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Abstract

In this work, we propose a novel convex dual approach to the multidimensional di-
mensional assignment problem, which is an N P-hard binary programming problem.
It is shown that the proposed dual approach is equivalent to the Lagrangian relax-
ation method in terms of the best value attainable by the two approaches. However,
the pure dual representation is not only more elegant, but also makes the theoretical
analysis of the algorithm more tractable. In fact, we obtain a sufficient and necessary
condition for the duality gap to be zero, or equivalently, for the Lagrangian relaxation
approach to find the optimal solution to the assignment problem with a guarantee.
Also, we establish a mild and easy-to-check condition, under which the dual prob-
lem is equivalent to the original one. In general cases, the optimal value of the dual
problem can provide a satisfactory lower bound on the optimal value of the original
assignment problem.

We then extend the purely dual formulation to handle the more general multi-
dimensional assignment problem. The convex dual representation is derived and its
relationship to the Lagrangian relaxation method is investigated once again. Also,
we discuss the condition under which the duality gap is zero. It is also pointed out
that the process of Lagrangian relaxation is essentially equivalent to one of relaxing

the binary constraint condition, thus necessitating the auction search operation to
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recover the binary constraint. Furthermore, a numerical algorithm based on the dual
formulation along with a local search strategy is presented.
Finally, the newly proposed algorithm is shown to outperform the Lagrangian

relaxation method in a number of multitarget tracking simulations.
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Chapter 1

Background and Motivation

1.1 Data association problem

Data association is an important step in tracking algorithms. The task of data associ-
ation is to assign the measurements to the tracks in the system. That is, data associ-
ation determines the origin of each measurement. In the simplest case of single target
tracking, only a single target is to be tracked, and the nearest neighborhood data
association method is the most commonly used algorithm. However, for multi-target
tracking, in which multiple targets are to be tracked with observations possibly from
multiple platforms, we need to develop efficient data association algorithms. Here,
the difficulty is to handle the exponential increase in the computational load with the
number of targets and measurements.

In this introduction chapter, we first review the nearest neighborhood association
algorithm. The commonly used Joint Probabilistic Data Association (JPDA) algo-
rithm is then described in full detail. Next, we study the data association algorithm

based on S-D assignment, in which S — 1 frames of measurements are to be assigned
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to the targets being tracked, and point out the difficulties in these methods and our

approach to address these difficulties.

1.2 Nearest neighbor association [4]

For tracking a single target, the nearest neighborhood association algorithm is fre-
quently applied. In this algorithm, a region commonly referred to as a gate is identified
such that only the measurements inside the region are considered for data association.
The region is given by

{z|D(z) <}, (1.2.1)

where r is an adjustable parameter taking different values corresponding to different
confidence levels, z is the sensor measurement, and D(z) is the square of a normalized

distance between z and the predicted measurement Z:
D(z) = [ — 2(k|k — DYS(h) ™[z — 2(k{k — 1)) (1.2.2)

where S(k) is the covariance of the innovation, which is the difference between the
actual measurement and the predicted one.

The measurement in the gate with the smallest value D(z) is chosen to be the
measurement associated to the target.

Another commonly used data association algorithm for tracking a single target is
Probabilistic Data Association (PDA) [1], which has been extended into the JPDA

algorithm for tracking multiple targets.
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1.3 Joint Probabilistic Data Association (JPDA)
algorithm [4]

If the number of targets is known and relatively small, and the clutter, which is the
noise caused by the environment, is not heavy, then the JPDA algorithm can be
applied to perform data association, as well as the estimation, also referred to as

filtering in the literature.

1.3.1 Joint association event probabilities

First, we need to calculate the probability of a joint association event

0(k) = N0, (k), (1.3.1)
where
m(k) = #Z(k), (1.3.2)

the number of measurements in Z(k), the kth data set, and 0, (k) is the event that
the jth measurement in Z(k) is associated with the ¢;th target.
Let the accumulative measurements up to time k be denoted by Z* = {Z(1),..., Z(k)}.
The probability of the joint association event, given the accumulative measurements,
is

P(0(k)| Z%) = P(0(k)| Z(k), m(k), Z*~) (1.3.3)
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where

¢ =P(Z(k)|m(k), Zz*1). (1.3.4)

Furthermore,

P(0(k), Z(k)|lm(k), Z"1)
(1.3.5)
= p(Z(k)|0(k), m(k), Z* ") P(0(k)|m(k), Z*7).

Under the independence assumption, the first term in Eq.(1.3.5) is

= | p(z (8105, (K), 2*7) (1.3.6)

where

1, if measurement j is associated to target t;,
T = (1.3.7)

0, otherwise,

since

fi; (2;(k)), if measurement j is associated to target t;,
(2 (k)05 (), Z571) =
V1 otherwise,

(1.3.8)

where V' is the volume of the observation field, and

Fo (z5(k)) = N3 (k): 2 (Rl = 1), S k)], (1.3.9)
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the normal distribution density with the mean equal to Z;(k|k — 1), the predicted
measurement for target ¢;, and the covariance equal to Sy, (k)], the innovation covari-
ance.

On the other hand, by a combinatorial argument, the second term in Eq.(1.3.5)

is found to be

P(O(k)|m(k), 271

= %l!{)'ﬂb(there are ¢ false alarms in the m(k) measurements|m(k), Z51)
_ ¢! t\6: (1 _ Dt \1—6; e ()
= (k) [H(PD> =P | B na)y

(1.3.10)

where

1, if a measurement j is associated to target ¢; by 6(k),
5 = (1.3.11)

0, otherwise,

P is the detection probability of target t, ¢ is the number of measurements associated
to false alarms in 6(k), and pug(¢) is the prior probability mass function (pmf), that
is, the known probability distribution of false alarms. Such a distribution depends on
the nature of the clutter and is described by the clutter model. For more information
on clutter models, see [1, 13]).

For the parametric JPDA, we use Poisson pmf for the clutter model:

pr(o) = e*V(A(bL!)(b. (1.3.12)

10
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Combining this model with Eq.(1.3.10), and Eq.(1.3.5), we get

P(0(k)|Z")
m(k

: | (1.3.13)
| REAROIN | (GAKTE shE

1
C1 - »
where ¢; is a normalizing constant making the total probability equal to 1.

There is also a nonparametric clutter model, in which

pr () = €, (1.3.14)

a constant determined by the volume of the observation field.

With this model, we similarly get

P(O(k)|Z")

m(k

)
- g H {vftj [Zg(/f)} }Tj [H(Pfj)ét(l _ Plt))lﬂst].

t

(1.3.15)

1.3.2 The state estimation

Now, the marginal association probabilities
Bie = P(0;,) Z%) (1.3.16)
can be derived from the joint probabilities:

Biv=Y_ P(0;,]2"). (1.3.17)

0:0,,€6

11
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In order to estimate the states of the targets, we need one filter for each of the
targets (the number of the targets is known).

The state estimation equation of the tth target is given by

2t (k|k) = 28 (klk — 1) + W(k)V' (k), (1.3.18)

where we use the superscript ¢ to represent the filter for the tth target, and

Vik) =) Biulk)w(k), (1.3.19)
j=1

with
vi(k) = z;(k) — 2 (k|k — 1), (1.3.20)

and
W' (k) = P'(k|k — 1) (H'(K))'(S"(k)) " (1.3.21)

The covariance associated with the updated state of the tth target is

P (klk) = Bou(k)P* (k|k — 1) + [1 = Bor (k)] P* (K[ k) + P (k) (1.3.22)

where the covariance of the state updated with the corrected measurement is

P(k|k) = P'(klk — 1) — W' (k)S* (k) (W' (k))’ (1.3.23)

12
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and the spread of the innovation term is

m(k)

PH(k) = W' R) | 3 SRk (k) = v ()R | (W' (R (13.24)

1.4 S-D assignment based data association [4, 11]

Suppose we have S sensors. The ith measurement from sensor s is denoted by z;(s).
Then a set of measurements will be received at each scan instant. We are faced
with the problem of associating the measurements to targets being tracked. A class
of association algorithm can be developed based on combinatorial optimization, in
which the association problem is formulated as a linear assignment problem.

Similar to Eq.(1.3.13) or Eq.(1.3.15), we can define the likelihood function that

the measurement S-tuple Z;,;, .y = (2, (1),2;,(2), . ..,2:(S)) is from a target t:

AN(Ziiy.ag]t)
5 . (1.4.1)
= [T{(Poplzi. ()]} (1 = Py =),

where

0, if iy = 0 (the target is missing),
u(iy) = (1.4.2)
1, otherwise,

Since x; is unknown in Eq.(1.4.1), and hence will be replaced by its ML estimate:

%y = argmax A(Z;, i, .4[t) (1.4.3)

Xt

13
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The likelihood that the measurements are all spurious (i.e. ¢t = () is

A Ziyiy. aslt = 0) = H[\I}—}“(is), (1.4.4)

where W, is the false alarm probability in a cell multiplied by the volume of the
resolution cell.

A association cost of associating Z;;, ,, to target ¢ is then defined by:

Ciyig..is = Z{[U(Zs) — 1]In(1 = Pp)

s=1

PU
— u(is) In(—2-2

(% [2:.(s) — H(%1,y:,(s))] 5

|2, (s) — H (%, y%(s))})}

) +ulis) (1.4.5)

With the above costs, the data association problem will be formulated as an

optimization problem, more specifically, a multidimensional assignment problem:
ny  no ns

mpin Z Z e Z Civig...igPiria...ig» (1-4-6)

11=0i2=0 15=0

14
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subject to the constraints:

ng
D D pirinis = LVi €1, ., (1.4.8)

i2=0 i5=0

ni n3

ns
DD D Puriaeis = LViz € 1 mo, (1.4.9)

i1=043=0  ig=0

(1.4.10)

ni ns—1

Z . Z Pirig.is = 1,Vig € 1,...,ng. (1.4.11)

i1=0  ig_1=0

In the above formulation, measurement 0 in each frame represents a missing target,

and

1 if measurements Z; are associated to a target,

1%2...15

pilig...is -

0 otherwise.

These constraints specify that each real measurement has to be assigned to only

one measurement in any other frame.

1.5 Review of the assignment algorithm

In the previous section, we see that the data association problem arising in the context
of multisensor multitarget tracking applications can be formulated as a Multidimen-
sional assignment problem (MAP). The MAP is an extension of the classical 2-D
linear assignment problem. See [30] for a detailed account of assignment problems
arising in multiple-target tracking applications. Moreover, the MAP approach is an

efficient way to implement the Multiple hypothesis tracking (MHT) algorithm [&],

15
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which is a key algorithm in autonomous driving vehicles [1] and surveillance systems

[17].

In the classical 2-D assignment problem, m persons are to be matched to m objects

(or to m > m objects in asymmetric assignment problems) such that the total benefit

is maximized [7]. It can be used to model a wide variety of practical applications,
such as resource assignment problems for wireless communication [32]. The research
on 2-D assignment problem has a relatively long history, see [34] for an extensive

review of different types of assignment problems. As a result, there exist some well

known algorithms to find optimal solutions to the 2-D problem efficiently, namely, in

polynomial time. The Hungarian method was proposed in [26]. Several versions of
the auction algorithm were proposed in [7]. The signature method was developed in
[2]. A shortest augmenting path algorithm was presented in [21]. A review of these

as well as other methods can be found in [12, 9].

The MAP, however, has been shown to be NP-hard [16]. As a consequence,
exact algorithms for MAP, such as the branch and bound algorithm, turn out to be
quite inefficient, especially for large-size problems [38]. Approximate MAP algorithms
have to be used in some practical applications such as object tracking for surveillance
involving real-time decision making.

Approximate methods for the MAP with decomposable costs are considered in [3]
and are further investigated in [14] using a graph partition method. Integer program-
ming models for the MAP with star costs are presented in [15]

Heuristic algorithms have been widely studied for MAPs as well, see[22] for a
survey and generalizations of heuristic approaches, including construction heuristics,

metaheuristics and local search heuristics. Other related methods for MAPs include
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the greedy method [39], and a solver for multi-index assignment presented in [35],
which integrated the idea of cutting-planes and heuristics into a branch-and-cut al-
gorithm.

Recently, solutions based on deep learning have been proposed for some conven-
tional optimization problems. Machine learning methods to solve assignment prob-
lems in multi-target tracking are surveyed in [13], where a review of probabilistic
graphical models for multiple dimensional assignment problems, together with the
belief propagation method and the Markov chain Monte Carlo method are presented.
The deep learning method is discussed as well. Moreover, it is pointed out that rein-
forcement learning approach is preferred over supervised learning approaches to avoid
the requirement of generating MAPs with known solutions, which is hard to get due
to the N P-hardness of MAPs.

On the other hand, a Lagrangian relaxation (LR) method was proposed to solve

three dimensional assignment problems in [15]. Later, the method was extended to
solve MAPs by [33, 37, 11, 38]. Another related work is a dual decompostion method
in [27].

1.6 Objective and organization of the thesis

The purpose of this research is to find an efficient algorithm for multidimensional
assignment problems, in order to tackle the MAPs arising from the data association
operations in multi-target tracking applications.

The thesis is organized as follows. We first propose a novel approach for three
dimensional assignment problems in Chapter 2. In order to assess the efficiency of the

new method, we generate a series of random assignment problems with known optimal

17
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solutions. The dual method is then applied to solve these problems. Meanwhile, the
LR method is applied to these problem as well, to serve as a benchmark for the
performance evaluation. These simulations show that the dual approach outperforms
the LR method.

The dual assignment approach is extended to solve more general multidimensional
problems in Chapter 3. The convex dual representation is first derived and its rela-
tionship to the LR method is investigated. Also, we discuss the condition under which
the duality gap is zero. We also point out that the process of LR is essentially equiva-
lent to relaxing the binary constraint condition, thus necessitating the auction search
operation to recover the binary constraint. Furthermore, a numerical algorithm based
on the dual formulation along with a local search strategy is presented. Again, the
simulation results show that the proposed algorithm has better performances than
the LR method.

In chapter 4, we will first formulate the data association operation in multi-frame
multi-target tracking as a multidimensional assignment problem. Then, the newly
proposed dual assignment method will be applied to solve the resulting assignment
problems. The simulation results show that the association algorithm is effective and

efficient in complex tracking scenarios.

1.7 Publications
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Chapter 2

A novel three dimensional

assignment algorithm

2.1 Introduction

In this chapter, we propose a novel convex dual approach to the three dimensional
assignment problem. This approach can be thought of as a type of convexification
based on the duality theory. For more on convexification, see, for example,[29, 19, 20].
It will be shown that the optimal value of the proposed dual problem is equal to the
best value attainable by the Lagrangian relaxation (LR). Such an elegant formulation
makes it possible to conduct theoretical analysis on the algorithm. In fact, we prove
two strong duality theorems, which state that under certain mild conditions, the
dual problem is equivalent to the original assignment problem. In general cases, the
optimal value of the dual problem can provide a satisfactory lower bound on the
optimal value of the original assignment problem. Moreover, the newly proposed

approach can be extended to higher dimensional (> 3) assignment problems.
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The chapter is organized as follows. We first formulate the assignment problem
and derive a dual representation. Then, the relationship between the dual approach
and the LR approach is investigated. Next, we establish two strong duality theorems
for the assignment problem. Finally, we consider the complexity of the algorithm and

give some simulation results.

2.2 Formulation of the problem and its dual rep-
resentation

Given a set of coefficients {c;;i}, (4, j, k) € Iy, an index set given by
In=A{@,j,k)ie{l,..,N},je{l,. ., N}, ke {l,..,N}}, (2.2.1)
we have a linear objective function

flz) = Z CijkTijks (2.2.2)

where z = (z451).
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For brevity, the following vector notations will be adopted in this chapter:

T = (111, %211, ey TN11y ooy ENN1y s ENNN) (2.2.3)
= (p1, iz, -y ), (2.2.4)
v = (v1,v2, ..., UN), (2.2.5)
n=(M72, 1IN, (2.2.6)
1= (11, 1, e ) (2.2.7)

etc.
In the context of radar tracking, the coefficient ¢;;; represents the cost associ-
ated with assigning track 7 to the jth measurement z;; from sensor 1 and the Ath

measurement 2o, from sensor 2, and x = (x;;;) has the following interpretation:

1 if measurements z;; and 2y, are associated to track ¢,
Lijk =
0 otherwise.
With such an interpretation, the linear function f(z) then represents the total cost
of associating the two groups of measurements (with N measurements from each of
the two sensors) to the N tracks. In order to minimize the total cost, we have the

following 3-D assignment problem:

mxin f(z), (PP)
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subject to the constraints:

N N

MY ag=1Vie{l,. N}, (2.2.9)
j=1 k=1

N

N
DD wgp =195 €{1,..,N}, (2.2.10)

i=1 k=1

N N
Y agr=1Yke{l,..,N}. (2.2.11)

i=1 j=1

The constraints given above specify that each track can only be assigned to one
measurement from each sensor, and that every measurement can only be assigned to
a single track.

Moreover, we will use S to represent the set of feasible solutions to the optimiza-

tion problem (PP), i.e.,
Sp={z € {0,1}"" : z satisfies Eqs.((2.2.9), (2.2.10), (2.2.11)}. (2.2.12)
In addition, V(i, j, k) € I, define the reduced costs

diji = Cijle — Mi — Vj — Mg (2.2.13)
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In this chapter, we will consider a special type of Lagrangian:

Lz, p,v,m) Z CijkTijk + Z |diji| (= wk — Tijk)

(4,9, k:)eIo (Z] k)elo
N
_|_Z L 1—221@;6 +Z v, 1—2213ka (2.2.14)
i=1 j=1 k=1 j=1 i=1 k=1
N
+ > (m(1— Z injk))
k=1 i=1 j=1

Substituting Eq. (2.2.13) into the above equation, we get

Lz, o) = Y (dielaly + (dige — |digl)wign)

(7’7]7]{:)610

N N N (2.2.15)
DI SRS
i=1 j=1 k=1
For d;j;, # 0, we have
ijk |dz kl
\dijk| s + (digr = [dige)zige = |dige] | 35, + gxmk
|dwk’
d; |dwk| ( ijk |dwk|)
= |diju] (xzjk + ik —
2|d2]k?| 4|d’L]I€|
( ijk |dwk|)
B 4|dmk‘
(2.2.16)
Thus,
|dijk’x?jk + (dijie — |diji|)zijie > (2.2.17)

0, if dyj, > 0.
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The above observation leads us to define & = (Z;;1)

. 1, if dijk < 0;
Tijk = (2.2.18)

0, if dijz > 0.

(Note: 1 is actually a function of (u,v,n).) Then, we have

L@ movn) = Y (el + (dige — [digel)Ei50)

(i,j,k)EIo

N N N
Y Y v+ m (2.2.19)
i=1 j=1 k=1
N N N
= Z (dijk)_ +Z/ML + ZVJ‘ + anu
i=1 j=1 k=1

(i,j7k)€]0

where the real piece-wise linear concave function (-)~ is defined as:

0, if 0 < 0;
0)" = (2.2.20)

0, otherwise.

From Egs. (2.2.15, 2.2.17, 2.2.19), we immediately get the following weak duality

result:

Lemma 2.2.1. Vu,v,n, Vo € Sp, we have

f(ﬁ) = L(xaﬂv Vﬂ?) > L(&%”ﬂ?)-
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For brevity, we denote L(z, u,v,n) by H(u,v,n). Thus, by Eq. (2.2.19),

N N N
H(Mﬁ”)ﬁ) = Z (dijk)i‘kz,ui‘l'zyj_{—znlc' (2'2'21)
i=1 j=1 k=1

(1/7]714’,)6[0

We will consider the following dual programming problem

max H (p, v, 1), (PD)

/’L7l/’/'7

and show a strong duality result for this problem and the primal problem (PP) under
certain conditions.

Remark: H(u,v,n) is a pointwise infimum of a family of affine functions in A,
and v, and hence is a concave function.

Thus, the dual problem (PD) is a convex optimization problem. In fact, it can be
transformed into a linear programming (LP) problem (see Section 2.7). Furthermore,
the first term in Eq. (2.2.21) can be thought of as a penalty term, which brings in

some useful properties to be discussed in Section 2.4.

2.3 A comparison between the dual approach and
the Lagrangian relaxation approach

Before proving the duality results, it is interesting to make a comparison between our
pure dual approach and the well established LR approach. We show in this section
that the optimal value H* of the problem (PD) is equal to the optimal value of the
objective function used by the LR method[15, 33, 37, 11, 38].

As pointed out in [37], multidimensional assignment algorithms [33, 11, are
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extensions of the three dimensional assignment algorithm proposed in [15]. In fact, in
the case of the three dimensional assignment problem (3AP), the different variations of
the LR method proposed in [33, 11, 38] reduce to nearly the same form as that in [15],
although they have been independently developed and have differences in a number
of implementation aspects for higher dimensional assignment problems. Therefore,
these different formulations of the LR algorithm are considered to be essentially the
same algorithm in this chapter. When we refer to the LR method later on, it points
to all the variations of the method proposed in [15, 33, 11, 38].

Let Sy denote the set of w = (w;;),¢ = 1,...,N;j = 1,..., N satistying the

constraints:

Wi € {O, 1} (231)
N
Y wy=1Vie{l,.., N}, (2.3.2)
7j=1
N
> wy=1Yj€{l,. N} (2.3.3)
i=1

There are several variants of the LR method for multidimensional assignment
problems[15, 33, 11, 38]. However, all of them operate by maximizing the following

objective function:

N N N
G(n) = gégg{z ) aiii b+ >, (2.3.4)
i=1 j=1 k=1
where
(j = 1g}€1§nN(Ci]k - nk)

In the following discussions, the optimal value of the above objective function will
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be denoted by
Jip = max G(n) (2.3.5)

which is the lower bound of the optimal assignment cost estimated by the LR method.

We first establish a more tractable representation of the LR bound.

Lemma 2.3.1. There exist i,0,7, such that the bound of the LR method can be

represented as

N N
Tiw =3 > (min (e — i) = fu = )

i=1 j=1

N N N
‘I—Zﬂi‘*’z% ‘|‘Zﬁk
i=1 j=1 k=1

(2.3.6)

Proof. By the continuity of G(n), there exists 1) = (7x)4_,, such that

JER = G(ﬁ)
(2.3.7)

where

Furthermore, it follows from the duality theory for the 2-D assignment problem

that

N N
min E E QjiWis
wES2 R

i=1 j=1 (2.3.8)

= max H(u, v)
Y
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where

N N
Hoy(u, max{zz Qij — i — v j_+Z,LL7j+ZVj}
i—1 =1

=1 j=1

By the continuity of Hy(u,v), there exist i and v, such that

N N
min g E QWi
wES2 A

i=1 j=1
N N N N
:E E (@ij — fu — 75) +§ Mri‘E Vj
i=1 j=1 i=1 j=1

Combining the above equation with Eq. (2.3.7), we get

Jr —5 E min c-—A — [, — ;)
LR 1<k<N zgk nk) Hi ])

=1 j5=1

N N N (2.3.9)
+Zﬂi+2ﬁj+2ﬁk
i=1 j=1 k=1
]
]

We also need the following substitution lemma:

Lemma 2.3.2. There exist i, and 1 which satisfy Eq. (2.5.6), and furthermore,

for each index-pair (i,j), there is at most one index k with

Cijk_ﬁk_ﬂi_f/j<0~

Proof. We have established the existence of i, 7 and 7 satisfying Eq. (2.3.6) in the

previous lemma. We show now that the claim of the lemma is true for any given
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index-pair (i1, j1). Let

ki = arg lgiSnN(c,»ljlk — k). (2.3.10)
If
Cirjiky — ﬁkl - ﬂil - I;jl =0
then, by the definition of k1, we have
Cirjik — Tk — ftiy — Vj, 20

Vk, and the proof is done.
On the other hand, if

Civjiky — My — fiy — U5y <0,
and suppose that there is another index ko such that
Civjiky — My — fiy — U5y <0,
then, it follows from the definition of k; that
Civitkr — Tk < Ciyjiks — Thy (2.3.11)

Define fi = (4i;) by
f; — €, if 1 =1y,
i = (2.3.12)
i1;, else.
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where

€= _(ci1j1k2 — ﬁkg — IELil — Djl) > 0, (2313)

then one can verify that

Ciyjriks — ﬁlﬁ - [Lh - ﬁjl <0 (2314)
Civjike — Thy — Hiy — U = 0. (2.3.15)

Moreover, by the dual theory of 2-D assignment,

&g(cmk — k) — iy, — 05 >0 (2.3.16)

Vi # ji
As a result, we have

min (¢, ik — M) — [y — V) = | min (¢ jk — 17 —A‘—l)‘—i—E) =0
<1§k§N( 115k 77/€) iy J) <1§k§N( 115k nk) iy J

and
(st o))

Vi # g
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With the above two equations, and by canceling all the i # i; terms, we get

N N B
Jin = {22 22 (min (e — ) = fu = )

NZ:1 - N N
S Y S }
; ; ’ ,; ’ (2.3.17)

- (12}621]\[(01'1]'116 7]1@) Mll - ﬁj1> - /12'1'

Therefore,

N —
Tin= {3230 ( i, (e = ) = s = )

i=1 j=1
N
+Zm+2% +Zm}
i=1 j=1 k=1

=€+ <<Ci1j1k1 - ﬁ/ﬁ) - [Lh - ﬁjl)i

) (2.3.18)
- ((Ci1j1k1 - ﬁkl) - [I’il - ﬁjl)
=€+ <(Ci1j1k1 - ﬁkl) - lail - ﬁjl)
- ((ciljllﬂ - ﬁlﬂ) - Iail - ﬁjl)
=0,
or equivalently,
N N _
JzR - Z Z <1g}ci<nN(C”k 77]43) — M ﬁ])
=1 j=1 o
N R . (2.3.19)
+Zﬂi+2ﬁj+2ﬁk
i=1 j=1 k=1
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Therefore, by replacing the original /i with fi, one can see that the new /i, together

with © and 7, satisfies Eq. (2.3.6). Furthermore, we now have

Cirvjiky — Ty — fliy —Vj <0 (2.3.20)
Civjiks — Ty — fliy — V5, = 0. (2.3.21)

By repeating the above procedure for a certain finite number of times, we will be

able to find the values of ji,  and 7 that have the desired properties. O

]

Lemma 2.3.3. If (u*,v*,n*) is an optimal solution to problem (PD), that is,

N N N

=222 (e —mi— i —vj)

1=1 ]:1 —

N N
> Y VY
i=1 k=1

Jj=1

(2.3.22)

=

then, for each pair of index (i,7), there is at most an index k with

Cigk — M, — 1y — v; < 0.

Proof. We show the lemma by a contradiction argument. Suppose that there is an

index (i1, j1), for which there are two indices k; and ky such that

Ciljlkl - T];{k}l - N;kl - V‘;kl S C’ij‘Q - 77;2 - ,LL;: - le < O- (2.3.23)
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Define f = (4i;) by
i — e, if i =1y,
Hi =
r, else.
where

1 * * *
€= _§(Cijk2 T My — My — Vj1) >0,
then one can verify that
* ~ *\ * * *\
(Ci1j1k’1 = My — Miy — le) =€+ (Ciljlk’l T My T My — le)
* ~ *\ * * *\
(Ci1j1k’2 = My — My — le) =€+ (Ciljlk’Q T My — K4y — V]i)

and
* ~ * - * * * -
(Cz‘ljlk = M — My — le) > (Ciljlk =M — M4y — le)

Vk. As a result, we get

a contradiction to that H* is the optimal value of the dual problem (PD).
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Now, we can prove the following comparison theorem:

Theorem 2.3.4. The optimal value H* of the problem (PD) is equal to the bound

Jir of the relazation method, i.e.,
H* = Jp (2.3.30)

Proof. Step 1: By Lemma 2.3.2, there exist [, , 7, such that

N N
Jin=Y_ Z(lg}jsnjv(cijk — ) — fi — )

i=1 j=1

N N N
ILEDIEDI
i=1 j=1 k=1

(2.3.31)

and for each index-pair (i, j), there is at most one index k such that
Cijlk — ﬁk — ﬂz — 19]‘ < 0. (2332)

As a result, we get

N

N
Tin =23 > (cin—n—fu—05)"
i=1 j=1 k=1
> > 2.3.33
FY Y i+ (2:3.33)
: -

i=1 j=1 1
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On the other hand, the optimal value of the problem (PD) is given by

N N N
—max{zzz (Cijh =k — i — v5)

v

=1 j=1 k=1
N N (2.3.34)
t2 kY vt Z nf.
=1 7j=1 =
by the definition of H in the previous section.
Combining the above two equations, we get
H* > Jip (2.3.35)
Step 2: Suppose
N N N
=222 (ew =i =i =)
T (2.3.36)

+

Mz

1y ZV +an

=1

Then, by Lemma 2.3.3, for each pair of index (i, j), there is at most an index k with

Cijk — M — H; — V5 < 0. (2.3.37)
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Therefore, we get

N N _
{3 s o))

TN = (2.3.38)

where we have used the dual theory of 2-D assignment problem, and G(n) is defined
in Eq. (2.3.4).

Combining the inequalities (2.3.35, 2.3.38) leads to the conclusion of the theorem.

O

O

Remark: All of the variants of the LR method[15, 33, 11, 38] for the three-
dimensional assignment problem are based on maximizing the function G(n) given by
Eq. (2.3.4). The distinctions between them are in the different ways of searching for
the feasible assignments. Thus, by Theorem 2.3.4, we conclude that H* is at least as

good as the bounds given by the LR method.
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2.4 Strong duality results of the assignment prob-
lem
Given (p*,v*,n*), we have a set of coefficients
i = Cije — by — Vi — i (2.41)
Y(i,j,k) € Io, by Eq.(2.2.13).
The purpose of this section is to prove two strong duality results.
Theorem 2.4.1. Let f* and H* be the optimal values of the assignment problem
(PP) and its dual problem (PD) respectively. Then

ff=H", (2.4.2)

if and only if there exists an optimal solution (u*,v*,n*) to the dual problem (PD),
such that

dx

imJimkm

<0,m=1,...,N, (2.4.3)

where each of the three sequences {iy,...,in}, {j1,---,jin} and {ki,...,kn} is a

permutation of {1,... N}.

The next theorem gives an easier to check condition for the strong duality to be

true.

Theorem 2.4.2. Suppose that there exists an optimal solution (u*,v*,n*) to the dual
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problem (PD), such that df;, # 0 for ¥(i,j,k) € Iy, then

ijk
f* = H", (2.4.4)

where f* and H* are the optimal values of the assignment problem (PP) and its dual

problem (PD), respectively.

If the condition in either of the theorems is satisfied, the dual approach will give
the optimal solution to the primal assignment problem. In 2-D assignment problems,
similar conditions are guaranteed to be true by the unimodularity of the constraint
matrix. In the three dimensional case, we can no longer rely on the unimodularity
criterion. Thus, the theoretical implication of the condition needs further investiga-
tion. However, this is not too restrictive a condition. It has been shown in our Monte
Carlo simulations that even when the condition is not met, the average relative er-

f;—H is in the range of 2-5% (see Table 2.6.4). In practical applications, where

ror
the cost coefficients typically have simpler structures due to the sparsity of the cost
coefficients, the average errors are even smaller, as confirmed in [33, 11].

In order to prove the two theorems, we need to investigate the solutions to the

dual problem (PD).

2.4.1 Properties of optimal solutions to the problem (PD)

We will use the following index sets to characterize the optimal solutions to the dual

problem (PD).
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Definition 1. For any i € {1,2,..., N}, define the two-dimensional index set

Ni(i) = {(j, k) : dy, < O} (2.4.5)

ijk
For any j € {1,2,..., N}, define the two-dimensional index set
Na(j) = {(i.k) - iy < 0}, (2.4.6)
For any k € {1,2,..., N}, define the two-dimensional index set
N3(k) ={(i,j) + diy, <0} (2.4.7)

Moreover, we denote the number of elements in a set S by card(S5).
Lemma 2.4.3. V(u*,v*,n*), there exists a ¢g > 0, such that

H(Nal/an)_H(u*7V*an*)

= D> (W —mty vt —m)
(4,4,k)Elo:d};, <0

i * x B (2.4.8)
+ Z (Ni—ﬂi+yj—yj+nk_nk>
(i.4,k)€o:dy;, =0
N
+Z(Mi_ﬂ“:+yi_y:—|—7]i_nz‘)
i=1
Y(u,v,n) satisfying
N
> (= il =+ o = vl + e = i) < eo. (2.4.9)
k=1
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Proof. Define
5, if dyy = 0 for Y(i, 5, k) € I,
€0 = (2.4.10)

s min{|dy,| © di;, # 0}, otherwise.

We directly calculate

H(/'L?V777>_H<u*7l/*777*)

= Z ((Cijk—ﬂi—Vj_nk)__(Cijk_:u:_y;_n;;)_>
(i,j,k)elo

N
+ > (s — i+ v — v s —11})
k=1
= > ([t =+ v) = vyt —m) = (d)")
(i.4,k)€lo
N

+Z(Mk—MZ+Vk—VZ+Uk—WZ)-
k=1

Thus,

H(/*L7V777>_H<:u*71/*777*)

= Z <(d;<jk R e e e R I Uk)_ — (d?jky)
(4,5,k)€lo:d};, <O

+ > v v m)
(i,5,k)Elo:d;;, =0
N

+Z(Mk—MZ+Vk—Vk*+ﬂk—ﬂZ),
k=1

due to the fact that if dF

wx > 0, then iy + pf — pi +v; — v +n; — . > 0 by inequality

)

(2.4.9) and Eq. (2.4.10), and thus both (d;‘jk oy — v — v — k) and

(dy;),)  are zero.
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For dj;; < 0, we have

( Tt = v — v — k)T — (di)”
= digy + g — g+ V5 — v — e — dig

= W — pi + V] — v — ks

because

dije + 15 — i + v —vp = <0,

by inequality (2.4.9) and Eq. (2.4.10) once again.

It follows that

H(p,v,m) — H(p", v*,n")

= > (v vy )
(z’,j,kz)elozd;jk<0

(i.5,k)€lo:d;,, =0

N
+Z(Mi—ﬂf+Vi—’/f+77i—77f)-
1=1

Lemma 2.4.4. (Optimal solution criterion) Let (u*,v*,n*) be an optimal solution to
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the problem (PD). Then, the following inequalities must be satisfied:

card(Ny (7)) < 1,
card(Nz(j)) < 1,

card(N3(k)) <1,

V(i, 4, k) € Io.

Proof. Let 0y = €, as defined in Lemma 2.4.3.
Fix ip € {1,2,...,N}. Let

i, — 0, for i = i,
i = (2.4.11)
7, otherwise ,

where § € (0,0p), and v; = v}, n, = n;, for all j, k.

J

Then, by Lemma 2.4.3, we have

(i0,7,k):d 51, <O (0,5 k):df, ;=0

=i > 1)-9

(i0,7,k):d 51, <O

(2.4.12)

= §(card(N;(ip)) — 1).

Suppose that (u*, v*,n*) is an optimal solution to the problem (PD).

It follows from Eq. (2.4.12) that for any iq € {1,2,..., N}, and any 6 € (0, ),

43



Ph.D. Thesis — J. Li McMaster University — Multitarget tracking

we have
(card(Ny(io) — 1) = H(* 46 - es, v, ") = H(u", ", ") < 0.

This immediately leads to

card(Ny(ig)) < 1.

In the same manner, we can prove

card(No (7)) < 1,

card(N3(k)) <1,

Vjand k € {1,2,...,N}.

O
O
2.4.2 Proof of the duality theorems
First, we prove Theorem 2.4.1.
Proof. By Eq. (2.2.13), we have
Cijk = Ay, + pi + Vj + N, (2.4.13)

(i, j, k) € L.
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It follows that Vo = (x;;,) € Sp, we have

E CijkZijk

(4,5,k)€lo

Z dijuijr + Z (fi + vj + 1k ) Tijn (2.4.14)

(4,5,k)€lo (z’ J.k)Elo

Z dl]k?x’bjk‘ + Z i +v; + 772

(i,5,k)€lo

Suppose that there exists an optimal solution (u*, v*,n*) to the dual problem (PD)

satisfying the condition of the theorem. Define

1, if (4,4, k) = (imy Jmy km),m =1,..., N;

Tip = (2.4.15)

0, otherwise.

Then, x* = (z}

ijk

) is a feasible solution to (PP). By Eq. (2.4.14),

Z dzgk‘rz]k + Z /j“z + V + 7]@)

(Z]k)EIO
- Z ik T Z i+ v+ n;) (2.4.16)
N N
Z zmjmkm ; Z(,U;k + V; + 77?)
=1 i=1

By Lemma 2.4.4, for each index i, there is at most an index-pair (j, k) with
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di;, < 0. Thus, it follows from Eq. (2.4.16) that
N
Fla)y= Y (di)” + > (i + v +n))

= H(u", v, n").

The above equation, together the weak duality lemma 2.2.1, leads to f* = H*, and
the proof for the sufficiency is complete.

Next, we proceed to show the necessity of the condition. For that purpose, suppose
that f* = f(a*) = H* = H(p*, v*,n") is true.

Then, there are three sequences {iq,...,in}, {j1,--.,Jn} and {kq, ..., ky}, with
each of them being a permutation of {1,..., N}, such that 2* = (zj;;,) can be repre-
sented in the form of Eq. (2.4.15).

Now, note that we always have

N
fla) = H@ v n) =Y d o — Y (d)” =0, (2.4.18)
m=1 (ivjvk)elo

In order to have f* — H* = 0, we must have

d; <0

imimkm —

for m =1,..., N. The proof is completed. O

Next, we prove Theorem 2.4.2.
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Proof. Define
1, if d}

ik < 0;

0, if iy > 0.
Then, by Lemma 2.4.4, 2* = (z};;) is a feasible solution to the problem (PP). As
a result, there are three sequences {iy,...,in}, {j1,...,Jn} and {ki1,..., kx}, and
each of them is a permutation of {1,..., N}, such that z* = (};;) can be represented
in the form of Eq. (2.4.15). Furthermore, we have

dr

imJimbkm

< 0,

for m = 1,..., N. Then, the theorem follows from Theorem 2.4.1, and the proof is

completed.

2.5 The solution to the original assignment prob-
lem

If the conditions of Theorem 2.4.1 or Theorem 2.4.2 are satisfied, then the optimal
value of the problem (PP) is equal to the optimal value of the dual problem. Mean-

while, if Theorem 2.4.1 can be applied, the optimal solution z* = (7;;,) to the original
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assignment problem is given by

17 lf (Za]7k) = (im7jmakm)7m = 17 s 7Na
ot = (2.5.1)

ijk
0, otherwise.

If the condition of Theorem 2.4.2 are satisfied, the solution is

1, if df, < 0;
T = (2.5.2)
0, if i, > 0.

On the other hand, if the conditions of the theorems are not satisfied, we need
to search for the final (sometimes sub-optimal) assignment. In principle, we can
apply any heuristic searching method [22],[39] on the reduced costs {d};;,}. To get the
final assignment in our simulations, however, we used the following simple two-step
procedure, which is actually used by the Lagrangian method in each of its iterations
to search for a feasible solution [15, 33, 11, 38]:

Step 1: We solve the relaxed 2-D assignment problem:

N N

i=1 j=1

where Ss is defined in Section 2.3, and

QAij = 1£?N(Cijk — UZ); (2.5.4)

where n* has already been determined in solving problem (PD).

Step 2: Fix the assignment (7, j(i)) obtained in the previous step, and solve another
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2-D assignment problem:

N N
Shu =

=1 1

to obtain the 3-D assignment (i, j(7), k(7)).

2.6 Simulation results

In this section, two sets of simulations are performed to demonstrate the effectiveness
of the proposed dual approach. Our computation platform is a laptop with an Intel
i7-6500U CPU running Windows 10. The computations are carried out using the
MATLAB programming language.

In the first set of simulations, we illustrate the performance of the newly proposed
approach by conducting Monte Carlo simulations on some small-size problems. The
costs are randomly generated, and hence we get dense three dimensional cost arrays.
The algorithms are run 200 times in the simulations.

The true optimal values to problem (PP) are shown in Fig. 2.6.1 for problem
size N = 4 and in Fig. 2.6.2 for N = 6, together with the lower bound estimates
H* by solving the dual problem (PD). To make it easier to compare the results, the
differences between the true optimal values and the estimates are also shown in the
figures. From the curves, it can be seen that for N = 4 the duality gaps are nearly
zero in more than half of the simulated problems. Furthermore, it has been shown by
calculation that the average relative errors between the estimate H* and the optimal
assignment costs are around 2-3% (see Table 2.6.1).

Next, we demonstrate that the solutions by the Lagrange relaxation method con-

verge towards the optimal solution to the dual problem (PD) with the increasing
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Figure 2.6.1: Lower bound estimates by the dual method (N = 4); the curve near
zero shows the duality gaps (always non-negative).

Size Relative error
(%)

4x4x4 1.870

6x6x6 2.95

Table 2.6.1 Average errors for N =4 and N = 6.

20



Ph.D. Thesis — J. Li McMaster University — Multitarget tracking

1.2 :

|

I

il

19
Q I
S U
> 0.8
Tg ~— True optimum
g 0.6 - - Dual estimate |-
S Duality gap
2 04 I
>
o
O
T 0.2 i
=
o
0 - |
—0.2 T T T T
0 20 40 60 80 100

Problem number

Figure 2.6.2: Lower bound estimates by the dual method (/N = 6); the curve near
zero shows the duality gaps (always non-negative).
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Figure 2.6.3: Differences between the dual estimates and the estimates by the LR

method (size N = 6). Top: after 20 LR iterations; Middle: after 100 LR iterations;

Bottom: after 200 LR iterations. The optimal values are around 1, similar to those
shown in Fig. 2.6.2.
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number of iterations. As shown in Fig. 2.6.3, after 100 iterations, the results of the
LR method are close to the corresponding results of the dual method, as predicted
by Theorem 2.3.4. In fact, due to numerical errors, some points on the bottom curve
are even below zero.

In the second set of simulations, we compare the dual approach to the LR method
[15, 33, 11, 38] by applying the algorithms to larger size problems. For that purpose,
the method proposed in [18] is employed to generate random assignment problems
of different sizes with known optimal solutions. The generated problems have dense
cost coefficient arrays. Although this is not true for problems in typical tracking
applications [33, 11, 38], the randomly generated problems can be used to assess the
performance of general assignment algorithms. The cost coefficients are integers in
the range (0,20). Problems of ten different sizes are considered, from small 10x10x10
problems to relatively large 100x100x100 problems. The choice of the sizes is based
on[25], oriented towards tracking applications.

The statistics of the randomly generated assignment problems, together with that
of the differences between the assignment results, are shown in Table 2.6.2 and Table
2.6.3. Moreover, Figs. (2.6.4-2.6.9) show the distributions of the 40x40x40 and
50x50x50 assignment problems using histograms, together with the distributions of
the resulting assignment values for the two classes of problems.

The subgradient method [12] is used to solve the maximization problems produced
by both the dual method and the LR method [33, 1 1]. Before applying the subgradient

method, the cost coefficients are normalized so that the normalized cost values are in
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Figure 2.6.4: Distribution of the optimal values of the 100 randomly generated
40x40x40 test problems.

Problem size | Optimal value | Difference 1 | Difference 2
10x10x10 | 48.7000 -0.6812 1.6000
20x20x20 | 100.3700 -2.0025 3.9300
30x30x30 | 147.7300 -2.5872 6.4500
40x40x40 | 200.5400 -3.5150 10.4100
50x50x50 | 252.2000 -4.3150 10.7800
60x60x60 | 300.5800 -4.2553 11.6300
70x70x70 | 342.8250 -5.6898 11.3000
80x80x80 | 401.5500 -7.9812 9.7000
90x90x90 | 451.8500 -10.9125 10.9500

100x100x100 | 492 -15.6250 10.7000

Table 2.6.2 Means of the optimal assignment costs (column 2), the differences
between the dual lower bounds and the optimal values (column 3) and the
differences between the actual assignment costs and the optimal values (column 4)
for different problem sizes.
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Estimate errors

Figure 2.6.5: Distribution of the differences between the dual lower bounds and
the optimal values of the 100 randomly generated 40x40x40 test problems.

Problem size | Optimal value | Difference 1 | Difference 2
10x10x10 | 78.6566 0.8816 7.1313
20x20x20 | 140.1142 3.1506 12.9748
30x30x30 | 215.8759 4.3009 15.6439
40x40x40 | 308.5539 5.7585 4.4262
50x50x50 | 341.1111 5.3575 6.5370
60x60x60 | 295.6804 6.4773 6.2557
70x70x70 | 471.8404 6.8194 3.7538
80x80x80 | 699.6289 5.0957 9.8000
90x90x90 | 561.0816 6.2093 2.7868

100x100x100 | 411.7778 8.2281 6.2333

Table 2.6.3 Variances of the optimal assignment costs (column 2), variances of the
differences between dual lower bounds and the optimal values (column 3) and
variances of the differences between actual assignment costs and optimal values
(column 4) for different problem sizes.
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Figure 2.6.6: Distribution of the differences between the assignment results and
the optimal values of the 100 randomly generated 40x40x40 test problems.
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Figure 2.6.7: Distribution of the optimal values of the 100 randomly generated
50x50x50 test problems.
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Figure 2.6.8: Distribution of the differences between the dual lower bounds and
the optimal values of the 100 randomly generated 50x50x50 test problems.
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Figure 2.6.9: Distribution of the differences between the assignment results and
the optimal values of the 100 randomly generated 50x50x50 test problems.
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the range (0,1). The iteration scheme is

1 T
Tn+1 =Tp+ — g< ) >
nlg(z)]]

(2.6.1)

where g(z) € 0f(x) with f(z) being the objective function to be maximized, and 0
denotes the subgradient operator. The reason for choosing such a simple method is to
ensure that the differences in the simulation results for the two algorithms under tests
are indeed caused by the inherent differences between the dual algorithm and the LR
algorithm, instead of being produced by the methods used to solve the associated
maximization problems.

For the LR method, the stopping criterion adopted in the simulation is

A, — G,

—a. < 1%, (2.6.2)
with an upper limit of 200 on the number of iterations, where A, is the total cost
corresponding to the assignment result and G, is the lower bound estimation at the
nth step. The auction algorithm [7] is employed to find the solutions to all resulting
2-D assignment problems in implementing the Lagrange relaxation method.

For the dual method, the stopping criterion is n > 100 and
|Hp1 — Hy| < 0.0001H,, (2.6.3)

with an upper limit of 200 on the number of iterations, where H,, is the lower bound
estimation at the nth step.

The results are shown in Fig. 2.6.11 to Fig. 2.6.20. In these figures, the relative
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Problem size | Average relative error(%)

Dual LR
10x10x10 3.223297 4.556535
20x20x20 3.837284 5.215574
30x30x30 4.378541 5.050015
40x40x40 5.226154 5.954631
50x50x50 | 4.289758 5.000658
60x60x60 3.870937 4.004356
70x70x70 3.312801 3.263973
80x80x80 2.400072 2.816428
90x90x90 2.42686 2.35371

100x100x100 | 2.1812 2.009

Table 2.6.4 Relative errors for different problem sizes

errors (errors divided by the corresponding optimal values) of the final assignments
and the corresponding lower bounds for the test problems are shown. The average

relative errors are summarized in Table 2.6.4.

The CPU times for the 40x40x40 simulation are shown in Fig. 2.6.10, with a mean
value of 0.2021s and a standard deviation of 0.0220s. Also shown in the figure are the
times for the LR method, with a standard variation of 0.0891s. The curves of CPU
times for other problem sizes have similar characteristics. The average running times
for these tests are summarized in Table 2.6.5.

From the above results, several observations can be made. First, we can see that
the dual method outperforms the LR method, both in terms of accuracy and running
times.

Second, note that the relative errors of the dual method are better than the relative
errors of the LR method, in spite of the fact that both methods have obtained nearly

the same lower bounds. This implies that the final assignment results depend not
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Figure 2.6.10: CPU times for the 100 randomly generated 40x40x40 test problems.

Problem size | CPU time for each problem (s)
Dual LR
10x10x10 0.003223 0.045565
20x20x20 0.020363 0.165529
30x30x30 0.070448 0.457757

40x40x40 0.1921 0.7755
50x50x50 0.718940 2.063451
60x60x60 1.432292 3.662854

70x70x70 2.631925 6.278000

80x80x80 4.057100 8.709200

90x90x90 5.2350 9.5303
100x100x100 | 6.4780 11.5207

Table 2.6.5 Average elapsed CPU times for different problem sizes
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only on the lower bound estimation, but also on the solution (u,v,n). The optimal
solution to the dual problem (PD) has better symmetry than that obtained by the LR
method, in which one set of constraints are relaxed, thus leading to asymmetry among
the three sets of constraints. Intuitively, a symmetric solution might capture more
complete information about the original assignment problem. Since the solution is not
unique, it needs further investigation to determine a good criterion for selecting the
solution to the dual problem (PD), or to the problem max, G(n) for the LR method,
where G(n) is given by Eq. (2.3.4), such that the final assignment result has the
smallest error.

Furthermore, when the size of the problem reaches 70x70x70, the average relative
errors of the two algorithms get close to each other. This is due to the inefficiency
of the subgradient method [11]. The drawbacks of the subgradient method become
more serious with larger size problems. The size N3 of the problem (PD) increases
much faster than the size N? of the maximization problem associated with the LR
method when N increases. As a result, the advantage of the dual method gradually
decreases when the size reaches 60x60x60. For problems larger than 100x100x100,
more efficient numerical methods are necessary to fully demonstrate the power of
the dual method. Alternatives to the subgradient iteration scheme considered here,
along with the generalization of the dual solution to higher dimensional assignment
problems, is the topic of chapter 2.

On the other hand, the statistics in Table 2.6.2 and Table 2.6.3 and in Figs.
(2.6.4-2.6.9) compare the distribution of the original optimal values with that of the
errors between the solutions and the optimal values. We see that after applying the

dual algorithm, the variances of original distributions have been reduced significantly.
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Figure 2.6.11: Assignment and lower bound estimation relative errors for one

hundred 10x10x10 randomly generated test problems (N = 10).

This demonstrates the power of the algorithm from a statistical perspective.

2.7 Remarks on the time complexity of the dual
problem

We have shown that under some mild conditions, three-dimensional assignment prob-
lems can be transformed into a mathematically equivalent (in terms of their optimal
values) unconstrained convex programming problems through the duality approach.

The original problem is known to be N P-hard [16]. Now, let us examine the time
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Figure 2.6.12: Assignment and lower bound estimation relative errors for one
hundred 20x20x20 randomly generated test problems (N = 20).
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Figure 2.6.13: Assignment result and lower bound estimation relative errors for
one hundred 30x30x30 randomly generated test problems (N = 30).
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Figure 2.6.14: Assignment and lower bound estimation relative errors for one
hundred 40x40x40 randomly generated test problems (N = 40).
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Figure 2.6.15: Assignment and lower bound estimation relative errors for one
hundred 50x50x50 randomly generated test problems (N = 50).
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Figure 2.6.16: Assignment and lower bound estimation relative errors for one
hundred 60x60x60 randomly generated test problems (N = 60).
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Figure 2.6.17: Assignment and lower bound estimation relative errors for fourty
70x70x70 randomly generated test problems (N = 70).
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Figure 2.6.19: Assignment and lower bound estimation relative errors for twenty
90x90x90 randomly generated test problems (N = 90).

72



Ph.D. Thesis — J. Li

McMaster University — Multitarget tracking

S
So- B I
o T e T
o | R
2 -1 —Duial final assignment r
% ~--Dual bound
., —LR final assignment " |
/
-~ LR bound RN
- / AN
-3 1 < //// ‘\\\ /// N
- ///// \\\// N ,
-_ - \ /
\\ /
_4— \\ // L
N4
'5 T T T T T T
1 2 3 5 6 7 8 9 10

Problem Number

Figure 2.6.20: Assignment and lower bound estimation relative errors for ten
100x100x100 randomly generated test problems (N = 100).
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complexity of the resulting dual problem (PD), which is equivalent to the following:

min h(y, v, n), (PDE)

“7”?/’7

where

h(ﬂa’/n Z ngk_ M7V777>)

( ’]ak)GIO

= Z |Cijk i — - nk|

(i,4,k)€lo

N N
N*=2)) i+ (N*=2))
i=1 j=1
N
N2 - 2) an
k=1

The problem (PDE) is a convex optimization problem. A variety of iterative
algorithms, such as the subgradient algorithm used in our simulation example, are
available to compute the optimal solution to (PDE) highly efficiently. With such
algorithms, the time complexity depends on the size of the problem, the choice of the
initial solution, the iteration step sizes, as well as accuracy of the resulting solution
[12, 14, 5]. Typically, the iteration converges to the solution in hundreds or even
tens of steps in typical applications [12, 11]. From a practical point of view, the
computational complexity of the problem (PDE) will be oc N3, if we set the number
of iteration steps to a fixed number, say, 100.

Furthermore, the problem (PDE) can be represented in an equivalent LP form:

N
min Z t”k + Z Hi + V; + 772 (LP)
=1

w,v,m,t
(7]7 e[O
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subject to

Cijk — i — Vj — Mk < tije, V(1, 5, k) € Io,

and

Cijk — My — Vj — M = —tin, V(i J, k) € Io.

The problem has 3N + N? variables, and subject to 2N3 constraint inequalities.

By Khachiyan’s ellipsoid algorithm, the problem (LP) can be solved in polynomial
time [23]. Interior methods present another more efficient way to solve LP problems
in polynomial time.

The time complexity of the LR method depends on the algorithm used to solve
the 2-D assignment problems. When the 2-D problems are solved using the auction
method, the time complexity follows O(N?) [7] but depends on cost coefficients. To
simplify the comparison, let us assume the 2-D assignment problem can be solved by
the auction algorithm in N? x K, calculations, where K is a fixed number, say 100.
Then the time complexity of the relaxation method is N? x K; x Ky, where K, is the
number of iterations by the subgradient algorithms, say, 200.

The dual problem can be solved in N3 x K5 calculations, where K3 is the number
of iterations by the subgradient algorithms, say, 200. Then, we see that if Ky = K3,
then the relative time complexity of the dual method and the LR method depends on
the ratio N/ K. If the size of the assignment problem N < K, or N < 100, assuming
K, =100, then the dual method has a relatively lower time complexity. On the other
hand, if N > 100, then the relaxation method will have a lower time complexity than
the dual method. For tracking applications, if the number of tracks is less than 100,

the dual method should be more efficient than the relaxation method based on the
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above reasoning. This was confirmed in our previous simulations.

In our implementation, the time complexity of the relaxation method is close to
that of the dual method. However, it should be pointed out that the performance
of the dual algorithm can be further improved by employing more efficient numerical
methods such as the Gauss-Seidel based iteration method [6]. These implementation
related issues, together with other ways of boosting the efficiency of the proposed

algorithm, will be discussed in the next chapters.

2.8 Conclusions

In this chapter, a dual approach was proposed to convert three-dimensional assign-
ment problems into unconstrained convex programming problems. It is shown that
the optimal value of the dual problem is equal to the upper bound of the objective
functions of the relaxation method. Both the dual method and the LR method demon-
strate high accuracy around 97% for large size problems. However, the advantages of
the dual approach are twofold:

First, it makes theoretical analysis of the algorithm more tractable. In fact, based
on the dual representation, two strong duality results were proved.

Second, for small and medium size problems, the dual method is more efficient and
has higher accuracy than the LR method even with the basic subgradient method.
For large size problems, the problem (PD) can be transformed into a linear optimiza-
tion problem. This is a key advantage, since it makes it possible to employ highly
efficient linear optimization algorithms, such as the interior point method and the
classical simplex method, which are usually much faster than nonlinear optimization

algorithms, to solve the maximization problem (PD). Considering the vast amount
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of literature on linear optimization algorithms, this is indeed a significant advantage,
and it will enable the proposed method to solve even larger assignment problems
arising in a wide variety of applications.

Another advantage of the dual approach is that it can be extended to solve gener-
alized assignment problems, such as many-to-one and one-to-many assignment prob-
lems, and assignment problems with inequality constraints. Furthermore, the method

presented in this chapter can be extended to higher dimensional cases.

7



Chapter 3

Dual algorithm for
multi-dimensional assignment

problems

3.1 Introduction

In the previous chapter, we developed a novel dual approach for the three-dimensional
assignment problem, also see [31]. The dual method demonstrated the same or better
accuracy than the Lagrangian relaxation (LR) method while being more time-efficient
and easier to implement due to the simple structure of the dual formulation.

In this chapter, we extend the dual approach to solve more general multidimen-
sional assignment problems. The chapter is organized as follows. A dual convex
representation is derived first in Section 3.2. Also, we discuss the condition under

which the duality gap reaches zero in Section 3.3. Next, we investigate relationship
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of the dual approach to the LR method in Section 3.4.Furthermore, a numerical al-
gorithm based on the dual formulation is presented in Section 3.5. The simulation
results given in Section 3.6 show that the proposed algorithm outperforms the LR
approach both in terms of accuracy and computational efficiency. Finally, we con-
sider in Section 3.7 the time complexity of the algorithm and propose an improved
iteration scheme called the alternating direction iteration method.

It should be pointed out that the results presented in this chapter on the Multidi-
mensional assignment problem (MAP) are not a trivial generalization of those given
in the previous work [31]. First, the proofs in this chapter are not only simpler and
more elegant, but also more powerful in terms of the results than those given in the
last chapter. In fact, the proofs given in [31] on the equivalence between the dual
formulation and the LR for three dimensional assignment problems cannot be used
here to show the equivalence in higher dimensional cases. Second, the new proof also
shows that the process of LR is essentially equivalent to relaxing the binary constraint
condition in the original assignment problem, a new result that does not appear in
the previous work. Moreover, the alternating direction iteration method given in
Section 3.7, which converts a high dimensional maximization problem into a set of
low dimensional maximization problems, turns out to be essential to overcome the
inefficiency of the subgradient method in high dimensional maximization problems.
The simulation results show that by such an iteration scheme, the solution process
can be significantly accelerated. Finally, an effective search strategy is proposed to

further reduce the gap between the final assignment cost and the optimal cost.
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3.2 Formulation of the problem and its dual rep-
resentation

Let M > 3 be an integer. Given a set of coefficients {¢;, ., }, (i1, .., i) € Ly, we

have a linear objective function

F@) = > Chiy @i (3.2.1)

(#1,--iar)€lo

where @ = (24, 4,,), and Ip is an index set given by

Io={1,....NY™ ={(iy,...,in) | i1 €{1,....,N},....ipy €{1,...,N}}, (3.2.2)

The M-dimensional assignment problem can be formulated as
min f(x), (PP)
subject to the constraints

Tiy.ing € {O, 1} (3'2'3>

N N
> Y @iy, =1,V € {1,..,N}, (3.2.4)

19=1 =1
N N N N
S > > Y Vi e {1, .., N}, (3.2.5)
i1=1  imo1=1 imy1=1 @iy, =1
N
D Y @iy =1, Vi € {1,..,N}. (3.2.6)
11=1 ip—1=1
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In the context of radar tracking applications, ¢;, ;,, can be interpreted as the
cost associated with assigning the i,,th measurement z,,_; of sensor m — 1 (m =

2,..., M) to track iy, and x = (x;, ;,,) has the following meaning:

1 if measurement z,,_;,,, is associated to track i;,m =2,..., M
Liy.ipg =

0 otherwise.

For brevity, the following vector notations will be adopted in this chapter:

Tr = (9511...1, T21..15 s TN1..1y -y TN...N1y -+ JCN..,NN),
M1 = (Hl,l,/im, ---,Ml,N),
* * * *
My = (N1,17N1,27 "'nul,N)?
.
Har = (:LLMJ?:UM,QJ "'7MM,N)7
* * * *
Har = (:LLM,D M2 "'>MM,N)7

o= (1, pas - - -5 par)-

Moreover, we will use S to represent the set of feasible solutions to the optimiza-

tion problem (PP), i.e.,
Sp={z € {0,1}"" : = satisfies Eqs.((3.2.4), (3.2.5), (3.2.6)}. (3.2.7)
In addition, V(iy,...,iyn) € Ip, define the reduced costs

dil..AiM = Ciyipy — M1 — M2y — 0 — KMy (3-2-8)
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The development of the dual algorithm is based on a special type of separable

Lagrangian:

L('LM) = Z Ciy gy Ty ipg T Z |dl1ZM|(xz21@M - xilmiM)

(31,501 )EIo (31,-.-,501)EIo
N N N
) (i (=D ) @)+ (3.2.9)
i1=1 io=1  ipr=1
N N N
+ Z (kentying (1 = Z e Z Tiying))-
ip=1 i1=1 in—1=1
Equivalently,
L) = Y (diyin|2? oy + iy ing = |diying i i)
(21,estpr)€El0
N N (3.2.10)
+ Zlul,h Tt Z I i s
i1=1 inr=1
by Eq. (3.2.8).
For d;, ., # 0, we have
‘di1~--iM|x121...iM + (dlllM - ’dilmiMDxilmiM
diying — iy iy |
:|di1---iM ($121...iM + — Ilvél 4 ‘1 5 xilu-iM)
B1.. 00
(3.2.11)

diyoiny — i i \N? (iyoiny = |diy iy )2
:‘dil...iM| (Iil...z‘M‘i‘ 1 21»’1d 1 M) - 1 ZJi/1|d 1---2M

o _ (i i = iy ing])
= A[d '

z’1...iM| z‘l.l.W’
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Thus,

diy.ings Hdiy iy <0,
‘dil...iM|x121mi]M + (dil..‘l’]y{ - ’dlll]\/jl)xll'LM 2 (3212)

0, if d;, 4, > 0.

Defining & = (Z4,.4,,)

. 1, if dilufiM < 0;
Tiy . ing = (3.2.13)

0, if djy i, >0,

we have the unconstrained Lagrangian

L<i‘7ﬂ) = Z (‘dil...izuﬁ?l,..w + (dilmiM - ’d’LllMl)i"Llllw)
(il ..... i]p{)elo
N

+ D (i uard) (3.2.14)

=1

M N
— Z (dil_._z‘M)i + Z Z Hm i, 5

(1,.-inr)Elo m=1im,=1

where the function (-)~ is defined by
(#)” = min(0,0) (3.2.15)

and is a piece-wise linear concave function.
Note: £z is a function of (u1, ..., par), see Eq. (3.2.8).

From Egs. (3.2.10, 3.2.12, 3.2.14), we get the following weak duality result:
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Lemma 3.2.1. Vu, Vo € S, we have

f([E) = L(ZE,,LL) > L(':%’:u)‘

For brevity, we denote L(Z, u) by H(p). Thus, by Eq. (3.2.14),

Hp)= Y (dii) + D> Himin- (3.2.16)

(1,501 )€lo m=1im=1

We will consider the following dual problem

max H (1), (PD)

”w

and show that it leads to an efficient algorithm for the MAP problem.
Remark: H(u) is a piece-wise linear concave function. Thus, the dual problem
(PD) is a convex optimization problem. In fact, it can be transformed into a linear

programming (LP) problem (see Section 3.4).

3.3 Strong duality results for the assignment prob-
lem

Given any (i, ..., uh,), we have a set of coefficients

d;,kl’LM = Cil-nil\/f - /’l’iil - /’L?\/[,i]\/[ (331>
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The purpose of this section is to prove two strong duality results.

Theorem 3.3.1. Let f* and H* be the optimal values of the assignment problem
(PP) and its dual problem (PD) respectively. Then,

ff=H* (3.3.2)

if and only if there exists an optimal solution (u3,...,u,) to the dual problem (PD),
such that

d;:,n--- iM,n <0n=1,...,N, (333)

and for anym € {1,..., M}, the sequence (im1, - . ., imn) is a permutation of (1,...,N),

The next theorem makes it possible to check for the condition for the strong

duality.

Theorem 3.3.2. Suppose that there exists an optimal solution (uf,...,us,) to the
dual problem (PD) such that d} # 0 for any (i1,...,im) € Iy. Then,

11...i1y1

ff=H", (3.3.4)

where f* and H* are the optimal values of the assignment problem (PP) and its dual

problem (PD), respectively.

To prove the two theorems, we need to investigate the solutions to the dual prob-

lem (PD).
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3.3.1 Properties of optimal solutions to the problem (PD)

We will use the following index sets to characterize the optimal solutions to the dual

problem (PD).
Definition 2. For any m € {1,...,M}, i € {1,2,..., N}, define the (M — 1)-
dimensional index set

Nm</lm) = {(7;17 e ,Z'mfl, /L'm+17 e ,ZM) : d;u-iM < O} (335)

Moreover, we denote the number of elements in a set S by card(S).

Lemma 3.3.3. (Optimal solution criterion) Let u* = (uj,...,us;) be an optimal

solution to the problem (PD). Then, the following inequalities must be satisfied:

card(Np, (i) < 1,

VYme{l,...,M},ie{l,...,N}.

Proof. Suppose that the claim is false. By rearranging the indices, if necessary, we
can assume that di11.1 <0, and dq91.1 < 0.

Let 0 = min{|dus,. i—m] : duiy,...ip, < O}

.....

Define ji* = (fi;,;,.) by

(=0, ifm= 1,0, =1,
i, = (33.6)

i, otherwise.
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Then, one can verify that
H(py—H(u)>d>0. (3.3.7)

This is however in contradiction to the assumption that p* is an optimal solution to

the problem (PD). O

]

3.3.2 Proof of the duality theorems

First, we prove Theorem 3.3.1.

Proof. By Eq. (3.2.8), we have
Civoing = diyis - By + A Hadin (3.3.8)

V(il, c. ,ZM) € I.

It follows that VYx = (x;, ,,,) € Sr, we have

f(z) = Z Ciy.ipgTiy.ing

= Z iy iy Tiying + Z (1, F - Mg )Ty i (3.3.9)

(i1,..si0r) €l (i1,..si0r)Elo

N
= Z diy... ing iy ipy + Z(Ml,i 4+t ,UM,z')
=1

(41,.-,inr)€Elo

Suppose that there exists an optimal solution (uf,...,u3,) to the dual problem
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(PD) satisfying the condition of the theorem. Define

Loif (i1, ... yim) = (Gpy - oo s imn),n=1,...,N;
1.0
0, otherwise.

Then, z* = (z},_;,,) is a feasible solution to (PP).

Moreover, by Eq. (3.3.9),

flz™) = Z d;... z‘Mx;...z'M + Z(/"LTZ +oeet :u}(\/lz)

N
= Z(d;,n...w,n)i + Z(/f{z +eet+ M}k\m)

n=1 =1

By Lemma 3.3.3, for each i,,,, there is at most one index-tuple (k1, .

imm = km, and di < 0. Thus, it follows from Eq. (3.3.11) that

N
)= > (i) D (it 1)
(k1,....kar)€lo i=1
= H(pg, ..., 1)

(3.3.10)

(3.3.11)

(3.3.12)

The above equation, together with the weak duality lemma 3.2.1, leads to f* = H*,

and the proof for the sufficiency is complete.

Next, we proceed to show the necessity of the condition. For that purpose, suppose

that z* is an optimal solution to (PP) and f* = f(2*) = H* = H(u?, ..

-, W) 1s true.

Then, there are M sequences {ip1,...,imn}, m = 1,..., M, with each of these
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*

i..in) can be repre-

sequences being a permutation of {1,..., N}, such that z* = (z
sented in the form of Eq. (3.3.10).

Now, note that
N
f@) = Hpiooopi) = D = D (d,)” 200 (33.13)
n=1 1

In order to satisfy f* — H* = 0, we must have

dz(]”n...’i]\/[ﬁL S 07
forn=1,...,N. The proof is completed. O
O
Next, we prove Theorem 3.3.2.
Proof. Define
1, ifd; . <O0;
Ty = o (3.3.14)
0, if i, ;,, > 0.
Then, by Lemma 3.3.3, 2* = (x,_; ) is a feasible solution to the problem (PP).
As a result, there are M sequences {i,1,...,im N}, where m = 1,..., M, with each
of these sequences being a permutation of {1,..., N}, such that 2* = (z} ;) can be

represented in the form of Eq. (3.3.10). Furthermore, we have

*
11n--tMn

<0,

for n = 1,...,N. Then, the theorem follows from Theorem 3.3.1, and the proof is
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completed.

3.4 Connection to the Lagrangian relaxation ap-
proach

Now, let us investigate the connection between the proposed dual approach and the
LR approach. The major result of this section is that the optimal value H* of the
problem (PD) is equal to the optimal value of the objective function maximized by
the LR method[15, 33, 11, 38].

There are several variants of the LR method for multidimensional assignment

problems[15, 33, 11, 38]. We will focus on one of the variants[33, 11].
Let S}Z”‘” denote the feasible set of W™ = (w;, ; ), wherei; = 1,...,N;...;ipm_1 =
1,..., N satisfying the constraints of the (m — 1)-dimensional assignment problem:

Wiy i1 € 10,1}
N N

S 3w, =LV € {1, N},

ig=1 im—1=1

ey

N N
S S i = LVimot € {1,.., N},

11=1 im—2=1
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The LR method operates by maximizing the following objective function:

N N N
1 2 : [M—1] 2 :
¢! ](MM) wlM— Enelg[M 1] {Z Circing 1 Win-ing - 1} * p KMk (3-4.1)

11=1 ip—1=1

where WM = (w;, . 1),

MU= i (c[-ML —u,(fM)) (3.4.2)

1.1 1<k N\ Hing

with the convention

M (3.4.3)

110 = Cll M

In the case of M > 3, the problem

M-1]
Hlellrll]{z Z £1 AM -1 Wiy .- 1} (PP(M—l))

7,11 lel

is still NP-hard, and hence needs further relaxation.

By repeating the relaxation process, we will end up with a maximazation problem:

max G™M (g o ), (3.4.4)

K25 M

where

G[M_H(:u% R 7MM>

NN M N (3.4.5)
— mln[z] { E E ClleW’LlZQ } _|_ E E #m,im 9
wlPleSp N =1 m=2 im=1
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with w = (w;,;,), and the coefficients ¢!

i\...i, are recursively defined by

A = min (@M~ ) (3.4.6)

fetm—l 1<, <N

form=3,..., M.

The following representation can be derived from (3.4.6) by induction.

Lemma 3.4.1.

G[M_I] (,LL27 B uluM)
N (3.4.7)

= min {Cil...iM Z Hm, Zm}wzllg + Z Z K i, -

[2]
[Q]ESF i1=1 m=3 im=1

Let us denote the optimal value of the LR iterations by

Jip= max GWMU(u, . ). (3.4.8)

(M)

Moreover, define

= max Z Z,umzm (3.4.9)

[M]
per m=1 1,,=1

where the set FIM! is given by

M
F[M] = {/J/ . Z //Lm,im S Ci1...i]u7 for v(i17 ttt 77’M) E [O} (3410)
m=1
Lemma 3.4.2. For any jio, ..., fipr, we have
GM Wiy, ... fing) < K* (3.4.11)
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Proof. We know that

GM (g, ..., finr)

N (3.4.12)
= mm Z{Czl An Z Hm Zm}wulz + Z Z :uMZM'
6SF i1=1 m=3 ip,=1
Thus, from 2-D assignment theory,
G[M_l](ﬂ% cee aﬂM)
N N M N (3.4.13)
= max M1, + M2is ¢+ JU.
where FI2 is the set of (1114, i.4,) satisfying the inequalities
2 N M
Z Z ,um T — Czl AN Z ﬂm,im (3414)
m=1 Zm:1 m=3
for any (i1, i9) € {1,...,N}% O

It follows that

G[M_I](~27 e uﬂM)

mgig{ZMlquZMerZ Z,Umzm} (3'4'15)

i1=1 io=1 m=3 i,=1

:K*7
since (f1,iy, 12.ins B3.5s - - - s Mgy ) € FMI due to inequality (3.4.14). O

Lemma 3.4.3. Let H* be the optimal value of the problem (PD). Then, there exists
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w € FIMI - such that

H* :{Cil..‘iM Z :um Zm} + Z Z ,Um yim
m=1 iyn=1
M N
= Z_ Z M:n,im

im=1

(3.4.16)

Proof. Suppose that fi* is an optimal solution to problem (PD). By Lemma 3.3.3, for

any 71 = 1,..., M, there is at most one index (i1,...,7iy) € Iy, with
M
Ciy.iing — Z P i, < 0. (3.4.17)
m=1

Therefore, by rearranging the indices, if necessary, we can assume that

M
Ch..ke — Z [imye <0
m=1

for k =1,..., Ny, with Ny < N, while ¢;; _;,, — Zn]‘le Pz, 2 0 for all other indices.

Define p* = (417,,,) by

i 4 e — Doy fi gy Af M= 1,40 = 1,0, Ny,
Foanim, = (3.4.18)

for . > Otherwise.

It can be directly verified that p* € FIM! and

H* = {Cil...iM Z:umzm} + Z Z 'U“m’tm

m=1 im,=1

Therefore, we have established the existence of u* claimed by the lemma. O

94



Ph.D. Thesis — J. Li McMaster University — Multitarget tracking

Lemma 3.4.4. Let H* be the optimal value of the problem (PD). Then, we have

H* =K~

Proof. Y € FIMl we have
M
Z Ko i, < Ciy..ipg
m=1

for any (iy,...,4y) € {1,..., N},

As a result,

M
{Cil...iM - Z /Lm,im}_ =
m=1

for any (i1,...,iy) € {1,..., N},

Thus, for any p € FIM

M N
Z Z Homjiy,

m=1 iy,=1

0

M M N
:{C’h...i]\{ - Z ,um,im}_ + Z Z ,Mm,im
m=1

m=1 i,=1

<H".

It follows that

K* = max E g ,
i M iy >
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On the other hand, by Lemma 3.4.3, there exists u* € FIM! such that

M N
H*:Z Zﬂimm

m=1iy=1 (3.4.24)

< K*
The conclusion of the lemma then follows from (3.4.23) and (3.4.24). (]
O

Combining Lemma 3.4.2 and the previous lemma, we get the following

Theorem 3.4.5. The optimal value H* of the problem (PD) is an upper bound of

Jir of the relazation method, i.e.,
Jip < H” (3.4.25)
Remark: In fact, by Eq. (3.4.13) and Eq. (3.4.16), we can get
Jip=H". (3.4.26)

With respect to the above relationship, we conclude that the LR method and the
dual approach are equivalent.
On the other hand, by Lemma 3.4.4, the optimal duality coefficient p* can be

found by solving the LP problem:

M N
- 42
max S timin (3.4.27)

m=1 i,=1
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where FIM is the set of 4 satisfying the inequalities:

M
>t < Ciroing (3.4.28)
m=1

for any (iy,...,in) € {1,..., N}M.

By the duality theory of the linear programming, we have the following theorem.

Theorem 3.4.6. The optimal solution to the dual problem (PD) can be found by

solving the LP problem

min f(x)
subject to the constraints:
x>0
N N
Z cee Z Liy.ipyy = ].,Vil S {]., ceuy N},
1271 i]W:l
N N N N
S Y Y e,
7,121 lm,1=1 im+1=1 7:]\,1:1
N N
> Y mi, =1Viy € {1, N}
’Ll:l iIMfl:l

Remark: By the equivalence of the LR method and the dual approach, we observe

that LR is equivalent to relaxing the binary constraint condition.
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3.5 The solution to the original assignment prob-
lem

If the conditions of Theorem 3.3.1 or Theorem 3.3.2 are satisfied, the optimum value

of the problem (PP) is equal to the optimal value of the dual problem. Meanwhile,

*
1.0

if Theorem 3.3.1 can be applied, the optimal solution z* = (x ) to the original

assignment problem is given by

17 if (21,,ZM) = (ilm,...,z’Mm),n: 1,,N,
= (3.5.1)

1. T M
0, otherwise.

If the conditions of Theorem 3.3.2 are satisfied, the solution is

1, if d;‘lml-M < 0
i1eing — (3.5.2)
0, if d} > 0.

01 A0

On the other hand, if the conditions of the theorems are not satisfied, then we need
to search for the optimal (or sometimes sub-optimal) solution. One way is to use the
branch-and-bound method [28]. Another way of finding the solution is an (M —1)-step
procedure shown in Algorithm 1, as done in the LR approach [15, 33, 11, 38],

The complete algorithm for the multidimensional assignment is shown in Algo-
rithm 4.

Remarks: Due to numerical errors, the solution p* might not be an optimal
solution to (PD). This motivates the above local search operation to mitigate the

effect of numerical errors and possible instability in the subgradient iterations.
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procedure LRSEARCH(c, u*)
Step 1: Solve the relaxed 2-D assignment problem:

mln Z Z czmwilig (3.5.3)

LUGSF 11=112=1

where Sg] is defined in Section 3.4, and

2 .
C£1]lz = .mln Cl1 M Z,U/m im (354)

13yt M

Step 2: Fix the assignment (iq,i2(7)) obtained in the previous step, and solve
another 2-D assignment problem:

mln Z Z Cir (1) i Winis (3.5.5)

u"ESF 11=11i3=1

to obtain the 3-D assignment (i1, 2(41), i3(¢1)), where

M
(3] _ E
Ci1,i2(i1),i3 - 141,111,2»1 (C'Ll 12(11),83,04,--.,0 Mm Zm (356)
m=4

ceey

Step M — 1: Fix the assignment (iy,42(1),...,9p-1(71)) obtained in the
previous step, and solve the 2-D assignment problem:

mln Z Z 0217’2 (11)5- i —1 (1), i Wivig (357)

wESF i1=1143=1

to obtain the M-D assignment (iy,49(i1), ..., 9 (i1)).
return the assignment

Wi — .
et 0, otherwise.

. {1, i st = (i), g (@), forin =1, N5 g

end procedure
Algorithm 1: LR Search algorithm
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p* < an optimal solution to the problem (PD);
7% « LRsearch(c,u*);

FO ()
§ + fl — H* where L* = L(u*);
for k< 1, N do /* local search */
Pot= (M1, o LN - oy M1y - - 5 UM N ) /*
s = {“ =0 3 L7)=(MH) (3.5.9)
i 5 otherwise,
*/
o < LRsearch(c,u);
f e fa);
end

return the assignment z*! with k, = argmin}”’, fIl.

Algorithm 2: The top level function of the multidimensional assignment algo-
rithm
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3.6 Simulation results

In this section, we present some simulation results. Our computation environment
is a laptop with an Intel i7-6500U CPU running Windows 10. The programming
language is MATLAB. The proposed algorithm is tested on four-dimensional assign-
ment problems with known optimal solutions, randomly generated using the method
proposed in [18]. The generated problems have dense integer cost coefficients in the
range (0,20). Although the cost coefficients in typical tracking applications are not
always dense[33, 11, 38], they can be used to assess the performance of general as-
signment algorithms. Problems of four different sizes are considered, from relatively
small 10x10x10x10 problems to relatively large 40x40x40x40 problems. The choice
of the sizes is based on[25], oriented towards tracking applications. Meanwhile, the
same set of problems are solved using the LR method as the benchmark to evaluate
the performance of the dual method.

The statistics of the randomly generated assignment problems, together with that
of the differences between the assignment results, are shown in Table 3.6.1 and Table
3.6.2. Moreover, Fig. 3.6.1 to Fig. 3.6.3 show the distribution of the 20x20x20x20
assignment problems using histograms, together with the distributions of the resulting
assignment values.

The subgradient method [12] is used to solve the maximization problems produced
by both the dual method and the LR method. Before applying the subgradient
method, a normalization is performed on the cost coefficients so that the normalized

cost values are in the range (0, 1). The iteration scheme is as follows:

R )
Tup = Tt p ST (3.6.1)
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40 T T T T

70 80 90 100 110 120 130
Optimal values

Figure 3.6.1: Distribution of the optimal values of the 100 randomly generated
20x20x20x20 test problems.

Problem size | Optimal value | Difference 1 | Difference 2
10x10x10x10 | 49.1200 2.8470 8.1200
20x20x20x20 | 98.3200 3.8217 9.7200
30x30x30x30 | 148.6500 3.8892 9.5500
40x40x40x40 | 200.0000 5.7897 8.1000

Table 3.6.1 Means of the optimal assignment costs (column 2), the duality gaps,
that is, the differences between the optimal values and the dual lower
bounds(column 3) and the differences between the actual assignment costs and the
optimal values (column 4) for different problem sizes.
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Count

Estimate errors

Figure 3.6.2: Distribution of the duality gaps of the 100 randomly generated
20x20x20%x20 test problems.

Problem size | Optimal value | Difference 1 | Difference 2
10x10x10x10 | 66.7935 3.8505 9.8844
20x20x20x20 | 114.3006 5.0702 8.9915
30x30x30x30 | 171.6079 5.4183 6.8921
40x40x40x40 | 197.7778 5.4354 7.6556

Table 3.6.2 Variances of the optimal assignment costs (column 2), variances of the
duality gaps (column 3) and variances of the differences between actual assignment
costs and optimal values (column 4) for different problem sizes.
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Count

6 8 10

Assignment errors

12 14 16 18

Figure 3.6.3: Distribution of the differences between the assignment results and
the optimal values of the 100 randomly generated 20x20x20x20 test problems.
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Problem size | Average relative error(%) | CPU time for each problem (s)

Dual LR Dual LR
10x10x10x10 | 9.386396 18.321642 0.03748 0.1081
20x20x20x20 | 6.06388 10.0953 0.5473 0.8317
30x30x30x30 | 4.02538 7.30202 3.9443 4.9205
40x40x40x40 | 2.639375 3.440335 25.6986 28.4049

Table 3.6.3 Relative errors and elapsed CPU times for different problem sizes

where g(z) € 0f(z), the subgradient of f(x) at point z. Note that here we want to
maximize the objective function f(x). The reason for choosing such a simple method
is to ensure that the differences in the simulation results for the two algorithms under
tests are indeed caused by the inherent differences between the dual algorithm and the
LR algorithm, instead of being produced by the methods used to solve the associated
maximization problems.
For the LR method, the stopping criterion adopted in the simulations is
A"G;nG” < 1%, (3.6.2)
with an upper limit of 200 on the number of iterations, where A, is the total cost
corresponding to the assignment result and G,, is the lower bound estimate at the

nth step.

For the dual method, the stopping criterion is n > 100 and
|Hpy1 — Hy| < 0.0001H,, (3.6.3)

with an upper limit of 200 on the number of iterations, where H,, is the lower bound
estimation at the nth step.

The results are shown in Fig. 1 to Fig. 4, and are summarized in Table 3.6.3.
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Figure 3.6.4: Relative errors of the assignment results and the lower bound
estimates from one hundred randomly generated 10x10x10x10 test problems
(N = 10).

106



Ph.D. Thesis — J. Li McMaster University — Multitarget tracking

20 ‘
—Dual final assignment
F ---Dual bound
‘\‘ —LR final assignment
SEREET (St
I
) il L1 (i
(| ML AV b M Al
U N AU TV YA A A
1] \‘\“ M/\ AL /“‘W ‘H‘“ M\N\H\M‘/\ V| \[ L
__ 10| WA V‘ oy U [ ||| ‘\\/" ;H LIV
S ANy IS AT LT VY AT
S L[] Vo VWA A LAY A
- | [ ‘\‘» | V 1,1 |V “\ \ ‘MV ‘ \‘
(@] |/ v I
/
5 o)\ U MM MY
5 / L
[}
=
=
<
o)
= 0
1o h 1 b ! i I A
i b PEE f I A il ]
‘:«\‘ | N ,“‘ )*‘ :vv ‘J\\ ‘Q‘ ¥ 'n\ /ﬁ/uf, ,\ il [ ’l'\ - i n ! ‘
N ;i nh HMN ;\,‘}‘! it I \ \\’H')H. NN /M\ g g
“‘h | o i} ’/HMH R i v“‘; M"‘"‘J BRI | i % Jm A i AT, ,‘}”(\
R LRVIT P Y e \\/ Voo I RV R A
h IR N oy Wt L i I v
T 4} A\ ‘M “ W‘ " 1 WJ I n“ (j | 1 Il \ i \
I i I i ‘ 0y Y ’
[ yﬂ ! ) v’
I ! ,
-10 \ \ \ \
0 20 40 60 80 100

Problem Number

Figure 3.6.5: Relative errors of the assignment results and the lower bound
estimates from one hundred randomly generated 20x20x20x20 test problems
(N = 20).
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Figure 3.6.6: Relative errors of the assignment results and the lower bound
estimates from twenty randomly generated 30x30x30x30 test problems (N = 30).
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Figure 3.6.7: Relative errors of the assignment results and the lower bound
estimates from ten randomly generated 40x40x40x40 test problems (N = 40).
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Figure 3.6.8: CPU times for the 100 randomly generated 20x20x20x20 test
problems.
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The results demonstrate that the dual approach outperforms the LR algorithm both
in terms of the elapsed CPU times and the relative accuracy of the final assignments.

The CPU times for the 20x20x20x20 simulation are shown in Fig. 3.6.8, with a
mean value of 0.5473s and a standard deviation of 0.0098s. Also shown in the figure
are the CPU times of the LR method, which have a standard variation of 0.1094s.
The curves of CPU times for other problem sizes have similar characteristics.

On the other hand, the statistics in Table 3.6.1 and Table 3.6.2 and in Fig. 3.6.1
to Fig. 3.6.3 show that after applying the dual algorithm, the variances of original
distributions have been reduced significantly. From a statistical perspective, the dual

algorithm can be interpreted as a filter that reduces the “noise” in the original data.
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3.7 Alternating direction iteration scheme

The time complexity of solving the dual problem (PD) using the subgradient algo-

rithms is proportional to the number of subgradient operations, and thus is O(N™).
For the LR method, the most time consuming operation is calculating the coeffi-

cients

[m]

m=1 -~ min (&0 = tamgin)- (3.7.1)

Hedmel <G <N

This operation also has an N™ order time complexity. Since the calculation of the
subgradient involves a similar comparison operation, we thus conclude that the dual
method and the LR method have the same order of time complexity.

However, in contrast to the recursive calls to the 2-D auction algorithm, which
has an O(N?) time complexity [7], the dual approach can directly get the optimal
dual variables by employing a simple subgradient algorithm, and thus is found to be
more efficient in our simulations.

On the other hand, as pointed out in Section 3.4, the optimal dual coefficients
w* can be obtained by solving an Linear programming (LP) problem using any effi-
cient LP algorithm. An alternate direction iteration method, which is essentially a
dimension-reduction technique, can efficiently accelerate the solution process of the
problem (PD). We illustrate the algorithm for the case of M = 4, while pointing out
that the idea can be adapted to any value of M > 3.

The algorithm is based on the following observation:
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4 N
max E E /Jm im
4 ] GI()
m=1

Zm:l M, im, Scil...i4 7v(117 52 im=1

:max{ max el E E o i

H3oH4 " g 2,50 SCiy iy — 13,5 —Ha,ig sV (G108 li—1
m

+ YD i} (3.7.2)

m=3 im=1

= max{ max Z Z Mo in,

3,14 u1,i1+u2,i2<c 1(i1,i2),Y(41,i2) m=1i,,=1
m—

4 N
+ Z Z Mm,im}

m=3 im=1

where ¢l (i1, iy) = ming, ;,{¢i,. i, — M35 — Hayiy ), as defined before.

Thus, the four-dimensional maximization operation can be carried out by per-
forming a two-stage iterative maximization, with the inner maximization being a
two-dimensional assignment problem. Consequently, we get an alternating direction
iteration scheme as shown in Algorithm 3.

The problems in Section 3.6 are recalculated using Algorithm 3. The results are
summarized in Table 3.7.1, where we compare the average errors and the elapsed CPU
times for the original four-dimensional subgradient method and the two-dimensional
alternating direction iteration method described in Algorithm 3. It can be seen that
the CPU times have been significantly reduced by the dimension-reduction technique
while maintaining the same accuracy, especially for large-size problems. For small-
size problems, the original four-dimensional (4D) subgradient method is more efficient

than the two-dimensional (2D) iteration method.
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n; <— number of iterations;

I {(1,2),(1,3), (1,4), (2,3), (2,4), (3, )}
for k=1:n4 do

// External iteration

for (p,q) in I, do

// For every 2D combination

{r,s} < IL\{p,q} // Set difference
CZ],iq = ming, ;, {Ciyigiric — Hrir — Hs,is )
> Solve the following 2D assignment problem
(v*, w*) <= arg max, ,, Z”(cg] — v —w) T vt D w,
> o= (v,...,0n),w=(wy,...,wN)
pp <= 0"
g < w*

end

end

return optimal solution (p, u2, fi3, 14) to problem (PD).
Algorithm 3: Alternating direction iteration algorithm

Problem size | Average relative error(%) | CPU time for each problem (s)
4D iteration | 2D iteration | 4D iteration 2D iteration
10x10x10x10 | 9.386396 10.162819 0.03748 0.04864
20x20x20x20 | 6.06388 5.931272 0.58748 0.27613
30x30x30x30 | 4.02538 3.987029 3.9443 1.59149
40x40x40x40 | 2.639375 2.605811 25.6986 9.05326

Table 3.7.1 Relative errors and elapsed CPU times for two different iteration
methods. 4D iteration corresponds to the subgradient method described in Section
3.6, while 2D iteration corresponds to Algorithm 3, with iteration number n;=10.
The subgradient method is used to solve each of the 2D assignment sub-problems in
200 iterations
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3.8 Conclusions

In this chapter, a dual approach was proposed for the MAP problem. Moreover, two
strong duality results were proved. The dual approach was shown to be closely related
to the LR method, providing a framework to conduct a theoretical investigation of
the LR algorithm. It was also pointed out that the LR relaxation is equivalent to
relaxing the binary constraint condition, and as a result, the dual coefficient p can
be obtained by solving an LLP problem.

On the other hand, it was demonstrated that a simple but efficient numerical
method can be developed based on the dual formulation, with the same or even
better accuracy than that of the LR method. The proposed local search strategy was

shown to be effective in the simulations.
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Chapter 4

Multi-frame tracking based on
multi-dimensional assignment

algorithm

4.1 Introduction

The common way of tracking multiple objects is to estimate the tracks of the objects
using a single scan or frame of measurements at every time step. But this is not
effective in tracking maneuvering targets and multiple targets moving along closely
spaced near-parallel tracks. In such scenarios, instead of relying on a single frame of
measurements, it is more desirable to consider multiple frames of measurements at
every estimation step by taking advantage of the time correlation among the successive
data frames. This has attracted a lot of attention in the tracking research community.

See [24, 8] for more about multi-frame related developments.
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For multiple frame tracking to work, we need to address the problem of associ-
ating the measurements in two or more data frames to the targets being tracked.
This is a situation where Multidimensional assignment problem (MAP) can play an
important role: the multi-frame data association problem can be formulated into an
MAP problem, see [1, 16, 24, 36]. The challenge now is to find effective methods to
solve the MAP problem.

In the case of single frame tracking, the data association operation can be mod-
eled as a 2-D data association problem, for which a number of efficient algorithms
have been proposed in the literature. See [7] and the references therein. Unlike 2-D
assignment problems, however, MAP is an NP-hard problem [16]. As a consequence,
it is impractical to get exact solutions to large scale MAPs for applications with real
time requirements as in some surveillance systems. A number of approximate MAP
assignment algorithms have been proposed [33, 37, 3, 11]. These algorithms are much
more efficient in terms of the CPU time than the exact methods such as the branch
and bound algorithm [10]. Among these, the Lagrangian relaxation method has been
applied to multi-object tracking with good association accuracy [33, 37, 11]. There-
fore, multi-frame assignment is a promising method that merits further research to
meet the requirements of practical tracking applications.

We recently developed a novel multidimensional assignment algorithm based on
the idea of dual convexification [31, 30].The newly proposed algorithm is shown to be
equivalent to the Lagrangian relaxation method in the sense that they both provide
the same lower bound estimation for the optimal total assignment cost. However, the

dual algorithm is much more elegant in the formulation and easier to implement than
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the Lagrangian method. This is a significant advantage in practical engineering appli-
cations. Our extensive simulation results in [31, 30] showed that the dual algorithm is
more efficient than the Lagrangian relaxation method in solving randomly generated
MAP problems. Now we use this new algorithm to solve assignment problems arising
from a series of multi-frame tracking problems with different complexities. The re-
sults demonstrate that the dual method outperforms the Lagrangian method in this

context, while maintaining the same level of high accuracy.

4.2 Problem formulation

We consider the problem of tracking multiple objects in a plane. The state space

model of each of the objects is

z(k+1) z(k)
s || vk
ug(k +1) uq (k)
uy(k+1) uy ()
(4.2.1)
0 Z| [valk)
_l’_
T 0 vy (k)
0 T
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where ) )
1 0T 0
010 T
F= : (4.2.2)
001 0
000 1

(x(k),y(k) and (uy(k),u,(k) are the position and velocity vectors of the target at
time k, respectively, while (v, (k), v, (k) is the acceleration vector caused by Gaussian
white noise at time k. T is the time step.

The measurement model is given by

r(k) = 22(k)+ y?(k) + w,(k) (4.2.3)

(k) = arctan(z(—:))—i—wg(k;) (4.2.4)

where (r(k),0(k)) is the polar coordinate of the target at time k, while w,(k) and
wg(k) are the Gaussian white noise components at time k in the range and bearing

measurements, respectively.

4.3 2-D assignment formulation for single frame
association

Let V be the area of the field of view, which is divided into small cells of area Av. The
field of view is divided into small cells, so that we can more conveniently refer to the
probability of a measurement being in a particular cell, instead of being forced to use

the probability density in the following formulations. By the routine reasoning, see

118



Ph.D. Thesis — J. Li McMaster University — Multitarget tracking

for example [1], one can verify that the probability of associating the measurement

z;(k) to target i at time k is

A (k) =
)
PriAy i£i=0,740 .

(1— Pp)s-Av ifi£0,7=0

PpNz;(k); zi(k|k — 1), Si(k)]Av  otherwise.
\

where Z;(k|k — 1) is the predicted measurement for target i at time k, and S;(k) is
the covariance of the measurement’s distribution for target i at time k, V' is the area
of each cell. Moreover, as usual, the dummy target 0 represents false alarms and new
targets, and the dummy measurement 0 represents a missing target.

Remark: The value of Ago(k) has no effect on the data association, and can be
set to a value which is convenient in the calculations.

Now, let us denote the data association which assign measurement j to target ¢
by the symbol i <+ j, then the best data associations ¢ <> 7;,7 = 1,..., N; are those

which maximize the likelihood product
A17j1(k)A2,j2(k) .. 'ANl,le (k)7 (432)

where N; is the number of confirmed targets, assuming independence of the likeli-
hoods. However, instead of workling on the above likelihoods directly, it turns out

to be more convenient to consider the following negative logarithmic likelihood ratio,
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see [1],

Ay
Cij = — In A—O; (433)

for (i,7) € I5, with I being an index set given by

12:{0,...,N1}X{0,...,N2}

={(i,j) |i€{0,....Ni},...,j €{0,..., No}}.

(4.3.4)

If i 0,

Pr(27|Si(k)|)2
PpV (4.3.5)
(2j(k) = 2i(klk = 1))7Si(k) " (25(k) = Zi(k|k — 1))

Cij = In

+

N | —

where n is the dimension of the observation vector. In the simpler case of i = 0, ¢; ;
can be obtained from Eq. (4.3.2) correspondingly.

Moreover, define the linear objective function

flp) = Z Ci,jPij (4.3.6)
(

27.7)612

where p = (p;;). It can be seen that the original data association problem can be

represented as a 2-dimensional assignment problem:

min f(p), (PP)

p
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subject to the constraints

Pij € {0, 1} (437)
N2
> pij=1Vie{l,. N}, (4.3.8)
7=0
Ny
> pij=1Vj€{l, .., No}. (4.3.9)
=0

4.4 3-D assignment formulation for double frame
association

Next, we consider the two frame data association problem. For a real target ¢, namely
i # 0, the probability of associating the measurements z;(k) and z,,(k + 1) to target
7 at time £ is

Aijm (k) = Ay (F) P () (4.4.1)

where P,,; j(k) is the probability of associating measurement z,(k + 1) to target 4
given that the measurement z;(k) is associated to target ¢ at time k.
As in [24], if j # 0 and k # 0, namely for real measurements, P,,; ;(k) can be

calculated as follows.
Prjij(k) = PpN[zm(k +1); 2i(k + 1]k), Si(k + 1)]Awv, (4.4.2)

where Z;(k + 1]k) and S;(k + 1) are calculated by applying Kalman filter on the state
of target i at time k — 1 and taking z;(k) as the measurement from target i at time

k.
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The case of j = 0 and k # 0 can be calculated similarly. The only difference is

that here we do not update the state z(k — 1]|k) with an actual measurement during

the course of applying the Kalman filter to calculate Z;(k + 1|k).

For k = 0, we simply have P,; (k) = PryAv.

Similar to what we have done in the case of single frame associations, we consider

the negative logarithmic likelihood ratio, see [1],

Aijm

Cijom = — 1 Ao
7.]7m

for (i, 7, m) € I3, with I3 being an index set given by

[3:{0,...,]\[1}X{O,...,NQ}X{O,...,Ng}

Moreover, define the linear objective function

f(,O) = Z Ci,jmPi,j,m,

(ivjvm)613

(4.4.3)

(4.4.4)

(4.4.5)

where p = (pijm). It can be seen that the original double frame data association

problem can be cast into a 3-dimensional assignment problem:

min f(p),

p
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subject to the constraints

Pi.jm € {O, 1}
Ny N3
Z Z pi,j,m = ].,VZ - {]_, ceey Nl},
j=0 m=0
N1 N3

SN pijm =1.Yj € {1,... No}.

=0 m=0
N1 N2

Zzpi7j’m = 1,‘v’m € {]_, ...,Ng}.

i=0 j=0

(4.4.6)

(4.4.7)

(4.4.8)

(4.4.9)

4.5 Assignment problem for general multi-frame

data association

In general, let M > 3 be an integer, we have similar formulations of (M —1)-frame data

association problem as M-dimensional assignment problems.

{ciy.irg }s (i1, ... ipr) € Ip are defined as

A

_ ) Diviaein

Ciyig..ipg — — A )
Ot2...ipng

and correspondingly, we have a linear objective function
f(p) = Z Ciq.ipg Piy..apgs

where p = (pi,.4,,), and Iy is an index set given by

]0:{0,...,N1}X{O,...,NQ}X---X{O,...
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The M-dimensional assignment problem corresponding to M — 1-frame data as-

sociation problems is

min f(p),

p

subject to the constraints

Piv..im € {07
Ny

1}

N2
Z Z pil---iM = 17Vi1 € {17~~-,N1}7
i2=0

=0
Nm+1 N

11=0 tm—1=0 %m4+1=0 ipr=0

N Ny

Z . Z Piring = 17VZM € {1,,NM}

11=0 ip—1=0

Nm—1
S 3T T D pi = LVim e {1,

(PP)

(4.5.4)

(4.5.5)

(4.5.6)

(4.5.7)

Similarly, p = (pi,..i,, ), With p;, 4, = 1, if measurement z,,_1,,, is associated to

track i, for m = 2,..., M, otherwise, p;, i, = 0.

As in the previous chapter, the following vector notations will be adopted in this

chapter:
P = (P00...0, £10...05 -+ PN, .
H1 = (/~L1,07,u1,17
co b= (g, .-
Defining

L(,u) = Z (di1.~~iM)_

(il,‘..,ijw)elg
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where

iy.ing = Ciyoviing — Mgy — M2y = — HMyip - (4.5.9)

We will consider the following dual problem

max L(p), (PD)

m

under the condition that ji,,, o =0 for m =1,..., M.

With the above assignment problem, we have the following theorem [30)].

Theorem 4.5.1. The optimal solution to the dual problem (PD) can be found by

solving the LP problem

min f(p)
subject to the constraints:
p>0
No Nu
Z cee Z Pii.iy = 17\V/Z'1 € {1, ...,Nl},
i2=0 i =0
N Nm—1 Nm+1 N]w
SR D S SR}
11=0 tm—1=0 %ym41=0 =0
N Napr—1
i1=0 ip—1=0

Furthermore, it has been shown that the dual formulation is equivalent to the
Largrangian relaxation formulation in terms of their estimations of the lower bound

on the optimal assignment value. More specifically, we have the following theorem

[30].
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Theorem 4.5.2. Let L* be the optimal valuethe of problem (PD) , and Jjp the

optimal value of the objective function of the Lagragian relaxation method, then

Jip =L, (4.5.10)

4.6 Algorithm for the assignment problem

The method to find the solution to the M-dimensional assignment problem is an

(M — 1)-step procedure shown in Algorithm 4.

p* < an optimal solution to the problem (PD);
p% < LRsearch(c,u*);

SO f(p);
§ + fl0 — H* where L* = L(u*);
for k< 1, N do /* local search */
Pot= (M1, LN - oy M1y - - 5 UM N ) /*
s = {":’;J‘ o L= (161
i 5 otherwise,
*/
pll « LRsearch(c,u);
£ ()
end

return the assignment z*! with k, = argmin}”, fll.

Algorithm 4: The top level function of the multidimensional assignment algo-
rithm

The reason for the local search operation in Algorithm 4 is that, due to numerical
errors, the solution p* might not be an optimal solution to (PD). In order to mitigate
the effect of numerical errors and possible instability in the subgradient iterations,

we perform the above operations. The LRsearch step is given in Algorithm 5, where
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Sl[f] represents the constraints in 2-D assignment problems.

4.6.1 Subgradient algorithm implementation

The subgradient method [12] is used to solve the maximization problem (PD). The

iteration scheme is given by

p(n +1) = p(n) + At(n)g(p(n)), (4.6.8)

where At(n) is the step size at the nth iteration, and g(u) € OL(u) is a subgradient
of L(p) at point u. Note that here we want to maximize the objective function H(u).

In typical tracking problems [25], the cost coefficients are sparse arrays, meaning
that a number of cost coefficients are large enough and will not make any contribution
in the subgradient calculation. Therefore, these large cost coefficients can be regarded
as infinity. This motivate us to use sparse array data structures to represent the
costs for both memory and CPU time efficiency, and correspondingly formulate the
subgradient algorithm based on sparse array representations. The sparse array can

be implemented as a matrix C|

1 3 2 C132

C=| (4.6.9)
) ] k Cijk

where each row represents a cost item: the index (4, j, k) of the cost and its value ¢;j.
The pseudo code for 3-D assignment problems is shown in Algorithm 6. In the list

of pseudo code, we use (u,v,w) to represent the Lagrangian multipliers (p1, pz, p3)
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Function LRsearch(c, *):
Step 1: Solve the relaxed 2-D assignment problem:

N1 N2

mm Z Z clmwim (4.6.2)

WGSF‘ 11=012=0

where

2 = min (Ciyooing Z,umlm : (4.6.3)

1112
135050

Step 2: Fix the assignment (i1, 72(41)) obtained in the previous step, and
solve another 2-D assignment problem:

N1 N3

mln Z Z Cr in(in) i Wi (4.6.4)

WGSF 31=01i3=0

to obtain the 3-D assignment (iy,2(41),5(41)), where

(3] _
il,iz(il) iz
(4.6.5)
min (C“ 12(11),i3,04,-5i0r E :umzm .
14,esing —

Step M — 1: Fix the assignment (iy,42(41), ..., 4p-1(71)) obtained in the
previous step, and solve another 2-D assignment problem:

N1 N3
: [M] A
mlg] Cit g (i1)eemsing—1(i1)ing Piring (466)
WESE §1=0i3=0

to obtain the M-D assignment (iq,42(41),43(41), ..., iar (1)), where

[M] _
11,82(41) 50 sinr—1(31) 5000 (4 6 7)
min (Ch,iz(i1),.--,iM_1(i1),iM - M?WJM)'
(ZPRIR Y,
Step M:
// in=1,...,N
if (21*, M) (Z17Z2(21)>7ZM(Z1>> then
R
end
else
‘ mj1~~~ihf = 0;
end 128
return xr*

Algorithm 5: LR Search algorithm
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for clarity.

After getting a solution (u,v,w), we can form another sparse array

1 3 2 C132 — U1 — V3 — W2

D=|" (4.6.10)
1 j k Cijk — U; — Vj — Wk

where each row represents a reduced cost item: the index of the item (4, j, k) and the

value ¢ — u; — vj — wy.

4.6.2 Step size calculation

One of the key operations in the implementation of the subgradient algorithm is to
determine the step size At,. In our simulation, it has been shown that the following
method is efficient [10].

~ L—L(n)

Atfn) = T (4.6.11)

where L(n) is the value of the objective function L in the nth iteration step, L is the
estimate of the optimal value of L, and s(n) is the modified subgradient at the nth

step given by the recursive equation

s(n) = g(n) + B(n) * s(n — 1), (4.6.12)
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Data: The costs in a sparse array C.
N; < number of iterations;
// Initialization
u(0) = 0; // u=(uy,...,un)
v(0) <= 0; // v=(v1,...,0N)
w(0) - 0; // w=(wy,...,wN)
n=1;
while n < N; do
/* The subgradient */
Au(n) < 1; Av(n) < 1; Aw(n) < 1;
for V(i, j, k,cijr) € C do
if cijr —uw; —v; —w,, <0 then
Au(n) < Au(n —1) — 1; Av(n) <+ Av(n — 1) — 1;
Aw(n) < Aw(n —1) — 1;
end
/* Solve the following 2D assignment problem */
Determine the step size At(n);
u(n) < u(n — 1) + At(n) * Au(n);
v(n) < v(n —1) + At(n) * Av(n);
w(n) < w(n — 1) + At(n) * Aw(n);
n=n-+1;
end
end
return optimal solution (u(n),v(n),w(n));

Algorithm 6: Subgradient algorithm based on sparse array representation of the
costs
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where g(n) is a subgradient of L(u) at the nth step, and the coefficient 5(n) is given
by
0; if(s(n — 1), g(n)) > 0

Bn) = (4.6.13)

_W(H)W; otherwise;

where (s(n — 1), g(n)) is the inner product of the two vectors, and 0 < v(n) < 2.
The estimate L of the optimal value of L, can be obtained by solving 2-D as-
signment problems. Let us illustrate it with a two frame tracking problem. Suppose
we have Nj tracks at time k, together with two frames of measurement, z;(k +
1),...,zn,(k+1) for time k+ 1, and 2z (k+2), ..., zn,(k + 2) for time k + 2. Corre-

spondingly, we need to solve the 3-D assignment problem

mxin Z Ci mPijm- (4614)

(i,3,m)€l3

where ¢; j ., is given in Section 4.4.
In order to get an estimate L for the above 3-D assignment problem, we first

construct a 2-D assignment problem

win 3 o (2D-1)
(i,j,m)elg
using the track data at time k, and the measurements z;(k + 1),..., zn,(k + 1) for

time k 4+ 1, as described in Section 4.3.
After solving problem (2D-1), we get the (temporary) states of the N; tracks at

time k+1. Using this information, along with the measurements z;(k+2), ..., zn, (k+
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2) for time k + 2, we construct another 2-D assignment problem

win Y0 o 20-2)

(i’jvm)GIQ

Suppose the solution to problems (2D-1) and (2D-2) are p' and p?, respectively.

We can get an initial assignment p as follows:

) Lif p}; = 1 and pj, = 1;
Pk = (4.6.15)

0, otherwise;

and get an initial estimate L of the total assignment cost by

.i/ = Z Ci,j,mpAiJ,m' (4616)

(ivjvm)eI:i

The complete flow chart of the assignment algorithm is shown in Fig. 4.6.1. The

condition (OPT) for 3-D assignment is defined as follows:
diji < 0if pigg, = 1, (OPT)

where d;;;, = ciji — u; — vj — wg, as presented in Algorithm 6.
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( Start )

Solve 2-d assignment
problems (2D-1) and
(2D-2) to get an initial
assignment p and L

Perform the subgradient
iterations to get the
array D

Is
condition (OPT)
satisfied?

Yes

No

Perform LR Return p* = p as
search to get p* the best assignment

End )«

Figure 4.6.1: The complete flowchart of the dual assignment algorithm
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4.6.3 Alternating iteration algorithm

A more efficient way to carry out the multidimensional maximization operation can
be done by performing a two-stage iterative maximization, with the inner maximiza-
tion being a two-dimensional assignment problem. Consequently, we get an alternat-
ing direction iteration scheme as shown in Algorithm 7 for the 3-dimensional case.
The algorithm can be generalized to more general M — d assignment problems in a

straightforward manner.

N; < number of iterations;

12 A {(1’ 2)? (17 3)7 (27 3)}7

// External iteration

for k=1: N;do

/* Loop for every 2D combination of the indices */

for (p,q) in I do

r < Ib\{p,q} // Set difference /* Solve the following 2D
assignment problem */

CZ],iq = min;, {¢iyi i, — Hri, |

(v*, w*) <= arg max, Z”(cg] — v —w) T vt D W,
/] v=(v,...,0on),w=(wy,...,wN)

P <= V" fg = w”

end

end
return optimal solution (1, u2, ft3) to problem (PD).

Algorithm 7: Alternating direction iteration algorithm

4.7 Simulation results

In this section, we present some simulation results. Our computation environment is
a Windows 10 laptop with an Intel i7-6500U CPU. The algorithm is implemented in

MATLAB. The proposed algorithm is tested on double frame tracking problems.
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Although the state equation (4.2.1) is linear, we have nonlinear measurement equa-
tion (4.2.3). The extended Kalman filter is employed in the simulation by linearizing

the set of measurement equations:

r(k)| _ | ver(k) +y2(k) N wy (k)
0(k) arctan(%) | wy(k)
vk (4.7.1)
~ H(k) y(k) N wy (k)
wal)|  |wolk)
_uy(k)

where

Hy = L | 1) v 00 (4.7.2)

rB) | y(k) x(k) 0 0

To assess the performance of the dual assignment algorithm, a series of simula-
tions with different complexities are tested using both the dual algorithm and the La-
grangian relaxation method [33]. For the LR method, the stopping criterion adopted
in the simulations is

A, — G,

with an upper limit of 200 on the number of iterations, where A, is the total cost
corresponding to the assignment result and G,, is the lower bound estimate at the
nth step.

For the dual method, the stopping criterion is n > 100 and

| L+t — Ln| < 0.0001L,,, (4.7.4)

135



Ph.D. Thesis — J. Li McMaster University — Multitarget tracking

Figure 4.7.1: Three crossing tracks with bearing measurement standard deviations
og = 0.006 rad.

Figure 4.7.2: Three parallel tracks with bearing measurement standard deviations
og = 0.005 rad.

with an upper limit of 200 on the number of iterations, where L,, is the lower bound
estimation at the nth step.

The results are shown in Fig. 4.7.1 to Fig. 4.7.10. In these figures, the small circles
represent false alarms from noises, while the crosses and stars represent measurements
from the targets being tracked. The calculated trackes are shown in the figures by
solid lines, and the dashed point lines show the ground truths, that is, the true
trajectories of the targets. In all these simulations, the noise standard deviations are

o, =02m, o, =0.1m/s? o, =0.1m/s
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Hnee

Figure 4.7.3: Three parallel tracks with bearing measurement standard deviations
o9 = 0.01 rad.

Figure 4.7.4: Five parallel tracks with bearing measurement standard deviations
og = 0.005 rad.

xxxxxx

Figure 4.7.5: Five parallel tracks with bearing measurement standard deviations
op = 0.01 rad.
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Ko

Figure 4.7.6: Five parallel tracks with separation of 50 meters on average,
oyp = 0.005 rad.

Figure 4.7.7: Five parallel tracks with separation of 25 meters on average,
og = 0.005 rad.

xxxxxx

Figure 4.7.8: Ten parallel tracks with separation of 25 meters on average,
g = 0.005 rad.
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Hme

Figure 4.7.9: Ten parallel tracks with separation of 25 meters on average,
g = 0.005 rad.

e

Figure 4.7.10: Ten parallel tracks with separation of 25 meters on average,
og = 0.005 rad.
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Figure 4.7.11: Eight parallel tracks with small separations.

Dual LR method
method
Number of successes | 97 96
CPU time (s) 1.808504 3.815358
Position RMSE (m) | 1.2745 1.2616
Velocity RMSE (m/s) | 2.6571 2.6586

Table 4.7.1 Performance comparison between the dual method and the Lagrangian
relaxation method based on running 100 Monte Carlo simulations, in each of which
8 targets in nearly parallel movements are tracked for 120 time steps . Here, the
number of successes is the number of simulations which give a position RMSE value
less than 20 meters, and the CPU time is the time spent on the assignment
algorithms for each simulation. The noise standard deviations are ¢, = 0.1 m,

op = 0.002 rad, 0, = 0.1 m/s, o, = 0.1 m/s. The initial distance between two
neighboring targets is 30 m, the initial velocity is u, = 10 m/s, u, = 25 m/s.

The performance comparison between the dual method and the Lagrangian relax-
ation method are summarized in Tables 4.7.1 to 4.7.3. These comparisons are based
on the scenario illustrated in Fig. 4.7.11, with several different parameters. The re-
sults demonstrate that the dual approach outperforms the LR algorithm in terms of

the elapsed CPU times, and both methods have basically similar accuracy in terms

of the RMSE values.
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Dual LR method
method
Number of successes | 98 77
CPU time (s) 1.453611 3.844651
Position RMSE (m) | 2.7263 2.7470
Velocity RMSE (m/s) | 2.7931 2.7927

Table 4.7.2 Performance comparison between the dual method and the Lagrangian
relaxation method based on running 100 Monte Carlo simulations, in each of which
8 targets in nearly parallel movements are tracked for 120 time steps . Here, the
number of successes is the number of simulations which give a position RMSE value
less than 20 meters, and the CPU time is the time spent on the assignment
algorithms for each simulation. The noise standard deviations are o, = 0.2 m,

op = 0.005 rad, o, = 0.1 m/s, o, = 0.1 m/s. The initial distance between two
neighboring targets is 30 m, the initial velocity is u, = 10 m/s, u, = 25 m/s.

Dual LR method
method
Number of successes | 98 99
CPU time (s) 1.513820 3.907298
Position RMSE (m) | 2.6706 2.6688
Velocity RMSE (m/s) | 2.7911 2.7970

Table 4.7.3 Performance comparison between the dual method and the Lagrangian
relaxation method based on running 100 Monte Carlo simulations, in each of which
8 targets in nearly parallel movements are tracked for 120 time steps . Here, the
number of successes is the number of simulations which give a position RMSE value
less than 20 meters, and the CPU time is the time spent on the assignment
algorithms for each simulation. The noise standard deviations are o, = 0.2 m,

op = 0.005 rad, o, = 0.1 m/s, o, = 0.1 m/s. The initial distance between two
neighboring targets is 50 m, the initial velocity is u, = 10 m/s, u, = 25 m/s.

141



Ph.D. Thesis — J. Li McMaster University — Multitarget tracking

4.8 Conclusions

In this chapter, we formulated the data association problem in multi-frame tracking
as multidimensional assignment problems, and applied the dual assignment algorithm
developed in the previous two chapters to compute the resulting assignment problems.
Simulations on a series of scenarios with different complexities were conducted to test
the performance of the newly proposed assignment algorithms. The results showed
that the dual assignment algorithm is faster than the Lagrangian method, while

demonstrating the same level of accuracy.
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Chapter 5

Conclusions and future work

5.1 Summary

In this thesis, we developed a novel assignment algorithm based on the idea of dual
convexification. We first developed the algorithm in three-dimensional cases. A con-
vex dual formulation was presented, then we showed that the dual formulation is
equivalent to the Lagrangian relaxation method in terms of their accuracy of ap-
proximating the optimal assignment value. Despite the above equivalence, however,
the dual formulation is much simpler and elegant than the Lagrangian relaxation
method. As a result, it was shown in the simulations on a set of random generated
assignment problems with sizes varying from 10x10x10 to 100x100x100, the dual al-
gorithm is more efficient than the Lagrangian relaxation method. Meanwhile, due to
the simplicity of the dual formulation, the newly proposed algorithm is much easier
to implement than the Lagrangian relaxation method.

Next, the dual algorithm was extended to handle more general multidimensional

assignment problems. Moreover, an effective local searching method was developed to
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further improve the accuracy. The results of simulations on four-dimensional assign-
ment problems with different sizes demonstrated that the dual algorithm outperforms
the Lagrangian method.

The newly proposed algorithm was further applied to solve assignment problems
arising from a series of multi-frame tracking problems with different complexities.
The simulation results showed that the dual algorithm is more efficient than the
Lagrangian relaxation method in this context, while maintaining the same level of
high accuracy. We conclude that the dual method will provide an efficient and effective
solution to the data association problems in multi-target multi-sensor or multi-frame

tracking applications.

5.2 Contributions made by the thesis

e Proposed a purely dual formulation for the multi-dimensional assignment prob-
lem and obtained the conditions under which the duality gap reaches zero, and

thus provided a theoretical framework for analyzing the assignment problem.

e Established the equivalence between the dual formulation and the Lagrangian
relaxation method in the sense that both provide the same lower bound on the
optimal value of the assignment problem, and thus obtained a sufficient and
necessary condition for the Lagrangian method to get the optimal assignment

value with guarantee.

e Stated that the Lagrangian relaxation procedure essentially amounts to relaxing
the binary constraint of the original assignment problem, and thus equivalent to

solving a Linear programming (LP) problem together with a search procedure
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to recover the binary constraint.

e Demonstrated that dual formulation provides a streamlined and efficient solu-

tion procedure for solving the multi-dimensional assignment problem.

e Developed a systematic algorithm for applying the dual algorithm to multi-

frame tracking problems.

5.3 Future work

The dual algorithm will be extended further to solve more general one-to-many and
many-to-many assignment problems, in order to handle the data associations arising
from extended target tracking applications.

On the other hand, an m-best algorithm based on the dual formulation will be
developed, to satisfy the requirement for ranking several different possible hypotheses

in the MHT algorithm.
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