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Abstract

Recent advances in energy harvesting techniques have enabled the development of self-
sustainable systems that are powered by renewable energy sources in the environment.
In this field, designing power control policies that can achieve high throughput is a
significant problem. In this thesis, we analyze the long-term average throughput of
Best Effort Policy in energy harvesting communications under a Bernoulli energy
arrival process. We provide a limit and an order’s upper bound of the difference
between throughput induced by limited battery and throughput induced by unlimited
battery for two Bernoulli cases respectively when battery capacity approaches infinity.
Besides, some other energy harvesting processes are considered, their characteristics

of throughput are discussed by numerical simulation.
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Notation

| 4| Absolute Value of real number A or Modulus of complex number A
A* Complex Conjugate of Complex Number A

1.0.d Independent Identically Distribution

I Mean of Energy Arrival Distribution

e Long-term Average Throughput of Energy Harvesting Communica-

tions with Limited Battery

O Long-term Average Throughput of Energy Harvesting Communica-

tions with Unlimited Battery
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Abbreviations
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HSU Harvest-store-use
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Chapter 1

Introduction

Recent advances in energy harvesting techniques have enabled the development of self-
sustainable systems that are powered by renewable energy sources in the environment,
such as solar energy, wind energy, thermal energy and so on. This technology makes
it possible to reduce the dependence of battery and it has received a lot of attention.
Unlike conventional communication systems, the power supply of energy harvesting
systems is not fixed due to the nature of renewable energy sources, for example, the
solar and wind energy are related to weather condition and geographic situation,
which indicates that the problems in this field will be challenging.

In the past several years, a lot of work on energy harvesting communications has
been done, including the research of energy sources, usage protocol, power control
policy and other aspects [10], [27].

For energy sources, mainly, there are four types as solar or light, motion, ther-
moelectric effect, and electromagnetic radiation. The amount of harvested energy
and whether it is controllable or not base on each energy source’s own characteris-

tics [9,18,20,21,24, 30].
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Two significant schemes of energy harvesting systems are studied widely as harvest-
store-use (HSU) scheme and harvest-use-store (HUS) scheme [19]. The harvest-store-
use scheme harvests energy and stores it into the equipped battery before transferring
power to the receiver, which is shown in Figure 1.1. On the other side, harvest-use-
store scheme use the obtained energy firstly and then store the remaining power into
the battery, which is shown in Figure 1.2. Generally, HUS architecture can have a
better performance than HSU architecture if the transmitter is equipped with a finite-
sized battery because it can reduce the amount of wasted energy caused by overflow

in the battery. In our thesis, only the HSU scheme is considered.

v
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Figure 1.1: Energy Harvesting Communications (HSU)
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Figure 1.2: Energy Harvesting Communications (HUS)

Power control policy is the energy allocation strategy of energy harvesting system,
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which determines the energy consumption Y; at current time slot based on the avail-
able knowledge of energy level in the battery B, and energy arrival E;. B; contains
past and current information of energy arrivals, we can have a simple expression for
HSU scheme like

B, =min (By_1 — Y1 + Ey, m). (1.0.1)

There are two classes of power control policy, one is offline policy and the other one is
online policy. In offline policy, the transmitter is assumed to know the information of
all future energy arrivals, in other words, the time slots and amounts of future energy
arrivals can be predicted. The energy used from buffer depends on all harvested

energy and current energy stored in the battery as

Y, = fi(B, E2)). (1.0.2)

In the offline case, finding the optimal power control policy can be looked like a
convex optimization problem whose objective functions and constraint functions can
include the information of known future energy arrivals. However, in online policy,
future energy arrivals are random and uncertain, so, the transmitter only has causal
knowledge of energy arrivals, which can be described by stochastic processes including
time-unrelated model as statistical distribution and time-related model as Markov
Chain. Here is the formulation of energy consumption in the online case at time slot
t

Y= fi(By). (1.0.3)

Due to the uncertainty of future energy arrivals, neither consuming energy too fast

nor too slow is wise. If energy consumption is fast, it is possible that an outage
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occurs. On the other side, saving too much energy for the future is not always a
good choice, an overflow should be considered. Designing a power control policy
for the online case can be looked like a Markov Decision Process. Besides, the goal
of power control varies, maximizing long-term averaged throughput, minimizing the
probability of outage and other objectives will lead to totally different power control
policies [2,5-8,12-16,22,28,29,32,34]. Several examples are summarized as follows.

In [16], An offline energy scheduling is proposed by solving a convex optimization
problem that focuses on the maximum throughput associated with a deadline. [34]
finds two offline power allocation strategies that can minimize completion time for two
cases, where no packet arrival occurs during transmission and packet arrivals exist
after the starting of transmission. In [29], authors discuss the offline policies can
achieve maximum throughput and minimum mean delay for a point-to-point system
equipped with an infinite battery. With a linear reward function, the policy which
spends the smaller one of two energy amounts, all available energy in the buffer and
required power of data transfer, at every time slot is considered throughput and mean
delay optimal. A numerical online optimal policy solved by dynamic programming
method is shown in [5], its target is to reach the maximum throughput over a finite
time horizon for a limited battery. [5] also uses a numerical method to obtain the
offline optimal policy that can maximize throughput for both limited and unlimited
buffer over a finite horizon. In [22], authors represent the Fixed Fraction Policy
using a fixed proportional p to the energy level in battery. Besides, the throughput
optimal policy under the Bernoulli energy harvesting process is obtained by a precise
mathematical expression.

In addition, there are some other problems studied in the energy harvesting field,
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including energy harvesting models, imperfect battery [3,26,33] and so on. However,
Among existing researches, energy scheduling is a significant key task and throughput
is an important evaluation criteria [1,4,11,17,25,31]. Therefore, having an under-
standing and view of the energy harvesting system’s long-term average throughput is
beneficial for designing power control policies in future work.

In this thesis, we will discuss the characteristics of the long-term average through-

put of the Best Effort Policy.



Chapter 2

Problem Statement

2.1 Problem Statement

For power control problem, at time slot ¢, energy arrival is denoted by FE;, energy
stored in battery is B; and energy consumed for data transmission is Y;. The battery
capacity is described as m. A simple sketch of the system model is given by Figure

2.1.

m

—_— —_— transmitter

Figure 2.1: Energy Harvesting Communication System Model

Here we consider E; as i.i.d and system as harvest-store-use (HSU) architecture,
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which means that at each time slot, we always have B; < m and Y; < B;. The energy
harvesting system is capacity-achieving for Additive White Gaussian Noise (AWGN)
channel at all signal to noise ratios, in other words, the reward function is Gaussian
Channel Capacity formula. We consider the Best Effort Policy, which is an online
policy consuming all available energy if B, is less than the mean of energy arrival pu,
otherwise, consuming u at each time slot. In fact, it can be looked like a combination
of the Greedy Policy and the Constant Policy. The Greedy Policy is an online policy
that uses up all energy in the battery every time, and it performs well when battery
capacity is small. While the Constant Policy keeps a constant consumption as long
as the power storage is enough, which is optimal when battery capacity approaches
infinity. The Best Effort Policy can combine these two policies to make up their
shortfall in different ranges of battery capacity. For transmitter with finite battery,

the long-term average throughput is given as

n

1
2510g(1 +Y})

t=1

1
O = limsup —E

n—oo N

. (2.1.1)

For energy harvesting system equipped with infinite battery, if online energy alloca-
tion strategy for consumption is i at each time slot, the long-term average throughput
can achieve [23]

1
O = 3 log (1 + yp) . (2.1.2)

Here ~ is signal to noise ratio and v is set as 1 in following discussion.
In this thesis, we analyze the difference between throughput induced by an un-
limited battery and a limited battery for the Best Effort Policy if the energy arrival

process follows i.i.d Bernoulli distribution. And then, we extend to other distributions
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by numerical simulation.

2.2 Thesis Structure

This thesis is organized as follows. In the first chapter, introduction and background
information of energy harvesting communications are provided. Then, the second
chapter includes a statement of the problem and a structure of this thesis. The
main results and rough proofs are given in the third chapter. The final chapter is a

conclusion. Appendix A and B give detailed proofs of our main results.



Chapter 3

Main Results and Proofs

3.1 Throughput of Bernoulli Energy Arrival Pro-
cess

In this section, we use Markov Chain to show that if E; follows 7.i.d Bernoulli distri-
bution, when battery capacity approaches infinity, the long-term average throughput
of the Best Effort Policy will go to (2.1.2). We provide the limit of ©,, —© when the
mean of Bernoulli energy arrival is one and the upper bound of the order of ©,, — O

in the large m limit when mean of Bernoulli energy arrival is an arbitrary integer.

3.1.1 The Mean of Bernoulli Energy Arrival Process is 1

Firstly, we will prove that under the condition of ;= 1, when m goes to infinity, the

probability of no energy in the battery, written as P (0), has
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which indicates that

. 0,-6 k-1
ml_l)I_Ii_loo T log 2. (3.1.1)

3.1.1.1 Theorem 1
If energy arrival is assumed as Bernoulli distribution, whose mathematical expression
is

P(E=0)=1-., (3.1.2)

where k is integer and k > 2.

We can have

lim = —
m——+00

where P (0) is the probability that energy level in the battery is 0.

3.1.1.2 Proof

Figure 3.1 shows the Markov Decision Process of energy in the battery B; under
Bernoulli energy arrival as (3.1.2). The Best Effort Policy is considered as if B > u
at the current time slot, ; amount of energy can be used; otherwise, all energy in the
battery will be spent. In this condition, i equals to 1, therefore, the policy can be
simply looked as energy consumption Y; is 1 at each time as long as B; # 0.
According to the similar process under buffer capacity m, several equations about
probabilities of energy level in the battery, from P (0) to P (m), can be obtained, and
these equations are related to parameter k. Here P(i) represents the probability of

energy amount in the battery is i. After simple calculation, the following equations

10
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Figure 3.1: Markov Chain of Energy Level in Battery (k =3, m = 7)

are gotten:
1
P(k+1):E(P(2)+...+P(k+1)) (3.1.3)
1
P(k+2):E(P(3)+...+P(k+2)) (3.1.4)
1
P(m):E(P(m—k+1)+...+P(m)). (3.1.5)
By equations from (3.1.3) to (3.1.5), P(2), ..., P(m) can be looked as a linear
recurrence and solved by Characteristic Roots Method. P (2), ..., P(m) can be
written as

P (n -+ 1) =Cy+Cox" + ...+ Ckflmkfln,

11
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where C] = %P (0) and Cy, ...,Ck1 = k—ilP (0). Here x are roots of

(k-1 —ab2 b3 —x—-1=0

Through discussion, the absolute values or modulus of xs, ..., xx_1 must be strictly

smaller than 1. Since )", P(i) = 1, we have

1 2
(1 — m)P (0) + mp (O) + CQIQQ +...+ Ckfll’kflq = 1, (316)
q=1
Due to|za| < 1, ...,|zk_1| < 1, we can get a result that P (0) converges to zero when
m approaches infinity as
P (0 1
m——+00 poes —

The detailed proof is shown in Appendix A.

3.1.2 The Mean of Bernoulli Energy Arrival Process is j

Secondly, if p is an arbitrary positive integer, the probability that B; = 0 is denoted
by P (0). For the Best Effort Policy, it can be proved that there is a positive and finite
number [ such that ©,, — 0 < /BLm for m is sufficiently high by following Theorem 2.

Here  is unrelated to battery capacity m.

3.1.2.1 Theorem 2

If energy arrival is assumed as Bernoulli distribution, whose mathematical expression
is

P(E, =0) = 1—%, (3.1.7)

12
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where k, j are integer and k£ > j > 0.
There is a positive and finite number « such that P (0) < - for m is sufficiently

high. Here « is unrelated to battery capacity m.

3.1.2.2 Proof

Battery level state B; studied by Markov Chain under (3.1.7) is shown in Figure 3.2.

Also, the Best Effort Policy is studied in this case.

(IR

S T

Figure 3.2: Markov Chain of Energy Level in Battery (k = 5, j=2, m = 10)

Similarly, we have some equations of probabilities of battery energy level, P(i),

until m as

(1—%)P(k+j):%(P(j+1)+...+P(k))

—<1—%>(P(kz+1)+...+P(k:+j—1)) (3.1.8)

13
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<1—%>P(k;+j+1):%(P(j+2)+...+P(k:+1))
—(1—%) (P(k+2)+...+P(k+3j)) (3.1.9)

(1—%)P(m):%(P(m—k—i-l)-i—...—i—P(m—j))
—(1—%)(P(m—j+1)+...—|—P(m—1)). (3.1.10)

According to the above equations, through the Characteristic Roots Method, we can

also find the general term formula from P (1 + j) to P (m) as
Pn+j)=C1+Coxs" + ...+ Croyxp1"
or

P (n + ]) = 01 + nggn + ...+ Oll'ln + (O[.H + ...+ n“l_lCHul) Il_Hn

+ ...+ (Ck—uw + ...+ n“w_le_l) Z‘H_wn

which correspond to the conditions of only & — 1 number of single roots exist or w
number of repeated roots exist for (3.1.11) respectively. Here C; is independent of m

and all x are roots of

(1 _ %) (a5 o2t % (142t +at) =0 (3.1.11)

Also, because of > "/ P (i) = 1, by calculation, when m approaches infinity, we can

14
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obtain that

%P (0) + Cy (m — j) + H (acos (mb) — bsin (mh)) ™ P (0) = 1

or

%P (0) + C1 (m — j) + H (acos (mf) — bsin (mb)) mt™P (0) = 1,

where C > k%jP (0) and H, t, ¢ are real finite numbers. By discussing all possible

values of ¢ and t, for large m, we can get the result that

1
am

where « is a positive and finite number that is independent of m.

The detailed proof is shown in Appendix B.

3.2 Extension

In this section, we do some numerical simulations of other distributions for the Best
Effort Policy.

Figure 3.3 to Figure 3.6 show the simulation results for several different kinds of
energy arrival process with different means and variances. Here X; follows 7.i.d. In all
cases, it is clear that with the increase of battery size m, the throughput of a system
equipped with a finite-sized battery converges to optimal throughput induced by an
infinite-sized battery. The maximum long-term averaged throughput of the unlimited
buffer system is given by (2.1.2), which is independent of battery size.

We also consider the influence of energy arrival distribution moments on long-term

15
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average throughput curve.

We can find that throughput with limited battery is related to mean and variance.
In Figure 3.7, we keep variance is 5. From this figure, there is a positive relationship
between ;1 and the point m that the convergence rate starts decreasing. Then, from
Figure 3.8, there is a negative relationship between variance and convergence rate for
normal distribution. When o2 = 20, the point that ©., approaches © is larger than
the one when o2 = 5. In addition, the throughput curve is smoother if the variance
is large, which indicates the rate of convergence is lower.

The skewness and kurtosis of energy arrival distribution affect throughput. How-
ever, their effect is relatively small. In Figure 3.3 and Figure 3.9, we assume that
mean and variance are same but the skewness and kurosis are different, which shows
a similar result in the figures, which shows that these two moments of energy arrival
distribution have small influence on performance.

Generally, the shape of p.d.f will affect the curve of throughput, which is related
to the four moments in our above discussion. From Figure 3.3a to Figure 3.6a,
we can simply say that if p.d.f is monotonically decreasing, the convergence rate of
throughput will become highest. While if p.d.f increases firstly and then decreases,
the convergence rate will be lowest. For Uniform distribution whose p.d.f is flat, the
convergence rate will between those two types. Similar result is shown in Figure 3.3b
to Figure 3.6b.

In fact, these results are natural because if the probability of small energy arrival
is high, it will be more possible that the energy stored battery is below mean and all
energy is used, which indicates the throughput will be lower under a fixed battery

capacity.

16
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Chapter 4

Conclusion

In this thesis, we study the performance of the Best Effort Policy in energy harvest-
ing communications. For the Bernoulli energy arrival process, the difference between
throughput values induced by an unlimited battery and large limited battery is cal-
culated. The limit and upper bound of this difference corresponding to two Bernoulli
cases are given. Under Bernoulli energy harvesting condition with mean equals to

one, we prove that lim,,_, .., 2= = -1 log 2, while under Bernoulli energy harvest-
k—1

m

ing condition with mean is an arbitrary positive integer, we can obtain that ©,, — ©
is no greater than ﬁ when m is sufficiently high. Here « is a positive and finite
number that is independent of battery capacity m. Besides, we also provide some
numerical throughput results of other energy arrival distributions and discuss their

characterizations.

21



Appendix A

Proof of Theorem 1

According to Markov Chain of By, the following equations can be obtained.

%p(o) — (1 — %) P (1) (A.0.1)
P(1) = (1 - %) P(2) (A.0.2)
Plh—1) = <1 _ %) P (k) (A.0.3)
1 1 1
PR =1 PO)+P(1)+ (1 _ E) Pk+1) (A.0.4)
P(kt1)= %P(Z) + (1 _ %) Pk+2) (A.0.5)

22
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P(m—-1)= %P (m—Fk)+ (1 — %) P (m) (A.0.6)
1
P(m):E(P(m—k’+1)+...+P(m)). (A.0.7)
The equations (A.0.5), ..., (A.0.7) can be written as
1
P(k;+1):E(P(2)+...+P(k;+1)) (A.0.8)
1
P(k+2):E(P(3)+...+P(/ﬂ+2)) (A.0.9)
1
P(m):%(P(m—k—i-l)%—...—i-P(m)). (A.0.10)
Then P (2), ..., P(m) can be regarded as linear recurrence, and be expressed by

Characteristic Roots Method as

P (]) = CliL’lj + CQ.ﬁEQj +...+ Ckflxkflj

if the solutions xq, ..., xj_1 of equation

(k=12 —aF2 "3 - 2 —-1=0 (A.0.11)

23
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are all single roots. For (A.0.11), there will be one solution as 1 and couples of
solutions as conjugate complex pair, besides, in some conditions, other real solutions

probably exist. Let the left side of (A.0.11) as f (), we have
F@)=(z—1) ((k—1)xk’2—|—(k—Q)xk’3+...+2x+1)

and

fa)=(k-1%2"2—(k—2)z"3 - . —20-1.

If f(x) and f'(x) are relatively prime for £ > 2, all solutions of (A.0.11) will not be
repeated. Therefore, we need to check whether same roots of f (z) =0 and f'(x) =0
exist or not. Obviously, x = 1 must not satisfy f’ (z) = 0 with & # 1 or 2. Now, the

problem is converted to finding whether
(k—1)a" 2+ (k—-2)2"34+ .. . +20+1=0 (A.0.12)

and

(k—1)°zF2—(k—2)2" 3 —. .. —22-1=0 (A.0.13)

have same solution.

Assuming a same root zg for both above equations, by (A.0.13), we can get
(k—12x"% = (k—2)x" 3 4+ ... 4 220+ 1,
then plug this equation into

(k—172" 2 — (k-2 a2 — ... =22 -0-1=0,
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we can have

(k=1 2" 2+ (k= 1) 2" 2 = 0.

Above equation is satisfied if and only if £ = 0, Kk = 1 or ¢y = 0, which contradicts
k > 2 and f'(xg) = 0. So, we have f(z) and f’(z) are relatively prime, which
indicates that f (z) do not have repeated solutions.

Because (A.0.8) starts from P (2), P(2), ..., P (m) can be represented as
P (n + 1) = CI -+ OQ.I‘Q” + ...+ Ck_ll‘k_ln,

wheren =1, ..., m —1 and w9, ..., xx_; are solutions except 1 for (A.0.11).

By following equations:

1 k
P (2) = mmp (0) = Cl + C2x2 + ...+ Ck—lxk—l

1 E\’
P(3)=— (—) P(0) =01+ Cory® + ...+ Cp1mp1°

k—1
Pk)=—— <_) P (0) = Cy + Coms" ' 4. 4 Crorap™

we can get C) = 2 P(0) and Co = Cy = ... = Cy_y = 5P (0).
Then, we will discuss the absolute values of xo, ..., x)_1.
Firstly, real solutions are considered. For (A.0.11), obviously, any positive solu-

tions except 1 can satisfy it, therefore, all values of xo, ..., x;_1 are negative. Besides,
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when z; < —land i = 2, ..., k—1,if k — 2 is odd, we will have (k — 1) 22 +
(k —2)2%=3 < 0 and by parity of reasoning, the left side of (A.0.11) must less than
0. On the other side, if k —2 is even, we will have (k — 1) 2* 2+ (k — 2) "% > 0 and
by parity of reasoning, the left side of (A.0.11) must larger than 0. These indicates
that the absolute values of xs, ..., x;_1 should be strictly less than 1.

Secondly, we consider solutions as the conjugate complex pair. Complex roots
are assumed as r (cosf +isinf) and cosf # +1, sinf # 0, which satisfy (A.0.12).
Assuming

S=(k-1Da" 2+ (k-2)2"3+. . +224+1,

we will have
ek e+ 1 (k—1) 2!

1—x
1—aFt  (k—1)2%!

(A.0.14)

(1—.1:)2 11—z

Let (A.0.14) equals 0, we can obtain

kol = (b — 1) 2" + 1,

because x = 0 is not a solution of (A.0.11),

k — 11' _I_ lx_(k_l)

1:
k k

1=

? 17" (cosf +isinf) + %r_(k_l) [COS (= (k=1))0+isin (- (k—1)) 9] ,

which indicates

1=

rcosf + %r(kl) cos (—(k—1))6 (A.0.15)
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and
-1 L -1y o
0= ’ rsinf + il sin (— (k— 1)) 6. (A.0.16)
By (A.0.16),
k—1)60

1)k — sin (

( ) sin 6
is gotten, and due to

sm(l?— 1)9’ ko1,
sin 6
we can have
r<1

Besides, r = 1 satisfies (A.0.16) only when sinf = 0 or k = 2. sinf = 0 is in

contradiction with our assumption and if £ = 2, (A.0.11) will only have one solution

as 1. Therefore, for all complex solutions, the modulus will strictly less than 1.
Overall, |zo] <1, ..., |zgp_1] < 1.

Because of P(0)+ P(1)+ ... + P(m) =1, we have

m—1
1 2
(1 — m) P (0) + E mp (0) + Ogl'gq —f- Ce —|— C}C_ll’k_lq = 1 (A017)

q=1

For each couple of conjugate complex solutions, since their coefficients are same as

=P (0), we have

—1P (0) (27 + (%)) = —1P (0) r? cos (qf)
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with 7 < 1. Therefore, (A.0.17) can be rewritten as

m—1
1 2 2
(1 - m) P(0)+mP(O) (m — 1)+mP(O);cos(qu)rlq—|—... =1
Obviously, we have
lim PfO) _ k—1
m——+00 poey 2
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Appendix B

Proof of Theorem 2

According to Markov Chain of By, the following equations can be obtained.

P(0) = <1— %) (PO)+P(1)+---+P(5)) (B.0.1)

P) = (1 - %) P(+1) (B.0.2)
P(k—l)z(l—%)P(jJrk;—l) (B.0.3)

P (k) _%(P(O)+P(1)+---+P(j))+ (1—%)P(l{:+j) (B.0.4)
P(k+1):%P(2)+(1—%)P(k+j+1) (B.0.5)
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P(m—j+1):%(P(m—k+1))
P(m—l)z%P(m—/{:—i—j—l)
P(m):%(P(m—k+j)+--~+P(m))

(B.0.5), ..., (B.0.9) can be rewritten as

(1—%>P(k+j)= (PG+1) 4+ P (k)

.

—(1—%) (P(k+1)+--+P(k+j—1))

'(P(j+2)+~--+P(k+1))

VRS
—_
|
|~
~_
U
—
™
+
.
+
=
Il
ENERES

— (1—%) (P(k+2)+--+P(k+)))
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C(Pm—k+1)+ -+ P(m—j)

VR
—_
|
.
~
Y
2
I
El S

—(1—%) (P(m—j+1) 4+ P(m—1)). (B.0.12)

Similarly, P(k+7), ..., P(m) ca be solved as linear recurrence. According to the
characteristic equation:

(1 . %) (:Ek_l ot xk_j> - % (1 Yot xk_j_1> — 0, (B.0.13)

we can find that x = 1 satisfies (B.0.13) as a single root and all complex solutions
should appear as conjugate couples. Two conditions are discussed: characteristic
equation only has single roots and has repeated roots.

Firstly, we consider the case that only single roots exist. Assuming x; as 1, we

have
P (n + j) = Cl + Cgl’gn + -+ Ck_lxk_ln, (B014)
where C', ..., Cy_; are decided by following k£ — 1 equations
k
Cl + CQZCQ + -+ C’k,lxk,l = EP (1)
Cy + Cowy! + -+ + Croyap—t’ = ijP ()
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2
Cy + Coxy? 4 4 Gy = <—> P(1)

4 . EO\?
C+ Cozg™ + o 4 Cryap T = (—) P(j),

where P (j) = k%'jP(O) —P(1)—...—P(j—1). It is clear that Cy, ..., Cx_; are
functions of k, j, P(0), ..., P(j—1) as

By calculation, we have

2 j—1 2 12
- P+ PG-D. (B0

According to (B.0.7), ..., (B.0.8), we can obtain

—2j4+1 —2j+1
Cy+ Comy™ 21T oo Oy VT =

% <01 + CgiBQm_k_j—H +- Ck_1$k_1m_k_j+1>

Ci4Cozy™ 7 e 4G ™77 = <Cl + Chzy™ 4 4 C’k,lxk,lm*k”) ,

EN

which are still satisfied when m approaches infinity. Plugging (B.0.15) into above
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equations and by Cramer’s Rule, P (1), ..., P(j — 1) is related to P (0) as

n n
_ > N™ g™ =2 gy mh ek

P (n) - ZZ Nzx2mhz,2 . $k71mh’z,k—1 P (0) 5
where n =1, 2, ..., j—1and . Then, by (A.0.16), coefficients can be represented
as
bi
Ci=(2) P, (B.0.17)
T
where
and
Her67 hrz,27 te hrz,k—la hz,Zu B hz,k—l Z 0 and hrz,2 +.. .+ hrz,k—l + hz,2 +...+

h. -1 < j—1, besides, R", and N, are probably equal to 0. From (B.0.16), it is clear
that
2

Gy 2 == P(0) (B.0.18)

Since the coefficients of conjugate roots are conjugate couples, for complex conjugate

solutions, we have

Cx" + C*(z*)" = " (2a cos (nf) — 2bsin (nb)) , (B.0.19)
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where 7 is modulus of z and C' = a + bi. According to (B.0.1), we can get

PU)= 2P0 = P() == Pl -1)

which indicates that

P(O)—|—P(1)+---+P(j)Z%P(O)-

Dueto P(0)+P(1)+ ... + P(m) =1 and (B.0.17), following equations are gotten:

k "“j
1 = <E) P (O) + ; Cl + CQSEQQ + ttt + Ckflxkflq
k by . by w3 xéij boxy’
1= — + Xm— 22 _ e
(k—j+T(m DRl gl S A
bp—1  Tp—1 2y baa

— P (0 B.0.20

+ T 1—.Tk_1 1—$k_1 T (>’ ( )

where by, ..., by_1 and T are exponential terms with m power as above discussion.

When m goes to infinity, it is easy to obtain that

szE2 T bk—l Th—1 _ l’;ﬂ_jl bk_lkafl _
m—H—OOTl—J]Q 1—[)32 T T 1—J]k_1 1—[L‘k_1 T

H (acos(m#) — bsin (mf)) ™ (B.0.21)

where H, t are finite real number and cos (m#), sin (mé) € [—1,1]. (B.0.20) will be
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converted to

(k—ﬁj + % (m — j) + H (acos (m#) — bsin (m#)) tm) P(0) =1. (B.0.22)

By (B.0.16) and (B.0.1), we have
(B.0.23)
If 0 <|t| <1 or H (acos(mb) — bsin (mf)) = 0, obviously,

ml—i}—?ooH (acos (mf) — bsin (mb)) t™ =0,

which indicates when m approaches infinity, we have

1
P(0) <
(0) < % + % (m — j) + H (acos (mf) — bsin (m#)) t™
1
P0) < —5—.
ijm
If[t| =1, (B.0.22) will lead to
lim P (0) li !
im = lim :
200 m—s-00 % + % (m —j) + H (acos (mb) — bsin (m#))
also, we have
1
P0) < —
ijm

for m is sufficiently large.

35



M.A.Sc. Thesis - Y. Wang McMaster University — Electrical Engineering

If|t| > 1, according to (B.0.23), Zm should be linearly order of m, obviously, we have

lim (H (acos (m#) — bsin (m#)) tm> P(0)=1,

m—-+00

which tells us that

lim (H (acos (mf) — bsin (mb)) tm) > 0.

m——+00

Then

1
P(0) = lim

m—+00 % + le (m—j)+H (acos (mf) — bsin (m@))

and when m is sufficiently large,

In a word, for single root condition, we have

1

P(0) < o

in the large m limit, here « is a positive and finite number that is unrelated to m.
Next, we consider the condition that repeated roots exist in (B.0.13). We assume

there are w repeated roots and their multiplicity is u;, then P (j), ..., P (m) are

Pn+j)=Ci+Coxs" + -+ Cx" + (Crpr + ... + 0" Cliy,) 111"

oot (Cry o 0™ ) 2" (B.0.24)

where Za, ..., 214, are solutions of (B.0.13) and x;,1, ..., 2,1, are repeated solutions.
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Ci, ..., Ch_1 are decided by following k£ — 1 equations:

P(l1+4j)= (%)P(l)

Similarly, we can obtain that C; = A, P (0)+ ---+A; j_1P(j—1) and it is a function

independent of m. By (B.0.7) to (B.0.8), we can represent C; as

C; = <f) P(0), (B.0.25)

whose

bi = Z Qi,z (Ni,z + Mi,zm + .. )hi,zal . (U’i,z + L’i,zm 4. )hi,z,H-w

x2mhi,z,2 e xl+wmhi,z,l+w
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and
T — Z QZ(NZ —+ Mzm + .. )hz,l e (UZ + Lzm + ... )hz,lerx.zmhz,z . ':El-i-’wmhz’H—w'

It is clear that b; and T are exponential terms or power functions about m. Here
Pizoy ooy Rizigvws Pzoy ooy hogpw 20, hizo+ .o+ Rz <J—1land hoo+... +
hivw < j — 1. Besides, all coefficients are possible to equal to 0. By calculation, we
also have

2 by 2(k—1)

<—<

ST e (B.0.26)

And for x; as complex number, we still have (B.0.19). Therefore, according to

Yoo P (i) =1, we have

k ey
= (—) P(0) + Z Cy+ Comy + -+ Cry + (Cra + -+ + ¢ Cryy) (2012)"

q=1

4+t (Ck_uW + -+ quw_lc'k_1) ($l+w)q )

which indicates

- ( k by (m — ) bots (1 — ™) Dk Tigw (1 — T14,™ )

K= T T—z) T (1 — 2140)

b wr—1 D14
+Z(q T g T) (wr1)" 4 -+

+ (qb’f—Uw 4ot quw—lbk _ 1) (lerw)q)p (0) (B.0.27)

T T
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In fact, when m approaches infinity, there is

o B2 (=) b (1= ™)
T—+00 T (1 — xg) T (1 — wa)

m—j
by wi—1 0144
+Z(q—{f+~-+ql 1—;1>(xz+1)q+--~
q=1

Do, Y be—1

= H (acos (mf) — bsin (mh)) mt™, (B.0.28)

where H is finite real number and cos (m#), sin (m#) € [—1,1]. Now, (B.0.27) is

converted to

<% + b% (m — j) + H (acos (mf) — bsin (m#)) mctm>P (0) =1. (B.0.29)

If 0 <|t| <1 or H (acos(mb) — bsin (m#)) = 0, it is easy to have

lim H (acos(mf) — bsin (m)) mt™ = 0.

T—>+00
From (B.0.29), we can obtain that

1
= k

P(0)< lim —————

)

when m approaches infinity, it is clear that
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If[t| > 1, it is clear that (B.0.29) leads to

lim H (acos(mf) — bsin (mfd)) m™P (0) = 1,

r—r—+00

which indicates that lim,_, . H (acos (mf) — bsin (m#)) mt™ > 0 and

)
—
(=}
SN~—
—_

< 5
m—+oo = —

m —J

If|t| =1 and ¢ < 1, k%jm dominates the limit and leads to a same result as condition

of 0 <|t| < 1.

If[t| =1 and ¢ > 1, due to

the result is same as the condition that |t| > 1.

If[t| =1 and ¢ = 1, we consider two conditions.

Firstly, if 2m + H (acos (mf) — bsin (mf)) m“t™ = 0 in the large m limit. Since all

powers of m in (B.0.28) is integer, and we assume that H (a cos (m#) — bsin (mf)) mt™
is the largest term when m approaches infinity, which indicates that P (j +1)+...+

P (m) approaches to zero with m or it is a constant independent of m. For the condi-

tion of lim, oo P (j +1)+...+ P (m) = 0, it is same to condition |{| < 1. Then con-

sidering P (j + 1) +...+ P (m) will be a constant which is unrelated to m, by (B.0.1)

to (B.0.3) shows that if m = 2j, P (j + 1)+ + P (2j) = %5 (P (1) + ... + P (5))-

While if m = 37, we have P (2] + 1)+ +P (3j) = = (P (j +1) + ... + P(2))) # 0

as long as any P (1), ..., P(j) is nonzero. According to (B.0.1), this is obvious. So,
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P(j+1)+...4 P(m) is not a constant independent of m and this condition is im-
possible.

Secondly, if 2m -+ H (acos (mf) — bsin (m#)) mt™ # 0 in the large m limit. (B.0.29)
will be converted to

<£ +am) P0) =1,

and when m approaches infinite,

PO)< L,

am

where « is a positive and finite number that is unrelated to battery capacity m.

In conclusion, Theorem 2 is proved.
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