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Abstract

Decisions such as saving, investing, policymaking, have consequences in multiple time
periods and are called intertemporal. These choices require decision-makers to trade-
off costs and benefits at different points in time. Time preference is the preference
for immediate gratification or utility over delayed gratification. The discount rate is
a tool used to measure this psychological phenomenon.

This thesis considers the problem of an individual maximizing his utility from
consumption and final wealth when his discount rate is not constant. The question
we answer is the following: if we allow the individual to update his decisions, will he
stick to his original strategy or will he switch?

We show that there are cases in which the individual’s strategy keeps changing
thus his behaviour becomes time inconsistent. In Chapter 1, we introduce two no-
tions to solve this inconsistency problem: The agent can pre commit i.e. he does not
change his original optimal strategy. The agent can also plan for his future changes of
strategy and adopt time consistent strategies also known as subgame perfect strate-
gies. We also review the existing literature on time discounting and time consistency.

Chapter 2 considers the time consistency in the expected utility maximization
problem. The risk preference is of the Constant Relative Risk Aversion (CRRA) type,

the time preference is specified by a non constant discount rate and we allow the
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volatility of the stock price to be stochastic. We show that the determination of one
quantity: the utility weighted discount rate completely characterizes the individual’s
subgame perfect strategies.

Chapter 3 is about equilibrium pricing in a model populated by several eco-
nomic agents in a complete financial market. These agents are investing, saving
and consuming and want to maximize their expected utility of consumption and fi-
nal wealth. We allow the economic agents to differ in their risk preferences, beliefs
about the future of the economy and in their time preferences (non constant dis-
count rates). Since the optimal strategies are time inconsistent, the equilibrium is
computed by using the time 0 optimal ( precommitment) strategies for the market
clearing conditions.

Chapter 4 considers the same model as chapter 2. We solve the equilibrium
problem when time consistent strategies are used for the market clearing conditions.
We limit the study to two economic agents. The subgame perfect equilibrium is

compared to the optimal equilibrium of Chapter 3.
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Notation and abbreviations

For 7, j two integers, denote d; ; the Kronecker symbol:

lifi=j
0ij = (0.1)
0ifi#j

T > 0 is the finite time horizon of the agent considered.

f(t,s) will represent the discount function between t and s > t.

af(t,s)
Js

ps(t, s) is the forward discount rate between ¢t and s >t : ps(t,s) = — O

Of(t,s)
Fo

pu(t, s) is the backward discount rate between ¢t and s >t : py(t, s) = Ok

Uy(x) = % defined for v < 1,7 # 0 is the utility function at x.

p= ﬁ is the inverse of the relative risk aversion.

{W;,0 <t < T} is a Brownian motion.

r is an interest rate, g is the market price of risk, og is the volatility of the
stock (in a complete market).

For a process {Y}i<s<r , Y = sup;<,<, |Yy| is the maximum process of |Y|.
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Introduction
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The theory of utility dates back from the 18th century. Swiss mathematicians
Cramer and Bernouilli introduced it to model satisfaction. This theory predicts that
an economic agent will base his decisions on the expected utility derived from a
decision and not on the expected value of such a decision. For example, the St-
Petersburg paradox gives an infinite expected value but a finite expected utility. The
paradox is as follows: the St Petersbourg game is played by flipping a fair coin until it
comes up heads, and the total number of flips, n, determines the prize, which equals

2™, The expected value is

1 1 1
FV =—x24+-—-x44+.-- 4+ —x2"+ ... =
V 2>< +4>< + +2n>< + 00

Daniel Bernouilli writes regarding the paradox: The determination of the value
of an item must not be based on the price, but rather on the utility it yields ... There
s no doubt that a gain of one thousand ducats is more significant to the pauper than
to a rich man though both gain the same amount.

The paradox is solved using a log utility function. The player gets utility log x

from having x dollars so the expected utility

1 1 1
EU:§xlog2+Z><10g4+---—|—2—nxlog(2”)—|—...<oo

Most choices require decision-makers to trade-off costs and benefits at different
points in time. Decisions with consequences in multiple time periods are referred to
as intertemporal choices. Decisions about savings, work effort, education, nutrition,
exercise, and health care are all intertemporal choices.

The theory of discounted utility is the most widely used framework for analysing
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intertemporal choices. This framework has been used to describe actual behaviour
(positive economics) and it has been used to prescribe socially optimal behaviour
(normative economics). Descriptive discounting models capture the property that
most economic agents prefer current rewards to delayed rewards of similar magni-
tude. Such time preferences have been ascribed to a combination of mortality effects,
impatience effects, and salience effects.

However, mortality effects alone cannot explain time preferences, since mortality
rates for young and middle-aged adults are at least 100 times too small to generate
observed discounting patterns.

The most widely used discounting model is the discounted utility model (DU)
and assumes that total utility can be decomposed into a weighted sum - or weighted
integral of utility quantities in each period of time. (Ramsey, 1928) assumes a constant
discount rate; he wrote:

This is the only assumption (the discount rate is constant) we can make, without
contradicting our fundamental hypothesis that successive generations are actuated by
the same system of preferences.

The DU model specifies a decision maker’s intertemporal preferences over con-
sumption profiles (¢, -+ ,cr). A person’s intertemporal utility function can be de-

scribed by the following special functional form:

~
L

Ulcs, -+ yer) =Y D(k)u(cisr)

>
Il

where D(k) = (ﬁ)’lc is the discount function between time k and time k + 1.

As cited in (Samuelson, 1937), u(ct4x) is often interpreted as the person’s cardi-

nal instantaneous utility function - his well-being in period ¢ + k - and D(k) is often
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interpreted as the person’s discount function - the relative weight that he attaches,
in period ¢, to his well-being in period ¢ + k. p represents the individual’s pure rate
of time preference (his discount rate), which is meant to reflect the collective effects
of the ”psychological” motives discussed earlier.

It is well-known that doing away with the assumption that the discount rate is
constant will create time-inconsistency. The constant p will now be replaced by a
period dependent constant p,. We briefly review the concept of time-inconsistency.

Let us begin with a simple example. Suppose time is discrete. An individual

considers entering an activity (for instance, running) which has some cost and benefit:
e If he starts today, she will suffer -1 today (pain), but gain +2 tomorrow (health).

e He has a non-constant discount rate: a stream wu; is valued today (t = 0) at

1 — 1
u0+§;ptut for some p € (5,1)

e Starting today yields a utility of —1 + p < 0.
e Starting tomorrow yields a utility of % > 0.

e So he decides today to start tomorrow. Unfortunately, when tomorrow comes,
it becomes today, and he decides again to start the next day. Thus, the optimal
strategy is time inconsistent and this is due to the fact that the discount rate
of the individual varies (the discount rate equals £ for the first period and p
subsequently.)

By now, there is substantial evidence that people discount the future at a non-

constant rate. More precisely, there is experimental evidence (see (Frederick et al.,

4
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2002) for a review) that people are more sensitive to a given time delay if it occurs
earlier: for instance, I might prefer to get two oranges in 21 days than one orange in
20 days, but also prefer to get one orange right now than two oranges tomorrow. This
is known as the common difference effect, and would not occur if I discounted
future utilities at a constant rate. Individual behaviour is best described by hyperbolic

discounting, where the discount function is h(t) = (1 + at)”«, with a,b > 0. The

b

corresponding discount rate is p(t) = 7=,

which starts from p(0) = b and decreases
to zero. Because of its empirical support, hyperbolic discounting has received a lot of

attention in the areas of: microeconomics, macroeconomics and behavioural finance.

N . discount function (0,t)
discount rate function p(0,t) 1 T T T
T T T T

o k=3
——k=5
k,=10

0 k=3
. k,=5
k=10 |

0.9

—-— - exponential | |

07

06
Iy

04t

i
0 5 10 15 20 25 30 35 40
time t

(b) Discount function as a function of

(a) Hyperbolic discount rates o

p(0,1) = p(t) = 12 time f(t) = (1+ ki) ™

Figure 1.1: The parameters are: k; = 0.2,5, 10 and k5 is chosen such that the discount
function between time 0 and time ¢ equals 0.3.
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(Ebert et al., 2017) introduce the notion of weighted discount functions. They
show that in the presence of many agents, each discounting their utility at a different
rate, the aggregate discount function a weighted average of the individual discount
functions. If the agents have a continuous distribution, we obtain an integral and
if the agents have a discrete distribution, we get a discrete sum. They also show
that hyperbolic discounting and pseudo-exponential discounting are special cases of
weighted discount functions. (Ebert et al., 2017) states: “greater group diversity
results in a more elevated group discount function so that more diverse groups discount

outcomes at any future time by less.”

When faced with non constant discount rates, a strategy that might be optimal
at time 0 might not be so at a later time: time inconsistency bites in. In that situation,

an agent has 2 choices:

1. He can commit to follow the strategy that is optimal at time 0 all the way to the
horizon (final time) T". This strategy will be called pre commitment or optimal

strategy.

2. He can allow an updating of his future preferences, and follow a time consistent

strategy also known as a subgame perfect strategy.

Review literature on time consistency in financial economics within
a determanistic setting.

We mention here, among other works, (Loewenstein and Prelec, 1992), (Laibson,
1997) and (Barro, 1999).

Time inconsistent behavior was first analyzed by (Strotz, 1955), and this line of
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research has been pursued by many others (see (Pollak, 1968), (Phelps and Pollak,
1968), Peleg and (Peleg and Yaari, 1973), (Goldman, 1980), (Laibson, 1997), (Barro,
1999), (Krusell and Smith, 2003)), mostly in the framework of planning a discrete-
time economy with production (Ramsey’s problem). More recently, the problem has
been taken up again by (Karp, 2005), (Karp, 2007), (Karp, 2008), Karp and Lee (Karp
and Lee, 2003). (Luttmer and Mariotti, 2003), (Ekeland and Lazrak, 2008), (Ekeland
and Lazrak, 2010), always within the framework of economic growth planning.

It is by now well established that time-consistent strategies are Stackelberg equi-
libria of a leader-follower game among successive selves (today’s self has divergent
interests from tomorrow’s). Consider an agent whose preferences vary with the time
t. A subgame perfect strategy is constructed as follows: at each infinitesimal interval
of time [t,t + dt], there is an agent A; that has the time ¢ preferences of the agent.
Agent A; can only act between those two times and chooses an optimal strategy u(t)
assuming that the agents Ag, s > t + dt follow the strategy u(s). Thus, a subgame
perfect strategy is a Stackelberg equilibria in which the decision maker only commits

infinitesimally.

Review literature on time consistency in financial economics within
a stochastic paradigm.

(Merton, 1969) studies the optimal investment/consumption problem over a fi-
nite horizon: the goal is to maximize expected utility of consumption and terminal
wealth. Merton uses a constant (psychological) discount rate. (Ekeland and Pirvu,
2008) has been the first to have considered the Merton problem with non-constant
discount rates, thus introducing time inconsistency to the Merton problem. (Ekeland

et al., 2012) considers the pensioner’s problem where one agent is consuming, paying
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an insurance premium and in case of death before maturity, derives a final utility of
bequest. A death rate modelling the probability of death is introduced. They consider
the limiting case when the decision-maker can commit only during an infinitesimal
amount of time. The leader-follower game among successive agents formulation is
used to define subgame perfect strategies (one for each infinitesimal time interval
[t,t+dt] as detailed above). They showed the existence of subgame perfect strategies
in the case of an investor who has a CRRA utility U (¢) = %c’y, v < 1 and a general
discount function. They show that this paradigm could explain the consumption puz-
zle. The fraction of consumption to wealth in the economy is humped shaped instead
of being monotonous as explained by the Merton problem. (Bjork et al., 2014) looks
at the mean variance problem which is also time inconsistent. The time inconsistency
in the mean variance problem does not originate from non constant discount rates
but it comes from the non linear expectation.

Khapko (Khapko, 2015) considers a one agent equilibrium problem in a Lucas
type economy and studies the subgame perfect equilibrium interest rate, market price
of risk and stock price parameters.

(Bjork et al., 2016) extends the formulation of (Ekeland et al., 2012) with a more
general criterion. They show that every subgame perfect strategy is the optimal (pre

commitment) strategy for another objective function.

Methodology Review.

Ekeland, Mbodji, Pirvu (Ekeland et al., 2012) solves the Merton problem with
non constant discount rates when the stock price follows a Geometric Brownian Mo-
tion (GBM). The subgame perfect strategies are characterized in terms of a certain

"value function”, which is shown to satisfy a Hamilton Jacobi Bellman equation with
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an additional non local integral term. Assuming utilities to be (CARA), they assume
the value function V' (¢,2) is of the form a(t)U,(z) where x represents the wealth of

the agent at time ¢. They decouple time and space and reduce the problem to solving
a linear ODE on a(t).

(Bjork et al., 2016) considers the more general functional:
T
J(t,x,u) = E, [/ C(t,z, XM u(XM))ds + F(t,z, XP)| + G(t, 2, B[ XF]) (1.1)
t

u is a well behaved control (consumption and investment), x is the value at time

t of the diffusion X that satisfies the SDE

dXY = p(s, ug, X2 ds + o (s, ug, X2)dW (s) , s > ¢ (12)

and initial condition X* = x.

(Bjork et al., 2016) show that there are three main sources of time inconsistency.

1. The integral term C(t,z, X, u(X?)) is allowed to depend on the initial point

(t,z).
2. I depends on t, z.

3. The function G depends on ¢,z and may also be non linear in the last argument

E: . [XP].

The Merton problem with non constant discount rates as considered in (Ekeland

et al., 2012) falls in the first category. The mean variance problem as defined in
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(Bjork et al., 2014) is sup,. J (¢, x, ) where

Tt m) = EXF] — SEAXE] - (BXFP)

for a certain A > 0. The wealth process X7 satisfies the SDE
dX] = X[ (r + o0rn(t))dt + on(t) X[ dW,;

where 7 is the fraction of wealth invested in the stock market and o, @, r are constants.
It falls into the second and third category.

In (Bjork et al., 2016) and (Ekeland et al., 2012), the value function is shown
to satisfy a Hamilton Jacobi Bellman (HJB) equation with a non-local term called
extended HJB. It can be shown that the existence of a sufficiently regular value
function V satisfying the extended HJB implies the existence of a subgame perfect
strategy : the consumption to wealth ratio and the investment to wealth ratio can
be expressed in terms of V' and its first and second spatial derivatives. The difficulty,
of course, is to prove that time-consistent strategies exist or equivalently solve the
extended HJB for the value function. (Yong, 2012) considers the well posedness of
the extended HJB when the diffusion term ¢ does not depend on the control u and
shows the existence of a subgame perfect (time consistent) strategy.

In the next chapter, we will formally define subgame perfect strategies.

10



Chapter 2

Subgame Perfect Strategies
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2.1 Introduction

The investment /consumption problem in a stochastic context was considered by (Mer-
ton, 1969) and (Merton, 1971). Merton’s model consists in a risk-free asset with
constant rate of return and one or more stocks, the prices of which are driven by a ge-
ometric Brownian motion. The horizon T is prescribed, the portfolio is self-financing,
and the investor seeks to maximize the expected utility of inter-temporal consump-
tion and of final wealth. Merton provides a closed form solution when the utilities are
of constant relative risk aversion (CRRA) or constant absolute risk aversion (CARA)
type. It turns out that for (CRRA) type utilities, the fraction of wealth invested in
the risky asset is constant through time.

(Samuelson, 1937) was the first to introduce the model of constant discounted
utility. This model has been widely accepted as a normative and descriptive model
of intertemporal choice.

The aim of this chapter is to revisit these problems in the case when the psy-
chological time discount rate is not constant.

Our motivation and methodology.

In this chapter, we extend the approach pioneered by (Ekeland et al., 2012) to
allow for a stock price with stochastic volatility. A special case considered is the
constant elasticity of variance (CEV).

Merton, in his pioneering article (Merton, 1971) (constant discount rate) shows
that the investor maximizing its utility chooses to invest a constant portion of its
wealth equal to the Sharpe ratio divided by the relative risk aversion.

Surprisingly, when the stock price follows a GBM as in (Ekeland et al., 2012), the

subgame perfect investment to wealth ratio is the same as the one found by Merton.

12
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The CRRA form of the utility function coupled with the GBM model for the stock
price introduces a myopic behaviour for the investment strategy. In that case, the
investment-wealth ratio for the subgame perfect agent is the same as the one for the
precommitment agent; it is also independent of the discount function.

In this chapter, we have introduced stochastic volatility in the stock dynamics
to study the difference in the investment strategies between a subgame perfect agent
and an optimal agent (that pre commits). Thus, we allow the interest rate, the stock’s
drift and volatility to depend on the current stock price.

The methodology developed in (Ekeland et al., 2012) is employed to characterize
the subgame perfect strategies (also known as the subgame perfect strategies) through
the value function approach. The value function is characterized by an integral equa-
tion with a nonlocal term; given the special form of the utility function (which is of
power type), an ansatz is provided for the value function.

The novelty in this chapter is the utility weighted discount rate Q7 induced by
(7, ¢) : it depends on the control strategy, so it is a random (time and state dependent)
quantity. In the case of exponential discounting it equals the constant (psychological)
discount rate. We decouple on one hand time and space, and wealth on the other
hand and show that the utility weighted discount rate induced by the subgame perfect
strategy (7, ¢) can be found independently of the subgame perfect strategy. It turns
out to be the fixed point of some operator. We reduce the extended HJB of the
value function to a linear PDE. Moreover, our methodology is amenable to numerical
treatments so one can visualize the subgame perfect strategies arising from different
choices of discounting, interest rate and stock price models. The numerical scheme we

employ is based on a fixed point that is obtained by iterating a contraction map. This

13
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technique will give us a general method of finding subgame perfect strategies when
the interest rate, the market price of risk and the stock volatility are well behaved e.g
adapted to the Brownian filtration, bounded and sufficiently regular.

The novel findings in this chapter are:

1. We prove the existence of a solution to the extended HJB which was an open
question in (Bjork et al., 2016). Our fixed point methodology could be extended

to more general utility functions that are not of the power type.

2. The subgame perfect strategy equals the optimal (pre commitment) strategy for
the optimization criterion in which the utility weighted discount rate (induced

by the subgame perfect strategy) is used as discount rate.

3. The utility weighted discount rate (induced by the subgame perfect strategy)

equals the fixed point of a certain operator that is independent of the strategies.

4. We have found two ways to identify what type of strategy a certain investor
uses. When compared to the economic predictions for the agent that is following
an optimal strategy, the subgame perfect agent has:

e a higher consumption in the short term.

e a lower consumption in the medium to long term.

These are two indications of an agent that is following a subgame perfect strat-
egy.
Organization of the chapter: The remainder of this chapter is organized as

follows. In section 2.2, we describe the model and formulate the objective. Section

2.3 introduces the notion of subgame perfect strategies. Section 2.4 introduces the

14
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value function. Section 2.5 presents the main result. Section 2.6 deals with the utility
weighted discount rate and Section 2.7 compares pre commitment optimal strategies
to sub game perfect strategies . We then wrap up our findings in the Conclusion.

Appendix 1 contains various proofs.

2.2 The Model

2.2.1 The Financial Market

Consider a financial market consisting of a savings account and one stock (the risky
asset). The inclusion of more risky assets can be achieved by notational changes. We
assume a benchmark deterministic time horizon T". The stock price per share follows

an exponential Brownian motion

dS, = Sy [us(t, S) dt + os(t, S) dW(B)], 0<t<T (2.1)

where {W (t) }+>0 is a 1—dimensional Brownian motion on a filtered probability space,
(Q,{Fi}o<t<r,P). The filtration {F;} is the completed filtration generated by {W(¢)}.
The savings account accrues interest at the riskless rate r(t, S;).

Let us denote
Hs — T
s

=

(2.2)

the market price of risk.
We place ourselves in a Markovian setting. The stock mean rate of return ug
and volatility og will be functions of the running time ¢ and the stock price S(t). We

make the following assumption on r, g, 0g:
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Assumption 2.1 (Standing Assumption). Suppose that

1. og,1,0s, Sg—g, S%L; are bounded in [0, 7] x (0, 00) and uniformly Lipschitz con-

tinuous in (¢,S) in compact subsets of [0, 7] x (0, c0).

2. t — os(t,S) is uniformly continuous with respect to (¢,.5) € [0,7] x (0, 00),
S+ S92 is uniformly bounded and continuous with respect to (¢,.5) in [0, 7] x

(0,00). And there is a positive constant oq such that og > oy.

There is one agent who is continuously investing in the stock, is using the money
market, and consuming. At every time ¢, the agent chooses 7(t), the ratio of wealth
invested in the risky asset and ¢(t) the ratio of wealth consumed. Given an adapted

process {7m(t),c(t)}o<i<r, the equation describing the dynamics of wealth X™¢(¢) is

given by :
dX™(t) = [r(t) — c(t) + os(t)0s(t)m ()| XT(t)dt + w(t)os(t) X™(t)dW; (2.3)
Xﬂ—’c(O) = Xy

the initial wealth zy being exogenously specified.

2.2.2 Time preferences and risk preferences

As seen in the introduction, the time preference reflects the economic agent’s prefer-
ence for immediate utility over delayed utility. We now define discount functions and

discount rates.

Definition 2.2. A discount function h: D = {0 <t <s<T} — Ris a C!, positive

function satisfying h(t,t) = 1.

16
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For a discount function A, we define the backward discount rate as

Oh(t, s) 1
— 2.4
pb(ta S) ot X h(t, 8) ( )
The forward discount rate is
Oh(t,s) 1
_ 2.
ps(t:s) 0s x h(t, s) (2.5)

In the case h(t,s) = H(s —t) for a certain C' function H on [0, 7], we get:

pn(t,s) = pp(t,s) = —Z((SS__;)). If it is obvious from the context, we just write

p(t,s) and call it the discount rate. For any continuous function y : D — (0,00) ,
denote [|y|| := sup( gep [y(t, s)| the norm sup of y.
Remark 2.3. We take a discount form to be of the general form h(t,s) because, as
noted in (Pirvu and Zhang, 2014) and (Ekeland et al., 2012), we have to account
for stochastic time horizons T" which could be the time of death of the agent. In
that case, the discount function has to be transformed and will take the general form
h(t,s). We can normalize by dividing h(t, s) by h(t,t).

We define next the agent’s risk preferences. An economic agent will have sat-
isfaction U(C') from consuming an amount C. We assume U belongs to the class of

constant relative risk aversion (CRRA) utilities.

-
U(a;)—Uy(:c)—%,fy<1,fy7é0,x>O (2.6)

2.2.3 The intertemporal utility

Let us now define the admissible strategies.

17
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Definition 2.4. An R?-valued stochastic process {7(t), c(t) }o<i<7 is called an admis-

sible strategy process if:

1. it is progressively measurable with respect to the sigma algebra o ({ W (t) }o<i<r),

2. it satisfies

c(t) >0 for all ¢t almost surely and X™°(T) > 0, almost surely (2.7)

3. moreover, we require that

E sup |e(s)X™(s)]” <oo , E sup | X™(s)|” < o0, a.s. (2.8)
0<s<T 0<s<T
The last set of inequalities are purely technical and are satisfied for e.g. bounded
strategies.
In order to evaluate the performance of an investment-consumption strategy
the couple uses an expected utility criterion. For an admissible strategy process
{m(s), c(s)}s>0 and its corresponding wealth process { X™¢(s) }s>0, we denote the inter-

temporal utility by

J(t,S,x,m c) = E{/t h(t,s)U,(c(s)X™(s)) ds + h(t, T)U(X™(T)) (2.9)

S(t) = S; X™(t) = x

A natural objective for the decision maker is to maximize the above expected utility

18
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criterion. If we define V(to, t,S,x) as the optimal value function starting at time %o,

V(to;tg,S, x) = sup J(to, S, x, 7, ) (2.10)

(m,¢) admissible

~

Then for t >ty : V(to;t, S, z) satisfies the HJB

oV . .
+ sup AV + Uy (xc(t)) | — pr(to, t)V (to;t, S, 2) =0

E (m,¢) admissible
(2.11)

The derivation of (2.11) is standard.
The optimal strategy (7,¢) is the one realizing the sup in (2.11). However,

because the discount function h is not exponential, the discount rate pp(to,t) =
dh(tg,t)

— ey is not constant. Therefore, the solution V of the HIB (2.11) depends on the

starting point £, and so does the optimal strategy starting at t,. Therefore, every
time we change the starting point ¢y, we get a different strategy. Time inconsistency
will bite, that is, a strategy that will be considered optimal at time 0 will not be
considered so at later times, so it will not be implemented unless the decision-maker
at time 0 can constrain his successive selves to follow the time 0 - optimal strategy
(the precommitment strategy) at all times 0 <t < T.

The decision-maker could implement two types of strategies. He could precommit
at time ty = 0 to follow the optimal strategy and stay with it until time 7. Or he
could implement a time consistent strategy that takes into account the fact that the
decision maker’s preferences will change in the future. This is the object of the next

section.
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2.3 Subgame perfect strategies

We now introduce a special class of time consistent strategies, which can also be called
a subgame perfect strategy. That is, we consider that the decision-maker at time ¢
can commit his successors up to time ¢t + ¢, with € — 0, and we seek strategies which
are optimal to implement right now conditioned on them being implemented in the

future. This is made precise in the following formal definition.

Definition 2.5. An admissible trading strategy {7 (s), ¢(s) fo<s<7 is a subgame perfect
strategy if there exists a map G = (G, G.) : [0,T] x R x Ry — R x [0,00) x R such

that for any t € [0,T], S,z > 0

J(t, Sz, 7, ¢)— J(t, S, x, 7, c)

lim 16% - >0, (2.12)
where:
7(s) = Gr(s,5(s), X(s)), ¢&(s)=G.(s,S(s), X(s)) (2.13)

and the wealth process X(s) := X™°(s) is a solution of the stochastic differential

equation (SDE):

dX(s) = X(s)[r(s) + os5(s)0s(s)Gx(s,5(s), X(5)) — Ge(s,S(s), X(s))]ds

+05(8)Gr(s,5(s), X(8)) X (s)dW (s) (2.14)

The process {7c(s), cc(s) } sepr,r] mentioned above is another investment-consumption
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strategy defined by

p

Gr(s,5(s), Xc(s)), se€[t,T)\Ecy
T(s) = (2.15)
7(s), sé€ Eey,

\

(

GC(S7S(8)7X€<S))7 s € [th]\E&t
ce(s) = (2.16)

c(s), s€ Eqy,

\
with B, = [t,t+¢€], and {7(s), c(s)}sck., is any strategy for which {7(s), cc(s) }sepm)
is an admissible policy. X, is defined on [t + ¢, T] by the SDE:

dX(s) = [r(s) —c(s) + 05(5)0s(s)me(8)| Xe(s)ds + me(s)os(s) Xc(s)dW ()

X, (t+)=X"(t + ¢). (2.17)

In other words, time consistent strategies are Markov strategies that penalize

deviations during an infinitesimally small time interval. Note that:

e this does not mean that unilateral deviations during a finite interval of time are
penalized as well: it is possible that deviating from the policy between ¢; and
to will be to the advantage of all the decision-makers operating between ¢; and

ts.

e however, in the absence of a firm commitment, if a Markov strategy is not a
time consistent strategy, then it certainly will not be implemented, for at some
point, a lone decision-maker will deviate, thereby compromising all the plans

laid by his predecessors.
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So time-consistency in the sense of Definition 2.5 is a minimal requirement for
rationality: subgame perfect strategies are the only Markov strategies that are likely

to be implemented.

2.4 The Value Function for subgame perfect strate-
gies

Dynamic programming is a very convenient way of writing a large set of dynamic
problems in financial economics. Most properties of this tool are well established
and understood. In dynamic programming, we introduce an object called the value
function that is obtained by evaluating a certain functional at our candidate solutions.
The solutions of the dynamic programming problem are then the solutions of a certain
equation called HJB and can be expressed entirely in terms of the value function and
its derivatives. In optimization problems, the value function is the optimal value an
agent can derive from his maximization process. The paper (Ekeland et al., 2012)
uses the value function methodology to characterize subgame perfect strategies. We
will see that the value function can be written as a function V (¢, S,z) of time ¢,
stock price S and wealth = and this allows us to find subgame perfect strategies in a
feedback form. For fixed t, S, z, the strategy (7, ¢) can be expressed as deterministic

functions of V' and its derivatives with respect to S and z. We start with a definition.

Definition 2.6. Let V : [0,T]x(0,00)? — R, (¢, S, z) — V (¢, S, z) be a C1*? function
that is concave in the x variable. Suppose that {7(s), ¢(s)}scjo,7] are subgame perfect

strategies with the corresponding map
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7(s) = Gr(s,5(5), X(s5)) , &(s) = Ge(s,S(s), X(s)), (2.18)
where
0s(t,S)2(t, S, x) + Sos(t, S) 2V 1oV =
G(t,S,z)=— 3780'5<t; BEEATS 090r - G(t, S, x) = o <%(t, S, x))

(2.19)

and X (s) is the wealth process given by:

dX(s) = [r(s)+os(s)0s(s)Gx(s,5(s), X(5)) — Ge(s,S(s), X(5))] X (s)ds

+05(5)Gx(s,5(8), X(5) X (s)dW (s). (2.20)

We shall say that V is a value function if for all (¢, S,z) € [0,T] x (0,00)?, we
have:

V(t,S,z)=J(t, S, z,7,c) (2.21)

The economic interpretation is very natural: if one applies the Markov strategy
associated with V' by the relations [(2.18), (2.19), (2.20), (2.21)] and computes the
corresponding value of the investor’s criterion starting from S; = S, X; = x at time
t, one gets precisely V (¢,5,x). In other words, this is fundamentally a fixed-point
characterization. However, it is mathematically quite complicated, so we will take
advantage of the special form of the utility function to put the problem in a simpler

light. We begin with the definition of the infinitesimal generator.

Definition 2.7. For an admissible policy (m,¢) with corresponding wealth process

X™¢ and (t,5,x) — v(t,S,x) a continuous function of 3 variables C' in ¢ and C? in
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S, z, define the operator A™¢ by:

e v 0252 9%
A™(t, S, x) = (T+03957T—C)$%(t, S,x) + 5 852(t S, x)+
1, 5, ,0% 0*v v
05T o 2(75 S, $)+USS7rxasa (t, S, 3:)+S,u585(t S, x) (2.22)

Basically, by Ito’s lemma, we see that (2.22) is saying that

ov(t, S, x)

d
S AT, S, 1) = S Efdu(t, Sy, X))

dt

Thus, A™v(t, S, x) measures the average variation of v when an infinitesimal time dt
passes and the agent follows the strategy (m,c).

In the next section, we give the main results of this chapter.

2.5 Main Results

2.5.1 The extended HJB

Theorem 2.8 (Extended HIB). Let V : [0, 7] x R x (0,00) — R be a C**? function.

Suppose (7, ¢) is an admissible Markovian policy and that

e V solves the extended Hamilton Jacobi Bellman equation :

a_v(t, S, ) + sup {AW’CV(t, S,x) + Uv(xc(t))}

ot (m,¢) admissible

- E, { /t ahggs)Uv(c(s)X”’c(s))dSwLahgéT)Uv(X”’c(T)) (2.23)
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along with the boundary condition V (T, S, z) = U,(x).

o (7,¢) satisfies:

(7,¢) = argmax{ A"V (¢, S, x) + U,y (zc(t)); (7, c) admissible } (2.24)

Then V is a value function. Moreover (7, ¢) given by (G.,G.) of (2.21) is a subgame

perfect strategy (conform Definition 2.5).

The proof of Theorem 2.8 will be given in Appendix 1. The following proposition

gives the subgame perfect strategies in terms of the value function.

Proposition 2.9. If the extended HIB (2.23) has a C**? solution V, then the sub-

game perfect strategies are given by:

Vo

¢ = Gt 8 z)= (2.25)

xr
05V, + 055Vs,

2.26
O-Sx‘/zz ( )

T = Gp(t,Sz)=—

The proof comes from a simple calculation of the first order conditions for the
quantity

(ﬁa é) = argMaXx ¢ admissible {AWyCV + U’Y<ZL'C)}

and will be detailed in Appendix 1. Next, we define a strategy dependent discount

rate that we call utility weighted discount rate.
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2.5.2 The utility weighted discount rate

Definition 2.10 (Utility Weighted Discount Rate). Let (7, ¢) be an admissible strat-

egy. The utility weighted discount rate corresponding to (7, ¢) is defined as the process

T o ,8 T.C 1o) s m,c
E]f t hgs )UV(C(S)X “(s))ds + hgtT)UW(XT )

EE [T h(t, $)Uy (c(s) X7 (s))ds + h(t, T)U,(XF°)

e
t

(2.27)

If (7, ¢) = (%, €) then QT is called the subgame perfect utility weighted discount rate.

When the context is clear, Q7 will just be called utility weighted discount rate.

Remark 2.11. The intuition behind Q7° is as follows:
the right hand side of the extended HJB (2.23) is Q7 x V(¢, S, x). Our goal is
to compute QI°. If we do so, we will be able to solve the extended HJB as a usual
HJB. In the exponential discounting case h(t, s) = exp(—p(s — t)), the quantity Q7
simplifies to
ve _ Bil)) pem U (e, XT9)ds + pe " U (X7)]]

prm— _ p.
t Et[ﬁT €_P(S—t)U(CSX;T,c>dS N €_p(T—t)U(X;DC)]

In general, Q;° behaves like an average discount rate thus the name utility
weighted discount rate. In what follows, we will only be concerned with the quantity

,C

2 (when m =7 and ¢ = ¢).

We have found a way to decouple the extended HJB. We will show that there
is a function Q(t,S) such that Q7° = Q(t,S;). We can calculate Q as the fixed
point of a certain operator that depends only on the parameters of the model :
v, h,T,0g,7,05. Thus, Q(¢,S) can be completely determined without calculating

7,¢. Knowing Q is equivalent to knowing the subgame perfect strategy (m,¢). We
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show the two implications in what follows.
First implication Suppose we know Q7° = Q(t, S;). We see it by rewriting the
extended HJB (2.23) as

v .
B +  sup {ATV(, S, 2) + Uy (2c(t)} = Q7 V(¢ S, z) (2.28)
(m,¢) admissible

88_‘1&/ +  sup {A™V(t, S, x) + U, (ac(t)} = Q(t, S)V (¢, S,2)  (2.29)
(m,¢) admissible

We obtain a classical HJB that can be solved through the standard techniques. Having
found V', we use equation (2.26), (2.26). to calculate (7, ¢).

Second implication Suppose we know (7, ¢). Then we can calculate Q] ¢ by using
the equation (2.27). Due to the special form of the utility function U, (z), we can see
after some calculations that QI is a function of ¢,.S and is independent of . The

following diagram illustrates the point:

through (5.5),(4.2),(5.3),(5.4) —
Pttt

(w,0)

-
through equation (4.6)

One to one correspondence between (7T, ¢) and Q™°.

Figure 2.2: range of Q(¢,.5)
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Define p the inverse of the relative risk aversion:

pi=— (2.30)

In what follows, unless we specify otherwise, we will write

Oh(t,s)

=y D—>R ot 2.31
p=poi(ts) €D R (t9) = 1t (231)

Next, we define a space of functions in which we want to find the fixed point Q(¢, S).

Definition 2.12. For ¢ > 0, let B; be the space of functions y : [0, 7] x (0,00) — R

such that (¢, 5) — y(¢,5) and (¢,5) — % are continuous and

for all (t,5) € [0,T] x (0,00), |y(t,S)| < ||p|| and S|ay§9’5){ <.

For y € By, define

dy(t, S)
ylleqo,mic 0,00)) = sup ly(t, S)| + sup S| | (232)
(t,8)€[0,T] x (0,00) (t,9)€[0,T] x (0,00) a8
With this structure, (Bs, || ||cqor5:¢1(0,00))) 18 & complete set. This allows us

to define an operator F' on the elements of Bs. By solving the fixed point problem
F[y] =y, we will get the utility weighted discount rate and this will allow us to solve
the extended HJB (2.23).

Definition 2.13. For y an element of B, define the operators:

T on(t s 62 d
Fily)(t, S) = E?/ ((% ) exp <m/ (r+ 75 — y)du +m/ Hdeu> ds
t t t

Oh(t, T T g r
FRLGEY exp <m/ (r+ 75 — y)du +m/ QSqu> (2.33)
t t

ot

28



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

T s (92 s
=" / h(t, s) exp (py/ (r + ?S —y)du +p7/ Gdeu) ds
t t

+h(t, T)exp | py /T y)du + py /T QSqu) (2.34)
and
_ Ryl 5)
Flyl(t,5) = o5 (2.35)

In order to have existence and uniqueness results for the extended HIB (2.23).

Theorem 2.14. There exists & > 0 that depends only on ~,T, h,r,0s,05 such that

F(Bs) C Bs. Furthermore, we can choose ¢ such that F' has a unique fized point
@ S B(g i.€.

FlQ|(t, S) = Q(t, S) for all (,8) € [0,T] x (0,0). (2.36)

The proof will be given in the Appendix 1.

Having defined QQ, we can obtain a characterization of V' through a linear PDE.

This is the object of the next subsection.
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2.5.3 Characterization of the value function through a linear

PDE

Proposition 2.15. There exists a unique bounded solution v to the linear parabolic

PDE :
_Ov 0%5% 9%v(t, S) vpb%
ov(t, S
+(r + posbs)S vit, 5) +1 (2.37)
05
o(T,S) = 1

Q is the unique fixed point of F' as previously defined and is an element of Bs. The

function v is in C2([0,T] x (0,00)) and Savgs’s) is also bounded. Moreover, v has

the stochastic representation:

PO ypb

T
o(t,S) = Egﬂ’{ / i P+ I @S g T por 4 IR QS g, — g
t

(2.38)
where S, satisfies the SDE
S,=S —i—/ (r + posfs(v, S,))S,dv —i—/ o5(v, Sy)S,dW (v) (2.39)
t t

We can rewrite the PDE (2.37) in a form that will remind us of the heat equation
with non constant diffusion coefficient. By changing variables S = e*, we get v(t, S) =

0(t, z) where
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ov 100 0% 1 00 1 0%
55" =52 " a2V = 3o t oo

Write Q(t, z) := Q(t, ¢*) and define 7, fg, ¢g similarly. The PDE (2.34) can be rewrit-

ten as :
oD os? 0%(t,z)  O0(t,2) R N
0 = E(t’z)—i_T( 2 o, )+p Mt o(t, 2)
0v(t, z)

+(7 4 poshs) +1 , (T, 2) =

This leads to the following proposition:

Proposition 2.16. Define 9(t, z) = v(t,e*) for z € R. v satisfies the PDE:

v o5t 0%(t,z) . ~ G52\ 00(t, 2)
A+ g T TSl = 5 =
~ 2
+p 77’+%—~]6(t,z)+1:0 (2.40)
o(T,z) =1

For the proof of proposition 2.15, it suffices to apply Friedman (Friedman (1975)
, Chapter 6, Theorem 4.6) to the non degenerate linear parabolic PDE of ©. From o

we get v. We now present the most important result of this chapter.

Theorem 2.17. The following holds:

Vtel0,T], QtS,)=Qr" (2.41)

e The extended HJIB equation (2.23) has a unique CY*? solution V which is a
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value function of the form V(t,S,z) = v(t, 5)1’7%.

e v is the unique bounded solution of the semi linear PDE

_Ov 0352 9%v(t, S) ypb%
0 = Z 65+ 5=+t - QS| v(t.5) (242)
+(r + postls)S 81)((925) +1,  w(T,8)=1

The wealth process X, consumption-wealth ratio ¢(s), investment-wealth ratio

7(s) are given by:

O 5o

os(1—7) v

c(t,S) = 7(t,S) = (2.44)

v(t,S)
Theorem 2.17 will be proved in the appendix 1.

Remark 2.18. (Yong, 2012) shows that there exists a subgame perfect equilibrium
strategy when the diffusion term in dX™¢(¢t) does not depend on the control. His
proof uses a fixed point formulation by means of a contraction operator in a Banach
space. Our proof is similar: we establish the existence of a utility weighted discount
rate Q(¢,.5) by means of a contraction operator. However our result is more general
than Yong’s (Yong, 2012) since the diffusion term og(t, S;)m(t)X™¢(t) does depend

on the control.
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2.6 Further interpretation of the utility weighted

discount rate Q(¢,S)

We end with a corollary to theorem 2.17 that summarizes our findings about the

utility weighted discount rate.

Corollary 2.19. The subgame perfect strategy is equal to the precommitment strategy
of an agent that discounts all future times t < T with the utility weighted discount

rate Q(t, Sy) instead of the psychological discount rate p(0,t).

Bjork, Khapko, Murgoci (Bjork et al., 2016) have shown that for every subgame
perfect strategy, there is a corresponding time inconsistent strategy that is the optimal
strategy of a modified problem. Corollary 2.19 gives the same kind of interpretation.

We can obtain bounds for Q(¢,S) in order to improve our intuition. Let
h(t,s) = f(s —t) for s > t.
and let a(t, s, S) and p(t, s) denote the quantities

S 2 s
a(t, s, S) ZE?{GXP (pv/ (7"+%S—y)du4rm/ HSqu)]
t t

Oh(t,s) ,
B 4 Gl )
G T R

(s =1)
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Q(t, S) can be written as

Q(t,5)

[T plt, s)h(t, s)alt, s, S)ds + p(t, T)h(t, T)a(t, T, S)
[1 h(t,s)a(t, s, S)ds + h(t, T)a(t, T, S)
fT

Q(t,S) = L R(s —fl;f(s —t)a(t,s,S)ds + R(T —t)f(T — t)a(t, T, S)

. J(s=t)a(t,s, S)ds + f(T —t)a(t,T,S)

Therefore

inf R(zr) <Q(t,5) < sup R(x)
z€[0,T—t] z€[0,T—t]

(2.45)
In contrast, if the agent was following an optimal policy with pre commitment

starting at ¢ = 0, then its discount rate at time s would be p(0,s) = —

T = B
In the case of the generalized hyperbolic discounting, f(x) = (1 + ax)~

b
a

exp(—pa)
with positive constants a and b and non negative constant p. Then

(2.46)
is decreasing in x. Thus

R(T — ) < Q(t, 5) < R(0)

(2.47)
The following graphs show the bounds for the utility weighted discount rate Q:
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discount rate function p(0,t) = -1/f*df/dt = 0.053+ 0.05/(1+0.015*t)
T T T T T T T T

0.105 T

range of Q(t,S) |—
O R(@)
R(T-t)

0.095

0.09

discount rate

0.085
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Figure 2.3: The range of Q(¢,S) for hyperbolic discounting is given by the shaded
area. The decreasing function is the discount rate R(t) = p(0,1).

2.7 Comparison between the sub game perfect and
the optimal precommitment strategies .

A rational agent with non constant discount rate has 2 choices:

e He commits to follow the time 0 - optimal strategy also called precommitment

strategy at time 0 all the way to time 7.

e He does not make commitments and allows her future self to deviate from the
time 0 - optimal strategy. As noted in the introduction, his strategy should be

subgame perfect.

In this section, we compare the 2 strategies. We consider the same setting where

the agent has relative risk aversion 1 —~. An admissible strategy (7, ¢) is called time
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0 - optimal if

J(0,S,x,7,¢) = sup J(0,S,x,m,c). (2.48)
(m,c)eAp
In that case, the value function V is V(t, S, x)

J(t,S,z,7,¢). As noted before,
(7, ¢) will also be called precommitment strategy.

The subgame perfect strategy is denoted (7,¢) and the corresponding value
function is

V(t,S,z)=J(t,S, x,7,c). (2.49)

We will see in the following result that ¥ and V have essentially the same form:

Proposition 2.20. For all (t,5,x) € [0,T] x (0, 00)?

V(t, S, z) = o(t,S)' U, (x) and V(t,S,z) = 6(t, S) U, (). (2.50)
v and v satisfy the linear parabolic PDEs:

ou(t,S)  o%S?
o "

02
Uss +p {7r+ W;S

— Q(t, S)} o(t,S) + (r+posbs)Svg(t,S)+1=0
90(t, ) N 0252 2

(2.51)
SO . PO . . _
5 5 Uss +p [y + 5 p(0,t)| 0(t, S) + (r + poshs)Stvs(t,S) +1 =0

with final condition v(T,S) = v(T,S) = 1.

(2.52)

The optimal strategies (7, ¢) and subgame perfect strategies (7, ¢) are given by:

a<t,5):ﬁ(; 5 c(t,S):v(tl 5 (2.53)
e Os(tS) | pSis(t,S) o 0s(t,S)  pSus(t,S)
8=t wws 0 "= nast w
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We can see that © and v differ only in the discount rate term. The time 0
- optimal strategy agent discounts the future (time ¢) at the rate p(0,¢) while the

subgame perfect agent discounts the future at the rate Q(¢, S;).
Case where there is no intermediate consumption

We now consider an agent that only have utility of final wealth. Let D = {(¢,s) €
0,7 x [0, 7] | t <s}and h:D — (0,00) be a discount function i.e. positive and
C' on D. Suppose furthermore that h(t, s) could be written as H(s — t).

We consider two strategies: the first one maximizes utility of final wealth. The
investor pre-commits at time ¢ = 0. The fraction of wealth invested in the risky asset

at time ¢ is m(t) and 7 denotes the optimal m. The criterion is

h(0,T) H(T)

J(t, S, x;m) = Ef U,(XP)] = E; [—-=U,(X])]. 2.55
(7 ,ZL‘,?T) t[h(O,t) 7( T)} t[H<t) ”/( T)} ( )
Note that
H(T)
sup J(t,S,x,m) = sup E; |U, (X7 2.56
sup J(t,5..7) = o sup B U (X7)] (2.50
The problem is time consistent since the factor % does not affect the optimization.

We conclude that the precommitment strategy coincides with the subgame per-
fect strategy. It is the intermediate consumption that introduces the time inconsis-

tency.

2.8 Numerical analysis

Q is defined as the fixed point of a non linear operator F. We can compute it

numerically and use it to calculate o(¢, S) by Monte Carlo simulation.
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We consider 2 cases for the parameters of our model.

1. Constant volatility model. It is a model where all the coefficients are suppose
to be constant: og(s) = 0,0s(s) = 6,r(s) = r. This model is the first one

considered in the paper (Ekeland et al., 2012).

2. Constant elasticity of variance model (CEV).

The CEV model is a model where the instantaneous volatility specified to be a power

function of the underlying spot price os(S) = aS? where a > 0 is the volatility scale

parameter and  is the elasticity parameter of the local volatility : § = Usl( 5 X %Lg.
For f = 0, we retrieve the Black Scholes Merton model. For § = —%, we retrieve

the square root model of Cox and Ross.

In the remainder, we suppose 5 < 0. As explained in (Linetsky and Mendoza,
2010), the spot volatility is a decreasing function of the asset price. The stock price
volatility increases as the stock price declines. This shows the leverage effect in
equity markets. When we compute the option prices with this model of volatility,
we also get an implied volatility skew. That is what makes this model attractive in
the finance world. However, (Delbaen and Shirakawa, 2002) shows that there always
exists arbitrage in such markets.

Note that the volatility could go to infinity when the stock price goes to zero.
We want to avoid those anomalies since we are not concerned with defaults. We fix
a minimum o, and a maximum o), for the volatility og. Suppose the volatility at
time 0 is known equal to oy and the stock price is Sp. We choose o = 0¢S,, # and we
can write og(5) = ao(s%)ﬁ.

and og(S) is constant and equals oy if 05(S) > opr and og5(S) is constant and

equals o, if 05(S) < 0,,,. Numerically, we choose the parameters presented in the
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table

Parameters | r(t, S) g Os 0s(t,S) om oM

Values 0.05 04 03(3)? 6og(t,S) 0.15 045

We take v = —5 and

_B
hlt,5) = H(s — ) i= (1+ ar(s — 1) exp(—p(s — )
with ay = 1.0, 8; = 0.02,p; = 0.02. The superscript "PC” represents the precom-
mitment optimal strategies while " TC” represents time consistent (subgame perfect)

strategies.

For the constant volatility model, we have chosen the market parameters (7, 0g, 0g) =

(0.05,0.2777,0.30).
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Figure 2.4: Fraction of consumption c¢(¢,S) for different volatilities and strategies

Remark While the discount rate is typically decreasing (see (Frederick et al.,

2002)) e.g. p(0,t) = == for hyperbolic discount, , the utility weighted discount rate
tends to increase over time. (Frederick et al., 2002) show that there is empirical
evidence for increasing discount rates. However this phenomenon was not fully un-
derstood. Subgame perfect strategies will allow us to have equivalent discount rates
that are increasing. However, the utility weighted discount rate does not have the

same interpretation as the psychological discount rate p. It is the discount rate of the

agent if he were to follow an equivalent optimal strategy.
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(Time consistent c(t,S)) minus (optimal c(t,S)) forog = 0.3

(Time consistent c(t,S)) minus (optimal c(t,8)) forog = 0.3 . (§/50)
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Figure 2.5: Study of ¢é(t, S), ¢(t, S) for v = =5
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Figure 2.6: Comparing 7 for different volatilities and strategies : 77¢ = # = 7 = 77¢
when the parameters r, 0g, og are all constants. Theoretically, we get 7 = 7 = p— (915_7)

is independent of S.
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(a) Graph of the consumption quotients
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Figure 2.7: Study of

(Time consistent {(t,S)) minus (optimal (t,S)) for o5 = 0.3 . (5/50) **
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Figure 2.8: Study of 7 (¢, S), 7 (¢, S) for v = =5
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Figure 2.9: Q(t,.5) for different volatility functions
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Figure 2.10: Study of Q for v = —5
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Conclusion

We consider an agent who discounts the future utility of consumption and final wealth
at a non constant rate. It is well known that this leads to time inconsistency. A
strategy that might be optimal at time s from the agent’s perspective at time 0
might not be optimal at time ¢ < s. The agent has two choices: The first one is to
pre commit and follow the time 0 optimal strategy all the way to the end. The second
one is to allow his future selves (himself with his future time dependent preferences)
some level of control. We have thus introduced the subgame perfect strategies.

We show that solving the time consistent utility maximization problem is equiv-
alent to solving the extended HJB and this is done in Theorem 2.8. The verification
theorem gives us a way to check easily that a candidate solution is time consistent.

We can show that the variables ¢, .S (the current time and stock price) and z (the
current wealth of the agent ) can be separated and the problem is reduced to solving
a PDE with a non local term. This PDE can be further reduced to a linear PDE by

computing the utility weighted discount rate QQ as a fixed point of a certain operator.

—1_ 0h(0,t)
h(0,t) Os

The optimal strategy maximizes a criterion with discount rate p(0,t) =
The time consistent strategy maximizes a criterion with discount rate Q(t,S;). For
the time consistent strategy, the discount rate is Q(¢, S;) where S; is the stock level at
the current time t. As stated in corollary 2.19, the time consistent strategy coincides
with the time inconsistent strategy where the (deterministic) discount rate p(0,¢) by
a stock price dependent one Q(¢, S;).

US consumption data has shown that the relative risk aversion should be spec-
ified to a value close to 6.0. When the parameters of the economy are constant

(constant r, 0g, 0g) and the relative risk aversion is bigger than one, we find that:
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e In the short term ( between 0 and 3 years for the constant volatility graph ;
between 0 and 1 year for the CEV graph), the subgame perfect agent has a

higher consumption.

e In the medium to long term ( between 3 and 10 years for the constant volatility
graph ; between 1 and 10 years for the CEV graph), the subgame perfect agent

has a lower consumption.

The subgame perfect agent discounts the medium term and the long term at a higher
discount rate than the short term. Thus, he consumes more in the short term than
the optimal agent. The subgame perfect agent also consumes less in the medium and
long term than the comparable optimal agent.

These contributions could inspire a statistical analysis of the discount rates (see
Frederick et al. (2002) for a review of discount rates and time preferences). That would
allow us to identify which agents are already following time consistent strategies.

Another study we need to address is the calibration of the stock parameters
us(t,S), os(t,S), 0s(t,S) and the money market parameters r(¢,.5) in terms of the

market data.
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Chapter 3

Optimal Equilibrium with

Heterogeneous Agents
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The effects of heterogeneity on the interest rate, stock price and stock volatility
are well understood in the setting of an endowment economy when the agents are
maximizing their individual utilities from consumption and the psychological time
rates of discounting is constant. In this chapter, we study the equilibrium in a Lucas
type of economy when the discount rates of the individual agents are not constant and
depend on the time the optimization starts. We compare our results with the ones
obtained when each agent has a constant discount rate. The heterogeneous economy
with time varying discount rates behaves in the long run as the heterogeneous economy

where each agent uses his/her asymptotic discount rate.

3.1 Introduction

This chapter presents an equilibrium model in a pure exchange economy with hetero-
geneous investors that may differ in their beliefs, risk aversions and time preference
rates.

At the aggregate level, as in (Cvitanic et al., 2012), we analyze properties of the
equilibrium market price of risk, of the risk free rate, of the bond prices, and of the
stock price and volatility. We compare equilibrium characteristics to the character-
istics in the homogeneous economies populated by one class of agents only. We also
consider asymptotic properties of the equilibrium parameters. Heterogeneity implies
that investors value differently the states of the world.

As opposed to (Cvitanic et al., 2012), we do not use a martingale methodology to
solve for equilibrium due to the fact that the discount rates depend on the initial point
t where the optimization starts. Instead, we use a Hamilton Jacobi Bellman (HJB)

approach. (Jouini et al., 2010) considers the case where each agent has a different
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stochastic discount rate (varying with time and state of the world) but each agent
has the same constant relative risk aversion. Thus, our results are a combination of
(Jouini et al., 2010) and (Cvitanic et al., 2012).

The novelty in this chapter is three fold:

e we allow the discount rates to be non constant.

e we allow the psychological discount rate p;(t, s) of agent i between time ¢t and

time s to depend on the initial point ¢.

This chapter is organized as follows: section 2 introduces the model, admissi-
bility conditions and discusses complete market properties. In section 3, we solve
the equilibrium problem by maximizing individual criterions. We introduce the value
function separately for each agent and derive an HJB equation. In section 4, we study
the long run behaviour of the economy. In particular, we answer questions such as:
which agent determines the long term yield, which one determines the stock price in

the long run? Proofs are reported in the appendix.

3.2 The Model

We consider a continuous-time Arrow-Debreu economy with a finite horizon T, in

which heterogeneous agents maximize their expected utility from future consumption.

3.2.1 The Market setup

Uncertainty is described by a one-dimensional, standard Brownian motion {W,,t €
[0,7]}. There is a single consumption good and we denote by € the aggregate divi-

dend or endowment process. We make the assumption that e satisfies the following
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stochastic differential equation

de; = pedt + oe,dWy (3.1)

where the mean growth rate p and the volatility o are constants. There are I (types
of) agents indexed by i = 1,--- ,I. Agent i has wealth X'(¢) at time ¢ and a given
initial wealth X*(0) = z;.

Agents have different expectations about the future of the economy. More pre-
cisely, agents disagree about the mean growth rate. We denote by p; the mean growth

rate anticipated by agent i. The quantity

5=k (3.2)

denotes agent ¢’s error in her perception of the growth of the economy normalized by

its risk. We introduce the probability measure P! defined by its density with respect

to P
dP? 62T
For 0 <t <s <T, denote
Zi(t, s) = P (WarWi)=307(—0) (3.4)
Wi =W, — o;t (3.5)
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W/ is a Brownian motion for P*. From agent i’s point of view, the aggregate endow-

ment process satisfies the following stochastic differential equation :

de, = piedt + oe,dW} (3.6)

Note that agents are persistent in their mistakes: the probability measures P? may
represent erroneous beliefs as well as behavioural biases like optimism (corresponding
to 6; > 0) or pessimism (6; < 0). Taking J; constant may seem incompatible with
learning. However, we consider the case with constant parameters as an approxima-
tion of the situation where all the parameters are stochastic and where learning is
regularly compensated by new shocks on the drift x4 (Jouini et al., 2010).

In our setting, there are three possible sources of heterogeneity among agents:
heterogeneity in beliefs, heterogeneity in risk aversion and heterogeneity in time pref-
erence rates.

We assume that markets are complete which means that all Arrow-Debreu se-
curities can be traded. In order to deal with asset pricing issues, we suppose that
agents can continuously trade in a riskless asset and in risky stocks. We let S° denote

the riskless asset price process with dynamics

S0 = r,S0dt (3.7)

the parameter r, denoting the risk free rate at time ¢. Since there is only one source
of risk, all risky assets have the same instantaneous Sharpe ratio and it suffices to
focus on one specific risky asset. We consider the asset S whose dividend process is

given by the total endowment of the economy ¢; and we denote respectively by ug
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and og its drift and volatility.

dSt = St [/,Lsdt + USth] — Etdt

We let

95 = (39)

denote the asset’s Sharpe ratio or equivalently the market price of risk. The param-
eters r, us and og are to be determined endogenously in equilibrium.

It will be useful to introduce the adjusted market price of risk for agent i:

sz‘ = 95 + 51 (310)

3.2.2 Portfolio and Consumption Policies

We will make the following assumptions in order to characterize the equilibrium.

Then we will verify that the assumed hypotheses are true.

Assumption 3.1. 1. The interest rate process (r(t))¢cjo,r, the market price of risk
process (05(t))icio,r) and the stock volatility process (og(t))tcpo,r) are adapted

and bounded, uniformly in (¢,w) € [0,T] x Q.

2. Fort € [0, T, r(t),os(t),0s(t) can be written r(t) = r(t, W;),0s(t) = 0s(t, W)
for deterministic functions r (¢, w),0s(t, w) of (t,w) € [0,7] x R. Furthermore,

r,0g are C* in their domain of definition.

Each agent ¢ may choose a portfolio process 7*(t) and a nonnegative consumption

process c'(t),0 <t < T . For every such pair (7%, ¢'), the corresponding wealth process
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X' := X" has initial value X*(0) = z; and obeys the self-financing equation

dSt + tht

dX'(t) = wi(t)Xi(t)( 3, )+Xi(t)(1—wi(t))rtdt—c"(t)Xi(t)dt

This can be rewritten as

dX'(t) = 7'(O)X'(t)(usdt + osdW () + X" (t)(1 — 7' (t))ridt — () X (t)dt

dX'(t) = (r(t) —c(t) + o5 (t)0s(t)) X (t)dt + osm' (t) X" (t)dW, (3.11)

Let us now define the admissible strategies.

Definition 3.2. An R%valued process {(7'(t), c'(t))}o<i<r is called an admissible

strategy process for agent ¢ with corresponding wealth process X' = X7 if:
e it is progressively measurable with respect to the sigma algebra o({W,}o<i<7).

o ¢i(t) > 0, X™(t) > 0 for all ¢, a.s. Furthermore, ¢(t) and og(t)7'(t) are

uniformly bounded.

e Moreover, we require that for allt € [0, 77, 2; > 0, E;[sup;< <7 Ui (¢ (s)X™ (s5)]] <

00 , Eo[|U;(XH(T)|] < oo where X™¢ (t) = ; almost surely.

It is often useful to consider the dynamics of X* = X ™. in the P! probability
space. Recall that dW/ = dW; — 6;dt. In terms of P!, the wealth dynamics are given
by

dX"(s) = (r(s) — c'(s) + osm'(s)ps(s)) X (s)ds + ogm'(s) X" (s)dW! (3.12)

92



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

Definition 3.3. Agent ¢ has discount function f; and utility function U; with constant

relative risk aversion 1 —~; with v; # 0,7 < 1 i.e.

Vi
Ui(a;) = 3, Va; >0 (3.13)

i

We now introduce another source of heterogeneity : the time preferences. As
noted in the Introduction chapter, time preference denotes the preference for imme-

diate utility over delayed utility (see (Frederick et al., 2002)).

Definition 3.4. Agent ¢’s discount function: f; is a measure of decision-maker ¢’s
impatience. f; is defined on the domain D := {(¢,5),0 <t < s < T} and satisfies the

following:
1. fi(t,t) = 1.
2. There exists fo > 0 such that f;(¢,s) > fo.
3. fi is continuously differentiable at every point (¢, s) € D.

The (forward) discount rate is the quantity

_Ohlts) 1 0<t<s<T. (3.14)

pills) = = X Fesy DS S

We will need the following additional conditions to prove the existence of a pre

commitment optimal equilibrium.

Assumption 3.5. Discount rate variation

For each i € {1,--- , 1}, the discount rate p; is bounded and has bounded deriva-

Opilt,s) o 9piltss)

tives. pi(t,s), “5; o

are bounded by a constant independent of , s.
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We now study the existence of an equilibrium where the agents trade with each

other and the markets clear.

3.3 The Equilibrium

The endowment of the economy €(s) is given exogenously. We consider an asset S(s)
that pays a dividend equal to €(s). In the setting of (Cvitanic et al., 2012), we study
the effects of heterogeneity on a complete economy in which agents trade, consume

and invest.

3.3.1 The optimization problem

In this section and the next, we fix ¢t € [0,7] as the time where the agents begin to

maximize their utility of consumption and final wealth.

Definition 3.6 (Admissibility). The portfolio/consumption process ratio pair (7¢, ¢?)
for the ith agent is admissible on [t, T if the process {(7}_,, ¢i, ;) bo<s<7—+ is admissible

(see Definition 3.2).
We call A} the set of admissible strategies on [t,T] (see definition above) which
satisfy
i T . . .
EX [/ fi(t, w) max(0, —U;(c"(u) X*(u)))du + fi(t,T) max(0, —U;(X7))
¢

| X] =2, Wy =w| <00 (3.15)
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For every ¢+ = 1,--- , I, agent ¢ wants to maximize the expected utility
E” { / filt,w)Ui(c'(w) X (w))du + f;(t, T)U(X%) | X =2, Wy=w]|  (3.16)
t

The maximization is done over the set of strategies (7", ¢") € AL
For s > t, consider the criterion J¢ that represents the continuation expected

utility on [s, T7:

Jit, s,w,xy, ) = EY {/T filt ) Ui(c' (u) X" (u))du

fi(tv 5)
+mUi(XT)|Xs =z, Wo=w (3.17)

A pair (7, ¢") that achieves the supremum of (3.17) over such pairs is called an optimal
strategy. Depending on the context, we will also call (7%, ¢') a time t pre commitment
strategy. The time t is the time at which the agent decides to start the optimization.

After committing to a strategy, the agent does not change it over the remaining time

it 7).

Remark 3.7. If consumption at time u > s is discounted using the factor

Ao )

then, the criterion becomes:

J(t,s,w, 2,7, c") = ]EPZ[/ eJs =Pt T (G () X () ) du

el —pEOE (X | X =y, W, = w} (3.18)
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The time t is again the time at which the agent decides to start the optimization.

The value function at time s, state W, = w and wealth X! = z; is

Vi(t,s,w,x;) == sup J(t,s,w, 27, c") (3.19)
(mi,ct)e AL

where the sup is taken over the pairs (7', ¢') € A’. For reasons that will be obvi-
ous later, we adopt the Hamilton-Jacobi-Bellman (HJB) methodology instead of the

martingale one. Notice that

Vil tw z) —  sup EP’{ /t LU Xiw)du (3.20)

(i i) e Al
+fi(t, TU; (X)X} = 23, Wy = w

=  sup J(t,t,w, a7, ) (3.21)
(mi,ct)e Al

which is exactly the criterion we want to maximize.

3.3.2 The Definition of the Equilibrium

We fix the time ¢ which is the time at which the agents start their optimization. We

are concerned with defining an equilibrium on [¢, T'.

Definition 3.8 (Equilibrium). An equilibrium (r, s, 05, 7, ¢*) consists of an interest

rate r, a market price of risk g, a stock volatility og, investment and consumption
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processes 7', ¢! such that markets clear, i.e.

I

D E(s)X'(s) = e(s) (3.22)

i=1

X1t(s) 1= Zf(i(s) = S(s) (3.23)
X7(s) := Z #(s)X(s) = S(s) (3.24)

for all s € [t,T] and (7", ¢') maximizes agent 4’s inter temporal optimization program
le.

(7', ¢") carg sup J'(t,t,w,x;, 7T, ) (3.25)
(mi,ci)e Al

(3.22) states that the aggregate consumption equals the endowment. (3.23)
states that the aggregate wealth equals the stock price. (3.24) states that the aggre-
gate investment in the stock equals the stock price (there is only one unit of stock in
the whole economy).

We can show that (3.24) is equivalent to { (3.23) with the additional initial
condition X% (t) = S(t)}.

Note that the market clearing conditions imply that the money market clears.
Agent i invests

X'(s) = 7'(s)X'(s)
in the money market and we have:

D (X'(s) = 7(5)X(s)) = S(s) = S(s) = 0.

7
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3.3.3 Solving Agents Optimization Problem

The following theorem is a verification theorem for the HJB. It says that if we find a

candidate solution that satisfies the HJB then it is actually the value function.

Theorem 3.9 (Verification Theorem). Suppose that we have functions y'(t; s, w, z;),
cy(t;s,w, x;) and m,(t; s, w, x;) such that:
o (my,cy) € Aj.

e If g is one of the functions y', aais, ‘g?fu, mi% and (7', c%) is any admissible

strategy then

Efjw@i[ sup |g(t’u’ Wu,Xgi’ci)
s<u<T

] < o0 (3.26)

and ' satisfies the HJB

(
SUPLi i (YL + @ (1 + 0g0sm — )yt + S (T osxi) YL, + 3Yh

sy, — pi(t, $)y + di(osmiayl + yl) + Ui(cizy) } =0 (3.27)

yl<t7 T7 w, xl) = Ul(‘rz)
\

e [or each fized (s,x), the supremum in the expression (3.27) is attained by the

choice m,(t, s, w, x;), c,(t, s, w, ;).

Then, the following holds:

The optimal value function V' to the control problem is given by

y'(t, s, w, ;) = JU(t, 8,0, 24,7y, ¢) = VL, s, w0, 1) (3.28)

The proof is given in Appendix 2.
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In what follows, we denote p; the inverse of the relative risk aversion:

1
- 3.29
T (3.29)

Di

Because of the CRRA form of the utility function U;, we can look to separate the
variables w, r;. We look for V(t, s, w, x;) of the form
Vit s,w, 1) = ai(t, s, w)Uy(z;)
This is the content of the following result.

Theorem 3.10. The value function is given by

Vi(t,s,w, ;) = a;(t, s,w;)Us(z;) (3.30)

and a time t optimal strategqy (7%, ¢") is

A1

C

) Oa;
(s) = a;(t,s, W) og(s)(s) = pi (@(t,s, W) + 2“" (t, s, WS)) (3.31)

(2

for s € [t,T]. The wealth process X' associated with the optimal strategy (#',¢)
satisfies the SDE:

dX(s) = (r(s) — &(s) + 05(s)7'(5)0s(5)) X (5)ds + og(s)7 ()X (s)dW (s) (3.32)
The function

vi(t, s,w) == a;(t, s, w)P

(3.33)
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satisfies the linear parabolic PDE:

ov;, 10%y; dv; Yipip?

0 = Py 0; iPiPi) 75— i\ Vi = —pilt, i +1(3.34
8s+28w2+< +’yp¢)aw+p(7r+ 5 pi(t,s))v; + 1 (3.34)
vi(t, T, w) =1

and the optimal strategy (7', ¢") with starting time t is given by

» 1 N 81)1-
¢ty s, Wy) = m ;o osm(t, s, Ws) = pid; + 0g ?}w (t,s, W) (3.35)

The proof is given in Appendix 2.
Since p;(t, s) depends in general on t, we see that the linear PDE (3.34) has a

linear coefficient
YiDi ¢@2 .

it i
5 pilts)|v

Di |ViT +

that depends on the starting point ¢. If we fix two starting points t; < t, for the opti-
mization, the strategies #'(t1, s, W), é(t1, s, W) does not coincide with #*(ty, s, W),
¢'(ta, s, Wy) on s € [ty, T]. Therefore, the strategy is time inconsistent.

In the case of exponential discounting, p;(t, s) = p; = constant, the t-dependence
of the PDE disappears and the strategy becomes time consistent.

In what follows, we fix t = 0, i.e. each agent 7 is optimizing its expected utility
of consumption and final wealth starting at time ¢ = 0. (0, s, w) will simply be noted
r(s,w), other similar quantities will follow the same simplified notation.

In the sequel, we assume that at time s, the market price of risk f5(s) and the
interest rate r(s) and the stock volatility are given and bounded. Since the criterion J*
is an integral of terms of the form U;(¢(s)X"(s)), we want to find a simple expression

for ¢(s)X(s). This is the content of the next proposition.
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Proposition 3.11. The following SDE holds:

dlog(éi(s)j{i(S)) = Di (7“ + % — 0;¢i(s, W) — pi(0, 3)) ds + pipi(s, Ws)dW (s)

(3.36)

The remarkable thing is that the expression in the right side of (3.36) does not

depend on v;.

3.3.4 Equilibrium in the homogeneous economies

We start by considering the equilibrium characteristics that would prevail in an econ-
omy made of agent ¢ only or that would prevail in our economy if all the initial
endowment was concentrated on agent .

We denote by 5;, r;, iis, 0is, 0;s the equilibrium stock price, interest rate, stock

drift, stock volatility and market price of risk.

0;5(v) = %@;(0) (3.37)

There is only one agent ¢ so that the commodity clearing condition becomes:
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Using the SDE (3.36) for dlog(¢(s)X(s)) obtained previously, we get

dloge, = dlog(¢(s)X'(s))

= pi(ri(s) + M — 0,(0;5 + 6;) — pi(0, 5))ds + pi(fis + 0;)dW (s)(3.38)
= (= 5)ds + odW (s) (3.39)

Comparing the ds terms and the dW (s) terms in equations (3.38), (3.39) yields:

Proposition 3.12. In the homogeneous economy where only agent i 1s present, the
market price of risk is 0;5, the interest rate is r;(s), the stock volatility is ;s . They

are given by the following expressions:

81»5 = 0'(1 — ’)/z) — 51 y 0,8 — 0 (340)

rls) = (L= =01 =)0 = )+ pi(0,5) (3.41)

Remark 3.13. We note that the equilibrium 6,5, 0;5,7; are the same as those found
by (Cvitanic et al., 2012), except that we replace the constant discount rate p; by a

time dependent discount rate p;(0, s).

Now, we introduce pricing kernels. Recall that the fundamental theorem of asset
pricing in finance suggests that the price of any asset is its discounted expected value
of future payoff specifically under risk-neutral measure or valuation. The present
value of 13 in ¢ years is

EF[M,] = EQe~ Jo rudv]

where P is the physical probability measure and Q is the risk-neutral measure. The
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pricing kernel in the homogeneous economy of agent ¢ is defined as

M(s) = exp ( /0 (—ri(u) %)du - /0 S Hide(u)) (3.42)

The next proposition gives another expression for M;(s).

Proposition 3.14. The process M;(s) can be written as:

M;(s) = f;(0,s)exp ( — (L =y + (1 —)(1 = %)02 + %)3 - QiSWS) (3.43)

3.3.5 Equilibrium in the heterogeneous economy

We are now in an heterogeneous economy (the real one) where all agents are present.

Define the pricing kernel as

M (s) = exp(— /OS(TU + #)du - /OS Os(u)dWy,) (3.44)

where fg(u) and r(u) are the equilibrium market price of risk and interest rate to be

found later.

Proposition 3.15. We have the following:

é(s) Xi(s) = ZOXMO) (Mi(s)) ) i (3.45)

The proof can be found in Appendix 2.

The clearing condition for the consumption (3.27) becomes:

F0)X(0) (Mils)\"
2 (M@)) =1 (3.46)

%
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From equation (3.46), we can deduce that M (s) has to be chosen as the solution

y > 0 of the equation

1

D

=1

&(0)X7(0), 1 Mi(s)\" _
<( )y ) -1

We make this result more precise by starting with a definition.

Definition 3.16. For ay,--- ,a; > 0, define F(ay,--- ,as) as the unique solution y

of

Y (H)r =1 (3.47)

i=1 Yy

For s € [0,T]) and i € {1,--- ,I} , define

¢(0)X*(0)

0 )75 Mi(s) (3.48)

a;(s) = (

and

a(s) = (ar(s), -+ ,ar(s)). (3.49)

Recall that the optimal consumption for agent i is ¢(s)X?(s). Define the risk
weighted fraction of consumption for agent i as

it ()X (s)

€(s)
wils) = ——©____ (3.50)
;¢ (8) X (s
Zj p;¢I(8)X7(s)

e(s)

In (Cvitanic et al., 2012), the quantity w; is called relative level of absolute risk
tolerance of agent ¢. The implicit function theorem yield that F'is C*° in its domain
of definition and {F'(a(s)),s € [0,7T]} is an adapted stochastic process. This is the

content of the next proposition.
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Proposition 3.17 (Pricing kernel and consumption fractions). The pricing kernel

M (s) in the heterogeneous economy is given by
M(s) = F(a(s)) (3.51)

The risk weighted fraction of consumption for agent i can be written explicitly as:

( ) Pi
pi (F<2<s>>>
) = o (3.52)
2P (F(Ja s>>>

Proposition 3.18 (Equilibrium interest rate and market price of risk). The pricing

wi(s

kernel M(s) satisfies the SDE
dM(s) = —M(s)(r(s)ds + O0s(s)dW (s)) (3.53)

The equilibrium interest rate v and market price of risk 0s are given by:

— Zwi<3)9i5 (3.54)
= S als)nils) + 5 Sl — pts - (o Z — p)wi(5)0ss)
(3 wals)0is (320 = py)es(s)) (3.55)

J
The weights w;(s) are between 0 and 1. Therefore, in the heterogeneous eco-

momy, the equilibrium market price of risk is between the minimum and the maximum
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market prices of risk in the homogeneous economies.
min 0;5 < Os(s) < max ;g (3.56)

The interest rate is also bounded. However, the aggregate interest rate could be

smaller or bigger than all of the individual interest rates of the homogeneous economies.

3.3.6 Study of the equilibrium stock price

We want to determine the equilibrium stock price S(s) and stock volatility og(s).
The homogeneous case

The stock price .S; in the homogeneous economy where only agent i is given by

SZ(S) =

! . ' (v)e(v)dv (T)e
Mi(s)ES [/ M;(v)e(v)dv + My(T)e(T)| - (3.57)

We are just saying that the price of the asset that pays the dividend stream
(€t)o<s<r is the discounted sum of the future dividends. Since, at time s, one dollar

that will be received at time u > s is worth %((Z)), we get the formula (3.57).

Proposition 3.19 (Stock Price in the homogeneous economy). The stock price in

the homogeneous economy for agent i is

g fl(()? U)
s f2(07 5)

fi(07 5)

Si(s) = €(s)

si(u,v)dv + €(s) si(s,T) (3.58)

where
(1, v) = exp <%<M _ =y, u>) . (3.59)

The heterogeneous case
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Using Ito’s Lemma, and the market clearing conditions, it is easy to see that
A(S (M) = —M({)e(t)dt + M()(s(t) — 05(8))SE)IW (1)

Thus, S(t )+ fo u)du is a P martingale. This leads to:

Proposition 3.20 (Stock price in the heterogeneous economy). The stock price in

the heterogeneous economy is given by the discounted dividend

S(s) ]Eﬂ”’ { / M (u)e(u)du + M (T)e(T) (3.60)

We have the following inequalities:
min S;(s) < S(s) < max.S;(s). (3.61)

The stock volatility is calculated in the following.

Proposition 3.21. Stock price volatility

The stock volatility og is given by

EP [ I (0s(5) = 0s(u)) Muewdu + (05(s) — HS(T))MTET]

os(s) = o+ -
EF [fs M, e, du + MTET]

(3.62)
In particular,

o+ minb;s — maxf;s < 0g < 0 + max ;5 — minb;g (3.63)

67



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

The drift of the stock is given by
ls = ogbs + 1 (364)

The proof is based on a straight forward modification of the one found in (Cvi-

tanic et al., 2012).

3.3.7 The existence of the equilibrium

We have seen that the interest rate, market price of risk and stock volatility are
bounded. All that is left is to show that r, f5 have bounded derivatives. This is the

content of the next result.

Proposition 3.22. The quantities g—;, %%f, %, % are bounded independently of

(s,w) € [0,T] x R.

Proposition 3.23. The parabolic PDE (3.34) has a unique bounded solution v; which

15 explicitly given by the Feynman Kac formula:

T 2 b2
vils, w) = EF [ / e Pt g 0 gy o i S g0 | (3 65)

where T, ¢; are evaluated at the point (u,Y,) and Y, is the unique solution of the SDE
on [s,T):

Y, =W, +/ (0; + 7ipsi(Yy))dv; Y = Wy = w

In particular, v; is uniformly bounded from below by a positive constant. Furthermore,

v, (s,w) 9%v; (s,w) .
g and —5 53— are uniformly bounded.
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Proof [Proposition 3.23] From proposition 3.22, we know that the coefficients of

PDE (3.34) are continuously differentiable uniformly in s, w and they have bounded

derivatives. Therefore, there is a unique bounded solution v; to the PDE (3.34).
The fact that the first and second derivatives of v; are bounded comes from PDE

theory (see (Friedman, 1975) , Theorem 4.6 ).

The following theorem states that an equilibrium exists.

Theorem 3.24. The equilibrium exists. The optimal strategy (7%, ¢") is given by
(3.35) and the value function is V(s,w,x;) = vi(s,w) ™ U;(z;) and v; is given by

expression (3.65).

In the next section, we study the behaviour of the economy in the long run.

3.4 Study of the asymptotic behaviour

In this section, we study the long run behaviour of the equilibrium. We find out
which agent dominates the consumption and which determines the long run interest

rate and bond yield.

3.4.1 Asymptotic survival

(Yan, 2008) studied the natural selection phenomenon in a complete market. The
concept is similar to the one found in biology. The rational expectations assumption

is that investors act rationally all the time. So (Yan, 2008) studies a heterogeneous
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economy with two investors, one rational and the other one with an incorrect belief.

(Yan, 2008) addresses the following two questions:
e First, which investor will survive in the long run?

e Second, if the investor with incorrect beliefs cannot survive, what is the time-

span of the selection process?

We start with two assumptions. The first one is more general and the second one is

more restrictive.

Assumption 3.25. Suppose

I
— [ pi(0,s)ds = p; (3.66)
To Jo
as Ty, T — o0, Ty <T.
Assumption 3.26.
lim p;(0,5) = pi (3.67)

Unless explicitly specified, we suppose assumption 3.67 holds. If we can show
that the investor with incorrect beliefs cannot survive that would be a justification
for the rational expectations hypothesis.

We will see that the agent’s survival is dependent on one number: the survival

rate which is a function of risk aversion, long run time preference and belief.

Definition 3.27. We say that agent ¢ survives iff

lim w;(s) =1 a.s. (3.68)

S§—00
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and that it becomes extinct or is driven out of the market iff

lim w;(s) =0 a.s. (3.69)

S§—00

Define the fraction of consumption for agent i

E()X"(1)
i(t) = —+— 3.70
mi(t) 0 (3.70)
Then n;(t) = nio(ﬂj\{;(%) )Pi. Fix two indices i # k and s € [0, 7],
1 1 1 1/1 s 92 62
—(log mi(s)™ —logmi(s)¥) = - <— log (pr7ko) +/ (r(u) + = — re(u) — 23)du
S 5 \ Dk 0 2 2

+ /Os(ﬁs(u) — Gks)qu) — %(% log(pinio) + /08<r(“) + %S — ri(u) — %)du
+ /OS(QS(U) - eiS)qu)

I 0% Ois W
o = [ (i) + 25— () — S )+ (G5 — 6
e 1 [ )+ 5 =) = B+ (05— 1)
By the Law of Iterated Logarithms, as s — oo,
W
— 0 (3.71)
s
and
1 S 1 62 62
g(log Ne(s) 7 —logmi(s)?) — p; + %9 — Pk — %S (3.72)
Suppose
_ 03 Ors
i 22~ 5 ko
pi + 9 Pr + 5
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Then

lim —(log nk(s)é — log m(s)i) <0

5§—00

1

S

i.e. )
lim ) g (3.73)

S—00 5.

ni(s)7i

This motivates the following definition:

Definition 3.28 (Survival index). The survival index of agent i is defined as

2

-

We add the following assumption
Assumption 3.29. All the k; are are assumed to be different.

Let ix be the agent with the smallest survival index x;.

ix = arg min K; (3.75)
Then for all j # ik,
1
lim )"
S§—00
i (8) "5
Since ;. (s) < 1,
1
ni(s)7 < 1 5) Y (3.76)
Nik (S)piK
We conclude that
Vj # ik, lim n;(s) =0 (3.77)
5§—00
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and since
JAIK
we get
lim n;, (s) =1 (3.78)
S— 00

and since w; = Zp";?n_, the asymptotic behaviour of w; is the same as the one for 7;.
3 Pij

This is the content of the following proposition.

Proposition 3.30. Agent ix is the only one surviving in the long run s, T — oo,
while s < T.

Vie{l,--- I}, lim wi(s) =i, (3.79)

—00

In the following f;(t, s) := fi(s —t) is a function of one variable T = s — ¢.

Proposition 3.31 (exponential discounting). The discount function for agent i is

fi(t,s) = exp(—pi(s — 1)). ;

6-
i = pt o (3.80)

is agent i’s survival index. This is compatible with the definition in (Cvitanic et al.,
2012). When s — oo, the agent with the lowest survival index survives and all the

others vanish.

Proposition 3.32 (hyperbolic and generalized hyperbolic discounting). The hyper-

bolic discount function is

filt,5) = filt, s;05) = 1++<s_t> (3.81)
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and the generalized hyperbolic function is

bi

fl(t, S) = fl(t, S5 ag, bl) = (1 -+ ai(s - t))i‘Tl (382)
We only deal with the second family since it generalizes the first.

P S

Again, only the agent with the lowest asymptotic survival index survives. That
is the agent with the lowest |0;5|. Agent iy is not necessarily the agent with the most

accurate expectation about the future of the economy.
Proposition 3.33 (generalized hyperbolic discounting with exponential rate).

b

filts s) = Filt, 53 pir i, ) = (1+ ails — 1) "% exp(—pils — 1)). (3.84)

The survival indez is :

2

02 b:
i = li i 2 = g S 3.85
R T e P T (3:85)

7

Again, only the agent with the lowest asymptotic survival index survives. That

2
1s the agent with the lowest p; + 9"75.

In all the different discount functions above, the agent ix has the lowest survival
rate.

Next, we want to study the long-term (asymptotic) interest rate.
Definition 3.34. The long term interest rate of agent ¢ in its homogeneous economy

74



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

is
T = li_)m ri(s) = (1 — v — o*(1 —7)(1 — %) + pi. (3.86)
If we assume all the 7; are different, let
fir = lIlf 7. (387)

The index 7, is constant and determined by the agent with the smallest long-run

interest rate i.e.

Vi

iy = argmingey . (1 — 7)) —o*(1—7%)(1 - E) + pi- (3.88)
Proposition 3.35. Under assumption 3.29
()X (s)
Shjg(} 05) Oiig @.S. (3.89)
i L [ rdu = tim L [ (w)du =7 (3.90)
Jlim — O'ru u= lim - onKu U= Ty :

Under the more restrictive assumption 3.67:
The equilibrium long term interest rate is equal to the long term interest rate of

the individual agent i in its homogeneous economy.
lim r(s) = lim r;, (s) =7y a.s. (3.91)

K
§—00 §—00

Note that this is not necessarily equal to the lowest long term interest rate of each
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agent. The indices i, and iy could be different.

Next, we want to study the long term yield and the bond price for long maturi-

ties.

3.4.2 Determination of the bond price and the long yield

Most cash flows are calculated using interest rates from liquid debt instruments such
as Treasury bonds. The graphic that depicts the relationship between bond yields of
the same credit quality and their maturities is called a yield curve. We consider a
bond in this market that matures at time Ty € [t, T).

The bond price at time ¢ with maturity Ty > ¢ is given by

B(t.Ty) :]E;@{exp(_ /t Tor(s)ds)} = exp(=Y (£, Ty)(Ty — 1)) :EE’{AA/ZTO} (3.92)

t

where Q is the risk neutral measure Y (¢, 7p) is the yield between time ¢ and Tj. Let
Yi(t, Tp) be the yield in the homogeneous economy populated by agent i between time
t and time Tj. r; is deterministic thus, the bond price in the homogeneous economy

18

Bi(t, Ty) = E? [exp<— / ° n(S)dS)] = exp(=Yi(t, Th) (Th — 1)) (3.93)

and the yield is

I
Yi(t, To) = T t/ ri(s)ds (3.94)
t
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We want to study the behaviour of the yield curve as t — oo. We will see that the

long term yield is determined by the agent 7, with the lowest long term rate.

Proposition 3.36. The long term yield is determined by the agent i, with the lowest
asymptotic (long term) average interest rate 7;. Fix t > 0. We have the following
asymptotic result for Ty < T, Ty, T — oo:

1 [T
0

The agent i, that determines the long term yield could be different from the one

that survives and dominates the long term consumption (i.e. ik ).

These results show that the asymptotic behaviour of the equilibrium with non
constant discount rates is the same as the one with constant discount rates when the
constant discount rates are set to equal the asymptotic average discount rate p; of
each agent. We can therefore give the same results as in (Cvitanic et al., 2012). The

proofs can be found in that paper.

3.5 Conclusion

The equilibrium can be completely solved by studying the individual agent’s HJB.
We get the equilibrium interest rate, market price of risk, stock volatility by writing
the clearing conditions for the consumption and the stock.

Shreve, Karatzas have solved the equilibrium problem completely by considering
the dual problem. In this chapter, I show that the equilibrium can be solved directly

via the HJB equations. (Cvitanic et al., 2012) follow the martingale approach as well.
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If s is the current time and T" > s is the horizon, we can give the long term
behaviour of the economy by taking T — oo and s — oo while maintaining s < T
We assume that p;(0, s) the discount rate of agent i between time 0 and time s € [0, T
converges as s grows to infinity to a constant called the asymptotic average discount
rate of agent ¢. There is only one surviving agent and it is not necessarily the agent
who has, at all times, the lowest discount rate. It is the agent with the lowest survival
index as defined in this chapter. The survival index is a function of the long term

discount rate, the risk aversion and the belief (optimism or pessimism) of the agent.
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Chapter 4

Subgame Perfect Equilibrium with

Two Heterogeneous Agents
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4.1 Introduction

In Chapter 2, we have seen that non constant discount rates introduce time inconsis-
tent behaviour. This dilemma could be solved by supposing each agent precommits to
follow the optimal strategy set at time t = 0. In Chapter 3, we solved the equilibrium
when the agents have different risk aversions, discount rates and beliefs about the
future of the economy. We then characterized the equilibrium in terms of the homo-
geneous equilibria in which a given agent is the only one present in the economy.
However, this approach requires some mechanism to enforce that precommit-
ment. Left to themselves, the agents will keep changing their strategies. In this
chapter, we study the subgame perfect equilibrium also known as time consistent
equilibrium in presence of heterogeneity. The agents differ in their time preferences,
relative risk aversion and beliefs about the future of the economy. To simplify the
study, we consider an economy with only two agents (or two types of agents). We
show that the equilibrium characteristics for the subgame perfect strategies are the
same as the ones obtained in the equilibrium for the pre commitment optimal strate-
gies of Chapter 3, except that the time dependent discount rate of agent i, p;(0, s) is

replaced by the utility weighted discount rate Q;(s) of agent i.

4.2 The Model

As in chapter 3 , we are given a heterogeneous economy with I = 2 agents that have
the following characteristics:

FExogenous parameters: There is only one source of uncertainty represented by
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the Brownian motion W (¢). The endowment (dividend) is €(¢) and satisfies the SDE
dEt = Et(ﬂdt + O'th) (41)

For i € {1,2}, agent 7 has initial wealth x;, discount function f;(¢, s) which is the
discounting between time ¢ and time s. She believes the growth rate of the dividend

is u; instead of u. Call §; the quantity

as introduced by Yan (2008).
Endogenous parameters
Agent i’s utility for a given consumption stream (c%) starting at time ¢ is then

given by
_ T
B[ Astids + £ UK (43)

where EF' denotes the expectation operator from agent i’s perspective, X is the final
wealth of agent ¢, U;(x) is the utility function of agent i:
:L"Yi

U(z) = —, 2> 0,7 < 1,7 #0. (4.4)

(2

IP* is the probability whose Radon-Nikodym derivative with respect to PP is

AP 52
dP = exXp ((SZWT — ET) (45)
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For 0 <t < s < T, define the two quantities

52
Zi(t,s) = exp(0;(Ws — W) — E’(s — 1)) (4.6)
W is the Brownian motion corresponding to P’
W} =W, — ;i (4.7)

We assume that markets are complete which means that all Arrow-Debreu securities
can be traded. In order to deal with asset pricing issues, we suppose that agents can
continuously trade in a riskless asset and in risky stocks. We let S° denote the riskless

asset price process with dynamics

dSy = r.Sdt (4.8)

the parameter r denoting the risk free rate at time ¢ . Since there is only one source
of risk, all risky assets have the same instantaneous Sharpe ratio and it suffices to
focus on one specific risky asset. We consider the asset S whose dividend process is
given by the total endowment of the economy and we denote respectively by us and

og its drift and volatility.

dSt = St [/J,Sdt + USth] - €tdt (49)
We let
P — (4.10)
os
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denote the asset’s Sharpe ratio or equivalently the market price of risk. The param-
eters r, us and og are to be determined endogenously in equilibrium.

It will be useful to introduce the adjusted market price of risk for agent :

b = Og + 6;. (4.11)

Denote by 7(t), ¢(t) the fraction of wealth invested in the risky asset and the fraction

of wealth consumed at time ¢. Define the wealth process X' := X™ < by the SDE:

dX'(s) = (r(s) — c'(s) + o5(s)m(5)0s(5)) X" (s)ds + o5(s)7'(5) X (s)dW (5) (4.12)

or in terms of W*:

dX"(s) = (r(s) — ¢'(s) + o5(5)7(s) i (5)) X' (s)ds + o5(s)7"(s) X (s)dW'(s) (4.13)

The notion of admissible strategies is similar to the one given in chapter 2. We

give the definition here:

Definition 4.1. An R%-valued process {(7'(t), c'(t))}o<i<r is called an admissible

strategy process if
e it is progressively measurable with respect to the sigma algebra o({W,}i>0).

o Ci(t) >0, Xi(t) >0 for all ¢, a.s.
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e Moreover, we require that for all ¢ € [0,7], x; > 0,

Ef [ sup |Ui(c'(s)X(s)]] < oo , E|

t<s<T

Ui(XY(T)|] < oo

where X*(t) = x; almost surely.
Let A’ be the set of all admissible strategies (7, ¢).

Question: If each agent follows a subgame perfect strategy, is there an equilib-
rium?
Response: Under fairly general conditions, there is an equilibrium. Next, we

make precise the definition of an equilibrium.

4.3 The Equilibrium Problem

Subgame perfect strategies are defined as in Chapter 2.

4.3.1 The Definition of the Equilibrium

Definition 4.2. An equilibrium (r(s), 05(s),0s(s), 7 (s),c(s)) consists of an interest
rate r, a market price of risk g, a stock volatility og, investment and consumption

processes 7(s),c'(s) such that markets clear, i.e. :

e (i) Each agent ¢ chooses a subgame perfect strategy (7, ¢’) (as defined in Chap-

ter 2) with wealth process X*.

e (ii) The commodity market clears :

Z () X(s) = e(s). (4.14)
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e (iii) The stock market clears:

X1(s) 4+ X%(s) = S(s) (4.15)

e (iv) The money market clears:

T(s) X (s) + 72(5) X%(s) = S(s) (4.16)

where Xi(s) := X™(s) is the wealth process associated to the subgame perfect

strategy (7%, ).
We will begin with some definitions.

Definition 4.3. In what follows,

1
-

Di: (4.17)

is the inverse of the relative risk aversion. Define ws as the risk weighted fraction of

consumption of agent 2. It is defined as:

wo(s) = ?262(8)5(2(8) _
P12t (8) X () + pac?(s) X2(s)

(4.18)

wo is stochastic, and hence, the resulting allocation of aggregate consumption
between investors is, in general, not Pareto-optimal. (Basak and Cuoco, 1998) have
solved the equilibrium problem of 2 agents that maximize their utility of inter tempo-
ral consumption and final wealth. One of the best treatment on the subject is found

in (Chabakauri, 2013) . He demonstrates that the process wy serves as a convenient
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state variable in terms of which the equilibrium parameters can be expressed.

In what follows, we look for strategies that have a feedback form. In the spirit
of (Ekeland et al., 2012), we restrict our search to Markovian strategies. * and ¢’ are
deterministic functions of the current wealth z;, current time ¢ and current agent 2’s

risk weighted fraction of consumption wy. The indirect utility for strategy (7°, ¢?) is
Jl(t,w%xi,wl,cz) = ]EED |:/ fl(t,S)Ul(Cz(S>Xl(S))dS+f1(t,T)U1(X7Z—v) (419)
t

where the expectation is conditioned on X*(t) = z; and wy(t) = ws.
The value function V* corresponding to the subgame perfect strategy of agent 4

will be denoted V(¢ ws, ;). For fixed ¢ € [0,T], wy € [0,1] and z; > 0

Vit wy, ;) = EF {/t fi(t,s)U;(¢'(s) X(s))ds (4.20)

+fi(t7T)Ui(X%)|WQ(t) = (JJQ,Xti =Z;

We assume that wy is given by:

dwsy(8) = —wa(8) (Huoyds + 00, dWy) = —ws(8) (fuyids + 0, dW?E) (4.21)
with the parameters p,,, 0,,, to be determined at equilibrium and

Hasgi = oo + 5iJW2 (4'22)
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4.3.2 The Agents Subgame Perfect Strategies

The extended HJB was derived in Chapter 2. We give the equation directly without

going through the proof again.

oV ‘i -
+ sup  {ATCV - Us(c'wy) } (4.23)
ot (7,ct) admissible
. T . ' o . _
_ g [ / af@é’; ) U4(& () X (s))ds + %U&X%T»
t

and

ATV = (r(t) — () + os(t)m* (t) i (L)) z;V,y + 5(03#%)2\@ — Wallwyi V,,
1 A A ,
+§(w20w2)2V$2w2 — 09T W0, TV,
(4.24)
Definition 4.4. Define the utility weighted discount rate QQ; at time ¢ as:
T 0L 7y (Fi( ) X afi(t, i
Bf [ [ 20 () X (3))ds + LEDU(X(T)) |

R [ T Fi(t, )UL(E () Xi(s))ds + filt, T)Ui()_(i(T))]

In what follows, we make the following assumption:

Assumption 4.5. Q; is known and is a deterministic function of ¢, wy(t). Furthermore,

the map
[0,7] x [0,1] = R

(t,u&) —> Qi(t,a@) 18 Cl.
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The extended HJB becomes:

o +sup{ A" V"' + Us(c'z;) } = Qi(t, wo) V" (4.26)

Taking the first order conditions in the extended HJB, we get:

1
) Z‘ZV; vi—l — 1 ( i
¢ = % 08T = Iivgvim <w2‘7w2vw2:r: - ¢ZV:T) (4'27)

We want to find V? of a certain form, and, as in Chapter 3, we can apply a
verification theorem to conclude that we have found the value function for agent i.

This is the content of the next subsection.

4.3.3 A Degenerate Linear Parabolic PDE

Suppose an equilibrium 7, 6, 05 have been found.

Ansatz: We look for V* of the form:

vi(t’w%xi) - Ui(tuw2)l_%Ui<xi) (428)

where v; € CH2(]0,T] x [0, 1]).

We get the following expressions for the subgame perfect strategies in terms of

v;
| Oy o1
OsT" = —Wa0y, —8;'2 +pidi ;O = o (4.29)

Note that a parabola of the form y(z) = $az? 4+ bz with a < 0 has a maximum
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at zo = —2 and the maximum is y(z) = —%. Thus:
ovi 1 o . (G 1 . ‘
5 T 5(93,-057?’)2‘/;36 + (r =)z, V) + G i) ~ v (w20, V0,0 — 0iV)?
. 1 . )
—waflaniVi, + 5 (@200,) Ve, = QiV (4.30)

Plugging the expressions (4.29) back into (4.30), we get after lengthy calculations

that can be found in the appendix, the following proposition:

Proposition 4.6. v; is solution of a second order parabolic PDE:

avi 1 2 9 82% avi

ot + §w20w28_wg - w2(lu’w2i + ’Yipigbio-wQ)a_wz (431)
. h2

+pi(’yi7" + %]922¢2 — QZ)UZ + 1=0

Note that the above PDE is degenerate : the second order matrix is non negative
but is not positive. Thus, a fine study near the points of degeneracy is necessary. We

will show later that by a change of variables we can eliminate the degeneracy.

Proposition 4.7. The dynamics of the subgame perfect consumption of agent i are

giwen by the SDE

02 — 52

dlog (' (t)X'(t)) = pilr + 2

— Qy)dt + pip;dW, (4.32)

Again, we see that v; does not appear explicitly in the expression of the subgame
perfect consumption. The proof is given in Appendix 3.

Next, we give the dynamics of wa(t).
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Proposition 4.8. The process wy(t) defined in equation (4.18) satisfies the SDE:

dw2(t) = W1 (t)CUQ(t) (ple + pQCdl) ((Q(t, CUQ) + (I)Q(WQ))dt + (913 — egs)dM) (433)

where w; = 1 — wy and Py is a polynomial in ws explicity given by

Bu(a) = 52=0100+ (1= 2) =)+ O 31— —a?) (1= —20(10))]
(4.34)
foy = —wi(t)(prws + pawr) (Q(E, w2) 4+ Po(ws)) (4.35)
Ow, — —Wq (t) (p1w2 + pgwl)(le — 625) (436)

The proof appears in Appendix 3.
In the next section, we study the homogeneous economy where only agent ¢ is

present.

4.3.4 Equilibrium in the homogeneous economies

Just as in Chapter 3, we start by considering the equilibrium characteristics that
would prevail in an economy made of agent 7 only or that would prevail in the economy
if all the initial endowment was concentrated on agent i.

We denote by S;, 7, iis, 0is, 0;s the equilibrium stock price, interest rate, stock

drift, stock volatility and market price of risk in the homogeneous economy.

O;s(v) = %@;M (4.37)
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There is only one agent ¢ so that the commodity clearing condition becomes:

&(s)Xi(s) = e(s) (4.38)

Using the SDE (4.32) for dlog(c(s)X*(s)) obtained previously, we get

dlog e, = dlog(c'(s)X"(s))

= pi(ri(s) + @ — qi(s))ds + p;(0;s + 6;)dW (s) (4.39)
= (- %)ds +odW(s) (4.40)

Comparing the ds terms and the dWW(s) terms in equations (4.39), (4.40) yields:

2 _ 52
074—0; o2

pi(ri(s) + 25— —qi(s)) =p— %

pi(fis +0;) = 0
Thus, we have the following proposition:

Proposition 4.9. In the homogeneous economy where only agent i is present, the
market price of risk is 6,5, the interest rate is r;(s), the stock volatility is o;5 . They

are given by the following expressions:

Ois = o(l—=)—0; , os=o0 (4.41)

n(s) = (1= - (1= 7)1 = 2) +ais) (4.42)

Remark 4.10. We note that the equilibrium 6,5, 0;5, r; are the same as those found by

(Cvitanic et al., 2012), except that we replace the constant discount rate p; by ¢;(t):
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the utility weighted discount rate of the homogeneous economy of agent .

The pricing kernel in the homogeneous economy of agent ¢ is defined as

S 02 S
M;(s) = exp (/ (—ri(u) — és)du —/ GiSdW(u)> (4.43)
0 0
Q;(t,ws) is replaced by ¢;(t) if there is only one agent ¢ in the economy i.e.
Q1(t,0) = ¢1(t) and Qq(t, 1) = ga(%).

Proposition 4.11. The utility weighted discount rate in the homogeneous economy

of agent v is given by

fT 9filt:s) exp(yiki(s —t))ds + % exp(viki(T —t))

gi(t) = 2 (4.44)
[; fi(t,s) exp(viki(s — t))ds + fi(t, T) exp(v;ki(T — 1))
where
ki = p; + w (4.45)

The stock price S; in the homogeneous economy where only agent i is present is

given by:

1 T
Si(t) = ——E; [/ M;(v)e(v)dv + M;(T)e(T) (4.46)
M1<t> t
The next proposition computes S;(t) explicitly:

Proposition 4.12 (Stock Price in the homogeneous economy). The stock price in

the homogeneous economy for agent i is
T
Si(t) = e(t)/ si(t,v)dv + €(t)s;(t,T) (4.47)
t
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where

si(tv) = exp < /t ol - M) - qi(u)du) (4.48)

Furthermore, we have the relations:
S1(t) = e(t)v1(t,0) 5 Sa(t) = e(t)va(t, 1) (4.49)

The proof is in Appendix 3.
We can compare the subgame perfect and optimal equilibria parameters in the

homogeneous economy.

4.3.5 Comparison between the subgame perfect and optimal

homogeneous economy equilibria

We are back into the homogeneous economy of agent 7. We see that the equilibrium
market price of risk 6;5 is the same for both the subgame perfect and the optimal
equilibrium.

The interest rate for the subgame perfect equilibrium is obtained by replacing the
discount rate p;(0, s) by ¢;(s). The keyword ”opt” will denote the optimal equilibrium
and ”"sub” will denote the subgame perfect equilibrium. We choose the following

parameters:

k1 1og(0.3 k2
k=03, ky = =203 fi(ts) = (14 k(s — 1) %1, 6 = 0.25, T = 40. We
see that away from the time horizon T', ¢;(¢) is almost constant. The subgame perfect
agent behaves approximately as if he was someone optimizing his total utility but

with a constant discount rate.

In figure a), we plot the price dividend ratio R(t) for subgame perfect and optimal
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p,(t) and g,(t)
1.4 T
1.2 H b
1k N
208 J
g ’
% ai
8 06l paverage |
5 0.
0.4 b
0.2 N
0 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
time t

Figure 4.11: ¢;(t) and p;(0,t). The discount function p;(0,¢) is a decreasing function
of time ¢ however the utility weighted discount rate ¢;(¢) tends to increase with time.
We notice that for the subgame perfect equilibrium, away from the final time T', the
utility weighted discount rate q;(t) is almost constant.
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Price Dividend Ratio for Time Consistent and Optimal Homogenous Equilibrium
T T T T T T T

Figure 4.12: Price dividend ratio R(t) as a function of time ¢.
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1020nsumption to Wealth Ratio for Time Consistent and
. T T T T

Optimal Homogenous Equilibrium
T T

time t

Figure 4.13: Consumption to wealth ratio ¢'(¢) and ¢'(¢) as a function of time ¢.
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strategies. We compare the results to the case when the discount function is of the
form exp(—pt with p = paverage = % fOT pi(0,t)dt being the average discount rate of
agent 7.

In figure b) we see that the consumption rates are not monotonous. However,
we notice that for the subgame perfect equilibrium, away from the final time T, the

price dividend ratio and the consumption rate are almost constant.
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4.3.6 Equilibrium in the heterogeneous economy

We now return to the real heterogeneous economy.

2. — 52
dlog (&' (t)X'(t) — dlog e, = dlog(e'(t) X'(t)) — (pi(ri + %

05 — bis

— ¢;)dt — pi(0is + 0;)dW;

+ ¢ — Q;)dt + p;(0s — b;5)dW;

Recall Q; is the utility weighted discount rate of agent 7. Integrating between 0 and

t, we get:

Sl o (M e [t - @) w50

where

M(#) = exp( /0 (= r(u) - 65(2“) ) — /0 s (w)dW (u)) (4.51)

is the pricing kernel in the heterogeneous economy.

The market clearing condition

becomes
2

& (0)X*(0) [/ M;(t) t ) — Ol e
ST (g o ) —@em) =1 @

or in the notation of Chapter 3,

M(t)=F ((—51(02()()_()1(0) )or M (t)els 2@-Qiwde, (52—(02£)2(0> )73 My(t)els qz(u)—@z(u)du)
(4.53)
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Next, we characterize the equilibrium interest rate and market price of risk.

Proposition 4.13. The equilibrium interest rate r and market price of risk s are

gien by:

sz s (4.54)

sz = %) — <1++Z)925<t) — dipills(t) + M + Qi(t, wa(1)))

(4.55)

The proof will be given in Appendix 3. Notice that
ri(s) = rio + ¢i(s) (4.56)

where

rio == (1 — v — o (1 — ;) (1 — %), (4.57)

In the subgame perfect equilibrium, all we are doing is replacing the discount rate

9f;(0,s)

pi(0,s) = — (s With the term Qi(s). Again, the subgame perfect equilibrium is

the same as the optimal equilibrium when we replace the discount rate of each agent
by the utility weighted discount rate of that agent.

We can rewrite r as

7’(3) _ Zwi(s)(rio I ‘915 ‘95 ];Z(QS - 9i5)2 + @’L) (458)

i=1

We see that the equilibrium parameters r, g are completely determined in terms

of t,wy once Q1, Qy are known and have sufficient regularity. We will show later that
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S; the equilibrium stock price depends on those quantities as well.

4.4 The Main Result

The first theorem establishes the existence of agent i’s utility weighted discount rate

Q;. We start with a definition.

Definition 4.14. Let

[|pl] == max({|pa]l, [l p2l]) (4.59)
where
8fia(t,s)
|| = ‘ — ¢
lpill = max |pi(t, s)| = max fi(t,s)‘ (4.60)

Define B the space of functions (¢, z) from [0,7T] x [0,1] — R that are C* in
t,z and such that 1 and % are bounded.

For v > 0, define the subset B, of B :
oY
B, = {¢ € B s.t. [[Yl] < 2[|pl| and ||| < v} (4.61)

where || || denotes the sup norm over all (¢,ws) € [0,7] x [0, 1].

For y € B, we define the process wj(s) by the SDE

dwi(s) = wiw! (prws+pawi(s)) | (Y(s,wi(s))+Po(wh (s))ds+(0rs—bas)dW (s) | (4.62)
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where

wi(s) =1—wi(s) (4.63)
Do (x) = 07 — 0103 + p1(72 — 1) (4.64)

05 =00 (901 — ) — a?) 4 pal(1 - ) — 201 — )]

Call
0(x) = (1 — )01 + 262 (4.65)
a(x) = (1 —1x) <pﬁ1 — p19§$)2 — opif(z) + %) (4.66)
+a <pﬁ2 - p—Qeéx) ~ Sapafa) + _2])2)5“’)

« is a polynomial of degree 3 in x with constant coefficients. Define

(

a¥(u) = 25 4 pyy (wd (u)) — ylu, wf(u) ol (u))

b (u) = 1p10(wi(u)) + p16s
(4.67)

aj(u) = P52 + pyya(a(wy (u)) + y(u, wh (u) ol (u))

by (u) = y2p2f(w; (u)) + p2da

\
Now, for + = 1,2 : consider the operators Fi;, Fy;, F; acting on y € B in the
following way:

Piilyl(t, w2) (4.68)

Vi€ [0,T],ws € [0,1] : Fi[y](t,ws) = Foily] (£, wo)
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where

T
Fui [y] (t UJQ) — ]E]f’ / afz (tv 8) efts a¥ (u)du+ [ bY (w)dWy ds + afl (tu T) eftT aiy(u)du—i-ftT bf(u)qu:|
(2 Y ° at
t

ot

(4.69)

r T
Folilt) = BF | [ 1, )l bl R gy el et o
LJt

with the conditional expectation calculated with wj(t) = ws. Finally, define the

operator

Fly(t, ws) = Fily](t, w2) — Faly](t, w2) (4.71)
We start with an assumption:
Assumption 4.15. Suppose 015 # 0ss.

Proposition 4.16. For y € B, the process {wj(s),s >t} of (4.62) is well defined:

dws(s) = wiwi(s) (prws + pawi(s)) | (y(s, w3 (s)) + Po(wy(s))ds + (B1s — Oas)dW ()
(4.72)

and wi(s) € [0,1] for all s > t.
We are now ready to give the main theorem.

Theorem 4.17. There exists v > 0 that depends only on o,;,0;, T, fi such that the

operator F' has a fixed point Q € B, i.e.

Y(t,ws) € [0, 7] x [0,1] : FIQI(t,ws) = Q(t, ws) (4.73)

Theorem 4.17 will be proved in appendix 3.
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Theorem 4.18. The function Q; : (t,ws) — F;[Q|(t,ws) is an element of B. Fur-

thermore, for any initial value woy € [0,1], the SDE

wa(0) = wag (4.74)

dws(s) = wiwa(prwsa(s) + p2(1 — wa(s)))[Q(s, wa(s)) + Po(w2(s))ds + (615 — Oas)dW (s)]
(4.75)
has a unique solution defined for s € [0,T]. The function ®o(x) above represents a

polynomial of degree 3 with constant coefficients given by (4.64) . Furthermore,

wa(s) € [0,1] Vse[0,T] a.s.

This theorem will be proved in Appendix 3. The following proposition gives an

explicit PDE for v; in terms of ¢, wy, Q1 and Q»:

Proposition 4.19. There exists a unique bounded solution of the PDE:

8vi 1 82%
It + 5((“1002(1010)2 + pow1) (Ohs — 925))2 B2
8vi
+w1w2(p1w2 —i—pgwl)(ko,- + @(t, WQ))aw + Kh-vi +1=0 (476)
2
Ui(T, WQ) =1 (477)
where w; = 1 — wy and
1
ka‘(WQ) = 5(925(292@% - pwg + 2(]91 - p2)w1w2)(925 - 915)2 (4-78)
o? 52 — 52
+yipi@i(bhs — O25) + (v2 — 71) (i — ?) + =2+ 6;(6 — &)
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K(t.wa) = prs(a(ws) + 5 8(w2)) = prnenQ(t,wn) = Qultwa) - (479)

Kap(twa) = pra(a(ws) = 5-8(w2)) + praer Q(t,wn) — Qultwa)  (4.80)

where and 0, o , B are three polynomials on q € R given by:

0(q) = (1 —q)bis+ qbas

e B

Blq) = pi(0(q) +61)* — p2(0(q) + 62)?

Theorem 4.20. Make the assumption 4.15. Then the subgame perfect equilibrium

exists. The utility weighted discount rate of agent i is given by
Qi = F[Q (4.81)

The value function for agent i is given by

Vi
Vi(t, wa, ;) = v3(t, wo) 7 (4.82)
i

where v; is given in Proposition 4.19. The risk weighted consumption fraction of
agent 2 is wo(t) given in equations (4.74), (4.75) of Theorem 4.18. The risk weighted

consumption fraction of agent 1 is

wl(t) =1- CL)Q(t)
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The subgame perfect consumption of agent i is given by

20\ T2 Prwa(t)e AT — powi (t)€
X  pawn(t) + prn(?) X pawi (t) 4 prws(t) (4.83)

Furthermore, Q, Q1, Q2 , r and Og are deterministic functions of the parameters

(t,ws). The equilibrium interest rate is r(t), the market price of risk 05(t) are given

by:

Os(t) = > wilt)bis (4.84)

2

2
1 i 1
r(t) = Zwi(t) (ﬂ _ P 0% — dipifs +

i 9 & o7 + @i> (4.85)

&t)= ——— (4.86)

the investment - wealth ratio s

ov; (t,UJQ (t))

T'(t) = wiwa(prws + pawr ) (O1s — 925)% + pitpi(t) (4.87)

7

where ¢;(t) := 0s(t) + &; . The subgame perfect wealth process X'(t), stock price-

dividend ratio R(t) are given by:

o1, Dawri(t)vi(t, wo) ) G2 prws(t)va(t, ws)
X0 = pawi(t) + prwa(t) er X0 pawi(t) + pruwa(t)
R(t) = S(1) _ pawr ()1 (t, wa) prws(t)va(t, wa)
Ce(t) pawn(t) +prwa(t) T pawi(t) + prwa(t)

e (4.88)

(4.89)
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The volatility of the stock price og is

OR(t,wa(t))

os(t) = 0 + wi(t)wa2(t) (pown (t) + prws(t)) (015 — bas) (4.90)

Owo
R

The theorem above will be proved in Appendix 3.
Mbotivation behind the definition of the operator F

Note that since

2

dlog(c' () X' (t)) = pi(r + ?l — 619 — Qy)dt + pidsdWy,

A simple integration between 0 and ¢ leads to:

()X (t) = ¢(0)X"(0) exp </tpl(7“ + ¢—2 —8;0; — Q;)du + /Ot pigzﬁiqu) (4.91)

We can write

Ey | Zi(t, s)Ui(—cj(S))_(l,(S)) =E} o (i % =511 Q) dut (i ()81 ) W
() X7(t)
So
OX7 (@)
Qi<t7w2) =

L/;T fl(t, S)EE}

Taiys EiSX’LS 617T E'LTXZT
Ji EEE? {Zi(t, s)Ui(#)—{%)}dH%Eg} {zi@,:r)m(cg_)g)}

Zi(t, s)Uy (S0 )] ds + fi(t, T)EF [th, T)Ui(Sxn. M

ftT 8fz-8(:,s) lf aitwdut [ bi(w)dWa g 4 O éi’T) e ST ai(w)dut [} bi(u)dW,,

| IS |

Qi(t,wq) =

[Ffult, s)eli aslwdut [T bitwaWags £ (¢ T)eli ai(wdut [ b dW1}
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where:
(52 2 52 2
ay(u) = Y +p171(7“+% — 01— Q1) 5 axu) = —32 +p272(r+%—52¢2

bi(u) =01 +pind1 ;  ba(u) = 03 + payao

Noting that §;¢; — Z2¢? = 122152 — L2192 — §,p,0s, we get

+—— sz o) pzs —51']0195—1‘%)4‘(#2(@2—@1)
02 1 — p;)d?
+—— sz V) pzs_(sipiQS‘i‘%)‘i‘wl(@l_@Z)

Thus, since Q = Q; — Q,, we get:

0% 1 — p;)d?

ar(u) = -7 +p171 sz i) p25 — 0ipifls + %) — p171w2Q
it 1 —pi)d;

az(u) = —— +p2’72 sz (1 =) 2S — 0ipifs + %) + p2yew1Q

bi(u) = 0 ‘f‘pl%(es + 01) 3 ba(u) =z + prya(fs + 02)

We see that the knowledge of the function Q will allow us to compute Q; and Q,
and thus all the parameters of the equilibrium. We get the expressions for a?,b? by

177

replacing Q by y € B, in the expression above.
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4.5 Conclusion

We have shown that there is an equilibrium in an heterogeneous economy with 2
agents where each agent follows a subgame perfect strategy. This result is the most
important result of this thesis.

In her paper, Asset Pricing with Dynamically Inconsistent Agents Khapko (2015),
Mariana Khapko shows that there exists an equilibrium interest rate, market price
of risk and stock price in an economy with one agent: a representative agent that
follows rather general dynamics and utility function.

Our result shows the existence of a 2 agents equilibrium without resorting to a
representative agent. We see that solving the subgame perfect problem is equivalent

to determining the utility weighted discount rate.
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Summary and Future work

In Chapter 2, we have introduced the time consistent / time inconsistent problem. Sub
game perfect strategies are discussed and we show how they are more relevant than
optimal strategies in certain situations. This chapter establishes a general framework
for the later chapters.

In Chapter 3, we study the effects of heterogeneity on the equilibrium. We
determine the interest rate and long term yield in function of the parameters of the
problem. We show that in the long run (investment horizon 7" — o), only the agent
with the lowest survival index survives.

In Chapter 4, we study the effects of heterogeneity in an economy in which
each agent follows a subgame perfect strategy. We have limited the study to two
agents. We showed the importance of the utility weighted discount rate for solving the
problem. We finished by providing a detailed comparison between optimal strategies
and subgame perfect strategies. A numerical scheme was provided in Appendix 1.

In future work, we could study the asymptotic behaviour of the utility weighted
discount rate Q. Another line of work would be to use such a representation to create
a martingale theory similar to the one that exists for optimal strategies. Finally, we
could study the existence of time consistent strategies when the utility function has

a more general form.
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Appendices

Appendix 0: Preliminary results

Stochastic Integration Results

Consider the following N dimensional SDE:

dX"(s) = p(s, X (s))ds + o (s, X"*(s))dW (s);t < s < T (5.1)

X (t) =z

with X4%(s) = (X7%(s),--- , Xx"(s)) an N dimensional process, W is an F, adapted

Brownian motion and p = (p1,- -+, n), 0 = (01, ,0n) are continuous functions

of t, x with bounded first derivatives gTi? gf;.

Proposition 5.21. The SDE (5.99) has a unique solution X"*(s). Furthermore, the

X oist and satisfy the SDE:

derivative processes Dy;i(s) == =4 -

SN@M sNaUz'

Dyi(s) = 0ip + / > o, (Xa") Dy (u)du + / > oz,

(X") Diej (w)dW (u)

(5.2)
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Proposition 5.22. Fixt such that 0 <t < T and let p > 2. For a process Yy defined
for s € [t,T], let

Y := sup |Y,|. (5.3)

? t<u<s
Suppose that a process X with values in R™ is defined on (Q,{F;},P) via the

equation

X,o=C+J,+ / prudu + / ol dW,, (5.4)
t t

with initial condition X, = ( € P independent of F, J, is Fs adapted and J; = 0.

Then, there is a constant Ky = Ki(p,T) such that

BICCR) < o (BIOP) + BAO B | [ o] ) 69

If we also have X; = x for a deterministic x and p, = p(u, X,) and o, =

o(u, Xy) for two Lipschitz functions in the x variable, i.e.
|u(u, z2) — plu, 21)| < Culze — x| 5 Jo(u,22) — o(u,21)] < Coloe —aa|  (5.6)

Suppose also p(u,0) and o(u,0) are bounded uniformly, then there is a constant K > 0

independent of t, s, X such that: then we get the estimate

BACC)) < A (JoP + B + sup

u<s

p—1(CP DY (s
(|pe(, 0) P + |o(u, 0)|P) (s — t)) o2 (CRACR)(s—1)

(5.7)
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Proof We write

X2 <0 (o + 7+ s (| [ el +] [l
t

t<u< t

By Jensen’s inequality:

sup | [ jadol < ( / aldo)? < (s — £~ / ol
t t

t<u<s t

and using the Burkholder-Davis-Gundy inequality followed by Jensen’s inequality:

u

B[ sup (| [ oudW (o)) < GELL[ oot < Cyls = 0 B[ ol
t

t<u<s t t

This ends the proof of the first inequality. If o and p are Lipschitz in the x variable,
we write |o,|P? < (|o(u,0)] + C,| X, )P < 2271 (|o(u,0)|P + C?|X,|)? and a similar

inequality : [p, [P < 2P~ (|p(u, 0)[P + CP|X,|)P we see that

E[(X7)] < KOE/ <|f€|” + (I + 277 |u(w, 0)[7 + o (u, 0)[Pdu + 2”_1/t (Ch+ Cé’)lXul”dU)

t

And by Gronwall’s inequality, we conclude:

E (X)) < Ky (IIIP +E ()] + 2770 sup {|u(u, 0)I” + |o(u, 0)["}H(s — t)) e D

t<u<s

Appendix 1: Subgame Perfect Strategies

Proof (Proposition 2.9)

Let (7,¢) = argmax, {A™V + U,(xc)}. We recall that since V is a value
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function, V' is concave in the variable x. By studying the convexity of the expression
A"V + U, (xzc) as a function of 2 variables 7, ¢, we can see that the critical points
realize the maximum of the expression. The first order conditions for ¢ give: zU. (cx)—

xV, = 0, therefore

1

Vx’y—l
X

¢ =
Similarly, the first order condition for 7 gives:

_ QSVx + SO’SVSJ;
O-Sx‘/:mv

™=

This ends the proof. 0
Proof (Theorem 2.8) Suppose that V' € C1%? is concave in x, satisfies (2.23) and
(7, ¢) satisfies (2.26). We want to show that V' is a value function and (7, ¢) is a sub
game perfect strategy. First, we have to show that V (¢, 5,z) = J(t,5,x,7,¢). As

before, X represents the process X™¢. Dynkin’s theorem states that the process

V(s, Sy, X,) — / (%—‘Z(u, Sy, Xu) + ATV (u, Su,Xu))du is a P-martingale.
0

Therefore

T ov

Et[‘/(T, ST,XT)] = V(t, S, ZE) +Et |: ﬁ(u, Su,Xu) —f-Aﬁ’EV(U,Su,Xu)dU (58)

t
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Let the function ¢ be defined by

EF[U,(e(s)X ()| X(t) = 2,8, = 9] ift<s<T
o(t,s,S,x) = (5.9)

EF[U(X(T)|X () =2,S, =8]  ifs=T

By using (2.23) in the RHS of expression (5.99), we get:

T ov

RHS =V(t,S,z) +E, {/ E(S’ Sq, Xs) + ATV (s, S, )_(s)ds}
t

T T
=V(t,S,z)+ Et[/ ~U,((zF.)(s, Ss, X) + ES[/ %(s, w)U, (xF(u, Sy, Xy)du
t s

oh _
(5, T)U,(Xr)]ds] (5.10)

T T oh oh
=V(t, S, z) +/ (=d(t,s, S, x) +/ E(s,u)&(t,u, S, x)du + E(S,T)(S(t,T, S,z))ds
t s
(5.11)

The last equality comes from the law of iterated conditional expectations. We then

use the relation :

0

%(/ST h(s,u)8(t, u, S, x)du + h(s, T)o(t,T, S, z))

T Oh Oh
= —0(t,s,5,7) + E(S, w)o(t,u, S, x)du + E(S’ T)o(t, T, S, x)
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so that

T T
V(t,S,z)+ / %(/ h(s,u)d(t,u, S, x)du + h(s,T)6(t,T,S,z))ds
t s

T
= V(t,S,z)+h(T,T)o(T,T,S,x) — / h(t,w)d(t,u, S, z)du — h(t,T)é(t,T,S, )
t
T
=V(t,S,z)+U,(zx) — / h(t,u)o(t,u, S, x)du — h(t,T)6(t,T, S, z)
¢

Since

E[V(T, S, Xr)] = EoUy(X7)]

I

T
V(t,S,xz) = /h(t, w)o(t, u, S, x)du + h(t, T)o(t, T,S,x) = J(t,S,z,7,¢c[5.12)
t

This shows that V' satisfies V' (¢, S, x) = J(t, S, z, 7, ¢). The next step is to show that

(7,¢) is a sub game perfect strategy. For this, we study the liminf of the quotient

J(t,S,x,ﬁ,E)fJ(t,S@‘,Tré706)
- .

J(t, S, x,m,¢)— J(t, S, x,m, ce)

€

= %]E;P;S@ [/t h(t,u) (UW(X(u)E(u)) — UW(XE(u)ce(u))) du (5.13)
+ %EES,z[h@?T)(U’Y(X(T)) — U,(X(1)))]

J(t, S,l’,'ﬁ_,é) —Et](tysymaﬂ—eace) _ Kl(e) + K2(E) +K3<€) (514)

where the K, Ky, K3 are obtained by introducing intermediate terms in the expression
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above.

Kale) = 1B [ [ ) (0K elw) — U0 ) ]

Kye) = éﬁw[[iw@+em—h@m»wwxmmwm>—awmm4mm4
# B | (A4 6 T) = WO )0, (X)) + Uy (X))

Kl = 2L [ [ ho+ e (U (X0) ~ U (X)) o]

It is easy to see that

lim 6, (€) = h(t, 1) (U, (@(t)z) — Uy (e(t)x)) = Uy (e(t)z) — Us(e(t)a).  (5.15)

€

1a(0) = ¢ [ (hlt-+ e = Wt B, [0, (Xe(w)ecw) = U (X)) ]
b B, (At + € T) — (e, T (U (X(T)) — Uy (X(T))] (5.16)

= 11(e) + Iz(e)

where I} = I1(€) and I, = I5(€) are given by:

I = % /:(Eh(t +eu) — h(t,u)E, {(())((2132(55?;)))7 _ )Uv(c(u))‘((u»du}
(5.17)
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I = %(h(t b e T) - h(t,T)) x E, K (%)7 _ 1) UA,(X(T))} (5.18)

We can calculate an upper bound for the integral term I;:

T €
(o) < e / Oh(ty, u)
t+e

ot

(XE(t +€)ce(t +¢)

X+ oelt 1 o) )7 - 1‘ |U7(C(U)X(U))|} du

P
X ]Et,S,x |:

Oh(to,u)
ot

where t;, € [t,t + €] and by hypothesis g(t,u) := sup e 111 ‘ ‘ is integrable on

[t, T]. Therefore

T
ol <e [ gt <, [
t

+e€

(XE(t + €)ce(t + €)

X(t+e)e(t +e) )V - 1’ |Uw(5(U)X(U))|} du

Since X (t + €) — x and X (t + €) — z, the integrand goes to

st || (49) 1|10 e )]

and by the dominated convergence theorem,

I1(e) — 0 when € — 0. (5.19)

For the same reasons, I, — 0 when ¢ — 0. Thus,

Ks(e) > 0ase— 0. (5.20)
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Ks(e) = %EE’[V(HE, St+e), X(t+e)—V(t+eS(t+e),Xc(t+e)]

_ %Ef Vit +e,S(t+6), X(t +6) - V(t,S,2)
+V(t,S,x) = V(t+eSt+e),X t—l—e))]
1 b t+e Ll "

= ] [ v s xo - Lz, T avs. 0]
1 P e 7,C ,C

- E [/t (Vi + ATV (u, Sy, X)) / + ATV (u, S, X, ))du}
Ks(€) —eso [Vi + ATV (E, S, 2)] — [V + ATV (¢, S, z))] (5.21)

Combining the limits, we get

hm 1nf J(t, S’ LT, C) — J(t7 SJ T, Te, CE)

e—0 €

= (U, (e(t)z) + A™V (t, S, 7)) — (U, (c(t)z) + AV (¢, S,2)) > 0 (5.22)

This ends the proof. O
Proof | Theorem 2.14]

We want to show the following: There exists 6 > 0 such that the operator F
defines a contraction on the space Bg.

In the following, K will be a positive constant that could vary from line to line.

Call p(t,s) = ah ts ) /h(t,s) for t,s € [0,T]. pis the (backward) discount rate

and is bounded by ||p||. Recall that

(¢, 5)

By o= {y € O((0,71:0"(0,00)) | 1,5 € [0.7]x(0,00). ly(t, )| < [lol] & 51202 < 5}

(5.23)
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The proof will be structured in 6 Steps. In Step 1, we fix § an arbitrary positive
constant. We show that there is ¢y > 0 such that for (¢,5) € [T — €, T] x (0, 00),
IPl)(t, S)| < [|pl] and 5 |2HED] < 5,

In Step 2, we show there exists ¢; € (0,¢€p) such that for (¢,5) € [T — €, T] x
(0, 00):

|Fly2)(,9) = Flunl(t, )] < %Iyz(t,s) — i (t,9)] (5.24)

In Step 3, we show there exists €, € (0, ¢;) such that for (t,.5) € [T — e, T x (0, 00):

Oya(t, 5) _ Ot 5)

S oS oS

OF[p(t,8)  (OFm](t, S)‘ 1 (5.25)

08 oS - 2’5
In Step 4, we conclude that the restriction of F' to the functions y : [T — €, T] X
(0,00) — R is a contraction. We invoke Theorem 5 in Suzuki and Takahashi (1996)
to conclude that F' has a fixed point Q' defined on [T — €, T x (0, 00).

In Step 5, we show that if €, is small enough, we could find a fixed point Q* on
domains of the form [T — key, T — (k — 1)es] x (0, 00).

In Step 6, we specify a value for the constant . We construct a fixed point Q
for the operator F' defined over the whole interval [0,7] x (0, 00) by using the fixed
points Q* of Step 5.

Let us start with the first step.

Step 1

Recall that for y € B :

T

2
Foly](t,S) = E, {/ h(t, s)efts1’7(’“+97S—y)du+ffm@SdW“ds (5.26)
t

2
Fh(t, T)el PO+ —wdut [ mosaw.
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T 2
Filyl(t, S) = E [/ Meﬁ7’7(7'+975*y)du+ftsp'795dw”ds (5.27)
t

ot
+8h(t,T) I (e + % —y)dut [, py0sdWa
ot

If y € By:

T
|Fily](t,S)] < Et[ / ah Ls) — e S+ 5 ) [ 05w, g

Oh(t,T)

=%

|6ft m(r+7 —y)du+t [, PWdeu} (5.28)

The integrand is smaller than

2
[|pl|R(t, s)eftSpW*OTS—y)dUJrffpwdeu

and the second term in (5.120) is smaller than

|pl[(t, T)el P+ F =it T mpsaw,

Adding the two upper bounds, we get:
[F1lyl(t, S| < lpllFoly](, 5) (5.29)

So |F[y](t,9)| < |lpl] V t,S. Now, we show that F[y] € C([0,T];C*((0,00)) and
get a bound of its S derivative. Define a(t,S) and b(¢, S) as the du and dW,, terms

appearing inside the exponent in the expressions (5.117), (5.118).

02
a = yp(r+ ?S) . b= ypls (5.30)
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By using (Friedman, 1975), Chapter 5, Theorem 5.5 ,

0S5t (u)
%S = 31
DS (u) = 2 (531)
satisfies
dD% = DR (apdu + B,dW,) (5.32)
O(Sus(S) ) o O(Sos(t,S))
where a(t, S) = T,ﬁ(t, S) = 55 (5.33)
are two bounded functions in ¢, S. D% has the closed form:
S 52 s
Dt,S(s) = exp (/ (Oéu — gu)du —|—/ Buqu) (534)
t t

ORW(t,S)  _p /T / da O\ i /ab £.9 ZvitS (s
59 =E, th(t,s)( t (@S 8S)D du + aSD dW,)e ds

T 9b,
. 9S

T da Jy

+h(t,T / — Dt Sdu + Dt S dW. Zy;t,S(T)]
D) (G5 =759 u)

where for s > t,
205(s) = [ (alw8) ~ . Sdu+ [ b S)aW  (53)
t t

Recall that p = 1=,

T s s
OFy[y](t, S) :]Ef’{/ h(t, S)(/ (@ _ @)ijsdu—%/ aiDtSdW) 255 (s) 16
t t t

53 a5~ Pas 55
T da dy T on, 4,5
+h(t, T / — DYSdu+ | =2DLSaw, Z"”<T>] 5.36
(t,T)( t (55 —35) T u) (5.36)
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For the same reasons as inequality (5.120), we have the inequality

R [y] 3Fo[ ]
) < Il T (5.37)
We can now get an upper bound for S ‘M‘
16) 1 16) 0 o 1 0 0
S'aﬂyw, s>‘ g R %o
S Rlyl Iyl Foly] Foly]
OF[y)(t, s>‘ |
S|—=" 2| pl]| S —==— 5.38
) < a2 (5:39
and by the Cauchy Schwarz inequality:
oa 8y * 0b, .
P t,8 _u _ u 9Ou 1.5 yit,S
B! /D e+ [ GEDLN,) < exp(Z (3))’
da 8y * b,
< \|EP DtS v “)du DL AW, | \/EF[exp(22vt5(s
Note that S, |%%|, |8y“| and S,|%| are bounded independently of ¢, S, u. For

example, S,|2%| = |v|pS, |895 (wSu)| < ]’y[pHSaesH and S, \8y“\ < 6. We get:

F ’ ) 2
g 2Lelultt, 5) O[ggt’sﬂ < K(+IS5¢ |I)\/ (/ SEDZ’SCZ“*/ sﬁD&SdW“)
t u t U

w el Ipllyll(s—1)

K(1+ ||S ||) \/(IEIE [2(/ SﬁDﬁsdu)2+2(/ SﬁDgdeuﬂewnyn(s—w
t u t u

K(1+ |l 92]) \/E?[(s—ﬂ [ oD paus [ (D] x s
t u t u
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IFoyl(t, 5)

s 1=

c(1+ HS H)‘ /s — 1 x ehPllyll(s—t) (5.39)

where K is a positive constant independent of ¢, 5. We can also have a lower bound

for Foly]: We assume that ||y|| < ||p|| and HSg—gH < ¢ for a certain 6 > 0 to be fixed

below.
T . .
Foly](t,S) = ]EED [/ h(t, S)eft (au—py(u))dut [ budWu g (5.40)
t
h(t, T)el @=my@)du+ [ buqu]
' Y by T b2
> E/ [/ h(t, s)eli ~hielleli=llall+Zdugg o gt T)ele (Zhiplleli=llall+5)du
t
(5.41)
Folyl(t, S) > mf(t)
where
T
m(t) = / h(t, s)el ~Pielieli=llalldugg 4 pp )l (~hipllell=llal (5.42)
t

This shows that

8Fo[y]‘ QHPHK(l + H%H)‘ /T — ¢ x elpllyll(T—1)
Ry m(t)

22 < g2

If we choose 0 < ¢y < T such that

2/|p||K (1 +]0) x enPllelT

Ve inf{m(t),0 <t <T} =0 (5.43)

Then for (t,S) € [T — e, T] x (0,00), |Flyl(t, S)| < ||pl| and S ‘%‘ <.
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This ends the proof of Step 1.
Step 2 We want to find an upper bound for the quantity |F[ys](t, S)—F[y1](t, S)|.

Let y1,ys € Bs :

s o 191D
Fily](t, S) — Filyi](t,5) | Fily(t,9) (Folya] — Folyi]) ‘
o Fo[y2]<t,5) FO[let?S)FO Y2 (t,S)

2|[pl||Folya] — Folwl|(t, S)
Folya] (2, S)

IN

We can now get an upper bound for |EFyly2](,.S) — Folyi](t, S)|

T
Fole) (8, 5) ~ Flun)(t, 5)| =B [ b, s)eld ewtvrin x
t

|eJi —rpv2(w)du _ o f; —apyi(w)du) g

+h(t, T)eftT audutbudWu o |eftT —ypy2(wdu _ [ —pyi (w)du (5.44)

The mean value theorem, applied to the exponential gives

eJi —ypy2(w)du o [7 —ypy1 (u)du

< bl T [ gafa) < p)lde (549
t

T
PRI S) = Flnl(t S) £ —sBe| [ (e o) owtesbahe e bIAT(5,1)
m t

S T
/ lya(u) — i1 (u)|duds + h(t, T)e ) awdwtbudWu s |y pebipllel ™ / lya (1) — y1 (u)|du
t t
< K(T

—t max w. ) — v (. 1
)u,me[t,T]x(o,oo) y2(u, ©) = y1(u, z)|
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where K is a constant that is independent of ¢,S. We can choose ¢; € (0, €]
such that Ke; < 5. Call F! the operator F|c(r—e, 7x(0,00))-

Then for all (t,5) € [T — €1, T] x (0,00):
1 1 ]'
1F [yo] — F nllleqr—a.mx0.00) < QHZ — Yller-a.11%(0.00)) (5.47)

This ends the proof of Step 2.

Step 3

We want to find an upper bound for the quantity |8F0 L] t.5) _ 9F [yals],(t’s) |.

OF [y2] BFOEJQ]Fl[ 2] OF1[y1] 8Fogy1]F1 [y1]

‘8}7[92](7575) _OFn(LS)| _ | Tes - _ o8
) ) Folye] Fg [ys] Folyi] Eoly:]?
T - Fly)?pe 2 - Pl 5
B Folya] Folyi]
< Rl 2 OO ) - )
T et e Iy

S 'aFO[%Q}q(t’ %) _ aFO[yal]S(t’ S)‘ < /t h(t, s)A(t, s, S)ds + h(t, T)A(L, T, S)

OF[ys](t,S) 3F1 y1 1(t,9) 8F0 [y2](t, S) aFo[Zh](t, S)
s‘ il < llplls |22 n (5.48)

130



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

where

8 8 ab y2;t,
= |E, K/SDtS( gg) — oo (W) du +/SaSDtSdW) Z04(e)

s da Oy b
_ t,S _ t,S ZY1 (s)
(/tSD“ (55 ~PHg (w)de S/t a5 i M ) H

S Al(t, S, S) +A2<t7575)
s S o O o 4,8 7. Zv2iS(s)
1 Db *
{/t VpS (Su3s oS — S 8S)<u)) - due

8 8 y S y2it,
< |vlp max |z ya(u, 7) - yl(u,x)’ X Eﬂ/ S—ijsdu x eZ" S(S)}
t u

A1<t, S, S) =

(u,)€(t,T) % (0,00) oS oS
Oys(u,z)  Oyi(u, )
< _
S P oyl 00— 05 95 |
s S 2
E?{(/ S—Dfﬁdu) ]\/Et[exp@Zy??tvS(s))]
t u
Oyo(u,z)  Oyi(u,x)
< — _
Balts,5) < els —1) (u,ag)efz{,lz&})xx(o,oo)gg| dS 95 |
Similarly,

As(t,s,S):=S|E

da M1\ s / t,8 Z¥2hS  gyits
t{(/(as WD@S)D du aSD dw, | (e e )

Noting that by the mean value theorem applied to the exponential function:

}6232”’5 _ eZéll;t’s| _ efts Ay du+by dWy, ‘e—*yp JZy2(w)du e~ P S (u)du‘

< ol audutbudW MpevpllpT/ 1y2 (1) — y1(u)|du
t

< K(s—t)  max |ys(u,x) — yi(u,z)|eft udWe

(u,z)€(t,T) % (0,00)
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and

As(t,s,5) < K(1+9)(s—1) max : lyo(u, x) — y1(u, z)|  (5.49)

(u,z)€(t,T)x (0,00

OF[yo](t,S)  OF[y](t, )
_ < T — —
5 a5 oS s L+ VT t(<u,x>e%}i<o,oo>|y2(u’m) 1w, )|

83/2 ayl
=g (7)) — =3 5.50
T o g () (w,2)])  (5.50)

We can choose €, € (0,¢€;) such that K(1+§),/ez < % Since
T ; (el + 182 s—g)
Et[/ P Ji audwbuqu} < ehr———"—
t

and m(t) is bounded below by a positive constant, we can further choose €z such that

lpllellT T .
€2 SUp Mpe—Et |:/ h(t’ S)B’Ypftaudu-‘rbuqudS + h(t, T)efypftTaudu-i-buqu <
t

1
wefor)  mAt) 2

(5.51)
Then for all (t,5) € [T — e, T] x (0, 00):

|
1F[ye] = Flnlllogr-emcio0n < 5llv = nllogr-emciox) — (5:52)

This ends the proof of Step 3.
Step /

If we call Bf := {y|[r—e; 11x(000) | ¥ € Bs} the restriction of Bs to [T'— €, T'] X
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(0,00), then we can conclude that F(Bj) C Bj.
Since the space of functions C([T — €, T); C*(0,00)) is complete and B} is a
closed subset of that space, B} is a complete set. We use theorem 5 in (Suzuki and

Takahashi, 1996) that we repeat below:

Theorem 5.23. Let X be a linear normed space and let D be a convex subset of X.
Then D 1is complete if and only if every contractive mapping from D into itself has a

fixed point in D.

B;} is both convex and complete, so we can apply the theorem. The operator
y — F[y] has a unique fixed point Q' in B}. This ends the proof of Step 4. We
can repeat the argument on [T' — 2e5, T — €5]. So on, until we reach 0. So we get
Q : [0,7] x (0,00) — R that coincides with the constructed fixed points on each
interval [T — kea, T — (k — 1)€3] and the problem is well posed. Let us do it in detail.

Step 5 Define

B} = {y € C([T — 262, T — &5]; C"'(0,00)) such that

0 0
YT~ 2,8) = QT ~ 2,5 52 = 2

0
V(t,5) €T —20,T—e] x (0,00). ly(t,9) < [loll & S|54(tS)| < 6}

(T — €, 95) (T — €, 5) and

We will see below that ¢ can be chosen such that F?(B?) C B and that F? has
a unique fixed point Q? in BZ.

Let us define the operator I on the space C'([T — 2¢, T — €5]; C1(0, 00)) by:

FEly)(t, 5)

P 5) = 22105
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and

Fo[Q](t,S), if T—e<t<T

Flyl(t, S) = (5.53)
Fo[th,S), if T—62 StST

\

(

Fl[Q](t, S), if T—e<t<T
FY[y)(t, S) = (5.54)

Fl[th,S), if T — €9 S t S T

\
For y € C([T — 269, T — €3]; C'(0,00)) and t € [T — 2¢, T), define the function
y*(t, S) by
Qt,S), if T—e<t<T
y'(t,S) = (5.55)
y(t,S), if T —2e <t<T—e

Now, as before, fix two functions y;, yo € B2, we have by the same kind of estimates

as 5.137:

hpllollT T .
|F2[y2](t, S) . FQ[yl](t, S)| S %Et [/ h(t, S)€7Pft aydu+by, dWy, %
t

T
W2(0) — ()| duds + t, T)erw I evdurbud o / W2 (1) — v (w)|du
t

0 if t>T —¢€
Noticing that [,” [y2(u)—y1 (u)|du =

TR () —Ru)|du i T 26 <t<T —e
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We get the estimate for T'— 26, <t < T — €:

el IpllolIT T s
F0el(,5) = Pl $)] < DR [, gttt
t

T—eo T T—eo
[ ok = silduds + age, Ty s [T a0 < o]
t t
|7|pe\v\pllp\ T
=

X a B
O ) [T —2en T ea]x (0,00) lya(u, 2) — vy (u, )|

T
Et |:/ h<t7 S)GWP fts Ay du+by, dWy, ds + h<t7 T>€’yp ftT audu—ﬁ-buqu:|
t

And since ey was chosen so that

|w|peﬂ:'”'TEt[ ST Rt 5)ew 7 audurbadWa s 4 (e T)ew i audu+budwu] X € < 3, we

get:

| F2[y2](t, S) — F2[y(t, S)| < max [y2(u, 2) — 1 (u, 2)|  (5.56)

1
5 (u,z)€[T—2€e2,T—€2] % (0,00)

and a similar estimate for the derivative:

OF(t,8)  OF)t,)) _ 1 Oy

< Z ZI2 _ I
09 BXS = max x| 5o (u, @) (u, )|

S
‘ 2 (u,z)€[T—2ez,T—ea]x(0,00)  OS
(5.57)

Since the space of functions C([T' —¢, T]; C*(0, 00)) is complete and B? is a closed
subset of that space, B? is a complete set. B? is also convex.

By using theorem 5 (Suzuki and Takahashi, 1996), F? has a unique fixed point
Q? € B:.

We can keep doing the same in [T — 3ey, T' — 2¢,] until 0 and define F* and Q"

(we suppose Ny = % is an integer. This ends the proof of Step 5.
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Step 6
We define Q(¢,S) = Q'(t,S) f T —ie <t < T — (i — 1)es.
Then Q(t, S) = F[Q](t, S) for all (¢,5) € [0,T] x (0, 00).

All that is left is to choose § > 0 that works. We define the sequence

$0 =0, ¢n1 = Flon]

We can take

6 = 2[|o1]|eqo,11.01 (0,00 (5.58)

For y € B2, we have by the triangle inequality:

VAN

| F2 Y]l c(ir—26s,77,01 (0,00)) |F2[y] — F20]||c(ir—2es77,c10,00)) + |1 F2 0|l c(r—2es,77,0 0,00

IN

1
5||y||C’([T—262,T],Cl(0,oo)) + |F[0]|| o(r—260,77,01.(0,00))

o o 90

2
< 3 + [ F= 0] e(r—260,17,07 (0,00)) = 5 + 3= )

Thus, this choice of § insures that the set BZ is stable under the operator F2. The
successive operators F* k > 3 will also leave the set BY stable. We conclude that
Vn >0, ¢, € Bs.

This ends the proof that Q is in C([0,T]; C*(0,0)) and looking at the form of
the t-derivative, we see that it is continuous in ¢, S. Q is C* in (¢, S).
Proof [Theorem 2.17]

We want to prove the following: Vt € [0,T], QF° = Q(¢,S;) . We proceed in

4 Steps. In Step 1, we define the function v that solves the PDE (2.42). Then we
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define the strategy

o 1& Sy 1
(7.0) = (05 + v 71)(15,3))

and X := X™°,
In Step 2, we calculate the quantity ¢(s)X (s) in a simple form.
In Step 3, we show that Q(t,S;) = Q7 °.

In Step 4, we show that
V(t, S z)=E, {/t h(t, s)U,(c(s)X (s))ds + h(t, T)U,(e(T) X (T))

coincides with V (¢, S, x) = v(t, S)* U, (z).

In Step 5, we show that V satisfies the extended HJB equation (2.23). We
conclude that (7, ¢) is a subgame perfect strategy with corresponding value function
V.

We start with the proof of the first step.

Step 1

We remind that

Fl[y](t’ S)

FUS) = Rales)

Q(,5) = FIQI(t, 5)

We define the function v as the unique bounded C? solution of the PDE (2.42):

dv  oiS% 0% yph% v
0 = E—l— 5 w—l—p{w’—l— 5 —Q}v—i—(r—i—pages)S%—i-l
v(T,8) =1

The existence of v as the bounded solution of the PDE (2.42) is a direct consequence
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of Friedman (Friedman (1975) , Chapter 6, Theorem 4.6).

Define the strategy (7, ¢) by:

_ _ 95’ S'Us
C(tu S) — U(t, S) ) 7T(t, S) - pU_S v (559)
and the corresponding wealth process X (s) = X™(s)
X
C;_—(Ef)) = (r + oglsm — ¢)(t, S)dt + o7 (t, Sy)dW,; (5.60)

Step 2

We find a nicer expression for the consumption &(s) X (s):

N 1 o dv 1dvye dX1[dX)\?
dlog(e(t) X (1)) = dlog(~) + dlog(X (1) = —— + 5(7) + 53 (7)
pls S Ov JS(pHS S ov

:[r—v —1—0595( +v85) 5 05+v38)

1low 0%5% 0%v B S/,LSS@ 1(055 ov
v Ot 20 028 v 0S8 v 0S

) ]dt + phsdW (t)

10v  0%S%0% S ov plso?

= —_—_—— — _— 0 — —
{ v Ot 20 028 i 85( 5 Os ts)
+r—ov 4+ ogbg % — _(peg) ]dt + phsdW,
gs 2 gs
1[ov  0%5? 0% v plso?

- % 9 - —ug) —rv+1

{815 5 grs  Pggloshs fs) = v+

po 0

005250 1 v (p %2 ]czt + plsdW,

(OFS gg

And since g;’ + 0523 Pyv 1=y (’yr + 5= we — Q) v—(r —|—p0595)5%,

138



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

we get:

- 1 62 v
Dog(e)X(0) =~ | = p (37 + B - @) v~ 7+ posho)S g
2 2 0
—S@(Jseg — pQSUS — ;LS) —rv— 0595%’0 + UE(M)Q dt + pGSth
oS gg gg 2 gg

The coefficient of g—g inside the square bracket is :

2
peSUs
gs

—(r+p0565)5—5(0505— —ug):S(uS—r—aSGS):0

since pug —r = ogbs.

The coefficient of v inside the square bracket is:

2 2
—p (fyr—i-,YpGS —Q) —7“—05(951&—1-2 Ps >
2 2 (OFS
2 202 2
p0 pY
= —p(y +’sz5 ~Q - —phit+0) = - (7 +%—@>
Thus
_ 2
dlog(@(t)X (1)) = p(r + ES — Q)dt + phsdW (1) (5.61)
Therefore:

c(s)X (s) = e(t) X (t) exp (/tsp(ru + G%u) — Qu)du + /: pQSdW(u)) (5.62)
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This ends the proof of Step 2.

Step 3 We get from Step 2,

Bi| [0 ()X (5))ds + 400 (1) X(D)

Q(, 5¢) = FIQI(t, 5t) =

E; {ftT h(t, s)U,(c(s)X (s))ds + h(t, T)UV(E(T)X(T))}
Q(t7 St) =

Remark 5.24. Note that ¢(T') = = 1. Intuitively, the agent consumes everything

1
v(T,S)

at the final time 7T since the utility of final wealth is the same as that for consumption.

Step 4 Define

V(t,S, ) :]Et[/t h(t, s)U,(¢(s)X (s))ds + h(t, T)U, (¢ (T))_((T))} (5.63)

T 2
V(t, S, x)=F, / h(t,s)U, ( elip 7"+673—@)du+p95qu)dS
t (t S)

+h(t, T)U, ( eft % @)du+pesdwu>] — Z(t, S)U, ( x )

(¢, 5 u(t, S)

with Z(t,S5) = { h(t, s) efz py(r % 5 —Q)du+prbsdW (u) g g

+h(t, T)eft Py T+2S—Q)du+p'y€5dW(u)}
From the expression of Z (¢, 5), we notice that its exponential term has a bounded

coefficient in du and in dW (u) so Z(t,S) is uniformly bounded on [0,77] x (0, c0).

Furthermore, Z(t,5)'™7 is exactly the denominator F,[Q] in the expression of F/[Q).
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We prove next that Z = v. Let
2
04(157 s, S) = F, [eff pv(r+973—@)du+p795dW(U)] (5.64)

t 02
elo P (r+ 5 —QdurmsdW () 54 g G is a P-martingale

By Ito’s lemma

0%S? b3
o + ags + (Sps +ypSosls)as + yp(r + 5 = Q)a(t,s,8) =0  (5.65)
Using the fact that pug —r = ogfg, we get
2512 92
ar+ B8 ags + (r + phsos)Sas + yp(r + 55 — Q)a = 0. (5.66)

2

T
Since Z(t,S) = / h(t,s)a(t,s,S)ds + h(t,T)a(t, T, S) we get:
t

T T
Zy = —a(t,t,S) —|—/ %a(zﬁ, s, S)ds + / h(t,s)a:(t, s, S)ds + 8h(§;T)
t t

at,T,S)
+h’(t7 T>at(t7 T; S)

T
Zg = / h(t, s)as(t, s, S)ds + h(t, T)as(t, T, )
t

T
ZSS = / h(t, S)Ozss(t,S,S)ds —|—h(t,T>OéSS(t,T, S)
t
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Therefore

%—f + 0—%252% +p {77’ + 005 _ Q} Z+ (r+p0305)Sg—S +1
- /T% (t.5,S)ds + ah((;;T)a(t, T.5)
/ (t,s {at + aSS + (r 4 posbs)Sas + p(yr + 71)26 —Q)a(t, s, S)} ds
h(t,T) {at + 2 0455 + (r+ posbs)Sas + p(yr + 1 292 Q)alt, T, S)]
_ /t ' ahgt %) a(t, 5, 8)ds + 8h((;f£ D) ot T, 9)

v [ —alt, s, 9)Q(t, S)ds — a(t, T, S)Q(t, S)

Thus

2

0 07z
+p{7r+71925 Q] Z+(T+pJSQS)S%+1—O

07 sz
ot 2 052
and Z(T,S) =

By uniqueness of a bounded solution of the above linear parabolic PDE, Z = v and

V(t, S, x) = Z(t, S)U, (ﬁ) —u(t, S, (). (5.67)

Step 5 :

We want to show that V satisfies the extended HJB.

142



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

ATV = (5.68)
oV 02529V
(r +ogfsm — c)x%(t, S, x) + 5 957 —(t, S, z)
1 o0*V 0V ov
+205x27r2 e (t,S,x) + USSﬂxasa (t, S, x) + (us + ’yp@s)SaS (t, S, x)

A direct calculation gives: V; + ATV + U, (ze) = Q7 °V (¢, S, ) and V satisfies
Vi + sup{ A"V + U, (zc)} = QT°V (¢, S, z) (5.69)

(7,¢) is an admissible Markovian policy and V solves the extended Hamilton
Jacobi Bellman equation (2.23). Therefore, (7, ¢) is a sub game perfect strategy (by

Theorem 2.8 ). This ends the proof of the theorem.

O

Remark 5.25. We can prove that v(t,S) is bounded by invoking Feynman Kac’s

formula. This yields equation (2.38):

P T s 'ypG?q
U(t,S) = ]Et |:/ eft p(yr+-—5
t
_Q)(u,b_“u)du’gt _ S‘|

-Q) (U’Su)duds

peli O+
where S, satisfies the SDE

S,=S —i—/ (r + posfs(v, S,))S,dv —|—/ o5(v, Sy)S,dW (v) (5.70)
¢ ¢
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Proof [ Proposition 2.20 | HJB for optimal strategies with non constant discount
rate:
The proof is similar to the HJB for v; in Chapter 3 where we take 7; = v and

0; = 0. For the sake of completion, we are giving it here. Consider the criterion:

f(0,T)
£(0,1)

U, (csX™°)ds +

J(t, S, x,m c) =E; {/T S0 U, (X7°) (5.71)

,5)
£(0,1)

for (7, ¢) an admissible policy. For v = v(¢, S, x) with enough regularity,

2 G2 2
A™(t, S, x) = Susvs + 5 vss + (r + oslsm — ¢)zv, + (o5m2) Vge + STOETVS,.
(5.72)
Define the optimal value function as
V(t,S )= sup J(t,S,z, 7 c) (5.73)

(m,¢) admissible

We give an outline of the proof, it is similar to the proof when the discount rate is
constant.
Fix (7, ¢) another admissible strategy. Fix a small time A > 0 such that t+h < T.

We consider two strategies:
1. Follow (7, ¢) on the time interval [, T].
2. Follow (m,c) on the interval [t,¢ + h] and (7, ¢) on the interval [t + h, T
Note that if we follow strategy two, at time ¢+ h, the stock price is Sy, and the wealth

is X%, The first strategy yields the optimal criterion J(t, S, z, 7, ¢) = V(t, S,xz). The
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second strategy yields a criterion equals to

() e T f0,s), . P £(0,T) ae
" [ t f(0,t) UrleaX)ds + ton £(0,1) U6 X )ds + f(0,¢) U, (X7 )}
Qi J0.1+1)

U, (e XI)ds +

=F V(t+h,Sn, X™°
t|:t f((),t) ¥ <+ y Dt+hy t+h):|

f(0,7)

Since the first strategy is optimal, it is better than the second one. Therefore,

the following inequality holds:

f(0,t+h)
£(0,1)

t+h
{ 1O 1 (e xm)ds +
t

V(t, S z) > E, 05 V(t+h, Sen, X;;’;)} (5.74)

We can apply Ito’s lemma to get:

~

) t+h R
V(t+h, S, XJ5) =V(t,S,z) + / (Vi + A"V (u, Sy, X779))du
t

+(ogmaVy, + SogVs)dW (u) (5.75)

And assuming enough integrability for the dWW (u) term, its expectation is zero and :

. . t+h A
EV(t+ h, S, X5 = V(L. S, z) + E, [/ (Vi + A"V (u, Sy, X77°))du| (5.76)
t

V(t, S z) > E { /t Hh;((gz ‘2 U, (coX7)ds + 10T 1) (2’(3’;’1) V(t,S, )
t+h R
+ / (Vi + A™V (1, Su, X™))du (5.77)
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Dividing by h, we obtain

1 t+hf(07 S) e f(O,t + h) A T,e7) e
B ek T T A 5 X

FOt+h)—1(01)
V(t, S, m] <0 (5.78)

0D

Assuming enough regularity to allow us to take the limit within the expectation

and using the fundamental theorem of integral calculus:

af(0,t)

U, (c(t)x) + V, + A™V(t, S, z) + 7 (gs 5 V(t,S,z) <0 (5.79)

The last inequality becomes an equality when ¢ = ¢ and m = 7. Thus,

0f(0,t)
Vi + sup  {U,(c(t)x) + AV (t, S, 2)} + =2V (t,5,2) =0 (5.80)
(m,¢) admissible f(07 t)

This is the Hamilton Jacobi Bellman equation for the optimal value function.

We have looked for V (¢, S, z) of the form
V(t, S, z) = o(t,8) U, (z) (5.81)

All that is left is to check if &, 7,V satisfy the integrability conditions assumed in the
derivation of the HJB equation. We refer the reader to (Zariphopoulou, 1999) for a

full proof of those facts. Note that

~

V(0,S,z) = Eqg [/0 f(0, s)UV(ésXs)ds + (0, T>U'y(XT)
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and

70,5, 2) = o [ /0 (0, $)U, (& X)ds + £(0, TYU,(X1) |,

so in order to compare sub game perfect and optimal strategies we must compare

V(0,S,x) and V(0, S, z).
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Numerical Scheme

Consider the probability P with density & = exp ( fOT py0s(w)dW,—1 fOT (py@s(u))zdu)

02
1 =r+ % (5.82)
= (Sns(,5)) . 0w =~ (Sos(t,5)) (5.59)
:u2_as Hsit, ) 02_85 os(t, .
The stock has the dynamics
dS, = S,(r + posls(u, S,)du + os(u, S,)dW,) (5.84)
The derivative of the stock Db := g—“;j satisfies
S 0_2 S B
DY = exp (/ (2 — ;)du +/ oa(u, Su)qu> (5.85)
t t

Define the two expected values appearing in the expressions of Q and %.

04(t7 s, S) — ET) |:eft5 P’Y(lll—@(uvsu))du} (586)
B 5 8,&1 8@ s —
5(t,s,S) =E; [ / —L ) DYy x el iim @WﬂSu))ﬂ 5.87

We discretize time and space at the points

{t=T—-ndt, n=0,--- ,N};{S;=idS,i=0,---,M}.

Let @,; and R,; be an approximation for Q(¢,,S;) and g%(tn,si) D Qui ~
Q(tn, Si) , Rng ~ %(tn7si)~ Vi ~ U(tn,S;). Finally oy ;i ~ a(t,, t;,S:) , dnji ~
I(tn, t;, 5.
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5t (1.7)

We start with ¢y = 7" and the conditions Qy; = (?1(T—T) , Roi = 0.

We use the relations

[T s)alt, s, S)ds + 2(t, T)alt, T, S)
[T h(t, s)alt, s, S)ds + h(t, T)a(t, T, S)

(5.88)

0, g [T (8, 5) — h(t, s)Q(t, 9))8(t, s, S)ds + (2(t,T) — h(t, T)Q(t, S))6(t, T, S)
) [5 h(t, s)a(t, s, S)ds + h(t, T)a(t, T, S)

(5.89)
We approximate the integrals using a Riemann approximation and the conditional
expectations are calculated using Monte Carlo simulations.

For example, we get

dt Zy =0 at( ti)om,ji + %(tmto)anoz‘
dtz; =0 ( )anjl + h<tn7t0)an01

Qni = (5.90)

This fixed point equation is calculated by getting an initial guess for @),,; , then we

iterate the right hand side until the error is small enough.

Appendix 2: Optimal Equilibrium with Heteroge-

neous Agents
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Proof [Theorem 3.9
Let y be given as in Theorem 3.9. We want to prove equality (3.28).

If 2(¢;.,.) is in CH22([t, T] % (0,00) X R) and (7, ¢) is an admissible strategy, then

1
ATzt s, x) == (r 4+ ogdim — ¢) 25 + 5(7?051‘)%” + Zww + TOGTZp0- (5.91)

Let (7%, ¢') be an admissible strategy and let X? := X™¢ be the associated wealth

process. We know that by 1t6’s formula

+[iZ; (yﬁ + ATy (b5, X]) + f,(is S>?f + 6i(osm'wy, + yfv)) ds

Integrating this equation between s and 7', we get:

filt, T)Zi(t, T)y' (T, W, X7) — filt, ) Zi(t, s)y' (£ 5, W, X7)

T
— / fiZ; (yz + z; (7" + o9 — c’)y; + ~(mosz) Y, + <y, + TosTYl,

2 2
8fi(t78) . . . . .
405 i 4 di(osmiayl + y&))(t, w, W, X, )du
fi (tv S)

T
+ / £2: [6i + wiosXiyi + o] (10, W, XE)dW,

In light of the HJB equation (3.27), we get
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i, ) Zs(t, Ty (t; T, W, Xor) — filt, ) Zi(t, s)y' (t; s, W, X)) < /fZ (t,u)Z;(t,u)

T
Us(c'(u) X (u))du + / fi(t,w) Zi(t,u) (6" + Tl oswayl + o) (8 u, Wy, X2)dW,

Taking expectations and using the integrability assumptions, we get:

Eqwa, [fi(t. T)Zi(t, T)y (T Wy, X7) — filt, $)Zi(t, s)y' (£ 5, Wi, X))

<E{§’M U ) Zi(t W) U6 () X () )
Since the policy (7, ¢%) is admissible,
T
EP / Zu(t,0)| fult, u)Us(¢ () X)) |du < o0

S, W,Tq

and by hypothesis, y'(t; T, Wk, Xt) = U;(X%),

fit, 8)Zi(t, s)y'(t; s, w, x;) > Efwwl[/ fi(t,u) Zs(t, u)Us (' (u) X (u))du(5.92)

LT T)Uxxz'p)}

We get the reverse inequality by considering the admissible policy (7, ¢,) defined
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in Theorem 3.9 and the corresponding wealth process XV.

IEE:U]M [fi(t,T)Zi(t,T)yi(t;T, Wr, X70%) — fi(t, s)Zi(t, s)yi(t; s,w,xi)]

= L [ [ -stwvewxal

, T
fi(t, s)y' (t; s, wi, 1) = Efwx [/ fit, w)Ui(cy(w) XY )du + fi(t, T)U,(XY)

= fi(t,s)Ji(t,s,w,xi,ﬂy,cy)

IA

sup fi(t,s)J(t, s, w, 2, 7, c") = fi(t, s)V'(t; s, w,x;)

1 1
m,c

Therefore,

Yty s, x) = JU(t, s,w, 74,7y, ¢) = Vit s, w,z;)

Proof [Theorem 3.10]

We search for a value function V* of the form:
Vi(’% S,wmﬂcz‘) = ai(t7 S7wz’)Ui($z’>

for a function a; to be determined.
The first order conditions of the HJB equation (3.27) give the optimal consump-

tion and portfolio fraction invested in the stock:
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Vi %1_1

¢t = ( x; = a;(t, s,w;) " (5.93)
i ospir; Ve 4+ osz; VY Gi %
v z : L w 5.94

" AAVL o) al-nges O

By plugging ¢ and 7 in the SDE (3.32):
. 8ai . 8(17; .
dX'(s) = (r(s) — a; " + pios(d; + %))X’(s)ds + pi(¢; + ‘3“" VX' (s)dW(s) (5.95)

Noticing that the function

r = y(z) = ar? + Bx

where o < 0 has a maximum equal to ;—T, we find that the sup in the HJB equation
(3.27) is equal to:

da; 2 da;
0 = Vi+ (7“ + pios(di + Zl," ) — a{’“) z;Vy + %(@ + %)%?Vaﬁx + 5 Vi
da; ofi(t.s)
ow 7 ds 7 —Di )
i(¢i + <5 )iV, — =V '+ U (a;"xi) + 4V,
+p. (¢ + a; ).17 wr + fz(t,S) + (az z ) + w

If we plug in the expression

. )
Vz(t757wiazi) = ai(t> S>wi> .

i

we get PDE for a;:
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da;
da; S pi(¢i + 2)? 1624,
0 — ? : ; ow \ —Di i AT T a S (s — 1 i 1 i
as+<r+p05(¢+ai) “ )’Va—i— 2 7y >a+28w2
da; ofi(t.s)
e w08 o s 00
‘|—’sz1<¢1 + a; )810 + fi(t, S) a; + a; -+ zaw
This PDE simplifies to
da; 10%a, pig? | ita)
0 = ! — v i WUt Os ;
s T20wr T T TR |
9a; —ipi
JiPi%i w2 (5. b % a;
+ 92 (ai) +(z+%pz¢z>aw+ o

Plugging the expression a; = v}* in the preceding PDE, we get after some calculations
PDE (3.34). Note that the calculations are similar to the ones in (Zariphopoulou,
1999).

Proof [Proposition 3.11]

The wealth process of agent ¢ satisfies

vy Ou;
dXi(S) = (7‘(8) + qﬁz(ngbz + Ul.u ) — U{l)Xi(s)dS + (pquz + iw )Xl(s)dWSZ
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Thus,

dlog(é'(s)X"(s)) = dlog(vi(s) ' X'(s)) = dlog(X'(s)) — dlog(vi(s))

81;1- 1 81;1- 2
= (T_Ui_1+05<pi¢i+ aw) - —<pi¢i+a—w) )dé’
V; 2 )

[ [

ov; 1 % 2 ov; _|_ 182’[}27; %
+(p¢¢i + 8—w)dWS + (_ (8_w) — M) ds — 22 qw,
V; 2\ v; V; U;

dv;
The terms in (f )? cancel out. Using the identity v;p; +1 — p; = 0 and the PDE for

v;, the ds term becomes

2
i (7“ + 71 — 6i9i — pi(0, 3))
The dW term is equal to p;p;(s). We conclude that :

dlog(&'(s)X'(s)) = pi (7“ + % — 0;pi(s, W) — pi(0, 5)) ds + pidi(s, Ws)dW (s)

U
Proof [Proposition 3.12] We have:
. )2 9£:(0,5)
0 = dlog(e () X'(s)) — dloge(s) = ( B0 )+ B >> "
i\Y, 8

2

pi(fis + 0:)dW () — (pu — %)ds — odW (s)

The drift and volatility of the right hand side of the previous equality should
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therefore be zero. We obtain:

bis = o(l—7v)—4
o2 3%(278) (0;5 + 6;)?

) = Q=w-P) -y g A=)
- 2(1 10 i
ri(s) = (I—7)pi — o (1 —)( —5)—m

This is the same result as (Cvitanic et al., 2012) with the specification f;(t,s) =

exp(—pi(s —t)). O
Proof [Proposition 3.14]

The pricing kernel is

Mi(s) = exp ( /0 (ri(v) - %)dv - /t S GiSdW(v)>

s afi((g(),v) ) Vi 025
“p(é(ﬁmm> (==L = 7)1 = 5) = )de

- /0 s QiSdW(v))

M;(s) = fi(0,s)exp (( — (1 =) — (1 —5)(1 - %)02 - 9’73)3 + HiSWs)

Proof [Proposition 3.17]

156



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

M. pi 2 2
dlog (6(3) ( Z(S)) ) = (n— %)ds + odW; + pi(—rids — 0;9dW — 6175(13)

M(s)
+pi(rds + 0sdW, + %ds) (5.96)
dlog (e(s) (%8)10) - (pl-(r — )+ w 4 ?) ds
+ (a + pi(0s — 9i5)> AW (s) (5.97)

Using (3.36) and (5.187), we get

tog@() () — atog (<65) (370) ) = (mlr+ F o 72) = i0.9)

0.2

—pi(r — 1) — %(9?9 - Q?s) — (= 7))ds + (pigi — 0 — pi(0s — b;s))dW,

Recall that
¢ =bs + 0

so the dW term is

pi(0s +0;) — o — pifls + piblis = 0
The ds term is equal to

2 2

i Di g
pi(r + 5 ~ 0idi(s, W) — pi(0,5)) = pir — i) — 5(% —07s) — (n— )
2 2, — 02 o2
—pifr 4 D500 pu05) — (=) + P (= D)

and using the expression
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o & = (¢i — 0i)* =07 05— 07
2 2 2
the ds term equals
02 — o2 o
ri(s) + ST = pi(0,8) = (1 = 7)(u — 7) =0

by the definition of r;(s), the above term is zero. Thus

og(e'()0's)) — o (1) (2} ) =0

In other words, by integrating between 0 and s, we get (3.46). O
Proof [Proposition 3.17]

For a = (ay,...,a;) € (0,00)! and y > 0, call ¢(a,y) the quantity

dlay) = (T~ 1. (5.98)

Y

i

For fixed a € (0,00)7,

is strictly decreasing and goes to co at 0 and goes to -1 at y — oo so there is a unique
y such that ¢(a,y) = 0.

We call F(a) the unique y such that ¢(a,y) = 0.

¢(a, F(a)) = 0. (5.99)
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Note that
¢y =—> pialy™ <0 (5.100)
The implicit function theorem proves that F' is smooth in a = (ay,--- , ay).
e 0)X1(0), » ¢ 0)X1(0),
M = F ——~ 7 Y \m M e — 7 e M
o) = (O, (T Fan)
is well defined. O

Proof [Proposition 3.18]

We can differentiate the previous equality with respect to a; to get:

¢a,~ + ¢yFai y=F(a) — 0 (5101)
SO
G, 0p._, 09 b o a1 o
F. = - = (— J—— s Py i?Z Di
“ T ThwE@ oy o @Wﬂ v ey
) QPP P |
F — (a? PPy, pi=l p—pi _ pia; ,
) (Zj:pj(aj ) e a; Y pjay Fri
Recall
_E0)X(0), L
a;(s) = ( (0] )7 My (s) (5.102)
a(s) = (ay(s),- - ,ar(s)) (5.103)

159



Ph.D. Thesis - Oumar Soule Mbodji

McMaster - Mathematics

and M (s) = F(a(s)). Finally, recall w;(s) the quantity

( ) Pi
| pi (F<Z<s>>)

wils) = o (5.104)
a;(s)
Z]’ pj <_F(a(s)))
We can see that i
pi| 7
F (F(a)>
F. (a) (a) - (5.105)
ai a;
Z] p] F((l))
so, taking
0
—log F,
8aj 08 t
5 Pk
ak
Fou Fo 0. (6” F, ) >k da; (2 P <F(a)> ) (5.106)
Fal B F i bi a; F ag o .
>k Pk F(a)
Pk
i< af)) ) G _
Oaj \ F(a j j
w9y — oo F — o (2BE T4 5.107
( . )pk 8Clj (pk: og ay, Pk 108 ((l)) pk( ax F(a)> ( )
F(a)
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tzmeconszstent

By Itd’s lemma,
dM(s) = dF(a(s)) = Y F,,da; + % > Fua,daida;
i irj
Remembering that a;(s) is a multiple of M;(s) so
da;(s) = a;(s)(—ri(s)ds — 0;5dWy)
Thus

= Faidai -+ 1 Faia.daidaj
- 2~ !
1 %,

1
= Z aiFai(—Ti(S)dS — ngdWs) + 5 Z aiajFaianiSHjsds

1,J

7

1 Pi0; ja
+5 Z Ois0is Fuwil(1 — pjlw; + a] Y pjwj + wj ZPW’“
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The dW (s) term is
Z Fuw;(—b6;s)
and the ds - term is
32 Fun(=ri) + 3 32 OisOis Fu[(L = pyluy + P42 — proo; + w; 3 prowd
= 5 2ywilpi = DO + 5 25, istyswi; (1= pi = py + 2 prw) = F 32 wnr
— P Y ik + S wilp — 1)0% — 3 i (1 — pi)wiblsg + 2ol (1

Zk pkwk)

Remembering that
S
k

and

dM (s) becomes:

dM(s) = —M(s) > wi(s)brsdW (s) — M(s) {Zwkm + %Zwk(pk —1)62,

k
+ ; Wt Y (1 — pr)wibrs + M(Zu - pk)wk)} ds (5.108)

i k
and since

dM(s) = M(s)(—r(s)ds — O0s(s)dW (s)) (5.109)

we get the expressions for r and 65 by equating the ds and dW terms . 0
Proof [Proposition 3.22]

Since fg is linear in the w;’s and r is a polynomial of degree 3 in the w;’s,
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1=1,---,1, it suffices to find a uniform bound for 8“5{5)5) and 8“38(8).

= )
pi (F(a<s>>>

bj
Z Dj (FCEZ(SS )

Note that

wi(s) =

and taking the derivative, we get:

awl-
Gaj = W [ i Zpk Gk T k]

8wl Ow; Oa; w
Z 8%8—1; = zj:wi(—eg‘s%) [pz Zpk ik — W) k]

= w; [ pi Zp]wj ] (5.110)

Ow; Ow; Day; 03 Wi
05
= wi(-r;— =) i85 — wi) = D> o0k — wjn
J k
(5.111)
Since w; € [0,1] for all j, 2% and 2% are bounded. This ends the proof. O

Proof [Theorem 3.24]
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From the expression

e &#(0)X(0) M;(s)\"

7 XZ —

FX () = ) (31

_(0) R (0) e (-5 )=+ B e (4050 -0is)aw

and the fact that all the terms in the exponent are uniformly bounded, we conclude

that
Ef sup [[Ui(¢'(s)X"(s))]] (5.112)
t<s<T
_ )X () 13_ sup efts7g+'y¢(pf“—22+r(u)fri(u)+79§;9i25)dqufts(5i+7i(o+95(u)79i5)qu
|7l | t<s<T
_ |éz(f)|XZ‘(t) vi E? [ sup o (=% i 2 () sy B )y CitraCrt0s0=0,00 )
Vi | t<s<T
XEZ'(t, 8)
where

Ex(t, s) = exp( /t (Bt {0+ 5(u) — i)W — /t (0 74(0 + O() — 01l
(5.113)

The term in the exponential in equation (5.184) is bounded by a constant K > 0

independent of u.

52 2 6% — 02 b + vi(o 4+ Os(u) — b;5))?
=it G o) i)+ 25 0 DT 2O g 5,119
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Note that EF[E;(t,s)] = 1, thus

t<s<T 1%l

EY sup [|U;(¢(s) X (s))|] < L ( ”“” )ieK(T_t)<oo. (5.115)

From the expression

~

22
Ri(T) = 8(T)XI(T) = & (t) R (t)elt =T +rt=riCw+ 5555wt [ (040s(w)=0is) W

we conclude similarly that EF'[|U;(X*(T))]] < oo.

By the preceding proposition,

1
c(t,w) =
( ) Uy (tv ’LU)
is positive and uniformly bounded.
, vy
osT' (t,w) = pi; + 05 iw (t,w)

is also uniformly bounded. Therefore the dt term and the dW, term in the expression

of d)g(g) are all bounded. The same is true for the coefficients of %%), so both SDEs

have strong solutions with continuous paths. We end by verifying the hypotheses of

the HJB verification theorem 3.9.

Vi o= Pigli Vi = it %&avi Vi = Pt 'n&avi
TiVy = U Ty = Z'Y (95 ) w Vi z/yaw
1 1

(3 1 ) S

Simce v; and its time and space derivatives are uniformly bounded, we see that all

the integrability conditions are satisfied. V* is indeed the value function for agent 4
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and this ends the proof of the existence of the equilibrium. 0J
Proof [Proposition 3.19]

We have:

Ml-l(u)E“ [ /u ) M;(v)e(v)dv + Mi(T)e(T)]

To simplify, we omit the final term in the calculations.

S0 = e, | [ "o ([ (-rw-% -G ) ar+ [0 -vmaw)a]

Si(u) — e(u)/uTeXp(/uv (—ri(y)—%—i-u—g;—i—w) dy> v

And the argument in the integrand is

0% o’ (o +6)° o® (0wt o) +er i
_ri(y)_7+ﬂ—?+T = _(_%‘(M_?)_ 2 B fi(t,s))
2
Therefore, we have
T v afia(tvs) 0'2
Si(u) = E(U)/u exp /u fi(t, s) il - 7> ds v
T 2
- fi<t7v) 1 — g —
Sy =AW L G P i o
O

Proof [Proposition 3.21]
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Let
R(t) = %
be the price-dividend ratio.
1 T
R1) = 305 [ /t Myeudu + Myer (5.116)

Write R(t) = R(t, W;). Then, taking the differentiable in the expression

os(1)S(t) = agg) e+ oR(D)e (5.117)
So
OR(t)
os(t) =0+ % (5.118)
Recall that
(6) = #(0)X°(0)., ., (s
al( ) ( E(O) ) MZ( )

and
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by the Chain Rule:

= =D _OiswiF(a) = —M(u)fs(u) (5.120)
Oe(u)
i oe(u) (5.121)
so that
W) _ (o ()M (w)e(w) (5.122)

Taking the derivative under the expectation sign, we get:

%Et {/tT M, e, du + MTET] =E, {/tT Myée,(o — Os(u))du + Mrer(o — GS(T))]

(5.123)
On the other hand:

g, [ /t " Myeds + MTeT] = R(OM(De(t) ( ~Os(t) ot %ﬁ)

R(t)
= R(M(1)e(t)(=0s(t) + o5(t)) (5.124)
Thus
O'S(t) — 95(25) = ml@t [/t MUEU(O' — Gs(u))du + MTGT(O' — 05(T))i|
(5.125)
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E: [J/(0s(1) — st >>Mueudu+<es<t>—95<T>>MT6T]
B, ;7 M(u)eudu + M(T)er|

os(t) = o+ (5.126)

Proof [Proposition 3.35] We use

SIL% wi(s) = 5i,iK

in the expression

:was)m(sﬁ%Z% —pilfis — sz is) Z — pj)wi(s)0;s)
(3wl (0 = pyles(s)

J

The limit of the expression in the right hand side is

(1 — pi )07 0;
Sliglo Tig (S> + +KS - 97,2;(5( piK) + ;S(l - piK)
= B rle)

For the consumption ratio, we use the fact that for all j,

pic (5) X7 (s)
21 PrEF(s) X*(s)

wj(s) =

Thus
pif'(9)Xi(s) (1 —)wils)

S R SRR P (5.127)
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And passing to the limit, yields (5.184)

O

The following lemma gives tight bounds for the pricing kernel M in terms of the

homogenous pricing kernels M;.

Lemma 5.26. Let I' > 1 be such that I'p; > 1 for alli and v < 1 be such that yp; < 1

for all i. Let

Let M (s) be defined by (3.53), then:

(S M) < Ms) < (D na” M)

)

We also have

min M;(s) < M(s) < max M;(s)

A simple proof can be found in Cvitanic et al. (2012).
Proof [Proposition 3.36]
To simplify we take Ty =" = maturity of the bond.

Note that

BiMr) = Bilesp(| (i) = du— [ o)

= ()i — BTV e /  i(w)du)

And using the inequality for Mr in the lemma,
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1—7; 1
(Z Mo' [Mir]7)" < My < Zmor MEF

Jensen’s inequality implies that

177,

1 1
zTV)’y<EtMT = ZTIZO ZT 11“)F

and taking the equivalents of the two bounds when T" — oo, we get:

L 1og E [Mr] ! /T (u)
— 1o ~N — — f

T g LM T, T (U
where r; :=inf; r;.

B(t,T) = M%MMA — exp(—Y (L, T)(T — 1))

and

— 0B M) = 1o (M) ~ 7 [ i (w)du

Y(t,T)=—

as T'— oo, t remaining fixed.

If in addition, we suppose that

lim pi(0, 5) = 5
S— 00
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then it is clear that the above limit is

lim Y(¢,7) = lim r; (s) := ;. (00)

T—00 §—00
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Appendix 3: Subgame Perfect Equilibrium with Het-
erogeneous Agents

Proof [Proposition 4.6]

Using equation (4.30), we get:

ovi 1 R : : ca;) 1 4 .
gl PV i ooy
. 1 . )
—Wo i Voo, + = (w200, 2V, = Q;V* (5.131)

2

We use the ansatz:
) )
Vit wa, ;) = v3(t, wa) T
Vi

and the equations (4.29) to get:

o057 = —w0, 22 f iy ;&= Ui (5.132)
This leads to
dv; =y 1 gﬁ" 2.1 ; 1—
Evi(taab) %TZ + §<_W2Uwzv_; +pigi)v; (i — Dl + (r — U_Z)Uz T
I o (= o g — Gl
ot = 20, 20 Pl = 1o T (G (1

By multiplying the expression above by v;(t,ws)Yx; %11—"%_, we get:
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ov; 1 Dus 1 o
P2 (_ Owa A2 (— A Sl VOIS
ot + 2( W20, v; +pz¢z) Ul( ’YZ) + (T ) 1 —
1 81},
Ow 2—2~;
(1 — %’) + 2(1 — 7-)21).1_2‘*” ((1 — %)WZUwQ ‘2 _ ¢i)2vi o
81)2‘ 1 2 (%)2 62’02‘ 1
2,U/w2i aw2 + 5(0020'“)2) [_ i v, + 8(4}%] - Qz zl v

9v; \2

(‘9“2) add up to zero. Rearranging everything, we get (4.31) i.e

The terms in

ov; 1w2 0%v; wnl N y )20 ov;
— O' - wal iPiPi0w,y

ot 220w gz T W eai TR Oz

‘HUz(%?” + /yzngb Qz) (% =0

Proof [Proposition 4.7]

We prove that dlog(c'(t) X (t)) = p;(r + %2 — 6;¢0; — Qy)dt + pipsdW,

By use of the It6 formula on v;(¢, ws(t)):

ov; o, 1 0%v; ov;
dv; = <E ~ Walluni gy F 5‘*}303;2 02 )dt — Welun AWy
and
dX(t) 1 - v
Xl(t) — <7" - fU_ + Qsz(ngbz w20-w2 6;2 )) dt + (ngbl wQO-wza 2)dWZ
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Therefore,

dlog(&'(t)X'(t)) = dlog(fi((:))) = dlog X'(t) — dlog(uv;(t))

dv; 1 dv; dXt 1,dX?

_ 4 2 A LAA
Ov; Ov;
Ov; dwy \2 dwy \2
1 s (Pihi — w20, ™ ) (W20, i )
- (T - v; + ¢l(pl¢l — W20y, v; ) - 92 + 92
81}1 vz 2 2 8%, ov; ov;
— Wallwyi + WQ w2 Hw2 . . Ows B
U; U Uy

And using the PDE for v; in the expression above, we obtain after some calculations:

2
Tog(@ (1) X(1)) = pilr + 5 — Q)i + pidiV

or in terms of the Brownian motion W:

o 02 —
dlog(¢ ()X (t)) = pi(r + = — Q))dt + pipdW,
U
Proof [Proposition 4.8]
We have
Y
Dp2C (1) X=(t D2y
nlt) = 22 WD JR—
p1ct(E)XL(t) + pec®(t) X2(t)  pr(1— ) +p2yt
Solving for y;, we get:
P1ws
= 77 5.133
. P1w2 + pawi ( )
Since ¢'(y:) = m = p2p1(°£(y?)2 and ¢"(y.) = % = 2p1p2(p2 —
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An application of Ito’s lemma gives:

dwa(t) = g'(ye)dy: + %g”(yt)(dyt)Q

wo (T — Wo (T
=Py 2( ))2p2yt(a2dt + (B — Oo5)dW,) + Pi(p2 5 pl)( 2( ))3p§y§(es — Og)2dt
D2 Y D3 Yt

Noting that 0g — fos = w1 (015 — Oas)

Wy + Pow
dwso(t) = %(%)%2%(0@& + wi(b1s — bas)dWy)
2 1
— Wy + Paw
+191(]922 pl)(Pl 2 T P2 1)3p§y§wf(915 —925)2dt
b3 P1
dWQ (t) = (pl(UQ -+ pgwl)WQ(O./gdt + wl(é’lg - Hgs)th)

+(prws + pawr ) (P2 — p1)wiw? (015 — bag)dt

Note that 7 is of the form r = ), w;(8;(w2) + Q;) where §; is a polynomial in wy with
constant coefficients.

We also note that

ar=71—Q2— B =wi(fr + Q) +wa(B2+ Q) = Q2 — o =wi(B1 — B2+ Q).

(1 —p2)¢>§ - (1 —pl)Qﬁ
2

0_2

p2(bs — O25)% — p1(0s — 915)2)
2

Qp = W1 (Q—I— 5

)+

+(v2—1) (p—
(5.134)
Thus wy has an SDE of the form

dwy(s) = (prws + pawr)wi1wa[(Q(s, wa(s)) + Po(ws))ds + (615 — bag)dWs]  (5.135)
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where @ is a polynomial with constant coefficients and of degree at most 2.

Po(wa) = 67 — 6102 + pu(y2 — 1)

015 — Oy5)?
+( 15 — ba25)

5 [p1 (2w we — w%) +p2(w% — 2wiws)]

Proof [Proposition 4.11]

Noticing that in the homogenous economy of agent i: c'(s)X*(s) = e(s) and

replacing it in the expression (4.25) for Q;, we get

Gi(t) = EF tT 8]"1'8(?5) Zi(s)e(s)ids + %Zi(T)e(T)%
Z E{ ftT fi(t,s)Zi(s)e(s)vids + fi(t, T)Z(T)e(T)i

Using the fact that

€(s)V Zi(s) = 6@)%Zi(t)e(%(u—ﬁ)—g)(s—t)+(5i+%o)(Ws—Wt)

we get

d~io)2
(§z+;z ) (S—t)

N
Ef’[e(s)viZi(s)] _ e(t)%'Zi(t)e(%("_T)_T)(s_tH — E(t)’YiZZ,(t)eki(S_t)

and this yields the result. O
Proof [Proposition 4.12]

We write

% ~exp (/t () — % by O;du + /tv(a _ Qis)dW(u)>
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And using (4.49), we get

g7 | T — e ([t = T gy ) = se)

Equation (4.49) comes from the clearing conditions for the commodity and stock:

For example in agent 1’s homogenous economy

and

Similarly

0
Proof [Proposition 4.13] Let
() X2(t) () X(¢t)
= Y =—F=1- 5.136
o O 0) o (5.136)

(1 —p2)

2263 aau+ [ pstuin)

(5.137)
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we get:

1-— o?

o) =y exp ( [t + 25208 - Q= = o+ [ (o) - o) (w)
(5.138)

Noting that

Paga(u) — 0 = pa(bs + 02 — (1 — 72)) = pa(bs(u) — Oag)

This implies that

1-— 2 o2 O — B2
4y :P2"Jt{(r+(%m—@z— (1—2)(pn— E)JJM
dyy = payi[an(t)dt + (s — Oa5)dW (t)]

Similarly

S =) V9@, — (1 - ) - %2> 4 lfs O]y

dY;  =piYioa(t)dt + (0s — O15)dW (1))

dYy  =pY [(T +
Adding the two expressions y; + Y; = 1, we get

p1Yiaq (t) + payras(t) =0

p1Yi(0s — 615) + payi(0s — bas) =0

179
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Thus
p1Ys 0 P2y

Os(t) = —————b15 +
s() p1Y: + payy ' p1Y: + payy

925 = w1 (t)@ls + u}z(t)ggs

We also have

1-pi)¢?
= Y (1) 4 (1) = i (£) 0 (8) Fwa(t)aa(t) = 2wy (r+ 7222

o2 i(05—0;5)%
Qi — (1 —y)(u— ) + nlstisl)

And solving for r yields:

r—z% DO L @it (1 - D) - PO =08l (5 1)

Proof [Proposition 4.16]
Consider the SDE (5.231) defined for s > t by:

dwy(s) = wiwi(s) (p1ws + pawi (s)) [(y(s, wy(s)) + Po(wy(s))ds + (f1s — bas)dW (s)
(5.140)

with initial condition wj(t) = wy and call

s (0. o100

we get by Ito’s lemma:

dx¥ = dlogwy(s) —dlogwi(s) = yg((S) — %(dw%l(s))2— ey (3) —i—%(dw%(s))Q = (p1ws +

) w3 (s) wy(s) wi (s)
pow) | (y(s, wh(5)) + Do (wh (5)) + (wf — ) (Prh + powt) B=2E ) ds - (015 — O) WY,
Let
1
q@(x) = e and ¢;(z) =1 — qa(2) (5.142)
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Equation (5.232) implies

Thus,

015 — O35)?
dz¥ = (p1g2+paaq1) | (y(s, Q2(IZS’))+(I)0(Q2)+(Q2—C]1)(qu2+p26h)%)d&i—(@w—@gs)dws

where all the expressions are evaluated at the point (s,z¥). Noting that

(1) = —di(7) = ()2 (v)

it is clear that the coefficients of the SDE have a bounded x derivative and are
continuous with respect to ¢. This shows that the SDE for 2¥ has a unique solution
for t < s <T. Furthermore wj(s) = ¢(2¥) € [0, 1]. O
Proof [Theorem 4.18]

The process wsy(s) = w(s) satisfies the conditions of Proposition 4.16. There-
fore, wo(s) exists for s € [0, 7] and stays in the interval [0, 1].

An examination of the proof of Theorem 4.17 reveals that Q; := F;[Q] € B.

This ends the proof. 0J
Proof [Proposition 4.19]

To obtain the PDE (4.76), we start with equation (4.31):

avi 1 2 92 aQUZ' avi
BN —+ §w20'w28—w§ — wg(,uwﬂ + 71p1¢20w2)a_uj2
Vipid?

—l—pi(%?“ -+ T — Qz)Uz +1=0
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Recall the equations (4.35), (4.36)

Py = —wi(t)(prws +p2w1)<@(t>w2)+@0(w2))

Owy = —wi(t)(prws + powr)(b1s — bas)

and that f,; = fw, + 0;0,,. We replace r and g obtained in Proposition 4.13. We

get after rearranging:

8?& 1 8202'
e + 5((601002(]?1&12 + powr ) (015 — 925))2 &,u%

an
Fwiws(prws + pawr) (koi + Q(t, W2))% + Kyv;+1=0
2

V; (T, LUQ) =1

We first prove the existence and uniqueness of a bounded solution to the PDE

/

% + %((Wlwz(mwg + pgwl)(els _ 925))2325

—I—wlwg(plwg +p2w1)(k:0i —|— Q(t, (UQ))gS; —I— Klivi —|— 1 = 0 (5143)

V; (T, (.UQ) =1

\

where w; =1 — wy and (in terms of the equilibrium parameters):

YiDi ¢22
- Q

Kyi(t, w) = pi(yar(t, wa) + 9

(t, ws)) (5.144)
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1
koj(bdz) = 5(925(}920&% — plwg + 2(]?1 — pQ)W1CU2)(925 — 015)2 (5145)
o2 82§
+9ipii(brs — O25) + (v2 — 71) (s — 5) =t 0i(02 — 01)
Ky;(t, we) = k1i(wa) + piyi(w1 Q1 + woQo(t, wa)) — piQ; (5.146)
and
5292
ki1 = pim Zj Wj(pﬂj‘i‘ ) S)+“§(p1(015w1+025w2+52)2—p2(615w1+025w2+51)2)
5262

k12 = pay2 Zj wj(pjij + L52) — G (p1(Orswi + Oasws + 02)? — pa(f1swi + Oasws + 01)%)
The above PDE is parabolic, however it has a degeneracy at ws = 0 and wy = 1.

Consider the change of variables:

leog( w2 ) (5.147)

1—(.{)2

Thus
=t TO RO S S ppae) (5.145)
wl_l—l—e—”'_qlx ) wz_l—l—e—f'_qu .
Take
0;(t, x) == v(t, g2(x)) (5.149)
We get:
8271-(t,x) . 8vi(t,w2)
8]} - ql (x>Q2 ('r> aw2
821_)1' (t, CUQ) (92111' (t, CL)Q) (%Z- (t, CUQ)
oz = q1(7)q2() Q1QQ8—cu§ + (1 - 2612)8—&)2

The PDE for 9; is a uniformly parabolic PDE with bounded coefficients that are

uniformly Lipschitz continuous in (¢,z) thus it has a unique bounded solution. The
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PDE for v; is given by:

8@- 1 9 282,@ B

0= =5+ 5(P16a() + p2a(2))"(Ors — b25)" 55 + Kui(t, g2(@))mi + 1 (5.150)
+ | (p1w2 + powr) (ko + Q(t, g2(x))) — %()(plﬁ + poi (2))? (015 — bas)? O
vlTe) =1 (5.151)
O

Proof [Theorem 4.20]
From Proposition 4.19, we see that v;(¢,w;)* 7 U;(x;) is a value function solution
of the extended HJB (4.23). The consumption to wealth ratio ¢* and the investment

to wealth ratio 7 are given by:

ov;

P dws
cC=—, 7 _pi¢i_WQUWQ

U; V;

And since

Oy = —(P1w2 + pawr )wi (015 — Oas),

ov; ov;
—i Do Dws
T =pigi — WQUWQU—? =pi¢; + (p1w2 +P2w1)wlw2(915 - 925) 0'2

From the definition of wy(t), we have
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we get
powi (t) + prwa(t) 5, s
o) DX = ().

This proves (5.200).
The expressions for X*(t) are obtained by writing X*(t) = v;(t, wa(t))c (¢) X*(t).
To obtain S(t), we write the clearing condition S(t) = X*(t) + X2(¢).
The price dividend ratio is R(t) = % We notice that R(t) is a deterministic

function of ¢, ws(t). We can
dS(t) = d(R(t,ws(t))e(t)) (5.152)

and identifying the dWW (t) terms in the expression above:

OR

agw=o+%§

U
Proof [Theorem 4.17 : There exists v > 0 such that the operator y — F[y| defines

a contraction on the space B,. ]
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Recall
(9fi8(t,s)
pilt,s) = t VOo<t<s<T.
(5) = 50 5)

Recall that for v > 0 :
B, :={y € C([0,T]x[0,1]) | y is C'in t,w, and V(t,wa) € [0, T]x[0,1] , |y(t,ws)| <
2l|pl] & |24en| < v},

Define the polynomials

Go(r) = z(1 —z)(px +p2(1 =) 3 go(x) = Gy(x) (5.153)
_ <2 (‘915 - 923)2 2 2
o(2) = 01 =010+ p(re—m)+ 5 [p(2e(l-2) —2%) +p2((1-2)" - 2x(1~2))
(5.154)
do(r) = Py (x) (5.155)
Recall that wi(s) is given by the SDE
dwi(s) = Go(wd)(y(s,wy) + Po(w)))ds + Go(wh) (015 — Oas)dW (5.156)
Let D% (s) be the derivative process 85’55(&;). It satisfies the SDE
0
dD"(s) = [GO.(a—i—i-qbo)—i-go.(y—i-CI)o)(s,wg’y(5))]Dt’y(s)ds—i-(ﬁlg—@gs)go(w;’y(s))Dt’y(s)dWs
(5.157)

D%¥(s) is given by the explicit formula

5 0 015 — O55)% g3 s
Dt’y(s) = exp (/ GO.(a—i—l—gbo)ngo.(quCI)O)—Wdu—k/ (015—025)90 qu)
¢ ¢
(5.158)
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We can also write the second derivative process

oD% (s)
3w2

EM(s) = (5.159)

It is given by the linear SDE

da(s)

%)

dE"(s) = [—==D"(s)*+a(s)E"Y(s)]ds+(015—0as) [go(wy” () D" (5)*+g0 (w5” (5)) B ()| dW,

(5.160)
where E"Y(t) = 0 and

ay(ta wQ)

a = Go(ws).( Doos

+ ¢o(w2)) + go(wa).(y(t, w2) + Po(w2))

is the drift of the SDE defining D"¥(s).

We can write

af(u) = —pimy(wws(u) + e (w3 (u))
ay(u) = payay(u)(1 — wy(u)) + calws (u))

bY (u) = v;pi60 (u) + pid; = pid; + Yipibis + Vipi(bas — O15)ws ()

where ¢; is a polynomial in wi of degree 3 and constant coefficients and is independent

of y. Define

ZY(s) = /ts al(u)du + /ts bY (u)dW, (5.161)

L;"(s) 1—/t (240 pry W“*/t D) prstuyan, (5.162)

v &ug an
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OLYY(s) * 0%a¥ (u) da? (u) s
@y - 7 — i t,y 2 t,y _ t,y
Bo(s) = S = [ D) S B s [ pontis-eus By,
(5.163)
T
Foily](t,ws) = Ef{/ filt, s)eZit’y(S)ds + fi(t,T)eZit’y(T)} (5.164)
t
Fuuly](t,wy) = EE”{ / Ofilt s) éi 5) 2t ) ds + —af’gt’ 1) 2 m} (5.165)
t

In what follows, we omit the terms f;(¢, T)er’y(T), %625*?/@) in order to simplify

the exposition. We have:

8}71 u@ ty
O[aw; EPU filt, s)e% L ()ds] (5.166)

0 Fmgi]ét,wz) _ Extp{/t fi(t,s)ezf’y(s)«Lf’y(S))Q +Ef’y(s))d8} (5.167)

Preliminary inequalities

For a, b, ¢ three non negative numbers and p > 1, we have (Jensen):
(a+b+c)P <3P HaP + P + ) (5.168)

Lemma 5.27. For p > 1, there is Ky > K; > 0 independent of t, s,y but dependent

on p such that:

E; [ sup epZit’z(“)} <K, (5.169)
t<u<s
Ef[ inf % W] > K (5.170)

For p > 2: There is K > 0 independent of t, s,y such that
Ef [(D"):r] < KU (5.171)
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E; [(Li")] < K(1+p)Peft"em0(s — 1) (5.172)
EF[(EMY)P(s)]) < K(1+ v)P(1 4+ v + 0)P(s — t)eK 076D (5.173)

Proof [Lemma 5.27] Let us fix y € B,. By definition |y(u)| < ||p||. Since wi(u) €
[0, 1] we can easily see that both af(u) and b} (u) are bounded by constants ||a;|| and
|10

Let us use the fact that

RY(s) 1= %" ()

satisfies the SDE
t t ty (b§7y(3))2 ty
dR;Y(s) = RY(s)(a;Y(s) + T)ds + b (s)dW (s) (5.174)
Proposition 5.22 yields the existence of Ky independent of ¢, s such that:

EF[ sup epZit’y(")] < Kyef2(70 < [, efeT (5.175)
t<u<s
The proof of inequality (5.261) is similar if we consider the process e PZY(s).
Now, let us fix t <u < s <T and y € B,. To prove the inequality (5.262), we
use the SDE
dy

dD"(s) = [Go-(a—w+¢o)+go-(y+‘1’o)(87wé’y(8))]Dt’y(S)d8+(91s—925)90(wgy(8))Dt’y(8)dWs

Go-(5% + d0) + g0-(y + o)) dv| < K(1+v) , |(brs — Oa5)go(w5” (5))| < K
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for a certain constant K independent of t, s, v, Proposition 5.22 yields
EE’ [(Dt’y):p] < KeK(l-i-V)p(s—t)

The proof of inequality (5.263) is similar. Recall

Lb(s) ::/t 24 b, )du+/t B peayaw,

(?wg an

S a S
LY(s) = / (c1(wy) — p1ma(w 8_y +y)) D" (u)du +/ p171(0as — O15) DY (w)dW,
t t

(5.176)
so that by Proposition 5.22,
P .Y\ *p P ° / Yy ay t,y P ty ?
E/ [(Ly")F] < KE, (01(%)—29171(0028—4-9))1)’ (w)| +|p171(f2s—b15) D™ (u)| du
t
We can see that
EY [(LY)F] < K (14 v)reX0m" 605 —¢) (5.177)

A similar inequality can be derived for L5Y.

The proof of inequality 5.264 is also similar:

6%l (w)

2
¢ Ow;

(D" (u))* + 8?)652 )Ety( Ydu + /ts p171(O1s — b25) EMY (u)dW,,

Js _ /s aza;g(;t) (Dt’y<u>)2du

Ows
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we get by Proposition 5.22:

EF(E) (o) < £ (BF 2]+ Ko | [P )

By Jensen’s inequality

]E]P’ J*p < —t p—lE]P’ “ aQCLZ‘J
[P < (s —1) ¢ [ sup |82
t<u<s J¢ &)

< K(1+v+0)P(s —t)P x KefUH)6=D

(0)[7.(D"¥ (v))*dv]
Again, by applying Proposition 5.22 successively:

E/[(BY)7(s)] < Ki(B{[(J5")F] + 277 (s = t)([|al[” + (615 — bas)g0l”)

w2 s=OllellP+1(B15—625)901") )

where

TV (s) = /t 8 %Q—C?Dt’y(uﬁdu + /t 8(015 — 025)gh (w5 (s)) DY (u)*dW,  (5.178)

and
EF[(J59)P) < K(1 4+ v + 0)P(s — t)P x KK+
Since
Ilzifll <K(l+v+7)
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we get:

EF[(E)P(s)] < K (K14 v+ 7)P(s — t)P x Kef0)06=0
+2°" (s = t)([|al]? + |(b1s — O25)go") ¥ eQP*l(s‘t)(Ha\\p+|(91s—ezs)go\”))

Ef[(E)*(s)] < K(1+v+0)P(s—t)e7e
Thus

BFIE) 76 < K (B K opEs | [ IE )
t
< K, (K(l + v+ 0)P(s — )P x KK L K14 v)P(1 + v+ 0)P(s — t)2eK<””>"<”>>

EF[(EM)P(s)] < K(1+ v)P(1 4+ v+ 0)P(s — t)eKI7 =D

O

Definition of the norm ||.||t,+, Suppose z is a continuous bounded function de-

fined on [0,77] x [0, 1], then ||2]||4.¢, will denote the following supremum:

2] l¢0,6, = sup |z(u, )
(u,x)Eto,t1]%[0,1]

Lemma 5.28. Let y,z € B, and p > 1. There is K > 0 independent of t,s,y:

E;[ sup |wy™(u) — wy? ()] < K|z — yl[f (s — )"0 (5.179)

t<u<s

Proof [Lemma 5.28 |
Fix y, z € B,. We suppose wy”(t) = wy*(t). From the SDE (5.247),
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Wy (s) —wyY(s) = LS(GO.Z—i—GO.(I)O(u,wé’z(u))du—(Go.y+G0.(I>0(u,wg’y(u)))du+
(015 — 025)(Go(wy™ () — Go(wy™ () dW (u)

The term in du (by the mean value theorem) is smaller than

|Go-®o(u, wy”™ () — Go.Po(u, wy® ()] + |Go.z(u, wy™ (u)) — Go-2(u, w3 (w))|
+Go-2(u, w3 () — Go.y(u, wy” (u))|

< K(1+v)|wy™(uw) — w5 (w)] + K|z = yllea
The dW (u) term is smaller than
|Golwy™ () — Golwy” (u))] < Kw5™(u) — wy”(u)] (5.180)
Thus, Proposition 5.22 yields:

E/[sup |wy®(u) — wy? (u)l"]
t<u<s

< KEF| (o [ 1ol 0) - oo + 1l = all(s 0
t

And by Gronwall’s inequality:

E7Lsup w5 (1) — & ()] < K[z = yllu(s — el
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Lemma 5.29. Ify,z € B,, we get:
Ef[le?” ) — e )] < K(1 4 v)vs — t]|2 — yf, e (5.181)
Forp>2

Ef[ sup [e%70) — WP < K1+ )|z =yl (s — ) 7507070 (5.182)

t<u<s

If furthermore y,z € B, 5, we get:

0z e
B sup 1D5(0)- D] < K (lle=pllt 5B ) (o0 (s

t<u<s 8w2

(5.183)

and

0 0
E; sup [|Ly*(u) = L7 (w)l”] < K(1+v+0)*Vs — 1 (I!Z —yllP + |l — 22 Hf,s)
t<u<s 8&)2 E)wQ
(5.184)

Proof [Lemma 5.29 | We first prove inequality 5.272. We consider the case ¢ = 1,

the case @ = 2 is similar. We use the mean value theorem to get the estimate
|77 — ()| < Mi)| 72 (5) — 2 ()| with My (s) € [Z49(s), Z4%(s)]  (5.185)
Taking the expectation and using Cauchy Schwarz’s inequality yields:
B (|0 — A0 < @F[O): x B 217(s) - Z(s)P)E (5.186)

The first term (EF[e?1®)])2 is bounded by a constant K and the second term is
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bounded by

(EF[2] ;" v (w) —ay” (u)dul*+2| [} 7% (u) =" (w)dW (w)[*])? < 2(s—0)EF[f, |ay* (u)—
ay”(u)Pdu+2 [ !bt{z(U)—btfy(u)\%m)§ < (K!!Z—yl!t,s+K(1+V)(Ef>[Suptgugs jws () —
D))V =T < (K|l2 = ylles + K1+ )V = 1Kz =yl 7 00) /57

Ef[je? () — O] < K (14 v)vs =tz — ylly, 700

Now, we prove inequality 5.273.

Z0% (u) Z0Y (u) 1 Z’z(v) y (bzll)Q Z0Y (v)
e W —eh = 1 _(a1+T)€1 dv
+ / (e — 7O (1)) dWV (v)

Thus, by Proposition 5.22

z , bz 2 - by ) 7
B[ sup [4°0) — A" 0p) < 7 [ fai + U0y — (ag + O 0y

t<u<s t

+/ AT (0) — A (0) o]
t

Using the expressions
1(w) = —pimy(uws (v) + er(wi (w)); Y (w) = pid1 + y1p1bis + Y1p1(Oas — Ors)ws (u)

aj

and the triangular inequality, we get that the first integrand is smaller than

(K (1+v)|w3(v) = (0)] + K|z = yllew)? x max(erZ™0), 40 4 [|eZ70) — 27 ())p
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The second integrand is similarly smaller than
(K[ (0) — (o)) x max(e?"), 70) 4 K270 _ 2 wpp
Thus, using the fact that
EP[erZ" ] < K

and Ef[|w3 (v) — wh(v)? x P27 ] < (Efflws(v) — w3 (v)[])2 x (Ef[e?A"M)])z <

K (v —1)2|z — y|ff, e 00,

t, t,
EF[ sup [e%7() — A"
t<u<s

<Ef [ [ B 0Pl30) — WP + KlJz = gl + K40 = A Op)ay
t
And using Lemma 5.28, we get

EF[ sup |27 — & ())p
t<u<s

<Ef { [ 07z = gl = 9RO 4 K=y, 4+ KO - er’””)Ip)d“]
t

< K(s—1)||z — y|[Py(1 + )Pk 60 4 KEP [ / |27 ezf’y<v>|pdv}
t
And by Gronwall’s inequality:

Ef[sup |e" ) — eA" 0] < K (s — )]z — y|[f (1 + v)reR 760k
t<u<s

which is equivalent to inequality (5.273).
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We give a proof of the estimate (5.274) of |D%*(u) — D" (u)|.

D" (u) — D"(u) = /tu(GO-((f_; + ¢o) + go-(z + Po)) D"*(v)

~(Go-(52 =+ 60+ g+ @D e+ [ (5= 05) () =~ (e ()Y,

Thus, the Proposition 5.22 yields:

E/[ sup [D"*(u) — D" (u)]"]

t<u<s
s 0 0
<B?| [ 1Gotg + dn) + gz + QD (0) = (G5 +00) + 0.y + 80)) D) P
t &ug 8w2
+ / (615 — b25) (go(wy™ (v)) — go(ws" (v)))[Pdv
t
The dv term is smaller than
0z t,z ay t,y p
[(Go-(5— + @) + 90-(2 + ©0)) D" (v) — (Go-(5— + ¢0) + go-(y + o)) D (v)]
8w2 @WQ
0z dy
< t,z P t,y p - . < —
< Kmax(D* (0, DY) (1575 = 52l + Il = ol

+(1 4 v+ ) |wy?(v) — wé’y(v)]>p + K (1 4+ v)?| D" (v) — D" (v) [P
The dW (v) term is smaller than
K|wy*(v) — w5 ()]
Using the Cauchy Schwarz inequality:
EY[D (0)P x |w* (v) =y (0)P] < (BF[D"(0)%])2 x (Ef [|wy”™ (v) =5 (v)[])2 <

K (1+v)(v—t) K||z _ y“zs(v N t)%eK(lJru)Qp(uft)
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Similarly to the previous proof, Gronwall’s inequality yields:

. )25 (5 _ 0z 0Oy
Bf[sup. |0 (0)-D(P] < K500 00 Lot =t~ 22 )

t<u<s
(5.187)
The next inequality is proven in a similar faction:
: * 0ai(u) ;. Oay(u)
L (s) — LY (s)] < /t (5 pre(u) - S Do)
° O0bi(u) b (u)
———= D" ———=D"(u))dW,
+ [ (G D) - D)
dai(u) dai(u) 6(11 5(1@1/(u) t, daf(u) , t
T DhE(y) — R Dy D'*( DY (y) — D
ey DWW T, <|( an S, 1D + [ (D () — D (w))
3} 0
< K(L+v)|D" (u) = D" (u)| + K (L4 v + ) D" (u) |l (u) = wh (1) | + || 5— = 5|
Ows  Owy
Using inequalities (5.274), (5.270), we conclude
P tz ty .2 0z 0y .,
By sup [[Ly*(u) = Ly"(w)[) < K +v+0)P(s—t) x | [z =yllts +l5— = 5 |IFs
t<u<s Owy  Owy'
The proof for ¢ = 2 is similar. O

Fix y,z € B,. Since F' = F; — F5, by the triangular inequality:

|Fl2](t, w2) = Flyl(t, wo)| < [Fi[z] = Fayl(t, wa)| + | Fa[2] — Faly](4, wo)

and

IFE(t ws) — Fily](t )] = |2

Ful2](t, w2) — Fulyl(t,wa) | Fulyl(t, W2)(F0z[2] — FOi[y])‘
- Foi[2](t, wa) Foilyl(t, wa) Foi[2](t, w2)
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Thus

|Ei[2](t, wa) — Ei[y](t,ws)| < 2|1 pil || Foilz] — Fosly]|(t, wo)

Foi[2](t, we)
and

| Foil2](t, wa) — Foily](t, wa)|
T t
<E/ {/ filt, s)][e% ) — %G| ds + fi(t, T)|e% ™ ™) eZi’y(T)ﬂ
t

And since by Lemma 5.29

Fala(tn) 2 I | U fns)ds + )

(5.188)
we get:
2pall | ST Fi(ts)ds+ it T) | EFfsupreaer % =% ()
\Fz[z] - Fi[y](taw2)‘ <
K (ftT fi(t,s)ds—',-fi(t,T))
2|| p; | EF [su 27w o2V (W)
] — Byl w) < 212 ptﬁsfﬁ ! (5.189)
1
Since F' = F}| — F,, we get
Al p||K||z — 1 Ku(T=t)(T — ¢
1
OFyly]  OFuly] OFy1;[y] 9F0;[y]
aE [y] (t7w2) _ ngy _ 6(:)2y Fh[y] _ &ugy _ [y] ai)gy
Ows Foily] 5[yl Foslyl "7 Foly]
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Thus

’35[2](t7w2) _ OF[y](t, ws)

8w2 8w2
OF1;[2] OF1;y] OFpilz] 9Foily]
Owa Owa Owa Owo
= - — Filz + Fily
Foilz]  Foily] g Foil2] ) Foily]

Again after some manipulations and using the triangular inequality, we get:

oF;|z](t, OF;[y|(t,
‘ [g]oEQ =) [Zvﬁ = (5.191)
OFuily]
OFui[2] 5F0i[y]‘2|lpi!| By | <2HP¢H )
= - 3 Foil2] = Fulyll + | File] -
< |2ole] bl ey S R A ) - Rl + 170 - i)
In what follows, we estimate |8g°—"[y}| and 81;0—1'[2] — 61(;0_7;[11]
w2 wo wo
OFuilyl(t, w2) r -
T =R [ A )

< [ f B O L s as

< [ f B O L s as

T
< / fi(t, 3)\/K-K(1 + v)2eK ()2 (s=) (5 — t)ds
¢

’w‘ < K(1+ V)\/T——t.eK(H”)Z(Tt)-(/T fit, s)ds + fit, T))
t

8w2

In the last inequality, we have added the final term that appears in the definition of
Foi[y](t,w2). Thus

OF[y](t, w2)
&ug

_ AllplIK (1 + p)eR 0T —

| < e

|z = yller (5.192)
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OF;[y](t,w2) |

This concludes the estimation of [==4/==2

8F0Z [z} __ 0Fuily]

Estimation of B

' OFuilz]  OFyly

<E! / fi(t, s)|e Z76) b (5) — f’y(S)Lﬁ’y(s)‘ds (5.193)
Owo Owo

The integrand term

Ef [\e TOLE(s) - er’y<S>L§’y<s>@ <Ef [ezf’“swL?Z(s) — LY (s)] + L ()] €% — er’”sﬂ

[SIES
|

t,z s 2 , , t, z .t,y S 2
< (E[ CEP[IL(s) — Lf%)ﬂ) ; (Ef[ILEy( PEP %) — o7 >|2J)

and by Lemmas 5.27 and 5.28, we have

[ 70+ eZz't'y(S)Ll;’y(s) |}

0z 0
K(l Ry V)2 K(H—u) (s— t)(s — t)% <||Z — y||t75 + ||8_w2 - a—i||t,s)(5.194)

Taking the integral between ¢ and 7" and adding the final term, we get

OFui[z]  OFuily] \2 K(140)2(T—t) 1 0z Jy
— < v T —t)2 _ =
2] O < (v = (2= llr + 5=~ 5 )
(5.195)
We conclude that
oF; oF; B apm 1 0 0
2 T < 1 e T ) (=l - )
Wo &ug 8
(5.196)
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Since F' = F1 — F2

'8F [z] OF[y]

_ NA(T— 1 dz 0
O] < Ko O (1=l — 2

0

Notice that for all y € B,, |F[y|(t,w2)| < 2||p|| for all (t,ws) € [0,7] x [0,1]. For
y € B, 5, if we look at (5.263), (5.264), (5.261),(5.260), it is easy to see that we can

obtain an estimate for %|
2
0*F 1 2
T < KO+ )1+ v+ 9)(T — et (5.197)
w2
Let
OF0
vi=1+4 sup | ) (5.198)
(t,w2)€[0,T]%[0,1] Ows
and
O*F|0
vi=1+ sup | [ ]\ (5.199)

(twn)el0,T]x[0,1]  Ows
We fix K to be the maximum between 1 and K? where K is a constant number that
appears in the various inequalities written above.

We choose ¢ € (0,T) such that

K14 v)(1+ v+ 0)/eeKHT < (5.200)
We choose €; € (0, €] such that
4 K(1 K(1+v)T 1
K, 4
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and e, € (0, ;] such that

K(1+ v+ 0)%f00)' ez < Z (5.202)
Then
1. Flye B, forally € B, ;.
2. Forall y,z € B, 5,
OF[z] OFly] 1,0z Oy
- —€ F _F —€ <= a . A —€ - —€
| Dos O 7o 7| [F[2] = FYl||lr—esr < 2(“(%}2 E)w2||T e | T Py

(5.203)

If we call B}, := {y|r—e, 17x0,1] | ¥ € B, } the restriction of B, to [T'—es, T] % [0, 1]
and similarly , B, , == {y|ir—e,,1x[01) | ¥ € Bu,5} the restriction of B, 5 to [T'— ey, T X
[0, 1],

then we can conclude that F'(B,,,) C B, . Define the norm
Iy
ylley == l[yllr—esr) + Ha—wQH[TﬁT} (5.204)
Wrapping up :

We construct a fix point for F! in B.:

Define (,,) a sequence of functions in B, ; by:

%(t;wz) =0 ; %H(t,wz) = F[%] (taw?} v(t7w2) S [T - 627T] X [07 1]
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A simple recursion on n shows that

1
|F [¢hnt1] — Fl[@Dn]HB}, < 2—n||¢1 — ol |y (5.205)

Therefore (1,,) converges in Bl to a function ¥!'. A uniform limit of -Lipschitz is

ou! (t7w2)

v-Lipschitz, therefore B

is actually -Lipschitz in the ws variable. Furthermore,
Ul is the unique fix point in BL: if U! is another fix point of the operator F'' then we

would have
_ _ 1 _
O — [y = [|[F[0] — F'[¥Y||gy < §||‘If1 — U'|gy

so that [0 — Ut|p = 0 ie. W' =Pl

We can repeat the argument on [T — 2¢5, T — €;] x [0, 1]. So on, until we reach
0. Let us do it carefully.

Define the operator F?? on the space C([T — 26, T — €5]; C*[0, 1]) by

FE[y)(¢, wo)
Falyl(t, ws)

Fly] := Fly] — F3y]

FPy)(t, ws) =
and

T
Falon) = B[ [ gl o 0 00 g0,y o e i
t

T

82'75,8 SllyQU'lL Sygu Oit,T Tay2uuy2u

Ffi[y](ty(/UQ) = ]Et|:/ %eﬁ i (wd +ft by ( )dW“d8+ %eﬁ i (wdutby ( )dW“:|
t
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and )
9 \Ijl(t,WQ), lfT—€2<t§T
y (L, wa) = 4 (5.206)
y(t,we), if T'—2e5 <t <T — e
Define )
8\111
02 (twg) T —e<t<T
Gt w,) = (5.207)
&uz dy .
d—m(t,wg), T —26 <t<T—¢
We will omit again the final term f;(¢, T)eft a?” (wdu+b” (W)W to simplify the
calculations.

Let B2 := {y € C([T—2¢9, T—¢€3] x[0,1] | y is C* in t,w, and such that |%| <

v}and B}, == {y € C([T—2ey, T—€]x[0,1] | yis C' in t,C? in wy and such that |88—52] <

92 ~
v, 124 < v}

Since 22 = y? on [T — €, T], we have

z = yller—e = 112° = ¥*llix (5.208)
0z dy 022 0y?
e =I5 5.209
|aw2 8(4} ||tT 2 ||au)2 aw ||tT ( )

we only need to estimate

|F2[2](t, ws) — F2[y](t,wp)| and |2Ee)  OFPWIten) | o 4 ¢ [T — 265, T — e).

Owa

By observing (5.184) that gives an estimate for | F;[2](t, w2) — F;[y|(t, w2)|, we see

that

4 tz ty
P ) — Pl ()] < D wp e o)

1 i=1,2:¢<s<T

If (t,5) € [T — 262, T — €3]?, we can use the fact that |s —¢| < €3 to get estimates
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when y, z is replaced by 32, 22.
The only additional case to check is (t,s) € [T — 2e2, T — €] X [T — €3, T].
We first find an estimate for ]w;’ZZ (u) — wé’y2 (u)] for u € [T — €2, .

We use the SDE for wé’yz and wé"zQ to get

22 2 2
Wi () —wh ()] =T = ) — wh (T — )

+/“ Go.(Do + 22(v,w5 (1)) = Go.(Po + y* (v, (v)))dv

+ / " (015 — 025) (Co(wi (v) — Golwd (0))dW (v)

T—eo

As before , an application of Gronwall’s inequality yields for p > 1,

ET[ _sup Jof™ (w)—ug” ()] < KB [l ™ (T—eo) —a (T—ep) el
uec|l —ea,s

(5.210)
And since by (5.270)

Ef [lwf™ — o (T = @)"] < K|z = yl[fg_, (T — e — )0+ T2 (5.011)
we get:

EF[ sup  [wb™ (u) — wh? (u)P] < KEF[Jwb™ — Wi (T — &) [P 107 (= (T=e2))]

u€[T—ea,s]
< KGK(1+V)p(S_(T_62))K| |Z o y| |fT (T - t)eK(1+y)P(T—eg—t)
= 4 —€2
< KQGK(1+V)p(S_t) | |Z . y| |f,T—e2€2

206



Ph.D. Thesis - Oumar Soule Mbodji McMaster - Mathematics

We conclude that

Ef[sup Wi () — w§? (u)P] < KK ey || —y|b (5.212)
u€c|t,s
We then have
Ef sup |70 — A0 < KL+ 0|z =yl 56070
t<u<s

Thus

zb =2 (s) Ztv? (S)H

4
F2[2)(t, wq) — F2[y|(t, wo gME“” sup e —e”i
K, !

i=1,2:¢<s<T

< 4l

1
KQ4v)’T « 2|, _
Kl — 4||Z y||t,T_€2

1
K1+ v)l[z = yllir-cese

because €, was chosen small enough to have

Allell b K
1 2 (1+v)T <
Kl ( + ) 2 —

AN

The same is true for the derivative:

aF—2[Z] 8F2[y] (t,w2)| <

(1) 2 = ylliz—e + 1122 = 2,
&ug , W2 &ug Y|t T—eo &ug &u t,T—e

o |

Adding the two estimates we get

1
1E%[2] = F*[y]llez < 5112 = lles
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Again, we get a contraction from B2 to B2, thus we get a fixed point for the operator
F?2. We call the fixed point ¥ as before and now we have U2 defined on [T — 2¢;, T —
€s] x [0,1] and U! defined on [T — €, T] x [0,1]. We have to verify that the two
functions coincide on the set {T" — e} x [0, 1].

From the expressions
T s y? s 192 T v y?
Flul(t.wn) = E, [/ it s)eli ol I @M g g (g, T)eli o (s (“)dw“]
t

T

ait,s Sayzuu Sy2u altaT TayQuu y2u

Fyl(t,w,) := ]Et|:/ —f(gt ) oJi a0 >quds+—f(at ) T ¥ wdubt’ >dwu}
t

We see that
F[WPT — €3,w2) = Fo, [U'(T — €2,ws); FL[W?|(T — €3, w2) = FLU(T — €3, w5)

since W2(t,wy) = W(t,wy) for wy € [0,1] . Thus we conclude that

F’ F
FIU?)(T — €3, wy) = (—F“ — —F”)(T — €9, wy) = F[UY(T — €3, w,)
01 02

The same is true for the derivative

OF[W?(T — €3,ws)  OF[W(T — €3, ws)

aa)g au-)2

We can continue this process and construct U* a fixed point of F* for t €
[T — kea, T — (k — 1)eq].

We call Q the function defined on [0,7] x [0,1] that coincides with U* on the
set [T'— kea, T — (k — 1)ea] x [0, 1].

By looking at the definition of Q = F[Q] as a quotient of two integrals over t,
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we conclude that Q is actually C* in the time variable. Q € B, is a fixed point for F.

0Q(t,wy) _ OF[Q](t, wo)

8w2 8w2

is also well defined, continuous in the ¢ variable and v-Lipschitz in the wy variable.

This ends the proof of the Theorem. U
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