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Abstract  

The linear actuator is widely used in the industrial and aerospace arenas. The application of the 

linear actuator varies. The ball screw type linear actuator or ball screw system is one design. The 

ball screw is a mechanical system that converts rotation motion into a linear motion. The ball screw 

linear actuator, compared with other linear actuators, has better efficiency, higher speed, less noise, 

and higher load capacity. Ball screw linear actuators are used in a number of areas, such as 

coordinated measuring machines, 3D printers, and aerospace actuators.  

In this research, the industrial sponsor provided a ball screw linear actuator, and they required 

its accuracy to be improved. The linear actuator suffers from an accuracy problem due to various 

reasons. One of the major problems is nonlinear friction, which makes it difficult to estimate using 

the simple friction model. In this thesis, a LuGre friction model is introduced and applied to the ball 

screw system. The sponsor’s ball screw system includes the ball screw sliding table, AC servo drive, 

AC servo motor, and a linear encoder sensor. The hardware control system for the ball screw system 

needs to be built. Therefore, this thesis describes how a custom ball screw control system was built. 

The control hardware ball screw system includes a microcontroller and a custom-made digital-

to-analog converter. The linear encoder position sensor’s reading methods were tested and 

implemented in the microcontroller. A custom digital-to-analog converter was made and tested.  

The control algorithms based on the LuGre friction compensator are discussed and were 

simulated in the Matlab Simulink environment. Then, the physical implementation of the control 

algorithms on ball screw system hardware were made. Finally, a new proposed control method 

based on the LuGre friction model performed best in terms of accuracy consistence and tracking 

compare to the other mentioned controllers.  
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1. CHAPTER INTRODUCTION  

1.1 BACKGROUND 

The linear actuator has been primarily used in the industries for equipment, such as coordinated 

measure machines, 3D printers, and aerospace actuators. Therefore, the accuracy of such a system 

became extremely crucial in the engineering area. One of the obstacles to increasing the accuracy 

performance is nonlinear friction. Therefore, this research aims to identify the occurrence of 

nonlinear friction and used it to improve accuracy of the prebuilding of a linear actuator system.  

The linear actuator system in this research includes a ball screw system and an AC servo 

propulsion system. In particular, the research focuses on friction estimation, system identification, 

and the control of the system. Equation Chapter 1 Section 1 

1.1.1 Ball screw system overview and application  

The ball screw system is a mechanism that transfers rotation movement to translational motion. 

The primary purpose of such system is to transfer the motor torque to translational force in order to 

push or to pull objects with the goal of performing a desired task, such as position tracking or 

velocity tracking. There are many similar systems besides the ball system screw design that function 

as rotational to translational converters, such as a lead screw and a roller screw.  

The lead screw is typical common translation converter. Using a center thread shaft, the lead 

screw system mechanism translates the force to the outer screw shaft which has a matching set of 

thread. The thread is in the shape of trapezoidal teeth. Due to the large contact surface on the thread 

of the nut and screw, the lead screw has significant friction energy loss compare to the ball screw 

and the roller screw. The efficiency of the lead screw ranges from 20% to 40% [1], and therefore 
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they are not suited for carrying a large load. The more significant friction force prevents backlash. 

However, they required more motor torque. The cost of the lead screw is lower than that of the 

roller screw and ball screw [2]. 

 

Figure 1.1.1   Ball screw vs. lead screw [2] 

The roller screw—also called planetary roll screw—is a low friction precision linear screw 

actuator. The cost of the roller screw is usually more expensive than the lead and ball screws. They 

have a more complex mechanism than the ball screws systems. The roller screws are similar to the 

ball screw mechanism, in that it also comes with a screw shaft, a nut, and a planetary roller. The 

treads of the roller screw are triangular. The force transfers from rollers to the center of the screw, 

which has a matching set of threads. Because their contract surface is more substantial than that of 

the ball screw (see Figure 1.1.2), their lifetime is 10 to 15 times longer than a ball screw’s lifetime 

[3] 

 

Figure 1.1.2 Roller screw vs. ball screw [3] 
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The ball screw is also a low friction precision linear screw actuator. The typical ball screw 

system contains balls, a nut, and a screw shaft.  The screw shaft uses circular or ogival threads. 

Thread diameter allows balls to fit inside the grooves.  

When the center threaded screw rotates, the balls are deflected by the deflector and force into 

the ball return system in the nut. The ball goes through the return system to the opposite end of the 

ball nut and exit from ball return grooves into the ball screw. The nut thread grooves continue 

recirculating in a closed circuit [4]. The ball return system allows no physical contact between the 

screw and the nut. Therefore, the friction only occurs in two areas, namely with the ball to the nut 

and the ball to the screw. The contact surface has decreased mainly due to the same contact area. 

The force is also distributed to many balls inside the system, the force allows a small load to each 

ball. By these means, a ball screw system could carry heavier weights, and it would require less 

motor torque compared to the lead screw system. [2] 

 

Figure 1.1.3 Internal system of a ball screw system [4] 

The ball screw system typically has efficiencies that range from 70% to 85% [1]. The design of 

the ball screw is similar to a ball bearing, and such a design would therefore offer minor advantages, 
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such as having a high speed and less noise. Both the ball screw and the roller screw use a rolling 

motion rather than a sliding movement of the lead screw.  

The ball screw has a disadvantage: the motor turn briefly before the movement begins, which is 

an action also known as backlash. The backlash occurs due to the free axial and radial lash that is 

caused by low internal friction. This is an axial free motion from the ball screw to the ball nut [5]. 

The conventional way to eliminate the backlash is to add a preload to the balls; this preload would 

remove the gap between the ball screw and ball nut.  

The ball screw applications have a broad range in usage. The high precision ball screw is widely 

used in commercial and military aircrafts. The major components that use the ball screw mechanism 

system include wing flaps, propeller pitch controls, engine thrust reversers, and horizontal 

stabilizers. Other components that use the ball screw mechanism are the main landing gear, the 

variable engine inlet, and the exhaust-nozzle.  [6] 

Aside from aerospace application, the ball screw system has also been widely used in the 

manufacturing industries. In the manufacturing area, the ball screw has been applied in milling-

machine tables, robotics arms, and the coordinate measurement machine(CMM). 

 

Figure 1.1.4 Ball-screw actuator for the flaps and the coordinate measurement machine [7] [8] 
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1.1.2 AC servo system overview 

The servo system is the actuator part of the linear actuator system. It allows the precision control 

of a linear or angular position, velocity, and even sometimes the acceleration of the device. The 

advantage of the AC servo system is the feedback from its sensors, which allow them to become a 

closed loop system; in this way, this system has more accuracy than a steppe motor. The AC servo 

system includes three significant components—an AC servomotor, an encoder and a servo 

controller.  

There are two types of servomotors—the AC servomotor and the DC servomotor. A DC 

servomotor uses a permanent magnet DC motor, and a DC servomotor is commonly used for simple 

applications due to it needing frequent maintenance. The AC servomotor uses AC power instead of 

DC power, and the AC servo motor is based on squirrel cage induction motors with two or three 

phases. The AC servomotor consists of a stator and a rotor. In Figure 1.1.5, the stator typically has 

two windings that are uniformly distributed by a 90-degree angle. One winding is supplied by the 

constant AC voltage AC. The other winding is the control winding, which is excited by a variable 

control voltage that comes from a servo amplifier. The control voltage should be 90 degrees out of 

phase concerning the reference winding voltage. The control winding’s flux is also 90 degrees out 

of phase from the reference winding’s flux. The air gap resultant flux sweeps over the rotor, which 

induces an electric magnetic field to the rotor. The rotor is influenced by the electric magnetic field 

and then produces its rotor flux. The rotating electric magnetic field interacts with the rotor flux; 

this interaction provides a torque on the rotor, and the motor starts rotating. The polarity of control 

voltage winding determines the direction of rotation.  The torque and angular speed are directly 

related to the control voltage because of the reference voltage constant [9]. 
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Figure 1.1.5 Stator of an AC servomotor [9] 

1.1.3 Friction overview 

One of the critical factors in this research is in estimating and identifying the friction that affects 

the ball screw system dynamic. Friction is everywhere in this world dimension; according to 

Newton’s law of motion, an object should either remain at rest or continue to move at a constant 

speed unless a force is acted upon it. By these means, if friction force does not exist, it would be 

impossible to walk a single step. The friction force is defined as a tangential reaction force between 

two surfaces in contact—this is referred to as dry friction.  

Indeed, there are other types of friction, such as fluid friction, internal friction, and lubricated 

friction. In this research, dry friction is mainly discussed. Friction is typically categorized into the 

two regimes—namely static friction and kinetic friction. In the reality, rigid bodies cannot have a 

perfectly smooth surface; Therefore, the contact surface of two rigid bodies can be compared to two 

elastics bristles that in contact together. When a tangential force is applied, the bristles begin to 

deflect like springs and damper. When the displacement between the two bristles increases to a 

particular value, the bristles break. The areas before bristles break can be described as the static 

friction regions, while the areas after the break are the kinetic friction regions. [10] 
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Figure 1.1.6 Contact surface to bristles model [10] 

 The most well-known friction model is the Coulomb friction model. The Coulomb friction 

model is a simplified frictional model with a constant magnitude force that acts in the opposite 

direction of the motion, as shown in Figure 1.1.7. This friction model is represented in Equation 

1.1, where Ff represents the friction force, Fc is the constant coulomb friction force, FN is the normal 

force, µ is the frictional factor, and v stands for velocity. Because the Coulomb friction has a 

constant magnitude force, and the friction estimation error of this method can result in an error up 

to 20%. The major issues of Coulomb friction is, that it cannot handle zero velocity. [11]  

 
       0 : sg n

f c

c N

v t F t F v

F

t

F 

 




  (1.1) 

  

Figure 1.1.7 Coulomb friction [11] 
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An improvement fiction model based on Coulomb friction has been introduced, which is called 

the viscous friction. The viscous friction is a friction force that is proportional to the sliding velocity. 

Instead of a constant magnitude force, viscous friction becomes a variable magnitude force that is 

related to velocity. Equation (1.2) presents the viscous friction. Fv is the constant viscous friction 

parameter. The characteristics of vicious friction can be seen in Figure 1.1.8. 

  ( ) 0 : ( ) ( )
f v

v t F t F v t    (1.2) 

 

     Figure 1.1.8 Viscous friction combined with Coulomb friction [11](Right) 

     Figure 1.1.9 Viscous friction combined with Coulomb friction and static friction [11](Left) 

Both friction models do not fully capture the static part of the friction. The static friction requires 

an initial force needed to be more extensive than the initial viscous friction. Therefore, the static 

friction model combines the viscous friction and the coulomb friction present in Equation (1.3), 

where Fv is the viscous friction coefficients, Fs is the maximum static friction coefficient, and u(t) 

is an external force applied to the system. The characteristic of viscous friction combined with 

Coulomb friction and static friction can be seen in Figure 1.1.9. 
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 
   

 
  

  (1.3) 

Based on , Figure 1.1.9, the combined model still has a discontinuity that occurs when static 

friction is transferred to kinetic friction. In reality, the discontinuity in Equation 1.3 is not possible. 
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In 1902, Stribeck experimented and discovered the phenomenon that describes the transition 

between the maximum static friction to Coulomb friction. The improved characteristic friction 

curve is called the Stribeck curve friction.  

 

Figure 1.1.10 Comparison between (a) Coulomb friction and viscous friction with (b) Stribeck curve friction [12] 

As seen in Figure 1.1.10, the discontinuity in (a) has been replaced by the exponential function 

known as Stribeck curve in (b). The equation that describes the Stribeck Curve is known as the 

Armstrong model [13], as seen in Equation (1.4). This model includes static friction, Coulomb 

friction, and viscous friction. It adds two extra terms—namely, the Stribeck velocity coefficient vs. 

and the fitting parameter δv [12]. 

 
( )

( ) ( )

v

s

v

v

f c s c v
F v F F F e F v




      (1.4) 

The above friction model of static friction, coulomb friction, viscous friction, and Stribeck 

friction are in the category of the static memoryless model. All the models above have discontinuity 

when crossing zero velocity. The dynamic friction model attempts to provide a solution to this issue. 

In the literature, two well-known dynamic friction models are the Dahl model and the LuGre model.  

In 1968, Dahl introduced a new friction model which treats two rough contact surfaces of a rigid 

body as the bristles of two brushes (see Figure 1.1.6). Instead of using only velocity v, the Dhal 
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model introduce a term z that also affects friction behavior. The z term presents the average 

deflection of the bristles. The equation of the Dahl model can be represented by Equation 1.5 [12]. 

The way that the Dahl model defines z variable depends on velocity v, and the static friction (v = 0) 

should be bound in the range of [-Fc, Fc]. The term σ0 is a stiffness coefficient. The Dahl model 

captures the behavior of the presiding phenomenon in the static friction region, but the model does 

not include the Stribeck effect (see Figure 1.1.11). 
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( , )
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v
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f v z z F v

v
z z v
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

 
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  (1.5) 

 

Figure 1.1.11 Friction torque versus velocity for dynamic models: (a) Dahl model; (b) LuGre model [12] 

To improve the Dahl model, researchers from Sweden and France developed a new friction 

model in 1995 called the LuGre Model. The LuGre Model is one of the most complete friction 

models. The LuGre model combines all the friction models discussed above. The LuGre model 

includes the static friction, Coulomb friction, viscous friction, Stribeck friction and Dahl friction 

model. Just like the Dahl model, the LuGre model is a function of average bristle deflection z, and 

velocity v. Equation 1.6 shows the complete LuGre Model. The term σ1 represents the damping 
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coefficient, and σ2 is the same as Fv but with different notation. The rest of the parameter is the 

same for the Stribeck friction and for the Dahl friction parameters.  
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The g(v) function extends the Dahl model to describe the Stribeck effect with the same constraint 

as Fc ≤ g(v) ≤ Fs. In Figure 1.1.11, (b) represents the LuGre model shows the improvement of adding 

the Stribeck curve effect to the Dahl model. Figure 1.1.12 presents a detailed explanation on how 

the LuGre phenomenon occurs in a physical application. In this thesis, LuGre friction is the primary 

focus of the research; the remainder of the thesis also investigates how to apply the friction in a 

physical ball screw system.  

 

Figure 1.1.12 Schematic explanation of the LuGre model [14] 
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1.2 THESIS CONTRIBUTIONS  

The purpose of this thesis is to complete and improve the current prebuilding of the ball screw 

system from the industrial partner. The hardware of a ball screw system is prebuilt, and it includes 

the ball screw sliding table, an AC servo system, and a linear encoder. As contribution to the current 

body of research, this thesis has the following contributions have been made: 

1. To design and construct a digital to analog converter circuit, then select and implement the 

proper microcontroller(Appendix7.5). Finally, total cost of control system hardware is more 

economical than other similar function product in the market.   

2. To perform a LuGre friction and ball screw system identification experiment and follow by 

parameters identification  

3. To implement a PID controller, position PD with friction estimation observer controller, and 

position PD with friction estimation observer with disturbance observer controller on 

Simulink model and compare result, then implement the above simulated controllers into an 

actual ball screw system  

4. To implement a new multiple stage controller into physical ball screw system and compare 

the results to existing controllers  

1.3 THESIS LAYOUT  

This thesis is composed of 6 chapters. Chapter 1 provided background on the current research 

topic and on other linear actuator mechanism devices compared with the ball screw mechanism. 

The chapter also includes an introduction on the AC servo system as well as the history and 

background on a recent friction model.  
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Chapter 2 is focusing on literature review on existing LuGre friction and Ball screw system 

research. The literature review has been separated into 2 sections, the system modeling section and 

identification section and control section. In the first section, the ball screw system and LuGre 

friction modeling has been discussed and then following by parameter estimation method. 

Chapter 3 shows how the ball screw controller hardware implemented. The encoder decoding 

method has been test and implemented. The design and building process of the digital to analog 

converter has been introduce in this chapter as well. Finally, the entire ball screw control system 

has been present. (The introduction on provided AC servo system and pre-building Ball screw 

sliding table could be found in appendix)  

Chapter 4 present the system identification method and System plant model including the LuGre 

friction model. The system plant model and LuGre friction model has been present first. Then 

following system identification experiment. Finally, based on the experimental data, the parameter 

identification has been proceeded.  

Chapter 5 present the ball screw system and LuGre friction control simulation in Matlab 

Simulink. Base on the LuGre friction parameter and Ball screw system parameter that have been 

identified in Chapter 4, variety controllers has been test in the simulation.  

The second of chapter 5, applied the simulated controller into the physical ball screw system by 

using the Arduino code. Then base on existing controller, a novel controller has been introduced 

and test. Finally, the result of between the different controllers and be present and discussed.  

In the Chapter 6, The conclusion has been made which sum up all the work that have been 

contributed. The result of new controller compared the thesis goal has been discussed. Finally, the 

potentiation improvement has been concluded in the future work section.  
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2 CHAPTER LITERATURE REVIEW  

2.1 SYSTEM MODELING AND IDENTIFICATION  

This section focuses on the literature that describes ball screw system and LuGre friction’s 

mathematical model  

The ball screw system can be modelled as a rotation torque translation on a linear force process. 

Several studies have examined the ball screw system model, and some similarities can be found in 

these studies. The LuGre friction used in the studies follows the fundamentals in Equations (1.6) to 

(1.8); the only differences are the notation.  

The primary ball screw schematic is summarized in Figure 2.1.1. The servomotor produces the 

torque τ2 and has the rotational angle θ2 going through the coupling or gear, and the torque is 

translated to the ball screw nut. From the ball screw nut, the rotational torque is then transferred to 

the linear force, which moves the table and creates the displacement x1.  The moving of the table 

creates a counter friction force, which is caused by the guideway of the ball screw nut interface and 

any other moving elements in the system; these can be summed up as the total friction Ff.  

 

Figure 2.1.1 General ball screw system schematic [15] 
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2.1.1 Ball screw system and LuGre friction modeling 

A study of the ball screw system [14] conducted by Tokyo Denki university presented the ball 

screw system as a second order system with linear and nonlinear parts. The system can be seen in 

Equation 2.1.Equation Chapter (Next) Section 1 

 
2

m p = K
t a

K u F v      (2.1) 

In the equation, m denotes the mass of the system, p is the position of the mass, Kt and Ka is the 

torque constant of the AC servomotor and the torque/force conversion gain. F is a nonlinear friction 

force, v is the velocity of the mass, and σ2 is the viscous friction coefficient. Equation 2.1 follows 

Newton’s second law of motion of F = ma, and it separates friction as linear (σ2v) part and nonlinear 

(F) part, where F can be described the same way as found in Equation 1.6 with only the nonlinear 

element as follows:  

 
0 1

= zF z    (2.2) 

The term z is the deformation of the bristles, and the derivation of z can be expressed as seen in 

Equation 1.7. However, the difference here is with g(v). In [14], the g(v) was expressed as  
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

     (2.3) 

The δv in Equation 2.3 has been chosen to be 1. In several studies [13] [16], there have been 

explanations given regarding the term δv, and different range settings for the term have been given 

by different studies. In [13], it has been suggested that δv = 2, and in the study done by Bo and 

Pavelescu in [16], they suggested to have δv in the range from 0.5 to 1. In this case, they [14] 

followed [16] and selected δv to be 1.  
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In [17], the researchers proposed a similar model to [14] which can be seen in Equation 2.4 

below. The main difference between [17] and [14] is [17] add the motor inertia J to the acceleration 

term. Also, in [17]  instead of using u as voltage, the input directly becomes torqued T. R denotes 

the radian to displacement conversion gain. Fn is the nonlinear friction force, and M is the mass of 

the system. In Equation (2.4), torque is used for balancing Newton’s second law of motion while 

Equation 2.1 used force. However, Equation 2.4 and Equation 2.1 have the following the same 

structure, which is acceleration times a constant equal to the control input minus the linear and 

nonlinear friction force or torque.   

 
2 2

2
( )

n
J R M T R R F        (2.4) 

In [18], the study from Chosun University showed a more complex ball screw system model 

than [14] and [17]. The above studies in [14] and [17] follows Figure 2.1.1, which is a simplified 

model of the ball screw system; these two studies assume the ball screw nut and the table to be one 

single body. In the model presented by [18], the ball screw and table as considered to be two bodies 

with two masses. The equation presented by [18] is given as Equation (2.5) here:  

 
2 2

1 2
( ( ) ) ( ) ( ) ( )

ro t p

p

x
J m m l F u t

l
       (2.5) 

In the equation, Jrot is the total rotational inertia of the ball screw and motor, while lp is the 

conversation gain from the displacement to the radians. The m1 and m2 are the slide table mass and 

ball screw nut mass respectively; x2 is sliding table moving displacement. Instead of separating the 

linear friction and nonlinear friction as done in [14] and [17], the researchers in [18] put them 

together as one single friction torque term F(.). The F(.) is the friction torque that is created by nut 

interfaces, motor brushes, and support bearing; however, in the later experiment, the researchers 

discovered that the friction torque dominates in the system. There is high stiffness in the motor 
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torque transmission mechanism. Therefore, Equation 2.5 has been reduced and simplified to 

Equation 2.6: 

 ( ) ( )J F u t      (2.6) 

In the equation, J is the inertia of the ball screw, motor, and rotational inertia of the linear masses, 

while �̈� is the angular acceleration of the ball screw.  

The LuGre friction model used in this paper is very similar as the ones in Equations 1.6 and 1.7; 

the only difference is in g(v) when compared to Equation 1.8. The g(v) in [18] is given in Equation 

2.11:  
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g v F F F e



     (2.7) 

Compare to Equation 1.8, Equation 2.7 assigned δv to be 2, which follows the research done by 

Bo and Pavelescu. 

In [19] presented by Tianjin University, the researchers presented an even more complicated 

model than [18]. The study traded the system as a single mass servo system. In a real system, the 

mechanic transmission part forms deformation to an extent. The rigidity is needed for describing 

the elastic deformation of transmission. Therefore, the rigidity in the transmission mechanism is 

needed in the dynamic equation of the system. The system structure of this paper is presented in 

Figure 2.1.2. 
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Figure 2.1.2 Ball screw system schematic with consideration of elastic deformation [19] 

In the Figure 2.1.2, instead of using a sum up inertia as in [18], the system breaks the moment 

of inertia into three parts, namely Jm as the inertia of the motor, JA as the inertia of coupling, and JL 

as the inertia of ball screw. In addition, MF is the working table mass, θM is the rotation angles of 

the motor, and θA is the rotation angles of the coupling. The x is the displacement of the worktable. 

TM is the torque that is transferred from the motor to the screw through the coupling, and T is the 

motor torque. FT is the axial load, and Ff is the total friction of the system. Lastly, L is the distance 

from the nut to the supporting end. The assumption for this paper is that the torsional deformation 

of the ball screw on the linear displacement of the work table is ignored. The main influences of the 

elastic deformation are the flexible coupling torsional rigidity K1 and screw axial rigidity K2. Based 

on the above assumption, the motion equation is expressed in the following equations from 

Equation 2.8 to Equation 2.12. 

 
1
( )

M M M A
J T K       (2.8) 
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F T f

M x F F    (2.12) 

In the equations, η is the drive efficiency of the ball screw, and Ks is the radius to linear 

displacement gain. The LuGre friction model of Ff is used in this model, and it is the same as the 

one in Equations 1.6, 1.7, and 2.7. 

     By now, the above ball screw model is the most detailed of the dynamics of the ball screw 

systems compared with the studies of [19], [17], [14] and [18]. The main advantage of this system 

model is that it can capture the deformation of the mechanic transmission part. However, due to the 

parameters being increased, the system identification for Equations 2.8 to 2.12 will be a challenge 

if the number of feedback sensors are limited—such as if only the table displacement sensor is 

provided.  The LuGre friction model presented in the above studies are all similar; the only 

difference is the selection of δv.. 

Aside from the classic LuGre friction model, there is also another dynamic friction model that 

has been investigated. In a study by Sánchez-Mazuca and Campa [12], an improved static friction 

part of the LuGre friction model was introduced. Both the classic LuGre model and Stribeck friction 

model use a constant Fs as a maximum static friction coefficient, which is also called a breakaway 

torque. In their paper, they suggest the maximum static friction coefficient is related to the linear 

increase input torque slope m. If the m is a smaller value, the higher of Fs and vice versa. This 

relationship has been seen by [20]. To add this characteristic to LuGre model, [12] present an 

improved LuGre Friction model as Equation 2.13  
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In this equation, g(v, �̇�) is the main difference found compared to the classic LuGre model in 

Equations (1.6) to (1.8). In g(v, �̇�), one more variable, the rate of change �̇�, was added to the applied 

torque, as seen in Equation 2.14. 
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In this equation, ts is the torque rate coefficient. The exponential function in Equation 2.14 added 

the term �̇�/𝑡𝑠 which describes the break torque variation in relation to the applied torque rate of 

change. 

The study of the new LuGre friction in [12] provided a more detail explanation on how the 

breakaway force or torque may affect the performance of the friction model. From their results, the 

friction estimation accuracy is increased. The [12] is a new improvement of the LuGre friction that 

has not been as widely used or verified by other researchers compared with the classic LuGre 

friction model. The study also added two more terms to the classic LuGre friction. [21] and [22] 

both suggested the temperature factor will affect the friction and [23] suggested the humidity will 

also affect the friction as well. However, this addition may create issues in the parameter estimation 

stage, and therefore this research focuses instead on applying the classic LuGre friction model.  

2.1.2 Ball screw system and the LuGre friction parameter estimation  

The ball screw system plus the LuGre friction parameter identification and estimation are 

essential parts of this research because they determined how accurate the simulation result is to the 

real physical experiment. In the LuGre model based on Equations 1.6 to 1.8, there are a total eight 
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parameters that are needed to be identified.  These are presented below in Table 2.1 The LuGre 

friction parameter   

σ0 Bristle stiffness coefficient 

σ1 Bristle damping coefficient 

σ3 Viscous coefficient 

Fc Coulomb friction coefficient 

Fs Maximum static friction coefficient 

vs Stribeck velocity 

δv Fitting parameter 
Table 2.1 The LuGre friction parameter 

The LuGre friction model can be separated into three major parts—the static friction, the 

Stribeck friction, and viscous friction. Most of the studies used two or three experiments to identify 

the LuGre friction. The first experiment is used for identifying the static friction and the Coulomb 

friction; the second one is for defining the Stribeck curve parameter, and the third is for identifying 

σ0 and σ1 

In [17], researchers first defined the maximum static friction Fs by recording the input torque 

when the ball screw system starts to move, and then the Coulomb friction coefficient Fc is the input 

torque when the table stops. The identified Stribeck velocity vs is obtained from the Stribeck curve. 

However, the friction torque is not easily measurable using Newton’s first law of motion at a 

constant velocity and input torque being equal to the friction. Therefore, the researchers built a PI 

speed controller to obtain a constant speed and to measure the input torque. They chose several 

velocities for the reference speed and they performed the PI speed experiment on each speed. The 

Stribeck velocity is defined as the velocity when the friction is at minimum, and σ2 is the slope of 

the curve when velocity reaches a linear relationship with friction. To identify σ0 and σ1, the 

researchers applied a sinusoidal wave input to the system, and they created a plot of the relation 

between the input to the table position which is shown in Figure 2.12. The σ1 is the slope of the top 
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right corner to the lower left corner of plot. Finally, σ0 can be obtained with parameters that 

identified the above and contained the experiment results and simulation results.  

 

Figure 2.1.3 Sine ware output position response [17] 

In [18], researchers also proposed finding the Stribeck Curve friction parameter using the 

friction velocity plot. To obtain the plot, a PI speed controller has been applied in the same way as 

[17] but at a different velocity, and the corresponding control torque was recorded. At each velocity 

point, the control torque has been averaged due to the control torque signal being noisy. The 

Stribeck curve of the friction and the velocity plot have been obtained, as seen in Figure 2.1.4. 

 

Figure 2.1.4 Stribeck friction and Viscous friction [18]. 
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Based on Figure 2.1.4, the coulomb friction Fc dominated the static friction characteristics. The 

researchers assumed that the g(v) in the LuGre Friction model would equal to Fc. The viscous 

friction coefficient σ2 can be estimated by using Figure 2.1.4. Based on the same figure, the 

researchers assumed there is no motion in the stiction friction or static region. Therefore, z ≈ θ, and 

the LuGre friction in Equation 1.6 can be rewritten by replacing terms z and �̇� into θ and �̇�. The 

plant Equation 2.6 can be rewritten to Equation 2.15. The parameter of σ1 and σ1 can be obtained by 

matching the physical system step response.  

 
1 2 0

( ) ( )J u t           (2.15) 

In [12], the researchers used a method similar to the one in [18] but they presented their method 

in a more detail way, including how to apply the hardware as well. First, the researchers intended 

to obtain the Stribeck curve, much like the studies in [17] and [18]. The basic principles are the 

same in obtaining the Stribeck curve by following Newton’s second law of the motion which 

required the system to have a constant speed. In their work, the researchers mentioned that their 

servo system controller could be configured to the velocity controller mode. In this way, the input 

voltage is directly proportional to the reference velocity. Also, the torque output should be measured 

as well; the servo system could output current applied torque to the researcher. In this way, 

researchers do not need to build a PI speed controller as in [17] and [18]. They could directly use 

the prebuilt speed control mode in the servo system. In the ideal point of view, by using the speed 

controller, the motor should reach the reference speed. In the physical world, it is still required to 

measure the actual velocity since the actual velocity would have some oscillation around the 

reference velocity. Again, similar to studies in [17] and [18], the Stribeck curve needed to measure 

the input torque from a high velocity to a low velocity, and in each velocity point, it needed to 
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average the actual velocity and average the input torque as well. The researchers obtained the 

Stribeck curve in Figure 2.1.5, where �̇� is the velocity and f are friction torque.  

The identification of the Fs, Fc, and σ2 can be directly obtained from Figure 2.1.5. The way of 

getting the three parameters can be a reference to Figure 2.1.6. The maximum of the friction force 

at near zero velocity will be maximum static friction coefficient Fs. When it reaches to a high 

velocity and pass the Stribeck region, the slope of the curve becomes σ2 or fv, and when this line is 

extended to zero velocity, Fs is obtained. The rest of the parameter of vs and δv can be estimated 

using known Fs, Fc, σ2 and the Stribeck friction Equation (1.4) with the MATLAB curve fitting tool.   

  

Figure 2.1.5 Stribeck friction from experiment data [12] (right) 

Figure 2.1.6 Breakout of the Stribeck curve for obtaining Fc, Fs and σ2 [12] (left) 

To obtain the σ0, a sinusoidal input was applied to the system, as done in [17]. The amplitude of 

the applied sine wave should be lower than Fc. In their case, the researchers chose the amplitude 

that is less than Fc/2. The displacement from the sensor that responds to this sine wave input is 

measured; the σ0 is then written as Equation (2.16) where A is the input sinusoidal amplitude and 

θ0 is the steady-state displacement amplitude.   

 
0

0

A



   (2.16) 
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To obtain σ1, a step input of an amplitude lower than Fc is applied to the system, and the transient 

response is measured by applying the system response to the second order linear system of  𝑠2 +

2𝜉𝜔𝑛𝑠 + 𝜔𝑛
2. The value of ζ can be estimated, and σ1 is rewritten as Equation (2.17) where J is the 

moment of inertia known from the data sheet.  

 
1 0 2

2 J       (2.17) 

In [19] , researchers used a similar method for defining Stribeck curve friction as done in [17], 

[18] and [12]. The method involves first trying to reach a constant velocity and then measuring the 

input torque; afterwards, the results are averaged, and the process is repeated for a different velocity 

point. The researchers conducted the second experiment to define the dynamic friction parameter. 

The main difference is that they applied the genetic algorithm for estimating the parameter.  

The genetic algorithm (GA) in [24] is based on simulating the process of a natural genetic 

mechanism, biological evolutionism, and a parallel random searching optimal method. The 

advantage of GA is that it does not need the object model and could avoid a local minimum; this 

method has been widely used, and its robustness has been proven. 

By now, the above four studies [17], [18], [12], [19] have been reviewed to identify the LuGre 

Model friction parameter. The common point about these four studies is that they all apply 

Newton’s friction law to obtain a Stribeck curve plot. Then, the researchers defined the static model 

parameter differently using their estimated method. To define the dynamic parameter, three of the 

studies [17], [18], [19] have a standard way of doing this using the presiding displacement versus 

input torque plot to define the σ1 and σ2. One of the studies used the system response directly to get 

step input. However, the estimation process is somewhat different. Two of the studies [17], [18] 

used a minimal sine wave to define the σ1 and σ2.  Most of the studies used the curve fitting to 
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estimate the parameter. In [19], the researchers used a more advanced way of GA to define the 

parameter. In the end, there is no general way to estimate the LuGre friction parameter; the 

identification of the LuGre friction needs to be calculated case by case because a different system 

has a different response. Therefore, the above studies served as a guideline to this thesis on how to 

choose a proper method to define the LuGre model according to the need in a real system.  

2.2 CONTROL 

In this section, the thesis focuses on the control of the ball screw system, which also includes 

the filter, the observer, and the trajectory generation. After completing the system identification 

process, the control of the system is the next issue to be discussed. Control system design is one of 

the keys to obtaining a reference target. The control section is split into two subsections that 

expound on the trajectory generation and the control system design.  

2.2.1 Trajectory Generation 

Trajectory generation is a term more often used the robot manipulator application. They often 

need to move in the 3D space. In this research, trajectory generation is one of the ways to help 

increase the accuracy of the system. Instead of using the only one final desired position such as step 

reference, trajectory planning could provide more detailed information to the desired final position. 

One way of doing this is to give the sequence of the desired via points. The frame is one of the 

terms used in the trajectory generation of trajectory planning; this can be likened to traditional 

motion films where each picture is a frame. Time is continuous, but on the computer, time is divided 

by each number. In trajectory planning, each point contains not only the information of the position 

and direction but also the information of time, and each point is a frame. Path points is a general 

name that describes the via points, such as the initial point and final point. One of the significant 

advantages of using trajectory planning is that users can let the system to performing smoothing. 
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This cannot be achieved with step reference since less information—such as step time and step 

position—is given. Trajectory planning could create a path ahead of motion to reach the desired 

step position in a very smooth way. In this way, the controller could have more information on how 

to reach that position. Also, trajectory planning not only creates position information, velocity, 

acceleration, and jerk is also desirable. This information is beneficial when the controller may need 

the reference velocity and acceleration in the algorithm.  

In [25], trajectory planning is presented. Condition is that both the initial point and final point 

have zero velocity. To create a smooth motion, the initial position and final position with its time 

frame is defined using four kinds of data—two positions and two timeframes as follows. This could 

be expressed as follows:  

 
0

(0 )=

( )
f f

t

 

 
  (2.18) 

where the θ is the position angle with time and θ0 is the initial position. The tf is final time, and 

θf is the final position. In addition, the condition with zero velocity for the initial and final position 

is fulfilled. The constraints for the first condition could be presented as follows:  
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By using the cubic polynomials with the constraints  (2.25) and (2.26) at a third order, a 

polynomial could be formed to describe the position, velocity, and acceleration:  
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By combining the constraints in Equations (2.25) and (2.26) into Equation (2.27) to (2.29), the 

following can be obtained:  
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  (2.23) 

At this point, there are four equations with four unknowns—a1 ,a2,a3 and a4. By using the known 

values, the equation can be solved:  
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  (2.24) 

By using the Equation (2.31) with Equations (2.27 to 2.29) with the constraints Equations (2.25) 

and (2.26), the trajectory information (i.e., position, velocity, and acceleration) in each time period 

could be obtained if user provide the sampling time, initial position, final position, and time for 

reaching the final position. The plot of using the above equation is presented in Figure 2.2.1.  
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Figure 2.2.1  Trajectory planning with initial and final zero velocity [25] 

Cubic polynomial trajectory generation is a very effective way to generate the trajectory 

planning profile. The amount of calculation is limited, which could be helpful when applying it to 

physical hardware. It could help step reference to be much smoother and could give the controller 

much more detailed information in reaching the final position.  

2.2.2 Control system design  

The control system design is one of the keys to having an accurate position tracking.  In the 

literature, a variants control system has been present. A common point found that in all the studies 

is that they have conducted the LuGre friction estimation part. However, they may use a different 

method to achieve the estimation result. This subsection of the literature review will present each 

of the methods. 

  JunYa and Takayuki [17] presented a way to estimate the LuGre friction using the unscented 

Kalman filter. The control block diagram used in this paper is seen in Figure 2.2.3. The whole 

control system has two parts—the unscented Kalman filter (UKF) friction compensator, and a 

tracking controller. The UKF estimates the friction and provides it for tracking controller. The 

tracking controller based on discrete time optimal linear quadratic regulator.  
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The reason for using UKF instead of the Extended Kalman Filter (EKF) is because there is 

discontinuity LuGre friction equation. Indeed, EKF can deal with nonlinearity using the Jacobin 

matrix in each sampling point, and the calculation amount is less than UKF however, it cannot deal 

with the discontinuity. Therefore, in this case, UKF can bypass the Jacobin matrix and solve the 

discontinuity problem [17]. 

In [17] , the researchers also applied the above DLQ and UKF friction compensator into a 

physical ball screw table, after which they conducted an experiment. The result shows that the 

controller with only DLQ and no friction compensator has a considerable tracking error. By adding 

the UKF friction compensator, the tracking error has been mainly decreased. The lower tracking 

error approved the UKF friction compensator could accurately estimate LuGre friction.  However, 

the UKF estimation process of getting a sigma point may still require significant computation power 

and memory as well. For less expensive microcontrollers such as Arduino, this issue may be a 

difficulty that needs to be overcome. Also, the observability prove for this method has not been 

present in this paper.  

In a study done by Daiki and Norihiro [14], the researchers proposed a timer variant disturbance 

observer. The plant equation is based on Equation (2.4). Initially,  [26] first proposed the continuous 

time friction observer. Later, the observer in [14] has been improved by placing a transformer into 

the discrete time observer. The researchers first separated Equations (2.4) into a time-invariant 

subsystem and time variant subsystem. The time-invariant subsystem is the plant model without the 

nonlinear part of the LuGre friction model, while the time-variant subsystem is the nonlinear part 

of the LuGre friction model. The two subsystems are both discretized by assuming a zero-order 

hold. Due to the high nonlinearity of the term 
ˆ ( )

ˆ( ( ) )

d

d

v k

g v k
in their LuGre friction equation [14], 

instant calculation of the term is required. This could create issues when being applied, the 
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observability matrix becomes singular in certain point. By using the quadratic function that 

interpolate the observer gain, the observer’s gain could place inside the unit circle  

The study by Paul and Wonbo [18] shows another disturbance observer that is more applicable. 

In their work, they proposed a new friction estimation observer as the following:  
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Here, v is angular velocity  , 
z

k  is the observer correction, and e is the position error. The 

position controls law combing with PD control and friction observer estimation is present below as:   
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  (2.26) 

The plant notation follows Equation (2.5) as discussed in the previous section. In Equation (2.32), 

Kz is the tune parameter, θ d  is the desired the reference angle displacement, and θ is the 

measurement of the angle displacement by the sensor. The parameter Ĵ  and another parameter in 

the LuGre model are identified in the friction identification. Step and sinusoidal reference are tested, 

and the result shows that the control law could deal with step input but would have a problem 

dealing with the sinusoidal reference. Tracking error is significant for sinusoidal reference. The 

tracking error is caused by a characteristic of PID control of poor trajectory tracking [27], and this 

may be due to parameter estimation being based on the friction estimation parameters. Therefore, 

friction estimation error could be traded as the slowly varying disturbance. Ohnishi [28] proposed 

that disturbance observer could cancel out the friction basis, parameter uncertainty, external 
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disturbance, and parameter variations [29], [30]. The general disturbance observer could be 

presented as seen in Figure 2.2.2. The disturbance observer in Figure 2.2.2 estimated the error 

between the control input and the inverse of the nominal plant transfer function. The low pass filter 

Q(s) tries to filter out the measurement noise and high-frequency change of the estimated 

disturbance. 

  

Figure 2.2.2 General disturbance observer [18] 

In [18] , the researchers used the feedback signal to create a system dynamic with the friction 

observer and an estimated J. The system dynamic is based on the plant in Equation (2.6). Therefore, 

the disturbance observer with PD control law is presented below in block diagram format:  
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Figure 2.2.3 Proposed disturbance observer and PI control system 

Figure 2.2.3 also shows the Kalman estimator, which estimates the angular velocity and angle 

using the motor rpm and linear displacement. A derivative of the angular velocity obtains the 

acceleration.  

The researchers [18] also applied the above control law on a dSpace DSP controller and tested 

it on physical ball screw system. They found that the tracking performance for sinusoidal reference 

at a sub-micrometer level had a huge decrease compared to the PD control with only the friction 

observer.   
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3 CHAPTER HARDWARE IMPLEMENTATION   

3.1 ELECTRICAL IMPLEMENTATION 

This section discusses the electrical implementation. The mechanical hardware implementation 

could reference to Appendix (7.3-7.4). The section includes two subsections that investigates the 

encoder and the digital to analog converter (DAC). This section mainly focuses on how to 

implement them into the ball screw system. During the encoder testing process both Teens3.5 and 

Arduino Due microcontroller has been applied. The microcontroller used in this project could be 

reference to Appendix 7.5  Equation Chapter (Next) Section 1 

3.1.1 Encoder  

The encoder is one of the position sensors that measures the displacement of movement. It is an 

electromechanical device that measures the position or motion. In general, an encoder uses an 

optical sensor to produce electrical signals—such as a pulse train—which could be transferred into 

the motion, direction, or position. In this project, a linear incremental encoder has been attached to 

the ball screw system.   

An incremental encoder is also called quadrature encoder. The basic working principle of the 

incremental encoder is to have two position sensors that scan an incremental scale, which then 

produces a series of square wave pulses. Figure 3.2.7 shows a breakout of a simple structure of the 

incremental encoder. An infrared LED light is beamed onto an incremental scale that contains the 

reflective and non-reflective area through the transparent read head window [31]. Normally there 

are two read heads on the linear encoder. Each reflective area reflects the light; the photodetector 

detects the light and produces the voltage pulse. Figure 3.2.8 shows how the signals are detected 

using the two photo detectors. Although it presents a rotatory incremental encoder, the principles 
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are the same for the linear one. Between the incremental scale to the photodetector, there is also an 

index grating that averages the detected signal and effectively filters out the unmatched scale period 

signals. In this way, the signal stability can be achieved, which could avoid scale contamination or 

damage. Two photo detectors are separated by a certain distance, and this separation produces two 

separate square voltages which are commonly called Channel A and Channel B [32]. The number 

of rising edges and falling edges of the square wave is directly related to the displacement of the 

motion. The square wave contains information not only on position but also on direction. As shown 

in Figure 3.2.8, when Channel A leads Channel B, the direction of motion could be defined from 

left to right; when the Channel B leads Channel A, the direction of motion could be defined from 

right to left. In general, the direction still depends on how the hardware defines Channel A and 

Channel B, but the basic principle is that when Channel A leads the motion of direction, it is 

opposite to the direction that Channel B would lead.  

 

Figure 3.1.1 Incremental encoder breakout [31] 
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Figure 3.1.2 Encoder signal detection [32] 

In the next step, the square waves of the Channel A and Channel B were decoded and converted 

to the position. The edge counting of the square wave is related to the displacement. Normally there 

are three decoding of the resolutions X1, X2 and X4. Figures 3.2.9 to 3.2.11 shows all the decoding 

resolutions. Figure 3.2.9 presents the X1 resolution; this is the point when Channel A lead Channel 

B, and only the rising edge of Channel A is counted as an increment. When the Channel B leads 

Channel A, only the falling edge is counted as a decrement. Figure 3.2.10 presents X2 resolution; 

X2 differs from the X1 resolution in that both the rising edges and falling edges of the X2 resolution 

need to be detected by the counter. Therefore, each cycle (from Ch. A rising to Ch. B falling) of 

two increments and decrements were counted. The increment and decrement determination laws 

are the same for X1 resolution. Finally, X4 resolution is seen in Figure 3.2.11. In X4 resolution, 

both the rising edges and falling edges on Channel A and Channel B were counted, and each cycle 

(from Ch. A rising to Ch. B falling) resulted in four increments or decrements. The direction 

determination is the same for X1 resolution. Overall, X4 resolution provides the most accurate 

measurements due to each reflecting area on the incremental scale being detected by the counter in 

the microcontroller.  
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Figure 3.1.3 X1 resolution [33] 

 

Figure 3.1.4 X2 resolution [33] 

 

Figure 3.1.5 X4 resolution [33] 

The linear incremental encoder used in the project is the JCXE5 linear encoder. The specification 

of JCXE5 is displayed in Table 3.1. Each resolution of the linear encoder scale presents one 

complete cycle of a channel—that is, from Channel A rising to Channel A rising again. If X4 

resolution has been applied, a total of 5 counts would be detected in each resolution. Each edge 

counting is 1 µm for the JCXE5 linear encoder [34].  

Model Resolution  Max speed Accuracy 

50-500 m 

Accuracy 

510-1000 m 

Operating 

voltage  

JCXE5 5 µm 60 m/min ±5 µm ±8 µm 5 V±5% 

Table 3.1 JCXE5 encoder specification [34] 

To test the decoding method for this encoder, both the Arduino Due and Teensy 3.5 

microcontrollers were used. The first problem needed to be solved is voltage conversion. Both 

Arduino Duo and Teensy 3.5 operate at 3.3V. The JCXE5 encoder requires the operating voltage 
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to be at 5 V with a 5% variation using the TTL signal port [34]. The problem could be solved using 

a bi-directional logic level converter (BD-LLC). This device could shift 3.3 V up to 5 V or 5 V 

down to 3.3 V. The idea behind the BD-LLC is that the bidirectional level shifting could be 

achieved using a single N-channel MOSFET and a couple of pull-up resistors [35]. The hookup 

schematic can be referred to in Figure 3.2.12.  

 

 

Figure 3.1.6 Bi-directional logic level converter schematic for connecting a linear encoder to Arduino Duo and Teensy 

3.5 

The BD-LLC has two sides—namely the high voltage input side and low voltage input side. 

Each BD-LLC could support a total of four channel conversions. The JCEX5 linear encoder 

connects the high voltage pinout (e.g., HV1) and low voltage output pinout (e.g., LV1) to the 

Arduino Due or Teensy 3.5. The BD-LLC also needs a reference voltage for shifting target. Teensy 

3.5 can supply both a 5 V and 3.3 V constant voltage to the reference voltage pins (i.e., HV and LV 

pins). Therefore, the output 5 V from the linear encoder is downshifted to 3.3V; this voltage can be 

read by both the Arduino Duo and Teensy 3.5 from their I/O pins.  

The decoding method was first tested on the Simulink Arduino support package. By using the 

Arduino Simulink support packing, the Simulink program could directly run the supporting Arduino 

platform. In order words, direct coding in Arduino is not required. The Simulink encoder reading 

model that was developed for this project is shown in Figure 3.2.13. The break down for Figure 
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3.2.13 is in Figures 3.2.14 and 3.2.15. The Simulink first reads the Channel A and Channel B signals 

using the Simulink digital input block. Every pulse for Channel A and Channel B results in either 

1 or 0.  

 

Figure 3.1.7 Simulink Arduino encoder decoding program 

In the decoding block, the 0 and 1 pulse signals are counted; the detail structure can be found in 

Figure 3.2.14. This decoding block first tries to achieve X2 resolution by detecting the rising and 

falling changes of Channel A and counting number of pulses using the Channel B signal. The 

counting process is referenced in Figure 3.2.15. Regarding the triggered rising edge block, it is 

active with each variation from 0 to 1 for Channel A. Inside this block or subsection, there is a 

trigger function block that detects change.  

The operation process of the trigger function block can be summarized in Figure 3.1.9. When 

the encoder moves from left to right (i.e., Ch. A leading Ch. B), Channel A first rises from 0 to 1 

(i.e., rising), and the “triggered rising edge” block is enabled. The “trigger rising edge” block begins 

to receive a signal from Channel B; at this moment as seen in Figure 3.2.14, the arrow shows 

Channel B being at 0. After this, Channel B goes through the sum and adds the 0.5, and it then goes 

through the sign function and become 1. It then separates to two ports—one directly out of block 

to one direction port. The other one goes through the memory block to count 1 pulse, and then it 
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outputs to a rising edge counter port. After that, the encoder keeps moving; when the encoder moves 

to a certain place that Channel A begins falling (i.e., from 1 to 0), the triggered falling edge block 

is enabled.  

 

Figure 3.1.8 Simulink decoding block (X2 resolution) 

The triggered falling edge block is exactly the same as the triggered rising edge block; the only 

difference is that the trigger function is enabled when the falling edge has been detected. In the 

triggered falling edge block, Channel B is currently at 1 (see the second arrow in Figure 3.2.14), 

then 1 subtract 0.5 became -0.5 then go through the sign function became -1 and it separated into 

two paths—one goes through the direction port presently at -1. The other one goes though the 

memory port and counts down -1 every time. At this point in the decoding block, the output count 

port (currently at 1) from triggered rising edge block subtract the output count port from triggered 

falling edge block (currently at -1) will obtain a value of 2. The process indicated that one cycle 

(Channel A rising to Channel A falling) is complete and total two pulses have been counted. The 

triggered rising edge block’s direction port output subtract triggered falling edge block’s direction 

port output will result in a value of 2, which indicates that the encoder is moving from left to right. 

If the encoder keeps moving from left to right, the direction port will always show a value of 2. 

When the encoder changes the moving direction, the above principle can be vice versa; the count 
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total will be decreased by two pulses each cycle, and the direction port would instead show a value 

of -2 constantly.  

 

Figure 3.1.9 Triggered rising edge block 

The experiment has been performed to test the above method of reading the encoder. In the 

experiment, the ball screw motor was not used. The movement of the encoder was done by hand 

manually, and the ball screw system motor coupling was rotated. The moving displacement was 

measured using a Mastercraft digital caliper as shown in the Figure 3.2.16. The total moving 

displacement was found to be 11.93 mm. The measurement from the linear encoder by Simulink 

plus Arduino Due is shown on Figure 3.2.17.  



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

42 

 

 

Figure 3.1.10 Caliper measured displacement 

 

Figure 3.1.11 Encoder reading from Simulink 
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As the result, Simulink only obtained around 360 pulse signals. From Table 3.3, the specification 

of the encoder can be seen if each pulse has been captured (such as X4 resolution). The theoretical 

encoder should produce 11930 pulses; each pulse is 1μm. If the resolution is reduced to X2 

resolution, there would be a total of 2386 cycles (i.e., 11930 pulses divided by 5 pulses or encoder 

cycle).1 In X2 resolution, every encoder cycle must capture 3 pulses; therefore, a minimum of 7158 

pulses should be obtained. In other words, reading the pulses using the Simulink is not sufficient. 

During the process, the Simulink decoding system lost many pulses. One possible reason behind 

the pulse loss could be that digital input with a trigger block is too slow for capturing the high-

resolution pulse that is produced from the linear encoder [36]. 

The method of using the trigger block with a digital input block applies to software interrupt. In 

this case, the software interrupt cannot keep up with the pulse generation speed that is caused by 

the encoder. The problem is that the encoder pulse signal is sent to Simulink through the USB 

connection, and Simulink then makes the decision regarding the trigger or not to trigger counter. 

The transmission process takes time, which causes the delay of the reading pulse signal. Therefore, 

many pulses become lost during the process. The above method may be sufficient for an encoder 

that have a lower resolution. 

Another way to solve the problem and obtain an accurate reading of an encoding pulse signal is 

to use hardware interrupt and hardware counter directly. In an Arduino environment, the user could 

directly control the hardware interrupts by using the ISR (Interrupt Service Routines) and enable 

the hardware counter register. The interrupt could be solved the timing problem in a microcontroller 

program; without the interrupt, it would be difficult to perform any other task in the microcontroller 

                                                      
1 An encoder cycle is defined as Channel A rising to Channel A rising again based in Figure 3.2.11; a total 

of 5 edge changes are in one encoder cycle. 
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due to the program needing to check the sensor status constantly. The hardware counter register 

could also quickly counter each pulse signal. [37] By using the hardware interrupt which is already 

built into the microcontroller structure, the interrupt could save process power of the CPU and allow 

the CPU to perform any other task at a same time.  

To use ISR, the entire system needs to be written in modified C language in Arduino IDE. 

Therefore, no MATLAB Simulink are involved in the process, and it would be a pure programming 

process. By using C language with ISR, the X4 decoding resolution could achieved. The flowchart 

for the reading encoder is seen in Figure 3.2.18. At this time, both Channel A and Channel B are 

attached to hardware interrupts (i.e., ISR_A and ISR_B). Therefore, both Channel A and Channel 

B edge change (rising or falling) could be detected by the microcontroller. In this way, X4 resolution 

could be achieved. Based on X4 resolution’s principle (see Figure 3.2.11), when Channel A is 

detected to have an edge change, the program will enter the ISR_A. In ISR_A, if A is 1 and also B 

is 1 than counter increment. Therefore, Encoder moving left to right. If A is 1, but B is 0, then 

counter decrement which means encoder moving right to the left. If A is 0 and B is 0 then counter 

decrement, therefore encoder moving right to the left. The same principle applies to ISR_B. Finally, 

the total counter value of the pulse capture is sent to the serial port of the microcontroller. The user 

could obtain the data either using MATLAB’s serial communication or the Arduino IDE serial 

monitor.  
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Figure 3.1.12 ISR reading encoder flowchart 

Figure 3.2.18 is implemented into C code in Teensy 3.5 microcontroller using the Arduino IDE. 

The final result is obtained through MATLAB using serial and plot in the MATLAB, as seen in 

Figure 3.2.19. Just like the previous method, the encoder is moved manually by hand. The 

measurement result by the caliper is seen in Figure 3.2.20. As a result, from the encoder 

measurement, there are a total of 11870 pulses that were captured by Teensy 3.5 and displaced on 

MATLAB plot. The measurement result from the caliper is 11.88 mm. The result from the encoder 

and physical measurement is very close (11870 pulses = 11870 μm = 11.870 mm). However, in the 

MATLAB plot, only 2056 data points were collected. There is still a significant amount of data lost 

during the serial communication process from Teensy 3.5 serial port to MATLAB serial read. In 

the Arduino IDE serial monitor, all 11870 data points were collected.   
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In conclusion, the method of using the ISR with Teensy 3.5 in pure C code could sufficiently 

capture all the movement of the high-resolution encoder. However, if any MATLAB 

communication is involved in the process of capturing pulses, this will result in losing pulse count. 

Therefore, in a future section, all hardware implementation including linear encoder decoding 

process will implement in Arduino C language alone in the Arduino IDE environment using the 

Teensy 3.5 microcontroller. 

 

Figure 3.1.13 Encoder Teensy 3.5 MATLAB plot 
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Figure 3.1.14 Measure displacement 2  

3.1.2 Digital to analog converter (DAC) 

For implementing the torque control model for this project, torque control power unit is required, 

Usually, a torque control power unit can be included in the analog output card, PLC (programmable 

logic controller), or a servo motion controller [38]. The cost of a PLC system for industrial 

application is around $500 USD [39], while the cost of an analog output card is around $250 USD 

[40] and the cost of a motion control card is around 600 USD [41]. Most of the old PLCs do not 

have an analog output, therefore an analog output card is needed; getting a new card would add up 

the cost of the control system. In [42], a way of using the PLC to control the servo system was 

presented.  

Instead of using the above devices, this thesis presents a customized device that connects with 

Teensy 3.5 to perform the torque control. Based on the AC servo driver manual [43], the torque 

input reference voltage requires a ± 10 V voltage (a reference to ±1.27 Nm). The Teensy 3.5 DAC 

could only produce 0 V to nearly 3.3 V. Therefore, this project required a more significant range of 

DAC to achieve the target.   
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To achieve the output ± 10 V voltage, a customized DAC (CDAC) is built, as seen in Figure 

3.2.21 (see Figure 3.2.22 for the schematic). The costs of the materials for customizing DAC present 

in in Table 3.2.  

 

Figure 3.1.15 A customize DAC board 
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Figure 3.1.16 DAC schematic 

Part  Quantity  Single Price (CAD) Total Price (CAD) 

Capacitor 100μF 3 0.09 0.27 

Capacitor 100pF 1 0.3 0.3 

Capacitor 1000pF 1 0.51 0.51 

Capacitor 0.01μF 5 0.11 0.55 

Capacitor 0.1μF 1 0.06 0.06 

Resistor R4.7k 2 0.00691 0.01382 

Resistor R100 1 0.00691 0.00691 

Resistor R10k 4 0.00691 0.02764 

Resistor R40k 3 0.00691 0.02073 

MCP4725 1 6.64 6.64 

LM124AJ 2 0.57 1.14 

REF02 1 4.95 4.95 

ATX-300GU 1 43.91 43.91 

Total DAC price    58.3991 

Table 3.2 DAC BOM 

The main components of such a device includes the power supply ATX-300GU which supplies 

a ±12 V and 5 V voltage, a voltage reference generator REF02 for an accurate output of 5 V, an 

I2C DAC MCP4725 that produces a 0 to 5 V analog voltage, and two quadruple operational 

amplifiers LM124 that converts voltages—namely (0 to 5V) to (-10V to 10V).  
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The operating process—as seen in the schematic in Figure 3.2.22—starts from the power supply. 

The ATX power supply sends 5 V and ± 12 V to the CDAC. Due to the power supply, the voltage 

is not always keep at precisely 5V and ± 12V—that is, it will fluctuate. Therefore, it first goes 

through a series of capacitors that can filter the voltage fluctuation. The 12V voltage then goes 

through the REF02 output and exits precisely as 5 V with nearly no fluctuation; this 5 V is called 

5Vref that will be used in the level shift calculation. The MCP4725 uses this 5Vref to produce an 

output of 0 to 5V analog voltage based on the I2C command sent from Teensy 3.5 (namely SCL, 

SDA pins). The MCP4725 has a range of the full 12-bit scale [44], and therefore the control range 

from the Teensy 3.5 side is an unsigned integer number from 0 to 4095 that represents the 0 to 5V 

output.  

The next task is the transformation of the 0 – 5 V to ±10 V. The idea is to divide the 5 V in half, 

which is 2.5 v. From 0 V to 2.5 V, the -10 V to 0 V is presented as the output, and from 2.5v to 5v, 

0 V to 10 V is presented as the output. For the above task, the differential amplifier method is 

required. The operation amplifier (op-amp) used for protection is the U2A-LM124AJ. The 

differential amplifier subtracts the two voltages and time to obtain the amplifier gain [45]. The basic 

theorem of the differential amplifier can be presented in Figure 3.2.23.  
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Figure 3.1.17 Differential Amplifier configuration [45] 

Based on [45], when R1 = R2 and R3 = R4, the equation for Figure 3.2.23 can be expressed as 

below: 

  
3

2 1
1

o u t

R
V V V

R
    (3.1) 

To get Vout = 10 V, V2 needs to be 5 V, and V1 as the benchmark is at 2.5 V. Equation (3.1) can 

be calculated using the following values where Vout = 10, V2 = 5 and V1 = 2.5. In solving R3/R1, 

the result is 4. The simple way is to select R3 and R1, and the two are set at certain values (i.e., R3 

= 40 k and R1 = 10 k). The reason for choosing kilo-ohms is because the amplifier circuit use 

currents in the milliamp range [46]. The differential amplifier also need to have a supply voltage 

that performs as a saturation; the supply voltage should be higher than the output voltage, and in 

this case the output voltage is ±10 V. Therefore, U2A-LM124AJ uses the ±12 V that is sufficient 

for this task from power supply. By now, the 0 V to 5V has been differential to -10 V to +10 V. 

The next task is generated V1 at 2.5 V.   
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The above method required to have 2.5 V as the input for the U2A-LM124AJ op-amp. One way 

of doing that is to use two resistors that have same ohm (see Figure 3.2.22 R7 and R8) and then 

divide the 5Vref into two 2.5 V.  After obtaining the 2.5 V, it then goes through a voltage follower 

op-amp circuit U2B-LM124AJ. The reason to apply another op-amp is to avoid the loading effect 

in the circuit. The voltage follower functions as a buffer; it does not amplify the input signal. Rather, 

it isolates the effect between the two circuits. This method is very useful when the input impedance 

is very high and output impedance is very low [47]. In other words, it helps the circuits to be kept 

at 2.5 V and not drop. The voltage may have dropped if the input voltage does not have enough 

carrying capacity to carry the load in the circuits. The basic circuit diagram of the voltage follower 

circle is seen in Figure 3.2.24. To avoid the short circuit in the feedback loop, a 100  resistor is 

added to the feedback loop.  

 

 Figure 3.1.18 The voltage follower op-amp circuit [47] 

Before applying the above schematic (see Figure 3.2.22) to the physical implementation, a 

Simulink model based on the above schematic is built to verify the CDAC design. The Simulink 

model is shown in Figure 3.2.25. The input of this model—which is MCP4725— generated an 

analog voltage of 0 V to 5 V, and the output should be ±10 V. The test has been done using the 

input as a sine function—namely 2 .5 s in ( ) 2 .5t   (0 V to 5 V sin wave). The output and input for 

this Simulink model is shown in Figure 3.2.26. As the result, it proves that the current design will 

able to transfer the 0–5 V to ±12 V.  
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Figure 3.1.19 CDAC Simulink Model 

 

Figure 3.1.20 CDAC Simulink sin wave input and output 

Based on the above design and simulation, the implemented experiment is conducted. From 

the side of the Teensy 3.5, a sinusoidal command with an amplitude of 2047 and a bias of 2047 was 
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sent to the CDAC board. The CDAC board then was connected to an oscillation scope; the result is 

shown on Figure 3.2.24.  

 

Figure 3.1.21 CDAC test oscillations scope result 

The minimum voltage that the CDAC could obtain is -9.80 V, and the maximum voltage it is 

10.2 V. This customizer DAC could achieve the design target using the serial I2C from Teensy 3.5 

to produce an output analog voltage near the range of -10 V to +10 V. The offset of 0.2 V due to 

the power supply fluctuation.  In conclusion, the proposed design could achieve a design target 

which produces ±10 V analog voltage. The cost of such a system has been lowered to $58.3991 

CAD, which is less expensive than any other similar devices on the market (by my knowledge). 

The range from a programming point of view is 0 to 4094 integer commands to ±10v analog voltage; 

4095 was not chosen because 4095 divided by 2 has a decimal point, which is difficult to divide in 

order to match the whole integers of -10 and +10 V. The resolution of the DAC can be summarized 

as 0.00488 V/int or 204.7 int/v. 
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3.2 ELECTRICAL AND MECHANICAL SYSTEM  

The entire system—including the electrical and mechanical systems—can be constructed. The 

final system diagram is seen in Figure 3.3.1, and the schematic is shown in Figure 3.3.2. 

 

Figure 3.2.1 Ball screw system setup 

 

Figure 3.2.2 Ball screw system setup schematic2 

                                                      
2 The schematic shows Teensy 3.6 because the EAGLE library only has Teensy 3.6. However, the output 

pins for 3.6 and 3.5 are the same.  
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First, the laptop sends a reference position, velocity, and acceleration command from the USB 

port to Teensy 3.5; the Teensy 3.5 then sends a serial I2C command through SDL and SDA pins to 

CDAC (i.e., the torque control power unit). Based on the I2C command (0 to 4095 integer), CDAC 

produces the analog voltage with a range of ±10V through T_REF pins to AC servo drive. The AC 

servo drive takes this reference voltage and transfers it to the corresponding current that is supplied 

to the AC servomotor. By receiving the current, the AC servomotor begins to rotate the ball screw 

coupling and move the sliding table. Movement of the sliding table drives the linear encoder. 

Therefore, the displacement change is detected by the linear encoder. The linear encoder sent to 

Channel A and Channel B is a 5 V square wave voltage. Although Teensy 3.5 could tolerate a 5 V 

voltage, a BD-LLC is applied to the lower linear encoder’s 5 V to 3.3 V—which is the operation 

voltage of Teensy 3.5—in order to increase reading accuracy. The Teensy 3.5 receives the 

displacement feedback and decodes the square wave to physical displacement, and then the control 

algorithm that use displacement feedback produces controlled torque to achieve the reference 

position. By now, the system has closed its loop.  

 

Figure 3.2.3 Ball screw system physical setup 
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4 CHAPTER SYSTEM MODELING AND  

PARAMETER IDENTIFICATION   

4.1 SYSTEM MODELING  

The primary objective of this section of the thesis is to introduce the ball screw system and 

LuGre friction model. Then, based on these, the parameter identification experiment is analyzed in 

the following section. Both models are used throughout the rest of this thesis.  

4.1.1 LuGre friction model  

     The classic LuGre friction model presented in [48] [12], in equations 1.6 to 1.8, have concluded 

the most of characteristic of the friction such as the Coulomb friction, Viscous friction, and Stribeck 

curve friction. Beside above characteristics, The LuGre friction model recreates also the behavior 

of the presiding movement at the static friction region that Dhal model presented. The model 

includes the Stribeck curve phenomenon at maximum static friction Fs. Then, the system begins to 

display dynamic friction behavior. The old model (Equation 1.3) only has viscous friction combined 

with Coulomb friction, which is discontinuous when transferring from a static friction region to a 

dynamic friction region. The Stribeck curve solves the discontinuous problem by using an 

exponential function. After the Stribeck curve region, the classic LuGre friction model becomes 

pure viscous friction. The LuGre friction model allows the traditional function of Equation 1.3 to 

become a continuous function and includes more detail that describes friction behavior.   

Equation Chapter (Next) Section 1 

In the literature review in Section 2.1.1, several variations of the LuGre friction model were 

reviewed. In [14], the basic LuGre friction equation (1.6) has not changed. The main variation is 
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the term δv in Equation 1.8. Their model  [14] (Equation 2.3) assumes the δv is 1. Also, [17] agreed 

with [14], who decided that the term δv is 1. [18], similar to [17] and [14], changed the term δv to a 

constant number, and they assumed the term δv is 2. Therefore, for the classic LuGre friction model, 

the term δv is predefined in their [18] equation, which does not need parameter identification. The 

reason for this is that they follow a different principle, as suggested in [13] and [16]. In [13] suggest 

the term δv = 2, and in [16] suggest the term δv = 0.5 to 1. In the literature presented in [12], they 

improved the classic LuGre friction model by using the variable maximum static friction term. This 

new friction model [12] has not been applied in other papers yet. Based on the above conclusion, 

this research is based on the classic LuGre friction model:  

 
0 1 2f

F z z v       (4.1) 
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The classic LuGre friction model is largely used in the literature, which proves it accurately 

represents friction behavior. Also, the selection of the term δv is not agreed upon in the literature. 

Therefore, in this research, the term δv is identified in the parameter identification process.   

4.1.2 Ball screw system model 

In the literature, [14], [17], [18], and [19] all discuss the ball screw system model. In [14], they 

present a ball screw system model based on Newton’s second law of motion (F=ma), illustrated in 

Equation 2.1. In the equation, they used the force to balance each side of the motion. However, in 

[14]’s model, the inertia of ball screw, motor, and sliding table is not taken into consideration. In 

[18], they simplified Equation 2.5 and Equation 2.6, in which only the total inertia system is 
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considered. The mass of the moving table is ignored. Also, [18] used torque to balance the input 

and output.  

[17] and [19] present a more complex model than [14] and [18], in which they have considered 

the effect of both system inertia and system mass. In [17], they consider elastic deformation from 

the motor to ball screw in Equation 4.4, assume zero delays of torsion (
p

R x  ), and apply 

Newton’s second law (Equation 4.5). The term K is spring stiffness. T is input torque. Finally, [17] 

presents the ball screw system model as Equation 2.4. 

  p
J T R K R x      (4.4) 

   2t p p n p
M x K R x F x       (4.5) 

 In [19], they consider the entire deformation in the mechanic transmission part and include the 

delay on torsion. The Equations 2.8 and 2.9 from [19] present elastic deformation from motor to 

motor coupling. Then, Equations 2.10 and 2.11 present elastic deformation from motor coupling to 

ball screw. Comparing Equation 2.12 with Equation 2.4, they both use the torque that acts on the 

table to subtract to the friction torque, that let it be equal to the system mass times acceleration   

As stated in the literature review, Equations 2.8 to 2.12 have too many parameters. Furthermore, 

Equations 2.8 to 2.12 do not provide a method to identify those parameters. In Equation 2.6 and 

Equation 2.1, they have ignored the mass and inertial that may affect system model accuracy. To 

sum up, this thesis deploys the system model based on Equations 4.4, 4.5, and 2.4. Then, the system 

model is proved using Equations 2.8 and 2.9 with some assumptions.   

In Equation 2.4, they [17] use a rotational encoder as feedback. Therefore, they used θ to 

represent the position, but in this project the rotational encoder could not access the servo drive. 
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Therefore, the linear encoder displacement x replaces the θ in the system model (Equation 2.4). The 

relationship between θ and x and their derivative are displayed in Equation 4.6. The term L is the 

same as R in Equation 2.4, which is radians to displacement conversion gain. 
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  (4.6) 

Rewrite Equation 2.4 and replace R with L:  

 
2

( )
f

J L M T L F      (4.7) 

The term Ff is friction force, which is the sum of the friction of (
2 n

R F   ) in Equation 2.4. 

Submit Equation 4.6 to Equation 4.7 and change notation T to Tm motor input torque:  

 
m f

J
L M x T L F

L

 
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 

  (4.8) 

Equation 4.8 can also be written in fiction torque Tf :  

 
m f

J
L M x T T

L

 
    

 

  (4.9) 

 
f f

T L F    (4.10) 

in which Tf  is represented in classic LuGre friction by Equations 4.1 to 4.3 by replacing the v 

with x  as follows: 

 
0 1 2f

T z z x       (4.11) 
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The entire ball screw system or plant, including the nonlinear LuGre friction, has been 

summarized in Equations 4.8 to 4.13. The parameters and variables for Equations 4.8 to 4.13 are in 

the Appendix Terminology section.  

The Equations 2.8 to 2.12 can be used to prove the above system model. The following 

assumption is made, the motor and motor coupling will be a rigid body, ignoring the ball screw 

driving efficiency, and the ball screw does not have torsion delay. Therefore, for Equations 2.8 to 

2.12, the following condition is added: Tm = T, θm = θA, η = 100%, JA = JM, K1=0, K2=0 and: 

 
m

s

x

K
   (4.14) 

Then, Equations 2.8, 2.9, and 2.11 are canceled. The rest of the equation is as follows:  

 ( )
A L m M T s

J J T F K      (4.15) 

 
F T f

M x F F    (4.16) 

Rewrite Equation 4.15 and let JA+JL=J, then:  

 
M

T

s

T J
F

K


   (4.17) 

Submit Equation 4.17 into Equation 4.16 and get:   
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Rewrite Equation 4.18 as follows:  

 
s F M s f

K M x J T K F     (4.19) 

Apply Equation 4.14 to Equation 4.19 and rearrange as follows: 
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  (4.21) 

 Comparing Equation 4.21 and Equation 4.9, the only difference is notation. Therefore, by using 

Equations 2.8 to 2.12 in [19] proves the ball screw system model equation is feasible.  

4.2 EXPERIMENT AND IDENTIFICATION 

  In this section, based on the system model and the LuGre model introduced in the previous 

section, the experimental on the measure the LuGre friction and the experimental on system 

identification will be introduced and conduct in this section This section will present two 

subsections, in the first section, the LuGre friction experimental will be introduced and following 

the parameter identification process. The second subsection, the ball screw model system 

identification experimental will proceed and follow by ball screw model parameter identification.  

4.2.1 LuGre friction identification experiment and parameter identification 

To identify the LuGre friction model, a LuGre friction speed curve needs to be obtained, as 

illustrated in Figure 1.1.11 b. [17], [18] , [19], and [12] all first tried to obtain the Stribeck curve 
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(Figure 1.1.10 b). [17], [18], and [19] built a speed PI controller to obtain a constant speed. Based 

on Newton’s first law, at a constant speed, input torque is equal to friction force. In [12], they used 

the same principle, but instead of using the customized PI speed controller, they directly accessed 

the speed control in the servo drive.  

In this project, the servo drive has a speed controller function, but it is only a prototype from the 

sponsor, and therefore this function has not been fully developed yet, meaning the torque input to 

the servo motor cannot be obtained from the servo drive (i.e. it cannot monitor the servo drive 

torque output). Therefore, a customized PID speed controller was developed using the hardware 

introduced in the chapter Hardware Implementation. The total number of parameters that need to 

estimate in the LuGre model are illustrated in Table 2.1.  

The customized PID the speed controller uses speed as the feedback, and motor torque as the 

control input. The control input for this setup used voltage instead of torque. The voltage has a 

direct relationship to torque based on the servo manual [43]. In this setup, the speed cannot be 

directly obtained, but the position can. Therefore, the speed x  is obtained via the derivative from 

the position input x as Equation 4.22. The term t  represents the sampling time. The PID speed 

controller is presented in Equation 4.23. The term 
re f

x  represents the reference speed.  
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 Then, equations 4.22 and 4.23 are applied to Teensy 3.5. After this application, the manual 

tuning of the PID parameters (Kp, Ki, and Kd) can proceed. The tuning reference is constant speed, 
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which is 1mm/s. The PID manual tuning method was first applied in the Ziegler-Nichols method 

[49]. The Kp is first increased to a certain valve that output starts to same oscillation amplitude. then 

record Kp as Ku and record the oscillation period as Pu.Then, apply Equation 4.24 [50], below, to 

obtain the PID parameter. The PID parameter from the Ziegler-Nichols also has been manual adjust 

to have stable output. 
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  (4.24) 

The results are displayed in Figure 4.2.1, with Kp=20, Ki=50, and Kd =1. The sampling time t  

= 0.01(s) for Teensy 3.5. 

 

Figure 4.2.1PID speed tuning 

In Figure 4.2.1, the controlled speed continues to display much oscillation. This oscillation is 

due to the speed derivate from the position encoder, which creates noise and in the current amplifier 

in the servo drive has a torque ripple [18]. Therefore, to obtain friction velocity data (LuGre friction 
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curve), it is necessary to average the measured velocity and input controlled voltage. For example, 

in Figure 4.2.1, the average speed is 0.99mm/s and the average torque input is 0.77 V. 

Applying the PID parameters, each speed constant has chosen from speed range 0.01 to 1. The 

experiment was conducted three times in three days at a constant temperature room. The results are 

displayed in Figure 4.2.2. 

 

Figure 4.2.2 Experiment: LuGre friction – velocity plot 

Figure 4.2.2 helps to establish the Stribeck curve parameters as Fc, Fs, vs, δv, and σ2. Th figure 

could also help to validate σ0 and σ1 due to its general shape being similar to the LuGre friction 

character. The next step is based on the data from Figure 4.2.2 as a curve fitting. The curve fitting 

method uses the Excel polynomial trendline fitting method and a selection order of six (the 

maximum order number that Excel could support). The results are displayed in Figure 4.2.3.  
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Figure 4.2.3 LuGre friction – velocity curve fitting 

The curve fitting polynomial equation (4.25) is displayed in Figure 4.2.3. The R-square is 97.2%, 

which proves the fitted regression is similar to the raw data. By using this fitted regression, applying 

the Stribeck friction equation (1.4) should result in the parameters Fc, Fs, vs, δv, and σ2. [19] suggest 

that the equation (1.4) could be used to estimate the parameters Fc, Fs, vs, δv, and σ2 for Equation 

4.14 because they all represent the Stribeck curve phenomenon.  
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By using Equation 4.25 and the data from Figure 4.2.3 as reference, the parameter estimation 

was made using the Matlab Simulink parameter estimation toolbox. To do this, a Simulink model 

for the Stribeck curve equation (1.4) was built (see Figure 4.24).  
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Figure 4.2.4 Stribeck curve Simulink model 

The input port is the speed, and the output port is Tf, which is the torque in voltage unit. There 

is also a constraint based on the [12], and equations 1.8 or 4.14 should be at a range of Fc ≤ g(v) ≤ 

Fs. Therefore, a saturation block was added just after the Fcn1 block to represent this constraint. To 

use the parameter estimation toolbox, the initial guesses for Fc, Fs, vs, δv, and σ2 are needed. Based 

on Figure 1.1.10 and [12], the initial guesses for Fc, Fs, and σ2 could be obtained directly from the 

friction velocity plot, as displayed in Figure 4.2.5.  

 

Figure 4.2.5 Initial guesses for parameter estimation 



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

68 

 

For the parameters vs and σ2, the initial guesses start from a minimal number, such as 0.01. The 

estimation method is displayed in Figure 4.2.6.  

 

Figure 4.2.6 Estimation method 

The pattern search method was chosen for performance optimization. The pattern search 

algorithm was selected to the genetic algorithm (GA), as suggested in [19]. A detailed explanation 

of the GA is [24]. The pattern search method presents the estimation as the tracking problem. The 

Matlab first computes the scale error by using the linear interpolation [51], as displayed in Equation 

4.26. 

 
( ) ( )

( )
m ax

s im re f

re f

y t y t
e t

y


   (4.26) 

Then, the Matlab computes the sum square error as Equation 4.27, including the weight term 

w(t) [51] (by default, the w(t) =1). 

 
2

( ) ( )f w t e t d t    (4.27) 
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Then, the GA attempts to minimize f, the cost object function. The parameter boundary 

conditions for the GA are necessary. Therefore, the boundary conditions for the parameters are 

displayed in Table 4.2.1. The boundary conditions are selected based on the initial guess for Fc, Fs, 

and σ2. Also, multiple runs of the parameter estimation toolbox were used to adjust the boundary 

conditions to achieve the best result.  

 δv (unit less) Fc (V) Fs (V) σ2 (V.s/mm) vs (mm/s) 

Min 0.5 0.65 0.71 0 0.14 

Max 1 0.71 0.73 0.8 0.2 
Table 4.2.1 Genetic algorithm boundary condition 

Following multiple adjustments, the final estimated results are displayed in Figure 4.2.7. Due to 

the raw data being too noisy for the estimation, the curve fitted data are used to perform the 

estimation. In Figure 4.2.7, the top plot is the measured (curve fitted) vs. simulated (parameter 

estimated) graph with the x-axis being speed(mm/s) and the y-axis being torque (V). The bottom 

plot is the linear speed with a slope of 1 (the x-axis is time(s), and the y-axis is speed (mm/s)).  

 

Figure 4.2.7 Stribeck curve parameter estimated result based on curve fitting 

After 163 iterations (see Figure 4.2.8), the cost function was minimized to 0.0017. The 

parameter-estimated process is displayed in Figure 4.2.9. As Figure 4.2.7 illustrates, some 
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inconsistencies remain. These inconsistencies are caused by the noisy speed data, and torque data 

which obtained from the average raw data. However, the parameters estimated friction velocity 

curve could still best represent the character of the raw experimental friction velocity curve, such 

as the character of maximum static friction, Coulomb friction, and viscous friction. In Figure 4.2.9, 

the initial guess is very similar to the final valve for Fc, Fs, and σ2. This proves the guess method 

suggested in [12] is correct. Finally, the estimated parameters are displayed in Table 4.2.2. The unit 

derive is in the Appendix ‘unit conversion’.   

δv (unit less) Fc (V) Fs (V) σ2 (V.s/mm) vs (mm/s) 

0.9998 0.67893 0.72088 0.0649 0.15313 
Table 4.2.2 Stribeck curve estimated parameter  

 

Figure 4.2.8 Minimized cost function plot 



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

71 

 

 

Figure 4.2.9 Estimated parameters 

To obtain the σ0 and σ1, a sine wave input is needed, as suggested in [12] and [17]. However, 

[17] did not provide much detail on how to select the sine wave input. In [12], they suggest the 

amplitude A should be less than Fc. For this project, the estimated Fc = 0.67893. Therefore, A should 

be less than that number. As [12] suggest, A=Fc/2. Therefore, this amplitude was applied to the ball 

screw system. However, during the test, the input torque-displacement plot cannot have steady-

state micro displacement as they suggest in Equation 2.16. The displacement change is minimal, 

such as 0.000 to 0.001mm, and unstable. The reason for this is the linear encoder, which cannot 

detect a change that small as it is beyond its resolution. Therefore, in the following few tests, 

Amplitude A was increased gradually to obtain a torque and displacement plot with a pattern similar 

to the one in Figure 2.1.3 in [17]. Finally, at amplitude A = 0.63, some tetragon patterns emerged. 

Figure 4.2.10 displays the result of the sine wave input, in which A= 0.63. 
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Figure 4.2.10 Sine wave input response 

Following [17], the σ0 is the slope from the top right corner to the lower left corner of the plot. 

Therefore, in this case, the top right corner is 4.467, 0.625, and the lower left corner is 4.465, -0.625. 

Therefore, the slope is 625, which led to an initial guess of σ0 being 625. Also, based on [17], σ1 

could obtained from experimental friction velocity and experimental system response by using 

know parameter as Fc, Fs, vs, δv, and σ2.  

Based on an initial guess of σ0, and already knowing parameters Fc, Fs, vs, δv, and σ2, the estimation 

process for σ0 and σ1 can proceed. To proceed with the parameter estimation for LuGre friction, the 

Simulink model based on Equations 4.11 to 4.13 can be constructed as follows:  
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Figure 4.2.11 LuGre Simulink model 

The input and output for this model are the curve fitting data from Figure 4.2.3. Comparing 

Figure 4.2.3 with Figure 1.1.11b, the only missing element is the presiding part. Due to the 

resolution of the linear encoder, the presiding part cannot be detected. However, the general shape 

of the experimental friction velocity plot still agrees with the LuGre friction curve.  

To obtain the σ0 and σ1, the parameter estimation toolbox was applied to the new LuGre friction 

model using the known parameters displayed in Table 4.2.2. Then, the GA pattern search 

optimization method with cost function as in equations 4.26 and 4.27 was applied. The initial guess 

of σ0 was 625 from the sine wave input. The initial guess for σ1 was a random number. After the 

multiple runs of the parameter estimation toolbox, the boundary conditions for GA were adjusted 

(the boundary conditions were narrowed to σ0 minimum 600 with maximum 15,000, and σ1 

minimum 7 with maximum 15). Finally, the estimation plot is displayed in Figure 4.2.12. 
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Figure 4.2.12 LuGre friction parameter estimated result based on friction velocity plot curve fitting 

 

Figure 4.2.13 LuGre friction parameter estimated result base on raw friction velocity data 

Furthermore, the raw friction velocity data (measured in 3 days) compared with the LuGre 

friction parameter fitted data (simulated) is displayed in Figure 4.2.13. The result of the simulated 

data matched most of the raw experimental data and the fitted curve data. The cost function finally 

was minimized to 0.0017.  
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Figure 4.2.14 Minimized cost function plot for the LuGre friction model  

Finally, the estimated σ0 and σ1 together with the previous parameter estimation (Table 4.2.2) 

are displayed in Table 4.2.3, below.  

δv 

(unitless) 

Fc (V) Fs (V) σ0(V/mm) σ1(V.s/mm) σ2(V.s/mm) vs (mm/s) 

0.9998 0.67893 0.72088 14998 14.998 0.0649 0.15313 
Table 4.2.3 LuGre friction estimated parameter 

The final result not only agreed with the experimental data, but also predicated the static 

presiding region. The final result also prove its repeatability.The estimated parameter has been 

catching the critical features of the LuGre friction model displayed in Figure 1.1.11b. Based on 

Figure 4.2.12 and Figure 1.1.11b, the characters for the LuGre model based on the estimated data 

are displayed in Figure 4.2.15. The right plot illustrates the entire LuGre friction velocity plot. The 

LuGre friction differs from the Stribeck curve because the friction begins as zero torque in the static 

presiding region and increases as a parabola to the maximum static friction Fs and enters the Kinetic 

Stribeck curve region. Finally, the friction torque moves to the viscous friction region.  
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Figure 4.2.15 LuGre friction plot and characteristic identification  
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4.2.2 Ball screw system identification experiment and parameter identification  

After identifying the LuGre friction term Tf, the next objective is to identify the ball screw model 

parameters. Based on the system model Equation 4.9, only the first part of the equation 

J
L M

L

 
  

 

 needs to be identified, and this leads to the parameters needed, which are J – the 

combined moment of inertia of ball screw and motor, and L – the radians to displacement 

conversion gain, and M – the mass of the sliding table.  

The first parameter is L. This is obtained by directly using the manual ‘JOG’ mode on the servo 

drive. This ‘JOG’ mode is a function that allows users to manually setup the motor RPM and lets 

the motor move counter-clockwise or clockwise by pressing the up and down button on the servo 

drive. This JOG mode is different from the speed control mode in which the speed command is 

given from an analog voltage signal. In JOG mode, servo drive could not output or obtain data from 

microcontroller, and only manual adjustments can be made by using the up and down button on the 

servo drive. However, the RPM of the motor is visible on the small screen on the servo drive. The 

primary usage of the JOG mode is to allow the user to manually adjust the motor, which lets the 

user manually adjust the position of the ball screw sliding table without using a PC, microcontroller, 

or PLC.  

Therefore, by using the JOG mode, the constant RPM of the motor can be obtained from the 

drive screen, and the related linear speed obtained by using the linear encoder via the 

microcontroller. The linear encoder can only represent the displacement, however; therefore, the 

speed is derived from the displacement data.   
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The experiment was conducted by choosing 15 RPM data points and recording the steady-state 

linear encoder speed. The RPM unit was converted to rad/s, and the rotational angular speed vs. 

linear speed plot obtained is displayed in Figure 4.2.16. 

 

Figure 4.2.16 rad/s Vs mm/s 

The data in Figure 4.2.16 is represented by a very straight line. Therefore, the assumption of 

zero delay of torsion is proved. The relationship between θ and x as Equation 4.6 is proved also. By 

using the curve fitting toolbox from the Matlab, based on Equation 4.6, the L can be estimated as  

 0 .0 0 0 8 7 9 7
m m

L
ra d

   (4.28) 

The R-square for the estimation is 99.91%. Therefore, the estimation is accurate. Based on Equation 

4.8, the term 
J

L M
L

 
  

 

, which combines all three parameters can be assumed to be, in one term, 

J
L M J L M

L

 
   

 

. Based on Equation 4.8, the plant model is expressed as Equation 4.29, and 

the Simulink based on Equation 4.29 is displayed in Figure 4.2.17. 
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m f

J L M x T T    (4.29) 

 

Figure 4.2.17 Plant model 

Figure 4.2.17 illustrates that the input of the system is the torque in voltage. The LuGre friction 

model block as a Figure (4.2.11). The input torque subtracts LuGre friction torque through the 

inverse of the JLM term, and then it becomes acceleration. The speed is obtained from the 

acceleration integration. However, the integration has a saturation limit due to the AC servo motor 

having a rated speed of 3000 RPM, as illustrated in Table 3.1.1. The AC servo drive does not allow 

the AC servo motor to go faster than 3000 rpm. Therefore, converting the 3000RPM to mm/s by 

using Equation 4.28 revealed the upper and lower saturation values as ± 25.2mm/s. After 

determining the speed x , this is then the input to the LuGre friction model to produce the friction. 

Finally, speed x  is integrated again to determine the position x.  

After building the Simulink model, three ramp torque input tests were conducted on the ball 

screw system, and the corresponding position and speed were recorded. The ramp function inputs 

were selected using the following equations:  
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e x p 1 : 0 .0 2 7 0 .0 0 4 9

e x p 2 : 0 .0 0 1 9 5 0 .0 0 4 9

e x p 3 : 0 .0 1 3 9 0 .0 0 4 9

m

m

m

T t

T t

T t

 

 

 

  (4.30) 

The three ramp function experiments are called exp1, exp2, and exp3. Again, the parameter 

estimation tool in Simulink was used to estimate the JLM. The input for the system is torque in 

voltage, and the output for the system is position x and speed xdot ( x ). The optimization method 

for the parameter estimation is the simplex search method. The reason this method was chosen is 

that the simplex search does not need to specify the parameter boundaries. This method is useful 

when the information of the estimation term is limited.  

Several attempts on the estimation of the JLM term has been performance. However, the 

parameter estimation tool could not successfully estimate the JLM based on the exp1, exp2, and 

exp3 data. The reason for this is due to the inaccurate estimation of the LuGre friction parameters 

and especially the σ0 and σ1. The terms σ0 and σ1 were obtained from the prediction of the unable 

measured presiding stage(Figure 4.2.15 static presiding region), therefore the inaccurate σ0 and σ1 

caused estimation failure at the ball screw system level. Also, [17]  suggest that adjusting the 

parameter of σ0 and σ1 is necessary at the system level. Therefore, the σ0, σ1, and JLM are needed for 

the simplex search parameter estimation process. The previously estimated σ0 and σ1 are used as an 

initial guess for the simplex search method. The initial guess for JLM was selected as default. In 

the simplex search, the cost function was selected as the sum square error in Equation 4.31 [52]. 
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The parameter estimation was processed again by using the three experiments’ data at the same 

time. The results are displayed in Figure 4.2.18 to Figure 4.2.20 , and the minimized cost function 

is presented in Figure 4.2.21. In Figure 4.2.21, total 6 cost functions have been minimized, the top 

three of which are exp1, 2, and 3 speed data, and the bottom three are position data. 

 

 

Figure 4.2.18 Exp1 estimation result 

 

Figure 4.2.19 Exp2 estimation result 
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Figure 4.2.20 Exp3 estimation result 

 

Figure 4.2.21 Minimize cost function for both speed and position 

As Figure 4.2.21 illustrates, after 34 iterations, the cost functions have been minimized to less 

than function tolerance. The final estimated results are in Table 4.2.4.  

σ0(V/mm) σ1(V.s/mm) JLM (V. s2 /mm) 

13882 8.6776 0.007046 
Table 4.2.4 Parameter estimation for ball screw system experiment  
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In Figure 4.2.18 to Figure 4.2.20, the estimation is acceptable. The estimation model could 

accurately represent the characteristic phenomenon of the static friction to kinetic friction 

transformation. The speed outputs from the simulation are similar to the actual experimental data. 

Therefore, the plot proves the accuracy of the parameter estimation.   

To obtain the actual number of J and M is difficult based on the following equation: 

 

2

= 0 .0 0 7 0 4
J V s

L M J L M
L m m

 
   

 

  (4.32) 

Although, the term L has been determined previously, in Equation 4.32, it has two unknowns, 

which are difficult to solve.  

Therefore, combining tables Table 4.2.4 and Table 4.2.3, the entire ball screw system with 

LuGre friction parameter is summarized in Table 4.2.5. Now, all the parameters are identified, and 

the system model is validated using exp1, 2, and 3. Finally, cost result is illustrated in Figure 4.2.21.  

Ball screw system overall parameters 

δv (unitless) 0.9998 

Fc (V) 0.67893 

Fs (V) 0.72088 

vs (mm/s) 0.15313 

σ0(V/mm) 13,882 

σ1(V.s/mm) 8.6776 

σ2(V.s/mm) 0.0649 

JLM(V.s2/mm) 0.007046 

L(mm/rad) 0.0008797 

Table 4.2.5 Ball screw system entire parameters  
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5 CHAPTER CONTROL SYSTEM AND CONTROL 

EXPERIMENTAL TESTING  

5.1 CONTROL SYSTEM SIMULATION  

In this section, the developed control system is discussed and implemented as a simulated ball 

screw system. Based on the system parameters and system model discussed in the Chapter 4, the 

simulated ball screw system was built in Matlab Simulink. The control algorithm was created based 

on the literature review in Chapter 2. Three controllers were simulated for this project. Finally, the 

performance of three controllers is discussed. Equation Chapter (Next) Section 1 

5.1.1 PID controller  

The PID controller is used as a benchmark for the project. The plant mode for the PID controller 

is illustrated in Figure 4.2.17 and discussed in Section 4.2.2. The PID controller is a well-known 

feedback controller that uses the error between the reference signal and the actual signal. The 

control output is based on the present error (Kp), the past accumulated error (Ki), and the predicted 

future error (Kd). For this project, the PID controller was implemented as illustrated in Figure 5.1.1.  

 

Figure 5.1.1 Ball screw system PID controller block diagram 

The input of the system is xde – the desired position. The output is xsen – the simulated encoder 

measures the position, and xsendot – the simulated encoder measures the speed. The ball screw 
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block is exactly represented in the block diagram in Figure 4.2.17, and it outputs the actual x 

position and xdot speed. The actual position and speed then go through the encoder block to 

simulate the accuracy of ±5µm of the linear encoder (Table 3.1 JCXE5 encoder specification). Then, 

the PID controller takes the error as the input. The errors are between xde, to the sensing position 

xsen. The output for controller is the torque U.  

In the encoder block illustrated in Figure 5.1.2, a uniform random number with a minimum and 

maximum range of ±0.005mm simulated the inaccuracy of the linear encoder. Also, to simulate the 

reading of the encoder, a round function was added to make sure the speed and position reading is 

within the range of 1um (0.001mm). The tuning parameters for this control are Kp, Ki, and Kd from 

the PID controller block.  

 

Figure 5.1.2 Encoder block 

5.1.2 Positioning PD controller with friction estimation observer  

The Positioning PD controller with friction estimation observer (PD-F) [18] was first introduced 

in the literature review (Section 2.2.2). In their [18] work, they propose a control law that combines 

the friction estimation, the PD controller, and the system inertia term. The primary purpose of this 
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controller is to compensate for the nonlinear friction that may affect the overall system response 

due to the friction parameters estimated in the previous chapter being proximate and the term z(t)-

bristle displacement being unmeasurable. Therefore, a friction observer is needed to overcome the 

inaccurate friction parameter estimation. The control law, including the friction observer, is 

represented in Equations 5.1 and 5.2.  

 

0

0 1 2

ˆ
ˆ , 0

( )

ˆ
ˆ ˆ

z z

f

xd z
x z k e k

d t g x

d z
T z x
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

  

   

  

  (5.1) 
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d p d f
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u t J L M x K e K e T

e x x

e x x

    

 

 

  (5.2) 

Equation 5.1 represents a nonlinear friction observer. The term Kze is the observer correction 

term based on the errors from the position. The function ( )g x  refers to Equation 4.13. The error is 

based on the difference between the desired position xd and the encoder output position x. The 

control Equation 5.1 begins with the JLM term with desired acceleration. The term JLM replaces 

the original J term in Equation 2.64 to match the plant equation. Then, the PD controller term 

corresponds with the PID controller. Finally, the friction observer corrects and compensates the 

nonlinear fiction. Based on Equations 5.1 and 5.2, a Simulink model was made, and is illustrated in 

Figure 5.1.3 and Figure 5.1.4. 
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Figure 5.1.3 LuGre friction observer 
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Figure 5.1.4 PD control with friction observer block diagram 



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

89 

 

Figure 5.1.3 presents the friction observer block LuGre_OB_V4. The LuGre friction observer 

block is based on Figure 4.2.11 with serval modifications. The first modification adds the observer 

correct term Kze into the zdot function. The second modification addresses the sign problem in the 

friction. In this LuGre friction, the assumption is made that the LuGre friction model is symmetric 

to the speed data. Therefore, as the speed is negative, the friction is negative also, which follows 

Figure 1.1.11b. In Figure 5.1.3, the absolute term ensures the speed is always positive, and signs of 

the friction are determined by the speed sign by using the sign block. In Figure 5.1.4, xdeddot and 

xdedot illustrate the desired acceleration and desired speed from the trajectory generation. The 

friction observer is based on the feedback encoder speed and error between the desired and actual 

position. The tuned parameters are Kp and Kd. The sampling time selected for this Simulink model 

was 0.0001s. A faster sampling time was tested also. However, the faster sampling time caused 

errors on the ball screw integration part. The encoder block is the same block as that used in the 

PID controller.  

5.1.3 Positioning PD controller with friction estimation observer and a disturbance 

observer   

The Positioning PD controller with friction estimation observer and a disturbance observer (PD-

DOB) originates from the same literature that introduced the Positioning PD controller with friction 

estimation [18]. In their work, they state that the above method has difficulties dealing with sine 

wave input. The problems mainly occur during the step command, as acceleration is not changed. 

However, in the sine wave case, the acceleration is always changing. Therefore, if there is an 

inaccurate measure of the system parameters, the parameter associated with acceleration affects the 

performance. Based on [18], the cause of a primary tracking error can be derived from following.  
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Rewrite control law (5.2), replace JLM term with ˆJ L M , which represents the identified 

parameters and sub them into the plant equation (4.29). Assume that: 

 

ˆ

ˆ
f f f

d

J L M J L M J L M

T T T

e x x

  

 

 

  (5.3) 

Then:  

 

ˆ ˆ

ˆ ˆ

ˆ ˆ ˆ

d p d f
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f d p d f

f d f p d

J L M x K e K e T
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J L M

J L M x T J L M x K e K e T

J L M x J L M x T J L M x T K e K e

   
 

     

      

  (5.4) 

 Rearrange Equation 5.4 with the assumption (5.3) as Equation 5.5:  

 ˆ
f p d

T JL M x K e K e JL M e         (5.5) 

In Equation 5.5, the primary tracking errors stem from the friction estimation error and mass 

inertia parameter error. Therefore, a disturbance observer is needed, not only to cancel out the error 

from the friction estimation and mass inertia bias but also to cancel out the external disturbance 

[28]. The fundamental structure disturbance observer is presented in Figure 2.2.4. By using the 

system input minus the inverse of the plant model nonlinear transfer function, the estimated 

disturbance d̂  is obtained. Next, the control command c adds d̂  to become the system input u. In 

this case, they [18] implement this disturbance observer (DOB) with their friction observer as in 

Figure 2.2.3. In this study, the plant mode is very similar to [18]’s plant model. Therefore, according 

to [18], the control law based on Figure 2.2.5 is represented as below:  
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 ˆ ˆ( ) ( )
d p d f d

u t JL M x K e K e T u t        (5.6) 

Where ud(t) estimates the disturbance as:  

 ( ) ( ) ( )
d m

u t u t T u t T      (5.7) 

The term T is the sampling time, the delays for u and um are needed because the ud cannot 

compute instantaneously. The term um as the inverse of plant is presented as follows:   

 ˆ ˆ
m f

u JL M x T     (5.8) 

If using plant model (4.29) minus Equation 5.8 and applying assumption (5.3), and replacing Tm 

to u, then:  

 
 ˆ ˆ( )

f f m

f m d

JL M JL M x T T u u

JL M x T u u u

    

     

  (5.9) 

In Equation 5.9, ud is the tracking error present in Equation 5.5. Therefore, the overall control u 

is considered in the tracking error as a compensator to overcome the inaccurate estimation of the 

friction force and mass inertia JLM term. The term ˆ
f

T  is the friction observer present in Equation 

5.1, and x  is obtained from the derivation of the speed x  .  

The Simulink model was built as illustrated in Figure 5.1.5. The input of the control system is 

desired acceleration (xdeddot), speed (xdedot), and position (xdedot). In the test, the Simulink 

model Figure 5.1.5 had issues with Ud. The Ud became unstable and kept oscillating with a high 

amplitude and frequency. The solution is to uses a lowpass filter [18]. Therefore, in Figure 5.1.5, a 

Butterworth low pass filter was added to Ud to filter out the noise and make system realizable.  
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Figure 5.1.5 PD control with friction estimation and a disturbance observer block diagram  
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5.1.4 Trajectory generation  

Instead of using the single step reference, the generated travel path was used in this project. In 

the machine or 3D printer industry, trajectory generation is critical. Instead of using the single 

position command, a series of position commands are given to the motor, which makes the sliding 

table follow the series of reference positions to the final position. 

The smooth trajectory generation method used was followed by the trajectory generation 

subsection, which was discussed in the literature review. The trajectory generation follows 

Equations 2.27 to 2.29 and 2.31. The trajectory generation in these equations attempts to simulate 

the scenario of moving an object from a stop position (zero speed) to following a smooth path to 

reach the desired position to zero speed once more. Therefore, based on the assumption of Equations 

2.25 and 2.26, the assumptions for smooth trajectory generation in this project are as follows:   

Condition 1: The initial position x0 and final position xf and time of travel tf are given as follows:  

 
0

(0 )

( )
f f

x x

x t x




  (5.10) 

Condition 2: The initial speed and final speed are 0:  

 
( 0 ) 0

( ) 0
f

x

x t




  (5.11) 

The polynomial based on equations 2.27 to 2.29 and 2.31 to fulfil the desired trajectory position 

x , speed x , and acceleration x  are as follows:  

 
2 3

0 1 2 3
( )x t a a t a t a t      (5.12) 

 
2

1 2 3
( ) 2 3x t a a t a t     (5.13) 
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2 3

( ) 2 6x t a a t    (5.14) 

The terms a1, a2, and a3 are presented, below:  
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  

  (5.15) 

In addition to the smooth trajectory generation, the sinusoidal trajectory generation was also 

implemented in the simulation. The position x is generated by sinusoidal function, then speed x  

and acceleration x  were obtained from the derivative of x as follows:  

 

 
2 2

( ) s in ( )

( ) c o s ( )

( ) s in ( )

x t A P t

x t A P P t

x t A P P t



 

 



  

   

  (5.16) 

in which A is amplitude and P is period.  

5.1.5 Simulation result  

The tracking position reference xd and its derivate are based on the smooth trajectory generation 

and sinusoidal trajectory generation. Therefore, two trajectory tracking performances were 

compared between the three controllers.  

For the smooth trajectory generation, the final position xf was selected as 30mm, and travel time 

tf as 2s. The travel time was selected as 2s, which, due to this trajectory, the speed limit was below 

25mm/s (maximum speed of the motor). The maximum speed this trajectory could reach was 

22.5mm/s. The overall reference smooth trajectory plot is as follows:  
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Figure 5.1.6 Smooth trajectory generation 

For the sinusoidal trajectory, the amplitude A was set at 10mm and P at 0.5. Based on those 

parameters, the trajectory had an amplitude of 10mm with a period of a 4s sine wave, as illustrated 

in Figure 5.1.7. The total running time was 8s, which means two cycles.  

Each controller performed two conditions on the two trajectories. The first condition simulated 

the ideal condition, in which the estimation of the parameters was correct and there was no 

disturbance added to the system. The encoder had zero errors. The second condition simulated the 

real condition, in which the parameters were not perfect and there were random disturbances added 

to the LuGre friction. The encoder also included random noise between ±0.005mm. 



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

96 

 

  

Figure 5.1.7 Sinusoidal trajectory generation 

To compare both the ideal condition and the real condition, the noise and disturbance level are 

summarized in Table 5.1.1. 

 JLM estimated Friction disturbance  Encoder accuracy  

Ideal condition  JLMHat = JLM No disturbance Prefect accuracy 

Real condition  JLMHat = 30% 

JLM 

Band-limited white noise 

(sampling time 0.001, noise 

power 0.0001)  

Uniform random ±

0.005mm 

Table 5.1.1 Ideal condition and real condition setup 

The simulation began with the smooth trajectory tracking, then the ideal condition was applied 

to the PID controller, the PD-F controller, and the PD-DOB controller. The sampling time for all 

the controllers was 0.0001s. The small sampling time is due to the limitation of the PD-DOB 

controller. During the test run for the PD-DOB controller, the shorter sampling time caused 

integration errors. To ensure consistency of simulation, all the controllers ran with a 0.0001s 

sampling time. The PID controller speed and position tracking simulation were based on the 

Simulink model in Figure 5.1.1. The PID controller parameters were manually tuned to Kp=20, 

Ki=2.5, and Kd=0. The results for the PID controller are presented in Figure 5.1.8.  
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Figure 5.1.8 PID smooth trajectory tracking ideal condition 
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Based on Figure 5.1.8, the absolute position mean tracking error is 0.05838. From the tracking 

result, the starting stage has an enormous tracking error. This tracking error is due to the static 

friction at the beginning of the motion. After one second, the tracking error begins to decrease. 

Eventually, it reaches a zero steady-state error. From the same figure, the speed tracking absolute 

mean error is 0.16253. The speed tracking error is similar to the position tracking error, in that they 

both a very large tracking error at the beginning stage. Then, after 0.5 seconds, the speed tracking 

begins to converge to the desired speed.    

Regarding the PD-F controller results, the speed and position tracking simulation are based on 

the Simulink model in Figure 5.1.4. The parameters for the PD-F were selected as Kp=20, Kd=0.1, 

and the friction observer correct term Kz=0.5. The results for the PD-F controller are displayed in 

Figure 5.1.9. In this figure, the tracking performance has increased greatly from the tracking error 

of 0.1 to 10-3, which reached the maximum reading of the linear encoder. The impulse error signal 

is caused by the quantizer encoder reading of 0. 001mm.The position tracking absolute mean error 

is reduced to 1.3039×10-5 (Figure 5.1.9 displays 1×10-5 due to digit limitation). The steady-state 

error is also zero. The speed tracking performance increased. The speed tracking error decreased 

compared with the PID controller.    
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Figure 5.1.9 PD-F smooth trajectory tracking ideal condition 
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Figure 5.1.10 PD-DOB smooth trajectory tracking ideal condition 
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The final controller is the PD-DOB controller. The speed and position tracking simulation are 

based on the Simulink model in Figure 5.1.5. The simulation result is presented in Figure 5.1.10. 

Based on the simulation result, the tracking error was very similar to the PD-F controller result. The 

tracking error range also decreased to the limit of the reading digit of the linear encoder. The 

absolute mean tracking error reduced to 1.0480e-05, which is very similar to the result of the PD-F 

controller. The steady-state error was also zero. However, the speed tracking error was slightly 

larger than the PD-F controller tracking error due to a small oscillation at zero speed. The DOB had 

some oscillation when trying to reach zero speed. This problem is due to the integration error with 

the fix sampling time.  

The next step was testing the real condition of the three controllers by applying the smooth 

trajectory projection. Figure 5.1.11 presents the PID controller results. Figure 5.1.12 presents the 

PD-F controller results, and Figure 5.1.13 presents the PD-DOB controller results. Comparing the 

three controllers, the PID controller had the worst tracking error (0.059). The tracking error of the 

PD-F controller was 0.00659, which is 10 times less than the PID controller. The PD-DOB 

controller had the best results in terms of tracking error (0.00259). The steady-state error means it 

is difficult to compare the three controllers due to the encoder noise. If we focus on the steady-state 

section of the three controller tracking errors (see Figure 5.1.14), the PID controller had the most 

stable steady state. However, the PD-F and the PD-DOB controllers displayed some oscillation in 

the stable steady state. Regarding speed tracking, the PD-DOB controller had the best result in terms 

of tracking error (0.08919). Next came the PD-F controller (0.20793), and the worst was the PID 

controller (0.26769).  

In this project, the position control is the primary objective. In terms of position control, 

comparing the results for the real condition and the ideal condition, the PD-DOB controller had the 
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best trajectory tracking and robustness result. The PD-F controller came next, and the PID controller 

had the worst tracking and robustness results. However, in terms of steady-state holding, the PID 

controller had the best performance. Both the PD-F controller and the PD-DOB controller had 

trouble dealing with the constant position when it reaches a steady state.  
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Figure 5.1.11 PID smooth trajectory tracking real condition 
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Figure 5.1.12 PD-F smooth trajectory tracking real condition 
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Figure 5.1.13 PD-DOB smooth trajectory tracking real condition 
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Figure 5.1.14 Steady-state focus on real condition 

The next simulation applied the sinusoidal trajectory tracking based on Figure 5.1.7. In the first 

test, the ideal condition was applied. The parameter settings for all three controllers were the same 

as for the smooth tracking case. The result of the three controllers are presented below.  

In the sinusoidal case, based on the tracking error comparison in Figure 5.1.18, the tracking 

performance for the PD-F and the PD-DOB controllers improved greatly compared with the PID 

controller. The tracking performance for the PD-F and the PD-DOB controllers were very similar 

also. The mean absolute error of the position tracking for the PID controller is 0.06658; for the PD-

F controller, 0.00328; and for the PD-DOB controller, 0.00358. In the ideal case, the tracking 

performance of the PD-F controller is slightly better than the PD-DOB controller.  

Based on Figure 5.1.15, the PID controller displayed some oscillation along the path. Both the 

PD-F and the PD-DOB controllers had some oscillation at the start but quickly converged. The 

reason for this may be due to the initial desired velocity not being zero; therefore, both controllers 

tried to reach the desired speed from 0 velocity.   
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Figure 5.1.15 PID sinusoidal trajectory tracking ideal condition 
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Figure 5.1.16 PD-F sinusoidal trajectory tracking ideal condition 
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Figure 5.1.17 PD-DOB sinusoidal trajectory tracking ideal condition 
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Figure 5.1.18 Sinusoidal trajectory tracking error comparison 

The real condition simulation was conducted next. Figure 5.1.19 to 5.1.21 present the results. 

Again, the PID controller had the worst tracking result. The PD-F and the PD-DOB controllers both 

displayed an increase in tracking performance. The tracking mean absolute error of the PID 

controller is 0.06670; the tracking mean absolute error of the PD-F controller is 0.00823; and the 

tracking mean absolute error for the PD-DOB controller is 0.00371. From the error comparison in 

Figure 5.1.22, it is apparent that the tracking performance for the PD-DOB controller is better than 

the PD-F controller when dealing with disturbance and uncertain parameters.  

Based on the tracking path, the PID controller performance is similar for the ideal condition; 

there is much oscillation along the tracking path. Due to the disturbance and uncertain parameters 

added to the system, the PD-F controller also displayed a small level of oscillation along the path. 

For the PD-DOB controller, the distance and uncertain parameters are considered in the disturbance 

observer; there is almost no oscillation along the tracking path. Thus, the PD-DOB controller had 

the best performance when dealing with disturbance and uncertain parameters.  
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Figure 5.1.19 PID sinusoidal trajectory tracking real condition 
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Figure 5.1.20 PD-F sinusoidal trajectory tracking real condition 
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Figure 5.1.21 PD-DOB sinusoidal trajectory tracking real condition 
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Figure 5.1.22 Sinusoidal trajectory tracking error comparison for real condition 

Smooth trajectory tracking 

Controller  Ideal condition MAE3 Real condition MAE 

PID 0.05838 0.05919 

PD-F 1.3039e-5 0.00659 

PD-DOB 1.0480e-5 0.00259 
Table 5.1.2 Smooth trajectory tracking summary 

Sinusoidal trajectory tracking 

Controller  Ideal condition MAE Real condition MAE 

PID 0.06658 0.06670 

PD-F 0.00328 0.00823 

PD-DOB 0.00358 0.00371 
Table 5.1.3 Sinusoidal trajectory tracking summary 

The simulation summary begins with the smooth trajectory case in the ideal condition. The PD-

DOB controller and the PD-F controller had a similar performance in trajectory tracking. Their 

                                                      
3 MAE = Mean Absolute Error  
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tracking performances are better than the traditional PID controller with no steady-state error. In 

the real condition, the PD-DOB controller displayed the best tracking performance due to its 

disturbance observer and friction observer. However, the PD-DOB controller and the PD-F 

controller had some problems dealing with zero velocity. The PD-DOB controller and the PD-F 

controller displayed some oscillation in the steady-state area. In the sinusoidal trajectory case with 

the ideal condition, the PD-F and the PD-DOB controllers had very similar performances regarding 

tracking performance, and their MAE are very similar also (see Table 5.1.3). Again, the PID 

controller has a large MAE compared with the PD-F and the PD-DOB controllers. Furthermore, the 

PID controller displayed some oscillation along the sine wave tracking path. At the beginning stage 

of the sine wave, all the controllers displayed significant oscillation, which was mainly due to the 

non-zero velocity at the start. Therefore, all the controllers tried to reach this initial speed at the 

beginning. After that, the PD-F and the PD-DOB controllers began to converge to a small error. In 

the real condition, the PD-DOB controller dominated tracking performance by having the smallest 

MAE. This again proved the disturbance rejection ability of the PD-DOB controller.  

To conclude, the friction estimation could help to increase tracking performance in terms of the 

trajectory tracking error. The traditional PD controller combined with friction estimation could 

decrease the tracking MAE compared with the results of the traditional PID controller (or PI 

controller in the simulation). If disturbance and uncertain parameters are added to the system, the 

PD controller with friction estimation could deal with that also. However, with the help of the 

disturbance observer, the tracking performance is dramatically increased compared with the 

traditional PID controller. Nevertheless, the PD-F and the PD-DOB controllers may have difficulty 

dealing with the constant reference position with disturbance added. In the sinusoidal tracking case, 

in which there is no constant position, the PD-F and the PD-DOB controllers dominated 
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performance in terms of MAE. Therefore, the traditional PD controller with the help of friction 

estimation and disturbance observer displayed increased tracking performance and robustness.   

5.2 EXPERIMENT ON CONTROL SYSTEM  

This section discusses the results of when the control algorithm based on the previous section 

was modified and implemented. In addition, the new improved control algorithms were tested and 

implemented and are discussed in this section also. The built-in control algorithm in the servo drive 

was also implemented and tested in the physical ball screw system. Finally, the results for the 

different controllers and different conditions are compared and discussed  

5.2.1 Experiment on PWM control   

The first controller implemented was the servo drive with a built-in control algorithm. The built-in 

control algorithm is based on the position control mode presented in Appendix Figure 7.3.3. Ac 

Servo System Hardware. Based on Figure 7.3.2, the Teensy 3.5 sends a PWM pulse signal to the 

servo drive. The PWM pulse number is directly related to the rotation angle of the AC servo motor. 

Based on [43], each of the PWM pulses is one motor rotational encoder unit. Based on the AC servo 

drive setting, each revolution can take 2048 pulses.   

The PWM signal comprises a group of fixed amplitude voltage pulses; their duty cycle and 

period of the pulse can vary. Figure 5.2.1 presents the relationship between period, frequency, duty 

cycle, and amplitude.   
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Figure 5.2.1 PWM signals [53] 

The Teensy 3.5 can use the PWM module to send fixed amplitude, variable duty cycle, and 

period PWM signals. The PWM signal output pins connect to an interrupt pin on Teensy 3.5. The 

PWM module in the microcontroller does not have a counter function; therefore, an interrupt pin is 

needed to count the number of PWM pulses sent.  

To test the accuracy of the onboard control method, two experiments were conducted. In each 

experiment, the same PWM signal was sent to servo drive. The readings of the linear encoder for 

each experiment were compared. In this way, the consistency of the onboard control method is 

presented.  

In both experiments, a total of 
5

2 1 0 pulses with fixed 50% duty cycle were sent to the servo 

motor. The PWM pulse frequency for both experiments were set to 
4

2 1 0 Hz. The data sampling 

rate was 0.05 seconds. The results of both experiments are illustrated in Figure 5.2.2. 
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Figure 5.2.2 PWM position control mode test 

In Test Run 1, the linear encoder stopped at 25.979mm. In Test Run 2, the linear encoder stopped 

at 26.113mm. The difference between the two tests is 0.134mm. Therefore, the onboard control 

algorithm cannot maintain a proper consistency, which affects the accuracy of the system. The rest 

of this section is based on the torque control mode by applied Teensy 3.5. 

5.2.2 Experiment Trajectory generation  

The trajectory generation was applied in the physical experiment. The implemented trajectory 

was based on the smooth trajectory discussed and applied in the simulation in Section  5.1.4. The 

position, velocity, and acceleration profile are based on equations 5.12 to 5.14. The testing 

trajectory was chosen to be similar to the simulation trajectory in Figure 5.1.6.  Based on Figure 

5.1.6, the implement trajectory underwent some modifications. In Figure 5.1.6, the moving 

direction is single (from left to right only). In the physical implementation, the initial trajectory is 
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the same as Figure 5.1.6.  After sliding table reaches the desired final position (30 mm), it then 

waited for 2 seconds and returned to the initial position with the same path.  

 

Figure 5.2.3 Experiment: Reference trajectory 1,2 and 3 

Two other reference trajectories were included in the experiment. The second trajectory was set 

to a desired final position at 10mm, taking 1s to reach there and waiting for 2s, as illustrated in 

Figure 5.2.3 (Reference Trajectory 2). The third trajectory was set to a desired final position at 5mm, 

taking 1s to reach there and waiting for 2s, as illustrated in Figure 5.2.3 (Reference Trajectory 3). 

The reference speed and acceleration profile for the three trajectories are as follows: 
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Figure 5.2.4 Reference: Speed trajectory 

 

Figure 5.2.5 Reference: Acceleration trajectory 
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The three different trajectories present three different cases. In general, this project attempts to 

simulate a scenario that is moving an object to particular position along a smooth path. After the 

specific process on the object was completed (such as the machining on the object), the object 

returned to its starting position. Trajectory 1 simulated a long-distance move that required 

significant speed. Trajectory 2 simulated a middle-distance move in which the speed and 

acceleration are between those of Trajectory 1 and Trajectory 3. Trajectory 3 simulated a quick 

move over a short distance but with high acceleration.  

5.2.3 Experiment on PID controller  

The traditional PID controller was the first controller to be implemented into the physical system. 

The PID controller control law was referenced using the equations 4.22 and 4.23, and error e(t) 

used the desired position minus the encoder position. 

After manually tuning the PID parameters, Kp=0.6, the Ki=0.001, and Kd=0 provided the best 

results in terms of steady-state error and tracking MAE. The sampling time on Teensy 3.5 was 0.01s. 

The total running time was 10s. The results for the PID controller with the three trajectories are 

presented below:  



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

122 

 

 

Figure 5.2.6 PID controller Trajectory 1 position tracking 

 

Figure 5.2.7 PID controller Trajectory 2 position tracking 
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Figure 5.2.8 PID controller Trajectory 3 position tracking 

 

Figure 5.2.9 PID controller Trajectory 1 tracking error 
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Figure 5.2.10 PID controller Trajectory 2 tracking error 

 

Figure 5.2.11 PID controller Trajectory 3 tracking error 

PID controller tracking error table  

 SSE forward (mm) SSE backward (mm) MAE (mm) 

Trajectory 1 (30mm) 0.142 -0.150 0.384 

Trajectory 2 (10mm) 0.137 -0.147 0.267 

Trajectory 3 (5mm) 0.094 -0.085 0.174 
Table 5.2.1 PID controller tracking error table 

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 1 2 3 4 5 6

p
o

si
ti

o
n
(m

m
)

time(s)

PID Trajectory 2 tracking error

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

0 1 2 3 4 5

p
o

si
ti

o
n
(m

m
)

time(s)

PID Trajectory 3 tracking error



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

125 

 

Figure 5.2.6 to Figure 5.2.8 present the tracking results compared with the reference position. 

The tracking errors are presented in Figure 5.2.9 to Figure 5.2.11. The error summary results are 

presented in Table 5.2.1. To have a fair measure of MAE, the time range selected for the trajectory 

MAE measurement is different. To have a fair amount of waiting time for both the forward and 

backward steady state, the 2s waiting time for the desired position was also added to the calculation 

when the system returned to its initial position. Therefore, the range of MAE for Trajectory 1 was 

8s; for Trajectory 2 it was 6s; and for Trajectory 3 it was 5s. The MAE calculation range was applied 

to the rest of the experiment also. Based on the PID tracking results above, the steady-state error 

(SSE) remains very large in all three trajectories. From Trajectory 1 to Trajectory 3, the SSE 

increased with total length of travel. This is due to the “I” term is too small, the time that require to 

eliminated to SSE is long. In current trajectory, the waiting time that related to the time required is 

small. In other word, the trajectory didn’t give enough time to let PID controller eliminated the SSE. 

The MAE illustrates that the travel distance increased also, as did the MAE.  

5.2.4 Experiment on positioning the PD controller with friction estimation observer  

This project next applied the PD controller with friction estimation (PD-F). The PD-F controller 

was already tested in the simulation in Section 5.1.2. The control law is based on equations 5.1 and 

5.2. However, to apply Equation 5.1 to the microcontroller, discretization is needed. The 

discretization process is presented below, assuming the zero-order holds:  

 

0

1

ˆ ˆ( ) ( ) ( ( ) )

( )

( 1)

d d z

A t

d

d d

z t t A z t B x K e k

A e

x
A

g x

B A A







    



 

 

  (5.17) 

In Equation 5.17, A-1 cannot have a zero denominator; therefore, when x  =0, A-1=0.  
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Thus, Equation 5.1 becomes Equation 5.17 and Equation 5.18. The term Δt is the sampling time. 

The term t is the current sampling time. The control law in Equation 5.2 replaced Equation 5.1 with 

equations 5.17 and 5.18. The friction, mass, and initial parameters are based on Table 4.2.5. After 

applying the control law Equation 5.2 to the Arduino code and commencing the test run with a 

sampling time of 0.01s, the system began to oscillate and go out of control. The reason for this is 

that the friction estimation became very noisy. The friction estimation Equation 5.18 depends on 

the speed measurement; however, the speed is obtained from the derivative of the position. The 

noisy speed leads to a noisy friction estimation. A filter is needed to filter out the noisy speed data.  

The speed filter chosen for this project is the linear recursive exponential (LRE) filter because 

the memory space requirement is less than other filters [54]. The [54] provides an LRE library that 

can guide implementation into the Arduino code. The LRE equation based on [54] is presented 

below:  

 ( ) ( ) (1 ) ( )y t w x t w y t t        (5.19) 

The x is the input valve, and y is the output valve. The w is the weighting faction from 0 to 100 

range. The higher w valve will trend filtered output more to input valve and responds quicker but is 

not as smooth. The lower w valve will trend filtered output more to output valve and responds 

slower, but the output is much smoother. Applying the LRE filter to the system made it much more 

stable. The raw speed data and filtered speed data are compared in Figure 5.2.12. 
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Figure 5.2.12 Speed LRE filter results 

After applying the LRE filter, then manually selecting Kp=5.5, Kd=0.1, and Kz=0.025, the 

results for trajectories 1, 2, and 3 are presented below:  

 

Figure 5.2.13 PD-F controller Trajectory 1 position tracking 
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Figure 5.2.14 PD-F controller Trajectory 2 position tracking 

 

Figure 5.2.15 PD-F controller Trajectory 3 position tracking 
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Figure 5.2.16 PD-F controller Trajectory 1 tracking error 

 

Figure 5.2.17 PD-F controller Trajectory 2 tracking error 
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Figure 5.2.18 PD-F controller Trajectory 3 tracking error 

PD-F controller tracking error table  

 SSE forward (mm) SSE backward (mm) MAE (mm) 

Trajectory 1 (30mm) -0.028 Unstable  0.041 

Trajectory 2 (10mm) -0.03 -0.019 0.047 

Trajectory 3 (5mm) -0.058, 0.038 0.096, -0.094, 0.054 0.070 
Table 5.2.2 PD-F controller tracking error table 

Figure 5.2.13 to Figure 5.2.18 and Table 5.2.2 summarize the results of the PD-F controller 

response to three different trajectories. Compared with the results of the PID controller in Table 

5.2.1, the SSE for both forward and backward decreased in all three cases. The MAE is ten times 

smaller than the PID controller result. However, the PD-F controller did not provide a stable control 

when the reference position was constant. Figure 5.2.13 displays an unstable steady-state tracking 

for Trajectory 1; the error keeps increasing. Also, for trajectories 2 and 3, the system tended to 

oscillate around the fixed reference position. In Table 5.2.2, the SSE for the forward and backward 

of trajectories 2 and 3 displays a jumping steady-state error. The simulation for the PD-F controller 

for the smooth trajectory case in Figure 5.1.13 also proved the PD-F controller had trouble when 

dealing with the constant position situation. In Figure 5.2.14, when the system begins moving back 

to its initial position, some oscillation occurred along the travel path.   
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5.2.5 Experiment on the Positioning PD controller with friction estimation and a 

disturbance observer 

The next implemented controller was the Positioning PD controller with friction estimation and a 

disturbance observer (PD-DOB). This control system was simulated and discussed in Section 5.1.3 

The applied control law was presented in equations 5.6 to 5.8. The friction estimation observer is 

same as that in Section 5.2.4. The PD-DOB controller required not only the position feedback, but 

speed and acceleration feedback as well. Therefore, the speed and acceleration were obtained from 

the derivative position and then filtered using the LRE filter to ensure smoothness. Also, a lowpass 

filter was added to the ud output to filter out the noisy estimation. The lowpass filter is one pole RC-

type filter based on [55]. 

Applying the PD-DOB controller to the Arduino code, the Trajectory 1 test was run with the 

same Kp, Kd, and Kz parameters used in the PD-F controller. The results were not good. Figure 

5.2.19 presents the tracking results. The system became very oscillated and unstable. One reason 

for this is the sampling time. In the simulation, to have the PD-DOB controller running required a 

minimal sampling time of 0.0001s. The DOB required a smaller sampling time to measure the 

disturbance. However, in Teensy 3.5, the smallest sampling time that can be applied is 0.01s, any 

sampling time faster than this causes bugs.  
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Figure 5.2.19 PD-DOB controller Trajectory 1 position tracking 

5.2.6 Experiment on the Positioning PD controller with friction feedforward estimation  

Based on the PD-F controller, this thesis proposes using a different position PD controller with 

friction estimation. In the PD-F controller, the friction is estimated by the feedback speed x ,  with 

the observer correction term Kze. In this controller, instead of using the feedback speed from the 

encoder, an estimated feedforward speed from the desired trajectory is applied. The feedforward 

speed is the reference trajectory speed d
x  generated from the trajectory estimation in Figure 5.2.4. 

The trajectory generation equations are still based on equations 5.12 to 5.14, meaning the controller 

uses the estimated feedforward speed from trajectory generation, and therefore there is no need to 

apply the LRE speed filter. This controller has been called the Positioning PD controller with 

friction feedforward estimation (PD-FF). 

The friction estimations (5.17) and (5.18) are replaced with x  to d
x  and the observer term Kze 

is removed as follows:  
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The controller law is same as Equation 5.2. The Kp and Kd parameters are the same as used in 

the PD-F controller. The sampling time is again 0.01s, and the results for trajectories 1,2, and 3 are 

presented below:  

 

Figure 5.2.20 PD-FF controller Trajectory 1 position tracking 
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Figure 5.2.21 PD-FF controller Trajectory 2 position tracking 

 

Figure 5.2.22 PD-FF controller Trajectory 3 position tracking 
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Figure 5.2.23 PD-FF controller Trajectory 1 tracking error 

 

Figure 5.2.24 PD-FF controller Trajectory 2 tracking error 
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Figure 5.2.25 PD-FF controller Trajectory 3 tracking error 

PD-FF control tracking error table  

 SSE forward (mm) SSE backward (mm) MAE (mm) 

Trajectory 1 (30mm) 0.017 -0.012  0.020 

Trajectory 2 (10mm) 0.025 -0.038 0.030 

Trajectory 3 (5mm) 0.004 -0.022 0.019 
Table 5.2.3 PD-FF control tracking error table 

The results for the PD-FF controller are presented in Figure 5.2.20 to Figure 5.2.25, and Table 

5.2.3 summarizes the error. Compared with the results of the PD-F controller, the MAE decreased. 

The SSE for both forward and backward paths are similar to the PD-F controller.  The stability 

issues for the PD-F controller have been eliminated; the controller is stable when reaching the fixed 

reference position. Also, the oscillation displayed in Figure 5.2.14 has been eliminated. However, 

both the PD-F and the PD-FF controllers continue to display some SSEs that need to be considered.  

5.2.7 Experiment on the Positioning PID controller with static friction cutoff compensator 
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which leads to the control output being enlarged also. This increased control output causes the 

system to overshoot the desired final position. This, in turn, leads to the PD controller trying to 

output negative torque to stop the system. Once the system stops, the PD controller continues trying 

to output negative torque back to the desired final position; however, due to the system having 

already stopped, there is no speed nor desired acceleration. Therefore, there is no compensator to 

help the PD controller return to the desired final position, and it becomes stuck at the current 

position. Thus, the PD-F controller always has an overshoot and becomes stuck, which causes the 

SSE displayed in Table 5.2.2 

The PD-FF controller is the opposite of that described above. Based on the reference trajectory 

speed, when the system is near the desired final position, the reference trajectory speed is already 

zero, as is the reference acceleration. Again, there is no compensator to help the PD controller 

overcome the static friction and then reach the desired final position. The system then becomes 

stuck at the current position. Therefore, there is always some undershoot at the final desired position, 

which causes the SSE in Table 5.2.3 

To solve the SSE problems, a compensator needs to be applied when the system is near the 

desired final position. The compensator was tested by applying static friction Fs to the control output. 

When the system is within the resolution range of the linear encoder (0.005mm), the control output 

is set to zero as a cutoff to stop the motion to avoid oscillation.  

The control law used in this test is the simple PID controller that was applied in Section  5.2.3. 

The control law u(t) with static friction compensator and cutoff function (PID-SF) is presented 

below:  
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The term xf  is from Equation 5.10 – the desired final position. 

The sign function used in Equation 5.22 ensures the static friction compensator has the same 

sign for the PID control output uPID. The cutoff range is between -0.006mm and +0.006mm. The 

reason for this range, instead of using ±0.005mm, is to avoid the problem with the encoder. Since 

the encoder resolution is also 0.005mm, during the encoder test, at the location of 0.005mm, the 

encoder tended to jump between 0.005 and 0.006mm. Also, the encoder reading below and equal 

to 0.005mm trend to jump around. To avoid this problem, this control law employed 0.006mm as 

the cutoff range.  

Equation 5.22 was then applied to the Arduino code and the sampling time was selected as 0.01s. 

The parameters for the PID controller are the same as in Section 5.2.3. The results of the tracking 

are presented below:  
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Figure 5.2.26 PID-SF controller Trajectory 1 position tracking 

 

Figure 5.2.27 PID-SF controller Trajectory 2 position tracking 
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Figure 5.2.28 PID-SF controller Trajectory 3 position tracking 

 

Figure 5.2.29 PID-SF controller Trajectory 1 tracking error 

-1

0

1

2

3

4

5

6

0 1 2 3 4 5

p
o

si
ti

o
n
(m

m
)

time(s)

PID-SF controller Trajectory 3 position tracking 

Ref Encoder

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 1 2 3 4 5 6 7 8p
o

si
ti

o
n
(m

m
)

time(s)

PID-SF Trajectory 1 tracking error



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

141 

 

 

Figure 5.2.30 PID-SF controller Trajectory 2 tracking error 

 

Figure 5.2.31 PID-SF controller Trajectory 3 tracking error 

PID-SF control tracking error table  

 SSE forward (mm) SSE backward (mm) MAE (mm) 

Trajectory 1 (30mm) -0.003 0.004  0.193 

Trajectory 2 (10mm) -0.001 0.004 0.100 

Trajectory 3 (5mm) -0.002 0.005 0.067 
Table 5.2.4 PID-SF control tracking error table 
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Figure 5.2.26 to Figure 5.2.31 present the tracking results of the PID-SF controller, and Table 

5.2.4 presents the tracking error summary. The SSE of the PID-SF controller has greatly decreased 

in both directions compared with the PID, the PD-F, and the PD-FF controllers. The SSE is within 

the range of encoder resolution also, although the MAE is larger than the PD-F and the PD-FF 

controllers. However, the results prove that the above control law can be used to decrease the SSE 

to within the resolution limitations of the encoder.  

5.2.8 Multiple stage control  

Now that all the controllers have been tested, and based on the results, a multiple stage controller 

(MSC) is proposed. The PD-FF controller has a smaller MAE than the PD-F controller; however, 

both controllers suffered substantial SSE issues. The PID-SF controller has a very small SSE 

compared with the PD-FF and the PD-F controllers, but its MAE is large. 

Therefore, the new MSC controller takes advantage of the smaller MAE of the PD-FF controller 

and the smaller SSE of the PID-SF controller to form a new controller.  

The new MSC controller applies different control strategies for different stages of the reference 

position. The PD-FF controller has excellent tracking during the beginning and middle stages. The 

PID-SF controller has a smaller SSE during the final stage of the reference position. Therefore, the 

control law for MSC is as follows: 
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The function ˆ ( ( ))
f d

T x t  can be referenced to equations 5.20 and 5.21. The term xf is the final 

desired position. The term estage is a constant to determine when the control law changes the control 

stage. As presented in Equation 5.23, the initial stage is the PD-FF controller, when the desired final 

error ef reaches a specific valve as estage the control method changes to the PD controller with static 

friction compensator control (PD-SF). Finally, when the system moves within the range of the 

encoder resolution limitation, the controller cuts off and the output is zero to stop motion.  

During the multiple tests, estage was chosen as 0.1mm for the best results. The Kp and Ki 

parameters are the same as used in the PD-F and the PD-FF controllers. The friction parameters and 

system parameters are in Table 4.2.5.  

For example, the MSC control law for Trajectory 1 is as follows. Initially, the Stage 1 control 

method was the PD-FF controller, but when the system reached 29.900 mm, Stage 2 began, in which 

the control method changed to the PD-SF controller, and then finally, when it reached to 29.994 

mm, the system output changed to zero voltage. The backward movement is vice versa. During the 

multiple tests, one of the advantages of the MSC controller is that no matter where the system is in 

Stage 2, the PD-SF with cutoff control can guarantee the system reaches in the range of ±0.006mm 

SSE.  

The tracking results for the MSC controller for trajectories 1, 2, and 3 are presented below:  



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

144 

 

 

Figure 5.2.32 MSC controller Trajectory 1 position tracking 

 

Figure 5.2.33 MSC controller Trajectory 2 position tracking 
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Figure 5.2.34 MSC controller Trajectory 3 position tracking 

 

Figure 5.2.35 MSC controller Trajectory 1 tracking error 
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Figure 5.2.36 MSC controller Trajectory 2 tracking error 

 

Figure 5.2.37 MSC controller Trajectory 3 tracking error 

MSC controller tracking error table  

 SSE forward (mm) SSE backward (mm) MAE (mm) 

Trajectory 1 (30mm) 0 -0.005 0.017 

Trajectory 2 (10mm) -0.005 -0.005 0.014 

Trajectory 3 (5mm) -0.002 0 0.015 
Table 5.2.5 MSC controller tracking error table 
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The results of the MSC controller are presented in Figure 5.2.32 to Figure 5.2.37. Table 5.2.5 

summarizes the tracking error. Comparing Table 5.2.1 to 5.2.4, the MSC controller provides the 

best results in term of SSE and MAE. The MSC controller not only has as small an MAE as the 

PD-FF controller, but also as minimal SSE error as the PID-SF controller. Furthermore, the MSC 

controller overcomes the oscillation issues of the PD-F controller.  

5.2.9 Result comparison between the controllers and robustness test 

In this section, the horizonal comparison between the controllers for the different cases is 

presented then discussed. The traditional PID controller, the PD-F controller, and the MSC 

controller are compared. The PID-SF controller and the PD-FF controller were integrated into the 

MSC controller; therefore, they are included in the horizon comparison.  

For all three trajectory cases, the tracking error for the three controllers is presented below:  

 

Figure 5.2.38 Trajectory 1 tracking error 

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

0 1 2 3 4 5 6 7 8

p
o

si
ti

o
n
(m

m
)

time(s)

Trajectory 1 tracking error

MSC error PD-F error PID error



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

148 

 

 

Figure 5.2.39 Trajectory 2 tracking error 

 

Figure 5.2.40 Trajectory 3 tracking error 
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Tracking error table  

Trajectory 1 (30mm) SSE forward (mm) SSE backward (mm) MAE (mm) 

PID 0.142 -0.150 0.384 

PD-F -0.028 Unstable  0.041 

MSC 0 -0.005 0.017 

Trajectory 2 (10mm) SSE forward (mm) SSE backward (mm) MAE (mm) 

PID 0.137 -0.147 0.267 

PD-F -0.03 -0.019 0.047 

MSC -0.005 -0.005 0.014 

Trajectory 3 (10mm) SSE forward (mm) SSE backward (mm) MAE (mm) 

PID 0.094 -0.085 0.174 

PD-F -0.058, 0.038 0.096, -0.094, 0.054 0.070 

MSC -0.002 0 0.015 
Table 5.2.6 Trajectory tracking error table 

From the results of Figure 5.2.38 to Figure 5.2.40 and Table 5.2.6, the MSC controller is best in 

both SSE and MAE. For all three cases, the PID controller has the worst tracking results. The MSC 

controller has the best tracking performance. 

The MSC controller always provides a stable output at the constant reference position, whereas 

the PD-F controller has some oscillation. For all three cases, the PD-F controller has a more 

significant tracking error at the initial stage compared with the MSC controller. For example, for 

Trajectory 1, from time 0 to 1s, the tracking error of the PD-F controller is more significant than 

the MSC controller. Also, for the same trajectory, from time 4 to 5s, which is the initial stage of 

moving backward, the PD-F controller displays a considerable tracking error compared with the 

MSC controller. A similar phenomenon occurs for Trajectory 2 (Figure 5.2.39).  

The reason for this phenomenon is the feedback speed for the PD-F controller. In the MSC 

controller, the friction compensator is based on reference speed. However, in the PD-F controller, 

the friction compensator is based on feedback speed. In Figure 5.2.41, it is evident that the feedback 

speed (Speed_LRE) has some delay compared with the reference speed. The slower response speed 

means the friction observer cannot estimate enough friction to compensate real friction. Therefore, 

the control input is not enough, which causes a more significant tracking error during the beginning 
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stage. One of the reasons for the speed delay is the LRE speed filter. This filter causes some time 

delay. The second reason is that the real feedback speed is not fast enough to match the reference 

speed. Both these reasons cause the speed time delay. In the MSC controller, the friction 

compensator is based on the reference speed; therefore, the estimated friction force is more accurate 

and faster than the feedback friction observer. Thus, the MSC tracking error is much smaller than 

the PD-F tracking error at the initial stage.  

 

Figure 5.2.41 PD-F controller speed tracking for Trajectory 2 

So, the MSC controller provides the most accurate results for reference tracking. Next, the 

robustness test was performed on the PD-F controller and the MSC controller. The PID controller 

already recorded the worst results in the above test; therefore, there is no need to repeat the test for 

this controller. 

The robustness test for the controllers requires a disturbance. Therefore, an extra weight was 

added to the ball screw sliding table. As illustrated in Figure 5.2.42, the extra weight was a robotic 
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car chassis. The weight of the car chassis was 16.7kg. Trajectory 1 was used for the robustness test. 

The tracking results are presented below:  

 

Figure 5.2.42 Robustness test setup 

 

Figure 5.2.43 Robustness tracking error MSC vs PD-F  
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Robustness tracking error table – Trajectory 1  

 SSE forward (mm) SSE backward (mm) MAE (mm) 

MSC -0.002 -0.006 0.018 

PD-F -0.03 Start at 0.029   0.056 
Table 5.2.7 Robustness tracking error table 

Figure 5.2.43 and Table 5.2.7 present the results of the robustness test tracking error for both 

controllers. The MSC controller maintained a small SSE and MAE. The MSC controller 

performance is still better than the PD-F controller. Comparing the results in Table 5.2.6 with Table 

5.2.7, the MSC controller still has a small SSE error in the resolution range of the linear encoder. 

When the weight was added, both controllers displayed increased MAE. Therefore, the extra weight 

affected the system response. Comparing the MAE before and after the weight was added, the 

difference is not significant for the MSC controller (only 0.001mm). The MAE result for the PD-F 

controller before and after the weight was added was more significant (0.009mm). Thus, the MSC 

controller is more robust than the PD-F controller.  

The final test was the consistency test for the MSC controller. Consistency is critical to the linear 

actuator system as it ensures that in each run the sliding table reaches the same location. The 

consistency test was conducted using Trajectory 1. Four runs were performed using the MSC 

controller. The tracking error results are presented below:  
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Figure 5.2.44 Consistency test tracking error for the MSC controller 

Consistency tracking error table – MSC controller 

 SSE forward (mm) SSE backward (mm) MAE (mm) 

Run 1  -0.002 0.003 0.016 

Run 2 -0.005 0 0.014 

Run 3 -0.005 0.001 0.015 

Run 4 -0.003 0.001 0.015 
Table 5.2.8 Consistency tracking error table – MSC controller 

As Figure 5.2.44 and Table 5.2.8 illustrate, the same trajectory was run four times. Each SSE is 

in the range of the encoder resolution (±0.005mm), and the MAE has a consistency range between 

0.016 and 0.015. Comparing the results with the built-in PWM control (Figure 5.2.2), the 

consistency of the MSC controller is much better than the built-in control algorithm, and the MSC 

controller provides higher tracking accuracy also.  

5.3 DISCUSSION OF THE RESULTS OF THE EXPERIMENT AND THE 

SIMULATION 

In the simulation, the PID controller, the PD-F controller, and the PD-DOB controller were used. 

During the simulation, two trajectories were used: the smooth trajectory and the sinusoidal 
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trajectory. Also, two conditions – the ideal condition and the real condition – were simulated to test 

the robustness of the controllers.  

For the smooth trajectory, the PD-DOB controller had the best tracking performance in both 

conditions. The PD-F controller came second. However, for the real condition, both controllers had 

stability issues when the trajectory reached the constant position. However, although the PID 

controller had poor tracking results, it did not have stability issues when dealing with the constant 

position.  

For the sinusoidal trajectory, the PD-DOB controller dominated the sinusoidal trajectory in 

terms of tracking performance. The PD-DOB controller had the smallest MAE for both the ideal 

condition and the real condition. The sinusoidal trajectory proved the disturbance rejection ability 

of the PD-DOB controller. Due its disturbance observer, PD-DOB controller could observe any 

disturbance added to the system and then compensate. Thus, the uncertainty in control was 

eliminated.  

In the experiment stage, only the smooth trajectory was applied. In most industrial applications, 

after a smooth path, a stop is required, which allows another system to finish a different task. The 

smooth trajectory applied in the experiment is slightly different from its use in the simulation. In 

the experiment, the smooth trajectory moves backward and forward. In the experiment, instead of 

using one smooth trajectory path, three trajectories were added to the system. Each trajectory 

presented different cases: A long travel distance with high speed (Trajectory 1); a middle travel 

distance with middle speed (Trajectory 2); and a short travel distance with high acceleration 

(Trajectory 2). In the experiment stage, the PID controller, the PD-F controller, and the PD-DOB 

controller were all tested. However, the PD-DOB controller did not work in the microcontroller, 

perhaps because of the slow sampling time in the microcontroller.  
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In addition to the two working controllers, an onboard PWM controller was tested also, although 

the input was a step motor position. A Position PD controller with friction feedforward estimation 

(PD-FF) and a PID controller with a static friction cutoff compensator (PID-FF) were proposed and 

implemented also. Finally, an MSC controller, which combines the advantages of the PID-FF and 

the PD-FF controllers was implemented and tested.  

Regarding the results, the PD-F controller was in line with the simulation result, which decreased 

the tracking error compared with the PID controller. Moreover, as in the simulation, the PD-F 

controller had stability issues at the constant position stage. The system oscillated at the final desired 

position. The MSC controller provided the best results in terms of tracking error MAE and SSE at 

the desired final position. The MSC controller’s SSE for all three trajectories were within the limited 

resolution range of the linear encoder. Moreover, the MAE of the MSC controller was smaller than 

either the PD-F or the PID controllers.  

The MSC controller then underwent a robustness test and a consistency test. The results of the 

robustness test demonstrate that if extra weight is added to the system, the MSC controller SSE 

could continue to reach the limitation resolution of the linear encoder with a smaller MAE. This 

result proves the robustness of the MSC controller. In the consistency test, all four runs displayed 

very good consistency, unlike the servo drive onboard the PWM controller, which has major 

consistency issues. Thus, the MSC controller helps the ball screw system improve not only position 

accuracy, but also trajectory tracking ability.  

  



M.A.Sc. Thesis – Mingpo Jia  McMaster – Mechanical Engineering 

156 

 

6 CHAPTER CONCLUSION AND FUTURE WORK  

6.1 CONCLUSION  

The ball screw linear actuator is widely used in different areas, such as in milling machines, 3D 

printers, and coordinate measuring machines. The ball screw mechanic system has the advantages 

of high speed, less noise, and high efficiency. In the ball screw system, the AC servo motor 

combines with the AC servo drive is the proposition system that drives the ball screw mechanic. In 

the system, nonlinear friction is one of the critical factors that affects accuracy. The primary object 

of this project is to use nonlinear friction to improve the accuracy of the ball screw linear system.  

There are different types of friction models that describe the friction phenomena. In addition to 

the common static friction model (coulomb friction, static friction, and viscous friction model), a 

dynamic LuGre friction model has been widely researched. This model includes the static friction 

region presiding phenomena, the friction memory, and the Stribeck friction curve phenomena. 

Therefore, the LuGre friction model is one of the most accurate friction models that describe friction 

phenomena.  

 A computing system is needed to apply the control algorithm. To include the advantage of clock 

speed, real-time control, and interrupt ability, the Teensy 3.5 microcontrollers were chosen for this 

project.  

Position feedback is another important aspect of this project. A decoding method for the linear 

encoder is needed to obtain an accurate position. In this project, different methods to read the linear 

encoder signal were tested. Finally, a rule-based method for decoding was chosen and applied.  
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To apply the friction base control, a torque control power unit for the AC servo drive was needed. 

In this project, a custom CDAC was made. The CDAC could output analog voltage ±10V, which 

is the maximum torque that the AC motor could produce. In the test, the CDAC met the design 

target, and the cost of the CDAC is much lower than the existing product on the market.  

Then, the ball screw system model and LuGre friction model were constructed then followed 

the system identification process. System identification was divided into two sections: the LuGre 

friction identification and the ball screw system identification. The LuGre friction model parameters 

were first identified by conducting experiments based on Newton’s first law of motion. Then, by 

applying torque ramp inputs to the ball screw system, the ball screw plant model parameters were 

identified, and the LuGre friction parameters were adjusted based on the ramp experiment output. 

Based on the parameters identified, a simulation using the Matlab Simulink was performed. 

Instead of using the standard step input, a smooth trajectory input and a sinusoidal trajectory input 

were applied in the simulation. The control methods were selected for the PID controller, the PD-F 

controller, and the PD-DOB controller. The results demonstrate that the PD-DOB controller 

performed best in terms of tracking, with the PD-F controller second. Both the PD-DOB controller 

and the PD-F controller had excellent tracking performance compared with the conventional PID 

controller. However, both the PD-F controller and the PD-DOB controller displayed stability issues 

when at the fixed reference position area.  

The controller experiment test was performed next. The onboard control method using the PWM 

position control was tested first. The following proposed controller test was based on the torque 

control mode. The smooth trajectory was chosen as the reference position. The PID controller, the 

PD-F controller, and the PD-DOB controller were first applied to the microcontroller. The 

parameters were based on the system-identified parameters. In the test, the PD-F controller had 
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more accurate tracking results compared with the PID controller. However, the PD-F controller 

continued to suffer from constant position stability issues, as it did in the simulation. The PD-DOB 

controller did not work in the implementation process; the controller lost control and became 

unstable due to the lower sampling time. A new proposed MSC controller was introduced. The new 

MSC controller displayed improved initial stage tracking performance compared with the PD-F 

controller and decreased the final position SSE.   

Thus, the MSC controller with LuGre friction compensator could achieve an SSE within the 

limitation resolution range of the linear encoder. The tracking error is lower than either the PD-F 

or the PID controllers. The consistency of the MSC controller is much better than the servo drives 

onboard control algorithm. Furthermore, the MSC controller displayed a better robustness when the 

system weight changed.  

Thus, this thesis proves that using the proposed MSC controller with LuGre friction could help 

the existing ball screw linear actuator system improve motion accuracy and consistence at a 

reasonable cost.   
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6.2 FUTURE WORKS  

For the future works, several types of future research could be implemented.  

1. Implementing the PD-DOB controller in the ball screw system. From the simulation, the 

PD-DOB shows dramatic improvement on disturbance rejection. Implement the PD-DOB 

controller into physical ball screw system could possible increase control accuracy. 

However, the current microcontroller has a limited sampling time, which causes unstable 

issues in the PD-DOB controller. A faster microcontroller could solve this problem.  

2. Friction observer based on UKF could be applied. In the literature, the UKF could be 

applied as the friction compensator. The current MSC controller’s friction compensator is 

based on feedforward reference speed; there is no feedback position to correct friction 

estimation. The UKF could using the feedback speed to correct LuGre friction that could 

increase tracking accuracy. The UKF also requires a faster microcontroller due to its 

computational complexity. 

3. Higher resolution and accuracy linear encoder. The current linear encoder supplied by 

the sponsor only has a one cycle resolution of 0.005mm. Therefore, the current control 

system could only achieve SSE with in the ±0.006mm. The higher resolution linear encoder 

could improve the system position tracking accuracy  
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7 APPENDIX  

7.1 TERMINOLOGY  

x = position (mm) 

xd = desired position (mm) 

xsen = encoder position (mm) 

V stands for voltage  

Tm = Motor input torque (V) 

J = moment of inertia of ball screw and motor (V.s2/mm) 

L = radians to displacement conversion gain(mm/rad) 

M = mass of the sliding table (kg) 

x = displacement of sliding table(mm) 

θ = angler displacement of motor (rad) 

Ff = LuGre friction force (V) 

Tf = LuGre friction torque (V.L) 

σ0 = Bristle stiffness coefficient (V/mm) 

σ1 = Bristle damping coefficient(V.s/mm) 

σ2 = viscous friction coefficient(V.s/mm) 

z = deformation of bristles (mm) 
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Fc = Coulomb friction (V) 

Fs = Maximum static friction(V)   

vs = Stribeck velocity (mm/s) 

δv = Stribeck fitting parameter. (unit less) 

Kp = PID proportional gain  

Ki = PID integration gain  

Kd = PID derivative gain  

Kz = friction observer correction term  

7.2 UNIT CONVERSION FOR LUGRE FRICTION   
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7.3 AC SERVO SYSTEM  

The servo system is normally a closed loop system because a servomotor typically has a built-

in encoder. The encoder signal generates the position and speed signal back to servo driver. The 

servo driver has its control algorithm that minimizes the feedback error. Compared to the steppe 
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motor system, there is no feedback signal given to the stepper driver in the servo system, and 

therefore this system could have a higher accurate position operation. Normally, a servo system has 

three control methods: a position control using a pulse signal (PMW), a speed control using the 

analog voltage, and a torque control using analog voltage [56].  

The AC servo system for this research is also provided by the sponsor. The AC servo system 

used in this project is the JMC-AC servomotor (60JASM504230K-17Z) and JMC-AC Servo 

Driver(JASD4002-17Z) shown in Figure 7.3.1. The JMC-AC servomotor has 400W of power, and 

it can produce a 1.27 N/m max torque with a 17-bit absolute encoder that is built into the motor. 

The supply voltage required is up to 220 V. The AC servo driver comes with the system that could 

provide 400 W of power, and the supply voltage is also required to be 220 V. It also could support 

a 17-bit absolute encoder. The detail specification of the motor in Table 7.1. 

 

Figure 7.3.1 JMC AC servomotor and the servo driver [57] 

Type Supply 

Voltage 

Power rating 

(W)  

Rated torque 

(Nm) 

Peak torque 

(Nm) 

Rated current 

(A) 
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60JASM 

504230K-17Z 

220 V 400 1.27 4.45 2.75 

 Max 

current(A) 

Rotor Inertia 

(10-4kgm2) 

Rated RPM Max RPM  

 8.25 0.407 3000 5000  

Table 7.1 JMC AC servomotor specifications [58] 

In the position control mode, the programmable controller produces a pulse width modulation 

(PWM) signal—this modulation creates an analog impulse voltage using digital means [59]. The 

PWM signal is sent to the servo driver, and the driver then uses this PWM signal as the reference 

set point. The PWM signal is a high voltage and low voltage signal that displays 0 and 1. The servo 

driver counts how many pulses have been sent, and it also measures the frequency between the 

pulses. The number of pulses is related to the reference of the angle. The frequency of the pulses 

determines the reference angular speed needed. Therefore, PWM signal needs to contain two pieces 

of information—namely the reference angle and reference speed. The servo driver decodes the 

PMW signal as a reference position and reference speed. By using this information, the servo driver 

can produce the controlled current to the servomotor. The built-in encoder then sends the encoder 

signal back to the driver, and the driver decodes the encoder position and speed signal. After this, 

the driver control algorithm produces the current to obtain the reference position and speed. The 

schematic of the PWM position control structure is seen in Figure 7.3.2. 

 

Figure 7.3.2 Position control using a pulse signal [56] 
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The control algorithm used in the JMC servo driver is in Figure 7.3.3, which is provided from 

the user manual. The basic idea for position control is to use the feedforward PI control. The 

position reference is the PWM signal, given that the signal contains the speed and position reference. 

The position signal first goes through the position proposition gain and the speed feedforward block. 

The speed feedforward block calculates the needed speed using the reference position. The position 

reference is subtracted from the position feedback to create position tracking error. The speed 

feedback signal is added to the position proposition gain and speed feedforward to create the speed 

tracking error. After this, the signal goes through the speed control loop. In the speed control loop, 

the signal passes through speed PI control and the torque feedforward is added. The torque 

feedforward calculation is done using the speed reference. The control signal is then transferred to 

the current, from the current inverter to the motor.  

 

Figure 7.3.3 PWM position in the control block diagram [60] 

In speed control mode, the speed reference signal is produced from the microcontroller and it 

goes through the speed control power unit, which then transfers the analog voltage. The servo driver 

takes the analog voltage as the reference speed target. The analog voltage directs a proportion to 

the speed reference. For the JMC servo driver and motor, the rated speed is 3000 rpm with a max 
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input voltage of 10 V [43]. Therefore, the analog voltage to speed constant will be 0.003 rpm/V. 

The servo driver takes this reference voltage and then uses the build-in control algorithm to produce 

the corresponding current to the servomotor. The motor encoder provides speed feedback to the 

servo driver. By using this speed feedback, the control law in the servo driver corrects the out 

current to the motor which allows the motor to reach the reference speed. Figure 7.3.4 shows how 

speed control is done using an analog voltage structure. 

 

Figure 7.3.4 Speed control using analog voltage [56] 

Figure 7.3.5 can be used as a reference for the control law behind the speed control. The server 

drive manual did not provide the complete control block diagram for speed control. Therefore, this 

thesis can only take the general servo driver speed control block diagram as seen in Figure 7.3.5. 

The speed command goes through the speed adjuster, and the speed adjuster will also take the 

encoder speed and feedback signal. The speed adjuster tries to minimize the error between the 

reference speed signal and speed feedback signal by producing the corresponding current command. 

After this, the current command is sent to the current adjuster. The current adjuster also takes the 

current feedback to make sure the command current is achieved. The current adjuster then sends a 

signal to the inverter to produce an actual current to the servomotor.  
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Figure 7.3.5 Analog voltage speed control block diagram 

In torque control mode, the torque reference signal is produced from the microcontroller as well. 

Similar to the speed control, there is a torque control power unit that transfers the microcontroller 

signal to an analog voltage. The servo driver then takes this analog voltage as the torque reference, 

and this analog voltage directs a proportion to the torque reference. For the JMC servo driver, the 

rated torque is 1.27 Nm with a max input voltage of 10V. Therefore, the voltage to torque linear 

relation will be 1.27 Nm / 10 V.  The servo driver takes the reference voltage, and then it produces 

the controlled current to the servomotor. Due to there being no torque sensor feedback, the motor 

torque is directly related to the input current. Figure 7.3.6 shows the structure of torque control done 

by an analog voltage. 

 

Figure 7.3.6 Torque control using analog voltage [56] 
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Same with speed control, the user manual did not provide the control block diagram for torque 

control; the general torque control block diagram is in Figure 7.3.7. Due to the servomotor not 

having the torque sensor, the motor torque is directly related to the supply the current. Therefore, 

the current is considered as an torque feedback. The current adjuster takes the reference analog 

voltage that is transferred to the related current. The current adjuster tries to minimize the error 

between the current reference command (i.e., torque command) to the current feedback (i.e. torque 

feedback). The control current signal is then sent to the inverter, and the physical current is sent to 

the motor.  

 

Figure 7.3.7 Analog voltage torque control block diagram 

 In this research, the built-in position control sets the benchmark. The research proposes that the 

control law uses the torque control. The reason for choosing analog voltage torque control is 

because in the torque control mode a full adjustment of the torque could be achieved. Also, the 

LuGre friction model is based on Newton’s law of motion by balancing the torque or force. In the 

torque control mode, the position reference and speed reference could be achieved by controlling 
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the torque input to the system. A number of studies have also suggested that the torque control input 

is sufficient [14], [61], [19], [10], [62], [17]. 

7.4 BALL SCREW SYSTEM HARDWARE 

The ball screw system used in this research was pre-assembled, and it was obtained from the 

sponsor for this project. The primary ball screw component can include the sliding table, ball screw 

assembly, base, linear guide, and motor bracket. Figure 7.4.1 presents the general assembly of the 

ball screw system. Equation Chapter (Next) Section 1 

 

Figure 7.4.1 General ball screw system mechanical setup [63] 

The base is the main component that can be considered as the chassis of the entire assembly. 

The linear guide, the sensor slot, the ball screw bracket, and the motor bracket all sits on the base. 

At the two sides of the base, there is a linear guide which keeps the sliding table running in a straight 

line. In the middle of the base is the ball screw; the ball and the screw nut are under the sliding table, 

and they pass through the ball screw. At the end of the base, there is a motor bracket which can be 

mounted to a different type of the motor, such as a stepper motor or servomotor.  
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The ball screw system that has been provided in this research is shown in Figure 7.4.2. It has the 

same design as the one in Figure 7.4.1, which includes all the major components such as the sliding 

table, ball screw assembly, base, linear guide, and motor bracket. It also includes the kill switches 

in the assembly. In this case, the kill switches act as a safety feature. When the sliding table reaches 

a particular position, it will trigger the kill switch, and the kill switch will stop the motor from 

rotating. The total available running the length of the sliding table is 73.55 mm + -5 mm; this is 

measured from the right kill switch to the left kill switch. 

 

Figure 7.4.2 Ball screw system assembly 

7.5 MICROCONTROLLER SELECTION PROCESS  

The microcontroller—also called the microcontroller unit (MCU)—is an integrated circuit small 

computer that has been applied mainly to the embedded system. The MCU is an integrated circuit 

that contains the processor core, RAM, ROM and input/output peripherals (I/O pins) [64]. The 

MCU is the device that allows users to have direct control in the project or program if needed. The 

microcontroller could integrate anything that users need in the computing process and input-output 
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data, and it does not require external circuits. The examples of the microcontrollers are the 8051, 

AVR, and the PIC series microcontroller chip. 

The other computing device similar to the microcontroller is the microprocessor. The 

microprocessor has one process unit (CPU), and it has fewer integrated circuits than a 

microcontroller. [65] A microprocessor needs another external circuit to perform peripheral tasks, 

and it does not usually have any RAM, ROM, and other peripherals. The microprocessor is not only 

made for doing a specific task, but it also has a broader range of applications due to its higher 

processing speed and higher memory. It is suited for tasks that are required to have many inputs 

and outputs, and it also more suit for running the complex algorithm tasks. Some examples include 

the Intel I3, I5, and I7 CPU that are in the PC. As mentioned, permanence of a task requires 

additional components. In other words, a single I3 CPU cannot do anything; it needs to have a 

motherboard and another circuit to perform complex tasks. Figure 7.5.2 shows how the chips differ 

in the microprocessor and the microcontroller. 

From an application viewpoint, the microprocessor is similar to a PC in that it normally has an 

operating system with few I/O ports, and it has a USB or Ethernet port. One of the examples of the 

microprocessor board is the Raspberry Pi, which can run a full Linux operating system. By contrast, 

the microcontroller has less computing power but due to its integration, it is more suitable for 

specific tasks. It normally has direct control of the I/O pins, such as timers, counters and interrupts. 

The microcontroller is a computer on the chip; it can run a single program that is sent from the PC 

and perform the dedicated tasks. One of the examples of the microcontroller board is Arduino UNO 

series. Figure 7.5.1 presents the structural differences between the microcontroller and the 

microprocessor. The microprocessor contains an arithmetic and logic unit (ALU), a control unit, 

and a register. The microcontroller contains CPU, RAM, ROM, I/P ports, counters, and timers 
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which are in one chip.  Due to the difference in structure, microcontrollers can handle real-time 

tasks, but microprocessors are not real-time systems, and they depend on other components on the 

board to get the job done. In this research, three of the microcontroller circuit boards (i.e., Arduino 

MEGA 2560, Arduino Duo, Teensy 3.5) and one microprocessor board (i.e., Raspberry Pi 3 Model 

B) are compared and discussed. Finally, one of them is chosen to use into ball screw control system. 

 

Figure 7.5.1 Comparison of a microcontroller with a microprocessor [66] 

 

Figure 7.5.2 Chip differences between a microprocessor and a microcontroller [64] 

Arduino Mega 2560 is a microcontroller (see Figure 7.5.3) that is based on the well-known 

microcontroller Arduino Uno. Both have same clock speed at 16 Mhz, and they both run on the 

ATmega microchip. However, Arduino Mega 2560 has more sketch memory and more RAM [67]. 

It has a total of 54 I/O pins—the Arduino Uno only has 14 I/O pins—and it has a 15 PWM4 output 

                                                      
4 PWM stand for pulse width modulation which creates an analog impulse voltage with digital means [59]. 
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[68]. It also has a flash memory of 32 KB, whereas the Arduino Uno has only a 14 KB flash memory. 

Moreover, its operating voltage is 5 V, and it also supports serial ports (UART or USART) which 

are used for serial communication protocols such as SPI, I2C, and CAN bus. 

 

Figure 7.5.3 Arduino Mega 2560 [68] 

The Arduino Due is a microcontroller running on a 32-bit ARM core (i.e., Atmel SAM3X8E 

ARM Cortex-M3 CPU), as seen in Figure 7.5.4. It is the first Arduino board that runs on a 32-bit 

ARM structure. The clock speed is 84 Mhz, which is far higher than the Arduino Mega 2560’s 16 

Mhz. Its appearance is very similar to Arduino Mega 2560, and both have the same number of I/O 

pins (i.e., 54 pins). In terms of I/Os, the difference is that the Arduino Mega has 15 PMW outputs, 

and the Arduino Due has only 12 PWM outputs; also, the Arduino Due has only true 2 DAC ports, 

whereas the Arduino Mega 2560 only has the DAC software by using the PWM. The flash memory 

in the Arduino Due is 512 KB, which is one time higher than the Arduino Mega 2560. The Arduino 

Due is similar to the Mega 2560, which supports serial communication. In short, the Arduino Duo 

is more powerful than the Arduino Mega 2560 with more flash memory and much higher clock 
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speed. The major drawback of the Arduino Due is that it runs at 3.3 V, unlike the other Arduino 

boards which all run at 5 V [69]. In this project, most of the devices run at 5 V, such as the encoder 

and the PMW position input port. However, this problem could solve using the external IC board, 

which could shift from 5 V to 3.3 V; the detailed solution related to this problem is explained in the 

encoder subsection. 

 

Figure 7.5.4 Arduino Due [69] 

The third microcontroller discussed is the Teensy 3.5. Developed by the company PJRC, the 

Teensy microcontroller can be considered to be more an enhanced version of the Arduino Duo. 

Therefore, this microcontroller is compatible with the Arduino program IDE be done by applying 

the Teensyduino software add-on. Most of the sketch writing in the Arduino environment can run 

using the Teensy board as well. Also, the most of Arduino library can be applied to Teensy.  From 

the hardware point of view, Teensy 3.5 offers a 120 MHz ARM Cortex-M4 with a floating-point 

unit CPU (MK64FX512VMD12) which is much faster than an Arduino Due [70]. Teensy 3.5 has 

the 32-bit ARM structure, which is also what the Arduino Due uses.  
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Figure 7.5.5 Teensy 3.5 [71] 

Teensy 3.5 has a total of 62 I/O pins with 2 ADC (analog to digital) ports and 2 DAC ports. The 

USB serial could run at a full speed at 12 Mb/sec. A higher USB speed is very useful for collecting 

data at the PC terminal when the real time is sufficient. This feature is especially important in this 

project; the encoder sensor data is in real time, and a faster data output feature is needed in order 

not to lose any encoder reading. Teensy also could support 20 PWM outputs and has total 6 

hardware serial ports that support I2C and SPI. From the I/O point of view, Teensy 3.5 offers more 

I/O pins than the Arduino Due and the Arduino Mega 2560. Teensy 3.5 also operates at a 3.3 V like 

the Arduino Due, but it has a 5 V tolerance on all digital I/O pins. If the user supplies more than 

3.3 V on the Arduino Due the board could be burned out; however, this cannot happen on the 

Teensy 3.5. Teensy 3.5 also offers a micro SD card slot that allows the user to pull or push data to 

the SD card; this is useful when recording data offline is needed. The size of a Teensy 3.5 is much 

smaller than the Arduino Due and Arduino Mega 2560. The cost of a Teensy 3.5 (priced at $35.86 

CAD at the time of writing) [72] is also less expensive compared to the Arduino Due ($51.08 CAD) 

[73] and Arduino Mega 2560 ($53.45 CAD) [74].  

 A comparison between all three microcontrollers has been summarized in Table 7.2. From the 

table, it can be seen that Teensy 3.5 dominates the group for microcontrollers in this study. The 

Teensy has a faster CPU with more memory, more RAM, and more I/O pins. It is also smaller and 

less expensive than the other two controllers. The main drawback for Teensy 3.5 is that it still runs 

on 3.3 V even though it has a 5 V tolerance. Arduino Mega 2560 has a 5 V operation voltage, but 
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the CPU clock speed may not be sufficient for running a sophisticated control algorithm. In this 

project, most of the devices require a 5V output (see the section “Electrical and Mechanical System” 

for details on the devices). Therefore, there still needs to be an IC for performing a level shift 

between 5 V and 3.3 V. In conclusion, in the microcontroller area, Teensy 3.5 is more suitable for 

this project in terms of clock speed, I/O ability, and cost performance.  

 Arduino Mega 2560 Arduino Due  Teensy 3.5 

CPU ATmega2560 AT91SAM3X8E MK64FX512VMD12 

Structure  AVR ARM Cortex ARM Cortex 

Operation Voltage  5 V 3.3 V 3.3 V (5 V tolerance) 

Digital I/O Pins 54 (15 PWM) 54 (12 PWM) 62 (20 PWM) 

Analog Input Pins 16 12 25 (2 ADC) 

Analog Output 

Pins 

NA  2 DAC 2 DAC 

Flash Memory 256 KB 512 KB 512 KB 

SRAM 8 KB 96 KB 192 KB 

Clock Speed 16 MHz 84 MHz 120 MHz 

Length, Width 101.52 mm*53.3 mm 101.52 mm*53.3 mm 62.3 mm*18.0 mm 

Cost $53.448 CAD $51.08 CAD $35.86 CAD 
Table 7.2 Comparison summary of microcontrollers 

Aside from using microcontrollers as the main computing power, microprocessors are also under 

consideration. One of the more well-known microprocessors is the Raspberry Pi series developing 

board. The latest version of the Raspberry Pi series is the Raspberry Pi 3 computer board (see Figure 

7.5.6). It has a Broadcom BCM2837 64-bit ARM Cortex-A53 Quad Core Processor running at 

1.5 Ghz, which provide a lot more speed than the microcontroller. It also has 1 GB of RAM with 4 

USB ports. It has an operating system (OS) much like a PC, and its runs on a modified version of 

Linux, namely the Raspbian. This mean that the users do not need to send their program from a PC 

terminal. By using its HDMI port and USB ports, the monitor, mouse, and keyboard could be 

directly used on the Raspberry Pi system. The storage space is for the OS and for other programs 

stored in the micro SD card. Like a PC laptop, it also has onboard WiFi and Bluetooth module. 

From I/O point of view, it offers 27 I/O pins that run on 3.3V with the support of I2C and SPI.  
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However, Raspberry Pi does not have direct control of the I/O ports; it has a lack of functions such 

as timers, counters and interrupts.  

 

Figure 7.5.6 Raspberry Pi 3 [75] 

In comparing the Raspberry Pi 3 with the Teensy 3.5, Raspberry Pi as a microprocessor offers 

more computer power, but it lacks I/O ability. In Linux, the user is not able to directly handle 

hardware interrupts; these should be handled by the kernels [76]. In this project, an interrupt or 

interrupt service routine (ISR) is critical for reading the encoder signal. In Teensy 3.5, the user 

could directly setup the ISR to read the encoder signal in real time. However, in the Raspberry Pi 

3—which has its operating system—the entire system may be too bulky to handle the time-sensitive 

jobs. Raspberry Pi 3 is more suitable for the Internet-of-Things (IOT) type of jobs, where massive 

computing power and internet connectivity is required. For a specific job—such as the ball screw 

system dynamic control which depends on real-time hardware control—a microcontroller Teensy 

3.5 is more suitable.  
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