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PREFACE

In certain molecular systems, the motion of the electrons
are strongly influenced by the vibrational motion of the nuclei.
In particular, when this coupling between the electronic and
nuclear motions occufs in a linear molecule, the vibronic inter-
action is termed the Renner effect.

In this thesis, we investigate the consequence of the

Renner effect on the properties of linear polyatomic molecules.
This problem has been previously considered in detail only for a
triatomic system. The complication encountered in extending the
study to polyatomic systems lies in the increase in the number of
nuclear vibrational motions which can couple with the motion of

" the electron,

Knowleédge begins with the obsérvation of nature and
theoretical predictions based upon a considefation of these
observations must then be turned agaig to nature and tested against
further observation. My regret is that the final step in this’
process is not at the moment possible for the prediction contained
in this fhesis because of lack of experimental data. |
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CHAPTER 1

INTRODUCTION

1-1 Interactions Within a Molecule

"Interaction', in most cases, is just another name for "approximation''.

There are, for example, rotational-vibrational (Vibrorotatory) interactions,

rotational-electronic (rotonic) interactions, vibrational-electronic
(vibroniq) interactions, configurétion interactions, rotational-vibrational-
electronic (rovibronic) interactions, etc. (see Table 1-1). In solving mole-
cular Schroedinger equations we are forced to deal with various kinds of
interactions via approximate methods because no exact solutions are possible
except for the simplest systems.

To date, the universally-accepted scheme to solve the molecular

(1,2)

“Schroedinger equations is that of Born and Oppenheimer The Hamiltonian

of the translationless molecule is partitioned into terms of increasing power

of « which is the fourth root of the ratio of the electronic mass (m) to the

(3)

1
4

nuclear mass (M), i.e., « = (m/M) In so doing, we have

> - -> . >0 i > 2 . >0
Hmol(s’ri’ﬂk’xn) He(B’ri’ra) * KHevn(ri’gk’Xn) *ox Hv(ﬂk’ru)

* K3H;R(ﬂk’xn) i KHHR(XR;?S) k]}&'])
where the functions Hévn’ Hv’ H;Ri HE’ etc. can be writﬁen as
W@ ) = Z(EH"‘O‘) . +  2y “_(iz.'i”l?l) : N



oH
5 20 2,0, 92 >0 '3 v
k“H (g, ;r ) = x?H ( S FO) + k3 (=) g, +
Ko v agkagk, o o9, ° 9
0 3 o] aHvr
3 = .3 N 2
kKSH. (g, ,x.) = 3 ({x_, — , = ;Q) + «* & (——) _+q + .
vr K VEC TR agk BXQ K aﬂk QO -k
‘ oH
y Oy _ 1,0 32 e 5
kK (x 3Q7) = «*H (x , — = Q) + « z (- + ..
A2 TR 3XR3X _ agk Q

-5

where B, Fis 4 and X, are spin, electronic, vibrational and rotational
\‘ .

. . 20 . .
coordinates respectively. r, are the cartesian coordinates of nuclear

.. r el . . , . .0
position vectors at equilibrium or of a choser nuclear configuration Q .

In general, none of the terms in Equation (1.1.1) is completely

olvable. Thus we have to speak of spin-orbit coupling, and configuration

. , . . > 20 . . . .
interactions in the function He(B,ri;ra); anharmonic vibrations in

H (q .?0) and asymmetric top rotations in H _(x +°). When other terms are
v R g I

_momentarily ignored, these three Hamiltonian functions will give the

following equation

: o
(8,7 5T0) + 2H qys70) o+ G sTo) = ER(B,F gy o 370) = 0
whose solutions will be in a product form' ’:
-> >0y > 20y, 20y 20
VBT g sry) = v (Burpsr )v (gysr ) v (sr) (1.1.3)

When H;vp and HLP are taken into account, the product solution

(1.1.3) will be no longer valid.

and rotational coordinates, will®

, :
Hvr’ which contains inseparable vibrational
2

“couple'' the vibrational motion with the

rotational motion and thus affect the last two factors of Equation (1.1.3).

!
The term Hevr’ which contains terms invelving inseparable electronic-

vibrational, electronic-rotational as well as electronic-vibrational-



2a

TABLE 1-1-
Examples of lInteractions in Molecular Systems

Angular momentum coupling and coordinate coupling can be represented

by the '"'cosine rule'", H' = af+y where the coefficient a is a constant
of proportionality. In angular momentum coupling both B and y are
angular momentum operators. In coordinate coupling, they are functions +
of coordinate vectors. For symbols, see the '"list of symbols and notations''.
Effects Systems Perturbations H' = aB+y |References
Spin-orbit Linear molecules H' = Z:LZS2 E. Hill and J. H.
interaction Van Vleck, Phys.
Rev. 32, 250 (1928).
Nuclear Atoms H' = vI-S Condon and Shortley,
Zeeman effect ""The Theory of
Atomic Spectra'
p. 421-7.
: . - . N. F. Ramsey, Phys,
Nuclear spin- |[Nucliear spin states{H' = ¢ J., I.-I, I v
_spin coupling {N.M.R. . ij vl Rev. 91, 303, (1953).
p-type I Diatomic molecules [H" = yJ-S R. S. Mulliken,
doubling (spinfHund's case (b) Rev. Mod. Phys. 2,
doubling) ’ 60 (1930).
A-type Diatomic molecule H' = —28[J+L_ + J—L+] J. H. Van Vleck,
doubling linear molecule ‘ Rev. Mod. Phys. 23,
' 213 (1951).
Q-type Diatomic, Hund's H' = -2BJ (L + S) G. Herzberg, ''Spectra
doubling case (c) of Diatomic Molecule"
p. 229, D. Van
| Nostrand, Inc.
. + - -ty
K-type Linear molecules H' = -B(U'P + JP)  [J. W. C. Johns, J.
doubling in degenerate , Mol. Spect. 15,
vibronic state, : 4 : k73 (1965).
i.e., K| >0
tupe | H = 2 [O-LY (07-L7) ,
j-type Jahn-Teller = AUy M. S. Child, Mol.
doubling molecules + (J'_L”)(J+-L+)] Phys. 5, 391 (1962).



TABLE 1-1 (continued)

2b

linear molecules
in x-electronic
state

Effects Systems Perturbations H' = af+y | References
. . J; 64

L-type Axially symmetric | H' -z P H. H. Nielsen,

doubling : molecules in i=x,y,z I_ii Phys. ‘Rev. 75,
degenerate vib. 1961 (1949).
state

.P-type Linear molecules H! A(L S +LS) .J. T. Hougen, J.

doubling 2y, vibronic XX Yy Chem. Phys. 36, 519,
levels, Hund's 2B WeJ (1962) . -
case (c)

Coulomb Atoms H! pX Fl~

interactions |molecules i,j 1]

Vibrational Axially symmetric | H' = anharmonic terms T. Oka, J. Chem.

2-type molecules in T ( \ Phys. 47, 5410

doubling degenerate , stt! Getd- (1967)".
vibrational states '

Q_q+)'qs/2

Jahn-Teller Symmetrical non- H f(qi + q%)qy J. T. Hougen, J.

splitting linear molecules Mol. Spect. 13,

' in electronic ig(qi - q%)q» 149 (1960) .
degenerate states

Renner Linear molecule in | H' %$(qiq§_ + ng§+) J. A. Pople, Mol.

splitting (1) electronic . - - Phys. 3, 16 (1960).
degenerate states; | H! qAQA + qx QA Thesis, Chapter 3.

TS: spin angular momentum (electron); I:

-J: total angular momentum; W= L + S + G.

nuclear spin angular momentum;

W, > PH; (P =1+ 35 + 2)



rotational coordinates will couple all three motions together.

1.2 Vibrational—E!ectronic’(Vibronfc) Interactions

The -present investigation is concerned only with vibrational and
‘electronic motions within a molecule. We can prohibit the molecule from
rotating by setting the rotational angular momentum equal to zero, and t he

right-hand side of Equation (1.1.1) will be reduced to
T .o v (Y 2 .0°

which with some rearrangement of terms and the'neglect of the spins gives

the spinless-, rotationless- and translationless-Hamiltonian, or vibronic

Haqﬂltonian:
~ _ 2y 4 ou(Z 2 | .
Hev(ri,Q) =T (v2) + v(r.,Q) + Ty (v2) (1.2.1)

where Q stands for a collective set of nuclear displacement or normal
coordinates. Te and TN are kinetic energy operators for electrons and

> . . . .
nuclei respectively, and V(ri,Q) is the electrostatic potential within the

molecule. The solution Wev(?i,Q) which satisfy the eigen-value equation

- -
{Hev(ri’Q) - Eev}wev(ri,q) =0 (1.2.2)

is called the '"'vibronic wavefunction'', a combined function which describes
the vibrational and electronic motions of the molecule.
(1,2)

In the Born-Oppenheimer approximation , the solution of Equation

(1.2.2) is written as
—> -> e .
v, rQ = v (rse)-e (@) (1.2.3)

hé‘ ’ . v . . - :
where we(ri;Q) is the "electronic wavefunction' which contains the nuclear



coordinates parametrically, that is, it satisfies the electronic

Schriedinger equation for fixed values of Q:

T (v2) + V(F 50 - W (@ (F 50 =0 (1.2.4)

"where the eigenvalue We(Q) is called a‘”Born—Oppenheimer Potential'' which is a

function of nuclear coordinates; this will describe the potential surface

in the electronic state lwe>. ®$(Q)’ which is a function of nuclear
coordinates only, describes the nuclear motion under the influence of the
potential We(Q). Thus the combined motion described by Equation (1.2.3) is
simply a superposition of the vibrational motion on the electronic motion.

| Equation (1.2.3) rests on the premise that the spacings in electronic
energies [v%,(Q) - we(Q)] are much greater than the vibrational ones. In a
lower-order of approximation, the electronic wavefunction we(?i;Q) may be
breplaced by wZ(?i;QO) which satisfies, instead of Equation (1.2.4), the

following equation
5 0T A0V - (O 1O a0y

where VO(?i,QO) = lim o V(?E,Q), with QO referring to an arbitrary nuclear
Q->Q
configuration, say the "equilibrium'' configuration.
In a higher-order of approximation, or when the electronic level
We(Q) is degenerate or nearly degenerate, the product function (1.2.3) no

longer provides a satisfactory description of the system. [If we want to

preserve even partly the idea of "electronic plus vibrational' motions,

(5,6,7)

wev must be given in a "Born development!

v (F,0) =3 we.(?iza)cbj'(q) : (1.2.6)
el

ev



Equation (1.2.6) presupposes that the electronic wavefunctions we(?i,Q)
are intimately associated with a unique ''potential energy surface' We(Q),
and that the nuclear function ®$(Q) describes the nuclear movements upon
th?s sﬁrface. The summation implies a rapid induced distortion of both
the electronic and nuclear wavefunctions.

(8)

Herzberg has distinguished two types of vibronic interaction.

" (a) Type (a) vibronic interaction: refers to the dependence of the

electronic wavefunction upon the nuclear coordinates Q, i.e.,
_ -> O, Ie)
IPe - we(rng) % we(riaQ )-

(b) Type (b) vibronic interaction: refers to the case where the molecular

- .
wavefunction Wev(ri,Q) can not be given as a simple product function for
degenerate or nearly degenerate electronic levels.

In discussing the type (a) interaction and obtaining the Born-

| Oppenheimer potential We(Q), one has the so-called ''Static Problem'', for

the nuclei are '"clamped'' at a fixed cohfiguration Q. In discussing the
type (b) interaction and obtaining the total (vibronic) energy spectrum

Eev’ one has then the '"'Dynamical Problem'' because the nuclear kinetic

energy operators are included.

1.3 Kinetic Effect and Potential Effect

The dynamical problem of interaction can be treated in two ways.
(i) The dependence of the electronic wavefunction we on nuclear coordinates

Q is achieved by writing, into Equation (1.2.4),
V(r Q) = V(R 00 + v (L0 (1.3.1)

The "unperturbed'’ Equation (1.2.5) is first solved, and then we(?i;Q) of



Equation (1.2.4) is developed in ternis owaZ(?};Qo):

b, (750 = 292, (Fsee, (@ - (1.3.2)
e' .

e

“-where the summation (& ) is over the c]dse]y—spaced Yunperturbed' states
1
o

Iwe,>. Thus the we(?i;Q) wi?l‘éxﬁibit the symmetry properties of the
vibréting‘mplecu]e.

Howevér, as the nuclei are disp]éced from the '"equilibrium" Qo,
the electronic charge density, represented‘by‘lwe(?}gQ)lZ, relaxes in such
a way so to exert forces —(BWe(Q))/BQ on the nuclei and thus modified the

(9)

nuclear kinetic energy Conversely, the movement of the nuclei forces

the electron to move back and forth rapidly among the degenerate or nearly
R .

degenerate electronic states lwe(ri;Q)>. Hence it is a good approximation

“to write the vibronic solution Wev(?i,Q) for Equation (1.2.2) as

“degeneraté” level o
,Q) = ) v, (r.50)e (Q) (1.3.3)

e

(5,6)

where °(Q) will be determined by perturbation method or variational

method(7).

(ii) The second treatment of the dynamical problem is as follows: one
obtains the Q-independent electronic wavefunctions w:(?i;Qo) from Equation
(1.2.5), but does not proceed to obtain we(?i;Q) by Equation (1.3.2) and
Equation (1.2.4) as in the first treatment. Thus one does not have to

consider the (a)-type vibronic interaction. Instead the vibronic wave-

functions are given directly by



L, - ‘'degenerate''level o N o e +
\Uev(ri’Q) =' D) wel(ri‘;Q )'(D\;l(Q) (]-3-1*)

ol
The perturbation potential V'(?i,Q) of Equation (1.3.1) is combined with
-.the nuclear kinetic energy operator TN.Tn"determining the (b)-type vibronic
interaction, i.e., the variational functions ®e'(Q) of Equation (1.3.4), and
tﬁe vibronic energies, Eev' Since ¢Z(?13Qo) does not vary as Q, the nuclear
kinetic energy operator TN’ will not give any coupling effect between
different electronic states '¢Z>, namely TN|¢Z> = 0. Only the perturbed
potential V'(?i]Q) couple the wg(?i,ao) in thé type (b) vibronic interaction.

"~ These two treatments have been unified by Hobey and McLaéhlan(lo’]])

(7,12)

and discussed by many authors We shall slightly modify Hobey and
McLachlan's theory in Chapter 2, and call the first treatment the "Adiabatic

. . : . t
‘Formulation'" and the second treatment, the "Harmonic Formulation''. FTheyrare

so termed because in the ""Adiabatic Formulation', one uses the electronic
wavefunctions for the "deformed" molecules as if an adiabatic separation of
nuclear and electronic motions were feasible. In the "Harmonic Formulation"
the use of a Q-independent electronic wavefunction implies that the electron
disfegards the instantaneous positions of the nuclei and instead sees the
nuclear charges only at the averaged positions of the nuclear harmonic

. . R o
motion in the vicinity of Q.

1.4 Angular Momentum Coupling and Coordinate Coupling

As seen from Table 1-1, whenever kinetic operators (differentiations)

(13,14)

are involved we have angular momenta coupling , and whenever potential

+ . o : e

Equations (1.3.3) and (1.3.4) are formally the same as far as we(ri,Q) of
Equation (1.3.3) are expressible in terms of Equation (1.3.2). However,
(theoretically), we(?},Q) may be obtained, say, by direct solution of Eq. (1.2.4)

Ta. b, Liehr(12)
respectively.

i

.{. N
has used the names "extremal' and "euspidal' expansions



functions are_invo]ved we have coordinate coupling. Therefore we
expect that theré are both angular momentum coupling and coordinate
coupling in the Adiabatic Formulation while there is only coordinate
coupling in the Harmonic Formulation. However, since only the total
enérgy of the system is conserved, the kinetic energy and the potential
energy must relate intimately with each other. This relationship may

* be implied in the commutator [x,p] = iH, and any coordinate coupling
.may be transformed into angular momentum coupling. (For example, the
(155

operator equivalent method in Ligand Field Theory Moffitt and

(17)

Thorson constructed an angular momentum operator for the vibronic

systems by making the operator commute with both the perturbed potential
V'(?E,Q) and the unperturbed vibronic Hamiltonian HZV(?E,QO). Thus one
can speak of the coupling of the vibrational angular momentum with the
‘electronic (orbital) angular momentum, and the resultant vibronic wavé“
functions can be classified by their total (vibronic) angular momentum

(18)

quantum number, which, for linear molecule, is defined by

where A is the z-component of the electronic (orbital) angular momentum

and £ is the z-component of the vibrational angular momentum. In the
absence of vibronic interaction, both A and & are good quantum numbers,
Sut'in the presence of vibronic interaction, only their sum remains as a
good quanturm number. For axially symmetrical molecules, the total (vibronic)

(19)

angular momentum is denoted by 2] with

j=2+% ora-%



1.5 Jahn-Teller-Renner Effect

The Jahn-Teller Effect and thé Renner Effect are two aspects of

the vibronic interaction problem, the former referring to non-linear
‘molecules, the latter to linear molecules.

As we have previously noted, the vibronic interactions originate
in the changes in the potential field resultiné from the molecular
vibrations and the nuclei are displaced from the more symmetrical
positions. The difference between the instantaneous electrical potential
and the pofential of the "hyperthetically' symmetrical configuration Qé'
will act as the perturbation. This perturbation couples strongly two or
more electronic states (with reference to the symmetrical configuration)
if they are close in (electronic) energy. Usually, the term ""Jahn-Teller-

Renner Effect' is applied to the vibronic interactions in a degenerate

electronic level. For the vibronic interactions of nearly degenerate

electronic states, we use the term '"pseudo Jahn-Teller-Renner Effect''.
The vibronic perturbation, in most cases, is obtained by Taylor's

series expansion in increasing power of nuclear displacement coordinates

(or_norma] coordinates) with the assﬁmption of infinitesimal vibrations(zo’ZI)
i.e.,
ViEL) - <3Q>O —2—'!~<—§%¥>QO-Q <3> o (1L5)
2Ny
where the derivatives @~~4 are evaluated at Q = Q° and thus are
3" Q

independent of nuclear coordinates Q, but they are functions of electronic

(21,22,23) of

coordinates. When the problem of the geometrical stability
the molecule is investigated, a Taylor's series expansion may be applied

to the electronic matrix elements, i.e.,
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o > 0 -> o0 o
<P (L Q) [T+ V(L) Jy (r00) >

n

3) Q 1,00 2
(W + TN)Gee, F VSt VT QT (1.5.2)

Q k . o) o . '
. where Ve'e Q=1 Vele q and we, and we are the component states of a

k
degenerate electronic level with reference of symmetrical configuration Q.

(20)

The well-known Jahn-Teller theorem was proved by group theory

Q

taking only the terms Ve'

e-Q into consideration. [t states that ”if.a
symmetrical non-linear molecule has a spatially degenerate electronic level
than in this level it will tend to distort in.such a way as to remove the
electronic degeneracy''. Mathematically, in the hyperthetical (symmetrical)

molecule concerned, there exists at least one nontotally symmetrically

normal vibration, say 4. SO that the electronic integra]‘

e'e i

v jwz, (F.,0%) %g;‘wZ(?i,Qo)dr. . (.5.3)

is different from zero.

In order to obtian the finer structure of the electronic potential

(24)

surfaces or to treat the dynamical problem of Jahn-Teller effect in a

(25)

higher order of approximation , higher power terms of Equatién (1.5.2)

should be includgd. When only linear terms of Equations (1.5.1) or (1.5.2)

(17)

are considered, we have the linear Jahn-Teller Effect or the first-

order Jahn-Teller Effect, whereas the name, the quadratic Jahn-Teller Effect

or the second-order Jahn-Teller Effect is designated to the quadratic terms.
For linear molecules, it can be shown {(Chapter 3) that no terms in

(5)

q, of odd degree can enter into Equation (1.5.2). Renner pointed out
that the splitting of the electronic pofential surface is proportional to

sz in the A-electronic level, where X = ]A[ =90, 1, 2, 3,.... etc, are
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corresponding to z, I, A, ¢..... etc. electronic levels respectively.
It is clear then that the Jahn-Teller and Renner effects are
actually one and the same, depending on whether the first-degree or

second-degree terms is predominate in Equation (1.5.2)(26),

1.6 Renner Effect in Linear Molecules

The Renner Effect in linear triatomic mo]écu]és has been discussed
in detail for only a few cases (Table 1.2). The Born-Oppenheimer
potentials which are denoted by wéa(Q)’ Web(Q)’ are the eigen values of
the electronic.Hamiltonian matrix. The botentials are functions of a
single bending coordinate and they may exhibit any one of the three

possible structures shown in Fig. 1.3 (4.1) (Chapter 4 and Reference 18).

Fig. 1.3 Born-Oppenheimer Potentials of Linear Triatomic Molecules in a
r-electronic level
r is the radial coordinate of the bending "~ mode. W (Q)

is referred to the upper potential while wb(Q) the
lower one.

wiQ) wi(Q) W
4 , 3 \/;’ "
N Iv\ua . S
‘\\ / 'x ,’ WQ '\Ab
A 13
l\\ ’ \ \‘ I,’ ’Wb \ \\ !) i
N AL \ v ! [ y S b
N ! . \ \ ! . C
ANRY ;5 e [y / i N 1
) o \ AN f L ro
2y e \ « ! \ N !y
& > < 5N 7 > <« s > '
r 0 v N A ST
\ /’ \ /'I v/ \N
~ \.7 4
(A) (B) . (c)

The separation between the upper and the lower potential surfaces

is proportional to r?, r*,..... etc. inm, A,..... etc. electronic levels



TABLE 1-2

Renner Effect. in Linear Molecules

1.2A Weak Renner interactions in linear triatomic molecules;

1§a

wy = angular frequency of the bending vibration; & = Renner

parameter,
Systems, Electronic Observed Reference
molecules | states Ew2 & Electronic erences
Transitions
.“COZ” i - R. Renner, Z.
o o Phys. 92, 172
5 ’ (]930) . (28)
VINH ! I J. A. Pople
NCO X211 539 cm™! -86 cm™! -0.181 | Infrared R. N. Dixon,
‘ Phil. Trans.
A252, 165 (1960).
3 ALTl 307.9 cm ! 165.3 cm™! 0.537 A«+Xlzg+ Gausset et al,
° Disc. Farada
! -31 Y
”OO 3400 A SOC_. (]960)
1963.
BO, X 21 -92.2cnf1 0.199 Infrared J. W. C. Johns,
S Can. J. Phys.
- ' .- 39, 1738 (1961).
A2m ~13.0 em”t 0,026 | AeX
{6450-3965 A
co', %21 93 cm™l Infrared J. M. C. Johns,
: g Can. J. Phys.
L2, 1004 (1964).
NCN A3y 85.7cm™! 0.185 [A « X 329— G. Herzberg, D.
° N. Travis, Can.
3285-3260 A7 phys. k2,
' 1658 (196L).
Ny XZHg -94.38 e~ -0.19 Infrared A. E. Douglas

and W. J. Jones,
Can. J. Phys.
43, 2216 (1965).
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TABLE 1-2 (continued)

b
Systems, Electronic o cuw Observed Refe
molecules |states 2 2 € electronic ererences
transitions
ceN el “325 em™l b1 <0.hh | nfrared  |A. J. Merer
and D. N.
Travis, Can.
J. Phys. 43,
1795 (1965).
CNC X211 321 em™}  176.20 0.549 | Infrared A . Merer
J : and D. N.
Travis, Can.
J. Phys. A4l
. | 353 (1966) .
CCN A2 475 em™l n2/w, = 0.1k em’l. Can. J. Phys.
Y A < X . 143, 1795 (1965).
4710-3770 A
CNC A24 bho em™! n?/w, = 0.12 em™l Can. J. Phys.
u A <« X . 44, 353 (1966).
3320-3250 A

1.2B Large Renner Interactions

Systems, Electronic Type of Potential [Observed
oy . N References
molecules | states Surfaces Transitions
HNH, ! o (); (Type B J. A. Pople and H. C.
p?tentlal-of Longuet-Higgins, Mol.
Fig. 1.3) Phys. 1, 372 (19 ).
BH, W'AZBl(w) (B) A < X Polyatomic Molecules,
‘ ZHd- . o |G. Herzberg, Vol. It1,
| X2A 8650-6400 A {p. 490.
AgH, —'AZBl(n) (B) Electronic Spectra, G.
nH4 Herzberg, Vol. 1il, p.
YL X2, 490.
CHy ™~ b1B, (c) b < 3 G. Herzberg and J. W.
1p - v . |C. Johns, Proc. Roy.
9L alm 9000-5000 A | Soc. (London) A295,
107 (1966). |




TABLE 1-2 (continued)

itc

Electronic
states

Systems,
~molecules

Types of Potential
surfaces ’

Observed
Transitions

References

NH2 ;\2A1 (ﬂ)
2y
Y Lx28,

A<sX

9000-4300 A

K. Drossler and D. A.
Ramsay, Phil. Trans.

A251, 553 (1959); R.

N. Dixon, Mol. Phys.

9, 357 (1965).

1.2C Some Linear Four-, Five-, and Six-Atomic Molecules

Molecules | Electronic States |Bending Bond References
Vibrations Systems
CoH, Gln vq(ﬂu);v5(ﬂ ). {GeXly * G. Herzberg, Disc.
) J : g o | Faraday Soc. 35, 7
1250-1160 A | (1963).
HCCN c(ln) vy () svs(m) e« P. G. Wilkinson, J.
u . | Mol. spect. 2, 387
1519-1403 A | (1958). '
CaNop A(ls) v (1 Y3vs(n ) [A(TA )<X'z T ]G, Herzberg, Vol. 111,
! ! g v > | Appendix XI.
2260-1820 A
v (m)sve (m)s | 2oom V.A. Job and G. W
s i Z or A) . . (o] an . .
HCCCN Al'n) vy (m i( +Z King, J. Mol. Spectry
AL 19, 178 (1966).
2300 & 78 (1966)
CyH3 2n AT X210 J. H. Callaman, Can.
B Y9 U, Phys. 34, 1046
5900-5000 A | (1956).
CyNp é(lA ) B(1a y+xlz F. A. Miller and R.
u u 5 B. Hannan, Spectro-
2720-2250 A chem. Acta 12, 321
(1958) .
CuHo
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respectively. Thus the Renner effect will be most significant in the
n-electronic level since in this case, the perturbation possesses the
same Q-dependence (viz proportional to r?) as does the harmonic potential
itself, for ‘the harmonic potential for the bending vibration is given by
%uzwgrz. |

Any linear triatomic molecule which exhibits the electronic

'Vpotentials of case (A) in Fig. 1.3 is called a Renner Molecule. The

)

vibronic perturbation for such molecule in w-electronic level is represented
by

H! = fricos2(0-¢); f = enw? - (1.6.0)

where € is defined as ''Renner parameter', 6 is the electronic azimuthal

angle and ¢ the azimuthal angle of the bending vibration, both are measured

- from a fixed plane in space.

(5)

Renner's study on ''C0," is important because it is the first
quantitative treatment of a vibronic problem which showed that the Born
development (Equation 1.2.6) must be used in case the electronic level is
degenerate. The success of Pople and Longuet—Higgins;treatment of ”NHZ“(]8)
which exhibits the case (B) potential surface may be taken as the confirmation
of the existence of Renner Effect. Inclusion of spin-orbit coupling in the

(27)

2l state of the NH, radical has been studied by Pople Dixon found that
a more satisfactory description of the NH, system is to attribute its
electronic potential surfaces to case (C).

For electronic levels with]A|>l, A, @,..... étc. states, the
leading-terms of the vibronic perturbation are proportional to r%, ré ...

etc. respectively. They are small in comparison with the quadratic dependent


http:vibron.ic
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Harmonic oscillator potentfa] and thus will not show any significant.
- effect but modify the anharmonicity cénstants(28’29).

Although Liehr has given the electronic Hamiltonian matrix
elements in terms of the bending coordinates for m-electronic levels
of acetylene CZHZ(ZA), no one has attempted the dynamical problem for

linear molecules having more than one bending vibration. The aim of

the thesis is to investigate this dynamical probiem.



CHAPTER 2~
GENERAL THEORY FOR VIBRONIC PROBLEM

2.1 Breakdown of Born-Oppenheimer Agproxiﬁation

The vibronic Schrtedinger equation is represented by

> -
{HeV(ri ;Q.) - Eev}\yev(ri ,Q)

) -> X >
= {1+ V(r 0 + T - E_dv (F,Q) =0 | (2.1.1)

._).
. where V(ri,Q) is the electrostatic potential within the molecule, Te and

T are the kinetic energy operators for electrons and nuclei respectively.

If there is only one electron, Te is given by

2 2 a2 2 2
To =g Ve gy (i
SO X% ay? 22

where Uk is the reduced mass for kth oscillator. Since RJ is of order

K2(]’2’3), it can be regarded 'a priori' as a perturbation to Te + V(?i,Q)

in solving Equation (2.1.1).

When we remove TN from Equation (2.1.1), we have the electronic

Schredinger equation for a fixed configuration Q:
a i

Ty + Vi) =W (@, (rs0) =0 | (2.1.2)

When the "perturbation’ T is added, the solution of Equation (2.1.1) can

14
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be written by

¥.50) 652 (0) C(2.1.3)

> .
¥ (ri’Q) T&E lpea( i

ev
€ a

where °7(Q) are the variational functfons to be determined. The subscripts

" (e,a) are proposed in the spirit that the functions wea(?};Q) {a =1,2,...,De}
constitute a set of degenerate or nearly degenerate states which are "well
separated" from other sets of states |¢e,a,>. The '"well sgparated”

condition is that the (electronic) energy difference between members of the
same set is much smaller than the energy difference between members of two

different sets, i.e.,

W, (@ - v (0]
W (@ -V (@

<< ‘ (2.1.4)

[The sufficient condition should be
5V v
l<weaJSEwwe'a'>] o |<weal§’0jlwea”>l
W @@= T T, @ (@]

(see Equations 9-11).]
. + . .
The solutions wea(ri,Q) of Equation (2.1.2), in general, have to
be evaluated by perturbation theory, because only for the configuration
of high symmetry (QO) is the electronic equation '"'solvable''. In fact, what
we mean by ''solvable'' is to achieve the symmetry representations for the
electronic wavefunctions. Hence, we assume that we have solved the following

"unperturbed' electronic wavefunction:

O o O OF p @ g SO
{1, + V(r5Q7) - W (@), (r5Q7) = 0 {2.1.5)
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We then expand wea(?i;Q) in terms of w:b(?i;Qo)

De
v (?i.,Q) = X

ea b

vop (F3Q%¢, (@) o (2.1.6)

1

Eugation (2.1.6) implies also that the unperturbed states, ]w:b>,
{b=1,2,.i0us De}, are "well separated" from others.
We note, therfore, that the double-perturbation (Equations (2.1.6)

and (2.1.3)) is characteristic for the vibronic problems.

Putting Equation (2.1.6) into Equation (2.1.1), we have

_ T R -t _h2 02 > Ve, .ea
0 = 2 (00, (0 - By (0600 - B 1y G010
€,a , 3Q
F2 (L0121 v (0¥ @] (2.1.7)
10} Yea'lj® aQ Y Yea'li? 3G2 Q o

oL

Multiplying Equation (2.1.7) from the left by ﬁea“(?i;Q); then integrating

over the electronic space, and making use of the orthonormal conditions:

@ (FsQ v, (Fh0)s = J v, (s, (FQdr,

e ea
el

= Sect%aa (2.1.8)
ec aa
we obtain
2 ® D 2
0=t (0 - 80 -5 3l By, >0
e 2 ] 1 a8 2 e’ q

e' a 3

] 9 0 sea .ea
+ 2<wea’5§¢we'a'> ) o 9 (0) + o ¢ 7] (2.1.9)

>-g- stands for

i 3
-he <1 .
where the notat«onA vealanVe‘a'
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1l

d
eal He a'>.5~6

(10)

By Schroedinger Equation (2.1.2) it can be shown that

0 ife'=e, a'=a
T o) [ 2 N (2.1.10a)
oo T30 aglterar 0 Dy s el e or
ea . lf e' = e but
AOETRO =
and that
- . ~32 =3 )
<wea(ri’Q>|ga;1we'a'(ri’Q)>
- G L L2 2
) e”Za” ealanw prgae” < ”a”laQIwe'a'>F aQ <w¢aIBQ|¢e'a'>
(2.1.10b)

Since the terms of (2.1.10) are inversely proportional to the
energy differences in Equation (2.1.9), the terms involving two components
of the same set are so large that the terms conngcting two different sets
are suppressed and can be neglected. By dropping off the summation over e'

in Equation (2.1.9), we obtain

_ ;. h2 42 _ h2 2 . -
b=t Y W (@) - 5 <y [5—v > - E}e°(Q)
iy 3 ea'
+ af:#ava’a'(Q’g‘i)@ (Q), (@ =1,2,..... ,De) (2.3.17)

where

2.y _ _Th? : ‘ )
LSRR ST SN INRESE R SOMN [ PSSl N C R M P
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Only if all the Oa a,'s are negligibly small is the Born-

b

Oppenheimer approximation a good one. The summation over a' in Equation
(2.1.11) is an indication of the breakdown of this approximation. The

q)ea(

Q) functions (De of them) are determined by De equations like that
of Equation (2.1.11). Then the vibronic solution Wev(?i’Q) of Equation
(2.1.3) is represented by a limited number of terms:

De
)ea(

v (F0 = 3oy (F0e57 () (2.1.13)

2.2 Coupling Terms and Different Formulations

The use of perturbation method to solve the coupled Equations

(2.1.11) requires that the first part of the Equation (2.1.1):

H2 d? 42 22 ea :
{ 7;‘;65'4 Wea(Q) : ~§\wea|;g;¢wea>}¢ (Q) (2.2.1)
should be '"heavier' than the sum
5 0 o, =2 () ( )
. ' 2i2a?
aria‘a,a' Q,BQ) § Q .

However, as seén from Equations (2.1.10) and (2.1.12), the coupling
terms Oa,a' may be very large so that the sum (2.2.2) becomes larger than
(2.2.]). To avoid this difficulty, we try to make the coupling terms as
small as possible by choosing special variable linear Fombinations of

-wea(?i;Q)’ g = 1,2,0040s De}, as a basis set, i.e., let

‘De
- i - B
Xec (risQ) = . Vo (rysQa, (@, (¢ =1,2,.....De) (2.2.3)
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with normalization conditions

'= _ : * . ]
<XeCIXeC'> (SCCI E] O‘aC(Q) Oiac|(Q) . (2.2.{)
We see that Xec(?}3Q) will no longer be the eigen function of the

operator T + V(?i,Q); instead

->
v

N AT + VO Ix 0 = a0 M@ =g (2.5

since the Wea(Q) are not necessarily all equal.
Writing the trial function Wev(?i,Q) in terms of this new basis set

we have:
e

xec(?};Q)®c(Q) | | (2.2.6)

I o

O
Wev(ri,Q) = ]

C

Substituting Equation (2.2.6) into Equation (2.1.1), we obtain

_1%§§“_£+ W__(Q) + OC,C(Q,%Q) - £30°(Q)
3Q :
£ 1 pc,c,(Q,gag@€°'(Q) - @, e = 1,2, 000 De} (2.2.7)
where wec(é) = gc,C(Q) = ilaa,clzwea(Q)
Uc,c'(Q’%ﬁ? T ﬁ;‘[ Xeclié;-xec'> * 2<Xecigﬁ+xec'>.%6-]
P o (g = £ (@ + 0 (050)

In Equation (2.2.7), the coup]iﬁg terms are PC C,(Q,gé). The
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variational functions o C(Q) of Equation (2.2.3) are determined by

2 4

minimizing PC c; terms. They are dealt with differently in the following

formulations:

(A) Adiabatic Formulation

In this Formulation, if c¢' # ¢

Il

13 (Q) > =0

3
(W <XeclTe ¥ V(ri’Q)

Xecl

=5
_ _ I o Y
so that Pc o 0 o Under this condition, the Xec(ri,Q) 5

] C,
._>‘
reduce to the wea(ri;Q)'s which are eigen functions of the
electronic Hamiltonian He = Te + V(?i,Q). Then we may have

the difficulty previously mentioned.

(B) Harmonic Formulation

In this Formulation, one uses Q-independent electronic wavefunctions

De
-> ‘. +—‘ O - (o) - ) [e)
XeC(ri,Q) &= XCC(ri’Q ) bi] web(ri,Q )Bb,C' (2-2-8)
where Bb 5 are constants. Hénce
)
OC,C'(Q,S.Q‘) - O

But now ¢_ C,(Q) can vanish only at one configuration Q°, and may
b
otherwise be large.

(C) Intermediate Formulation

In this Formulation, the two parts of P o (gc

, and 0_ ) are
,C c cc

suppressed simultancously. To make ¢_ C,(Q) as small as possible,
b

we separate the nearly degenerate set of functions wea(?i;Q)

{a = 1,2,.....De} into two sets: the set Vogq! {a' = 1,2,..... de}

(with de < De) which becomes truly degenerate as Q - Q0 and is of



21

interest to us; and the other set wea“ {de < a'' < De} which does
.-)-
not., Then we let xec(risQ) be linear combination of the degenerate

set {a'}, and X ,,, the linear combination of set {a"}, i.e.,
ec

de
> ->
. = 3 s (-
Xeer (Fy5Q) L Voar (FsQogy (@), {e! = 1,2,.. .. de} (2.2.9)
- De N 7 .
. = . 1 -
XeC“(ri’Q) ”Z wea“(ri’Q)aa”,c”(Q)’ {de < ¢ < De} (2‘2‘9b)
a''sde
Thus
. ~> .
EC'C” = <X6C' ITe + V(ri’Q)lXeC”>
de N De
= < ? CLa|cll‘peal|-re + V(ri ’0-)] ”z uall’cllweall>
a'=l a''>de
de De N 5
i ail a“fde 0La'C'OLa“c”qbea'ITe + V(ri’Q)lwea”>
de De .
= }‘ Z aa'l\cluallcll éalall‘we_]l(Q-)
a'=l a'»de < ¢
=0 » (2.2.10)
and'
- T+ V(0|
Ec’,c T Xeerle T ri’Q Xec”

_ O O . 2
= we(Q 8 itk Qi+ f Q0+ L
(c,e' = 1,2,..... de) (2.2.11)
0,0y _ lim P . N
where We(Q ) = 0+Q° Wea.(Q). Thus, for infinitesimal vibrations,
the EC,C(Q) are small, They are at most linear in Q. If kC|C is

different from zero, we have Jahn—Teller‘effect; if kc'c is zero

but fc'c is different from zero, we have Renner effect.
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To'make'OC C.(Q) as small as possible, we choose « C(Q)
) ) ’

of Equation (2.2.9a) so that <¢ea' o are approximately

'8 lX
oQ ' ‘e
equal to zero, i.e.,

<wea.l-2~é-lxec.> « 0 (for all a',c' =1,2,..... de and Q) (2.2.12)

Substituting Equation (2.2.9a) into (2.2.12), we find that the

o, C(Q) satisfy the following simultaneous differential equations
3

aaa C(Q) de

— 50 o Z]<x (i

Q) I55lv,, Frh0sea,, (@ =0 (2.2.13)

]

With this choice’<xeclgﬁgixec,> will also be small, and so will

0
OC,C'(Q’BE) and PC

H

C,(Q,ga). Then Equation (2.2.7) becomes

f2 32 P ec
{- *E-;E;'4 W (Q) + UC’C(Q,EEJ" Elo (Q)
de De 3 CII( )
+ X I(Q;'_')‘1> (Q) + z 0 n(Qs_"‘)@ Q
c'fc C’ c''sde &€ 9Q
=0 (for ¢ = 1,2,..... de) (2.2.14a)
H2 92 P ec
{- *E‘gaz'+ W (Q) +‘OC,C(Q’3Q) E}o (Q)
N G P S AR S A I
c'sde c,c'''BQ c'=1] c,c! ’3Q
=0 (for de < ¢ < De) (2.2.14b)

Equations (2.2.14) in matrix form are shown as follows:
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.~ -y / Ny
l N
! 1
Hy - E Py geeeriens LYV SR 0 o
]
- . 2
o Hop= Eoornn Pyg 10 gayeeeeees 0, 4 ?
]
! 3
Py Py geeeeren Pag 403 gppreeeeee 0 :
, : :
. :
: : d {=0
Py ) Py geeee CHGgE Oy e 0 1 o
_______________________________ e e e e =+ o =
i
, ! d+1
]
O4s1,1 Ogay 20 vee Oge1,d 1 Mot g B Pawr p ] @
: - :
0 ; 0 | ; LB 0
: D,1 D27 D,d ! Ppdeyreeeeees Hp g B[ ]¢ (2.2.14)
\ : N
B _ _ 2y _ M2 2
where d = de, D = De and H__ = HCC(Q,EEQ = -5 ;6;-+ WeC(Q)

3

+ Qc,c(Q’aQ)'

Although Equation (2.2.]&3 is general for any molecule in a
degenerate or hear]y degenerate electronic level, the rather

loose conditions imposed by Equation (2.2.13) require rather

(1)

~complicated mathematical devices for the solution of these

equations.

(5)

The Adiabatic Formulation was used by Renner

(6)

and the Harmonic

(18).

Formulation by Moffit and Liehr , and by Pople and Longuet-Higgins
Al though the results of the two methods for triagtomic molecules are
_equivalent, we shall see in Chapter 5 of this thesis that for linear

molecules having more than one Renner active degenerate vibrations, only

the Harmonic Formulation is practicable.

2.3 Doubly-Degenerate Electronic Level

In the case where the electronic level is doubly-degenerate and
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is well-separated from other levels, the coupled equations in the various
formulations are summarized as follows:

(A) Adiabatic Formulation

The vibronic function is given by
v (7,0 = o (707 Q + g (7306
where wa aﬁd wb satisfy |
o +v(r,o - wa(Q)iwa(?i;Q) =0

The vibrational equations are given by

’ N .~
42 32 2y _ d a
- i'gaz‘+ Wa(Q) +lvaa(Q’sf? E Oa,b(Q’Sa) o°(Q)
= 0 (2.3.1)
d _h2 02 oy b
Ob,a(Q’SEJ 5——~;—+ Wb(Q) + Obb(Q’SGJ Ell ¢ ()
(B) Harmonic Formulation
The vibronic wavefunction is given by
> _ L0/ Oy + L O[> A Oy."
\yev(ri’Q) - 1l)+<ri,Q )CD (Q) t ‘P‘_(ri,Q )q’) (Q)
Qhere wi satisfy
{T,+ v°(?’i Q%) - WS (F Q%) = 0
The vibrational equations are given by
r "? , ' . ‘ N\ N
Tt e,@-E £ @] | o'
| =0 (2.3.2)
/ﬁ?_ 32 ) -
E_;,‘_(Q) B '*‘ E___(Q) ~ E ¢ (Q)J




where

(c)

(Q)

£y g (P32 T, + V(FL 0 02 (F50%) >, ete.

Intermediate Formulation

The vibronic function is represented by

¥(r,0) = 3 (F,3001(Q) + %, (F,50)92(Q)

95

where yx; and Y, are linear combinations of wa(?i,Q) and wb(?i,Q).

The vibrational equations are given by

2 o2
".g’gi;‘+ Wy (Q) +'011(Q,§6) -E .

- by,

an (Q) +v22(Q’%6:) -

£,1(Q) +;021(Q’%6?

N

E12(Q) + 05, (0,3)

1

Q

E
/

21 (Q)

%2 (Q)
7/
(2.3.3)

The relations between {wa,wb}, {wi,w?} and {x;,x2} can be obtained

Vonly to the first-order of approximation. They are given by

4 4

(v a0 (o, @ o @] [0F 0] [ @
4, (7130 €, (@ e @ [1°E 0| o, (@
\ 7/ \. / L L4 N
s . . Y
aGso | [o @ o @) o] [5,©
x2 (r;3Q) 0, (@ e, (0 151500 f*a(Q)
where Bi.(Q) =a_ (@ ¢, (@ +qop (0 ¢, (Q)

By, (@) =0, (@ ¢, (0 +ap (Q) C,(Q)

and

Xz(?i;Q)
(2.3.4)

yd Ny

O > 0\
w+(ri,Q )

w?(?i;Qo)
7

- N~
(2.3.5)
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g > R [ % % 3 > ) ( % ‘ % Y( -5 h
wCEs] e do] L] e ffe] e
o, o * * > ES * >

\w_(ri Q ), \C“a(Q) C—b(Q)a \d}b(ri ;Q); ~8+2(Q) 6_,(Q) ><2(ri ;Q).

\
(2.3.6)

2.4 Classification of Electronic States for Molecules of Linear Conformation

The following two sections concern only the electronic wavefunctions
for molecules of linear conformation.
A linear molecule is most conveniently described by the cylindrical

coordinate system. Suppose there is only one electron i(p,6,2z) and the

[y

""effective charges' of atoms A(O,O,zA), B(O,O,zB), ..... etc. are Z .etc.

polps e

respectively (Fig. 2.1), then the electrical potential within the molecule

is given by
0(4 | . za'e zaza| (2.4.1)
vo(r.,0) = 2 : _ —+ T T = 2.4,
! a=A,B... [(z—zd)2 + pz]é a<a'.T§; 2t

Fig. 2.1 Coordinate system for linear molecules.

The centre of mass is assumed to be the origin. The nuclear
positions are a(0,0,za).

2
N
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X
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{
! Blc, 0,25 'z
|
i
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— >y
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The electronic kinetic energy operator is:

A2 2 2 2 .
Te'“'"?_‘a 2.__+L,g__+_LL.+§_._ ~ (2.4.2)
302 p p2 ae? 322

And the electronic Schréedinger equation is given by
o> 0,0
{He(ri,O) - We}¢e(ri,0)
e o‘-+ _ O [o Wixd s - .
T, + vo(r,,0) - W3y (r.50) =0 (2.4.3)

-> .
Since‘VO(ri,O) does not contain the electronic azimuthal angle 8,
it commutes with the operator %53 and %E-always commutes with the electronic

kinetic energy operator Te’ therefore,

]QJ

oHh 3 oHh
[He’T-—EJ - [Te v T

] =0

Q2
(o ¥4
fax)

s : ) __)‘
Thus the eigenfunctions wZ(ri,O) of Equation (2.4.3) are also eigenfunctions
of the z-component angular momentum operato '?‘%63 Let the eigenvalue of

wZ(?i) be AR, and we have

1 3 o o . '
TRl s Ay - (2.4. L)

. o, .
Supposing that we(ri,o) can be written as

'w°(?i-,0) = uz,0)) (0) " (2.4.5)

e
then we havé, from Equation (2.h4.4),
3 .
356 0) = 1, (@)

and thus
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Since we must have single-valued space function, therefore

@, (6 + 2m) =@ (o)

Il
o
N
v}
pary
(9]

Hence A must be an integer; i.e., A = X, with A

Substituting Equation (2.4.6) into Equation (2.4.3), we find that

u(z,p) have to satisfy the following equation:

2 82 2 2 Z e
{- g—- Chlign l—%—-— A~-+ 0 )+ X LB =
- m -39_2 p.dp p2 372 a [(z—za)2+p2]2
27,
+ T a ol WZ} u(z,p) =0 (2.4.6)

Thus the cigenvalue, WZ’ and the radial function, u(z,p), do not depend on
A but on A% (= 2?). We may label the radial function by A: uk(z,p) and
the corresponding eigenvalue by Wi. Therefore when 2 > 0, W; denotes &
doubly“degenefate electronic levei, apd its two component states are

4]

represented by {90 v . }:

+A7 =X
o , iAb .
vo,=u (z,p)e .
o _ +A ANT? , _ iAB 1
11[)]\_‘ '0 -i>\6 - u}\(zyp)e (2'{‘7)

v, =y (z,0)e

or by their linear combinations, for example:

1P§1= -]—- {q)ix‘i' w?k};— ‘/2_ u)\ (Z,D)COS?\G

V2
: (2.4.8)
o) 1 o 0 )
Vro" T - vy 3= V2 U}\(Z,D?SIn>\8

To classify the symmetry representation of the A-electronic level,

we denote the level (X > 0) by a two-component column vector,



lPo | iAB
o ' ©
IP)\ = = Ux(z,p)
LPo e-ik
-A

Since the rotational operation C_(9)
effect that
6 >0 - &; z>2z; p>p

therefore

O /> e} >
C o)y, (r) =y (C_(-e)r))
+ The character of this operation is

x[C ] =

- O

i .
o iAd + e iAd

Hence for A = 0, 1, 2,..... > ha
respectively [Appendix.Al.

{f the linear molecule has a
electronic states must also be classi
application of ghc inversion operator
causes

6 >0 - m,

zZ > =Z, p>rp

Therefore we have

-1 .
E 1{) =u (_Zsp)
A A e—ix(e +oq

=

I f ?A belongs to g representation, i

i ( ) .1
+
elk 3] ki

29

(2.4.9)
0

on the electronic coordinates has the

= -1 - 1
oirle + o) e
o
u (Z,p) = ‘*)
A . . A
— + -
ciale o)l g e
2cosie (2.4.10
ve representations Z, 1, A,..... etc

centre of symmetry (th group), the
fied by their g or u symmetry. The

—_ 1 . .
E on the electron coordinates

0 o] [Lino
=y, (~z,p)
) * o -1 ]e-inre
_ A [ T
.e.,
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then u g(—z,p) = -u (z,p) . (2.4.11a)

)\, >\’g

I f ¢X’ on the other hand, belongs to u respresentation, we have

Ux’u(“z,p) = +Uk,u(z,p) (2.4.11b)

2.5 Electronic Wavefunctions for Pseudo-Linear Triatomic Molecules

When the nuclei are displaced infinitesimally from the linear con-

figuration, the electrical potential will be given by

) Ze
v(r,Q = BT ;
=1 [(z-2 )% + p? + p2 = 2pp _cos(0-¢)] _ :
303 £2Z,
+-—;—Z 5 22 {2,5.1)

1.
i . 2 - 2172
ofa [(;a za.) + (oa pu,) ]

‘where ¢ is the angle between a fixed plane, say xz-plane, and the plane
which contains all three nuclei. Because of the (6-¢) dependence in the
pbtentia], the electronic wavefunction we will lose its rotational symmetry
and will a}so-be (6-¢) dependent, .i.e.,

LA, 3

However, we can measure the electronic azimuthal angle with respect to the
bending plane by defining

6 =6 - ¢ . (2.5.2)

The electronic kinetic energy operator becomes

(2.5.3)



3]

2 .
i.e., 2 i Equation (2.4.2) is replaced by L Lo
902 30" 2

Since a reflection with respect to the ¢-plane causes
o' > -0, p > p, 2 >z

" therefore V(ri,Q) is invariant to this reflection. Hence the electronic
wavefunctions of the bent triatomic molecule can be classified under the
point group C, (if the molecule is symmetrical, e.g., C0,) or point

group C_ (if unsymmetrical, e.g., CCN). The representations for we(?i,Q)

“are then [Appendix A-5]

A' and A" (Cs point group)

B, ahd B, or Ay and A, (02V point group)
The angular functions which transform like A'(B;) symmetry are
cosb', cos26', cos36',.....etc.
and the angular functions which transform 1ike A”(Bz) are
sind!', sin28;, s1n368" ;... et

The Jlarge dependence of Y (?.,Q) on ¢ is obvious, since is
& ¢

involved in the differential operator Te. However the variation of Ve

on the radial coordinates z, and o, will be small, since both Z, and p
a

are involved only in the potential V(?i,Q). For infinitesimal (bending)

displacement, z, = 22 and p, = 0 Equation (2.5.1) can be approximated

by

' 3 Ze 3 3 ZZ
v(r Q) = 2 = 5 %2:2 e
a=1 [(z-2 )2 + p2- 2pp coso']? ata' |z -z_,|
o ~ o o o
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_O(+ : 3 Zae ( §)
=Vi(r, 0) + 3% , p pcosB' + ... 2.5
b o=1 [(z-20)2 + PRl

Thus the electronic Schroedinger equation for the pseudo-linear triatomic

molecule is:

3 Zae'p pcos6'
\ + 3 o 373 PV - W(Q) o= 0 (2.5.5)
‘ o=1 [(z—za)2 * p2]?' " .

Z e- !
3 o8 papcose

"Taking [ = 377 £ awn s ] as perturbation, and caring
‘ a=1 [(z-z )2 + p?]
for the C_ (or C2v) symmelry, the solutions of Equation (2.5.5) will be of
the form: '
fVE.uA(z,p;zo)coske' + higher order terms?
y = ¢ (2.5.6)

¢ /E'uk(z,p;zz)sinke' + higher order terms_j



CHAPTER 3
VIBRONIC PERTURBATION FOR LINEAR POLYATOMIC MOLECULES

. 3.1 The Coulomb Potential in the Molecule

In discussing vibronic problems, one has to obtain some potential
eﬁergy function to couple the electronic states of interest. This is
usually done by using a Taylor series expansion and noting that the
Hamiltonian must be real and reflect the total symmetry of the system. In
this thesis, we shall derive the vibronic perfurbation using a different

(30). We shall see that this method

method, namely the multipole expansion
provides us with an interpretation of the vibrational force constanfs and
the‘anharmonicities. Besides, this method is in line with Renner's dipole
model and enables us to have some idea of the structure of the Renner
parameters. The parametric integrals may be evaluated if reliable
electronic wavefunctions are provided.

We assume that the instantaneous configu}ation of the molecule is
never far from linear. Therefore, it fs convenient to use a cylindrical

coordinate system to describe the positions of the electrons and nuclei

(Fig. 4.1). Suppose that we have a ''single' electron i at the position

(G i itions 7 )
roto, ,z) and atomic charges ZA’ZB’ ..... etc. at positions A OA,¢A,ZA ,
?B(DB’¢B;ZB) ..... etc. respectively, then the coulombic potential of the
molecule is
> ->
Vir,0) = v (rn @ v vy (@ , (3.1.1)

where the electronic-nuclear potential Ver

q and nuclear-nuclear potential

VNN are given by

33
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Figure 3.1 The Coordinate System for vibrating molecules.

(£,6.2) !
P
3@%{,2
(e‘ﬂlz )/ /// e B 2‘._“2,< ] \;J
o )‘3_-1\3:/":,; i ; #
R A :
SN
- i/ N
D / & Y
k((%--‘? )
= N Zae )
VeN B VeN(ri’Q) . - > > (3-‘-2)
a=A,. ]r -r |
i o
N N zaza,
VNN = VNN(O) =z Z' T L = g (3-1-3)
a<a' |roy = vl

We define the unperturbed electronic-nuclear, nuclear-nuclear

and vibronic potentials respectively by

W, = O (700 = 00 v () y Lot (3.1.4)
eN ~ TeN' i’ Q>0 e red = B R Y
a=A o
VO _ 0 (( ) = 1|m (0) _ 2 2 Zdzu‘ (3.1 )
= Vi 0 nN O P 3:1e5

0 _ ,Orr 0y - lim /> 0 o
and V= V(L LQ0) E V(F,Q = Vo + Vi (3.1.6)



We also define the electronic-nuclear, nuclear-nuclear and

vibronic perturbations respectively by:

.and

In

Vo oyt (2 - _ 40
Vin = Ve (ris@ = Vo = Vo
oyt - _ @
Vi = V(@ = Vi T Vi
Vo= v'(?i,Q) =v - \°

it

Ven * Vi

Equation (3.1.9) it is the function Ve

involving both the

35

(3.1.7)

(3.1.8)

(3.1.9)

electronic and nuclear coordinates which is responsible for the '"vibronic

coupling'. Thus if |¢ik>and |¢?A> are the electronic states under the

poténtial VO(?.,QO), then the addition of the perturbation V!
i , P e

_the two sta

3.2 The Vi

tes.

bronic Perturbation: V'(?i,Q)

(A) The electronic-nuclear perturbation: VéN(?iigz

N

will couple

The instantaneous distance between the electron | and the atom a is

given by (Fig. 3:1)

r.
100

where R
. [+

6
o .

Thus the electronic-nuclear potential can be written

> > : Y
= |r, - = [RZ2 - 2 + p2]*
|'r ra| [ 2 pp COSE_ pa]

1

[(z - Za)2 + 02]1/2

1

6 - ¢

o

N Ze
: o

¢ ¢

R D -2-2. %~<cose + (
o

as

(3.2.1)
(3.2.2)

(3.2.3)

(3.2.4)
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Since (1 - 2yx + y?)—% = 3 szz(x), ify <1

2=0
where Pz(x) are the Legendre Polynomials which can be written as
2/2 or g-1/2

P (x) = z p (1) 22

1) (p-2i+ (e - 21 +2)  (0) _ (20!

co () (i
with bR' = (”])bgl 2i(22 - 21 + 1) R 22(2!)2

(3,2.6)

Oﬁ'identifying pa/Ra with vy, (p/Ra)cosea with x, EqUation (3.2.4) becomes

(r.,q) ) Q’Eu) ( )
v (r.,8) = 2 I —— . 3.2.7
eN i 2=0 o=A R§+] .

This is the result of the multipole expansion of the potential. Qéu) is

called the 22ﬂmu1tipole generated by the ath electric charge. It is given
by
Q(“) = Zep’ P, (& cost) (3.2.8)
e’ o o & Ra e T
The monopole strength }s Q(d) = Z e, the dipole strength is Q(a)= Zp P cosb
P g 0 o’ P 9 1 oo Ra o’
the quadrupole strength is Qéu) = Zaépé'Pz(%-cosGa), etc. and so on. Since
: o
m ' 'm
f ) 2 cosné |, if m= odd
-1.3.5 m-n o
n=1,3,5... \5—
2m(cosed)m = \ ' (3.2.9)
m m m
pX 2 n-n cosn@a P if m= even
n=2,1+,6... —-2"—“ \ i—
Therefore Equations (3.2.6) to (3.2.9) give
N N '
.—)
v, (r,Q) = 2 6 w1 26 cosn(e - $,) (3.2.10)
en b a=p © n>1 a=A "
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.where ;
(@) _ (o) oy T () 29+n
G =6 ""(o,R 30 ) = 2 Foo (0sR )0l
2>0 ‘ :
. (3.2.11)
Z e L
Géa) = ~%-+ X F(a) (p,R )-p22
o 221
oF
2/2,(8-1)/2 Ze 2j+n
ﬁa; - (a)(p R ) = 2 anﬁj g p2(n+£+_ﬂ
’ ‘ j=0 ~ o R
and o (3.2.12)
_ =(n+2])  n+2j (p J)
anSL_j =2 g J ) n+22

By equations (3.1.4), (3.1.7), (3.2.10) and (3.2.11), we obtain

for the electronic-nuclear perturbation VéN:

1 = t H . N ‘ ‘ 17
Vig = Vo + ni] v | (3.2.13)
where V' = V'(5,R ;p ) = 2 ; (U)( R, )‘ 2t | (3.2.14)
o o Do aspa ‘ O 9 P, p el
o=A ,Qzl
and Vi = V'(o,R 6 3p ) = g 2G(u)cosn(9— ) | (3.2.15)
n nPr e 0P w=A n ¢u T

(B) The Nuclear-Nuclear Perturbation: V! (Q)

NN
As we have assumed for small vibrations: Ipul v 0, we can use
binormial expansion for the nuclear-nuclear potential VNN(Q):

N N z 2,
V(@ =2 X - 53

o<o . Ipau L Y

272, |00+ ]
' > > > -
NN zuzu' Po ~ pa', 3 ,pa' j pa!“

X TG I CR - S L A A
RE i;T- (z - z)2 E.(z L -z )"
v o o a a

i

TR,

a<o a


http:3.1.7),-(3.2.10
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Hence, the nuclear-nuclear perturbation is given by

V! Ly fofa e, -5 12
= - — T S R e N B et TRV S B e o p ' o &
NN % gep lz , -z |3 &
o o
- . M L e ‘ - (3.2.106)
2(z , - z)2 ¢ o
o o

(C) The Vibronic Perturbation: V'(ri,Q)

Addition of quation (3.2.16) to Equation (3.2.13) will give the

total perturbation
L ) o+ v -5 13 # : ' 2.7

vV {VNN(pOL’(bOL, VO(D,RG,DG)} nf] Vn(p:Ru9Oaqu) (3 1/)
For a given nuclear configuration, the schematic representations of the
perturbation terms of Equation (3.2.17) in the basis'{wix,wfk} are shown
in Fig. 3.2.

We can see from Fig. 3.2 that, the first two terms of Equation
(3.2.17), i.e., V! and Vé, do not cdup]e different electronic states.

NN
Vi, Vé,...V5m+],... do not contribute first-order energy corrections to
any electronic level 2. Vé gives first-order energy correction to
electronic level (A = 1), and VL gives first-order (electronic) energy

correction to A level () = 2). Hence VéX gives first-order energy correction

to the x-level.

3.3 Effective Vibronic Perturbation in Terms of Nuclear Displacements.

The infinite series £ V' is responsible for the vibronic inter-

nz ' 0 Py

action. However most terms are negligibly small since B <1 and . R,
o o

By Equations (3.2.11) and (3.2.12), we see that
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o |
Fig. 3.2 Representation matrices of perturbation terms: (a) VNN + Vc');

(b) vi; (c) V;; (d) V3 and (e) Vi. A cross (x) denotes a non-

vanishing element (not necessarily equal), otherwise zero.

] ] !
(a) [V}l @ )
ron. oA o poomA 8T
0> 1> [T> |2> % |3> |3> 0> |1>{T> |2> [2> [3>3> [h>[B> |55
N ' X X i
X X X
X X x
S N N N
x X
X X
X
)y vii e
i X
X X X
X X
X i
X X
X X
X i
(e) [vy]
) X x|
1 ' ! i
(c) [v,] : X X
x x| ] % _ x
X X e X
X X X
X X i X
X
—— S, X
- - § SR S N
X
X
M X
X :
. i
[ i




Lo

lim (a) B o p_yN/ oyn
o -0 Gn - an,o,o R (R ) (R )
a a o a
()
1 5
therefore i « G?:; = %-(ppd) << 1
V! G R 2

n n o

The series Vi, Vé, ..... VA,V'+], ..... decreases so rapidly that it

ié necessary to retain only the first’few members of the series, say, Vi,
vi.. Vi, Furthermore, if we are interested in the X-electronic level,
and if all other electronic levels are '"well separated'" from this level,
then we shall retain only the terms which givé the first-order energies for wik anc

w?A’ i.e., the terms which couple the two components of the A-level. It

is easily verified that

<wOA'VAlw?A> =0 unless n = 23

+ 3 ;
For second-order approximation, the only term in the

truncated series Vi, ..... Vé*, that can give the first-order electronic

* e i
1s VZA' The first-order energy correction due to VZA

energy to wix and w_x
is
- Jenlvy, [925 ]
- ( ) ?Q, 2
R T N R e N CE R I

. 20,8 o

> L, id. 22
l b DX <F§A)Q>p 2 (pde‘¢u) [
o=A 9«>O

N
ARV
a=A »

§§20>pu2k | . (1)

1

>(ani¢“)le

Wi « <F

Suppose a term V;, other than Véx in the series Vi, V;,....,VA* gives a



i1

significant second-order energy corrections to w:A and w?A' Then from

wellknown perturbation theory, the second-order energy correction is

[<sxfva [s'x > "

WIZ?: . [4 Wl)
. wx__ I
' fam xan(-d) 42
o sl 25 R eRIRTT e B
Wy = Wy
. . Pt g .., n > A (#’o( Z
NI IR R AT R EE D A
o w .
’ - \A/,.\.-V\IA (2)
If <sA|F(u)(p R )eiinels'x'> £ 0 (s.s'=1)
n,0'"’ o , - -
it requires that Al =+ = AF | (3)
Therefore
‘ [I('OL)()‘:)‘*)]Z p 2n
n,o o '
W2 (2')
W, - W
Al A

where

n,o n o(p’Ra)UA*(ZsD)pdpdz )

o \ .
10 (a0 = UuA(Z,Q) (o)
3
Considering the nuclear coordinate depeﬁdence first, we see that if
the magnitude of Wé is to be comparable with that of Wf then n must be
smaller than A. Secondly, since Wé is inversely proportional to (Wz, - W§),

A" should be a low-lying level. The following table lists what terms should

be retained in the series n§1 VA under different given conditions:

H
il

The unperturbed A ] A= 2 by 3
electronic level ) | n-level A-level »-level

Term giving first- "

. - - 1 1 ' 1
Iordef energY cor V2 Vh V6
rection = V2

Low-lying - ;
electronic levels | Z, or A I, or® T orT |AorT [ T orH % or .1
A% if exist




L2

The unperturbed _ L ' _
electronic level A=l A=2 A =3
A n-level A-level " o-level
!
Term giving ‘ i
significant n=1 n=1 ns=2 n=1 1 n=2 ln=3
second-order | {
energy cor- SRR, Vpo= VR Vi =Vl = vl = vy
rection Vé n n n -n | n
' ’ |
The effective | V'(m) (vi(a)  vi(a) | vi(e)  vi(e) :vi(a)
vibronic per- ? f i
3 ¥ - 1 1) = fy! 1y —(y! 1y (v 1Y —fyt o ayt) =(yt !
ttjr\l;?a()m S (V) = (v +V ) = (v +0E) = (v +Y) (VNvao)l (v *ve)
. ] H I ! : I ] H 1 k 1 4 ; o t t
+ (v2+v]) +(vq+v]) §+(v4+vz) +<V6+V1) “+(v6+v2); .(v6+v3)

.1-
Therefore the effective vibronic perturbation in the X-electronic level
(denoted by V'(})) is
vi(a) = vy () + v (F,Q) + vl (R Q) (3.3.1)
NN o i’ 2300 o
In terms of nuclear displacements Py Vi(a) yields
V') = E2E I PR [ A }
\/ (’\-) 2 §<§, ‘Zw’la"{ !ﬁ(‘ ,« 2 (:».“--24)7‘4—
N
+ z Fj{z f)xz‘
£ A=A
LY W) 2l waar{b-90) waar {64
+ 3 Y TFay fa {e e i
£2e &=p
(3.3.11)

The effective electronic Hamiltonian in \-electronic level is
given by

1) = KOG, + v () | | (3.3.2)

'whose representation matrix is:

< o o e .
O] - <w+X'He(A)]¢+A> .<p+XlHe(x)|¢_k>
S A E AT



L3

0 C . 40 1yi],0 o 1y, 1.0
Wt Vi e Vgl v, sy

o i o O | (o] [ O .
<¢_A]V2}\'\b+>\> WA + VNN + <¢+A(V0|w+>\> c (3.3.3)

where the matrix elements are:

N .
o e < T al
< \':7;3;\ ! '\/(,‘ i \}‘5{\ > = 2 /}_ /\ rol £ > Ii‘ .
' Gt - (3.3.4)
- _ + L) 21 . ’i"/:- i ) EDN .
Coal © | LN b AN f) )c e Y

< \}J?)\ Vs ] Ve, > = l>7 Z‘A < S ( Fa )
(3.3.5)
. ) V -~ ;(7% _ ‘ i 1j aial .

v t.h < F :,: > = TR > } dal E:_i(f_ \\ (J__ ) P d‘: d2

' ’ e T R RL ) MR

mes ‘ (3.3.6)

The summation over N-atoms and the integrals (4.3-6) will account for

specific molecules.

3.4 Effective Perturbation in Terms of Bending Mode Coordinates and

Force Constants for Bending Vibrations.

In this section we shall give a short note on the bending normal
coordinates and express Equations (3.3.1) and (3.3.5) in terms of these
coordinates. |

"As a normal coordinate belongs to the same symmetry properties as
the molecule, it can be constructed from a linear combination of the
symmetry coordinates of the same symmetry species. Hence, if SJ(T) is

the jth symmetry coordinate of I'-symmetry and Lk are the transformation

i
coefficjents, then the coordinates of the kth normal mode q = (qu’qky)
of I'-symmetry can be written as
I-species
Ay, (T) = : f ijij(r) (3.4.1)

The symmetry coordinates are normally not difficult to write in terms of a
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(31)

linear combination of nuclear displacements using Eckart's conditions

and symmetry properties.

S. (r) = » D, x (3.4.2)

0L=A Jo o
where , is the x-displacement of the a-atom, and Dja are the appropriate

coefficients. Substituting Equation (3.4.2) into (3.4.1), we have

X (3.4.3)

ka"a

i~ =
o

qu(F) - o

A

= ~ « i 7 . . l .
where zka ? ijDju' The reverse trangformatlon of Equgtlon (3.4.3) will
give

—~
(WS

k)

_ o
pacos¢a qukx

"
x
I
I

¢ k=
where t is the total number of bending modes, and the coefficients Qi can

be shown to be (8') , where (27) is the transpose of the matrix

ak
o=l 1.
Similarly, we have
t
s _ _ a
P, SiNd, =y, kflquky (3.4.4b)
where Y, is .the y-displacement of the a-atom. |If we define "k and ¢P by
q = r, cos¢
k,x k k (3.1‘.5)
Uy = Tk310
then, Equation (3.4.4) becomes
o
pacos¢u = kflzkrkcosék
¢ (3.4.6)
. _ o .
pa5|n¢a = kflzkrkSin¢k

Thus the displacement vector of the w-atom (3g) can be regarded as a super-


http:3.1-1.4a

45
position of bending coordinate vectors ﬂk.(Fig. 3.3).

Fig. 3.3 Superposftion of two bending vibrational vectors associated
with the a-atom.

A

The Qi's are the proportionalities which can be positive or negative
depending on the phase we choose for the kth mode. However, the relative
phases and magnitudes of zﬁ's are fixed for a given kth mode.

In this thesis, we shall not evaluate the Rﬁ's. We mention only

] 11
that the ratios zz:zﬁ :zz tv.v.. can not be determined unless we know the

(32,33).

Born-Oppenheimer potential for each vibrational mode We shall use

Equation (3.4.6) as it stands and substitute it into the potential to obtain
expressions which are functions of i and ¢k. It can be shown from Equations

(3.4.5) and (3.4.6) that

foettn -
£ Fcos (P ) = L85 e e cos (- b )

tN

)
f. - .%‘ i ﬁi. QCVL'CC3(¢k“'¢kq (3.4.7)

A -

ST UG = B Y e e (- )
K o

Therefére, Equations (3.3.1), (3.3.4), and (3.3.5) become:
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e T Fe | e NI
2 )__ "_T_:——~. i> { 2; 7? (»(d; = «Qk )(a@k." J |';' )r' )’L, (5;(:11_“)}(‘)

xNi—

\/ Oy == -

k. 3“ﬁ l{z,i (fﬁ"ﬁﬁi)(it-"iin)%ﬂw(°5(1l~fb)

. P
z : (3.4.8)

$26 & e = [ ' ’
. 5 %

N —
T Al ! B e S (t\
YL I [y = gﬂ[ AU R A %>’
L L i b cos (Bt )* o\ (3.4.9)
- g d i PN
[ 5 & e % ]7
k
2 g \7 7‘?,,_(_' ;rJ “:./" 3 ',Z
{x‘\/b \['o«\ l¥i>*-f;:>: {,-Z- 2 < F::>()I) e J(? “;:;:P(-(«; ) A
‘; o

| . ® T o
3T 2R (- (D UG (e )
N n ¥ e cen (8, g ) e (o =% ) - (3.4.10)

+ terms higher than i power.
If'the off-diagonal matrix elements of Equatien (3.3.3), i.e., terms
of the type given in Equation (3.4.9), vanish, then Equation (3.4.10) will
give the Born-Oppenheimer energies for the A-electronic level. These

energies yield the potential for the vibrational motion of the molecule in
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this A-level. The coefficients in front of rk2 will have the significance

A . . 2,
as the force constants kk Mo 71 ien,
2 N @) v \1' 5 2 W ot xR
k =p oW, = Z 2 < F[’l >(i o 1 1= E :‘““—F (i‘._*}_’ b )
LA b (3.4.11a)
Since we demand that the normal coordinates are such that the vibrational
potentials in terms of them does not contain cross-terms in second-order,
then whenever k' # k, the coefficients in front of rkrk,cos(¢k~¢k,) have to

be zero, i.e.,

L Y ()

(3.4.11b)

Equation (3.4.11), together with the symmetry properties, Eckart's conditions
and the orthonormal properties of normal coordinates, may be used to determine

o i _ 2 _ + "
the coefficients 2, and the force constants kk = (k =1,2,.....t)". VWith
these understandings, Equatfon (3.4.10) is reduced to

<y

Vo) [0 = ; LR W+ ZTIL G Bt i cos(d-4) cos(fmbe)

+ terms of higher order (3.4.12)
Where.gkk'k”k”' are the anharmonic constants, given by

o
~ of

W . ,4 . y A A ‘;;/‘” "
S'Ma‘ K = Z_.’ < F“ >i,-\ E‘;j ’(k JL -

(3.4.13)

1-This statement can be verified as follows: For a linear N-atomic molecule,
the number of bending modes is t = N - 2 (Appendix A). Thus the number of

force constants is t = N - 2, and the number of coefficients 22 is Nt = N(N - 2).
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The total number of unknown quantities is t + Nt = (N + 1)(N - 2).
We must have sufficient number of equations to determine these

unknowns. In fact we have (a) normalization conditions (one for each

mode); t = (N - 2) of them; (b) orthogonal conditions, (;) = iﬂ:gléEZQL;

(c) Eckart's conditions (two for each bending mode, i.e., rotationless

and translationless): 2t = 2(N - 2); (d) potential equations (3.4.11):

b+ (;) = (N - 2) +»%(N - 2)(N - 3). Hence the total number of equations

is (N+ 1)(N - 2) (Q.E.D.). ‘ ' ¥

B e e et apan s ot o S e e P

3.5 The Renner Parameters

We shall expand Equation (3.4.9), the off-diagonal matrix elements
of Equation (3.3.3), for various linear molecules, and give the Renner
parameters in terms of integrals for each case.

~(a) Linear Triatomic Molecules (ABC)

There is only one bending mode, q, = (r,¢); therefore

ii¢a B *i¢
pae £k re

and Equation (3.4.9) becomes

O |y o _ | (0) o, p(a) oy 9.9 ,
<¢;A|V (A)|¢;A> = a:ALB C[<F2>\’O>+ F2A,1>(2k) r2+...]
X re ® 728 (3.5.1)

If 'we denote og,0,,... etc. for a general A-level, by

do= 1 <i) 0™
a=A,B,C “M?
_ (o) e} 2A+2
gy = % <F2A,l>(£k)

a=A,B,C
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then Equation (3.5.1) can be written as

<¢g)\‘vl ()\)l‘bz;y = (00 + 021’2 + ..., )rZ)\eiZi)\Cb .(3-‘5.2)

For g-electronic level, i.e., » =1, we adopt in place of g,

etc. the following notation

02, .....
Lf = 00()\ = ])
%h = 02(>\ = 1)
Thus we have
. ) 12
§¢§]|V'(w)lw:]> = L(f + hrZ + ..... )r2et! ¢ (3.5.3)

The Renner parameter for a linear triatomic molecule in g-electronic level

is defined by 27)

S ) ’ y i € St
€ = 1. .3 - L ) j fua )| 2"7 -{_2 pdp dz :
ko Apems Re R (3.5.4)
where pw? is the force constant b ‘for the bending vibration, and a = ;g.

= 2, we write %h for ¢y in Equation

For ApA-electronic level, i.e., A

(3.5.2). Thus

o e y 4 e . i
¥, Ve Y, v g Cheo)re (3.5.5)
We may define a numerical constant n by
L
haz' 35 = (‘A AI w, (=.9) r Z"e, ..’:. pde dz
he T oo 2 TR TR (3.5.6)

(b) Unsymmetrical Linear Tetratomic Molecules (ABCD)

There are two bending modes (t =2; k=1 and 2). Therefore,

sid,

ii‘t‘ i:‘§\| v
oAy €

f® = Ane

o

(3.5.7)
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For m-electronic level, i.e., A = 1, Equation (3.4.9) can be

written as

° N N . i . N?.'izié*.
<q’.1ﬂ lV(R\l\;{iw.) f::——;: ({i -+ }\4)0 ril + 3 1\111 y 2 ) e i

2
- i L2 i:z.'\?_
§ ok (v he w s 3hy T ) e
| ;il(¢ﬁQQ)
+ 5 (Dfm_"‘ 3hy, W+ 311‘3 a ) €
I RECL TSR Ly 2 i0hed)
+ "}z ( hilh YZ € 4 "‘.5 v, T, @ )

+ terms higher than hth order

(3.5‘8)
where
e ‘ ":H\ .d 2
k oo, 0D , )
y i — . 3 RN lc,; . Qd
#sl = 2 Z < T > L 2 (3.5.9)
LeAS, LD
e ) «f G b
hao = 2 ¥ CREY LY )
oap 50D
For Melectronic level, i.e., X = 2, we obtain
. ; S . 4 i T4 1ia,
<“J’a: ]V‘M N’i—:: > = %.' ‘\4c r € A + % he, Vo€ 'z
. £ (3d+ ) Ly s
" 2/ hil rl‘5 rJ. e "‘\-— 2 l‘\;; \-r \2 e
220,590
+ o3 hzzv \‘: ": €
+ terms higher than hth order (3.5.10)

(c)

Symmetrical Linear Tetratomic Molecules (ABBA)

The Equations (3.5.9) and (3.5.10) can be greatly sfmplified

because of the presence of inversion symmetry. Let the linear configuration

be defined by a(0,0,za) and E(0,0,—za) (see Fig. 5-la, Chapter 5):
A(0,0,a), B(0,0,b), B(0,0,-b) and A(0,0,-a).

The atomic chargesé Z , are: ZA’ ZB, 5 28’ ZK-= ZA. Ve also designate

the normal modes by



51

q, (n ) if k = odd
e~ { - ( u) (3.5.11).
q 0 if k = even
9 ‘Mg
=] k = . ] o
so that E 'q = (-1) g s (E " = inversion operation) (3.5.12)
Since the integrals <F(a)> defined by Equation (3.3.6), are

ng

constants they are invariant under the symmetry operations. And since

the inversion operation effects:

zZ> =z, p>rp

therefore
= -1 — R
(Fr:>:t (]’r\;>
» & o B ,Pvnzj
I 1K x Fu€
= g .Z Anl; REN AR = . o PC“”AL
3 (,7-2 \?.& sk h‘*’*]*’i
jee Lo f J
51':‘1 . _l\{l‘j
_— 2 £ € 2
. Z 3-.\,1‘, ” “'\,\ ("'-’-/?\l “‘ﬁ"E*L‘-”w*—:- ) t"dff‘z
3 R e B
Fee | i'——z-l;‘) + 7 ]
% 1 L2

L { r mo
= /Ay [ Ualz.6) |7 Z= I
Zy ¢ {J ‘1 | va [\,z’ 24\"’ ‘3:,

-~

] A4 g4t f’f-"f"fi'};

_m' ol
= < Fl’\,.? >
(3.5.13)
W havs used the relation (Chapter 2)
uA('Z,p) = iuA(Z,p)
in obtaining the fourth line.
The x-displacement of a-atom is given by
f a
X, o z ]zk S - (3.5.14)

The inversion operation has the effect of shifting the displacement

originally associated with g-atom to a-atom, and the direction of the
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displacement vector is reversed, i.e.,

e g (3.5.15)

Equations (3.5.12), (3.5.14) and (3.5.15) give

o oyl @
= (R e (3.5.16)

The properties (3.5.16) for the symmetrical linear tetratomic molecules

are shown in Table 3.4(35).
Table 3.4
Ri coefficients for symmetrical A-B-B-A molecules.
m, = mass of atom A and A; mg = mass of atom B and B;
gy = ZmAmB/(mA+mB); Uy = mAmB(a+b)2/2(mAa2+ mez).
i A B B A
lk 'Qk ,Qk lk 2k
L y L L
uy iy uy Y
k=1 B e S
AZmA 2mB . 2mB 2mA
1 1 1 1
pg 2b ug 2a ug 2a ug 2b
=9 e P S ——— i G o
2m, (a+b) 2mg (a+b) 2mg (a+b) 2m, (a+b)
Using Equations (3.5.13) and (3.5.16), we obtain for Equation
(3.5.9) ' " ” .
Lhe= 3 OGS WY@y 3wy > iy at)

G=hR,B

& i L i b -
=5 2EBSurTmYy [ &V ]
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s © if b= odd .
o - LR
\ 5 2<RS>WIHI)  if b = even (3.5.17)
AP

il
o

and LAY
Thus Equations (3.5.9) and (3.5.10) become:
{far x = })
<V, fv'e) 4 > =% (f+ heTd + 3 2
L ' | vv+ 3h \",)l'}G’il‘:i""
“+ }'( £t hey i T 2
+ terms higher than 4 th order (3.5.18)
(for A = 2) N | . a4t
<*kfj‘VYﬁ\i‘%L;> = L hy, N €

4 E i

* 2
\ . y 2 o
4+ 3 \"'m vy £

~- :3 .‘711 ]n rz €

+ terms higher than ch order (3.5.19)

Formulae ana]ogoué to Equation (3.5.18) have been obtained by
1
A. D. Liehr(z*) who used the Taylor series expansion first and then applied
(implicitly) symmetry arguments to the normal coordinates ry, ry, not on

the constants as we have done.

3.6 Anharmonic Constants for Symmetrical Linear Molecules

The anharmonicities are given by [Equation (3.4.13)]:

. XL Q 9
9L (AR Ve 9 b kR + .) kLR (3 6.1 )
' T 3, [CA a % ol ld'
where q - } Yo > Ly &) B X ;
qua" E (3.6.2a)
and 4 =¥ 7 B2y (L Y R (e L)
YR "< 4 Yz -zal” ‘ (362b)
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Using Equations (3.5.13) and (3.5.16) we can show that

[§) ‘j ksl Ak k"= edd
T
4 =
k'R ke
23 LFO YL AL L e i Rk = puen
G=Ah B ‘ ;
and that S e W feks ks dd
9 ™
SRR \ X o other wise
o 4 foaki 2k K= odd
. C -
therefore jkk‘k'k“ =

* ¢ oHor uisi (3.6, 3)

Also from Equations (3.6.1) and (3.6.2) for any linear molecule, we have

91122 = 91212 = 91221 F 92112 = 92121 = 92211

and for any permulation of {k,k',k'',k'''}:

gkklkllklll = g{kklkllklll}‘ (3.6.“)

3.7 Representative Hamiltonian

We have mentioned that we know very little about the electronic
wavefunctions aside frém its angular dependence. Furthermore, when we
give .the vibronic perturbation, Equation (3:2.17), we assume acknowledgement
of the efféctive charges of the atoms and the transformation of the atomic
displacement coordinates to normal coordinates, quantities which are

actually not known. However, we can put all unknown quantities into a

few parametric constants. To this end, we shall use the ''representative



vibronic perturbation', H& instead of Equation (3.3.1'). The

""representative electronic Hamiltonian'' will be given by
o o
- U 2 L 1
1,00 = HO + P(r7) + U (@ + 1y (3.7.1)

This is defined so that Equation (3.7.1) will give the same matrix
elements in the basis {wix’w?k} as does Equation (3.3.2). Uo(r22 is the
Harmonic potential while U'(Q) denotes the anharmonic part of the vibra-

tional potential:

Ly
Copay Loap el gl ’
VAU L N %

; 7: e >:. 8“‘ i ri\ rk‘ IA}'." \‘},_. (CZ("%‘}.“-\’,'.,\;‘C(--S (“}k"—%\h'" )
KT T (3:.7.3)
The representative electronic Hamiltonians for various molecules in w- or
A-electronic level are listed in Table 3.5. We see that Hi can be written
as
b B “of ’ !
Hy = a8 9,0 (3.7.4)

v + +iA0
where q, e

11

+
and Q; are functions of vibrational coordinates. For example, for symmetrical
linear tetratomic molecules in a m-electronic level and neglecting terms higher

than yth order, we have

- S, |
; AT2Y, A,
N o= O (G e ' % T, (v ,l',_} o
L‘)_n i > ) 2 s (3.7‘5)
‘4 2 ‘A)’ "L"‘
where ALK ( 43‘31 o b Bt 3 - )
) / 7 - ’
1.)

. 5 22
(§,0 F hata* 3 [

pl-

. @;(n_n\;:
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Table 3.5

Representative vibronic perturbations and Hamiltonians
for linear triatomic, tetratomic and pentatomic molecules
in - or A-electronic levels (A = 1 or 2).

_ 1° [
He(x) = H + u(Q) + Hy

1l

vibrational potential.

u(Q) =u°(r§) + U'(Q)

(a) Linear triatomic molecules (A = 1,2)
1 2.9 & 4 6
ulQ) = % ofr® + g r + 0(r®)
Hi = 2(00 + 02r2 - )rzxcos2k(6~¢)

(b) Unsymmetrical linear tetratomic molecules
2. 2 2 2 L 2 2 L
U(Q) = (guwir] + Yuywyry) + (9111101 + 2911227102 + 9oooars
2 2
+ h[rl + g * r1r2c05(¢1"¢2)]r1r2c05(¢1—¢2)) o O(FE)

(fFy + hqor% + 3h22r§)r%c052(9~¢1)

O=1)  HY

+ (fy + hourg + 3h22r%)r§c052(8-¢2)

4+

(2f12 + 3h31r% + 3hl3r§)r1r2cos(20~¢1—¢2)

+

3 y
h31r1r2cos(28-3¢]+¢2) + hlgrlrgcos(26-3¢1~¢2)

+

O(rﬁ)

(x=2) HA 'hqor?cosh(6—¢1) + hoqr;cosﬁ(e—¢2)
+ hhy rirpcos(40-3¢1-6,) + bhygrirscos (h6-3¢5791)

6h22r%r§cos(49—2¢1-2¢2)

-+

+ O(rﬁ)
(c) Symmetrical linear tetratomic molecules
2 2 2 2 oy )
U(Q) = (gujwir) + Zupwirs) + (gria1r) + bg112or5rs + goppors

2 2

+ 2g1192r1r2c052(¢1-¢,)) + O(FE)

_ " B , s Iy B )
(x=1) He = (fy + hyory + 3hoory)ricos2(s-¢7)
2 2y 2
+ (fZ i hogrz + 3h22r2)r2c052(e-¢2)

+'O(rﬁ)
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(r=2) HA = hqorTcosh(8-¢1) + hoqrgcosh(e-¢2)
+ 6h22r%r%cos(h8-2¢1—2¢2)
6
+ O(rk)
(d) Unsymmetrical linear pentatomic molecules
. 3 2.2
U(Q) = kf]%Ukwkrk + E En Eu E”'gkk'k”k“'rkrk'rk”rk”'

‘COS(¢k'¢k|)COS(¢ku_¢kn|)

i

(=1)  H! = (f) + hygori + 3hosors + 3hpgpr3)ricos2(e-¢y)

+ (Fy + houora + 3honore + 3hgoor3)ricos2(6-¢,)

+ (f3 + hoour + 3haoari + 3hoyors)racos2(6-¢3)

+ (215 + 3hgiors + 3hysers + 6hy1or3)rirpcos(20-d1-¢,)
+ (2f35 + 3h301r§ + 3h103r§ + 6h121r§)r1r3co§(Ze—¢1—¢3)
+ (2f,5 + 3h031r§ + 3h103r§ + 6h21ir%)r2r3cos(29~¢2-¢3)
+ h310r§r2c05(2643¢1+¢2) + hygpriracos(20-3¢,-61)

+ hggirirgcos(20-36,+d3) + hygaryricos(26-3¢5-6;)

+ hg31rarscos(20-3¢,+93) + h013r2r%C55(29"3¢3+¢2)

+ 3h211r%r2r3[cos(26-2¢1+¢2—¢3) + cos(20-2¢1-¢,+¢3) ]

+ 3hy,,rir2rslcos(20-2¢,%¢5-¢1) + cos(26-2¢,-¢3%¢) ]

+ 3h112r1r2r§[605(29“2¢3+¢1"¢2) + C05(29”2¢3"¢1+¢2)]

+ O(ri)

i

(x=2) Hy hqoor?cosh(e-¢1) + hoyoracosh(o-¢,) + hoouracosh (6-¢3)

| + 4h310r§r2cos(40~3¢1“¢2) + 4h130r1r3c05(46~3¢2“¢1).

+ Bhygyrirscos(bo-3¢1-¢5) + hhygarirscos (ho-3¢5-41)

+ hh031r3r3cos(he—3¢2+¢3) + Ah013r2f§cos(he—3¢3—¢2)

'+ 6hyoorirscos(bo-2¢,-2¢,) + 6h202r%r§cos(46-2¢1—2¢3)

+ 6h022r§r§cos(40 -2¢9-2¢3) + ]2h121r1r§r3cos(48~¢1-2¢2—¢3)

+ 12h211r%r2r3005(49“2¢i”¢2'¢3) + ]2h112F1r2r§005(A9‘¢1“¢2”2¢3)

+ O(rﬁ)
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(e) Symmetrical linear pentatomic molecules
' 3

2 2
o e+ {2 g )+ hgyyporirs + hgpassrirs
1 k=1

u() =
k

M w

2 2 2 2 2 2
bgy133rirs + 2g1102r1rocos2(¢1-¢,) + 2gss33rar3cos2(d-d3)

-+

2 2 ' 3 3
+ 2gy133r1r3cos2(¢y-¢3) +h(g1113rirs + g1333r1r3)cos{$-¢3)
2 2 .
+ 8g1003ryrorzcos(9y-¢3) + bgioosririrscos (91+43-2¢,)}

(fl + hqoof% + 3h220r§ + 3h202r§)r%c052(6—¢1)

1t

O=1)  H!
+ (fy + hgyors + 3hy,qr? + 3h022r§)r§c052(é—¢2)
+ (fg + hggyrd + 3h,p,ry + 3h022r%)r§c052(e~¢3)
+ (2,5 + 3hygyr] + 6hy, 15 + 3hyg5r3)ryrycos (20-41-43)
+ h301r§r3cos(29~3¢1+¢3) + h103r1r§cos(29~3¢3+¢2)
*+ 3hypyririrgleos(20-2¢,-¢,+63) cos (20-2¢ 91 -¢3) ]
+ O(rE)

hqoorqcosh(e—¢1) + hoqgrgcosé(e—¢2) + hoourgcosh(e—¢3)

(x=2) H,
+ h[h301r§E3cos(he—3¢l-¢3) + h103rlrgcos(ho—3¢3—¢1)]

+ 6h cos(ke-2¢,-24,) + 6h,,,r7ricos(bo-2¢,-2¢,)
$17%¢2 2027113 174¢3

2.2
220712
+ 6h022r§r‘§cos(l40—2¢2-2q‘>3) + ]2h121r1r§r3cos(l{e‘q§1_¢3”2¢2)

+ O(rﬁ)



CHAPTER 4
Renner Effect in Linear Triatomic Molecules

L.} Static Problem--Electronic Wavefunctions and Energies

For linear triatomic molecules, there are two stretching modes
.and one bending mode of vibration denoted by q;(o+), q3{o+) and g, (x)
‘respectively. Since the electronic wavefunction is less sensitive to
the stretching coordinates q; and g3 than it is to the bending coordinates
we can ignore the q;- and gqs3-dependence from the molecular potential V.

The vibronic Schredinger equation is then given by

-> 92 > |

AT+ vlrLgn) + T () - E}‘P(ri,gg) =0 (4.1.1)

39_2 a
_where

qs = go(r,¢) and
2 2 2 2 2

TN _g_.guz.= -g_.(é—n-+ l-%?.+ l—-§-ﬂ (4.1.2)
Y a5 Pogrz T r2 3¢2

When the nuclei are held fixed at gy, the electronic motion is obtained

by solving the following electronic Schrdedinger equation:
- -
{Te + V(ri;gz) - We(SQ)}we(ri;gz) = 0 (4.1.3)
Particularly when g, = 0, we have
_ o/ | 04,00 -
{1, +V (ri,O) we}we(ri,o) 0 (h.1.4)

The solutions of Equation (4.1.4) have been discussed in Chapter 2. They
are ‘

o~ ' inD

lpA(ri ,0) = U}.(Z:p)e

with energies We.
by
' 59
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When gy # O but is small, the potential V(?i’SQ) can be expressed
in terms of the multipole expansion. If the A > 0 electronic level is of

interest we have (Section 3.7):

VAT, 4) = Uld)~ i

) N 2A P y
::(-'!z—;\«wll‘l+ ‘Jk‘”“*"' Y4 2(g 0y a Y ces 22 (6 $) (4.1.5)
And the electronic wavefunction ¥ of Equation (h.1.3) can be expressed
) , o o
in terms of w+k and w—k’ i.e.,
> o } o .
Ve (risan) = v, C (q2) + v ,C (g0) (4.1.6)

Substituting Equations (4.1.5) and (4.1.6) into Equation (4.1.3),

we obtain the coupled equations for C (go) and C_(g2): (go fixed)

Woo+ U(2:) = WI(g,) o) ¢ Y NSCAY
204 =0 (4.1.7)
(T(r)Q_HZ)(;) W+ U)W (4.) [ C-(an
where o(r) = (o0 +C&r2 oo )rzk. The first-order electronic energies

and the correct zeroth-order electronic wavefunctions are obtained with
reference to Appendix B. The correct zeroth-order electronic wavefunctions

are

i

wka(?i;gz) = /E‘uA(Z,D)cosA(0“¢) (4.1.8a)

wkb(?i;gg) = Vi-uk(z,o)sink(8-¢) (4.1.8b)

which‘afe independent of the bending:radial coordinate r.
The corresponding energies are independent of the bending azimuthal

angle ¢:

1t

W

e wi + U(qp) + al(r)

]

. | .
Wyp =W+ Ulgs) - ofr)
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As we do not consider the mixing between different electronic
1 ' o . . .
levels, we may put WA equal to zero, i.e., we measure energies with

respect to this value, thus

W =U(qy) + olr) : (4.1.9a)

a
Wy =U(gp) - olr) o | ~ (4.1.9b)

A plot of the function

W, = Jhr? + gr* + (og + opr? + ) (4.1.9")

b

has been shown in Fig. 1.3 (Chapter 1). If A = 1 (r-electronjc level)

we write for Equation (L.1.9'):

W= Lkr2 + gr't & (%fr2 + Lhe't) (4.1.10)

b

Figure 1.3A is obtained if k= pw? > ]fT; Fig. 1.3B will be obtained if

0 < k< |f|]. However Fig. 1.3C is possible én]y ifk<0, i.e., the

force constant is negative! In the last two cases, to make the curves
concave upward, g —f%lhl should be greatér than zero. The radial extremes
and the height of the potential hump of Fig. 1.3B (or Fig. 1.3C) are
obtained by derivative of Wb (assuming that Wa > Wb for any value of r)

with respect to r. They are

SRR B B
Foi z %?17§K ) (f >k >0and g - g-> 0)
and ‘ O\ ‘
W, () = = i{ﬂ}z_}” )
16(9-3h)

The electronic wavefunction wka of Equation (4.1.8a) is symmetrical

with respect to the molecular plane defined by ¢ = ¢' which contains the
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three atoms. The function ([J}\b is antisymmetrical with respect to the
same plane. |If the molecule is symmetrical, these wavefunctions can be
cl‘assified under the C'2v point group by the representations Bliana B,
(or A; and Aj) respectively (Appendix A-5). Equations (14.1.8)' also

" show that, in the first-order of apprdxfmation used, ‘an and wxb have no

r-dependence but large ¢-dependence. This ¢-dependence is as large as

the 6-dependence, i.e.,

‘3} Ya = - %‘1"\1 = *.’%\\:
—;—-_ -\gb..—_— -2y = — 2 Vau

and ;—}1 Y5 X Yya . ';—;Z\Kh = =X ‘h} (l;,],]])'
g% P2 f% Wap, = ©

4.2 Dynamical Problem: Zeroth-order Vibronic Solutions

In solving the vibronic equation (1%.1.])‘ Renner has shown that
. . _ _ .
one can not write the solution W(ri,g_z) as a simple product function.

The reason being that if we assume ¥ to be either

il = aql)ka(rl, ‘q) gia (qz) or

F'= gy, () 3) (4.2.1)

2
The nuclear operator TN(%) acting on these functions will cause a mixing

992
of them. By Equation (4.1.11), we see that

- ) 2o = | ,;_)_., Z“Q ! <
Ta i‘l’,\a‘i’.a } = ’2‘%\:.‘,1 % %ad * 22 Wwis & ] e T @

Ty {“C\VTP-‘) % TS
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= ~
thus we should write W(ri,gz) as a linear combination of ¥' and ¥,

i.e., . .

e i gy =2 . 2 B ‘)( ) .
T (RO = (8 $Td+ (7,0 $7) h.2.2)
This equation together with Equations (4.2.1) and (2.3.1a) of
Adiabatic Formulation given in Chapter 2, give the following coupled

differential equations for the variational functions ¢° and ¢ :

S 2y oy L 3K by -2
- LI T P § AR O R T P (9
zk(”;z”* IFYS 'rlw) Uir 2pr : 2wt 2% : =y
. - 22 b i
\ /‘_i 5 Lo 5)3. \.‘, Uir)~at) + rk & P4
g CTE A TR eyt (4.2.3)
241294 B .

(5). His method
(36). In

Equation (4.2.3) for A = 1 has been solved by Renner

for A > 1 electronic levels has been generalized by E. Teller

order to deduce the vibronic angular momentum in a more natural way, we

shall use a different mathematical approach.
We define a number of matrices as follows:

IR TR [ (S e N R

i

' 2 T _43_71 0
D jMLN.J = A gy
= N A | - 3
= o 0 3“‘{;» (4.2.5)
/*)f‘“]x ok
Gy= P2k 3, = 2T
? © AN %S’f‘p (4.2.6)

(£1,%,,%3, are Pauli spin.matrices(]7). The physical significances of!Pz

and 6, will be observed later.)
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and the vector b

. ENCN
%E e "l (L}~2‘7)
& (4)
)
Hence Equation (4.2.3) becomes
C(d L1230 & &% sl 2695 —F L §
[ 31 6l vl vom s 7
e [ P 35 == 0
fev-elg (4.2.8)
, ¢ a 4 G Y,
where tﬂvzrgﬂV + U 1~ W2 (4.2.9)
. o ‘z DI (3 ] _\— :‘L N T
With 5"1\"::: -y :j_}_\ (51*» 4 ;_S'i_ )_E. + ’)_,{\(-’— C\;_ 4= U (i) ,ﬂ » . (l{.z.]o)
v (r) = ule) - @) = gr* + higher order terms (h.2.11)
C(r) = Luw2r2 (h.2.12)
For zeroth-order, we set
U'(r) =0 ) i.e., U(r‘) = Uo(r) = 7/2}“02r2
and glr) = 0 ;
so that
fpy-e§ 3
Rt o i 2 % %"
(L.2.13)

This equation is similar in form to the ordinary two-dimensional

oscillator equation (Appendix D-5a), therefore G, can be regarded as the

. ‘ , " o
vibrational angular momentum operator. Since GZ and PZ commute wnth!Hv,
o . g ;
thus & can be chosen to be a simultaneous eigenfunction of the three

operators. Supposing that @3 are eigenfunctions of GZ and PZ with

23K
eigenvalues W and ki respectively, then

e O i3

Ge Fuie = AR Buc (h.7.14)
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3 KR '
P vEsk _i”Vf”\ (k.2.15)
The quantum number v will be determined by Equation (4.2.13).
By separation of variables, we assume that @?&_K can be written
as e Bl A7 (%)
VA;K - N 1*120]6
) B ) F\k@‘\ ( )
wﬁich, in matrix product form, is
. B e ’ Xl |
j?uk;t( ::\ o BLQ'\ L [‘\Lﬁ\‘\’/) (4.2.16")
By Equations (4.2.14) and (4.2.16'), we have
f ﬁ%mv\”l (A |
G, | == 1% | (4.2.17)
(s b | _ .2,
Atk Lﬁ @) -, |

Using the definition of G_, Equation (4.2.6), we obtain the
coupled equations :

. b
(.a‘_.hﬁ) /u\?(((m_* hY A (4) = o

¢ (4.2.18a)
(“a)_x — ALy AT A ) = | (4.2.18b)

These can be solved by writing
Ay = 35 AT = G (4.2.19)

where s is a_number to be so chosen that we can obtain simple solutions

for A% and Ab. Multiplication of Equation (4.2.18b) by is, followed by
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addition to Equation (4.2.18a), yields

:‘) \ (b — I h i & \
L35 — A (o s™) 1G> = a-) A (e) =20
Choosing s2 = 1, i.e., s = #1, we obtain
( 9 . ’ ) s 8 &
)_aqs —A s ] Gi= o [s=%1) (4.2.20)

. The solutions are readily seen to be
o AU+ o)
Gy ~ e
s :

By Equations (4.2.18a), (4.2.19) and (4.2.21), we obtain

(4.2.21)

Mol | %l @ e (4.2.22)

By Equations (4.2.15) and (4.2.22), we have
' ©

K ‘\ ‘J‘l) = ﬂj'.z bl vick oF (L+ S.)"\"){\ K VESK

-~k

PUSEE ¢ ——

therefore K = g+ sy =g+ A, (A= s)) (4.2.23)
which is a sum of vibrational angular momentum quantum number and the

electronic angular momentum quantum number. Thus K can be defined as the

vibronic angular momentum quantum number, and the matrix Pz will then be

a vibronic '‘angular momentum operator.

(@)

e e substitute Equation (4.2.16")

To complete the solution of ¢

into Equation (4.2.13); we obtain

¢ )

y 3 T o 2 e
- &3, _‘) " ,.‘., 8 — J:_ - 7_1 103 ¥ -~ E b == ()
%"Q/A (ai"‘ vor v R bl 8" ' (4.2.2h)
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The solutions are earily seen to be (Appendix D-6b):
B3(r) = 8(r) = R |

ull(r)
and (4.2.25)

E° = E(\); = (v+1) Ko

Thus o ,LK‘%’ R : } A
d = Kuls - = ¢ 5 = .F:’E-—-‘m—f
Poge = Ruia ) 7{ISJ€ Yoo (757 *) (4.2.26)
‘and
— 0 i Y .o e R X "
’<i>v1’/\';<" 'ﬁ‘vﬁ/\r\> = §vv brp S Sk (4.2.27)

k.3 Second-Order Vibronic Energy Expressions

As o(r)ig # 0, we shall use the Van Vleck degenerate'perturbation
(38,39,40)

the ory to obtain the energy expressions correct to second-order
gy p

 for Equation (h.2.8). The basis functions will be,@zzﬁK of Equation

> .(Q.2;26)'and the perturbation js U'(r) + o(r)Z3 = H'. |
Since Gz'does not commute withIHV, buthZ does,‘thus the eigen-

functions ¢ of Equation (4.2.8) can still be characterized by the vibronic

quantum number K. Hence we expect that there is no nonvanishing matrix

q]emeht between states of different K. In fact

l Al l Py Y 'K‘>.

{ Tl
« ike i o’ i) e :
R R L N i

SO

. i u~$y\ (Ry ﬂ*i¢(ﬂ] Ry QW>) S kx'

2n .
L‘ ~$k¢€‘k¢Aﬁ>
Rv]ﬁh\ 6 () E‘,H'i (ry vdv ‘E e
g

i e o P S"—“"S (;léll\l:‘wl\x
(Reoni ] 000 ) Rupeeny ) K1 and

P
o

heruise - (.30
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We shall designate the vibronic level of given vy and K by

K
[v] . For this level, Van Vleck's basis functions are (Appendix C):

o () (2}
N = a5 4 dh T P
ﬁk(/\,i)s\’ o E‘v'»{:f\K ¥ q’- viiAK ~ 41 visnk (\ ® ] ) .
(4.3.2)
where ) e T e c A
T 2 % Forar Cave
[HIAK ey i
' (4.3.3)
. - € " i -t
© with (JVVk'“_ B { @Vy7“<‘;H ‘%V§AK>
AR (\,o_ v\;;‘ W
(4.3.54)

which can be called interaction coefficients.

(2)
vL 3 AK

different functions of the form of Equation (4.3.2). If we are not

The § are added mainly for maintaining orthogonality between

interested in the energy higher than third-order, we can drop this term
from the expression.

The representation of the Hamiltonian M, in the level [V]K, which

V
is doubly degenerate K < (u+)) is given by:
By, gy v PV D SRS T [ Tar-cyv?

- :;U B ;\ Vi \ (L}'B'S)
.(ﬁrbiﬂwlmu‘ﬁkujxv> <ﬂKhz%A”Vs*KPf)”/

The diagonal matrix elements will be denoted by:

& %thvv\%kd §K0J3v>ﬁz Co * d, + =z,

(4.3.6a)
CBoppe W I R 2™ €+ da* % | (4.3.6b)
where _ C me )M\ o~ > s «gcx‘/\:i;\\
&y =< 80 U0l Fond . .
gy Z“ Z (2-52) | C:\v’ : (ret A=K

(4.3.7b)
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The off-diagonal matrix element will be denoted by:

| <%jx(+.fz)v | He ‘ Aﬁ.}z: (~_Q")v> = Ar +~ Y,

(4.3.8)
where . R ) | i
- Qp = < ‘I‘f\’i A ) O 25\ e mx > = (Rypn TR, im}-!) .
' (4.3.9a)
- e e AV LAty
Yo = 2 7_ (Ev'—év‘xici\u,f ) C/\Vj“
Vel (4.3.9b)

The energies which are correct through second-order are obtained

by diagonalization of the matrix (4.3.5). This gives (Appendix B-20):

: . ‘ . 2 i s
E. (ksv) = 50 44 (A dyv202) f?@&;ﬁi&:ﬁ%}+(a4ﬂjY$ @ (§=22)
; -

©(4.3.10)

<

L. L Linear Triatomic Molecules in w- or A-Electronic Level: Vibronic

Energies
We assume that the perturbation H' is truncated at the fourth

power term (r*), i.e., in the perturbation
H' =U'(r) + o(r)zz

We assume U'(r) and o(r) to be

u'(r) = gr®
Lhrtt for » = 2 (4) electronic level ,
o(r) = (h.4.1)
Lfr2 + Lhrt for x = 1 (n) electronic level

K
Consider the vibronic level [v] which consists of two states:

0 , '
/§p14K>: /%j;+K‘7 Gk /WJ U —K 7

(K < vka)



70

with & = K-, and &' = K+\ and interaction diagram (Fig. 4.1) demonstrates

with what states these two components will interact. Evaluation of the
interaction coefficients matrix elements for - and A-electronic levels
are listed in Tables (4.2) and (4.3) respectively. In the tables, we

define the parameters e, n and y by:

€ = £:= 3553 or fa = sfin
az 2 M l
n=h o or ha? = nhw E (a = EZ? . - (4.4.2)
.—2 : } .
y = g ;w "~ or ga? = yhw

The use of Equations (4.3.7), (4.3.9) and (4.3.10) produce the
following results: »

(i) x»=1: T-electronic level:

Assuming that & >> n v y, we have

82 i
- g-(u+l)(K+])%w

Z] =
g2 .
zp = + g (V1) (K-1) o
€2
Y(zy + zp) = - g‘(v+])%w
62
1/2(21 - 22) =- 7 (v+1) Kiw

For K = v+l or v = K-1, there is only—one state:

E(K3V) = (&/M) [ ] ~(,§: -Y) (V"l),] hw
(4.4.3)
For K < (v+l), .

— Y. = A+ 1 £ ( - «L’L N T fu‘f‘t‘;l—kl} :
t.{(mv%\w e 4 % )[‘ ’-;,z.( ‘J[ - (4.4.4)
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For K= 0, (5-vibronic levels):

. ot . - ‘ 2
Eg (O;U)/ﬁ’w:: (U+l)l.:[i_§2_~_%-] + %Lz-\»in](u_‘f‘)

(4.4.5)

We can compare our results with that obtained by Renner by putting

n=vy=0 into Equation (4.4.4). We have:

. Vo % 2
' : 3 V2 2 8.2.‘. 2- U*")? - £ (v+ 0
E, (K U)/ = e+ {ven'= K7+ 5 K0 :
L OV - i ¢ ‘ (h.b.4)

* We notice that this expression is different from thatkgiven‘by Rénner(S)
We have an additional term 82K2(u+])2/l6 i5 the squére r6ot. The difference
‘is the consequence of the different perturbation methods used, and that
the two diagonal matrix elements of the Van Vleck perturbation ﬁatri#
(4.3.5) are in general not equal. We shall see in the next chapter that
if we use a modified Van Vleck's méfhod in the diagona]izing process of
Hamiltonian ﬁatrices, we obtain results that the'ordiﬁary second-order

perturbation theory (Schrtedinger degenerate perturbation theory) will give.

(ii) a=2, A-electronic level :

Assuming that n/2 > y, we obtain (for K #v+2, K #v):

t

N .s ! ‘
z e . . U - (5K+12 {~2 .
= b e [1T Ve S s kG Re)[ (k2) fw
z, :—_.~.§£(\/+|)[l7 Vi{v+yy) ._.3k(5]<~-12)J (kr2) 4w

or
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I

-

=

() [rvivea) +s ik ] Kuw

-
T
L
N
N
~—
i
=

w1 O R I L ER T

i
3

'

(L.4.6)

Similar, but not identical expressions had been given by Merer
and Travis(3h). Our y—parametér corresponds to their gz». .Both‘are
constants which account for anharmonicity. But instead of 92222._ gpo (K£2),

in our case, the correction term is

N

cdo= B3 Z 1 - 2]

which are functions of v as well as 2. This arises because we treat the

" anharmonic potential U'(r) as a vibronic operator.

TThe resemblance of the anharmonic and yibronic berturbations has been
discussed by Liehr(ZA) and by T. Oka 23 That anharmonic perturbation
is also a vibronic perturbation is implied in Longuet-Higgins and Pople's

theory for NHz(l8 .



Fig. L.1 Interaction diagram for the vibronic ]ével [U]K under the

perturbation (4.4.1).

The dashed lines (

) represent

the interactions through the term U'(r); the broken lines

Interaction

) represent the interactions through the term o(r)zs.
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Interaction coefficients and matrix elements for linear

Table 4.2
triatomic molecules in m-electronic level (A = 1)
o oy o1 4
AVt Py clor + 52 + hrt)igleg, >
A V £ €O _6'2:0
v! v
cﬁlvlgz:
V,K-A
' 1
v 2 CA‘V'Ql CAlvtzl
AV K-A AV K-A
K+l | -n 32(u K#3) % (vl ) E (v 3) % -y —-g‘(v+l<-+3)1/2(v—K+l)1/2(\).~K+3)1/2
(v+kes) % L (urkes)
vih,
1
K=t |y (o k+3)%(v+K+1)%(u+K+3)% n gpurke3) Bkt 2 (u-k3) %
(v-Ke+5)% (v ke5) %
1
-€ l(v+K+l)%(v+K+3)é SR ,
8 1 % %
K+l ] Y L -y E(U—K+l) (v+K+3) ?(v+2)
-n §(v+K+])2(v+K+3)2(2v~K+h)
vt2, :
1 1
! 1 D -¢ ‘(,]3--(\1—K+])/z(u-K+3)/2
K-1 1 -y E{V+K+I)Q(U-K+3)2(V+2) : 5 1
-n g(v—K+1)2(u—K+3)2(2v+K+h)
1 1 .
+e glu-k-1) 7 (v-ki1)? 5 5
1w 1Y2 2
K+1 : 1 1 YE(V K=1) 2(v+K+1) %v
1 g(v-K-1)"(v-K+1) *(20+K) -
v-2,
1 1
| 1 1 € -%—(\H—K—l)/"’(\)+K—l-l)/2
K-1 | yi(v=Kke1)*(vK-1)" | L y
n §KV+K«1)2(U+K+])2(ZV"K)
1 1 1
K+1 (v+K ]) (\1—K+l)/r"(v~K—l)/2 Y —g(u+K l) (u+K+l)"’(\/—K~l)/2
| (v k-3)" , (v-k-3)”
v-h,
1 1 1
K-1 ~~(v+K 1) Fu-ka1) P (u-Kk-1)7 (u+K 1)% (v+\+1)2(u—K-l)?
(v+k-3)% o (uH( 3)%

d1=

(R, oqlartRy ) = vho-5I3(u+1)2 + 1 - (K-1)2]




Table 4.3 |Interaction coefficients and matrix elements for linear
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d2 = (R, gl Ry yq) = vhos[3D)2 41 - (k1))

a_ = (RV,K_]V/ZHZ + ’/ghr“_le’

rojw

= %le +

%(dy + dy)

yhw-K

]

%(dy - dy)
3

n(uvl) Mol (ve1) 2

Yhw313(v+1)2 - K2]

y, = Seyehu(vr) [(v+1)2 - k21% -

- K2]1/2

gl (ue1)2 K21 Z(30 (uH1)2 4 5 (4-K2) )

triatomic molecules in A-electronic level (X 2)

o b
AV <®u!z'A!K’9r + Jhr Z3|q’uzAK
AV 2 o 0
. gvl - &
A'Vlgll
= 42
A VLKA (h = #2)
v! 2!
CAIVIQ‘I CA'VIQ/'
“AV.K-A AV OK-A
1 1. ’ 1 1
Ke2 | - §E<U+K) F(urk2) kel ¥ 7 (u K)? (u K+2) % (urkel) %
1
(V+K+6)4 (u+K+6)2
U+L”4
1 1 1 1
k-2 | =y T ur) F(vakr2) E (v-ke) 2 1 3 L) 2(\/ k+2) E(u-Keh) 2
. 1 .
(v-K6) 2 (v- K46)2
1 1 1,
K+2 | =1 z(qu) (u+K+2)2(V—K+2)é -y %{V—K)é(v+K+h)4(v+2)
(U+K+h)
vt2,
] , 1/2 ! 1/2
K=2 | =y 5 (u+K) # (u-Kekh)  (u+2) n K(v K) % (u-kh) 2 (y-Ke2) %
(u+K+2)2
1 1
K+2 ﬂ(v+K) (u- K) Z(y- K+2)2 Y %(v+K+2)6(v~K—2)4u
(v-K- 2) ‘
v-2,
1 1
K-2 |y %(V—K+2)4(V+K-2)4v

1 1 1 1
N %(V+K)6(U+K+2)é(U+K—2)6(U-K)é
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'Alvlzl
CA V,K-A
vioe!
CAIVIQ'l CAlvlz
RS AV, K-0
42 | n okt B0 -e2) |y elon) Hurke) Ko-k2)
| (v-K-2)"% (y-K-4)*%
v-h,
1 o1
K-2 | ¢ ]—6-(u+K Lr) Z(y-K) % (u-k+2) " n 32(v+K)2(v+K+2) 2 (k- 2)/2
(v+K-2)% (v+K-4)7%
| |
dp = (R, o lar®[R, ) = whoegl3lur)Z 41 - (K-2)2]
| 1
d, = (RV,K+2l9r”IRV,K+2) = yhue[3(v+1)2 + 1 - (Ke2)2]
@ = Ry IR, ) = 2 urk) (b-K) (vrke2) (u-ke2)
%(dy + dy) = yHhw-%[3v(v+2) - K?]
%(dy - dy) = yHuw-bK




CHAPTER 5

Renner Effect in Linear Tetratomic Molecules

5.1 Static Problem for Symmetrical Linear Tetratomic Molecules in the

I-Electronic Level

The representative vibronic perturbation for linear tetratomic
~-molecules A-B-B-A has been obtained in Chapter 3. In a I-electronic

level, it is given by

HY = ut(Q) + Hilr ,6-9.) (5.1.1)
where ur(Q) = glr? + gorg + 2g1,r2r5[2 + cos2(41-6,)] + O(rﬁ)
H%(rk,6—¢k) = 3 20k(r1,r2)c052(9~¢k) (5.1.2)
k=1,2
.with 7 ) 201(r1,r2) = flr% + hqol‘lf + 3h22|’%r§ + O(rﬁ)

) 2 2
202(r1',r2) = fzrg + hOL}rg + 3h22r1r2 + O(rﬁ)

The representative vibronic and electronic Hamiltonians are given

by

Ho=H, (n) + T (5.1.3)

— T o 1 . 1

He(ﬂ) = H, +H =H +U (rk) + u. (Q)»-l W1 (5.1.4)

respecfively in which
K2 82 1 a 1 32

T, = ~L """( 5 + — + 5 2) (5-]-5)

N k=l,22“k Brk i ark " 8¢k
and Uo(rk) = %ulwﬁr% + %uzwgrg (5.1.6)
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Thus the representation of the electronic Hamiltonian in the

basis {wiﬂ(?};O),w?ﬂ(?i;O)} is shown fo be:

o o

+ 1p—"lr

#0%(r) +UM(Q) Rrp,ra501-65)e 20X e
. ‘ 5.1.7

el W+ 02 (r) + U (Q)

v

—w‘;
[He(ﬂ)] =

R(ry,ros91-¢5)e

where R and x are defined by:

R R(rl,rz’q()]"ﬁf?z)ei—ZiX: z Gk(rl,rz)eiZid)k (5.].8)
’ k=1,2
R(rl,r2,¢1-¢2) = 7 Ok(l‘l,r2)COSZ(X'¢k)
sl (5.1.9)
0= 3 o(ry,ry)sin2(x-4,)
k=1,2 k k

The Born-Oppenheimer potentials (electronic energies correct to
first-order) are obtained by diagonalization of the matrix (5.1.7). They

are

=
Il

wﬁ * Uo(rk) + U'(Q) + R(ry,rp,01-¢5)
~ (5.1.10)

O

W= WS+ U0r) + U (Q) - R(ry,rp,01-65)

’ \ / . .
The corresponding correct zeroth-order electronic wave functions

are given by

/E'u“(Z,p)COS(O-x)

v (r.3Q)
& 1 (5.1.11)

it

0, (r3Q) = VZ u (z,p)sin(ox)

These electronic wave functions can be regarded as functions
symmetrical and antisymmetrical to the '"x-plane' of the molecule. The
""x-plane' is, for molecules having more than 3 atoms, only a mathematical
plane. Only if r; or rp = 0 (cf triatomic molecules: Equation (4.1.8))

can be a geometrical plane defined by the bending azimuthal angle ¢, or
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¢1 respectively and the molecule will have a Cév or C,p symmetry (Fig. 5.1).
fThe plotting of Wa and Wb gives the electronic pofential ;urfaces
shown in Fig. 5.2. In the figures, we have neglected the rﬁ terms. When
these terms in the perturbation are consfdered, the Equation (5.1.10) may
" have minima at values of 'y £0. If fhé molecule is trapped in one of tBe
potential minima, the molecular symmetry will be effectively reduced from
D, to Co (riy =0, ry, # 0) or Con (rp #0, ry =0) or £ (n#0, rp #0).
However, there will be a finite probability of tunnelling from one potential
well to another, ahd if this is taken into account one may still be able to

(19)

classify the vibronic levels according to Dooh space group .

5.2 Failure of Adiabatic Formulation for Dynamical Problem in Linear

Tetratomic Molecules.

The vibronic Schrsedinger wave equation is denoted by
o} 0 ) Cu _ > _ :
{Hy + UW(r) + U(Q + Hy o T - EJe(F,,0) = 0 (5.2.1)

In the adiabatic formulation, the trial solution W(?i,Q) is expanded in

terms of Equations (5.1.11), i.e.,
(7,0 = 3 (F3067(Q + g, (F50°(©Q (5.2.2)

By Equation (5.1.11), we have

Brk b ark ’ ark a ark
alba _ 39X a]‘bb X

—_—trm —— _l’) s A

O b B, 30y, a 34,




§
i

A
t/\:ﬁ_a_—*—”‘

T v f . / ‘ l‘/ ‘} o

Fa :—b— U’\; /lf\l
A '13...;: O \,,/ I\_/
y 92y (") TxiTg) : %+ (7g)
T >
I
2
L I . - /, } Ko-‘) zo-‘: /’ 1
H . ' : - . ! / 7 (/ (/'— /
; VAV ARG

9 (m) q]+(ﬂu)

Fig. 5.1a The bending coordinates of linear 'acetylene''. The designations q]+(nu) and

q2+<ﬂg) represent the complex d)splacements 95 * 'qu and 9oy * |q2y each.

YA
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it
O

Case 3 ¢1 =20 - Case 5 ¢ =0, ¢;

b2

.—.\'.._..a. -
. .

.l"".
Case 2 ¢p =m " Case 4t ¢; = 7 Case 5 ¢1 =0, 6o = m/2
Fig. 5.1b Distorted geometries possible for a linear ''acetylene'' molecule in a degenerate

electronic statepﬂOCases 1 and 2 apply to an extremum for which q] equals to

zero; cases 3 and 4 for g, zero; and cases 5 and 6 to an extremum for which
neither is zero. In all cases vibrational angular momentum has been partially
(or completely) quenched and replaced by over-all rotational angular momentum

of the distorted non-linear molecule.
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(a) d)l - ¢2 = O,'TT

Aw
wka
wkb
r
f2 < >ry
"1 " r

Fig. 5.2 The electronic potential energy surfaces of linear '"acetylene' in II-electronic

level, assuming that

Aa

2 2 2 2 242 2,2 2 2 , 1
W = 121110)1!’1 + 7/2u2w2r'2 i[(fzorl) + (f02r2> + 2f20f02r1r2c052(¢1-¢2)]2
b .

1 96L
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2
i wb g (g2 oy X
or b ary @ or, 2
K’ k
%ya X yo 32X
3¢, 2 i a(a¢k) " 94, 2
K | k
2
Oy @y oy, 8
3¢, 2 b od, a3 2
k k

Putting Equation (5.2.2) into (5.2.1), we obtain

. o 2 2 : OY_ S
{H_ (2) - E}{wa-®a + wb-¢b} - 3 ) §ﬁ~{ws % 42 S?E“%%“
. s=a,b k=1,2 “Mk ark k “Tk
32y
+ 5.0 4 —L-(w '%"“' S 4 S—E-QS)
ar 2 e 59Tk k
2,5 3 32y
¥ —lE'(ws . ®2 e a¢s'2§ ! 2 o))
f 24, k “%k ag,
=0 B | (5.2.4)

Multiplying Equation (5.2.4) by ¢ “ from the left and then
integrating over electronic space, noting that
x> >
q)a (ri;Q)wb(ri;Q)dTi - 6ab
Q fixed
and that _
L - -
lpa (ri’Q)He(ri’Q)wb(rig’Q)dii = wa(Q).Sab

Q fixed

together with Equation (5.2.3), we obtain

. d 1932
- 21,[ 2 ar -9 2’
k=1,2 k Brk k "k re 3¢k
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2 '
+ %u w?e? 4 E.?l_ [(.@.Xm)z + A (EL)Z]}

2
r : -
k k' k K Ork‘ 2 d¢k

+UT(Q) + R(r,x=6) = (E - W) 147 (Q)

+[ © B2 {gfbg_,k_j_ ax_ , 1 3%

k=1,2 2y, 2 Ty T 2 g5 2
k ary k | k F 39,
3% 9 1 ax 3 Bt _ |
+ 2 (X + ) e (Q) = 0 (5.2.5a)
ar, or, 2 80 b

k

Similarly, multiplying Equation (5.2.4) by wbx, followed by

integrating over electronic space, we obtain

2 2 " | D
[ 2 g ol (e g e e el B
]

o r ar ) 5
r k k rk 8¢k

’ 2
+ el + S (2 4 L (X 2y,
k" k rkz _8¢k2

+

U - Rlrpx-ey) = (€ - W) e (0)

~ 2 r 3!" o 2
k=1,2 "Y'k 23 K k ~ k e 8¢k
1
+ 2(3X 8 g 16 () = 0 (5:2.5b)
k "k r 2 %% %k

If we take the simplest dk(rl,rz) functions to be

1t
Ny
-
—
=
f—

o1(ry,rp) = op(ry) -

1l
X
N
N}
it
N

02(r2)

i

02(r1,r2)

and assume that u'(Q) =0



then by Equation (5.1.9), we can show that

a ‘ 1(
- %[(flr§)2 + (fzrg)2 + 2f1r§f2r30052(¢1“¢2)]4

1 AR . X - 2 .
érk ar, R 30 4fkrkc052(x ¢k)
3R 3y L
~% =R = -Lf r sin2(y-¢,)
LN oy 2k k k
2
RN~ £ r2sin2(3¢)) - 2 220
20, > O 9%y
92y - 3R 9y
R =2—= -%f sin2(x-¢,) - 2 el
or 2 ke K BTy 8ry
and that
' 2 2 ,
R Lo, Lt gt i B -
7 2 2
Brk k k i 3¢k k k k k
Hence Equation (5.2.5) becomes:
2 2 2
{ayIp - Eg"'(§°“}”‘ FL'gr & ]2 8 "
koar 2 Tk kor2oag2
pr R |
1 22 2 " 1 a
T T R (ryxe0) € * R(rox-¢ )R- E'Je
PR
: f
A2 k 3 .
+ % [cos2(x~¢, )5 - r sin2(x-¢,)
k=12 Mk R(rk,x~¢k) k'o¢, k k
= 0
) 2
{ = [- §g-(§- FL'gr s B -
k=1,2 k ar 2 k Tk rk2 3¢k2
£, 2 |
$2 k b
+7/2ukwirk + rk ~ R(rk’x_¢k) - E'}o

82

(5.2.7)
2 b
._.__] <O
ark '
(5.2.8a)
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K2 'k . d . d a
- 7 —— [cos2(x-¢, )o— - r sin2{y-¢ )o—1+0
k=12 2u), R(rk,?( ¢k) k3¢, | k k"ar,
-0 - ' (5.2.8b)
o

where E' = E - W~,
7

The complexities of the Equation system (5.2.8) occur because the
two degenerate vibrations wh%ch individually interact with the electronic
motion couple Wwith each other indirectly. No solution for this equation.
‘ s?;tem is possible ifvboth fy and f, are different‘from zero. VWhen one of
the.fk's is zero, tﬁe system reduces to Renner's case in wh}ch only one

+

_degenerate vibration is excited. Only then is the adiabatic formulation

applicab]e.

5.3 Harmonical Formulation for the Dynamical Problem

in the Harmonic Formulation, we expand W(?i,Q) by

(7,0 = 3] (F50007(Q) + 42 (F,50) ¢ (@) (5.3.1)

+ : -,
If we let o (Q) be linear combination of the vibrational product functions,

i.e. : ,
’ +
e~ (Q) = r o C o o (ri,01)e0 o (r.,65) (5.3.2)
Q V1 21Vp 20 ViiVoly, V1 8y 1,41 Uolo | 2 v .
where ¢ (r,,6,) are harmonic oscillator functions, then Equation (5.3.1)
Y 2y k’7k -
becomes

> A :

v(r,Q0 = & 1 IA,vl,zl,v212>cV1£1’U222 (5f3'3)

A=+,= Vi21V58)
where vibronic state IA;ulzl;v212> represents the zeroth-order vibronic

wave function:

-> O,/ .y ‘ . ‘
<ri’lebA’Ul'Q'l:V22’2> - ll)A(ri ;O) _Q)Ulll(rl’du) ®U222(r2’¢2)

+Discussions on the apylication of Adiabatic and Harmoni'c. formulations have
been given by Liehr(z*:27) who used the terms "extremal development' and
""euspidal expansion'' instead.
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and that ‘
(Hg + Ty + U°(rk))lA;v1£1;v222> ==681’U2|A;U121;V222>
with |
o ) ' . '
E\q,vz - (Vlfl)ﬁwl + (v, : (5.3.4)

Since the perturbation is
oot t -
H' = UM (Q) + H!(r,,070,)

the state 1A';Ui£i;ué2é> will give nonvanishing interaction with the state-

|A;V121;U222> only if

1717

lU',Q,' 3 *
1,2,2 = <A'uietiulet]ut(o) + H!(r 289, ) [A5V181V58,> # 0

.We find that

(vy830395 10" Q) [r215uz00), TF M=ty afeny = 2oty
1 .
;T (vig]supablon(ry,ry) [visisvao), IF Al=-h,el=0 420, 00=1,
(vi&l;vézéloz(rl,rzv)Ivlzl;uzﬁz), P AT =-A,00=00420, 0=,
0 : otherwise .
(5.3.5)

. YR
Thus for nonvanishing matrix elements PA U121\}29’2, we must have
. Avitiviis :

A+ ] ) = MR+ Ly =k (5.3.6)

and thus states with different ''vibronic angular momentum quantum number” '
will never mix. As seen from Equation (5.1.1) and (5.1.2), U'(Q) and

ckG1,r2) are even functions of r, , hence

IV& - vkl = even integer
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Therefore the vibronic wave functions can be classified by a

quantum number k and the even and odd characters of the vibrational

quantum numbers v; and-vy.  This is done in Fig. 5.3. In Fig. 5.3 only
states in the same column can interact with each other. If k is even,
then either vy or v, must be even. |If k is odd, then v; and v, must be

both odd or both even.
For strong vibronic interaction, the coefficients CA ~ and
_— : . Vil13Volo
the vibronic energies are determined by diagonalization of a very large

matrix for each «:

] { ! | ]
phVitiVody L ks s s (5.3.7)

. 8 X =
A V121Vals A vu Pl Pule, e, 0

|f we know the values for fk's, g's, h's as well as the fqrce constants
(ukwi),‘then the secular Equation (5.3.7) may be solved by use of én
electronic computer. Since this is in general not the case, we shall assume
that the coupling between states are ﬁiiﬁ’ and ask only for ;he vibronic

energies correct to second-order, i.e., within the level of the same v,

\/'2, and «.

5.4 Interaction Diagrams

We shall use the Van Vleck degenerate perturbation method to obtain
the energies correct to second-order of approximation and we introduce

interaction diagrams as an aid in following the results of this method.

We have two types of interaction diagrams: the first-order and

the second-order.

In the first-order interaction diagram (Fig. 5.4), we consider the
interactions between all states with the same x, v; and v, values. The

number of these states is designated by nK(ul,uz). It can be verified by
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Figure 5.3. Classification and energy scheme of vibronic kets ]A;v1,£1v222> in m-electronic level
with K = A+21+2,>0. (Negative K states are obtained by changing all ‘the signs of A,

21 and 2,). We designate [A;v121v5%r> by [vi,vo]l(A,21,87). -IT‘; -A.
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Fig. 5.3 that - _
'v1+v2+2—»<', if [v,-uy] <k (k>0)

n ('Ul,\)z) = - :
o~ 2(v + 1), if 0 <« < |uy,-up]

v is the smaller of vy and vs. (5.4.1)

These nK(vl,vz) states consist of a degenerate vibronic level [v;,v,]"

which will be split in first-order by the perturbation H'.

Fig. 5.5 First-order interaction diagrams within the vibronic level

[Vl,Vz]Ko The perturbation H' is given by Equation (5.1.1).

A2, A+2 L0y A2, L,72
/ / \Q‘(/ {’*\/ \G’> iv_/ \
;s \%/ 6$/ N¢, 65/ \\\

: (r),(r)
In Figure 5.4, tha(&ip) P1722°7 Gtands for the rt” state of

zeroth-order set.

(r) (r) (r), _ ; (5.4.2)

O
¢r(K;V1,V2) = [AVT5v1,00 Thvp,ig

The dashed lines refer to the interactions through the perturbation function

H'; the broken lines refer to the interactions through U'(Q). The vibrational
. . j‘ &L ‘0;' fl’

terms, e.g., ok(rl,rz) written between the states 5@) A1, and <:>

will give the matrix element:
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<V121;U2£2|0k(r1,r2)|V12i;v22§>

lwhich is different from zero.
In the ''second-order interaction diagréms“,'we show what states
"will interact with a given state in pfeéencevof specific perturbations.
For the symmetrical linear tétratomic molecules in w-electronic level,
the second-order interaction diagrams for the state |Avi21v,2,> under the
perturbation H' of Equation (5.1.1) are shown in Fig. 5.5A and B.

The interaction coefficients are defined by:

CA'v{iivézé . <A'viegupsg [H' [Avyegvp0,> (5.4.3)
A ViLivol,y - EO _g,o - 5.43
v,  vivy

which can be expressed in terms of the 'vibrational radial integrals"

| = . 2 '
A(v +a, g, +b) _(uwa,%3b|r]vw Q | 5.0.1)
B(v, ta,z, +b) = (uk+a,2k+b|r“]vk,£k)

Evaluation of these integrals are listed in Appendix D.
. th X . . K
Since the r ' Van Vleck-basis function in the level [vj,v,]
given by:
Gl (SN
Y e w) = (RO 47 e e = S CHTTATE A GBS PP )
i ; ULV
) v -t /\ V) Lllb’l' ,U‘)
AT Ty e BN G jz >Cx iy b

u)
£y vy

v Y,

Vi, bz
. ,Q'.‘«r,f;:.f:;y
with i N ,
: ' i 2
) . - , (i A AN Ay
A < ¥ s, P VX '(1‘, i g
O e B E R RA S RPN (5.4.5)
vV, .
i k) = K=py

Therefore, the first-order correction (¢£])) to the basis function (w:) is

a sum of the products of the two columns given in Fig. 5.5, i.e.;

o

K3V Vp) = Ilinteracting statesyrinteraction coefficients
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Fig. 5.5A The second-order interaction diagram for the perturbation
U (Q) = giry + gzrz + 2915171312 + cos2(¢1-4,)].
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Fig. 5.5B The second-order interaction diagram for the perturbation
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5.5 A Modified Form of Van Vleck's Degenerate Perturbation Method

We partition the perturbation H' into two parts:
p P

R VO R €

+ H (5.5.1)
The first part is second-order in vibrational radial coordinates:
(2) _ ¢ 2 ) 2 ) '

H'Y = firficos2(6-¢,) + fyricos2(0-¢,) (5.5.2)

The second part is fourth-order in vibrational radial coordinates:

' H(h) = U(Q) + (H' - H(Z))

. ki)

i

4 2 2
giry + gzrg +291,r7r2(2 + cos2(¢1-9,)
L 2
+ (hlrl + 3h12l‘§l‘2)C052(9"¢?1)

+ (hzr; + 3hy,rir3) cos2(6-9,) (5.5.3)

where we have changed the parameters gi111, 92222, 91122, hyg, hop and hgy
into g1, 92, 912, h1, hio and hy, respectively.

To a good apprpximation, one would he satisfied with the first-
and second-order energy contributions‘from H(z) and the first-order energy

()

contribution -from H To achieve this and to avoid the difficulties in

diagonalization of the Van Vieck degenerate perturbation matrices (see below,

(B)), we shall modify Van Vleck's method as follows:

(A) Consider the system H° to be perturbed only by H(z). The Van Vleck
degenerate perturbation method gives the basis functions in the level

K
[U]_,Vz] as: o ()
‘ PR T T R DY) b (K e )  P
W, (K;v,,\/’;)fg% K‘(/\(,if 4 ),bu,v:} = ¢, (K ) T (Rt 4 |
(5.5.4)

. . Y C“)~\/ fm>
where 4XV(K3VHVL)::l/\ y Uy A s Vo, K .

|

yord ot
i — ) ) PNV SR X
[ e b —-—,) '(’) v, . . A e M")
(t),‘ ('<3‘~/'=,‘J:> = > . ‘ ATV v by > (‘ AT 5T g
' viv:) :

S fl KA /\(r)
dodyt K (5.5.5)



s o L .‘ (:t) b ) A
/\;r)'\/"/(\' “";' L': o < /\{”} Vllj‘t vy /\"7_ l H I/\ j,' \ ‘_z /lll >
with C v 1% T EO fc-‘””M*“‘~w~~M~
\),'.U.{ - - l"l,‘)-'l.
(2) , . . L o .
The ¢r (K,Ul,uz) is added for orthonormality of wr (Appendix D).

Equations (5.5.2) and (5.5.4) to (5.5.6) give (dropping off ¢,

)

Y G e A, 10,08

’k=!' ) e} 1, o))
('sk) (v, A }' -2)'(1, ,{’k )‘ AT ey x 1
where P P 15
Mg g
The representation of Hov+ H(z) in the basis (5.5.4') will have the
" following form:
o o o o o . o o
wl » ‘pz Aw3ooo‘wr ‘\Ur_'_]..“‘.'wn_] n
z7, a; O0---0 0 0 ht
ay zs ar,--- 0 S ¢
as .23' 0 o ---- - 0
e+ w3y~ po o s 1
VY2 lo 0 0z oa 0
r r
e 21l :
- “n-1 n-1
an-l n
A

where the diagonal matrix elements z_ are given by

£ ( ) ft\

,{:2 ) Ua/ K% H ‘.\ (

) \f)

2 ==z (K5, U \:::{t\(A

’ FS o \!' U, /(/ v, /(l -
== Z (éu’uz‘ - 2\,', vy ) m v, LHV; oy
u/, v ’
dovg) -»}\—*/\
o) )
Ha

..... - l‘Lt W, (V; H)('hf/\ ;(\ )+&,w (v, t1) (2+ A

D IRVARY A}

]
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(5.5.6)

(2))

2 i L RN A /1 /“) . g(rl o/[\."~ U I’.lr,.)')
& 7_ 23L(u;-q/ 4‘2) (L‘A*/\iL'H-) t SVRTA, [T AN G Y A

\Y)> ]

(5.5.4")

(5.5.8)



The off-diagonal matrix elements a.

are given by:
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a =a (K;vlvz)-5'{¢:(K;v1,u2)|H |wr+](K;u1y2)}
j 7)) + TAETTNYS (A TLCO VN CO PRI Lo IVIY Lo I
\<A (r) vl,zl(r) vz,zér) + ZAV(r)IH(z)]A(r) ul,zfr) uz,zér)
5 elwl(vl—/\(r)z(r))%(v +A(r)z(r) + 2)1/2 or
= ' : (5.5.9)
§_€2w2(vz ( ) (r)) (V2+A(r) (r) + 2)2
(B) 'To obtain the energies correct to secdndjorder, one has to diagonalize
the matrix (5.5.7). As z; # z; # .... ‘L, the exact diagonalization is

possible only for nK(Ul;uz) 5_3, because we can not solve algebraically a

general polynormial equation higher than cubic order.

if g’

However, K

which are small

are proportlonal to Ek

linearly proportional to Ek'
method:
We let 0 a0
An(K;Ul,VZ) = ay 4] ao
0 a; 0

~

< 1, then asseen from Equation (5.5.8) that the z
in comparison with a. which are

Hence we shall adopt the following approximate

We obtain a transformation matrix S(K;Ul,Uz) such that (Appendix E):
. . N\

S—I(K;Ul,\)z) "An(K;UIVZ) ‘S(K;Vl\)z) =

0
(5.5.10)
e 0 a
an_] 0
] &1(])' O
g (5.5.11)

0

~

£ Q)
n




9k
£ (1) , . e . . th
The g obtained will be the first-order energy corrections for the j

- state in the level [vy,u,]1%.

(C) The wave function for the jth state correct to first-order is given

by ) n, (V0L . . oM 7
qu ('K ; U,/UQ s > SJ "‘%"‘, (l’. 3 ‘\J.‘\,’;) = Z \{r‘ (K;\;,,»';) S'J
' [ T
3 A
= 4 (Kiv v) . i PV
by Rvs) ey () (5.5.12)
where § = [ij] = the transpose of the matrix $ =-'[S.rj]. W? is the jth
icorrect zeroth-order' vibronic wave function which is given by
- € i rﬁfl S S R ’ ;_ - o "L",‘_U ) > %
R \l.(k;'u"\,‘; = ,r ("'\-;\C) Py = \/\ \M,L PR 12 1§
¥ ) rz | . Z | (5.5.13)
The Wfl)(x;ul,vz) is the first-order correction to the wave function of the

h . . . N
j' vibronic state in the level [uy,v,]%:

M

\i“f\'(\i;ﬁ.,b‘z\ = );
~J

[N

i) .
(\Pf (KEU}, U1> SIJ

= Voo
i /\(r)‘ L..‘X‘ l,')_ i.’,

[ S— .Z ’7—\?\"; u;i:l{ ;‘\/; 1:> C A:H ‘}‘i"l-”\/‘)’ Ly S'J‘

F:\ LONET ¢
j'ﬁ']”j BN
(5.5.14)
(D) Let us denote the diagonal matrices Z({x;vjv,) by
Zlesvrvg) = 12, 2 , (5.515)
o 22 A . o
z
8 "

Performing the following transformation:

S;I(K;Ul,Uz)'.Z(K;Ule)'S(K;U1V2) (5.5.]6)
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(2)

We obtain the second-order energy contributions from H which are

defined by the diégonal matrix elements of s~1.7.5, i.e.,

EGovy = T2 SEZicSe = 3 Sie e Sy
A
=Y 2 &, E v '
L S (5.5.17)

The first-order and second-order energy corrections [Equations (5.5.11),
(5.5.17)] are just the results one would obtajnAin using ordinary Schrsedinger
perturbation theory [Appendix_F]f. This is the justification for us to

treat the problem through Equations (5.5.7) to (5.5.17).

(4)

(E) The first-order contributions from H may be computed by using

Equation (5.5.12) which are given by

J
o | 1) %
= 38 R el WV o Sy S
S : i (5.5.18)
= 0y LY (K‘,ml\,‘;\l HM \‘(i"(‘ (h,v,y,\> }-'A‘(J Q"J & h‘.l]\_r crdar
vz ¢
Hence the vibronic energies correct to second-order are given by
- .- RO 12 e Yy o
E (Ko, 0 = &nu,+ 5J(Klﬁ,g\ o+ &j (5 0,0) < & | H 313 > ,
| (5.5.19)

5.6 The Second-Order Vibronic Energies for Symmetrical Linear Tetratomic

Molecules in T-Electronic Level

Since the above-mentioned method involves the diagonalizafion of the
matrices (5.5.11), general energy-expressions are only possible for a group

K . i . .
of levels [vl,uz] whose first-order perturbation matrices are of the same

tWe may show that Equation (5.5.17) is equal to Equatfon (F-22).
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dimensions, i.e., these levels have the same n = nK(V1>U2) values.

Furthermore, our method can not be used for the cases in which nK(Ul,Uz)

is greater than 7 [Appendix F].

In this section, we shall list results only for the cases for
which the nK(Vl,Uz) are equal to 1, 2, 3 and 4, and for which K » 0.
The same equations will be obtained if K ¢ 0, thus for |K| > 0, each

state Wdekvl,Uz) is at least doubly degenerate!+

Table 5.6 The second-order energy-expressions for vibronic states of

symmetrical linear tetratomic molecules in m-electronic level.
(setting # = 1).

Case A: nK(vl,vz) = 7

o v % 5 ¢ o T s s e
\¥:(b;;v”u;) == | PV VA Uy r-2?—(KM*KE1(\¢123)l"3“*1.“"1’u”J>'*:%f(?hfﬁ (up2) vy Vak 2 Va2

2y (K5 0h) = "“§{§'Z‘Ui (Uit (Fgr2) £, W { vgﬂw)’(vg«~25}
$ (Kiv,e) = 1
g, U u) =y (o)
1E;i; ;: "NMWW~AA | l;ﬂ-;>t) w, o+ (U Y,
| Ef? “":\"\";)":f | 24—(\(;11”\/‘,_")
| Rl ) L= 060 9: Bl w) + # 9, A () A (0, 0)

b [vl,UZ]K ]eVels are those with v +u,+1 = K: [0,0]12, [0,1]2, [1,0]2;
fo,23%, [1,8]%, [2,00% Do,30%, @n,20%, [z2,10%, D3,00%. (0415, (1,315,

L

12213, (3,118, (4,015 [e,51%, [¥,518, 12,306, (3,218, (4,115, [5.0]%; etec.

Rotational-vibrational interaction may remove this degeneracy. It is
called K-type doubling. (J. W. C. Johns, J. Mol. Spect. 15, 473, (1960)).
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Case B: 'nK(vl,OQ)
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oo y T .
\l(""\‘ + EE 5 |w3 v K152 ’.)l
) 4 J
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0 ;
I f gk,=0, we obtain Renner's expressions for triatomic molecules!

' Complete diagonalization of the 2 x 2 Van Vleck pérturbation matrix gives
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Case C: nK(vl,u2) = 7

v 7'; § 8; (\.‘, ”TL (1 ,l{z)"'-fw ’;lf,fi_."rnivz ; U;"L';,.-— />

LRV RVERVAR TS

o .'/‘ Y2 5
+ ti V5 (Latd ) =5 U s !-;7.,'L,w> §

R

N,
Ty

]'ﬁ; UA,Va 5‘1"51 2 ‘l- ; L‘sfj Ly 5 U.LIU."../

wyrk]

n . “\I/J;_ VJ, . '.O'L"'); \
bes vz v uy + 3 YA (ne) =502,V 5 U2 Vs )
4 &, (Ut “>‘;(“~7;+ 9:)’/1‘ f- v, v-2 ; Vo t2,Vyh 9~>
1/
1A I
l’&". &2. W
L7
v, g W,

b | ' \7' :
T (v (20w) g (e vy, |
= B )

CL B Lyt N {2~V )—]

[ .
--L[ tzi w, (V1) (2-V;) +
[ + c: Wy (uar) (2t L;‘)]

Lo G G
NN I
A . ) v
3 (KGv, )= »’L ¢ “::57_ N ={a (i; Ve (U, r L }WA\ g, 1')—:
_c.‘—z O‘ \ . _S} .
IZN TN AN

. CU\ o
Cy 7
« By C0)
&) U’( L ‘\r'.l)x:"': é 2'_.:7
' \ g(ﬁl
3 =T

¢Levels are with vy+u,-1 = K:

[1,11%; 11,212, [2,112; [1,3]13, [2,2]8,

etc,

7 Y, .
= 1(1‘\")‘\“'

1, -‘_?v‘ V=l pla b>}

o e ) R Y Y, B N |
= & ]_\l;l bk g VY, 5 U ) 2/[;’_,“),> e Y L,L,,szl‘..»z..j,;:’

(
|




99

Case h: nK(ul,Ug) :
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Using Table 5.6, the first-order vibronic wave functions WJ(K;Ul,UZ)
for the lowest vibronic levels may be evaluated (Table 5.7) and the second-
order vibronic energies as functions of the Renner parameters g, are shown
in Figure 5.8.
Table 5.7. First-order vibronic wave functions WJ(K;Ul,Vz) for (vj+vy) < 3.
The-first—order vibronic wave function of jth state in the level
[~U1,U2]K is written as lifj(K V1,Vy) = xp J(K Uy ,Vp)+ Lp <I> L (K3vq,v5)
where wz v 1£X> and @j will be linear combination of Ivlzl;v222>,

the Harmonic oscillator wave functions (Equation (5.3.2)).
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Table 5.7 (Cont'd.)
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Figure 5-8 . Vibronic structure in m-electronic level as
function of the. Renner parameters ( correct
to second order ).
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5.7 Unsymmetrical Linear Tetratomic Molecules in n-Electronic Level

We assume that terms higher than the second-order (in vibrational

) coordinates) are neglected. We have

(2)

H' = H = f1r§cosz(e—¢1) + fzrécogz(e—¢2) + 2fy,r rpcos(26-91-9¢5)

A(5.7.1)

The second-order interaction diagrams are shown by Fig. 5.9. The
non-zero off-diagonal elements of the Van Vleck degenerate perturbation
matrices are given by the same equation as Equation (5.5.9) of symmetrical

molecules. The diagonal matrix elements are given by

* [ Oy 1,0
z.b = Q. [H el
1:2 )
12a1@2 ( Y 1 . 1
- Zr - T Ul‘*‘] ]+A22) [w1+w2 o oty
f2
11@1@2 1 1
- () (1) [ - L

2K
If we define €1, by

f1oa1a)

2 | »
€]p = . : : (5.7.2)
Hlus-uf | .
then = ) :
z! = z_ = erplup(up+l) (14aeg) - (up#1) (1+421) 0] ' (5.7.3)

v

where z_ are given by Equation (5.5.8).
Hence if we replace z, by'z; into Section 5.6, the second-order
vibronic energies for unsymmetrical linear tetratomic molecules may be

obtained.

5.8 Symmetrical Linear Tetratomic Molecules in the A-Electronic Level

We shall complete the tetratomic case by showing the first-order
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Fig. 5.9 The second-order interaction diagram for

HY = flr%c052(6-¢1) + foricos2(8-¢,) + 2f1or1rocos(26-¢1-¢,)
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interaction diagrams for the symmetrical molecules in the A-electronic
level. However, we shall not evaluate the energy expressions.
The vibronic perturbation for symmetrical linear tetratomic mole-

cules in the A-electronic level is
H = U (Q) + HY | | O (5.8.1)

‘where U'(Q) is given by Equation (5.1.1) and HA is given by

A
+ higher terms ' « (5.8.2)

H' = hyricosh(0-¢7) + hyracoshk(e-¢,) + 3h12r§r§cos(he-2¢l—2¢2)

~To symplify the dynamical problem, we shall neglect the anharmonic

potential function U'(Q) from Equation (5.8.1). Then the matrix elements
<h'ulgiubel [H' [Avy 2 1vp0,> = <A'vigivied [HL AV 23vp8,>

are equal to zero unless

A= - and A'+Rl48) = A+LEL, = K; (4= 22) (5.8.3)

The classification of the vibronic state kets is shown in Fig. (5.10).. The
number of states with the same vi, Vp and K is nK(vl,vz). This denotes the
size of the perturbation matrix. "We list the nK(vl,uz)_values in Table 5.11

The second-order interaction diagram for a given state is shown by Fig. 5.12.

The Van Vleck's basis function will be given by:

{ i) W) N
s oY ry N i ).l {‘,’f) S i " \/\ 1 /’{ RERT:N ‘,[‘ +2A; V3 _f) by
e T . . U ST — o Y G (VR ey A BT, -

q/f (;\_UIL,Q)Y_._ ‘/\ 3 L,‘_I‘) L,_'j)_ > Pna, |
i~

. b ) ’ - fr‘ﬂ AP
AL ‘14/(5""/\\.,7 VJ,J?!:) + 2 {“‘)(Ui*‘l,"(:‘a‘.i/\”/\j“‘ u/é"*"‘/\ 3V A 7
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Figure 5.10 Classification of vibronic kets |A;ui2iva2s> = [ujupl (A3218,) in A-electronic level.
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Table 5.11 Number of states in [vlvz]K level within A-electronic level.

~_ K |0 2 4 6 8 SO K1 3 5 7 9
nK(UIUZ) s nK(m

nK(O,O) o_ ] nK(o,l)' ] ]

nK(O,Z) 2 1 nK(O,3) 2 1 1

nK(O,L}) 7 2 1 1 nK(o,s) 2 2 1 1
nK(O,6) 2 3 & 1. 1 nK(0,7) 2 ‘2 2 1 1
nK§0,8) 2 2 2 2 1 ] :

N nK(Z,]) 3 2

nK(Z,O) 2 1 nK(2,3) 5 4 2 1
n(2,2) |4 ko2 Cng(2,8) (6 5 k2
nK(z,h) 6 5 4 2 1 nK(2,7) 6 6 5 4 2 |
n (2,6) |6 6 5 4 1 :

anz,S) 6 6 6 5 2 1 nK(l+.l) L 3 2

: nK(h,B) ]
nK(Lz,o) 2 2 1 1 nK§+,5) 9 2 1
nK(l;,z) 6 5 4 2 :

nK(h,h) 8 8 6 4 2 1 :

nK(l},6) 10 -9 8 6 4L 2 1

(1,0 |1 2 r}K(l,o) 1

nK(l,B) 4 2 1 nK(],Z) 3 2 1

n(1,5) |4 & 3 2 1 n LW 183 2
nK_(1,7) L 4 4. 3 2 nK_(1,6) L 43 2 1
nK'(3,1) L 3 2 nK.(B,O) 2 1 ]

n(3,3) |6 6 4 2 nK(3,2) 5 L 2
n,(3,5) 7 6 4L 2 1 n 3,8 |7 6 & 2 1
nK(3,7) 8 7 6 L 2 an(3,6‘) 8 7 6 2 1
nK‘(S,l) L 4 3 2 1 nK.(S,O) 2 2 1 ]
nK(S,B) 8 7 6 L 2 nK(S,Z) 6 5 4L 2
nK(S,S) 10 10 8 6 4 .2 an(s,h) 9 8 6 4 2
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Fig. 5.12 The second-order interaction diagrams for the perturbation:

U =
HA

in A-electronic level (pn = #2).
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In this basis, the diagonal matrix elements of the Van Vleck degenerate

perturbation matrix are given by:
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The non-zero, off-diagonal elements will be:

-

(XI‘ (K 1;*.,1;?_‘) — 5} \HV( K5 U}i‘a,;) 3 H; 1 W;RH (K’;‘LC, lﬁ;)}

s~ e} ) P A I .
RO oo 0 Y AT v 5,87 o

/

{
j ) Yyt e i A
7 (e I T LY /i
R0 0 A A AT T 5, T e
{ A , ,

\ . ied y i ey Lyt (r} N\
¢ a”su Aans v 4y A KR UNEEIN SR S
’ N

Y

i) )
_l.\_!’_ E\.} (m) );: ~+2/\‘r ) | Gy
< ) )
e hi (v N 4Kr) er
2B (4 )
o () i) A ! i)
3hio Alw, 4o+ i) )‘\(“ £t A )
2 .

If we ignore the diagonal matrix elements from the Van Vleck perturbation

matrices, we obtain the ordinary first-order perturbation matrices. In

the first-order interaction'diagrams, the circle (E} stands for the rth

state of the [vl,V2]k level, i.e., the state lwi(K;vl,v2)>. The'nK(ul,uz)
states can be so arranged (so numbered) that the first-order perturbation

matrices will have the symmetfica] appeérance as shown in Fig. 5.13.
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Fig. 5.13 The first-order interaction diagrams and their first-order

perturbation matrices.
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CHAPTER 6

First-Order Vibronic Interactions For General Linear

Polyatomic Molecules in I-Electronic Level

6-1. Linear Pentatomic Molecules

The vibronic Schrtedinger Equation for a linear pentatomic molecule

can be represented by:

{HZ + UO(Q) + H' + T, - E}y =0

N

fwhere the'perturbation H' in second-order of vibrational coordinates is
given by:
| H o= f1r50052(6—¢1) + foracos2(e-¢,) + faricos2(6-o3)
+ 2f1,r1rpcos(26-d1-¢,) + 2f13rirscos(26-¢,-¢3)

+ 2fp3rpr3cos(20-¢5-¢3) , (6.1.1)

(If-the molecule is symﬁetrica], figlg fog = 0.)

Thus a given»”dnpéfturbed” state IA;vl,zl;uzzz;u3z3> can interact
at most with twenty-one other statesf(Fig. 6.1); three of them have the
same Vj,V, and vs values,

’.A vibronic level with vibronic quantum number K and vibrational
quantum numbers Vi, vy, and vz will be designated by [vl,vz,ug]K. The

" number of compénénts of such level is denoted by n, (vy,vy,v3). If

_ K
nK(Ul,Uz,V3) > 1, then the level will be split in first-order by the
perturbation (6.1.1).

The Van Vleck basis functions are: (A(r) = il)

o (r) (r) ., -, (r) (r) )
wr(K;UlyVZ:U3) = IA ;V1$'Q/1 ;VZ,’Q/Z ;U3;'Q/3 > + C}l- (K’\/“"("‘/E .

111



Fig. 6.1 Second-order interaction diagrams for H%:
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Hence the diagonal elements of the Van Vleck perturbation matrix are given

by: (setting # = 1)

zr(K;vl,v?_,vg) = - %— Eiwk("ﬁ])(z”‘(r)zér))

s~ w

k=1

- 88'%2[(1)2(\)2'*-])(} + A(r)ﬂ(r>) _ wl(vl"’])(] " A(r) (r))]
- 8esloswsr)) (14 205y — e (e a0l
- 8efsluglust1) (1 + 2 (g (r)) - o) (0 + A“)zér))]

3 ‘
12 (r) (r)
= - y {{v, +1)(2 + A [} Ye2 + ¢ 8 s, (v +1)
8oy K ko F T T SRk Yk
(e Dyez g (6.1.2)
where we have defined that
_ ek
k %wk
f? la ]
2 = -—55—32)€- , (k' # k) (6.1.3)
kk lew - w2 ,

and Skk' =g
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The nonvanishing off-diagonal matrix elements are:

7 _ - (r) ; 2 (r)
ar(k,vl,vz,ug) = Bf vt o+ 2A|qkA] W aly >
= Lf A(v +0 z(r)+2A)
“Tk k "7k .
(ed {r)n B (r) (r) .\%
s ] = s v 2,
= 4ekﬁwk(vk IS N R e $2)%,
(k =1, 2, 3) o (6.1.0)

We see that the fkk,rkrk,cos(26—¢k~¢k,) terms enter only in(second—order,

since the f appear in the elements Z but not in the elements a.

kk'
The dynamical solutions can be classified into three cases:
Case (A): [Vk,O,O]K

is

When two of the [vy,v,,v3] are equal to zero, or only one fk

different from zero, the problem is analogous to that in triatomic
molecules. Chapter 4 can be applied.

K

]

Case (B): [v V10

k

When one of the [vi,vy,u3] is equal to zero, or one of the fk's
is zero, we have the problem analogous to that in tetratomic molecules
and thus Chapter 5 is useful.
Case (C): [vl,vz,U3]K

Neither v, nor fk is equal to zero. The first-order perturbation
matrices are usually of large dimension. The forms of these perturbation
matrices and their corresponding first-order interaction diagrams with the
basis component states properly ordered are shown in Fig. 6-2. We notice
that thege is no matrix of nK(U1V2U3) =2, 3,5, 15, etc. Only matrices

of nK(U1U2U3) < 6 can be solveq algebraically.
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6-2 Firstorder Vibronic Interaction for General Linear
Polyatomic Molecules in I-Electronic Level.
In thé II-electronic lévé]; the vibronic peftﬁrbation
to second—order in the vibrational poordinate§ cén be

written as
ot ot .
cos2(0-¢,) + I L 2f  ,r ., cos(20-¢ -0 )

t
He = % f r?
=1 k<k!

k

where t=number of bending vibrations. Only the first portion

of the function H' is responsible for the first-order effect.

We may define H' by

~+

1 pend 2 __b - -
HY = kzl f r, cos2(6-¢,) (6-2-2)
1 we donate é+), qé_), Qé+) and Qé—) respectively by:
+ T +2i 2
q]_(I ) = e——- ' == q.’-
(+) Loy 2 w200k 2
Q=" = I opfrem T =g T ofan, (6-2-3)
. k=1 k=1 Z
then
oo (#) (=) (=), (+) Lo
Hl = qp ' Q # ap ' Qp - (6-2-2")

We may use Hi to evaluate the first-order perturbation

matrices and the first-order vibronic enérgies. However, we
have shown in Ch, 5§ and§6*l that; even in those céses where
the first-order pert;rbétion theory is sufficent, we stfil have’
mathematical difficulties, namely tﬁe_é]éebkaicv "solution of the
general quértfc‘and hiéhér order eqﬁation§: For example (App. D)

\ N n-1 n~2.+"

D S R Y + C.A v+ X+ C =0 (6-2-1)
o 4 2 n-1 n

(nzﬁ)
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" Numerical solﬁtioﬁs of éqﬁations of the type(Swth)
are possible only if all Cn are knbw; whiCh'meéhé thaf in
ordér to obtain thé splittings of the vibrénic levels; wé
h%vé to know the valués of thé fk éna o g Bécéuée tﬁé Ch
are functions of these quantitiés: One coﬂld t;y to 65tain
.thésé qhantities from electronic spectroscop§. ‘Unfoftﬁnété]?,
in thé presence of a'Pletiplé' Reﬁnér effect; the'spéctré

of 1inéar moléculés aré véry Complicatéd(ABX the éséignﬁenté
for thé spectral lines neéds the guidance'of théory; and

only after that can oné calculate thé va]ﬁes of ﬂ{,aﬁd wk;
Such intérdependence between theory and éxperiment is not
unusual. In the cases where thé theory 1is app]icab!é, one
may. évalhatc the vibronic energy levels using thé different
sets of values for fk and W - By using these résﬁ]ts one

can predict the appearance of the spectrum (ch. 7). The
coincidence of the theoretical spectrum and the experimental
one will be a proof of the existence of multiple Renner effect.
Or if some preliminary assignments of a few experimental

lines is possible these few lines can be used to evaluate

the Rénner parametérs and thén the other spéctral lines can

be ca]cﬁlatéd from théory;

‘To obtain thelffrst~order vibronic energies, oné has

to set up the first-order perturbation matrices. We have

seen in the previous chapter and sections that a given
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~first~order intéraction diagram Qi]]'g?ve one .particular form
of thé pérturbation matrik. Each form of matrix requires oﬁe
Specific diagonalization method: In the following wé shall
only summarize the first-order vibronic intéraction diagrams
for linear molecules ( having t bénding modes) in H—éléctronié
level. No mathematical solutions are attempted,

. We denote that
LU, ‘("f R \"5,465 . >

£ i
t

I
L R

Within the vibronic level [v],vz,;..]K, the nonvanishing

1A Y d = A,

=3 l N >

RV | _ (6-2-4)

matrix elements are: -

b NI wy o it
ST s v I \ o
u -\ r
— - o . ! AN RN A =t
"“(/"\ ;L{“ {/ /\ /\.\v, L ! (-n ‘ A 4 ’

i

.. I Y NS D
Since AT 1A >

— J ) »\H
Ay e iaa Yy D %
.2 o«
i T T . N 1 s )
24 < Bt G0 ,ﬁ,bhgﬁw
fo b
e b Ay feran) o (Rena ) (6-2-5)

PR i i

Equation (6-2-5) says that the number of nonvanishing (off-
diagonal) matrix elemgnt in one row ( or column ) can be as
large as the number of bending modés (t). As numbér of
bending modes (t) incfeasés; the forms of the first-order
pérturbation matrices and thé typés of thé_génera] first-

order interaction diagrams become more complicated (Fig;'6w3).



Fig. 6-3. 'The‘géneral first-order vibronic intéraction
| diagrams for moTécL]és'haVing t béhding vib;
ratfons; "For a given t, any first?ordér'intefa
action diagram is a ba}t of théAgénéral diégram.
Figures (a); (b); (c); and (d) are for t=1;2;3;
and 4 réspectivély. The + and - siéns in the

(r)

circles refer to A = +1 or -1,

(a) t—l ”dlpole -type (b) t=2:"chain'"-type
, . e
o
d { ! :
\( ) \/\ /\ /’\i )\
5'f L
/
€y mlu v, =) mh(\;,,\l,_}-.,—. B
(c) t=3:"graphite'-type (d) t=h4:"diamond'-type
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CHAPTER 7
Vibronic Trangitiong
7-1 Electric dipole transitions
A transition betwéen twobstatés Wm and Wm résulting
i-n the émission or absorption of radiation is possib]é enly

if the transition moment integral

.}mn

M = f‘{’m‘f\‘M‘l‘ndt (7-1-1)

: -
is different from zero. The 'dipole!' moment vector M is

~given by
A= We s @Y (7-1-2)
- electrons
with M~ = 2 er.
> N iioms |
and - ) B T,
: o o

Cl
where e is the electronic charge and Za the nuclear charge

of the ath atom. The three components of M (Mx, Mf’Mz) will

transform as the translational operators Tx’Ty and TZ res-

pectively in any point group. |If we define My (vr=+,0,-) by
M, = Mo - Mz
= \,M+ < L. (A FIH. ) (7-1-3)
- FI Y
then in the [%h point group, MO belongs to %l representation,
- + = )
M, and M belong to HS ) and HS ) representations. Under the

rotational operation C&(@):
Co (O) Mg = Mg L

40 5
C,L'(<I>)‘M+ = g Mi )

or Cq;v(@)?"(; = ei‘gq)yb (7-1-ka)
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Because of the u-symmetry, the inversion operationAgivés
. . ) , ,
E™ My =-M_ (7-1-4b)

For each component M , we have from Eq. {7-1-1),
5 A

mn _ % -1-
M, = f YoM Y dt (7-1-1)

. mn . . ' ‘
| f MOn is different from zero, we have parallel transition.

This réquires that the symmétry product

P(Wm) X F(Wn) mus t contafn Z; representation, (7-1-5a)1
If MTn and /or MTn aré/is differéﬁt from zero, we have per-
pendicular transition: This réqﬁires that

T(Wm) X T(Wn) mus t cohtain Hu représéntation‘ (7-1-5b)

Formal sé]ection ru]es‘givé no information about how
‘strOng a band will be if it is 'allowed'. However the
selectiop rules say that under certain Circumstances a band
is 'forbidden' and must have.zero intensity. The quantity
relating the transition moment integral to the relative
intensities of the bands is the so—ca]lea"oscillater strength'

(f) which is given by (for absorption) *

[

AL

mn IIm ¢
e nn1]2
mn
g

: | M
3he2 q

=1

1.085 x 10! I 2aE (em™) (7-1-6)

mn

o2

where mg and e are mass and charge of the electron, and Acmn

is the energy difference between the states m and n. As the
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~quantity 1.085 X 10! i in units. of cm_l, and‘|M2n12/e? in
units of (A)2=10—]6cm2, the oscillator strength {mn is
' o

number which may be of thé ordér one for a - strong electronic
transition,

Often a band will be forbidden for an idéaliéed system,
such as a harmonic oscillator or a molecule without vibronic
interaction; but will be allowed when varioﬁs kinds of inter-
acfions occur, For convenienée such bands are generally re-

 ferred to as 'forbidden' bands and the relatively small

(h2)

~provide information about the true nature of the molecule.

intensities for these bands which are actually observed

/-2 Electronic Transitions and Vibronic Perturbations
We shall discuss the electronic transitions in increas-

ing order of vibronic interactipns. in the following, we

assumé‘that the excited and‘grdund states are of Hu and Eg

symmetry reSpectiVély.

(A) Zeroth-order approximation.

If both (a) and (b) type vibronic interaction (1.2) are

negligibly small, the vibronic wave functions may be given by:

"= wx.(ri;o)@v(Q) ©(7-2-1a)
and Y- wX(ri;O)xv(Q) (7-2-1b)

where the wK, and wx are the zeroth-order electronic wave
functions which are independent of nuclear coordinates and

that ‘
o (,0. _{,0 o ) 24,0 ‘ o
<¢A.|¢A>e]—fwA.(ri,o) pA(ri,o)die §,0
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The @v,(Q) and XV(Q) are. the nuclear functions associated
with the A’ and A-electronic states respectively.

Thus the transition moment integrals become

A'v';Av 3 B> ' v st ST . » : '
wh [ oyet@ 9SG o) el v (7 sodn, (@) dr g drg

1t

o (> ey ,0 ; '
= 4 v | %* Y )
b (o) Mg, f 2, (@) x (a) dtg
o ,> o,
+<p, o, (r.50) [, (ros0)> 0 f @ % N
A i TAC el v (Q)M0 XV(Q)dTQ
By definition of'Electronic Transitions',A' is diff-

erent from‘A then

AVwhdvw — AR eeeyon @ 999

Mg = Mo Q) <o x Q) [x, (Q)>y (7<2=2)
where MAIA(Q°) —< Y 0, 7% fo)!Me|¢o(? 1 0) > : (7-2-3)
_ o A¥*" 47 o!'TAT Y el
: . _ : ) I A'v'Av . Ctam
Thus in the zeroth order approximation, M i's proportional

o
to fhe electronic transition moment integral (MQIA) and the
vibrational overlap integfal. 1f M§|A is different from zero,
the transitien is called “e]ectronica]lyjallowed', otherwise,
telectronically forbidden'.

The selection rules for electronically allowed tran-
sitions in linear molecules are (h):
(a) for parallel’ transition, i.e. <w24?i;0)|MO[wX(?i;o)>#0,

| M = A" = A =0, e.g. I-%, I-I, A=A etc.

(7-2-ha)

_ v . _ i N
(b) for perpendicular transitions, i.e. <¢X,(?i;o)|M+IWX([130)>¢O

AN = A - A=+ 1, e.g. L-1t, .NM=A, etcs
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(c) for symmetrical linear molecules, since .the MO,M; belong

to u symmetry, the selection rule on parity of the states are

(7-2-Ac)

Cg<u, g+hg; u«hﬁ

Thus the electronic tfansition HU+Z; ig a pé?pénaicular
one. The vibrational transitions will be propértiénal to thé
.vibraitonal overlap integral. Thé tranéitiohs form thréé
Vsequences; Avk=+2;0, and -2, of which thé oné with AvkmO is
the strongest. (Ref'8; p158). This is shown in Fjé. 7*1a;
(B) First-order electronic transitions.

When ‘thie (b) typé vibronic Interaction Is neéligibly
small (or when the e]ectrpnic are hondégénératé), thé Qibronic
wave funciton can bé‘given in BofnwOppénhéTmér éppréximétioﬁ:

qjm

B)|

| P (Fiselie (@) (7-2-52)
g rid oY ey (rs0) - () (72 Bh)

Thus the transition moment integral is given by

1 {
MA v';Av
o

-xV(Q)dTQ

]

[ o ey, (o) ey, (700

el

ot

T . T « & auN
W G0 [y Gy | e @l x, (@arg
For different electronic states, the Born-Oppenheimer electronic

wave functions are orthogonal, therefore

Aty A ATA | .
il vishv <e (@) [m; () [x, () o (7-2-6)

1
where the electronic dipole moments integral MQ‘A (Q) is a

function of normal coordinates:
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_ e - ‘
which may be e%panded in the power série; as
LA . 1 2= B ALA - i
W) = wh o) + T ,qk«{i”a (§l] RN ST )
. L il —T"—'—’qk Q-’““QO

“If the functions wA(?i,Q), could be given by

NG IR T R L R TR LR QY
A'A
(6]

o - : ; A
then M (Q) of Eq. (7-2-7) will just be given by Eq. (7-2-3)

and Eq. (7-2-6) becomes

s ; : : AVA ;.
nh VIV LA () e () [x (@5 + {Eﬁg;;(Q)]
_ ﬁﬁ, T g
°§®V.(Q)ii£|XV(Q)>+... (7-2-9)
1 s 1
Thus Mg vidv is not necessarily equal to zero as MA A(Q°)
e ' l of
is zero (while in case (a), it is). If MQ»A(Q°) is zero but

'MQ A(Q) is different from zero, the transitions are defined
as 'e]ectfonica]ly forbidden' but 'vibroncially allowed',

In this case, Eq. (7-2-9) becomes

, Y LT TR
Whvshv (3“0- (Q)J

! <o, @ Ix, (@5

(7-2-10)
Since the nonvanishing terms are arised from the first-order
and higher terms of the Taylor series expansion, they are

presumably very small. Hence the (relative) intensities,
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which is proportional to

'viAy 2 . . 8%
; IMA L y| , in this case will be very
o . - ‘ .
weak in comparison with the "electronically allowed' transitions.

C - o "L et
Consider the absorption transition from the >g ground

electronic state to the Hu excited state for an dcety]ene*
like molecule without the (b) type vibronic interaction. We

may write, for the excited stafeS(Sectkm 5-1):

wra(?i;Q) o9 (q) = /2uﬂ(2,p)605(8 X) @ .(Q), ar

VZu(z,p)sin(emy) 0 (Q)

and for the ground state :
->
| P (r5)x, (Q)
When the (a)-type vibronic interaction is not neg-

ligible, the ground state function wz(?i;Q) correct to the

first-order will be given by

vy (P = 920+ e d

Since there exists a perturbation term in the multipole ex-

pansion (Ch. 3)

. .
vi= I 2 6% cos (0-pa)
o=A -
= E(T & fg?(z;p)eie)rke‘i¢k
+ E(& 2 (7,p)e ie)rke+i¢k
+ |

0(;\)



Thus the first-order correction to wz is given by

(1) _ .0 0 «p
Wy T Y KPR Y Vo BB
with
o o _y © "'l._ ; OL.(Oé) |G )
By = (va - W) fiﬂj&zkfl o tz,nle | 2>

The Mg component of qu (7-2-1) will give the following

electric dipole integral:

el

]

1 > Ve o [
Py (s QM0 ° by

= <y, o) g ug >

,e 3 .]. 'i((ba,,"X)
<+n[no!.n>e] LB k

il

(7-2-11)

i

A ] +i (¢, %)
+‘§—H[M2]~H>e] k/%gkr|e P X

which will be different from zcré if the molecule is unsymm-
etrical (if the molecule is symmetrical and if there is only
one I state,<iﬁ[M§LiﬁmO) and thus the 'forbidden' parallel
electronic transition become allowed. However, it is expected
to be weak for the Bk factors are inversely proporticnal to
the energy difference, (wHé - WZ°), and will be srall.
(c) John-Teller-Renner Effect

When the (b)-type vibronic interaction bécoﬁés sig=

nificant, the wave functions of the [v],vz]K vibronic level
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for 'acetylene' molecules in - electronic state are given
by [Eq (5-5-12)]:

) =

WJ(K;V],VZI

) <
| { o .
y?(h,v],vz)SrJ(K,v],vz)
These states are characterized by the vibronic angular mom-
entum quantum number K and the even and odd values of V4
and Vo« The oddness and evenness of vy and Vo together with
g -or u symmetry of the electronic state determine the parity
of the vibronic state. The quantum number K determines the
rotational symmetry ie.
C (¢)IW (Kiv, ,v.)>= eik¢|V (K:v,,v.)> (7-2-12)
© Jor 12 i 1702 )
Of course, the vibronic states of any electronic level
of linearmolecule may be characterized by a quantum number K
and the parities of vy and Vo ot Wi(K;v],vz). The transition

from the ifstate of theground.state to the j-state of the ex-

cited state is possible only if the transition moment integrals

Méi = 4 WJ(K;VI,QZ){HOI ?(K';v]',vz')>
are different from zero. Thus the direct product F(WJ)XF(Wi)
_XP(MO), must contain the totally symmetric representation.
Using Eq's (7-2-12) and (7-1-4a), we obtain the selection rules
in K

AK = K' = K= 0, + 1

The selection rules for the total ‘angular momentum are AK=0,

in the case of a II-Il electronic transition)and ]AKI = 1 when
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the electronic transition is between a II- and a > or a Il and

A—state;

For sﬁal] values of the Rennér parametérs € and
Aparticu]arly when there is no significant mutual influence
of electronic levels, then the selection ruel is: Avk =0;2;4
where Avk=0 sequences is the strongest (Ref 8; p]58); For
strong interactions, the second-order perturbation theory will
fail, and the significance of the [VI’YZ] désignation of the
vibronic level is lost;

The most important consequence of vibronic interaction
is the Renner-Teller splitting of the SpectraT lines (Fig.
7-1b). The splitting introduces a lot of compliéations and
difficulties in analyzing the spectrum. However, the existence
of fhis splitting may be used to recognize the degeneracy of
a'given electronic state of a linear molecule even if the
rotational structure is not resolved(q3); For a given vib-

rational level [v],vz] in Il-electronic level, the total

number of splittings N& o due to Renner-Teller Effect is

i, '8
~given by:
\ (v]+1)(v2+l)‘ i f (v]+v2) is even
NV]VZ i v,+v, +1]
1 VitYy |
% B (W 4%, if (v,+v,) is odd
1 gz kY12 12

' (7-2-13)
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“where nK(V]’VZ) is given by Eq. (5-5-1).

The band system at 1250 R of C,H, has been found to be

a IHu - |§;_ transition. Thé hot Qands accompanying the
main bands’show evidence of Renner-Téller splitting.(AB)
Energy expressions for the lowést vibronic statés in the
T-electronic level can be obtained from{5-6. In Table 7-2,
we list some preliminary results for the E(Hu)¢ Q(Zg )
sy%tem of C2H2 and C2D2 using ‘thé . data provided‘by Dr.
(44)

G. Herzberg. The data given is insufficient to determine

all necessary parameters, ie,, two vibrational frequencies
and tWo Renner parameters., However, we have been able to
estimate the following values

for €,0, w, (n ) <60k k5 em™ !, e <0.1022

1

and for C,H, wy (g )~732.1 cm ', €,~0.1023

We can not verify these values, and we have no idea about the

magnitude of €, and w](ﬂu). -~ I.f we assume that €, = ¢ then

2 1’
‘ . -1 L _ -1
for €,D,, w, = 253.2 cm and for CH,» 0y = 406.8 cm
Fig. 7-1 c¢,d are constructed with the above mentioned values.
7-3 Infrared Spectroscopy*

We shall consider the vibrational transitions in

linear tetratomic molecules with doubly degenerate electronic

*%Ormulation of this section borrows a lot from M. G. Child
et all19) {hus it can be regarded as one of. the many com-
parisons between Jahn-Teller and Renner effects.
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energies

" state of the ground electronic state.

,2,

128a

and

2“2)

Table 7-2
Vibronic energies in the G(nu),eTectronic state of c,D,
Eﬁﬁ? molecules - B ”
vibronic Energies in cm Second order vubronxc
states CZDZ CZH2 energy expressions¥®
. 0 e =K A= .
10,1] = 80815.4 80916.7 |E +w]+?w2+82w2 q(e w,+e
| 2 1,2
[0,1]° A 80744 .0 E +0, +20 -~ (e%w,+3
u o 1 2 L 171
0 ..+ : h ' 2
0 = 91, . - 21
[0,1]" = 80691.9 80766.9 Eo+w]+2w2 E,0, E(E]w]+€
[1,0]7 80401.1 | 80514.35 FE +2uw, +u 1 (362w, +
_g 0 1 2 Z} 171
[0,0]J I . 80149.2 80109.7 |E +w,+w —](szw te

are measured from the Q heads to the vibrationless

% w, oand w, correspond to VS(n ) and vh( g)‘respective]y.
EO is the energy of the unperturbed [0,0] vibrational level
of the 'ﬂu state
We have interchanged the = and A designations given
by Dr. G. Henzberg becauselfrom the energy exoressnons,
8, [O 112state, should be between the two ~u[O 110 states.
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Figure 7-1 (Cont'd.)

(c)
€1 =

(d)
g] = gy = O.]022.

e, = 0.1022;

Spectrum for hyperthetic CoHy with wl(ﬂu) 2

Spectrum for hyperthetic CyD, with wl(wu)

]

406.8 cm™1, wz(ﬂg)

253.2 cm™ 1, wg(ﬂg)

i
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732.1 cm'l,

604 .45 cm™ !,

(C) C2H2
_lg b Eg‘,‘lb [\,.z ISOT
(6 - oy Gel § \ |
- 5 ] - L s
| S i e T e I N
e ; vf//l\\\\ /M///L\\\\ . "? l k“{' /;T\\
g 3 il ; 1 [ 1 i ot § P |
. SE——. s — 1 f — S |
1L 1] NESN | S  RRE ] N
F e sl oo g ’
B T B (64 5 P \;
5 : } //‘% \I'/L\ /\ .,’f” g Ip
! \\/’ ’ \i_// T \i e '\‘.\F
| i | i i i
K ! ¥ A i s J i
U (.\JZ EO,O]I [0/1]2 B O}l fl,‘)]! FQ,'JIL f_l"l)l ) 7 [E,ﬂl LO,'Z]a fb,'é]l
| | | E r s &0
e |
(d) CoDy j\\
e
| E
| i
| g 4 ! [
e ’ 1 e BWre it
SV | RTSRNN  | E | B
| | I | |
.L\r ‘:E \\\{/ L’*»,.jf/
o]" o a1 Bo1°
(10] g

2821



129

' + : '
state (e.g. C,H, ; where ground state is 2H; Ref 8, p518)

We may write the vibronic wave functions as (Tab]e'5¢7):
oy ) ().

YJ(K,VI,VZ) = ]+><I>j (K,/],v )+ l~>® (K;v ],vz)A

(7- 3-1)

.where 14> and 1-> are the electronlc wave functions w (r ,0)

The transition moments between the states

Y, , (K'sv, ' v, ")« ¥ (K;v ) aré.givén by

j 1 ,V2 jVe Yy

which may be written as
Mglj = [§§T) @}'X]r<+lmé|+> <+ | Ol ->
<_IM0|+>\ <=M |
) (7‘3“3')
where <A']MO]A> are electronic integrals and are functions

of vibrational coordinates. Expanding <A']MG}A> in power -

series of q,» we have

<A M AT>= fA']MOJA'> +

)
_po tE L A <AVIM AT ol

=t Yk a Qf
(7-3-4)

The symmétry propértiés of both sides must be idéntical.

Hénce to the first-order in the vibraitonal .coordinates, thé

electronic matrices in Eq. (7-3-3') for any linéar tetratanic

molecules are found to be:
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0 -
(1) (2) (1) + (2)
TR Wy et Ty Ty Aty Ay,
+
- (1) 3. (2) .
o ytay T a, o (72305)
— (1) (2)
I g, +h q 0
1
and [M_A,A] _ 1 i+ 2 v
(1)  (2) (1) (2)
. m2 q]_+m2 q2_ hl q]++h] q2+i
whére‘hfké are dipole moment derivatives:
9
(k) - 3 '
Z e < AM > °
LI L oo (7-3-6)
+ .
<~ (k) - 3 '
m = o <MM Ao
2 3 dk+ et
I n Qwh symmetry group, the reducible representations of dipole
 moment operator [ belong tos ¥ and Hu' The u symmetry of the
' u

operator M does not permit qz(Hg) vibrational coordinates to

occur linearly in Eq. {(7-3-4).

i.e."h$%§=0'

Putting Eq's. (7-3-5) into (7-3-3'), the matrix

elements to be evaluated are of the following types

- - + '»‘
Sk(j|:j) Z{ o » ¢ )‘
),
|

0 . AU+ o]

~

(
J
(-
j

(+)

) ()
=< @jl (k',VJI9V2I)lqk+I ¢,

j (K;v],v2)>
() (o v ooy (-) (.
+<©j, (K‘,vl',vz')]qk+|®j (K,v],v2)>

(7-3-7a)



- 131

p o,
- -3-7b
;<®§+)(K',v]',v2',)lqk_l§§ )(K,v],v2)> (7-3 7, )
iy o (+) ()07 ' 3
Sk(J J) IACI)JI ’Q)J ' } qk“ 0 {@J{"’)l
0 (-)
<®(T)(Kls ]"Vz'),qk ’Q( )(K,V],V2)>
+< ¢( )(K',vl',vz')qu |®( )(K,v],v2)> (7-3-7¢)
. (+) 4 ()7 e ()
and  tj (] J)-[cbj,@j,ljiio 01‘%@{)’
L9k 00105 (7-3-7d)

Since c (¢) @gi)(K;v ,v,)=ei(K+])¢®(4)(K,v ,V,,) and
oo J 1272 1’272
+i¢ ,

Clay, = e ay, - (7-3-8)
the selection rules for K in the integrals Sk » tp, s:, and
t:, are: .. .. (AK = K' = K)

. Sy -
s Gtid, £ (i) AK = 1
s (G1d), t (Grg): Ak = -] (7-3-9)
Thus we have
Mjlj =M &.,. (p & C molecules)
o o Jj'j . oh =Y
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_S%ﬁk) sk(j'j) +'hék) tk(jlj), (k=1) _(th molecules)
witdo_
+ . :
» k Sy : N
1 kil,z [Ihf ! s (Gri) o+ hék) £ (i)} -
(c molecules)
wy
R .
. 'ﬁ] *k(j'i) +rh§k) t;(jlj), (k=1) (D ] molecules)
W' oo e

k=1,2 molecules)

(k) *, .., . (k) *,.,. :
z ['h] s (J'3) + Ty e () Jﬂ,
(e, |
(7-3-10)
From Eq. (7-3-10a), we see that, Mo'wi]l not produce a vib-
ronic infrared spectrum in the bending vibrations, because
‘the final j'-vibronic state can not be different from the
initial j-state. (However, there are vibrational transitions

(o+) for C

. . +
in the stretching modes v, (o ), v
i : 3 oy

2(0 +) and v

+ . .
molecules; or V3(0u) for Doo molecules which are of no interest

h

to us).
* We are mainly concerned with perpendicular transitions
in symmetrical linear tetratanic molecules. The ground vib-

ronic state is either

—;22;00>+€21—;00;22>} . or

R=+1  ¥(1;00)=1+;00;00>+/7 | ¢ |
T

K=-1 W(—1;00)=1—;00;00>fJ2f%e]l+;2§;00>+52[+;oo;2§>%
4 (45)

(They may be split by the rotation-vibrational interaction

b

K type doubling).!t will be sufficient to study transitions

from only one of the two components, ¥(1;00) for instance:


http:doublfnp).lt
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for every transition from T(T;OO); there corréSponds one ofl
équal energy and intensity from ?(41;00). Fjgs; 7-3

présent some synthetic infraréd Spéctra for I'ace’tylen-e' typé
"molecules (at low temperaturé) for various values of Renner

parameters €, and €y In each diagram the excitation energy

is given in cm ', the vertical scale is the calculated order
of the oscillator strength: log Té+0 where Té+o is given by
Eq. (7-1-6). The appearance of such spectra will clearly

depend on the choice of the relevant molecular constants. We

have used the following values:

1 |

©,=500.0 cm ©,=600.0 cm
\n](k)all(/z ] hgk)a;/z - 10 8cn, (o oy
Py )
e . e

For polyatomic molecules, the harmonic o;ci]later
selection rules re;trict the t%ansitions to those in which
one quantum of vibrational energy is invloved. Thus, when
the initial state belongs to v]=0, v2=0 level (denoted by
[0,0]), the only level it can reach is that v]u] and v2=0,
ife. [1,0]. Therefore the harmonically unallowed transitions
[l,2]+[0;0] and [3,0]#[0;0] in Fig. 7-3 are inducéd by vib-
ronic interaction: Sﬁch intéractions are of sécond ordér énd
thus these transitions are rathér weak in comparison with the

fundamental band [1,0]<[0,0]. As many transitions induced by

vibronic interaction can also be induced by anharmonicities,
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.one may distinguish a wéak viBrohic intéraction from the
anharmonic intéractions by'the"Rénnér—Tél]ér splitting'
which is a first-order efféct. ln'absencé of vibronic intér-
action, i.e. when the Renner paraméfers are nég]igib]y small,
the transition [],O]+[O;O] should consist of only oné band.
When the vibronic interaction is in effect, it is expected
that the line will split into thrée corré;ppnding to the
thiree Renner-Teller components: Z+; Z°, and A. However, it
is interesting to noté that if the 3 component (which is
assumed to be the lower in energy of the two component) is
very much weaker in inténsity thén Z" (which is thé higher
energy one). As the value of the Renner parameters increases,
the splittings between components of the same [v]vz] level

increase and more and more lines will show up.



Summary

In thfs work; wé are cdncérned with the dynamical
prob]ém of vibrational e]ectroni; intéraction in linear mole-
cules;

We have reviewed the theoretical backgroﬁnd and thé
relation between various formulations in solving thé dynamical
problem. We have proposéd a multipole éXpansion méthod for
the derivation of the necessary pért;rbation térms; The
bending force constants, anharmonicities and Rennér parameters
are shown to arisé from thé samé vibronic phénoménon and appear
in a single representative Hamiltonian function. . We have
followed Renner's Adiabatic Formulation in the calculation of
the second-order vibronic energiés for linear triatomic mole~
cules, but have used a different mathematical technique which
gives rather naturally the definition of the vibronic angular
momentum. We point out the difficulty in using the Adiébatit
Formulation when the problem involves two or more bending
vibrations: The Harmonic Formulétion is consulted and vib-
ronic energies corréct to sécond*order are obtainéd for linear
tetratomic molecules; The perturbation theory used is called
the 'modified Van Vleck degenerate pertﬁrbation method' and we
introdﬁcéd the first-and sécond~order 'interaction diagram's

as an aid to understand this theory. The method produces the

135
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‘same results as does thé‘COmmdnly.used Schroédinger pértur—
bation,théory: As thé numbér of interacting bénding vib-
rations increasés; the Van Vléck pertﬁrbation matricés becomé
sizablé and complicated, Thé sizé and form of thé matrices
can be représénted by the first-order intéraction diagram.

The topological aspect of thé diagrams may be of interest to
mafhematicians. Finally we présént-some predictéd Spéctra for
aceétylene-like molecules. Hopefully, these predictions will
aid the experimentalists 1n unravelling the observed spectral

lines of linear tetratomic molecules which exhibit a Renner

gffect.



APPENDIX A

Linear Point Group

A-1 Character Table for D_, Synmetry Group, (for C,, no g and u

designations).

o - 1 3 - B
Ty | E 260 o, E"1 280..... C, 1ol TP
z; 1o | 1 1 x24y2 72
Zg 1 1 -1 ] 1 -1 ] RZ
Hg 2 2coso 0 2 -2cosd 0 2¢c0sd (Rx’Ry) (xz,yz)
B, 2 2cos2¢ 0 2 2cos2¢ O 2c0520 (x2-y?,xy)
@q 2 20053§ 0 2 -2cos3d 0 2¢c0s39
Fg 2 2coshe O 2  2coshe O 2cosho
Hg 2 2cosbho 0 2 -2coshbd 0 2cos59
Ig 2 2cosbd 0 2  2cosbd 0 2c0s60
Jg 2 2cos7® 0 2 -2cos79¢ 0 2cos7o
+ ’
Zu 1 ] 1 —? -1 -1 1 12
3 1 -1 -1 - ] ]
u
it 2 2cosd 0 -2 2cos® 0 2cos® (1_,7)
u i Xy
Au 2 2co0s2d 0 -2 =~2c0s2d 0 2co0s20
@u 2 2cos3®d 0 -2 2cos3® O 2cos30
!
A-2 Power of g-representation: [r(])]p

p/2 or (p-1)/2
[r(NIP = 3
n=0

()P = (P) 1 (p-2n)
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where (E) = Binormial coefficients = ETY%iHTT* and T(0) = E—(Z + 3 ).
+ -
For example: nt =T + A + 3(2 + 3 )

ooV’ (<3}

A-3 Multiplication Table for Dmh’ C D

r(x) . 5 T A K r H
g Al

= 5 x %

r(1) 1 i i 0l

r(2) A A A m,6 T (x],T

r(s) o ) ) AT I,H s 1571,1

r(4) T T T o, H ALl 1, sTET1LK

T(5) H H H T 1 0, A, K mL o z[zTILM

N.B. [ ] antisymmetric product

gXxg=g, uxu=g, uxg=u,

A-L  Table: HNumber of Vibrations in Linear Polyatomic Molecules

Number of Vibrations (t)
Species of | Triatomic | Tetratomic Pentatomic | Hexatomic
Point Group | vibrations (N=3) (N=14) (N=5) (N=6)
5T 1 2 2 3
g
| z: ] ] 2 2
D
h 1 ] ] 2 2
1 1 1 2
g
gt 2 3 L 5
Coo
v II t=1 t=2 t=3 t=l




A-5 Lowering of Symmetry:

Correlations of Symmetry Representations

‘ Z-Z Z57
Pah | C2v  Con
I { B,+B, 2B
u ) g { 1 2 u ) g
A ‘ Aj+A,  2A
u,g | 1m0 u,g
B | Bi+B, 2B,

oV

A AN
AVHAN

AI+AII




APPENDIX B
Transformation Matrices for Doub]y—Dégenerate Perturbation Matrices
Suppose |¢3> and |y5> are two degenerate states of the "unper-
turbed'" Hamiltonian H®. The representatioﬁ of the perturbation H' in

the basis {w??wg} is given by

HY > [H!.] = (B-1)
1) .
N Hor Moo

where H;j = <w?!H‘|¢?>. The perturbation equation can then be written

[}

in a matrix form:

0 1,0
¥1 Hyp Hip) i
H! o= ' (B~2)
o o
V2| Hyp Haol [V
On the left-hand side H' acts as operator. If we can find a transform

matrix S, such that

Hip Hio Mo 0
87 8= 1 | (8-3)
Hyy M, 0 %
then we can construct new basis {y;,V¥,} by
. -
¥l Uy
= 8! , (8' = transpose of §) (B-4)
o
Vo Vo |

" so that the operator H' acting on ¥, and ¥, gives eigen-equations denoted

by V] MAl_ 07

H (B-5)

i

21 B I 18
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Equation (B-3) will determine Ay, A, and the $-matrix.
case_(a) |
Hi1 = Hjo; Hi; = Hél(comple§)
In this case, it implies that w?“ = 9. By hermiticity of the
Hamiltonian (the perturbation), it can be proved that Hil = Héz = real
quantity.

We can define R and n by
Hyp = [Hyple !0 = Re 21 (B-6)

Thus the répresentation'of H' in the basis {w?,wg} will be denoted by

Hy  ReT2IT ,
[H;j] = ' (B-7)
Re+2|n Hil
The matrix [H;j] is hermitian. It can be diagonalized by a
unitary transformation:
Al 0
U+[H;j]u = | (B-8)
0 Ao

The most general 2x2 unitary matrix is given by

de” 1@ —ce'b“

U = _L (8—9)
V2 -ib -ia
ce de

where a, b, c and d are real. The U matrix will satisfy the following

unitary properties:

- de”'®  ce b
TR NERTRSTI | _ (B-102)
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; Uij sz =8, (B-10b)
J - .
det U = det U+ = det U7} = +] ' (B—]Oc)v

By Equatidns’(B—]Ob) or (B-10c), we have
d? + ¢? = 2 : (B-11)

Then by Equations (B-8), (B-7), (B-9) and (B-10a), we obtain

-ia ib7

de ce Hil Re—z'w

de'® —ce'P AL O

1
2 “ib | ia

-ce de i>_F

+21 ] t
e

Hll. B LFQ

‘Equating the corresponding matrix elements on both sides, we have

0= R[dze—i(2n+za) - czei(2n+2b)] . (B-12a)
0 = R[d2e+2i(n+a) ~ 026—21(n+b)] ‘ (B-12b)
A1 = Hy; + cdRcos(2n+a+b) (B-12c)
Ao = Hyp - cdRcos(2nt+a+h) , (B-12d)

Equations (B-12a) and (B-12b) will be satisfied if we put

a=b=-n (B-13a)

42 = 2 = | (B-13b)
Equation (B-13b) and Equation (B-11) give c¢,d = 41 or -1
cd = +1 or cd = -] (B-13¢)

It is free to choose c¢d = +1 so that ¢ = d = +1. Then Equations (B-12¢)

and (B-12d) give

1
=
—
—
+
-

Ay =
(B-14)
Ay = Hip - R
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Substituting Equation (B-13) into Equation (B-9), we obtain

-1 -inl
g - 1

The phase factor ¢ (= #1) does not have any physical significance. Thus

we can set ¢ = +1. The transpose of U'is

- in
& W eIT]

ur = L (B-15)
V2 in in
e e B

Thus the new basis functions are given by

1] ¥ "' ™S + e'Myg ‘
= - (B-16)
V2 o S LN e' ™3 |
When w?,z = ukeilxe, then
‘wl‘ BV5'UACOSX(G*H/A)
_ (B-17)
Vo i/i.uxsink(e-n/K)

Case (b)
Hyi # Hpp, Hip = Hyp (real)
The matrix [H;j] is real and symmetric; thus it can be diagonalized

by an orthogonal transformation. The '"proper'' orthogonal matrix S is:

sing -cosa .
S = (B-18a)
cosa sino

whose determinant is +1. The transpose of $ is:



-1 l‘sinu cosu]
g = §71 = ,

-cosa sina

To satisfy Equation (B-3), it is found that

2H1,
tanZ2a = ——
1
Hoo - Hig
or
Héz B Hil y 1
coso = J-{] + - - AT.}é
V2 V(H3o - Hip)? + 4HiZ
] Hzo - H1y 5
sina = — {} - - 1
/E— /(Héz - Hi])‘Z + I-in%
and
Hip + Hao
A; = H]] + Hjycosa = —————— 4 Hj,cos2a
9
Hbyo + HI H, Hy
29 F 11 22 T 11 1
= [ () 2 Hi%]é
5 2
' ' Hyp + HI3 .
Ao = Hyys - Hypcosa = ——————— - Hjscos2a
2
Bis + By H, [
22 11 g2 ~ Bii P
o s | [s———" e 2 351
2 9
Case (c)

Hip = Hyp, Hyp = Hyy (real)

The results are:

1
V2. V2

-
N
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(B-18b)

(B-19a)

(B-19b)

(B-19¢)

(B-20a)

(B-20b)

(B-21)
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Hip + Hip O IS EY :
"s'l[H'i'j]S = : = (B-22)
10 Hyp - Hp 0 Xy
and ' . 0 ' o] 07
. , V1 200 Y1+ Pp
= g =L ' (B-23)
1 o J7 ,



APPENDIX C
, (38,39,40)

“Van Vleck's Degenerate Perturbation Methoc

Suppose the unperturbed Schréedinger Equation is represented by

o,0 _ .0 0 P m _
Hog,, = E b (r =1, 2,( ..... dn) (c-1)

and the perturbed system is given by

(H® + Vi)y = Ey : ' (c-2)

(ho)

The basic features in the Van Vleck's treatment are:
-(a) it depends on the degenerate b]ock; say n; in which we are interested;
(b) it eliminates the first-order coupling betwéén n and nL, n'', etc.,
blocks due to the pertﬁrbation v,
(c) it preserves orthonormality through third-order;
(d) the identity of the initial states is preserved until the final
diagonalizat}on; and
(e) the ene?gies obtained are correct through third-order.

In ordinary first-order perturbation thebry, one uses wsr as basis
functions, but‘in Van Vleck's theory, one uses the Van Vleck's basis

functions denoted by

(1) (2)
nr t Ve Yt ¥y

b= 0 (c-3)

nr

(1)

The first-order correction wnr is determined by the condition (b)),
that

o
<¢n,g,|H + VY,
vanish in first-order for all Iwn'r‘> states which are outside the n-block
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~and are orthogonal to Vo Thus

d
: n
_ ,0 _ o (1) 0 : . : -
wn'j"“ ¢n'j‘ ri] Iwnr><wnf Iwn'j'> + h|gh§r order (c-4)
and thus
c 100 - ) ol g sy — 0 (c-5)
ntjrite nr’ e - nr
‘ (n _ o ’ i
Let o, = b g ;n'j'3nr (C-6a)
n'r '
then Equation (C-5) gives the interaction coefficients:
o o
<oV e
C,., ~=--—nJd 0F (c-6b)
n'jt,nr o o
E’,., - E
n'j nr
The Cnrl nr (n' = n) are left undetermined but can bé set equal to zero.

(2)

¢nr is added to satisfy the orthonormality condition (c) for the

n-block, i.e.,

<wnrlwnr'> =8, (within the n*b]ock> (c-7)
d .
If we let . v
(2) _ Do L )
L rlz‘q’nr' Gt ' (c-8a)

then Equations (€-3), (C-6) and (C-7) give

a,,. = - %<¢£12|¢é1)> , . (c-8b)

r'r
The energies which are correct through third-order will be obtained

by the following secular equation:

l<p JHO + v ]y o> - Es | =0 (c-9)

Using Equations (C-1), (C-6) and (C-8), the matrix-elements are given by

v
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n I N
L n' n

<1pnr|HO + V'lwnr.
o (1) (2)y,0 | 11,0 (1) (2)
- <¢nk * ¢nr wnr IH_ v IIbnr' * nr O
_ .0 0 |y:11.0
- Enrarr' lpnrlv lwnr'>
o o
IV |¢ ><¢ |Vll¢ 1>
-2 [EE'J' - 5l ?r sr' o o - é ?g
n'j| (Enljl - Enr)(Enljl - Enrl)
. 1.0’ o o)
: { nrl ‘N) |~|><¢ ' | '|1P ”"'><q)n"_]”lvllwnl">
+ X
. . . - . .0 £ o
.n|..|l n”J“ . (EnIJ'I " )( OHJII - Enr')
(o} 11,0 o] 11,0
1 oo T L e AT L Lo
R [<wnrlv llpnr“> 2 0 o o )
' , n'j' (E-,., - EC )(ES, ., -E" )
: n'j nr n'j nr
o . e} o o]
; < IV‘Jw Ve ><t ,.,lV'l¢ 0>
S ) L A0 I AR Yttt L1 L AL L L (c-10)
nr nr - o 0 o o
nJ (En'j' h Enr)(En'j' B Enr”)
1FE° =%, =€%,, 5 %, then Equation (C-10) becomes:
nr nr nr n . .
1% 1
<lPnr' v Iwnr >
_ .0 o 1.0
B Enérr' + <¢nr|v Itpnr'>
o 1,0 o
_ . <®nrtv lwn'j‘> wn j! | lwnr
Tt 0 -
n'j (EnI En)
o} e} ' o)
V! ) 1 V! >< Vi >
s | <y r‘l Ill)n|J,>(<>4) ! Im || 1 qjh”_j”l Iwnrl
n'j' n'j" (En' - En)(En” - En)
o .
) ’ <¢ lllvlllxb ><§b | ‘ |H)
_ 1/2 5 [<¢O |VI|‘1’O > 5t nr’ n J
e T N g (2, - £9)°
h n
o . e o o
N VA L R VAN R M
+ < v s 1 nr ~L LA, 1 (c-11)
nr't nr' o 0y2
1 (E E ) .



APPENDIX D
Matrix Elements in Doubly-Degenerate (Normal)
Vibration Representation

D-1 Definition of Doubly-Degenerate Normal Vibration .

(i) In number-space (N-representation), states are denoted by ]n+,n_>

.which are eigenstates of two '‘observables', N and L,;SUCh that

‘Nln_,n >z (n_+n)|n ,n> o
o oot (D-1)
L|n+,nm> = (n, - nm)]n+,n_§
and that
<n'yn'|lnon > =8, '3
+ + nin, nln_
Annihilation and creation cperators are defined by:
- for "positive' particles:
A+’n+,n_> =n, n,~l,n_>
+ _ %
Aln n > = (n +1)%|n +1,n_>
for '"'!negative' particles: : _ ‘ ‘ (D-2)
1
A”|n+,n_> = n?|n+,n_—]>
1 ‘
Afln+,n_> = (n_+1)6]n+,nmf1>
I f A+|o,0> = A_|0,0> =0 (D-3)
then 1 .
Gy EyNa N
= '2 h -
In,,n_> = (n tn_1)*(A)+(A]) " o0,0> | (D-4)
By .defining
S v Lot
N, 5 AR, and N_ = ACA
we have

N=N-+N , and L = N -N
+ =T + -
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(ii) In normal coordinate space, the state functions ¢32 satisfy the

following definitive equations;

o0 _ ply o 2 o Bla® . 2700 o £O0 i o
Hobyg = [zu(pX + py) + Luw (qx - qy)]¢v£ Sop F (v%l)Hw¢v2
(D-5)
o _ _ o _ o . _ _ _ ~
Gzcbv2 = (qxpy qypx)¢v2 = £%¢v£’ (8 = %, 2,000 V2, =v)

. ‘where qx’qy are the two orthogonal normal coordinates and px,py are their

. conjugate momenta: pi = %—%a-. v is the reduce mass of the two-~
i

dimensional oscillator and w is the angular frequency of the harmonic

vibration. The force constant is given by kb = ;2.

As we define r and ¢ by

+i . '
ret'¢ = atia, = q, : (D-6)

'thcn_Equation (D-5) becomes

0.0 e e B LEy o e 98] 4"
Hotyp(rae) = [- 5 (3r2 ke ) -~ 62 + spw?r?le  (r,¢)
= €3¢32(r,¢) = (“+1)M“¢3z(r’¢) (D-7a)
o . _Kh3 o _ o .
Gz¢vz(rsc‘b) e i a¢ thpd(r,d).) = QIM¢V£(r,¢) (D /b)
The analytical solutions for ¢32(r,¢) are(37)
o | 04 :
(r,9) =R (r) —— (D-8a)
d)\)lrl"(i) UlSLI r /2_ne

where the radial functions vai[(r) satisfy:

_HZ 32 _]__8 __52,2 1 ?2_;0 \ _ TR
[ 7 ( + ey )+ Buw?r &v]RU (r) =0 (D-8b)

5 2 2 |2

D-2 Matrix Elements in Doub]waegenetéfe Vibration Representation

The matrix elements for a function of operators P and s f(pi’qk):
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» © 2 :
et flpy,q) [v,ee = | ¢°F  F(p.,q,)¢° rdrdg (D-9)
i?2%k 2 v'! i’k v ’
r=0 ¢=0
are readily obtained by using Equations (D-1), (D-2) and (D-6) if we make

the following correspondences:

_ Lt _
dtia, = q s> a7(Ai +A); (a = ﬁ]ﬁ
-1
p,tip, = p, < ia 4(Aj - A,
L. * (D-10)
Ho e (N4+1) fw
v
‘ 6« LK
z _
and '
[¢) . iOL(\),JQ/) 5
¢v2(r{¢) B g : <r,¢]n+,n_>; (v=mn+n_s g = n+~n_) (D-11)
Therefore
1yl -ia' -ia 1 +
<v'g ]qk+|v,£> = e e T<nin! ]o A4 + A;)]n+n_>

With different choices of the phase ela, matrix elements of the

same operator will differ by a phase factor. For instance, the matrix

elements of 9y evaluated by various authors are shown in the following

table:
Table D-1 Matrix elements of q = re e
. ; . . T . . U
la=l; Longuet- e'“ne'vf; Moffitt e'aze'(v+£)§;
Higgins, Ref. 25| and Liehr, Ref. 6 | Shaffer, Ref. 37
<v+1,2+]lqk [v,2> al (v;zlz)% % -i ~L(v+ +2)%ay - —]—~-(\)~:-5&+'|)1/231/2
* /2 V2 vz
1 LY . L Y 1 LY
-1 2-&-]|q l\),ﬁ> ————— (v-2)257 i —(v-£)7%a7 —(v-2)"%3%
L /2 7] /2
i1, 2-1]q v, 2> | (v-242) %" o Llu-geai® | Lilu-m)t
V2 ‘ VZ V2
L 1 . 11 11
<v-],2~l[qk_|v,£> ](v%z)z i *%ﬂv+ﬁ)6a6 - —L(v+2)4
V2 V2 : V2
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We shall adopt the phase e'® to be unity, and define the radial
integrals by

(viet ey, e) = Rv'|£'|(r)rmvall(r)rdr (D-12)

He—03
o

r

Also, we denote the radial integrals of r, r2 and r" respectively by:

(via, 9+b | r]v,9)

q (vta, 2+b)

A(via, 24b) = (via,2+b|r2|v,2) . : (D-13)
B(\)+a,£+b) = (v+a,£~x»b]r”|'v,z) |
Thus
| | | ] %y
q (v, 24h) = (vl 048] r ] v,0) = <v+1,2+A]qk |v,85= —(v+r2+2)%a%, (A=+1)
. A e

i
I

q(v-1,2+A) (v=1,8+0]r|v,2) = <v-1,0+A]q

1 1
v 1o= -/L_(v-m,)'fa”z (D-14)
2

The integrals A(vig,2+h) and B(vta,%4h) are listed in Tables D-2 to D-5.

, ‘ , s L
Table D-2 Matrix elements of qi+ = P2t 5 in = plhet 40 (A = +1).
1 . 1
<v+2,£+2hlqi]v,2>= %(v+AQ+2)é(v+AZ+4)éa = (v+2,2+2A|r2|v,2) = A(v-2,8+21)

1 1
<v,2+2A]qﬁ]v,2>= (virg+2) B (v-n2)%a = (v,0424]r2|v,2) = Alv,2+21)

1 1
<v-2,8+20]g?|v, 8 = %(v-02-2)2(v-02)%a = (v-2,0420]r?]v,2) = A(v-2,2+21)
A

Table D-3 Matrix elements of qEA = plig 189 (A = £1).

1

X

Y 1 % % % 2
<v+h,2+hAlqkA]v,£>'= porng+2) 2 (vrnnth) * (vian+6) ™ (v+10+8) “a?

= B(v+h, 9+b0)
1 1 1 1
<V+2,£+4Alq£Alv,l> = (vhAL+2) E(wkhg+h) E(vtng+6) 2(v-N1) a2

= B(v+2, 2+4A)

1 1 ‘1 1
<v,£+hA]qEA[v,2> = %(v+A£+2)é(v+A2+h)6(v~A2-2)é(v~A£)éa2
= B(v+0,2+44)
: Y,

1 1 1
<v~2,2+4A]qEA]v,2> = (vih2+2) F(v-n2-4) 2 (v-n2-2) Z(v-ng) %a

= B(v-2,2+hn)
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<ok, ahi gl [v,05 = Ho-12-6)% (v-n-8)E(v-12-2) % (v-11) %a?

= B(v-4,0+knp)

Table D-4 Matrix elements of r“.

1 1

%{v+z+2)%(v—£+2)4(v+z+4)%(v—z+h)4a2 = B(v+h,g+0)

Hi

<v+4,2lr”|v,£>

1 1
(vt2+2) E(v-242) E(v+2) a2 = B(v+2,4+0)

]

<2, 8] rt] v, e

<wv,2|rtlv, 8> = %{3(Q+])2 + 1 - 22]a2 = B(v+0, 2+0)

4 % %52 ‘ :
<v=2,8]r4 v, 8> = (ve)#(v-2)%va? = B(v-2,2+0)

1
2.2

£4v+z)%(v-z)%(v+z—2)%(v-z—z) a? = B(v-h,2+0)

i

<v-h, o )r)v, 0>

Table D~5 Matrix elements of r?qﬁA = r”e21A¢.

1

. ' 7 1 1 1
<v+h,z+2A]r2q§A!v,z> %(v+£+2)6(v+A£+4)6(v+A2+6)é(v~2+2)6a2
"= B(vth,2+24)
242 ! ] % 2
<v+2,2+2A|r~qkA]v,2> = §(v+Az+2) (viag+l) 2[2(v1) = (ag-1)1a
= B(v+2,2+24)

1 1 !
(viAL+2) 2 (v-12) B(v+1) a2 = B(v,2+2A)

ojw

<v,£+2A]r2qEA]v,z> =

%{v“Ai)%(v—Az-Z)%[z(v+]) + (Ag-1)a2

I

‘<v-2;2+2A[r2inlv,z>

= B(v-2,2+21)

]

) 1 ) 1 1
<v-h 2421 r2q?, v, 0> £<V-z)f<v-Ag-z>f(v-Az-u)4<v+g)éa2

= B(v-k,2+21)



mined by the following matrix equation:

In the diagonal matrix diag\hl,%2, %% An), we

the A's in
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Ve define

A(n)=

The orthogonal transformation matrices
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The results aregiven in Table B-1.

Table -1

e i e

n

!
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B(1)=0
[a, &
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o a
o o, o
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T
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L
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APPENDIX - F

‘Schrdedinger Degenerate Perturbation Theory

' . e . .
We denote the column matrices ¢ (Kjvp,v,), ®K”PK(Vi’Ué;U1’V2)’

H(K;vy,v,) and [HK] by :
(a) ©(K;ug,v0) = | 162,65, en. s ey82]]7 (F-1)

where T designates the transpose of the matrix, and ¢? are the eigen

functions of the unperturbed Hamiltonian HO

o Oy (r) (r (r
¢ = ¢>r(K;U1,V2) = |0 v, );\;2,2.2 )>
b) i Lo T g o T A
( ) :{S X - ‘E ce e B {_.K)-\.).I\;}‘) , P ’\”;5“}-, u._._ev,‘r.)) 5 @(;'\;U‘ﬂl,lx_:)) b (;;,-x/’,qu’p;:'.,,‘.%)) ,73
~

(F—z)

which is a canonical column matrix having infinitive number of elements.

(c) The finite matrices IP (ui,u';vl,vz) collect all interaction integrals

K 2

o o . i
<¢r,(K;u{,vé)1H‘[¢r(K;U1,U2)> with given K, Ui’ Ué and VsV,

. . Y ey | {1
o) o ma® o . s 4 7 - N APPSR AR - Pl A" | L b2 n “.( Tt \ Ji
“i\K‘“fV; >LG,V;3 =S *jr'(‘“? Ve )]} l fk(f L )/ ; - 1/2/' ,VLZ(VL;U~)I§

(d) The finite matrices H(K;u,,v,) are the representation of the
Hamiltonian, (H® + H') in the basis M€,¢§,...,¢2(K;u1v2)} within the level

K .
[Vl ,U2] s h.e.y,

: ) o ) . - U ) i
oy | - LT - I T PR A ¥ ¥ o ,!
“{ (’\' '\")u"‘ \ o 'I{ < (i)f‘ (i-() v . \]‘\i \H\ o \'1 l \i," (\:‘ : L:’, LL'. >/\ y (=2 =1, /h),' o nf &Y ;\'74-‘—) I‘I
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(e)

the following canonical
py

«

The representation
perturbation matrix:

[H,] - i :
K Wk, v, u,) P (0505 5 Uy 03 12) oo IR L,0,5 4 /

M (A;'Lé; Yy 2 e Pelo,

P (v, 02t 0, u5)
B o R T :
;}PK (U, t z“,if'})‘ Ul )i»‘;) ///\ (412U, G, 20 e il // v, 1

Y 7 ®)

N

When the perturbation H' is
H' = fr%c052(6~¢1) + fzr%COSZ(O"Qf)z)

the submatrices of [HK], i.e., H(K;v;,vp) and PK(uivé;ulvz) have the

following forms (e.g., Fig. F-1):
e o) o o o) o
Kivqy,us): e
¢r( 3 1 2) ¢1 ¢)2 ¢3 ¢n_] d)n
O ((.1 0
Vi, V2
.0
a & coa
, 1 C vi,Vs 2
IH(K'UI U2) = 0 ay ”'.'0
. ’ ’ Vi,Vo
.0
X a
b Vi,Vy n—l
a ‘3,,:0
\ n-1 Vi,Vs b

ar(K;vl,vZ) = <¢$(K;v1,v2)|H'|¢ou

where a_ =
r r

](K;vl,v2)>.

e ’ e a8 i 1450 iy o
The off-diagonal submgtllcesIPK(ley,klvz) are

(a)

[ [ N -
when v) = Vv, v, =V, 2, we have

of H° + H' in the basis of (F-2) is denoted by

+i50,) /;.‘7" (9,8, ;4r 2, g ri)...

5 iR i I i e 8 ) e B A
vty deauy e (u, U 12,0 +2,0,#.9)

, , ) -—" v i T 4
2,8, ) /(‘,,\v((«, +a,Uy50 42, ).

/P/’\' (U’ 1.7, zf.J_ i j')‘ U“(,') //’,\, Cop i, nt 2] i,V +2)0" “/’/‘,\,(.:; AT A0 ) ,/////\’; Wotd, Yot &) s

(F-6)

(i)

(F-7)




(H

K=2

[2.3

X1 0
X1
0

0
ay

Qo
as

as

nical
= odd.) Cano :
2, vy = even, Vp = O ]
L (2.1 N
i F-l. o _
.. -5 -21) (+01) (
St o (+01) (-03)..... (+2T) (
. (+01) (+01) (-03) (+0 : - o
(A% 22) \T | |
VI r B
| L X1
| ¢
.
! X1 a
| A a
! ‘s
a
: \\\ 0
5 \ )
X2
a2
0 .
an
X1
] —_
0 X9
0
: )
0 L
O
X1
0 .
-
X2 ,

I i Of [
Y rpatio
e L

]

01) (-03) (+73) ) (+27) (-

X3

X2

ay

X2

[io?3<—o3)(+§3)(-ié>

Xl 0 :
0 X2
X1
0
0 X3
xy, O
0 X5

64l



160

~
0 X1
. . X2 0 ’
‘PK<V1,U2—2;V1’V2) = (F’3a)
0 X3 )
Xy 0 R
\ . .“Q
Ve
where X, = xz(uivé;ul,vz) is the only non-zero element in the ch row of
theiPK(vivé;ul,vz) matrix.
(b) When vl = v,-2, v} = v,, we have : .
0 X1 '
IPK(U1—23V2;U1’U2) = 0 X2 (F—3b)
X3 0
(e) P (vl uhsug,0,) = 0 unless (i) vi = vy; and v} = V,2
4 (F=3c)
or (i1) v} = vy#2, and vh = v,
We notice that
-
P (vl vhsug,v,) = [P (vy,up501,05) 10 (F-8)
thus T ,
IPK(Vi’Ué;Ul’V2> -PK(vi,vé;ul,uz) = x2 , (F-9)
P
%5
~ X2
m

N

where m is the smaller value of nK(Ul,v?) and né(ui,vé).

The energies correct to first-order are obtained by diagonalization

)(16)

of the first-order perturbation matrices iH(K;vjvy s v

$(K;uq,vn) T1eH (K vp,v,) S (K;vy,V5) =§ + &(')(K;vl,vz) (F-10)

The orthogonal transformation matrices $(K;vy,v,) and the first-
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1

" i ¥ " .
order correction matrices (. (K;v;p,v,) have been tabulated in Appendix
E in terms of $(n)

The 'correct zeroth-order' wave functions are obtained by

T o,
YO (K3 ,v,) = $(K3up,uy) 00 (Ksup,vs) (F-11)
or more explicitly, by
- o ~ r~ ) ) w _ ~
7 (Kjvup,up) S11 Sppeeeeennn B 65 (Ksu1,v5)
Wg(K;Ul,Uz) 512 522 ........ Snz ¢S(K;U1,U2)
iy =1 5 (F-12)
WJ(K;UI’U?_) ‘ ¢r(K;V1,U2)
B A . . &,
Wn(K,Ul,Uz) - on N Snn @n(K,Ul,Uz)
N\ P N P '~ P
T ' th Rils v of
where sz = [$(K;v1,vz)]2j is the & -row-and-j -column element of the

transformation matrix S(K;vy,v,).

To obtain the second-order energy corrections, one constructs the

following canonical transformation matrices

-

[s,) = | "

S(K;Ul,Uz)

0

~

0

$(K;vy,v,+2)

(5),

S(K;v +2,v,)

0

0

$(Kyup+2,vpt2)

b

(F-13)

Then the correct zeroth-order wave functions are contained in the column

v ;
matrix @K’ obtained by



= 18,37

o
K K

In the basis of (F 1

by [HK] (e.g., Fig.

.@K

162

o ' | | (F-14)

4), the Hamiltonian H = HO &+ H' will be represented

F-2)8

SR,
[t =[5, 1 - [H 1 [S,]

K
”.;‘ . ':.(n) e
cdpo T 6 Kuuu) P (v,uy5 0,6, +2) 0
;0 OE 2
= 'igj)'z("),; V25U, dy) (:'yl/l;b‘, vt ¢ (K 0,0, 2) ‘//-/)\" (""u byt 4, U+ 4). . il
3, & Y )
' . -y ¥ P . ,
0 lpi (u/l g b 45 Ehy 8y a) & b,y v + & (/‘./' Golrd > ‘
whereiPk(uivé;vlvz) = S(K;ul,uz)‘l-PK(vi,u!;vl,uz)'S(K;vl,vz). (F-16)

Thus the energies correct to first-order are given by the diagonal

matrices:

» O

¢ +&

ViVy

The second energy c

K

then the second-ord

fﬂj(z)(K;Ul,Uz) = = b %

If we define that

Ksvi,vo).

orrections are determined by the off-diagonal matrices

(16)

er energy correct is given by ;

l<‘y3)| (K>Ui ,Ué) IHI [\y‘(j)(K;Ul ’U?.)>|2

] iz ¢c©O
1)2J "U

T - _© e Vg 1w, 2
w"j(U1U:’V1’U2) = ¥ '}\vj,(K,uluz)IH IYJ(K,ul,v2)>|

| Sy

; S th g ’ p i :
Ve observe that w.j is the Jt] diagonal matrix element of the matrix defined

by

1

J

Ve

(F-17)

(F-15)

IP,. Suppose the correct zeroth-order state to be perturbed is |¢j(K;v1,v2)>,

= 3 <W?(K;v1v2)[H‘]W?,(K;viué)><??,(K;uiué)[H'|W?(K;v1,v2)> (F-18)
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“”K(“i”é?vl’vz) = UPk(vivé;ulvé)]TﬁPk(viué;vlvz) (F-19)

(This can be proved by multiplication of matrices.) Substituting Equation

(F-16) into (F-19), we have ’ -

. - (o =l . . v =1 . S(K:
‘MK(yiué,vlvz) = [S(h,viué) .PK(uivé,vlvz) S(h,vivé) .PK(viué,ulvz) $(K;upvs) ]

1

(s (K;uluz)'1nPK(uiué;v1vz)T-S(K;uivé)]-[S(K;viué)"lﬂPK(viv!u v, )e

2¥1 %
J
L\*“”““'“"“\/meﬂ~”” $ (K;vqvy) ]
11
I
-1 . N T
= S(K;vy,Vs) 1~PK(vivé;u1,v2) nPK(uivé;ulvz)»S(K;vl,vz)
| ———
Y
2
[xG8y,]
= Hogtujugsv,vg)s, sy || e
Therefore
- 2 (vstigt . 2 ) =
Vli —-i xﬁ(vlvz,ulvz)szj v ‘ (F-21)
and hence Equation (F-17) becomes
W, . (vivliu,v,) x2(vlv!sviv,)
. ¢ Whks $¥yVa Vg a¥y¥a
<§§2)(K;v1,v2) = -3+ = -3 1+ .
. vivy §° - &2 g vl &2 - £

172 Cutvl - Sugu A

52, (K3v105) 4 (F-22)

) . : . K
The first-order wave functions for the Jth state in [v;,uy] " level
is given by:

= '<¥9(K;u1v2)|H']W?,(K;u{ué)>
W.(K;Ul,vz) = W.(K;Ul,vz) = E* ¥ - J -
J J viu' ! g - B2
Lylyl  Syiv
1Y2 2

'-W?(K;vivé) o (F-23)
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