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Abstract

The use of microorganisms in industrial processes has become very common. In
this thesis, we analyze three models of such systems that have applications in
green technology. The first is a simplified model of anaerobic digestion, originally
introduced as a qualitative simplification of the anaerobic digestion model no 1
(ADM1). While ADM1 is very complicated, the simplified model is composed of
only five ordinary differential equations. We show that this model can be reduced
to a two-dimensional system that is equivalent to the basic chemostat model with
explicit species death rate and non-monotone response function. We show that this
chemostat model has no periodic solutions and completely characterize the possible
dynamics of the two dimensional system and then the full five-dimensional sys-
tem. In the second model, we consider the self-cycling fermentation process with
two limiting essential resources with impulses that occur when both resources fall
below a prescribed threshold. We show that the successful operation of the self-
cycling fermentor is initial-condition dependent and that success is equivalent to
the convergence of solutions to a periodic solution. We show numerically that
there is an optimal choice for the emptying/refilling fraction and that the optimal
choice is not always 1/2, the standard choice in the engineering literature. In the
third model, we consider the self-cycling fermentation process with an arbitrary
number of nutrients with impulses that occur when one specified nutrient concen-
tration falls below a prescribed threshold. We show that successful operation of
the self-cycling fermentor is equivalent to the convergence of solutions to a peri-
odic solution. We derive conditions for the existence of this periodic solution and

initial-condition-dependent conditions for convergence to this solution.
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Chapter 1

Introduction

While the use of microorganisms in industrial processes is not new, the mathe-
matical modelling of these industrial processes is, with the first serious models
appearing in the 1960s. There are two main philosophies for modelling these com-
plex systems. On the one hand, we can try to capture as many of the specific
interactions occurring in the system as possible. Such models can end up as very
detailed descriptions of the true situation, and can give accurate quantitative pre-
dictions for a given set of initial conditions if the functions are known and the
parameters can be measured. However, they are often large and complicated, only
qualitative properties of the functions are usually known and many (if not most)
of the parameters are not measurable. For example, the anaerobic digestion model
No. 1 (ADM1) [3] is a system of 32 differential equations and 8 algebraic equa-
tions that describe 7 different microbial species, the nutrients that are consumed,
and certain products produced by the microorganisms. The size and complexity
of these models often limits our ability do rigorous mathematical analysis and

hence make predictions concerning the full spectrum of dynamics of the system
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or even understand the mechanisms responsible for certain outcomes. Numerical
simulations are possible, but functions, parameters, and initial conditions must be
specified. After creating a detailed model of the system, we can try to reduce the
model to include what we suspect are the most important aspects. In the case of
anaerobic digestion, this approach was taken in, for example, [4] and [I8]. The goal
in this case is to obtain a model that is simple enough for mathematical analysis

but is still a good approximation of the actual system being modelled.

Another approach is to start with a basic model and use it as a foundation to
build from. This way, modellers can ensure that they understand the fundamental
mechanisms before testing more complex ideas. These models tend to be simple
enough for rigorous mathematical analysis, since they typically focus on only one
or two important interactions. The ability to conduct mathematical analysis can
lead to important insights that would not be possible through numerical simulation
alone. One very successful model in microbiology is the basic model of species

competition in the chemostat [15].

The chemostat is a laboratory apparatus, originally developed by Novick and
Szilard [14] to study bacterial growth in the laboratory. Ecologists have since used
chemostats as a lab-scale model of a lake ecosystem. The basic setup involves a
small tank that is filled with a solution containing a community of microorganisms
and an abundance of all the nutrients the microorganisms need to grow and survive,
except for one nutrient that is present in limiting quantities. A fresh supply of
nutrients is fed into the tank at a constant rate, while excess liquid is removed
at the same rate in order to keep the volume constant. Chemostats are operated

under ideal conditions. The input nutrient concentration and dilution rates are


http://www.mcmaster.ca/
http://ms.mcmaster.ca/

Ph.D. Thesis — Tyler Meadows; McMaster University — |Math and Stats

held constant, and the medium in the tank is stirred in order to keep the content of
the vessel homogeneous. Under these conditions, a system of autonomous ordinary
differential equations can be used to predict the concentration of limiting nutrients,
s(t), and the biomass, x;(t), i = 1,2,...,n, at time ¢, of populations competing

for the limiting nutrient. The basic model of the chemostat model is given by

() = D™ = 5(0) = 3 ~als(t)ilt) (1.1)
zi(t) = =D (t) + p(s(t)z:(t) — kizi(t), i =1,...,n, (1.2)

where D is the flow rate of the incoming nutrient solution; s™ is the concentra-
tion of the incoming limiting nutrient; p; : Ry — R, is the nutrient-dependent
growth rate of the microbial population, x;, often called a response function; y;
is a species dependent conversion factor called a wield coefficient; and k; is each
species’ decay rate, or maintenance coefficient. The simplicity of this mathemat-
ical model allowed for detailed mathematical analysis. In particular, the analysis
of this model led to the prediction that the relative values of the minimum con-
centration of the limiting nutrient required to sustain growth of each species of
the microbial community (called the break-even concentration) was the key factor
in determining the outcome of microbial competition in the chemostat. When
species-specific death rates were ignored, the analysis of the model in the case of
Monod response functions was done in [9], in the case of general monotone re-
sponse functions restricted to a globally attracting simplex in [I], and for general
monotone and non-monotone response functions with general initial conditions in
[5]. When death rates were included, the analysis in the case of Monod response

functions was done in [7] and for general monotone response functions and some
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non-monotone response functions in [20]. This competitive-exclusion principle was

verified experimentally in 1980 by Hansen and Hubbell [6].

The model of the basic chemostat has been used as the foundation for many
other models of microbial systems. In [I0], the chemostat model was modified
to consider the case that the medium in the tank is not perfectly well-stirred,
a situation that is likely to occur in large bioreactors or lakes. The unstirred
chemostat model in [10] was then used to develop a model of microbial growth
in the large intestine [2]. In [8], the chemostat model was modified to include
periodically varying nutrient input concentrations, meant to describe seasonally
varying nutrient input in lakes. Even highly complicated models, such as ADMI1,

often use the chemostat model as a foundation.

The goal of this thesis is to investigate several models that can be seen as either
modifications of the chemostat model or as simplifications of more detailed models.
By rigorously analyzing these models, we hope to contribute to the understanding
of microbial dynamics and how microbial populations can be used in industrial

processes.

In Chapter 2, we study a qualitative simplification of ADM1, which is used
to describe the industrial anaerobic digestion process used for biogas production.
Biogas is an important (and relatively easy to produce) biofuel that can be used
in place of natural gas and other fossil fuels to produce energy. In contrast to
ADM1’s 32 differential equations, the simplified model (proposed by Bornhoft
et al. [4]) has only 5 state variables. While the authors claim that the simpli-

fied model has the same qualitative long-term dynamics as ADM1, we show that
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this cannot be the case and that the simplified model is missing a key secondary
biogas-producing equilibrium that was shown to potentially be the optimal biogas-
producing equilibrium in [I8]. We show that, at its core, the simplified model is
equivalent to a variant of the basic model of growth in the chemostat in which the
response function is non-monotone (i.e., the nutrient is inhibitory at both low and
high concentrations) and the species decay rate is not neglected. The dynamics
of this model had not been completely analyzed in the case when the parameters
predict existence of two interior equilibria with bistability involving one of the
interior equilibria and the washout steady state. We show that no periodic orbits
are possible in this case, and that all solutions converge to an equilibrium point,
completing the analysis of this system. Despite our objections on the validity of
the model proposed in [4], we conduct some stochastic simulations of the system,
and demonstrate that if stochasticity causes the microorganism population to die
out, then it does so shortly after start up. Once the system is near equilibrium,
the dynamics appear robust to stochastic perturbations. This chapter appeared

in STAM Journal of Applied Math as [13].

In Chapter 3 we investigate the growth of a microorganism on two essential, lim-
iting nutrients in a self-cycling fermentor (also called a sequential batch reactor),
which is a variant on the chemostat model in which nutrient is not continuously
fed into the system, but input as a discrete event when a prescribed condition
(called an impulse condition or decanting condition) is met. By assuming that
the emptying/refilling time is much shorter than the growth dynamics (i.e., in-
stantaneous), we can model the self-cycling fermentation process using a system

of impulsive differential equations.
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Impulsive differential equations are a form of discontinuous dynamical system
in which the flow of a continuous dynamical system is intermittently mapped else-
where in phase space. To describe a system of impulsive differential equations,
we require the differential equations that govern the flow between mappings, a
condition to define when the mappings occur (called an impulse condition) and
the mappings on phase-space that occur when the impulse condition is met (called
impulses or an impulse map). Each piece of information is important to the dy-
namics, and the problems encountered can be much more complex than those
encountered in ordinary differential equations. Nevertheless, the questions we ask
are often the same, for example: ‘What are the long term dynamics of the system?’
and ‘How do the long term dynamics depend on parameters or initial conditions?’
Many of the tools used to answer these questions are also similar to those used in
continuous dynamical systems, such as Lyapunov’s second method, which makes

regular appearances throughout this thesis.

For the model studied in Chapter 3, we derive conditions for the existence of
a periodic solution to the system of equations that corresponds to the survival
of the microorganism. We further derive initial-condition-dependent criteria for
solutions to converge to this periodic orbit and show that, when these criteria
are not satisfied, the microorganism eventually dies out. With the application of
wastewater treatment in mind, we numerically find an optimal fraction of liquid to
add and remove at impulses to maximize the throughput of the fermentor. This

chapter appears in Mathematical Biosciences and Engineering as [11].

Chapter 4 is an extension of the results of Chapter 3. In this model, we consider

an arbitrary number of limiting essential nutrients in a self cycling fermentor. In
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contrast to Chapter 3, the response functions considered are general monotone-
increasing functions that vanish if any nutrient concentration vanishes. This class
of functions includes the response functions used in Chapter 3 as an example.
We also consider different impulse conditions, with impulses occurring only when
the tracked nutrient reaches a threshold value. Again, we find conditions for the
existence of a periodic solution and determine initial-condition-dependent criteria

for other solutions to converge to the periodic solution.

In Chapter 5, we summarize the results of the thesis and discuss how they fit

into the landscape of current research.
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Chapter 2

Global analysis of a simplified
model of anaerobic digestion and

a new result for the chemostat

Abstract

A. Bornhoft, R. Hanke-Rauschenbach, and K. Sundmacher, [Nonlinear Dyn.,
73 (2013), pp. 535-549] introduced a qualitative simplification to the ADM1
model for anaerobic digestion. We obtain global results for this model by
first analyzing the limiting system, a model of single species growth in the
chemostat in which the response function is non-monotone and the species
decay rate is included. Using a Lyapunov function argument and the theory
of asymptotically autonomous systems, we prove that even in the param-
eter regime where there is bistability, no periodic orbits exist and every

solution converges to one of the equilibrium points. We then describe two
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algorithms for stochastically perturbing the parameters of the model. Simu-
lations done with these two algorithms are compared with simulations done
using the Gillespie and tau-leaping algorithms. They illustrate the severe
impact environmental factors may have on anaerobic digestion in the tran-

sient phase.

2.1 Introduction

Anaerobic digestion is a biochemical process where microorganisms or multicellu-
lar organisms break down organic material in the absence of oxygen. Anaerobic
digestion is an important part of many industrial practices, including the treat-
ment of wastewater and the production of biogas. The role of anaerobic digestion
in such applications has been an active area of recent research [1, 2, 3, 4, 10, 12,
14, 15, 19, 21]. This paper focuses on a particular model of anaerobic digestion in

biogas production.

The foundation of previous work on the mathematical analysis of the production
of biogas is the Anaerobic Digestion Model 1 (ADM1) [1] introduced in 2002. If
implemented as a system of differential equations, this model has 32 state variables,
including seven different species of microorganisms. Understandably, anything

other than numerical analysis has not been feasible.

In an effort to formally analyze the system, several groups [4, 10, 12, 24] have
studied various subsystems of ADM1. Recently, Weedermann et al. [24, 25] com-

bined two previous models [10, 12] to get a reasonably complete picture using only
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eight state variables. Due to the inclusion of two pathways to biogas production in
[24] and because the model captures the ADM1’s sensitivity to the accumulation
of acetic acid, [24] illustrates some of the complexity of ADM1, which must exhibit

the same or an even richer dynamics than the model in [24].

Bornhoft et al. [4] introduced a model with five state variables based on their
observations from a numerical steady-state analysis of the ADM1 model, and con-
jectured that their model undergoes the same bifurcations as the ADM1 model
with the substrate inlet concentration as bifurcation parameter. The model in [4]
is the first simplified model to consider the effects of ammonia. It is demonstrated
that the proposed model is able to capture the same effects of ammonia on anaer-
obic digestion that are displayed by the ADM1 model. However, the analysis in
this paper shows that the model does not possess all of the dynamics of ADMI,
even if a broader class of growth functions is considered than the ones that were
initially proposed. The model is missing some of the dynamics shown in [24],
namely the possible bistability between two equilibria that both correspond to

biogas production, a behaviour of the full ADM1 model that is also noted in [4].

The model in [4] considers two stages of anaerobic digestion, acidogenesis and
methanogenesis. In the first stage, simple substrates are broken down by acidogenic
microorganisms. The microorganisms use the energy from the simple substrates to
grow, and produce volatile fatty acids (VFAs) and ammonia as byproducts. The
VFAs and ammonia have opposing effects on the pH of the system; an increase
in the concentration of VFAs will decrease the pH, while an increase in the con-
centration of ammonia will increase the pH. In the second stage, methanogenic

microorganisms convert the VFAs to biogas. The methanogenic microorganisms

10
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Volatile

Fatty Acids
(52)
Simple (1) (2)
Substrates Acidogenesis l\rlethanogenes
(S1) (X1) (X2)
Ammonia
(S5) 9,

FIGURE 2.1: The anaerobic digestion process. (1) Acidogenic
microorganisms break down simple substrates into VFAs and am-
monia. (2) Methanogenic microorganisms break down VFAs into
biogas such as methane. This process is inhibited by ammonia.
are very sensitive to the environment, and can only tolerate a relatively narrow
pH range. Furthermore, ammonia is toxic to the methanogenic microorganisms

in large quantities and will restrict their growth. The flow chart in Figure [2.1

summarizes the process.

In this paper we provide a formal mathematical analysis of the model proposed
in [4], allowing a more general class of response functions. In Section , we
describe the model and assumptions, and give properties of the solutions of the
system. If the substrate input concentration is too low, the system converges
to a state where no microorganisms are present. We show that if the substrate
input concentration is high enough to allow the acidogenic microbial population
to survive, the system reduces to a limiting system that is a two-dimensional basic
model of growth in the chemostat that includes the decay rates and allows for any

non-monotone response function.

In Section 2.3 we study the dynamics of this limiting system. We obtain a new
global result in the case that the parameters allow bistability by proving that no

nontrivial periodic orbits exist.

11
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In Section [2.4] we use the theory of asymptotically autonomous systems and
the results for the limiting system from Section to provide a complete global
analysis of the anaerobic digestion model in [4] for a more general class of response

functions.

In Section [2.5] we propose two alternative prototype functions to model the
growth of the methanogenic archaea and capture the inhibition by ammonia. These
prototypes complement the one used in [4], which has the property that there is
no growth in the absence of ammonia. The prototypes we introduce allow growth
in the absence of ammonia, but are either unimodal or decreasing in ammonia.
We provide bifurcation diagrams for all three prototypes, and compare how they

influence the outcome.

In Section [2.6|we further investigate the model when the parameters are selected
so that there are two stable steady states. In industrial applications of processes
such as anaerobic digestion, operators must be aware of how physical and envi-
ronmental processes, and changes in the biology of the species can affect the long
term health of the reactor. One way to address these challenges is to include the
effects of stochasticity in simulations of the model. Stochasticity can be a result of
random births and deaths, or of fluctuations in the model parameters, possibly due
to mutations or changes in the environment. Models of chemostats that include
stochasticity have been considered in the literature (e.g., [6, 13]), but our approach
differs from the ones presented in those papers. We consider stochasticity in the
case where there are fluctuations in the parameters, and compare the results to two
well known methods for simulating stochasticity in the case where there are ran-

dom births and deaths. Our studies give new insight into why seemingly identical

12
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reactor setups can lead to very different reactor performances. In Section we
summarize our results and discuss their implications for biogas production using

anaerobic digestion.

2.2 The Model

Let Xy, X5, 51, Sy and S3 denote the concentrations of the acidogenic microorgan-
isms, methanogenic microorganisms, simple substrates, acetic acid and ammonia,

respectively. The model is described by the system

Sy = (S — 85D — 11 (S1) X1, (2.1a)
X, = —Di X1 + 1 (S1) X1, (2.1b)
Sy = —DSy + Yo i1 (S1) X1 — yspa(Sa, S3)Xo, (2.1c)
Sy = —DS3 + yap1 (S1) X1, (2.1d)
Xy = =Dy Xy + 115(Ss, S3) Xo, (2.1e)

where D is the dilution rate, S is the input concentration of simple substrates,
D; = D + k;, where k; > 0 are the respective decay rates of X;, and y; are yield

constants.

Let R and RZ denote the set of non-negative real numbers and the non-
negative plane, respectively. We make the following assumptions concerning pi;

and po:

(H1) 11(S1) € C*(]0,00)), and ) (S;) > 0 for all S; > 0.

13
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(H2) p1(0) =0, p1(S1) > 0 for all S; > 0.

(H3) po(Sa,S3) € CHRL), and f12(S2, S5) > 0if Sy > 0 and S5 > 0.
(H4) limg, o0 pt2(S2,S3) = 0 for all Sy > 0.

(H5) limg, o0 pt2(S2, S3) = 0 for all S5 > 0.

(H6) p2(0,S3) =0 for all S3 > 0 and us(Ss,0) > 0 for all Sy >0

(H7) There exists I'(S3) € C(Ry) such that for Sy < I'(S3), Js,12(S2,S53) > 0 and
for Sy > F(Sg), 852M2<SQ,53> < 0.

Unlike in [4], we do not assume that both X; have identical decay rates. (H1) and
(H2) are satisfied by any of the Holling type I, IT or IIT growth functions, which
are standard to chemostat models. (H3), (H4), and (H5) capture the inhibitory
nature of Sy and S5, guaranteeing that large quantities of either Sy or S5 will
be detrimental to the growth of X,. (H6) ensures that an absence of acetic acid
will result in no growth of the methanogenic microorganisms, while an absence
of ammonia does not necessarily have this effect. We would like to note that the
prototype describing the growth of methanogens proposed in [4] has the property
that limg, o p2(S2, S3) =0 for all Sy > 0. We decided to relax this condition.
(H7) intends to capture the nature of the inhibition mechanisms outlined in [4],
whereby small concentrations of S are limiting on the growth of X5, while large
concentrations of Sy will increase the pH and hence be inhibitory. The curve
I'(S3) is intended to describe how ammonia will decrease the pH to counteract
the increase in pH caused by an increase in acetic acid. We make no further

assumptions about how p(S2,S3) changes with S3. In many cases, including

14
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ADMI1, ps(Ss,S3) will have a unimodal shape for fixed Sy, but we do not want to

rule out the possibility of other profiles that may be useful.

Here, we introduce some notation. The break-even concentration of Sy, A1, is

the unique positive extended real number that solves

pi(A1) = Di. (2.2)

If no such number exists, we take \; = +o0o. When S; = A\ and X3 = 0, the

equilibrium concentrations of Sy and S3, A2 and A3, respectively, are given by

ho = 2(5O _\) (2.3)
hn
Y1

The break-even concentrations of Ss, o1 and o9, are the extended real numbers

o9 > o0y that solve

po(oi, A3) = Da. (2.5)

If no such numbers exist, which is the case when p5(I'(S3), S3) < Da, then we write

01 = 09 = +0Q.

15
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System ([2.1]) has a total of four possible equilibria,

E=(59,0,0,0,0) (2.6a)
Eo = (A1, X7, Mo, A3, 0) (2.6b)
Ey = (A, X7, 01,73, X5,,) (2.6¢)
By = (M, X709, Mg, X3,,), (2.6d)
where
xi= PR i X, = P

These equilibria are only biologically meaningful if each of the components is non-
negative. F; and FEs, when they exist, are called interior equilibria, since they lie
in the interior of the positive cone Ri. E and FEj are called boundary equilibria,

. . .. 5
since they lie on the boundary of the positive cone R .

The following propositions give well-posedness results for system , provide
conditions for the washout of the microorganisms in the reactor when the substrate
input concentration is too low, and introduce the limiting system when the input
concentration is high enough so that the acidogens survive. The proofs are given
in Section [2.Al

Proposition 2.2.1. Assume that X;(0) > 0 and S;(0) > 0.
i) If X1(0) = 0, then solutions converge to E ast — oo.

i) If X1(0) > 0 and X5(0) = 0, then X;(t) > 0 and S;(t) > 0 for allt > 0 while
Xo(t) =0 for allt > 0.

16
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1) If X1(0) > 0 and X5(0) > 0, then X;(t) > 0 and S;(t) > 0 are positive for
) If X1(0) ; p

allt > 0.

iv) All solutions are bounded fort > 0.

Proposition 2.2.2. If \; > SO then E is a globally asymptotically stable equi-

librium of (2.1).

Proposition 2.2.3. If \; < SO then |D s a quasi-autonomous system with

limiting system

SQ = —DSQ + )\2D — Yz 2 (SQ, )\3) XQ, (27&)

XQ = —D2X2 + /LQ(SQ, )\3>X2. (27b)

By Theorem 1.4 in [22], it will be enough to study the dynamics of this limiting

system.

2.3 Global Analysis of Growth in the Chemostat

After the change of variables

X(t) - Z/3X2<t)7 S(t) - 52(75)7 M(S<t)) - ,u2(52(t)7 )\3)7 S0 = A2,

17
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system (2.7)) becomes a model of the chemostat:

S(t) = —(S(t) = S°)D — p(S(t)) X (1) (2.8a)

X(t) = —DyX (1) + u(SE) X (1), (2.8b)

Recall that us(S(t),As) satisfies (H3) and (H4), and hence u(S(t)) is a non-
monotone response function with break-even concentrations 0 < o; < 09, the

extended real numbers that solve p(o;) = Ds.

We define the equilibria of (2.8)) that correspond to Ey, E1, and Fs, respectively,
for system ([2.1)) defined in (2.6b)-(2.6d)):

(90 = (SO,O), (91 = (0'1,X;1), 52 = (O‘z,X* )

02

D(S° — o,
where X = M, 1=1,2.
P D2

Models of the chemostat have been well studied (e.g., see [20, 11] and the
references therein). Model (2.8)) is a model of growth of a single species in the
chemostat with non-monotone response function that includes the species decay

rate, i.e. Dy = D + € where € > 0 is the species decay rate.

In Wolkowicz and Lu [26], model extended to the n species case was an-
alyzed. The results of that paper, if applied to the single species growth model,
completely determine the dynamics of (11) when p(S(t)) is any monotone increas-
ing function or it is non-monotone and o; < S° < o,. However, the case that

w(S(t)) is a non-monotone response function and o; < g9 < S°, remained open.

18
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Here, we provide a proof in this case and thus complete the global analysis of
system (12.8)). In particular, we prove that there are no periodic orbits, and hence
although the outcome is initial condition dependent, either the species dies out or

it approaches an equilibrium.

In the following theorem, we summarize what is known for the dynamics of
, and provide a proof in the case that had remained open.
Theorem 2.3.1. Consider model . Assume p(S) is continuously differen-
tiable, 1u(0) =0, pu(S) > 0 for all S > 0, and there exist positive numbers o1 < oy
(possibly infinite) such that p1(S) < Dy if 0 < S < o1, pu(S) > Dy if 01 < S < 09,
and u(S) < Dy if S > 09. Let S(0) >0 and X(0) > 0.

i) If S° < 01 < 0y, then & is globally asymptotically stable.
i) If o1 < S° < oy, then &, is globally asymptotically stable.

i) If oy = 09 < S°, then & is locally asymptotically stable and attracts all

solutions except the solutions in the stable manifold of £ = &,.

) If o1 < 09 < S°, then & and &, are locally asymptotically stable and &
s a saddle. Furthermore, any orbit that is not in the stable manifold of &,

converges to either & or &,.

Proof. i)-ii) See [26].

it1) This result follows from standard phase plane analysis. When o1 = 09, &
and & coalesce and are unstable. All orbits converge to & except those in the

stable manifold of the degenerate saddle & = &,.
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w) If o1 < 09 < S then &, &, and & all lie in R2. From standard local
stability analysis, it follows that & and &; are both locally asymptotically stable
and &, is a saddle.

Next we show that no nontrivial periodic solutions are possible. We proceed
using proof by contradiction. Suppose that there exists a nontrivial periodic solu-
tion, ¢. By Proposition all solutions are bounded and the first quadrant is
invariant. By the Poincaré-Bendixson Theorem and standard phase-plane analysis,

® must surround &£, and must lie in the set

G={(5,X): 0<S <oy, X>0}

Define the Lyapunov function,

V(S X) = /S (u(&) — Do) (S° — 0y)

*_ * l
[ B [x - x-xam ()| 29

X*

o1

as in [26]. See Figure for phase portraits of system ([2.8)) with typical level sets
of the Lyapunov function. Note that (2.9)) is a valid Lyapunov function for & in
g, and

V(5.0 = X(uts) - D (1- =20,

is non-positive, for all S € [0, 05] and X > 0, i.e., for all S in the closure of G. By

examining

VV(S, X) = <(M(S)1)_2(§§)£S;)_ 01) - X§1> —0,
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we see that &£ and (09, X, ) are the only critical points of V (5, X) with S < 5.
(02, X3,) is directly above & in phase space, since by definition X > X . Notice
that 0°V (S, X)/0X* = X} /X? > 0for all X >0, 9V (S,X)/0S <0 for 0 < S <
o1, OV (S, X)/0S > 0 for oy < S < 0y, and OV (S, X)/0S < 0 for o < S < SY. It
follows that & is a local minimum of V' (S, X), and (02, X};,) is a saddle point of
V (S, X). The level set V(S,X) = V (09, X, ) is given by

V(027X;1) _ /02 (/L(S) - D2)(SO — Ul)dﬁ.

o1 Dy(S° —¢)

For S < 0y, it is a closed curve surrounding &, and it passes through the point

(02, X5,) (see the bold level set in Figure 2.2). The set
U={(5X)eRE:0<5 <09, V(S,X) < V(o X))}

is a positively invariant set where V/(S(t), X (t)) < 0. For the periodic orbit, ®, to
surround &7, it must enter /. Since U is a positively invariant set, it follows that ®
is contained entirely in &/. By the minor variation of LaSalle’s invariance principle
[26], any trajectory in U converges to the largest invariant set in U N {(S, X) :

V(S,X) = 0}. The only such invariant set is &, and therefore ® = & is an

equilibrium point, a contradiction.

Now, from standard phase plane analysis and the Poincaré-Bendixson Theorem,
it follows that all orbits converge to one of the three equilibria as t tends to infinity.
The one-dimensional stable manifold of & acts as a separatrix, defining the basins

of attraction for &£ and &,. O
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FIGURE 2.2: Phase portraits of system with the level sets
of V(S,X). The dashed lines are the nullclines for X and the
dashed curve is the nullcline for S. The equilibria &, &1, and &
are indicated by circles, and the point (o2, X}, ) is indicated by
a diamond. The grey curves are the level sets of V(S,X). The
bold curve is the level set of V' (.S, X) that passes through the point
(02, X},). These figures were produced using Maple [16].
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2.4 Global Analysis of the Full System (2.1

Theorem 2.4.1. Consider model (2.1)).
i) If \y > S%O), then E is globally asymptotically stable.

i) If My < S§O) and Ay < o1 < 09, then Ey is a globally asymptotically stable

equilibrium.

i) If M < S%O) and o1 < Ay < 09, then Ey is a globally asymptotically stable

equilibrium.

w) If Ay < S%O) and o1 < 09 < Ag, then Ey and E; are locally asymptotically
stable, and Es is a saddle. Furthermore any orbit that does not lie on the

stable manifold of Ey converges to one of Ey or Ej.

Proof. i) was proved in Proposition [2.2.2]

it) - i) Since each of the E;, i = 0,1,2 for model corresponds to &;
for system , the results follow from the results for the limiting system given
in Theorem [2.3.1] followed by an application of the theory for asymptotically
autonomous systems, either by using Theorem 1.4 in [22], or by a direct proof
using the Butler-McGehee Lemma (as stated in Lemma 5.2 in [5] and applied

there). O
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2.5 Bifurcation Analysis of Full System (2.1

As a result of the analysis of the previous two sections, the only possible bi-
furcations that can occur in (2.1)) are transcritical bifurcations and saddle-node

bifurcations.

In [4], a prototype growth function was introduced to capture the inhibition

caused by ammonia. This prototype

m]SQSg
(K + SQ)(S?, + leg)(l + ]CQS;),)’

p2,1(S2, S3) = (2.10)

has the property that when there is no ammonia, which is toxic to the methanogenic
microorganisms, the methanogenic microorganisms are unable to grow. We intro-

duce two additional prototype functions

myrSa

= 2.11
Haan(52, o) K + k1 (S2 — S3)2 + 15255 ( 2)

B mIHS2(1 + 53)
pi2,11(S2, S3) = (K + k182 +1r53)(a+ 53)

(2.11D)

that satisfy (H3)-(H7). Both pom(S2,S3) and o (S, S3) satisfy the additional
property, p2 (S2,0) > 0 with equality only when Sy = 0 or in the limit as Sy — oo.
For the parameters given in Table [2.1] jio11(S2, S3) is strictly decreasing in S5 and
can be thought of as the opposite extreme of pi91(S52, S3). It describes the scenario
where ammonia is strictly inhibitory and the methanogenic microorganisms do best
without any ammonia present. With a different set of parameters this response
function can be unimodal in S5. The third prototype, fogi(S2,S3) covers the

middle ground between p1(S2,S3) and pa1r(Ss, S3); it is unimodal in Ss, like
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FIGURE 2.3: Plots of each prototype in 3-dimensions: (a)
,LLQ,I(SQ,SS), (b) //JQ’H(SQ,S?,), (C) ,U/Q’III(SQ, Sg) (d) shows all three
prototypes on the same axes for comparison. Parameters values
used are given in Table @
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p2.1(S2, S3), but is non-zero when Sy > 0 and S5 = 0, like g 11(52, S3).

The substrate input concentration, S, and dilution rate, D, are the two pa-
rameters that the operator of a reactor has the ability to control. In our bifurcation
analysis, we focus on how the dynamics of the full system change when these
parameters vary. We note that A\, and A3 depend on S (see and ), and
hence, maxg,g ft2(S2, A3) changes when S© changes. From the stability analysis
in Section two scenarios are possible. In the first scenario (see Figure ,
there is a transcritical bifurcation when Ay = o1, a transcritical bifurcation when
Ay = 09, and a saddle-node bifurcation when maxg,~o p2(S2, A3) = Ds. In the
second scenario (see Figure there are two saddle node bifurcations as A3 in-
creases. This sequence of bifurcations occurs because fi51(S2,S3) and o 111(S2, S3)
are unimodal in S5. With the parameters listed in Table [2.1] the second prototype,
p211(S2, S3), is strictly decreasing in S3, and so only the first scenario is possible.
The other two prototypes, ua1(S2,S3) and o 111(S2, S3), are unimodal in Ss, and

either scenario is possible.
In the bifurcation diagrams shown in Figures [2.4] and 2.5]

liSl
r+ St

p1(S1) = (2.12)

and the parameters are the ones used in [4]. Any parameters not given in [4] (e.g.,
myr, myrr, 7, and a), were chosen so that the functions, pon and o, closely
resemble the function ps; given in [4]. See Table for the parameter values
used. A plot of each function is shown in Figure 2.3] The bifurcation diagrams

in Figure are qualitatively similar for each uptake function. The bifurcation
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TABLE 2.1: The parameter values used in the following bifurca-
tion diagrams are the ones used in [4], except myr, mrr, 7, and a,
which were chosen so that the response functions po rr and g 177
closely resemble po ;. The parameter D is the bifurcation parame-

ter in Figures 2.4{a!L 2.4(c)|and 2.4!(3”7 and S is the bifurcation
parameter in Figures 2.4(b)] [2.4(d)| and [2.4(F)]

Parameter | S D D;,i=1,2 K K kq ko r 1
Value 50 | 0.15 0.16 1.2 1928 | 00505 (01|71

Parameter | m; | mrr | mrrs Y1 Y2 Y3 Y4 a

Value 1.64 | 04 3 42.14 | 116.5 | 268 | 1.165 | 12

diagrams corresponding to pig11(S2, S3) and pg111(Ss, S3) resemble the diagram for

ADML1 in [4] more closely than the diagram for po1(S2, Ss3).

In the diagrams where D was used as the bifurcation parameter (Figures[2.4(a)l,

2.4(c)| and [2.4(e)), there are three clear regions. In the first region when 0 <

D < D3, only the equilibria & and & lie in the positive cone, & is globally
asymptotically stable and therefore all non-stationary solutions converge to &;.
When D = D7 the washout equilibrium &, undergoes a transcritical bifurcation.
In the second region, where D} < D < D3 all three equilibria lie in the positive
cone. & and & are locally asymptotically stable and &, is a saddle. All solutions
(except the stable manifold of &) converge to one of & or &, depending on initial
conditions. When D = D3, the two interior equilibria £ and &, undergo a saddle
node bifurcation. In the third region, where D < D only & exists, and it is

globally asymptotically stable. Therefore all solutions tend to &.
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FiGURE 2.4: Bifurcation diagrams with bifurcation parameter
D in (a), (c), () and S© in (b),(d), (f) and response func-
tion po(S2,53) = p2,1(S2,53) in (a) and (b), and pa(S2,S3) =
p2.11(S2,53) in (c¢) and (d) and pa(Se, S3) = peo,rrr(Se2, S3) in (e)
and (f).
3 3
25+ 25
2 2
<15 <15

200 300 0 100 200 300

FiGure 2.5: Bifurcation diagrams with bifurcation parameter
SO illustrating two saddle node bifurcations. (a) p2(S2,S3) =
MQ,I(SQ,SS). (b) #2(52,53) = MQ’III(SQ,Sg). The diagrams with
p211(S2, 53) do not exhibit this behaviour.
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2.6 Stochastic Simulations of the Full System (2.1

We describe two stochastic algorithms to capture stochasticity in the parameters.
For comparison we also include simulations done with Gillespie’s stochastic simu-

lation algorithm [8] and the adaptive tau-leaping algorithm [9].

The simulations in this section are all done for the full system ([2.1)) with

KSl
S,) =
Ml( 1) 1+ Sl

and pi2(Sz, S3) = pa(Se, S3). The parameters are listed in Table . With these
parameters, the deterministic system has two stable equilibria, Ey and E;, and so

the long-term behaviour of the solutions is initial condition dependent. If

(51(0), X1(0), S5(0), S5(0), Xa(0)) = (50, 0.4,0,0, 1.16), (2.13)

the solution of the deterministic system converges to E; (see Table [2.2)), and if

(51(0), X1(0), S5(0), S5(0), X»(0)) = (50, 0.4,0,0,1.14), (2.14)

the solution of the deterministic system converges to Ey (see Table 2.2)). Thus,
for one set of initial conditions, the deterministic system predicts that the
methanogens survive and produce biogas, and for the other it predicts that they
do not. These initial conditions simulate the start up and inoculation of the
reactor. The only difference between the initial conditions in and is

the value of X5(0). Both initial conditions are close to the separatrix. We only
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include figures that show the population of methanogens, X5(¢), to compare the
effect of stochasticity on biogas production, which only occurs if X5 is positive.
In simulations (not shown) with initial conditions farther from the separatrix,
solutions converged to the same equilibrium predicted by the deterministic model
every time. The figures were produced using Matlab [17].

TABLE 2.2: Equilibria for system 1' with parameters given in
Table with pa(S2, S3) = p2,111(S2, S3).

Equilibria
E | (50,0,0,0,0)
Ey | (1.092, 1.088, 135.2, 1.352, 0)
Eq | (1.092, 1.088, 3.304, 1.352, 0.4614)
E5 | (1.092, 1.088, 28.09, 1.352, 0.3747)

We use two different approaches to study the behavior of under stochastic
perturbations. The first method is meant to model fluctuations in the parameters
due, for example, to fluctuations in the environment. The second method captures
the effect of potential mutations in members of the populations. In both schemes,
multiple parameters are perturbed at randomly chosen times. Because we are
varying many parameters, some of which appear in the non-linearities of the sys-
tem, we are unable to write the resulting stochastic equations as a linear stochastic
perturbation of the original system as was done in [23, 27] for chemostat models.
In [23], the dilution rate and in [27], the dilution rate and the decay rates are
assumed to vary stochastically. In one algorithm the perturbations are from the
mean and in the other the perturbations are accumulative. Between perturbations

the system is treated as a deterministic system that is solved numerically.

Let 70 = 0 and 7,41 = 7;,—In(T}), where T; € (0, 1) is a uniformly distributed ran-

dom variable. Therefore, {7;} describes a monotone increasing sequence of times.
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Let Py be a row vector containing the parameter values present in the determin-
istic system that are affected by stochasticity. At each randomly chosen time 7;,
these parameters values are updated to obtain a sequence of vectors { P, }5°,, and

we set the parameters equal to P, = Py, for t € [1;, 7;41).

In the first stochastic algorithm, which we call the environmental based fluc-
tuation algorithm, we assume that the parameter values are influenced by the
environment. As such, they cannot be perfectly controlled and so at random in-
tervals of time they undergo small random changes. However, the parameters
remain near their mean values given in the row vector Fy. Following this inter-
pretation, we let N; be a diagonal matrix with entries given by Gaussian random
variables with mean p = 1 and standard deviation, 0. We assume that N; = N,
for t € [1;, Tix1). Then

P.

Ti41

= PyN,.. (2.15)

Figures [2.6(a)| and [2.6(b)| show five simulations using the environmental based

algorithm with o = % and

PO = [SOJ D7y17y27y37y47 K7 klamffvr]

In Figure [2.6(a)| the initial conditions are given by ([2.14]) and the solution to the
deterministic system converges to Fy. In Figure [2.6(b)} the initial conditions are
given by (2.13]) and solutions converge to F. The solutions for the deterministic

system are shown in bold for comparison.

In the second stochastic algorithm, which we call the mutation based algorithm,
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FIGURE 2.6: Sample paths of system (2.1 for the methanogens,
Xo(t), using the environmental fluctuation based method in Fig-

ures [2.6(a)| and 2.6(b)l and using the mutation based method in
Figures 2.6(c)| and [2.6(d)l On the left, the initial conditions are
given in and are in the basin of attraction of Ey for the de-
terministic system. On the right, the initial conditions are given in
and are in the basin of attraction of E; for the deterministic
system. The darker curve in each graph is the solution of the deter-
ministic system and the lighter curves show the results of different
stochastic runs.
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FIGURE 2.7: Sample paths of system (2.1)) for the methanogens,
Xo(t), using Gillespie’s SSA in Figures[2.7(a)|and 2.7(b)}, and using

the tau-leaping method in Figures 2.7(c) and [2.7(d)l On the left,
the initial conditions are given in and are in the basin of at-
traction of Ey for the deterministic system. On the right, the initial
conditions are given in and are in the basin of attraction of
F4 for the deterministic system. The darker curve in each graph
is the solution of the deterministic system and the lighter curves
show the results of different stochastic runs.
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we assume that the parameters are dependent on properties of the microorgan-
isms that can mutate, and therefore are subject to changes at random times that
accumulate. In this case, many of the parameters are beyond the control of the
operator, however we assume that the operator has complete control of the dilution
rate D and the input concentration Sy. Following this interpretation, we update

the parameters at random times to obtain,

P,

Tit+1

=P,N,, = PR [[ N, (2.16)
n=1

oL
where again o = 4,

PO = [y17y273137y47K7 khmllar]a

and N, are as before. Using this algorithm, {P,}°, is a random walk with
mean Fp, and the mutations accumulate. Random walks have the property that
0% — oo as t — 00, and therefore the system is subject to wild fluctuations as time
increases. Care must be taken so that the parameters, which have interpretations
as positive quantities only, do not become negative. We ensure non-negativity by
taking P, = max{0, P, N}, and control the wild fluctuations by limiting the

difference between current parameter values P, and the initial parameter values

Py to be less than four standard deviations. Figures[2.6(c)| and [2.6(d)| shows five

simulations using the mutation based algorithm.

We also include simulations using Gillespie’s stochastic simulation algorithm

(SSA) [8], in Figures[2.7(a)land [2.7(b)l The SSA is an essentially exact description

for systems with a finite number of interacting particles. The SSA is based on the

principle of mass action, and as such the deterministic system must be converted
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to an equivalent system that is of the form

Si= Y. aiumXi519595X5", (2.17a)
i7j7k7€7m

Xi= > biyunXi5195835X5", (2.17b)
i7j7k7£7m

So= D CuymmXiS15555X5", (2.17¢)
i7j7k7z7m

Sy = Y dijumX1519595X5", (2.17d)
i7j7k7€7m

Xo= Y eijumXiS{S5S5XT" (2.17¢)
i7j7k7£7m

To do so, we rescale the time variable by dt = (ry + .51 )(K + k.92 +752)(a+ S2)df.
The resulting system has 104 different reaction terms that must be accounted
for. As such, reporting the system here would be impractical. Although we have
rescaled the time variable, the dynamics of system are identical to those of
(2.1). The SSA assumes that each reaction occurs independent of the others, and
occurs with rates given by the coefficients of the differential equations. The SSA
determines a time until each reaction takes place using the rate coefficients and the
population of individuals relevant to that reaction, and increases or decreases the
population(s) of the fastest reaction by a set step size. Once we have realized the
simulation, we scale time back to the original time variable before plotting in order

to compare with the other stochastic algorithms. Five simulations with a step size

of 155 are shown in Figures [2.7(a){ and [2.7(b)l In reality, the step size is meant to

represent a single individual in the population, but since SSA is notoriously slow,
modelling a population of trillions of microorganisms and on the order of 10?3

molecules in this way is computationally impossible. It is also well known that as
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you decrease the step size, the SSA will approach the deterministic solution [8].

Finally, we include simulations using the adaptive tau-leaping algorithm in

Figures [2.7(c)[ and 2.7(d)l The tau-leaping algorithm is an improvement on the

SSA in terms of speed, and is generally easier to implement, although it is less
accurate. One interpretation of the tau-leaping algorithm is that it is analogous
to Euler’s method, but instead of the derivative, a Poisson random variable with

mean proportional to the derivative is used. Here, (2.1]) takes the form

Si(t+7) = Si(t) + 6P (1S:(t)), (2.18a)
X, (t+7) = X, (t) + 6P(r X1 (1)), (2.18b)
Syt +7) = Sy(t) + 6P (1S,(t)), (2.18¢)
Sy(t +7) = Ss(t) + 6P (1Ss(t)), (2.18d)
Xo(t +7) = Xy(t) + 6P(7X5(1)), (2.18e)

where 0 is the step size (typically interpreted to be an individual particle, as with
the SSA). There has been much discussion on how to choose T appropriately [7, 9].
We chose

1 1 1 1 1
T:min{ — e, e, e } (2.19)
|S1] 7 [ X1| S| [Ss| [ Xa|

so that the fastest reaction determines 7.

The stochasticity as simulated in the environmental based fluctuation algorithm
and the mutation based algorithm stems from uncertainty in the system parame-
ters, whether due to environmental noise or from mutations. The stochasticity of

the SSA and tau-leaping algorithm is derived from the fact that the populations
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are treated as discrete quantities. Since the populations are very large in prac-
tice, it may be more realistic to implement stochasticity using continuous hybrid

algorithms that reflect the uncertainty in the parameters.

In the simulations using all four algorithms, if the stochasticity caused the
system to predict a different outcome than the deterministic system, it usually
happened while the system was transient. Once the system neared an equilibrium,
the behaviour was usually quite stable. In rare instances, noise caused the system
to destabilize after nearing an equilibrium, but this seemed only to occur for the

mutation based method when the noise was quite large.

2.7 Conclusion

We analyze the system introduced by Bornhoft et al. [4], which was proposed
as a qualitative reduction of the ADM1 model, and claimed to capture the most
relevant qualitative features of the ADM1 model. We give a complete global anal-
ysis of the dynamics of the model. If the concentration of the simple substrates is
too low, both the acidogenic and methanogenic populations of microogranisms are
eliminated from the reactor and no biogas is produced. Even if the input concentra-
tion of simple substrates is high enough, if the equilibrium concentration of VFAs
produced by the acidogenic microorganisms is too low, then the methanogenic
microorganisms will be eliminated from the reactor, and the system will converge
to an equilibrium where no biogas is produced. If the VFA concentration is in a
proper range, the system has a single globally stable interior equilibrium. Finally,

if the equilibrium concentration of VFAs is very high, then the system possesses
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two stable equilibria and one unstable equilibrium, and no sustained oscillatory
behaviour is possible. In this case the long-term behavior is initial condition de-
pendent. Only one of the two stable equilibria corresponds to the production of
biogas meaning that it depends on the initial conditions whether the reactor will
produce biogas in the long-term. The system does not allow bistability involving
two or more biogas producing equilibria, previously shown to be possible for the

ADM1 model [1] and for the models studied in [24, 25]

The dynamics predicted by a bifurcation analysis of the model is qualitatively
similar for all three prototype functions. Ammonia inhibition is included in the
ADM1 model, however, in ADM1 ammonia is not included as a dynamic variable.
Ammonia concentration in ADMI is computed as the difference of the concentra-
tion of inorganic nitrogen and NH; . In the present model, ammonia is included
as a dynamic variable and it is important to determine how to best model the
effect of ammonia on the growth of the methanogens to capture the behaviour of
ADM1. For all three prototype functions, inhibition of the growth of acetoclastic
methanogens due to ammonia is unimodal with respect to the ammonia concen-
tration. However, for ps1(Ss2,S3), acetoclastic methanogens will not grow in the
absence of ammonia, while for ps11(S2,S5) and o 111(S2, S3) the organisms grow
even if the ammonia concentration is zero. Based on a comparison with Fig. 10
in [4], using pio ;7 Or pig 177 in model , the behavior resembles the behavior or
the ADM1 model shown in [4] more closely than using pio1(Ss, S3). This indicates
that these two functions are better suited to model the dependence of acetoclastic

methanogens on ammonia.

We consider two algorithms that simulate stochastic effects in system ([2.1).
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The aim of these two algorithms is to model the uncertainty and variation in en-
vironmental and biological parameters that are hard to control with numerical
algorithms that are easy to implement and run relatively quickly. We compare the
resulting graphs with the graphs produced using the well-known Gillespie algo-
rithm and the the tau-leaping algorithm.The stochastic simulations from all four
algorithms seem to indicate that a failure of the reactor is most likely to occur
early in the reactors operating cycle, and that once the reactor has reached a
steady state, it is quite resilient and less affected by minor perturbations due to
mutations or small fluctuations in the environment. The one possible exception
is in our mutation based stochastic algorithm that is intended to simulate the ac-
cumulation of mutations within the microbial population. Therefore, it appears
to be most important to control the environment of the reactor during start up,
and then to carefully monitor the characteristics of the microorganisms within the

reactor after start up.

The analysis of the model of anaerobic digestion proposed by Bornhoft et al. [4]
involved studying the limiting system , a model of growth in the chemostat in
the case of a non-monotone response function with species decay rate added to the
dilution rate. Armstrong and McGehee [18] considered model extended to n
species competition in the case of monotone response functions. By ignoring the
species decay rate, they were able to apply a conservation law to obtain a limiting
system. They then studied the resulting limiting system, but did not apply the
theory of asymptotically autonomous systems to obtain results for the full system.
Butler and Wolkowicz [5] used a different method, provided a complete global

analysis of this n species model for both arbitrary monotone and non-monotone
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response functions, and applied results for asymptotically autonomous systems so
that their results applied to the full system, not just the limiting system. They
proved that competitive exclusion holds, i.e., all solutions approach an equilibrium
that can be initial condition dependent in the non-montone case. In Wolkowicz
and Lu [26], the decay rates were no longer ignored. There it was proved that for a
large class of monotone and non-monotone response functions, again competitive
exclusion holds and all populations approach equilibrium. However, in the case
of non-monotone response they only considered the case when the species with
the lowest break-even concentration also has its larger break-even concentration
larger than the substrate input concentration. In the case of only one species, their
method works for all monotone response functions, but for non-monotone response
functions still requires the assumption that the larger break-even concentration is
larger than the input concentration. In this paper we were able to eliminate this
assumption, and hence complete the analysis for the model of growth in the basic

chemostat.

2.A Proofs

Proof of Proposition |2.2.1

i) Assume first that X;(0) = 0 and all other initial conditions are non-negative.

It follows that X (¢) = 0, for all ¢ > 0. Hence, (2.1 reduces to the system of first
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order differential equations

Sy = (89— 5))D, (2.20a)
Sy = =D — yspa(Ss, S5) Xo, (2.20b)
Sy = —DSs, (2.20c)
Xy = =D Xy + 19(Ss, S3) Xo. (2.20d)

Equations (2.20a)) and (2.20c) imply that S; and S3 converge exponentially

to S and 0, respectively. The hyperplane given by S, = 0 is invariant under
by (H6), and the hyperplane given by X, = 0 is invariant under (2.20d).
By uniqueness of solutions to initial value problems, if S3(0) > 0 and X5(0) > 0,
then Sy(t) > 0 and Xo(t) > 0 for all £ > 0. Consider ¥ = Sy + y3X5. Then
N =—-DSy — ysDs Xy < —DY and thus X(¢t) — 0 as t — 0, implying X5 (¢) and

So(t) must each converge to 0 as t — oc.

it) and 1) Assume that X;(0) > 0 and X5(0) > 0, with all other initial
conditions non-negative. Notice first that and decouple from the
system. They describe a simple chemostat, for which it is known that if X;(0) > 0
and S1(0) > 0, then Si(t) > 0 and X;(t) > 0 for all t > 0 (e.g., see [20, 26, 11]).
Note that the hyperplane X, = 0 is invariant under (2.20d), and so if X»(0) = 0,
Xo(t) = 0 for all ¢ > 0, and if X5(0) > 0, then X5(¢) > 0 for all ¢ > 0. If
S3(0) = 0, then by 7 S5(0) > 0, and so there exists € > 0 such that S(t) > 0
for all ¢ € (0,¢). Let S3(0) > 0. Suppose that there exists £ > 0 such that
Ss(t) > 0 for all t € (0,%) and S5(f) = 0. Then, Ss(f) < 0, but again from (2.1d)),
Ss(f) = yapr(S1(0)X1(f) > 0, a contradiction. Hence, Ss(t) > 0 for all t > 0.
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Using ([2.1¢)), a similar argument applies to Ss.

iv) It is known (e.g., see [20, 26, 11]) that solutions to the simple chemostat
((2.1a) and (2.1b)) are bounded. Hence, there exists 0 < M < oo such that
Si(t) < M and X;(t) < M for all t > 0 . Thus, S; satisfies

Sg < —DS:J, + y4M7 (221)

where M = py(M)M. This differential inequality implies that Ss(t) < y‘bM +
S3(0)ePt for all t > 0, and thus Ss(t) is bounded for ¢ > 0. Since D; > D the

following differential inequality holds

X2 S _DX2 + /LQ(SQ, Sg)XQ. (222)

Let ¥ = y3 X9+ .5, — 3—253. Using ([2.22]), we see that Y < —DY, which implies that

3(t) < X(0)e P Since S3(t) is bounded above and we know that Sa(t), Xa(t) > 0

for all t > 0, they too must be bounded above. ]
Proof of Proposition [2.2.3

Since (2.1a)) and (2.1b)) depend only on Si(t) and X;(¢), these equations de-
couple from the full system ([2.1)), and it follows from known results on the basic

model of the chemostat (e.g., see [20, 11] ) that if A; > S© then (Si(¢), X1(t)) —
(S©0) as t — oco. Therefore, for any ¢ > 0, there is a 7" > 0 such that for
t>T, S () < SO +eand Xi(t) < e Then, for t > T, S5(t) < —DSs(t) +
Yap1 (SO + €)e, which gives S3(t) < S3(T)e P! + L1y (SO + e)e (1 — e*D(t*T)).

Then, lim o S3(t) = 24;(S® + €)e. Since this holds for all € > 0, letting
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e — 0, gives lim;_,o, S3(t) = 0. Next, let Xq(t) = Sa(t) + y%XQ(t). Since D < D,
So(t) < —DSo(t) + yopa (S1(t))X1(t). The same argument as before proves that
lim; 00 2o(t) = 0. Since for all ¢, Sy(t) > 0 and Xy(t) > 0, it follows that

To show that system ({2.1)) is a quasi-autonomous system with limiting system

(2.7), we first prove a lemma. We call

#(t) = f(t,2(t)) (2.23)

with x(t) € X a quasi-autonomous system with limiting system

y(t) = g(y(t)) (2.24)

if for any compact set K C X

/too sup ||f(t,2(t)) — g(a(t))||dt < oo. (2.25)

0 z(t)eK

Lemma 2.A.1. Let @(t) = f(t,z(t)) be quasi-autonomous with limiting system
y(t) = g(y(t)) and assume that there exists h(xz(t)) such that for all K C X

compact

/too sup lg(z(t)) — h(z(t))||dt < . (2.26)

(HeK

Then x(t) = f(t,x(t)) is quasi-autonomous with limiting system y(t) = h(y(t)).
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Proof. By the triangle inequality,

[ sup ) = h@lide < [ suplI£(t2) — ) + glx) - g(o)]|de

0 zeK to zeK

< [Tsuplf(t.x) — g@)l| + llglx) — ha)]|dt

to zeK

< | sup|[f(t,z) —g(@)||ldt+ | sup|lg(z) — h(z)||dt
to zeK to zeK

< 00. ]

Proof of Proposition |2.2.

First we show that (2.1)) is quasi-autonomous with limiting system:

Sy = (=S + A2) D — yspua(Ss, S5) X, (2.27a)
Sy = —DS5 + \3D, (2.27b)
Xy = =Dy Xy + 112(S2, S5) Xo. (2.27¢)

Since we are assuming that p;(.S1) is a monotone response function, the results in
[26] can be applied to the first two equations in to prove that (Sy(t), X1(t))
converge exponentially to (A;, X7) as t — oo. (The restriction that the results in
[26] only apply to a general class of monotone response functions rather than any

monotone response function does not apply to the single species growth model.)

Let x(t) = (S1(t), X1(t), Sa(t), S3(t), X2(t)) be any solution of , K C R%

be a compact set, and let || - || denote the Euclidean norm. For ¢ty > 0, consider

Q1 = [~ sup |(vi(), Ya(0), Ya(0), Yi(1) 0)|

0o zeK
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where

Yi(t) = (5 = S1(1)) D — yypa (S1(£) Xa (1),
Yo(t) = —D1 X1 () + pa (S1()) X (2),
Yi(0) = yoia (S2(1) X (1) — D,

Yi(t) = yapun (51(2)) X1 (¢) — DAs.
If ty = 0, then for any 0 < t; < oo, by continuity of the norm,

/Otl sup |[(Y1(2), Ya(2), Ys(2), Ya(t), 0)[| dt < oo. (2.28)

zeK

Thus, we need only consider the case ty > 0. By the Cauchy-Schwartz inequality,

Q, < < ~1 dt)2 ( T sup(Y1(t)? + Ya(t)? + Y3(t)* + Yi(t)?) dt) 2. (2.29)

to zeK

The first integral, [;* t% dt, is finite. Since all of the terms of

T2 sup (Ya(£)? + Ya(t)? + Ya(t)* + Ya(t)?) dt, (2.30)

to zeK

are positive, we can consider them individually. We begin with the second term,

TR sup Ya()2dt = [ t2sup X2(t) [=Dy + pun (S1(6))] dt.

to zeK to zeK

Since p1(S1) € C*, by the Mean Value Theorem, for every ¢ > 0, there exists (),
such that 51 (6(t)) lies between Si(t) and A;. Let My = sup,ejg o) |11 (S1(0(2))] >

0. Since Si(t) — X ast — oo, uj(S1(0(t)) remains bounded, M, is finite and

45


http://www.mcmaster.ca/
http://ms.mcmaster.ca/

Ph.D. Thesis — Tyler Meadows; McMaster University — |Math and Stats

| = D1+ m (i) = [ = m(A) + (Si(8)] = [ (SiEO)I — M+ S1(t)] <
Moy| — A1 + S1(t)| — 0, exponentially as ¢ — 0. Thus, there is a k > 0, such that

12 sup X2(£)[—Dy + pn (Sy(0)2dt < XMy~ [ £2e~Mdt < oo,

to zeK to
where X7 is the maximum value of X;(t) € K, and My = Mp|S1(0) — \y].

We now consider the first term,

/t“ PsupYi(t)dt = [ £ sup [(S© — S(0)D — yuyua (S1(1) X1 (1))t

zeK to zeK

< [ sup [ = Su(6)D — yau(Si(0)Xu () + (5O — A)D)] .

to zeK

By Young’s inequality and using S© — \; = 3, X7,

T PsupYi(t)dt < [ 26 sup [ (A — Su(6)*D? + 43 (u(S1(1) X1 () - XD)*|dt.

to zeK to zeK

Since this integral is a sum of positive terms we may consider each term individ-
ually. The first term is bounded above by the integral of a decaying exponential,

and so is finite. We use Young’s inequality to bound the second term,

2 [ #sup |47 (1 (S1(0) X2 (1) = DuXa(t) + DaXa () —XfD)2]dt
0 xe
00 D 2
<ay? [ sup | Xu(0P(ua($1(8) — Di)? + D (Xl(t)—XfD) ]dt, (2.31)
0 zeK 1
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where both of the terms in (2.31]) are bounded above by a decaying exponential

and so this integral is finite. For the third term in (2.30)), write

T2 sup [yopn (S1(0) X (£) — DASJ dt

to zeK

- /0 t2y2 sup |fh S1(t))X1(t) — D1 X1 (t) + D1 X1 (t) — D/\Qrdt

zeK Y2

</ t2y2 sup [p1(S1(2)) X1 (t) — Dy X4 (1)) dt + e sup [y D1 X1 (t) — Do)* dt.

xeK to zeK

Noting that y» D1 X} = D)y, the exponential decay of (X;(¢) — X;)?, and the same
decay arguments as with the first term in (2.30]). The finiteness of the fourth term
in (2.30) follows from a similar idea, noting that y,D1 X7 = DA3. Thus, (2.1)) is

quasi-autonomous with limiting system ([2.27)).

Now we finally show that (2.1) has limiting system (2.7). From ({2.27b), if
follows that

1S5(t) — Ag| = |S5(0) — As| e, (2.32)

We use this to argue that

Qy = /t sup\/ (y3 + 1)Y5(t)2 + D2Y5(t)%dt < oo,

0 zeK

Where, Yé(t) = ,LLQ(SQ(t), )\3) — /,LQ(SQ(t)’ Sg(t))Xg(t), and Yé(t) = Sg(t) - )\3. The
Cauchy-Schwartz inequality allows us to split the integral into more manageable

pieces,
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D=

0 t? to zeK

0 < ([ Lar) ( ™ 2 supl(43 + DY (1)? + D2Y6<t>2]dt)

By (2.32)), the term containing Yjs(t) is bounded above. In order to show the
integral containing Y5(t) is bounded above we use the fact that ps (S, S3) € C!
and (2.32)) to argue that there exists M; > 0 such that

|12(S2(t), Az) — pa(Sa(t), S(t))| < Mi|S3(0) — Agle™".
Since X(t) is bounded we have

t*sup | (y3 + 1) Xy M;[S5(0) — Asle P! |dt, (2.33)

to zeK

Where X5 is the maximum value of X (¢) in K. The integral on the right is finite
and therefore, by Lemma [2.A.1} (2.1]) is quasi-autonomous with limiting system

(12.7)). O
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Chapter 3

Growth on two essential nutrients

in a self-cycling fermenter

Abstract

A system of impulsive differential equations with state-dependent impulses
is used to model the growth of a single population on two limiting essential
resources in a self-cycling fermentor. Potential applications include water
purification and biological waste remediation. The self-cycling fermenta-
tion process is a semi-batch process and the model is an example of a
hybrid system. In this case, a well-stirred tank is partially drained, and
subsequently refilled using fresh medium when the concentration of both
resources (assumed to be pollutants) falls below some acceptable threshold.
We consider the process successful if the threshold for emptying/refilling
the reactor can be reached indefinitely without the time between successive

emptying/refillings becoming unbounded and without interference by the
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operator. We prove that whenever the process is successful, the model pre-
dicts that the concentrations of the population and the resources converge
to a positive periodic solution. We derive conditions for the successful op-
eration of the process that are shown to be initial condition dependent and
prove that if these conditions are not satisfied, then the reactor fails. We
show numerically that there is an optimal fraction of the medium drained

from the tank at each impulse that maximizes the output of the process.

3.1 Introduction

The self-cycling fermentation (SCF) process can be described in two stages: In
the first stage, a well-stirred tank is filled with resources and inoculated with
microorganisms that consume the resources. When a threshold concentration of
one or more indicator quantities is reached, the second stage is initiated. The first
stage is a batch culture [5]. During the second stage, the tank is partially drained,

and subsequently refilled with fresh resources before repeating the first stage.

SCF is most often applied to wastewater treatment processes, where the goal
is to reduce the concentration of one or more harmful compounds [10, 16]. In
this application the concentration of harmful compounds is the most reasonable
threshold quantity, since acceptable concentrations would typically be given by
some government agency. More recently, the SCF process has been used as a
means to improve production of some biologically derived compounds [20, 23]. In

these instances, dissolved O, content, or dissolved COy content have been used as
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threshold quantities, since they are good indicators of when the microorganism ap-
proaches the stationary phase in its growth cycle. In both scenarios, the end goal
is to maximize the amount of substrate processed by the reactor, while maintain-
ing stable operating conditions. SCF has also been used to culture synchronized
microbial cultures [17], where stability of the operating conditions is much more
important than output of the reactor. It is the first scenario that we model, i.e.
we consider the case that the microbial population is used to reduce two harmful

compounds to an acceptable level.

Assuming that the time taken to empty and refill the tank is negligible, we can
model the SCF process using a system of impulsive differential equations. Smith
and Wolkowicz [18] used this approach to model the growth of a single species
with one limiting resource. Fan and Wolkowicz [7] extended this model to include
the possibility that the resource is limiting at large concentrations. Coérdova-Lepe,
Del Valle, and Robledo [6] also modeled single species growth in the SCF process,
but used impulse dependent impulse times instead of the state dependent impulses
used by the other models. For references on the theory of impulsive differential

equations, see e.g. [1, 2, 3, 9, 15].

When there are two (or more) resources in limited supply, it is important to
think about how the resources interact to promote growth. If any of the resources
can be used interchangeably with the same outcome, we say the resources are sub-
stitutable. For instance, both glucose and fructose are carbon sources for many
bacteria, and can fulfill the same purpose in bacterial growth. If all of the re-
sources are required in some way for growth, and the bacteria will die out if any

were missing, we say the resources are essential. For instance, both carbon and
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nitrogen are required for growth of many bacteria, but glucose cannot be used as a
nitrogen source, so some other compound such as nitrate is required. Growth and
competition with two essential resources has been studied in the chemostat [4], in
the chemostat with delay [12], and in the unstirred chemostat [24]. In all of the
aforementioned studies, the interaction of essential resources is through Liebig’s
law of the minimum [22]. To illustrate the law of the minimum, consider a barrel
with several staves of unequal length. Growth is limited by the resource in shortest
supply in the same way that the capacity of the barrel is limited by length of the

shortest stave.

In this paper we investigate the dynamics of the self-cycling fermentation pro-
cess in a semi-batch culture with two essential resources that are assumed to be
pollutants. The goal is to reduce both pollutant concentrations to acceptable lev-
els. In Section [3.2] we introduce the model. In Section [3.3 we analyze the system
of ordinary differential equations (ODEs) associated with the model introduced in
Section [3.2] In Section [3.4] we analyze the system of impulsive differential equa-
tions introduced in Section [3.2] and obtain our main results: Theorem [3.4.6] which
gives necessary and sufficient conditions for the existence of a unique periodic orbit,
and Theorem [3.4.15, which summarizes all of the possible long term dynamics of
the model. In Section we demonstrate numerically that the emptying/refilling
fraction can be used to maximize the output of the SCF process. In Section 3.6,
we summarize our results and discuss the implications of our analysis. All figures

were produced using Matlab [13].
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3.2 Model Formulation

For a given function y(¢) and time 7, using the standard notation for impulsive

equations we denote by Ay(7) = y(77) — y(77), where

y(tt) = lim y(t) and y(77) = lim y(¢).

t—s7t t—T—

Our model takes the form

0 = Lmin{fi(s1(1)), fa(sa(t)) b (),
dsa(t)

@ _y%min{fl(sl(ﬂ),f2(82(t))}$(t), t# ty
“h = (D +min{fi(s1(t)), fo(s2(1))})z(t),

(3.1)
Asi(ty) = —rsi(t;) +rsh,
Aso(ty) = —rso(ty )+ rsh, t=1
Ax(ty) = —rx(t,),
where t; are the times at which
either (Sl(tk) = 51, Sg(tk) S §2> or (Sl(tk) S 51, Sg(tk) = 52). (32)

Here, t denotes time. The variables s;, ¢« = 1,2 denote the concentration of the

limiting resources (assumed to be pollutants) in the fermentor as a function of ¢,

with associated parameters Y;, the cell yield constants, s, the concentrations of

%

each limiting resource in the medium added to the tank at the beginning of each
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new cycle, and s; the threshold concentrations of limiting resource that trigger the
emptying and refilling process. Since we are considering the scenario where both
s1 and s, are pollutants, the emptying and refilling process is only triggered when
both concentrations reach the acceptable levels s; and s, set by some environmen-
tal protection agency. The variable x denotes the biomass concentration of the
population of microorganisms that consume the resource at time ¢, assumed to
have death rate D. The emptying/refilling fraction is denoted by r. It is assumed

that D >0, 0<r <1 and fori=1,2, ¥; >0, and s > 5, > 0.

We call the times t;, > 0, impulse times, and when they exist they form an
increasing sequence that we denote {t;,}2_,. If is satisfied at t = 0 or 5;(0) <
S;, © = 1,2, then we assume that there is an immediate impulse at time t = 0. We
consider the process to be successful if N = oo and the time between impulses,
tr — tp_1 remains bounded. We consider the process a failure if either there are a
finite number of impulses, and hence N is finite, or if the time between impulses

becomes unbounded.

The two resources are assumed to be limiting essential resources (see e.g.,
Tilman [21] or Grover [8]) also called complementary resources (see Leon and
Tumpson [11]), and as in those studies we use Liebig’s law of the minimum [22] to

model the uptake and growth of the microbial population.
We assume that each response function f;(s), j = 1,2, in (3.1)) satisfies:
(i) f; : Ry — Ry is continuously differentiable;

(ii) f;(0) =0 and fj(s) > 0 for s > 0;
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Define \;, i = 1,2, to be the value of each resource that satisfies f;(\;) = D, and
refer to each \; as a “break-even concentration". If f; is bounded below D, then

we define the corresponding A; = oo.

Between two consecutive impulses the system is governed by a system of ordi-

nary differential equations (ODE) that models a batch fermentor [5],

d81<t) . 1 .
& -V min{ f1(s1(t)), f2(s2(t)) }(t),
dsy(t) 1
% -V min{ fi(s1(t)), fa(s2(t)) }x(t), (3.3)
dfg) — (=D +min{fi(s1(0)), fals2(t)) D(t).

We will refer to system ({3.3]) as the associated ODE system.

3.3 Dynamics of System (3.3

First we show that system (3.3)) is well-posed.
Proposition 3.3.1. Given any positive initial conditions (s1(0), s2(0),z(0)), the
solution (sq1(t), s2(t),z(t)) of (3.3) is defined for allt > 0 and remains positive.

Furthermore, lim; o (s1(t), s2(t), x(t)) exists, is initial condition dependent,

limy o 2(t) =0, and lim;_,, s;(t) < \; for at least one i € {1,2}.

Proof. Since the vector field in (3.3) is locally Lipschitz, the positivity of

(s1(t), s2(t), z(t)) follows from the standard theory for the existence and uniqueness
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of solutions of ODEs (see e.g., [14]). Also observe that

& (w4 3;131@) + };232(15)> — _Da(t) <0,

so the solution (s1(t), s2(t), z(t)) exists and is bounded for ¢ in [0, 00).

From (3.3), si(t) < 0, i« = 1,2. By the positivity of s;(¢), limy_, si(t) > 0

exists. Denote lim; . s;(t) = sf, 1 =1, 2.

We claim that min{fi(s}), fa(s3)} < D. Suppose not. Then,
min{ f1(s7), f2(s3)} > D. Since both s;(t) and sy(t) are strictly decreasing func-
tions, it follows that min{ fi(s1(¢)), f2(s2(t))} > D for all ¢ > 0. From the equation
of 2/(t) in 1 , x(t) would be a strictly increasing function. Then, s} (t) < %x(())
for all ¢ > 0, contradicting the positivity of s1(t). Hence, sf < \; for at least one

ie{1,2}.

Since min{ f1(s}), f2(s3)} < D, define v = —D + min{ fi(s}), fo(s3)} < 0. By
the equation for 2/(¢) in (3.3)), 2/(t) < Za(t) < 0, for all sufficiently large ¢. Hence

z(t) - 0 as t — oo. O

Note that from ( , Yldsl = YQdSQ Define

Y Y, 1
R12 = -2 and R21 = !

= —, 3.4
Y Y,  Ru (34)

Then, every trajectory of (3.3)) satisfies ds? = Roy.
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Lemma 3.3.2. Let (s1(t), s2(t), z(t)) be a solution of (3.3) on an interval t €

[to, t1] with positive initial conditions. Then,

s1(t) = s1(to) + Riz(s2(t) — s2(to)), (3.5)
or equivalently
Sg(t) = Sz(to) + R21(81(t) — 81('[50)), (36)
s1(to) D
x(t1) — x(tg) =11 1-— dv,
() = alto) /slan ( min { f1(v), f2(s2(t1) + Rar (v — sl(m))})
(3.7)

or equivalently

Sz(to)

D
vlt) — olto) = Y2 | " (1 T R m)}) dv. (3.8)

Proof. Solving the separable ODE, % = Rys, yields (3.5)), and solving % = Roy,
yields (3.6)). Dividing the &/ (t) equation in (3.3) by the z/(t) equation, substituting
for so(t) using (3.6)), and then integrating both sides, yields (3.7)). We obtain (3.8])

similarly. O]

3.4 Analysis of the Full System (3.1

First we visualize solutions of (3.1]) in the s;-s; plane as illustrated in Figure [3.1]

Given any solution (s;(t),so(t), z(t)) of (3.1) with positive initial conditions, let
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—— Solution
| |=-=-L
——bdry ()

0 S1

FIGURE 3.1: ug = (s, s9), indicated by A, is the initial condition.

u™ = (s, si1), indicated by v, is the input concentration. ul =
(gl(tf), 8.2(%)), k=1,2,...,satisfy uf = (1 —r)u; + ru™, where
u™ = (s1%,s5"). Each connected piece of the solution has slope

R21. u = (51,,..":\2) : (§1,Si2n - RQl(:Siln — 51) and ’ZL\+ = (§1+,/8\2+) =
(1 —7r)s1 +7rs™, 85 — (1 — r)Rai (s — 51)). The set §2; lies above
and to the right of I'” and between the two lines with slope Ray,

through (0, s2) and (51, 0), respectively.
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to = 0 and let t;, k£ € N, denote the kth impulse time if it exists.

Let uy = (s1(ty), s2(t;)). By (8.6), the trajectory of (s1(t), sa(t)), t € (th, tr1),
is a line segment with slope Ry and endpoints u; and uj,,. The conditions for
impulses to occur are given in (3.2)). Therefore, each point w;, lies in the following

union of the two horizontal and vertical line segments:
[~ = {(31,.§2) 151 € [0,51]} U {(51,52) 89 € [0752]}-

Define

u™ = (s, s2) and 55 = (1 —7r)5 +rs i =1,2.

(2 7 )

By the definition of As; given in (3.1),
up = (1 —r)uy, +ru™. (3.9)

This implies that each u lies in the following union of horizontal and vertical line

segments:
O ={(s0.5) 0 € 051} U{(F 52 2 € 0,577}

Therefore, if impulses occur indefinitely, then the total trajectory of (s1(t), sa(t)),
t € [t1,00), is a countable union of line segments with slope R, and endpoints in

~ur*, (e, uf €T and u, €77.)

For any positive solution (s1(t), sa(t), z(t)) of (3.1]) with (s1(0), s2(0)) lying be-

tween the coordinate axes and I'", ie., 0 < $1(0) < §; and 0 < 55(0) < S, an
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impulse occurs immediately at ¢ = 0, and so, after at most a finite number of im-
pulses, (s1(07), s2(07)) lies above or to the right of I'~. In the rest of this section,
we therefore assume (s1(0), s2(0)) lies above or to the right of I'", i.e., 5;(0) > 5,

for at least one i € {1,2}.

The following proposition asserts that system does not exhibit the phe-
nomenon of beating. That is, the system possesses no solution with impulse times
that form an increasing sequence with a finite accumulation point.

Proposition 3.4.1. Assume that (s1(t), so(t), x(t)) is a positive solution of

with an infinite number of impulse times, {tx}32,. Then limy_, t; = o0.

Proof. Between impulses, s; and sy are strictly decreasing for all x(t) > 0, and

therefore we can solve the first equation in (3.3) for the time between impulses:

s1(tk) 1
b1 — bk = Y1/ : dv
s1(te+1) min {f1(U)= fo(sa(trs1) + Rar(v — Sl(tk+1))} Xy (v)

(3.10)

where X} (v) is defined by Xy (s1(t)) = x(t) for t € (ty, tks1)-

To show that {t;}72, has no finite accumulation point, it suffices to show that

there exists positive constants, M7, My and m, such that

si(tf) — si(tpyy) >m fork=1,2,...

and

min{ f1(s1()), fa(s2(t))} < My, x(t) < M, fort >0,

Yim
MiMs®

since then the difference ¢, — t; is greater than
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Since s1(t;,) < 51, s2(ty; ) < 39, and either s, () = 51 or s3(tf) = 55, we have

either s1(tf) — s1(tpq) > 57 — 51 or  sa(tf) — saltiy) > 53 — 5a.

From ((3.5) it follows that

s1(tf) — s1(tpyy) > min{s] — 51, Ria(55 — 52)} = m.

Since after the first impulse occurs, (s1(t), s2(t)) is bounded by I'*, the existence
of M, follows from the continuity of f; and fo. By (13.7), there exists My > 0 such
that

z(t) < z(tf) + My, for t € (tg,tre1). (3.11)

From the relation that z(¢{) = (1 — r)z(t; ), we obtain

x(tLl) <(1- T)(%(t,i_) + My), fork=12...

By the comparison principle applied to z(tx) and the sequence {y;} defined by

yo = z(0) and ypr1 = (L —7)(yr + Mo), k =1,2,. ..,

1 —1r)M
limsupz(¢;) < lim y;, = ﬁ. (3.12)
k—o0 k=00
The existence of M; follows from (3.11)) and (3.12)). O

Define € to be the set of points (s, s9) such that, for some 2 > 0, the forward
trajectory of the solution of ([3.3) with initial value (s, s9, 2°) intersects I'~. Then

the boundary of €2; is the union of I'™ and the two lines of slope Ry passing
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through (s1,0) and (0, 8), respectively. Then,

§1 > 81 OT Sg > So, and
0 = (51,32) :

Sg — 52 < Ra151, 52 > Rot(s1 — 51)

Define €2y to be the open set complementary to §2; in the first quadrant above

and to the right of I'". Then,

S1 > 51 Or S§o > So, and
QO = (81, 82) .
S9g — 8§59 > Ry1s1 0r 89 < RQl(Sl — 51)

Remark 3.4.2. The sets 2y and €2; do not include the marginal cases where
(51(0),s2(0)) lies on the lines of slope Ry passing through (s;,0) or (0,5). If
(51(0),52(0)) lies on one of these lines and s;(0) > 0 for ¢ = 1,2, then no
impulses occur, since the solution curve does not reach I'” in finite time. If
(51(0),52(0)) = (51,0) or (s1(0),s2(0)) = (0,82), then an impulse occurs imme-
diately, and (s1(0%), s2(07)) may be in either Qy or €, depending on the location

in

of u

In the following case, the fermentation process fails.
Lemma 3.4.3. If (s1(t), s2(t), z(t)) is a solution of (3.1) with (s1(0),s2(0)) € Qq,

then no impulses occur.

Proof. Since € is complementary to 2y, (s1(t),s2(t)) ¢ '™ for any ¢ > 0, and

hence no impulses occur. O
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Next we define a Lyapunov-type function

V(s1,82) = Yg(si; — S9) — Yl(siln — 51). (3.13)
Then,
§1 > 81 Or So > §o, and
Ql = (81, 82) .
V(O, 52) < V(Sl, S2> < V(gl,O)
and

§1 > §1 Or So > So, and
QQ = (Sl, 82) .

V(Sl, 52) < V(O, 52) or V(Sl, 82) > V(gl, 0)
Note that the level sets of V' are straight lines with slope Ry in the si-so plane.
For any fixed value of s1, V(s1, s2) is a decreasing function of s, and for any fixed
value of sy, V/(s1, 82) is an increasing function of s;.
Lemma 3.4.4. Assume (s1(t), so(t), x(t)) is a solution of (3.1|) with positive initial
conditions. Let to = 0 and t, k € N, denote the kth impulse time, if it exists;

otherwise set ty, = 0o. Define V(t) = V(s1(t), s2(t)). Then,
(i) LV (t) =0 fort € (te,tps1),

(ii) V() = (1 — 1)V (), if t, < 00

Proof. (i) By the equations for ds;/dt in (3.3)),

d <Y2Y1

GV = (5 - n> min{ £y (s1(8)), falsa()) ba(t) = 0.
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(ii) Substituting (3.9) into (3.13)),
V() = 1 =r)(s1(ty) = st so(ty) = s3) - (Y1, =Ya) = (1 = )V (t;),
where - denotes the inner product in R2. O

By the definition of V (s, s9) in (3.13]) and Lemma |3.4.4] the line

{(s1,89) : V(s1,80) = 0} = {(s* + 0¥, s8* +0Y}) : v € R} (3.14)

is invariant under (3.3)) for all (0). By symmetry, we may assume the point (51, 53)

lies on or above this invariant line, i.e., V (51, 53) <0, or

Si2n - 52 S Rgl(Siln - 51) (315)

Next we show that in the case that (s, si?) lies in €, once again the fermen-
tation process is doomed to fail.
Lemma 3.4.5. If (s, sit) € Qq, then every solution of (3.1)) with positive initial

conditions has at most finitely many impulses.

Proof. Note that, V (s, si*) = 0, so the condition (s, si') ¢ Q; implies that either
V(0,52) > 0 or V(s1,0) < 0. Since V (0, 52) < V(51,52) < 0, by assumption (3.15)),
V(51,0) < 0.

We proceed using proof by contradiction. Suppose that a solution
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(s1(t), s2(t), z(t)) of (3.1) with positive initial conditions has infinitely many im-
pulses. Denote the impulse times by ¢ < ¢ < ---. By Lemma [3.4.4[ii),
V(s1(ty),s2(ty)) — 0 as k — oo. Hence, V(s1(t;),s2(t;)) > V(51,0) for some

k > 1. By Lemma |3.4.3] no more impulses can occur. O

In the case of (si",s') € Q, under assumption (3.15)), the line given by (3.14))

intersects I'~ at the point (S, S;) given by
§2 = 8i2n - R21<Si1n — 51)

Define L to be the portion of the line given by ([3.14) from the point (51, S2) to its

image via the impulsive map, namely

L={(s1,82) : 51 < 51 <5, V(s1,82) = 0}

= {(s1,82) : 51 < 81 < 57, 82 =52+ Roi(s1 — 51)}-

Then L is invariant under (3.1)) for all z(0).

3.4.1 Existence of Periodic Orbits

Next we investigate under what conditions the reactor has a periodic solution and

the process has the potential to succeed.

We regard the emptying/refilling fraction » € (0,1) as a variable. Without
loss of generality, from now on we assume that (51, 52) lies on or above L. Other-

wise, from ([3.15]), by symmetry we can relabel the resources. Therefore, the right
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FicurE 3.2: No periodic solution exists, and the z-component
of every solution tends to 0 as t — oo. In the simulation, the re-
sponse functions are f;(s;) = g?f;l, i = 1,2, with (my1,m2,a1,a2) =
(2,2,1.4,1.2). The parameters are (Y7,Y2, D) = (2,0.7,0.5) and
(51,592,808 r) = (0.7,0.6,1,1,0.4). The initial condition is
ug = (51(0),s2(0),2(0)) = (0.1,0.7,0.3). After a finite number
of impulses, the orbit converges before reaching the threshold for
an impulse, indicated by 0. The value of p(r) ~ —0.08 < 0.

endpoint of L is (57 (r), 35 (r)) given by

57(r)=(1—r)5 +rs™ and 55 (r) = (1 —1)5y +rsi.

By (3.7), the net change in z(t) over one cycle with impulse at (5, S2) is

57(r) D
p(r) =Y / (1 ) ol T T (o = 51))}> dv. (3.16)

We prove the following theorem concerning the existence and the uniqueness of
periodic solutions.
Theorem 3.4.6. Assume (s, s) € Q;. Ifr € (0,1) and u(r) > 0, then system

(4.1) has a periodic orbit that is unique up to time translation and has one impulse
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per period. On a periodic orbit, z(t}) = “2u(r) and x(t;) = Lu(r), for all

T

k e N.
If u(r) <0, then system (4.1)) has no periodic orbits.

See Figure 3.2/ for an illustration of the case with u(r) < 0.

Proof. Suppose that there is a positive periodic solution (s1(t), so(t), z(t)). Since
(3.3) has no periodic orbits, the solution has at least one impulse. By periodicity
there are infinitely many impulses. Denote the impulse times by ¢; < t5 < ---

and the number of impulses within a period by N. Then z(ty,,) = z(t{) for all

k € N. By ,
2(teyr) = 2(ty) +p(r) and () = (1 —r)z(ty).
Thus,

2(lyr) = (L=r)z(ty) + p(r). (3.17)

If 2(t7) > p(r) (resp. z(tf) < u(r)), then from (3.17) it can be shown by induction
that x (¢, ) is a strictly decreasing (resp. strictly increasing) sequence, contradicting
x(ty,p) = x(t;). Hence, on any periodic orbit there is only one impulse, and it
follows from , on a periodic orbit z(t;) = Lu(r) for all k € N. Therefore,
w(r) > 0, since the solution must be positive, and if a periodic orbit exists it is

unique.

If pu(r) > 0, the solution of (3.1) with initial condition (57,55, ="pu(r)) is
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periodic, since if (t; ;) = Tp(r), then z(¢f,,) = =2u(r) and if z() = Z2u(r),

then x(t,,) = Tu(r). O
Proposition 3.4.7. If u(1) > 0, then there exists a unique r* € [0,1) such that
w(r) >0 for all r € (r*,1] and p(r) <0 for all r € (0,r*].

Proof. Let
r. = max{r € [0,1] : p(v) <0 Vo e l0,r]}. (3.18)

Note that r, is well-defined, since p(r) is continuous and 1(0) = 0. By definition,
wu(r) < 0 for all r € [0,r,]. Since u(r) is continuous, if (1) > 0 then r, < 1.
Furthermore, u(r) > 0 for all r € (ry, 1], since fi(s1) and fy(s2) are monotone
increasing, and so the integrand in with v = 51 (r,) must be positive. Oth-
erwise, 7, can be increased, contradicting definition (3.18)). By the monotonicity
of fi(s1) and fa(s2), the integrand in (3.16) with v = 5 (r) remains positive for

r. <r <1. Hence, pu(r) > 0 for r € (r,, 1]. O

Remark 3.4.8. If \; < 51 and Ay < 35, then u(r) > 0 for all » € (0,1), i.e.,
r. = 0, because the integrand in (3.16)) is then positive for all v € (51, s™).

3.4.2 Global Stability of Periodic Orbits

In this subsection we fix an r € (7., 1), where r, is the number given in Theo-

rem [3.4.6] Hence, p(r) > 0 and a unique periodic orbit exists.

72


http://www.mcmaster.ca/
http://ms.mcmaster.ca/

Ph.D. Thesis — Tyler Meadows; McMaster University — |Math and Stats

For each point (s, s2) € Q4, we denote by 7~ (s1, $2), the point of intersection

of the line through (s1, s2) of slope Ry with I'"; i.e.,

~ (51 + Ria(52 — s2),52), if V(s1,82) < V (51, 52),
m (81, 82) =

(51,82 —+ R21(§1 — 81)), lf V(Sl, 52) Z V(gl, §2>.

For each point (s1,s9) € I'", we denote by 77 (s1, s2) the pre-image of (s1, s2)
in I'" under 7. Hence, 7 (s1,s2) € I'" satisfies 7~ (7" (s1, 52)) = (51, 52) for all
(s1,82) €. Let g : '~ — ', be the image of (s1, s2) € I'" under the impulsive
map, l.e.,

g(s1,52) = (1 —7) (51, 52) + (s, si).

For each point (s9,s9) € Q, let I(s?,s9) denote the net change in z(t), over
the time interval from ¢ = 0 to the first impulse time. Therefore, for a solution
(s1(t), so(t), x(t)) of satisfying (s1(0), s2(0)) = (s¢,9) that has at least one
impulse, by Lemma [3.3.2]

I(s), 53)

SO . — —
Ve Ji; (1= strerran o) 4o i Visys) S VL),

SO . — —
Y 511 (1 N min{fl(v)’f2(SD8+R21(v*S?)}) dv, if V(81’52) = V<Sl’82)'

Note that u(r) = I(7" (51, 82)).
If (s1(t), s2(t), z(t)) is a solution of (3.3]) with (s1(to), s2(tp)) = (59, 59) € ' and

(51(t1), s2(t1)) = (s1,s3) € I~ for some to < t;, then (s9,s9) = 77 (s1, s3) and the

net change in z(t) over the time interval [to,#;] is I(7 (s}, s3)). Since V(51,5;) <
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V(5],55) < V(s sih), from V(s sit) = V(5;,5;) there exists 5, € (Sg,52) such

that V(51,5,) = V(5],55). Define
[y ={(51,82): 0 < sy <8 I(m"(51,82)) > 0}. (3.19)
Lemma 3.4.9. Assume (s, s5') € Qy and u(r) > 0. Then,
I = {51} x (524, 52 (3.20)
for some s9y € (0, S2).
Proof. By assumption , for any sy € [0, $5],

o+

— 81 D
I(7r+(31782)) =Y /51 (1 - min{fl(v), f2(32 + RQl(v - 51)}> dv.

Let
A ={sy€(0,3) : I(r"(51,82)) > 0}.

By the monotonicity of fi(s1) and fa(sa), since I(77(51,82)) = p(r) > 0, A is an
interval containing 8, with right endpoint s,. Hence, I'; takes the form (3.20)) for

some Soy € (0, 52). O

Let €4 be the set of points (59, s9) such that, for some 2° > 0, the forward
trajectory of the solution of with initial value (s9, s9, 2°) passes through I';.
Then,

Qa={(s1,52) € Q : 7 (s1,52) € ', }. (3.21)
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In the case u(r) > 0, by (3.20)),
V= {(81, 82) e Vo< V(Sl, 82) < V+}, (322)

where V_ = V/(51,5;) and V. = V (5, s94).
Lemma 3.4.10. Assume (s, s0) € Q and u(r) > 0. Let (s1(t), so(t), x(t)) be a
solution of (3.1)) with x(0) > 0 and

(51(0),52(0)) € Q4.

The solution converges to the unique periodic solution given by Theorem |3.4.6, if
and only if ©(0) > —1(s1(0), s2(0)). If 2(0) < —I(s1(0), 52(0)), then no impulses

occur.

Proof. If x(0) < —I(s1(0),s2(0)), then by Lemma the value of x(t) ap-

proaches 0 before any impulses occur.

If (0) > —1I(s1(0),s2(0)), then the first impulse occurs at some finite time
t; > 0. The condition (s1(0),s2(0)) € Q4 implies that (si(¢]),s2(t])) € Q4.
Hence, I(si(t]), s2(t7)) > 0. This implies that the net change of z(¢) is positive
over any time interval from ¢; to a time before the next impulse. Hence, another

impulse occurs at some finite time t5 > t;. Inductively, it follows that impulses

occur indefinitely. By Lemma [3.4.4] lim; ;o V'(s1(t), s2(t)) = 0. Hence,

(s1(t ) s1(t) = (51,82) and  (s1(t), s1(t) = (51, 53).
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Therefore, by Lemma and the relation I(77(s1,52)) = p(r),

lim (2(t,,) — 2(t)) = p(r).

k—oo

On the other hand, the impulsive map in (3.1)) gives limy_,oo x(t}) — (1 —7)z(t;,) =
0. This gives

lim (x(t;,,) — (1—r)a(t;)) = ),

k—oo
which implies limy, o 2(t;) = 2p(r) and im0 2(t)) = =Lp(r). We conclude
that the solution converges to the periodic orbit. O

Corollary 3.4.11. If (si",si") € Q; and u(r) > 0, then all solutions to (3.1))
with (s1(0), 52(0)) = (s, 1) and z(0) > 0 converge to the periodic orbit given by

Theorem [3.4.0,

Proof. By the definitions of I'; and ;4 given in (3.19) and (3.21)), respectively,
(s, s2) € Qpa. Since I(sP,sh) > I(7"(51,82)) = u(r) > 0, the desired result

follows from Lemma B.4.10 O]

For each (s9,s9) € Q, let Ny = Ny(s9, s9) be the smallest positive integer such
that

(gom )M(s, 53) € Qua. (3.23)

In particular, No(s?,s9) = 1 for all (s9,59) € Q4. For (s9,59) € Q1 \ Qy4, by the

identities V' (g(s1,52)) = (1 — )V (s1, s9) and V(7 (s1, 82)) = V(s1, $2),

V((g o )"(s!, sg)) =(1—7)"V(s),89), n=1,2--. (3.24)
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If V(s9,s9) < 0, then by (3.22), the condition (s?,s3) & Q4 is equivalent to
V(s s9) < V_. Thus, by (3.24)), condition (3.23)), is equivalent to

(1—r)MV(s) s9) > V..

Similarly, if V(s9,s9) > 0 and (s1(0), s2(0)) € Qy.4, then condition (3.23)) is equiv-

alent to
(1 —r)V(s), s5) < Vi,
Hence,
In(V(s9,s9)/V_ i
[ORDAN] - if y (sl 59) < V-,
NO(S(I)’ Sg) ) (3.25)
[T it Vst o) > Vi

where [y] is the least integer greater than or equal to y.

For any solution (sy(t),sa(t),xz(t)) of (3.1) with (s1(0),s2(0)) = (s?,59) € Q,
and z(0) > 0,

w(ty) = x(0) + I(s1, 53).

Note that z(t;) = (1 — r)z(t;) by the impulsive map in (3.1), and z(t; ) =
x(th) + I(s1(t]), s2(tf)) by Lemma [3.3.2l Hence, for any n = 2,3, ..., the left

limit of z(¢) at the nth impulse, if it exists, equals

w(t,) = (1 =r)z(t, 1)+ I((gom )" (s}, 5)),
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where tg = 0, and tg, k£ > 1, is the kth impulse time. By induction,

Thus the condition z(t,,) > 0 is equivalent to

i TEI(gomT) T (s, ).

We define X (s?,s9) to be the least value so that if x(0) > X(s9,s9) then

(s1(ty), s2(t,)) € I'y for some t, > 0. Hence,

X(sY,89) = — ( min i(l — r)_(k_l)f((g o )F1(sY, sQ))) . (3.26)

1<n<No(s0,51) =
In particular,

X(s),85) = —I(s,s5) if No(s,s5) = 1.

The following proposition extends Lemma [3.4.10
Proposition 3.4.12. Assume (s, s') € Qy and p(r) > 0. Let (s1(t), s2(t), x(t))
be a solution of (3.3) with (s1(0),s2(0)) € Q1 and x(0) > 0.

(i) If z(0) < X(51(0), 52(0)), then there are at most Ny(s?,s3) — 1 impulses.

(i) If (0) > X (s1(0),s2(0)), then the solution converges to the unique periodic
orbit given by Theorem [3.4.6,

Proof. (i) Suppose z(0) < X(s1(0),52(0)) and the solution has at least Ny =

No(s?,s9) impulses. Denote the first Ny impulse times by ¢ < ¢y < -+ < ty,.
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Then, by Lemma and the definition of X (s1, s5), for some k € {1,---, Ny},

z(ty) = 2(0) — X (s1(0), 52(0)) <0,

contradicting the positivity of the solution.

(ii) If (0) > X (s1(0), s2(0)), then the solution has at least Ny impulses. Denote

the Noth impulse time by ¢y,. Then,

(s1(thy)s s2(th,)) = (g o m )N (51(0), 52(0)) € Q.

Since (s1(ty,), s2(th,)) € T'", by the definition of Qya, I(s1(tk,), s2(tf,)) > 0.

Hence, the result follows from Lemma [3.4.10] n

Example 3.4.13. Consider (3.1)) with the Monod functional responses f;(s;) =

mifi g = 1,2, and parameters (mq,mg, a1, a2) = (2,2,1.9,0.3), (Y1,Y3, D) =

aj+s;’

(4,1.9,0.5), and (51, 59, s, s r) = (0.6,0.5,1,1,0.4).

We compute the following quantities using their definition.

(51,55) = (0.76,0.7), 5, ~ 0.36, 5, ~ 0.16, u(r) ~ 0.03, V_ ~ —0.39.

Taking the initial values (sY,s9) = (0.23,0.6), we have V (s, s3) = —2.32. Then,

In(V (s, s5)/V-)
—In(l —r)

No(sY,89) = { w = [3.4908] = 4.
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The approximated values of I((gon™)"(s%,53)), 1 <n < Ny, are as follows.

(1—r)"I((gom)"(s?, 52)) | —0.2970 | —0.1785 | —0.0441 | 0.0846
Therefore X (9, s9) ~ 0.2970 + 0.1785 + 0.0441 = 0.5196.

In Figures and the initial data satisfies z(0) = 0.5 < X(s?,s9) and
z(0) = 0.53 > X(sY,5)), respectively. By Proposition [3.4.12| the fermentation

succeeds only in the latter case.

If (si,si) € Q; and p(r) < 0, then, by Theorem [3.4.6] system (3.1) has no
periodic solution. The following proposition asserts that the fermentation fails in
this case.

Proposition 3.4.14. Assume (s, sit) € Q.

(i) If u(r) < 0, then for every solution of (3.1)) with positive initial conditions,

only finitely many impulses occur.

(ii) If u(r) = 0, then for every solution of (3.1) with positive initial conditions,
either only finitely many impulses occur, or the time between impulses tends

to infinity.

Proof. Let (s1(t),s2(t), z(t)) be a solution of (3.1)) with positive initial condi-
tions. Suppose the solution has infinitely many impulses. Denote the impulse
times by ¢; < t < ---. Then by Lemma [3.4.4] (s1(t;),s2(t;)) — (51,%) and

(s1(t), s2(t)) — (51,83) as k — oo.
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(i) In the case u(r) < 0, by Lemma and the relation (7" (51, S2)) = u(r),

lim (2(ty,,) — 2(t)) = p(r).

k—oo

(ii) On the other hand, the impulsive map in (3.1)) gives z(t{) = (1—r)z(¢; ). This

implies limy_,o z(t;) = 2u(r) < 0, contradicting to the positivity of the solution.

T

In the case p(r) = 0, by Lemma and the relation I (7% (51,35,)) = p(r) =0,

lim (2(t;,,) - 2(t)) = 0.

k—o0

By the relation 2(t]) = (1 —r)x(t;), it follows that lim,_, z(tF) = 0. Hence, the
trajectory of (s1(t),s2(t),z(t)), t € (tg,tr+1), approaches the heteroclinic orbit of

(
1} from (57,55 ,0) to (51, 8,0). This implies limy_,oo (tkﬂ - tk> = 0. O
By (3.25]), the function Ny(sq, s2) of (s1,s2) € € has an upper bound
N = max{No(O, 52), NO(§17 0)}

We summarize our results as follows.

Theorem 3.4.15. Consider system ({3.1]).
i) If (s, s5) € Qo, then every solution has at most finitely many impulses.

i) If (s, s) € Q and u(r) < 0, then the fermentation fails in the sense that
for every solution with positive initial conditions, either only finitely many

impulses occur, or the time between impulses tends to infinity.
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i) If (s, s2) € Q1 and p(r) > 0, then there is a unique periodic orbit. More-

over, for any solution (s1(t), s2(t),z(t)), with positive initial conditions, the

number of impulse times is either infinite or is less than N. The case with

infinitely many impulses occurs if and only if

(s1(0),52(0)) € Q1 and z(0) > X(s1(0), s2(0)).

Proof. The theorem follows from Lemmas [3.4.3| and [3.4.5| and Propositions [3.4.12

and B.4.14

0.8

Ma
—— Solution
--=--L
——bdry(Q;)

O

0.4
02
0.2t .
,,,,,,,,,,,,,,, ‘\1
Mo ” A .
0 | | S1 )\1 18 0 :
0 0.2 0.4 0.6 0.8 1 51 0 50 100 150

t

Fieure 3.3: If z(0) < X(s1(0),s2(0)), then only finitely many
impulses occur. The orbit converges, indicated by [, after a finite
number of impulses, and the z-component of the solution tends to 0
as t — oo. The parameters are the values given in Example |3.4.13

and the initial condition is (s1(0), s2(0),z(0)) = (0.23,0.6,0.5).

200

In the following Corollary, we consider a case in which we are guaranteed that

X(s9,59) < 0. In this case, by Proposition |3.4.12] it follows that any solution of

(3.1) with (s1(0),s2(0)) = €4 and x(0) > 0 converges to the periodic orbit.
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FIGUuRE 3.4: If L lies in Q14 and z(0) > X(s1(0),s2(0)), then
the solution converges to the periodic orbit. The parameters are
the values given in Example [3.4.13] and the initial condition is
(51(0), 52(0), 2(0)) = (0.23,0.6,0.53).
If 57 > A\ and 59 > )\, we define 2, to be the region in the s;-so plane that

lies between the lines so = S5 + Ra1(s1 — A1) and so = Ay + Ro1(s; — 51) and above

or to the left of ', i.e.,

81 > 81 Or Sg > So, and
Q=< (s1,82) : . (3.27)
V()\l,gg) S V(Sl,SQ) S V(gl, )\2)
For every (s1,s2) € €y, we have min{ f1(s1), fo(s2)} > D, and so growth of z is
always positive in this region.
Corollary 3.4.16. Assume (s, s) € Oy and p(r) > 0. If 51 > A\ and 35 > Ay,
then any solution (s1(t), s2(t), x(t)) with (s1(0), s2(0)) € 2y and x(0) > 0 converges

to the unique periodic orbit of (3.1)).

Proof. First note that, since s, > Ay, the line through (57,35) is in €, and

Q) U Q4 is connected. For any (s9,s) € Qy, we have I(s,s9) > 0 and (g o
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77)(s9,89) € QU4 By (3.26), X(s,59) < 0 < z(0), and by Theorem [3.4.15]
(s1(t), s2(t), z(t)) converges to the periodic orbit. O

0.8

N —

0.2

LA A R A A R A A

FIGURE 3.5: If ug € Q) \ Q14 and Q) U Q4 is connected, when
X(s9,59) < 0, the fermentation is still always successful for all
x(0) > 0. The parameters are the values given in Example
The initial condition is (s1(0), s2(0), 2(0)) = (0.6,0.7,0.01).

Example 3.4.17. Consider (3.1)) with the Monod functional responses f;(s;) =
Mg = 1,2, and parameters (mg,me, a1, a2) = (2,2,1.4,0.6), (Y1,Y2, D) =

ai+s;’

(2,0.7,0.5), and (51, 59, s, s r) = (0.7,0.6,1,1,0.4). Then,

(57,55) = (0.82,0.76), S, ~ 0.42, 5 ~ 0.14, pu(r) ~ 0.04, V_ ~ —0.19.

The equation fi(s;) = D, i = 1,2, yields \; = D“iﬁ,, which gives A\; ~ 0.4677
and Ay = 0.2. Since A\; < $1 and Ay < Sy, )\ U Qq4 is a connected set, and the

hypotheses in Corollary [3.4.16| are satisfied.

We take the initial value (s?,s3) = (0.6,0.7). Then, V(s s3) = —0.59. A

direct calculation gives V'(A1, 52) & —0.79, so that V (A, 52) < V (s, s9) < 0. This
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implies that (9, s3) € Q. By Corollary [3.4.16], the fermentation succeeds for every
initial value z(0) > 0. An illustration is shown in Figure [3.5]

Remark 3.4.18. If Ay > 55 then the set €2;4U€2, is not connected. Then for some
(59,89) € Qy, (gom)(sY,59) is in the gap between 2, and Q4. We are unable
to rule out the possibility that the net growth in this gap is negative, and so it is

conceiveable that I((gor™)(s?,s9)) < 0. In particular, we can choose (s!, s9) € Q,

such that (s, s5) < —I((gon™)(s%,59)). Therefore,
X(s1,55) = —I(s),83) — (1 =)' I((g o7 )(s, 5)) > 0. (3.28)

Therefore, for some positive initial concentrations of biomass, the reactor will fail,

even though the initial conditions are in 2.

3.5 Maximizing the Output

In this section we regard r as a variable in the interval (r,,1), where r, is the

number given in Proposition [4.3.§

For each r € (r,, 1), there is a periodic orbit. In each period, there is exactly
one impulse. As shown in the proof of Theorem [3.4.6] the left and right limits at

an impulse are, respectively,

(51, 82,2 (r)) and (57 (r), 55 (r), 24 (r)),
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where

x_(r)= iu(r) and z.(r)= w(r). (3.29)

The trajectory of the periodic orbit can be parameterized by

So = §2 + R21(81 — §1>

and
z=X(si;r) = z_(r) - Vi / - D dv  (3.30)
7 S1 min{fl(v),f2(§2—|—R21(v—51))}
st D

:x+(r)—|—Y1/s -

dv (3.31
s1 min{fl(v),f2(§2+321(v—51))} ( )

with s; € (51,57) and 5] = 5, + (s — 5y).

Denote the minimal period of the periodic orbit by T'(r). Then

é‘l"(r) 1
T(r) =Y, dv. 3.32
(r) /81 min{fl(v),f2(§2+R21(U_51))} X(v;r) ( )

In the long run, the average amount of output divided by the total volume is

Maximizing Q(r) for r € (r,, 1) is equivalent to maximizing the output.
Lemma 3.5.1. The minimal period T(r), r € (r., 1) of the periodic orbit of (3.1)

satisfies lim, - T'(r) = co. Also lim,_,,, T(r) = oo if r, > 0.
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Proof. As r — 1, we have z,(r) — 0. By (3.32)) and (3.31)), 7'(r) — oc.

If r. > 0, then by (3.29), z_(r) — 0 as r — r.. Along the periodic orbit,

x>x_(r)>0and

min{ f1(s1), fa(s2)} > min{f1(51), f2(52)} > 0.

By (3.32)) we conclude that T'(r) — oo as r — 7. O
Proposition 3.5.2. The function Q(r) = r/T(r), r € (r.1), satisfies

lim, 1 Q(r) = 0. If r. > 0, then lim,,,., Q(r) = 0. Ifr. =0, 57 > A\, and
§2 Z )\2, then hm,«_w* Q(?”) == min{fl(El), f2<§2)} —D Z 0.

Proof. By Lemma [3.5.1} lim,_,; Q(r) = 1/(lim,_,, T'(r)) = 0.
If . > 0, then, by Lemma lim,,, Q(r) =r./(lim,,, T(r)) = 0.

Next we assume 7, = 0. By (3.32))

57 (r) 1
r)y=r Yi dv s 3.33
an=r/ ( b e e Rt s X ) 5

where X is defined by |D Since X (51;7) = z_(r) = “2) using L'Hopital’s rule

and the definition of p(r) in (3.16)),

d*—&-
lim X (s1;7) = Y3 s1(r)

r—0 dr

=0 <1 N miﬂ{f1(£)7f2(§2)}> .
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Since 57 = 51 + r(si" — 51), we have
1 1 )

dsy (r

~—

i = s — 5, (3.34)
and it follows that
lim X (5;;7) = Yi(si" — 5)) (1 b ) (3.35)
im X (s1;r) =Yi(s]' — 8 - — — — . )
r—0 ! e ' min{ f1(51), f2(82) }
Furthermore, we have
T
min {fl(sf), f2(S2 + rRoy (s — 51))} X(s157)
_ Y e ! (r)r = p(r)

dv.  (3.36)

2 Js min {f1(0), f232 + R (v — 51)) } X (v57)?

Since 51 (0) = 5 and X (51;0) # 0, by (3.35) and (3.36) we obtain

/ _ le(Siln — §1) _ 1
g (0) B min {f1<§1),f2(§2)} X(gl,O) B min{f1(§1)7f2(§2)} - D

From the expression Q(r) = r/T(r), using L'Hopital’s rule, we conclude that

lim, o Q(r) = 1/T'(0) = min{ f,(51), fo(52)} — D. O

Assume 7, > 0. Since lim,_,, Q(r) = lim,_; Q(r) = 0, by Proposition [3.5.2]
Q(r) attains its maximum at some value of r in (r,, 1). Unfortunately, the analyti-
cal expression of the derivative d%Q(T) is too complicated for finding a critical point
of Q(r). We have only obtained the maximum value using a numerical simulation.

An illustration of the maximal value of Q(r) is given in Figure
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FIGURE 3.6: (A) T'(r) is the minimal period of the periodic orbit,
r € (rs,1). The dashed line is r =r,. Asr - r,orr — 1, T(r) —
00. (B) The maximum of Q(r) is attained at r ~ 0.6416, indicated
by the dotted line. In the simulation, the response functions are

fi(si) = gfsll, 1 = 1,2, with parameters given in Example

3.6 Discussion

We have modeled the self-cycling fermentation process assuming that there are two
essential resources s; and s, that are growth limiting for a population of microor-
ganisms, z, using a system of impulsive differential equations with state-dependent
impulses. Assuming that the process is used for an application such as water pu-
rification, where the resources s; and sy are the pollutants, we assume that the
threshold for emptying and refilling a fraction of the contents of the fermentor,
resulting in the release of treated water, occurs when the concentrations of both
pollutants reach an acceptable concentration set by some governmental agency.
We called these thresholds, s; < 51 and sy < S5. We consider the process suc-
cessful if once initiated, it proceeds indefinitely without a need for any subsequent

interventions by the operator.
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By solving the associated ODE system for s, in terms of s;, we show that
solutions, when projected onto the si-so plane, are lines with slope given by the
ratio of the growth yield constants. In order to derive necessary conditions for
successful operation of the fermentor, we first divide the s;-s; plane into two
regions: )y and ;. The model predicts that solutions of the associated system
of ODEs with initial conditions in 2y approach the axes without ever reaching
the thresholds for emptying and refilling and the reactor fails, independent of
the initial concentration of microorganisms. Solutions of the associated system of
ODEs with initial conditions in €; have the potential to reach the threshold for
emptying and refilling, but in this case, successful operation can also depend on

the initial concentration of the population of microoorganisms.

In most cases, at startup the input concentration of the pollutant would be
the concentration of the pollutant in the environment, which we are assuming is
constant, i.e., (s1(0), s2(0)) = (s, si*). If, for any solution starting at these input
concentrations of the resources, (si*,s'), and positive concentration of biomass,
x(0) > 0, the threshold for emptying and refilling, s; < 5, and sy < 59, is reached
with net positive growth of the biomass, the model analysis predicts that we can
choose an emptying/refilling fraction, r, so that the system cycles indefinitely. In

this case the solution approaches a periodic solution with one impulse per period.

If the system has a periodic solution, the (s1,s2) components of the periodic
orbit lie along the line with slope given by the ratio of the growth yield constants
joining (s si') and the point in the s;-s, plane where both thresholds are reached.
The net change in the biomass on the periodic orbit, that we denote u(r), must

then also be positive.
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For other initial conditions in €2, in order for the process to operate successfully,
it is not enough that p(r) > 0. There is also a minimum concentration of biomass,
X, that depends on the initial concentration of the resources, that is required for
the reactor to be successful. If the initial concentration of biomass is larger than
X, then our analysis predicts that the reactor will cycle indefinitely and solutions
will converge to the periodic orbit. If the initial concentration of biomass is less
than or equal to X, then the reactor will cycle a finite number of times and then
fail. If there is no periodic orbit, then the reactor will either cycle a finite number
of times and then fail, or will cycle indefinitely, but the time between cycles will

approach infinity.

Besides depending on the initial concentration of the resources at start up, the
minimum concentration of biomass at startup required for successful operation
depends on the emptying/refilling fraction in an interesting way. The closer r is to
one, the smaller the number of impulses that are required for solutions to get to
the periodic orbit. However, the time spent in a region of negative growth could
be larger, and so X would be larger. The closer r is to zero, results in less time
spent in regions with negative growth, but more impulses are then required to
get close to the periodic orbit. Each impulse removes biomass from the reactor,
and so X would also increase. This implies that there is an optimal value of r
for which the reactor has the best potential for success. The values of the growth
yield constants, Y; and Y5, also play a role in the size of X. If their ratio is held
constant, but each value is scaled by a constant ¢ > 0, then X is also scaled by
the same constant c¢. Knowing this is important when selecting the population of

microorganisms to use in the process.
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If the choice of potential microorganisms for use in the process is restricted,
then it might be easier to treat more highly polluted water than less polluted
water, provided the microorganisms are not inhibited at high concentrations of
the pollutant. We have shown that for successful operation, it is necessary that an
r exists such that p(r) > 0. One way to increase u(r) without changing anything
else is to increase s and s in such a way that it still lies on the same line as before.
It is also important to choose a population of microorganisms so that (si*,si) lies
in ;. It might only be possible to do this by increasing the concentration of one of
the pollutants. However, another possibility might be to pre-process the input with
a different population of microorganisms that moves (si",si') into an acceptable

position so that a second population can then treat the water effectively.

We also make what might appear to be other surprising observations. Although
the break-even concentrations play a role, it is not necessary for both break-even
concentrations to be below their respective thresholds for emptying and refilling
for the process to be successful (see Figure . Also, the process can still fail

when both break-even concentrations are below their respective thresholds (see

Figure .

For growth on a single, non-inhibitory, limiting resource in the self-cycling fer-
mentation process, it has been shown that when the system has a periodic orbit,
every solution either converges to the periodic orbit, or converges to an equilibrium
without a single impulse [19]. If the resource is inhibitory at high concentrations,
it has been shown that solutions may also converge to an equilibrium after a single
impulse, but if there are at least two impulses then the solution is destined to

converge to the periodic orbit [7]. In contrast, if there are two limiting essential
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resources, we have shown that there may be many impulses before the system con-
verges to an equilibrium, even when the system has a periodic orbit. The example

in Figure demonstrates failure after two impulses.

An important issue when setting up the self cycling fermentation process is the
choice of the emptying and refilling fraction, r. In the application we considered we
were interested in optimizing the total amount of output. In the example, shown
in Section , we demonstrated that the optimal value of the emptying/refilling
fraction is » ~ 0.64. This result is consistent with what was shown in the single
resource cases [7, 19]. Another reason for implementing a self-cycling fermentation
process instead of a continuous input process is to maximize the concentration
of some microorganism in the output over some time period. For example, one
recent ‘proof of concept’ study [23] investigated using the self-cycling fermenta-
tion process to improve the production of cellulosic ethanol production. In their
investigation, and many other applications of self-cycling fermentation the empty-
ing/refilling fraction r is set to one half. While this is convenient for experiments
and measurements, our results indicate that this is might not be the optimal choice

of r.
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Chapter 4

Growth on multiple essential
limiting nutrients in a self-cycling

fermentor

Abstract

We introduce a model of the growth of a single microorganism in a self-
cycling fermentor in which an arbitrary number of resources are limiting,
and impulses are triggered when the concentration of one specific substrate
reaches a predetermined level. The model is in the form of a system of
impulsive differential equations. We consider the operation of the reactor to
be successful if it cycles indefinitely without human intervention and derive
conditions for this to occur. In this case, the system of impulsive differential
equations has a periodic solution. We show that success is equivalent to the
convergence of solutions to this periodic solution. We provide conditions

that ensure that a periodic solution exists. When it exists, it is unique and
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attracting. However, we also show that whether a solution converges to this
periodic solution, and hence the model predicts that the reactor operates
successfully, is initial-condition dependent. The analysis is illustrated with

numerical examples.

4.1 Introduction

The self-cycling fermentation (SCF) process can be described as a sequential batch
process and is an example of a hybrid system. In SCF, a tank is filled with a lig-
uid medium that contains nutrients and microorganisms that use these nutrients
to grow. The liquid medium is mixed to keep the concentrations uniform while
the microorganisms feed on the nutrients and grow. If a predetermined decant-
ing criterion is met, the tank is partially drained and subsequently refilled with
fresh medium. Many different decanting criteria can be used to initiate the emp-
tying/refilling sequence, such as elapsed time, a specific nutrient concentration, or
a specific biomass concentration. For example, in [17], a specific dissolved oxygen
concentration was used as the the decanting criterion. The goal was to choose the
decanting criterion so that the fermentor would run indefinitely without operator

input.

Self-cycling fermentors and sequential batch reactors are used to improve the
efficiency of wastewater-treatment facilities [6, 8], to cultivate microorganisms [9],
and to produce some biologically derived compounds [11, 16]. The process has been
suggested as an addition to the sidestream partial nitritation process in order to

reduce the competition pressure on the beneficial anammox bacteria [12]. It can
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also be argued that the control mechanism that is implemented in a turbidostat is
closer to a realization of the self-cycling fermentation process than to continuous

flow.

The decanting criterion can have a profound effect on the successful operation
of the reactor. If the decanting criterion is too strict (e.g., complete removal of a
resource), it may never be reached, and if it is too lenient (e.g., a small increase in
biomass concentration), it may be reached too often. Many studies have modelled
the growth of a single species with a single limiting resource with different de-
canting criteria, such as: threshold biomass concentrations [13]; threshold nutrient
concentrations [4, 10]; or after a certain time elapsed that depends on the nutrient
concentrations after the previous decanting stage [3]. Under the assumption that
the emptying/refilling process occurs on a much faster time scale than the other
processes in the system, the system can be modelled using a system of impul-
sive differential equations. For a discussion on the qualitative theory of impulsive

differential equations see [2, 7].

A more recent paper by Hsu et al. [5] investigated the dynamics of a model with
two essential limiting nutrients in which the decanting criterion required both nu-
trient concentrations to reach or be below a prescribed threshold. When modelling
with multiple resources, two resources are said to be essential if the microorgan-
ism cannot grow without both resources. Conversely, two resources are said to be
substitutable if the presence of either resources is enough to promote growth. The
different ways in which a species may respond to multiple limiting nutrients exist
on a spectrum that was described in the book by Tilman [14]. In [5], nutrient

uptake of two essential resources was modelled using Liebig’s law of the minimum
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[15], where the growth is limited by the nutrient concentration that results in the
slowest individual growth rate. Many more modern engineering papers do not
use Liebig’s law and instead model nutrient uptake for essential nutrients using
the product of individual uptake functions [1]. This may be problematic in the
case when a large number of resources are growth limiting; the product of many
uptake functions may predict much lower growth than what is actually observed
if each uptake function is a small number. However, the product of uptake func-
tions is advantageous because it is differentiable, whereas the minimum of uptake

functions given by Liebig’s law of the minimum is only Lipschitz continuous.

Implementation of a self-cycling fermentor can be difficult. Online measure-
ments can be expensive, and measuring quantities of interest may be impractical.
Operators of these reactors will often choose to make easier measurements that
act as a proxy for the quantities of true interest. For example, in [17], the authors
measured the dissolved oxygen concentration, since it was known to reach a min-
imum at the same time as the limiting substrate was exhausted. Alternatively,
operators may not be aware that some nutrient concentrations are lower than re-
quired in the input medium, and, as a result, unanticipated resources may become

limiting.

In this paper, we investigate the growth of a single microorganism with an
arbitrary number of essential nutrients in a self-cycling fermentor. The decanting
criterion is met when one specific tracked nutrient concentration falls below a
prescribed threshold value. We model nutrient uptake using a general class of
functions that includes both the product of uptake functions used in much of the

engineering literature and the minimum of uptake functions preferred by biologists.
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In the case with a single limiting resource, this model reduces to that given in [10].
In the case with two essential limiting resources and nutrient uptake modelled
using Liebig’s law of the minimum, this model is the same as the one in [5] where

one threshold concentration is arbitrarily large.

The paper is organized as follows. In Section [£.2] we introduce the model and
show that it is mathematically and biologically well-posed. In Section [4.3] we
provide conditions for the system to have a unique periodic solution and find the
basin of attraction for the periodic solution. We show that if the initial conditions
lie outside of the basin of attraction, then the population of microorganisms will
eventually die out, and the reactor will fail. In Section [£.4] we summarize what
we have learned, compare with similar models and discuss what implications this

may have for operators of self-cycling reactors.

4.2 The Model

We model the self cycling fermentor using the system of impulsive differential

equations
Yi s(ty) ¢ T, (4.1a)

s(ty,) eI, (4.1Db)
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where s(t) = (s1(t),...,s,(t))T. Here, s;(t) denotes the concentration of the ith

nutrient and x(t) denotes the concentration of the biomass in the tank at time t.

The set I'™ is called the impulsive set, and it represents the condition on s that
triggers the emptying/refilling process. We consider the case where only one of the
nutrients is tracked by the operator and the tank is reset when the concentration
of this nutrient reaches a prescribed threshold. Without loss of generality, we label
this nutrient s; and denote the prescribed threshold by s7. Therefore, we define

the impulsive set

I~ ={seR":s =5} (4.2)

This is an (n—1)-dimensional hyperplane restricted to the positive cone, R = {z €
R™: z; > 0fori=1,...,n}. For simplicity, we assume that s;(0) > s7. The impulse

times are then the times {¢;} such that s(¢;;) € I'", where s(t; ) = lim, ;- s(t).

The parameter D is the decay rate (or maintenance coefficient) for the microor-

ganism z, s™ = (s, ... s")T where s is the concentration of the ith nutrient
in the fresh medium, r € (0,1) is the fraction of the tank that is decanted and
subsequently refilled, and y; > 0, « = 1,...,n, are the yield coefficients for each

nutrient.

We assume F': R — R, is a Lipschitz-continuous function satisfying F'(s) = 0
if s, =0 for any i = 1,...,n, F(s) > 0 if every s; > 0, and increasing in each of its
arguments (i.e., F'(s + ce;) > F(s) for any € > 0, where e; is the ith positive unit

vector in R™).
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This class of functions includes Liebig’s minimum function,
F(s) =min{fi(s;): i=1,...,n}, (4.3)
as well as the product of functions

F(s) = ] fi(sq), (4.4)

where each f;(s;) denotes the rate at which the microorganism uptakes the ith
nutrient and are assumed to be increasing functions. In Tilman’s classification
of resource types [14], Liebig’s minimum function describes perfectly essen-
tial nutrients, and the product of functions describes interactive essential
nutrients. In the engineering literature, it is common to use the Monod growth

function, f;(s;) = £ to describe the uptake of the ith nutrient.

For s ¢ '~ the system is governed by the system of ordinary differential equa-

tions,

5i(t) = —yliF(s(t)):v(t), i=1....m (4.52)
#(t) = (=D + F(s(t)))z(t). (4.5b)

Lemma 4.2.1. Solutions of (4.5)) with initial conditions (s1(0),...,s,(0),z(0)) €
R are bounded and satisfy s(t) € R for all t > 0. Furthermore, x(t) — 0 as

t — o0.

Proof. Noting that F(s) = 0 if s; = 0 for any i = 1,...,n, the faces of R
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are invariant. Since the vector field in (4.5)) is Lipschitz, solutions to initial value
problems are unique. Therefore, any solution with initial conditions in the interior
of R™™ is confined to the interior of R%:!. The right hand side of each nutrient
equation is non-positive, and so the nutrient concentrations are nonincreasing,

which implies that F'(s(t)) is a nonincreasing function of .

If (0) > 0, then there exists t, > 0 such that F(s(t)) < D for all ¢t > ¢,. If

not, then F(s(t)) > D for all ¢, and therefore

Since z(t) is nondecreasing, it follows that z(¢) > x(0) for all . Therefore,

P
si(t) < yiD (0).

This implies that s;(t) < s;(0) — iD:c(O)t for all ¢ > 0, and hence s;(t) — —o0 as

t — 00, a contradiction.

Therefore, there exists ¢, > 0 such that F(s(t.)) < D for all t > t,. This implies

that
2'(t) < (F(s(t.)) — D)x(t) <0,
for all t > t,. Integrating gives

2(t) < w(t,)eFEED=D)-t)
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Therefore, z(t) — 0 as t — oo. O

Dividing the other nutrient equations in (4.5a) by the equation for si(¢) (i.e.,
considering §;/$1, i = 2,...,n) and integrating, it follows that the nutrient con-

centrations are linear functions of s;(¢). In vector form,
s(t) =8 —yi1(s) — 51(1)Y, (4.6)

where Y = (1/y1,...,1/y,)T and s° = (51(0), ..., s,(0))T. Note that the equation
for s in this form is trivial. For positive initial conditions, s;(t) is strictly decreas-
ing as a function of time, and so s;(t) is invertible, allowing us to write ¢(s;). This
means we can use s; as a measure of time. With this in mind, dividing by the s;

equation we can write

s(s1) =s" —yi(s? — 51)Y, (4.7a)

o(s1) = 2° — 4 / (1 _ F(f(r))> dr, (4.7h)

0 0

where z° = z(s]). If there exists ¢; such that sy(¢;7) = 37, then we can repa-

rameterize (4.7) using the percentage of s; consumed up to that point. Let

v(s1) = (s — s1)/(s? — 57). Then v € [0,1] and

0

s(v) =8 — yyl(s? -5)Y,

o) = 20+ (st =) [ (1 - F(i))) dr

After the first impulse, s; € [s7,57"], where 57 = rsi* + (1 — r)37 is the image of

51 under the impulsive map. In general, for each £ > 1 for which there exists ¢,
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such that s, (t;) = 51, we write

pu(s") =" — (s —51)Y, (4.8)

u,/(sk’(pk) = mk + yl(slf — 871) /OV (1 — w) dT, (49)

with the understanding that s’f = 5, . In this notation,
po(s") =s" =s(tf) and  i(s") = s(tiyy).

up(s¥,2") = 2" = 2(tf) and  u (s, 2%) = 2 (t; ).

First we prove that if there are an infinite number of impulses, then the reactor
cycles indefinitely with finite cycle time. I.e., the phenomenon of beating is not
possible for system ([4.1]).

Lemma 4.2.2. Assume that (s1(t),...,s,(t),z(t)) € R™™ is a solution to

with an infinite number of impulse times {tx}32,. Then limy_,o t; = o0.

Proof. Since the s; are strictly decreasing, if x(t) > 0, we can solve the s; equation
in for the time between impulses (i.e., consider dt/ds; and again use the
substitution v(s;) = (s? —s1)/(s) —371)). After the first impulse, the time between
impulses is given by

1 1
_ -t -
tk+1 - tk‘ - 91(31 - 81) /0 F(@V(Sk))u,,(sk, mk)dlj

In order to show that the sequence {#;}7°; has no accumulation point, it is enough

to show that there exists M > 0, independent of k, such that F/(, (s¥))u, (s*, 2¥) <
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M. For v € [0, 1], each component of ¢, (s*) is decreasing in v; i.e.,

(e)i(s") < (@o)i(s*) = sF

for v € [0, 1], where (,); is the ith component of ¢,, i > 1. By the relationship,

sk =rsih + (1 —7)(p1)i(s*71), for i > 1, we obtain

sET < sl + (1 —1)sh

i

Let {gF}32, be the sequence defined by ¢ = ¥, ¢F™ = rs™ 4+ (1 — r)gF. Then,

)

limsup s;(t) < lim sup (¢,);(s*) < klim qF = s\, (4.10)
—00

t—00 k=00 ,(0,1]

and thus each s;(t) is bounded above. It remains to show that z(¢) is bounded.

By (4.9), there exists My > 0 such that
ko k k
u, (8%, 2%) < 2%+ My, for all v € [0,1].

Using the relations u; (s*, 2*) = z(t; ;) and ¥ = (1 — r)x(t;), it follows that

1
1—r

" = a(t ) = w(sh ) <ab + My (4.11)

and hence

2 < (1 =) (a* + M), (4.12)
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Consider the sequence {y;}72,, defined by y(0) = 2° and yx1 = (1 —r)(yr + M),
for k=1,2,.... Then

1 —17)M
limsup z(t) < lim sup u,(s*, 2") < lim y;, = w_
t—00 k—o0 I/E[O,l] k—o00

Corollary 4.2.3. Let (s1(t),...,s,(t),2(t)) € Rt be a solution of ([4.1). Then,

for all t > 0, the solution is bounded, s;(t) >0, 1 =1,2,...,n, and x(t) > 0.

Proof. That solutions to system (4.1]) are bounded was part of the proof of Lemmal4.2.2|

It is also clear that the impulse map leaves solutions positive. O

4.3 The Periodic Solution

Define the component-wise Lyapunov-like function by
‘/L(S) = (Siln - Sl)yl - (Sin - Si)yi7 L= 17 ey T (413)

Each component, V;(s), can be seen as the signed distance from s to the line
through s™ in the direction of Y when both are projected onto the s;-s; plane. If
Vi(s) > 0, then s lies above the line through s™ in the s;-s; plane, and if V;(s) < 0,
then s lies below the line through s™ in the s;-s; plane. Note that V;(s) = 0 and
if n = 2, then V,(s) is the same Lyapunov-type function used in Chapter 3 (see
also [5]).

While each V;(s) is useful to determine the location of the projection of s in

the s1-s; plane, they are not convex functions, and therefore V(s) does not truly
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constitute a vector-Lyapunov function. On the other hand, the supremum norm,

IV(8)]|o = max{|Vi(s)| :i = 1,...,n}, (4.14)

is convex and is therefore a candidate Lyapunov function.
Lemma 4.3.1. Assume that (s1(t),...,s,(t),2(t)) € RT™ is a solution of (4.1)).

Let to = 0 and t;, be the kth impulse time, if it exists. Otherwise, set t;, = oo.

Then, for each 1 =2,...,n,
1. LVi(s(t)) = 0 fort € (tg, tesr).

dt

2. Vi(s(ty)) = (1 = n)Vi(s(ty,))-
Proof. For each component of V,

ZVS(0) = (st = s(0) = Zlsl = si(0),

and so £ max{|Vi(s(t))| : i =1,...,n} = 0.

When ¢ = t;", using (4.1b)),

Vi(s(th)) = ma(s" — s1(t)) — (s — silty)),

= (st — st — (L —r)s1(ty)) — wi(si —rsi® — (L= r)si(t;)),

= (1 =r)Vi(s(ty)).
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12t fh
—— 0

0.8

Si

0.6 |-
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S1

FIGURE 4.1: For any s, V;(s%) is the length of the perpendicular
line segment connecting s to the solution segment through s™ in
the s1-s; plane. For each i, Vj is the distance from 99y to s™ in the
$1-8; plane.

Corollary 4.3.2. If (s,(t),...,s,(t),z(t)) € R"™ is a solution to (4.1)) with an

infinite number of impulses, then V(s(t)) — V(s™) =0 as t — oc.

We can use the components of V(s) to partition R™ into two complementary

pieces. Define

in

Vi = y1(sT = 51) — yasih,

(i.e., Vi(s) when s; = 57 and s; = 0), and

O ={seR}:s >3, Vi(s) >V, foralli=2,.. n},

Qo ={s €RY : 51 > 757, Vi(s) <V, for at least one i = 2,...,n}.
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Lemma 4.3.3. If (s1(t),...,s.(t),z(t)) € R ds a solution of (A1) with s(0) €

Qo, then there are no impulses.

Proof. Without loss of generality, assume that V5(s?) < V5. Suppose that the first

impulse occurs at t = ty; i.e., s1(t]) = 57. By Lemma m,
y (s = 51) — ya(sy — sa(ty) = Va(s(ty)) = Va(s”) < Vo = yi(sy" —51) — yosy”

This implies so(¢; ) < 0, contradicting Corollary and so there are no impulses.
0

Lemma 4.3.4. Ifs™ € Q, then there are at most a finite number of impulses and

limy o z(t) = 0.

Proof. Suppose not. Then there exists an infinite sequence of impulse times
{tx}32,. Since s™ € Qq, it follows that V;(s™) = 0 < V; for at least one i = 2, ..., n.
By Corollary [4.3.2] there exists k > 0 such that Vi(po(s*)) < V. Therefore,
©o(s*) € Qp, and by Lemma no more impulses can occur. Thus, the remain-
ing dynamics are governed by . By Lemma , z(t) > 0ast — 0. O]

Remark 4.3.5. Both Q; and €y are open sets, complementary in Rf. We are

therefore missing the marginal case on their shared boundary,

O ={seR} s >37, Vi(s) >V, foralli=2,..,n,

and V;(s) =V, for at least one i =2,...,n}.
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While not covered here, it can be seen that if s € 9, then there are no impulses.
If s™ € 9Q; and s € Qy, then either finitely many impulses occur or there are

infinitely many impulses but the time between impulses tends to infinity.

In order to visualize solutions, we project them onto the si-s; plane, where j
is such that V; = max{V; : i = 2,...,n} . This allows us to see clearly whether
s € Qg or s™ € )y, since if s™ € g, then at least one V; > 0.

Example 4.3.6. Consider (4.1)) with n = 3,

F(S) _ mln{ 0.451 1.382 0.553 } 7

0.25 + Sl7 0.3+ 82’ 0.5+ S3

r=0.7,Y = (1.00,0.83,1.25)", 57 = 0.4, D = 0.05 and s™ = (1,1,0.6)7. Using
its definition, we compute V = (0, —0.20,0.52)T. Since V3 = max{V; : i = 2,3},
we project solutions onto the s;-s3 plane and easily see that s € €. The initial
conditions, s° = (0.6,0.7,0.8)", 2% = 0.5 satisfy s° € Q, yet the conditions for

Lemma are satisfied, and so, as predicted, in Figure[4.2] we see that z(t) — 0

as t — 00.
1
0 _33(t)
—n—@Ql ...... z(t)
’ 0 5 ¥
0 ‘ 2 ‘ ‘
0 0.2 375 500

FiGURE 4.2: The dynamics of Example illustrated by pro-
jecting orbits onto si-s3 space, with the line through s™ shown in
dotted red on the left. Solutions of s3 and x as functions of time
are shown on the right. As predicted by Lemma only finitely
many impulses occur and z(t) — 0 as t — oo.
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If s™ € €, then each component of ¢;(s™) is positive. We define 8§ to be the

point on ¢, (s™) with s; =577, i.e., for fixed r € (0, 1)
sTi=8T(r) =s"— (1 — )y (s —5)Y,

and define
) = i =50) [ (1= o ) (@15

to be the change in = as s changes from 8™ to § = ¢1(S*). Note that, by
Lemma [4.3.1) V;(sT) = Vi(s™) = 0 for all i+ = 1,...,n and for all » € (0,1).

Since 577 = rsi" 4+ (1 — r)37, an equivalent representation of (4.16)) is

w»wm#—wgfuiwimﬁw. (4.16)

Theorem 4.3.7. Assume s™ € Q1. If r € (0,1) and u(r) > 0, then system (4.1))
has a unique periodic solution that has one impulse per period. On a periodic
solution, x(t}) = @u(r) and z(t;) = Lpu(r) for all k € N.

If u(r) <0, then system (4.1) has no periodic solutions.

Proof. First we show that if (4.1)) has a periodic solution, then it is unique.

Assume that (4.1]) has a periodic solution. From Corollary 4.3.2 the projection
of the periodic solution onto the resource hyperplane has to lie on ¢, (7). Since
system (4.5 has no cycles, there is at least one impulse, and, by periodicity, there

are an infinite number of impulses. Denote by K the number of impulses in each

period. Then wu, (s"T* 25+%) = 4, (s* 2*) for every v € [0,1], k € N. By (4.1b)
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and combining (4.9)) with (4.15),
uy (s, 2%) = uo(sk, 2%) + p(r), F T = (1 — r)uy (s*, 2F),

and therefore, using the relation wug(s*, 2%) = z*,

= (1= )2 + ().

If 281 > 2% then we can show inductively that {z*}%° is a strictly increasing

k+1

sequence. Similarly, if %71 < 2* we can show that {2} is a strictly decreasing

sequence. Therefore, if there is a periodic orbit, it is unique up to time translation

k k

and satisfies K = 1, ug(s¥,2%) = 2% = EZp(r), and w(s*,2%) = Lpu(r) for all

ke N.

If s € Q; and u(r) > 0, then the solution with (s°,2°%) = (8%, =2pu(r)) is

’or

periodic, since 1(87) =8 and uy <§+, ﬂ,u(r)) = = pu(r).

T

If p(r) < 0, then by the uniqueness of periodic solutions and Corollary 4.2.3]
(4.1)) has no periodic solutions. ]

Proposition 4.3.8. If (1) > 0, then there exists a unique r* € [0,1) such that

wu(r) >0 forall r € (r*,1] and p(r) <0 for all r € [0,r*].

Proof. Let
r. = max{r € [0,1] : u(7) <0 for all 7 € [0, r]}. (4.17)

Note that r, is well defined, since p(0) = 0 and p is a continuous function of r.

Since u(1) > 0, it follows that r, € [0,1). By definition of 7., there exists ¢ > 0
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such that

p(r) > p(rs) =0

for all € (r.,r. 4+ ¢). If not, then r, could be increased, violating the definition

of r,. For each v € [0,1], F(¢,(ST(r))) is a nondecreasing function of r, since

pu(87(r) =8"(r) vy (s —3)Y,

=s" =y (s —5)Y +r(1 — )y sy —51)Y.

It follows that p(r) > u(r,) for all r € (r., 1]. O

Proposition 4.3.9. Assume s™ € Qy and let (s1(t),...,s,(t),z(t)) be a solution

to (4.1)) with positive initial conditions.
(i) If u(r) < 0, then there are finitely many impulses.

(ii) If p(r) = 0, then either finitely many impulses occur or the time between

impulses tends to infinity.
Proof. Suppose the solution has infinitely many impulses. By Corollary [4.3.2]
sk — 8t as k — oo.

(i) If p(r) < 0, then

lim (¥ — 2%) < lim (2™ — (1 = r)2®) = p(r) < 0.

k—oo T k—oo

k

Therefore, x* eventually becomes negative, contradicting Corollary 4.2.3]
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(i) If u(r) = 0, then

klim o* — (1 —r)2b =0,
—00

k k

implying that z¥ — 0 as k — oo. Using the relation 2™ = (1 — r)u,(s*, z%),
it follows that u;(s*, %) — 0 as k — oo. Therefore, u,(s*, z¥) converges to the
heteroclinic orbit of (4.5)) that connects (S1,0) to (8,0) as kK — oco. This implies

that tk+1 — tp, — oo. ]

Example 4.3.10. Consider (4.1)) with n = 3,

. 0.481 1.382 0.583
0254+ 0348y 0.5+s3

F(s)

r=0.7,Y = (1.00,0.83,1.25), 357 = 0.4, D = 0.1 and s = (1,1,1). By definition
Vo= —0.6 and V3 = —0.2. Since V3 = max{ Vs, V3}, we project solutions onto the
s1—s3 plane, and see that s™ € Q. Since pu(r) &~ —0.2924 < 0, by Proposition m,

there are a finite number of impulses and z(t) — 0 as t — oo. This is illustrated

in Figure [4.3]

1 Ql — Sg(t)
—_— 8Q1 ...... z(t)
%05
0 | s J
0 0.2 150 200

FI1GURE 4.3: The dynamics of Example in which p(r) <
0, illustrated by projecting orbits onto s;—s3 space, with the line
through s™ shown in dotted red on the left. Solutions of s3 and
x as functions of time are shown on the right. As predicted by
Proposition only finitely many impulses occur and z(¢) — 0
as t — oo.
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4.3.1 Stability of the Periodic Solution

In this section, we assume that s™ € ; and u(1) > 0. We fix r € (r,, 1), where

r, is given in Proposition so that p(r) > 0 and system (4.1)) has a unique

periodic solution.

For any s’ € Q;, we define the net change in = over the time until the first

impulse by

1(s%) = yi(s° — 57) /O 1 (1 - F(;(SO))> dv. (4.18)

Since s° € Qy, I(s°) is finite and an impulse occurs as long as z° is large enough.

Note that I(S*) = u(r). Define
I"={seR}:s1=5"} (4.19)

and

Gt ={sel"nNQ :I(s) >0}, (4.20)

the subset of I'" with positive growth before the first impulse. Also define
G ={p(s) el :s e G+} (4.21)

the image of G* under ¢; in I'". Let g : I'" — I'" be the impulse map acting on
s. e, forsel',

g(s) =rs™ + (1 —1)s.

The composition (g o (p1)<so) = sl7 and more generally (g o g01>(Sk) = gF*+1 for

k=0,1,....
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Lemma 4.3.11. Assume that s™ € Q; and u(r) > 0. Then there exists p > 0

such that ') := {s € I'" : Vj(s) > —p for alli=2,...,n} is a subset of GT.
Proof. Let 8(z) =8 — (0,2/ya,...,2/yn,)". Then, by Lemma [4.3.1]

Vi(3()) = s ( —) -y, ( - ( - )) =V —e =2

Yi

fori=2,...,n. Sinces™ € Qy, V;<O0foralli=2,...,n. Let c =min{-V;:i=
2,...,n} > 0. Then ¢,(5(0)) is in R% for all v € [0, 1) and intersects the boundary
of R} when v = 1. Thus, F(¢,(s(c))) > 0 for all v € [0,1) and F(¢:(5(c))) = 0.

Since F'(p,(s)) is Lipschitz-continuous, there exists K > 0 such that
[F(1(8(0)) = Flpu(s(0))] < K1 — 7],

and hence, since F' is decreasing in v, F(¢,(8(0))) < K(1 —v) for all v € [0, 1].

Therefore,

1) = s =50 [ (1= i )

. v D
< llg%m(s*ﬁ —ST)/O (1 — K(l—T)) dr = —o0.

For z < 0, 8(z) € Oy and I(s(z)) is continuous. Since 1(8(0)) = I(s7) = u(r) > 0,
by the intermediate-value theorem there exists z € (0,0) such that 1(s(z)) = 0.
Let p = sup{z € (0,0) : I(s(z)) > 0}. Thus, the set I'} is well defined, and all

that is left is to show that F:{ C G+.

Let s € I'f. Then there exists ¢ > 0 such that Vi(s) > —p+¢ = Vi(s(p — ¢))
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for each i = 2,... n. This implies that s; > §; — (p — €). By the definition of p,

we have I(S(p — €)) > 0. Since F(s) is nondecreasing in each of the s;,

I(s) > I(s(p—¢)) > 0. O

If n = 2, then Lemma [4.3.11| implies that there exists s} > 0 such that G~ =
{31} x (55, 00). This is the result of Lemma 3.4.9 in Chapter 3 (or equivalently, the
result of Lemma 4.9 in [5]). If n > 2, then we are unable to find such an explicit

formulation of I',.

We use the set G~ to define
Qa=1{s"c 0 :0.(s") € G}, (4.22)

the set of points in ; that will flow through G~ for some value of 2°. Using (4.13)

and Lemma [4.3.11} we define
P ={seQ:Vi(s)>—p,i=2,...,n},
where p is given in Lemma [4.3.11] It is clear that
OF C Q. (4.23)

Lemma 4.3.12. Assume that s™ € Q1 and u(r) > 0. Let (s1(t),...,s,(t),x(t))
be a solution of system (4.1)) with 2° > 0 and s° € Qg.

1. If 2° < —1I(s%), then there are no impulses.
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2. Ast — 00, (s1(t),...,sn(t),x(t)) converges to the unique periodic orbit given

by Theorem [{.5.7 if and only if 2° > —1(s°).

Proof. Suppose z° < —I(s°) and there is at least one impulse. By (4.9) and the
definition of I(s"),

uy(s?,2%) = 2" + I(s") < 0.

This implies that x(¢) = 0 for some finite value of ¢, contradicting the uniqueness

of initial values problems to ODEs.

If 2° > —I(s%), then by and the definition of I(s%), at least one impulse
occurs. Let ¢t = t; be the time of the first impulse. Since s € Qg, we have
s(t7) = p1(s) € G™. Tt follows that s' = rs™ + (1 —r)p1(s?) € GT and thus that
I(s') > 0. Therefore, there is a second impulse at ¢ = t;. Inductively, it follows
that impulses occur indefinitely. By Corollary [4.3.2] limy_,o [| V(¢ (87)[|e = 0 for

all v € [0,1], and therefore s* — st as t — co. By (4.9) and the relationship

I(8%) = p(r),

k

lim (u (¥, 2%) — ug(s®, %)) = u(r).

k—o00

On the other hand, the impulse map in (4.1b)) gives

klim (uo(s*TH, 2" — (1 — r)uy (s¥, 2%)) = 0.
—00

Combining these, and using the fact that ug(s*, 2¥) = 2%, leads to

lim (2" + (1 —7)2®) = (1 = r)p(r). (4.24)

k—o0
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This implies that limy_,e ¥ = =2p(r) and limyoo ug (8%, u®) = 2u(r). O

Corollary 4.3.13. Ifs™ € Qy and u(r) > 0, then all solutions to (4.1)) with 2° > 0

and 8° = s converge to the periodic orbit given in Theorem[{.3.7
Proof. Since s =s™, I(s) > p(r) > 0, and so 2° > 0 > —1I(s"). O

For each s’ € Q let Ny = Ny(s®) be the smallest positive integer such that

sNo € I'Y. Clearly, if s € Qg, we have Ny(s°) = 1.

In general, we are unable to get an exact characterization of )¢ in terms of
V(s?). However, we can approximate Ny using Q°. Let N* be the smallest positive

integer such that sV € *. By applying Lemma repeatedly,
Vi(s®) = (1 — 7)*Vi(s?). (4.25)

The condition that s° € €; \ Q” is equivalent to V;(s?) < —p for at least one of

i =2,...,n. By applying this to (4.25]) and solving for k,

NP = max { Pn(_l/i(lsg)/_;)pw Vi(s?) < —p} , (4.26)

where [x] is least integer greater than x. By Lemma and (4.23]), No < N°”.
From (4.26)), we see that N” has the upper bound

and so Ny < N; i.e., every trajectory enters € after finitely many impulses, or

the reactor fails before then.
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For any solution to (4.1) with 2° > 0 and s € €, if there exists ¢; with

Sl(tf) = 81,
w(t]) = ui(s?,2%) = 2% + 1(s%),

and, for any k = 2,3, ..., the value of z(t,) is given by
x(ty) = 2% + I(s%).
Inductively,
k
o(ty) = (1 —r) 2% + Z r) (g o)’ H(s")),

and therefore, z(¢,/) > 0 is equivalent to

2> =3 (=) I((gop) ().

We define X (s°) to be the minimum value of z° required for s(¢;) € G~ for some
L,
k . .
X)) =— min (> (1=r)"7I((gop:) " (s?))]. (4.27)

1<k<N

In particular, if s € Qg, then X (s°) = —1(s"), since Ny = 1.
Proposition 4.3.14. Assume s™ € Qy and u(r) > 0. Let (s1(t),...,s,(t),x(t))

be a solution of (4.2) with s € Q; and 2° > 0.
(i) If 2° < X (s°), then there are at most Ny — 1 impulses.

(ii) If 2° > X(s°), then the solutions converge to the periodic orbit given in

Theorem [£.5.7,

123


http://www.mcmaster.ca/
http://ms.mcmaster.ca/

Ph.D. Thesis — Tyler Meadows; McMaster University — |Math and Stats

Proof. (i) Suppose z° < X (s°) and there are at least Ny impulses. Denote the
first Ny impulse times by t; < ty < ... < ty,. By (4.9) and the definition of X (s"),

r(ty) =u (s ") = (1 - )2 - X(s%) <0,

for some k < Ny, which contradicts Corollary

(ii) It 2% > X (s%), then the solution has at least Ny impulses. Then s™ =
(g0 p1)No(s?) € Qg. Since s™ € GT, we have I(s™) > 0, and the result follows

from Lemma 4.3.121 ]

Example 4.3.15. Consider (4.1)) with n = 3,

0.581 0.782 S3 }
1+8170.4+8271+33 ’

F(s) = min{

and r = 0.3, Y = (2.0,0.2,1.0)7, 57 = 0.25, D = 0.1 and s™ = (0.5,0.1, 0.5).

By definition, V5 = —0.375, and V3 = —0.375. Therefore, Vo = V3 =
max{V5,V3}. We are free to project solutions onto either the s;-sy plane, or
the s;-s3. Notice s™ € Q; and pu(r) ~ 0.0037 > 0. By Theorem there
exists a periodic solution. With the initial conditions s° = (0.3,0.01, 1), we have
V(s®) = (0,-0.35,0.6)T, and so s € Q;. We calculate the sum in for
n=1,..., Ny where NV is the first integer such that (1 —7)*™I(s""') > 0. The

approximate values are as follows:

n 1 2 3 4 5 6

(1 —r)t="I(s" 1) | —0.1766 | —0.0575 | —0.330 | —0.206 | —0.0104 | 0.0007
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FiGURE 4.4: The dynamics of Example [4.3.15| illustrated by pro-

jecting orbits onto si-sy space, with the line through s™ shown in

dotted red on the left. Solutions of s9 and x as functions of time

are shown on the right. On the top, 2° < X (s%) and so z(t) — 0 as

t — oo after at most Ny = 4 impulses. On the bottom x° > X (s")

and so solutions converge to the periodic solution.
We therefore calculate X (s?) ~ 0.1766 + 0.0575 4 0.330 4 0.206 + 0.0104 = 0.2981.
In Figure[4.4] (top) the initial biomass concentration is 2° = 0.29 < X (s°) and so by
Proposition 4.3.14] () — 0 after at most 4 impulses. In Figure (bottom) the
initial biomass concentration is 2° = 0.31 > X (s°), and so by Proposition [4.3.14],

the solution converges to the periodic solution as t — oo.

The following theorem summarizes the results.
Theorem 4.3.16. Let (s1(t),...,s,(t),z(t)) be a solution of (4.1) with positive

initial conditions.

(i) If s™ € Qq, then (s1(t),...,s,(t),x(t)) has only finitely many impulses, and

z(t) = 0 as t — oo.

(ii) If s™ € Q and p(r) <0, then (s1(t),...,s,(t),x(t)) either has only finitely
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many impulses and x(t) — 0 as t — oo or the time between impulses tends

to infinity and liminf, . z(t) = 0.

(iii) If s™ € Qi and u(r) > 0, then there is a unique periodic orbit. Fither
(s1(t), ..., sn(t), z(t)) has infinitely many impulses and converges to the pe-
riodic orbit or (si1(t),...,s,(t),x(t)) has only finitely many impulses and
x(t) = 0 as t — oo. The case with infinitely many impulses occurs if and
only if

€y, and 2°> X(s%).

Proof. The results follow from Lemmas[4.3.3]and [4.3.4] Theorem [£.3.7], and Propo-

sitions 4.3.9 and 4.3.14l O

4.4 Conclusions

We have modelled the self-cycling-fermentation process assuming that there are an
arbitrary number of essential resources, s € R”, that are growth limiting for a pop-
ulation of microogranisms, z, using a system of impulsive differential equations.
We assume that the criterion for decanting the reactor occurs when the concen-
tration of the first nutrient reaches a threshold, 57. The process is considered

successful if, once initiated, it proceeds indefinitely without intervention.

By solving the associated system of ODEs in terms of the first nutrient, s;, we
have shown that the solutions, when projected onto the nutrient hyperplane, are

lines in the direction of (1/yi,...,1/y,)", where y; is the yield coefficient of the ith
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nutrient. Using a vector Lyapunov function, we divide the nutrient hyperplane
into two regions, €2y and €2;. The model predicts that if the initial nutrient con-
centrations lie in £y then solutions will approach the faces of R’} before s; reaches
51, and the reactor will fail. If the initial nutrient concentrations lie in €2;, then
the concentration of s; may reach s7, but successful operation of the reactor may

still be limited by other factors.

In reality, we expect that the the initial nutrient concentrations are equal to
the nutrient concentrations in the input; i.e. s(0) = s™. If, for any solution
with initial nutrient concentration s™ and positive initial biomass concentration
(x(0) > 0), the threshold concentration of s; is reached with net positive growth
of the biomass, then we can pick a fraction of medium to remove, r, so that the
reactor will cycle indefinitely. In this case, the solutions converge to a periodic

solution, with period equal to the length of one cycle.

If the model has a periodic solution, the nutrient components of the periodic
solution lie along the line through s™ in the direction of (1/y1,...,1/y,)T. The
net change in biomass along the periodic orbit, denoted pu(r), must be positive.
For other initial nutrient concentrations in €2y, the solutions may converge to the
periodic solution. However, there is a minimum concentration of biomass, X,
that is dependent on the initial nutrient concentrations, required for the successful
operation of the reactor. If the initial biomass concentration is higher than X, then
the reactor will cycle indefinitely and solutions will approach the periodic solution.
If the initial biomass concentrations are less than X, then the reactor will fail after
a finite number of cycles. If the model does not have a periodic solution, then the

reactor will either fail after a finite number of cycles or it will cycle indefinitely,

127


http://www.mcmaster.ca/
http://ms.mcmaster.ca/

Ph.D. Thesis — Tyler Meadows; McMaster University — |Math and Stats

but the time each cycle takes will grow larger and larger, approaching infinity.

The model presented here can be thought of as an extension of the single re-
source model developed in Smith and Wolkowicz [10]. In that model, it was shown
that, when a periodic orbit exists, the reactor will either cycle indefinitely or the
reactor will fail without reaching the threshold concentration of s;. We have shown
that if there are more essential limiting nutrients but only one is used for the de-
canting criteria, then the reactor may fail after many cycles, even if the system
has a periodic solution. An example of failure after 4 cycles is shown in Figure [4.4]
This may offer an explanation for failure of the reactor when the analysis of the

single resource model suggests the reactor should operate successfully.
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Chapter 5

Conclusions

In this thesis, we investigated three different models of engineered biological sys-
tems. Each of these systems is applied to a form of green technology, used to
reduce the amount of produced waste that enters the environment or to make use
of the waste produced in a different process. In each of the cases, we have com-
pletely characterized the dynamics of the system based on initial conditions and
parameter values present in the system. Each model is either the simplification of
a more realistic model (Chapter 2) or is a modification of a more basic model that
only focused on one or two mechanisms in the system (Chapter 3 and Chapter
4). The goal of this type of modelling is to make general qualitative observations
about the systems modelled to try to understand the complete spectrum of dy-
namics possible. In each case, we have made some observation from the analysis

that could be useful to those who operate such systems.

The first system uses the anaerobic digestion process to convert animal waste
into fuel in the form of biogas. The model of this process that we analyze is a

system of five ordinary differential equations and was introduced by Bornhoft et
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al. [4]. We complete a global analysis of the system, determining the complete
range of possible dynamics for any parameter regime. In particular, we show that
the dynamics of the full five-dimensional system reduce to the dynamics of a two-
dimensional limiting system. We show that the limiting system is equivalent to
the model of growth in a basic chemostat when the microorganism death rate is
considered and the growth functions are non-monotone. The dimensional reduction
of systems in this way is a common method involving the theory of asymptotically
autonomous systems [16] (although we use the slightly weaker condition that the
system is quasi-autonomous). We consider stochastic simulations of the model
using the Gillespie stochastic simulation algorithm, the tau-leaping algorithm, and
two stochastic simulations in which the parameters are treated as random variables.
All four algorithms give similar results and suggest that if the reactor is going to
fail, it will do so shortly after startup. This result implies that operators should
avoid restarting the system too often, since the reactor is most vulnerable early in

its operation.

The chemostat model that we obtain as the two-dimensional limiting system
had not been completely studied. When only one equilibrium point is locally
asymptotically stable, it is clear that the locally stable equilibrium point is also
globally asymptotically stable. When both an interior equilibrium point and a
boundary equilibrium point are locally asymptotically stable, it was not clear
whether periodic orbits could exist. By using the level sets of a local Lyapunov
function, we were able to approximate the basin of attraction for the interior
equilibrium point. By coupling our estimation of the basin of attraction with

standard phase-plane analysis, we were able to show that trajectories must either
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enter the basin of attraction or converge to one of the other equilibria and therefore

that no periodic solutions are possible.

The second system studied was the self-cycling fermentation process used to
purify wastewater. The model of this system is represented by a system of three
impulsive differential equations, with impulses occurring when both nutrient con-
centrations fall below set threshold levels. We used a symmetry inherent in the
system to visualize solutions in the nutrient plane and decompose the nutrient
plane into two regions, {2y and €2;. We showed that if nutrient concentrations
begin in €2y, then the population of microorganisms is destined to die out. If the
nutrient concentration begins in 21, then the reactor may succeed; however, this
is not the only criterion that is required for success. We showed if the input nutri-
ent concentrations are in €2y, then the microorganism is destined to die out after
finitely many cycles. However, when the input concentrations are in {2, there is
the potential for an attracting periodic solution. The periodic solution only exists
if a specific growth condition on the microorganism population is met. We find
further initial-condition-dependent criteria that must be satisfied for solutions to
converge to the periodic solution, which is equivalent to successful operation of the

reactor.

Operators of self-cycling fermentors often set up their reactors to be as simple
as possible. In many cases, this means that the fraction of medium emptied and
subsequently refilled each cycle is approximately 1/2. By considering a system that
is operating successfully, we numerically optimize the throughput of the reactor
using the emptying/refilling fraction, r. The throughput of the reactor is the

volume of liquid removed from the reactor per unit time. In a toy example, we
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show that the optimal refilling fraction does not necessarily have to be 1/2. With
the application of wastewater treatment in mind, the self-cycling process can likely
be implemented more efficiently by determining the optimal emptying/refilling

fraction.

The third model investigates the self-cycling fermentation process when there
is an arbitrary number of limiting essential nutrients. We model the nutrient up-
take using an arbitrary increasing positive function, and model the self-cycling
fermentation process using a system of n + 1 impulsive differential equations with
impulses when the first nutrient concentration falls below a prescribed threshold.
Using a symmetry of the system, we show that the time between impulses can
be effectively measured using one of the nutrient concentrations. By making this
change of variables, we can obtain closed-form solutions for the nutrient concentra-
tions and an implicit solution for the biomass concentration between impulses. We
use a vector Lyapunov-type function to show that if impulses occur indefinitely,
then nutrient concentrations converge to a periodic solution, which is a line when
projected onto the n-dimensional nutrient hyperplane. Like the two nutrient case,
we show that the nutrient hyperplane can be split into two regions, €2y and ;. We
show that if nutrient concentrations begin in €2y, then the microorganism popula-
tion is destined to die off. If nutrient concentrations begin in €2, then the survival
of the microorganism population depends on the location of the input nutrient
concentrations in nutrient space, the net growth of the microorganism population
on the solution curve through the input nutrient concentrations and an additional

initial-condition-dependent criterion on the initial biomass concentration.
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Self-cycling fermentation depends on the ability to be able to make regular on-
line measurements of the system. These measurements can be difficult and expen-
sive, so operators often find ways around measuring the exact quantities of interest.
For example, in the turbidostat [17], the turbidity (cloudiness of the liquid) is used
to estimate the biomass in the liquid, and the dissolved oxygen concentration is a
common proxy measurement for limiting nutrient concentrations [19]. If the mea-
sured quantity also becomes limiting or there is a shortage of other nutrients in
the input medium, then the multiple-nutrient model suggests that the reactor may

fail, even if the single-nutrient model would predict success.
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