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PREFACE 

In certain molecular systems, the mption of the electrons 

are strongly influenced by the vibrational motion of the nuclei. 

In particular, when this coupling between the electronic and 

nuclear motions occurs In a linear molecule, the vibronic inter

action is termed the Renner effect. 

In this thesis, \ve investIgate the con sequence of th'e 

,Renner effect on the properties of 1Inear polyatomic molecules. 

This problem has been previously considered in detail only for a 

triatomic system. The complication encountered in extending the 

study to polyatomic systems 1ies in the increase in the number of 

nuclear vibrational motions which can couple with the motion of 

the electro1i. 

Knowl~dge begins with the observation of nature and 

theoretical predictions based upon a consideration of these 

observations must then be turned again to nature and tested against 

further observation. My regret is that the final step in this 

process is not at the moment possible for the prediction contained 

In this thesis because of lack of experimental data. 

I thank Professor R. F. W. Bader very much for his constant 

persuasion, encouragement and inspiration. Appreciation is 

expressed to Dr. G. Herzberg who has kindl~ provided us with some 

preliminary spectral data of the acetylene molecule. 
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r a 
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the position vector of the 11 single11 electron; r = (p,e,z).
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the position vector of the atom a; 1 = (p ,e ,z ) or 
(x ,y ,z ); (a= A,B, ..... ,N). a a a a 

a a a 
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(b) a configuration for the molecule. 
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mass of electron. 
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1/2n Planck constant. 
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u, u(Q) 

HI 
A. 

HI 

H (A.)
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U0vibrational potential: U(Q) = (r~) + U1 (Q). 


representative vibronic perturbation in the A.-electronic level. 


representative total perturbation: HI = uI ( Q) + HI 

A. 

quadratic and quartic perturbation functions: 
(2) ( 2 ) (4) ( 4 )H rk,e-~k , H rk,e-¢k . 

representative electronic H-amiltonian in the A.-electronic 
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~A(ri;O 
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electronic wave functions; adiabatic electronic wave functions. 
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CHAPTER 

INTRODUCTION 

1-1 Interactions Within a Molecule 

11 1nteraction11 
, in most cases, is just another name for 11approximation''. 

There are, for example, rotational-vibrational (:~..l..'?.!~?tator:J interactions, 

rotational-electronic (rotonic) interactions, vibrational-electronic 

(vibroni~) interactions, configuration interactions, rotational-vibrational

electronic (rovibronic) interactions, etc. (se~ Table 1-1). In solving mole

cular SchrUedinger equations we are forced to deal with various kinds of 

interactions via approximate methods because no exact solutions are possible 

except for the simplest systems. 

To date, the universally-accepted scheme to solve the molecular 

· Schraedinger equations is that of Born and Oppenheimer(! ,z). The Hamiltonian 

of the translationless molecule is partitioned into terms of increasing power 

of K which is the fourth root of the ratio of th~ electronic mass (m) to the 

nuclear mais (M), i.e., K = (m/M)%. In so doing, we have( 3) 

(1.1.1) 


where the functions H~VK' Hv, H~K' HR, etc. can be written as 

= K 



2 

CJH -ro2 -+o K2HO( ()2 .K H (q · r ) == r ) + K3 I (~) ·~ + v -11<' a v ()~()g_k: a 
k CJg-k Qo 

CJH
() () vr3Ho ( ; Qo) + K4 I ...K 

3H~ro(_~, xr~) K VR XR' (aq-) o·~ + 
()~ ' CJx 

R k .:i.k Q 

-+ 
where S, r., q,_ and x are spin, electronic, vibrational and rotational 

I -.<. R 
-+o

coordinates respectively. r are the cartesian coordinates of nuclear 
a 

position vectors at equilibrium or of a choseri nuclear configuration Q
0

• 

In general, none of the terms in Equation (1.1.1) is completely 

solvable. Thus we have to speak of spin-orbit coup] ing, and configuration 

-+ -+o)interactions in the function H ( S,r. ;r ; anharmonic vibra.tions in e 1 a 

+o) -+o
H (q,_;r and asymmetric top rotations in H (x ;r ). When other terms are 

· v --.<.. a r~ r, a 

momentarily ignored, these three Hamiltonian functions wil 1 give the 

following equation 

->- -+o) 2 ( -+o) 4 ( +o) ( ->- -+o){H ( B,r.;r + K H q,_;r + K H x ;r -· E}\jl S,r.,q,_,x.;r == 0 
e 1 a v -.<. a r< k. a . 1 -.<. P.. a 

(1.1.2)(4)
whose solutions wi 11 be in a product form : 

(1.1.3) 

1 1 
When H and H are taken into account, the product solution

eVr( vr: 

(1.1.3) will be no longer valid. H
I 

, which contains inseparable vibrational 
VI<: 

and rotational coordinntes, vJill'''couple" the vibrational motion with the 

rotational motion and thus affect the last 'two factors of Equation (1.1.3). 
I 

The term H , which contains terms involving inseparable electronic
evR . 

vibrational, electronic-rotational as well as electronic-vibrational



---
--

-- --

----

2a 

TABLE 1-1 


Examples of Interactions in Molecular Systems 

H
Angular momentum coupling and coordinate coupling can be represented 

1by the 11 cosine rule 11 
, = a{3·y where the coefficient a is a constant 

of proportionality. In angular momentum coupling both B and y are 
angular momentum operators. In coordinate coupling, they are functions · 
of coordinate vectors. For symbols, see the 11 1ist of symbols and notations 11 .T 

Perturbations HI = a~·y ReferencesEffects Systems 
-

HI = t;L sSp i·n-orb it Linear molecules E. Hi 11 and J. H. z z Van Vleck, Phys. 
Rev. 32_, 250 (1928). 

interaction 

Condon and Short I ey, 
Zeeman effect 
Nuclear Atoms HI = y!·S 

11The Theory of 
Atomic Spectra11 

p. 421-7. 
- ·---·-· 

N. F. Ramsey, Phy 5.Nuclear spin- Nuciear spin states HI = I J .. l.·I. Rev. 2_!_, 303, (19.53) .spin coup 1 ing N.H.R. i j lj I J 

p-type Diatomic molecules R. s. Mu 11 i ken, 
doubling ( sp i ;1 

li' = yJ·S 
Hund 1 s case (b) Rev. Mod. Phys. 2-doub 1i ng) 60 (1930). 

. 
H' -2B[J+L- + J- L+]A-type J. H. Van Vleck, 

doubling 
Diatomic molecule = 

2 ?Rev. Mod. Phys. _::!_> 

213 (1951). 
1inear molecule 

-·· " ·------ 

Q-type Diatomic, Hund's H' = -2BJ· (L + S) G. Herzberg, •'spectra 
doubling case (c) of Diatomic Malec u1e'' 

p. 229, D. Van 
Nostrand, Inc. 

H' = -B(J+P- + J-P+)' K-type Linear molecules J. w. c. Johns, J 
doubling in degenerate Mol. Spect. 15' 

vibronic state, 473 (1965). 
i.e., IKl > 0 

-
+ + - H' = ~Ill. [ ( J - L ) ( J - L ) j-type .lahn-Te 11 er M. s. Chi 1d, Mol. 

doubling molecules Phys. i· 391 (1962) . 
·----· 

+ (J--L-) (J+-L+)) 
-



-- ---

2b 
TABLE 1-1 (continued) 

Effects Systems Pe·r turbat ions H' = af)·y References 

J·G· 
Axi a.lly symmetric£-type H' = -r I I H. H. Nielsen, 

doubling molecules in i=x,y,z L.e Phys. Rev. 75,
I I 1961 ( 1949)-. 

state 
degenerate vi b. 

-

P-type Linear molecules H' = A(L S + L S ) J. T. Hougen, J.X X y y 2r,doubling vibronic Chern. Phys. l§_, 519,-

levels, Hund's - 28 W·J (1962). 
case (c) 

r------
1Coulomb Atoms H' = l: - 

interactions molecules i ,j r .. 
IJ 

Vibrational T. Oka, J. Chem. 
£-type 

Axially symmetric H' = anharmonic terms 
molecules in Phys. 47, 5410H' = kS tt I ( qt +q ~- (1967)-. 
vibrational states 

doubling degenerate 

+ q_q~) ·qs/2 
- -

Jahn-Teller J. T. Hougen, J. 
splitting 

Symmet rica 1 non- H' == f(q2
+ + q:)ql 

Mo 1. Spect. J]_, 
in electronic 
1 i near molecules 

Jli9 ( 1960) . + ig(q~ - q2)q- 2
degenerate states 


-

1H' -f(q2q2 + q2q2· )Renner J. f.\. Pople, MolLinear molecule in == 2 + 2- - 2+ Phys. 16 ( 196 0).splitting (TI) electronic 3'+ - - +degener·a te states; H' == Thesis:- Chapter 3.qt. Qt. + q~ Qt.

1i near· molecules 

in >.-electronic 

state 

tS: spin an~ular momentum (electron); I: nuclear spin angular momentum; 

· J: total angular momentum; W = L + S + G. W2 +PM; (P = A + I + £) 



3 

rotational coordinates will couple al 1 three motions together. 

1.2 Vibrational-Electronic (Vibronic) Interactions 

The·present investigation is concerned only with vibrational and 

electronic motions within a molecule .. We can prohibit the molecule from 

rotating by setting the rotational angular momentum equal to zero, and t he 

right-:-hand side of Equation (1.1.1) wi 11 be reduced to 

which ~-Jith some rearrangement of terms and the neglect of the spins gives 

the spinless-, rotationless- and translationless-Hamiltonian, or vibronic 

Hamiltonian: 

H (;:_ ,Q) = T (17~) + v(';. ,Q) + TN(Vk2 ) (1.2.1)
ev 1 e 1 1 

where Q stands for a collective set of nuclear displacement or normal 

coordinates. T and TN are kinetic energy operators for electrons and 
e 

nuclei respectively, and vcr ,Q) is the electros.tatic potential within the 
I 

molecule. The solution~ (~. ,Q) which satisfy the eigen-value equationev 1 

-+- -t
{ H ( r . , 0) - E } ~ ( r . , Q) = 0 ( 1. 2. 2)

ev 1 - ev ev 1 

is called the 11 vibronic wavef_unction 11 
, a combined function which describes 

the vibrational and electronic motions of the molecule. 

0 . I ' . ' ( 1•2) h 1 . f E .I n t he Born- ppen1e1mer approx1mat10n , t e so ut10n o quat1on 

(1.2.2) is written as 

~ (~ Q) :::: ,,, (~ . ' Q) • q,e ( Q). (1.2.3)
ev i ' '~' e 1 ' v 

vJhere 1jJ (~.;Q) is the "electronic wavcfunction" which contains the nuclear 
e 1 
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coordinates parametrically, that is, it satisfies the electronic 


Schroedinger equation for fixed values of Q: 


{T (v?) + v(1. ;Q) - w (Q)}~ (1. ;Q) = o ( 1 . 2. 4)
e 1 1 e e 1 

'where the eigenvalue We{Q) is called a ••Born-Oppenheimer Potential'' which is a 

f~nction of nuclear coordinates; this will describe the potentia_L_surface 

in the electronic state ~~e>. ~:(Q), which is a function of nuclear 


coordinates only, describes the nuclear motion under the influence of the 


potential W(Q). Thus the combined motion ·described by Equation (1.2.3) is 

e 

simply a superposition of the vibrational motion on the electronic motion. 

Equation (1 .2.3) rests on the premise that the spacings in electronic 

energies [W 1 (Q) - W (Q)] are much greater than the vibrational ones. In a 
e e 


lower-order of approximation, the electronic wavefunction ~ (1. ;Q) may be 

e 1 

0 (-+ 0) ( )replaced by~ r. ;Q which satisfies, instead of Equation 1.2.l1 , the 
e 1 


following equation 


(1.2.5) 


o-+ o -+ o
where V (r. ,Q) = 1 im V(r. ,Q), with Q referring to an arbitrary nuclear 

I Q -+ QO I 

configuration, say the 11equil ibrium11 configuration. 

In a higher-order of approximation, or when the electronic level 

W (Q) is degenerate or nearly degenerate, the product function (1.2.3) no e 

longer provides a satisfactory description of the system. If we want to 

preserve even partly the idea of 11electronic plus vibrational 11 motions, 

'¥ must be given in a 11 Born development 11 (5,,b,7)
ev 

-+ e • 
'¥ cr ,Q) 2: ~ 1 ( r. ~ Q) ~ (Q) ( 1. 2. 6)ev 1 1 e I V e 
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Equation (1.2.6) presupposes that the electronic wavefunctions ~ (1. ,Q)
e 1 

are intimately associated with a unique 11 potential energy surface11 We(Q), 

and that the nuclear function ~e(Q) describ~the nuclear movem~nts upon
v 

this surface. The summation implies a rapid induced distortion of both 

the electronic and nuclear wavefunctions. 

Herzbcrg(B) has distinguished tvJO types of vibronic interaction. 

(a) J::i.e.~...Ja) vibronic interaction: refers to the dependence of the 

electronic wavefunction upon the nuclear coordinates Q, i.e., 

tJ! = tJ! <1. ,Q)e e 	 1 

(b) Type (b) vibronic interaction: refers to the case where the molecular 

-+
wavefunction ~ (r. ,Q) can not be given as a simple product function for ev 1 

degenerate or nearly degenerate electronic levels. 

In discussing the type (a) interaction and obtaining the Born-

Oppenheimer potential \.J (Q), one has the so-called 11 Static Problern11 
, for 

e 

the nuclei are 11 clarnped 11 at a fixed configuration Q. In discussing the 

type (b) interaction and obtaining the total (vibronic) energy spectrum 

E one has then the 11 Dynamical Problern11 because the nuclear kineticev' 

energy operators are included. 

1.3 	 Kinetic Effect and Potential Effect 

The dynamical problem of interaction can be treated in two ways. 

( i ) The dependence of the electronic wavefunction ~ on nuclear coordinates 
e. 

Q is achieved by writing, into Equation (1.2.11), 

-+ · o~~ o -~ 
V( r. , Q) = V ( r. , Q ) + V1 

( r. , Q) 	 (1.3.1)
I I I 

The 11 unperturbed 11 Equation (1.2.5) is first solved, and then~ (t.~Q) of e 1 
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E t . (1 2 4) '1 s d 1 d · · f 0 (-* Q0
)qua JOn . . eve ope 1n terms o .vJ r.; : 

e 1 

0 -+ 0
tjJ cr ;Q) I tjJ 1 ( r . ; Q ) C 1 ( Q) (1. 3. 2)

e 1 e 1 e e1e 

··where the summation (I) is over the closely-spaced 11 unperturbed 11 states 
e' 

ltJ!0 
1 >. Thus the tjJ (;. ;Q) will .exhibit the symmetry properties of the 

e e 1 

vibrating molecule. 

However, as the nuclei are displaced from the 11 equil ibrium11 Q0 
, 

the electronic charge density, represented ·by ]tJ! (r:_~Q) ]2 , relaxes in such 
. e 1 

a way so to exert forces -(aw (Q))/aQ on the nuclei and thus modified the , e 

nucle~r kinetic energy(9). Conversely, the movement of the nuclei forces 

the electron to move back and forth rapidly among the degenerate or nearly 

degenerate electronic states ]tJ! (1. ;Q)>. Hence it is a good approximatibn
e 1 


·to write the vibronic solution ~ (;. ,Q) for Equation (I .2.2) as 
ev 1 

-+ 
"degenerate" level 

'¥ ( r. 'Q) = I tjJ (1. ;Q) cJl e ( Q) (1.3.3)ev 1 e 1 v. e 

where cJle(Q) wil I be determined by perturbation method(S,G) or variational 

method(?). 

(ii) The second treatment of the dynamical problem is as follows: one 

obtains the Q-independent electronic wavefunctions l)J°C~. ;Q0
) from Equation

e 1 

(1.2.5), but does not proceed to obtain tjJ (1. ~Q) by Equation (1.3.2) and 
e 1 

Equation (1 .2.4) as in the first treatment. Thus one does not have to 

consider the (a)-type vibronic interaction. Instead the vibronic wave-

functions are given directly by 
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11 degenerate" 1eve 1 · 
o (-~ o) e 1 

( )'¥ cr ,Q) I ~ • r.~Q •¢ • Qev 1 	 1 e I V e 

The perturbation potential V' ((:_ ,Q) of Equation (1.3.1) is combined with 
I 

-.the nuclear kinetic energy operator TN in ~etermining the (b)-type vibronic 

e•
interaction, i.e., the variational functions <P (Q) of Equation (1.3.lt), and 

0 + 0
the vibronic energies, E Since~ (r.~Q) does not vary as Q, the nuclear ev e 1 


kinetic energy operator TN, will not give any coupling effect between 


different electronic states 1~0 >, namely TNI~0> = 0. Only the perturbed
e 	 e 

-+_ 	 o+ o · 
potential v• (r. ,Q) couple the~ (r. ,Q) in the type (b) vibronic interaction. 

I 	 e I 

. ( 1 0 1 1)
These two treatments have been unified by Hobey and McLachlan ' 

(7 12)
and discussed by many authors ' . We shall sl i9htly modify Hobey and 

McLachlan's theory in Chapter 2, and call the first treatm.ent the "Adiabatic 

t-r 
Form~~~!.t and the second treatment, the "Harmonic Forrnulatio~'· They are 

so termed because in the "Adiabatic Formulation", one uses the electronic 

wavefunctions for the "deformed" molecules as if an adiabatic separation of 

nuclear and electronic motions were feasible. In the "Harmonic Formulation'-' 

the use of a Q-independent electronic wavefunction implies that the electron 

disregards the instantaneous positions of the nuclei and instead sees the 

nuclear charges only at the averaged positions 6f the nuclear harmonic 

motion in the vicinity of Q
0

• 

1.4 Angular Momentum Co_~l ing _and Coordinate ~_oue_!..!_!1g 

As 	 seen from Tabl_e 1-1, whenever kinetic operators (differentiations) 

. (13 14)
are involved we have angular momenta coupling ' , and whenever potential 

t 	 . +
Equations (1.3.3) and (1.3.4) are formally the same as far as~ (r. ,Q) of e 1 

Equation (1.3.3) are expressible in terms of Equation (1 .3.2). However, 
+

(tlieoretically), ~ (r.,Q) may be obtained, say, by direct solution of Eq. (1.2. 1t). 
t-r- (12) e I 

A. D. Liehr has used the names "extremal" and "cuspidal" expansionsrespectively. 
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function s are involved we have coordina t e co upling. The re fore we 

expect tha t th e re ar e bo th angul a r momen t um co upling and coo rdinate 


coupling in the Adi aba tic Formulation while the re is only coo rdin a t e 


coupling in th e Ha rmon ic Formulation. Howe ve r, since only the tot a l 


energy of the syst em is conserved, the kinetic energy and the potenti a l 

en e rgy mu s t rel a te intima t e ly with each othe r. This relation s hip may 

.be impl led in the commu t a tor [x,p] = i)i', and any coordin a te coupling 

may be tra nsfor med into angul a r mome ntum coupling. ~or examp l e , th e 


operator equiva lent me thod in Ligand Fi e ld Theory(lSh Moffitt and 


( 17)
Thorson constructed an angular momentum op e rator for the vibronic 


systems by m~ kin g the ope rator co mm ute with both the pe rturbed pot ential 


V1 0 0cr:. ,Q) and the unpe rturbed vibronic Harn i 1toni a n H (;:_ ,Q ). Thu s on e 
I eV I 

· can spea k of the coupling of the vibr·ation a l a ngul a r mome ntum with the 

electronic (orbital) angul a r momentum, and the resultant vibronic wave-

functions can be classifi e d by their total (vibronic) angular mome ntum 

quantum number, which, for 1in ear Mo lecul e , is define d by(lB) 

where A is the z-compon ent of the electronic (orbital) angular momentum 

and £ is the z-component of the vibrationa l angular momentum. In th~ 

abse nce of vibronic interac tion, both A and £are good qu antum numbe rs, 

but in the pres ence of vibronic interaction, only the ir sum remains as a 

good quanturil numbe1·. For axially sy mme trica l molecule.s, the tot a l (vibronic) 

angular momentum is denot ed by 2j with(l 9) 

j or £ - Yz 
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1.5 Jahn-Teller~Renner Effect 

The Jahn-Teller Effect and the Renner Effect are two aspects of 

the vibronic interaction problem, the former referring to non-linear 

molecules, the latter to 1inear molecules. 

As we have previously noted, the vibronic interactions originate 

in the changes ln the potentia! field resulting from the molecular 

vibrations and the nuclei are displaced from the more symmetrical 

p~sitions. The difference between the instantaneous electrical potential 

and the potential of the "hyperthetically" symmetrical configuration Q0 

will act as the perturbation. This perturbation couples strongly two or 

more electronic states (with reference to the symmetrical configuration) 

_if they are close in (electronic) energy. Usually, the term 11 Jah~:::_Ielle.!:_-:: 

Renner Effece• is appl iecl to the vibronic interactions in a degenerate 

electronic level. For the vibronic interactions of nearly degenerate 

electronic states, we use the term 11 pseudo Jahn-Teller-Renner Effect••. 

The vibronic perturbation, in most cases, is obtained by Taylor 1 s 

series expansion in increasing power of nuclear displacement coordinates 

20 21(or normal coordinates) with the ass~mption of infinitesimal vibrations( • ) 

i.e., 

+ ... ( 1 . 5. 1) 

n 
\.'Jhere the derivatives (.9-.J!..) are evaluated at Q = Q

0 and thus are 
ClQn Qo 

independent of nuclear coordinates Q, but they are functions of electroni6 

. 1 b'l' (21,22,23) fcoordinates. When the problem of the geometr1ca sta 1 1ty o 

the molecule is investigated, a Taylor 1 s series expansion may be applied 

to the electronic matrix elements, i.e., 
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= (W0 + T )£ + VQ •Q + l VQQ •Q2 + ..... ( 1 . 5. 2)N °ee' e'e 2 e'e 

- where VQ •Q = E Vk •q and ,,,o, and ,,,o are the component states of a 
· e'e k e'e ~ ~e ~e 

degenerate electronic level with reference of symmetrical configuration Q0 
. 

(20)
The well-known Jahn-Teller theorem was proved by group theory 

taking only the terms VQ, ·Q into consideration. It states that "if a 
e e 

symmetrical non-linear molecule has a spati~lly degenerate electronic level 

than in this level it will tend to distort in such a way as to remove the 

electronic degeneracy". Mathematically, in the hyperth?tical (symmetrical) 

molecule c'oncerned, there exists at least one nontotally symmetrically 

normal vibration, say .9.K• so that the electronic integral 

~ o av o(~ o)=f~~ o , ( r., Q ) -"- 1J; r. ,Q d T. (1'.5.3) 
e I o.9.K e I I 

is different from zero. 

In order to obtian the finer struct~re of the electronic potential 

surfaces( 24 ) or to treat the dynamical problem of Jahn-Teller effect in a 

h . f d f ' ' (25 ) h' h f E ' (1 5 2) 1g1er or er o approx1mat1on , 1g er power terms o quat1on .. 

should be included. When only I inear terms of Equations (I .5. I) or (1.5.2) 

are considered, we have the 1!near Jahn-Teller Effect (I?) or the first-

order Jahn-Teller Effect, whereas the name, the guadratic Jahn-Teller Effect 

or the second-order Jahn-Teller Effect is designated to the quadratic terms. 

For 1!near molecules, it can be shovm (Chap,ter 3) that no terms in 

.9..J<. of odd degree can enter into Equation (1.5.2). Renner(S) pointed out 

that the splitting of the electronic potential surface is proportional to 

Q
2

A in the ~-electronic level, where~= !AI = 0, 1, 2, 3, .... etc. are 



1 1 

corresponding toE, IT, ~. ~ ..... etc. electronic levels respectively. 

It is clear then that the Jahn-Teller and Renner effects are 

actually one and the same, depending on whether the first-degree or 

se~ond-degree terms is predominate in Equation (1 .5.2) (26 ). 

1.6 Renner Effect in Linear Molecules 

The Renner Effect in 1inear triatomic molecules has been discussed 

in detail for only a few cases (Table 1.2). The Born-Oppenheimer 

potentials which are denoted by W (Q) W (Q) are the eigen values of 
ea ' eb ' 

the electronic Hamiltonian matrix. The potentials are functions of a 

single bending coordinate and they may exhibit any one of the three 

possible structures shovm in Fig. 1.3 (4.1) (Chaptel- 4 and Reference 18). 

Fig. 1.3 Born-Oppenheimer Potentials of Linear Triatomic Molecules in a 

n-electronic level 

r is the radial coordinate of the bending mode. w (Q) 
ais referred to the upper potentia 1 VJh i 1 e Wb (Q) the 

1ower one. 
------------~---·~------ - - --~----- ---- ---~-------- --- ~---

W(Q) VJ(QJ 
/.. 

'Wa vJb 
' I 
\ / I 

\ \ , I 
I ,' J 

\ \ ,' i 
., \ ' ' 1-> 

\ ·1 \ '-: 1 r 
\ f \ I 
' I \\I ,_./ 

(A) (B) (C) 
L--------- ---------··---·--------·- -----'-·-~-~--------------------.------------------------------- ------------ ··-"··- 

The separation between the upper and the lower potential surfaces 

is proportional to r 2 , r 4 , ..... etc. inn,~ ...... etc. electronic levels 

I 
l' 
I 

I 
i 

I 

I 
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TABLE 	 l-2 

Renner Effect in Linear Molecules 

1.2A 	 Weak Renner interactions in linear triatomic molecules; 
w2 = angular frequency of the bending vibration; E = Renner 
parameter. 

Systems, 
molecules 

"CO 
2

II 

"NH II 
2 

NCO 

c3 

B02 

co+2· 

NCN 

N3 

Electronic Observed ReferencesW2 EW2 Estates Electronic 
Transitions 

IT R. Renner, z. 
Phys. 92, 172 -------·-- (1930)-. . (282n J. A. 	 Pople 

-· 
)(2n Infrared539 em-1 -86 cm- 1 -0. 181 R. N. Dixon, 


Phi 1. Trans. 

A252,, 165 (1960) . 


·- 
+A1 n 307.9 em- 1 165.3 cm- 1 0.537 Gausset et a l,A-<->X 1Lg 

0 Disc. 	 Faraday
l.f 100-31100 A Soc. ( 1960) 

1963. 
-- t-·------- 

464 cm-1 -92.2 ern- 1 0.199 Infraredl 2 n J. w. 	 c. Johns 
9 Can. J. Phys.- 11, 1738 (1961 ) .-JFn 502 cm-1 -13.1 em -· 1·. 0.026 ~>-Xu 

0 

6450-3965 A 
. 

-93 cm-1 J. ~!. 	 c. JohnsX2rr Infrared 
9 Can. J. Phys. 

~2, 1004 ( 196/t ) . 
--.-·.,--- 

-
Jl.3n -460 cm-1 -85.7 cm-1 0.185 G. Herzberg, DA+ X 	3y

'9 
0 N. Travis, Can3285-32.60 A J. Phys. lf2' 

1658 (196IiT. 

}(2 II Infrared A. E. 	 Douglas-500 cm- 1 -94.38 cm-1- -0. 19 
9 and H. J. Jones' 

Can. J. Phys. 

~' 2216 (1965 ) . 

http:3285-32.60


--

TABLE )-2 (continued) I I b 

Systems, 
molecules 

Electronic 
states w2 E:W2 E: Observed 

electronic 
transitions 

References 

-

CCN X2n -325 ctn- 1 144. 1 ,~ 0. 44 

-

Infrared A. J. Merer 
and D. N. 
Travis, Can. 
J. Phys. 43, 
1795 (1965T. 

CNC 

' 
-

X2JI 
g 321 cm··l 176.20 0.549 Infrared A. J. Merer 

and D. N. 
Travis, Can. 
J. Phys. 44', 
353 (1966). 

CCN 

-

A21J -475 
ll 

1------

cm- 1 n2/Lu 2 = 0.14 crn- 1_ 

lA < X 0 

4710-3770 A 

Can. J: Phys 
43, 1795 ( 1965). 

CNC 

-

A21J 
u 

440 cm- 1 n2/w2 = 0.12 cm- 1 

lA +X 0 

_3320-3250 A 

Can. J. 
~. 353 

Phys 
( 1966) . 

1.2B Large Renner Interactions 
-
Systems, Electronic Type of Potential Observed Referencesmolecules states Surfaces Transitions 

(Type B''NH211 (B); J. A. Pople and H. C.2n potential ·of Longuet-Higgins, Mo 1. 
Fig. 1.3) Phys. _!_, 372 (19 ) . 

(B) A + x Polyatomic Melee ules,BH 2 2n { A2s, (,) 
G. Herzberg, Vol . II I , 0 

u X2Al 8650-6400 A p. 490. 

A.Q.H 2 (B) Electronic Spect ra, G.{ i\2s 1 (,)
2n Herzberg, Vol. I II' P· 

u )(2Al 490. 

-
b +a(C) G. Herzberg and J. w.CH2 { b

1
s1

ll.l c. Johns, Proc. Roy.
0 

g a1A1 Soc. (London) _22.,A29000-5000 A 
107 (1966). 

-



- -

TABLE 1-2 (continued) i I c 

Systems, 
molecules 

Electronic 
states 

Types of Potential 
sut·faces 

Observed 
Transitions References 

NHz {A'A1 (n)zrr 
u x2Bl 

i-· 

(c) -A++X 
0 

9000-4300 A 

K. Drossier and D. A 
Ramsay, Phi 1. Trans. 
A251, 553 (1959); R. 
~ixon, Mol. Phys. 
i· 357 (1965). 

1.2C Some Linear Four-, Five-, and Six-Atomic Molecules 
-·--------.-----------------r------------r·------------7-----------------
Molecules Electronic States Bending Bond References 

Vibrations Systems 
--·-r---· 

CzHz G1rr u 

HCCN c(lrr)u 

CzNz A ( 1"' )
u 

v4 (n) ;v 5 (n ).u g 

v4 (TI) ;v 5 (TI) 

v4 (1r) ;v 5 (n ) 
u g 

+G+X 1 E 
g 

0 

1250-1160 A 

C+X 
0 

1519-1403 A 

A(l"' )+Xll: + 
u g 

226o-182o A. 

G. Herzberg, Disc. 
Faraday Soc. 12_, 7 
(1963). 

P. G. Wilkinson, J. 
Mo 1 . Spec t . 2 , 387 
(1958). 

G. Herzberg, Vo 1. I II, 
Appendix X I . 

---------+-----------------~---~----~--~----------+------------------
Vs(n) ;v6 (TI); A(l:- or t,)HCCCN V·;(TI) 

+X 
-

(I 
+l 

-----t-----·--------t----------; 2300 A 

A2n +·x 2n 
u 9 

0 

5900-5000 A 

se"' 
u
)+x 1

9
E 

0 

2720-2250 A 

V.A. Job and G. W. 
King, J. Mol. Spectry 
19, 178 (1966). 

J. H. Callaman, Can 
J. Phys. 34, 1046 
(1956). 

F. A. Miller and R. 
B. Hannan, Spectro
chem. Acta .!3._, 321 
(1958). 
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respectively. Thus the Renner effect wil 1 be most significant in the 

n-electronic level since in this case, the perturbation possesses the 

same Q-dependence (viz proportional to r 2 ) as does the harmonic potential 

it~elf, for ~he harmonic potential for the bending vibration is given by 

1 2 2 
Yz~ 2 w2 r • 

Any 1 inear triatomic molecule which exhibits the electronic 

potentials of case (A) in Fig. 1.3 is called a Renner Molecule. The 

vibronic perturbation for such molecule in n-electronic level is represent6d 

by 

H' (1.6.1)
TI 

where is defined as 11 Renner parameter", e is the electronic azimuthalE 

angle and ¢ the azimuthal angle of the bending vibration, both are measured 

. from a fixed plane in space. 

Renner's study on "C02 
11 (S) is important because it is the first 

quantitative treatment of a vibron.ic problem which showed that the Born 

development (Equation 1.2.6) must be used in case the electronic level is 

degenerate. The success of Pople and Longuet-Higgins' treatment of "NH2 
11 (JS) 

which exhibits the case (B) potential surface may be taken as the confirmation 

of the ~xistence of Renner Effect. Inclusion of spin-orbit coup! ing in the 

2n state of the NH 2 radical has been studied by Pople(Z?). Dixon found that 

a more satisfactory description of the NH2 system is to attribute its 

electronic potential surfaces to case (C). 

For electronic levels with jAj > 1, t:,, <P, ..... etc. states, the 

leading. terms of the vibronic perturbation are proportional to r 4 , r 6 , ••••• 

etc. respectively. They are small in comparison with the quadratic dependent 

http:vibron.ic
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Harmonic oscillator potential and thus will not show any significant 

effect but modify the anharmonicity c~nstants(ZB,Z9). 
Although Liehr has given the electronic Hamiltonian matrix 

elements in terms of the bending coordinates for n-electronic levels 

24of acetylene C2H2 ( ), no one has attempted the dynamical problem for 

1inear molecules having more than one bending vibration. The aim of 

the thesis is to investigate this dynamical problem. 



CH.l\PTER 2· 


GENERAL THEORY FOR V!BRONIC PROBLEM 


2. I Breakdown of Born-Oppenheimer Approximatio~ 

The vibronic Schr6edinger equation is represented by 

{H cr.Q)- E }'¥ ct.,Q)ev 1 ev ev 1 

where V(;. ,Q) is the electrostatic potential within the molecule, T and 
1 e 

T are 
N 

the kinetic energy operators for electrons and nuclei respectively. 

~f there is only one electron, T 
. e 

is given by 

T e = 
n2 
- 
2m 

a2 
(-- + 

23x 

a2 a2 
-  + ---)

2 23y 8z

The nuclear kinetic energy operator wJl 1 be denoted by 

where ~k is the reduced mass for kth oscil later. Since\ is of order 

2 ( 1 '2 '3) . b d d II • • II b • t T v(-+ Q)K- , 1t can e regar e a pr1or1 as a pertur at1on o + r.,
e 1 

in solving Equation (2.1.1). 

When we remove TN from Equation (2.1. 1), we have the electronic 

Schr6edinger equation for a fixed configuration Q: 

n + v(~.,Q) - w· (Q)}l/J (~.;Q) 0 (2. 1 • 2)
e 1 ea ea 1 

When the 11 perturbation 11 TN is added, the solution of Equation (2.1.1) can 

14 
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be written by 

-+ -+ ) ea ( ) '¥ { r . , Q) = L: L: 1j; ( r . ; Q ¢ Q (2 . 1 . 3)
ev 1 ea 1 e a 

where ¢ea(Q) are the variational functions to be dete rmined. The subscripts 

. (e, a ) a1·e proposed in the spirit that the functions 1j; (r_ ·,Q) {a = 1,2, ... ,De } 
ea 1 


constitute a set of degen e rate or nearly degenerate states which are 11 v.;ell 


separated'' from othe r sets of states 11); , 1 > . The 11well sepa1·at e d11 


e a 

condition is that the (el ec tronic) energy difference between members of the 


same set is much sma 11 er than the energy difference betv.;een memb e rs of tvJO 


different sets, i. e. , 


(2. 1 . 4) 

[The sufficient condition should be 

(see Equations 9 - 11).] 

-+
The solutions ,/, (r. ,Q) of Ec1uation (2 .1.2), in general, have to

'~'ea 1 • 

be evaluated by perturbation theory, because only for the configurat ion 

of high symmetry (Q
0

) i s the e l ectronic equat ion 11 solvable 11 
• In fact, what 

we mea n by 11 solvabl e 11 is to ach i eve the symme try representations for the 

electronic wavefunctions. Hence , we assume that we have solve d the following 

11 un perturbed '' e l ectron i c \Aia ve functi o n: 

0 (2. 1 . 5) 
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( -+ ) 0 ( - )- 0)We th e n expand~ r. ; Q i n t e rms of ~ b r.; Q
ea 1 e 1 

-+ 
~ ( r . ; Q) == (2. 1. 6)

e a 1 

Euqation (2 . 1.6) imp li es a l s o tha t the unpe rturbed st a t es , ~ ~~b > ' 

{b == 1,2, ..... De }, a re " we ll separated 11 fr om o th e r s . 

We note , th e rfor e , th a t the d oub l e- per-t u r ba ti o n (Equ a ti o ns (2.1.6) 

an d (2.1.3)) is ch a r acteri st ic f o r the vi b r- on ic p r o bl ems. 

Putting Equa tion (2 .1.6) int o Eq uat i on (2. 1.1), V.Je ha ve 

0 I I({W (Q) 
ea 

e, a 

(2. 1 . 7) 

* -+ . .
Multiplyin g Eq ua tion (2 .1. 7) fro m th e l e ft by Q (r. ;Q), the n in tegra ting 

. ea 1 

ove r the e l e ctroni c s pa c e , a nd mak ing use of the orthonor ma l condition s : 

-+ I - r<1/J ( r . ., Q) ~J I I ( r . 'Q) > 
ea 1 e a 1 

== 0 1 0 1 (2. 1. 8) 
ee a a 

we obt a in 

e a -t::" 2 "" D;. " 2 ea 
0 

0{W (Q) - E}¢ (Q) - -II I I [ <~ 1--1~ I I>• <P (Q) 
ea 2 e 1 a 1 e a 3 Q2 e a 

(2.1.9) 

wh e r e th e not a tion <~ l-3- jl)J 1 1 >•~ st a nds fo r 
ea a Q e a CJ Q 
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By Schroed in ge r Eq ua ti on (2.1.2) i t can be sh 01vn tha t( 10) 

e, a 1 =-" a 

-+ 3 I -+ (2. 1 • 1 Oa)
<1/J ( r. ; Q) J-;:;-Q ~J , , ( r. ; Q) > 

ea 1 a e a 1 if e 1 'I e or 
if e 1 == e but 
a• =I a 

and that 

-+ 32 -+ 
<1)! _ ( r . ; Q) J-- jl)! , • ( r . ; Q) > 

ea I aQ2 e a I 

~Q ·< lj!~ a J tQJ1jJe 1 a 1 > 
(2.1.10b) 

Since th e t e rms of (2.1 .10) are inve rs e ly propo r ti ona l to th e 

ene rgy diffe r e nces in Equa tion (2.1 .9), th e terms invo lving two co mpone nt s 

of the sa me set a r e so large th a t the t e rm~ connec ting t wo diffe re nt se ts 

e 1are suppr esse d and can be negl ect ed. By dropping off th e su mma tion ove r 

in Equation (2.1.9), we obtain 

11 2 d2 	 11 2 a2 ea
0 {- -- - + \.J ( Q) - --- <1)! J- jl)! > - E}<P ( Q)

2 	 dQ2 ea 2 ea aQ2 ea 

De 
3 ea • 

+ 	 L: 'Oa a• (Q,aQ) ¢ (Q)' (a -- l ,2, ..... ,De) (2. 1 . 11) 
a'=/a ' 

whe re 

1)2 132 I 	 a a[ <''' -~· ,, , > + 2<·'· 1- 1,,, > · --·] (2. 1. 12)2 '~-' ea (l Q L 't'ea I 't'ea aQ '~-' ea I aQ 
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Only if all the 1) ,' s are neg ligibly small is the Born-
a,a 

Oppenhe i me r approxima tion a good one. The summa tion over a' in Equation 

(2.1.11) is an indicat ion of the breakdown of this approximation. Th e 

~ea(Q) function s (D e of them) are determined by De equations 1 ike that 

->
of Equ at ion (2. 1. 11). Then the vibronic solution IJI (r. ,Q) of Equation

ev 1 

(2.1.3) is represented by a 1 imited number of terms: 

\jl cr ,Q) (2. 1 . 13)
ev 1 

The us e of pe rturba tion method to solve the cou p l ed E~uations 

(2.1.11) requires tha t the fi1·st part of the Eq uat ion (2.1.1): 

fi2 d 2 
{- - -- -l vJ (Q) (2. 2. 1) 

2 dQ2 ea 

should be "heav i e 1·" than the sum 

(2.2.2) 

Howe ve r , as seen from Equations (2.1 .10) and (2.1 .12), th e coupling 

terms ~ 1 ma y be ve ry l a rg e so tha t the sum (2.2.2) be comes large r than 
a,a 

(2.2.1). To avoid this difficulty, we try to make th e coupling terms as 

smal 1 as possible by choos ing special var iabl e 1 inea r c omb in a tions of 

~ (~. ;Q), {a == 1,2, ..... De }, as a basis set, i.e., let 
ea 1 

· De 

X (~. 'Q) I ljJ c~. ;Q) o. (Q) , (c 1 , 2, ..... De ) (2.2.3)
ec 1 ea 1 a,c 

a= l 
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with nor ma liza ti o n conditions 

We see that x (-;- . ;Q) will no l onge1· be the eige nfunction of the 
ec 1 

operator T + V(-;- , ,Q); in stea d 
I 

<x IT + v (-;-. ,Q) Ix 2 I a *a W (Q) ~ c c 1 (Q) (2.2.5)1 
_ 

ec e 1 ec ac ac ea 
a ' 

since th eW (Q) are not necessarily a ll e~ua l. 
ea · 

~/ritin g the trial function IJI (-;- .,Q) in t erms of this nev" basis set 
ev 1 

we have: 

ljl (-;-. ' Q) := (2.2.6)
ev 1 

Substitut in g Equ a tion (2. .2.6) in to Equation (2. 1 . 1), IA/e obtain 

{- 1i 2 ~ + w (Q) + 1) (Q L ) - E}<P c ( Q) 

2 aQ2 ec c,c 'aQ 


+ {c 1 ,2, . .... De} (2.2.7)0' 

wh e re \.J ( Q) ~ (Q) == 2.: ]a J
2W (Q)

ec c,c a a,c ea 

f1 2 l a2 a a[<x --- l x 1>+2<x 1----l x 1 >·---- )2 ec aQ2 e c ec aQ ec ()Q 

~ c c I ( Q) + '0 1 (Q .L .) 
, c ,c 'aQ 

In Equ a tion (2.2.7 ), the coupling terms are P (Q, -). The 1 ~-Q
c,c 0 
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variation a l function s a (Q) of Equa ti on (2.2.3) are de t e rmin ed bya,c 

minimizing P 1 terms . They are dea lt with differently in the follo wing c,c 

formulation s : 

(A) Adiaba tic For mulation 

In this 	Formulat ion, if c 1 ~ c 

r, I(Q) 	= <x IT + vcr,Q) lx I>= 0 c,c ec e 1 ec 

so that 	P = 1) I. Und e r this condition, the X cr ;Q) 1 S c,c 1 c,c ec 1 

reduce to the 1j; (1. ·Q) 1 s wh i ch are e igen fun ctions · of the ea 1' 

el ectron i c Ha milton ian H = T + V(1.,Q). Th en we may ha ve 
e e 1 


th e diffic ul ty previously ment i on ed. 


(B) 	 Harmonic Formul a tion 

In thi s Formulation, on e uses Q- i nd ependen t e l ectron ic wavefunctions 

De 
0 0 (-). 0)X (1. -, Q) . :: X (1. ;Q ) = 	 (2.2.8)I ~eb 	 ri ;Qec 1 ec 1 	 Sb c · 

b=l ' 


where Sb a r e constants . Henc e 

,c 

d 
1) I (Q ,-;:;-Q) Qc,c 	 0 

But now 	 t;, 1 (Q) can van i sh only at one configu 1·at ion Q0 
, a nd rnayc,c 


otherwise be l arge. 


(C) Int ermediate Formulation 

In thi s 	 Formu l at ion, the t vJO pa rts of P 1 ( t: 1 and 0 1 ) are c,c. ,cc cc. 

suppressed s im ultaneous ly. To make t;, 1 (Q) as small as possible,
c,c 

we separate the nearly deg e ne r a te ~et of functi ons ~ (1. ;Q)
ea 1 

{a = 1 ,2 , ..... De } in to two se ts: th e set 1j; 1 { a 1 1,2, ..... de}ea 
0(with de < De) whic h becomes tru l y degene rate a s Q ~ Q and i s of 
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interest to us; and the other set tf!ea 11 {de < a 11 ;:;_De} which does 

-+ 
not. Then we let x (r . .,Q) be linear combination of the degenerate

ec 1 

set {a 1 
}, and x '"the linear combination of set {a 11 

}, i.e.,
ec 

de 
-+ 

X .(r.;Q) = I tf! .(-;-,.,Q)o: • .{Q), {c• 1,2, ..... de} (2.2.9a)
ec 1 ea 1 a ,c

a 1 =l 

De -+ 

C 11I tf! (r. ;Q)o: (Q), {de < _:s_ De} (2.2.9b)11 11 11 ,, d ea 1 a ,c
a> e 

Thus 

de De 
=<I 0: I ltf! ,IT + V(-;-,,Q)j I 0: II 111jJ II> · a c ea e 1 11 d a , c ea

a'=l a> e 

de De 
= I I 0: * 0: <tf! IT + v(r ,Q) 1 tf! II>a I c I allcl• ea I e 1 ea

a=l a 11 >de 

de De 
~" = I I 0: 0 1 II' w I ( Q)a 1 c 1 o:a 11 C 11 a a ea 

a 1 =1 a 1 ~'"de 

= 0 (2.2.10) 

and 

= <x , IT + v(~. ,Q) Ix > 
ec e 1 ec 

= WOe (QO) OC I C + k I 'Q + f I 'Q2 + ''''' c c c c 

(c,c 1 = 1 ,2, ..... de) (2.2.11) 

where W0 (Q0
) = 

1 imo H (0). Thus, for infinitesimal vibrations,
e · QtQ ea 1 



the~ 1 (Q) are small. They are at most linear· in Q. If k 1 is 
c c c c 

different from zero, we have Jahn-Teller effect; if k 1 is zero c c 

but f 1 is different from zero, we have Renner effect. 
c c 
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To make -o , (Q) as small as possible, we choose a (Q)
c,c . a,c 

of Equation (2.2.9a) so that <1)! ,I~Qix 1 > are approximately
ea o 'ec 

equal to zero, i.e., 

<•1• j.?-lx > "'0 (for all a' ,c' = l ,2, ..... de and Q) (2.2.12)
'¥ ea' aQ ec' 

Substituting Equation (2.2.9a) into (2.2.12), we find that the 

aa c(Q) satisfy the following simultaneous differential equations 
' 

aa (Q) de a a ,c . + L <x cr 'Q) I;-Q-Il!J cr 'Q) > • a I ( Q) "' 0 (2.2.13)
aQ , ea 1 o ea 1 a , c 

a =1 

2

With this choice <x ~~Q2 Ix ,>will also be small, and so wi 11
' ec o ec 

1) , (Q,~Q) and P 1 (Q,~Q). Then Equation (2.2.7) becomes 
c,c 0 c,c 0 

{- fl.:_ ~ + W ( Q) + 1) ( Q ~-)- E} 1>ec (Q)
2 aQ2. ec c,c '()Q 

de a ec' De a c" 
+ t: P '(Q,3Q-)<P (Q) + t: ·o "(Q,aQ)<P (Q)

c';ic c,c c">de c,c · 

= 0 (for c 1,2, ..... de) (2.2.14a) 

{- !C._ ~ + W ( Q) + 1) ( Q' ~ Q) - E}1>ec ( Q)
2 Q2 ec c, c o

3 


De 
 de 3 ' 3 ec" 
+ l: pc, c" (Q'3 Q) 1> ( Q) + [; ·o 1 ( Q>'\ Q) ¢ e ( Q)

'-1 c ,cc">de c -- 0 

= 0 (for de < c ~ De) (2.2.1/ib) 

Equations (2.2.14) in matrix form are shown as follows: 
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H11- E pl 2" .. ' ".P1 d 0 1 d+l' · · · · · · :ol o q,l 

' ' ' ' 
p2 1 H22- E...... P2 d 02,d+l'.'' ''' ,l)2,D 

q,2 

' ' 
p 3,1 P3,2'' ''. '' .P3,d 03,d+l' · · · · · · :o3,D 

q,3 

0q,rd 1 Pd 2·· ·· ·· · .Hdd-E • 0d,d+l · ··· · · ··0d,o 
'd 

' ' I 

---------------~--------------L---------------------1 

Od+l,l t)d+l,2'''''.'0d+l,d l
I 

Hd+l,d+l- E... Pd+I,D 
I 
I 

q,0o 1 °o 2'' •. '···0o d : 
I 

PD d+l .. ·· .... HD d-E 
'D 

(2.2.14) 
/ 

' ' ' I J J 

= - .)12 ~ + H ( Q)where d = de, D 
2 aQ2 ec 

a 
+ 0 (Q,;-Q).c,c 0 

Although Equation (2.2.11/) is general for any molecule in a 

degenerate or nearly degenerate electronic level i the rather 

loose conditions imposed by Equation (2.2.13) require rather 

complicated mathematical devices(!!) for the solution of these 

equations. 

The Adiabatic Formulation was used by Renner(S) and the Harmonic 

Formulation by Moffit and Liehr(G), and by Pople and Longuet-Higgins(lB). 

Although the results of the two methods for triatomic molecules are 

equivalent, we shall see in Chapter 5 of this thesis that for linear 

molecules having more than one Renner active degenerate vibrations, only 

the Harmonic Formulation is practicable. 

2.3 Doubly-Degenerate Elect~onic Level 

In the case vJhere the electronic level is doubly-degenerate and 
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is well-separated from other levels, the coupled equations in the various 

formulations are summarized as follows: 

(A) 	 Adiabatic Formulation 

The vibronic function is given by 

-+ (-+ ) a -+ b'!' ( r. , Q) = 1jJ r. ; Q <11 ( Q) + 1J;b ( r. ;Q) <11 ( Q)ev 	 1 a 1 1 

{T +·v(7-. ,Q) - W (Q)}1J; (7-.,Q) = 0 
e 	 1 a a 1 

The vibrational equations are given by 

·112 a2 a ¢a ( Q)-- + W (Q) + '0 (Q -·) - E
2 aQ2 a aa '8Q 

= 0 (2.3.1) 

(B) 	 Harmonic Formulation 

The 	 vibronic wavefunction 'is given by 


'I' (7-. ,Q) = 1J;+o(7-.;Qo)<P+(Q) + 1J;o(7-.;0o)¢-(Q) 

ev 	 I I - I 

where 1J;~ satisfy 

0 -+ 	 0 0 0 -+ 0){Te+ V (r.,Q)- WH+(r.;Q = 0 
I - I. 

The vibrational equations are given by 

fi.2 () 2 
¢ + (Q)- 2 () QT + ~++ (Q) - E ~+- (Q) 

= 0 	 (2.3.2) 

¢- (Q) 



where 
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(C) 	 Intermediate Formulation 

The 	 vibronic function is represented by 


'!'(r.,Q) = xlcr,Q)¢ 1 (Q) + x2C~.;Q)¢2 (Q)

I I 	 I 

where Xl and x2 are 1inear combinations of ~a(1i ,Q) and ~b(1i ,Q). 

The vibrational equations are given by 

= 0 

(2.3.3) 

0 0
The relations between {~a'~b}' {~+'~-}and !x1,x2} can be obtained 

only to the first-order of approximation. They are given by 

-+
~ ( r. ~ Q)a 1 

-+
~b ( r i; Q) 

-+
X 1 ( r. ; Q)

I 

-+
X2(r.·,Q)

I 

C+a (Q) . c 
-a 

(Q) 

c+b(Q) c- b(Q) 

o:al (Q) o;b1 (Q) 

o; (Q) o;b2 (Q)a2 

0 -+- 0
~) (r.;Q)+ I 

o -r o 
~ (r.;Q) 

- I 

~ c;:. ;Q)a 1 

~Jb (-;: i ·, Q) 

= 

.. 
0::1 (Q) o::2(Q) rXl Ci' i ; Q) 

-;';·'· 
0:~1 (Q) o:bz (Q) 

B+1 (Q) B-1 (Q) 

B+z (Q) B-2 ( Q) 

lx2 ct:i ;Ql 

(2.3.4) 

o -r o,
\jJ+(ri ;Q J 

~o(-;:. 	;Qo) 
- I 

(2.3.5) 


where B± 1 (Q) = o:a (Q) C±a (Q) + o:b1 (Q) C±b (Q)1 

6±z(Q) = o:a2(Q) c±a(Q) +_ o:bz(Q) c±b(Q) 

and 
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0 -+ 0
l)!+(ri .,Q) 

0 -~ 0
l)!(r.;Q) 

- I 

= 

c;'~ ( ) 
+a Q 	 c:b (Q) 

c;'~ (Q) 
-a 	 c:b (Q) 

~) cr Q)a 1' 
c 

-+ 
l)Jb ( r i ; Q) 

== 

s: l ( Q) 	 s: 1 (Q) 

·'· 
B~2 (Q) 	 B: 2 ( Q) 

x1 cr ,Q)
I 

-+
X2(r. ;Q)

I 

(2.3.6) 

2.4 	 Classification of Electronic States for Molecules of Linear Conformation 

The following two sections concern only the electronic wavefunctions 

for molecules of 1inear conformation. 

A linear molecule is most conveniently described by·the cylindrical 

coordinate system. Suppose there is only one electron i(p,B,z) and the 
' 

11 effective charges 11 of atoms A(O,O,zA), B(O,O,z8), ..... etc. are 2A,z 8 , ... ytc. 

respectively (Fig. 2.1), then the electrical potential within the molecule 

is given by 

0 ->
(2. 4. 1)v (r. ,0) L: 

I 
a== A, B••• 

Fig_._~. Coordinate system for 1inear molecules. 


The centre of mass is assumed to be the origin. The nuclear 

positions 	are a(O,O,z ) . 

r-. - - ----- -a _____i ____ - ----------- 

j(P,l<,z) 

lz 
I 
I 

------.;.-f.'--;-'--.-7 y 
I 

I 

\ 	 I
j____________________ -------··-·---···-·-- --·-·- _____j 
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The electronic kinetic energy operator is: 

T (2.4.2)
e 

And the electronic SchrBedinger equation is given by 

)- {T + V0(~r.,o ) - w0 }~0(~r.;O = o (2.4.3).
e 1 e e 1 

Since V0 (~. ,0) does not c6ntain the electronic azimuthal angle 8, 
. I 

'It . h h d . d d 1 . h h 1 .commutes WIt t e operator aB' an aB a Ways commutes WIt t e e ectron IC 

kinetic energy operator Te' therefore, 

o·n3 o113 
[ He '-;-1 -;:;-8) = [ T + V 7" -) = 0 

a e 'I 38 

0 ~ (Thus the eigenfunctions ~ (r. ,0) of Equation 2.4.3) are also eigenfunctions
e 1 

·t\ d
of the z-component angular momentum operator T ae· Let the eigenvalue of 

~0 (~.) be Ah, and we have 
e 1 

(2.4.4) 

0 ~ 
Supposing that ~ (r. ,0) can be written as 

e 1 

(2.4.5) 

then we have, from.Equation (2.4.4), 

and thus 

i.AB e 
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Since we must have single-valued space function, therefore 

Hence A must be an integer; i.e., A~ ±A, with A= 0, 1, 2, ..... etc. 

Substituting Equation (2.4.6) into Equation (2.4.3), we find that 

~(z,P) have to satisfy the following equation: 

+ I \·P} u(z, p) 0 	 (2.4.6)
ea<a 1 

Thus the 	eigenvalue, W0 

e' 
and the radial function, u(z,p), do not depend on 

A2A but on (= \ 2 ). We may label the radial function by\: uA(z,p) and 

0 	 0
the corresponding eigenvalue by WA. Therefore when \ > 0, WA denotes a 

doubly-degenerate electronic level, and its two componeni states are 

'Ae
uA (z,p)e 1 

orbytheir linear combinations, for example: 

(2.4.8) 

To classify the symmetry representation of the A-electronic level, 
. 	 . 

we denote the level (\ > 0) by a two-component column vector, 
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L\80 
e~+A 

(2.4.9)uA (z,p)~~ 
-iAB~0 e-A. 

Since the rotational operation C {¢) on the electronic coordinates has the 
00 

effect that 

e ~ e - ¢; z ~ z; p ~ p 

therefore 
i;x.{e + ¢) ia e e 0 

= 
-ia e 

·The character of this operation is 

+iA¢ -iHx[c ] -- e + e 2cosA~' (2.4.10) 
. 00 

Hence for A== 0, 1, 2, ..... etc. we have representations 2:, IT, l'.., ..... etc. 

respectively [Appendix.A]. 

If the 1inear molecule has a centre of symmetry (Dooh group), the 

electronic states must also be classified by their g or u symmetry. The 

application of the inversion operator E
-1 

on the electron coordinates 

causes 

e ~ e - u, z ~ -z, p * p 

Therefore we have 
iA.(G

e 
+ Tr) -1 0 

iA.G e 
-l 

E 11!~T~~. ( )==uA -z,p 
-iA.(e

e 
+ u) 

=uA(-z,p) 

0 -1 -iA.8 
e 

If~\ belongs tog representation, i.e., 

+ tlr(J
1A ,g 
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-)

v ( r. , Q)
I 

a 

then u (- z,p ) -u ( z ,p ) (2.ll. ll a ) 
;>..,g ;>..,g 

If t;>..' on the other ha nd, belongs to u respresentation , we have 

u (- z , p ) +u (z , p) (2.4.11 b) 
>-., u >-. , u 

2.5 El ect ron ic Wave function s for Pse udo- Lin ear Tri atom ic Mo le cul es 

Wh e n the nuc l e i are di sp l aced infinit es i ma lly fr om th e 1 i near co~-

figur at ion , the e l ectrica l poten ti a l wil 1 be g i ven by 

3 Z e 

1 3 3 
+ - I l: . 1 (2. 5. 1)

2 a-1~ 1 [( z -z 1 )
2 + (p p

a l 
) 2 ] ~ 

. a a a 

wh ere¢ is the ang l e be twee n a fi xed plane, say xz-pl ane , and the pl ane 

which cont a in s all thr ee nu c l e i. Be caus e of the (8-¢ ) dependence in the 

potent ia l, the e lectron ic wavefun~t i on ~ will lo se its rotati ona l symme try
e 

and wi 11 also be (8-¢ ) depe nd ent, . i. e ., 

()~ ()~
e e 


(J 8 8¢ 


Howe ve r, we can meas ure th e el ec tronic az imuth a l ang l e with respec t to the 

bending pl ane by de fining 

8 - 8 - ¢ (2.5.2) 

The electronic kin e tic en e rgy operator becomes 

2 2-112 a 1 a 1 a a2
T (- + -- + ----+ --) (2.5.3)e 2m (Jp2 p (Jp p2 88 12 az 2 



31 

32 32 
i.e., in Eq uation (2 .4.2) is r ep i aced by-

382 38 1 2 

Since a r e fl ect ion with respect to the ¢-plane c auses 


8 1 ->--8', p->-p, z->-z 

->
' th e r efore V(r. ,Q) i s invar i ant to thi s refl ec tion. Hence the electron ic 

I 

wa ve fun c tion s of th e be nt triat om i c mo l ec ul e can be cla ss ifi ed under the 

po i nt group c v (if the mo l ecu l e i s symme tr i ca l, e .g., C0 2 ) or po in t
2

grou p Cs (if un symme tric a l, e.g. , CCI~ ). Th e represent a ti ons for 1jJ cr. ,Q)
e 1 

ar e then [Append i x A- 5] 

(C point grou p ) 
s 

(c v point g r oup)
2

The a ngul a r fun c tions which tran s form 1 i ke A1 (B 1 ) symmetry are 

co s8 1 
, c os28 1 

, co s38 1 
, • •• • • etc. 

and th e angu l a r function s vJh i ch tr ans form 1 i ke N 1 (B2 ) ar e 

sine •, sin28', sin30 1 
, •••• • etc. 

-+ 
Th e .l Mge depend e nce of 1jJ (r.,Q) on 4> is obviou s , s in ce¢ i s 

e 1 

involved in the differenti a l ope rator T . However th e var i at ion of 1jJ 
e e 


on the r ad i a l coordin a t es z and p will be sma 11 , s i ne e both z and p 

a a a a 

ar e invo lve d only in the po tential vc~. ,Q). For infi nites i ma l (b e nding)
I 

di sp l acement, z "' z 
0 

and p "' 0 Equ t:1 tion (2. 5. 1) can be approximated 
·a a a ' 

by 

3 Z e 


av(r. ) Q) I: 

) 2
I a= l [ (z-z + 

a 
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(2.5 .4) 

Thu s th e electron i c Schr~ed in ger equat i on for the pseudo- ] inear triatomic 

mo l ecu l e is: 

112 a2 	 a2 "21 	a 1 _o _ _ ){-
2m (--+--+---+ + v0 cr 

I 
,o)

Clp2 p Clp p2 () 8 12 2az 

3 l e•p pcos8 1 

+ 	 l: a a ··-- + ..... - \.J (Q) }1)! 0 (2.5.5) 
a== I [ ( z-z ) 2 + p2]3/2 e 

a 

3 Z e•p pcos8 1 
·Taking L: _a__a_____ + ] as perturbat ion, and car ing

[( z-z )2 + p2]3/2 .... . a= I 
fo r th e cs (or c2v) symme~ry , the so lu t ions of Equation (2 .5.5) will be of 

the for·m: 

+ 	hi ghe r· order t e r·ms 1 . I 
(2.5.6) 

+ 	hi gher order t e rms J 
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VIBRONIC PERTURBATION FOR LINEAR POLYATOMIC MOLECULES 

. 3.1 The Coulomb Potential in the Molecule 

In discussing vibronic problems, one has to obtain some potential 

energy function to couple the electronic states of interest. This is 

usually done by using a Taylor series expansion and noting that the 

Hamiltonian must be real and reflect the total symmetry of the system. In 

this thesis, we shall derive the vibronic perturbation using a different 

method, namely the multipole expansion( 30). We shall see that this method 

provides us with an interpretation of the vibrational force constants and 

the anharmonicities. Besides, this method is in 1 ine with Renner 1 s dipole 

model and enables us to have some idea of the structure of the Renner 

parameters. The parametric integrals may be evaluated if rei iable 

electronic wavefunctions are provided. 

We assume that the instantaneous configuration of the molecule is 

never far from 1inear. Therefore, it is convenient to use a cylindrical 

coordinate system to describe the positions of the electrons and nuclei 

(Fig. 4.1). Suppose that we have a 11 single11 electron i at the position 

-* -* 
r.(p,8,z) and atomic charges ZA,z 8 , ..... etc. at positions rA(PA,¢A,zA), 
-* . 
r 8 (p 8 ,¢B,zB) ..... etc. respectively, then the coulombic potential of the 

molecule is 

->- -* 
V(r. ,Q) == V N(r. ,Q) + VNN(Q) (3.1.1)

I e I . 

where the electronic-nuclear potential YeN and nuclear-nuclear potential 

VNN are given by 

33 

I 
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Figure 3.1 Th e Co o rdin a te Sy s t em for vibrat i ng mol e cul e s. 

z' 

I 


I 

I 

I 

l ----------- ----------- -

N z e 
a->- (3.1. 2) == 2:v VeN (ri ,Q)eN 1->

a== A' .•. r. - -; I 
I a 

VNN == VN N(Q) 

N N 
2: 2: 
a<a ' 

z 
a 

1->
r a '' 

l 
a ' 

- ·;a I 
( 3. l . 3) 

We de fin e th e unpe rtu 1·bed e l ect r on i c -nu c l ear , nuc l ear-nuc l ea r 

and vibronic potenti a l s r e sp ective ly by 

vo 
eN 

0 -> 0 
VN(r.,Q)

e 1 
-

1 i m 
Q->-0 

-+ 
V N ( r . , Q)

e 1 

N 
2: 

a== A 

Z e 
a 

R 
a 

0 

VNN v~ N (Qo) 
1 i m - Q->-0 VN N( rl) 

N N 
2: 2: 
a<a' 

ZaZ::a , 

Jz zal-
a ' 

( 3. 1 . 5) 

0 0 1 im vo 0 (3. 1 .6)
and vo V cr ,Q ) - v (r., o.) + VNN 

I Q-+0 I eN 
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We also define the electronic-nuclear, nuclear-nuclear and 

vibronic perturbations respectively by: 

VI VI (+ Q) - v VO (3.1.7)eN eN r i ' = eN - eN 

(3. 1.8) 

0.and V I ::: VI cr: •J Q) _ V - V
I 

(3. 1 . 9) 

In Equation (3.1.9) it is the function V'N involvina both thee ~ 

electronic and nuclear coordinates which is responsible for the ''vibronic 

coupling". Thus if 11/J~;_>and 11/J~A> are the electronic states under the 

pot~ntial V0 (1 ,Q0 
), then the addition of the perturbation V~N will couple

1 


the two states. 


3.2 The Vibronic Perturbation: V' (~. ,Q)
-----'- 1-

(A) The electronic-nuclear perturbation: V'N(~. ,Q)
-------------·-·-·-----·--··------------·-----··--·- e -·· 1 -·-«··· 

The instantaneous distance between the electron and the atom a is 

given by ( Fi.g. 3. 1) 

::: 2)~r. 1~. ·- 11 [R2 - 2pp case + prY-
1 

( 3. 2. 1)
Ia I a a a a 

1 

where R - [(z - z ) 2 + p 2]~ (3.2.2) 
a a 

(3.2.3)e - e - "' 
(J_, "'a 

Thus the electronic-nuclear potential can be written as 

N l e 
aV N (1. ,Q) l: (3.2.4)

e 1 prY-a=A R. R
R [ l - 2 fl_ case + (:ap]Yz 

a a 
a a a 
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Since (1 - 2yx + y2)-~ ~ 
00 

I 
1=0 

y1P (x), 
. 1 

if y < 1 

where P
1 

(x) are the Legendre Polynomials which can be written as 

p .Q, (x) == 
l/2 or g,-1/2 b(i) 1_21

I 
1 

X 

i=O· 

with b(i)
.Q, 

0~ identifying p /R withy, (p/R )cos8 with x, Equation (3.2.4) becomes a a 	 a a 

Q. (a)N-+ 	 1 
V N ( r. , Q) = I I 	 (3.2.7)e 1 	 R1=tT1=0 a=A a 

Q.(a) is~This is the 	 result of the multipole expansion of the potential. 
.Q, 

1 thcalled the 2 -multipole generated by the a electric charge. It is given 

by 

Q(a) = Z e p 
1 

Pn ( _RP COS 8 ) 	 (3.2.8)
1 a a N a 

a 

(0',) pQ.{a)=The monopole strength is Q == Z e, the dipole strength is z p R-cos8a,
0 a 	 1 a a a

Q.{a)the quadrupole strength is = Z ~p 2 •P2(~ cos8 ) etc. and so on. Since
2 a a R a ' a 

L: 2 	 if m =oddm ( m ~ 	cosn8 ,m-n an=l ,3 ,5... - 

m( )m f (3.2.9)
2 cosB0 "1 	

2 

m 
{ m\cosn8 Jm\,L: 2 	 if m =even
\m-n_} a -.\ m ) n=2,4,6 ... -2- ' 2 

Therefore Equations (3.2.6) to (3.2.9) give 

N 	 N-+ I G (a) V N ( r. , Q) = + I I 2G(a)cosn(8 - ¢ ) 	 (3.2.10)
e 1 0 	 n a

a=A n<l a=A 
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where 
00 

G(a) 
n 

G(a) ( p R · p ) 
n ' a' a == I 

.£.20 

F (a) ( R ) • 2£+n 
·n~ p, a Pa 

(3. 2. 1 1) 

G(a) 
0 

:Z. e 
a-+
R 

a 

00 

I 
R-? 1 

F(a) ( R )· 2t 
o,t p, a Pa 

N· 

and 

F(a) 
n,£ = F(a) (p R ) 

n,£ ' a 

£/2,(£-1)/2 
I an£j

j=O 

l e 
a 
R 

a 

2j+n
p 
R2(n+£+j) 

a (3.2. 12) 

a t•n J = 2-(n+2j). (n+2j) ·b(9"-j) 
j n+2£ 

By equations (3.1.4), (3.1.7),- (3.2.10) and (3.2.11), we obtain 

for the electronic-nuclear perturbation V~N: 

V' = V' + V' (3.2. l3)
eN o n 

N oo 

where V' == V' (p,R ;p ) I I (3.2.14) 
o o a a 

a== A £:::1 

and v• = V'(p,R e ;p) (3.2.15)
n n a a a 

( B) The Nuclear-Nuclear Perturbation: V' (Q)
NN-

As we have assumed for small vibrations: IP I~ 0, we can use 
a 

binormial expansion for the nuclear-nuclear potential VNN(Q): 

N N l l I a a 
VNN (Q) = I I 

1-+ ->- 12a<a 1 
pa 1 - Pa'- h: 

I z -z I r1 + ] 2 
a a Tz -zy

a 1 a , 

N N z L 1 ,->- "* 12 "* 141. pa - pa 1 Ita' pa 
= I I + 3 ~~cr{l .... }- z 2 ~ 

a<a 1 a' a (z - z ) 2 (z - z ) 4 
a a a' a 

http:3.1.7),-(3.2.10
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Hence, the nuclear-nuclear perturbation is given by 

.!_ L: L: 
2 Ia<a 

3 ->- ->- I L 
1P - p + + ... } (3.2.16)

a' a2(z - z ) 2 
a' a 

(C) The Vibronic Perturbation: V1 (r. ,Q) _ _ ...:_ -- 1--

Addition of Equation (3.2.16) to Equation (3.2. 13) wil 1 give the 

total perturbation 

V1 = {V~JN(p ,¢) + V' (p,R ;p )'} + L V1 (p,R ,0 ;p ) (3.2.11) 
a a o a a n?l n a a a 

For a given nuclear configuration, the sch~matic representations of the 

perturbation terms of Equation (3.2.11) in the basis {$~~,$~~}are shown 

in Fig. 3.2. 

We can see f~om Fig. 3.2 that, the first two terms of Equation 

(3.2.17)' i.e.' VNN and v~, do not courle differ-ent electronic states. 

Vj, v3, ... v2m+l''" do not contribute first-order energy corrections to 

any electronic level ~. V2_ gives first-order energy correction to 11 

electronic level (~ = 1), and v4 gives first-order (electr·onic) energy 

correction tot-, level (~ = 2). Hence V2_~ gives first-order energy correction 

to the ~-level. 

V1The infinite series L: is responsible for the vibronic inter
n . P 

n~ a 
action. However most terms are negligibly smal 1 since P < 1 and << 1. 

Ra Ra 
By Equations (3.2.1 I) and (3.2.12), v.;e see that 
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Flg. 3.2 Representation matrices of perturbation terms: (a) V~N + V~; 
(b) V~; (c) V~; (d) v1 and (e) V~. A cross (x) denotes a non

vanishing element (not necessarily equal), otherwise zero. 

(a) [V~N+V~] (d) [V~] 


I IT ~ ~ 


Io>~JI~?~J3~ -~~ 13> 

XX 

X 

~~-~ ~-~- -·· J~ 
--j--x~---· _______,________ .. 

(e) 

--~-----· 
X 

X 

X 

X 

l ' 
X 

(b) [V~] 

(c) [V~] 
I ---i:--- ----

-1---;;F-"-: ;-i-· 

_x ----- _______:__L______ . 

X X 


X 


X 
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Z e p
1 i rn G(a.) a ( L ) n ( ___s:_) n 

p -+0 n a n,o,o R R R 


a a a a 


G(a ) 
 . p p v~+l - n+l 1the r e fo r e (- a) << 10:: 

~ = 2VI R 2 
n n a 

V1 ,V 1The se ri e s V11 
' V21 

, . . ... 1,. ·• • •• decreases so rapidly tha t it 
n n+ 

is necessary to ret~ln only the first f ew membe rs of the se ries, s ay, v;, 

V~ .. . .. V~* · Furthe r mo re , if we a re interes t ed in th e A-e l ec tro n ic leve l, 

and if all othe r el ectronic leve l s al- e 11we 1.1 se pa1-a t ed11 from thi s l e ve l, 

0th e n we shall ret a in only the t e rms which give the first - orde r en e rgi e s for ~+A anc 

0 t 
~-A' i.e., th e t e rms whi ch coupl e the two compo nent s of the A-l eve l. It 

is easily ver ified tha t 

unle ssn=2A 

-------~----~-----------·~- ~---·· 

t F d d . • · or secon - or e r app ro x 1ma t1on , the only t e rm in the 

trunca t ed s e ri e s v; .v~, ..... v~*' th a t can give the first-ord e r e l ectronic 

en e rgy to ~~A and ~~Ai s V~A· The first - orde r en e rgy corr ec tion du e to V~A 

is 

w{ 

00 

= I L 

\~1/ o:: <F (a) >p n ( 1 ) 
2A,O a 

Sup pose a t er m V~, othe r tha n ViA in th e se ri e s v;, V~, .... ,V~* gives a 
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' 0 0
signifi~ant second-order energy corrections to w+A and w_A. Then from 

wellknown perturbation theory, the second-order energy correction is 

l<s),lv.: 1:,'-~1:< 

(2) 

it requires that A'· = n ± .A >..~~ (3) 

Therefore 
[ I ( a) ( A A''') ] 2 2n 

n,o ' Po; (2 I)w~ "' 
wo - wo 

A1 A 

where I(a) (A A<'>) = JJu (z p) F(o;) (p,R )u,_,_(z,p)pdpdz . 
n,o ' A ' n,o a A" 

Considering the nuclear coordinate dependence first, we see that if 

the magnitude of W~ is to be comparable with that of w{ then n must be 

smaller than A, Secondly, since W~ is inversely proportional to (\v~, - \·/~), 

A1 should be a low-lying level. The following table listswhat terms should 

be retained in the series E V' under different given conditions: 
n~ 1 n 

The unperturbed 
electronic level A ]~ A = 2 

L~··leve I 
A = 3 

4J-1 eve I 

Term giving first- J 
·recti on = V2__o_r_d_e_r_e_n_e_r_g_y--·c_o_r_---r------V2_ -----v-4----------r-------·--V-6_·_________________ 

Low-lying 
ele~tronic levels E, or L'l II, or <P E or r L'l or r II or H E or. I 

-


x··- if exist 
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The unperturbed 
electronic level 

A 

Term g1v1ng 

I 
A == 1 I A == 2 

n-1 eve 1 · I ll-level 

I 
'I 

). = 3 

cp-Jevel 

lsignificant n = 2 n = n = 2In" lInsecond-order I lenergy cor I • vI = vI \VI =: VI VI VI VI VI VI VI= 'j = = l n l 1 n 1 n 2 n 1 n 2rection V1 In I 
ll I 

----------------~ 

The effective I V1 (n) ! V1 (ll) V1 (ll) ! V1 (<P) V1 (4>) 
vibronTc per
turbation is I" cv;m+V~)i "(VNN+V~) "(VNN+v)lr =(VNN+V~) =(VNN+V~)j =(V 1 +V')

NN o - vI (A) 
+ {V 1 +V 1

) • +(V 1 +V 1
) .+(V 1 +V 1

) +(V 1 +V 1
) . .+(VG+V2) +(VG+V3)

21) 41' 421 61\ 
----------------~--

t 
-------------------------- =====:================= 

Therefore the effective vibronic perturbation in the >--electronic level 

(denoted by V1 (>-)) is 

vI (A) = vNN ( Q) + v~ (~ i 'Q) + vh (-; i 'Q) (3. 3. 1) 

In terms of nuclear displacements p , V' (>-) yields
(1. 

--l 4 + 
3v'ti\_)-=- i- 2 2 .!___~?:_"''__ { il·- 'l.t- Jr,.- r~l:z + .. . l 

"-<"' lz,.--2.•\' Z (;,•. - "-1) \ 

N 

-+ I I 
.f? o ,;,~A 

The effective electronic Hamiltonian in ).-electronic level is 

given by 

H (>-)
e 

0 -) 0H (r. ,Q)
e 1 

( )+ V1 A (3.3.2) 

'whose representation matrix is: 
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(3.3.3) 

where the rr.atr i x elements are: 
N 

-'-''·)
'/I ~ / v< ~"I ]·,>. > ·-· l L. ' r- ", t >·SA, '" I' " £>·.I ci-A " 

:~t 

(3.3.4) 

IJ l.l "i\ht 

·y c I· i 1·1· ,. \ -- I I < ,.. '·>-, ~ > f.,_ \ }Jc,., ~ "" J
~-H) 

< , 1-.\ v),., ~~!· ..,_ / 
.J_o:.{\..i"' 

(3.3.5) 

Viwith 
!..()L,Y)), ;. a,. l,j<F~i > - r ~-

1"'' 
z-.,:!- ..,.__, fJ..:-t (3.3.6) 

The summation over N atoms and the integrals (4.3-6) will account for 

specific molecules. 

3.4 Effective Perturbation in Terms of Bending Mode Coordinates and 

F~!::..~--~::n s tan t2___!_::~ Be..'25~~_g_Y._i~~~~?-'2s . 

In this section we shall give a short note on the bending normal 

coordinates and express Equations (3.3.1 1
) and (3.3.5) in terms of these 

coordinates. 

As a normal coordinate belongs to the same symmetry properties as 

the molecule, it can be constructed from a linear combination of the 

symmetry coordinates of the same symmetry species. Hence, if S. (r) is 
J 

the jth symmetry coordinate of r-symmetry and Lkj are the transformation 

coefficients, then the coordinates of the kth normal mode g_k = (qkx'qky) 

of r-symmetry can be written as 

r-species 
qkx(r) == r Lk.s. (r) (3. 4. 1)

• J JX . J 

The symmetry coordinates are normally not difficult to write in terms of a 



1inear combination of nuclear displaceme nts using Eckart's conditions( 3l) 

and symme try properties. 

N 
S. 	 (r) = I D. x (3.4.2)

J x a= A J a a 

where x is the x-displacement of the a-atom, and D. are the appropriate 
a Ja 

coefficients. Substituting Equation (3.4.2) into (3.L1.l), we have 

(3.4.3) 

where .Q,ka L: Lk.0 . The reverse transformation of Equation (3.L1.3) ~t:i 11 
J J aj 

give 

p cos¢ - X (3.1-1.4a)
a a a 

where t is the total number of bending modes, and the coefficients .Q,~ can 

be shown to be (1 1 )ak where (!r) is the transpose of the matrix 

Similarly, we have 
t 

a 
p sin¢ = y = I .Q,kqk 	 (3.4.4b) 

a a a k=l Y 

where ya is .they-displacement of the a-atom. If we define rk and ¢k by 

qkx - rkcosqJk 


qky - rksin¢k 


then, Equation (3.4.4) becomes 

p cos¢ 
a a 

(3.4.6) 

p sin¢ 
a a 

Thus the displacement vector of the a-atom (;) can be regarded as a super 
a 

http:3.1-1.4a
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position of bending coordinate vectors~ .(Fig. 3.3). 

Fig. 3.3 Superposition of two bending vibrational vectors associated 
with the a-atom. 

aThe £k 1 s are the proportionalities which can be positive or negative 

depending on the phase we choose for the kth mode. HovJever, the relative 

phases and magnitudes of £~ 1 s are fixed for a given kth mode. 

In this thesis, we shal 1 not evaluate the £~'s. We mention only 

a a' a 11 

that the ratios 1k:1k :£k : ..... can not be determined unless we know the 

Born-Oppenheimer potentia 1 for each vi br21t ion a 1 mode (32 ' 33 ). \.Je sha 11 use 

Equation (3.4.6) as it stands and substitute it into the potential to obtain 

expressions which are functions of rk and ¢k· It can be shown from Equations 

(3.4.5) and (3.4.6) that 

--+ ---+ 

I0 D I").:;;._• lc(_ 

(3.4.7) 


Therefore, Equations (3.3.1), (3.3.4), and (3.3:5) become: 
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+ . .. ~ 

(3.4. 8 ) 

_Q d. (;<!-- • J ) 
. k X 1,.· I'h.. I"L · CO'"' 

1 
\. <nI k. - ' \'t<: · + . (3.4.9)l 

-..-'\\ 37..Jz,:' 
L L L' \. -; ~~ o<< ~~ i~ -..,; ...<.' 

+ t erms high e r th an 4th 
powe r. 

If the off - diagonal ma trix e l eme n ts of Equ a tion (3.3.3), i. e ., t e r ms 

of the ty pe give n in Equ a tion (3.4.9), van i sh, then Equat i on (3.4.10) ~v i 11 

give the Bol·n - Oppenhe i lne r energies f or the :A - electron ic l eve l . These 

ene rgie s yi e l d the potent i a l f o r the vib rat i on a l mot i on of the mo l ec ul e in 
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thi s A-level. Th e coe ffici ents in front of rk 2 wi ll h ~ve the s i gn if icance 

as the force constants fl k = f.lkwk 2 
: i. e. , 

N 

·- "- L 
( 3. l1. 11 a ) 

Sin ce we dema nd tha t the norma l coo rdin ates are such th a t th e vibr a tion a l 

pot entials in t e rms of them does not conta in cro ss-terms in second-orde r, 

then wh ene ve r k' I k, the coe ffici e nts in front of rkrk 1 cos (¢k-¢k,) have to 

be zero, i.e., 

(3.4.11b) 

Equation (3.1!.11), t oget he r l'<'ith the symme try properties, Ecka r·t ' s cond iti ons 

and the orthonorma l prope rti es of norma l coord inates , may be used to de t e rmin e 

a 2 ( ) "~-the coefficient s £k and th e for ce constants lz.k = f.lkwk k .== 1 ,2, ..... t . \.Ji th 

th ese und ers t~mding s , Equ a tion (3 . 4.10) i s red uced to 

+ terms of highe r ord e r (3.4.1 2) 

wh e re gkk'k"k"' ar e the anharmon ic con stan ts, given by 

('! 

g i<. \•.' \<'' \<."' - 'L 

(3.4.13) 

"~-This statement can be ve rified as fo ll ows : For a 1 in ea r N-atomic mo l ecu l e , 

th e numbe r of bending modes is t = N - 2 (Append i x A). Thu s the number of 

forc e con s t ants i s t = N- 2, and th e numbe r ·of coe ffici e nts £~ i s Nt = N(N- 2). 
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The total numb e r of unknown quantities i s t + Nt = (N + l)( N- 2). 

We must have sufficient numbe r of equat ions to de t e rmine these 

unknowns. In fact we have ( a ) normalization condit i ons (one for each 

mode); t = (N - 2) of them; (b) orthogonal conditions, (~) = (N - 2) ~N-3) · 

(c) Ec kart 1 s conditions (tlvo for eac h be nding mode , i. e ., rotationless 

and tr a nsl at ionl ess ): 2t = 2(N- 2); (d) potential equa tions (3.Lr .11): 

t + (~) = (N 2) + t(N - 2) (N - 3). Hence the tot a 1 number of equations 

i s (N + l)( N 2) (Q: E.D. ). i" 

= = =	 === 

3.5 The Renner Parame ters 

We shal 1 expand Equation (3.4.9), th e off-diagonal m~trix elements 

of Equation (3.3.3), for var iou s 1 ine a r molecules, a nd give th e Renner 

par ame t ers in terms of int egra l s for each case. 

( a ) 	 . Linear T r i a tom i c Mo l e cules (ABC ) 

There i s only one bending mod e , ~4. (r, c{> ); there f o r e 

±ict>aP e a 

and Equ a tio8 (3.4.9) become s 

~. [ F( a) '+(F(a) (na ) 2 2+ ]· 
L < 2 A 0r 2>.,1> "'k r ''' 

a=A,B,C 1 

(3. 5. 1) 

If 'we denote o 0 ,o2 , ... etc. for a general >.-level, by 
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then Equation (3.5. 1) can be written as 

(3.5.2) 

For n-electronic level, i.e., A= 1, we adopt in place of a0 , 

a2 , .• ••• etc. the following notation 

1) 

Thus we have 

(3.5.3)<~ ~ 1IvI ( TI ) ll/J~1> 

The Renner parameter for a 1inear triatomic molecule in n-el~ctronic level 

is defined by( 2?) 

zo( e . f' 

E-= j_


k 
 R.: -R"4 	
(3.5.4) 

where vw2 is the force constant~ for the bending vibration, and a 

For [I.-electronic level, i.e., A 2, we write ~h for o0 in Equation 

(3.5.2). TI:Jus 

(3.5.5) 

We may define a numerical constant n by 

2.

ha 35" (_(~ )4 ff 
\u.,. (2 _f) 1), -z~e f'4 

f' d f dz1] ··- -::=:: ·--- I{1t.V 	 b-'l w d.. 
I;

\.( 
a (3.5.6)~~" 

(b) 	 Unsymmetrical Linear Tetratomic Molecules (ABCD) 

There are two bending modes (t = 2; k = 1 and 2). Therefore, 

(3.5.7) 
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For n-eiectronic level, i.e., A 1, Equation (3.4.9) can be 

written as 

-t .J._ 
2 

+ terms higher than 4th order (3.5.8) 

wh~re 

f = :t ) 
~- o-:7;'\,PJ,<-,i) 

2 I < r-,~; > (3.5.9) 
;1_:-f,.l~,( ,1) 

\ <~ )'' ('« \1;
( F ~',, ) (}, . ,.~._' 1z I 

c<, t L, ( · D 

For ll-electronic level, i.e., A= 2, \·Je obtain 

± i < 3 4-. + ·L 1 1 • - ,- }e --\~ 2 h ;3 \I :L 

l ) ± ; 1_ ( 'T 1 -!- ,j> l ~ 
r I t' E' 

+ terms higher than 4th order (3.5.10) 

(c) Symmetrical Linear Tetratomic Molecules (ABBA) 

The Equations (3.5.9) and (3.5:10) can be greatly simplified 

because of the presence of inversion symmetry. Let the 1inear configuration 

be defined by a(O,O,za) and a(O,O,-z) (see Fig. 5-la, Chapter 5):
a 

A(O,O,a), B(O,O,b), B(O,O,-b) and A(O,O,-a). 

The atomic charges, l , are: ZA' K8, z8 = E8 , !A= lA. We also designate 

the normal modes by 
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(IT ) if k = odd 
u (3. 5. 11) 

(n ) if k even 
g 

-1 k - 1 
so th at E ~< = (- 1) ~, (E = inversion opera tion) (3.5.1 2) 

1nce · s F(a)S. t he Integra 1 < n! > , define'd by Equa tion (3 .3 .6), a re 

constan t s they are invariant under the symmet ry op e rations. An d s in ce 

the inversion ope ration e ff ec t s: 

z -+ -z, p -+ p 

there for e 

= E-
1 

}_ d nt ·j 

Y· 

1 ;.,. 

(3.5.13) 

We have used the relation (Chapte r 2) 

uA {-z, p) = ±uA (z , p) 

in obta ining the fourth 1 ine. 

Th e x-displaceme nt of a-atom is giv en by 

t 
X l: (3.5.14) 

a k 

The invers ion ope ration has ihe e ff ec t of shift ing the di sp l aceme~t 

ori g in a ll y assoc i a t ed with a-atom t o ~-atom , and the direction of the 
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di sp l aceme nt vec tor is reversed, i. e ., 

-1
E X -x- (3.5.1 5) 

a a 

Equat ions (3.5 .12)' (3.5.14) and (3.5.15) give 

( - l) k+ l ta (3.5.16)
k 

The properti es (3.5.16) f or the symmet rica l 1 inea r tetratomic molecules 

are shown in Table 3.4( 35 ). 

Tabl e 3.4 

£a coef fi c i e nts f or symme trical A- B-B-A mo 1 ec u 1 es.
k 

mass of atom A a nd A·, mB ma ss of atom B and B.,mA == 


lJl ::: 2mAmB/( mA+mB ); ]J2 ::: mAm (a+b) 2/2(mAa2+ mBb 2) . 

8 

£a 
k 

A 
£k 

8 
£k 

B 
£k 

A 
£k 

k== 1 

l:2 
lJl 

2mA 

l:2 
lJl 

2mB 

l:2 
lJl 

2mB 

l:2 
lJl 

2mA 

k==2 

l:2 2b1J 2 
--  --
2mA (a+b ) 

l:2 
1J2 

2mB 

2a 

(a +b) 

l:2 
1J 2 
- 
2mB 

2a 
---··

(a+ b) 

l:2 2bP 2 

2mA (a +b ) 

Usi.ng Equation s (3.5.13) and (3.5.16), we obtain for Equat ion 

(3 .5 .9) 

-± h,,,b =
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if b == odd 

even (3.5.17) 

Thus Equ a tions (3.5.9) and (3.5 . 10) become : 

(for A = 1) 

-+ .L ( .r ·t h r]' ·;- 3 11 2, r,' ) r22). r,, - -~ •c

+ terms higher than 4th order (3.5 . 18) 

(fo r A = 2) 

<- t;:) Iv '(!, ) I 't :;~ > 

+ terms highe r tha n 4th order (3.5.19) 

For mu l ae analogoui to Equat i on (3.5 . 18) have been obtained by 

( 21 · ' A D L 1e h r f) w1o used t e 1 ay 1 ser 1es • 1r st an d t1I e n app 1 • !e d.. · I h or expa ns1on f' 

(i mplic itly) symme try arguments to th e nor ma l coordin ates r1, r 2, not on 

th e constants as we have done . 
. . 

The anh a rmon ic! ti es are given by [Eq uat ion (3.4. 13)]~ 

I 'Jl 

<Jl! .' k'. k'" = 9H.' k· \:'" + 51-. k' \." k'' (3. 6. 1) 

wh e re 
(3. 6. 2a ) 

and Cj ll. . 
\, . '' \·" \· ' ' •··' ' 
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Using Equations (3.5.13) and (3.5.16) we can show that 

I ' I" I '"iJ ~ ....: -1- ' ... r. ·= .r v(' "" 

and that 

91t -
Ll:' ~·· f:'' 

I " I · •·• ' 1k · ~ k' ~ K ·+ K "' C: <k't 
therefore <J )<. k' k ' I< '" 

(3. 6.3) 

Al so from Equation s (3.6. 1) and (3.6 .2) for any linear mo l ec ule, we have 

g1 122 g1212 g1 22 1 92112 g 2 121 9 22 11 

and for any permu lat i on of {k,k',k",k'''}: 

gkk'k"k'" = 9{kk'k"k"'}' 

We have men tion ed th at we know very 1ittl e about the e l ec tron ic 

wavefunctions aside fr om i ts ~ngu l ar dependence . Furthermore , whe n we 

give .the vibr-o nic per-turbation, Equa tion (3:2.17), vJe assume acknowledg ement 

of the effec tive charges of the atoms and the tr ansformat ion of the atomic 

di splacemen t coordinates to norma l coord inates, quantities which are 

actua lly not knovvn . Howeve r, we can put all un known qu ant iti es into a 

f ew parame tric constants. To thi s end, we shal 1 use the "rep resen tative 
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vibronic pe rturbat ion 11 
, H' in s tead of Equation (3.3.1 '). The 

A 

"representative e l ectron ic Hamiltonian" will be given by 

(3. 7. 1) 


This is de fin ed so th a t Equation (3.7. 1) will give the same matrix 

eleme nts in the bas i s 

Harmon ic potential while 

tion a ] potential: 

{lJ;~A'~J~A} 

U'(Q) 

as 

denotes 

do es Equat ion 

the anharm

(3.3.2). 

onic pa rt 

0
U

of 

(r 2 ) 

the 

is the 

vibr a

(3.7.2) 

U' ( Q) 
(3.7.3) 

The represen t at ive e l ectronic Ham ilton i a ns for va riou s mol ecul es in n- or 

ll-electronic l e ve l are li sted in Tabl e 3.5. \~e see tha t H' can be ~vr itt e n
A 

as 

+ - - +H' qA Q::\ + qA QAA 


± ± i::\ 8 
where eq::\ 

+
and Q- ar e functions of vibrational coordin a t es . For example, for symme trica l 

A 

linear t e tra tomic molecul es in a n-electronic leve l and neglecting terms highe r 

ththan 4 order, we ha ve 

-+i?_l,1 ±i2.·{>, 
.J. - ' <rC (r,r ,) e '. L ()-

+ 
~ 0'1 c~ ~ , r~ ) -.. • _, . _ 

""<-n (3.7.5) 

where 1 

~ 
. ( +. 

' 
r, 

. I l l' '· ) 3 t'2) r, )i ( fz. r2' 
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Tabl e 3.5 

Representat ive vibronic pe rturbations and Hamiltoni ans 
for 1in ea r tri atomic, t etratomic and pentatom ic mo lec ul es 
in 1r - or 6-electron ic l eve ls( ;_= 1 or 2). 

H ( ;_ ) = H0 + 	 U(Q) + H' 
e e :\ 

U(Q) = U 0 (r ~ ) + U' (Q) vibrat iona l pot e nti a l. 

(a) Lin ea r triatomic mo lecules ( ;_ 1 ,2) 

U(Q) = ~~ kw~r 2 + gkr 4 + O(r 6) 


H~ = 2(oo + o2r 2 + ..... )r2Acos2A (8-¢ ) 


(b) 	 Unsymmetr i ca l 1 inear t e tratomic mol e cul es 

(
1 2 2 2 2) ~ 2 2 41

U(Q) ~~ l w lrl 	+ ~~2w2 r 2 + (gllllr i + 2g11 22 r1r 2 + 92222r2 

+ 4[r~ + r ~ + rlr 2cos ( ~ l -¢ 2 ))rlr 2 cos( ¢ 1 -¢ 2 )) + O(r~) 

( :\= 1) H' (f 1 + h 4 o r~ + 3h 22 r ~ )rfcos2(8-¢ 1 )Tf 

+ (f2 + ho4r~ + 3h 22 r~)r ~cos2(8-¢ 2 ) 

+ (2f 12 + 3h 31 r~ + 3h 1 3 r~ )r 1 r 2 cos (2 G-¢ 1 - ¢ 2 ) 

+ h 3 lr~r ~ cos(2 8- 3 ¢ l+¢ 2 ) + hl 3 rlr~cos(2 e -j ¢ 1 -¢2 ) 

+ 0 ( r~) 

(:\=2) H' 	 hLfOrl 
~ 

cosLI( s - ¢1) + h04 r
4 
2cos4( e-¢ 2)

6 
3 . 	 3 

+ 	4h 3l rlr 2cos (4 e- 3¢I-¢2) + 4h 13 r 1r 2cos (4 e- 3¢2-¢ 1) 

2 2 
+ 6h 22 rlr 2cos(48- 2¢1-2¢2 ) 

+ O(r~) 

(c) Symmet rica l 1 in ea r tetratomic mo l ec ules 

U(Q) 	 = (~~l wf rf + ~~2w~r~) + (g lll lr~ + 4gll 22 r~r~ + 9 2222 r~ 
2 2 6+ 2g 112 2r 1r 2cos2 (¢1- ¢2)) + O( rk) 


(:\=1) H' = (fl + h4o rf + 3h 2 2 r ~ )rfcos2( 9 -¢ )

TT 	 1 
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(>-=2) 

+ 6h 2 2rfr~cos(4e-2¢1-2¢2) 

+ O(r~) 

(d) Unsymmetrical 1inear pentatomic molecules 
3 

U(Q) = l: J,z~kw~r~ + ~ R' ~~~ R"' 9kk'k"k'"rkrk,rk"rk 111 

k=l . 


·cos(¢k-¢k 1 )cos(¢k"-¢k111 ) 


(>-=1) H' = (f 1 + h 40 or~ + 3h 22 or~ + 3h 202 r~)rfcos2(e-¢ )

1T 1 

+ (f2 + ho4or~ + 3h22orf + 3ho 22 r~)r~cos2(8-¢ 2 ) 

+ (f3 + hoo4r~ + 3h2o2rt + 3ho22r~)r~cos2(8-¢3) 

+ (2fl2 + 3h3lorf + 3hl3or~ + 6hll2r~)rlr2cos(28-¢I-¢2) 

+ (2f 13 + 3h 301 r~ + 3h 103 r~ + 6h 121 r~)r 1 r 3 cos(2e-¢ 1 -¢ 3 ) 

+ (2f 23 + 3ho3Ir~ + 3h 1 o3r~ + 6h 21 lrf)r2r 3cos(28-¢ 2-¢ 3) 

+ h31or~r2cos(29~3¢1+¢2) + hl30rlr~cos(28-3¢2-¢l) 

+ h3olrfr3cos(28-3¢1+¢3) + hlo3rlr~cos(28-3¢3-¢I) 

+ h 03 ir~r 3 cos(2B-3¢ 2+¢ 3 ) + h 013 r 2 r~cos(2e-3¢3+¢ 2 ) 

+ 3h 211 r~r 2 r 3 [costze-2¢ 1 +¢ 2 -¢ 3 ) + cos(2e-2¢ 1-¢ 2+¢ 3)] 

+ 3h 121 r 1 r~r 3 [cos(2e-2¢ 2+¢ 3 -¢ ) + cos(2e-2¢ 2-¢ 3+¢ 1)]1 
r 2 r~[cos(2e-2¢ 3 +¢ 1 -¢ 2 ) + cos(Ze-2¢ 3-¢ 1+¢ 2)]+ 3h 112 r 1 

+ 0 ( r~) 

(>-=2) H' = h400 r~cos4(e-¢ 1 ) + h 040 r~cos4(e-¢ 2 ) + h 004 r~cos4(e-¢ 3 )!:J. 

+ 4h3lorir2cos(40-3¢l-¢2) + 4hl30rlr~cos(4e-3¢2-¢l) 

+ 4h 3 o 1 r~r3cos(4e-3¢I-¢s) + 4h 1 o3rlr~cos(4e-3¢3-¢I) 
3 . 2 

+ 4h 031 r 2r 3cos(4e-3¢ 2+¢ 3) + 4h 013 r2r 3cos(4e-3¢3-¢2) 

+ 6h 220 rfr~cos(4e-2¢ 1 -2¢ 2 ) + 6h 202 r~r~cos(4e-2¢ 1 -2¢ 3 ) 
2 2 2 )+ 6h 022 r2r 3cos(4o -2¢ 2-2¢ 3) + 12h 12 lrlr 2r3cos(4e-¢I-2¢ 2-¢3 

+ 12h21 Irfr 2r3cos(4e-2¢I-¢ 2-¢3) + 12hll 2 rlr2r~cos(4e-¢l-¢2-2¢3) 
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(e) 

+ 4gll33rfr~ 	+ 2gll22rfr~cos2(¢l-¢2) + 2g2233r~r~cos2(¢2-¢3) 

+ 2gll33rfr~cos2(¢l-¢3) +4(glll3r~r3 + 9I333rlr~)cos(¢l-¢3) 

+ 	8gl223rlr~r3cos(¢l-¢3) + 4gl223rlr~r3cos(¢l+¢3-2¢2)} 
2 ~ 2 2(~= 1) H' = 	 (fl + h4oor1 + 3h220r2 + 3h2o2r3)rlcos2(8-¢1)

7T 

2 2 2 2 .+ (f2 + h040 r 2 + 3h 220 r 1 + 3h 022 r 3)r2cos2(e-¢ 2) 

+ (f 3 + h 004 r~ + 3h 202 rr + 3h 022 ri)r~cos2(e-¢ 3 ) 

+ (2f 13 + 3h 301 r~ + 6h 121 r~ + 3h 10 ~r~)r 1 r 3 cos(2e-¢ 1 -¢ 3 ) 

+ h 301 r~r 3cos(2e-3¢ +¢ 3 ) r~cos(2e-3¢ 3 +¢ 2 )1 + h 103 r 1 
+ 3h 121 r 1 r~r 3 [cos(2e-2¢ 2 -¢ 1 +¢ 3 )cos(2e-2¢ 2+¢ 1 -¢ 3 )] 

+ O(r~) 

(A=2) H~ h 400 r~cos4(e-¢ ) + h 040 r~cos4(o-¢ 2 ) + h 004 r~cos4(e-¢ 3 )1 
+ 4[h 301 r~r 3 cos(4e-3¢ -¢ 3 ) + h 103 r 1 r~cos(4o-3¢ 3 -¢ 1 )]1 
+ 6h 220 rfr~cos(4e-2¢ 1 -2¢ 2 ) + 6h 202 r~r~cos(4e-2¢ 1 -2¢ 3 ) 

+ 6h 022 r~r~cos(4o-2¢ 2 -2¢ 3 ) + 12h 121 rir~r 3 cos(4e-¢ 1 -¢ 3 -2¢ 2 ) 

+ O(r~) 



CHAPTER 	 4 

Renner Effect in Linear Triatomic Molecules 

4.1 	 Static Pro~lem--Electro_nic Wavefunctions and Energies 

For 1inear triatomic molecules, there are two stretching modes 

and one bending mode of vibration denoted by q 1 (o+), q 3 (o+) and .9_2(n) 

·respectively. 	 Since the electronic wavefunction is less sensitive to 

the stretching coordinates and than it is to the bending coordinatesq 1 q 3 

we can ignore the q 1- and q 3-dependence from the molecular potential V. 

The vibronic Schroedinger equation is then given by 

-+ a2 -+
{T + V(r. ,.9_2) +TN(--) - E}'!'(r. ,.9_2) 0 	 (4.1.1)

e 	 I ~ 2 I 
0.9_2 

where 

(4.1.2) 

When the nuclei are held fixed at .9._2, the electronic motion is obtained 

by solving the following electronic Schroedinger equation: 

{T + v((:. ;n2) - W (q2) }~J (;:, ;q-,) 0 	 (4. 1. 3)e 	 1 .:L- e - e 1 ...u. 

Particularly when S2 = 0, we have 

0 	 (4.1.4) 

The solutions of Equation (4.1.4) have been discussed in Chapter 2. They 

are 

59 
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When .9..2 :f 0 but is small, the potential v(-::. ,q 2 ) can be expressed·
in terms of the multipole expansion. If the A> 0 electronic level is of 

interest we have (Section 3.7): 

And the electronic wavefunction ~ of Equation (4.1.3) can be expressed
e 

0 0
i n terms of 1/J +A and 1/J _ A , i . e . , 

(4.1.6) 


Substituting Equations (4.1.5) and (4.1.6) into Equation (4.1.3), 

we obtain the coupled equations for C+(_g_2 ) and C_(_g_2 ): (_g_2 fixed) 

(4.1.7) 

where o(r) = (o 0 +o2r 2 + ..... )r2A. The first-order electronic energies 

and the correct zeroth-order electronic wavefunctions are obtained with 

reference to Appendix B. The correct zeroth-order electronic wavefunctions 

are 

1/!Aa(-;:i ;,92) = /2 uA (z,p)cosA(G-~) (4.1.8a) 

1/! >. ~ (-;: i ; 9.2) /2- u A ( z , p) s i nA ( 8- ~) (4.1.8b) 

which are independent of the bending· radial coordinate r. 

The corresponding energies are independent of the bending azimuthal 

angle ~: 

WAa = w>, 
0 

+ u(_g_2) + cr(r) 


Ho
\.JAb = + u(_g_2) - o ( r) A 
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As we do not consider the mixing between different electronic 

levels, we may put WA0 equal to zero, i.e., we measure energies with 

respect to this value, thus 

W = U (.92) + o(r) (4.1.9a)a 

(4. 1.9b) 

A plot of the function 

2 4 2 2AW = Yz(u + gr ± (a 0 + o2 r + ....• ) r (4.1.9')a 

b 


has been shown in Fig. 1.3 (Chapter I). If A 1. (TI-e 1ec t ron.ic· Ieve 1) 

we write for Equation (4. 1.9'): 

W = %kr 2 + gr 4 ± (Yzfr 2 + ~hr 4 ) (4. 1. 1 0)
a 

b 


Figure 1.3A is obtained if k = fHu 2 > jfj; Fig. 1.3B wi 11 be obtained if 

0 < f<- < jfj. HovJever Fig. 1.3C is. possible only (f·k < 0, i.e., the 

force constant is negative! In the last two cases, to make the curves 

concave upwaTd, g- Yz]hj should be greater than zero. The radial extremes 

and the height of the potential hump of Fig. 1.3B (or Fig. 1.3C) are 

obtained by derivative of wb (assuming that wa > wb for any value of r) 

with respect to r. They are 

( f > k > 0 and g - -h 
> 0)

2 

and 

The electronic wavefunction ~Aa of Equation (4.1.8a) is symmetrical 

with respect to the molecular plane defined by~=~· wh(ch contains the 
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three atoms. The function ~Ab is aniisymmetrical with respect to the 

same plane. If th~ ~olecule is symmetrical, these wavefunctions can be 

classified under the c
2

v point group by the representations 8 1 and 82 

(or A1 and A2) respectively(Appendix A-5). Equations (4. 1 . 8) a 1so 

show that, in the first-order of appr6ximation used, ~Aa and ~Ab have no 

r-dependence but large ¢-dependence. This ¢-dependence is as large as 

the 8-dependence, i.e., 

;) ' 
d<} \f_,._a <

<~ 

~~ ~~b 

and (4.1.11) 


4.2 pynamical Problem: Zeroth-order Vibronic Solutions 

In solving the vibronic equation (4.1.1), Renner has shown that 

one can not write the solution '(1. ,q 2 ) as a si~ple product function. 
1

The reason being that if we assume~ to be either 

~I.=~ ~">--<1(1'; ,<J,) fa('-1,) or 

-±'' =~ 'V>-h (r; (!z) ~ h Ufz ~ (4.2.1) 

a2 
The nuclear operator TN(---) acting on these functions wi 11 cause a mixing

2
d.9_2 

of them. By Equation (4. 1. 11), we see that 
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->
~hus Ide should write 'l'(r. ,q 2 ) as a 1inear combination of IJI 1 and IJI 11 

,
I-· 

This equation together with Equations (4.2. 1) and (2.3. la) of 

Adiabatic Formulation given in Chapter 2, give the following ~oupled 

d}fferential equations for the variational functions ¢a and ¢b: 

i.e. , 

(4.2.2) 

=0 

(4.2.3) 

Equation (4.2.3) for A = 1 has been solved by Renner(S). His method 

for A ~ 1 electronic levels has been generalized by E. Teller( 3G). In 

order to deduce the vibronic angular momentum in a more natural way, we 

shall use a different mathematical approach. 

We define a number of matrices as follows: 

~ I1 c1n. = a 1 

(4.2.5) 


(/L2.6) 


( "'' "' '" p 1 • • ' ( l?) 1·h h . 1 . . f. f IP-z..l,J'" 2 ,'L"3' are au 1 sp1n matnces . e p ys1ca s1gn1 1cances o· z 

and G will be observed later.)z 
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and the vector 
r±~ ( cf.)l 

(4.2.7)l£b(q,j 
Hence Equatron (4.2.3) becomes 

r - ~ 
l (J ' +.l~ )lil :1.-J\.A J r ~ r () ;· .• 

=0=· { lHv - E } f (1!.2.8) 

'-' - 11-\ t + Ut (r l \1 -+ a--- ( ,. I ~ -11 lv -·-- l y . Jl L ,wh_e re (1!.2.9) 

u--1·"..,.=- J{ t.J\- +J..~.- )-1 + ;.,~ ,- ' G.,._J..+ u"(•-) J!.with v '(\ \ ;)\ rO:li , (Lt.2.10) 

_u• (r) u(;-) - u 
0 (r) = gr 4 +hig he r order t erms (11. 2. 11) 

U
0 

( r) (4.2.12) 

For zeroth-order, we se t 

U'(r) = O i.e.' u(r) 

and 0 (r) = 0 ' 

so that 

(4.2.13)
= c 

This equation is similar in for m to the ordinary t wo-d ime ns ion a l 

oscill ator equation (Append ix D-5a), the refore G can be regarded as th e 
z 

vibration a l angular mome ntum operator. Sinc e G z and ~ z commute with ~ 0 . v' 

thus 0 
~ can be chosen to be a simultaneous eigenfunction of the thr ee 

operato 1·s. Sup pos in g that ~ 0 
V£- ;K 

are e i genfunct ions of G 
z 

and f 
z 

with 

eigenva lues £-K and KH respec tive ly, then 

(1L2.14) 




65 

(4.2.15) 

The 	 quantum number v wi 11 be determined by Equation (4.2.13). 

By separation of variables, we assume that ~0 can be written
1.-£ ; K 

as 
..,... ~ . "'""= 	 ~- f)a(r)• Aa (<i'· · ) 'J' 
2V.(;K , 	 (4.2.16)

O'' Ab (hilJ ( r )v 	 'n 

•. 

which, 	 in matrix product form, is 

(4.2.16') 

By Equati6ns (4.2.14) and (4.2. 16'), we have 

(4.2.17) 

Using the definition of G , Equation (4.2.6), we obtain the 
z 

coupled equations 

(4.2.18a) 

(4. 2. 18b) 

These can be solved by writing 

(4.2.19) 

where s is a_number to be so chosen that we can obtain simple solutions 

for Aa and Ab. Multiplication of Equation (4.2.18b) by is, followed by 
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addition to Equ a t i on ( 4 . 2. 18a ), y i e l d s 

- -~1,- ...: ( X·t 5-"- )] G U)) - /' ( t - s') Ah( c,h) DI- Jf - o~ 

Choos i ng s 2 ::: l, i. e. , s = ± l, we obt a in 

- d . ) 
) -. - ;_ ( j -1- SA ) J CJ (~' J-=- 0 fs= ± 1) (4.2 .20). a.:p a> ' 

Th e s o lu t i ons are r eadi l y se e n t o be 

/ ) i .,...;. U+ SA) q' 
.u; \·1:> 1 "' e .Q's . (4 .2.2 1) 

By Equ a ti ons ( 4. 2.1 8a ), (4.2.1 9 ) a nd (iL2 .2 1), we o b t a in 

I ,d J-1 )>.) r~ ~~ 0 \1' \ _l. 
} s -r if'> / _. ~ 

_.: (i + y,) ·\· 
.\$ ~ 5 

~~ ··- Q(~~ C~ . ~,+\ 
2.- 0, :?., 

He n ce the no rma li z e d a ngu l a r co lumn ma t ri x i s 

( so= t i l 
(4.2.2 2) 

By Eq ua ti ons (4 .2 .1 5) and (4. 2 . 22 ), we ha ve 

the r e for e K == £ + s >.. = £ + A, (A = s >.. ) 

which i s a s um o f vi b r a tio na l ang ul ar mome n tum q ua nt um n umbe r and t he 

el ec tro ni c a ngu l a r mo men t um q uant um n umbe r . Thus K ca n be def in ed as th e 

~ibro ni c a ngu l ar mome nt um qu an t um n umbe r , and the ma tri x IP will then be 
2 

a vibro ni c 'an g ul a r mome n t um ope l-a t o r. 

To comp l ete the so lu t i o n of ~0 we s ubs titu te Eq ua t i on (4. 2. 16 1 
)v£;K' 

int o Equ a t i on (4.2 .13 ); we o bta i n '"il j 
.._ , 1 :" , _ ~ " l -- - l B ( r) 

~ - ;~;:- l ~i -i ~ {--5;- - ~' ) ~- -t ~< lJo r -- [ j Bl' (rl --= 0 
(4. 2.24 ) 
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The solutions are earily seen to be (Appendix D-6b): 

and (4.2.25) 

Thus 
-	 0 -

0 iC-..t /1. )
1P\./k,)~:: :::-.: tV{ )A\<. ( S-:: ··~--- = -~ = :!:: (I. 2 26) 

' 	 'i • • . 

and 	
>0 . ·-"/- ,Jt, 

(4.2.27)' Sl?v 1' /\' 1'- I I Jl v 2 A K 

4 . 3 ~~~gn c1 _-:-_Qc.sl ~_r__Vi.~ ~_o_!i_i_c:___E_n eI:_gy___L~2I~~ ?Jgn s 

As 	 o(r)E3 ~ 0, we shall use the Van Vleck degenerate perturbation 

39 40theory( 38 , , ) to obtain the energy expressions correct to second-order 

0for Equation (4.2.8). The basis functions will be ~v£td< of Equation 

(4.2;26) and the perturbation is U' (r) + o(r)I3 H'. 

Since G does not commute with ~V' but ~z does, thus the eigen
2 

functions~ of Equation (4.2.8) cin sti 11 be characterized by the vibronic 

quantum number K. Hence we expect that there is no nonvanishing matrix 

element between states of differ·ent K. In fact 

s' = - s t ;, <. • f\. "' ... "' )
{ ( R,I\(·-Al \ ()-' t') \ I~ v'1 K1A\ ) 

(4. 3. 1)I c 
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We sh a ll designat e the vibronic l eve l of g i ve.n v and K by 

K
[v] . Fo r- this l eve l, Van Vleck's basis functions are (Appendix C): 

(1\ 

·~( ..( ; / ,K -\- 1~ '.'-( ;t\ K -t 
(4.3. 2) 

.. (I I wh e r e db - 
l f V.{ i 1\ 1<. 

(4.3 .3 ) 


· with 
( \1 1 - V ) ~~ I;_) 

(11.3.4) 

which can be called interaction coe ffici e nts . 

2The ~ ( ) ar e add ed mainly for ma int ain in g orthogonality between 
vQ. ; AK 

different functions of the form of Equation (4.3 .2). If we are not 

int ere sted in the energy higher th an third -order , we ca n drop this term 

from the expression. 

The r epr esent a tion of the Hami lt on ian 1H in the l eve l [v]K, wh ichv 

lis dou b l y deg enerate K < (v+;J i s given by: 

J.:. k(i .() I Jl.K (- .l<;-;) V l \'-l~ '/ l •ltl . "l , V / \ 

(4.3.5) 
,;;, '·1 ' ,. 1\ ~." ·,"( !.L;q-.<' ), v l ei.l J- K( .. ~ ) ;/ 

The di ago na l matrix e l eme nts will be denoted by: 

(4.3.6a) 

(4.3.6b) 

wh ere 

(4.3.7 a ) 

~ '\ ( t (, e c l ;: l~" -o I J :o ~~ :;: A JI C {\". "v <I;z_;.2._ L v ·- {_ V ' .{ ' 

V'-': V ..t' 
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The off-diagonal matrix element will be denoted by: 

( ftK(+,e )v \l!-1v \1J:K (-.Q'') v>= Clr + 1J,. (4.3.8) 

where 

(4.3.9a) 

1 1 I 
. u ~0 \ cl\v}. (_ '' 'v)2' 

( ( v - i.. v' ! · 1\ v ) · ,, v j" 

(4.3.9b) 

The energies which are correct through second-order are obtained 

by diagonalization of the matrix (4.3.5). This gives (Appendix B-20): 

Ej(k;F) = (.: ·t·{ (cl,+ilz+z,+-z,.) ±)(:-.!~-<'.,::z,-:z_,f+ ((J·+1j)'llj~ (j=r,z) 

(4.3.10) 

4.4 Linear Triatomic Molecules in n-or ~-Electronic Level: Vibronic 

We assume that the perturbation H' is truncated at the fourth 

power term (r4 ), i.e., in the perturbation 

H' = U '(r) + o(r)L:3 

We assume U' (r) and o(r) to be 

U' (r) = gr 4 

for ;\ 2 (~) electronic level 

o(r) = { (4. 4. 1) 

for A= 1 (n) electronic level 

Consider the vibronic level [v] Kv<hich consists of two states: 

I tf () 
. IJ.I/IK > ( K < v+ A ) 
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with 9., = K-:>., and 9.- 11 = K+:>. and interaction diagram (Fig. 4. 1) demonstrates 

with what states these two components wi 11 interact. Eva 1uat ion of the 

interaction coefficients matrix elements for IT- and ~-electronic levels 

are listed in Tables (4.2) and (4.3) respectively. In the tables, we 

define the parameters s, nand y by: 

f f 
s - or fa = d1wk: :: )JW2' 

a2 ~ n h- or ha 2 = n~w (a = -) 	 (4.4.2)- MLu 	 )JW
a2 

~y g or ga2 yY\w
YlW 

The use of Equations (4.3.7), (4.3.9) and (l!.3.10) produce the 

following results: 

(i) 	 :>. = 1: IT-electronic level: 

Assuming that s >> n ~ y, we have 

z1 =-	8
£2 

(v+l) (K+l)~w 

£2
Zz = + 	8 (v+l) (K-'l)Mw 

For K = 	 v+l or v = K-1, there is only one state: 

1 

E(I\;V) - ( v + 1 ) [ I - ( t - y ) ( V + .<. ) ] h IJJ 

8 

(4.4.3) 

ForK< 	(v+l), 

(4.4.4) 
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For K = 0, (z:-vibronic levels): 

E1. (o,v)/ = (V+I)(r~% -f-J + ~[ 2 y ~ 111 (vi-I )z 
2 /1iw 

We can compare our results with that obtained by Renner by putting 


n = y = 0 into Equation (4.4.4). We have: 


. . . :/. 2 (.z. 2. l'h fl(. )2.
E (K;ll~ =(tJ+t):!-~(Ll+r)-1< +Tzl<- (v-t-•)I -8 tH•. 

~ hl.ll . . . (4.4.4') 

• We notice that this expression is different from that given by R~nner(S). 
~le have an additional term E 2 K2 (v+1) 2 /16 in the square root. The difference 

·is the consequence of the different perturbation methods used, and that 

the two diagonal matrix elements of the Van Vleck perturbation matrix 

(4.3.5) are in general not equul. \Je shall see in the next chapter that 


if we use a modified Van Vleck's method in the diagonal izing process of 


Hamiltonian matrices, ~e obtain results that the ordinary second-order 


perturbation theory (Schr~edinger degenerate perturbation theory) will give. 

(i i) >.=2, !'~-electronic level: 

Assuming that n/2 > y, we obtain (forK f. v+2, K f. v): 

_{ ( ll+ I) [ I 7 Li ( I)+ I ) -- 3 K ( 5 l\ -t· J1 ) ] ( h:-2. )
32 - . 

:z = -- _i (If+ 1 ) [ I 7 \! { ti-t 1) -- 3 j( { !:i I\-- I 2 )J (k-,. 2) 11lJ 
2. 3?.. 

or 



72 


~ ( 7. + z J = .... 2[ lli +I) [ ll t' ( tl + 2) t. 3 i< '· "I -k w 
2 ·I 2 IG -: 

(4.4.6) 

Similar, but not identical expressions had been 9i0en by Merer 

and Travis( 34 ). Our y-parameter corresponds to their 922 ..Both are 

constants which account for anharmonicity. But iristead of 92 2£2 = i 22 (K±2), 

in our case, the correction term is 

d = l[3(v+1)2 + 1 - £2]
r 2 

which are functions of vas well as £. This arises because we treat the 

anharmonic potential U' (r) as a. vibronic operator. i· 

tThe resemblance of the anharmonic a(d vibronic perturbations has been 
discussed by Liehr(24) and by T. Oka 29). That anharmonic perturbation 
is also a vibronic perturbation is impl led in Longuet-Hi9gins and Pople's 
theory for NH 2 (18), . 
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£i3.· 4.1 	 Interaction diagram for the vibronic level [v) 
K 

under the 

perturbation (4.4.1). The dashed 1ines (-·-·-) represent 

the inte~actions through the term u• (r); the broken 1ines 

(-----) represent the interactions through the term o(r)E 3 • 

Interaction Interacting 
coefficient state 

",,
C - Vtl X 

+ ,, i. 

C+ v-z J 
'-1 v i 

c+ V·lf -~ 
.... \1 ~. 

Interaction 
coefficient 

C- v+4 ""•" 
- ... ~·-

c <" V·t'/ .( 
- v .t'' 

V42 .(' 
(: v .1." 

C 4 'v'.fl. J. 
),'' 

\}-}. .ec~ v 1.': 
- V-1 f"c - v f" 

v-4 eC t 

. - v .f' 

c - V-<~ J"_ 
- v 1 ,, 



-----

0 
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Table 4.2 Interaction coefficients and matrix elements for 1inear 
triatomic molecules in n-electroni.c level (> = 1) 

A'V'£'
cA v,K-A 

v· 
I g_' 


A'V'£ 1 


CA V K-i\ 

I 

1 k k k -n -(v-K+3) 2 (v+K+l) 2 (v+K+3) 2K+l 
32 7 

(v+K+S)~ 
V+4, 


1 k k k 

-y T6(v-K+3) 2 (v+K+l) 2 (v+K+3) 2 

k 
K-:-1 

(v-K+S) 2 

1 k k 
-s S(v+K+l) 2 (V+K+3) 2 


K+l 
 1 k k 
-n 8 (v+K+1) 2 (v+K+3) 2 (2v-·K·:-lJ) 

v+2, -·-- - -

1 k k 
-y (V+K+l) 2 (\1-1<+3) 2 (V+2)K-1 

2 

1 k k
+E S(v-K-1) 2 (v-K+l) 2 


K+1 
 1 k k 
+n S(v-K-1) 2 (v-K+l) 2 (2v+K) 


v-2, 


I k k
K-1 y-l(V-K+l) 2 (V+K-l) 2 

1 k k k 
T1 -(V+K-1) 2 (V-K+l) 2 (V-K-1) 2K+l 

32 k 

(v-K-3) 2 


v-4, 

1 k k k


K-1 Y ---(v+K-1) 2 (v-K+l) 2 (v-·K-1) 2 

16 7 

(v+K-3)~I I 

A'Vlg_' 
cA v K-A 

1 k k )k2-y T6(v+K+3) 2 (v-K+1) 2 (v~K+3 
k

(v+K+S) 2 

1 k k k 
-n --(v+K+3) 2 (v-K+l) 2 (v-K+3) 2 

32 7 

(v-K+S)~ 

1 k . k 
-y 2(v-K+1) 2 (V+K+3) 2 (V+2) 

1 k k - s 8-(v-K+l) 2 (V-K+3) 2 

1 k k 
-n S(V-K+l) 2 (V-K+3) 2 (2V+K+4) 

1 k k
y-(v-·K-1) 2 (v+K+l) 2V 

2 

1 k k 
s S(V+K-1) 2 (V+K+l) 2 

1 k k 
+n S(v+K-1) 2 (v+K+1) 2 (2v-K) 

1 k k k 
y T6(V+K-1)~(V+K+l) 2 (V-K-l) 2 

{V-K-3) z 

1 k k U: 
n 32(v+,K-1) 2 (v+K+1) 2 (v-K-1) 2 

k
(v+K-3) 2 
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d2 == (Rv,K+ljgr 4 1Rv,K+l) = y~w·Yz~3(v+1) 2 + 1- (K+1)2] 


a = (R !kfr2 + khr4jR · )

r v,K-1 2 2 v,K+1 


3 k 

= Yz [s + 2 n ( v+ 1 ) ] V{ w [ ( v+ 1 ) 2 - K2 ] 2 


2 ..· 
%(dl 	+ d2) y~w%[3(v+1) - K2] 

%(dl 	 - d2) = y~w·K 


3 k 1 k
2 ] 2yr=-z-sy•Kw(v+l)[(v+l) 2 - ~ - 8rwKw[(v+J)2_-K2] 2 {34(v+1)2+ 5(4-K2)} 

Ta,b 1 e 4. 3 	 Interaction coefficients and matrix elements for 1inear 
triatomic molecules in Ll-electronic level (;>.."' 2) 

A•v•£• 
CA V 9, = 

~· 

. AIVI9,1 
(A = 	±2)

CA V,K-A 
v• 	 ,Q,I 

AIV19,1 AIV19,1 
C A V. 	K-A C A V K-A 

r-
1 k k k 1 k k k 

-n 	 (v+K) 2 (v+K+2) 2 (v+K+lf) 2
.K+2 -y 16(v-1\) 2 (v-K+2) 2 (v+K+4) 2 

32. k k
(v+K+6) 2 ( v+K+6) 2 

v+lf,. 
1 k k k 1 k k k

K-2 -n 32cv-K) 2 (v-K+2) 2 (v-K+L!) 2-y 16-(v+K) 2 (v+K+2) 2 (v-K+4) 2
• 

. k k
(v-K+6) z (v-K+6) 2 

·· 
1 	 k k k 1 	 k k 

-y 2(v-K) 2 (v+K+lf) 2 (v+2)K+2 -n 4(v+K) 2 (v+K+2) 2 (v-K+2) 2 

k
(v+K+4) 2 

v+2, 
1 	 k k 1 	 k k k

K-2 -y -(v+K) 2 (v··K+l!) 2 (v+2) -n (v-K) 2 (v-K+4) 2 (v-K+2) 2 

2 4 k
(v+K+2) 2 

1 	 k k k __jln 4-(v+K) 2 (v-K) 2 (v-K+2) 2 y 2I (v+K+2) k2 (v-K-2) k2 VK+2 
k

(v-K-2) 2 

v-2, 
1 k k. 1 	 k k k k 

y 2~(v-K+2) 2 _(v+K-2) 2
V 	 n (v+K) 2 (v+K~_2) 2 (v+K-2) 2 (v-K) 2

1 
-	 I 4 

K-2 
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·- 
.A'V'g_,' 
CA V,K-A 

v' g_,' 
A'V'g_,' A'V'g_,' 

CA V, K-A CA V,K-A 

1 J,:: J,:: J,:: 1 J,:: J,:: J,:: 
n -(v-K-4) 2 (v-K) 2 (v-K+2) 2
K+2 y -(v+K) 2 (v+K+2) 2 (v-K·-2) 2 


16 7
32 7 


(v-K-2)Yz (v-K-4)-Yz 
v-4, 

1 J,:: J,:: . J,:: 1 J,:: J,:: J,::
K-2 
 n 32(v+K) 2 (v+K+2) 2 (v+K-2) 2
y T6"(v+K-4) 2 (v-K) 2 (v-K+2) 2 


k k
(v+K-2) 2 
 (v+K-4) 2 


-

= (R lgr4IR ) = yKtu·L[3(v+l)2 + 1 - (K+2)2]d2 v,K+2 v,K+2 2 


a = (R K-2 1~hr 4 jR K 2) = nKw·Ii3-(v+K) (v-K) (v+K+2) (v-K+2) 
r v, . v, + 




CHAPTER 5 

Renner Effect 'in Linear Tetratomic Molecules 

5~1 Static Problem for Symmetrical Linear Tetratomic Molecules in the 

IT-Electronic Level 

The representative vibronic perturbation for 1inear tetratomic 

·molecules A-B-B-A has been obtained in Chapter 3. In a IT-electronic 

1eve 1 , it is given by 

(5. 1. 1) 

where 

(5.1.2) 

. with 

The representative vibronic and ele~tronic Hamiltonians are given 

by 
· H == H (n) + T (5.1.3)

e N 

H ( n)
e 

(5.1.4) 

respectively in which 

(5. 1 . 5) 


(5.1.6)and 
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Thu s the r epr esent a tion of the e l ectronic Ham iltoni an in the 

0 ~ 0 ~ •
basis {1); (r.;O), vJ (r.;O)} 1s shown t o be : 

+n I -1T · I 

[1-1 ( 'IT ) ] (5. 1 . 7) e 

where R and x are de fined by: 

(5.1.8) 

(5.1.9) 
. . 

0 

The Born - Oppenh e ime r potenti a ls (e l ec tronic en e rgies correct to 

first-ord e r) are obt a in e d by diag ona liz a tion of the ma trix (5.1.7). They 

ar e 
Wa W~ + U0 (rk) + U' (Q) + R(r1,r 2 , ch-<Jl2) 

(S.l.lO) 
W b - . vi~ + U0 

( r k) + U' ( Q) - R ( 1· 1 , r 2. , cp 1 - ¢ 2 ) 

\ I •The corre sponding correct z ~ roth -ord e r electronic wave fun c tion s 

are given by 

tJ! ( 
~ 

r.; Q) 1:2 u (z , p)cos( e-x )
a 1 1T (5. 1 . 11 ) 

lj;b c~i ;Q) 1:2 u 
.'IT 

(z, p)sin( e-x ) 

The se el ectronic wave fun c tion s can be re ga rded a s functions 

symme tl'ical and anti s yrnme trical to the 11 x- plane'' of the mo lecule. The 

11 x-plan e 11 is, for mol e cul es having mo r e th an 3 atoms , only a ma thema tica l 

plan e . Only if r1 o r = 0 (cf tri a t om ic mo lecul es : Equa tion (4.1.8))r 2 

can be a geome trica l plane de fin ed by the be ndin g a z imuthal angle ¢2 or 
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<h 	 -respectively and the molecule will have a c2v or c2h symmetry (Fig. 5.1). 

The plotting of Wa and Wb gives the electronic potential surfaces 

shown in Fig. 5.2. In the figures·, we have neglected the r~ terms. When 

these terms in the perturbation are considered, the Equation (5.1 .10) may 

have minima at values of rk ~ 0. If the molecule is trapped in one of the 

P.otential minima, the molecular symmetry will be effectively reduced from 

However, there will be a finite probability of tunnel] ing from one potential 

well to another, and if this is taken into.acs;ount one may still be able to 

classify the vibronic levels according to Dooh space group(l 9). 

5.2 Failure of Adiabatic Formulation for Dynamical Problem in Linear 

Tetratomic 	Molecules. 


The vibronic Schr~edinger wave equation is denoted by 


(5.2.1) 

In the adiabatic formulation, the trial solution q1 (1. ,Q) is expanded in 
I 

terms of Equations (5.1.11), i.e., 

(5.2.2) 


By Equation (5.1.11), \,re have 

(Y-)2 + ,,, ~ 
"r 2 ark '~'b ar 2 
0 k k 



,, 'f-" .~,:.1 1 .; ( 

r~ n: o ·r1 A; . I I. I 

...;... 

·.;: 

I 
(n )q2 y ( 'TT g ) 	 qz)ng) q2+ g 

y 

A

I ..,x 


z 1/ 

/ "" : r
! 7 	 I ----1 It 1 	 lz 1 I I/ I/ 

... 

·.;: 	 ·.:: 

q 1 ( 'TT ) 	 q 1 ( 'TT ) ql+(nu)y u 	 X U 

Fig. 5. la 	 The bending coordinates of 1inear "acetylene". The designations ql+(nu) and 

q (n ) represent the complex displacements + iq 1 and + iq 2 each.
2 g 	 · 

q1 y 
q2+ 	 x ·x y 

""-l 

OJ 
1...0 



-~ ~..--~-- -~--	 .. ' ·..L-- -- :__~-·-- ... 
.. 

Case 1 ¢2 = 0 	 Case 3 ¢1 0 Case 5 ¢2 = 0, ¢1 = n/2 

~ 

~ ./"\

•;;~~.-...~./___ --\.,:· .. 

Case 2 ¢2 TI 	 Case 4 <h TI Case 5 ¢1 = 0, ¢2 = n/2 

Fig. 5. lb 	 Distorted geometries possible for a linear "acetylene11 molecule in a degenerate 

electronic state.(24)cases 1 and 2 apply to an extremum for which g_1 equals to 

zero; cases 3 and 4 for g_2 zero; and cases 5 and 6 to an extremum for which 

neither is zero. In all cases vibrational angJJar momentum has been partially 

(or completely) quenched and replaced by over-all rotational angular momentum 

-....Jof the distorted non-1 inear molecule. 	 1..0 
o



(a) ¢1 - ¢2 = O,n (b) ¢1 - ¢ 2 = TI/4, (3/4) 'TT (c) ¢1 - ¢ 2 = TI/2 

"'Ab 

rl 

~··v :::';:rr 2 <CJi .- r2 r2 < ~ > r2 

w'Aa 

rl 

rz 'z<E / 

rl r1 

w'Aa 

Fig. 5.2 The electionic potential energy surfaces of linear 11 acetylene 11 in IT-electronic 

1eve 1 , assuming that 

1 2 2 1 2 2 [( 2)2 ( 2)2 2 2 ( )]Yzw'Aa = Yz~lwlrl + Yz~2w2r2 ± f2orl + fo2rz, + 2f2ofo2rlr2cos2 ¢1-¢2 

b 

-.....! 
1..!) 
() 
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321jJ
b 32X 

--::: -lj! (~) 2 - 1J! -~ 
b. 3rk a 3 23rk 2 

rk 

32lj!a 32X 
--= -lj! (~)2 + 1J! -
3¢ 2 a 3¢k b 3¢ 2 


k k 


321jJ

b a2x--= -lj! (~) 2 -lj! -
2 b Cl¢k a 3¢ 2 
3¢k k 

Putting Equation (5.2.2) into (5.2.1), we obtain 

= 0 (5.2.4) 

Multiplying Equation (5.2.4) by 1jJ * from the left and then 
a 

integrating over electronic space, noting that 

~t-+ -+' 
1J! ( r. ; Q) lj!b ( r. , Q) dT. a I I II 

Q fixed 

and that 

1J! *(;, ;Q)H (1. ,Q)1jJb(1.iQ)dT. - W (Q)•8 b a 1 e 1 1 1 a af 
Q fixed 

together with Equation (5.2.3), we obtain 
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0 (5.2.5a) 

Similarly, multiplying Equation (5.2.4) by ~b 
"}\. 

, followed by 

integrating ove r e l ectronic space, we obtain 

0 (5;2.5b) 

(5.2.6) 

and assume tha t U1 (Q) 0 
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then by Equat ion (5.1.9), we can sho1~ that 

.kr ~ = R lL- %fkrk2cos2 (x- "k)2 k Clr ' Cl" - '~' k '~'k 

and that 

R(-~~ + _1 lL + _I_ ~) 0 (5.2.7) 
Clrk2 rk Clrk rk2 Cl¢k2 

Hence Equat ion (5.2.5) becomes : 

= 0 (5.2.8a) 
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= 0 (5.2.8b) 

where E' = E ~/0 • 
1T 

The complexities of the Equation system (5.2.8) occur because the 

two degenerate vibrations which individually interact with the electron!~ 

motion 	 couple 0ith each other indirectly. No solution for this equation 

s~stem is possible if both f1 and f 2 are different from zero. When one of 

the fk's is zero, the system reduces to Renner's case in wl1ich only one 

' degenerate vibration is excited. Only then is the adiabatic formulationt 

applicable. 

5.3 	 Harmonica! Formulation for the Dynamical Problem 


In the Harmonic Formulation, we expand ~(;, ,Q) by

I 

-+ 	 0 (-+ ) + ) 0 -+ - ( )~ ( r. , Q) 	 == lj;+ r. ; 0 ¢ ( Q + lj; ( r. ; 0) • <P Q (5. 3. 1)I 	 7T I · 
< 

-n I 

+
If we let ¢-(Q) be 1inear combination of the vibrational product functions, 

i.e. , 
(5.3.2) 

where ¢vk k(rk,¢k) are harmonic oscillator functions, then Equation (5.3~1)
1

becomes 

~ (;. , Q) == 
I 

(5.3.3) 

where vibronic state IA;v 1 £1 ;v2 £2 > represents the zeroth-order vibronic 

wave function: 

to. 	 · h 1• ·ISCUSSIOns on t e apE 1cat1on of Adiabatic and Harmonjlc formulations have 
been given by Llehr(2 1,27) who used the terms "extremal development" and 
"cuspidal expansion" instead. 
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and that 

with 

t 0 
= (v 1.+1)Mw 1 + (v 2+1)~w2 (5.3.4)vl, v2 

Since the perturbation is 

H ' = U ' (Q) + H ' ( r e- ,~, )
7T k, "'k 

the state ·lA' ·v'1' ·v'1'> will give nonvanishing interaction with the state , 1 1' 2 2 

We find that 

(v ~ 1 ~ ; v; 1~ IU ' ( Q) Iv 111 ; v 212) , i f A'=A , 1 i+ 1 ~ = 11+1 2. 

= (vi1l_;v~1.~lo1(r 1 ,r 2 )lv 1 1 1 ;v 2 t 2 ), if A'=-A,1}=1 1+2A,£2=12I 
\ (v]_1_;v;1;loz(r1,r2)lv111;v2t2), if A'=-A,t~=12+2A,t]_=t 1
l 0 otherwise 

(5.3.5) 

A'v'1'v't'
Thus for nonvanishing matrix elements P 1 1 2 2, we must have 

A V1£,1V2Q,2 

1 1 1 1A' + 1 + 2 -- A+ 11 + Q,2 = K (5.3.6) 

and thus states with different "vibronic angular mome11tum quantum number
11 

K' 

will never mix. As seen from Equation (5.1.1) and (5.1.2), U'(Q) and 
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Therefore the vibronic wave functions can be classified by a 

quantum number K and the even and odd characters of the vibrational 

quantum numbers V1 and V2. This is done in Fig. 5.3. In Fig. 5.3 only 

states in the same column can interact with each other. If K is even, 

then either v1 or v2 must be even. If K is odd, then v1 and v2 must be 

b9th odd or both even. 

For strong vibronic interaction, the coefficients CAn V n. and 
. vl"'l; 2"'2 

the vibronic energies are determined by diagonal ization of a very large 

matrix for each K: 

(5.3.7) 

If we knov-1 the values for fk's, g's, h's as \vell as the force constants 

(~kw~), then the secular Equation (5.3.7) may be solved by use of an 

electronic computer. Since this is in general not the case, we shall assume 

that the coupling between states are weak, and ask only for the vibronic 

energies correct to second-order, i.e., within the level of the same V1, 

and K. 

5 . 1I Interaction Diagrams 

We shal 1 use the Van Vleck degenerate perturbation method to obtain' 

the energies correct to second-order of approximation and we introduce 

interaction diagrams as an aid in following the results of this metho~. 

We have two types of interaction diagrams: the first-order and 

the second-order. 

In the first-order interaction diagram (Fig. 5.4), we consider the 

interactions between all states with th~ same K, vl and values. Thev2 

number of these states is designated by n (vl,v2). It can be verified by
K 



Figure 5.3. 	 Classification and energy ~cheme of vibronic kets jA;v1,11v2 12> inn-electronic level 

with K = A+11+12>0. (Negative K states are obtained by changing all ·the signs of A, 

11 and 12). We designate IA;v111v212> by [vl,v2](A,11,12). A= -A. 
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Fig. 5.3 that 

f'
+ v2 + 2 - K if lv2-v1! < K (K > 0) 


n (v 1 ,v2)
K 	 2(v + 1) if 0 < K < lv2-v1l' 

v is the 	sma 11 e r of v1 and v2. (5. 4. 1) 

which will be split in first-order by the perturbation H'. 

Fi_g. 5.4 	 First-order interaction diagrams within the vibronic level 

[vl,v2] K . The perturbation H' is given by Equation (5. I. 1). 

C(r) £ l( r) £ 2( r) 	 t hIn Figure 5.4, the~ stands for the r state of 

zeroth-order set. 

= ~~(r)·v "(r)·v· ,SrJ>
11 ' ' 	 (5.4.2)l•"'l 2>;_,L 

The dashed lines refer to the interactions through the pert~rbation function 

H1 
; the broken lines refer to the interactions through U' (Q). The vibrational 

terms, e.g., ak(r 1 ,r2 ) written between the states 

will give the matrix element: 
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which is different from zero. 

In the "second-order interaction diagrams'', ·we show what states 

will interact with a given state in presence of specific perturbations. 

For the symmetrical 1inear tetratomic molecules in 1r-electronic level, 

the second-order interaction diagrams for the state 1Av 1 t 1v2 t 2>under the 

perturbation H' of Equation (5. 1. 1) are shown in Fig. 5.5A and B. 

The interaction coefficients are defi~ed by: 

(5.4.3) 

which can be expressed in terms of the "vibrational radial integrals": 

A(vk+a,Qk+b) _ (vk+a,tk+blr~lvk,£k) 


B(vk+a,9.k+b)- (vk+a,9.k+blr 4 lvk,!k) 


Evaluation of these integrals are 1isted in Appendix D. 

Since the rth Van Vleck-basis function in the level [v1,v2 JK is 

given by: 

,lr' 1 K' I) V ) ="i r ' ) I~ .!. 

with 

to the basis function 

a sum of the products of the tvvo columns given in Fig. 5.5, i.e., 

¢(l) (K;v 1v2 ) = L:jinteracting states>· interaction coefficients 

Therefore, the first-order correction 

r 
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Fig. 5.5A 	 The second-order interaction diagram for the perturbation 

U' (Q) === g1 rt{ + g 2 ri + 2g1 2 r}rHz + cos2(<!J!-4; 2 )]. 
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Fi g. 5.5 8 The 	 s·econd - order i nterac ti on di agram f or· t he pert ur-bat ion 

4H' ( f 1ri + hlr l + 3hl 2 r ~r~ ) cos2 ( 3 -¢ 1 )
7T 

4+ 	 (f2d + h2r 2 + 3 hl2 r ~r~ ) co s2 ( 8 - ¢2 ) . 
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5.5 	 A Modified Form of Van Vleck's Degenerate Perturbation Method 

We 	 partition the perturbation H' into two parts: 

H' = H(2) + H( 4) (5. 5. 1) 

The 	 first part is second-order in vibrational radial coordinates: 

(5.5.2) 

The 	 second part is fourth-order in vibrational radial coordinates: 

H ( 4) 	 = u I ( Q) + (HI - H ( 2) ) 
7f 

4 4 2 2( ( )= 91r1 + 92r2 + 2g12r1r2 2 + cos2 ¢1-¢2 

+ (hlri + 3hl2rir~)cos2(8-¢1) 

+ (h 2 r~ + 3h1 2 r~r~)cos2(8-¢ 2 ) 	 (5.5.3) 

.where we have changed the parameters 91111• g22 22• 91122• h4o, h22 and ho4 

into 91, 92, 912• h1, h12 and h2 respectively. 

To a good approximation, one would be satisfied with the first 

and second-order energy contributions from H(Z) and the first-order energy 

contribution from H( 4). To achieve this and to avoid the difficulties in 

diagonal ization of the Van Vleck degenerate perturbation matrices (see below, 

.(B)), we shall modify Van Vleck's method as follows: 

0 	 (2)(A) Consider the system H to be perturbed only by H . The Van Vleck 

degenerate perturbation method gives the basis functions in the level 

(5.5.4) 

where 
~ I .. , 1)1 l•l 

\' 1 
{\ V, :. '·). I 	 ' 

-/-\(rl_, 	 ,r,' r,' r' >· C ,,.J . ·."1. ):;\")
v _). 	 12. ) ), A v, )'I v l- ].1

... 1\\r)K ;· 
(5.5.5) 
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with (5.5.6) 

The ¢(
2) (K;v 1 ,v2 ) is added for orthonormal iiy of ~0 (Appendix D). 

r r 

Equations (5.5.2} and (5.5.4) to (5.5.6) give (dropping off ¢(2))
r 

where 

0The representation of H + H( 2) in the basis (5.5.4') will have the 

fo 11 0\v i n g form: 

0 0 0 0 
~3 .... ~ ~r+l •••••• •1./J ~0~~ ~~ . r n-1 n 

0 -. zl al 0 0 0 0 

al z2 a2.-. 0 0 0 0 

a2 z3--. 0 0 0 0 
. '[Ho + H(2)] -co + ' 

. vl v2 0 .. -. -- -- -. 
) 0 0 z a 0 0 r r 

.ar z r+ 1 ·· -· 

an-1 

where the diagonal matrix elements z are given by
r 

/).) '(. \,\ {r\ f,lr) ) V \} l
1-1 1< 1\,.-<•,--1.2 '., J.f 

(5.5.8) 
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The off-diagonal matrix elements a are given by:
r 

a =a (K;V1 v2 ) ·:: {lf;
0 (K;v 1 ,v2 ) IH(2) lw0 (K;v 1v2)}

r r r r+1 

=) <A.(r);v1 ,dr) + 2A(.-);v 2 ,t~r)IH(2 )1A(r);v 1 ,t[r);v2 ,t~r)>, or 

l <A( r) ; v l ' Q, ~ r) ; v 2 ' Q, i r) + 2 A ( r) IH ( 2) IA ( r) ; v l ' Q, ~ r) ; v 2 ' Q, i r) > 

1:~ Elwl(vl-A(r)Q,~r))%(vl+A(r)£fr) + 2) 2 

> 
or2 . 

- . (5.5.9) 
) 1:~ E2w2(v2-~(r) Q,Jr))%(~2+A(r)£ir) + 2) z 

(B) ·To obtain the energies correct to second~order, one has to diagonalize 

the matrix (5.5.7). As z 1 i z2 i . .... ,the exact diagonalization is 

possible only for nK(v 1 ,v2 ) ~ 3, because we can not solve algebraically a 

general polynormial equation higher than cubic order. 

However, if Ek. < 1, then asseen from Equation (5.5.8) that the zr 

are proportional to E2 .which are small in comparison with a which arek r 

linearly proportional to Ek. Hence we shall adopt the following approximate 

method: 

We let 0 al 0 

0/A ( K; v1 , v2 ) al 0 a211 (5.5.10) 
0 a2 0 

0 an-1
0 a 0 n-1 

We obtain a transformation matrix S(K;ti 1 ,v 2 ) such that (Appendix E): 

r E~[l). 0 , 

$-l(K;V ,v2 )·~A (K;V 1v2 )•S(K;v 1v2) ,S~l) (5.5.11)1 . n 

0 
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The E~l) obtained will be the first-order energy corrections for the jth
J 

state in the level [v 1 ,v2 ]K. 

(C) The wave function for the jth state correct to first-order is given 

··•1._ <v.,u,) • ·nby 
~j;· "f ,.(K; v',_J_._) = _z:_ ~~-' (tCV.• '\) S;·j

1
r~ i 

I 

(5.5.12) 

-
[S. ] =the transpose of the matrix S = [S .]. '¥~ is the /h

J r r J J 
11co.rrect zeroth-order'' vibronic wave function which is given by 

(5.5.13) 

( 1 ) . 
The '¥j (K;v 1 )v2) is the first-order correction to the wave function of the 

jth vibronic state in the level [v 1 ,v2 ]K: 
,,, 

~1-'.'\ (K;cr.y,) ::::. i
'(\ 

q'r (l(,u,, v,) S .. j 

-J ··=-• 


;":::.\ v,' v~ 

J;~;·; = k ~ r{' 

(5.5.14) 

(D) Let us denote the diagonal matrices Z(K;v 1v2) by 

r 
'Zl 

1(K;v 1 ,v 2) - [Z. ) 1 r (5.515)
zz 

Performing the following transformation: 

(5. 5. 16) 
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2We obt a in the second-order energy contribution s from H( ) which are 

defined by th e diagona l ma trix e l eme nts of s-1 ·Z'·S, i.e.' 

't\ " ·>' 


t(<.) ' ' . ') 2,. ,) 
(' 

I J 
. 


. ( ,, ; v~, \J:. ) ·- L I Sj..: 2 ; .- s { j 2:~ .) j' 
J t· 	 r :::. I< 

2 
- I " zr 	sl j 

r ~' 	
(5.5.17) 

The first-ord e r and second -order ene rgy corre~ tions [Equat ion s (5.5.11), 

(5.5 . 17)] are just th e results on e would obtain in using ordin ary Schr~e dinge r 

perturbation theory [Append ix F] t . This i s the justification for us to 

treat the problem through Equations (5.5.7) t~ (5.5.17). 

(ll)(E) The fir' s t-order contribution s from H may be computed by using 

Equat ion (5 .5 .1 2) wh ich are give n by 

<'IJ •'/( l~;v, c:,) ) H''l) l Vr~ (r:; t:,.,)y : s , j S ,·J· 

(5. 5. 18)< i';~ (t~;''•YJ I M1'\ l t~ (t:;,;.....·.l)S;J S,j + h: jL' c.cL: rl 2. ,, I r '.: ' 

Hence the vibron ic en e rgi e s correct to second-order are given by 

!1. \ . _ O · .l•t \ r ·)l 
+ Ej (1:, ;:,,v,) ,_<:.r .i I t-1 :Lj 

(5.5.19) 

5.6 	 The Seconci-Ot-der Vibronlc En erg ies fo~mme tric a l Linea r Tetra tomic 

Mol ec ul es in IT-E l ectronic Leve l 

Sin ce the above-me ntion ed met ho ~ involve s the di agonal i zat ion of the 

matrices (5.5. 11), general energy -exp ressions are only possible for a group 

of l eve ls [v 1 ,v 2]K whose first-orde t- pe rtur ba tion matr ices are of th e same 

-!'We may show that Equ a tion (5.5.17) is equa l to Equa tion (F- 22). 
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dimen sions, i. e., these l eve l s ha ve the same n = nK(v1,v 2) va lue s. 

Furthe rmore, our method can not be us e d for th e cases in which nK(v 1 ,v2) 

is greater than 7 [Appendix F). 

In this section, we shall 1ist results only for the cases for 

which the nK(vl,v2) are equal to 1, 2, 3 and 4, and for which K ~ 0. 

The same equ a tions wil I be obt a ine d if K ~ 0, thus for IKI > 0, each 

state IJI.(KI;v 1 ,v2) is at leas t doubly degenerate!I 	 t 
J 

Table 5.6 	 The sec ond - order energy - expressions for vibronic states of 

symmetrical 1inear tetratomic mol ecules in n-e lectron ic level. 

(setting K = 1). 

Case A: 

Or ( \; ; ' 1·,•-h) •= 0 

\ ; [ - 2 ' p :, r ,) (-:v-·1- ), ) ·t c./ ,~; 2 ( -,;}_1' 1) c ~; .:). ,. 2)]
z,. ~(;~•.<-',! '= --'§ 1:, <L• I 

-b (K; ,:, ,;;,) ~"' 1 

- . \ 	 \l ·o(r · v \:. ) 
'-~. t K; \ :, ,":" 1·= r ,, ., 
-·J ' 

(\l) \I~) .: , ,,.,) .= 
j 

[0,0]1,' [0,1]2, [1,0)2; 


[0,2)3, [1,1]3, [2,0]3; [0,3)4, [1,2]Lr, (2,1)4, (3,0)lf; (O,L1)5, (1,3)5, 

( 2 , 2 ) 5 , ( 3 , 1 )5 , [lt , 0 ) 5 ; [ 0 , 5 ) G , ( 1 , lf ] 6 , ( 2 , 3 ) G , ( 3 , 2 ) 6 , (4 , 1 ) 6 , [ 5 , 0 ) 6 ; e t c . 
---------------· 
tRotation a l-vibrat iona l inter act ion may re move this d e~Je neracy. It is 
called K-type doubling. (J. V.I. C. Johns, J. M.o l. Spe ct . .!2_, 473, (1 96 0)). 
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.z 
2 

,. '\Jf..., ,) ( i :;- k) -1· 2 ~,,' '-'-.\_• JE. 1, Lt-\ ~ -r ' · 

r. 
~li : (K; ti, u,_) ~= J 

J :.:>. 

-<· \ 0 .• I' ) 
~~- ( i\; v l!. '.0~.J.j . ,,. 'C. 

1. 

~ ,, ( l.i. -+ 1 }u;. + l.<.) · ' 
t. t. \;

(_ G, ,\i l. 

n _, r1u 
. [ 1·. . , ' . ·7 r ~- w. . .} 
-~ , ~ ~ "'-' ,._ ( " ,' ,, -1· ... '·( r

----------------------------- ----------------- ----------- ····· -----------.. ~---- · .. . ----------- -----· ·- ------------------.----- -----
";f K
'Levels are [vk,O), with vk;:, K+l and vk,= 0: [0,1)0, [0,3]0, [0,5)0 .... , 

[0,2)1, [O,ll]l, [0,6)1 ..... [0,2)2, [0,5)2, [0,7)2 ..... [1,0]0, [3,0)0, [5,0)0 

..... [2,0]1, [4,0]1, [6,0)1 ..... [3,0)2, [5.0)2, [7,0)2 ..... etc. 

u 
If sk 1 =0, we o~tain Renner's expressions for triatomic molecules! 

n r; 
Complete diagonal ization of the 2 x 2 .Van Vleck pe rturbation ma trix gives 

_lj\ _1,.).\ 
~- <l..- ·t (. .

J .l ,-, ., . .)1/2. 
I [ ' 2 l '} i' ·' '"-' I .2 ~ 'l' ' I \ " jl-- .... -=-- ~- . ,,: (,,, ' •) ·t· ) t ~ ,,; . .. - ....::.!,_J•..!:. '\ ( ;:, ,. I) .... K I -- -,.-~--. ( l\_ ,. I } . (· 
6·t· r. . t.,._ ~~ I~ · 
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1 
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(2 W.z. 

(: ,\.0 I 

"f" Leve l s a re wi th v1 +v2 - 1 = K: [l,lJl; [1, 2]2, [2 ,1 ]2 ; [1, 3]3, [2 , 2]3, 

[3,1 ]3 ; [2 , 2. ]3 , [3 ,1 J3 ; [1,4] 4 , [2 , 3 r 1 , [ 3,2] 4 , [lf , 1] 4; ..... , e t c . 



Case 4: 

G ck ; 1.t., ~ ;) 
r 

-, ' 1\; V, ~,1 . \ - J
"" r ' , "' - I 

z t , 

. A· 

,_ 
'. 
3 

:=::::. ·-· -L: [ .:t u . 

( . 
.):;J 

). ' J = ·N-:
J 

l ' 
~\ · --(( -

~.::: ·-~·-·--~- - ( . 
- J.'•j 

-
-

t(~ 
-;;~ 

J 

c; .. 
•. 'J 

/ 

--~ . (i.l ~ 1·I) \•.; J. + 2u: ~_' 

W · K
Leve ls are [vk' 1] , with vk-2 > K; vk' = 1: [1 ,2]0,, [1 ,4]0, [1 ,6]9 .... 

[2,1] 0 , [4,1] 0 , [6,1] 0 ..... [1,3Jl, [1,5]1, [1,7]1 ..... [3,1]1, [5,1]1, 
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Using Tab le 5.6, the first -o rde r vi bron ic wnve fu nc tions' · (K;v 1 ,v2)
J 

for the lowest vibron ic l e ve ls ma y be e va lua t ed (Tab l e 5.7) and the secon d-

orde r vibronic ene rgi es as functions of the Re nner pa rame t e r s Ek are shown 

in Figure 5.8. 


Table 5.7. First-orde r vibronic wa ve functions ,.(K;v 1 ,v2) for (v1+v2) < 3. 

J 

The fir s t-order vibronic wave function of jth state in the leve l 

[v1 ,v21K is written as 'j (K;v1 ,v2) = ~~ ~;(K;v 1 ,v 2 )+ ~~ ~~(K;vl,v2) 
0where ~+_ ~ l±A> and~± will be linear combination of jv{ tl;v~£~ > ,

j 

the Harmonic oscillator wave functions (Equation (5.3.2)). 

'}, ( i ' i , \ ) 

MCII/IA~ I t:.K u I 'I I 'I L.I'.:JI I I 



lOOa 

Table 5.7 (Cont'd.) 
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Figure 5-8 Vibronic 
function 
to second 

(0 J 21 
[l" l] 
(2 ,0] 

(o. ol 

-"~-----t--------·---1--------T---+--

() C·io t·'l. 0-J C·4 t -}'" 
k 

I: - vibronic states 

structure in Jf-olectronic level as 
of the Renner parameters ( correct 
order).· 

Assuming that 
l:,= f.,_ 

...:1 
w. =500 em 

-1 
uJ,;:== 600 em 

.-------;.---....---~.--t------•--T-----r-----
t I t -:., t- -~ t ·4o-i c.;;,_ "' ~ ' 4 

Etl-7 ~k~ 
K=l 

rr--vibronic sta'tes 6- vibronic states 

McMASTFR lJNlVERSJTY I IRRARY 



101 


5.7 Unsymmetrical Linear Tetratomic Molecules inn-Electronic Level 

We assume that terms higher than the second-order (in vibrational 

rk coordinates) are neglected. ~Je have 

(5.7.1) 
The second-order interaction diagrams are shown by Fig. 5.9. The 

non-zero off-diagonal elements of the Van Vleck degenerate perturbation· 

matrices are given by the same equation as Equation (5.5.9) of symmetrical 

molecules. The diagonal matrix elements are given by 

z.• ::: {1/JoiH• 11/Jo}
r r r 


2

f12a1a2 


= z (v1+l) (l+A£ 2) [-1- + l ]

r 2~ wl +w2 . w2+wl 

2
f11a1a2 l(v2+l) (l+Hl) [·--- ]

21'1 WI+W2 w2-wl 

If we define s12 by 


f12a1a2
2
€12 '(5.7.2) 

~~w~-wii 

then 
2z• = z - sl 2 [w 2(v 1+1) (l+A£ 2) - (v2+1) (l+Ml)wd (5.7.3)r r 

where z are given by Equation (5.5.8).
r 

Hence if we replace zr by z~ into Section 5.6, the .second-order 

vibronic energies for unsymmetrical linear tetratomic molecules may be 

obtained. 

5.8 Symmetrical Linear Tetratomic Molecules in the ~-Electronic Level 

We shall complete the tetratomic case by showing the first-order 
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Fi~. 5.9 The second-order interaction diagram for 


H' = f 1 rfcos2(e-~ 1 ) + f 2 r~cos2(e-~ 2 ) + 2f 12 r 1 r 2 cos(2e-~ 1 -~ 2 ) 


Interacting states Interaction coefficients 

I
I ; 
. I 

I/ /--- A-c-:r2 !,:·21\ tJ_: /]. 

I . / . I . 

. I;/ 


-/ 

j .-' 
----.-\:~ 

. 

·-----A 

. \ 

f, f\.(<:,--2_1l;·t2/•) 
4 {,v.:, 

A v. fi v, .!1. 2 .,_:·, "-. 

\~'\ '--- . ...__ 
'-.... 

\ \ 

~h:;_. (i\V,-1, P,+t\) q ('ti..:.--iJ2t-A)\\--  1; ( ;.c, t v.:_l) 
\ ·-- x v, .e, '-:Z-2 .1.2.•-:211 

·/1;·. 
·/

;;· ......---~---~--
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interaction diagrams for the symmetrical molecules in the ~-electronic 

·level. However, we shall not evaluate the energy expressions. 

The vibronic perturbation for symmetrical 1inear tetratomic mole

cules in the ~-electronic level is 

HI ::: uI ( Q) + HI (5. 8. 1) 
~ 

·where U''(Q) is given by Equation (5.1.1) and H~ is given by 

+ higher terms (5.8.2) 

To sympl ify the dynamical problem, we shall neglect the anharmon1c 


potential function U' (Q) from Equation (5.8.1). Then the matrix elements 


are equal to zero unless 

A' == -A and A'+~~+~~= A+~+~2 = K; (A- ±2) (5.8.3) 

The classification of the vibronic state kets is shown in ·~ig. (5.10). The 

number of states with the same v1 , v2 and K i~ nK(v 1 ,v2 ). This denotes the 

size of the perturbation matrix. We list the nK{vl,v 2 ) values in Table 5.11 

The second-order interaction diagram for a given state is shown by Fig. 5. 12. 

The Van Vleck's basis function will be given by: 



Figure 5.10 Classification of vibronic kets IA ;v 111 v212> = [v 1v 2 ] (A; 1112) in A-electronic leve ~ . , 
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Tabl e 5.11 Numbe r of st ates in [v 1v2 ]K leve l within 6-e l ec tronic l eve l. 

2 	 4 6 8 91 	 3 5 7~~ 0 	 :~nK(vlv2) , 

1 	 10 	 1 nK(O, 1)nK(O,O) 

2 	 1 12 	 1 1 nK(0 , 3) nK(0,2) 

2 	 2 1 12 	 2 1 1 nK(0,5)nK(o,4) 

2 	 2 2 1 12 	 2 2 1 1nK(0,6) nK~o, 7) ..nK~o, 8) 2 2 2 2 1 1 

3 	 2 1nK(2, 1). . 
5 	 4 2 12 	 1 1 nK(2,3)nK(2,0) 

6 	 5 4 2 14 	 4 2 1 nK(2,5)nK(2,2) 
c 6 	 6 5 lj 26 	 . ) 4 2 1nK(2,4) nK~2,7) 

6 	 6 5 4 2 1nK(2, 6 ) . 
6 	 6 6 5 4 2 1r1 K~2, 8) 

2 2 1 1 1nK(11,0) 

6 5 4 2 1 

nK(4,4) 

nK(l1,2) 

8 8 6 4 2 1 

nK~l1 ,6) 10 	 · 9 8 6 Ll 2 1 
. 

-
nK ( 1 , 1) 1 2 1 

nK(1 ,3) 4 3 2 1 

nK(1 ,5) 4 	 4 3 2 1 

lj4 4 · 3 2 1nK~l ,7) 

. 
If 3 2 1nK(3,1) 

6 6 4 2 1 

nK(3, 5) 

nK(3,3) 

8 	 7 6 4 2 1 

8 	 8 7 6 4 2 1nK~3, 7) 

Ll 4 3 2 1nK(5,1) 

8 	 7 6 Ll 2 1 

10 	 10 8 6 4 2 1 

nK(5 , 3) 

nK~5,5) 
. 

nK(it.l) 

nK(l1,3) 

n K ~ /1 , 5) 
. 

. 

. 

nK(1 ,0) 

nK(1,2) 

nK(_l,4) 

nK~1 ,6) 

nK(3,0) 

nK(3,2) 

nK(3,4) 

nK~3,6) 
. 


nK(5, 0 ) 

nK(5, 2) 

nK~5 ,/1) . 


4 3 2 1 

7 6 4 2 1 

9 8 6 4 2 

1 1 

3 2 1 

4 3 2 1 

4 4 3 2 1 

2 1 1 

5 4 2 1 

7 6 4 2 1 

8 7 6 4 2 

2 2 1 1 

6 5 4 2 1 

6 /t9 	 8 2 

I -
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Fig. 5.12 	 The second-order interaction diagrams for the perturbation: 

H'
6 

= h1 ricos4(e-¢ 1 ) + h2 ricos4(8-¢ 2 ) + 3h 12 rtr~cos(4e-2¢ 1 -2¢ 2 ) 

in b.-electronic level (A= ±2). 

Interacting states Interaction coefficients 
' I'' '(,'( 1\ Vi J: 1 G'; X;>. 

1\ v.., x, 1..~ ..c~ 

__jl3__ F1 cv:-1 +,;. f2. +.2/\) 
~ l.••J;:_ 

-- __?,..h,,L. (\('<;<). ~· fll)· :1. (F,·fl.-C. II\) 
4·~;~•.<:.n;J 	 · 

_ __h..__ t~) (-v·,·H- .e, +:u1) 
r ·h w. 	 · 

};/ .-- 
t~·-----·"

!\ \)',; i ·.r-.2. .!:2. ~-·· ---- . 

\ 

_,~1:~'.!:... A(v -::>. .f' h)'/{ (,.:c,_ c,,-t·t\) 
Li~-1\ lo,.~' I ' • • 

_h._ f2· (V,-2 	)',+2/\) 
4·~·\ t.; I 	 ,J 

_3~1.•·:... jl(u.J'y.)· f[ (vj_·1., £:~.1-t•J 
4 l, v.:;_ . 

.J'J-_ fl> t<r,- '2. J! 2 ·t· 2 f\) 
"1-{,\C:.:i.. ~ 
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lh this basis, the diagonal matrix elements of the Van Vleck degenerate 

perturbation matrix are given by: 

:2 

=~ 
'n,~.i 1 

·;- L,
2 

_I 


ib {,tc: I \ 


'1_ 
1. ( ;·1 - • ,;<:. j1 ( 1 ,, -)<. )q h,2 j-\ (·v·,, .r-,..i· ".) j' ·1 ( v · -+.?., -{_,_ rf\,\ - l ', -2. .I-, t 11 ~ t ,. - - / :'" 'j . 

S'tiuJ:;_ 
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The non-zero, off-diagonal elementi will be: 

If we ignore the diagonal matrix elements from the Van Vleck perturbation 

matrices, we obtain the ordinary first-order perturbation matrices. In 

the first~order interaction diagrams, the circle (!) stands for the rth 
K , 

state of the [vl,v2) level, i.e., the state ll/I~(K;Vl,v2)). The nK(vl,v2) 

states can be so arranged (so numbered) that the first-order perturbation 

matrices will have the symmetrical appearance as shown in Fig. 5.13. 
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Fig. 5.13 	 The first-order interaction diagrams and their first-order 

perturbation matrices. 


~------------~----------------~-----------~------------------

Corresponding first- First-order J.Vi b ron i c 1eve 1sorder perturbation interaction 	 K
• 	 d . [ vl , v2)matrices 	 iagrams 
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[4,orf,[Lf,o] 6 ,[3,1J6 

etc. t 
r-----------+--------------------~-----------+-------------------

[] 	
[ 1 '1 )2' [2 '1 ]3' [3' 1 ) 4'l/J~ l/J~ CD® 
[2 '2] 4' [4.' 1)5, [3 '2] 5 

etc. 

---a_--,· G)·-(?) (2 '0] 0 
' ( 1 ' 1 JO ' [ 3 '0] 

[4 ,0] 0' (1! ,0]2, [5 ,0) 1a 
L ___j 

--------+------------------~------------~] 
3 

, etc. 

l/J~ lj!~ lj;~ lj;~ (j}-q:>-®-- -----------~1[2 ,2]2, [3 ,2]3, etc. 

al ® .a 1 . a2 a'2 

[3, 1 ] 0 , [2, 2) 0 , [ 4, I ] 
al I (i)--cv . 

et.c. 
al a2 cD-CD 

a2 a3 

I 	 a3 
'-----.--------··----··-· 

I 

~------------~-------------------~----------~-----------------
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r(vl,v2) 

lnK(vl ,v2) = 5 

I 

Corresponding first
order perturbation 
matrices 

a'
2 

· First-order 
interaction 
diagrams 

Vibronic Levels 
[vl,v2]K 

[3,2] ,(1f,2] ,[5,2] ' 

etc. 



CHAPTER 6

First-Order Vibronic Interactions For General Linear 


Polyatomic Molecules in IT-Electronic Level 


6-1. Linear Pentatomic Molecules 

The vibronic SchrHedinger Equation for a 1inear pentatomic molecule 

can be represented by: 

where the perturbation H1 in second-order of vibrational coordinates is 

given by: 

H1 = f 1 rfcos2(8-~ 1 ) + f 2 r~cos2(e-¢ 2 ) + f3r~cos2(e-¢ 3 ) 

+ 2f 12 r 1 r 2cos(2e-~ 1 -¢ 2 ) + 2f13 r 1r 3cos(2e-¢ 1-¢ 3) 

+ 2f23r2r3c6s(2e-¢2-¢3) (6.1.1) 

(If the molec~le is symmetrical, f12 ~ f23 = 0.) 

at most with twenty-one other states '(Fig. 6.1); three of them have the 

A vibronic level with vibronic quantum number K and vibrational 

Kquantum numbers V1, v2 and V3 wlll be designated by [v1 ,v2 ,v3 ] . The 

number of components of such level is denoted by nK(v 1 ,v2 ,v3). If 

nK(v1,v2,v3) > 1, then the level will be split in first-order by the 

perturbation (6. 1. 1). 

The Van Vleck basis functions are: (J\(r) = ±1) ,.,
o( I (r) (r) · (r) (r) + ~\· (K; lj,,u,y',)Wr K;vl,v2,v3) = J\ ;vl,£1 ;v2,£2 ;v3,£3 > 

111 




__ 

112 

Fig. 6.1 Second-order interaction diagrams for H': 
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where 

Hence the diagonal elements of the Van Vleck-perturbation matrix are given 

by: (setting M 1) 

- 8cf 2 [w2 (v 2+1) (1 + A(r)£(r)) -wl(v 1+1)(1 + A ( r) £~ r) )] 

2 . 
- 8c2 3[uJ 3(v 3+1) (1 + A (r) 2-~r)) - (u 2 (v 2+1) ( 1 + A(r)£~r))] 

- 8cY3[w3(v3+l) (1 +A(r-)2-~r)) - wl (vl+1) (1 + A(r)£~r))] 

(6. 1. 2) 

where we have defined that 

f~k'akak',...2 
::: ------·--·"·- (k' '# k) (6.1.3)c.kk' 

M21 w~ - w~, I 

and 



The non van l s hin g off-di agona l ma tri x e l emen t s a re : 

a. (K;v 1 ,v2 ,v ) == ~f <V £(r) · 2 11 1 2 I v £(r)r 3 2 k k' k .,.. q kfl · k ' k > 

(k 1 ' 2' 3) 

We see th a t the fkk 1 rkrk 1 co s (2 8- ¢k- ¢k 1 ) ter ms ente r only in se cond-orde r, 

since the fkk 1 ap pear in the el ement s z r, but not In th e el eme nt s a.r. 

The dyn amic a l so lution s can be cl as si f ied into thr ee cases: 

Case (A) : 

When two of the [v 1 ,v2 ,\1 3] a r-e eq ua l to zero, or only on e fk is 

differ ent from ze ro, the probl em Is an a l ogous to tha t in tri a tomic 

mol e cul e s . Chapt e r 4 can be a pp l led . 

KCa se (B): [ v_k ' v k I ' 0 ] 

is ze ro, we have the probl em ana logow s to tha t in tetratomic mo le c ul e s 


and thu s Ch ap t e r 5 i s us e ful. 


Ca se (c): 


Neith e r vk nor fk is equa l to ze ro . The fir s t-ord e ~ pe rturba tion 

matrices ar e us ua lly of l a rg e dimens ion. The forms of the se pe rturba tion 

ma trices and the ir co rre sponding fir s t-ord e r interaction di agrams with the 

ba s is compo nent s t ates prope rly ord e red a r e s hO\vn in Fig. 6- 2. V/e notice 

th a t the re is no ma tr· ix of nl<(v 1v2v3) == 2, 3, 5, 15, etc. Only ma trices 

of nK(v1v2v3) ~ 6 can be so lved alg e br a i ca ll y . 



Fig. 6-2. The first-order interaction diagrams and ~heir correspon~ing perturbation matrices 
for 1inear pentatomic molecules. 
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In the IT~electronic level, the vibronic perturbation 

to second-order in the vibrational ~oordinates can be 

where t=number of bending vibrations. Only the first portion 

of. the function H' is responsible for the first-order effect. 

~le may define H' by 

(6-2-2) 

If we donate (+) (-) Q(+) (-)
and respectively by:qrr qii Qn' n 

(+) +2i 2 
== eqTI q+ 

t 
L: 

k=l 

(+)
Q II 

(6-··2-3) 

then 

Ul (+)Q(-) oi< q(-)Q(+) (6-2-2 1 
)nl = qii If II II 

We may use Hj to evaluate the first-order perturbation 

matrices and the first-order vibronic energies. However, we 

\'
have shown inCh. 5 and:;6-1 that, even in those cases where 

the fir~t-order pert~rbation theory is sufficent, we still have 

math~~atical difficulties, namely the_algeb~aic solutfon of the 

general quartic and higher order equations. For example (App. D) 

C
0 

A.n + c
1

A.n-l + c
2

A.n- 2 +. o o o+ Cn-lA + Cn =· 0 (6-2--4) 

('n > I1) 



11 6 

Numerical solutions of equations of ,the type(6-2.,..4) 


are possible only if all C are know 1 which means that in 

n 

order to obtain the spl ittings of the vibronic level~, we 

have to know the values of the fk and wk ~ ~ecause ~he tn 

are functions of these quantities, One could try to obtain 

these quantities from electronic spectroscopy. Unfortunately 1 

in the presence of a 'multiple' Reuner effect, the spectra 

of linear molecules are very complicated(43 Y, the assignments 

for the spectral lines needs the guidance of theory, and 

only after that can one calculate the values of \·and wk. 

Such interdependence between theory and experiment is not 

unusual. In the cases where the theory is applicable, one 

may evaluate the vibronic energy levels using the different 

sets of values for fk and wk. By using these results one 

can predict the appearance of the spectrum (Ch. 7). The 

coincidence of the theoretical spectrum and the experimental 

one will b.e a proof of the existence of multiple Renner effect. 

Or if some preliminary assignments of a few experimental 

lines is possible ~hese few 1 ines can be used to evaluate 

the Renner parameters and then the other spectral lines can 

be calculated from theory. 

·To obtain the first.,.order vibronic energies, one has 

to set up the first-order perturbatio~ matrices. \-Je have 

seen in the previous chapter and sections that a given 
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first-order interaction diagram will give one particular form 

of the perturbation matrix. Each form of matrix requires one 

~pecific diagonalization method. I n t h e f. o 1 1 ow i n g we s h a 1 1 

only summarize the first-order vibronic interaction diagrams 

for linear molecules ( havi~g t bending ri10des) in IT-electronic 

level. No mathematical solutions are attempted. 

We denote that 

I1\ 1 v.. .£. ·. u_, .r J. ; v.,, J:. . > 
t 

11\ > ·n 1 ,j" .xi. > (6-2-4) 
t -~· 

\-!it hi n the vibronic level [v 
1 

,v
2 
,; •• ]K, the nonvanishing 

matrix elements are: 

..._,·' \c\ . 

l'i"' ' · i\ ' ·"' ., / \1 f I C:,r,~, 1. \ ..~. >'-~ <I\ i c;.,, \ f'. / . '- . ~ • - · · 

Since 

+ ) (6-2-5) 

Equation (6-2-5) says that the number of nonvanishing (off

diagonal) matrix element in one row (or column) can be as 

large as the number of bending modes (t). As number of 

bending modes (t) increases, the forms of the first-order 

perturbation matrices and the types of the general first-

order interaction diagrams become riore complicated (Fig. 6-·3). 



II 7 <1 

Fi g • 6 - 3 . T h e . g e n e r a l f i, r s t .., o r d e r y i h r o n i, c i. n t e {a c t i_ on 

diagrams for molectiles ha~ing t 5en~ing vib

ratioris, For a. given t, any first~order inter

action diagram is a part of the. general diagram. 

F i g u r e s (a ) , (b } , ( c ) 1 a n d ( d ) a r e f o r t = l , 2 , 3 , 

and 4 respectively. The + and - signs in the 

• 1 ·r 
1l
A(r) 1c1rc es re er to = + or - 1 ' 

(b) t=2: 11 cha i n••~ type 
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CH AP TER 7 

Vib ron ic Tr ans iti ons 

7 - I E1e c .l.~J. . s;__ .S!J.p o 1e_ .t ~a n ? Lt _i on s_ 

A tr ansit i on betw ee n t wo states~ and~ r es ultin g
m m 

i·n th e emiss i on or absorpt i on of radi a tion i s po ss ibl e only 

if the tran s ition moment int eg ral 

Mmn = J ~ ,',M'l' dt (7 -1-1)m n 

-+
is diff erent from zero . Th e 1 dipole 1 moment vector M i s 

giv e n by 

(7 - 1- 2) 
electrons

->-e ->
with M ~ e r. 

i I 

N atoms a nd -+
L: Z r a a a 

wh e re e i s th e e l e ctroni~ char ge and Z th e n uc l ea r ch arge
a 

->
of th e a th atom. The thr ee co mpone nt s ?f M ( 1·1 , M . , M ) w i l l 

X y Z 

tr ansform as th e tr ans l at i ona l operator s T ,T a nd T r es-
x y z 

pect iv e ly in any point group. If we 

= M 
MiY = { ~ o =J_:_ (t1 + i M ) (7-l - 3) . + 12 x - y 

t h e n i n t h e Dooh point group, M b e l ongs to~ ·+ repres e nt a tion ,
0 Ll 

M and M belong to J1 (+) and ]T ( "" ) r epresentat ion s . Und e r the. u + - . u 

rot at i on<:l l op e r a tion c
00 

( <P
. 

) ; 

C_,; ( <P ) 11o t~.o 

(7- 1- 1-t a ) ~ e i0<PMo 
r or c"'7 ( <P ) t'tr +i <Pc ( <P )t·i e- ! 
i"". . + M+ i 
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Because of the u-symmetry, the inversion operatinn gives 

(7-l-4b) 

For each component M we have from Eq'. (7- I- 1) 
0 . ' 


Mmn = J W *M W dt (7-1-1)
cr m 0 n 

"If Mmn is different from zero, we have parallel transition. 
C5 

This requires that the symmetry product 

f(Wm) X f(Wn) must contain 2:~ representation. (7-1-Sa) 

If M:n and /or M:n are/is differen.t from zero, we have per

pendicular transition. This requires that 

f(W) X f(W) must contain II representation. (7-l-5b)m n u 

Formal selection rules give no information about how 

strong a band will be if it is 1 alloi'Jed 1 • However the 

selection rules ~ay that under certain circumstances a band 

is. 'forbidden' and must have.zero intensity. The quantity 

relating the transition moment integral to the relative 

intensitie,s of the bands is the so-called 1 oscillater strength' 

(f) which is given by (for absorption): 

.Tim c 
_e__ IMmn J 2Lit 
3he2 a mn 

1.085 X 10 
11 j~lmnj2Llt (cm~l) (7-1-6). .cr - mn 

~ 
r·· 

where m and e arc mass and charge of the electron, and ~c 
e mn 

is the energy difference between the states m and n. As the 
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11 - 1 
quantity 1.085 X 10 i s in units of em 

o 2 -16 2- mn
units of (A) =10 em , the asci llator strength fo is a 

number which may be of the order one for a strong electronic 

transition, 

Often a band will be forbidden for an idealized system, 

such as a harmonic asci llator or a molecule without vibronic 

i n_ t e r a c t i o n , b u t 1'-~ i 1 1 b e a 1 1 ow e d VJ h e n v a r i o u s k i n d s o f i n t e r 

actions occur. For convenience such bands are generally re

,ferred to as 'forbidden' bands and the relatively small 

intensities for these bands which are actually observed 

provide information abo~t the true nature of the molecule.( 4Z) 

7-2 Electronic Transitions and Vibronic Perturbations 

We shal 1 discuss the electronic transitions in increas

ing order of vibronic interactions. In the following, we 


assume that the excited and gr6und states are of IT and E+ 

u g 


symmetry respectively. 


(A) ~e-~CJ_th-o.!:.der ~app_rCl_?<)m_ati on. 

If both (a) and (b) type vibronic interaction (1.2) are 

negligibly small, the vibronic wave functions may be given by: 

'Ym = l/J ~ 1 ( r. ; o) 9 ( Q) (7-2-la) 
11 I V 

and 'Yn== ~~(ri;o)xv(Q) (7-2··1b) 

0 0
where the l/JA, and ~It are the zeroth-order electronic wave 

functions which are independent of nuclear coordinates and 

that 
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The <I>. I (Q) 	 arid X (Q) are . the nuclear functions associated 
v v 

with the A' and A-electronic states r espective ly. 

Thu s the tr ans ition moment int egra ls bec'ome 

A 1 v 1 
• AvM ' 

(j 

By definition of' Electronic Tr a n s ition ~ ' ,A' is dtff 

erent from A th e n 

MA'v'Av = MA'A(Qo)< <l> ,,',(Qllx (Q)>Q . (7-2-2) 
a a . v v 

where A'A " o -+ I e l o-+ (7 -2-3 )M (Q) =< 1j;A,(r. •,o) M \}JA(r.',o)> .a 	 1l 1 a 1l 1 e 1 

. . A' v 'Av 
Thus in the zeroth order app ro x 1m at 1on, M i 's proportion a l a 

to th e electronic tr ans ition moment int egra l 

.]f MA'A is diff eren t fro m zero,vibr atio n a l overlap int eg r a l. 
(J 

th e transition is c a lled 'el ec tronically .allo1.Yed', otherwise, 

'electr o nically forbidd en '. 

The s e 1e c t i on r u 1e s f o ,. e 1e c t ron i c a 1 1 y a l l ow ed t r a n 

in lin ea r mo l ecu l es are (lt ):sitions 

o -+ )! I o-+( a) for par a 1 l e T ·. t r an s i t i on , i . e • < 1jJ A'( r i ·; 0 M 1jJ 1\ ( r i ~ o) >I 0 , 
0 

~A = A I . .. . A ;=; 0 ' e • g • L: ~· L:. ' n - n ' 6 -· ~ . e t c . 

( b ) 	 f o r p e r p e n cl i c u l a r t r a n s i t i o n s , i . e • < tj; ~ , ( -;: i ; o ) IM-1· I~ ~ ~ (-r. i ; 0 ) > -1 0 

6A =A' -A=+ 1, e.g. l:-IT, . IT-6, etc. 

(7 -2- 4b) 



l 2 2 

(c) for symmetrical 1 in ear molecul es, since the ~1 ,1'1 ·· b e 1 on g 
0 ' + 

to u symmetry, the sel~ction rule on parity of th e ~tates are 

(7--2-4c) 

Thus the electronic transition IT ~z+ is a pe~pendicular
u g 

one. The vibrational transitions will be proportional to the 

vibraitonal overlap integral. The transitions form thr~e 

sequences; /':,vk=+2,0, and -2, of which the one v.rith !ivk~""o i s 

the strongest. (Ref 8, p 158) . This is shown in Fig. 7-la. 

(B) First-order electronic transitions. 

\.J hen the (b) type vibronic inte.raction is negligibly 

s m a 1 1 ( o r whe n t h e e I e c t ron i c a r e non de 9e n e r a t e ) , t h e · v i' b ron i c 

wave funciton can be given in Born ~Oppenh e imer approximation: 

'I'm "" ~ ]\ ~' Ct\.0~ Qr. <P v I ( Q) (7-2-5 a) 

and IJI n ~ l\ ·( r i ; Q ) • v ( Q ) (7 -2-Sb ) 

Thu s the transition moment integral is given by 

1\'v'·l\v
M . ' (Q)'''<~;l\ ,(t-.;Q)J,v,eJ~l\(~. ·,Q ) > l·x (Q)dTQJ ¢ 

0 V I 0 I e V 

For different electronic states, the Born-Oppenheimer electronic 

wav e functions are orthogonal 1 therefore 

(7 -2-6) 

where th e e l ectronic dipole moments int e9ra l (Q) i. s a 

function of nor~al coordinates; 
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A'A _ + e + .
M · ( Q ) = <ljJ ~ ( r . '1 Q )_ jt1 ll/J A ( r . ; Q)> (7 --2--7)

0: . H 
1 I Q I · e · 1 

w h i c h may be expanded i n the power s e r i e s as 

(7-2- 8) 

+ 
· If th e functions 1/J/\(ri,Q), c ou ld be giv e n by 

,J,f\ (I 1 ) ( + )'t' r. ·, Q 
I 

1 0/\ /\
th e n M ( Q) of Eq . (7-2-7) will just be given by Eq. Cl -2- 3)

0 


and Eq. (7 - 2-6) b ecomes 


(7 - 2·- 9) 

A 1 v·/\v . .
Thu s M ' I S not n e c essa rily eq ual to zero a s 

0 


Is zero ( wh il e in c ase ( a ), it i s ). 


1 

MA /\(Q) is diff erent from ze ro, the transitions are defined 
0 


a s 1 e 1 e c t r on i c a 1 1 y f o r b i d den 1 b u t 1 v i b ,-on c i a 1 1 y a 1 1 O\'>' e d 1 
• 


In this case, Eq. (7 -2- 9) becomes 

A1 v·Av 
Ma ' 

(7 -2-· 10) 

Sin ce the n onvan i sh in g term s are ar i sed fr om ' th e first-ord e r 

and high er t erms of the Taylor series expans i on, th e y a r e 

pre s umably very smal 1. He nce th e (r e l at iv e } in tens iti es, 
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w h i c h i s p r o p o r t i o n a 1 . t o · IN~- ' v 
1 

J\ Y I2 
1 i n t h i s c a s e wi. 1 1 be Y e r '( 

weak in comparison with the 'electronicallY' al l owed ' t ransi.ti.ons. 
. . .i-

Con s id er the absorpt ion transition from the~ ground 
. . . g 

electronic state to the IT excited state for an acetylene-
u 

like molecule without th e (b) typ e vibronic int e r act ion . He 

may wr it e , for th e 	 excited st ates (S ec tion 5·· 1): 

and for th e ground 	 state: 

1/Jr. (-;: i ~ Q} Xv ( Q} 

Wh en th e ( a ) - ty pe vi bron[c int erac tion i s not neg

ligi b l e , the ground state function 1/JE ( ~ ~~Q) corr ect to th e 

first -orde r will be given by 

Since there exists a per turb at ion term in th e multipole ex

pansion (Ch. 3) 

N (a} ( )V' E 2 G cos 	 8-¢a
1 	 1 

a= A 

( 
CXF(a).( .. ) iS) · -i<j)k 

~ & x-
0

k 10 z ,p e . rke 

+ 
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T h us t h e f i r s t - o r de r co r r e c t i on to 1jJ L: i s g i:v en b y 

( 1) 

ljJl: 

with 

Th eM~ compon e nt o f Eq. (7 -2- i) will give th e foll o w in g 

electric dip o le int egra l: 

I el 1 -i(¢ -x )
-~ <+II N +II> l b.f-.13 1 r k e ko e ,<. 2• <. , 

(7-2 - 11) 

which will be differ en t fr om ze r o if th e molecule i s un symm

etrical (i.f th e molecule i s symmetr ic a l a nd if th e r e is only 

one II stateJ<+IIIt~~l_::_l)>•'-' 0) and thu s the 1 forbidd e n 1 parallel 

e 1e c t ,. o n i c t r a n s i t i o n b e c om e a l 1 o '" e d . H ow e v e r , i t i s e x p e c t e d 

to be weak for the sk f actors are in verse ly proport i ona l t o 

th e energy dif fe r enc e , (W °- ~Jl: 0 ), and vJ ill be s Da ll.
11 

(c) Joh n--T e ll e r-- Renn e r Eff e ct 
----~ ••- oW •• ----- -- •-••••-•- - ·-··-- •••••••-• •••--- • • -- ·-· ·-• 

Wh e n the (b) -t y pe vibr onic int era ction becomes s ig 

nificant, the wave fun ct i ons of t he [v ,v ] K vibr on ic l eve l
1 2 
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for 'acetylene' molecules in IT- el e ctl-onic state are given 

by [Eq (5 -5- 12)]: 

These states are characterized by the vibronic angular mom 

entum quantum number K and the even and odd valu es of v 
1 

The oddness and evenness of v and v tog e th e r with
1 2 

g -or u symmetry of the electronic st ate determine the pa1·ity 

of the vibl-onic state. The qu a ntu m nu mbe r K determines the 

rotational symm e try ie. 

{7 -·2- 12) 

Of course, the vibronic states of any electronic l eve l 

of 1 in ear molecule may be ch a ract e riz ed by a quantum numb er K 

and the pari t i e s o.f v and v : ~~ i ( K; v , v ) • Th e transiti o n 1 2 1 2 

from th e i - state of the ground . state to the j - stat~ of the ex

cited state is possible only if tllP~ tl·ans.,t.lon mom en.. t inte gra ls 

1-1 j i = < 11' ( K • v v ) I ,,{ I "' (K I • v I v I ) > 
a j ' 1 ' 2 'a " ' 1 ' 2 

are differ e nt from zero. Thus th e direct product f(lf.)Xr(IJ'.)
J I 

.xr(M ), must contain th e totally sym me tric representation. 

K

0 

Us i n g Eq 1 s ( 7 - 2 - 1 2 ) a n d ( 7 - 1 - 4a ) , 1·1 e o b t a i n t h e s e 1e c t i o n r u 1e s 

in K: 

1AK = - K = 0 . + 1 , - · 
The selection rules for the total angular mom e ntum ar e AK=O, 

in the case of an-n electronic transition,and jAKI = 1 vJh e n 
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the electronic transition is between a rr - and a ~ or a rr and 

6-state. 

For sm a l valu es of th e Renner parameters Ek' and 

p a rti cular ly when th e r e i s no s i gn ific ant mutu a l influence 

of e l e ctronic l eve l s , th e n th e selection ruel i s: l1v k =0 , 2,4 

where l1vk=O sequ e nces is the strongest (R ef 8, pl58). For 

stron g in teractions, th e second-order perturbat ion theory w il 

fail, and th e significanc e of th e [v ,v ] designation of th e
1 2 

vibr onic l e v e l is lo s t. 

The most i mpor t a nt cons eq u e nce of vibr o nic inter a ction 

is th e Re nner - Tell er sp li t tin g of the spect r a l lin es (Fi g. 

7-1 b) • The sp littin g intr oduces a lo t of complication s and 

difficulti es in ana ly z in g the spectrum. Ho V! e v c r- , t h e e x i s t e n c e 

of this sp lit t in g may be used to recogni ze the d egene r-a cy of 

a giv e n e l e ctronic st ate of a 1 in ea r molecule even if th e 

rot at ion a l structure i s not resolved( 43 ): For a given vib-· 

ration a l l e v e l [v 
1 

, v
2 

] in IT -elect r-on ic l eve l, th e t ota l 

n u m be r o f s p I i t t i n g s N· 
v 1 

du e to Renner-Teller Ef fect i s 

giv en by: 

J (v 1+ 1) (v 2+ J) i f 

) v 1+v 2+1 

i s odd\. 2: 
k =o,2 ) 

(7 - 2 - 13) 
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where nk(v ,v ) is given by Eq •. (5-5-1).
1 2 

The band system at 1250 .A of c
2 

H
2 

has been found to be 

a 'II 
u 

- •2* 
- g 

transition. The hot bands accompanying the 

main bands show evidence of Renner-Teller splitting. ( 43 ) 

Energy expressions for the lowest vibronic states in the 

IT-electronic level can be obtained fi6mf5-6. In Table 7-2, 

we list some preliminary results for the G(n )+ x(I )
u 9 


system of c H and c o using the data provided by Dr.

2	 2 2 2 

(44) 
, 	 G. Herzberg. The data given is insufficient to determine 

all necessary parameters, ie., two vibrational frequencies 

and two Renner parameters. However, we have been able to 

estimate the following values 

for - 1C2D2 .w Cn );_:604.45 em c .::0.1022
2	 . g 2 

and for 	 - 1C2H2 w (n )~732.1 em c ~0.1023
2 g . 2 

We can not veri f y these values, and we have no ide a about the 

magnitude of c and w (Tiu). l.f we assume that c = c , then
1 1 2 1
 

for c o , w == 253.2 cm-l and for c H , w = 406.8 cm-l 

2 2 1 2 2 1 

Fig. 7-1 c,d are constructed with the above mentioned values. 

We shall consider the vibrational transitions in 

linear tetratomic molecules with doubly degenerate electronic 

;'< Fo r m u 1 at i on o f t h i s s e c t i on b o r rows a 1 o t f rom l't . G • C h i 1 d 
e t a 1 ( l 9) thus i t can be reg a r de d as one of the many com
parisons between Jahn-Teller and Renner effects. 
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Table 7-2 

Vibronic energies in the G(rru) .electronic state of c o and
2 2 

c H molecules
2 2 


·--~;~nic--~----i~-~--~-g-l-;s in em Sec~~-d-~rder vibr·~-~--i-~ 


states j c o c H energy expressions·;;,•,

2 2 2 2 

. r ~,~~-~;~ 1• ,.,~-r;~;-~~-:~ ..: ----~~-;-~;~· ;·- --;~-;~~-~-;:·~~-~; :-~- ~ (£ ~ w +£ ~ w )
1 2 

2 I 2 2[ 0, I] 6 80744.0 E +w +2w -~(c w +3c 2w 2 )0 1 2 1 1 
0 u . . 4 2 2 


[ o , 1 ] Z.: 8 0 6 9 1 • 9 8 0 7 6 6 • 9 IE +w 1+2w - £ i (c 1w1+£ 2w2)
w2 0 2 2 
2

[1,0] ll 80401.1 I 80514.35,E +2w 1+w 2 -l(3c~w 1 +c~w 2 ) 

1 g . 

0 4 2 2 

[ o , o ] nu 8o1 4 9 • 2 , 8o1o9 • 7 j E +w 1+tu 2 - ~ ( c 1w1+ c 2w )


0 2 

·---~-~---~-·-···----~---····-------~-·- ....J.. -......... ·-···· "'" ............. 


* energies are measured from the Q heads to the vibrationless 
state of the ground electronic state. 
u\ arid (u co~respond to v 5 (~u) and v ( 1rg_} respectively.

1 2 4 
E is the energy of the unperturbed [0,0] vibrational level 

0 


of the 17T state 

. u 

We have interchanged the.:?: and ll designations ·· given 
u u 

by Dr. G. Henzberg because from the energy expressions, 
llu [ 0 , 1 ] 2 s t a t e , s h o u 1 d b e be tween t h e t vJ o 2: ~ [ 0 , 1 ] 0 s t a t e s . 



Figure 7-1. Schematic vibronic transitions for ''acetylene'' molecule: (a) v-1ithout Renner-Teller splitting; 
(b) with Renner-Teller splitting; (c) spectra for hyperthetic C2H2 ; (d) spectra for hyper
thetic C2D2. . 
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1	 1Figure 7-l (Cont 1 d.) (c) Spectrum for hyperthetic C2H2 with wl(nu) = 406.8 cm- , w2(n ) = 732.1 cm- ,
9

El = E2 = 0. 1022; 
1	 1(d) Spectrum for hyperthetic C2D2 with w1(n) = 253.2 cm- , w2(n) 	= 604.45 cm- ,u 	 g 

E1 = E2 = 0,1022. 

The upper states that the lines arised from are denoted by [v1,v2]K. 

(c) 	 C2H2 

(:?, 1)• f•, 2.)" fs,o l"'" 	 I[I, o}u ,_ '" 
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state (e,.g. 
+ 

C2 H2 ; where_ ground state is 
2

IT; Ref 
-

8, p518) 

We may write the vibronic wave functions as (Table 5:'-7): 
(-)

+ 1-><Pj 
-

(K;v 1 ,v 2 ) 

0 + where 1+> and 1-> are the electronic wave functions 1/J+(ri,O) 

The transition moments between the states 

'¥. 1 (K 1 ·v 1 v 1 )-<- 'l'J.(K;v 1 ,v ) are given by
J ' 1 ' 2 2 

(7-3-2) 

which may be written as 

M~ • j = [<Pi~-) <Pi- )Jr<+ I t-10.1 +> 

<- I M I+> l a . 

where <A I I M I A> are electronic integrals and are functionsa 

of vibrational coordinates. Expanding <A 1 1Ma1A> in power 

series of qk' we have 

. d 
<A 1 IM _IA 1 >= <A 1 1M lA•> 0 + l: l: I qk;:, ___<A 1 1Mr'I'IA 1 > Q0 +a a Q=Q "'"'-- v ••• 

k a=+ oqka 

(7-3-4) 

The symmetry properties of both sides must be identical. 

Hence to the first-order in the vibraitonal ·Coordinates, the 

electronic matrices in Eq. (7-3-3 1 
) for any 1 inear tetratanic 

molecules are found to be: 
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A 
I A =--[· "-o"-ol ; ~0 ~ <+IM I+>=<·IM 1->rHo l Ill Ill j 0 · · o I 

(7-:3·-5) 

and 

(k)
where ~I are dipole moment derivatives:

2
' 

(7-3-6) 

In D h symmetry gro_up, the reducible representations of dipole
00 

-+ <" +moment operator M belong tOL and rr The u symmetry of the 
- u ' u 

ope rat or H ·does not p e r mi t o (IT ) vi b rat i on a 1 coo r d i nates to 
- ~ g 

occur 1 inearly in Eq. (7-3-lt). 

ln(Z)=Oi.e. 
l '2 
Putting Eq 1s. (7-3-5) into (7-3-3 1), the matrix 

elements to be evaluated are of the following types 

(-)~r-='<I>(+)sk(jl,j) <P. ' Ji qk 0
L j J i . + 

I l·j~ll
<P ( ) : I 0 1 • I.... qk+ 

/ J ; 

ffi v= < ( +) (k I . \1 I .. v 'I ) I q , I "' ( +) ( K. v ) > 
"'j' ''l '2 k-i- 'i'j 'l' 2 

+<<I>j:> (KI ;vi I ,v21) Iqk+I<Pj-) (K;vl ,v2)> 

(7-3-7a) 
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(+) (- )'l /( • I • )t k \) 'J = [ q,·• ,<P., jlo
J . J .. I 

l 0
1.. 

.L 

s~(j'j) 

(7-3-?b) 

+< <P(-)(K'· ,··v •)I 1"'(-)(.1<.· · )>
1 

(7-3-7c)j ,v1 '2 · ·qk- "'j ,v1'"2 

[ <P~~)<!)~~)"lf'o 

J J , I 


!_qk+ 

and 

(7-3-ld) 

=< <Jl j ~-) ( K I ; v 1 I 'v 2 I) Iq k+ I<Jl j+) ( K; v 1 'v 2) > 

Since 

the 

Coo(cp)qk+ = 
' -

selection rules 

+. i <P 

e· 

forK in the integrals sk' tk' 

(7-3-8) 
..k 

sk' and 
'";'\. 

t k , are: · (.6K = K' K) 

sk(j'j), tk(j'j): .6K = +1 

·'· ·'· 
s~(j'j), t~(j'j): L\K = -1 (7-3-9) 

Thus we have 
• I • 

MJ J 
0 

= tn 
0 

c . ~ 
J 

. 
J 

(Qooh & coov molecules) 
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molecules) 
• I • 

MJ J 
+ 

(C molecules) 

''\ (k) ·'· 

oov 

ml sk(jlj) (D 

. j I j ooh 


·M = 

1 L [ tn~k) S ·kk(j• lj') + 1n2(k) t~''cj·lj•)l
k ~' k= 1 , 2 ( c molecules)

x-V 

(7-3-10) 


From Eq. (7-3-IOa), we see that, M will not produce a vib

o 


ronic infrared spectrum in the bending vibratrons, because 


the final j 1 -vibronic state can not be different from the 

initial j-state. (However, there are vibrational transitions 

+ + +in the stretching modes v (0 ), v C0 ) and v (0) for Coov1 2 3 
+molecules; or v (0u) for Dooh_molecules which are of no interest

3
 

to us). 


• We are mainly concerned with perpendicular transitions 

in symmetrical linear tetratanic molecules. The ground vib

ronic state is either 

I(=+ 1 '¥ ( 1 ; 0 0 ) =1+ ; 0 0 ; 0 0 >+ rz· ~ E I I - ;2 2 ; 0 0 >+ E 2 I - ;0 0 ; 2 2 >r . 0 r 
1j. 

.. . . )
1<=-1 '¥ (- 1 ; 0 0) = 1 - ; 0 0 ; 0 0 >+11:. ~ E 1 I+ ; 22 ; 0 0 >+E 2 I+ ; 0 0 ; 2 2> I 

4 
. b 1· b y he · · b rat1ona· 1 · · (ItS)(They may e sp 1t t rotatton-vl 1nteract1on ; 


K type doublfnp).lt will be sufficient to study transitions 


from only one of the two components, '¥(1;00) for instance: 

http:doublfnp).lt
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f o r e v e r y t r a n s i t i o n f rom 'f ( 1 ; 0 0.} , t h e r e co r r e s p o n d s o n e o f 

equal energy and intensity from 'f(-1 ;00). Figs. 7-3 

present some synthetic infrared spectra for •acetylene• type 

molecules (at low temperature) for various values of Renner 

parameters E and E • In each diagram the excitation energy
1 2 

• • • - 1 
1 s g 1 ve n 1 n em the vertical scale is the calculated order 

of the oscillator strength: log fj+O h fj+O is given byw ere
0 . 0 

Eq .• (7-1-6). The appearance of such spectra wil 1 clearly 

depend on the choice of the relevant molecular constants. We 

have used the f o 1 1 OI-J i n 9 v a 1 u e s : 

- 1 - 1 em em 

'\_(k) 1/2 'L.(k) 1/2 10 -s 
111 1 ak = 111 2 ak = em, 

e e 

For polyatomic molecules, the harmonic osci1later 

selection iules restrict the transitions to those in which 

one quantum of vibrational energy is invloved. Thus, when 

the initial state belongs to v =0, v =0 level (denoted by1 2

[O,O]), the only level it can reach is that v el and v ==0,1 2

i.e. [1,0]. Therefore the harmonically unallowed transitions 

[1 ,2]+[0,0] and [3,0]+[0,0] in Fig. 7-3 are induced by vib·

ronic interaction. Such interactions are of second order and 

thus these transitions are rather weak in comparison with the 

fundamental band [1 ,0]-<-[0 ,o]. As many transitions induced by 

vibronic interaction can also be induced by anharmonic! ties, 
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one may distinguish a weak vibro~ic interaction from the 

anharmonic interactions by the 1 Renner-Teller splitting• 

which is a first-order effect. In absence of vibronic inter

action, i.e. when the P,enner parameters are negligibly small, 

the transition [1,0]-<-[0,0] should consist of only one band. 

When the vibronic interaction is in effect, it is expected 

that the line will split into three corresponding to the 

three Renner-Teller components: 2+, 1 , and 6. However, it 

is interesting to note that if the l+ component (which is 

assumed to be the lower in energy of the two component) is 

very much weaker in intensity then Z. (which is the higher 

energy one) • As the value of the Renner parameters increases, 

t h e s p 1 i t t i n g s b e t vi e e n com p o n e n t s o f t h e s am e [ v v ] 1 e v e 1 
1 2 

increase and more and more 1 i nes wi 11 shovJ up. 



.Summary 

In this work, we are concerned with the dynamical 

problem of vibrational electronic interaction in linear mole

cules. 

We have reviewed the theoretical background and the 

relation between various formulations in solving the dynamical 

problem. We have proposed a multipole expansion method for 

the derivation of the necessary perturbation terms. The 

bending force constants, anharmonicities and Renner parameters 

are shown to arise from the same vibronic phenomenon and appear 

in a single representative Hamiltonian function .. We have 

followed Renner's Adiabatic Formulation in the calculation of 

the second-order vibronic energies for 1 inear triatomic mole

cules, but have used a different mathematical technique which 

gives rather naturally the definition of·the vibronic angular 

momentum. We point out the difficulty in using the Adiabati~ 

Formulation when the problem involves two or more bending 

vibrations. The Harmonic Formulation is consulted and vib

ronic energies correct to second-order are obtained for 1 inear 

tetratomic molecules. The perturbation theory used is called 

the 'modified Van Vleck degenerate perturbation method' and we 

introduced the fi rs(-and second-order 'interaction diagram's 

as an aid to understand this theory,' The method produces the 

135 
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same results as does the crimmonly used Schroedinger pertur

bation theory. As the number of interacting bending vib

rations increases, the Van Vleck perturbation matrices become 

sizable and complicated. The size and form of the matrices 

can be represented by the first-order interaction diagram. 

The topological aspect of the diagrams may be of interest to 

mathematicians. Finally we present some predicted spectra for 

acetylene-like molecules. Hopefully, these predictions will 

aid the experimentalists in unravelling the observed spectral 

1 ines of 1 inear tetratomic molecules which exhibit a Renner 

effect. 
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APPEND IX A 

Linear Po in t Group 

A- 1 Characte r Tab l e for Dooh_2_yn1me 1:_!.:_y Group , ( for c no g and u 
des i gnations) . 

ooy 

ql ql ql
E 2c .... .00 0 E- 1 2s . .... ""c2 R 2C R..... 

00 v 00 00r ( >- ) 

+
I· 

g 

I -1 - 1 g 

2 2cos ¢ 0 2 - 2cos¢ 0 2 2co sq,IT g 

2 2cos2¢ 0 2 2cos2 ¢ 0 2 2cbs2¢!':. g 

¢ 2 2cos3¢ 0 2 -2cos3¢ 0 2 2cos 3<P 
g• 

r 2 2cos4¢ 0 2 2co s4 ¢ 0 2 2cos4¢ 
g 

H 2 2cos51> 0 2 -2co s5cr> 0 2 2cos5 <l\ g 

l 2 2cos61> 0 2 2cos6 <!) 0 2 2cos6 <Jl g 

J 2 2cosN 0 2 - 2cos 7¢ 0 2 2cos 7¢ 
g 

x2+y2 , z2 

R z 

(R , R ) (xz,yz )
X y 

(x2- y2 , xy ) 

I + -1 - 1 - 1 T 
u z 

I - 1 -1 - 1 
u 

IT 2 2co s <P 0 -2 2cos¢ 0 2 2cos¢ (T , T ) u X y 

!1 2 2cos2<P 0 - 2 -2 cos2¢ 0 2 2cos 2¢ u 

<P 2 2cos3<!J 0 -2 2co s3<P 0 2 2cos3 <P u 

p/ 2 o r (p- 1)/2 
(n) P = [r ( 1 ) ] P = I ( P) r ( p- 2n) 

n 
n== O 
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------ -

wh e re 
p

(n) = Binonnia l coeffic i ents 
p!

nT(p-nTi ; and 
( ) r 0 

1 ' +
2 (I + I ) . 

For example: Tr 4 

A-3 Mu lti p li cation Tab le for Dooh' C ,oov D 
00 

r (;. ) 

+
I 

r (o) 
I 

r ( 1) IT 

r (2) t, 

I' ( 3) ¢> 

r ( 4) r 

r (S) H 
--·--·..---~----

I + r HI IT 

+
I 

+
I I 

+ 
IT IT I ,[ I }, 6 

6 6 IT, ¢> I
+
,[ I 

- ],r 

¢> ¢> 11,r IT ,H I,
+ 

[ I 
- ),I 

r r ¢> ,H 6 , I IT,J I 
+
,[I 

-
],K 

H H r , I ¢>,J 6 , K IT,L I,
+ 

[I 
-
), M 

---~-----·----~-----------···- -·---···---~-~----·----·---------------·--··-·----------·-

N.B. [ ] antisymme tric product 

g X g = g, U X U = g, U X g U. 

Point Group 

c 1 oo y 

Speci e s of Triatom ic 
vibr·ations (N =3 ) 

+ 2 2 
9 
+ 

E 

2E 
u 

2 

------·-- - ·----! 


2 
 4 

IT 

3 

t=l t =2 t=3 

-----------

Hexatomi c 
(t~=6) 

3 

2 

2 

2 

5 

t=4 
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A-5 Lowe rin g of 

Z-+Z 

Dco h c2v 

Symme t ry: 

Z+Z 

c2h 

Corre l a t ions of Sym~etry Representat ions 

ov + a 
c coo v s 

n u , g 

!:, 
u ,g 

qJ 
u,g 

Bl+B z 

Al+Az 

Bl+B z 

2B u, g 

2A u, g 

2B u, g 

n 

!:, 

qJ 

A'+A'' 

A'+A" 

A' +A" 



APPENDIX B 

Transformation Matrices for Doubly-Degenerate Perturbation Matrices 

Suppose I1J!~> and ~~~~> are two degenerate states of the "unper

turbed" Hamiltonian H0 
• The representation of the perturbation H' in 

. { 0 0} • • bt he bas1s 1jJ 1 ,1jJ 2 IS given y 

= [Hi 1
H' ->- [H! .) (B-1) 

I J 
H~l 

where H' = <1J!?IH' !1J!?>. The perturbation equation can then be written
ij I J 

in a matrix form: 

-
H]_2[ o r,, r (B-2)H' :;_ = 

Hh 24H' lj!~ 

['' 

On the left-hand side 1-i' acts as operator. If we can find a transform 

matrix s' such that 

H]_2 
$-1 $ (8··3)~l :J
H21 H2d 

then we can construct new basis {lj!l,t/!2} by 

t' = $' , ($' = transpose of $) (B-lr) 

1J!2_ _lJ!tr 
so that the operator H' acting on lj! 1 and 1/1 2 gives eigen-equations denoted 

by 0 .l ,-th. 

(B-5) 

A,j _'I>,J 
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Equation (8-3) wil 1 determine A1 , and the $-matrix.A2 

H~ 1 (camp 1ex) 

In this case, it implies that 118 By hermiticity of the 

Hamiltonian (the perturbation), it can be proved that H~ 1 = H~ 2 =real 

quantity. 

We can define R and n by 

(B-6) 


Thus the representation of H1 in the basis {\j!~,\j!~} will be denoted by 

1 
11 Re -2inJ 

[H: . ) = (B-7) 
•J Re+2 in H~ l ~ 

The matrix [H: .] is hermitian. It can be diagonal ized by a 
I J 

unitary transformation: 

+ I (B-8)u [H .. Ju 
I J .. 

The most general 2x2 unitary matrix is given by 

-de - i a 

-ce: bJ1 (B-9)u = 
-ib de -•a12 ce 

where a, b,' c and dare real. The U matrix will sati~fy the following 

unitary properties: 

;'\ 
[ -ia 

+ 
de ce:iJU -I ::: u = u I (B-lOa) 

12 -ib · 1a -ce de 
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.~ 

z: u·:. u. 	 (B-lOb)
j IJ j£ 

det u ~ det u+ = det u- 1 = +1 (B-lOc) 

By Equations (B-lOb) or (B-lOc) 1 we have 

d2 2+ c = 2 	 (B-·11) 

Then 	 by Equations (B-8), (B-7), (B-9) and (B-lOa), we obtain 

Re-2i•)(de ce H11 lei a -ce:"bj1 
[ -ia ib' r 

=2 r: l ~J. -ib -1a-ib Ideiaj ~e-t2i() de-ce 	 Hll j_~e 

Equating the corresponding matrix elements on both sides, we have 

R[d2e-i (2n+2a) _ c2ei(2n+2b))0 (B-12a) 

= R[d2e+2i (n+a) _ c2e-21 (n+b)] 0 (B-l2b) 

A1 = Hi1 + cdRcos(2n+a+b) (B-12c) 

~2 = H~1 - cdRcos(2nfa+b) (B·-12d) 

Equations (B-12a) and (B-12b) will be satisfied if we put 

a = b = -n (B-13a) 

d 2 2= c = 1 (B-13b) 

Eql.1ation (B-l3b) and Equation (B-11) give c,d +1 or -1 

cd == +1 or cd = -1 (B-13c) 

It is free to choose cd == +1 so that c == d :::: ±1. Then Equations (B-12c) 

and (B-12d) give 

I 

A1 Hu + R 
(B-14) 

Az Hll - R 
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Subst i tut i ng Equat ion ( B- 13) i nto Equ at ion (B-9 ) , vJe obt a i n 

-i n e - e -inj
c

U == - 
12 i n i n e e 

The phase factor c (== ±1) does not have any phys i ca l s i gn i f i cance. Thus 

we can set c = +1. The transpose of U" i s 

l
-in i n e e 

U' = _1_ ( B- 15) 
12 - e i n i n 

e 

Thu s the new bas i s f unct ions a re g i ven by 

· - i n o in1)!o1)! 1"1 e th + e 2 
1 ( 8·· 16 ) U' [·~ 

12 - i n1)!o in1Jio j -e 1 + e 21Jiz ~~ 

0 ±i >.G 
~/hen t hen 

l 
1)! 1 ' 2 u A e 


1)! 1 
 [ If uAcos A ( 0 - n/A) J 
( B- 17) 

_i l2 u>.s in >. (e-n / >. ) _- ~) 2

Case (b) 

The matr i x [H: .) i s rea l and sy~n2tr i c; th us it can be d i agona l i zed 
IJ 

by an ~-~t h<:>gon a_l_ tran s forma t i o~-· The 11 pr·oper" orthogona l ma tr i x S i s : 

['ina -c~sa 1s (B-1 8a ) 
cos o: s 1na_j 


whose detenn i nan t i s'+ 1. The transpos e o f s is: 




--- ---

- -

. s ina. 
Sl (B-18b) 

[ -cos a 

To satisfy Equation (B - 3), it is found that 

tan2a (B-19a) 
I I 


H22 - H11 

or 

_1 {1 (B-19b)cos a + 
12 


_1 {1 (B--19c)sina 
li 

and 

H}l + 1-122 

--- ----- + H~2cos 2 a 


2 


I I 

H22 + H11 


== - . - --- - + 
 (B-20a) 
2 


~-~~2 + H~l I.I I

>.2 1-122 - l-l12cosa - ----- - H12 cos2 a 


2 


I I 


1-122 + 1-111 H~2 - Hll 

- [(----)2+ H~ ~ ]~ (B-20b) 


2 2 


Case (c) 

H~l (real) 

The results are: 

1 1 


li 12
Sl s-1 (B-21) 
1 1
-

12 12 
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0Al[H; 1 + H12 


(B-22)s- 1 [H :·.) s = 
IJ . 

0

0  0 A2H11 HJ" 

and . [ lJil0 + l/120" 

( B-·23)S' 
" ~ -~~ + ~~[:J" [::I 

\ 
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APPE ND IX C 

· van Vlec k 's Degene rate Per tu rbat ion Me thod(3B,39, 40) 

Suppose the unpe rturbed SchrBed i nge r Equation i s represented by 

(r == 1,2, ..... d) ( c -I) 
. n 

and the perturbed sy s t em is given by 

(C-·2) 

The ba s ic f eatu res in the Van Vl eck ' s trea t ment are: (40) 

' (a) it depends on the degenerate block, say n, in whi ch vJe are interested ; 

(b) it e limi nates the fil·st -ord e r cou p] in g be tween nand n', n", etc., 


blocks due to the perturbation V'; 


(c) it preserves orthonorma l ity th rough third - ord e r; 

(d) th e id entity of the initi a l states i s p1·eserved until the fin a l 


diagona l i zat ion ; and 


(e ) the en e rgies obtaine d are correct throu gh third-ord e r. 

In or d in a ry first - order pe rtur bat ion theory, one use s ¢~r as bas is 

fun ct io ns, but in Van Vl eck 's theory, one uses .the Van Vl eck ' s bas i s 

''J _ ,t,o + 1 ( 1 ) + (2) ( c-3)~nr - o/ nr wnr ~nr 

The fi1·st - o1:der co1· rectio n ¢(l) is de termined by the condition (b),
nr 

that 

<t/J ' ' IHo + V' It/J >n g nr 

vani s h in fir st-orde r f or a ll I''' > s tates wh ich are outsid e th e n- block 
'~' n'r' 
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and are orthogonal to ''' Thus
'~'nr' 

d 
n 

1J!n 1 j 1 = ¢n
0 

1 j - E +higher order (c-4)1 

r=l 

and thus 

0 (C-5) 

Let 1jJ ( 1) = (C-6a)
nr 

then Equation (C-5) gives the interaction c6efficients: 

<1/J0 • IvI I¢0 >I I 

= - _n_._J---~ (C-6b)
o _ Eo

E n I.J 
I n r 

The C (n 1 = n) are left undetermined but can be set equal to zero. nr 1 nr
' 

,J, ( 2) . 
'r IS added to satisfy the orthonormal ity condition (c) for the nr 

n- b 1 oc k, i . e . , 

(within the n-block) (C-7) 

If we let d 
n o¢(2) = E ,j, • a 

r 1 
(C-8a)

nr '~'nr 1 r 
r 1 =1 ' 

then Equations (C-3), (C-6) and (C-7) give 

(C-8b) 

The energies which arc correct through third-order will be obtained 

by the following secular equation: 

0I<·'·'~'nr JH + V1 I'''Ynr 1> - Eo rr 1 I 0 (C-9) 

Using Equations (C-1), (C-6) and (C·-8), the matrix ·elements are given by 
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~• [E 0 
- ~z(E0 -'· L. I ' I -, 

•. 1 n J nr n J 

- % 

0 ., vI I 0 0 IvI I 0<¢ · 1fJ I • I><¢ I • I ¢ 11> nr n J n J . nr ]
+ <ljJo II !v• l1fJ o I> I • (C-10)

nr nr 1 • • 
n J (Eo•·•- Eo )(Eo•·•- Eo •• )

n J nr n J nr 

E
0 

E0= E0 then Equation (C-10) becomes:n r • nr•• ~ n' 

<l}J !Ho + v• ll)J .> nr nr 


= Eoo + <~o IV' ,,,o > 

n rr• ~nr ~nr• 

o !v•J o o lv·. I o<¢ ¢ 1•1><¢ 1'1 ¢ 1>nr n J n J nrr• 
n I j I (Eo - Eo)

n• n 

o lv•J o o 'lVII o o lv•J·o<¢ ¢ 1'1><\jJ 1'1 ¢ ll'll><lj! 11'11 ijJ ,>nr n J n J _ n J n J nr _+ J I I•
l n I j 
I 

I nlljll (Eo - Eo) (Eo - Eo)

1 11n n n n 

o Jv 11 ,o o lv•J o<¢ II liJ I • I ><lJJ I • I ¢ I> nr n j r1 J nr 

(Eo - Eo)~
1· n n 

- % 

+ <¢ 0 II IvI I¢0 I > I I 
nr nr • 

n 
1
J 

1
. ' 

(C-11) 



APPENDIX D 

Matrix Elements in Doubly-Degenerate (Normal) 

Vibration Representation 

D-1 Definition of Doubly-Degenerate Normal Vibratio~. 

(i) In number-space (N-representation), states are denoted by Jn+,n_> 

.which are eigenstates of two 11observables 11 
, Nand L,such that 

NJn ,n > - (n+ .+ n_) ln+,n_> + - ( D-1) 
L!n+,n __ > - (n+ nJ Jn+,n_> 

and that 

<n 1
, n 1 In n > 0 '0

+ - + - n 1 n n 1 n 
+ + - 

Annihilation and creation operators are defined by: 

for "positive" particles: 

(n +I) 
~ 2 Jn +1 ,n >+ + 

for 11 negative 11 particles: (D-2) 

A In ,n > := n
~ 2 Jn ,n -1> 

- + - - + 

If A JO,O> A_IO,O> ::: 0 ( D- 3) 
+ 

then 
(D-4)Jn+,n_> 


By.defining 


A+ d tJN+ ·::; +A+' an 

we have 

N N +N , and L = N -N 
+ - + 
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(i i) In norma l coordin ate space , the state funciion s ¢ sat i sfy th e~1 
f o llowin g def initive equa tions; 


Ho cj> o - [_!_(p 2 + p?. ) + Yz~w 2 ( q~ + q2)] cj> o (:,0 cp 0 -- ( v+ l) ~w¢0 


\) \) 1 2~ X y y v1 \) \) 1 v1 
(D - 5) 

0) 0 G 
z 

¢o
v1 - (qxpy - qypx ¢v1 - 1r~¢v1; (1 .v , v=2 , ..... - v+2 ,- v) 

whe ~e qx,qy are the t wo orthogona l no r ma l coo rd in a t es and px,py are the ir 

_con jugate momenta: ~ 3 
~ is the r educe mass of the two -Pi= T~. 

I 

di mens ion a l oscillator and w i s the angul a r fr equency of the harmon ic 


vibrat ion. The fo rc e constant is given by~ = ~w2. 


As we def in e r and ¢ by 


± i ¢ re _ q ± i q (D--6) 
X y 


th en Equa ti on (D -5) becomes 


(D-7 a) 

(D--7 b) 

0 ( . ) . (37)The analytica l so luti ons fot· ¢ 1 , q> dt·ev1 . 

0 ( ) ( ) 1 i 9_cp¢ r , ¢ = R I • r - e (D·-8a )
v1 v 1 1 12n 

whe re th e ra d ia l fun ct ions Rv Iii (r) sa ti s fy: 

[- 1-1 2 (~ + .!_ ..L - ~) 0 (D-8 b) 
2~ 2 r 3r r 2 3 r · 

The ma tri x e l emen t s f or a .function of operato r s P; and qk, f( p i ,qk): 
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co 2n 

f . c/> 
o* 

I 1 f ( P . , q k) c/> 
o 

r d I" cJ cp (D -9 )
v £ 1 v£J 

r =O <P"" 0 

are read ily obtai ne d by us i ng Eq uat ions ( D- 1), (D-2) and (D--6 ) if v.Je make 

the followin g cor respondences: 

~ q ±iq q -«--> a'!z(A+ + A .. ); ( a - ---)-X y k± ± • )l W 

p ± ip - p± <0-~ ia-'!z(A+  A- ) ' X y ± + 
{D-10) 

.H 0 
~--;> (tH 1) Kcu 

\) 

~----1>G L~ 
z 

and 
ia (v , £) I0 . 

= e <r,cpn,n>; (v n +n £ n+ -· n ) ( D- 11)¢v£(r~¢) + - + ' 

Therefore 

-i a 1 i o. k + 
<v 1 £ 1 jqk Iv , £> = e • e <n 1 n 1 la 2 (A + A_-) ln+n_ > /± + .. ± 1

i a With diffe r en t choice s of th e ph ase matrix el emen ts of thee ' 

same op e rator will d~ffe r by a phase f act or. For in stante , the matrix 

el ements of q evaluated by various authors are shown in the following 
k± 

tabl e: 

Tabl e D-1 Ma tri x e lements of q = ~e±icp
k± 

.------
• • ( ) 1T 

1 e'a=-~ e'v+£2· 
' 

1 1 1 
( (, ) ~ ~ - v-'"' a 

12 
<v- 1 £+ 1Iq Iv Q, > 

' k+ ' 

---------·---· 
1 !.,; 1· 

- (v- £+2 ) za 2 

/'i 
1 1 1 

( n 2)~ ~ - \!  .x., + a 
12 

1 !.,; !.,;
- i --(v- £+2) 2a 2 

12 
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i o:We sha ll adopt th e phase e to be un ity; and defin e the rad ia l 

int eg rals by 
00 

J Rv1 I £1 I{r) rmRvl £1 (r) rdr {D - 1?) 

r=O 

r 2 4Also, we denote the rad ia l in tegra l s of r, and r respec tive l y by : 

q( v+a,Q,+b ) (v+a , Hb I r I v , Q, ) 

A( v+a,Hb ) ( v+a , H b I r 2 I v , £) (D-13) 

B(v+a , Hb ) (v+a,Hbl r 4 lv, Q, ) 

Thu s 

q ( v+ 1 , Hi\ ) = ( v+ 1 , Hi\ I r I v , .9_) 

1 .k2 .k2q( v- 1 , £+/\ ) = (v- 1 ,Hi\j r Iv , £) = <v-1 , Hl\ jqkl\ lv , Q,>= 	 - (v- l\.9.} a (D -Jl!) 
12 

The integrals A(v+a , .9"+b ) and B(v+a. , £+6) are li s t ed in Ta bles D-2 to D··5 . 

Ta bl e D-2 Matr ix e l ements ofq 2 = r 2 e±Z i ~ or a 2 = r 2e2 ii\¢ (i\ = ±1). 
----- ' k± 'kl\ 

. .k .k 
<v+2 , £+2/\ lqx l v, £>== Yz (v+H+2) 2 (v+l\.9"+4) 2 a = (v+2, H2l\ l r 2 l v , Q, ) = A( v·· 2, H2l\ ) 

J,; .k 
<v , H2 i\ jq~ J v , Q,>= ( v+l\H-2 ) 2 (v··i\Q, ) 2 a = ( v , Q, +2 AI r 2 l v , £) = A(v , H2i\ ) 

<v-2 £+21\ )cJ?)v Q,, ] \ , 

Tab l e D-3 Matr i x e l ements of q4 = r4 e4iA¢ (A = ~ 1) . -----· 	 ki\ 

1 .k k .k .k2 2<v+li ,Hl-IJ\ j q~l\ lv , Q,>· = 4 (v+H+2) 2 (v+f1Hll) 2 (v+H+6) 2 ( v+l\H·8) a 

= B(v-t- li , £+4/\ ) 

< v+2, Q,+4A j q ~i\jv,Q,> 

· = B(v+2,Hlt f1 ) 

3 .k .k .k .k 
<v , H~ A j j v,Q,> = 2( v+l\H2 ) 2 ( v+l\Q,+lt ) 2 (v- l\Q,-2 ) 2 (v-J\Q, ) 2 a 2 q~ 11 

<-= B(v+O, H4A ) 

.k .k .k .k
<v-2 , H4A iq~i\jv,Q,> = (v+i\Q,+2 ) 2 ( v-J\Q,- li) 2 (v-·J\Q,-2 ) 2 (v-J\Q, ) 2 a2 

= B(v-2 , H 4A) 
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- t J I 1
-- k . k k<v-4,H4J\jqki\ v,i> = 4 (v-J\£-6)'2 (v-J\t-4) 2 (v-J\t-2) 2 (v-i\9,) 2 a2 

= B(v-4,Q+lfJ\) 

4Table D-4 Matrix elements of r . 

I k 'k k k
<v+4,klr 4 Iv,k> = 11(v+.Q.+2) 2 (v-H2) 2 (v+H4) 2 (v-Q+4) 2a2 -· B(v+4,t+O) 

<v+2,Qjr 4 lv,Q> = (v+Q+2)Yz(v-Q+2)%(v+2)a 2 = B(v+2,t+O) 

<v,Q]r 4 Jv,k> = }[3(v+1) 2 +I - i 2]a 2 = B(v+0,1+0) 

k k ' 
<v-2,Qjr 4 lv,k> = (v+t) 2 (v-t) 2 va 2 == B(v-2,HO)' 


I I ( k k k k
<v-4 ,k Ir • v,Q> ! = 1! v+t) 2 (v-Q.) 2 (v+t-2) 2 (v-Q.-2) 2a 2 = B(v-4 ,t+O) 

Table D-5 Matrix elements of r2q~J\ = r4e2 li\¢ 

1 k k k k 2<v+4,1+2J\ !r 2q~J\ Iv,Q.> = 11Cv+i+2) 2 (v+J\£+4) 2 (v+J\t+6) 2 (v-.£.+2) 2a

= B( v+4, t+2J\) 

I k k
<v+2,t+2J\ !r 2 q~J\ Iv,£> = 2(v+AH2) 2 (v+A£+4) 2 [2(v+l) - cu-1)]a 2 

= B(v+2,.£.:f-2J\) 


3 k k

<v,.£.+2A]r 2 q~J\Jv,£> == 2 (v+J\.H2) 2 (v-M) 2 (v+l)a 2 = B(v,t+2J\) 

I . k k 
<v-2,£+2J\]r 2q~f\jv,t> = 2 (v··J\£) 2 (v-/1£.-2) 2 [2(v+l) + (J\t-1)a 2 

= B(v-2,.£.+21\) 

I k k k k 2<v-4,.£.+21\ Ir 2 q~J\ Iv,9J> = 4(v-£) 2 (v-J\t-2) 2 (v-J\£-4) 2 (v+t) 2a

= B(v-4,t+2J\) 



App en dix E 

Transf orm a tion llia:triccs ;±; (n) 

We de fine tlHtt 

0 Q_l 0. • • • • 0 0 


C1.1 o 0..1 o o 

o G.l o. • . . . . o o 

~ E--1 )l\ ( n ) = . 

o o o o a".' 
0 0 0 o • • • • Ctn -1 0 . 

The ortho gonal tr ansformation m atrice s~ ~) are det e r 

mined by tho follo wi ng matrix equation : 

( E- 2; 

In the diagonal matrix di ag l~1 ,~ 2 , .•• ~ ), we s h a ll arrange
n 

the ?-- 1 s in th e order that 

.... ~ /:\ ~ E-3 )- n 

Tho result s areg iv en in Ta bl e ~- 1. 

Table B--- 1 D.i.. ago n a liz a tion of A--ma trices 
,- ]_ . S' ~ ,S • 1A • ,.> = .....~ 

- ----------  - - --------- ··--------  - ---- ---  -------- ·-  ------------------- ----·- -----··---- . 

1 . l'i. (J.):= 0 

2 A (2)~c[O; 
- ~' 

[:· 
C.l , 

~) 0 

a :< 

0., l 
Cl 

OJ 

b (l )= 1 

.. rir~; 
:::i (3 I I __l . ' ' 'l,':, 

. ~ 1! N 

N · ( 0 ,_ (' 1'. 
' I t -\ _L 

_C_k .. L C!, ' 
('1 J2 .N 

0 
_._.),. 

~ 2 

n, .-L ~~~ - -N ~2 · N 

) '!-:... 

15 iJ



- - - ----- ---- ---- ----

5 

6 

15 5 


j n 
~ - - -

r~. 	 ~~ ~, ~ .j 
o o., o a) 

lo	 0 03 0 

0 a, 0 0 0 0 'l 
a, o o, o o o I 

o a .. o o l o o 
o o o3 o· d 4 o j 
0 0 0 0 .; 0 0 ,; ; 

o o o o a, o I 

J 

. I 


:£ (n ) 

-~ ,r~; . ,j.. 

S· -=---1· . J -, I


J 	 N; · l -'j ·· <:,· ) c\J_ 

I ;. .,..I

\f', ·, ·-(1 . )lh t' ' ;, 

·, J ' • " <;·. ._, 

-·--- . .. 1 

I 


I 

>-- · ""' + [..L ( q ~'l.·i· o ~- + ct ~)

J 	 - · 2 - ) I
l. 	 , ) ~+_I_ ( Ll''-+ (1,~. -t Cl l ~ 
-- 2. 	 I 


01 

2 .l. t'l· J'1:.: I 


·--4CI,L1 3 l· 

?-= 'l ,_ ( )-..~- - C! ~ ~).·r -'J. +o ~ ) \
NJ . a, + >-J + :..:J._ _ .' · _L-- ;..: ~
 

C\, I \ Aj ·i 
 I 


I 	 I 
!
I 


s:: cr.: \ r~ -· _..., __, ._, I 	 I 
! 

I
.n ~;;=- s ] s s S r-] 1
s 11 

-	 2 3 > v I 
 I 


i )\ · =- --~ l..L ( <l 1 Ci ~ + C1 ~ Cl~ .)
4 ·1 ·•- /jJ 	 ·-· :t . , 


+i\. ,,.. ,_ ,.,, ) 2 I 
_ ((l; + C, ·•,L1+<1 ", i

2 1


• 	 )y.. If, 1 

2 . "l. . ). :.. - . .... ( ( l_ ) } l . 1 ~ - ' 

-- 4 ( C1 , Cl1 1· ( ; 1 0.-, -t' Lo1. -4 ) ) j 

( j "' I' l, 4, y ) • 	 I 

I 

: ,_ ~ '· (/-a:· , 'l /'\ ) ·.:: 0 	 ' 

NJ- = Cl , + A . -j· --)--~- J 
J (:\2. 

$ (6) = (-;. 1 


- __ Cl.j 1. . t . _ ,'-. .ij -. .SI j - Nj ' .) "J - N j ' 
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l )\(n)n &·(n) 
--1----- -- ---------- ----------- - __ j _------------------------ -------- - - -------------

1 I 
I I 

!0 o, 0 0 0 0 00: ·1' a, o al o o o 
o a._ o oJ o o a ) <-1 _,_,o o a_~ o a.,_ o7 ~ = ----'--,------ · ( >..J· ) -- V'· -) o 


o o o o.~ o cl 5 ci j q 0 

l' i · ,-• J 

J \\d.,o o o o C\; o a, 

1 
o o o o o a, OJ 
I l 

I o 

I 
·j + - 

I 

I 
--"- -- ! 

l 

i 

~~ 'rhc ->-·' s rrrc oh-t n i n e c1 b y s e tt-i n g 
l~l O,; Q , 

cle-t j ~\ (B) - >--! = 0a , al 

8 
 a , 

0-1 0 ;

a, a, 

o,, q , 


at -'I 
-· 

,---;-__....·--..J-.·-- ----·- 



APPEt·W I X F 

Schr_§~_cj_l_Q_g~r__Q__~ge n e r a t e Per t urb a ti on TheNy 

0 
1We denote the co lumn ma t r ic es ¢ (K;v 1 ,v2), ~K' iPK(vi,v~ ;v ,v 2 ), 

(a) (F-1) 

¢0where T design a t es the transpose of the ma tri x , and ar e the e1g en 
r 

0f~nctions of the un pe rturb ed Ham ilton ia n H : 

cpo 
r 

(b) 

which is a canon ic a l co lumn ma tri x ha vi ng infi n itive number of e l ements. 

(c) The finit e ma tri ces iP K(vi,v~;v ,v 2 ) coll e c t all in te l-acti on int eg ra ls1 
<¢~ 1 (K;vi ,v~)IH•J ij! ~(K;v 1 ,v 2 ) > with given K, v{, v~ and v1 ,v 2 : 

r' (. " I, 2_, . -. , )<(,::, \ 1_,: ) j' Ji 

r -,.,.' __.? i ... :2__. ...... ·~ ·7}(.. (\--', _. '/)...._ J . 

(F·-3) 

(d) The finit e ma trices H(K;v 1 ,v 2 ) ar e th e r e pres ~ ntation of the 

(1:- - L~ ) 

157 
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H0 H1(e) The r ep r esen t at i on of + in the ba s i s of ( F-2) i s denoted by 

the following can on i ca l perturbat i on matr i x: 
/. 

[HK) = ' 
/;) ( ' v ' u U 1 ?)' ' ) { ' " ' ' . 1' ' ) / 0

1• ( o iJ , ;' u 1 :.> u r .:t )IIH ( !(; u; , L!.;.o ) rK. v, , .:.-) , J ; ... , , • • , J; J:. '-' : 1 "";; ; •• • .1. 1 v:; ' I 1 .... I .I _;J • •. •• • 

H1\Jh e n the pe rturbation is 

(F -6) 


-t he submauices of [1\), i.e., IH ( K;v 1 ,v2 ) and i P K(v}v~; v 1 v 2 ) have the 

following fonns (e .g., Fig. F-1): 

0 0
0~ cp~ cp3 ...... .. cp 1 <Po 

n- n 
[ 0 ((l 0 

V},V 2 
c o al c . a2 . vl, v2 

v • 0 (F-Lt l)0 a2 C v vl' 2 

an-1 

(F - 7) 

The off··di agonal submatr i ces IPK ( v 1
( ' 

1 ;v v ) a r·e 
l 2 1 2 
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xlr 0 

X2 0 
(F-3a) lPK(v 1 ,vr2 ;v 1 ,t12 ) 

0 X3 

x 4 0 

' 
. 

/ 

th
where x9, == x.Q,(v1v~;v ,v 2 ) is the only non-zero e l ement in the 9, r ovJ of1 
the iPK(v~v;;v ,v 2 ) ma trix.1 
(b) When vl == v -2 , v; == v

2
, we have1

0 (F-3b) 

' / 

(c) IP K ( v l , v2 ; \J l ' v2 ) 0 unless (i) v} 
(F-3c) 

We notice that 

(F -8 ) 
/
I 

thus 
( F··9) 

1 where m •IS t he sma 11 e r va 1ue o f nK ( VJ,V 2 ) an d nK
1 

( v 1
I ,v2 ) . 

The energies correct to firs t-order are obtain e d by di agona l l zat ~ on 

of the ii_~~t-ol·_d e r__ per~~-'·bation mat 1·ices !H( K;v 1 v2 ) (l 6), i.e., 

1 ( ) ( ' ':= ~ 0 -'- it ( 1) ( 1/ • v v ) £ ( K ; v 1 , v 2 ) -- • iH I< ; v 1 , v2 • S K ; \J 1 , v 2 ) u. v • (1. '' , 1 , 2 (F-10) 
1 11 2 

The orthogona l tr ans for mat i on matr i ces S(K;v 1 ,v 2 ) and the first 
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' . t( l) 
orde r correct ion mat ri ces ~ ' (K; v1 ,v2) have bee n t ab ul ated i n Appe nd i x 

E in t erms of S (n) and ~. ( n ). 

The 11 co r rect ze roth-·o l·d e r 11 wave f unct ions are obta ined by 

( F -11) 


or more exp li c i t ly, by 

¢ ~(K;v 1 )l, v2IJI~ ( K; V 1 , V 2 ) 

¢~ ( K ;tJ 1 ,v 2 )IJI~ ( K; v1 , v2 ) 

( F-1 2) 

s s ........ s 

1n 2 n nn 

th . th
wh e re Sj £ == ( s; (K; vl ,u2)) 9. j i s the£ -row-·and- J - co l umn e leme nt of t he 

tr ansforma t ion ma tr i x S ( K; vl , v2) . 

To obta in the se cond-ord e r en e rgy correc ti ons , one constructs the 

. . 1 f . . (S) f o 11 ow 1ng canon 1ca t.ra ns o rmat ion ma t ri ces : 

0 


(F- 13) 

0 

0 

The n t he correc t zeroth-order wave fu nct ions are conta i ned in t he co l umn 

0 
ma t rix ~K' obta in ed by 
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qio 
K 

In the ba s i s of (F 14), the Hamilto~i a n H Ho + H' w·l 11 be repr e sented 

by [HK]' (e . g ., Fig. F- 2 ): 

0 l 
1·p I ( ! 7 ' . ' ' )1 }\ I) j J ( -~ 4 - ) 1.) j i {.,. ;)._ /~ ( v; 1 t; 1 i · ,') , u, ; U;,. 1· 'f ) . . , , j (F- 15) 

•f c / (1 ) 
V,oI , , . I T ( ( ;; . U, 0 i i{ J'' 0 

.~ , L.;f t- '· ) / .• ..f . 
(F  16) 

Thus th ~· en e rgi es correct to first-ord e r are given by the diagona l 

matr ices : 

The se con d en e rg y correct ions ar e de t e rmi ne d by the off-diagona l matr i ces 

iPK_· Suppo se the correct zeroth--o rd e r s t a t e to b.e perturbed i s l q'j (K;v 1 ,v2 ) >, 

• . b (16)t hen t he second- orde r energy correct 1s g 1ven y : 

(F--17) 
I I 
l' 2 

' 
J 

t: 0 

L v' v' 
l 2 

If we de fine tha t 

'I b I ' / • I .th d" 1 • 1 f h ' d f" dve o se rve t1 a t "' ·. I S t1e J 1agona ma trix e ement o t e ma tr iX e· 1n e 
JJ 

by 
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{F-19) 

(This can be proved by mu1tip1 ica ti on of matrices.) Sub s tituting Equ ati on 

(F-16) into (F--19), we have 

[ S ( K ; v ~ v~ ) - 1 •tp K ( v l v~ ; v1 v2 ) • S ( K ; v ~ v; ) - 1 •!P K ( v lv~ ; v v ) • S ( K ; v 1 v2 ) ] 1 2 

= [S (K;v 1 v 2 )- 1 ·fK(v1v~;v 1 v 2 )T·S(K;viv~)]· [S(K;viv~) - 1 ·f K(v1v;v v ) ·1 2 
L_____y ____ ____) 5> ( K; v1 v2 ) ] 

K 
s ( K ; v l ' v2 ) - l • if' K ( \} i v; ; v l ' v2 ) T• lP I< ( v~ v~ ; v l v) •s ( K ; v l I v2 ) 

L-----y---__j 

[xiou ,] 

= Jlzxi (v1v;;v 1v2 )S 2- is 2- j II {F-20) 
9, . 

The r· e fore 

W.. (F-21)
JJ 

and hence Equ a tion (F - 17) becomes 

(F- 22) 

The fir s t -orde r wave functi ons for th e jth st a t e in 

is given by: 

(F-23) 
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