These distributions are typically obtained through a 

combination of limited, rather than extensive, field- and laboratory investigations. 

While stochastically generated fractured networks may not necessarily preserve the 

actual hydraulic connections within the aquifer, these networks are modified 

through inverse modelling to preserve head/concentration observations  to enhance 

their reliability (e.g., Somogyvári et al. 2017). 

Inverse modelling has been, however, shown to be computationally intensive 

(e.g., X. Wang et al. 2017; Dong et al. 2019). As such, the reliability of flow and 

transport models in fractured aquifers can be enhanced through the effective 

identification of hydraulic connections within the aquifer. These connections can 

be identified using observations from field experiments (i.e., hydraulic and tracer 

tests), in which the aquifer ambient conditions (e.g., head in hydraulic tests, and 

concentration in tracer tests) are perturbated at a specified (test) location. The 

propagation of this perturbation to a downstream (monitoring) location indicates 

that a test and monitoring locations are hydraulically connected. Nonetheless, 

hydrogeologic properties within the connection are still obtained through inverse 

modelling. 
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Cost-effective tools can be developed to identify the hydraulic connection 

between two locations based on mass replication at these locations, instead of just 

monitoring perturbation arrival. The hydrogeologic properties within the 

connection can then be obtained through assessing the lagged interdependence 

between time series representing mass arrival at the two locations. Several 

interdependence measures have been developed to date (e.g., nonlinear 

interdependences, phase synchronization, mutual information, cross-correlation, 

and coherence function) (e.g., JuNG Hsu 1992; Quiroga et al. 2002; Schreiber et al. 

2003), each of which has its own strengths and limitations.  

Stochastic event synchrony (SES) is an alternative way to assess the 

interdependence between multiple point processes (Dauwels et al. 2009). SES can 

be applied to observations from field tracer experiments conducted in a fractured 

aquifer using a group of wells, and subsequently, hydraulic connections between 

well pairs can be identified. In addition, the hydrogeological properties within each 

connection can be obtained based on the SES metrics. The SES-based hydraulic 

connections can be utilized as an additional constraint during the stochastic 

generation of fracture networks, which enhances the reliability of flow and transport 

models in fractured aquifers. It should be mentioned that multiple test and 

monitoring locations might be used during a field tracer experiment; however, the 

concept of mass replication is still applicable. 
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1.1.2. COLLOID BEHAVIOR IN FRACTURED AQUIFERS  

Colloid behavior has been studied extensively in unconsolidated aquifers 

(e.g., Lehoux et al. 2017; Kamrani et al. 2018; Yang et al. 2019), fractured aquifers 

(e.g., Neukum 2018; C. Wang et al. 2019; Stoll et al. 2019), and karst aquifers (e.g., 

Schiperski et al. 2016; Bandy et al. 2019; Vesper 2019). Colloid suspensions most 

often contain multiple sized (i.e., polydisperse) rather than single sized (i.e., 

monodisperse) particulates, with diameters following a normal or a lognormal 

distribution (Ledin et al. 1994; Reimus 1995). Colloid size, or diameter, falls within 

a relatively wide range (i.e., one nanometer up to ten micrometers). Therefore, 

colloids in fractures are affected by forces associated with both molecules (e.g., 

Van der Waals forces, Brownian motion) and larger particles (e.g., drag force, 

gravity force) (Reimus 1995). All these forces are affected by the physical and 

chemical characteristics of the groundwater-colloid-fracture system, and their net 

effect determines whether a colloid migrates or is retained within the fracture. 

While the transport of colloids in fractures is due to advection and 

longitudinal dispersion, attachment was identified as their primary retention 

mechanism (e.g., Rodrigues and Dickson 2014; Stoll et al. 2017; Cohen and 

Weisbrod 2018). The terms “attachment” and “deposition” have been used 

interchangeably in the literature to describe colloid interaction with fracture 

surfaces, and they are also used interchangeably in the present study. Colloid 

attachment occurs when the Van der Waals attractive forces overcome the repulsive 
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double layer forces (O’Melia and Stumm 1967), and it requires a prior collision 

between the colloid and the fracture surface. Colloid-substrata interfacial 

interactions have been described in porous media using colloid filtration theory 

(CFT) (Yao et al. 1971), and this description was further enhanced via the 

Derjaguin-Landau-Verwey-Overbeek (DLVO) theory (Derjaguin and Landau 

1941; Verwey and Overbeek 1984). DLVO theory describes the combined effect 

of the Van der Waals attractive forces and the electric double layer repulsive forces 

(e.g., Elimelech and O’Melia 1990), and was developed under the assumptions of 

(e.g., Degueldre et al. 1996): i) the short range chemical effects are negligible; ii) 

the colloid and collector are idealized as spheres with a homogenous surface charge; 

and, iii) the DLVO theory cannot be applied at the atomic scale. An extended 

DLVO theory was developed to include other non-DLVO forces (e.g., steric, 

bridging, and hydration forces) (e.g., Hoek and Agarwal 2006; Syngouna and 

Chrysikopoulos 2013; Molnar et al. 2019); however, neither DLVO nor extended 

DLVO theory can be applied to colloids in fractures as they violate the assumptions 

used to develop these theories (e.g., Christenson 1988; Degueldre et al. 1996). 

Nevertheless, DLVO theory and its extended version can provide a conceptual 

description, rather than predictive tools, for colloid-fracture surface interactions 

(e.g., An et al. 2000). 

The deficiencies of CFT, DLVO, and extended DLVO in the context of 

fractures have restricted the modelling of the forces causing colloid deposition. 

Instead, colloid deposition has been described macroscopically using a deposition 
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coefficient (κ) that combines the effects of the different mechanisms leading to 

deposition (Abdel-Salam and Chrysikopoulos 1994). This coefficient depends on 

the parameters describing the physical and chemical properties of the groundwater-

colloid-fracture system (Abdel-Salam and Chrysikopoulos 1994); however, to the 

best of the author’s knowledge, the mathematical relationship between κ and these 

parameters has not yet been developed. Therefore, simulating colloid behavior in 

fractures has been limited to groundwater-colloid-fracture systems with 

homogenous physical and chemical properties. 

Colloid behavior has been described analytically (i.e., Abdel-Salam and 

Chrysikopoulos, 1994; James and Chrysikopoulos, 2003) in single fractures under 

different matrix and boundary conditions, with the consensus being that κ is 

constant and estimated from laboratory or field experiments (Abdel-Salam and 

Chrysikopoulos 1994). The application of these analytical solutions at the fracture 

network scale has not yet been verified, and thus, numerical techniques verified at 

the single-fracture scale are typically adopted. These numerical techniques can be 

designed based on different perspectives, including: i) the spatiotemporal evolution 

of contaminant concentration (e.g., random walk particle tracking, finite difference, 

finite element approaches); or, ii) the temporal evolution of contaminant 

concentration (i.e., time domain approaches). Although the first perspective has 

been extensively employed to simulate colloid behavior in fractures (e.g., Abdel-

Salam and Chrysikopoulos 1995; Chrysikopoulos and Abdel-Salam 1997; James 

and Chrysikopoulos 1999; Bagalkot and Suresh Kumar 2017; James et al. 2018), 



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

10 

 

accuracy is typically achieved at the expenses of a high computational cost. On the 

other hand, the second perspective represents an efficient alternative without loss 

of accuracy. However, the application of this perspective to colloid transport in 

fractures has not been established yet. 

1.2. RESEARCH OBJECTIVES 

The main goal of the work in this dissertation is to enhance the reliability of 

modelling colloid behavior in fractures such that physical and chemical properties 

of the groundwater-colloid-fracture system can be explicitly considered, which can 

subsequently aid in the design of effective water quality management and 

remediation strategies in fractured aquifers. As such, the following specific 

objectives were envisioned: 

• Develop a cost-effective characterization framework that can efficiently 

identify hydraulic connections within fractured aquifers. 

• Develop a mathematical relationship between Fr and the parameters 

describing the physical (i.e., fracture geometry, colloid size, specific 

discharge, diffusion coefficient) and chemical (i.e., ionic strength, surface 

charges of colloid and matrix) properties of the groundwater-colloid-

fracture system. 

• Develop an analytical relationship between Fr and κ in a saturated fracture; 

subsequently, κ can be quantified mathematically based on the parameters 



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

11 

 

describing the physical and chemical properties of the groundwater-

colloid-fracture system. 

• Develop a numerical approach that can efficiently simulate colloid 

behavior at the single-fracture and fracture network scales under different 

boundary and matrix conditions, and is also able to simulate the physical 

and chemical heterogeneity over the fracture network. 

The present study was conducted under the following general assumptions 

(additional assumptions are highlighted in specific sections where applicable): 

• Fracture surfaces are idealized as two parallel plates, and a constant 

aperture is assigned to the fracture. 

• The Cubic Law is valid and can be employed to describe flow in a single 

fracture. 

• Colloid deposition is an irreversible process, and irreversible deposition is 

dominant over other colloid retention mechanisms in fractures. 

• Colloid’s deposition and dispersion coefficients are constant within a 

fracture; however, they might vary over a network. 

1.3. THESIS ORGANIZATION 

This section summarizes the content of each of the six chapters in this 

dissertation: 
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• Chapter 1 provides the background required for this research, an overview 

of the objectives, and a description of the thesis organization. 

• Chapter 2 discusses the development of a SES-based framework to 

identify hydraulic connections between different locations within a 

fractured aquifer. The framework was developed based on the coherence 

between solute transport in a fracture and time series synchronization. In 

addition to identifying a hydraulic connection between two locations, the 

hydrogeologic properties (groundwater velocity or the ratio between 

groundwater velocity and dispersion coefficient) within the connection can 

be estimated based on the SES metrics. The capability of the framework 

was verified for: a single fracture with- and without matrix diffusion under 

an instantaneous colloid release at the inlet; a single fracture under a range 

of Peclet numbers and a decaying colloid release at the inlet; and a simple 

impermeable fracture network under a decaying colloid release at the inlet 

boundary. 

• Chapter 3 discusses the use of multigene genetic programming (MGGP) 

to develop a mathematical relationship between Fr and the parameters 

describing the physical and chemical properties of the groundwater-

colloid-fracture system. The MGGP-based model was developed using the 

dataset collected by Rodrigues and Dickson (2014) from a series of 

laboratory-scale colloid tracer experiments, and was validated using a 

subset of the same dataset. A global sensitivity analysis (GSA) was 
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conducted to identify the most dominant parameters contributing to the 

variability of Fr. 

• Chapter 4 presents the development of an analytical relationship between 

Fr and κ in a semi-infinite, saturated fracture with an impermeable matrix 

and under an instantaneous colloid release at the inlet. This relationship 

was developed through conceptualizing irreversible colloid deposition as 

first-order decay, and was verified using the dataset collected by 

Rodrigues and Dickson (2014). A GSA was applied to the Fr–κ 

relationship to determine the parameters dominating the variability of Fr. 

• Chapter 5 discusses the development of a modified time domain random 

walk (MTDRW) approach that is capable of simulating colloid behavior 

at the single-fracture and fracture network scales under different matrix 

conditions. The MTDRW approach was developed based on the similarity 

between colloid breakthrough curves and the probability density function 

of colloid travel time in a fracture. The efficacy of the MTDRW approach 

was confirmed after comparing its results to the corresponding estimates 

of analytical and semi-analytical solutions in single fractures and a fracture 

network, respectively. 

• Chapter 6 provides a summary of this research, the overall conclusions, 

and suggestions for future work. 

It should be noted that Chapters 2 through 5 represent standalone manuscripts 

that are already published, submitted, or prepared for publishing as journal articles; 
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nonetheless, these chapters collectively describe cohesive research body as outlined 

in this introductory chapter of the dissertation. However, some overlap might exist 

for the completeness of each standalone chapters/manuscripts. 
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1.4. NOTATIONS 

Fr: Fraction of colloids retained along a fracture 

Greek Letters: 

κ: Deposition coefficient 

1.5. ACRONYMS 

CFT: Colloid filtration theory 

DLVO: Derjaguin-Landau-Verwey-Overbeek theory 

GSA: Global sensitivity analysis 

MGGP: Multigene genetic programming 

MTDRW: Modified time domain random walk approach 

SES:  Stochastic event synchrony 
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Chapter 2  

HYDRAULIC CONNECTION IDENTIFICATION IN FRACTURED 

AQUIFERS: A STOCHASTIC EVENT SYNCHRONY-BASED FRAMEWORK 

ABSTRACT 

Several approaches are commonly applied to modeling fractured aquifers, 

including discrete fracture networks and stochastic continuums. However, vast and 

accurate input data are required for these models to facilitate understanding and 

enable prediction in the complex physical systems they represent, which are 

necessary in the development of sound planning, management, and remediation 

strategies. The extensive resources required to collect such data are often 

prohibitive. The present study addresses this issue by utilizing the coherence 

between solute transport in a fracture and the lagged interdependence between two 

time series through a stochastic event synchrony (SES) technique. A SES-based 

framework was developed and applied to solute breakthrough curves obtained i) 

analytically at different locations along a single, synthetic fracture both with and 

without matrix diffusion; and, ii) numerically at the outlets of a synthetic, 

impervious fracture network. In all cases, the framework was capable of accurately 

mapping the hydraulic connections represented by a direct path between the 

locations considered. The framework was also capable of identifying the 

hydrogeologic characteristics within each connection (i.e., flow velocity or its 

relationship to the dispersion coefficient). This framework is expected to 
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significantly reduce the extensive resources required to identify the hydraulic 

connections within complex fractured aquifers. Additionally, the SES-based 

hydraulic connections identified may represent an additional constraint within other 

fracture network generation approaches to enhance their reliability. This study is 

the first in the field of hydrogeology to adopt synchronization analysis and is 

expected to open the gate for using SES to address related problems. 

Keywords: Synchronization Analysis, Fractured Aquifers, Hydraulic Connection 
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2.1. INTRODUCTION 

Understanding groundwater flow and contaminant transport in fractured 

aquifers is of critical importance to resource extraction (e.g., potable water,  

fracking) and waste management (e.g., industrial wastewater, nuclear waste, carbon 

sequestration) (Singhal and Gupta 2010), as they provide source water to support 

these activities and storage for the wastes they produce (Shapiro 2002). Although 

open, connected fractures in these aquifers represent only a small fraction of the 

porosity, they are the primary conduits for groundwater and contaminants (NRC, 

1996; Tsang et al. 1998). Simulating groundwater flow and contaminant transport 

in fractured aquifers is challenging due to the heterogeneous nature of fracture 

characteristics, which often vary significantly within short distances (Dorn et al. 

2013). The development of effective flow and transport models in fractured aquifers 

requires adequate characterization at the scale of a single fracture (e.g., location, 

length, size, orientation) and at the network scale (e.g., statistical distributions of 

fracture properties, connectivity, fracture density) (Dorn et al. 2013). However, it 

is prohibitive to obtain these characteristics for each individual fracture in a 

network; and therefore, stochastically generated fracture networks based  on data 

collected from field and laboratory investigations are typically adopted for model 

development (Somogyvári et al. 2017). 

Extensive research has been conducted over the past several decades to 

develop effective field-based techniques for the hydraulic and geometric 
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characterization of individual fractures, the surrounding rock matrix, and the 

network (e.g., Burbey 2010; Alexis Shakas et al. 2016; Kang et al. 2016; Klammler 

et al. 2016; A. Shakas et al. 2018; Klepikova et al. 2018; Persaud et al. 2018; Ren 

et al. 2018; Vitale et al. 2019; Chandra et al. 2019; Hsu et al. 2019). These 

techniques can be classified into (Berkowitz 2002): i) hydraulic tests (e.g., packer 

and slug tests); ii) tracer tests (e.g., solute, heat); and iii) geophysical techniques 

(e.g., seismic methods, ground penetrating radar), all of which can be applied within 

or between boreholes in conjunction with visual inspection of cores and outcrops, 

and areal photographs. Numerous field-based characterization techniques for 

fractured aquifers have been presented (NRC 1996, 2015) with the consensus being 

that these methods aim at measuring the response to the presence of fractures (i.e., 

hydraulic connections) rather than mapping the physical fractures (Berkowitz 

2002). Since field-based approaches only provide information about fractures that 

intersect boreholes, the heterogenous nature of fractured aquifers requires extensive 

resources to conduct comprehensive and detailed field investigations. Therefore, 

field data are often limited, and are subsequently extrapolated to the whole aquifer 

through generating stochastically conditioned fracture networks (e.g., Dorn et al. 

2013; Klepikova et al. 2014; Somogyvári et al. 2017). However, this is an iterative, 

and therefore computationally expensive, approach. Additionally, it is not always 

appropriate to extrapolate characteristics from one part of an aquifer to another due 

to the heterogeneous nature of fractured aquifers.    
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It is postulated herein that a small subset of the aforementioned field-based 

approaches can be utilized to map fracture networks directly by evaluating the 

interdependence between temporally varying data (i.e., time series) acquired from 

several locations within the aquifer. However, classic correlation measures (e.g., 

Kendall’s tau coefficient, Spearman’s rank correlation coefficient) cannot be used 

to evaluate the interdependence in fracture networks as they cannot adequately 

address the lag between temporally varying variables. A more appropriate method 

for evaluating interdependence is by measuring the degree of synchronization, 

based on the fact that the perturbation of an ambient condition (e.g., pressure, solute 

concentration, temperature) at a specific location will cause an effect at a 

downstream location(s), after some time lag, if the two locations are hydraulically 

connected either directly (i.e., through a fracture) or indirectly (i.e., both locations 

are part of the same fracture network). The resulting fracture map then represents 

possible hydraulic connections, rather than the physical fractures, between the 

locations from which the data were collected. Different synchronization measures 

have been discussed in detail in earlier studies (e.g., JuNG Hsu, 1992; Quiroga et 

al. 2002; Schreiber et al. 2003), and include nonlinear interdependences, phase 

synchronization, mutual information, cross-correlation, and coherence function. 

Some of these measures are only suitable for linearly related time series, while 

others do not use the series values or do not distinguish between the different values 

within each series. Dauwels et al. (2009) presented stochastic event synchrony 

(SES) as an alternative approach for assessing the synchronization between two 
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time series. In the SES, specific values/events are chosen from each series and their 

occurrence times are aligned iteratively. The reliability of the SES-based synchrony 

is determined by the fraction of events aligned at a specific time lag, and its 

precision is measured by the accuracy of alignment of these events at that time lag. 

Despite the usefulness of synchronization analysis in assessing the interdependence 

between two or more time series, its application in the field of water resources has 

been vey limited to date (i.e., Malik et al. 2010, 2012). 

The objective of the present study is to develop a SES-based framework for 

identifying hydraulic connections within fractured aquifers based on solute 

concentration data, obtained over time and space, through: i) confirming the ability 

of SES to identify hydraulic connections in a single fracture based on solute 

transport; ii) exploring the relationship between SES measures (i.e., reliability and 

precision) and the transport parameters within a single fracture; and, iii) 

demonstrating the application of the SES-based framework to multiple locations 

within a fracture network to  determine the hydraulic connections between these 

locations, and thereby develop a fracture network map. This technique is expected 

to significantly reduce the extensive field-based resources typically required to 

identify hydraulic connections within fractured aquifers. SES can also be combined 

with discrete fracture network models by adding a constraint to represent the SES-

based connections when generating stochastically-based fracture networks. 
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2.2. METHODS 

2.2.1. SOLUTE TRANSPORT IN FRACTURES 

In fractured aquifers, groundwater flow and solute transport occur in both 

fractures and the surrounding rock matrix (Bear et al. 1993; Rausch et al. 2005). 

While advection and dispersion are primarily responsible for solute transport within 

the fractures, molecular diffusion is the dominant transport mechanism in the matrix 

(Bear et al. 1993; Rausch et al. 2005). Other mechanisms influencing solute 

transport in fractured systems include sorption and decay (Bear et al. 1993). 

Modeling solute transport in these systems requires coupling the solute behavior in 

fractures with that in the rock matrix; the resulting coupled governing equations can 

be solved analytically (Tang et al. 1981; Sudicky and Frind 1982; Maloszewski and 

Zuber 1990; Liu et al. 2017; Meng et al. 2018) or numerically (Abdel-salam and 

Chrysikopoulos 1995; James and Chrysikopoulos 1999; Natarajan 2014; Brutz and 

Rajaram 2017; He et al. 2017; Suzuki et al. 2018) in different configurations of a 

single fracture under specified boundary condition at the inlet (i.e., constant 

concentration, constant flux, instantaneous or time-dependent function). When the 

solute is released into the fracture following a time-dependent function, the 

breakthrough curve (BTC) at any location along the fracture is the convolution of 

that function and the analytical solution of an instantaneous injection (Bodin et al. 

2007). Analytical solutions developed to date have not been confirmed at the 

network scale, and thus numerical techniques are typically adopted (Bodin et al. 
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2007; Makedonska et al. 2015; Ngo et al. 2017). Only the instantaneous or time-

dependent injection schemes are of interest in the present study, as these conditions 

represent the typical procedures of field-based tracer tests. 

When a conservative solute is introduced to a fracture with an impervious 

matrix (i.e., no matrix diffusion), the injected mass is preserved along the fracture. 

However, hydrodynamic dispersion causes the residence time of each solute 

particle between any two locations in the fracture to be a random variable with a 

lognormal probability density function (Bodin and Delay 2001). The theoretical 

mean residence time ( t ̅) is the average time lag between the appearance of the 

injected mass at the two locations, and depends on the distance between these 

locations (d) and the flow velocity (u) as follows: 

𝑡̅ =
𝑑

𝑢
                                                                                                                            (2 − 1) 

However, matrix diffusion cannot be neglected when the matrix is permeable; 

solute may diffuse into or out of the matrix depending on the direction of the 

concentration gradient across the fracture wall. When matrix diffusion is 

considered, the BTC at any location along the fracture can be expressed as the 

convolution of two functions: i) the BTC resulting from an instantaneous injection 

of a conservative solute when matrix diffusion is negligible; and, ii) a retention 

function representing the fracture-matrix system response to the solute input 

function when hydrodynamic dispersion along the fracture is neglected (Cvetkovic 

et al. 1999; Hassan et al. 2001; Liu et al. 2017). The migration of solute particles 
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between two points in a fracture is typically governed by advection and dispersion 

only, even when matrix diffusion is not negligible. However, calculating 𝑡̅ 

according to Equation (2-1) is not valid in this case as it does not account for 

fracture-matrix interactions. The retention function, representing the matrix 

response to the input source, acts as a decay function and results in a heavy-tailed 

BTC. Therefore, matrix diffusion can be represented by a retardation factor (R) that 

delays solute migration in the fracture (Bodin and Delay 2001), and depends on u, 

d, the hydrodynamic dispersion coefficient (D), the matrix porosity (θ), and the 

effective diffusion coefficient (De). Subsequently, 𝑡̅ is estimated as follows (Bodin 

and Delay 2001): 

𝑡̅ =
𝑑

𝑢
+ 𝑅 ×

𝑑

𝑢
× 𝑒𝑟𝑓𝑐 [𝛺 (

4𝑑3

𝑢𝐷
)

1
4

]                                                                     (2 − 2) 

where 𝛺 = √𝜃𝐷𝑒/𝑏, and b is the fracture aperture. 

The same concept is utilized when the solute interacts with impervious 

fracture wall, however, the mass retained is adsorbed onto the surface of the fracture 

rather than within the matrix. Another retardation factor is introduced in this case, 

based on the relationship between the sorbed and non-sorbed fractions of the solute. 

A more complex transport scenario includes a reactive solute moving along a 

fracture with permeable surfaces which combines advection, hydrodynamic 

dispersion, sorption, and matrix diffusion.  
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In all cases, 𝑡̅ is the theoretical time lag between the centers of mass (CM) of 

two BTCs at two distinct locations along the fracture, as shown in Figure 2-1, 

considering all possible transport mechanisms. Such BTCs can be obtained from a 

field-based tracer test, and the interdependence between them can be used to reveal 

the hydraulic connection between the two locations. However, such a hydraulic 

connection will always be represented by a straight path connecting the two 

locations. 

 

Figure 2-1: Typical BTCs at two different locations along a fracture when the 

solute is introduced to the fracture either instantaneously or over a specified time 

2.2.2. STOCHASTIC EVENT SYNCHRONY 

Synchronization is defined as the agreement or correlation in time between 

different processes (Boccaletti et al. 2002), and it indicates the interdependence 

between systems coupled through such processes (Boccaletti et al. 2018). Different 

synchronization measures have been developed over the past two centuries, each of 

which has its own strengths and limitations. Stochastic event synchrony (SES) was 
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first introduced by Dauwels et al. (2009) to overcome the limitations of other 

measures, and it can be used to uncover the interdependence between two or more 

linearly or nonlinearly coupled time series. The first step in the application of SES 

is to identify specific events from each time series (e.g., maximum values, 

minimum values, or values larger than a specific threshold), and subsequently align 

(or pair) these events at a pre-defined time lag. The fraction of paired events, known 

as the coincidence ratio (ρ), indicates the reliability of pairing/synchronization 

between the two series. Higher values of ρ indicate that more events from the first 

series are replicated in the second one at the chosen lag. However, the paired events 

may not be aligned exactly at that lag, leading to a time jitter (τ) as shown in Figure 

2-2. Therefore, two synchronized time series can be characterized by higher ρ and 

lower τ. The events shown in Figure 2-2 can represent any processes such as signals 

transmitted through the human neural system or concentrations of a solute observed 

at two locations within a fractured network. The latter example is the focus of the 

present study. It must be noted here that concentration-based events may find pairs 

where hydraulic connections do not exist. Thus, more confidence can be placed in 

the legitimacy of mass-based event pairs as mass represents the cumulation of 

concentration over time. 
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Figure 2-2: Illustration of time lag and jitter where the top panel represents events 

selected from the first series, and the bottom panel represents events selected the 

second one 

2.2.3. THE SES-BASED FRAMEWORK 

A single and unique hydraulic connection (i.e., a fracture) between two 

locations in a fractured aquifer represents a transmission path for a solute; however, 

the distance (x) travelled by each solute particle in that fracture within a time (dt) is 

not deterministic due the range of mechanisms influencing transport (e.g., 

hydrodynamic dispersion, matrix diffusion). Therefore, dt between two specific 

locations (i.e., x is constant) is a random variable described as (Bodin et al. 2007): 

𝑑𝑡 = 𝑑𝑡𝑐𝑜𝑛 + [
𝛺𝑥

𝑢 × 𝑒𝑟𝑓𝑐−1(𝑈01)
]

2

                                                                       (2 − 3) 

where dtcon is a lognormal random number with a mean of x/Ru and a variance of 

2Dx/u3, and U01 is a uniform random number between 0 and 1. The first term on the 

right-hand-side of Equation (2-3) represents the travel time imposed by advection, 

dispersion, and matrix diffusion, and the second term represents the solute particle 
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residence time within the rock matrix. The mean value of dt is 𝑡̅ calculated using 

Equation (2-1) when matrix diffusion is neglected, or Equation (2-2) when matrix 

diffusion is considered. The BTC at any location along the fracture is the 

relationship between the concentration of solute particles arriving at that location 

and time. The CM of a BTC represents the mean residence time (i.e., 𝑡̅)  of all solute 

particles migrating from the point at which they were released to that location, and 

the BTC spreading can be described by higher moments of dt. 

Synchronization between two BTCs (i.e., BTC 1 and BTC 2) acquired from 

two locations (i.e., location 1 and location 2) along a fracture can be assessed 

through discretizing them into Nt and Lt segments, respectively. Subsequently, the 

arrival of a mass M2(tk; 𝑡𝑘̅) at location 2 following its release at location 1 as M1(tj; 

𝑡𝑗̅) is assessed, where tj is the arrival time of the jth segment of BTC 1 (j = 1, 2, …., 

Nt), tk is the arrival time of the kth segment of BTC 2 (k = 1, 2, …., Lt), 𝑡𝑗̅ is the mean 

travel time of all solute particles arriving at location 1 up to time tj (i.e., CMj), 𝑡𝑘̅ is 

the mean travel time of all solute particles arriving at location 2 up to time tk (i.e., 

CMk), and Mm is the mass arriving at the mth location (m = 1, 2 in this example), as 

shown in Figure 2-3. After its release at location 1, the mass M1(tj; 𝑡𝑗̅) migrates 

along the fracture and is expected to reach location 2 after  t ̅ as 𝑀2
̅̅ ̅̅ (tj + 𝑡̅; 𝑡𝑗̅ + 𝑡)̅. 

When matrix diffusion is negligible, masses 𝑀2
̅̅ ̅̅ (tj + 𝑡̅; 𝑡𝑗̅ + 𝑡̅) and M1(tj; 𝑡𝑗̅) must be 

the same; whereas, when matrix diffusion is considered, the two masses will be 

mathematically related through available analytical solutions (e.g., Tang et al. 1981; 
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Maloszewski and Zuber 1990). The jth segment of BTC 1 is paired with the kth 

segment of BTC 2 if M2(tk; 𝑡𝑘̅) = 𝑀2
̅̅ ̅̅ (tj + 𝑡̅; 𝑡𝑗̅ + 𝑡̅). Subsequently, the kth segment 

of BTC 2 is referred to as the nth segment. While the time lag between the two BTCs 

is theoretically t ̅, the actual lag between two paired segments (tjn) is 𝑡𝑗̅ − 𝑡𝑛̅ which 

may be different from t,̅ leading to a time jitter (τjn) equal to  𝑡𝑗𝑛 − t.̅ During a field-

based tracer experiment, tj and tk represent the sampling times at locations 1 and 2, 

respectively. In addition, prior knowledge of the volumetric flow rate (Q) is 

required to calculate the mass Mm(ti, 𝑡𝑖̅) at time (ti) based on the observed BTC. 

Since Q is often unknown prior to proper characterization of a fractured aquifer, 

time integral of the BTC can be used as an indicator of Mm(ti, 𝑡𝑖̅), where the CM of 

that portion of the BTC is at 𝑡𝑖̅. 

 

Figure 2-3: Application of SES to BTCs obtained at two locations along a 

fracture 
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The application of SES utilizing two BTCs results in a set of paired segments 

(N), each of which is lagged by time tjn that differs from t ̅by a jitter τjn. The actual 

mean lag (𝑡𝑎̅𝑐𝑡) and average jitter (𝜏̅) between the two BTCs are thus, respectively: 

𝑡𝑎̅𝑐𝑡 =
1

𝑁
∑(𝑡𝑗̅ − 𝑡𝑛̅)

𝑁

𝑗=1

                                                                                             (2 − 4a) 

𝜏̅ =
1

𝑁
∑(𝑡𝑗𝑛 − t)̅

𝑁

𝑗=1

                                                                                                  (2 − 4b) 

The degree of synchronization between the two BTCs at 𝜏̅ and 𝑡𝑎̅𝑐𝑡, 

expressed by ρ, is the ratio between N and Nt. For a hydraulic connection to exist 

between the locations where the BTCs are acquired, ρ must be equal to or exceed a 

threshold value, ρacc, calculated by: 

𝜌𝑎𝑐𝑐 = 𝑷[𝑡𝑎̅𝑐𝑡 − min(𝜏𝑗𝑛) ≤ 𝑑𝑡 ≤ 𝑡𝑎̅𝑐𝑡 + max(𝜏𝑗𝑛)]                                       (2 − 5) 

where P represents the probability that the travel time between locations 1 and 2 is 

within the time interval [𝑡𝑎̅𝑐𝑡 − min(𝜏𝑗𝑛) and 𝑡𝑎̅𝑐𝑡 + max(𝜏𝑗𝑛)]. In other words, P 

represents the fraction of solute particles (expressed through the number of 

segments of BTC 1 (i.e., N)) expected to migrate from location 1 to location 2 

within that time interval under the transport mechanisms considered. For a 

conservative solute not subject to matrix diffusion, dt is lognormally distributed 

with a mean of x/u and a variance of 2Dx/u3 (Bodin and Delay 2001), and 

subsequently, ρacc can be evaluated analytically. However, the statistical 

distribution of dt is not well known when matrix diffusion is considered. In this 
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case, for simplicity, the residence time in the rock matrix (tm) is assumed to be the 

same for all solute particles and is given by: 

𝑡𝑚 = 𝑅 ×
𝑥

𝑢
× 𝑒𝑟𝑓𝑐 [𝛺 (

4𝑥3

𝑢𝐷
)

1/4

]                                                                       (2 − 6) 

Subtracting tm from each term on the right-hand side of Equation (2-5) 

yields a modified expression to estimate dt, dtcon, which is lognormally distributed 

with a mean of x/Ru and a variance of 2Dx/u3, and therefore, ρacc can be evaluated 

analytically. When a hydraulic connection is detected (i.e., ρ ≥ ρacc), the coupling 

of Equations (2-4a) and (2-4b) enables estimating the flow velocity (u) when the 

matrix diffusion is negligible, or provides a relationship between u and D when the 

matrix properties (i.e., De and θ) and fracture aperture (i.e., b) are known. Based on 

the discussion above, a SES-based framework is proposed to assess the presence of 

a hydraulic connection between two locations along a single fracture, and the 

application procedures of this framework are shown in Figure 2-4. 
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Figure 2-4: The application procedures of the SES-based framework proposed to 

asses the presence of a hydraulic connection between two locations along a single 

fracture using BTCs acquired at these locations 

2.3. RESULTS AND DISCUSSION 

Three different cases were chosen to demonstrate the efficacy of the SES-

based framework in identifying hydraulic connections: 1) a single, synthetic 
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fracture with an instantaneous solute injection at the inlet under both pervious and 

impervious matrix conditions; 2) a single, synthetic fracture with an impervious 

matrix and an exponentially decaying solute release at the inlet; and, 3) a synthetic 

fracture network with an impermeable matrix and exponentially decaying solute 

releases at two distinct points along the inlet boundary. 

The SES-based framework was first applied to a single, synthetic fracture 

with specified hydrogeologic characteristics to assess its efficacy in identifying 

interdependence between BTCs acquired from two locations along that fracture, 

thus demonstrating the existence of a hydraulic connection between these locations. 

The hydrogeologic characteristics of the synthetic fracture is (Bodin and Delay 

2001): length (L) = 2 m, b = 200 μm, u = 5x10-6 m/s, D = 5x10-7 m2/s. For the case 

with a permeable matrix, θ = 0.35  and De = 10-13 m2/s (Tang et al. 1981) were used. 

A mass of 100 g of a conservative solute was released at the fracture inlet through 

an instantaneous injection and BTCs were calculated at 0.2L, 0.4L, 0.6L, 0.8L, and 

L using the analytical solutions reported in (Kreft and Zuber 1978) and 

(Maloszewski and Zuber 1990) for impermeable and permeable matrix conditions, 

respectively as shown in Figure 2-5.  
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Figure 2-5: BTCs calculated analytically at various locations along a synthetic 

fracture with and without matrix diffusion 

 

Figure 2-6: Synchronization reliability (i.e., ρ compared to ρacc) for (a) no matrix 

diffusion, and (b) matrix diffusion is considered, and precision (i.e., 𝑡𝑎̅𝑐𝑡 and 𝜏̅ ) 
values for (c) no matrix diffusion, and (d) with matrix diffusion 
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A second case is employed to assess the efficacy of the SES-based framework 

under different boundary conditions. In this case, 100 g of a conservative solute 

was introduced at the inlet of a single fracture (with impervious walls) through an 

exponentially decaying release, exp (−𝛾𝑡) where 𝛾 = 1x10-5 s-1 is the decay rate 

(Bodin et al. 2003). Peclet numbers (Pe) ranging from 0.2 to 100 were adopted, and 

the corresponding effluent BTC was estimated using the Time Domain Random 

Walk (TDRW) approach (Bodin and Delay 2001). BTCs at the inlet and outlet 

(represented by BTC 1 and 2, respectively) were discretized into 500 segments (i.e., 

Nt = Lt = 500) for each Pe. The SES-based framework was subsequently applied, 

and the corresponding ratios ρ/ρacc and (𝑡𝑎̅𝑐𝑡 − 𝜏̅)/𝑡 ̅are shown in Figure 2-7. The 

SES-based framework effectively detected the hydraulic connection between the 

fracture inlet and outlet for the range of Pe investigated as indicated by the fact that 

ρ/ρacc is consistently greater than 1. Furthermore, (𝑡𝑎̅𝑐𝑡 − 𝜏̅)/𝑡 ̅ is always equal to 

1.0, supporting the use of SES metrics (𝑡𝑎̅𝑐𝑡 and 𝜏̅) to determine the transport 

parameters (u in this case).  

 

Figure 2-7: Reliability and precision metrics for the case of an exponentially 

decaying solute release at the inlet of a fracture under a range of Pe 
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The results from both cases support the efficacy of the SES-based framework 

in determining hydraulic connections along a single fracture, with and without a 

permeable matrix, and under different inlet boundary conditions. Of even a greater 

interest is the ability of the SES-based framework to detect multiple connections 

within a fracture network. Therefore, a third case using a simple, impermeable, 

synthetic fracture network within a 2500 m2 square domain is developed as shown 

in Figure 2-8a. The fractures are assumed to have equal apertures of 200 µm, and 

constant heads of 100 m and 99 m are assigned to the inlet (West) and outlet (East) 

boundaries, respectively. A conservative solute was injected through the inlet 

boundary following the release scheme described in the previous case (case 2); 

however, the particles were injected at point 1 prior to point 2 to reduce their 

coupled interaction in the BTCs at the outlets. The TDRW approach was adopted 

to simulate solute transport through the synthetic network, and the BTCs at points 

3 and 4 on the outlet boundary were obtained as shown in Figure 2-8c. The BTCs 

at points 1, 2, 3, and 4 were divided into 500 segments, and the SES-based 

framework was employed. The framework was applied to each point pair twice; the 

first one (case i) included the BTC at a source (i.e., point 1 or 2) and the BTC at an 

outlet (i.e., point 3 or 4), and the second case (case ii) included the BTC at a source 

(i.e., point 1 or 2) and the combined BTC at the outlet (i.e., mass at points 3 and 4 

summed at each time). The resulting synchronization metrics, ρ = (ρi, ρii) and the 

corresponding ρacc = (𝜌𝑎𝑐𝑐
𝑖 , 𝜌𝑎𝑐𝑐

𝑖𝑖 ), where the superscripts (i) and (ii) refer to the case, 

are shown in Figure 2-8b. For each pair of points, the theoretical time lag (i.e., the 
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theoretical mean residence time  t ̅) was assumed to be the difference between the 

CMs of their BTCs. A direct hydraulic connection is assumed to exist between an 

inlet and an outlet when ρi ≥ 𝜌𝑎𝑐𝑐
𝑖  and ρii ≤ 𝜌𝑎𝑐𝑐

𝑖𝑖 , whereas the inlet point is assumed 

to be directly hydraulically connected to both outlets when ρii ≥ 𝜌𝑎𝑐𝑐
𝑖𝑖  and ρi ≤ 𝜌𝑎𝑐𝑐

𝑖 . 

A zero value of  𝜌𝑎𝑐𝑐
𝑖 , or 𝜌𝑎𝑐𝑐

𝑖𝑖 , indicates that there is no probability for the solute 

particles released at an inlet to exit the domain through either, or both, outlet within 

the time interval [𝑡𝑎̅𝑐𝑡 − min(𝜏𝑗𝑛) and 𝑡𝑎̅𝑐𝑡 + max(𝜏𝑗𝑛)]; therefore, corresponding 

hydraulic connection(s) is rejected. 

The SES-based framework effectively detected the direct hydraulic 

connections in the synthetic fracture network (see Figure 2-8a). A hydraulic 

connection was also detected between points 1 and 4, where one does not currently 

exist (see Figure 2-8b), due to the similarities between the BTCs at points 1 and 4. 

This connection was subsequently rejected as ρacc = 0 for both cases (i) and (ii). 

These results demonstrate the efficacy of the SES-based framework in 

reconstructing the hydraulic connections within a fracture network. For a larger 

number of outlets, an optimization technique can be coupled with the SES-based 

framework to detect the most reliable hydraulic connections. 
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Figure 2-8: Application of the SES-based framework to (a) a synthetic fracture 

network. The results show (b) hydraulic connections detected based on (c) the 

BTCs at points 1, 2, 3, and 4 

2.4. CONCLUSIONS 

The coherence between solute transport in a fracture and time series 

synchronization enabled the development of a SES-based framework that is able to 

detect hydraulic connections between two points in a fractured aquifer. The efficacy 

of the SES-based framework was demonstrated through its ability to map the 

hydraulic connection(s) based on the solute BTCs at two distinct locations within: 

i) a single, synthetic fracture with an impermeable matrix under instantaneous and 

exponentially decaying solute releases at the inlet; ii) a single synthetic fracture 
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with permeable matrix under an instantaneous solute injection at the inlet; and iii) 

a fracture network, with an impermeable matrix, under exponentially decaying 

solute releases at two points along the inlet boundary. Additionally, the SES-based 

framework is able to determine u or the relationship between u and D for 

impermeable and permeable matrix conditions, respectively. This SES-based 

framework was able to map hydraulic connections using sparsely located 

concentration profiles rather than hydraulic, geometrical, and connectivity data, all 

of which require far more intensive resources to collect in the field. The hydraulic 

connections mapped using the SES-based framework can be utilized to condition 

stochastically generated fracture networks that are typically employed to model 

these systems, which is necessary to develop effective planning, management, or 

remediation strategies. This study is the first to introduce the synchronization 

analysis in the field of hydrogeology and is expected to be the basis for applying 

the same analysis to solve complex relevant problems in similar systems. 
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2.6. NOTATIONS 

b: Fracture aperture R:  Retardation factor 

d:  
Distance between two 

locations along a fracture 
t:  Time lag between two BTCs 

D:  
Hydrodynamic 

dispersion coefficient 
𝑡̅: 

Theoretical time lag between two 

BTCs 

De:  
Effective diffusion 

coefficient 
𝑡𝑎̅𝑐𝑡: 

Actual mean lag between two 

BTCs 

dt: 
Total particle travel time for a distance x (including residence time 

within the matrix) 

dtcon:  
Particle travel time imposed by advection, dispersion, and matrix 

diffusion 

L:  Fracture length tj: 
The arrival time of the jth segment 

of BTC 1 

Lt: 
Number of segments in 

the BTC at location 2 
𝑡𝑗̅: 

Mean travel time of solute 

particles arriving at location 1 up 

to time tj 

M1:  Mass arrival at location 1 tjn: 
The actual lag between two paired 

segments (j and n, respectively) 

M2:  Mass arrival at location 2 tk: 
The arrival time of the kth segment 

of BTC 2 

Mm:  
Mass arriving at location 

m 
𝑡𝑘̅: 

Mean travel time of solute 

particles arriving at location 2 up 

to time tk 

N:  Number of paired events tm: 
Particle residence time in the rock 

matrix 
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Nt:  
Number of segments in 

the BTC at location 1 
u: Flow velocity 

P: 
Probability that particle travel time between locations 1 and 2 is 

within the time interval [𝑡𝑎̅𝑐𝑡 − min(𝜏𝑗𝑛) and 𝑡𝑎̅𝑐𝑡 + max(𝜏𝑗𝑛)] 

Pe: Peclet number U01: Uniform random number 

Q:  Volumetric flow rate x: 
Distance travelled by a particle 

within a time dt 

Greek Letters: 

θ: Matrix porosity   

γ: Decay rate   

ρ: The coincidence ratio   

ρacc: The threshold of the coincidence ratio 

𝜏̅: Average time jitter between two BTCs 

τ: Time jitter between two events 

τjn: Actual time jitter between two paired segments (j and n, respectively) 
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2.7. ACRONYMS 

BTC:  Solute breakthrough curve 

CM:  Center of mass of a BTC 

SES:  Stochastic event synchrony 

TDRW:  Time domain random walk 
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Chapter 3  

A GENETIC PROGRAMMING–BASED MODEL FOR COLLOID 

RETENTION IN FRACTURES 

ABSTRACT 

Understanding the behavior of colloids in groundwater is critical as some are 

pathogenic while others may facilitate or inhibit the transport of dissolved 

contaminants. Colloid behavior in saturated fractured aquifers is governed by the 

physical and chemical properties of the groundwater-particle-fracture system. The 

interaction between these properties is nonlinear, and there is a need for a 

mathematical model describing the relationship between them to advance the 

mechanistic understanding of colloid transport in fractures and facilitate modeling 

in fractured environments. This paper coupled genetic programming and linear 

regression within a multigene genetic programming framework to develop a robust 

mathematical model describing the relationship between colloid retention in 

fractures and the physical and chemical parameters that describe the system. The 

data employed for model development and validation were collected from a series 

of 75 laboratory-scale colloid tracer experiments conducted under a range of 

conditions in three laboratory-induced discrete dolomite fractures and their epoxy 

replicas. The model sufficiently reproduced the observed data with coefficients of 

determination (R2) of 0.92 and 0.80 for model development and validation, 

respectively. A cross-validation demonstrated the model generality to more than 
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86% of the observed data. A variance-based global sensitivity analysis confirmed 

that attachment is the primary retention mechanism in the systems employed in this 

work. The model developed in this study provides a tool describing colloid 

retention in factures, which furthers the understanding of groundwater-particle-

fracture system conditions contributing to the retention of colloids and can aid in 

the design of groundwater remediation strategies and development of groundwater 

management plans. 

Keywords: Genetic Programming, Colloid transport, Fractured aquifer 

  



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

64 

 

3.1. INTRODUCTION 

Groundwater represents the primary water resource in many regions globally, 

and is required for human health, well-being, and development (Rivera 2017). 

Increasing reliance on groundwater due to population growth and industrialization 

has accelerated aquifer depletion (Tang et al. 2017; Castellazzi et al. 2018), 

necessitating the extraction of water from increasing depths where the likelihood of 

encountering a fractured bedrock aquifer is high. The Geological Survey of Canada 

identified the characterization of fractured aquifers as a major knowledge gap 

(Rivera 2005), yet 70% of Canada’s regional aquifers exist in fractured formations 

(Rivera 2005). Fractures represent only a minor portion of the porosity in these 

aquifers; however, they are the main conduits for groundwater flow and 

contaminant transport. Colloids represent a class of contaminants that, within the 

field of hydrogeology, are typically defined as particles ranging in size from one 

nanometer to 10 micrometers (Buddemeier and Hunt 1988; Hunter 2001; Bekhit 

and Hassan 2005; Delleur 2007). Examples include inorganic mineral grains (i.e., 

fine silt and clay), organic particles, microorganisms and other cells, and 

anthropogenic particles (e.g., microplastics). Microorganisms may be pathogenic 

(Hunt and Johnson 2016), and chronic exposure to engineered particles can also be 

harmful to human and environmental health (Karlsson et al. 2015). While most 

colloids are benign, they may facilitate or inhibit the transport of dissolved 

contaminants depending on colloid-fracture, colloid-solute, colloid-matrix, and 

hydro-dynamic interactions (Abdel-salam and Chrysikopoulos 1995; Ibaraki and 
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Sudicky 1995). Colloid transport and retention have been studied extensively in 

porous media aquifers (e.g., Sun et al. 2015; Lehoux et al. 2017; Kam-rani et al. 

2018), fractured rock aquifers (e.g., Rodrigues and Dickson 2015; Bagalkot and 

Kumar 2018; Neukum 2018), and karst aquifers (e.g., Göppert and Goldscheider 

2008; Flynn and Sinreich 2010; Schiperski et al. 2016). Colloids normally carry a 

negative charge under natural groundwater conditions (Zvikelsky and Weisbrod 

2006; Hunt and Johnson 2016), and the combination of their size and charge causes 

them to behave differently than dissolved contaminants in groundwater. 

Specifically, colloids move faster than solutes due to size exclusion, charge 

exclusion, and Taylor dispersion (Ryan and Elimelech 1996). Within a fracture, 

colloids are excluded from slow moving portions of the Poiseuille velocity profile 

due to their finite size, thereby increasing their effective velocity and decreasing 

their overall dispersion (James and Chrysikopoulos 2003). As the size increases, 

even beyond that of a colloid, particles are forced into faster streamlines within the 

velocity profile resulting in increased effective velocity. Additionally, irregular 

fracture walls cause a three-dimensional, nonuniform, tortuous flow fields to 

develop (Brush and Thomson 2003), and the resulting hydrodynamic forces lead to 

changes in particle flow path directions (Zhang et al. 2012). 

The behavior of colloids in fractured groundwater systems has become an 

increasingly active research area over the past two decades. Advection is the 

primary mechanism responsible for colloid transport in fractures, while attachment, 

sedimentation, physical straining, and diffusion into the rock matrix are responsible 
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for retention (Zhang et al. 2012; Weisbrod et al. 2013; Cohen and Weisbrod 2018). 

Attachment is a two-step process: the colloid must first contact a fracture wall and 

subsequently attach (Abdel-salam and Chrysikopoulos 1994). For attachment to 

occur, the attractive van der Waals forces must overcome the repulsive forces 

within the electric double layer (O’Melia and Stumm 1967). As size increases, the 

particle may be excluded from contacting the fracture wall, thereby decreasing the 

likelihood of retention through attachment. Sedimentation typically affects 

larger/more dense particles (Vilks et al. 2008; Stoll et al. 2017), and aggregated 

colloids (Swanton 1995), as their weight may exceed the buoyant force. Larger 

particles may also be excluded from main flow pathways due to physical straining 

or charge exclusion in smaller aperture regions (McCarthy and Zachara 1989). In 

contrast, small colloids are more likely to be retained by diffusion into the rock 

matrix in regions where the groundwater velocity is low and matrix porosity is high 

(Zhang et al. 2012). 

It is generally accepted that colloid retention mechanisms in fractures are 

governed by the physical and chemical properties of the groundwater, groundwater 

flow conditions, surface chemistry of the fracture matrix, aperture field geometry, 

and the physical and surface properties of the colloid (Zhang et al. 2012). 

Groundwater chemistry (pH and ionic strength) affects retention by enhancing or 

deteriorating the particle-fracture wall interaction. While lower ionic strength 

reduces the likelihood of attachment by strengthening the particle-fracture wall 

repulsion forces (Mondal and Sleep 2012; Neukum 2018), reducing the solution pH 
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enhances the attractive Van der Waal forces providing favorable attachment 

conditions (Zhang et al. 2012). Groundwater hydraulics also affect colloid retention 

as turbulence may facilitate contact with fracture walls, which increases the 

likelihood of colloid-fracture wall interaction, and high velocity strengthens the 

shear force between attached colloids and fracture walls (Zhang et al. 2012). 

Detachment will occur when these forces are large enough to overcome the 

attractive Van der Waal forces (Lin et al. 2014). The combination of aperture 

variability and particle size can result in retention via straining when the aperture is 

too small for a colloid to pass through (Fahim and Wakao 1982; Carstens et al. 

2017). Particle size and surface charge affect transport and retention through size 

and/or charge exclusion from specific aperture regions (Tufenkji 2007; Alaskar et 

al. 2015). These mechanisms force larger/highly charged colloids into higher 

velocity streamlines closer to the center of a fracture (Weisbrod et al. 2013), 

rendering these particles less susceptible to retention. Based on this mechanistic 

description of colloid retention in fractures, factors affecting the fraction of particles 

retained (Fr) along a fracture can be grouped into: (1) physical (e.g., fracture 

geometry and specific discharge) and (2) chemical (e.g., ionic strength of the 

groundwater and the surface charges of fracture walls and particles) characteristics. 

Despite the extensive research that has been conducted to understand the 

behavior of colloids in fractures, sufficiently accurate mathematical relationship 

between Fr and the factors that influence it has not been developed to the best of 

the authors’ knowledge. Rodrigues and Dickson (2014) worked toward obtaining 
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such a mathematical representation through a series of colloid tracer experiments 

incorporating the effects of particle properties (size, diffusion coefficient, and 

surface charge), fracture characteristics (length, width, aperture size, and surface 

charge), solution ionic strength, and specific discharge. A stepwise multiple linear 

regression was adopted in their study and the resulting model was able to predict Fr 

in a single saturated fracture with a coefficient of determination (R2) of 0.64. The 

relatively large errors in their model can be attributed to the complex nonlinear 

relationship between Fr and the parameters influencing it, and the interaction 

between these parameters. The study by Rodrigues and Dickson (2014) represents 

a baseline for simulating the behavior of colloids in fractures under a range of 

physical and chemical conditions, and highlights the need for a more robust 

technique that can effectively obtain the desired relationship. 

Genetic programming (GP) is an evolutionary algorithm that provides the 

ability to uncover complex mathematical relationships between a set of inputs and 

an output that is difficult to identify via classic mathematical or statistical 

techniques (Koza 1994). It has been widely applied in the field of water resources 

engineering to identify rainfall-runoff relationships (Savic et al. 1999; Chadalawada 

et al. 2017), predict stream flow (Ravansalar et al. 2017), obtain suitable reservoir 

operation rules (Ashofteh et al. 2017), model sea-level rise and the propagation of 

algae blooms (Muttil and Chau 2006; Ghorbani et al. 2010), and estimate saturated 

hydraulic conductivity (Parasuraman et al. 2007). 
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The goal of this work is to improve our understanding of the major physical 

and chemical parameters, and their confounding effects, that influence colloid 

retention in fractures. GP was applied to an experimental dataset describing colloid 

retention under a range of physical and chemical groundwater-colloid-fracture 

system parameters, as reported by Rodrigues and Dickson (2014), to obtain a 

sufficiently accurate relationship between Fr and these parameters. Such a 

relationship will provide an understanding of how modification of these parameters 

may either: 1) mobilize colloids, thereby facilitating various remediation strategies 

(e.g., bioremediation, nanoparticle-based remediation technologies); or, 2) enhance 

the retention of colloids that may be harmful to human and environmental health 

(e.g., pathogens, enteric viruses, microplastics). 

3.2. COLLOID RETENTION MODEL 

3.2.1. DATASET 

The dataset utilized in this study includes the results from 75 laboratory-scale 

colloid tracer experiments conducted in laboratory-induced dolomite fractures and 

their epoxy replicates (Rodrigues and Dickson 2014). The experiments were 

designed to examine the effect of a range of physical and chemical parameters on 

Fr in single, saturated laboratory-scale fractures fitted within plexiglass flow cells. 

The reader is referred to Rodrigues et al. (2013) for a detailed description of the 

experimental setup and procedures. Of the 75 laboratory experiments, seven were 

conducted in triplicate to ensure reproducibility between experiments. The current 
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study utilizes the arithmetic mean of Fr from the repeated experiments, thus 

reducing the dataset from 75 to 54 observations. Of the 54 remaining observations, 

41 are chosen randomly for the model development (training dataset) while the 

remaining 13 are used for the model validation. 

The parameters used by Rodrigues and Dickson (2014) were: 1) fracture 

characteristics including length (Lf), width (W), hydraulic aperture (bc), mass 

balance aperture (bm), friction loss aperture (bf), and surface charge (Qm); 2) 

physiochemical and hydraulic water properties including ionic strength (I) and 

specific discharge (q); and, 3) particle properties including diameter (dp), surface 

area (Ap), volume (Vp), density (ρp), diffusion coefficient (D), and surface charge 

(Qp). These parameters are combined iteratively, in the current study, into seven 

variables describing various physical and chemical aspects of the system to reduce 

the size of the problem exported to GP. Table 3-1 lists the formulation, physical 

representation, and experimental range for each of these seven variables. The 

relationships between these variables and the observed Fr are shown in Figure 3-1. 

It is noteworthy that the fracture aperture variability was implicitly considered by 

incorporating bm, bf, and bc, which are sensitive to the largest, smallest, and mean 

apertures, respectively. It is also noteworthy that fracture surface charge 

heterogeneity was not considered as Rodrigues and Dickson (2014) reported only 

two different values for Qm depending on whether the fracture was dolomite or 

epoxy. 
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Figure 3-1: (a to g) represent the relationship between the observed Fr and the 

variables x1 to x7 respectively, and (h) shows a box plot for the observed Fr 
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Table 3-1: Variables used in the current study 

Variable 

{Formulation} 

[Experimental Range] 

Physical Representation 

x1 (m) 

{𝐷
𝑞⁄ } 

[2.5x10-10, 1.7x10-7] 

 

Ratio between diffusive and advective forces on the 

particle represented by the diffusion coefficient (D) and 

the specific discharge (q) respectively 

x2 (m) 

{
𝑉𝑝

(𝑏𝑚 × 𝑊)⁄ } 

[7x10-20, 6.3x10-15] 
 

Degree of fracture clogging represented by the ratio of 

particle volume (Vp) to fracture area perpendicular to 

flow direction expressed through the multiplication of 

fracture width (W) and the mass balance aperture (bm) 

x3 (m) 

{(
𝜌𝑝

𝜌𝑤
⁄ ) × 𝑑𝑝} 

[5.3x10-8, 1.2x10-6] 
 

Effect of buoyant force on the particle represented by the 

ratio between the particle (ρp) and water (ρw) densities 

where dp is the particle diameter 

x4 (mV/m2) 

{
𝑄𝑚

(𝐴𝑟 × 𝐼 × 𝐴𝑝)⁄ } 

 

[-1.3x10-13, -4.95x10-2] 

 

Ratio between the effect of fracture surface charge (Qm) 

to the effect of groundwater ionic strength (I) employing 

Avogadro’s number (Avr) and the particle surface area 

(Ap) 

x5 (m) 

{(
𝑄𝑚

𝑄𝑝
⁄ ) × 𝑏𝑐} 

[4.73x10-6, 5.9x10-4] 
 

Effect of fracture surface potential to particle surface 

potential/charge (Qp) in a distance equals the fracture 

hydraulic aperture (bc) 
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Variable 

{Formulation} 

[Experimental Range] 

Physical Representation 

x6 (m) 

{𝐿𝑓} 

[0.241, 0.5] 

Fracture length 

x7 (m) 

{𝑏𝑓} 

[3.3x10-5, 6.4x10-4] 

Friction loss aperture size to represent the small regions 

in the fracture 

3.2.2. GENETIC PROGRAMMING  

GP is a class of evolutionary algorithms, inspired by Darwin’s theory of 

natural selection, that depends on the survival of the most adapted solution (Koza 

1994). Being an evolutionary search technique, GP adopts special operations to 

prevent the solution from being trapped in local minima and maxima. Thus, GP 

solutions are considered to be near-optimal because of the errors that may be 

presented in the inputs or the actual output especially for experimental datasets. In 

addition to optimizing the relationship between a group of inputs and an output, GP 

produces optimum values for the constants that may be included in the solution. 

GP is initialized by randomly generating hundreds to thousands of 

mathematical expressions (solutions) describing the relationship between the inputs 

and output. Each solution generated is referred to as an individual or a candidate 

and contains a combination of functions (mathematical or logical operators) and 

terminals (input variables and constants). Each individual is assigned a fitness value 

according to a predefined objective function, and genetic operations (elitism, 
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crossover, and mutation) are applied to reproduce new generations. Individuals with 

high fitness values are reproduced directly to the next generation (elitism). The 

remaining individuals are combined and changed randomly using crossover and 

mutation to produce offspring. Crossover is an operation in which two individuals 

are selected either randomly (tournament) or according to their fitness values 

(roulette in which the section of the wheel is proportional to the fitness value), and 

subsequently mixed to produce new ones. Mutation is the process in which each 

individual is changed randomly by adding/removing or replacing part(s) of it. The 

process of reproduction is repeated until a termination criterion is met. The 

termination criterion might, for example, be a specified maximum number of 

generations, a value of the objective function, or a computation time. A flowchart 

describing the application of GP is shown in Figure 3-2. 

 

Figure 3-2: Flowchart for the application of GP 

GP typically results in a single, near optimal solution that can be represented 

by a tree with a certain depth. The solution, however, is highly dependent on the 

GP parameters employed (i.e., function set, size of initial population, percentage of 
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elite individuals, crossover rate, and mutation rate). Thus, a different set of GP 

parameters applied to the same inputs and target output may result in a different 

solution. Since the most adapted solution may not necessarily account for all input 

variables, the current study forces the GP technique to include all inputs. 

Multigene Genetic Programming (MGGP) is an improvement over classic 

GP, that combines several GP solutions through linear regression. MGGP aims to 

develop a linear combination of short trees with low complexity rather than a single 

complex mathematical expression that is typically produced by classic GP when 

the number of inputs is large (Searson et al. 2010). Each tree/gene obtained by the 

MGGP is weighted through a linear regression analysis aimed at minimizing the 

least squared error against the target output. This results in a so-called pseudo-linear 

model that embeds the nonlinear behavior of the system (Searson et al. 2010). 

This study adopted MGGP through the MATLAB© toolbox GPTIPS 

developed by Searson et al. (2010). The MGGP parameters used in the current study 

are summarized in Table 3-2. The genes obtained using MGGP are referred to as 

the MGGP solution, while the linear combination of these genes is referred to as 

the model. In evolutionary algorithms, the choice of the maximum number of 

generations and the population size is vital as they significantly affect the 

computation time and the results. A large number of generations are typically 

employed to ensure that evolutionary algorithms produce the best results. However, 

the current study uses a relatively small number of generations (50) but combines 

it with a large population (4000) to provide a wide search space for the MGGP, 



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

76 

 

thereby increasing the likelihood of obtaining a satisfactory solution within an 

acceptable computation time. 

Table 3-2: MGGP parameters used in the current study 

Parameter Value Parameter Value 

Terminal Set 

Variables (x1, …, x7) 

Constants range 

between [-103, 103] 

Function Set 

+, -, *, /, 

square root, 

power, exp, 

sin, cos 

Number of Genes 2 
Maximum Tree 

Depth 
14 

Termination 

Criteria 

Specified fitness 

value 

Desired Objective 

Function’s Value 
1.10 

Genetic 

Operations 

Ratios** 

Elitism = 0.05 

Cross Over*** = 0.80 

Mutation = 0.15 

Selection Criteria 

for Cross-Over 

Tournament 

Selection 

**Probability of reproducing an individual through a certain genetic operation 

***Two points crossover is used 

 

A near optimal MGGP solution requires a well-defined objective function, 

reflective of the objective of the model, in order to measure the fitness of each 

individual in the population. Typically, the goal is to minimize the error between 

the estimated values and the actual output. The current study utilizes a combination 

of a linear correlation measure with an error estimator as follows:  

𝐹 = 𝑅𝑀𝑆𝐸 +
1

𝑅2
                                                                                                       (3 − 1) 
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where F is the objective function, RMSE is the root mean squared error, and R2 is 

the coefficient of determination between the estimated and actual values. 

Combining R2 and RMSE results in the value of F being equal to or larger than 1.0. 

When F is minimized to 1.0 (i.e., RMSE = 0, R2 = 1), a model that can replicate the 

actual output is guaranteed. To obtain a perfect model using GP (i.e., minimizing F 

to its absolute minimum which is 1.0) within acceptable computational time, large 

population together with large number of data points for training are essential. 

Given the limited computational resources available for the current study, a slightly 

larger value for F (i.e., 1.10) is adopted as shown in Table 3-2. 

3.2.3. MODEL PERFORMANCE ASSESSMENT 

The defined objective function is used to assess the ability of the developed 

model to reproduce the validation part of the experimental dataset while 

reproducing the training part is inherently achieved during the model development. 

Applying the MGGP technique requires combining different genes through linear 

regression. Thus, a residual analysis is conducted to assure the validity of the linear 

regression assumptions. This is achieved by ensuring that the errors between the 

observed and estimated outputs closely follow normal distribution with a mean of 

zero, and there are no observable trends between these errors and the observed or 

estimated output. 

The termination criteria adopted in the MGGP guarantees a high fitness value 

for the training part used in the model development. Large errors produced by a 
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small portion of the training dataset would typically not affect the overall model 

performance. Thus, there is a need for a cross-validation (CV) process to assess the 

generality of a model to an independent dataset (Rohani et al. 2018). A range of CV 

techniques have been developed such as holdout, k-fold, and bootstrap, each with 

its own set of limitations, biases, and computational costs (Kohavi 1995). The 

current study utilizes the k-fold CV as its performance has been confirmed (Kohavi 

1995; Borra and Di Ciaccio 2010). Thus, the experimental data (including training 

and validation sets) were divided into nine folds. Eight of these folds were used for 

calibration while the remaining fold was kept for testing, with the data included in 

each fold chosen randomly. The CV was repeated 1,000 times to ensure model 

robustness, and to minimize the individual effects of random data assignment to 

folds. Ensemble averages of R2 and RMSE were then calculated using the results 

from the 1,000 CV runs for all folds. 

3.2.4. MODEL SENSITIVITY ANALYSIS 

The purpose of a sensitivity analysis (SA) is to provide insight into the effects 

of input variables (i.e., physical and chemical parameters) on the variability of the 

model output (i.e., Fr), and they can be assessed either locally or globally. Local 

SA assesses the impact of an input, sampled from a particular part of its range, on 

the model output which can be misleading in case of non-linear responses. A global 

sensitivity analysis (GSA) is preferred over the local SA as it utilizes the input 

parameters sampled from their entire range and can also consider the nonlinearity 
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embedded in the system. The variance-based GSA is used to estimate the direct (S) 

and total (ST) sensitivity indices of each input following the procedures described 

by Saltelli et al. (2008). Large S value indicates that the model output is directly 

sensitive to the corresponding input, while large ST value indicates that the direct 

effect of an input together with its interaction with other inputs contribute to the 

output variability. The variance-based method is preferred over other GSA 

approaches as it is model-free and captures the interaction between the inputs 

(Saltelli et al. 2008). The current study utilizes the variance-based GSA by 

generating 10,000 quasi-random samples of the physiochemical parameters defined 

by Rodrigues and Dickson (2014) using their fitted statistical distributions (Table 

3-3). Subsequently, the corresponding variables, x1 through x7, are estimated 

according to Table 3-1. A Monte-Carlo framework is adopted by repeating this 

process 1,000 times and the ensemble averages of S and ST are calculated for each 

variable. 

Table 3-3: Fitted statistical distributions of the parameters defined by Rodrigues 

and Dickson (2014) 

Parameter 
Fitted Statistical 

Distribution 
Parameter 

Fitted Statistical 

Distribution 

L LN¥ (-1.06, 0.23) I U [1x10-7, 0.64] 

W U¥¥ [0.15, 0.31] dp U [5x10-8, 1.2x10-6] 

bm LN (-6.41, 0.56) Qp U [-18, -12.1] 

bc U [0.17, 0.69] ρp U [1020, 1055] 
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Parameter 
Fitted Statistical 

Distribution 
Parameter 

Fitted Statistical 

Distribution 

bf LN (-8.65, 0.89) Qm U [-23.43, -0.213] 

D U [4.2x10-13, 9.7x10-12] q U [1.7x10-5, 1.7x10-3] 

¥ lognormal distribution  

¥¥ Uniform distribution 

 

3.3. RESULTS AND DISCUSSION 

3.3.1. MODEL STRUCTURE 

The application of the MGGP technique resulted in two genes (G1 and G2) 

shown in tree representations in Figure 3-3. In addition to the variables considered 

in the current study (Table 3-1), the MGGP employed constants to match the model 

predictions to corresponding observations. The quantities T1 through T9 combine 

the variables (x1 through x7) and constants, and are developed in the current study 

to facilitate estimating G1 and G2. The model developed to estimate Fr is a linear 

combination of G1 and G2 as follows: 

𝐹𝑟 = 26.66 − 3.51 × (𝐺1) − 0.07 × (𝐺2)                                                    (3 − 2) 

The constants in Equation (3-2) resulted from regressing G1 and G2 with the 

corresponding observations during model development. The relationship developed 

(Equation (3-2)) expresses the nonlinear nature of the groundwater-particle-fracture 

system through G1 and G2, which contain nonlinear functions. The complexity of 

the developed model is attributed to the interaction between the physical and 
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chemical parameters influencing particulate transport and retention in fractures, 

expressed by the quantities T1 through T9. 

 

Figure 3-3: Tree representation for the MGGP-obtained genes (i.e., G1 and G2) 

with the quantities (i.e., T1 through T9) developed in the current study to facilitate 

calculating G1 and G2 

3.3.2. MODEL PERFORMANCE 

As discussed above, the experimental data were partitioned into training and 

validation sets. Fr is predicted separately for each dataset using Equation (3-2), and 

is compared to the corresponding observed values. Figure 3-4 shows scatterplots of 

the predicted vs. the observed Fr for both the training and validation datasets, which 

indicates that the developed model can adequately predict the observed data. This 

qualitative assessment of the data in Figure 3-4 was augmented by calculating the 

RMSE and R2 between the observed and predicted values of Fr. R
2 and RMSE are 

0.92 and 0.06, respectively for the training dataset, and 0.80 and 0.13, respectively, 
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for the validation dataset. These values, for both the training and validation datasets, 

demonstrate the adequacy of the model developed in predicting Fr in single 

saturated fractures within the ranges of x1 through x7 specified in Table 3-1. It is 

noteworthy that even when the physical and chemical parameters employed in the 

calculation of x1 through x7 follow the distributions given in Table 3-3, they may 

lead to values of x1 through x7 that fall outside their specified ranges (Table 3-1), 

resulting in predictions of Fr that are below zero or larger than 1.0. 

 

Figure 3-4: Predicted vs. observed values of Fr for (a) the training dataset and (b) 

the validation dataset 

A residual analysis was employed to ensure the assumptions invoked by 

linear regression within the MGGP technique are satisfied. Indeed, the errors from 

the application of the developed model to the training dataset are identically 

distributed as supported by the normal probability plot shown in Figure 3-5. This 
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plot also shows that the points are clustered around zero, and the error dispersion is 

relatively small. These errors are attributed to additional factors that may affect 

particulate transport in fractures that were not accounted for explicitly in the input 

variables such as aperture field variability, surface charge heterogeneity, and micro-

scale roughness. 

 

Figure 3-5: Normal probability plot of the estimated errors for the training dataset 

The model robustness has been demonstrated through CV. Figure 3-6 shows 

a box plot based on the ensemble averages of the calibration and testing folds for 

R2 and RMSE. The dataset used for model calibration clearly exhibited less 

variability for both R2 and RMSE, which is attributed to the larger number of 

observations employed for calibration vs. testing. However, despite their higher 

variability, the testing datasets show higher mean R2 (87 %) and lower mean RMSE 

(7.4 %) than the calibration datasets. 
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Although the efficacy of the colloid retention model was confirmed through 

conducting residual and CV analyses, and comparing model predictions to 

experimental observations, the use of this model is limited to the variable ranges 

defined in the current study (Table 3-1). Additional limitation is that the aperture 

field variability is not incorporated explicitly, and surface charge heterogeneity and 

micro-scale roughness are not considered in this model. 

 

Figure 3-6: Boxplot of (a) R2 and (b) RMSE for both calibration and testing 

datasets based on ensemble averages from 1,000 CV runs. 

3.3.3. MODEL SENSITIVITY 

The variance-based GSA employed in the current study resulted in S and ST 

sensitivity indices, shown in Figure 3-7, that reflect the direct and total contributions 

of x1 through x7 to the variability of Fr predicted using the developed model. 
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Figure 3-7: Sensitivity indices (S and ST) estimated using the employed variance-

based GSA 

The variability of Fr is largely attributed to the interaction between all 

variables rather than their direct effects as supported by the difference between ST 

and S values. However, a major portion of the variability in Fr results from x3 and 

x5, and particularly x5 as indicated by its larger S and ST values. The variable x3 

reflects the effects of particle size and relative weight while x5 measures the 

contribution of particle and fracture wall surface charges, as described in Table 3-1. 

This suggests that attachment is the dominant colloid retention mechanism in the 

water-colloid-fracture systems considered in this work. This finding supports those 

from several other studies conducted under different water-colloid-fracture system 

conditions (e.g., Rodrigues and Dickson 2015; Stoll et al. 2017; Cohen and 

Weisbrod 2018). 

3.4. CONCLUSIONS 

Classic mathematical and statistical techniques are insufficient to develop 

robust models describing colloid retention in fractures which is controlled by a large 

number of physical and chemical parameters describing the groundwater-particle-

fracture system, many of which are confounding. This highlights the need for 



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

86 

 

alternative techniques. The current study combines GP with linear regression in a 

MGGP framework to develop a model describing the fraction of colloids retained 

in a single, saturated fracture based on the physical and chemical parameters of the 

groundwater-particle-fracture system. The model reproduced the experimental 

observations with R2 of 0.92 and 0.80, and RMSE of 0.06 and 0.13, for the training 

and validation datasets, respectively. A cross validation process was applied and 

confirmed the generality of the model to more than 86% of the experimental dataset. 

Model performance is confirmed for the range of the variables defined within the 

current study, and therefore its applicability is limited to these ranges. Additional 

model limitations are that aperture field variability is not incorporated explicitly, 

and surface charge heterogeneity and micro-scale roughness are not considered. A 

variance-based GSA confirmed the role of attachment as the primary mechanism 

governing colloid retention in the fracture-water-colloid systems investigated. The 

SA also demonstrated that careful attention must be paid to obtaining the surface 

properties of both the colloids and fractures, as they are the largest contributors to 

the variability of Fr under the conditions employed. The model developed provides 

a better understanding of colloid retention in single, saturated fractures within the 

specified range of physical and chemical parameters. This model can be applied to 

aid in the design of groundwater remediation strategies, or the development of 

groundwater management plans, through determining how to modify the 

groundwater-colloid-fracture system properties to enhance the mobilization or 

retention of colloids. 
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3.6. NOTATIONS 

Ap: Particle surface area q: specific discharge 

bc: Hydraulic aperture Qm: fracture surface charge 

bf: Friction loss aperture Qp: particle surface charge 

bm: Mass balance aperture R2: Coefficient of determination 

D: Diffusion coefficient S: direct sensitivity index 

dp: Particle diameter SA: sensitivity analysis 

F: The objective function ST: total sensitivity index 

Fr: Fraction of particles retained along a fracture 

G1: The first gene resulted from applying the MGGP technique 

G2: The second gene resulted from applying the MGGP technique 

I: Groundwater ionic strength Vp: particle volume 

Lf: Fracture length W: Fracture width 

Greek Letters: 

ρp: particle density   

3.7. ACRONYMS 

CV: Cross-validation 
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GP: Genetic programming 

GSA: Global sensitivity analysis 

MGGP: Multigene genetic programming 

RMSE: the root mean squared error 
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Chapter 4  

ANALYTICAL DESCRIPTION OF COLLOID BEHAVIOR IN SINGLE 

FRACTURES UNDER IRREVERSIBLE DEPOSITION 

ABSTRACT 

Understanding colloid transport and retention in groundwater is crucial for 

management and remediation purposes, as some colloids are pathogenic whereas 

others may influence the transport of dissolved contaminants. Colloid behavior in 

fractures is governed by the interplay between physical and chemical properties of 

the groundwater-colloid-fracture system. Irreversible deposition is the primary 

retention mechanism for colloids in fractures with an impermeable matrix and is 

typically modeled using a lumped deposition coefficient that reflects the system’s 

physical and chemical conditions. For a single fracture under an instantaneous 

injection at the inlet, colloid behavior has not yet been described analytically; thus, 

a solution for the mathematical relationship between the deposition coefficient and 

the fraction of colloids retained within a fracture is unknown. The present study 

developed that solution/model through conceptualizing irreversible deposition as 

first-order decay. The model facilitates the prediction of colloid deposition in single 

fractures under various physical and chemical conditions. A variance-based global 

sensitivity analysis revealed that fracture length, aperture, and deposition 

coefficient are the main contributors to the variability of the fraction of colloids 

retained; therefore, attention must be paid when measuring or estimating these 
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parameters. The model developed can be integrated with readily available 

relationships between the fraction of colloids retained along a fracture and the 

groundwater-colloid-fracture system’s physical and chemical properties. 

Therefore, this model can be employed to determine how system’s physical and 

chemical properties may be modified to control the deposition coefficient for the 

purpose of enhancing or inhibiting colloid deposition for water quality management 

purposes. 

Keywords: Analytical solution, Colloid deposition, Fractures, Instantaneous 

injection 
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4.1. INTRODUCTION 

Many regions around the world depend on groundwater systems for water 

supply, health and wellbeing, food security, economic development, and the 

environment preservation (Schuster-Wallace and Dickson 2017), and 

contamination of this critical resource impacts the security of those who depend on 

it. Population growth and industrialization have increased reliance on groundwater. 

This has led to accelerated aquifer depletion (Tang et al. 2017; Castellazzi et al. 

2018), and resulted in the extraction of water from increasing depths where 

fractured systems are more likely to be encountered. Fractured aquifers represent a 

class of groundwater systems in which open, connected fractures convey water 

together with any contaminants that are present. Contaminants may be dissolved, 

particulate, or non-aqueous in phase, each of which is subject to different fate and 

transport mechanisms. Colloids represent a subset of particulates that range in size 

from nanometers to 10 micrometers (Zhang et al. 2012), and they can pose risk to 

human health and the environment (e.g., pathogenic microorganisms, 

nanoparticles, heavy metals). While many colloids are benign (i.e., clay and fine 

silt particles), they can nonetheless alter hydraulic conductivity (Grolimund et al. 

2007; Chuang et al. 2018) or enhance or inhibit the migration of more harmful 

contaminants (Walshe et al. 2010; Wolfsberg et al. 2017). The coupled colloid-

contaminant behavior is governed by the colloid-fracture, colloid-contaminant, and 

hydrodynamic interactions (Abdel-salam and Chrysikopoulos 1995; Ibaraki and 

Sudicky 1995). It is generally accepted that colloid behavior in fractures differs 
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from that of solutes  (e.g., Ryan and Elimelech, 1996; Stoll et al. 2016) as the 

combination of colloid size and charge subjects it to several forces (i.e., drag, 

gravity, Van der Waals, and electric double layer forces).  

While advection is the primary transport mechanism for colloids in fractures, 

their retention is attributed to attachment/deposition, sedimentation, physical 

straining, charge exclusion, and matrix diffusion (Swanton 1995; Cohen and 

Weisbrod 2018). Understanding colloid behavior in fractured aquifers requires 

adequate characterization of the aforementioned transport and retention 

mechanisms, which are governed by numerous physical/hydraulic (e.g., fracture 

geometry and specific discharge) and chemical (e.g., groundwater ionic strength 

and the surface charges of fracture walls and colloids) properties of the 

groundwater-colloid-fracture system (Zhang et al. 2012).  Extensive descriptions of 

the relationship between these physical and chemical properties and colloid 

retention mechanisms in fractures have been presented in several studies (e.g., 

Zhang et al. 2012; Hunt and Johnson, 2016), albeit without mathematically 

identifying the dependence between colloid retention and the parameters 

characterizing the groundwater-colloid-fracture system properties. A 

phenomenological model describing the relationship between these parameters and 

the fraction of colloids retained (Fr) within laboratory-scale dolomite fractures and 

their epoxy replicas was originally developed by Rodrigues and Dickson (2014), 

and was enhanced by Yosri et al. (2019) who developed a multigene genetic 
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programming-based colloid retention model using the dataset of Rodrigues and 

Dickson (2014).  

Deposition has been identified as the primary retention mechanism for 

colloids in fractures (Rodrigues and Dickson 2014; Stoll et al. 2017; Cohen and 

Weisbrod 2018) as: i) matrix diffusion is relatively insignificant for colloids due to 

their size (Zhang et al. 2012); and, ii) sedimentation and physical straining are of 

less importance unless chemical conditions favor coagulation (Swanton 1995). 

Colloid deposition is typically assumed to be an irreversible process as the release 

of deposited colloids has been observed to be negligible (Bowen and Epstein 1979), 

and/or requires physical/chemical perturbation of the groundwater-colloid-fracture 

system (e.g., Nocito-gobel and Tobiason, 1996; Mondal and Sleep, 2012; 

Masciopinto and Visino, 2017). Irreversible deposition of colloids in fractures has 

been mathematically described using a deposition coefficient (κ), which is 

effectively a fitting parameter that is typically determined through laboratory or 

field experiments (Abdel-Salam and Chrysikopoulos 1994). Although colloid 

retention is governed by the forces acting on it, it is prohibitive to implement models 

based on these forces beyond the microscale. Thus, the lumped coefficient, κ, has 

been employed beyond the microscale to analytically describe colloid deposition 

(Abdel-salam and Chrysikopoulos 1994). An analytical relationship between Fr and 

κ can then be developed in single fractures under relevant initial and boundary 

conditions. 
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Several boundary conditions can be adopted at the inlet when simulating 

colloid behavior in a single fracture (e.g., constant concentration, constant flux, 

instantaneous injection), each of which affects the solution (obtained analytically 

or numerically). Abdel-Salam and Chrysikopoulos (1994) developed analytical 

solutions for colloid transport in a semi-infinite, parallel plate fracture considering 

advection, longitudinal dispersion, and matrix diffusion under: i) constant 

concentration; and, ii) constant flux boundary conditions at the inlet. Although 

analytical solutions do not exist for an instantaneous injection boundary condition 

in this colloid-fracture system, the following approximations have been suggested: 

a solution in the Laplacian domain (e.g., Yan, 1996); the use of numerical 

techniques (e.g., James and Chrysikopoulos, 1999; Natarajan and Kumar, 2014); 

and, the assumption of quasi-steady laminar flow conditions (e.g., James and 

Chrysikopoulos, 2003). Nonetheless, the use of approximations can yield 

inaccurate predictions of Fr, and subsequently an inaccurate relationship between 

Fr and κ, highlighting the need for more accurate approaches. 

Bodin et al. (2003) reported an analytical solution describing solute transport 

in a single fracture with an impermeable matrix under an instantaneous injection at 

the inlet considering advection, hydrodynamic dispersion, and first-order decay. 

Solute decay and irreversible deposition both result in permanent mass loss; thus, 

irreversible deposition can be conceptually represented by first-order decay. A 

relationship between the deposition and first-order decay coefficients (κ and λ, 
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respectively) can be then established, and subsequently applied to develop an 

analytical relationship between Fr and κ. 

The objective of the present study is to develop an analytical model 

describing the relationship between Fr and κ in a semi-infinite, parallel-plate, 

saturated fracture with an impermeable matrix under an instantaneous colloid 

injection at the inlet and irreversible deposition. This model will serve as a 

predictive tool for Fr in laboratory- and field- scale fractures under similar 

conditions, and can be coupled with available relationships between Fr and the 

parameters describing the groundwater-colloid-fracture system’s physical and 

chemical properties (i.e., the multigene genetic programming-based model 

presented in Chapter 3) to enhance the prediction of colloid behavior under different 

physical and chemical conditions. The model developed can also be employed to 

determine how κ may be modified to enhance or inhibit colloid deposition for water 

quality management purposes. 

4.2. METHODOLOGY 

4.2.1. COLLOID BEHAVIOR IN SINGLE FRACTURES 

Colloid behavior in a single fracture with an impermeable matrix is described 

mathematically by the classical advection-dispersion equation (ADE) coupled with 

irreversible deposition. The irreversible deposition mechanism leads particles to be 

partitioned into aqueous (i.e., mobile) and solid (i.e., deposited) phases. The 

classical ADE coupled with irreversible colloid deposition in a saturated fracture 
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with walls idealized as parallel plates, under steady-state flow conditions, can be 

written as (Abdel-Salam and Chrysikopoulos 1994): 

𝜕𝐶

𝜕𝑡
+

2𝜅𝑈

𝑏2
𝐶 = 𝐷

𝜕2𝐶

𝜕𝑥2
− 𝑢

𝜕𝐶

𝜕𝑥
                                                                               (4 − 1) 

where C is the concentration of aqueous colloids, x is the distance along the fracture 

from the inlet, t is the time, u is the average steady state groundwater velocity, b is 

the aperture, 𝐷 = 𝐷𝑒 + 𝑈2𝑏2

210𝐷𝑒
⁄  is the longitudinal Taylor dispersion 

coefficient that accounts for molecular diffusion and velocity variations across the 

fracture, and De is the diffusion coefficient. Equation (4-1) describes uniaxial 

colloid transport along a fracture with an impervious matrix under irreversible 

deposition conditions without accounting for previously deposited colloids (Figure 

4-1). The last expression on the left-hand-side of Equation (4-1) (i.e.,2𝜅𝑈
𝑏2⁄ × 𝐶) 

represents a sink process induced by irreversible deposition and results in an 

attenuated breakthrough curve (BTC) as shown in Figure 4-2. When irreversible 

deposition is considered, the mass of colloids exiting the fracture (M’) is smaller 

than the mass injected (Mo) and the difference (Mo – M’) is referred to as the mass 

retained, recognizing that retention in Equation (4-1) is solely due to irreversible 

deposition. Subsequently, Fr can be defined as the ratio between (Mo – M’) and Mo. 

To the best of the authors’ knowledge, an analytical solution for Equation (4-1) 

under an instantaneous injection at the fracture inlet has not yet been developed, 

and thus approximations (e.g., Yan, 1996; James and Chrysikopoulos, 1999) can be 

adopted to estimate M’ and Fr. 
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Figure 4-1: Schematic of colloid transport in a single fracture with an 

impermeable matrix under irreversible deposition where the flow is assumed to be 

steady and in the x-direction only 

 

Figure 4-2: Typical BTCs of aqueous phase colloids at the outlet of a single 

fracture under an instantaneous injection at the inlet, where the hatched area 

indicates the mass of colloids retained 

4.2.2. SOLUTE TRANSPORT IN SINGLE FRACTURES 

The relationship describing uniaxial transport of a solute in a saturated 

fracture with an impermeable matrix considering advection, dispersion, and first-

order decay is given by: 
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𝜕𝐶

𝜕𝑡
+ 𝜆𝐶 = 𝐷𝑠

𝜕2𝐶

𝜕𝑥2
− 𝑢

𝜕𝐶

𝜕𝑥
                                                                                     (4 − 2) 

where 𝐷𝑠 = 𝐷𝑒 + 𝛼𝑈 is the hydrodynamic dispersion coefficient, which couples 

the effects of diffusion (expressed through De) and mechanical dispersion 

(expressed through αU), where α is the dispersivity. Equations (4-1) and (4-2) are 

of the same form except: i) the last expression on the left-hand-side of Equations 

(4-1) and (4-2) simulates the mass lost due to irreversible deposition and first-order 

decay, respectively; and, ii) longitudinal dispersion of colloids and solutes are 

described by different coefficients. For both colloids and solutes, longitudinal 

dispersion is independent of diffusion at high Peclet numbers (𝑃𝑒 = 𝑈𝑏
𝐷⁄ ). Thus, 

a single value of dispersivity can be used to describe the dispersion of colloids and 

solutes (i.e., D = Ds) (Abdel-Salam and Chrysikopoulos 1994). Under these 

conditions, a comparison between Equations (4-1) and (4-2) shows that, in a 

saturated fracture with an impermeable matrix, when deposition is irreversible, 

colloid deposition is mathematically equivalent to first-order decay with λ given by: 

𝜆 =
2𝜅𝑈

𝑏2
                                                                                                                      (4 − 3) 

4.2.3. FRACTION OF COLLOIDS RETAINED ALONG A SINGLE 

FRACTURE 

Bodin et al. (2003) reported an analytical solution for Equation (4-2) at the 

fracture outlet (i.e., x = L, where L is the fracture length), for an instantaneous 

injection at the fracture inlet: 
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𝐶(𝐿, 𝑡) =
𝑀𝑜𝐿

𝑄√4𝜋𝐷𝑡3
𝑒𝑥𝑝 [−

(𝐿 − 𝑈𝑡)2

4𝐷𝑡
] 𝑒𝑥𝑝[−𝜆𝑡]                                           (4 − 4) 

where Q is the steady state volumetric flow rate. Combining Equations (4-3) and 

(4-4) provides an analytical solution for Equation (4-1) under the same injection 

scheme. Therefore, the effluent concentration of aqueous colloids (under 

irreversible deposition conditions) is given as: 

𝐶(𝐿, 𝑡) =
𝑀𝑜𝐿

𝑄√4𝜋𝐷𝑡3
𝑒𝑥𝑝 [−

(𝐿 − 𝑈𝑡)2

4𝐷𝑡
] 𝑒𝑥𝑝 [−

2𝜅𝑈

𝑏2
𝑡]                                   (4 − 5) 

It is noteworthy that Equation (4-5) can also be developed by applying the 

transformation introduced by Danckwerts (1953) to the analytical solution 

developed by Abdel-Salam and Chrysikopoulos (1994) describing colloid behavior 

in a fracture under irreversible deposition with a constant concentration at the inlet 

boundary. The colloid mass exiting the fracture under an instantaneous injection at 

the inlet boundary (i.e., M’) can subsequently be evaluated by: 

𝑀′ = ∫ 𝑄 ∙ 𝐶(𝐿, 𝑡)𝑑𝑡
∞

0

                                                                                             (4 − 6) 

where C(L, t) is described by Equation (4-5). When κ = 0 (i.e., colloids are 

conservative), M’ must equal Mo, and Fr (i.e., the ratio between Mo – M’ and Mo) is 

zero. When κ > 0, Fr can be calculated as: 

𝐹𝑟 =
𝐿

√4𝜋𝐷
∫ 𝑡−3/2 𝑒𝑥𝑝 [−

(𝐿 − 𝑈𝑡)2

4𝐷𝑡
] [1 − 𝑒𝑥𝑝 (−

2𝜅𝑈

𝑏2
𝑡)] 𝑑𝑡

∞

0

               (4 − 7) 
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The integration in Equation (4-7) was evaluated analytically to establish the 

relationship between Fr and κ (see Appendix - A for details) as follows: 

𝐹𝑟 = 1 − 𝑒𝑥𝑝 [ 
1

2
(𝑃𝑒)𝑔(1 − √1 + 𝐾𝐼)]                                                               (4 − 8) 

where (𝑃𝑒)𝑔 = 𝑈𝐿
𝐷⁄  is the general form of Peclet number, and 𝐾𝐼 = 8𝜅𝐷

𝑈𝑏2⁄  is 

a dimensionless number introduced in the present study and hereafter referred to as 

the deposition index. 

4.2.4. MODEL VERIFICATION 

The model developed in the present study to estimate Fr (i.e., Equation (4-8)) 

was verified by comparing its predictions to Fr observations reported by Rodrigues 

and Dickson (2014), who conducted a series of laboratory-scale colloid tracer 

experiments in laboratory-induced dolomite fractures and their epoxy replicas. 

Their experimental fractures were fitted in plexiglass flow cells, and a colloid 

suspension was introduced instantaneously at the inlet of each fracture under a 

range of physical (fracture geometry, groundwater velocity, colloid size and 

density) and chemical (ionic strength, surface charge of matrix and particle) 

conditions to investigate their coupled effects on Fr. The reader is referred to 

Rodrigues et al. (2013) for further details of the experimental setup and procedures. 

As these experiments were conducted at high values of Pe (4.8x103 - 6.1x106), 

Equation (4-8) can be applied as D can be assumed to be independent of De, and 

therefore it can be replaced by Ds, which is dependent on α. It should be mentioned 
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that Rodrigues and Dickson (2014) did not report D values in their work, and thus 

D was optimized by minimizing the root mean squared error (RMSE) between the 

Fr predictions (Equations (4-7) and (4-8)) and the corresponding experimental 

observations (Figure 4-3). Additionally, Rodrigues and Dickson (2014) reported 

hydraulic, mass balance, and friction loss apertures rather than a direct measure of 

b. Therefore, rather than calculating κ and b from the experimental data, the present 

study utilized the ratio 𝜅 𝑏2⁄  as a lumped quantity.  

 

Figure 4-3: Flowchart for optimizing the Taylor dispersion coefficient (D) in the 

fractures examined by Rodrigues and Dickson (2014) 

4.3. RESULTS AND DISCUSSION 

4.3.1. ANALYTICAL DESCRIPTION OF Fr 

Equation (4-8) represents an analytical relationship between Fr and κ in a 

single, saturated, parallel-plate fracture with an impermeable matrix under an 

instantaneous colloid injection at the inlet boundary. The values of (Pe)g and KI in 

Equation (4-8) must be positive, as they are calculated based on physical quantities 

that cannot be negative (i.e., u, D, L, b, and κ). Equation (4-8) shows that Fr ranges 
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between 0 and 1 as the quantity  (𝑃𝑒)𝑔(1 − √1 + 𝐾𝐼) 2⁄  is typically negative when 

κ > 0. At higher values of (Pe)g and KI, the exponential term in Equation (4-8) 

approaches 0 (i.e., Fr approaches 1), indicating that the mass retained within the 

fracture approaches the mass injected. The enhanced particle-fracture wall 

interactions that lead to Fr approaching 1 are referred to as favourable deposition 

conditions. In contrast, very low values of both (Pe)g and KI yield very small or 

negligible values of Fr, representing unfavorable deposition conditions. Figure 4-4 

shows a graphical representation of Equation (4-8) as a predictive tool for κ in a 

saturated, parallel-plate, fracture with an impermeable matrix under an 

instantaneous colloid release and a specified Fr. This predictive tool can also be 

employed to determine how κ may be modified to enhance or inhibit colloid 

deposition for water quality management purposes. 

 

Figure 4-4: Graphical representation of the Fr - κ analytical relationship: (a) for a 

large range of (Pe)g and KI; and, (b) zoomed to (Pe)g and KI between 0 and 10 
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4.3.2. VERIFICATION OF THE MODEL DEVELOPED 

Figure 4-5a shows the RMSE between the observed and predicted Fr 

calculated based on all fractures examined by Rodrigues and Dickson (2014) for 

different values of D. The value of D is expressed through α (i.e., D = De + αU) 

which was assumed to be a fraction of the fracture length, and the same for all 

fractures. The optimum ratio of α/L (i.e., RMSE minimized) was approximately 

0.05, and the corresponding D values ranged from 2x10-7 to 3x10-5 m2/sec. This 

range represents 0.004% to 21% of the corresponding Taylor dispersion coefficient 

in the fractures examined, which violates the velocity distribution assumption 

(Zheng et al. 2009) and therefore justifies the use of Ds to represent colloid 

dispersion for the experimental fractures. Figure 4-5b shows the relationship 

between the predicted (Equation (4-8)) and observed values of Fr for the optimum 

α/L ratio. The line of best fit has a unit slope and zero-intercept demonstrating the 

ability of Equation (4-8) to replicate the experimental observations of Fr. 

 

Figure 4-5: RMSE between observed and predicted values of Fr for different α/L 

and, (b) predicted vs. observed values of Fr at the optimum value of α/L 
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4.3.3. SENSITIVITY ANALYSIS 

To investigate the impact of individual model parameters (i.e., u, L, D, b, and 

κ) and their confounding effects on the model output, Fr was calculated using 

Equation (4-8) for different values of each parameter. The effect of each parameter 

on Fr was investigated first individually (i.e., interaction with other parameters was 

neglected) by sampling the parameter of interest from a uniform distribution, with 

mean = μ and coefficient of variation = 50%, while setting all other parameters to 

their mean values. The μ values employed for u, L, D, and 𝜅 𝑏2⁄ were 1.0 m/year, 

5.0 m, 0.25 m2/year, and 6.98x10-2 m-1, respectively, and were based on those of 

Abdel-Salam and Chrysikopoulos (1994). The Latin hyper cubed technique was 

used to generate 1,000 realizations of each parameter to ensure that its entire range 

was represented. As shown in Figure 4-6, when the parameters are considered 

independently (i.e., do not interact together), Fr is highly sensitive to L and κ/b2, 

with minor or negligible sensitivity to u and D. Increasing L enhanced colloid 

deposition, which is expected as the fracture length determines the surface area 

available for deposition. Additionally, increasing the κ/b2 ratio also enhanced 

colloid deposition (i.e., larger Fr) as: i) larger κ with constant b increases the 

fraction of colloids subject to deposition; and, ii) smaller b with constant κ enhances 

colloid-fracture wall interactions, increasing the likelihood of colloid deposition. It 

is noteworthy that Fr increases slightly at lower u (Figure 4-6) due to the increased 

particle residence time, which increases the likelihood of colloid-fracture wall 

interactions. 
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Figure 4-6: The effect of non-interacting parameters (U, L, D, b, and κ) on Fr, 

where V represents any parameter, and μ is the corresponding mean value of the 

parameter 

The results presented in Figure 4-6 were augmented by applying a variance-

based global sensitivity analysis (GSA), as described by Saltelli et al. (2008), to 

investigate the primary contributors to the variability of Fr considering the 

interaction between all parameters. Variance-based GSA was adopted by 

generating 1,000 realizations of all parameters simultaneously using the same 

procedures described above, and assuming that the parameters are independent. 

Figure 4-7 shows the direct (S) and total (ST) sensitivity indices estimated based on 

the variance-based GSA. The variability of Fr is attributed to the interaction 

between all parameters as supported by non-zero ST values; however, the direct 

effects of L and 𝜅 𝑏2⁄  on the variability of Fr were dominant over those of others 

(i.e., u and D) as indicated by their larger S values. The results of the variance-based 

GSA are consistent with the previous assessment of Fr response to the change of 
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each individual parameter (Figure 4-6). It is noteworthy that all parameters were 

assumed to be independent from each other; however, other sensitivity analysis 

methods (e.g., the modified Fourier Amplitude Sensitivity Test) can be used when 

the correlation between dependent inputs is known. 

 

Figure 4-7: S and ST for L, U, D, and 𝜅 𝑏2⁄  estimated using the variance-based 

GSA 

4.4. CONCLUSIONS 

The present study developed an analytical relationship between the fraction 

of colloids retained and the deposition coefficient in a semi-infinite, saturated 

fracture with an impermeable matrix under an instantaneous injection considering 

advection, dispersion, and irreversible deposition. The relationship was developed 

by conceptualizing irreversible colloid deposition as first-order decay. The 

analytical relationship developed, together with its graphical representation, enable 

the prediction of the fraction of colloids retained along a laboratory- or field-scale 
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fracture under different physical and chemical conditions. A sensitivity analysis 

revealed that colloid deposition is most impacted by changes in the fracture length, 

aperture, and deposition coefficient. The relationship developed can be coupled 

with readily available models that relate the fraction of colloids retained to physical 

and chemical parameters describing the groundwater-colloid-fracture system 

properties (e.g., the multigene genetic programming presented in Chapter 3 of this 

dissertation) to: i) enhance the prediction of colloid behavior under different 

physical and chemical conditions; and, ii) determine how these properties may be 

modified to enhance or inhibit colloid deposition for water quality management 

purposes. 
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4.6. NOTATIONS 

b: Fracture aperture   

C: Concentration of aqueous colloids 

D: Longitudinal Taylor dispersion 

De: Diffusion coefficient   

Ds: Hydrodynamic dispersion coefficient 

Fr: Fraction of colloids retained along a fracture 

KI: Deposition index   

L: Fracture length   

M’: Mass of colloids exiting the fracture 

Mo: Injected mass of colloids   

Pe: Peclet number in fractures   

(Pe)g: General form of Peclet number 

Q: Steady state volumetric flow rate 

R2: Coefficient of determination   

S: Direct senstivity index   

ST: Total senstivity index   

t: Time   

u: Average steady state groundwater velocity 

x: Distance along the fracture from the inlet 

Greek Letters: 

α: Dispersivity (m)   



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

118 

 

κ: Deposition coefficient   

λ: First ordre decay coefficient   

μ: Mean of uniform distribution 

4.7. ACRONYMS 

ADE: Advection dispersion equation 

BTC: Concentration breakthrough curve 

GSA: Global sensitivity analysis 

RMSE: Root mean squared error 
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Chapter 5  

A MODIFIED TIME DOMAIN RANDOM WALK APPROACH FOR 

SIMULATING COLLOID BEHAVIOR IN FRACTURES: METHOD 

DEVELOPMENT AND VERIFICATION 

ABSTRACT 

Colloids are ubiquitous in groundwater systems and, as they can pose a threat to 

human and environmental health, understanding their behavior is of critical 

importance. Extensive research has been conducted to model colloid behavior in 

fractures leading to the development of a number of analytical solutions, albeit for 

individual fractures. However, the application of such solutions at the network-

scale has not yet been established; and thus, fracture networks are typically modeled 

using numerical techniques that are verified first in single fractures. Time domain 

random walk (TDRW) is a Lagrangian-based approach originally designed to 

simulate solute transport in single fractures considering advection, dispersion, and 

matrix diffusion. Although TDRW usually yields higher accuracy at a lower 

computational cost compared to other approaches, its application to colloid 

transport has not yet been verified. The present study overcomes this drawback 

through developing a modified TDRW approach (MTDRW) based on the analytical 

solution of colloid transport in single fractures. The MTDRW approach was 

validated through simulating the behavior of: i) monodisperse colloids in a 

synthetic, single fracture with- and without- matrix diffusion; ii) polydisperse 
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colloids in a synthetic, single fracture with impermeable matrix; and iii) 

monodisperse colloids in a synthetic impermeable fracture network. In all three 

cases, the MTDRW approach effectively replicated the results of analytical 

solutions in single fractures and the semi-analytical solution in fracture networks. 

The developed MTDRW approach is expected to enhance the reliability of colloid 

transport modelling due to its computational efficiency, and capability of 

simulating the physiochemical heterogeneity over the network. 

Keywords: Time domain random walk, colloid deposition, polydisperse colloids, 

fracture networks. 
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5.1. INTRODUCTION 

More than 50% of the global population uses groundwater as a source of 

drinking water, and 35% depend solely on groundwater for their domestic water 

supply (WWAP 2015). Demands on groundwater are increasing for domestic, 

agriculture, and industrial purposes, and this increasing reliance on groundwater 

has accelerated aquifer depletion (Y. Tang et al. 2017; Castellazzi et al. 2018), 

necessitating the extraction of water from increasing depths where fractured 

systems most often exist. Fractured systems represent 20% of groundwater aquifers 

around the globe (Chandra et al. 2019), thereby they provide water for different 

activities and represent locations for waste isolation in the regions where they exist 

(Shapiro 2002). In these aquifers, open fractures are the primary conduits for 

groundwater and contaminants despite representing only a minor portion of the 

aquifer porosity. Understanding colloid behavior in fractured aquifers has emerged 

as a critical environmental issue over the past few decades as some colloids are 

pathogenic (Hunt and Johnson 2016), and others can facilitate or inhibit the 

transport of dissolved contaminants (Abdel-salam and Chrysikopoulos 1995; 

Ibaraki and Sudicky 1995; James et al. 2018). Fractures are often connected such 

that they form a network; however, conclusions about the behavior of colloids at 

the network-scale has been drawn based on the understanding of their behavior in 

single fractures (Abdel-salam and Chrysikopoulos 1995). Colloids (e.g., inorganic 

mineral grains, organic particles, microorganisms, anthropogenic particles) 

represent a class of contaminants that range in size from a nanometers to 10 
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micrometers (Buddemeier and Hunt 1988; Hunter 2001; Bekhit and Hassan 2005; 

Delleur 2007), and are negatively charged under normal groundwater conditions 

(Zvikelsky and Weisbrod 2006; Hunt and Johnson 2016). The combination of size 

and surface charge causes colloids to behave differently when compared to 

dissolved contaminants in groundwater; specifically, colloids can migrate faster and 

over significant distances due to size and charge exclusion and Taylor dispersion 

(Ryan and Elimelech 1996). Furthermore, colloids are subject to different forces 

(e.g., weight, buoyant force, drag force, lift force, Van der Wall attractive forces, 

repulsive forces, short range repulsive forces) that control their behavior (Ibaraki 

and Sudicky 1995; Reimus 1995).  

While colloid transport in fractures is due to advection and longitudinal 

dispersion, colloid retention mechnisms include matrix diffusion, physical 

straining, sedimentation, and deposition (Zhang et al. 2012). Irreversible deposition 

has been observed as the primary colloid retention mechanism in fractures 

(Rodrigues and Dickson 2015; Stoll et al. 2017; Cohen and Weisbrod 2018), as: i) 

matrix diffusion is insignificant for colloids in contrast to solutes, especially when 

the presence of matrix micro-fissures can be neglected (Stoll et al. 2017); ii) 

sedimentation and physical straining are of secondary importance unless the 

chemical conditions favor coagulation of colloids (Swanton 1995); and, iii) 

remobilization requires perturbing the groundwater-colloid-fracture system 

physically and/or chemically (Nocito-gobel and Tobiason 1996; Masciopinto and 

Visino 2017), and was observed to be negligible (Bowen and Epstein 1979; Abdel-
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salam and Chrysikopoulos 1994; Elimelech et al. 1995). The DLVO (Derjaguin and 

Landau 1941; Verwey and Overbeek 1984) and extended DLVO theories have been 

suggested to describe the combined effect of the different forces acting on a colloid 

in a flowing suspension, and has been extensively employed to conceptualize 

colloid-collector interfacial interactions (i.e., colloid deposition) in porous media 

(Torkzaban et al. 2008; Mondal and Sleep 2013; Zhang et al. 2016; Kamrani et al. 

2018b; Shan et al. 2018; Wu et al. 2018; Carstens et al. 2019). However, the 

assumptions of these theories (e.g., homogenous surface characteristics and flat 

surfaces) are violated in fractures (Christenson 1988; Degueldre et al. 1996; An et 

al. 2000), restricting the modelling of colloid deposition based on the forces acting 

on it. Instead, irreversible colloid deposition has been described macroscopically in 

fractures  through a deposition coefficient (κ) that reflects the system’s physical and 

chemical conditions, and is a fitting parameter typically estimated from laboratory 

or field investigations (Abdel-salam and Chrysikopoulos 1994). 

Contaminant transport in groundwater has been an active research area for 

many decades. While the classic advection-dispersion equation (ADE) is typically 

used to describe Fickian transport in homogenous geological formations, several 

alternatives have been suggested to simulate the non-Fickain transport typically 

observed in heterogenous media. Such alternatives include: the local ADE approach 

(Fiori et al. 2013); the multi-rate mass transfer model (Haggerty and Gorelick 

1995); time fractional-derivative models (Metzler and Klafter 2000); and the 

continuous time random walk approach (Berkowitz et al. 2006). However, the ADE 
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can still be adopted for transport simulations at scales where heterogeneity is 

negligible. In fractures with surfaces idealized as parallel plates and with a constant 

dispersion coefficient, coupling the ADE and irreversible colloid deposition results 

in the advection-dispersion-irreversible deposition equation (ADIDE) that can be 

utilized to describe colloid behavior. Different studies have been carried out to 

solve the ADIDE for monodisperse and polydisperse colloids under different 

boundary and matrix conditions, both numerically (e.g., James et al., 2018; James 

and Chrysikopoulos, 1999; Natarajan and Kumar, 2014) and analytically (i.e., 

Abdel-Salam and Chrysikopoulos, 1994; James and Chrysikopoulos, 2003). 

Despite the accuracy of such analytical solutions, their application has been limited 

to single fractures; and subsequently, colloid behavior in fracture networks is most 

often modeled using numerical techniques that are verified first at the single-

fracture scale. 

Numerical techniques used for colloid transport modeling in fractures are 

generally classified into: i) Eulerian-based (e.g., finite difference, finite elements); 

and ii) Lagrangian-based (random walk) approaches. Eulerian-based approaches 

rely on converting the ADIDE into a system of algebraic equations at the grid nodes 

resulting from discretizing the space-time domain (Rausch et al. 2005). Attention 

must be then paid when discretizing the space-time domain such that Eulerian-

based solutions are accurate and free of numerical dispersion. On the other hand, 

Lagrangian-based approaches depend on replacing the dispersion portion of the 

transport problem by its equivalent stochastic process (Rausch et al. 2005); and 
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thereby, do not exhibit numerical issues associated with Eulerian-based approaches. 

While Eulerian-based approaches are designed to solve the equations describing the 

underlying physical system directly, Lagrangian-based approaches aim at 

estimating the behavior of the physical system stochastically. Lagrangian-based 

approaches include: random walk particle tracking (Prickett et al. 1981), continuous 

time random walk (Berkowitz and Scher 1997; Berkowitz et al. 2006), and time 

domain random walk (Banton et al. 1997; Bodin and Delay 2001). 

Within Lagrangian-based approaches, time domain random walk (TDRW) is 

preferred over others in fractures because of its accuracy and computational 

efficiency, suitability for parallel computing, and extendibility to the network scale. 

TDRW was first introduced by Banton et al. (1997) to simulate the transport of 

conservative contaminants in single fractures. In the TDRW approach, the 

contaminant mass is replaced by a cloud of particles, and the breakthrough curve 

(BTC) at a downstream location is estimated based on the probability density 

function (PDF) of particle travel time. A lognormal distribution is typically 

assumed for particle travel time when TDRW is employed, and the statistics of that 

distribution are obtained from the Fokker-Planck formalism of the ADE (Banton et 

al. 1997; Bodin and Delay 2001). When irreversible colloid deposition is 

introduced, the statistics of the colloid travel time distribution cannot be inferred 

from the Fokker-Planck formalism of the ADIDE. Therefore, the classic TDRW 

approach becomes inapplicable. 
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The objective of the present study is to develop a modified TDRW approach 

(MTDRW) that can effectively simulate colloid behavior in single fractures 

considering advection, longitudinal dispersion, matrix diffusion, and irreversible 

deposition. MTDRW will provide a more flexible tool for simulating colloid 

behavior in fractured systems as this approach is extendible to the network-scale. 

Additionally, the MTDRW-based solution adopts κ to simulate colloid deposition; 

and thus, the MTDRW approach is able to capture physical and chemical 

heterogeneity across the fracture network. Overall, the MTDRW approach is 

expected to enhance the reliability of colloid transport models in fractures, and 

significantly reduce the extensive computation time typically required to simulate 

colloid behavior in fracture networks. 

5.2. MODEL DEVELOPMENT 

5.2.1. COLLOID BEHAVIOR IN SINGLE FRACTURES 

The two primary mechanisms governing colloid behavior in fractures are 

advection and irreversible deposition; they are also affected by longitudinal 

dispersion and matrix diffusion (Figure 5-1). Coupling these mechanisms through 

the ADIDE provides a mathematical description of colloid behavior in fractures 

under the assumptions that: i) the dispersion coefficient is constant along the 

fracture; ii) the irreversible deposition is dominant over sedimentation and physical 

straining; iii) macroscopic modelling of colloid deposition is achieved using a 

deposition coefficient that combines the different influencing factors; iv) the 
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chemical and physical characteristics of the groundwater-colloid-fracture system 

are constant along the fracture (i.e., κ is constant); v) colloid deposition inside the 

matrix is negligible; and, vi) the ADE can be applied when colloid deposition is 

neglected. Subsequently, colloid behavior in a semi-infinite fracture with a 

permeable matrix and with surfaces idealized as two parallel plates under a uniaxial 

steady flow can be described mathematically (Abdel-Salam and Chrysikopoulos 

1994) as: 

𝜕𝐶

𝜕𝑡
= 𝐷

𝜕2𝐶

𝜕𝑥2
− 𝑢

𝜕𝐶

𝜕𝑥
−

2𝜅𝑢

𝑏2
𝐶 +

2𝜃𝐷𝑒

𝑏

𝜕𝐶𝑚

𝜕𝑧
                                                        (5 − 1) 

𝜕𝐶𝑚

𝜕𝑡
= 𝐷𝑒

𝜕2𝐶𝑚

𝜕𝑧2
                                                                                                        (5 − 2) 

where C is the concentration of undeposited (i.e., moving) colloids in the fracture, 

Cm is the colloid concentration in the matrix, D is the longitudinal Taylor dispersion 

coefficient that combines the effects of molecular diffusion and velocity variation 

across the fracture, u is the steady-state groundwater velocity, b is the fracture 

aperture (i.e., the distance between the idealized fracture surfaces), θ  is the matrix 

porosity, De is the effective diffusion coefficient, x is the distance along the fracture, 

z is the distance perpendicular to the fracture axis (measured from the fracture 

centerline), and t is the time. The expression (2𝜅𝑢
𝑏2⁄ 𝐶) in Equation (5-1) 

simulates the colloid mass flux eliminated due to irreversible deposition under the 

assumptions: i) previously deposited colloids are not considered; and, ii) colloid 

size is significantly small such that aperture reduction caused by colloids deposited 
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is negligible. Similar formulae are suggested for that term to describe colloid 

filtration in porous media (e.g., Harvey and Garabedian, 2005). 

 
Figure 5-1: Schematic of colloid behavior in a single fracture with surfaces 

idealized as two parallel plates under irreversible deposition 

As the objective of the present study is to develop a modified TDRW 

approach, MTDRW, to simulate colloid behavior in fractures with different matrix 

configurations, matrix diffusion is neglected at this stage and will be accounted for 

later. Abdel-Salam and Chrysikopoulos (1994) solved the system of Equations (5-

1 and 5-2) analytically under a constant concentration at the fracture inlet, with- 

and without- matrix diffusion. This analytical solution for a fracture with an 

impermeable matrix (i.e., without matrix diffusion) can be written as: 

𝐶(𝑥, 𝑡) =
𝐶𝑜

2
{𝑒𝑥𝑝 [

𝑢𝑥

2𝐷
(1 − 𝜉)] 𝑒𝑟𝑓𝑐 [

𝑥 − 𝑢𝑡𝜉

√4𝐷𝑡
]

+ 𝑒𝑥𝑝 [
𝑢𝑥

2𝐷
(1 + 𝜉)] 𝑒𝑟𝑓𝑐 [

𝑥 + 𝑢𝑡𝜉

√4𝐷𝑡
]}                                       (5 − 3) 



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

135 

 

where Co  is the concentration at the inlet, and 𝜉 is calculated as √1 + 8𝜅𝐷
𝑢𝑏2⁄ . 

Kreft and Zuber (1978) reported several transformation formulae to convert a 

solution for a constant concentration at the inlet to a corresponding solution under 

instantaneous injection, depending on whether the flux concentration or the resident 

concentration is of interest. As Equation (5-3) was originally developed by Abdel-

Salam and Chrysikopoulos (1994) for a flux concentration, applying the 

transformation developed by Danckwerts (1953), and reported in Kreft and Zuber 

(1978), yields an analytical description of colloid behavior in the same fracture with 

an instantaneous injection at the inlet: 

𝐶(𝑥, 𝑡) =
𝑀𝑜𝑥

𝑄√4𝜋𝐷𝑡3
𝑒𝑥𝑝 [−

(𝑥 − 𝑢𝑡)2

4𝐷𝑡
] 𝑒𝑥𝑝 [−

2𝜅𝑢

𝑏2
𝑡]                                     (5 − 4) 

where Mo is the mass of colloids injected instantaneously at the inlet, and Q is the 

volumetric steady-state flow rate in the fracture. At a distance x from the fracture 

inlet, Equation (5-4) yields a concentration breakthrough curve (BTC) for which 

the infinite time integral is an indication of the total mass of undeposited colloids 

arriving at that location. In is noteworthy that Equation (5-4) can also be developed 

by conceptualizing the irreversible deposition of colloids as a first-order decay, 

within the same fracture-matrix configuration. 

5.2.2. MATRIX DIFFUSION 

Matrix diffusion is a very slow process that results in heavy-tailed BTCs. It 

is influenced by the groundwater velocity, the size of matrix-micro fissures as 
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compared to particle size, the concentration gradient across the fracture surface, and 

the pore connectivity within the matrix. As numerical techniques can be employed 

for contaminant transport modelling at single-fracture and fracture-network scales, 

efficient numerical representation of matrix diffusion is essential. For solutes, 

several alternatives have been suggested to simulate their transport in a single 

fracture when matrix diffusion is considered. These include: i) convolution between 

the solution when matrix diffusion is neglected, and an analytical representation of 

the fracture-matrix system response to the inlet boundary condition when 

longitudinal dispersion is neglected (Liu et al. 2017; Shuo Meng et al. 2018); and, 

ii) using a retardation factor (R) that accounts for the delay caused by matrix 

diffusion as compared to pure advection (Bodin and Delay 2001). While the 

efficacy of both alternatives has been demonstrated, the retardation factor-based 

approach is preferred as the fracture-matrix system response is difficult to obtain 

analytically in fracture networks. Bodin and Delay (2001) developed an analytical 

description for R based on the ratio between the characteristic times of advection-

matrix diffusion (tad) and pure advection (to): 

𝑅 = 1 + 𝛺 (
8𝐷ℓ

𝑢3
)

1
4⁄

[
𝑒𝑥𝑝(−𝜂2)

√𝜂 𝑒𝑟𝑓𝑐(𝜂) 
− 𝜂]                                                             (5 − 5) 

where 𝛺 =
√𝜃𝐷𝑒

𝑏
⁄ , and 𝜂 = 𝛺ℓ

𝑢⁄ × (2𝑢3

𝐷ℓ⁄ )
1

4⁄

. It is worth noting that R tends 

to 1.0 when matrix diffusion is neglected (i.e., when 𝛺 = 0); and therefore, tad and 

to are identical. It is also noteworthy that R can be calculated for colloids in a 
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fracture-matrix system using Equation (5-5) with 𝛺 =
𝜃√𝐷𝑒

𝑏
⁄  (see Appendix - B 

for details). 

5.2.3. TIME DOMAIN RANDOM WALK APPROACH 

Several numerical techniques have been used to simulate contaminant 

transport in single fractures. Among these approaches, the TDRW approach showed 

higher accuracy and greater computational efficacy in estimating BTCs for solutes 

in fractures with and without matrix diffusion (e.g., Bodin and Delay, 2001; Bodin 

et al., 2003, 2007; Painter et al., 2008). The TDRW approach relies on the fact that 

a BTC estimated using Equation (5-4) when κ = 0 shows similar behavior to a 

lognormal PDF at high Peclet numbers (Pe); therefore, the BTC can be recalculated 

using a lognormal PDF that describes the particle travel time distribution (Bodin 

and Delay 2001). For lower values of Pe, the accuracy of the TDRW approach can 

be preserved by modifying the statistics of the lognormal PDF assumed for particle 

travel time using an empirical correction factor of (1 − 1
33𝑃𝑒

⁄ ) (Bodin et al. 

2003). When TDRW is employed in a fracture with an impermeable matrix, the 

solute mass injected is replaced by a cloud of particles for which the travel time 

follows a lognormal distribution with a mean of 𝑥 𝑢⁄  and a variance of 2𝐷𝑥
𝑢3⁄ , as 

estimated from the Fokker-Planck formalism of the ADE (Banton et al. 1997; Bodin 

and Delay 2001). The BTC at a distance x from the inlet is subsequently estimated 

as the ratio between the mass flux (expressed as a function of the travel time PDF, 



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

138 

 

or equivalently the travel time histogram) and Q. When matrix diffusion is 

considered to be reversible, particle travel time is the summation of: i) a lognormal 

random variable (𝑡𝑝
′ ) with a mean of 𝑥 𝑢𝑅⁄  and a variance of 2𝐷𝑥

𝑢3⁄  to represent 

the travel time through the open fracture; and ii) a random variable representing the 

particle residence time within the matrix (Bodin and Delay 2001). The total particle 

travel time is then expressed as: 

𝑡𝑝 = 𝑡𝑝
′ + [

𝛺𝑥

𝑢 𝑒𝑟𝑓𝑐−1(𝑈01)
]

2

                                                                                  (5 − 6) 

where U01 is a uniform random number between 0 and 1. It should be mentioned 

that when matrix diffusion is considered, solute particles are assumed to migrate 

with an average apparent velocity of uR instead of the groundwater velocity (i.e., 

u). Subsequently, D should be calculated based on this apparent velocity when 

solute dispersion is velocity dependent. It is also noteworthy that TDRW should 

either be applied with a large number of particles (typically hundreds of thousands) 

or be embedded within a Monte-Carlo framework to eliminate the random noise 

existing in the estimated BTC as a result of the stochastic nature of this approach. 

5.2.4. MODIFIED TIME DOMAIN RANDOM WALK APPROACH 

While the classical TDRW approach is efficient for simulating solute 

transport at the single fracture and fracture network scales, its application to colloid 

behavior has not yet been established. As discussed above, the classic TDRW 

approach was developed based on the comparison between solute BTCs and 
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particle travel time distributions in single fractures, where a lognormal PDF is 

typically employed. Therefore, the MTDRW approach is based on the 

determination of an appropriate PDF to effectively describe colloid travel time in 

fractures. Since it is possible to develop an exact travel time PDF using the 

analytical description of colloid behavior (Equation (5-4)), this approach was 

chosen over comparing colloid BTCs to theoretical PDFs. This exact PDF is based 

on the total number of particles travelling a distance x from the inlet at time t, 

obtained by integrating the BTC, derived from Equation (5-4). Similar procedures 

have been used to estimate particle travel time and mass recovery in porous media 

for one- two- and three-dimensional transport (Bodin 2015). While the infinite time 

integral of a colloid BTC at a distance x from the inlet of a fracture with an 

impermeable matrix yields 
𝑀𝑜

𝑄⁄  when deposition is neglected (i.e., κ = 0 in 

Equation (5-4)), the corresponding integral when deposition is considered yields 

𝑀′(𝑥)
𝑄⁄ , where M’(x) is the total colloid mass arriving at that distance x. The mass 

M’(x), the cumulative distribution function (CDF) of colloid travel time (Ft), and 

the corresponding PDF (ft) at that location can be calculated, respectively: 

𝑀′(𝑥) = 𝑀𝑜 𝑒𝑥𝑝 [
𝑢𝑥

2𝐷
(1 − 𝜉)]                                                                               (5 − 7) 

𝐹𝑡(𝑥, 𝑡) =
1

2
[𝑒𝑟𝑓𝑐 (

𝑥 − 𝑢𝑡𝜉

√4𝐷𝑡
) + 𝑒𝑥𝑝 (

𝑢𝑥

𝐷
𝜉) 𝑒𝑟𝑓𝑐 (

𝑥 + 𝑢𝑡𝜉

√4𝐷𝑡
)]                     (5 − 8) 

𝑓𝑡(𝑥, 𝑡) =
𝑥

2√𝜋𝐷𝑡3
exp [−

(𝑥 − 𝑢𝑡𝜉)2

4𝐷𝑡
]                                                               (5 − 9) 
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where Ft is calculated as the ratio between the colloid mass travelling a distance x 

up to time t (∫ 𝑄𝐶(𝑥, 𝑡)𝑑𝑡
𝑡

0
) and the total colloid mass travelling the same distance 

over infinite time (∫ 𝑄𝐶(𝑥, 𝑡)𝑑𝑡
∞

0
); and ft is the time derivative of Ft, with C is 

calculated using Equation (5-4). While ft and Ft differ from those of any well-known 

statistical distribution, the colloid travel time PDF can still be approximated by a 

lognormal PDF (ft’) with the same first and second moments as those of ft (Table 

5-1), and a corresponding CDF (Ft’). Although higher moments of ft’ deviate from 

those of ft for Pe𝜉 < 10 (Table 5-1), a correction factor of (1 − 1
33𝑃𝑒𝜉⁄ ), similar 

to that introduced by Bodin and Delay (2001) for the classic TDRW approach, can 

be employed to reduce this deviation. The first two moments of both ft and ft’ (Table 

5-1) support the faster migration and lower effective dispersion of colloids over 

solutes as 𝜉 is always greater than 1.0.  This has also been reported by others who 

used different approaches (e.g., Cohen and Weisbrod, 2018; James and 

Chrysikopoulos, 2003a; Mckay et al., 1993; Zvikelsky and Weisbrod, 2006). This 

supports the ability of the MTDRW approach to replicate the main features of 

colloid behavior reported in other studies. 

The MTDRW approach relies on assigning a travel time tpm to each colloid, 

where tpm follows either ft or ft’ with moments shown in Table 5-1. While the former 

(i.e., using ft) is more accurate, the latter (i.e., using ft’) is more computationally 

efficient in fracture networks where colloids move through multiple fractures and 

the total colloid travel time is the summation of tpm in each fracture. As tpm in each 
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fracture is independent from that in others, and when ft’ is used to describe the 

distribution of tpm, the total colloid travel time through a series of fractures can also 

be approximated by a lognormal distribution with equivalent statistics (Fenton 

1960; Schwartz and Yeh 1982; Beaulieu and Xie 2004; Mehta et al. 2007). 

Therefore, colloid behavior at the network-scale can be efficiently described 

without loss of accuracy when ft’ is utilized to approximate the colloid travel time 

distribution through each single fracture within the network. 

Table 5-1: Comparison between the first four moments of the exact colloid travel 

time distribution and the lognormal distribution approximation 

 
Travel time PDF 

ft (x,t) 

Lognormal distribution 

PDF 

ft’ (x,t) 

Mean (μ) 
𝑥

𝑢𝜉
 

𝑥

𝑢𝜉
 

Variance (σ2) 
2𝐷𝑥

𝑢3𝜉3
 

2𝐷𝑥

𝑢3𝜉3
 

Skewness (γ1) √
18

𝑃𝑒𝜉
 √

18

𝑃𝑒𝜉
+ √

8

𝑃𝑒
3𝜉3

 

Kurtosis (γ2) 
30

𝑃𝑒𝜉
 

32

𝑃𝑒𝜉
+

60

𝑃𝑒
2𝜉2

+
48

𝑃𝑒
3𝜉3

+
16

𝑃𝑒
4𝜉4

 

If colloid diffusion into the matrix is considered, Equation (5-6) can still be 

applied within the MTDRW approach to generate colloid travel time with tp’ 

replaced by a modified version of tpm. This modified travel time, tpm’, is also 
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lognormally distributed with a mean of 𝑥 𝑢𝜉𝑅⁄  and a variance of 2𝐷𝑥
𝑢3𝜉3⁄ , where 

R is the retardation factor estimated using Equation (5-5) with 𝛺 =
𝜃√𝐷𝑒

𝑏
⁄ . As 

matrix diffusion is a very slow process, the total mass recovery occurs after very 

long time that might be beyond the time frame of interest; and therefore, Equation 

(5-6) may result in tp equals to ∞ when large values of U01 are generated. A 

truncated travel time distribution can then be adopted through removing the outliers 

of tp, resulting in a maximum colloid travel time of tmax. The particles with travel 

time larger than tmax are then eliminated; thereby, M’(x) is modified to be: 

𝑀′(𝑥) = 𝑀𝑜 𝑒𝑥𝑝 [
𝑢𝑥

2𝐷
(1 − 𝜉)] 𝑒𝑟𝑓𝑐 [

𝜃√𝐷𝑒𝑥

𝑢√𝑡𝑚𝑎𝑥 − 𝑥
𝑢⁄

]                                  (5 − 10) 

where 1 − 𝑒𝑟𝑓𝑐 [
𝜃√𝐷𝑒𝑥

𝑢√𝑡𝑚𝑎𝑥−𝑥
𝑢⁄

] represents the ratio of colloid mass eliminated due to 

the slow nature of matrix diffusion (i.e., colloids with infinite residence time in the 

matrix such that their travel time is larger than tmax).  

It is worth noting that colloids were assumed to be monodisperse in the 

analytical solution by Abdel-Salam and Chrysikopoulos (1994); however, 

naturally-occurring colloid suspensions typically contains polydisperse particles 

with diameters following a lognormal distribution (Ledin et al. 1994). Analytical 

solutions for the transport of polydisperse colloids in single fractures with 

impermeable matrix exist under different boundary conditions (James and 

Chrysikopoulos 2003a). The MTDRW approach is also capable of simulating the 
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behavior of polydisperse colloids through assigning a different dispersion 

coefficient to each particle based on the dispersion–diffusion–particle size 

relationship. Multiple CDFs are then adopted, each of which is used to assign a tpm 

to the corresponding particle. Figure 5-2 shows an example, based on five 

diameters, of Ft and Ft’ for polydisperse colloids calculated at the end of a fracture 

with characteristics obtained from the study by James and Chrysikopoulos (1999); 

colloid diameter is assumed to follow lognormal distribution with a mean of 1 μm 

and a standard deviation of √0.9 μm. 

 

Figure 5-2: Exact travel time CDF, Ft, and the lognormal CDF approximating it 

(Ft’) for polydisperse colloids. Solid lines and open circles represent Ft and Ft’, 

respectively 

5.3. METHOD VERIFICATION 

Three different cases were chosen to demonstrate the efficacy of the MTDRW 

approach in simulating colloid behavior: i) monodisperse colloids in a synthetic, 

parallel-plate, single fracture with a constant concentration at the inlet under both 
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impermeable and permeable matrix conditions; ii) polydisperse colloids in a 

synthetic, parallel-plate, single fracture with a constant concentration at the inlet 

and an impermeable matrix; and, iii) monodisperse colloids in an impermeable, 

synthetic fracture network within a 10,000 m2 square domain (Figure 5-3) under an 

instantaneous injection at the inlet boundary. The fracture and colloid 

characteristics as well as the boundary conditions for each of these cases are given 

in Table 5-2. For case ii, colloid deposition was represented through the 

dimensionless Damköhler number (Da) defined in James and Chrysikopoulos 

(2003a) and is related to κ through 𝐷𝑎 = 12𝜅𝑢 (12𝐷𝑒 − 2𝜅𝑢)⁄ . A single value of 

Da was assigned to all particles to represent colloid deposition, which implicitly 

implies that κ varies among the colloids according to their diameter. In addition, D 

was related to colloid diameter and Da as described by James and Chrysikopoulos 

(2003a). 

 
Figure 5-3: The synthetic impermeable fracture network employed within the 

MTDRW approach in the verification case iii 
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Table 5-2: Fracture characteristics, colloid characteristics, and boundary 

conditions employed in the different verification cases of the MTDRW approach 

• Case i 

▪ Fracture characteristics: (Abdel-Salam and Chrysikopoulos 1994) 

ℓ = 5 m b = 125 μm u = 1 m/year 

κ/b2 = 6.4x10-3 m-1, 3.2x10-2 m-1, and 1.6x10-1 m-1 θ = 1 %. 

▪ Colloid characteristics: (Abdel-Salam and Chrysikopoulos 1994) 

Monodisperse  Diameter = 1 μm 

D = 0.25 m2/year De = 1.29x10−5 m2/year 

▪ Transport boundary condition at the inlet: Constant concentration at the 

fracture inlet 

• Case ii 

▪ Fracture characteristics: (Abdel-Salam and Chrysikopoulos 1994) 

ℓ = 5 m b = 125 μm u = 1 m/year 

Da = 1x10-6, 1x10-4.5, and 1x10-4 θ = 0 %. 

▪ Colloid characteristics: (James and Chrysikopoulos 1999) 

Polydisperse with diameter following lognormal distribution with a mean 

of 1 μm and a standard deviation of 0.9 μm 

De is related to the diameter D is related to the diameter and Da 

▪ Transport boundary condition at the inlet: Constant concentration at the 

fracture inlet 

• Case iii 

▪ Fracture characteristics: 

b = 100 μm κ/b2 = 6.4x10-3 m-1, 3.2x10-2 m-1, and 1.6x10-1 m-1 

▪ Colloid characteristics: 

Monodisperse  Diameter = 1 μm 

D = 0.25 m2/year De = 1.29x10−5 m2/year 

▪ Flow boundary conditions: 

North: no-flow South: no-flow 

East: specified head = 100 m West: specified head = 90 m 

▪ Transport boundary conditions at the inlet: Instantaneous injection along 

the West boundary 
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A cloud of 10,000 colloidal particles was injected at the inlet in all three cases, 

and each particle was assigned a tpm or tp value depending on whether a permeable 

or impermeable matrix is assumed. The MTDRW approach was also embedded 

within a Monte-Carlo framework with 500 realizations to reduce the expected noise 

in the resulting BTCs. The ensemble average BTC was estimated at the outlet 

boundary through: 1) estimating the histogram of colloid travel time; 2) calculating 

the corresponding travel time PDF (ft’); and, 3) calculating 𝐶𝑜𝑢𝑡(𝑡) =
𝑀′𝑓′(𝑡)

𝑄∆𝑡⁄  

where Cout is the effluent concentration, M’ is the total effluent mass (mass exiting 

the fracture in cases i and ii, and mass exiting the network in case iii), and Δt is the 

histogram bin width. The results from the application of MTDRW for the first two 

cases were compared to those obtained from the analytical solutions developed by 

Abdel-Salam and Chrysikopoulos (1994) and by James and Chrysikopoulos 

(2003a), respectively. On the other hand, a semi-analytical solution similar to that 

developed by Bodin et al. (2003) for solute transport in fracture networks was 

adopted to assess the efficacy of the MTDRW approach in case iii. This semi-

analytical solution relies on converting the fracture network into a set of elementary 

paths, each of which represents a possible path that a colloid may follow, and can 

be written as (Bodin et al. 2003): 

𝐶(𝑡) =
𝑀𝑜

𝑄𝑡𝑜𝑡
∑ [( ∏ 𝜀𝑘𝑗

𝑁𝑗−1

𝑗=2

) 𝑓𝑒𝑞
𝑘 (𝑡)]

𝑁𝑝

𝑘=1

                                                                 (5 − 11) 
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where k is the elementary path index (k = 1, 2, …, Np) with Np  is the number of 

elementary paths, Qtot is the summation of the volumetric flow rate over all 

elementary paths, j is the junction index along each path, Nj is the number of 

junctions along the elementary path k, 𝜀k j is the mass sharing ratio at the junction j 

in the elementary path k, and 𝑓𝑒𝑞
𝑘  is the colloid’s equivalent travel time PDF through 

the elementary path k. Each elementary path, with index k, consists of 𝑁𝑗 − 1 

fractures (with an index of w = 1, 2, …, 𝑁𝑗 − 1) connected in series, and the 

equivalent characteristics of an elementary path can be obtained from those of the 

fracture series. As tpm is a lognormal random variable, the total colloid travel time 

through an impermeable elementary path can be approximated by a lognormal 

random variable (Fenton 1960; Schwartz and Yeh 1982; Beaulieu and Xie 2004; 

Mehta et al. 2007). Subsequently, 𝑓𝑒𝑞 is estimated for each elementary path k as: 

𝑓𝑒𝑞(𝑡) =
ℓ𝑒𝑞

2√𝜋𝐷𝑒𝑞𝑡3
𝑒𝑥𝑝 [−

(ℓ𝑒𝑞 − 𝑢𝑒𝑞𝑡𝜉𝑒𝑞)
2

4𝐷𝑒𝑞𝑡
]                                              (5 − 12) 

where the equivalent characteristics (ℓeq, ueq, Deq, and 𝜉eq) are estimated based on 

the mass conservation for groundwater and colloids within both systems (i.e., the 

elementary path and the corresponding fracture series), and can be written as: 

𝑢𝑒𝑞 = √
2𝐷𝑒𝑞ℓ𝑒𝑞

𝜉𝑒𝑞
3

3

( ∑
2𝐷𝑤ℓ𝑤

𝑢𝑤
3 𝜉𝑤

3

𝑁𝑗−1

𝑤=1

)

−1/3

                                                               (5 − 13) 
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ℓ𝑒𝑞 =
1

𝑢𝑒𝑞
3 ∑ ℓ𝑤𝑢𝑤

3

𝑁𝑗−1

𝑤=1

                                                                                             (5 − 14) 

𝜉𝑒𝑞 =
ℓ𝑒𝑞

𝑢𝑒𝑞
( ∑

ℓ𝑤

𝑢𝑤𝜉𝑤

𝑁𝑗−1

𝑤=1

)

−1

                                                                                   (5 − 15) 

𝐷𝑒𝑞 =
1

2
ℓ𝑒𝑞𝑢𝑒𝑞(1 − 𝜉𝑒𝑞) [ ∑

𝑢𝑤ℓ𝑤

2𝐷𝑤

(1 − 𝜉𝑤)

𝑁𝑗−1

𝑤=1

]

−1

                                       (5 − 16) 

As MTDRW generally yields BTCs corresponding to an instantaneous 

injection at the inlet whereas the analytical solutions by Abdel-Salam and 

Chrysikopoulos (1994) and James and Chrysikopoulos (2003a) were developed for 

a constant concentration at the inlet, the transformation rule (
𝐶𝑜𝑄

𝑀𝑜
⁄ ×

∫ 𝐶𝑜𝑢𝑡(𝑡)𝑑𝑡
𝑡

0
) developed by Danckwerts (1953) was applied to the MTDRW-based 

BTCs in cases i and ii for comparison. In contrast, the semi-analytical solution for 

fracture networks is corresponding to an instantaneous injection at the inlet. 

However, the transformation rule was also applied to the MTDRW-based and semi-

analytical BTCs in case iii for consistency. 

5.4. RESULTS AND DISCUSSION 

The MTDRW approach efficiently replicates the analytical BTCs for cases (i 

and ii) and the semi-analytical BTCs for case iii at the different deposition levels as 

shown in Figure 5-4. As expected, increasing deposition level enhances the colloid-
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fracture wall interaction leading to a decrease in the peak concentration (Figure 

5-4). In addition, the presence of matrix diffusion in case i reduces the peak 

concentration (see the vertical axis in Figure 5-4a and Figure 5-4b) as the matrix 

behaves as a reservoir that stores some colloids for an extended period of time. It is 

noteworthy that nearly steady state concentrations are achieved in case i after longer 

times when matrix diffusion is considered (80 to 100 years compared to 8 to 10 

years when matrix diffusion is neglected) supporting the fact that matrix diffusion 

is a very slow process. The results from all three cases support the efficacy of the 

MTDRW approach in simulating colloid behavior at single fracture and fracture 

network scales; therefore, enhance the reliability of colloid transport modelling in 

fractured systems. Furthermore, utilizing κ or Da to simulate colloid deposition 

enable the MTDRW approach to incorporate the physical and chemical 

heterogeneity over a fracture network, and even in a single fracture by discretizing 

it into segments with homogenous physical and chemical properties 
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Figure 5-4: Comparison between MTDRW-based BTCs and (a) analytical BTCs 

in case i when matrix diffusion is neglected; (b) analytical BTCs in case i when 

matrix diffusion is considered; (c) analytical BTCs for case ii; and, (d) semi-

analytical BTCs in case iii. Dashed lines represent analytical and semi-analytical 

BTCs, and scatter points represent the corresponding MTDRW-based BTCs 

5.5. CONCLUSIONS 

The equivalence between colloid BTCs in a single fracture and the travel time 

PDF enabled the development of the MTDRW approach that can effectively 

simulate the behavior of monodisperse and polydisperse colloids in fractures. The 

developed MTDRW approach is capable of simulating colloid advection, 
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longitudinal dispersion, matrix diffusion, and irreversible deposition. The efficacy 

of MTDRW was demonstrated through its ability to simulate the behavior of: i) 

monodisperse colloids in a synthetic, parallel-plate, single fracture with 

impermeable and permeable matrix and under a constant concentration at the inlet; 

ii) polydisperse colloids in a synthetic, parallel-plate, single fracture with 

impermeable matrix under constant concentration at the inlet; and iii) monodisperse 

colloids in a synthetic impermeable fracture network under an instantaneous 

injection at the inlet boundary. The MTDRW-based BTCs were compared to the 

corresponding estimates of analytical solutions in single fractures, and a semi-

analytical solution for impermeable fracture networks. The verification results of 

the present study support the efficacy of the MTDRW approach in simulating 

colloid behavior in fractured systems with different matrix conditions and under 

multiple deposition levels. Overall, MTDRW is expected to enhance the reliability 

of colloid transport models as it is more computationally efficient and can also 

capture the chemical and physical heterogeneity of the groundwater-colloid-

fracture system through using a deposition coefficient that varies within the aquifer. 
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5.7. NOTATIONS 

b: Fracture aperture 

C: Concentration of undeposited colloids 

Cm: Colloid concentration in the matrix 

Cout: Effluent colloid concentration 

D: Longitudinal Taylor dispersion coefficient 

De: Effective diffusion coefficient 

Deq: Equivalent dispersion coefficient in an elementary path 

𝑓𝑒𝑞
𝑘 : 

Colloid’s equivalent travel time PDF through the 

elementary path k 

ft: PDF of colloid travel time 

Ft: CDF of colloid travel time 

ft': Lognormal PDF approximating ft 

Ft': Lognormal CDF approximating Ft 

j: Junction index along each elementary path 

k: Elementary path index 

ℓ: Fracture length 

ℓeq: Equivalent length of an elementary path 

M’(x): Total colloid mass arriving at a distance x 
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M’: Total effluent mass 

Mo: Injected mass of colloids 

Nj: Number of junctions along the elementary path k 

Np: Number of elementary paths 

Pe: Peclet number 

Q: Steady state volumetric flow rate 

Qtot: 
Summation of the volumetric flow rate over all elementary 

paths 

R: Retardation factor caused by matrix diffusion 

t: Time 

tad: Characteristic time of advection-matrix diffusion 

to: Characteristic time of pure advection 

tp: 
Total particle travel time in a fracture-matrix system when 

matrix diffusion is considered 

𝑡𝑝
′ : 

Travel time of a solute particle through the open fracture 

when matrix diffusion is considered 

tpm: 
Travel time of a colloid through the open fracture when 

matrix diffusion is neglected 

𝑡𝑝𝑚
′ : 

Travel time of a colloid through the open fracture when 

matrix diffusion is considered 

u: Steady-state groundwater velocity 
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U01: Uniform random number between 0 and 1 

ueq: 
Equivalent steady-state groundwater velocity in an 

elementary path 

w: Fracture index within an elementary path k 

x: Distance along the fracture 

z: Distance perpendicular to the fracture axis 

Δt: Bin width of the travel time histogram 

Greek Letters: 

γ
1
: Skewness of colloid travel time distribution 

γ
2
: Kurtosis of colloid travel time distribution 

θ: Matrix porosity 

κ: Deposition coefficient 

μ: Mean of colloid travel time distribution 

σ2: Variance of colloid travel time distribution 

𝜀𝑘𝑗: Mass sharing ratio at the junction j in the elementary path k 

5.8. ACRONYMS 

ADE: Advection-dispersion equation 

ADIDE: Advection-dispersion-irreversible deposition equation 
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BTC: Concentration breakthrough curve 

CDF: Cumulative distribution function 

MTDRW: Modified time domain random walk approach 

PDF: Probability density function 

TDRW: Time domain random walk 
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Chapter 6  

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

6.1. SUMMARY 

The research presented in this dissertation aims at enhancing the reliability of 

modelling colloid behavior in fractured systems through: i) developing a framework 

to identify the hydraulic connection between two locations within a fractured 

aquifer, which was achieved through applying the stochastic event synchrony (SES) 

technique to solute concentrations acquired from these locations; ii) obtaining a 

mathematical relationship between the fraction of colloids retained along a fracture 

(Fr) and the parameters describing the physical and chemical properties of the 

groundwater-colloid-fracture system, where multigene genetic programming was 

applied to the dataset collected by an earlier study from multiple laboratory-scale 

colloid tracer experiments; iii) developing an analytical relationship between the 

fraction of colloids retained along a fracture and the deposition coefficient (κ), 

which is based on conceptualizing irreversible colloid deposition as first-order 

decay; and, iv) designing an efficient time domain-based numerical technique to 

simulate colloid behavior at the single-fracture and fracture network scales, under 

different physical and chemical conditions, based on the correspondence between 

breakthrough curves and colloid travel time in single fractures. 

 



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

167 

 

6.2. CONCLUSIONS AND CONTRIBUTIONS 

The research in the present study introduces efficient tools to describe and 

simulate the behavior of colloids, and colloid-behaving contaminants (i.e., 

radionuclides), in fractured systems. The developed multigene genetic 

programming-based model and Fr–κ relationship represent accurate predictive 

models for colloid deposition in single fractures under a range of physical and 

chemical conditions. These conditions are considered either explicitly in the 

multigene genetic programming-based model or implicitly through the deposition 

coefficient in the Fr–κ relationship. The modified time domain random walk 

approach, also developed in the present study, represents an accurate and a 

computationally efficient simulation tool for colloid behavior in single fractures 

and fracture networks. This approach enables predicting colloid behavior in fracture 

networks considering the physical and chemical heterogeneity over the network, 

and even within each single fracture. Coupling the multigene genetic programming-

based model, Fr–κ relationship, and the modified time domain random walk 

approach, and applying them to fracture networks constrained to SES-based 

hydraulic connections enables the reliable prediction of colloid behavior in 

fractured systems under actual field conditions. Therefore, these tools can aid in the 

design of effective water quality and remediation strategies through understanding 

how to modify the system’s physical and chemical properties in order to enhance 

or inhibit colloid migration. 
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6.2.1. CONCLUSIONS AND CONTRIBUTIONS FROM CHAPTER 2 

The coherence between solute transport in a saturated fracture and time series 

synchronization enabled the development of a SES-based framework that can 

effectively identify the hydraulic connection between two locations within a 

fractured aquifer. 

• The framework provides a cost-effective alternative to obtain the 

hydrogeological properties within the connections identified. 

• The SES-based hydraulic connections can be employed as an additional 

constraint when generating fracture networks stochastically, which is 

essential for the development of reliable flow and transport models in 

fractured aquifers. 

6.2.2. CONCLUSIONS AND CONTRIBUTIONS FROM CHAPTER 3 

An accurate mathematical relationship between Fr and the parameters 

describing the groundwater-colloid-fracture system’s physical and chemical 

properties was developed using multigene genetic programming, and was validated 

for a subset of the observations of laboratory-scale colloid tracer experiments 

collected by an earlier study.  

• The multigene genetic programming-based model can effectively predict Fr 

for a specified range of the parameters describing the system’s physical and 

chemical properties. 



Ph.D. Thesis – A. Yosri  McMaster University – Civil Engineering 

 

169 

 

• Attachment was found to be the primary retention mechanism for colloids in 

the fractures examined, which is consistent with conclusions from earlier 

studies. 

• Surface charges of the colloid and fracture are the primary contributors to the 

variability of Fr; therefore, attention must be paid when measuring such 

properties. 

• The multigene genetic programming-based model enhances the current 

understanding of colloid retention in single fractures and provides guidance 

about how to control the system’s physical and chemical conditions for the 

effective management of groundwater quality in fractures. 

6.2.3. CONCLUSIONS AND CONTRIBUTIONS FROM CHAPTER 4 

The conceptualization of irreversible colloid deposition and first-order decay 

enabled simulating colloid behavior using the analytical solution describing the 

migration of decaying conservative solutes in single fractures; and therefore, 

developing an analytical relationship between Fr and κ in the same fracture-matrix 

configuration under an instantaneous colloid release at the inlet boundary. In 

addition, a graphical representation for Fr–κ relationship was developed. 

• The Fr–κ relationship, together with its graphical representation, can be 

employed to predict Fr along a laboratory- or field-scale single fracture with 

an impermeable matrix under different deposition levels defined by κ. 
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• The fracture length, aperture, and κ are the primary contributors to the 

variability of Fr; therefore, attention must be paid when measuring or 

estimating these parameters. 

• The Fr–κ relationship can be coupled with the multigene genetic 

programming-based model to develop a mathematical relationship between κ 

and the parameters describing the system’s physical and chemical properties, 

which enables the prediction of colloid behavior under heterogeneous 

physical and chemical conditions. 

6.2.4. CONCLUSIONS AND CONTRIBUTIONS FROM CHAPTER 5 

A modified time domain random walk approach was designed to simulate 

colloid behavior in fractures considering advection, longitudinal dispersion, matrix 

diffusion, and irreversible deposition. This approach was developed at the single-

fracture scale based on the equivalence between colloid breakthrough curves and 

the probability density function of colloid travel time, and its efficiency was then 

verified in an impermeable fracture network. 

• The modified time domain random walk approach can efficiently simulate 

colloid behavior in single fractures with and without matrix diffusion, and 

also in impermeable fracture networks. 

• The modified time domain random walk approach was developed for the case 

of an instantaneous colloid release at the inlet; however, this approach can 
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effectively simulate the response to the case of constant concentration at the 

inlet. 

• The modified time domain random walk approach can be coupled with the 

Fr–κ relationship and the multigene genetic programming-based model to 

simulate colloid behavior in single fractures and fracture networks under 

different physical and chemical conditions, which is essential for 

incorporating the effects of the groundwater-colloid-fracture system’s 

physical and chemical properties. Therefore, the reliability of colloid 

transport modelling in fractures can be enhanced. 

• The modified time domain random walk approach provides a prediction tool 

for colloid behavior in fractured systems under different physical and 

chemical conditions, which is essential for the design of effective water 

quality management and remediation strategies in these systems.  

6.3. RECOMMENDATIONS FOR FUTURE RESEARCH 

The research presented in this dissertation contributes to the current practise 

of modelling colloid behavior in fractured aquifers through providing 

mathematical, analytical, and numerical tools that can efficiently predict colloid 

behavior under different physical and chemical conditions. Furthermore, the 

reliability of stochastically generated fracture networks, typically employed for 

flow and transport simulations in fractured systems, can be enhanced through using 

the SES-based framework also developed in the present study. In light findings 
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presented in this dissertation, possible extensions can be carried out to expand the 

practise of modelling colloid behavior in fractured aquifers. 

• The efficacy of the SES-based framework was confirmed both for single 

fractures with different matrix configurations under different injection 

scenarios, and for a simple impermeable fracture network. However, the 

applicability of the framework in more complex systems, where multiple 

fractures and multiple connections exist, is also crucial. 

• The multigene genetic programming-based model was developed using a 

relatively small dataset. More laboratory experiments under a wider range of 

physical and chemical conditions are therefore needed to increase the model’s 

accuracy and extend its applicability. This model replicated the observations 

from laboratory-scale experiments, and verifying its applicability at the field 

scale is also important. 

• Coupling the multigene genetic programming-based model and the Fr–κ 

relationship can be carried out and applied to laboratory-scale colloid tracer 

experiments for verification. 

• The modified time domain random walk approach, the multigene genetic 

programming-based model, and the Fr–κ relationship can be coupled and 

applied at the fracture-network scale to enable the prediction of colloid 

behavior under multiple physical and chemical conditions. 
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6.4. NOTATIONS 

Fr: Fraction of colloids retained along a fracture 

Greek Letters: 

κ: Deposition coefficient 

6.5. ACRONYMS 

SES:  Stochastic event synchrony 
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Appendix -  A: Derivation of Equation (4-8) 

𝐹𝑟(𝐿, 𝑡) represents the fraction of colloids retained along the full length of a 

fracture with an impermeable matrix up to time t, and under an instantaneous 

injection at the inlet boundary. At 𝑡 = ∞, the total fraction of colloid retained 𝐹𝑟 is 

evaluated as: 

𝐹𝑟 =
𝑀𝑜 − 𝑀′

𝑀𝑜
                                                                                                            (A − 1) 

where M’ is estimated using Equation (4-6) with 𝐶(𝐿, 𝑡) defined by Equation (4-5). 

Instead of using Equation (4-5) to express 𝐶(𝐿, 𝑡), the transformation introduced by 

Danckwerts (1953) is applied to the analytical solution developed by Abdel-Salam 

and Chrysikopoulos (1994) for the case of a constant concentration at the inlet 

boundary. Therefore, Equation (4-6) is equavilent to: 

𝑀′ = ∫ 𝑄 ×
𝑀𝑜

𝐶𝑜𝑄

𝜕𝐶′(𝐿, 𝑡)

𝜕𝑡
𝑑𝑡

∞

0

                                                                             (A − 2) 

𝑀′ =
𝑀𝑜

𝐶𝑜
𝐶′(𝐿, 𝑡) + constant                                                                                 (A − 3) 

where 𝐶′(𝐿, 𝑡) is the analytical solution of Equation (4-1) under a constant 

concentration at the inlet boundary, and is written as (Abdel-Salam and 

Chrysikopoulos 1994) (with 𝜁 = √1 + 𝐾𝐼): 
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𝐶′(𝐿, 𝑡) =
𝐶𝑜

2
{𝑒𝑥𝑝 [

𝑈𝐿

2𝐷
(1 − 𝜁)] 𝑒𝑟𝑓𝑐 [

𝐿 − 𝑈𝑡𝜁

√4𝐷𝑡
]

+ 𝑒𝑥𝑝 [
𝑈𝐿

2𝐷
(1 + 𝜁)] 𝑒𝑟𝑓𝑐 [

𝐿 + 𝑈𝑡𝜁

√4𝐷𝑡
]}                                        (A − 4) 

Equation (4-8) can then be developed by combining Equations (A – 3) and 

(A – 4) and applying the following conditions: 

𝐶′(𝐿, 0) = 0                                                                                                                (A − 5) 

𝑙𝑖𝑚
𝑡→∞

𝑒𝑟𝑓𝑐 (
𝐿 − 𝑈𝑡𝜁

√4𝐷𝑡
) = 2                     𝑓𝑜𝑟 𝑥 > 0, 𝑈 > 0, 𝑎𝑛𝑑 𝐷 > 0            (A − 6) 

𝑙𝑖𝑚
𝑡→∞

𝑒𝑟𝑓𝑐 (
𝐿 + 𝑈𝑡𝜁

√4𝐷𝑡
) = 0                     𝑓𝑜𝑟 𝑥 > 0, 𝑈 > 0, 𝑎𝑛𝑑 𝐷 > 0            (A − 7) 
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Appendix -  B: Travel time CDF for colloids in single fractures 

when longitudinal dispersion is neglected 

When longitudinal dispersion is neglected, Equation (5-1) reduces to: 

𝜕𝐶𝑐𝑑

𝜕𝑡
= −𝑢

𝜕𝐶𝑐𝑑

𝜕𝑥
−

2𝜅𝑢

𝑏2
𝐶𝑐𝑑 +

2𝜃𝐷𝑒

𝑏

𝜕𝐶𝑚

𝜕𝑧
                                                          (𝐵 − 1) 

where Ccd is the colloid concentration in the fracture under a constant concentration 

at the inlet, when longitudinal dispersion is neglected. As obtaining the travel time 

is of interest, a constant concentration is assumed at the fracture inlet; and therefore, 

the following boundary conditions are adopted: 

𝐶𝑐𝑑(0, 𝑥) = 0                                                                                                             (𝐵 − 2) 

𝐶𝑐𝑑(𝑡, 0) = 𝐶𝑜                                                                                                            (𝐵 − 3) 

𝜕𝐶𝑎𝑑

𝜕𝑥
|

𝑥=∞
= 0                                                                                                            (𝐵 − 4) 

𝐶𝑚(𝑡 = 0, 𝑥, 𝑧) = 0                                                                                                  (𝐵 − 5) 

𝐶𝑚(𝑡, 𝑥, 𝑧 = 𝑏 2⁄ ) = 𝐶𝑐𝑑(𝑡, 𝑥)                                                                               (𝐵 − 6) 

𝜕𝐶𝑚

𝜕𝑧
|

𝑧=∞
= 0                                                                                                             (𝐵 − 7) 

By solving the system of Equations (B-1) and (5-2) under the boundary 

conditions defined by Equations (B-2) through (B-7), following the same 

procedures employed by (Tang et al. 1981) to develop an analytical solution for 
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solute transport in a fracture-matrix system when longitudinal dispersion is 

neglected: 

𝐶𝑐𝑑(𝑥, 𝑡)

𝐶𝑜
= exp (−

2𝜅𝑥

𝑏2
) 𝑒𝑟𝑓𝑐 (

𝜃√𝐷𝑒𝑥

𝑢𝑏√𝑡 − 𝑥
𝑢⁄

)                                                 (𝐵 − 8) 

The ratio Cad/Co in is equivalent to the ratio between the colloid mass 

travelling a distance x up to time t and the total colloid mass travelling the same 

distance up to infinite time. Therefore, it can be used to represent the particle travel 

time CDF under the condition that Cad (x, ∞) = Co. Although this condition will not 

be satisfied for Equation (B-8) unless colloid deposition is neglected (i.e., κ = 0), 

the CDF of particle travel time can be derived as: 

𝐹𝑡(𝑥, 𝑡) =
∫ 𝑄𝐶𝑖(𝑥, 𝑡)𝑑𝑡

𝑡

0

∫ 𝑄𝐶𝑖(𝑥, 𝑡)𝑑𝑡
∞

0

⁄                                                           (𝐵 − 9) 

where the numerator in Equation (B-9) represents the colloid mass travelling a 

distance x up to the time t, the denominator indicates the total mass travelled the 

same distance up to infinite time, and Ci is the colloid concentration in the fracture 

under an instantaneous injection at the inlet. The relationship between Ci and Ccd 

was developed by Danckwerts (1953): 

𝐶𝑖(𝑥, 𝑡) =
𝑀𝑜

𝑄𝐶𝑜

𝜕𝐶𝑐𝑑

𝜕𝑡
                                                                                              (𝐵 − 10) 

Coupling Equations (B-8), (B-9), and (B-10) results in an analytical 

description for Ft, that can be written as: 
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𝐹𝑡(𝑥, 𝑡) = 𝑒𝑟𝑓𝑐 (
𝜃√𝐷𝑒𝑥

𝑢𝑏√𝑡 − 𝑥
𝑢⁄

)                                                                          (𝐵 − 11) 

Equation (B-11) is equivalent to the CDF of solute travel time reported by 

Bodin et al. (2007) when Ω is calculated as 
𝜃√𝐷𝑒

𝑏
⁄  instead of 

√𝜃𝐷𝑒
𝑏

⁄ . 
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