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PREFACE 

Integttal equations of t he s oond kind he: e been studied 
extensively •..nd several general Jtethods of solution h ve been 
desorl.bed by eue authors as Mil , rt, Fredholm, Schmidt, and 
Volterra. 

No ~enerel method of solution is known for equations of 
the first ki nd. However, many such eouations can b solved by 
ecnploying special proeedut-es, th se being le:t-gely depend mt on 
the t ype of the equation.. 

In this t hesis I pTOpooe to give t\ll ccount of sevet"al 
~~tethods which csn be applied to solve some integt"lil. equation 
or t he first kind. 

The first chapter will deal with the application of 
orthogonal systeme to the solution of integral ecuations of th 
f il"st kin<. 

Two methods to invart the convolut ion transform will be 
descrlbed in the second chapter. These are the Hirschmann-Widder 
ope'rator and the Fourier transform. 

In the t hird chttpteT it will be shown how the theory of 
functio.ns, in suiteble cases, cen be s.npll·ed to th solution of 
integral &"\lations of t a tirGt kind.• 
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CHAPTER I 

1. Introduct ion 


An equation of' t he f orm 


" ay( s) -rf(s, t) y ( t } dt = f( s) 

c 

w ere y( t) is unknown and K( s , t ) and f( s) given real or complex functions, 

is called a linear integral eq,uation. It is said to be of the first kind 

if a -::= 0 and of the second kind i.f' a f o . 

In the following sect ions we discuss a method which requires 

t h use of orthogonal systems to reduce an integral equation of t he 

first kind 

j, ' 
(1. 1) J K( s , t }y(t}dt =f (s) 

tt. 

to an infinite system of linear equat ions with infinitely many unknowns . 

An orthogonal system is a syst em of complex functions 

gl ( s ) ' g2{ s) ' • • • • 

w1th ~( s) E L~\a, b) for all n , and satisfying the co.mdi t ion 

{, 

/ gn( s} g"'( o) d~ <= 0 

~ 
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The system is said to be normalized or orthonormal if 

(n ::- 1,2,; •• ) 

a 

Any orthogonal system 

· {A) m.( s), g2(s), ••• 

ca be normalized by forming the integrals 

(n == 1,2, ••• ) 

a 

and considering instead of (A) the functmons 

g~(s) = , ~,(s) . . ' (n -:= 1,2, ••• ).n L · · 
({ ~~( s)( ds ) l. 

C( 

In the subseq,uent work we shall always assume that the ortho­

goral systems are normalized. 

We see immediately that orthogonal systems are always linear ly 

independent. For consider the equation 

c1 g1 ( s)+c2g2(s)+....+en~( s) ::- o. 

Multiplying by the complex conjugate ~(s) and integrating 

we obtain 

c = 0 
m 

for all m. 
. 2 

Let f{s) be a complex function in L (a,b), then the constants 

\ 
' 



fn =f
b 

f(s) g;;(s)ds (n =1, 2, ••• ) 

a 

exist and ar e called expansion coefficients of f(s) with respect to 
<1?'0 

the orthogonal s stem ( ~( s) )h:: 1 • 

For any f(s) GL2( a ,b) we have the inequality [ 4,p.l6] 

' 6 
2l/ rn\ =%/f <•>g,<sld• /' ~ jlr<•> l' ds. 

2 
Since the integral on the right exists we see hat f( s) ~ L (a, b) implies 

is convergent. 

The above inequality is known as Bessel's inequality. If for 
'> 

any f(s) e. L'"(a,b) we have the equality 

<l)e> 

we say that the orthogonal system (gn(s)) ,.:
1 

is complete or, equivalently, 

2 
the L (a,b) space is complete. 

The above equality is known as Parseval 1s equation. 

Equivalent definitions of completeness are 

D~finistipn l , Given an orthogonal system (g (s))-'0 in L2( a,b) and 
' . n "'=' 

2 
a function f( e) e L (a, b), then the orthogonal system is complete if 

given sny [ >0 there e:xi ts an N uch that 
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b t 


j/r(sl- J / ng,(sl/ ds < ( 

a 

whenever ft\ >N. 

We say that f(s) is the limit in the mean of the series 
oC1 

L f g (s)
"=' n n 

and write this as 

00 

f( s) :::: l~i.m. ~ fng ( s) 
~ ;;, n 

or 

C!I"' 

f(s) ~2fn~(s)6 
Yl:. I 

The function f( s) is unique except for a set of Lebesgue measure 

zero. 
_, " 

De;f).n~.t.ipn ..2, Given an orthogonal system ( gn ( s))., ;;1in L"(a,b), then 

the ol:'t hogonal system is complete if given f( s) ~ L2( a, b) and 

b 

~f( s)sn(s)ds ~ o (n = l,2, • •• ) 

a 

implies f( s) =0 excenl. for a set of measure zero. 
2 

Given two functions f( s), h( s) ~L ~.a, b), then Parseval rs equa­

tion can be written in the mol:'e generalized form 

\ 
\ 
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This follows easily if we apply Parsevalt s equation on the functions 

:f( s)+h( s) and f ( a)-h( s), [ 4, .roJ. 
(;10 t

I f we are given a complete orthogonal system (~(s))'-~:.t in L : ( a,b), 
p

then any f( s) ~ L ·{a, b) determines 1 ts expansfu n coefficients f with res­
n 

cP() 

-pect to (~(s))17= ( and the aeries 
...::> 4

!: )tn / 

is convergent. The converse is also tt"Ue snd i s kno11m as the 

JU.esz-,Fischer, Tb:eo:\•·=.[4,P• 25J, 
00 2 

Given a complete orthogonal system ('n(s))~ : in L ( ,b) and a1 
00 .... ~ 

systet.'ll of complex numbers (yzn)~o,,., such that R, IYm! ia convergent, 
2

then there exi,sts a function y( s) G1 (a, b) hich bas y as its expansion
m 

coefficients and such that 
..... 

·y(s) = l . i ..m. ~Ym'm(s). 
""''='I 

The function y(s) is uniL~e almost everywhere i.e. except on a 

set of Lebesgue measure zero. 

After these preliminaries we return to {1..1). 

We show first that the problem of solving (1.1) is equivalent 

'lie the problem of solving an inf'ini t.e syste.l'!l of linear ecuations, and 

then give a method for constructing the orthogonal ;;stan so that the 

problem of solving the infinite system is simplified. 

This method is, in theocy, applicable to all integral equa.tlons 

of the first kind in which the given !'uncti(Jns K( s, t) and f{ a) satisfy 

tbe following conditions: 

2 
1. £{ s) € L 



d 	 6 

(1.. :<(s) G L2 ~	fK(s,t)x( s ) do G L 


c 


b 


s , y(t) H 2 =':> j K(s , t)y(t) t G L2 


e 


4. f or any y{ t), :x{ s) € L2 t he equat ion 


d b b d


jx(s) do JK( s , t)y( t) dt =Jy(t) dt JK(s, t) x( s) ds 


a a a c 

is satisfied. 

'flhenever K{s,t) sa.tisfies conditions 2 to 4 we shall sa,y K( s ,t) 

sa t isfies cond ition A. 

2. R~du.c~ion t<f.;m. ,;in,fiJ~?;t.~. f1,'4S;t;~· ~~ 

' linel!lr equa;tions. 
!? . 4 I S ·" ·} 1 ( ( · ¢ 

To reduce (1,1) t o 	 an i nt'i nite syst em we consider any complete 
0... 	 C>O 

ot'tbogonal s stems ( gn( s))n.,l on t he i nterval ( c, d) and (~(t))m-=1 on 

t he interYal ( a , b) . 

Mult;i,ply (1,1) by gn( s) and inte.gr-at e w.• r. t . ~ to obt ain 

d b d

j li,< s) ds f K( s, t)y( t) dt"j~( •l f( s) d1l -= fn (n =l , , B ••• ) 

c a c 

wher e .f i s t he expansion coef fi cient of f(s) end g c ~~) is the complex 
n 	 n 

conjugate of ~( s) . 

I f y { t) f 1 2 and K( s , t) "atisfies condition A 

b d 

( 2. 1) j y( t) dt J K( s, t) g,( s) ds =- f'n (n -==1, 2, •• ) 

a c 
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-	 Oo 
Since ( gn( s)) n-:: l and (~( t) )m=l a re com let e we can use Pe.raeval ' s 

equation, vi z. . 

b <ZO b b 

Jh( t) g( t) dt ;: 2 Jh( t)~( t) dt f1< t) h (t) dt . 
m~ 	 m 

Letting h( t) == y( t) and 

d 

1Ct): ~K(s,t)g,(s) ds 
c 

t hen ( 2.1) becomes 

The fi"l"st integr al i n ('~.• 2) i s Ym ' the expansion coef ficient 

of y(t) with· respect , to (h (t)) """ •
. ' m '>1 -;.r 


Let t he second integral be denoted by anm i.e. 


( 2. 3) 

t hen ( 2, 2) becomes 

( 2. 4) 	 (n = l, 2••• ) 

Thi s i a an infinite syst s.>a of linear equ e:t icms with Ym (m=l, 2•• ) 

For (1.1) t o h ve a soluti on i n. L2 it is n f>C &S S lry t hat ( 2. 4) 
010 

have a solution ( yl' y2, ••• ) wi t h 	~ lYm/ 2 convergent . 
m-:::1 
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This is also sufficient, for i f a solution (YpY2, ...) of ( 2.4) 
0\P 2 

with r,) Ym ) convergent i s given, then by the Riesz-Fischer Theorem 

2
there exists an L function y( t) whoa expansion coefficients with res­

pect t o (h (t)) are precisely 1. • For this function y(t) e have then 
m m 

J: ymanm -oe Jj;t)h,.(t)dt!&(:,t)g,(s)d~h,.(t)dt 
l. PI 

~ fr(t)d~(a,t)g,(s)da 
tl. C­

~ i::: J"i;,(s) d1K( s, t)y( t) dt 

(; ~ 

but 

thus f( s) and 

Jb 

K(s, t):y( t) dt 

8 

~ 

hav the same expansion coefficients with respect to (~(s)).,:,•That is 

b 

f( s) __" j K( o, t)y( t) dt, 

a 

where ::::::0 means 11 oqual almost everywhere". 
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We sum up our result in 

f( s) (f. L2 

K(s, t) satisfi s condition A 

then {1.1) has a solution y( t) 6 L2 if and only i f the system 
..... 
;1~Ym ::::: f 0 (n =1,2,-. .. ) 

DO 

~ ~ 12 
has a solution vector 'I :::- (y1,y2, .... ) w1th ..e' [Y. 1 convergent. 

m-::1 m 

The solution is then given by 

Remark: The question now arises as to when K( s, t) satisfies condi­


tion A. It can be shown that [ 4,.pp. 44-47] , 


Tp~r~ ,2.~. K(s,t) satisfies condition A if and only if there 


<>o ­exist two complete orthogonal systems (~(s))~o: , and (hm(t) L , such that 

a) ~(s), hm(t) satisfy condi·tion A for all n,m 

b) the coefficient matrix {8nm) defined by ( 2.4) 

is bounded;i. e. there exists a constant M independent of r such that 

for any ennuples (:;._,~, •• •:xn> and. (y1,y2, •• . ,yn) the i nequality 

Infm ' l a,.XnYm I L 

is satisfied. 
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Usi ng t he method described in t he previous secti on baa tv:o 

dis dv ~mtngea; one i s t ha t i t l ef1 Ve t he soluU on in t h fo ·rr o ~ e 

seri es, t he seeond i s t he di f'fiaul t y of sol ving t he oys t em ( 2. 4). 

!o~ever, i may h n~en t hat Vlith a fortunat .e choice of t he orthogon 

systems t he ~ntrix in (2. 4) 1 ~ o t he form 

(;u :~.,o~ ::: 
-::.( 5 ..1) 

0 0 a?-~5 · 

· ····~·· , · ·· · 

i f so, t hen { . 4) i s ea sily ~olved, for y {ro =l , 2. 5 .•• • ) a re t hen 
m 

given by 

y :::: f I a . 
m l:i 'h"' 


As nn xem le consi der 


if 

l;~ilt t . ,l(~l dt - f ( a)
i\ cos t - eo · s 

0 

For the o·r-thogonal eyatem o (Sn,{ ~>)), (bm( t)) we choo.se 
\ 	 1 

&, (a} = 1/~ ., ~( s) ~ ( 2/1\V cos ns 	 ( n. ::::- 1 , 2 •• • ) 

{m ==-1 , 2 • • • ) 

and f ind 

'it 	 il 

"nm = /< 2/,-) ', cos na ds cl/~)· si;; t , . ( 2/ ;r)< sin mt dt (n=1, 2 • •• ) }~s· t- co s s (~1, 2•• • ) 
0 0 

if 1i 

6.om == ) (1/A) ~ ds fl/~) s~n .~ 1 r {2/ 7f) 4 ain mt dt (m:=l, 2•• • ) 
) \ COS t - C() S S 

0 0 



ll 

For the inner integral we have 

7( 7( 

(2/Jr)tj. s~n t si;g 111t dt ::: ( 2/?r) ~1 cos(pt:-ltt -, pps(.nt~l.l t. dt • 
T cos t- cos s 21[ '1? cos t - cos 8 .. 

But 

{n ~ 1,2, ••• ).J;.j if nt =COS. . . dt 
7( cos t - cos s 

9 

Therefore 

1( 4;f) ~si~(m~- ,sipJm+1l,~ 
2 sin s 

Thus 

(n , m = 1,2, ••• ) 
( 3.5) 

a - 0om 

The matrix {snm) is bounded. Also the orthogonal syst ems 

( «n(s)) and (~(t)) satisfy condition A. By Theorem 2.2, K( s,t) 

satistie condition A. Thus we can apply Theo em 2.1. 

T er fore the problem of solving ( 5s 2) is e~uivalent to 

soibving 

2. (n :: 0 ,1,2, ••• )"':'8nmYm 
with Bnm given by ( 5. 5). 

This s:rstem is easily solved Since the coefficient matrlx 

is of e. simple f orm. V'ie obtain 
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0 -=- f 
0 

- Yn ::::- fn ( n ;:::-1, £ ,. 5 • •• ) 

Thus m L 2 solution e Jo;1.sts only i f 

~ 

nd ~( :r ) $~ is conV'ergt~nt. 
n=-1 n 

Howeve.r we know f~ L , end t.bi s i mplies using Bessel ' s 
010 

1ne<;uality, t h t ~. / f / 2 is eonven."gent. Therefore 
re o n 

'fia sum u. our t"esult 1.n 

7( 

1/-r j l~in. t . . . . 
C~!:l t - COS 

.,r( t) a-t 
S 

=­ f{ fl) 

0 

"' bas n I..c solution given by 

"""0 

y( t) rJ -( ~YJr) i 2 !'0 $iO n t 
n"'l 

only i f 

jr(
7{ 

s) ds -= o • 

.Q 

, 

In the above example the matn.x as of £~ si.'tiie t ype because 

of t he fo~tuna·te choice of the ortho.gonal system•. Such a choice i s not 
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structed by a somewhat laborious process. 

For the construction e begin with the homogeneous equation 

b 

(4.1} 	 jK(s,t)y(t)dt -: o. 

a 

We assu.me K( s , t) sat i sfies condition A., By Theoran 2.1, 

the equation ( 4.1) is equ valent to the system 

( 4. 2) (n =- 1,2, ••• ). 

Since K( s, t) satisfies eondi tion A this implies (Tblr. 2. 2) 

that 	( anm) is bounded., From matrix thoo't"y we quote the following 

E.'very system 
0.0 

(4.5) ~ ~Ym -:::. 0 	 (n ::- 1,2, ••• )
""'-c 

where the matrix (Brun) is bounded, can be rlplaced by a system 

..... 
( 4.4) · ;f h Y: = 0 	 (n = 1,2, ••• )

""''-nm m 
with (b ) an orthogonal matrix. 

nm 

The system (4.4) has either the single solution Y=0 where 

Y ~ {y1,y2, •• e) and 0 is the zero vector or there exist finite (6r 

countably) many solution vectors Y1 which~ together with the vectors 

~ ~ (bnl,bn2•~ · ·>, form a complete orthogonal system of vectors. 

Every solution of ( 4, 5) can then be given by a linear form 

(4 .. 5) -y :::; clYl+c2Y2•••• 

in which f Jci( is convergent. 

Conversely, every such fom (4.5) with ~ jc1 ( 
~ 

convergent is 
t 
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a solution o f (4. 5) . 

Returnt ng to t,: e homogeneou.s ecua t.ion (4 .1) we o bttdn, u sing 

hoot'em ( 4.1) , t he fo11owi n result ,. 

Jb 

{ 4.1) K { s, t)y{t) dt "' 

ha s either the solution y{t) -= 0 only, or t here exists an orthogonal 

system (h01 ( t)) ~1 w1t,b N finite or 	 .1nf.ini t e , such t hat eve:ry L2 

soluti.on y(t) of ( 4 . 1 can be given by an e roivalence 

N 
( 4 . 6) 	 y( t ) !"/ "2 c1h01 ( t) (N finite or 

i -=1 infinite) 

N " 
in i1bich ~ /etf ""' i s convergent . 

1':::: 1 
Conversely , every equival ence ( 4. 6) with ~/oJ 2 convet:'gent 

:i.s a. solution of ( 4.1 ) . 

Ccp:·plla;ti4 11 A similar t heor em holds for t he homogeneous e"tuation 

d 

( 4 . 7) 	 jK( s, t) :x( s) ds =0 

c 

_. . NJI.
w1 th solutions :x( s ) =0 onl y , or ( g01 ( s)) 1 ::l w:i th N1 finite or infinite. 

Cp.r,olla.,r-r . . 2, \U thout l oss of gener ality, t he orthogonal s ·sterns ( h01( t )) 

http:soluti.on
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Tho o~tho :one syste ' (ho1(t)) and (i_,j{s)) m~.mtion c1 in Theor 

• 2 ·~nc eor. 1 are not CO>!lplete. Fo ae.sune (g~} s)) complete. 'rhis 

i. !"!lies that a:w x( a) G I.. 2 is ~ solutior1 of ( 4. 7), in p articula t­

~(s} = { 1. 
0 

j .~ 
$~, 

K(s,t) cs -:= 0 

$1 

w ich 1m lies that K( , t) .=e:oO., a con r ction. 

Thua (b01} :r. .'1 (g0 j) are not co~ )let~h '?Jo coJlet;:~ tba e ortho­

, n~ systems nd then use t & et>mpl t~ti 3y.s tem $> to oolve (1.).) . 

fo com1 l ta (~j(.)) e t. ~ e ny func ion g1(g) or-tho. -:o.nel 
-.1 

to all g03 • €1(s) eXists since with (g0 j ) ..he yst .. {~J) is rkot 

eomple a. Without oss o ' enElre 1t y we c n k e g1( f:l) to 'be nomta ­

i zed. r fino a function ~ ( t} by 

( S,.l) Jl{ :a,t)~1 (a)ds - n!h1 ( t ) 

c 

n1 t 0 by deffnition of i 1( s) , further;;.ore h1( t) i~ orthogc;nal to 

b b d 

jh0 (t) h1(t)dt =1/ol j~(t) dtj r. ( s, t)~ (s) ds 

a 
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d b 

l/"11J;;1 (a) ""f he,( t)K( s, t)d 

=- o. 
NeYt we d!!!ifine g9 ( s) by ... 

h 

( 5. 2) j K(s,t)~ ( t) dt - nlgl( s) = "lgt ( • ) 

n 

fifH"e two c aes m1 -= 0, m110 h~;.va to be c<:~n.sidereti. In t h!l .fi-rcrt. Cl s& 

g"2( s) i s not }"l)t define'~ by (S. ;?) ~.nd W$ c~:m t~~e fot' g2(~ an~' 

function ortbogon.~.l to ( g01( s.)) tmd g1( s~ . I f ho ever, t he- ~:;rete.'::\ 

{ (~i( s) ) , gl(s) } 

is ee>m: 1 ~& .e :rt<>t t :i g remdn to be cone. 

In the s~cond case ( $. ~) d f ines 2{ a) wbi.ch we can ' mrne 

t~ bt?~ no ali ::z ed. fi gei.n e oh.im bat g~~ ( s) 1 e o r t bo gottt1>l t.o all 

g01( e) und litl { s) • To abow thi s we r.ru1tiply ( £5.1) b7 h1( t) , ( E. 2) b...­

~ ( s} int~g !ite t;nd w'btrnct. one e'm~tion from he otbet' t o g9t 

d 

) l!)lgf( v) ii_(~) ds == 0 

e 

d 

j g~( ®fioi( ) d~ =0 

c 

for i!ID7 a11b t' o :. ( lr-oi ( s ) ) • 

http:c<:~n.si
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w~ t hen ~1 . finr~ 	h~.( ) by 
t\.o 

d 

( 5 . 5) 	 J K( s, t)ii2( s) ds - "'lb1( t) ­

c 

The coef:fieien n~; t O , d nce n2 = 0 ilnplias, using {5.1), that 

inlgl(a) - n;s2( a) 

is a solu i<~m. o ., (5 .1). This however cont r diets he o thogonality 

of g1 ~<tnc g2 to the system ( g01) . 

AS befot'e we can ea.sily see tha h2(t) i s ortrJOgonal to (lJoi(t) ) 

and hJ_ ( t) . 

e proceed with tMG construction b defining in gene:r~l 

l'1 

( 5. 4) J K( ,t)~_1{t) dt- n1_1gf~f "1- l ;.( ) 

d 

(s. 5) 	 JK(s, )~ ( s) ds - "1-lh1_1( t) - n1 ~(t) 

c 

until t he system • 

{ ( goi( s)} ' gl ( $) ' g2( s) ' · •.. } 

¥ihen t he above 	s ste1e i s COll'll)l ·te then 

{ (hoi( t) ) , \ ( t) , h ( t ) , . .. 3 
is loo complete.. For by ( 5. 5) it fol l o' B t hat 5'or any f uncti n h( ) p O 

orthogonal to all n01 tnd hj 

d b 

Ji 1(s) sf K( s, t) h{ t) at ;:: 0 
c a 
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i n particular for gi ( s) =- g0 i { s) • 

This implies that 

J
b 

K(s,t)h(t)dt "' o 

a 

Thus h( t) is a member of { h01( t)J. This contradicts the 

definition of h{t). 

It may happen that after countably many steps the system 

(56 6) { (~i{s))., g1 ( s), g2( s),. • • J 
is not complete. In this case we take any function orthogonal to all 

members of (5.6) and proceed as before. 

Since any complete orthogonal systems heYe only countably 

infinite many members, the construction process must end after ~t most 

countably infinite meny steps. 

We use t ae ,two complete orthogonal systems to solve (1.1) .. 

From (5.4) and (5.5) it follows that 

0 otherwise. 


Thus the matrix ( a1 j) has the form 
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0 0 0 

···••e.•tt 

0 1 n~ 0 ••••• 

where we have as many ze rows as members of ( g01(a)) and as many 

t>:ero columns as members of (h0 j(t)). 

The system (2.4) l h t e above matrix can be solved more 

easily. 

f\~erk: Under so e conditions the above matrix reduces to a. di"-'gonal 

matt"ix. It can be shown [ 4,p.l6sj , that if K.( s,t) ~ L2 and K( s, t) sat is ­

f:i.es condition A; then two orthogonal systems can. be constructed suoh 

t.hat t he matrix is a diagonal matrix. 

Obviously, this construction method is not very l'ractical 11 eo 

that most integ a1 eaua.tions of the firat kind are solved by pedal 
I 

metho s 	which are best suited for the particular equation invol d. 

The next chapters are devoted to some of these s ecia.l methods .. 

6w. The. ,£:0,uri~r ~ li~ efRlJ!: 


The well-known Fout'i er tranafot'l'll 


f #0 

ist ((6.1) 	 ~ I y( t) El dt =f S) 

l 27r)i. 
-~ 

is, from a different point of Vie , an integral. equation of the fi r st 

kind. For this equation a forlunate choice of orthogo.nal systems can 

be made., 



Using the Hermitian functions 

we have [ s,p.81], 

Coo 

J......,.J.j eist{ (t)dt =injf(s) (n =- o,l,2, • •• ) 
( 2il:) 2 

- ;o 

and we obtain for the matrlx of the system (2.4) 

('-\un) -= (in dnm) ~ 

This matrix is bounded. Also t he functions /_{ s) satify
n 

condition A so that by Theorems 2.1 and 2.2 the equation (6.1) is 
) 

equivalent to the system 

(n = 0,1,2,., .. ) 

and the solution is 

c>O 

y(t) rv "2(-l)nf [. {t) 
h::o n n 

0.0 2. 

if ~~( -1)nr. f is convergent, which is true since f f L2 ~ 
h:: o n 

Now the expression 

_..,. 

has the same expansion coefficients as y( t) • Thus 

...0 

y( t) -.0 ....J:....._.Lj f( s) e-i stdt 

( 2 71) 2 

- (10 



gives the solution in a closed form. 

Besides the Plancherel Theo r em foy- which Titchma sh gives 

seve!'al proofs [ 8, p. 69 ], there is another method which makes use of an 

inversion operator, Th~ s met~~ is due to Rooney, [ 9] . 

Her e we consider he sl ightly more general J:ou cter t ransfon:n 

( 6. 2) F(x) - sL ( 2/t)-~; (( ixy_l)/i y) f ( y) dy 
clx 

and the operator 

Fk, t (F) - ( -ik/t}k+l( 211r1 ( x-ik/t} - (k• l } F( x} dx 

:....­

whe!'e k .:::- 1 , 2, ••• ,. Rooney shows that J 

If f (! 1P( - "", ""') , 1 5 p f 2 and F is defined by ( 6 . 2) then 

a.) lim F~ t ( F) =f ( t ) at every point t :t 0 in the Lebesgue"-+""' .... , 
set of r. 00 

lim /!Fk t (F) - f( t) f pdt == o,b) 
-{~- ' 

-~ 

whe!'e the Lebesgue set of f(x) is the set of values of x fo r whi ch 

(h ~ 0) . 

T" e pl."oof is similar to those of the Lapl ace transforms 

and the Widder-Post inversion operator. In fact Rooney derives the 

operato r Fk,t by changing the Fourier t!'ansform into the Laplace 

t!'ansform and t hen applying the Vli dder- Post inv rsion operator. 



!!'! ,Cfj, ,VOLRT/q! tl\tY~f!l, 


'-• l\'~~,ta~t!oa 


:E.ntee.r.U. e~atio 


dO 

(f.l) t(s)/1(~>-t)t(t)<lt. ; 

'-""" 

whe•re tbo k:emel ts f t.be f'om X( e-t.) •re cell d co:zwolutioa truus­

ft.n•uuJ. It 18' • mall exe.cge-ratf.on to e'P..y that nMrl7 all ttle 1nte&f'i!tl 

t•rfttls.t'orrzur re eith _r ill tbie to o-r ct<n be put into it by « chenc ot 

opel" ~ttoul eym:bol D (toT dU'te-..enUatioa) · s if it n:r a rmt1) r 

throug t eoao edcul Uott qd. f't ally 111 re.etodn( to 1t 1t oti.... 

s1:cfll optJt"'$t1onal =~l'llitl• 

Ae an :tll.,uJ't'f'fitioll let us rJ\)co a li.W.ng to.- th c.p~.attoa 

.~d)"' 1reflt1ne, D at r. munber W'e have formally 

""" .·n-=- '2 lf 
k=o k '~ 

0 ,:el'l!tt1ag on l(~ • ot.tta1n 

.~tit( x) ~ ? i!It,t<x) 
it=o tl. 

; ~ tt.kf:.(~! .(~_, - f(~+e} 
lc: "'o kl ' 

http:exe.cge-ratf.on
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( 7. 2) 


even i f f(:x) .1s no · di:L'fet'entl ble. 


~1 e epn y t his opE~r tionel procedut"i to obt.;;l.in ctn inv0rsion 

formul€1 fo:t t he con.volut ion t:r£msform. [ s J 

,0 

{S. l ) JK(.....t) r (t) clt = t(s) 

- dO 

J - ax 
I )'e•. . 1/E( s) = K( :x}e dx 

- cliO 

<:NO 

(s. s) (1/E( n))y(&) = j K(x)e-llx d y(e) 
_ ..o 

"""' 
-= j K( x) . ....:r..nr{fJ) cl~ 

- .,10 

- j ~(x}r( ,_x) d" 

--.:10 

- j .o K( s-yJy( ::X) d:t 
- oh 

"=- f ( s) 

http:obt.;;l.in
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Thus _, 
( 8.4) [ E( D)] y( s) ::: f( s) 

0 erating on ( a. 4) by E( D) we obta.in formally 

( 8.5) y( s) -::= E( D) f( ..,) 


our desired inversion formula. Thus the solution of ( 8.1) would be known 


if we could interpret the o_ erato E(D). An effective interpretation of 


E(D} can always be made if E(s) defined by (8.2 i s an entire function. 


E( D) in his case is a differentiation operator. See,. [ 5"], [.1 4,] 1 [l s J. 

In [6 ] and [ 7] D. B. S· er dis&ussed convolution transforms 

which admitted an inversion function E{s) which was meromorphic i.e. 

of the form G(s)/F(s) with G,F entire. G was interpreted as a differ-

en ' tor, F as an integrator. Thus E( s) consisted of an integrator and 

a differentiator f ctor. 

In the next section a convolution transform will be diseussee 

hich admitts a meromorphic inversion function E( s) where the inte­

grator factor and the differentiator factor can be represented in one 

step. 

9,•. A .cpAv;ql;u,ti,OA ~rans!om. • 'V:~h .~, i~v.er,sion 

oP.~rato.r ,Of. in:t.egrp-diff.ermt:i..al :t,yu,e. 

Consider 

(9 .1) j log (coth x;;t /:r(t) dt =f(x) 

- coO 

The bilateral Laplace transform of K u) is 

(/10 

(9 . 2) j log )coth ~ j• -etdt =1/E( s) • 

-- ..o 
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j 
0'0 

/ ....at 
<:l%[e'l)t h t/•; e dt 

--

00 00 

= log~~~(x•;s /0 - 2/ ojx~l-sl) d>< 
0 

oO &> 

-11{jx•/(1-x)lb: + /><"/(l•·J~~xJ . 
0 0 

7(::::.j cP ...lX . dx 

D ,lt~ eiti til 


dO 

1 dx - Jr co~~ A)/ fx
t::' 

1/E(s). -:: if/ a t n 1($/ 2 - 1 L e L. o 
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Thus t ha inversion op.eratot' E(D} bf.leoroe 

E( D) =- (iVIL) CG·t 'f.llf"/ 2 

a ro orphic function . 

To inter pret t.he <>i era:tor Fi( D} we make use of t he well -known 

i:nte-g:r aJ[ 10,p. 46], 

f ter a chenge of Y!lria ble 7f t '= z 	we obtedn 

E( s) ==- s/?C cot s~r/2 

aD 
We now make usa o:f the ae.f'i nit ion of e to get 

..0 

( 9.2a) E(D)f(x) ::: D/t/' (e~zt;Cx-'1.) :-, e0f (at+$) d ~ 
) ~ sinh ~:: 
0 

dz. 

~Je 
c;P 

( 9 . 3) 	 y( x) -=- 1/ /cte .: - _r.f{~~,z) , de ~ E( IJ) f( x) 
ax sinh ~ 

- ,<) 

To prove this we substitute the expre&aion (obtained from (9 .1)) 

~ 

f(x-·> =j log (""th ""rt/y(t) dt 

-.PO 
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i n the left side of ( 9 . 3) and obt~in 

1/ fl. 2 .2_. s_ dz log~ ~ cot h ~ ~-.z~t y( t) dt 
d~x sinh z 2 I 

;.-=zj
_.,a 

_.,¥:> 

U:tiking use of t h - Tone11i-fiobeon 'l'heorem we can invert t he 
or-der of int.egr e.t.ion to obtain 

1/7\ 2 -.d f7t) d'1t· ; .:::;...,.jl_·. .....~ l og Jeoth ~-~r<-\·{ dt\9 . 4) 
2 

· sinh z t: 

-.10 - <70 

To obtain the inner integral I i n (9 ~. 4) -we set x- t =w. Then 

.,0 

I =Je~.1, .log{coth ~iz, / dz 
s i nh !. 

- '*' 

Then 

000 

2 r,.u. 2 log u .. ~) au. 
1 

) ..; -u u- 1
1 I 

In t he fi r et int eg al. set 

~tu =et
1-u ' 
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in t he second set 

Then 

(9 . 5) r :::. 

oO 

t t+ 4 
. 
1 

"{ , , < 
( ~tl t't18 '2 , r t ) '" ' dt 

0 (e -l)(v ( e ...1) -( e +1) e;;) 

Since both i ntegrands are even functions we have 

I = 

To evaluat e t he i nte1 r al J we consilder t he COJa tour integral 

arom'Hi t he contour shOVifi in fi g, 1. 

D 

fig.l 

- R-
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loK~~ , v >1 
v- l 

a ::. 
log l~t~ , 0 L v Ll 

:t-v 

$ =j lo~ .\t;t,
1-v 

~ = :!: l oe:; V+l. + 1 7f V ) l 
-v..;r 

z =±log 1.-11 + i tt OL. v Ll 
,l ....v 

:s; ~ :tlog !tl·, 
v....:1 

v>l 

2 "'"~ log VA'Jl + i 7( 

(r.T) v....l 

0 

~ =± log ~~~ + ilfcr. e) 



--

It ,is eaeily a th t the 1nt grals alon M~ ana CD 

of th order O(A/~). 

l"thermo~o, both integral• ng sc nd D.A t d to J, e a 4­

0 = 2J + 0( R/ 0, - :t;r( eum of rea!duea) 

1. 	• U = 17T ( 8WI: ot e:siduet} when --'> .-o 

Fcm (9. 7) and ( .e) it easily seen that 

2 T/ 1 
:tn-( ot ·l' siduos)= ~~ 

Thus 

2 
T?l { 

2J =I = : 
0 L Ll • ..

R calli g the detinttion of' Y =e ; -= x-t • obtdn 

x> 
x<t 

Fol" th use ~ = t i.e. v =11 we ntum to (9.5) nd obtain 

f 
00 

t 	 2 2I ::::- 4 ' - II dt = 4 'Tf /8 = -,:. ,,,_
t' • 	 I 

0 e - e- t 

Substituting tb v ues tof' · 1~mer int gral in (9.. 4) w 

f1nRllt bo.v 

l/712~J7(t) I dt -=­ hf 7(t)dt
dx 

- dO 

_ o r(x). 
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fbi J)TOVe Ul" el.t.i ( • .3}1 end W D. that \ G Ofle\"CWI' 

!(D) -:::=: ( D/7\)cot?ffJ/2 

defin d by (9. 2a) 1nvene t h• equation ( .l). 

oO

f log (<lOti! "';tfy(t.}<lt - f (x) 

- dO 

00 

y(x) ::: l/712~f~~.~tC!r.tld 
ClX lliuh I 

- tJ<J 

lp,) JAVKNa o,r ,~\tal 4ff#~U\JAQ . ~r -~(~ ~ 

:~ePt1U: ~r!J! :C.w' 
1\.veide$ the opero:M.onlll. aotbod deoorl.bed in section 6 enc! 9, 

the ~'bt.lt-S.er trm1sfo1111 ce.n be used to 1nv•Jit be canvoluUon t·t"&n""" 

totw. See [ 8]. 

f k( 1-t)1(t)4t "' t( •) 

-dO 

http:bt.lt-S.er
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t:>O .,0 

l/( 2~)f .,t"'\(:x)dJ tut'I(t)dt 
-~ - .:10 

on k, r. nd y. 

, 
(10.2) F(tA) :::- K(u)I(u)( 27f} ~ 

oJ'O 

F(u) "' l/( r<7f'}1t(o) e1ued• 

- DC 

1e the Fauri•r trasfom of f(a) and l(u) an.d t(u} e:re the fourier 

tTansfoma of k( n) £tnd y( s) t"especti v&r. 

From (10.!) w hove 

t(u) = (Q)/K(u)( 21\)'~· . 

e,J:> 

7( t) = l/(211) ~/rcu) •~tutdu 

-..o 
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Thu the formal olut1on 1 gi'Y n by 

eP> 

(10.15) y(t) =l/(21r)j ~ 8·1utdu 

- oe 

For tbio to be actual 150lution K(u) he. eatis! 


peci · conditions which w swmn rise in 


Then in ord r that there ahould be a solution y('t) GL2(-~, - ), 

it is neee eat7 and sufficient that F(u)/K(u) should belong to 

L2(-~, c:e ) • 

For the proof suppose that f( s), lt( x) , y( t) belong to the 

gi en L-classeo, and (10.1) hold • Then using Thm. 65 1n Tite arab [s] 

w find that (10. 2) hold end Y(u) ~ L2, J!ence F(u)/K(u) cf:.L2• 

Con-ve-realy, if F(u)/K(u) ~ J.2 then y(t) defined by (10, 5) 

ie in L2 ud by tbe same theorem in [ 8 ] , the Fourier transform 
l 

of the 1 ft sid or (10.1) is 

(21\)~(u)~J:(yl =F(u) 
(PJr~) 

Hence (10.1) holds. 


- ~ttlf,: Laplac transfo e instead of Fourier transforms con be 


used, The :method ia similar to the abo-ve IDethod. For more detail d 


acCQunt we refer to Doetaeh [l6] and idder [11]. 




CHAPTF..R III 

TH~ }l§~ pf. !]1}'q'r,1QN .,'l:flm.trt; Jij ,EAhVJ:N(y 

INT!:GilAL EctJf\'l'IONfo.,
· 4 R · 9 $ 

~••, ~qie.soqh~ ,ip.t~¢t&l, ~~~u).., 


The integt"al equation 


7i 

(lll} .. rr. ~...tl . ..• 
~Jt1-2rCiOS ft:t)'+~2 ' 

0 

with 0 .0::::: Y'L l ccn be solved by using the oTthogonal system [4,p-..169 J 

'l'h solution is again given in the rom of series 

tdth the condition that 

be convergent. y0 is un arbitt'arily cho en constant. 

'l'he equ tion {ll.l) bowev'er, can b put in the tom 

2 7(" 

(11.2) :tj . sl~~'r'th;(,\) . u dt -::: f(s) 
?r ( 2l-2rcoe s-t)+r0 

(11.,2) has the ame d ollinatot' as the equation in Poi son's 

integral formula, viz. [io, p.l~4J 
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(11. 5) u{r, e) 

As i t turns out, we can use (11. 5) to sol ve (11. 2) and 

give the solution in a closed form. 

We first prove 

Let f(z) be analytic inside th circle fZ ( ~ R 

and let u{ r, G>) , v( r , 6') be the real and imaginary part respectivel1 .. 

Then for 0 ~ r e::: R we have 

2 <i 

v( r, e) =rR. f ... ,.u{ .R.. .l'').sin,(P~, ~ d ~ -yr- 2 G p ¥4 ... t o2s .' t .~ 

R -2Rrcos(e- ~) +r
0 

+ constant 

i BLet.Proof: z :::- re r L R 


then f(z) is analytic and can be expanded in a series i.e. 


u(r,e) + i v(r,e ) 

Sepat"ating real and imaginary par t s , we have 
QO 

(11. 4) '£ ( c::( cos ne - 8 sin ne )t"nn rn n ::o 

(11. 5) v(r,&) = z ~ (~sin ne + f ncos n t) )r 
n 

n=o 

Both series are uni:t.'onnly convergent with respect to & . 



Hence we may multiply by cos n& or sin ne and inte ate tenn by term; 

and obtain from (11. 4) 

n
(11 . 6) ai R 	 dr, "'-=- J.. lu(R, ~") d ~ n 0 2n­

CJ 

(11. 7) / nan ~ -1/r. j u( 

l-( 

R, fJ sin nf' d 't', /o ~ o 

from (11.5) we obtain 

2 t" 

(11.6) «.nRn -:: 1/7(1v(R, r) sin n t dr, 0: -:: 0 
0 

2'A 	 c" 

(11.9) / nRn o l/~ j v(R, I') eon nfo' d r, fo = ~"1v(R, f )d f" 

We then substitute the values of ot"n and / n as given by 

(11.6) and (11 7) into equation (11.5) and obtain 

( ;{ 

(11.10) 	 v(r, e-) = 1/~ ~ ¢. j u(R/r)(coe n f sin n & -sin nf cos n& )d f-' 
n =l Rn 0 

1,.1'\ 

-::::: 1/7[ r:(R,r){.-i sin n(e- a (r/R)n ? d f' 
)~ u n ::1 	 J 

0 



!bitt pv•e the tir8t p'l't"t o.f' our t hiDOr • . or tho eecond 

opart • • bsti:tut• t he value t o(ft m:ul Ia ~ t"Ya~ t:l c11. e> t~od 

(ll.9) into (ll.. ~). 'l'bit w.t.U . gi.Vf.¥ 

(11.11.) 

wh re thJJ a:econd teN can be cbo•en atbttrar.tlr. 

Eq_ut~.tion (10.10) «tn-es~nd.~t to the irtter&l eq~atioa (11. 2) 

\'lith ft == l, y(t) = ( l ,e ), and f ( ) :: v(r, ~). 

Senoe t h" l<~ltttion ot (l l. i') 1$ 

y{ a) -= ..rJllj 
Z 

~
if 

14\t=;ll rt~l ~· ,dt 
o l - 2t"e<>3( s-t)+r1 

1.hf!Or• 11.1 elM •mwa tbat r(t) mad f{t) are ht r'lhtd.c 

==' £(a) 
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112 .•. fl9 4~~:r,e.).i.zeg ~b,el ' ·~· ,i,n;t.e~ .e~~~i:on 

In this section we shall describe a function-theoretical 

method used by Carleman[ll] . to solve the equation 

1 

(12.1) j .y(t)dt 
)x-t /"' 

-=­ f(x) o"' x ....-1, o ..:-..-~ 1 

0 

This i nt egral equation differs from Abel 1 s equation viz. 

X 

(12. 2) j :y;<tt . dt -::: f(x) 
ex-t)'~: 

0 

in that (12. 2) has a variable upper limit of integration. 

The solution of (12. 2) , which we assume to be lr.:.nown i s 15 

X 

y (x) ~ eiD;-<] E._f f(s)( x- s)<- l ds. 
iT dx 

0 

We first consider the homogeneous equation which is written 

as the sum of two integrals; one from 0 t o x the other from x to L 

Both integrals are shown to be identicaly equal t o zero . From this 

we deduce that the only solution is y =0 

To solve the nonhomogeneous equation we consider an auxili ­

ary function tJ (x) containing the unknown function y(x). f (x) is 

continued analyticalo/ into t he complex plane and transformed into 

a Rietna.nn boundary wll.ue problem. From t he known solution of this 

problem we obtain the solution of (12. 1) . 

http:Rietna.nn


A Riemann boundat-y valu problem, or sometimes callsd a non­

homogeneous Hilbert problem[ l9,p. 72] , is the following problem. 

Let n be a c nnected t"egion, bounded by a smooth contour L. 

Find the sectionally bolomorphic function / (z) having finite degree 

at infinity and satisfying on L the limiting condition 

f ( t) =- G( t) j (t) • g( t) 

I( 1\' / ;---­where G(t), g(t) are function· on L satisfying the fita ldet- condition .:~ 

and G( t) f 0 on L. 

~{ t) , r;f{t) are t he limits of {c z) as z approaches L from the 

left Blld right respectively., 

A function~( z) is said to be oi f inite degree ,if in the 

expansion off ( z) in the neighbourhood of the point at, infinity.-,..h( z) -=- -~a zj~I .;:-.. ~ 

there re only a finite number of terms with po"'itive powers of z., 

The gener¥ solution of the Riemann problem, which we assume 
/ 

to be knom, is given by [ 19,-p. 78] 

i < z) '== ~ j . g( t) , . ,dt + X( z)P( z) ;< 
f2iif :(=I=( t) (t.O:z) 

L 

where ?( z) is an nrbitre.r y polynomial and X( z) in a, oolution of the 

homogeneous Hilbert problem, i. e., g( t) ::::: 0 . 

Fol lowing these }rrelimin ries •e return to the 

equation (l~el}. 



Consider the hmnogeneous ecuetion 

1 X l 

{12. 3) j .:d t> ut -=-- t!).f= j ..J:JJ)· _. . t. dt .J z(.t)tlt 
0 / x-t( 0 (x-tf' x ( t-x) ~ 

1 

{1~.4} .F( x) ; ( _,,t) at 
) (x-t) <>t 
0 

l'inalytic for x >1 . y( t) is IS med to be absolutely integr ble and 

such that y( t)I 1:s-t/'(( L(O, l) . 

For x. r eal and x i. l define 

F(x+iO) =limF( x+it: ), 
C-? r!J' 

F(x-10} lim. f(x-i t }, ( f;:. O) , 
c~ eo> 

From thi definitionwe obtain the relati ons 

X 

+ e l(llij 
1 

""'' + \ (O L XL 1)(1~. 5 ) F(~+iO) =- j ~~( ) dt - ~dt 
(.x-t) "( ( t-x( · 

0 X 

1 

(12. 5b) F( x+iO) :: e -o<lii; y(t,) _Jit (xi. 0) 
(t-x)~ 

0 

X 

(12,6a) F{x-10)~ y{tl t • 
(x-t)<><'0 



(x <0) 

1J'9 claim th~t F(x+iO) is r•al i f OL' X.::::' l .. To show tbi$ we ua 

the f'etfleet.ion pl'ind.pl 1••[ 12.., p . 265] . 

If i' (t) in anuytic in t.t ~-lli.n D; D otr c bout 

the x...axt.e -~ if -"7,(;) -== r('i) tlhen f( ~) it r-e-tt •h t.We:r .z:.is real, 

t. t v=(X+i:Y I0 L :t. .::: 1, - [ t:.. f C rj 11"QJU (l'~-5c.),(l2.6a) • 

F( x+ty) ::- Y( x...iy) .= 1( X+iy) 

It r auains to ehc>tr that F{ t) 15 n&lyUo 1n ;~ 1(d to .ni.Uytic 

tor 1 t 0., To pro e 1'( ~) e nlytie on fshe ll l1.t'el\t (O,l} of t:b .x-ana 

:f) i t! t' 

X l 

(lr:. 7 G(x) = J F(•) dt' .J__ j (x-t) l- ~( t) dt 
l- ~ 

() 

1e e.bfr()>lut ly oontinuws • e-ea th ~ G(x.ie) its W'dfo ·1" co vo-rgtm.t 

in the bt·terval OL. x Ll to G(x•10}. Sine O(xt·1 t ) !B ana.tyt1o for t> 0 

we see' th t G is ~~nvll;rtie on t ha int ,.n-&.1 (0,1} .. By (l~.7} • tv ve 

l 1ntatrvllll (O,l). 

th t 

http:l'~-5c.),(l2.6a
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1

J :d t}~dt - o. 
(t-x) 

X 

'l'hus (12. 2) reduces to 

J
X 

.y;(t). dt -::::--- 0 
(x-t)ce 

0 

But this is Abel t e equation with th solution y( t) ="' o. 

lie su~r u ou.r result in 

The hor.1ogenoou equ11t i on 

1 

j x<;t> dt =- o 

0 ( x-t J..: 


wheT"e y(t)/[x-t /
( 

is .assum d to be Lebesque integrable on the interval 

{o,l), has the only solution 

y( t) :::- "' o, 

To solv the non-homogeneous equation {12..1) we again 

consider tbe function (12.5). 

From (12. Sa,b), (12.6a, b) and (12,.1) we obtain the relations 
-21<"7i 

(12.8) 	 F( x+10) ':::. e F(:xo..io) (x o~.. 0) 
-1<~ -i<T 

{12.9) F(x+10) = -e F( x-iO)+ (l+e )f(x),(O <: X4- l) 

To obtain (12.8) multiply (12.8b) by .-2i<~end subtract the 

result from (12.. 5b). si· ilar calculation gives (12.9) .. 

We now consider the auxiliary function 
'(-( 

(12.10) ./(x) ::: F(x) { x(x-1)] Z: 
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(12.ll) 

(12.12) 

(12.1 50 

(1£. 14) 

(12.15) 

{12.16) 

(12.17) 

FTOm (1P..Sa,b), (12. 8e, b) we obt~n he relations 

(x? O) 
o(-f 

{ C x.•iO)-/( x-10) = - 2icos i?- ·· f(x) [x(x-lY 'i (0 c:: x " l ). 

A Riemann boun.daey vuue pt'Oblem. with solution 

From {l2. 5a) , (1~ .6) e ~ve 

1 

J. Ij~t~t = 
(t-x) · 

X 

J
lf; 

y{t) dt :: 
(x.:t)~ 

; Q 

From (12.10) it follows 

1 (F( x-iO)-f(~~iO)) 

l ( e1 ~,{E{x+i0)-e_1c-;rF( x-iO)) 
2isino(.r 

tbat 

[ ] '=;;' -i.tf .
F(x+iO) =- i x(l-J~.) e 'L g\ x-e-10) 

1.:.< i (A
:F'( x-iO) ::: -i [x(l- x)J t a t. g'(:x-10) . 

Substitute these into (12.,14) and (12.15) to get 

1 

J z(_t)1dt = 
( t - x)< 

X 

j 
:.c. 

Y;(1() , dt :: 

(;x-t)( 


0 




ion, where the olution is 

(12,18) :r(x) ;:- n:_,d f
X 

1 ( i 't"( t.e-1 )+e-i"'tf ( t-iO)) [t(l-til '1-;1; 
V I dX" ti'=i)t-_, 

0 

Lf.tt rx be C071four in t h coW. Xt-pl eno 11hich bogins at 

the point x £ (0,1),. goes eoun r-elocklde about the orig1n and 

r tul"r.s to T. n · · lOUt cutt1ng th po itlv r l &Xis. 

It is e.es.tly &U!O that (12.18) c . be written 

(1~.19) 

Substituting (12.1~) into (12.19) w obtain 

l 

:r(x) =1_eo$eq d j ['-.lk-;l;l]'i' dt j !!.I!) {s(l-•)f' ds. 
·,1- · ·· dx t-x) '- < s-t 

f. t 0
;;:( 

as t 10 solution for (12.17}. 

Wo claim that {lt.. ro) io ttl60 the solution of {12.1). To 

verify this, we assume tb t t{s) 1 n&lytic on the interval (0,1). 

L t D 'be a r pen enclosin the intet"Val {O,l) &nd euoh t hat f( e) 
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Let g be t h curve shown in fig. 2. 

f :tg. 2. 

The inner integral i n (12. fa) et.n t h be written {for t out­

sido g ) as 

1 

(l2.n) J	.!!.a) [s(l-e)J<[' ds = . 1. j s(s-1)] ""i' tJs)~ds 
s-t 2coB ~"" s-t 

0 	 gL 

Fo~ t 	 i nside g we have 


j1 

.c-r 

(12. 22) .!1i) [s(l-s)] l: d s == 
e-1 


0 


at -1 

• 71 f( t) [ t( t-1)JT 
C03R'7( 

The first term on h right sido is re~;ul.ar in t he neigh­

bourhood of t =0 end t .::: 1.1{ t) in this case, can be continued ana­

lyt.icaJ.ly acrose t.he interval (0,1)., From the behaviour ofi( t) 

near t ::; 0 and t =1 ne shown i n (12., 22) e se that ti'lere exist ~· 

sol utions for (12.16} end (12.1 7). 

Let .L be~ closed contour enclosing the interval (0,1). 

The integral 

JC~lt;lJ] 
I 

i: 
~~

i < t> dt 
t-x) r- '( 

l 

http:lyt.icaJ.ly
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do not chang i s J.ue tr we de-fonn L nthout Cl"'ssing (0,1). 


If we le t tend to .s.n i finitely la,rge circle them, (12.23) tends 


to a eoD ·te.nt k ind endent of x. 


It W& let L shrink into th& c!ouble line (O,l) (thatj( t) ati&ti s 


{12 1:2) 1 ) W& MV 

~=" :1<;; ~ :li i"""'jr!..., Jt(.l-1\ll l. (1(t-iOht ;: "'Y' t+iO) a f' ) dt 
dx ( x...t) I--< 

0 

Thi& implies tbc.t (12.16) &nd (12.1'7) have th sue solution y(;x) 

wh•r• y(x) is given by (12~20)-. 

Adding (12..16) and (l~.l '1) we have 

l 

1 . .. <f<x+i0)-f{x-10)) [ x(l-x)J 1 ~ ~j{~~·~t ~ · 
2cor ...£ 

0 l. 



Making use of (l.2. l f) e f in tlly obtain 

1 


j x{_t) <\t -= t{ x) 


o Ix..t J '( 

. e sum up OUT' result in 

Theorem 12.. .2. he equation 

1 

j x<~) dt =- f(x) 

0 (%J-t /« 
has the unique solution 

l 

y(x) ~ icos ~ L j [t.(t-l) J'·t dt. Jr e(l-s)(.-"'r(s)da 
: . a2 ' * dx { t-x) c--<.. e-t 
2rt f 0 

.)( 

whet>e /;, is a closed curve cutting the positive reel axis at x only. 

R.~~·r}c;: This method of enelytic continuation 11.t1d transforming into 

a Riemann bound~.ry velue problem oan be applie to mot>o generrel 

kemelt! of the fona 1/(t-x), log /t-xl, an · (t-xj - "' (O L' .-( ..t- 1} and 

so e of t heee combinations. See.~ iG1ilk'tft>.Y11 ;;[1Cl,pp;l~~-132]. 

http:bound~.ry
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