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Abstract

This thesis describes the incorporation within a semiconductor laser 

of a multiple quantum well InGaAsP/InP Electron Bragg Reflector (EBR). 

The EBR is intended to improve laser performance by inhibiting the escape 

of hot electrons from the laser active region by quantum mechanical Bragg 

reflection. To the author's knowledge, this investigation represents the first 

attempt to realize an EBR in the InGaAsP/InP material system.

Computer models based on a transfer matrix method for the solution 

of Schrodinger's equation were written to obtain the EBR design. The 

transfer matrix method is described. Extensions to the transfer matrix 

method for optics are presented and are demonstrated to provide more than 

an order of magnitude improvement in computational efficiency for the 

calculation of the complex TE-mode propagation constant for planar 

graded-index waveguides with absorption or gain.

The EBR designed for this work incorporates several new features. 

Deleterious band bending in the vicinity of the EBR is minimized by 

exploiting material strain to reduce the density of hole states in the EBR 

quantum wells. To maximize reflection bandwidth and relax fabrication 

tolerances, the EBR design used well widths that decreased with increasing 

depth into the p-type InP cladding. By the placement of the EBR adjacent to 

the separate confinement region, a return path was provided for electrons 

that scattered inelastically within the EBR. Moreover, the EBR structure
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was designed to support no bound electron states, so that the recombination 

of electrons with holes in the EBR would be minimal. To the author's 

knowledge, the EBR-equipped laser fabricated for this work represents the 

first attempt to exploit electron state exclusion.

To explore the effectiveness of EBRs in the InGaAsP/InP material 

system, two nearly identical ridge waveguide lasers (one with an EBR, and 

one without) were designed, fabricated, and tested. The EBR-equipped lasers 

exhibited an anomalous threshold current temperature dependence which 

featured a "negative-To" regime (in which the threshold current decreases 

with increasing temperature), attaining a minimum in threshold current 

between T=150 K and T=200 K. These lasers had a threshold current 

temperature stability superior to that of standard lasers within a ~70 K 

window around the minimum threshold temperature.

Experimental evidence suggests that the improved stability is not due 

to quantum mechanical Bragg reflection provided by the EBR, but is 

attributable to the temperature-dependent rate of hole escape from the EBR 

quantum wells into the separate confinement region. The proposed 

mechanism is described in detail and is supported by theoretical and 

experimental evidence. The results have implications for device design, 

because the mechanism by which the superior temperature stability is 

achieved does not rely on the electron coherence effects; the mathematical 

model suggests that the mechanism can be exploited to provide superior 

temperature stability in semiconductor lasers at 300 K or above.
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Chapter 1: Introduction

1.1 Background

Remotely deployed repeater stations and customer access nodes for 

terrestrial fiber-optic telecommunication networks require light sources 

that operate efficiently and reliably in ambients ranging from -40°C to 

+85°C [Bellcore Technical Note, 1991; Anderson, 1993]. Over this operational 

temperature range, the InGaAsP/InP lasers developed to exploit fiber 

dispersion or attenuation minima exhibit a large variation of the threshold 

current, emission wavelength, and radiative efficiency [Agrawal et al., p. 

128, 1986]. The temperature sensitivity of these laser characteristics incurs 

performance limitations and imposes costly demands on both the driving 

circuitry for the laser and the compensating electronics in the detection 

process.

In conventional double-heterostructure (DH) lasers, the temperature 

sensitivity has been primarily attributed to non-radiative Auger 

recombination [Haug, 1985], to optical intervalence band absorption losses 

[Asada et al., 1983], and to the leakage of electrons or holes from the active 

region to the surrounding (cladding) regions. The leakage is typically 

dominated by thermionic emission [Chiu et al., 1983] and the diffusion of 

Auger-recombination-induced energetic carriers [Chik, 1988].
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Reductions in temperature sensitivity have been predicted and 

confirmed for semiconductor lasers in which the band structure of the 

active region is modified through quantum confinement [Rezek et al., 1977] 

or strain [Evans et al., 1992; Thijs et al., 1990]. However, there have been few 

device architectures explicitly proposed to achieve superior temperature 

stability by reducing leakage currents.

Anthony et al. [1983] observed an enhanced temperature stability for 

standard DH AlGaAs/GaAs lasers which they attributed to a thermally 

assisted electron diffusion from the p-n junction, which was accidentally 

located ~1000 À into the n-type cladding region. Macieko et al. [1991] 

proposed and successfully demonstrated [Beckett et al., 1992] a double active 

region InGaAsP/InP type laser structure in which the second active region 

recovered leakage current from the first. Recently, improvements in 

temperature stability achieved by Itaya et al. [1993] for a laser with a GaAs 

active region clad by wide band gap In.5(Ga.3A1.7).5P layers were attributed 

to a reduction in electron leakage.

K. Iga suggested [1986] and later confirmed [Takagi et al, 1991] that 

leakage could be inhibited using quantum mechanical reflection by the 

incorporation of an electron Bragg reflector (EBR) adjacent to the active 

region. EBR's have been included in orange-red InGaAlP-based laser 

diodes, where the problem of electron leakage is exacerbated by relatively 

shallow heterojunction conduction band discontinuities. Recent 

comparative studies reveal that visible lasers with an EBR can attain a 

higher maximum operating temperature [Hamada et al., 1993; Shono et al., 

1993; Rennie et al., 1993], and show a reduction in the magnitude [Rennie et 

al., 1993; Kishino et al., 1991] and temperature dependence [Rennie et al., 

1992] of the threshold current.



3

1.2 Electron Bragg Reflectors

The EBR proposed by Iga operates by the principle of quantum 

mechanical reflection. An electron in the active region which is traveling 

toward a homogeneous cladding region with kinetic energy exceeding the 

potential barrier has finite probability of being reflected. This phenomenon 

is analogous to the partial reflection of light upon encountering a step in the 

refractive index. Now, the reflectivity is greatly enhanced when light 

encounters a Bragg mirror, which consists of a stack of alternating high 

and low index quarter-wavelength dielectric layers. Similarly, the 

probability of reflection of an electron will be greatly enhanced if it strikes 

an electron Bragg reflector comprising a stack of quantum wells and 

barriers with thicknesses equal to Xb/4, where Xb is the wavelength of the 

electron wavefunction envelope. The EBR can be highly reflective (R>95%) 

for electrons incident within a broad (100+ meV) range of energies. The 

operating principle of an EBR is compared to that of an optical Bragg 

mirror in Fig. 1.1.

The EBR belongs to an emerging class of exploratory devices which 

exploit the wave nature of conduction electrons. These devices are generally 

based on optical components, and correspondingly they aim to reflect, 

refract, diffract, transmit, interfere, or guide electrons in a manner 

analogous to optical waves. Examples of proposed electron-wave devices 

based on existing optical components include waveguides [Wang et al., 1991; 

Gaylord et al., 1989], narrow pass filters [Glytsis et al., 1989], anti-reflection 

coatings [Gaylord et al., 1990], directional couplers [Del Alamo et al., 1990], 

and Fabry-Perot interferometers [Potter et al., 1988]. Experiments are 

typically conducted at, or between, liquid helium and liquid nitrogen
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a) Optical Bragg reflector

J

r
photon cc

“T“
<j
±

V(4 nhigh) —|n| |<— X/(4 ntow )

Conduction
Band

Laser active area Electron Bragg 
reflector Cladding region

Figure 1.1 : Comparison of (a) an optical Bragg reflector and (b) electron Bragg 
reflector. Both devices consist of a grating of quarter-wave-thick layers. The EBR 
reflects hot electrons which would normally escape from the active region whose 
energy lies between V and V+AE, where AE is the EBR bandwidth.
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temperatures [e.g. Tsubaki et al., 1988; Hayes et al., 1988, Levi et al., 1985], 

where phonon freeze-out enables a measurable fraction of the electron 

current to interact coherently1 with the structure. Even at low 

temperatures, the theoretical performance of most electron-wave devices is 

very sensitive uncertainties among the key material parameters (e.g. band 

offsets and effective masses).

In contrast, the EBR is a broadband mirror whose bandwidth and 

peak reflectivity are tolerant to systematic and random fabrication errors 

and uncertainties (see § 4.4). The tolerance to fabrication flaws suggests 

that EBR reflection properties may also be tolerant to intrinsic structural 

perturbations, such as band deformations accompanying the passage of 

acoustic phonons [Wang, p. 217, 1989]. The robustness of EBRs is supported 

by compelling evidence confirming their effectiveness at room temperature 

[Capasso et al., 1992], which is independent of the observed improvements 

in the performance of visible lasers noted in § 1.1.

Capasso et al. [ibid.] demonstrated room temperature operation of 

EBRs with the InGa.47As.53 /Al.48ln.52As structure illustrated in Fig. 1.2(b). 

The central 32 À n-doped (1018 cm3) InGaAs well supports only a single 

bound mode. However, the reflection provided by the six-period Bragg 

mirror (each period consisting of 16 Â InGaAs well/39 Â AlInAs barrier) 

on both sides of the 32 Â well was sufficient to establish a confined electron 

state at an energy above the cladding band edge. The existence of the state 

was confirmed by room temperature optical absorption experiments. The 

width, AE, of the absorption energy resonance corresponding to the 

transition from the bound to the suspended state was 17.5 meV, which is

1 Coherent electron transport occurs in the absence of inelastic (i.e. wavelength altering) collisions
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a) Conventional intraband absorption

Absorption

AE

b) Intraband absorption from a confined state to a suspended state

Absorption

1

T

Energy

x

Figure 1.2: Detection of "suspended" electron state by optical absorption 
measurement, (a) Conventional intraband absorption transition and 
corresponding spectrum, (b) Absorption transition to a state lying beyond the 
cladding band edge. The absorption spectra are nearly identical; however, for 
case (b) the width of the energy resonance is broadened slightly due to the finite 
lifetime for lateral (±x) escape of the electron.
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virtually identical to the width of bound-state to bound-state transitions in a 

comparably doped 55 Â well [ibid.]. The comparable AE value suggests 

there is very little broadening of the absorption resonance due to electron 

escape from the Bragg confined state, confirming that electron Bragg 

reflectors can be effective at room temperature.

The success of Bragg reflector structures in AlGaAs/GaAs, and 

InGaAlP material systems would be expected to motivate research into 

other alloy systems. Despite the troublesome temperature sensitivity of 1.31 

and 1.55 pm wavelength lasers, an experimental investigation of an EBR in 

the InGaAsP/InP material system has not yet been reported.

1.3 Thesis Objective and Outline

This thesis describes the design and experimental verification of a 

novel InGaAsP/InP superlattice EBR which is intended to improve laser 

performance (e.g. though a reduction in threshold current, increased 

efficiency, and increased maximum temperature of operation) by inhibiting 

the escape of hot electrons from the active region. To explore the 

advantages afforded by an EBR, two single quantum-well ridge-waveguide 

lasers (one with an EBR, and one without) were designed, fabricated, and 

tested. The goal is to establish the usefulness of EBR's in this material 

system, and to identify design parameters and any novel features which 

may be expected to yield optimal current confinement.

In Chapter 2, the dominant physical processes accounting for the 

temperature dependence of the leakage current in typical InGaAsP/InP 

semiconductor lasers are identified, and the link between leakage and the 

temperature dependence of laser performance is established.
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In Chapter 3, two versatile transfer matrix methods (TMM) are 

developed for the analysis of i) optical and, ii) electronic waves in planar 

layered media. Transfer matrices are derived for application of the optical 

TMM to lossless or absorbing graded index waveguides which are described 

by piece-wise linear, parabolic, or exponential variations in the dielectric 

constant. The TMM for electron waves is used to design the novel 

InGaAsP/InP EBR which is described in detail in Chapter 4.

Chapter 5 outlines the fabrication of the EBR-equipped and the 

normal (control group) single quantum well lasers. The experimental 

apparatus and procedures employed to test these lasers are described in 

Chapter 6.

The experiments revealed an anomalous threshold current 

temperature dependence for EBR-equipped lasers, which included a 70 K 

window where the threshold current temperature stability was superior to 

that of the control lasers. The experiments also revealed an unusual 

evolution of the differential quantum efficiency with injection current for 

EBR-equipped lasers at low temperatures. In Chapter 7, the experimental 

results are collectively interpreted with a new theoretical model.

Chapter 8 contains a summary and conclusions.



Chapter 2: Current Leakage and the 
Temperature Dependence of InGaAsP Lasers

2.1 Introduction

This chapter identifies the link between current leakage and the 

temperature dependence of the performance of InGaAsP/InP semiconductor 

lasers. The leakage is assumed to be dominated by the diffusion of Auger 

recombination induced energetic carriers (§ 2.3) and thermionic emission 

(§ 2.4). Implications relevant to the design of the EBR are stated.

2.2 Electronic Operation of a Quantum Well laser

The electronic operation of a basic single quantum well laser is 

summarized in Fig. 2.1, which shows a 1-D band diagram of the active area 

under forward bias. Electrons and holes are injected from the n- and p-doped 

cladding regions into a separate confinement region, where they can 

eventually relax into the active region and recombine by stimulated emission. 

Although charge neutrality is satisfied overall, the carriers exceed their 

equilibrium densities. As a result, their distributions are determined by 

individual electron and hole quasi-Fermi levels situated near the conduction 

and valence band edges, respectively. Ideally, all of the injected (excess) 

carriers would remain within the separate confinement or active region;

9
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however, leakage into the cladding regions can occur when carriers possess 

kinetic energies exceeding the heterojunction potential barriers.

There are two main processes by which a carrier can acquire kinetic 

energy sufficient for leakage, namely: phonon absorption, which drives 

thermionic emission; and Auger recombination, by which a carrier acquires 

energy released by the recombination of an electron-hole pair.

Figure 2.1 : Basic operation of a single quantum well laser, showing the leakage 
into the p-doped cladding region of energetic carriers generated by Auger 
recombination in (a) the separate confinement region and (b) the active region. 
Leakage is also attributable to (c) thermionic emission.
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Electrons (holes) which leak into the p-doped (n-doped) cladding region 

are minority carriers there. Although a fraction of these carriers diffuse back 

into the confinement region, the remainder are lost due to recombination 

with majority carriers as they diffuse into the cladding toward the carrier 

sink at the metal contact.

2.3 Auger-Recombination-Induced Carrier Leakages

In an Auger recombination process, the energy released by the non- 

radiative recombination of an electron with a hole is transferred to a third 

particle, which is itself either an electron or a hole. The initial state of each 

particle involved may be in a band or in a localized state lying near a band 

edge [e.g. see Pankove, p. 161, 1971]. As an example, Figure 2.2(a) represents 

a three-particle Auger process in which the recombination of a conduction 

band electron with a heavy hole results in excitation of a second conduction 

band electron. Both energy and momentum are conserved. Figure 2.2(b) 

illustrates an example of phonon-assisted Auger recombination. Phonon- 

assisted Auger processes include phonon absorption or emission from one of 

the particles to satisfy momentum conservation. However, the interaction 

with a fourth particle results in a substantial reduction in the probability of 

occurrence for this process when compared to three-particle Auger processes.

A carrier excited by an Auger recombination acquires an excess kinetic 

energy which is comparable to the band-gap energy. It is expected to expend 

most of its excess energy by the emission of longitudinal optical (LO) phonons 

[Takeda et al., 1982]. The rate at which an energetic carrier relaxes by LO 

phonon emission in InGaAsP of a given composition can be estimated from 

the appropriate weighted average of the rates in the constituent binaries.
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b)

Conduction

Conduction

Figure 2.2: E vs. k representation of (a) direct and (b) phonon-assisted Auger 
recombination processes. Note that the phonon in (b) serves to satisfy both 
energy and momentum conservation. (In these diagrams, the split-off band has 
been omitted for simplicity).
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In Chik's investigation of Auger-recombination-induced energetic 

carrier leakage, the excited carrier is ascribed an effective lifetime, Tex , which 

corresponds to the time during which its energy is sufficient for escape into 

the cladding. Only those excited carriers situated within an effective diffusion 

length, = V£> Tex , of the cladding are expected to leak out. Under the 

assumption that the leakage of energetic carriers is accomplished entirely by 

diffusion (i.e. neglecting any drift component), the net Auger induced leakage 

current density from a layer of width d is given by [Chik, 1988]:

_ *7 D ^ex Lex d/Lex ] ( C + Cph) (. n + n<i)a p & (2 1)
Auger D Tex + Lex tanh[ d/Lex ] L tanh[ W/L ] • ' 7

In Eq. (2.1): q is the electronic charge; W is the distance from the 

heterojunction interface to the metal contact layer; D, L, and m* are the 

minority carrier diffusivity, diffusion length, and effective mass in the 

cladding; C and CPh are the coefficients for the dominant direct and phonon 

assisted Auger processes, and n, p, and nj are the densities of excess electrons 

and holes, and uncompensated donors, respectively. This expression describes 

hot electron leakage when a=2 and /3=1 and hot hole leakage when a=l and 

(3=2. The height of the confining potential barrier is accounted for in the 

effective lifetime, Tex, of the excited carrier.

Equation (2.1) corresponds to Auger-induced leakage from 

conventional (DH) lasers. The expression will be more elaborate for a 

quantum well laser, since the structure is more complicated and because 

energetic carriers due to Auger recombinations will be generated in both the 

quantum well active region(s) and the separate confinement region. 

Nevertheless, Eq. (2.1) correctly describes the basic features of the leakage 

current which are relevant to this discussion.
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In InGaAsP lasers, the rate of energetic hole leakage from the active 

and confinement regions is expected to be a small fraction of the energetic 

electron leakage for two reasons. First, the energetic hole lifetime is shorter 

than the energetic electron lifetime because the heterojunction barrier is 

approximately 50% larger in the valence band. Secondly, the comparatively 

small hole diffusion coefficient for InGaAsP implies that fewer energetic holes 

will be within one diffusion length of the cladding.

Equation (2.1) also indicates that Auger-induced leakage will increase 

with increasing carrier density. Auger-induced energetic carrier leakage will 

also increase with temperature, since the coefficients for the dominant direct 

and phonon-assisted Auger processes both increase with temperature 

[Agrawal et al., p. 115, 1986].

2.4 Leakage by Thermionic Emission

Thermionic emission is a thermally assisted carrier escape process. For 

thermionic emission over a potential barrier, carriers must acquire sufficient 

thermal energy from the crystal to promote them to states with a kinetic 

energy exceeding the given barrier energy. The distribution of thermally 

populated electron and hole states is accurately described by Fermi-Dirac 

statistics when the excess carrier populations attain a steady state within the 

laser active region [Henry et al., 1983]. From a knowledge of the density of 

states and their probability of occupation, the net thermionic leakage current 

can be estimated. The discussion will be limited to thermionic emission from 

the separate confinement region into the cladding, as shown in Fig. 2.1(c).

Under the simplifying assumption of a constant quasi-Fermi level 

across the interface between the separate confinement region and the InP
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cladding, the net diffusion limited leakage current density flowing into the 

InP due to thermionic emission can be expressed as [Casey et al., 1978]

J therm = . ruz/z 1 (2.2)L tanh [W/L ]

where D, L, and W are as defined as in Eq. (2.1) and p represents the carrier 

density just inside the InP cladding. For parabolic bands and a non

degenerate carrier population in the cladding (i.e., such that Boltzmann 

statistics are valid), p is expressed as

/ * \3/2
p = 2 ]2nmkT J e -( AV -E#)/kT (2 3)

where k is Boltzmann's constant, h is Planck's constant, AV is the height of 

the energy barrier, T is the temperature, and Eqf and m* are the minority 

carrier quasi-Fermi level and effective mass in cladding region, respectively.

From Eqs. (2.2) and (2.3) it can be surmised that thermionic hole 

leakage will be a small fraction of thermionic electron leakage in the 

InGaAsP/InP-based devices, due to the smaller hole diffusion coefficient and 

the larger heterojunction discontinuity in the valence band. From these 

equations, it also follows that thermionic leakage currents will increase with 

temperature and with the carrier density.

2.5 Leakage and the Temperature Dependence of Laser 
Performance

In semiconductors, the stimulated and spontaneous emission 

probabilities are interrelated and they are both proportional to the product of 

the density of populated upper level states (conduction electrons) and the
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density of vacant states (holes) to which optical transitions are allowed 

[Pankove, p. 213,1971],

Expressions for the rate of spontaneous emission have been derived for 

both bulk and quantum well active regions [e.g. see Takasaki 1992 and 

references therein]. For the simple case of parabolic bands and non

degenerate electron and hole populations, the radiative recombination rate in 

a quantum well is proportional to np, the product of the excess electron and 

hole densities, and inversely proportional to temperature. Although the 

temperature dependence is more complicated for degenerate carrier 

populations, the trend remains that increases in temperature result in a 

decrease in radiative efficiency. This signifies that the required steady-state 

electron and hole densities at threshold must increase with temperature.

The combination of higher temperatures and the concomitant 

requirement for larger steady state carrier densities at threshold will result 

in more thermionic and Auger-induced energetic carrier leakage. Therefore, 

these leakage currents may significantly affect the temperature dependence 

of the laser threshold current and radiative efficiency, and could limit the 

maximum temperature of operation.

Although it has been widely acknowledged that leakage currents 

increase with temperature, the correlation between electron leakage and the 

temperature dependence of semiconductor lasers has been debated for several 

years. Asada [1983] deemed the magnitude of leakage currents in 1.3-1.55pm 

DH InGaAsP/InP lasers to be negligible over their operational temperature 

range; Chik et al. [1990] measured 12% current leakage at threshold for 

5 pm wide stripe-contact DH InGaAsP/InP lasers at room temperature. 

Larger (10%-35%) leakage currents were measured directly in a combined DH 

laser/bi-polar transistor structure investigated by Chen et al. [1983].
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Recently, Evans [1993] has analyzed the internal quantum efficiency of three 

(five) quantum well InGaAsP/InP ridge waveguide lasers, and has estimated 

that leakage losses account for up to 37% (11%) of the threshold current. 

Ultimately, the temperature sensitivity of laser performance due to the 

temperature dependence of leakage will depend on the laser structure, 

including the active region volume, the composition and quality of the active 

region material, the mirror reflectivities, and the band offsets between the 

separate confinement and cladding regions.

The sensitivity of the laser threshold current with respect to changes 

in temperature is usually expressed through the approximate relation

Ith = Io exp( T/To ) (2.4)

where the parameter To is referred to as the characteristic temperature. To is 

not constant: it varies with temperature, however, it serves to express the 

temperature sensitivity of Ith at any given temperature. From Eq. (2.4), To can 

be expressed as

(2.5)

Larger values of To imply superior temperature stability. InGaAsP/InP lasers 

operating at Xo = 1.3 gm-1.55 pm typically have To values between 40-60K at 

room temperature.

For investigations into the relationship between leakage currents and 

the temperature sensitivity of lasers, the volume of the laser active region can 

be minimized to insure relatively large carrier densities at threshold. The
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leakage can also be exacerbated by increasing the temperature, by reducing 

the cavity length, or by reducing the facet reflectivities.1

2.6 Implications for EBR design

Because electron leakage is expected to dominate over hole leakage, an 

EBR will be incorporated into the p-doped InP cladding region only.

The steady state generation of hot electrons by Auger recombinations 

in the active and separate confinement regions may be sufficient to establish 

a non-equilibrium electron energy distribution; i.e. there could be enhanced 

occupancy around some elevated electron energy. However, in light of the 

rapid intraband relaxation, it will be assumed that the electron distribution 

is "normal" in the sense that electron state occupancy increases 

monotonically with decreasing electron energy. Therefore, in order to repel 

the maximum number of hot electrons from the InP cladding, the finite band 

of electron energies for which the EBR is highly reflective will be designed to 

extend contiguously upward from the InP band edge.

1A laser attains threshold when the rate of stimulated and spontaneous emission at some wavelength Xq is 
sufficient to sustain unity gain for the round trip passage of a photon at that wavelength. By reducing the 
cavity length or mirror reflectivities, the stimulated and spontaneous rates must be larger (and hence the 
carrier densities must be larger) to achieve the threshold condition. Larger carrier densities lead to larger 
leakage currents.



Chapter 3: Waves in Layered Media

"Same equations have same solutions. "

- R. P. Feynman

3.1 Introduction

This chapter presents two versatile Transfer Matrix Methods (TMM's) 

which can be employed for the analysis of waves in layered media.

Section 3.2 develops a transfer matrix method for electrons (TMME), 

which can be applied to calculate either bound or quasi-bound electron states 

in arbitrary 1-D potentials, or to calculate the reflection probability for 

ballistic electrons striking arbitrarily stratified semiconductor media. The 

TMME was implemented on a computer to design the InGaAsP/InP 

superlattice electron Bragg reflector (EBR) presented in Chapter 4.

Section 3.3 presents the transfer matrix method for Optics (TMMO). 

Particular attention is devoted to the application of newly derived exact 

analytical transfer matrices to mode calculations for waveguides which 

include continuously graded regions. It is shown that the exact transfer 

matrices can provide more than an order of magnitude improvement in 

computational efficiency in the analysis of graded index waveguides when 

compared to equivalent calculations using the conventional TMMO.

19
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3.2 The Transfer Matrix Method for Electrons

3.2.1 Free Electron Transport

de Broglie's hypothesis asserts that a free electron with momentum po 

will exhibit wave properties consistent with a wavelength, Ao, and 

wavenumber, ko, given by

l0 = h/p0 (3.1)

and

k0 = 2nlXo = po/A (3.2)

where h is Planck's constant and h = h/(2n). The momentum and kinetic 

energy Eo are related according to

Eo = Po2 ! (2mo) = & k$l (2mo), (3.3)

where mo is the electron rest mass.

3.2.2 Electron Transport in Semiconductors

The behaviour an electron in a time-dependent potential V(r,t) is 

governed by Schrodinger's wave equation [Jonsson et al., 1990]

where V represents the vectorial gradient, and <£(r,z) is the electron 

wavefunction.
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To simplify the analysis of electron transport in crystals, the potential 

can be considered static, i.e. V(r,t) ~ V(r). In this case, d>(r,f) is separable as 

[Boer, p. 1210, 1991]

<P(r,f) = v<r) (3.5)

where

s(t) = e-‘Et/* (3.6)

and

ty<r) = M(r)e±ikr. (3.7)

In Eqs. (3.6)-(3.7), E is the electron energy, and u(r) is a function having the 

periodicity of the crystal lattice. The exponential term in Eq. (3.7) imposes a 

Bloch1 traveling wave envelope for electron energies corresponding to 

propagating states (for which the wavevector k is real), and a spatially 

decaying envelope for energies at which electron propagation is inhibited by 

fundamental or higher order Bragg reflection from the crystal potential (for 

which k is imaginary).

Within the bands of energy corresponding to propagating states, the 

net change of electron momentum in response to applied fields is consistent 

with an effective electron mass, m*. For electron energies near the band 

extrema, m* is nearly constant, so that a parabolic E vs. k dispersion relation 

(analogous to that of a free electron, § 3.2.1) is recovered, in which the Bloch 

wavevector, k, replaces ko, and m* replaces mo as the apparent electron mass. 

The E vs. k relationship departs increasingly from parabolicity as the electron 

energy increases relative to the band extremum. For conduction band

1 u(r) is typically referred to as the Bloch function. However, it is the electron wave envelope which is 
central to this thesis; for brevity it will be referred to as the Bloch wave.
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electrons, the nonparabolicity can be approximated by ascribing to the 

electron an energy dependent effective mass [Nelson et al., 1990]

m (£) = mjje
l+2-dl-^]2'

Eg I mo ) (3.8)

where mbe is the effective mass at the band edge, and Eg is the band gap.

3.2.3 The Envelope Function Approximation

In most analyses of semiconductor nanostructures, the envelope 

function approximation (EFA) [Bastard, 1981 and 1982] is invoked. In the 

EFA, the band structure, the electron effective mass, and the electron Bloch 

envelope function description are retained, but phenomena explicitly related 

to the rapid variation of the crystal potential within the unit cell are 

discarded. Then, in Eq. (3.7), u(r) can be replaced by a constant2. By 

substituting Eqs. (3.7) into Eq. (3.4) and dividing by Eq. (3.6), the time 

independent single particle Schrodinger equation is obtained. For media in 

which the relevant variation of V occurs along a single direction (say, x), the 

wave equation is [Jonsson et al., 1990]

4^4-4—4-+ W) =E m (3.9)

The form of the differential operator in Eq. (3.9) guarantees that all 

eigenfunction solutions satisfy continuity of both amplitude and probability 

flux throughout media characterized by a continuously varying profile of V(x) 

and m(x) [e.g. see Henderson et al., 1992], or at an abrupt interface between

2This approximation is valid only when the underlying crystal symmetry is maintained throughout the 
structure.
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media with disparate values of V and/or m*, where these boundary conditions 

are

Va = Vb> (amplitude),

\ d y a _ i dyb
(3.10)

mn dx mi, dx (flux)

where the subscripts a and b denote the left and right side of the interface.

It is important to note that in the EFA, only the Bloch wave and its

wavelength (and not the de Broglie wavelength of § 3.2.1) are considered in 

the design of an electron Bragg reflector.

3.2.4 Transfer Matrix Analysis of Piece-Wise Homogeneous Media

Consider the arbitrary structure shown in Fig. 3.1(a), which consists of 

a stack of j homogeneous layers bounded by semi-infinite media. This 

description is appropriate for a stack of hetero-epitaxial layers with sharp 

boundaries. Media with continuous profiles of m* or V can be approximated by 

a dense stack of thin layers rendering a piece-wise constant "staircase" 

representation of the smooth m* and V profiles.

The functional form of V|/(r) within the nth layer is given by 

superpositions of the two linearly independent solutions of Eq. (3.9),

y(x) = Ane + lknX + Bne ‘lk*x,
(3.11)

t _ V2mn*(£)(£-VZI)
Kfl _ ______ ,

where An and Bn are undetermined coefficients, and Vn and m^(£) are the 

potential and effective mass in the nth layer, respectively. The problem of 

determining physically meaningful wavefunctions for the entire structure
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consists of determining an appropriate value for A and B in each layer. If the 

coefficients A and B are known or specified in one of the layers, then the 

values of A and B can be calculated for all the remaining layers by the 

successive application of the boundary conditions given by Eq. (3.10).

a)

L
V(x)

b)
Ao

Bo

|«-dn|<—d2—>|

A1 A2 Aj-- > »
Bi B2 Bj«- <-- <

\ /

Aj+1

Bj+i

c) Ao
Bo = R01 * Pl * Rl 2 * Pz* R 2,3 Rj 1 j * Pj * Rj j+i *

Figure 3.1 : Mapping of a semiconductor potential energy profile into the product 
of transfer matrices, (a) Piece-wise constant V(x) profile consisting of j layers of 
thickness dj bound by semi-infinite media, (b) In each layer, the wavefunction 
consists of right and left traveling waves with amplitudes Aj and Bj, respectively, 
(c) The structure can be mapped to the sequential product of transfer matrices R 
and P which represent the change in wave amplitudes at layer interfaces and the 
phase advance between interfaces, respectively.
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The task of successively applying the boundary conditions can be cast 

in matrix form. The procedure involves the use of two basic 2x2 transfer 

matrices.

The first type of transfer matrix accounts for reflection and 

transmission at abrupt interfaces. Specifically, the coefficients A and B on 

both sides of the interface separating medium n and n+1 are related by 

[Gaylord et al., 1989]

'An 1 1 rn,n+i ' ^n+l
Bn. zn,n+l /n.n+1 1 -£«+i .

(3.12)
^n+l

. Bn+i _

where3 [Zebda et al., 1992] 

 Zn-Zn+l

t

and

zn=V(£-vnymn*.

(3.13)

(3.14)

(3.15)

is the characteristic impedance of the n,h layer.

The second type of transfer matrix relates A and B at the left interface

of the nth layer to their value at the right interface within the same layer. By 

inspection of Eq. (3.11), this matrix is

3The boundary conditions in Eq. (3.10) are implicit in the reflection and transmission formulas ( Eqs. (3.13) 
and (3.14)) which relate the wave amplitudes on both sides of the interface.
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’ An- ' 

. Bn - .
=

e-ik*dn Q

0 e+1 -
•

-Bn+.
(3.16)

An +s„4

where dn is the layer thickness.

The value of A and B in any two non-adjacent layers are related by the 

transfer matrices which represent the intervening interfaces and layers. It 

follows that the coefficients at the left interface of the structure are related to 

the coefficients at the far right interface by the sequential product of the 

transfer matrices for all intermediate interfaces and layers, i.e.

or

Aq

Bq.
= Ro, P, Ru P2 ..

— • Rj u Pj • R
jj+l

Ay+l
Bj+i (3.17)

A0
Bq.

Ay+l
Bj+i

(3.18)

where Tj is the product of all the 2x2 matrices. Each element of Tj is a 

function of the electron energy E. Equation (3.18) can be used to predict the 

reflection and transmission (§ 3.2.5) and the bound or quasi-bound states 

(§ 3.2.6) of electrons in stratified semiconductor media.
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Ao Ai A2 Aj----- »
Bo

-»
Bi B2

■ ■ ■ »
Bi<----- <- «

Figure 3.2: Electron reflection from a multiple layer stack. The wavefunction in 
the incident medium consists of an incoming and outgoing (reflected) wave. The 
medium on the far right contains only an outgoing (transmitted) wave.

3.2.5 Quantum Mechanical Reflection and Transmission

The TMME can be applied to compute the reflection and transmission 

probabilities of an electron which is incident upon a multiple layer stack. In 

the incident medium, the electron wavefunction is comprised of both an 

incoming and outgoing (reflected) wave, whereas only an outgoing 

(transmitted) wave is present in the final medium (see Fig. 3.2). The matrix 

relation becomes

Aq

Bq.

Aj+\
0

(3.19)

Eq. (3.19) can be expanded in terms of the elements {tjj} of Tj. The reflectivity 

of the stack is given by ratio of the reflected wave amplitude (Bo) divided by 

the incident wave amplitude (Ao), multiplied by its complex conjugate; the 

term AJ+! cancels and the result is

2
R(E) = Bo

2
T2l(^>

^0 rn(£)
(3.20)

Applying conservation of probability, the transmissivity is

T(E) = \-R(E). (3.22)
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Figure 3.3: Bound or quasi-bound electron states within a multiple-layer 
structure. The bounding media only contain outgoing waves. For bound states, 
these waves are exponentially decaying with increase distance away from the 
structure. For quasi-bound states, one or both of the outgoing waves may be 
sinusoidal, carrying a finite probability current away from the confining structure.

3.2.6 Calculation of Bound or Quasi-Bound States

For electron states bound within a confining structure, the 

wavefunction in the two outer media consists of a single wave ’’propagating" 

evanescently away from the confining structure (see Fig. 3.3). For this case, 

the matrix relation is

0

Bo
^7+1

0
(3.22)

This relation is only true when

rn(£) = 0. (3.23)

Equation (3.23) is the eigenvalue condition for the discrete values of electron 

energy, En, which correspond to bound states.

The confining structure may also support ’’quasi-bound" states at 

electron energies exceeding the potential energy of one or both of the
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bounding media. Once again, each outer medium must contain a single 

outward propagating wave; however, this wave is a sinusoidal traveling wave 

in the bounding medium (or media) where the state energy exceeds the 

potential. Sinusoidal waves carry probability current, and consequently an 

electron in a quasi-bound state is expected to escape from the confining 

structure after a finite time.

The matrix relation for quasi-bound states and the energy eigenvalue 

equation are given by Eqs. (3.22) and (3.23), presented above for bound 

states. However, unlike bound states, the quasi-bound state energy 

eigenvalues are complex. The imaginary part of the energy eigenvalue 

dictates the "decay" of the state through Eq. (3.6); the expected He lifetime is

r = —&— 
Im{ E } ’ (3.24)

3.2.7 More Advanced Transfer Matrix Methods for Electron Waves

Transfer matrix methods using Airy basis functions have been derived 

for applications to structures described by piece-wise linear variations of V(x) 

[Lui et al., 1986; Hutchings, 1989; Glytsis et al., 1989]. A TMME with a 

basis consisting of parabolic cylinder functions was employed [Hung et 

al. 1992] to analyze electron tunneling in piece-wise homogeneous media 

under the influence of an in-plane magnetic field. An expansion in terms of 

exponentially weighted Rummer functions like that derived in this thesis 

(§ 3.3.4) would generalize Hung's analysis to media with a potential profile 

consisting of any combination of piece-wise constant, linear, or parabolic 

segments. Additional details on the TMME for piece-wise homogeneous 

media can be found in Gaylord et al., 1989.
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3.3 The Transfer Matrix Method for Optics

3.3.1 Introduction

The propagation of electromagnetic energy in stratified media has been 

investigated for over a century. The mathematical treatment of the reflection 

and transmission of light by multiple-layer coatings was first considered in 

detail by Lord Rayleigh in 1912, and was later cast into matrix form by 

Herpin [1947] and Abeles [1950]. The first application of transfer matrices to 

calculate the modes of multiple layer waveguides is attributed to 

Brekhovskikh [I960]. More recently, the transfer matrix technique for 

analyzing multiple-layer optical waveguides has been extended to include bi

réfringent media [Vassel, 1977; Walpita, 1985].

The basic transfer matrix method for optics (TMMO) can be used to 

determine the optical properties of any waveguide, coating, or grating which 

can be described as a finite stack of homogeneous planar layers. This m-layer 

description is appropriate for a broad class of technologically important 

devices which can be fabricated by Molecular Beam Epitaxy (MBE) or Metal 

Organic Chemical Vapour Deposition (MOCVD), including edge-emitting and 

surface-emitting semiconductor lasers. Like the TMME, the TMMO involves 

the transfer of wave amplitudes through a structure by 2 x 2 matrices. With 

appropriate boundary conditions, the TMMO yields reflection and 

transmission spectra, or the properties of guided or leaky waveguide modes 

(which are analogous to bound and quasi-bound electron states, respectively).

In the application of the basic TMMO to graded-index waveguides 

[Walpita, 1985; M. Adams p.169, 1981], the graded regions are approximated 

by a dense stack of thin layers rendering a piece-wise constant "staircase" 

representation of the smooth profile of the dielectric constant (see Fig. 3.2).
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However, there are a number of functional forms of the continuous variation 

of the dielectric constant for which an exact analytical 2x2 transfer matrix 

can be derived, particularly for transverse-electric (TE) polarized light4. In 

many cases of practical interest, these exact transfer matrices will provide a 

compact and computationally efficient alternative to the approximation of 

graded regions by a large number of thin homogeneous layers.

In this section, newly derived exact traveling wave and tangential field 

transfer matrices are presented for the description of TE polarized light in 

media with an arbitrary linear, exponential, or parabolic profile of the 

complex dielectric constant. These matrices are of particular interest for 

mode calculations in unstrained or compressively strained graded index 

multiple quantum well lasers (or the components which these lasers 

illuminate), where TE oscillation prevails due to quantum mechanical 

selection rules [Asada, 1984; Chong et al., 1989]. In addition to mode 

calculations, these matrices may be used for the design or analysis of graded- 

index thin films with absorption or gain, including periodic structures such as 

surface emitting distributed feedback semiconductor lasers in which the 

interfaces between epitaxial layers are graded to reduce electrical resistance 

[Zhou et al., 1991],

For brevity, only mode calculations will be discussed here.

4(i.e. where the electric field lies parallel to the plane of stratification).
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3.3.2 Waveguide Modes

Figure 3.4 illustrates a non-magnetic (/z=l) dielectric planar waveguide 

consisting of m homogeneous layers of thickness di (i=l,...,m) and total 

thickness W = Z di, bounded by semi-infinite media. The guided optical modes 

of this structure are electromagnetic wave excitations that propagate along 

the z direction and are spatially localized (i.e. square-integrable) in the x 

direction. For guided modes in structures bound by homogeneous, lossless 

media, the fields in the bounding media decay exponentially with increasing 

distance from the guide.

In each waveguide layer, the local modal fields consist of superposition 

of the solutions to Maxwell's wave equation in that layer. In a homogeneous 

layer the solutions are plane waves, whose wave-vector can be projected into 

two components; one parallel (konz) and one perpendicular (konx) to the plane 

of stratification (see Fig. 3.4). The components satisfy k2nx + k2nz = k%n2, 

where n is the refractive index of the layer.

Consider the parallel component (ko nz). The continuity of tangential 

field amplitudes implies that this component must be identical throughout 

the waveguide; the term ko nz, will therefore dictate the modal phase advance 

along the direction of propagation according to

-E/x,y,z) = ^(x,y) elk^2, (3.25)

where nz is the mode index.

The procedure for determining guided modes consists of trying nz 

values which correspond to decaying fields in medium 0, and transferring the 

field amplitudes through all remaining layers (l,2,..,zzi+l) while maintaining
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Figure 3.4: Waveguide consisting of m homogeneous layers bounded by semi
infinite media. In each layer, the mode will consist of plane waves. The z 
component of the wave-vector must be a constant throughout the waveguide to 
satisfy tangential E and Hfield continuity.

the constancy of kon2. If the fields in medium m+1 are found to be purely 

decaying, then nz is a valid mode index. As with the TMME, the transfer of 

field amplitudes is easily accomplished by the multiplication of 2 x 2 matrices. 

In fact, the TMME presented in § 3.2 can be directly converted to the TMMO 

by simply replacing the Bloch wave-vector by the optical wavevector, and the
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expressions for electron reflection and transmission (Eqs (3.13) and (3.14)) by 

the expressions for Fresnel reflection and transmission5 [Gaylord et al., 1989]. 

The formal equivalence of the two methods underlies the universality of wave 

phenomena in physics6, and supports the analogies drawn between the modes 

of optical waveguides and the states of electrons confined in quantum wells.

The TMMO for piece-wise homogeneous planar waveguides has been 

described elsewhere [e.g., Walpita, 1984]. The remainder of this section 

presents the analysis of graded-index waveguides using exact transfer 

matrices newly derived by the author. The analysis employs both traveling 

wave matrices (analogous to those presented for the TMME) and equivalent 

matrices which translate the value of the tangential electric and magnetic 

fields.

3.3.3 General Form of Tangential Field and Traveling Wave Transfer 

Matrices for TE Polarized Electromagnetic Waves

Maxwell's wave equation for the amplitude of the transverse electric 

field, Tlx) = ( 0, ‘Eyix), 0 ) in one layer of the waveguide may be written as

2
3 2 7—T£(x) +ko(£(x)-n?) £(x)=0, (3.26)

dx

for 0 < x < d. For this equation, ko = 2nlX0, Ao is the vacuum wavelength, 

e^x) + i £i(x) is the profile of the complex dielectric constant in the layer, and 

nz is the complex mode index.

5 However, in optical waveguides, rather than searching for eigenvalues of the wave-vector 
component normal to the interfaces (as is done in the search for electron Bloch wave 
eigenstates in the TMME), it is customary (and equivalent) to search for eigenvalues of the 
component parallel to the direction of propagation, ko nz.

6 Similar transfer matrix methods exist for the treatment of acoustical waves
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From any two independent non-trivial analytic solutions £/, £2 of Eq. 

(3.26), a 2 x 2 matrix M can be derived which relates the tangential electric 

(T) and magnetic (90 field amplitudes at the layer boundaries x=0 and x=d 

through the relation

'£(0)

.#(0)
£(d)
#(d)

(3.27)

The matrix M can be expressed as 

M = S'1 (O) - S(d), (3.28)

with

S(x) =
&(iko)

(3.29)

where the prime denotes d/àr.

In some investigations [ e.g. Schlereth et al., 1990; Ghatak et al., 1987; 

Hulse et al., 1992] the net amplitude of the transverse electric field is 

resolved into the sum of a forward- and a reverse-traveling wave,

£ = E+ + E-. (3.30)

For this case,

'E\0)

X(0).

E\d)
E\d),

(3.31)

where the traveling wave transfer matrix T can be obtained from

T = J»1 M J,j, (3.32)
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with

Ji =
1 1

Pi -Pi .
(3.33)

where p>= ± V n2-ni is positive (negative) for net modal gain (loss), and no and 

n<i are the refractive index at x=0 and x=d, respectively.

The representation by traveling waves (i.e. using matrices of the form 

given by T) is rigorously equivalent to an analysis of the tangential electric 

and magnetic fields using M matrices.

3.3.4 Wave Equation Solutions for Homogeneous and Graded Media

To apply the transfer matrix method to graded-index waveguides, two 

independent solutions of Maxwell's wave equation (Eq. (3.26)) for each graded 

region are required. For the trivial case

£(x) = a constant = n2, (3.34a)

two solutions are

Çi = cos( qx),

$2 = sin( qx),

q=k,(n2-n?)'ri. (3.34b)

and Eq. (3.28) yields the familiar transfer matrix of a homogeneous film. For 

the linear variation ! D. Adams et al., 1992 ],

£(x) = ax + b (3.35a)

the solutions are
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ç>=bw,
Ç= - ( ko a)13 ( x + ( b - n? )/a ) (3.35b)

where Ai and Bi denote the A- and B-Airy functions. For an exponential 

variation

£(x) = aebx+ c, (a, b #0), (3.36a)

two independent solutions and their derivatives are given by

& = CP( V),
I

& = v (Cp-i( v)-p&/v),
v = 2 ko Sa ebxlll b, p = 2 ko 1 nî-c lb (3 36b)

where, for i=l ( 2) , Cp denotes the Bessel functions J (Y ) of order p. For a 

general quadratic variation described by

£(x) = ax2 + bx + c, (a*0), (3.37a)

the solutions can be expressed as

& = we 'vl2 M( m+^; j; v ),

£i = Gw ( 2 ue'vriM( m+1; v) - £t/2 )

& = o( ( 4u+2 ) v ev/2M( u+j; v )/3 -( v -1 )^/w ), (3.37b)

where
9 2 3 Z 1/4

v = w 12, w = ct x - 2 bko/o , a = ( -4 a kJ) , 

u = 1/4 +nz-c- b/(4o4) ]2/( 20),
(3.37c)
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and M( p; q; z ) is Rummer's hypergeometric function [e.g. see Abromowitz et 

al., Chap. 13,1964].

3.3.6 Application to Mode Index Calculations

The wave amplitudes on the two sides of the waveguide are related by 

the sequential product of the transfer matrices representing all the layers,

-E(O)

.^(0)
■E(W)

(3.38)

e Mt- ■E(IV)

#(W)

Equivalently,

E\0)

£'(0)
Jo • My • Jm+i •

E\W)

E\W)

E+(W)
E\W)

(3.39)

For guided modes, the media bounding the waveguide must contain 

only decaying fields. This requirement yields an eigenvalue equation for nz 

which can be formulated in terms of the elements of either Mt [Chilwell et 

al., 1984] or Tt [Hulse et al., 1992; Schlerethet al., 1990]. The latter is

t//( nz ) = 0. (3.40)

For leaky modes, or for modes in waveguides with absorption or gain, 

the eigenvalue equation is identical but the mode indexes are complex. The 

imaginary part dictates the modal attenuation or gain through Eq. (3.25).
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3.3.6 Example Applications

Applications of transfer matrices using Eqs. (3.35)-(3.37) to the 

calculation of the mode index of graded-index waveguides can improve 

computational efficiency when compared to calculations of nz based on a 

simple piece-wise constant approximation of the £(x) profile.

For example, the exact TE mode indices at = 1.55gm for the linearly 

and exponentially graded lossless seven-layer quantum well waveguides 

illustrated in Fig. 3.5 are, respectively, nz = 3.229165 and «2=3.223067, where 

6=4 in Eq. (3.36) was used for the latter. To obtain nz with equivalent 

accuracy by the staircase method, each graded region must be represented by 

81 steps of equal width, requiring much longer computation time.

Figure 3.5: Profile of e^x) for a quantum well waveguide consisting of 7 layers, 
where layers 1 and 7 are graded linearly or exponentially. The dashed line 
illustrates the approximation of a linearly graded region by two piece-wise 
constants segments of equal width.
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The efficiency of mode index calculations for waveguides including 

graded regions with specific (i.e., linear, exponential, or parabolic) e(x) 

profiles can be advantageous in many cases of practical interest, particularly 

for waveguide or laser design. However, it is also important to consider the 

advantages provided by the exact transfer matrices presented here to the 

analysis of waveguides with arbitrary continuous profiles of £/x) and £t(x).

- .16

- 0 
x (|im)

Figure 3.6: Waveguide with a parabolic profile of e^x) and four possible profiles 
of 6j(x): (A) parabolic, (B) linear, (C) constant, and (D) zero. Re( nz } and modal 
loss for X o=1.55pm are, respectively: 3.210792, 1934.302 dB/cm; 
3.210832,1473.102 dB/cm; 3.210849,1369.326 dB/cm; and 3.210893, 0 dB/cm

.32

Figure 3.6 illustrates a waveguide having a parabolic £^x) profile with 

four possible £t(x) profiles, i.e. parabolic, linear, constant, and zero. The exact 

mode index has been calculated for each case by using the transfer matrices 

given by Eqs. (3.37). For investigative purposes, it can be assumed that case 

A (£/(x) parabolic) represents an £(x) profile for which no exact transfer 

matrices are available. Figure 3.7 shows the relative error in the calculation



41

of the modal loss when the continuous profile of £(x) in Fig. 3.6 (case A) is 

approximated by equal-width piece-wise constant and piece-wise linear 

segments. In the piece-wise constant representation, the value of er (e,) in each 

segment is equal to the mean of the real (imaginary) part of £(x) within that 

segment. The linear segments reproduce the mean of both £r(x) and £/x) and 

their first derivative within the segment. It is seen that the representation by 

piece-wise linear segments provides an improvement in accuracy by two to 

three orders of magnitude.

Number of Segments

Figure 3.7: Relative error (%) in the calculation of the modal loss vs. the number 
of equal width segments used to approximate each side of the symmetric 
complex profile of e(x) shown in Fig. 3.6, case A.
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On the computer on which calculations for Fig. 3.7 were performed, the 

evaluation of nz for a given number of piece-wise linear segments required 

approximately twice the computation time needed to calculate a value for nz 

based on a an identical number of piece-wise constant segments. However, in 

light of the data in Fig. 3.7, it follows that for any fixed, accuracy target, the 

use of piece-wise linear segments can provide a net reduction in computation 

time by at least one order of magnitude.

The accuracy of calculations employing the exact transfer matrices 

may be limited by the finite computational accuracy in the evaluation of Airy, 

Bessel, or Rummer functions for certain limiting cases. Specifically, errors 

may become appreciable when a in Eqs. (3.35)-(3.37) or b in Eq. (3.36), 

approaches zero, or for waveguides which are large compared to the light 

wavelength and/or which are close to cut-off. Transfer matrix mode 

calculations for the example waveguides were performed in which the 

computer's Airy, Bessel, and Rummer functions were replaced by routines to 

evaluate their respective ascending series (e.g. see Eqs. (9.1.2), (9.1.10), 

(10.4.2), (10.4.3), and (13.3.2) in Abromowitz et al., 1964) to a finite number of 

terms. It was found that an evaluation to 11 terms yielded a mode index and 

attenuation which were accurate to at least seven significant digits for all the 

examples considered here.

The transfer matrices presented here may also be employed in the 

analysis of distributed Bragg reflectors with loss or gain [D. Adams et al., 

1992], or in the computation of the coupling coefficient in distributed 

feedback lasers with arbitrary grating corrugation profiles [Makino et al., 

1991].

Finally, several authors have proposed the use of Cauchy's path 

integral for the identification and rapid location of the eigenvalues of the
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characteristic equation obtained from the TMMO to determine the modes for 

piece-wise homogeneous planar waveguides [Anemoglannis et al., 1992; 

Smith et al., 1991; Sun et al., 19911. These techniques can also be applied to 

obtain the modes of graded index planar waveguides described by the 

transfer matrices presented here, because the analyticity of the eigenvalue 

equation is not eliminated when one or more of these matrices are included in 

the matrix product.



Chapter 4: Electron Bragg Reflector Design

4.1 Introduction

This chapter describes the design of the InGaAsP/InP electron Bragg 

reflector (EBR). Several physical and fabrication-related factors that are 

expected to influence the performance of the EBR are addressed. Section 4.2 

details design considerations that arise under the simplifying assumption of 

electron transport which is coherent (i.e. free of inelastic collisions). Section 

4.3 outlines additional design features introduced to provide improved 

functionality with regard to finite electron coherence.

4.2 Basic EBR Design Considerations Under the 
Assumption of Coherent Electron Wave Transport

The EBR comprises a stack of InGaAsP wells and InP barriers whose 

thicknesses are chosen to satisfy the first order Bragg reflection condition for 

a target electron energy, Emax. Bragg reflection at the desired electron energy 

is achieved by selecting well and InP barrier thicknesses, dw, and, db, which 

correspond to one quarter of the Bloch wavelength in those layers. The 

quarter-Bloch-wave thicknesses are defined by [Capasso et al., 1992]

kw d^ ~
(4.1)

kb db = n!2

44
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where the wavenumbers ki {i='w' or 'b'} are expressed by [ Eq. (3.11) ]

£,• = V2 mi ( Emax - JH (4 2)
h

where V, is the potential, and mi^miiEnuuù is the electron effective mass.

The peak reflectivity is increased when either the number of layers

[Furuya, 1992] or the depth of modulation between alternating layers 

[Takagi, 1991] is increased. The modulation depth

kb_ = / m*b(E)(E-Vb] (4 3)
V m*w(E}{E-Vw)'

is larger when deeper wells are used. However, the maximum allowable 

depth of these wells is limited by two physical considerations, which are 

presented next.

4.2.1 Maximum Well Depth

The first constraint on well depth is related to the requirement for 

optical transparency of the EBR (see Fig. 4.1). The energy of optical 

transitions in the EBR reflector must significantly exceed (typically, by > 80 

meV) the energy of the optical transition in the laser active region [Takagi, 

1991]. This prevents the absorption of laser radiation by electron-hole pair 

generation within the EBR.

The threshold energy for optical absorption in the EBR is lowered for 

wells which are deeper. However, if deep wells are employed that are
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f■

Figure 4.1 : EBR optical transparency condition. The active region radiation must 
not be absorbed by the band to band transitions between the lowest lying 
electron (Eeo) and hole (Eho) states in the multiple quantum barrier.

sufficiently thin, the quantum confinement energy can be large enough to 

establish a threshold optical absorption energy which exceeds the energy of 

optical transitions in the laser active region. Therefore, optical transparency 

in the EBR can be realized with arbitrarily deep wells, if these wells are 

sufficiently thin.

The second constraint on the maximum well depth arises from the 

requirement of minimizing the "lowering" of the EBR due to band-bending, 

(see Fig. 4.2). The band-bending results from the establishment of a flat hole 

quasi-Fermi level throughout the p-doped region [Takagi et. al., 1991]. The 

lowering worsens with increasing well depth; however, relatively deep wells 

can be used in practice if they are sufficiently thin [ibid.]. This is because 

reducing the well width (increasing the spatial confinement) situates the 

confined hole energy states nearer to the InP band edge, and reduces the
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Figure 4.2 EBR lowering due to the establishment of a flat hole Fermi level, Eh, 
in the p-doped region. Eho designates the lowest-lying valence sub-band.

number of confined hole states lying below the InP band edge. As a result, an 

EBR incorporating thin wells represents less of a departure from bulk InP, 

and it follows that the aforementioned band bending is reduced1. The use of 

thin quantum wells will thus serve to preserve the full barrier height, AE.

The band-bending is also reduced if the EBR quantum wells are 

strained. The fabrication of quantum wells with bi-axial compressive (tensile) 

strain in the plane which lies normal to the direction of crystal growth is 

realized by the epitaxial deposition of a semiconductor alloy whose lattice 

constant is larger (smaller) than the lattice constant of the substrate. A 

discussion of the influence of strain on the band structure of quantum wells 

lies beyond the scope of this thesis; however, it will suffice to note that the

1 In the (trivial) limit of zero well width for all quantum wells in the EBR, the EBR structure is reduced to 
bulk InP, and there is no band-bending whatsoever.



48

presence of strain in the quantum well drastically reduces the density of 

confined hole states [Zory ed., Chap. 8, 1993]. Thus the incorporation of strain 

in the quantum wells of the EBR serves to minimize the band bending (and 

thereby retain the barrier height, AE) for reasons similar to those which 

motivate the utilization of quantum wells that are thin.

4.2.2 Chirped Grating

In addition to the benefits of a large modulation depth or period 

number (§ 4.2 and Eq. (4.3)), the bandwidth AE of the EBR can be increased 

by "chirping" the grating [Iga, 1986]. Chirping consists of either gradually 

increasing or decreasing the period or duty cycle throughout the grating. The 

reflectivity spectrum of a chirped grating is generally more broadband than a 

standard grating, because several values of electron wavelength correspond 

to a first-order Bragg reflection condition for some region within the grating.

In addition to bandwidth improvement, chirping also makes the 

performance of the EBR less sensitive to systematic or random errors in the 

layer thicknesses, and less sensitive to the assumptions made (during its 

design) regarding the numerical values for the relevant semiconductor 

material parameters (§ 4.4.1). Finally, chirping can be exploited to provide a 

mechanism that enables the grating to "reflect" electrons which have suffered 

inelastic collisions within the EBR (§ 4.3.2).
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4.3 Design Considerations Arising from the Finite 
Electron Coherence Length

Coherent electron wave devices rely on the wave nature of conduction 

electrons; consequently, their performance is optimal for electron transport 

which is free of inelastic (i.e. Bloch wavelength altering) collisions. The 

coherence length of an electron is limited by the frequency and severity of 

inelastic scattering events.

4.3.1 Electron Scattering in III-V Compounds

Any deviation from the periodic potential of a semiconductor can act as 

a scattering centre. In III-V compounds, electron scattering is expected to be 

dominated by native or impurity defects, by alloy disorder (due to the pseudo

random distribution of the group III and group V atoms in the ternary and 

quaternary layers), and by lattice vibrations or phonons [Regianni, pp. 63-76, 

1974; Boer, p. 791, 1990]. The relative importance of these mechanisms 

depends strongly on temperature and on material composition and quality.

Phonon-induced scattering is categorized as optical or acoustic, and 

subcategorized as transverse or longitudinal, according to the phonon branch 

and mode responsible for the scattering. Phonon-induced crystal 

deformations scatter electrons by causing a modulation in the conduction 

band potential, by establishing piezoelectric fields, or by exciting 

electromagnetic dipole radiation by the relative movement of cations and 

anions in longitudinal optical vibration modes. Theoretical and experimental 

work suggests that the latter, also known as polar optical phonon scattering, 

is the dominant inelastic process limiting the mobility of electrons in III-V 

compounds at room temperature and above [Wang, p.228-229, 1989]. The
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limit on the coherence length of electrons due to phonons is expected to 

impose an upper temperature limit on the functionality of coherent electron 

devices.

Electron coherence lengths have been inferred for high purity MBE- 

grown AlGaAs/GaAs superlattices by counting the number of resolvable 

photoluminescence (PL) peaks2 [Mendez et al., 1990]. The observed coherence 

length decreased monotonically from 935 Â at T=5K to 495 Â at T=297K. The
o

495 A room temperature coherence length determined for GaAs/AlGaAs has 

been cited [e.g. Takagi, 1991] to justify the length of EBRs which have been 

proposed or experimentally investigated for InGaAlP visible lasers. However, 

to the author's knowledge, the coherence length in InGaAlP has not been 

independently determined by either theory or experiment.

There is no experimental data of the type reported by Mendez et al., 

[1990] for InGaAsP/InP superlattices [Sleight, 1993]. Krishna et al. [1988a 

and 1988b] have theoretically investigated the mean free path3 (MFP) of 

electrons limited by alloy scattering, polar optical scattering, and acoustic 

mode scattering in several III-V compounds using a band structure obtained 

by the coherent potential approximation. Krishna et al. found that MFPs in 

the (100) crystal direction increased with electron energy. In InP, the MFP 

rises from ~150 Â at the conduction band edge to ~480 Â at 200 meV for 

T=300K. By comparison, the MFP for electrons in Ino.5Gao.5As at 7=300K is

2Recall that an ideal N-period superlattice will manifest N-fold splitting of the ground 
state. When fewer than N peaks are resolved, this indicates that scattering prevents 
electrons from interacting coherently with the entire superlattice. The mean coherence 
length is assumed to be (# of resolvable peaks) x (length of one period in the superlattice).

3The mean free path of an electron is defined as the mean distance traveled before any 
momentum and/or direction altering collision takes place. Therefore, the mean free path 
will be interrupted by both inelastic and elastic collisions. However, the coherence length 
is interrupted only by inelastic (wavelength altering) collisions. Therefore the coherence 
length invariably exceeds the mean free path.
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larger (-210 Â at the band edge; -1000 Â at electron energies -200 meV), 

because the reductions in the MFP due to the presence of alloy scattering are 

offset by reduced phonon scattering4 attributable to the smaller electron 

effective mass (m* = 0.041 mo) in the ternary (c.f. m* = .077 mo for InP).

In the absence experimental or theoretical data for the full range of 

quaternary InGaAsP/InP compositions, it would appear reasonable to impose 

an upper limit on the practical length of the EBR at -500 Â.

4.3.2 EBR Length

In order to minimize impairments to the performance of a coherent 

electron device due to scattering phenomena, the device should be as compact 

as possible. This reduces the probability that an inelastic scattering event 

will occur when electrons are interacting with the device. Compactness for 

the EBR is achieved by employing thin and deep wells, which, fortuitously, is 

commensurate with previous design considerations (§ 4.2.1).

4.3.3 Chirping

As noted in § 4.2.2, chirping simultaneously increases the EBR 

bandwidth and relaxes fabrication tolerances. Moreover, scattering-related 

performance impairments can be reduced by exploiting chirping. Specifically, 

chirping is employed for the first time to provide a mechanism for the return 

of inelastically scattered hot electrons toward the active region.

Figure 4.3 illustrates that the scattered electron return mechanism is 

achieved by the placement of the EBR directly adjacent to the separate

4 Manifested through a reduction in the magnitude of the scattering matrix elements.
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b)

, s'

Figure 4.3: Mechanism for the recovery of inelastically scattered electrons: (a) 
Basic successive relaxation concept; (b) Actual, quasi-bound electron state 
probability distributions. Note the migration toward the separate confinement 
region with decreasing electron energy. All four states have lifetimes of -.5 ps to 
1 ps within the wells, after which the electron is expected to have escaped to the 
left. There are no bound states.
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confinement region, with the quantum well thickness decreasing with 

increasing depth into the InP cladding. As illustrated in Fig. 4.3(a), the 

electron return process can be understood as a successive relaxation of the 

electron energy, which results in a cascading of the particle down toward the 

separate confinement region. This rudimentary picture is substantiated in 

Fig. 4.3(b), which shows the evolution of the calculated probability 

distribution I y(x) 12 when the particle energy is decreased. Since all four 

electron states are quasi-bound (see § 3.2.6), it is expected that the electrons 

in these states will escape into the active region after a brief time. The 

calculated state 1/e lifetimes (using Eq. (3.24)) range from ~.54 ps to 1.01 ps.

It is natural to speculate that the electrons traveling back toward the 

separate confinement region may relax from their quasi-bound states into low 

energy bound electron states within the EBR, where they would presumably 

remain trapped until they recombine with a hole. However, electron-hole 

recombination in the EBR is minimized by relying upon an eigenstate 

exclusion phenomenon which has not been previously exploited. The EBR 

design in fact "cuts off' all bound electron states in a manner analogous to the 

cut-off of all guided optical modes in asymmetric optical guides. This 

represents the identification and the first fabrication of a multiple-quantum 

well design that is expected to achieve this "cut-off' phenomenon. The cutoff 

condition is manifest in the absence of zero crossings in the eigenvalue 

equation for real valued eigen-energies spanning the well depth.

Thus, the EBR supports only the short-lived (-.5 to 1 ps) quasi-bound 

modes which accommodate the transport of electrons back into the separate 

confinement region. The absence of a truly bound (long lifetime) eigenstate 

for electrons is expected to drastically reduce the rate of electron-hole 

recombination in the EBR.
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4.4 Nominal EBR Design

The EBR was designed by using the transfer matrix method presented 

in Chapter 3. The layer sequence is enumerated in Table 1. It consists of four 

1.5% compressively strained wells which decrease in thickness with 

increasing depth into the upper InP cladding. For ease of fabrication, and to 

preclude the requirement for additional calibration growths, the EBR wells 

have the alloy composition of the active region. Because the wells are thinner 

than the active region quantum well and because they are bound by InP, the 

condition of optical transparency (section 4.2.1) is amply fulfilled.

Table 4.1. Nominal EBR Design.

Layer

Number

Ind-xpax

X

AsyP(,.y)

, y

Aa/a Band Gap

Energy (eV)

Thickness

(monolayers)
- .254 .540 0 0.992 -
1 0 0 0 1.35 40 A (14)
2 .154 .803 -1.52% 0.71 23 A (8)
3 0 0 0 1.35 40 A (14)
4 .154 .803 -1.52% 0.71 20 A (7)
5 0 0 0 1.35 46 A (16)
6 .154 .803 -1.52% 0.71 17 A (6)
7 0 0 0 1.35 51 A (18)
8 .154 .803 -1.52% 0.71 14 A (5)
- 0 0 0 1.35 -

4.4.1 Insensitivity of EBR Performance to Material and Fabrication 

Parameters

Figure 4.4(a) shows the probability of electron reflection, R, as a 

function of electron energy, E, above the InP conduction band edge for the 

nominal design. The calculation is based on the TMME using Eq. (3.20), and 

includes conduction band non-parabolicity through Eq. (3.5). The dashed
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curve represents the reflectivity assuming parabolic bands. The disparity 

suggests that calculations of EBR reflectivity bandwidth based on parabolic 

bands [e.g. Iga, 1986; Takagi et al., 1991; Furuya et al., 1992] may be overly 

optimistic.

Figure 4.4(b) shows the R vs. E curves when the band edge effective 

mass in all layers is increased or decreased by 8%. Figure 4.4(c) illustrates 

the influence of different relative partitionings of the heterojunction band 

offsets between the conduction and valence bands.

The influence of thickness errors are revealed in Fig. 4.5. Figure 4.5(a) 

and 4.5(b) show R vs. E under the assumption of a systematic +1 or -1 

monolayer error and a +10% or -10% offset in the layer thicknesses (rounded 

to an integral number of monolayers), respectively. Figure 4.5(c) represents 

the calculation of 72 vs. E for ten cases in which the layer thicknesses have all 

been randomly modified by uncorrelated errors of up to ±2 monolayers.

The calculations for Figs. 4.3 and 4.4 assess the electron reflection 

spectrum under the influence of independent EBR uncertainties or errors. 

For a combination of two or more uncertainties or errors (e.g. incorrect band 

offsets combined with uncorrelated layer thickness fluctuations) the 

bandwidth may be reduced significantly. It is also important to recognize 

that, although theoretical models suggest that lasers operate with nearly flat- 

bands above threshold [e.g. Lee et al., 1993], finite band curvatures (including 

the deleterious EBR-sagging; see § 4.2.1) will affect EBR performance.
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Figure 4.4: EBR reflectivity vs. electron energy; influence of material parameters. 
Solid line is for nominal material parameter values. Other curves shown are for 
(a) parabolic bands (dashed); (b) 8% increase (dashed) or decrease (dot- 
dashed) in the band-edge effective mass; and (c) heterojunction band 
discontinuity partitioning between conduction and valence bands in the ratio 
33:67 % (dashed) and 45%:55% (dot-dashed); nominal value is 39%:61% 
[Forrest eta!., 1984],
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Figure 4.5: EBR reflectivity vs. electron energy: influence of errors in the layer 
thicknesses. Solid line in (a) and (b) is for the correct layer thicknesses. Other 
curves correspond to (a) systematic offset of +1 (dashed) or -1 (dot-dashed) 
monolayers for all layers; b) systematic 10% increase (dashed) or decrease (dot- 
dashed) in thickness of all layers; and (c) uncorrolated random fluctuation of ±2 
monolayers for all layers (10 cases).



Chapter 5: Laser Fabrication

5.1 Introduction

To explore the advantages provided by an EBR, two ridge waveguide 

lasers (one with a EBR, and one without) were fabricated. In this chapter, 

the specific laser designs and their fabrication are briefly described, and the 

mounted laser assembly is presented.

5.2 Layer Growth Sequence

The epitaxial layer growth sequence for the control laser and the 

EBR-equipped laser are represented in Figs. 5.1 and 5.2, respectively.

The active region (layer #3 in both designs) is a single 55 Â wide 

In.154Ga.845As.803P-197 quantum well. The alloy composition of the well 

corresponds to an equilibrium lattice constant of 5.993 Â (according to 

Vegard's law [e.g. see Adachi, 1982]), or -1.52% larger than the lattice 

constant of the surrounding alloy, which is lattice matched to InP. The 

quantum well is expected to accommodate the lattice mismatch elastically 

through bi-axial compressive strain.

The total optical transition energy in the well (-.8 eV, giving 

X-1.55pm) is the sum of the confinement energies of the lowest lying

58
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Composition

Layer #17 InGaAs

Layer #16 InP

Layer #15 InP

Layer #14 1.3Q Etch Stop 

Layer #13 InP

Layer #4 1.25 Q

Layer #3 1.5% Strained Q

Layer #2 1.25Q

Thickness Doping

Layer #1 InP buffer

Substrate InP

1.2 pm Zn: 1E18

.20 pm Zn: 4E17
| 50 A Zn: 4E17

225 Â undoped

1700 Â Si:4E17

5W St: 4E17

1700 Â Si: 4E17

1.5 pm Si: 2E18

n+

\

P Contact 
Layer

Active Region

Separate
Confinement
Layers

Figure 5.1: Layer growth sequence for the single quantum well (control) laser. 
1.3Q refers to a quaternary layer with a band gap corresponding to 1.3 pm optical 
emission for bulk material.
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CQm position Thickness Doping
Layer #17 InGaAs

Layer #16 InP

Layer #15 InP

Layer #14 1.3Q Etch Stop

Layer #13 InP

Layer #12 1.5% Strained Q 

Layer #11 InP

Layer #10 1.5% Strained Q

Layer #9 InP

Layer #8 1.5% Strained Q

Layer #7 InP
Layer #6 1.5% Strained Q

Layer #5 InP

Layer #4 1.25 Q

Layer #3 1.5% Strained Q

Layer #2 1.25Q

Layer #1 InP buffer

Substrate InP

... ..............iWa.............zre i&’iir.......-

1.2 |im Zn: 1 El8

.20 pm Zn: 4E17
50À Zn: 4EI7 1

325 Â Zn: 4E17

14 Â (5 ml) undopcd

51 Â (18 ml) undopcd

17 Â (6 ml) undoped

46 Â (16 ml) undoped

20 Â (7 ml) undoped
40 À (14 ml) undoped
23 À (8 ml) undoped

40 Â (14 ml) undoped

1650 Â Si: 4E17

5TT Si: 4E17

1700 Â SÉ4E17

1.5 pm Si: 2E18

n+

P Contact 
Layer

\

Electron
Bragg
Reflector

Active Region

-Separate
Confinement
Layers

Figure 5.2: Layer growth sequence for the electron Bragg reflector equipped 
single quantum well laser. 1.25Q and 1.3Q refer to quaternary layers 
corresponding to 1.25 and 1.3 pm optical emission (see Table 4.1 for actual alloy 
compositions). The layers in the EBR indicate the target number of monolayers 
(ml).adjacent to the specification in Angstroms.
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electron and hole states (~0.06 eV and 0.03 eV, respectively.1), and the band 

gap energy (-.71 eV), which is increased relative to its unstrained value of1 2 

-.64 eV by the hydrostatic component3 of the strain.

The two 1700 Â or 1650 Â wide, larger band gap (-.992 eV) 

In.154Ga.846As.803P.197 layers (#2 and #4 for both designs) adjacent to the 

active region define the separate confinement region. This region has a 

dual purpose of confining the optical power and the injected electrons and 

holes (§ 2.2) in the vicinity of the laser active region.

The separate confinement region is Silicon doped (n-type) to 

4 x 1017/cm3. Both structures have undoped regions which are -250 Â wide 

between the n- and p-doped regions. The Zn (p-type dopant) is expected to 

diffuse across these undoped regions during growth and processing. As a 

result, the p-n junction in both devices is expected to be located 

approximately where the profile of Si terminates (see § 5.5).

During laser operation, hole transport to the active region is expected 

to be achieved by diffusion across the n-type separate confinement layer 

from the anisotype heterojunction (at the interface of layers #4 and #5 in 

both designs). Because the mobility of holes is -1/10 the mobility of electrons 

[e.g. see Hayes et al., 1982], the increase in threshold due to lateral hole 

current spreading in the active region is expected to be reduced in 

comparison to the converse case of electron injection into a p-type separate 

confinement region.

1 Calculated from Eq. (3.23).

2See Appendix A

3Bi-axial strain can be modeled as the superposition of a hydrostatic and a uni-axial 
strain. The former induces an increase (decrease) in the band gap for compressive 
(tensile) strain. Also see Appendix A.
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The two structures were designed to achieve identical (-3%) relative 

confinement of the optical mode within the laser active region.

5.3 Device Fabrication, Selection, and Assembly

The laser structures were grown onto sulfur (n-type) doped -5 cm 

diameter Sumitomo substrates in a Metal-Organic-Chemical-Vapor- 

Deposition (MOCVD) reactor at the Advanced Technology Laboratory of 

Bell-Northern Research (BNR) in Ottawa. The wafers were then subjected 

to a ridge-waveguide laser process which yielded -2 pm wide ridges with 

blanket p-side and n-side metal contacts.

Figure 5.3 provides a brief summary of the ridge waveguide 

fabrication process. After cleaning the grown wafer surface and coating it 

with SiO2, the ridge and mesa topology was realized in the SiO2 by photo

lithography. The ridges and mesas were then defined by a combination of 

reactive ion etching and wet chemical etching down to the InGaAsP etch- 

stop layer. Next, the remaining SiO2 was removed and a new blanket 

SiO2/SiNx dielectric coating was deposited. Photoresist was then patterned 

to expose only the ridges, where the SiO2/SiNx was removed to expose the p- 

contact layer. Blanket Ti/Pt/Au was then evaporated onto the p-side. The 

wafer was then thinned and polished down to a thickness of -150 pm, after 

which a blanket evaporation of Ni/Ge/Au was applied to the n-side.
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a) Patterning of SiO2 by photolithography

SiOz

P-contact layer 
Etch-stop layer 
Laser active area 

(white areas = InP)

b) Reactive Ion Etching, wet etching, removal of SiO2

Mesa Ridge 2 (im Mesa

"z/yyy ; ; ? ; ; ; ? ; ; ; ; ; ; ; / ; ; ; s ? ; ? ; ; ; ; ;,

c) Blanket SiO2/SiNx, via to ridge by photolithography and wet etch.

Ridge via

SiO2/SiNx

d) Deposition of p metal contact, substrate lap and polish, n metal contact

P metal (Ti/Pt/Au)

N metal (Ni/Ge/Au)

Figure 5.3: Summary of ridge-waveguide laser fabrication.
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The thicknesses of the dielectric and metal layers deposited in the 

fabrication process were designed to result in minimal stress in the laser 

active region. However, high sensitivity degree-of-polarization (DOP) 

photoluminescence has revealed circular bands of tensile strain on the 

order of ~0.1% emanating from the apexes in the metal at the base of the 

ridges and mesas [Cassidy et al., 1993].

Approximately 100 control lasers and EBR-equipped lasers were 

cleaved from the wafers into 1500pm lengths. The ten control and ten EBR- 

equipped lasers which exhibited the highest differential quantum 

efficiency4 among their respective lots were selected.

The lasers were bonded with the ridge-side up onto gold-plated SiC 

heat sinks (using 80% Au/20% Sn solder), which were in turn soldered to 

Au plated copper blocks. The copper blocks were cemented to a ceramic 

sub-carrier with Au bonding pads. The complete mounted-laser 

configuration is detailed in Figure 5.4.

Figure 5.4: Mounted laser assembly.

4Under pulsed operation (0.1% duty cycle, 300 ns pulses) at room temperature.
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5.4 Process Diagnostics

A compressive strain of 1.3% to 1.5% was estimated for the quantum 

wells in both laser structures on the basis of the x-ray double crystal 

diffraction analyses of the relevant calibration growths.

A profile of the zinc and silicon concentrations in the EBR-equipped 

laser was obtained by Secondary-Ion-Mass-Spectroscopy (SIMS) and is 

shown in Figure 5.5. These profiles were measured from a sample which 

had been etched down to the etch-stop layer. The enhanced Si signal near 

the surface was deemed by the operator to be an artifact caused by the 

detection of negatively ionized surface impurities whose molecular mass is 

comparable to the atomic mass of the Si 28 isotope. Typically there is very 

little diffusion of Si during fabrication. It will be assumed in this thesis that 

the Si dopant profile matches the growth request.

In contrast, Zn is detected by the collection of positively charged ions, 

and the relative yield for unwanted positively-charged surface impurities is 

comparatively small. Therefore, the measured Zn trace is assumed to be 

accurate, which implies that the zinc has diffused during fabrication. An 

inspection the Zn concentration relative to the gallium trace indicates that 

the quantum barrier region has become p-type, and that the p-n junction is 

located at or near the interface between the quantum barrier and the 

separate confinement region (i.e., at the interface between layers 4 and 5 in 

Fig. 5.2).
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Figure 5.5: SIMS profile of the concentration of zinc and silicon, and the 
relative concentration of gallium. The dashed line illustrates the assumed profile 
of silicon (see text). This profile was obtained from a Cameca 4F SIMS 
spectrometer.



Chapter 6: Experimental Apparatus and
Procedures

6.1 Introduction

The experiments which were performed for this thesis were designed 

to quantify the temperature dependence of laser threshold current (/,/,), the 

electro-luminescence (EL) spectra, and the relative external differential 

quantum efficiency, between 7=~19 K and 7=320 K. A comparison of the 

temperature dependence of the output characteristics for EBR-equipped and 

control lasers will be presented and interpreted in Chapter 7.

In this chapter, the experimental apparatus and procedures which 

were used for data acquisition are described. Unless otherwise indicated, all 

electronic equipment were remotely configured (through an IEEE-488 bus) 

by an 80286 processor based computer. In-situ operational data (i.e. laser 

drive current, temperature, etc.), and data from electronic or optical 

detection equipment, were collected automatically through the data bus and 

stored into ASCII files. Several software routines based on the IEEE-488 

interface protocols were written or modified to drive equipment 

configuration, data acquisition, and data storage. Computer control was 

necessary in light of the repetitive nature of the measurements and the 

inexorable delays between measurements, which were due to the wait time 

for laser temperature stabilization.

67
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Figure 6.1 : Experimental set-up for acquisition of the laser light vs. current as a 
function of temperature

6.2 Experimental Setup

Figures 6.1 and 6.2 illustrate the experimental set-up for the 

acquisition of the temperature dependence of the light vs. current data and 

the EL spectra, respectively.

The main functional components were: 1) the laser temperature 

control unit, which includes the cold-head and the temperature controller; 

2) the laser current source and optical measurement apparatus.
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Figure 6.2: Experimental set-up for the acquisition of laser 
electroluminescence spectra as a function of temperature and bias current.

6.3 Sample Temperature Control

The main requirement for the investigation was the control of the 

temperature of the lasers throughout their operational range, the bulk of 

which lies below room temperature.

The control of laser temperature was achieved by placing the 

mounted laser assembly into the chamber of a Laser Analytics closed-cycle 

helium-circulating cold-head. A low volatility thermally conducting
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compound was applied to the base of the ceramic sub-carrier to ensure good 

thermal conductivity between the cold head sample platform and the laser 

assembly. After an evacuation (< 60 mTorr) of the chamber to avoid 

atmospheric condensations, the cold-head sample platform was 

refrigerated continuously, attaining a minimum temperature of ~19 K. The 

Lakeshore Model 330 autotuning temperature controller could then 

establish and stabilize the temperature of the sample platform to any 

desired temperature >19K by providing the appropriate current to a 

resistive heater located in the cold head platform. The heater current 

supplied by the Lakeshore 330 was determined by a feedback loop based on a 

silicon diode temperature sensor situated within the cold-head sample 

platform. Measurements of laser output were not initiated until the 

Lakeshore achieved the target temperature with a stability better than ±0.1 

K for a period of eight minutes.

The temperature control algorithm in the Lakeshore 330 is based on 

the characteristic response data of the silicon diode sensor, which was 

supplied by the manufacturer and loaded into the memory of the Lakeshore 

330. The response curve is claimed by the manufacturer to be provide 

absolute temperature estimates which are accurate to within ±1 K in the 

range 10 - 300K. However, the difference between two temperature 

readings is expected to be more accurate, and the temperature 

reproducibility (i.e. the ability to achieve the same sample temperature in 

separate investigations) is expected to be excellent (< ±0.1K).

It is emphasized that both the excellent temperature repeatability 

and the accurate assessment of differences between temperatures are the 

two most important requirements for the comparison of the temperature 

dependence of the operating characteristics of the two laser structures.
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6.4 Laser Current Source

Laser driving current was provided by a high precision ILX 

Lightwave Technologies model LDP3811 laser diode puiser. The LDP3811 

could be programmed to drive the laser with a continuous current, or with 

pulses of constant current having a specified time duration and duty-cycle.

A measurement of Ith vs. T in an EBR-equipped laser sample was 

obtained for both continuous and pulsed current operation (500 ns pulses at 

a duty cycle of û.1%)1 to estimate the relative heating in the laser active 

region under continuous operation. The displacement between the pulsed 

and DC /,* vs. T curves along the temperature axis suggests that the 

temperature of the active region under continuous current injection is 

approximately 10K warmer than its temperature under low-duty-cycle 

pulsed operation. This finding is consistent with the theoretical model 

advanced by Martin et al. [1992] and with experiments performed by Evans 

[1992]. All other measurements of the laser characteristics were performed 

with continuous current injection.

6.5 Optical Measurement

For the measurement of the light power vs. current, the light 

emanating through the cold-head window was manually focused onto a 

broad area (radius=2000gm) EG&G InGaAs p-i-n photodiode. Manual 

alignment was rapid and repeatable, and the signal strength was sufficient

1The detected voltage was fed into a Stanford systems SR250 gated integrator-boxcar averager to convert the 
pulsed signal to a DC output, which was required by the Keithley 236 digital multi-meter.
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at unity voltage gain to preclude the requirement for lock-in based detection 

and amplification.

For the measurement of the electroluminescence spectra, the laser 

light was passed through a Digikrom 240 monochromater prior to detection. 

The Digikrom 240 incorporates a Crzeny-Turner rotating grating 

configuration, where the grating is ruled for peak efficiency at X=1.5 5pm.

The weak signal detected by the InGaAs photodiode during the 

acquisition of spectra required amplification by lock-in detection. The 

InGaAs detector voltage was input to a Stanford Research Systems SR510 

lock-in amplifier, with a phase reference provided by a mechanical chopper 

placed adjacent to the cold-head window. The phase and gain setting for the 

SR510 were automatically adjusted in-situ for peak signal strength.

6.6 Leakage Measurement

The magnitude of the leakage current is assessed by light detected 

between X=.9O and .97pm, which is attributable to electron-hole 

recombination in the InP cladding. At room temperature, the leakage 

signal can be very weak, even for a laser biased at several times threshold. 

Therefore, low noise and high sensitivity optical detection was required.

Leakage measurements were conducted on an independent 

experimental setup designed by J. Evans and T. Vetter. The setup was based 

on an optical bench to provide vibrational isolation, but was otherwise very 

similar to the EL spectra set-up shown in Fig. 6.2. The main differences 

were in the method of optical detection and temperature control.

High sensitivity optical detection was provided by a reverse-biased 

EG&G Silicon avalanche photodiode configured with a transistor and
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resistor network to achieve a voltage gain of ~106. Spectral selection was 

provided by a Thermo Jarrel Ash MonoSpec/50 monochromater. The 

detector signal was amplified by a Stanford Research Systems SR550 

preamplifier before it was input to a SR510 lock-in amplifier.

Temperature control was achieved by Peltier thermo-electric coolers 

driven by an ILX Lightwave Systems model LDC-3722 laser diode controller. 

The sample was placed onto an open platform which was in thermal 

contact with the Peltier coolers. The exposed sample platform 

accommodated a lens configuration which collected laser light with greater 

efficiency than the light collection from a laser within the cold head 

chamber. However, the absence of environmental isolation of the sample 

limited the lower temperature to the dew point, which was typically 10° 

below room temperature.

It was not possible to measure accurate leakage spectra from lasers 

refrigerated within the cold head due to the smaller leakage signals at low 

temperatures (§ 2.2) combined with the limited light collection efficiency 

and noise penalty due to vibration caused by the compressor for the closed- 

cycle Helium refrigerator.

6.7 Data Acquisition

For each laser under investigation, the EL spectra were collected at 

40K increments from 7=20K to 7=260K, and at 7=280 K. Light vs. current 

data was collected at 5 K increments from T=20K to T=300K. Leakage 

measurements were conducted at room temperature. The data is presented 

and analyzed in Chapter 7.



Chapter 7: Experimental Results for EBR- 
Equipped and Control Lasers

7.1 Introduction

In this chapter, the temperature dependence of the threshold 

current, differential quantum efficiency, and electroluminescence spectra 

for the EBR-equipped and control lasers are described. The data presented 

reveal unusual performance characteristics for the EBR-equipped lasers 

which are not attributed to a reduction in hot electron leakage. The 

peculiarities are collectively interpreted by a physical model. The proposed 

physical model is then substantiated by numerical simulations.

7.2 Experimental Results
7.2.1 Threshold Current vs. Temperature

The control lasers achieved CW operation up to T=330 K. By 

comparison, the maximum temperature for CW operation for the EBR- 

equipped lasers was ~310 K. Moreover, the threshold currents (/,/,) for the 

EBR-equipped lasers were larger than /,* for control lasers by at least 2 mA 

at all temperatures, and the efficiency was inferior. However, the EBR- 

equipped lasers revealed an unexpected threshold current temperature 

dependence, and superior threshold current temperature stability over a

74
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Figure 7.1 : CW threshold current as a function of temperature for (a) a control 
laser and (b) the EBR-equipped laser.
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70 K window in the operational temperature range. Plots of Ith vs. laser 

temperature (T) for a control laser and an EBR-equipped laser are shown in 

Fig. 7.1 (previous page).

It is seen that the control laser exhibits an approximately exponential 

increase of Ith with temperature. This is consistent with previous findings 

for bulk and quantum well lasers (e.g. see Agrawal et al., p.128 and p.402, 

1986, and § 2.5, Eq. (2.4)). In contrast, the EBR-equipped laser exhibits a 

remarkable departure from the normal functional dependence of lth upon 

temperature; Ith initially decreases monotonically with increasing 

temperature, until it reaches its minimum at 71=170K (— T min\ where it is 

less than half the value of Ith at T=20K. The threshold then rises in the 

normal (approximately exponential) manner for T > 170K. All EBR- 

equipped lasers manifested an anomalous Ith vs. T behaviour similar to that 

depicted in Fig. 7.1(b), attaining threshold minima between T=150K and 

7=200K.

The relative temperature sensitivity of the threshold current for the 

control laser and EBR-equipped laser are revealed in the plot of their 

characteristic temperature, To, (§ 2.5) in Fig 7.2. For the control laser, To is 

always positive, reflecting the continuous increase in lth with temperature. 

For the EBR-equipped laser, the decrease of I,h from T=20K to T=170K 

( = ) is reflected in a negative value of To over that temperature range.

At Tmîn, To is infinite (because dlth / dT — 9), and for T To is positive.

The shaded band in Fig. 7.2 designates the 70 K temperature window where 

the threshold current is more stable for the EBR-equipped laser than for the 

control laser.
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Temperature (K)

Figure 7.2: To vs. temperature for an EBR-equipped laser and a control laser 
from T=50K to 7"=250K. The data was obtained by applying Eq. (2.5) to an 
analytical fit to the l,h vs. Tdata presented in Fig. 7.1. The analytical fit is described 
in Appendix A.1.
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7.2.2 Differential Quantum Efficiency

The differential quantum efficiency (DQE) is the efficiency with 

which the above-threshold current generates output optical power, and it is 

therefore proportional to the slope of the light vs. current curve1 at a given 

current. The DQE in EBR-equipped lasers exhibited an unusual 

dependence on injection current at low temperatures.

Figure 7.3 shows three light vs. current (L vs. /) curves, and three 

corresponding dL/dl vs. / curves. Figure 7.3(a) illustrates a fictitious ideal 

case, featuring a sharp threshold and a constant external DQE for I>lth- 

Figure 7.3(b) shows L vs. I and dL/dl vs. / data measured from an EBR- 

equipped laser at 290K. The L vs. I curve is sub-linear, and this is reflected 

in the "sagging" of the dL/dl curve for This progressive decrease in 

efficiency is a familiar consequence of active region heating in 

semiconductor lasers.

In contrast, the curves for the same EBR-equipped laser at T-30 K 

(see Fig. 7.3(c)) reveal that the DQE improves continuously as the current is 

increased. This behaviour is partly attributable to active region heating in a 

laser which is operating in a "negative To" regime (i.e. in a regime where 

heating improves the laser performance). A second mechanism which is 

believed to be responsible for the improvement in DQE with increasing 

current will be described following the presentation of the physical model in 

§7.3.

hf the photo-detector response is nearly flat
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Figure 7.3: L vs. / and dL/dl vs. / for an EBR-equipped laser in the normal and 
anomalous temperature regimes. Curve (a) ideal case; (b) at 7=290 K, and (c) at 
T=30K. Case (b) shows the "sagging1* of laser efficiency with increasing bias due 
to active region heating; In contrast, case (c) shows an improvement in laser 
efficiency with increasing bias; this is partly attributable to active region heating in 
the "negative 7O" regime. Also, see § 7.3.2.
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7.2.3 Electroluminescence at X~.9pm Due to Current Leakage Into 

the InP

The EBR was designed to stabilize laser performance with respect to 

changes in temperature by inhibiting the Auger-recombination- and 

thermally-induced leakage of electrons out of the active or separate 

confinement regions. However, the anomalous behaviour of the threshold 

current and DQE reported in this work is not anticipated to be a basic 

consequence of increased electron confinement, and no such observations 

have been reported in the context of the influence of EBRs on laser 

performance.

Measurements of leakage current at T=285 K and T=305 K (by the 

integration of the electroluminescence (EL) spectra around X~.9 pm (§ 6.6)) 

suggest that leakage is slightly higher in the EBR-equipped laser than in 

the control laser for a given injection current (see Fig. 7.4). Although this 

result does not bode well for the given EBR design, it remains possible that 

the EBR is inhibiting hot electron leakage at room temperature, despite the 

higher threshold current for the EBR-equipped lasers2. In any case, the 

regime of greatest interest lies not at room temperature but in the range of 

temperatures at or below T^n, (~170 K), where radiative emission from the 

InP (X~.8-.9p) was not detectable.

It will be recalled that the EBR was designed on the basis of several 

material parameters that vary with temperature, including the band gaps, 

the effective masses, and the lattice constants [e.g. see Adachi, 1982]. It can

2A simple interpretation attributes the larger 1^ in the EBR-equipped laser to larger leakage currents. 
However, if the larger Ith in the EBR-equipped laser is due to other mechanisms (e.g. more inter-valence 
band absorption in the EBR-equipped laser than in the control laser), then the required steady state electron 
density at threshold is larger, and this implies more hot electron escape attempts from the EBR-equipped 
laser than for the control laser.
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be speculated that at T = Tm,n the relevant material parameters collectively 

establish the most effective reflector for the given design. However this 

scenario is unlikely, because it ultimately implies that leakage into the InP 

represents a substantial fraction of the threshold current at T=170K. In 

fact, the reduction in Ith from T=20K to T=170K exceeds the reduction 

anticipated theoretically from the complete elimination of the leakage 

current for the EBR-equipped laser structure at room temperature3.

In summary, then, available experimental data suggests that 

electron reflection from the EBR does not constitute the principal cause of 

the anomalous temperature dependence of the threshold current and DQE.

Current (mA)

Figure 7.4: Integrated EL intensity from X.=.9 to 1.0um vs. injection current for 
a EBR-equipped laser and a control laser at T=285 K and T=305 K. The data 
suggest that leakage into the InP in the EBR-equipped laser is higher.

3On the basis of 2-D simulations using the device simulator LUMIN developed by Dr. Z. M. Li at NRC 
[e.g. see Li et al., 1992].
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7.2.4 Long Wavelength (X, = l.l-1.6pm) Electroluminescence

Although short wavelength (~X = .8 - .9 pm) EL spectra corresponding 

to leakage currents in the InP were inconclusive, more substantive insights 

into the anomalous IthV$T and DQE behaviour for the EBR-equipped lasers 

are discernible from EL spectra collected from these lasers at longer (X = 

1.1-1.6 pm) wavelengths.

In the control lasers, a single Gaussian lobe developped at the lasing 

wavelength at all temperatures, while EL spectra for EBR-equipped lasers 

showed a strongly temperature- and current-dependent three-lobed 

structure. It is of particular interest to compare the EL spectra of an EBR- 

equipped laser at low temperature (T-20K) with spectra obtained at Tmin 

(170 K) to explore the reasons for the anomalous decrease in the threshold 

current over that temperature range.

Figures 7.5(a) and 7.5(b) show the dependence upon current of EL 

spectra obtained from an EBR-equipped laser at T=25K and T=180K (-Tmin), 

respectively. The low current (sub-threshold) spectra at T=25K reveal that 

radiative emission from a lobe centered at ~ 1.3pm is initially dominant over 

the long wavelength emission peaked at 1.42pm; however the latter 

eventually dominates and develops into laser action at 7~15 mA (6th trace in 

Fig. 7.5(a)). In contrast, the spectra shown for the same EBR-equipped laser 

at T=180K (Fig. 7.5(b)) reveals that the long wavelength emission lobe 

invariably dominates over the shorter wavelength (1.27-1.29pm) lobe. 

Similarly, it can also be seen that the shortest wavelength lobe in Fig. 7.5(a) 

(which shifts from ~1.25pm to ~1.15pm with injection current) is more 

prominent at low temperature (T=25K) than at high temperature (T=180K).
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Figure 7.5: El spectra from an EBR equipped laser at (a) 7=25 K and (b) T=18OK 
for l=2, 4, 6, 8,10,15, 20, 40, and 100mA. At 7=25K, lasing threshold occurs at -15 
mA (the 6th trace, counting from the bottom), whereas at T=18OK the threshold is 
~6 mA (3rd trace from bottom).
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It can be concluded that the threshold current in the EBR-equipped 

laser is larger at T=25K than at T=180K because of enhanced recombination 

currents at lower temperatures. The relative magnitude of these 

recombination currents diminish substantially at higher temperatures.

7.3 Basic Physical Model of Anomalous Behaviour

The anomalous Ith vs. T and DQE behaviour can be explained by a 

relatively simple physical model based on a consideration of the 

temperature dependence of the hole population in the quantum wells of the 

EBR. The model explains the experimental data without recourse to 

unsubstantiated arguments concerning reductions in electron leakage 

currents into the InP due to the EBR.

In this initial discussion it will be assumed for simplicity that the 

EBR structure may be represented by a single quantum well with some 

appropriate width and depth, as shown in Fig. 7.6(a). Holes are being 

considered, so the band diagram here delineates the valence band edge as a 

function of position. Hole energy is defined to increase in the downward 

direction. The well is bound by a potential barrier with height V/„p on the 

right and by a lower barrier of height Vsc on the left.

It may be assumed that the holes, which are injected into the EBR 

quantum wells from the p-type InP, will relax rapidly (<60 fs, [Asada, (Zory 

Ed., p.117), 1993] ) and establish a thermal equilibrium at the lattice 

temperature. In this situation, the distribution of occupied hole states in the 

EBR can be described by Fermi-Dirac statistics.

For the laser to attain threshold, there must be a sufficient steady-
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Figure 7.6: Explanation of the anomalous behaviour of the threshold current as 
a function of temperature.
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state current, Jsc. of holes which are emitted from the EBR into the separate 

confinement layer, where they can then diffuse toward the active region. 

The required hole current density is achieved only when there is a 

sufficient number of holes in the EBR that have energies exceeding the 

barrier height V$c- When the laser is very cold, the distribution of hole 

energies will be clustered very near the hole Fermi-level energy; therefore, 

the Fermi level must be situated very near Vsc to supply the required 

outgoing current (/5c ) to the laser active region. This situation is depicted 

in Fig. 7.6(b). In contrast, at much higher lattice temperatures (say 

T=170K), the distribution of thermally populated hole states extends well 

beyond the hole Fermi-level. Therefore, it is possible to establish the 

required outgoing current (Jsc ) when the hole Fermi-level is relatively far 

removed from Vsc ■ This situation is depicted in Fig. 7.6(c).

It can be concluded that the EBR is relatively 'full' of holes when the 

laser attains threshold at very low temperatures, and is less full when 

threshold is attained at more elevated temperatures. Correspondingly, 

there is a significant (up to several mA) current, Jr, which is due to the 

radiative and non-radiative recombination of electrons and holes in the EBR 

at low temperatures, and this current will tend to decrease as the 

temperature increases. The temperature dependence of the recombination 

current is evident in the EL spectra shown in Fig. 7.5.

The total current at threshold, Jth > is given, of course, by the sum of 

both the EBR recombination current, Jr, and the current injected into the 

separate confinement region, Jsc ■ Unlike the recombination current Jr, the 

current Jsc is expected to increase with increasing temperature, because 

the latter will be approximately proportional to the active region threshold 

current density, which can be roughly expressed as Jo exp( T/To ). The sum
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of J sc and Jr therefore manifests the anomalous threshold current 

temperature dependence illustrated in Fig. 7.6(d) at right. This anomalous 

behaviour features a temperature range over which the total (threshold) 

current Jth decreases with increasing temperature (i.e. a "negative To" 

region), followed by the "normal" exponential increase in Jth with T.

The several mA recombination current, //?, in the EBR is larger than 

one might anticipate from the arguments forwarded in § 4.3.2, where it was 

noted that no bound electron states exist within the EBR. The substantial 

recombination can be explained by band bending (induced by the large hole 

density) in the vicinity of the EBR, which results in the formation of a 

triangular well for electrons at the edge of the separate confinement region 

as illustrated in Fig. 7.7. The wavefunction of the electrons in the triangular

EBR
Conduction
Band2

p - InP

Separate
Confinement
Region

2

Valence
Band

Figure 7.7: Formation of triangular well quantum well for 
electrons near the interface between the separate confinement 
region and the EBR. The wavefunction of the electrons and holes 
are spatially offset.
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well extends evanescently into the EBR, resulting in a non-negligible 

recombination current. A numerical analysis to be presented later (§ 7.4) 

provides evidence to support the claim in § 4.3.2 that no bound electron 

states exist within the EBR. The lobe that shifts from 1.25pm-1.15pm in Fig. 

7.5(a) may be due to recombination involving either a higher energy EBR 

valence sub-band, or a higher energy electron state in the triangular well.

In summary, the EBR-equipped lasers demonstrate anomalous Ith vs. 

T behaviour (Fig. 7.1) and superior temperature stability (Fig. 7.2) because 

the EBR wells provide a hole trap which causes a recombination current 

whose temperature dependence is complementary to the temperature 

dependence of the active region recombination current at threshold. The 

superior temperature stability in the EBR-equipped lasers is achieved at the 

expense of quantum efficiency and a larger total threshold current.

7.3.1 Supporting Spectral Evidence

The interpretation presented in § 7.3 is consistent with the observed 

evolution of EL spectra with injected current (Fig. 7.5), which reveal the 

relative magnitude of the recombination currents in the active region and 

the EBR. Specifically, in Fig. 7.5(a) (7.5(b)) the lobe peaked at 1.29pm (1.28 

pm) is attributed to recombination occuring in the EBR, while the lobe 

peaked at 1.42pm (1.47pm) corresponds to radiative recombination in 

quantum well active region.

The (sub-threshold) spectra at T=25K reveal that substantial current 

is lost to recombination in the EBR. At 7=180K, the thermally induced 

escape of holes from the EBR is more efficient than at T=25K, and, as a 

result, the hole population and the recombination current in the EBR are
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reduced. Correspondingly, the sub-threshold spectra for T=180K in Fig. 

7.5(b) illustrate that recombination in the active region (1.47pm) invariably 

dominates over recombination in the EBR.

A more explicit elucidation of the model proposed in § 7.3 is provided 

in Fig. 7.8, which shows the ratio (EL from EBR)/(EL from active region) as 

a function of temperature, at / =.7 The data clearly illustrate that the 

relative magnitude of the recombination current in the EBR decreases as 

the temperature increases. The data points in Fig. 7.8(b) were obtained by 

separation of the EL spectrum like that which is illustrated graphically in 

Fig. 7.8(a)4.

7.3.2 Explanation of the Anomalous DQE

The proposed physical model provides an explanation for the 

anomalous improvement in the DQE with increasing injection current for 

the EBR-equipped lasers at low temperature (see Fig. 7.3(c)).

As noted earlier, this behaviour is a partly a consequence of active 

region heating in a laser which is operating in a "negative To" regime. 

However, the anomalous improvement in efficiency with injection current 

at T=30K can also be attributed to photon-assisted escape of holes from the 

EBR

As the optical intensity in the active region increases, there will be an 

associated increase in the number of holes in the EBR which are promoted 

to excited energy levels by inter-valence band absorption. This excitation 

mechanism has the same effect as an additional thermal excitation of the

4The emission from the active region of the EBR-equipped laser is assumed to describe a Gaussian, which 
is consistent with the profiles of the active region emission in the uncomplicated EL spectra obtained from 
control lasers.
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a)

b)

Temperature (K)

Figure 7.8: Relative fraction of EBR recombination current as a function of laser 
temperature at 70% threshold current, (a) Graphical example of separation of EBR 
radiation from active region radiation. The EL from the active region appears to be 
well described by a Gaussian (This is confirmed by the uncomplicated spectra 
obtained for the control lasers), (b) Ratio of EL from the EBR divided by the EL 
from the active region at 70% threshold current.
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EBR hole population. This extra hole population "heating" is expected to 

provide an improvement in laser efficiency by a process which is identical 

to the one outlined in the basic physical model (§ 7.3) to explain the 

reduction in the threshold current with increasing temperature.

7.4 Mathematical model

7.4.1 Overview

The physical interpretation described in § 7.3 has also been assessed 

by a quantitative analysis. This section describes the formulation of a 1-D 

mathematical model which reproduces the negative-To behaviour by using 

realistic material parameters and well-known closed-form expressions for 

carrier kinetics. It will be shown that the model provides an excellent fit to 

the experimental data.

The basis for the 1-D model is given by the band diagram shown in 

Fig. 7.9, which represents the EBR-equipped laser biased at threshold. The 

values of various constants (band gaps, effective masses, etc.) are assumed 

to be equal to their room temperature values (See Appendix A, Adachi 

[1982], and Madelung [1991]). The lowest lying valence sub-bands in the 

active region and the EBR were calculated using Eq. (3.23).

Figure 7.9 indicates recombination currents by white arrows, i.e.:

i) Ja, the current density injected into the active region at threshold;

ii) Js, the current which is due to the recombination of holes 

with electrons in the separate confinement region5; and,

iii) Jr, the current due to electron-hole recombination in the EBR.

5The sum of Ja and Js corresponds to the current Jsc which was used in the simple physical model.
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Active
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F Separate
Confinement
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Electron ptype
Bragg -------------- 3" InP

Reflector

Figure 7.9: Band diagram of the EBR-equipped laser biased at threshold, 
showing the effective masses, the band offsets, and the lowest lying conduction 
(ECW,EC) and valence (Evw, Evo) sub-bands in the active region and the EBR, 
respectively. The hydrostatic shift of the conduction and valence band in the 
quantum well are labeled in italics.
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The two black arrows indicate where the transport of charge is 

primarily achieved by tunneling processes; specifically:

i) Th represents hole tunneling from the outermost well of the

EBR into the separate confinement region.

ii) Te is the electron tunneling current which penetrates into the 

EBR from the separate confinement region.

The largest contribution to Te is assumed to result from the penetration into 

the EBR of the wavefunction of electrons within the triangular well (not 

shown; see Fig 7.7) formed at the interface between the EBR and the 

separate confinement region.

With the exception of the tunneling process designated in Fig. 7.9 by 

Th, hole transport is assumed to proceed by diffusion [Lee et al., 1993].

7.4.2 Current Balance

In reference to Fig. 7.9, the temperature dependent threshold current 

density for a EBR-equipped laser is given by

Jth,EBR = Ja + Js + Jr (7.1)

while the threshold current density for a control laser is simply

Jth .control — J a + Js* (7.2)

The control and EBR-equipped laser were designed to be identical in 

every respect (e.g., active region volume, cavity length, doping profile, 

mirror reflectivity) except for the EBR. Therefore, it can be postulated that
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the current Ja which must be injected into the active region at threshold is 

approximately equal for both lasers6,

Ja,EBR ~ Ja,control- (7-3)

It follows that the recombination currents during the diffusion of holes 

across the identically Si-doped separate confinement region should also be 

approximately equal;

Js.EBR ~ Js,control- (7.4)

Using Eqs. (7.3) and (7.4), Eq. (7.1) can be rewritten as

Jth,EBR ~ Jth,control + JR (7.5)

where Jth,control is given by the experimentally recorded threshold current 

for the control laser as a function of temperature (see Appendix A.1).

The assumptions made with Eqs. (7.3)-(7.5) result in a considerable 

simplification of the quantitative analysis, because they eliminate the 

requirement of calculating the gain in the strained quantum well active 

region as a function of carrier density and temperature. With these 

assumptions, the task of modeling vs. T for the EBR-equipped laser has 

been reduced to the determination of the recombination current Jr as a 

function of temperature

7.4.3 Recombination Current in the EBR

Assuming that charge neutrality is established overall in the region 

which includes both the EBR and the triangular well for electrons, then the

6Eq. (7.3) more properly represents the lower limit for Ja,EBR since the EBR-equipped laser is expected to 
experience larger optical losses due to intervalence band absorption of holes in the EBR wells.
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total excess electron and hole populations are equal in this region. 

Assuming further that the carrier densities n and p localized (respectively) 

in the triangular well and the outermost EBR well are approximately equal, 

then the recombination current Jr can be expressed by the approximate 

relation [Agrawal et al., p. 122, 1986]

/«^(W+KP5)- (7.6)

In Eq. (7.6), d is the width of the outermost well, and the first and second 

terms in the parentheses account for radiative and Auger recombination 

processes7, respectively. The pre-factors f in Eq. (7.6) are phenomenological 

fractions which account for the expected reductions in the radiative and 

Auger recombinations due to the spatial displacement of the electron 

population from the hole population. The fi therefore represent 

wavefunction overlap factors; for simplicity they will be considered equal

fl=f2=f- (7.7)

The overlap factor/will be employed as the fitting parameter in this model. 

The hole density p in the outermost EBR well (which dictates the

recombination current through Eq. (7.6)) consists of the sum of the densities 

below (pw ) and above (pwo ) the barrier energy Vsc, i.e.

P Pïd(E)F(E) dE + P3D(£)F(£) dE

= pw + pwo (7.8)

7 A term proportional to p accounting for recombination mediated by traps and bulk or interface defects has 
been omitted for simplicity. This term is relevant only at low carrier densities [e.g. see Englemann et at., 
(Zory, Ed., p.161), 1993].
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where F(E) is the Fermi-Dirac function, p2D is the density of hole states 

corresponding to propagation in the plane of the well, and is the bulk 

density of hole states. The densities pw and pwo are expressed as

= Ia + ïT!,
Ith v

(£yv4)/fcT]
.A/kT

(7.9)
v l +

and

r„w = I
Jo

dt (7.10)

where /WAiiis the effective heavy hole mass in the plane of the wells, A = V$c- 

Efh and H =Vsc-Eho> where Ep, is the hole quasi-Fermi-level8, and E/h, is the 

energy of the lowest-lying valence sub-band in the outer-most EBR well.9

The density of holes in the outermost EBR quantum well with 

energies exceeding Vsc (i.e. pwo) dictates the current density which 

emanates from the EBR toward the active region. In this model, it is 

assumed that these holes enter the separate confinement region by 

efficiently tunneling through the thin (40 Â) InP barrier10 separating the 

EBR and the separate confinement region. At threshold, the hole current 

must be equal to J th,control- Assuming purely diffusive hole transport, and 

that the active region acts as a perfect hole sink, pwo can be expressed as

8Equations (7.8) and (7.9) incorporate the following assumptions: 1) the heavy hole band is parabolic, 2) 
only the lowest lying hole sub-band is appreciably populated, 3) at E>V$c the hole population is 
distributed according to the 3-D density of states, and 4) Boltzmann statistics are applicable for E>V$c-
9There is a four-fold degeneracy of the hole sub-bands due to coupling between the four quantum wells in 
the EBR. However, calculations performed using the TMME (Chapter 3) reveal that this coupling is weak. 
It is therefore appropriate to consider the wells and their eigenstates uncoupled.
10The emission of holes from the outermost EBR-quantum well into the separate confinement region can 
therefore be regarded as a thermally-assisted tunneling process [e.g. see Takasaki, 1992].
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p — l^p} th,control çj

Q Dp

where: q is the electronic charge; W is the width of the separate confinement 

layer; and Dp and Lp are the hole diffusivity and diffusion length in the 

separate confinement region. With Eq. (7.11) it is assumed that the hole 

density just inside the separate confinement region is equal to pwo.

For any given temperature, the hole Fermi level Ep, must be chosen so 

that Eqs. (7.10) and (7.11) are both satisfied; Efh then specifies p through Eqs. 

(7.9) and (7.8), which yields the magnitude of the recombination current 

through Eq. (7.6).

7.4.4 Comparison of Experiment and Theory

Figure 7.10 illustrates the excellent agreement obtained between 

calculated and experimentally measured Ith vs. T data between T=70K and 

T=230K for an EBR-equipped laser. The overlap factor f for the theoretical 

curve is .572, suggesting that recombination is reduced in comparison to the 

case of spatially coincident carrier populations (for which the overlap factor 

would be ~1). Although this supports to the claim of § 4.3.2 that the EBR 

does not support bound electron states, the support must be deemed 

marginal in light of the simplicity of the model and the uncertainty among 

several key physical parameters (e.g., effective masses, band offsets, and the 

Auger and radiative recombination coefficients). However, upon reviewing 

the assumptions made during the derivation of the model, it can be deduced 

that the majority tend to underestimate the hole population in the EBR11.

11 e.g. parabolic hole bands, a 3-D density of hole states for E>Vsc> appreciable hole population in only 
the lowest energy EBR valence sub-band, efficient hole escape through the 40 Â InP barrier, the active 
region is perfect hole sink, etc.
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For assumptions yielding larger hole populations in the EBR, a smaller 

value off would be obtained12.

For instance, by maintaining all the existing model assumptions and 

increasing the effective hole mass from .381 mo13 to .85 mo (resulting in a 

larger density of hole states and hence larger number of holes in the EBR 

wells), the value obtained for f is reduced by more than an order of 

magnitude, to .05611. This provides more credible evidence for the claim in 

§ 4.3.2 that the EBR supports no confined electron states.
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Figure 7.10 : Theoretical and experimental Ith vs. T data for an EBR-equipped 
laser. The fit between the theoretical and experimental data was optimized by 
setting the overlap factor f. equal to 0.572.

Temperature (K)

12because the EBR recombination current is proportional to the product of the hole population and the 
overlap factor.
13the theoretical value obtained from the Luttinger parameters. See appendix A.5.



99

7.4.5 Comparison of Experiment to Theory using Temperature- 
Dependent Recombination Coefficients

The fit between the experimental and theoretical Ith vs. T data is 

improved when the radiative and Auger recombination coefficients are 

given a temperature dependence. The radiative recombination coefficient is 

given the 1/T functional dependence derived by Matsusue et al. [1987] for 

non-degenerate excess carrier populations in quantum wells, whereas the 

Auger recombination coefficient is ascribed an exponential temperature 

dependence which has been extracted by the author from theoretical data 

presented in Agrawal et al. [1986] for an excess carrier density of 1018 in 

1.3pm InGaAsP (see Appendix A.3). The improved fit is shown in Fig. 7.10.

Figure 7.11 : Theoretical and experimental Ith vs. T data for an EBR-equipped 
laser, using temperature dependent radiative and Auger recombination 
coefficients. The fit between the theoretical and experimental data was optimized 
by setting the overlap factor f equal to .568 and mhh=-85 mo.
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7.4.6 Improved Threshold Current Temperature Stability at 300 K.

Finally, it is of interest to consider laser designs yielding an improved 

temperature stability of Ith around T=300K by the mechanism which was 

discovered to be responsible for the improved temperature stability of Ith 

between 7=130-220K in EBR-equipped lasers. The goal is to introduce a hole 

trap which causes a temperature-dependent recombination current which 

is complementary to the temperature-dependent active region (threshold) 

recombination current around T=300K.

Figure 7.11 shows a laser design including a lattice-matched 34 Â 

wide InGaAs quantum well located between the InP cladding and (1.1 eV) 

InGaAsP separate confinement region. This quantum well is transparent 

to the active region radiation, and provides the required hole trap.

The threshold current temperature dependence of the proposed laser 

has been calculated using the mathematical model presented in § 7.4, using 

f=l (since the quantum well supports a confined electron state), and mth = 

.45 mo for In.47Ga.53As. The current injected into the separate confinement 

region at threshold is assumed to be equal to the experimentally measured 

threshold current for the control laser (see Appendix A.l). The 

characteristic temperature, To, for the proposed laser and a control laser 

(using Eq. A. 1.1) are compared in Fig. 7.13. The proposed laser design 

exhibits a superior temperature stability for the threshold current; however, 

it will be recalled that this feature is obtained at the expense of larger 

threshold currents and inferior quantum efficiency.
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Figure 7.12: Design for laser with superior temperature stability at T=300K.

Figure 7.13: Comparison of To vs. T obtained from /(/, vs. T data calculated for 
the laser design proposed in Fig. 7.12, and Ith vs. Tdata for a control laser. The 
control laser threshold current was calculated using Eq. (A.1.1).



Chapter 8: Summary and Conclusions

8.1 Waves in Layered Media

Transfer matrices were presented for the analysis of TE polarized 

light propagating within media described by piece-wise linear, parabolic, 

and exponential variations of the complex dielectric constant. More than an 

order of magnitude improvement in efficiency was realized for the 

computation of the complex mode index of graded index planar optical 

waveguides by using these exact matrices. This suggests that similar 

improvements can be expected in the application of equivalent transfer 

matrices to the calculation of the energy levels of electrons in arbitrarily 

graded quantum wells, e.g., resulting from ion-bombardment-induced 

disordering or growth transients.

8.2 EBR Design

An EBR was implemented in an InGaAsP/InP laser for the first 

time. To improve the quantum mechanical reflection bandwidth and relax 

fabrication tolerances, the EBR layer thicknesses were varied 

systematically (i.e. "chirped"), with its quantum wells decreasing in 

thickness with increasing depth into the p-type InP cladding. By the 

placement of the chirped EBR adjacent to the separate confinement region, 

a return path was provided for electrons that have scattered inelastically 

within the EBR. Moreover, the EBR structure was designed to support no 

bound electron states, so that the recombination of electrons with holes in

102
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the EBR would be minimal. To the author's knowledge, the EBR-equipped 

laser fabricated for this work represents the first attempt to exploit electron 

state exclusion from a quantum well structure.

Under the assumption that the majority of the hydrostatic shift 

induced by strain affects the conduction band (e.g. see § A.5.2), then it 

follows that the use of tensile (rather than compressive) strain would 

provide deeper conduction band wells (yielding larger EBR reflectivity 

bandwidths) with reduced penalties due to EBR lowering caused by band

bending.

8.3 Performance of EBR-Equipped Lasers

The EBR-equipped lasers exhibited an anomalous DQE current 

dependence at low temperatures, and an anomalous threshold current 

temperature dependence, featuring a "negative-To" regime (in which the 

threshold current decreased with increasing temperature), attaining a 

minimum in threshold between T=150 K and T=200 K. These lasers had a 

threshold current temperature stability superior to that of control lasers 

within a ~70K window around the minimum threshold temperature.

The anomalous temperature dependence of the threshold current 

has been attributed to the temperature dependence of the hole escape 

efficiency from the EBR quantum wells. This interpretation is substantiated 

by electroluminescence spectra, differential quantum efficiency data, and a 

mathematical model. The mathematical model provided evidence 

supporting the assertion that no bound electron states exist within the EBR 

conduction band wells.
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Enhanced hot electron containment within the separate confinement 

or active region due to the EBR is not confirmed by available data. Spatially 

resolved electroluminescence investigations are recommended. The 

magnitude of the extraneous recombination currents in the present EBR- 

equipped laser design are believed to exceed any potential reductions in 

leakage currents at any temperature within the operational temperature 

range for these lasers.

The mathematical model presented in § 7.4 suggests that the 

mechanism which causes the anomalous temperature dependence of the 

threshold current can be exploited to provide superior temperature stability 

in semiconductor lasers at 7=300 K or above. However, there will be an 

associated penalty in the threshold current and in the external differential 

quantum efficiency.



Appendix A: Supplementary Equations

A.1 Experimental Threshold Current Temperature 
Dependence

It was found that the experimentally measured threshold current for 

the EBR-equipped and control laser between T = 50K and T = 250K are 

accurately described by the function,

Ith = ai e^T + a2 (A.1.1)

where ai = +.106549, ft = +.017937, a2 = +2.59842, and ft = +.00153085 for 

the control laser, and a\ = +21.518, ft = -.01023, a2 = +0.0764, and 

ft = +.020924 for the EBR-equipped laser.

A.2 Hole Transport across the Separate Confinement 
Region

Minority hole transport is described by the diffusion length, Lp, and 

coefficient, Dp, given by

Lp = VD“r, (A.2.1)

Dp = tÿgp, (A.2.2)
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where t is the hole (minority) carrier lifetime in the n-doped separate 

confinement region, and |ip is the temperature-dependent hole mobility, 

which is assumed to obey1

= (a T3 + p T2 + y?1 + 5)/1000, (A.2.3)

where a = -7063 / 518400, jS = 2501 / 1080, y= 5 / 36, and 8 = 229 / 10368000 .

The minority hole lifetime, t, in Eq. (A.2.1) is given by

J- = -J- + —I— + —1—, (A.2.4)
'tRad ^Auger ^defects

where the defect-mediated, radiative, and Auger recombination lifetimes 

can be expressed as

—L- = A, (A.2.5)
^defects

-±- = Bp, (A.2.6)
^Rad

> -c-P\ (A.2.7)
^Auger

where p is a representative mean of the hole density in the separate 

confinement region (Recall that the hole density will vary across the 

separate confinement region; it is assumed to decrease from its maximum 

value adjacent to the EBR to zero at the hole sink provided by the quantum 

well active region). In the model, it is assumed that

ÏRt obtained by the author to data reported in [Hayes et al., 1982].
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p = 2/3 pwo. (A.2.8)

A.3 Temperature-Dependence of Recombination
Coefficients A, B, and C.

The coefficient A, which dictates the rate of defect and impurity 

mediated recombinations, is assumed to be independent of temperature.

Matsusue et al. [1987] found that the radiative recombination 

coefficient for non-degenerate carrier populations in a quantum well is 

accurately described by

B(T) = B@3OokIT (A.3.1)

between T~80K and 300K. Although Eq. (A.3.2) is not strictly valid for 

degenerate carrier densities, it is used for simplicity.

The temperate dependence of the Auger recombination lifetime 

presented in Agrawal et al. [p.115, 1986] for an excess carrier density n = p = 

1018 cm*3 in ~.9 eV band gap (X = 1.3 pm) InGaAsP is approximately 

described by1

C(T) =C@3Ook3O((Ti2oo-3i2>. (A.3.2)

This form is used to account for the temperature dependence of Auger 

recombination in the outermost EBR quantum well, since the band gap 

(~1.0 eV) and the carrier densities are comparable to those for which the 

data in [iôid.] was derived.

The values used for the coefficients are: A=1O10 s, B=1.5 1016 s/m6,

^it by author.
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and C = 10’41 s/m9 when C is fixed, and C@3ook = IO’40 s/m9 when Eq. (A.3.2) 

is used. These values are quoted from measurements reported for 1.3|im 

wavelength emission LEDs and lasers [see Agrawal, p. 121-122, 1986].

A.4 Relations used for lattice-matched Ini.xGaxAsyPi.y

Mole fractions: x = .1894 y/( .4184 - 0.013 y ) (A.4.1)

Band gap: Eg = 1.35 - .738 y + .138 y2 (eV) (A.4.2)

Electron effective mass: m* = (.077 - 0.050 y + 0.14 y2 ) mo (A.4.3)

Lattice constant: ao = 5.8688 À (1 monolayer = ao/2 ) (A.4.4)

A.5 Relations used for strained Ini.xGaxAsyPi.y

A5.1 The Hole Effective Mass

The anisotropic hole effective masses at the valence band edge in 

lattice matched or strained materials can be described by simple 

expressions involving the Luttinger parameters, Yi, Y2, and 73 [O'Reilly, 

1990], according to

m*hh (001} = 1/(71-2%) 

m*hh (111} = l/(n-2W)

m'lh (001} = l/(n + 2 n) (A.5.1.1)

rnlh (111} = l/(yi+2 55)

where the angled brackets designate the crystal directions.
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For compressively strained layers, the degeneracy of the light and 

heavy hole bands is removed, with the heavy hole band moving to lower 

energy. The in-plane effective hole mass is then given by

mhhs = l/(?ï + ft), (A.5.1.2)

whereas the heavy-hole mass in the direction normal to the layers is 

unaltered. The Luttinger parameters for an arbitrary InGaAsP alloy can 

be extrapolated using Eq. A.5.2.1 from the values listed in Table A.1 for the 

constituent binaries.

Table Al: Luttinger Parameters

InAs InP GaAs GaP
7i 19.67 5.04 6.80 4.20

72 8.37 1.56 2.40 0.98

73 9.29 1.73 1.00 1.66

A.5.2 Band Gap for Strained Ini.xGaxAsyP i.y

The band gap of a material for an arbitrary InGaAsP alloy 

composition may be calculated using either:

i) an extrapolation from the constituent binaries

Eg( x,y ) = (l-x)y InAs + (l-x)(l-y) InP
+ x y GaAs + x (1-y) GaP ( .5. . 1

where InAs = 036 eV, InP = 7.35 eV, GaAs = 1.42 eV, GaP = 2.74 eV, or
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ii) an extrapolation from the ternaries

Egù.ï > = rij'7'i.wi VA O O-*) ( O-y) ('«GW* + y InGaAs ) +
1 v1 + yu y, (A 5 2 2)

+ y (l-y)(l-x)((l-x) InAsP + x GaAsP) )

where

InGaP (x) = 1.35 + .643 x + .786 x2 (A.5.2.3)

InGaAs(x) = 0.36 + .505 x + .555 x2 (A.5.2.4)

InAsP (y) = 1.35 - 1.083 y + .091 y2 (A.5.2.5)

GaAsPly) = 2.74 - 1.473 y + .146 y2 (A.5.2.6)

Although both methods recover the appropriate band gap for any of 

the constituent binaries, neither produce a very good fit to the 

experimentally measured variation of the band gap energy reported in the 

literature for lattice matched Ini.xGaxAsyPi.y from y=.7 to y=l. However, it 

was found that the arithmetic mean of i) and ii) yields a much improved fit. 

The mean was employed to determine the band gap of .64 eV for the 

unstrained In.s46Ga.154As.803P-197 alloy quantum wells used in the active 

region and the EBR.

The quantum wells are strained by ~1.52% within the laser structure, 

which is lattice matched to InP. The hydrostatic component of the 

compressive strain induces an increase in the band gap, where 2/3 of this 

increase is typically assigned to the conduction band [e.g., Chuang, 1991]. It 

was determined that the hydrostatic band gap shift must be ~70 meV (47 

meV conduction/23 meV valence) to recover the experimentally observed 

(X~ 1.55pm) optical emission at low injection currents.
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