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1.1. Proposal 

Chapter 1 

INTRODUCTION 

1 

This i:westigation formed part of an extensive program at 

McMaster University to study creep and shrinkage in concrete. Initiated 

in 1967 by R. G. Drysdale, (5) the series has included the testing and 

analysis of concrete prisms \vith the aim of obtaining an empirical 

method of predicting creep under varying stress. Gray (l1) did the 

first work on this phase of the program. 

The object of this investigation was to develop a method of 

analysis for simple framed structures subjected to sustained loading 

using the data from prism tests to predict the influence of creep and 

shrinkage. The procedure was to be sufficiently general that the 

behaviour of a large range of structures and loading conditions could 

be determined without the necessity of experimental comparison. 

1.2. Background 

During the twentieth century, a great number of papers have 

been written on creep in concrete with the result that an enormous 

amount of data has been accumulated, and numerous theories have been 

presented. DesFite this substantial background of experience, two 

important limit<:.tions must be recognized. First, the exact nature of 

creep and how it affects reinforced concrete is not known, and, second, 

the influence of creep on all but a few specialized structures, such 

as pinned-ended columns, cannot be predicted accurately. The main 

reason for this uncertainty is the number of variables involved. 

Creep is depend~;:nt on atmospheric conditions, the type of cement, the 

magnitude and nature of loading, time, concrete strength, age at 



\ 
2 

loading, aggregate, member cross-section, and numerous other factors 

not all of which are known. 

Most work on creep has concentrated on one of two areas; 

the nature of the phenomenon, or its effects on structures. In the 

former case, all of the factors mentioned above have been studied by 

attempting to isolate their influence. This is a difficult task in 

itself and does not account for inter-relationships between the 

various factors. Based on this experimental evidence, models for 

creep have been devised. 

Using prism tests to study the nature of creep, and tests 

on common structures such as columns and frameworks to determine its 

influence, an empirical appreciation of creep has been obtained. But, 

because of the cnmplexity of this phenomenon, testing for each individual 

case has been the only sure way of obtaining an accurate solution. 

1.3. Scope of &!search 

In ord,!r to achieye the objective, the method of analysis had 

to be sufficiently general that it could accomodate any functional 

relationship bet•veen creep and time, and a range of structures and 

load conditions. The analysis developed was applied to a specific 

structure for th,! purpose of experimental verification, but could be 

easily modified to satisfy the requirement of generality. 

Test materials and conditions were limited by the desire to 

use creep data obtained previously by Drysdale. (5) Hence, the concrete 

mix, steel, section properties, temperature, humidity, and age at loading 

were fixed. For comparison between tests and the analysis, the frame 

geometry and loading configuration were not changed during the program. 
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The in~estigation was conducted in two phases. The first 

was a study of tte short-term behaviour of the frame, and the second 

was a study of tre sustained load response. Comparative analyses 

and experiments -.rere provided for these conditions. Of specific 

interest was the increase in deformation and the redistribution of 

frame moments caused by creep. 



2.1. Introduction 

Chapter 2 

LITERATURE REVIEW 

4 

This d1apter includes a brief review of some of the creep 

research by pre,rious investigators. Because it is essential to 

understand as clearly as possible how creep occurs in order to study 

its effects on frame behaviour, some recent theories on the nature of 

creep are presented. The only factors influencing creep which were 

allowed to vary in this investigation were time and stress. The 

reader is referred to Neville's work(l9) for the effects of other 

variables. Previous sustained load studies on various structures are 

also outlined in this chapter. 

2.2. The NaturE. of Creep 

A number of authors have concentrated on trying to determine 

the nature of creep and shrinkage phenomena, their causes and their 

effects. 

In 19.':8, Washa and Fluck(6) wrote a review of creep research 

up to that time with references to publications as far back as 1905. 

They attributed creep to closure of internal voids, viscous flow of 

aggregates, and the flow of water out of the gel due to load and drying. 

Freudenthal and Roll(7) did extensive work on creep under 

high compressive stress. It had been recognized for many years that 

the relationship between creep and stress was non-linear above a 

certain stress level. Freudenthal and Roll developed a rheological 

model to explain this phenomenon, and in 1958 presented a theory of 

creep which included creep recovery and the effects of high stresses. 
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They attributed creep to four conditions:- viscous flow 

of the cement paste, seepage of adsorbed water from the gel under 

pressure, delayed elasticity due to the cement paste acting as a 

restraint on elastic deformation of the aggregate-cement crystal 

skeleton, and permanent deformation caused by local fracture. The 

decreasing rate cf creep was considered to be caused by an increase 

in viscosity of the paste as it crystallized, by completion of the 

delayed elastic ceformations, and by the termination of seepage. 

Creep recovery w;;.s explained by the reversal of seepage which could 

be recovered to ,·arious degrees. Other deformations were permanent. 

Freuder.thal and Roll presented generalized equations for 

creep as a result. of their theory and tests. These equations were 

based on a rheological model which consisted of four units (each 

representing one of the creep conditions mentioned above) connected 

in series. Three were made up of a dashpot and spring in parallel 

and the fourth was a dashpot and spring in series. All of the units 

responded to increases in stress, while two of them allowed for 

irreversible cret!p by not reacting to decreases in stress. The spring 

constants and daBhpot fluidities were determined experimentally. 

The or:~ginal expressions for creep strain were linear 

functions of stress and exponential functions of time. 

In 196.~, Glucklich and Ishai (10) ran a series of tests in 

an attempt to d.e:ermine the true nature of creep. They investigated 

the viscous theory which considered the cement gel to act as a highly 

viscous fluid whlch flowed under external loading, and the seepage 

theory which corBidered the gel as a hygroscopic solid which creeps 

due to water migration in its channels. Using torsional loading 
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and careful control of boundary conditions they showed that creep is 

almost non-existent in mortar deprived of almost all its water. Hence, 

creep was found to be conditional on the presence of evaporable water, 

and was not an inherent property of the gel, a solid unable to flow 

under load. This contradicted the viscous theory, but the seepage 

theory as previously presented was also inadequate since it considered 

only the movement of pore \vater and did not account for the complexity 

of creep partict.larly in almost dry concrete. Also, the original 

seepage theory was inaccurate under conditions of stress reversal with 

creep recovery, or after long periods of time. 

The e}:planation of creep by Glucklich and Ishai, probably 

the most plausitle to date, is presented as follows: 

Hydration converts cement to a hygroscopic gel of enormous 

specific surfacE area (200m2/g) and a high percentage of voids 

(28%)~ The chemical reaction of cement and water forms an amorphous 

mass of colloidc;.l size particles (the gel) which is porous with 

numerous very small voids corresponding to the thickness of four to 

five water molecules.* Besides this amorphous mass, coating the 

unhydrated cement particles and filling inter-granular gaps, rod, 

ribbon and crumpled foils, shaped crystals are formed with a length 

about one thousand times their width and an average spacing of 

fifteen angstrons. Also in the paste are larger voids called 

capillary pores which may be interconnected to form capillary channels. 

* Glucklich and Ishai sized the gel pores and forty to fifty angstroms, 
but, since a water molecule i.s about 2.63 A, this would seem to be 
in error. A void size of ten to fifteen angstroms is probably more 
reasonable. 
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Because of its strong absorption capacity, the gel is 

saturated with Nater immediately on forming. If any evaporable water 

is present, it ·,vill first fill the gel voids and, in the absence of 

sufficient reserve, hydration vill terminate even though the gel 

remains saturat,=d. For hydration, 0.26 g of water are reoufred per 

gram of cement. But, since the gel (with 28% voids) must be saturated 

for hydration to continue, the actual water/cement ratio for continued 

hydrationthrough setting is 0.44 to 0.50 assuming no water can be 

added from outs:_de sources. A water/cement ratio over 0. 70 leads to 

too many capillary pores and channels and hence to a weak concrete. 

Hydration cease<: when the vapour pressure in the paste drops below 

80% of the saturated vapour pressure. 

The wLter in the cement mass is classified as follows:-

1. capillary w~.ter (in channels) 

2. voids gel w~ter (in the voids of the amorphous mass) 

3. intracrystalline water (zeolitic water) 

Zeolitic >vater is very strongly bound to the solid and has 

almost infinite viscosity - it acts almost like a solid. 

Gel water is also strongly bound since it is in small voids 

where friction forces are significant. Only very large forces will 

induce it to flow, and it is fairly insensitive to the humidity 

gradient between the concrete and the outside environment. 

Because it is loosely bound, capillary water flows readily 

in and out through the channels in response to humidity gradients. 

However, since t ~1e channel diameters are large, the attractive forces 

between channel ·.valls are small compared with the attractive 
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van der Waal's forces between.gel sheets and hence volume change on 

moisture movement is also small. 

Shrinka:~e is greater when zeolitic or gel pore water is 

removed because o:: the close proximity of gel particles. Pressure 

produced in the pore water acts against the van der Waal' s forces 

between particles. When this water is removed the attractive forces 

pull the gel part:Lcles closer together thus producing shrinkage. 

The effect of evaporable water content on creep is 

explained as foll,)ws: 

When a porous, fluid-containing body is loaded, pressure 

differences are s~~t up which induce flow of liquid within the body 

at a rate depending on the diameter of voids and friction between 

liquid and solid. If the voids are empty, the body tends to deform 

elastically. The presence of fluid introduces a non-linearity of 

displacement rate, but the final displacement is the same as without 

fluid. In a saturated body, initial loading causes the voids to act 

as rigid spheres. Stress gradients cause the water to flow and 

stress is gradually transferred from liquid to solid. Flow stops 

when all stress i:; carried by the solid. This is the asymptotic 

limit to which cr~ep tends. A rheological model for this process 

is illustrated in figure 2.1. 

At a near saturated condition as exists during curing or 

shortly thereafter, rate of creep is high and is not proportional to 

water content, siace all types of evaporable water are present , 

particularly low viscosity capillary water. As water is removed, 

creep rate diminishes rapidly since most water removed at this stage 
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is capillary waLer. Once all capillary 'ivater is removed, gel water 

will leave. ThJ.s water is more viscous and hence creep rate is 

further reduced and is more linear. 

lp 

r+ 
~ 

t _ _L I 
FIGURE 2·1 Hheologicol model for creep. 

2.3 Factors Affecting Creep 

Neville (19) bas \Hit ten an extensive summary of the affects of 

constituents, proportions, curing, storage, section dimensions, 

loading, temperature, humidity, and stress level on creep and shrinkage. 

His work indicates the enormous complexity involved in creep problems 

and the necessit? of isolating specific variables in order to find 

useable solution3. 

Lyse(lS) also investigated the effects of stress level on 

creep and presented an empirical method for relating sustained load and 

cement content o: the mix with creep and shrinkage. 

Ross (Zi)) studied creep under a stress gradient and presented 

an evaluation of methods for computing creep strains for increasing 

and decreasing s :.resses. The work of Ross is mentioned in more detail 

in Chapter 7. 



2.4. Investigations of Creep in Structures 

Considerable work has been done on the affects of creep 

on concrete components and structures. 

10 

A number of investigators have studied the effects of 

sustained load on slender reinforced concrete columns. In 1958, 

Gaede(9) tested pin-ended columns under sustained eccentric load 

and compared experimental results with a theoretical prediction 

based on the work of Krieg(lJ). Gaede noted a definite decrease in 

the buckling strength of columns as a result of creep. 

In 1964, Breen and Ferguson( 2) investigated the effects of 

sustained load on columns in a closed rectangular frame and found t hat, 

for the case studied, the increase in concrete strength during the time 

under test more than balanced the detrimental effects of the increased 

column deflection due to creep. A similar test by Furlong and Fer­

guson(8) indicated an overall decrease in strength due to creep. 

In 1966, Manuel and HacGregor(l7) investigated creep of 

restrained long columns analytically and compared their predicted 

results with the experimental findings of Green< 12). Manuel and 

MacGregor presented a method of analysis for columns in frameworks 

which applied discreteness to cross-sections, member lengths and 

duration of sustained load. They also utilized numerical integration 

and iterative techniques to obtain framework equilibrium configurations. 

Good correlation was obtained between their analysis and the experimental 

findings of Green. 

Drysdale (5) performed tests on slender pinned-end columns 

under sustained eccentric loading for uniaxial and biaxial bending. 
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He developed an analytic procedure using numerical integration, 

sectioning and iterative methods. The present study utilizes the 

work of Drysdale on concrete stress-strain formulation, shrinkage 

and creep under varying stress. 

In 1968, Lehman(l4) presented test results on the short ­

term behaviour of long columns in frames subjected to sidesway, and 

showed that elastic distribution of moments gave poor correlation 

with experimental data beyond working loads. A series of tests on 

model frames both s i ngle and two·-bay provided considerable data on 

concrete frame action. The single bay framES tested by Lehman were 

approximately two feet square with column section 2!2" x 2!-2" and 

beam section 2~" x 3~". Longi tudinal reinforcement consis ted of four 

number 2 bars. The large var~ety of data included load-moment 

interaction curves, frame deflections , variation in react ions with 

loading and crack propagation. Ball joints were used to provide a 

pinned-end support for the columns. 
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Chapter 3 

FRAME SELECTION, FABRICATION AND MATERIALS 

3.1. The Concrete F rame 

In selecting a test frame a number of factors were considered. 

These included the size, the end conditions, the loading, the cross 

s ecti on, and the material properties. 

The size of the frame was limited by the dimensions of the 

lateral loading bay used for sustained load tests. The largest frame 

which could be accomodated easily , with allowance for loading systems 

and instrumentation, was about ten feet wide. Since the anchor bolt 

holes in the test floor were spaced on three foot centres, it was 

decided to locate the coluru1s nine feet apart. The final outside 

dimensions of the frame were 9' - 0 in height by 9' -- 8 in width. 

Hy using a large scale model it was hoped that errors due to dimen­

sional tolerances could be minimized and that the frame behaviour would 

be iridi cative of that en~ountered in engineering practice. 

It >vas decided to use fixed colunm bases. Since one phase 

of the objective of the investigation vJas to study moment redistribution 

under sustained l oad, fixing the bases provided the maximum number of 

high moment regions at which changes could occur. Also, \vith rigid 

bases , two more plastic hinges were required for collapse in sidesway , 

and hence the amount of information on plasti c deforma tion in concrete 

gained from each frame was increas ed . 

The loading arrangement was designed to simulate both lateral 

a n d gravity loads on the frame. In order to simplify the loading 

systems r equired, point loads were used. One point load \,•as applied 
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horizontally at the top of the left column. A vertical point load 

of twice this magnitude was applied at midspan of the beam. 

The memb e r cross-sections 'l;vere selected on the b asis of 

providing r ealistic loads for the frame size. Th e same section v.'as 

used for the beam and columns in order to simplify construction of 

the reinforcing cage and to provide approximately the same moment 

capacity at each hinge location. The section dimensions were 8 

inches by 8 inches. Longitudina l reinforcement was provided -by four 

number six bars, spaced on a square pattern with one inch cover from 

each face. This provided an under- reinforced section with the 

percentage of tension steel 1.66%. The cover was considered sufficient 

to provide bond b e tween the concrete and steel. Use of an und e r­

reinforced section was consistent with normal des ign procedure. 

For the purpose of analysis, the properties of the concrete 

and reinforcing steel had to be known. Steel with a stress-strain 

relationship as close as possible to the ideal elastic-plastic case 

was required. 

3.2. Concre te 

The conc:;:ete mix us ed , as shmvn in Table 3 .1., was identical 

to that used in the University of Toronto colunm test series,(S) and 

in other concrete work at McMaster. Cylinder tes t results were included 

in Appendix A. 

Twelve cylinders and either two or three shrinkage prisms 

were cast with each frame. One of the prisms contained reinfor~ing 

identical to that of the frame , while the other was not reinforced. 

C~ncrete components 1;vere prepared by Height and mixed in 

a horizont a l drum mixer in batches of about six cubic feet. A slump 
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of 2!-:i to 3!2 inches was sought. Three lifts were required to cast the 

frame, prisms and cylinders; and these were placed in such a manner as 

to provide uniform layers of concrete throughout all the specimen. 

The forms were overfilled to allow the layer with excess 

moisture to be trowelled off. The concrete was allowed to set for one 

hour before surface finishing. Demec gauge points as described in 

Section 4.2.3. for shrinkage measurement were cast in the concrete of 

the prisms. 

The sides of the forms were removed eighteen to twenty-four 

hours after p.ouring. Then the specimen were moist cured on the casting 

bed using damp burlap for seven days before being moved to the test 

areas. The frame for sustained load testing was placed in a controlled 

atmosphere tent and was maintained at 75°F and 50% relative humidity 

for the balance of the test period. The short-term frames were moist 

cured in their test position for an additional seven days. All frames 

were loaded twenty-eight days after casting. Cylinder tests were 

performed at seven, fourteen and twenty-eight days; and at the conclusion 

of testing for the sustained load frame. 

TABLE 3 .1. 

CONCRETE HIX DATA 

COMPONENT PERCENT BY WEIGHT WEIGHT PER BATCH 

Portland Cement Type I 14.0 127.4 

Water 9.1 82.6 

Fine Aggregate (washed pit run sand, 46.6 424.0 
fineness modulus = 2.51) 

Coarse Aggregate (3/ 8" maximum size 30. 3 2 7 5. 5 
crushed limestone) 

100.0 

Slump for standard 12 inch high slump cone = 2!-:i" 
Volume per batch = 6.0 cubic feet (approx.) 

909.5 
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3.3. Reinforcing Steel 

The stress- strain relationship for representative samples 

of the reinforcing steel was included in Appendix C. The behaviour 

was ideally elastic-plastic up to a strain of 0.005. Then strain 

hardening caused stress to increase with strain. 

Local heating with an acetylene torch was used in bending the 

longitudinal steel for the first cage. Bending of the bars was 

accomplished by gripping a section with two pipe wrenches and then 

turning one wrench to produce a 90° corner. A very small radius of 

curvature resulted. Because of brittle failure of the reinforcement 

during the first frame test, a number of tensile tests on reinforcement 

subjected to various degrees of heat treatment were performed. The 

results of these tests were presented in Appendix C. It was concluded 

that although the heat treatment used in bending the bars for the cage 

did not likely affect the strength of the steel or its behaviour, the 

deformation caused by bending around a small radius could have produced 

micro-cracks on the tension side of the corner. This condition was 

probably the cause of the premature failure. 

From the heat treated tensile specimen, the yield strength 

of the reinforcing steel was found to be 59,800 ± 500 psi, and the 

ultimate tensile strength was 109 , 500 ± 700 psi. These strengths 

applied to steel bars heat treated in a manner similar to the conditions 

imposed during bending of the reinforcing for the frame corners. A 

series of bars were bent 45° and then straightened. Tensile tests 

on some of these produced strengths close to those above, while others 

fractured at considerably lower stress levels. It was concluded that 

the micro-cracking caused by bending around a small radius rather than 
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the heat treatment was responsible for premature steel failure in the 

frame. 

Further tensile tests were performed in order to determine 

the yield strength, ultimate strength, and modulus of elasticity of 

non heat treated number six bars. The results of these tests were: 

yield strength 59,000 ± 500 psi, ultimate strength 108,500 ± 1700 psi, 

and modulus of elasticity (29.6 ± 0.6) x 106 p~i. The stress-strain 

curve presented in Appendix C was based on this series of tests. 

3.4. Forms 

The forms for casting frames are shown in Figure 3.1. They 

were constructed of nine inch angle sections bolted to a plate back 

which was drilled to accomodate a number of specific section depths. 

In order to provide a section width of eight inches, a one inch thick 

plywood bottom was placed in the forms. 

The forms were designed to accomodate a single bay or two bay 

frame. By using vertical plywood inserts, they could be used to cast 

columns, beams or prisms. 

The steel forms provided durability, strength, and accuracy. 

The allm..rable dimensional tolerance was ± 1/8 inch. They could be 

easily cleaned and produced a smooth surface finish on the concrete. 

Each section of the forms was light enough that it could be handled by 

two men. 

3.5. Cage 

With the exception of the bars for the first cage, mentioned 

in Section 3.3., the number six bars which made up the longitudinal 

reinforcing were bent cold around a five inch diameter pipe. Continuous 
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bars were provided from the base of one column around the frame to the 

base of the other column. Plywood templates were used to hold the bars 

on 5!-,; inch centres until the stirrups '"'ere installed. 

Stirrups were fabricated from plain !.-,; inch diameter bars 

using the bar bending device shown in Figure 3. 2. , to a tolerance of ± 

1/16 inch. Spacing of the stirrups was 6 inches in the columns and 3 

inches in the beam. Wire ties were used to fasten the stirrups to 

the longitudinal reinforcing. In this manner the steel was located 

accurately and the cage was strong enough to be handled as a unit. 

The corners were made extremely stiff by the inclusion of additional 

reinforcing as shown in Figure 3.3. 

3.6. Fabrication 

Prior to installation of the cage, the forms ~Jere lubricated 

with mineral oil. The cage was held in position in the forms by small 

spacers fabricated from!.-,; inch diameter bars. 

For attaching the frames to the test floor, steel bases '\vere 

fabricated from 8 inch wideflange sections. These were 8 inches long 

with four holes drilled through the webs to accomodate the longitudinal 

rein£ o rcing. 

The bases were placed in the forms at the correct locations so 

that the flanges would be in line with the inside and outside surfaces 

of the columns. Then the reinforcing bars were cut off so that they 

protruded about ~ inch through the web. The reinforcing was welded 

to th.e wideflange on both sides of the web. The column bases were 

stiffened up to the edge of the wideflange flanges by welding hooks 

made from number three bars to the web and by welding cross-ties between 

the flanges. 
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FIGURE 3.1. FORMS 

FIGURE 3.2. BAR BENDER 
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FIGURE 3. 3. REINFORCING CAGE 



4.1. Introduction 

Chapter 4 

TEST APPARATUS 
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Two separate sets of apparatus were used. The first was 

designed for short-term loading. The second was designed to provide 

a means of maintaining a sustained load on the frame over a long 

period of time. Several components of the test equipment were similar 

for both tests. 

4.2. Instrumentation 

4.2.1. Bases 

Rigid bases \vere constructed as shown in Figure '• .1. 

Originally, the bases were designed so that the reactions could be 

measured us.ing electric resistance strain gauges. These bases were to 

be stiff enough to resist significant motion of the concrete column 

bases while undergoing sufficient strains so that the reactions could 

be determined to a reasonable degree of accuracy. 

Horizo:1tal strain was registered by a cantilevered section 

held rigidly at )De end and supported on rollers along its length. 

Several designs '~Jere attempted, the final choice being a solid steel 

block three inch~s high, eight inches wide and sixteen inches long. 

Between the rigi1 support and the concrete column base, a section of 

this block was m1chined out leaving an upper and lower flange each one 

quarter inch thi:k. On these flanges, electric resistance strain 

gauges were moun:ed to monitor horizontal strain of the base. By 

considering equi.Librium of forces through this section, the moment 

and horizontal r~~action could be determined. The large mass of this 
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section was to absorb heat from welding the vertical portion of the 

base in place so that warping could be avoided. The ri~id end 

connection was provided by two rows of !.z" diameter bolts which connected 

the horizontal block to the one inch thick lower base plate. 

Vertical strain was registered by electric resistance gauges 

mounted on the wideflange column bases described in Section 3.6. The 

gauges were mounted at half the distance from the web to the outside 

of the lower flanges • . From them, the vertical reac tion and moment at 

this section could be determined. 

Base rotation was considered acceptable if it did not cause 

a reduction in base moment greater than 15% of the fixed end moment. 

Despite considerable refinement, rotation of the bases described above 

could not be restricted to tolerable levels. Since most rotation 

occurred in the cantilever block, the means of correction used was to 

fasten it rigidly to the lower base plate. This was accomplished by 

welding stiffening plates between the cantilever block and the base 

plate. Although this alteration greatly restricted rotation, it made 

it impossible to use the strain gauge readings from the horizontal 

block to determine the horizontal reactions. 

The lower base plate was stiffened with eight inch channel 

sections as indicated in FigUJ~e 4 .1. The entire assembly was bolted 

to the test floor using two 2 5/8 inch diameter anchor bolts which 

were p~estressed to sixty kips. 

For the short-term tests, the arrangement of anchor bolt 

holes in the test floor and the location of other testing apparatus 

made it necessary to mount the bases with their stiffer axes at right 



22 

angles to the plane of loading of the frame. This configuration also 

placed the anchor bolts very near the axis of rotation for each column. 

For the sustained load tests, the bases could be positioned with their 

stiff axes parallel to the plane of the frame. Hence, greater support 

rigidity was obtained in the sustained load tests. 

4.2.2. Dial Gauges 

Frame deflections were recorded by dial gauges mounted on a 

framework as shown in Figure 4.3. This system was fastened directly 

to the test floor and was independent from the load system or frame 

supports. Dial gauges were also used to record movement and rotation 

of the column bases. 

4.2.3. Demec Strain Measurement 

Concrete strains "'Tere measured using a Demec gauge, a 

mechanical device with an eight inch gauge length. 

The gauge points used to indicate strains consisted of ~~~ 

diameter brass discs drilled with a number 60 centre hole. These were 

attached to the frame with sealing wax or epoxy cement. Demec points 

were placed for two gauge lengths at the base and top of each column, 

at each end of the beam, and to either side of the centre of the beam. 

At each location, they ~Y'ere installed 3/8" from the compression face, 

2" from the compression face, and at the level of the tension steel. 

From the Demec readings in the compression zone, the strain 

distribution at a section was determined as an average over the gauge 

length. 

Using the Demec gauge, it was possible to repeat readings 
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to ± 5 microstrain. The precision of strain determination was limited 

by the accuracy in location of the gauge points, by creep in the wax 

or cement, and by cracking of the concrete. These errors are discussed 

in more detail in Chapter 9. 

4.2.4. Load Cells 

Loads were measured using a variety Qf load cells. Although 

they varied in size and physical appearance, these were all similar in 

principle and function. 

The load cell usually was a spool-shaped steel cylinder with 

four electric resistance strain gauges, two vertical and two horizontal, 

mounted on its outside surface midway between the ends. These gauges 

were wired as a full Wheatstone bridge and therefore were temperature 

compensating. Strains were registered by a switch and balance unit 

and a Budd Model P-350 strain indicator. The strain g auges on the 

load cell were protected by a wax coating. 

Most of the load cells were prepared by lathe turning and 

centre boring round steel stock. They were sized so as to provide the 

full loads required for strains in the elastic range (usually between 

300 and 700 microstrain). In one case, the piston of a hydraulic jack 

was used as a. load cell by mounting strain gauges on it. 

Prior to each test, the load cells were calibrated in a Tinius­

Olsen universal testing machine. Loads and strains were recorded in 

increments up to the maxima required. Readings were made for several 

cycles of increasing and decreasing loads. Any load cell for which 

readings could not be repeated was discarded. Graphs relating applied 

loads to measured strains were prepared for use during frame tests. 

After each test, the load cells were immediately re-calibrated. 



4.3. Short-Term Test Apparatus 

The concrete frame was transported from the casting area by 

overhead crane, and was positioned on the bases. Then the eight inch 

wideflange column ends were welded to the lower base assembleges. 

Two fourteen inch wideflange columns were mounted on the 

test floor, one on each side of the frame at the centre of the beam as 

indicated in Figure 4.2. The anchor bolts for these columns were 

prestressed to 60 kips. The vertical load mechanism was placed between 

the columns using channel cross-members. This load system consisted of 

a 50 ton hydraulic jack mounted on a mechanical slide which allowed 8 

inches travel from the centre of the beam in the direction of sides~·my. 

The jack for the vertical load system had a six inch stroke, but because 

the piston was used as a load cell, only three inches of this could be 

utilized in loading. This jack was of the push to load, spring return 

type. Load was transferred to the frame through a ball joint and a set 

of three 3/4" diameter roller bearings placed on the beam. 

A fourteen inch wideflange colunm was placed at one end ~f the 

frame to accomodate the horizontal load system. The jack for this system 

was of the push-pull type and had a nine inch stroke. It was mounted on 

a mechanical slide w·hich allowed vertical travel up to 8 inches. Load 

was transferred to the frame through a load cell and ball joint. 

4.4. Long Term Test Apparatus 

4.4.1. Introduction 

For the long term test it was necessary to maintain a constant 

load on the frame for a long period of time. Springs were used to store 

the energy required to accomplish this. The other primary requirement 



for the sustained load study was the preservation of constant 

temperature and humidity. 

4.4.2. Controlled Atmosphere Tent 
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The long-term test was performed inside a polyethylene 

controlled atmosphere enclosure located in a lateral loading bay of the 

Applied Dynamics Laboratory. This "tent" had _a floor area approximately 

eighteen feet square and a height of fifteen feet. On three sides there 

were walls fit ted >-'ith vertical wideflange sections which could be used 

to apply horizontal loads. 

It was desired to maintain a constant temperature of 75°F and 

a humidity of 50% during testing. To accomplish these requirements, 

the tent contained a humidifier, a dehumidifier, two electric heaters, 

and four fans. The atmospheric conditions were controlled by two 

thermostats mounted on opposite walls, and by a humidistat. These 

instruments were electronically coupled to the appropriate equipment. 

Because there was no cooling system in the tent, it was 

impossible to control temperatures over 75°F as encountered during the 

summer months, but sustained periods of high temperatures were not 

encountered during the long-term test which commenced on September 13th. 

Relative humidity was adequately controlled except for occasional 

periods, particularly during the transition from hot, humid summer 

weather to cooler dryer winter conditions. During the sustained load 

test, the average daily humidity maximum was 50.44% with a standard 

deviation of 0.66%. The average daily mirrmum humidity was 48.22% with 

a standard deviation of 1.38%. The average daily temperature was 75.0°F 

with a standard deviation of 1. 5°F. 
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FIGURE 4.1. COLUMN BASES 

FIGURE 4.2. SHORT-TER'H TEST APPAR TUS 
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FIGURE 4·3 Dial gouge framework. 
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4.4.3. Sustained Load Systems 

The sustained load mechanisms were as shown in Figure 4.4. 

Both the systems utilized coil springs to maintain loads on the frame. 

4.4.3.1. Springs 

The spring specifications called for a low spring constant 

so that frequent adjustment of the loads would not be required. As 

supplied, the vertical load springs were each guaranteed to deliver 

4,900 pounds of force at a three inch deformation. This provided a 

spring constant of 1633 pounds per inch at the given load. The . 

horizontal load springs were each guaranteed to deliver 1600 pounds 

at a deformation of three inches. 

4.4.3.2. Vertical Load System 

The four vertical load springs were stressed by pulling 

downward on four tension rods which extended from a plate on top of 

the springs to a base b6lted to the ~est floor. 

The base consisted of a rigid box with a slide plate 

located under the top. The tension rods passed through the top of 

this box and the slide plate. Both ends of the tension rods were 

threaded to accomodate adjusting nuts . The slide plate was held 

against the underside of the top of the box by nuts on the tension 

rods. 

A one inch thick pl~te was supported by the tension rods 

about 1' - 2" below the top of the box. On this plate, a 50 ton 

hydraulic jack was placed to load the springs. Load was applied by 

jacking against the top of the box, thereby pulling downward on the 

tension rods and compressing the springs. With jacking pressure applied, 

the nuts holding the tension rods against the slide plate were tightened 
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thus maintaining the displacement of the springs. Then the jack was 

removed. The decrease in load caused by deflection of the concrete 

beam with time was corrected by adjusting these nuts. Loads were not 

allowed to decrease by more than 2% without adjustment. Making this 

correction once daily was usually sufficient. 

The underside of the top of the box and the upper surface of 

the slide plate were machined to a smooth finish and \vere lubricated 

with graphite. The load was kept vertical by moving the slide plate. 

This was accomplished by turning a nut which rested against the side . 

of the box on a threaded shaft that passed through the side of the 

box and into the slide plate. Horizontal movement of the slide plate 

was assisted by an upward inclfnation of the top of the box of two 

degrees in the direction of motion. The coefficient of friction of 

the machined and lubricated surfaces was about 0.16. The slide plate 

allowed horizontal motion up to eight inches. 

the working capacity of the verUcal load system was thirty 

kips. 

4.4.3.3. Horizontal Load System 

The horizrintal load system was mounted on one of the wideflange 

columns of the lateral loading bay. Four 3/411 diameter rods \vere 

threaded into a one inch thick plate which was clamped onto the flanges 

of the column at the required elevation. The rods were threaded 

throughout most of their length. They passed through a one inch plate 

about fourteen inches from the wall. This plate rested against nuts 

turned onto the wall side of the rods. The horizontal load springs 

were placed between this plate and another which bore on the frame 
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through a load cell and ball joint. Load was applied to t he s prings 

by turning the adjusting nuts. Although it was not required, a 

hydraulic jack could have been accomodated between the wall and the 

spring retainer plate. 

The working capacity of the horizontal load system was 

fifteen ki.ps. 
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Chapter 5 

TEST PROCEDURES AND GENERAL OBSERVATIONS 

5.1. Introduction 

In this chapter, th~ test procedure is described for each 

of the frame tests performed. Some observations of the general 

behaviour are included. 

5.2. Frame Rl 

5. 2 .1. Introduction 

The first frame was used in a preliminary test to evaluate 

the apparatus, instrumentation and procedure. 

5.2.2. Test Procedure 

The test procedure consisted of incrementing the horizontal 

and vertical loads proportionately to predetermined levels up to 

collapse. At each load stage, readings were made on the base electric 

resistance guages, the Demec points, and the dial gauges. Crack 

formation in the frame was also noted. Collapse was defined by the 

inability of the frame to sustain a further increase in load. This 

was indicated by the formation of a sufficient number of plastic 

hinges to form a mechanislll. A hinge was said to have formed when 

the strain at the level of the tension steel exceeded yielding. 

Crushing of the concrete at the compression face denoted the limit 

of the constant moment relationship for the section. The order of 

formation of hinges was recorded as well as their location. 

5.2.3. Observations 

It was observed that the base rotation encountered was 

considerably greater than tolerable. Also the electric resistance 

strain gauges on the bases yielded conflicting readings which could 
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not be used. A third problem concerned the lack of stiffness in the. 

corners and the method of bend:j.ng of the reinforcing. The longitudinal 

bars of this freme had been hot deformed and hence were subject to 

tensile crackinf!; as mentioned in Chapter 3. Also there was no 

additional reinforcing included to stiffen the corners. Because of 

these conditions, the first hinge occurred in the corner between the 

beam and unloadEd column.* Cracks proceeded diagonally across the 

corner from the outside and at a horizontal load of 8200 pounds and 

a vertical load of 16,400 pounds, the tension steel in the corner 

fractured. Final collapse occurred without appreciable increase in 

load by the failure of one of the welds holding the frame to the 

horizontal cantilever sec.tion of the base. 

5.2.4. Resulting Modifications 

As a tesult of this te~t, the following changes were made 

in subsequent ftames: 

(1) Electric resistance gauges were attached to the bases using heat 

cured epOX)l rather than cot)tact c.ement in an attempt to improve 

strain measurements. 

(2) Longitudinal reinforcing was bent cold around a five inch diameter 

pipe rathet than hot bending a~ performed previously. This was 

done to avcid cracking and brittle fracture of the steel at corners. 

(3) The corners of the frame were stiffened by the addition of extra 

reinforcing to improve frame behaviour and simplify analysis. 

* The column at which the horizontal load is applied is referred to as 
the loaded column or the left hand column. The right hand column is 
also referred to as the unloaded column. 
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(4) The horizontal cantilever part of the steel bases was redesigned 

to provide 5reater resistance to rotation. 

5.2.5. Conclusi:>ns 

As well as indicating problem areas in the model, this test 

provided an opportunity to develop procedures for loading and retrieving 

data from the frames. The jacking method which required constant 

monitoring of in:lependent hydraulic systems during loading, worked 

well as did the load cells and ball joints. It was found that the 

screw mechanism :>f the slide on the vertical load system could be 

operated rapidly enough to keep the load over the beam centre during 

sway; however, t1e threaded block on the slide was not strong enough 

near ultimate load. This problem was later corrected by manufacturing 

a stronger slide. The demec points and the epoxy used to mount them 

performed well t:lroughout the test as did the dial gauges. 

5.3. Frame Ll 

5.3.1. Introduction 

The sustained load test incorporated the modifications 

recommended as a result of the first short term test. These changes 

included corners stiffened with additional reinforcement, electric 

resistance gauges mounted using heat cured epoxy, improved bases which 

utili~ed a cantilever section of solid three inch thick steel, and cold 

deformed reinforcement. 

5.3.2. Test Procedure 

The first phase of the test consisted of short-term loading 

to a horizontal load (H) of 6.0 kips, and a vertical load (V) of 12.0 

kips. From an approximate solution using the mechanism method of 
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plastic analysiEI, the ultimate loads were predicted to be H = 11.0 

kips and V = 22.0 kips. Analysis using slope-deflection equations 

indicated that t:he first hinge :would occur at a horizontal load of 

9. 5 kips. HencE: the applied loads (H = 6. 0 kips, V = 12. 0 kips) 

represented about 55% of ultimate load or 63% of the load required 

to form the fir~.t hinge; therefore, this could be considered a 

working load level. 

The atove load level was maintained until creep deformations 

became nearly static. After 53 days, the loads were increased to 

H = 7.5 kips and V = 15.0 kips (68% of predicted ultimate or 79% of 

the load required to form the first hinge). This new level was held 

for an additional 28 days, then the frame was quick loaded by increments 

to failure. 

5.3.3. Observations 

The first hinge formed at the upper right hand corner (the 

top of the unloaded column) at loads of H = 11.0 kips and V = 22.0 

kips. This was followed almost immediately by a second hinge at the 

centre of the beam. As the loads were increased further, severe 

deformation occurred. At loads H = 12.6 kips and V = 25.2 kips, a 

third hinge formed at the right base (the lower end of the unloaded 

column). With further jacking, the loads dropped back gradually to 

H = 12.0 kips and V = 24.0 kips. The last hinge formed at the left 

base. Subsequent jacking caused the loads to decrease continuously. 

Based on the test results, the first sustained load level 

represented 47.5% of final ultimate load or 54.5% of the load required 

to form the first hinge. The second sustained load level represented 

59.5% of ultimate load or 68.2% of the load required to form the first 

hinge. 
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During the initial short-term loading phase, the column 

bases underwent severe rotations due to distortion of the thin part 

of the cantilever. The loads were removed and plates were welded 

between the sides of the cantilever and the bottom base plate. This 

restricted the rotations to an acceptable level (a maximum of 0.005 

radians at ultimate load.and 0.001 radi.ans at the second sustained 

load level). Hoorever, welding the cantilever block down prevented 

use of the electric resistance ga~es mounted on it. But, despite the 

use of heat-cured epoxy, the other electric resistance gauges still 

yielded conflicting resu!ts, so that the loss of the horizontal 

cantilever instrumentation was not a severe loss in itself. 

5.3.4. Resul,ting Modifications 

As a result of frame test. Ll, the following changes were 

made in the system: 

(1) Electric resistance strain gauges were omitted from the basis 

since they did not previously produce useable readings. 

(2) The steel column bases were welded directly to the lower base 

plate since use qf the cantilever block had allowed too much rotation. 

5.3.5. Conclusions 

. Despite the above mentioned difficulties, other facets of 

the system such as the load cells, springs, Demec points, and dial 

gauges performed well. 

'fhe detailed results of frame test Ll are presented in Chapter 

8. 

5.4. Frame R2 

5.4.1. Introduction 

The second short-·term test was performed without the horizontal 
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cantilever blocks on the bases. The wideflange column bases were 

welded directly to the lower baseplates. Also, the electric resistance 

strain gauges were omitted. 

Frame R2 also incorporated the improvements made in frame Ll, 

such as stiffened corners and cold-bent longitudinal bars. 

5.4.2. Procedure 

The procedure for this test was the same as that used for 

frame Rl. Loads were applied proportionately to collapse, with strain 

and deflection readings taken at various levels. 

5.4.3. Observations 

According to Demec readings, the first hinge formed in the 

upper right hand corner (the top of the unloaded column) at H = 9.0 kips 

and V = 18.0 kips. Spalling occurred at the inside corner and severe 

cracking extendei to both the top of the beam and the outside of the 

column, with the result that, although the actual corner block remained 

rigid, it was impossible to determine whether the actual hinge occurred 

primarily in the beam or in' the coh~mn. After additional deformation 

due to jacking, '>ut with no measurable increase in load, the second 

hinge formed at the centre of the beam. Formation of this hinge resulted 

in crushing of t:1e concrete adjacent to the metal loading plate. At 

H = 11.0 kips and V = 22.0 kips, the third hinge formed at the right 

base. 

Finall:;, at H.= 11.5 and V = 23.0, the ultimate capacity of 

the frame was reached. Completion of the collapse mechanism by 

formation of the final hinge at the right base occurred following 

continued deformation, during which the applied loads decreased slightly. 
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After the development of the mechanism, the load carrying capacity 

of the frame decreased continuously with increasing deformation. 

As a result of this test, and the others in the series, 

further modifications were proposed for future frames. These are 

discussed in Section 10.2. 

5.4.4. Conclusions 

As in the case of frame Rl, the column bases were mounted 

with their stiff axes at right angles to the load plane, and the 

anchor bolts almost on the axes of rotation. Thus, although rotation 

was greatly improved as compared to that encountered during test Rl, 

it was much more severe than that which occurred during test Ll which 

was performed in the tent with bases aligned in the direction of loading. 

Rotation of the right base reached 0.01 radians at H = 11.0 kips and 

V = 22.0 kips, while the left base had turned through 0.0047 radians 

at the same load level. From an elastic analysis a rotation of 0.001 

radians was found to cause a reduction in moment at the right base of 

about 3%. Hence, prior to formation of the hinge at the right base, 

the moment was expected to be up to 30% lower than that which would 

have occurred if the base had been completely rigid. For a rigid 

base, elastic solution predicted the third hinge to form at 92.5% 

of ultimate load, indicating the effect of rotation. It was felt that 

the elastic reduction factor overestimated moment decrease substantially 

at these high load levels. This was confirmed by the result that 

formation of the expected mechanism occurred in a predictable manner 

despite fairly severe base rotations. 



5.5. Sources of Error in Testing 

5.5.1. Introduc:ion 

39 

This sj~ction discusses a number of factors which affected 

the experimental results. These included the material properties, 

geometry and section variations, the behaviour of the bases, cracking 

of the concrete, and the loading systems. 

(i) Concrete . 

The pr1~cision in knowing the actual concrete strength 

affected the ana:~ysis rather than the experimental results. However, 

the test data waB influenced by variations in concrete properties at 

different locations, particularly since three batches were required to 

cast each frame. This error was minimized by pouring the frames in 

three lifts each of which provided a uniform layer of concrete through­

out the entire f1:ame, prisms and cylinders. 

(ii) Steel 

Since all of the steel was from the same heat, the strength 

of the bars was considered uniform. The behaviour caused by heat 

treating and seVE!re bending encountered during frame test Rl was a 

major problem. However, the cold bending around a 5 inch diameter 

pipe used in sub~:equent tests eliminated brittle fracture. Stiffening 

of the corners also helped alleviate error caused by bending the 

reinforcement. lt was felt that negligible error in testing was 

caused by the ste:el. 

(iii) Geometry c:.nd Section Variations 

Dimensional variations in the concrete section, frame positioning 

and location of the cage were sources of experimental errors. As 

mentioned previously in Chapter 3, the steel forms provided a tolerance 
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in section dime11sions of ± 1/8 inch. This allowed an error in concrete 

area of 3%, and a possible error in moment capacity of about 0.6%. 

Using the bar bending device to fabricate the stirrups and 

by careful checking of dimensions, it was possible to keep the cage 

within a tolerance of :!: 1/16 inch. This allowed a possible error in 

moment capacity of 1%. 

(iv) Bases 

Rotat:~on and displacement of the steel bases were computed 

from dial gauge readings. The dial gauges recorded vertical and 

horizontal move1~nt of the column bases relative to the test floor. 

The accuracy of most of the dial gauges was ± 0.0005 inches, but 

some had a prec:~sion of ± 0. 0001 inches. Because the displacements 

were very small (usually 0.001 to 0.01 inches), the relative error 

was quite large. However, the effect on frame behaviour of these 

errors was not Bevere. The resulting error in base moments was about 

2% at a load le-.rel of H = 6.0 K and V = 12.0 K. 

(v) Cracking 

Cracking of the concrete caused variations in stress 

distribution at various sections, particularly at high loads. Demec 

readings were s·~verely affected by cracking in two ways. First, 

cracks in some regions loosened the concrete at the location of gauge 

points. Second, the variations in stress at different sections caused 

by cracking led to Demec readings which were not indicative of the 

strain which related to the average moment over the gauge length. 

However, since the strain computations were based on readings from 

the compression zone where cracking did not occur, only this second 

condition had anv si~nificant effect because of the influence of bond 

between the steel and concrete. 
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For analysis, the corners were considered rigid. Cracking 

in the corners affected the validity of this assumption. The extra 

reinforcing provided to solve this problem appeared adequate although 

cracking in the corners was not completely eliminated once hinges 

had formed. 

(vi) Loading S,rs terns 

A pos:;ible critical source of error in testing involved use 

of the load cel.ls. A faulty load cell would have meant that the load 

on the frame waH not known correctly, and this could have led to a 

complete misinterpretation of results from the other instrumentation. 

Therefore, premature loading to failure or loading in the wrong 

proportions could have resulted. Although there was no way of directly 

checking the function of a load cell, the gauge pressure of each hydraulic 

jack was noted curing short-term testing as a precaution. Immediately 

following a test, the load cells were removed and recalibrated without 

altering the balance setting of their strain gauges. 

For the sustained load test, spring deflections of the loading 

systems were recorded to be used in the event of a load cell failure. 

During this test series there was only one load cell failure. 

This occurred during initial loading of frame Rl, and was revealed when 

the gauge pressure of the horizontal jack indicated disagreement with 

the load cell. The load cell was removed, recalibrated and found to 

be faulty. All :>ther load cells performed well with strain differences 

always less than 1% for the full load range before and after each test. 

5.5.2. Summary of Testing Errors 

In sunnaary, despite a large number of systematic errors, these 

were independent of each other, and hence were not cumulative in effect. 



Every effort was made to control errors in the materials, dimensions, 

and systems for loading and instrumentation. Because the experimental 

errors were not large, most of the inaccuracy encountered would be due 

to the inability of the analysis to properly simulate the actual frame 

and/or materials. Discussion of these errors as applied to analysis 

is contained in Chapter 9. 



Chapter 6 

HETHODS OF COHPUTING CREEP 

6.1. Introduction 

There are basically three methods for computing creep 

under varying stress. These are: 

(1) the effective modulus method. 

(2) the rate of creep method. 

(3) the method of superposition. 

All these procedures express creep as a function of time and stress 

only; therefore, all other influential factors have to be taken into 

account separately. 

Expressions have been developed by L'Hermite(l5) relating creep, 

shrinkage and humidity, and by Lyse< 16 ) relating creep, shrinkage, stress 

and cement content of the concrete. Thus, it is possible to analyze 

situations involving a number of variables, but this develops into a very 

complex process. Attempts to inter-relate several creep influencing 

factors leads to confusing results which are difficult to separate as 

to cause and effect. Hence, it is advisable to question results obtained 

from investigations which did not control the variation of all boundary 

conditions. This is not because the data is invalid, but because it 

cannot be separated into relationships between creep and its parameters. 

The effects of most of these f actors are sufficiently large that they 

cannot be ignored. 

It is concluded that the most useful expressions relating 

creep, stress and time can be obtained by testing prisms of the same 

section properties as the structure in question. Sustained load should 

be applied to the prisms under conditions of constant temperature and 
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humidity. From these tests, creep can be expressed as a function of 

time for a number of stress levels, using least-squares or other curve 

fitting techniques. A similar procedure may be used to correlate these 

curves to obtain creep as a function of time and stress. 

This procedure was used by Drysdale(S) to develop expressions 

for creep as a function of time and stress level. S:in::e a similar concrete 

mix and the same conditions of temperature and. humidity were maintained 

it was assumed that these relationships could be used in the present 

investigation on frame behaviour. However, the section used in this 

investigation was eight inches square compared with a five inch square 

section used by Drysdale. For this reason, the creep expressions 

would tend to slightly overestimate the creep which occurred in the 

test frames. 

The percentage of reinforcement used by Drysdale was greater 

than that used in the frame tests. For a given shrinkage strain, the 

stress in the concrete would be greater with more reinforcing. However, 

because of the greater restraint, it would be expected that less shrinkage 

would occur over a given time interval for the more heavily reinforced 

section. Upon loading, the specimen would be free to shrink, and 

shrinkage would be less for the larger section. Because of the inter­

relationship between creep and shrinkage, these factors would have some 

influence on the validity of the creep expressions, but this was not 

considered severe. 

The creep-time expression us e d was linear with respect to 

the logarithm of time. It had the form: 

C = -A + B loglO t 

where C ~..ras the creep strain, t was the time after loading, and A and 
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B were functions of stress determined by a least-squares fit of 

experiment a l data. This was similar to the expression C = Btl/A 

presented by Shank( 22 >. 

6.2. Effective Modulus Me thod 

"This method requires calculation of the "specific creep" 

or the creep strain per unit stress. Since creep and stress relate 

linearly only up to 40 to 50% of ultimate strength, according to 

Ross(ZO~ the specific creep is limited to working load studies. 

The effective modulus method uses normal structural 

mechanics techniques, but replaces the elastic modulus Ec by a 

"reduced" modulus Eel defined as follows: 

In this expression, C1 is the specific creep under one psi, at the 

appropriate time. Hence, both elastic and creep strains are included. 

Although the reduced modulus method is easy to use, it is 

theoretically incorrect since it disregards stress history. Also it 
( 

erroneously predicts a complete recovery of creep upon removal of stress . 

6.3. Rate of Creep Method 

The slope of the specific creep-time curve at any time t 

gives the rate of creep dc1/dt. For a stress f, the increment of creep 

over interval dt is fdc1. Hence, creep under variable stress after 

timet is: 

f dq dt 

dt 

To some degree, this method includes stress history because 

it integr~tes incremental creep elements over the time of loading . 
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However, since fdc
1
/dt is zero for zero stress, this method predicts 

no creep recovery upon unloading. Also stress history is not correctly 

included since this method does not coesider previous stress levels, 

but merely assumes that the concrete will creep at the rate f dc/dt 

regardless of how it was stressed at an earlier time. 
' 

G (11) ray used a similar procedure to predict creep under 

varying stresses, but instead of considering a constant rate of creep 

over a time interval, he developed an expression for creep as a function 

of time and elastic strain. Gray included previous stress history by 

the use of superposition of the effects of creep over discrete time 

intervals. This procedure became increasingly complex with the number 

of time intervals considered. The major limitation of this method was 

that it was d2veloped only for the case where the entire section acted 

in compressio:1. 

6. 4. Method. ,)f Superposition 

This procedure involves superp?sing the creep strains for 

different str,2ss levels at different times assuming stress remains 

constant over each time interval. 

With reference to figure 6.1., consider a specimen loaded 

to stress cr1 , from time t
0 

to t 1 , and then loaded to stress t 2 from 

time t
1 

to t
2

. One part of the creep is taken as that which occurs 

from t
0 

to t
2 

under stress cr
1 

when loaded at t
0

• The other part is the 

creep due to n
2 

minus that due to cr
1 

for the time interval t
2 

- t 1 using 

creep curves ~:or specimen loaded at time t
1

. Total creep is the sum 

of the two conponents. 

· . Al1:hough the method of superposition does not-provide a 

general algebraic solution as do the other methods, it can be readily 

used in a num(~rical procedure, and it does take account of stress 
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history. As presented above, this method predicts almost complete 

creep recovery on unloading. Also it overestimates creep for increasing 

stresses, and tmderestimates creep for decreasing stresses. 

6.5. Modified Method of Superposition 

Drysdale(S) presented a revised procedure which more accurately 

compensated fo1· previous stress history. 

This method assumed negligible error occurred through the use 

of constant stress creep curves to predict creep with a stress gradient. 

It was realized that this procedure would overestimate creep recovery 

upon removal of stress, but it was felt that since the stress change 

was gradual there would not be significant error. 

In the present study, creep recovery could be important because 

of moment redi~:tribution in the frame. Hence, despite the lack of 

experimental data, it was decided that some account should be taken for 

the amount of creep recovery. Based on test results presented by 

R 
(20) 

ass , it vras assumed that creep recovery \vould be two-thirds of 

the creep which would occur for a corresponding increase in stress. 

Although itis undoubtedly an oversimplified assumption, it was felt 

that it would yield a much more accurate result than provided by 

straight superposition, and hence would reduce the error in analysis 

considerably. Further study of the creep recovery phenomenon would 

be essential before attempting a more comprehensive solution. 

The supel~position method presented by Drysdale, utilized creep 

versus time cm~ves for various values of "elastic" strain (the "elastic" 

strain being the equivalent short term cylinder strain). Creep 

equation paramt~ters were strain functions obtained by a least-squares 
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·fit of experimental data. Because of lack of further results for 

the frame sections, and because of similarities between this test 

(5) 
series and the University of Toronto column tests , the same 

expressions were considered adequate for use without serious error. 

The reason for using strain rather than stress in the creep expressions 

was that the increase in concrete strength and modulus of elasticity 

with time could be taken into account. 

Figure 6.1. illustrates the method. Consider a specimen stressed 

to "elastic" strain l. 
1 

from time t
0 

to t
1 

and l. 
2 

from t
1 

to t
2

. The 

first part of the creep \vas that which would have occurred for an 

"elastic" strain r.
1

, for time interval t
0 

to t
1

. The second part, 

CREEP 2, was that which would have occurred for an "elastic" strain 

1:
2 

over time t
1 

to t
2 

with first loading at t
0

. 

The third part, CREEP 3, was that which would have occurred for 

elastic strain r.
2
-r.

1
, over time t

2
-t

1
, for a specimen loaded to that 

strain at t
1

. Total creep over the interval was the sum of the three 

components. 

Using this method, creep was computed as the sum of the strains 

which occurrei over successive time intervals up to the time in 

question. Creep recovery was computed in the same manner but was 

reduced by one-third and was subtracted from the previous strains for 

increments in which "elastic" strains were reduced. 

This method slightly underestimated creep for increasing stress. 

Its accuracy in following stress decreases was not known because of the 

constant fact·Jr used for creep recovery, but the error was not 

considere~ si~nificant. 
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6.6. Evaluation of Methods of Computing Creep 

Ross (ZO) performed a number of tests to determine creep under 

conditions of severe variations in stress. He found that the effective 

modulus method gave very poor results for large stress fluctuations, 

underestimating the strain for decreasing stress and overestimating the 

strain for increasing stress. The effective modulus method predicted 

total creep rec,)very on unloading. 

For increasing stresses, the rate of creep method gave 

surprisingly go,)d results considering its theoretical inadequacy. It 

underestimated '~reep for increasing stresses to a degree that became 

worse with time and higher stress levels. Upon complete removal of 

load, this.method yielded a horizontal straight line asymptotic to 

observed recove:~y. Under decreasing stresses, the rate of creep 

method overest~1ated strain. 

Using the conventional superposition method, Ross found that 

the correct shape of the curves was obtained, but the magnitude of 

strain was no more accurately determined than by the rate of creep 

method. The superposition method overestimated strain for both 

increasing and decreasing stresses, but gave a much closer approximation 

than the effective modulus. 

Ross concluded that, for general design use, the effective 

modulus method \lras preferable for conditions of relatively constant 

stress because c,f its simplicity and because, for these conditions, it 

yielded results comparable to the other methods. For use in practice, 

under severe stt·ess gradients, he recommended the rate of creep method 

because of its simplicity and because it yielded reasonably accurate 

results without the necessity of experimental data. 



51 

The modified superposition method reduced the error by taking 

into account the length of time that the preceeding stress had been 

imposed on the element. The previous method incremented creep by 

taking the difference in the amount of creep which would occur for 

the two stresses considering them to have been applied at the beginning 

of the time interval under consideration. The modified method used the 

same time interv~l but considered it to commence at the beginning of 

loading and ~sed a time dependent concrete stress-strain relationship 

in calculating tl1e "elastic" portion of the strain to account for the 

increased age of the concrete. Drysdale(S) found that the modified 

superposition method underestimated creep for increasing stresses 

and overestimate:! creep for decreasing stresses, but with less error 

than in previous methods. 

Hence, it is concluded that the modified superposition method 

yields the most ~ccurate results for creep under stress gradients where 

creep can be dete.rmined as a function of time and "elastic" strain. 
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Chapter 7 
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The f:Jllowing five types of analysis were performed on the 

rectangular ,portal frames: 

(1) plastic analysis by the mechanism method 

(2) elastic slo:>e-deflection equations 

(3) plastic slo:Je-deflection equations 

(4) numerical integration using the moment-curvature relationships for 

short-term loads 

(5) numerical integration using cross-section elements to include creep 

effects for sustained loading. 

The f:Lrst three procedures were termed "linear" since they did 

not consider seeondary moments produced by deflections. These were the 

methods commonly used in structural analysis. They included a number of 

simplifying assumptions particularly as applied to problems in reinforced 

concrete which I!Xhibits significant "nonideal" behaviour. Also these 

methods could not take into account accurately the influence of a 

number of fact01:s such as abrupt section changes, unusual characteristics 

of the structurE! {such as the bases), or secondary effects such as creep. 

The last two procedures were developed to study accurately the 

behaviour of reJ.nforced concrete frames and particularly those used in 

the tests. The aim was to predict the real behaviour by a mathematical 

model which would include secondary moments, the influence of particular 

characteristics such as the steel bases~ nonlinear aspects of the 

concrete and, in the last method, the effects of creep under sustained 

load. 
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No attE!mpt was made to formulate these techniques as general 

design procedure~:, although the theories involved could be applied to 

a large number of general problems. 

Since the method of superposition, which provided the most 

accurate means of analyzing the effects of creep, required a numerical 

procedure and elt~mental approach, these techniques appeared to be the 

most suitable means of studying creep under conditions of variations 

in stress. 

7.2 •. Mechanism J1ethod 

7.2.1. Assumptil)ns 

A numb,~r of assumptions had to be made in adopting this 

procedure. 

Since 10 provision was made for the inclusion of the effects 

of base movement, it was assumed that both bases were fixed. 

The section was considered to act in an idealized elastic~ 

plastic manner. This implied a moment-curvature relationship similar 

to figure 7.1. When ultimate moment (equated to the plastic moment 

capacity M ) was reached, further attempts to increase the load 
p 

resulted in rotation without an increase in moment. 

Failure by buckling prior to collapse was ignored. Since the 

axial forces caused by the particular loading configuration used were 

small, this was not considered a problem. 

Deforn1ation and loading were .confined to the plane of the 

structure. Alsc, deflections were considered sufficiently small that 

secondary moments could be neglected. The effect of axial force on 

moment capacity was likewise disregarded. 
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7.2.2. Effectlve Member Lengths 

Figure 7.2. shows the frame model used in analysis. To use 

the mechanism method, it was necessary to assume equivalent member 

lengths so that joint rotation could be considered to act at a point. 

Thre1~ choices were made for effective ·member lengths. 

One approximation assumed member lengths to be determined by 

the location o:: the neutral axis. A beam length of 105.33 inches and a 

column length of 92.67 inches were derived by considering the neutral 

axis to lie one third of the section depth from the compression face. 

A seeond choice followed the provision of the Code (3) which 

recommended us:~ng clear spans. This yielded a beam length of 100 inches 

and a column liimgth of 90 inches. 

A thtrd means of defining effective member lengths was to use 

the clear span plus the depth of the section for the beam, and plus half 

the depth of the section for the columns. This provided a beam length of 

108 inches and a column length of 94 inches. These longer spans were 

intended to take into account rotation within the corner sections. 

7.2.3. Results 

The upper bound theorem provided a solution by satisfying 

equilibrium and the formation of the collapse mechanism. By investigating 

all possible mechanisms, the lowest upper bound solution was found thereby 

obtaining the true mechanism and the collapse load. 

Possible mechanisms for the rectangular portal frame loaded 

as in figure 7.2. were: 

(1) beam 

(2) sway 

(3) combination beam and sway. 
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The combination rtechanism gave the lowest collapse load: 

Pu "" 0.0316 Mp 

The units of Mp and Pu were inch-kips and kips respectively. This result 

was for effectiv•~ member lengths based on the clear span. Using member 

lengths based on the neutral axis, Pu • 0.0303 Mp. For a beam span 

increased by the section depth, and column lengths increased by half the 

section depth, P'l = 0.0297 Mp. 

The moment capacity of the section was determined using 

conventional ultimate strength design with a Whitney stress block, and 

was found to be 308 inch-kips for a concrete cylinder strength of 4850 

psi with no axial load. Using the assumption of ideal elastic - plastic 

behaviour, the plastic collapse moment 1-fp was equated to the ultimate 

moment capacity Mu. Figure 7.3. indicates the shear force and bending 

moment diagrams for this analysis. 

Since the moment capacity of a reinforced concrete section is 

dependent on the axial force, the ultimate moment computed above. was 

realized to be in error. Based on an estimate of axial forces in the 

members, and using the moment-curvature relationships described in Section 

7.5.2., the moment capacity of the members was found to be in the range 

320 to 350 inch-kips. The variation in ultimate moment at each hinge 

location indicated a discrepancy in the computation of Pu. However, on 

the basis of the plastic analysis, Pu was estimated at bet\~een 10.0 and 

11.0 kips. 

7. 2. 4. Discussj.on 

Although acceptable for general design work, the mechanism method 

did not accuratE!ly account for the behaviour of reinforced concrete, and 

was not readily adaptable to long-term studies. 
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Since this method did not consider the effects of axial 

forces, it tended to underestimate ultimate moment for low axial 

loads and overestimate ultimate moment for high axial loads. In the 

frames studied, it underestimated the moment capacities of the members 

by not includir..g the influence of axial forces. 

By ccnsidering the affect of axial force on the moment, it 

was possible tc estimate more accurately the capacity of each section. 

However, since the member capacities were different, the original 

assumption that each hinge was similar was violated. An iterative pro­

cedure could bE! used to successively recalculate the mechanism, the 

moment and sheclr force distributions, and the section capacities. This 

would be neces~•ary in using this method as a design procedure, 

particularly if there were high axial loads on the columns. 

TherH was no realistic provision in the plastic analysis for 

creep and shrinkage, and hence moment redistribution due to sustained 

load could not be d"etermined. 

Because this procedure was unable to account for the effects 

of secondary moments or buckling, it was not adaptable to frames with 

very slender columns. 

Movement of the supports was another important factor not 

included. 

7 • 2. 5. Cone lu:>ion 

In conclusion, great care must be taken in examining the 

assumptions im;rolved before using the mechanism method for the design 

of reinforced ~oncrete structures. In the present study, this procedure 

was used only to obtain an estimate of the anticipated short-term 
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collapse load ::or the frames. This was used in establishing equipment 

requirements such as the capacity of jacks, loading mechanisms, supports, 

and instrumentation. The mechanism method also indicated the mode of 

failure of the structure. 

7.3. Elastic Blope-Deflection Equations 

7 • 3 .1. Assumptions 

This method was generally limited to working load levels 

since it contaJ.ned the basic assumptions of elastic theory. The section 

was considered to behave in a linear-elastic manner for all load levels. 

Plane sections were assumed to remain plane, and deflection was 

considered small enough that secondary moments could be neglected. 

7.3.2. Procedtre 

Usins slope-deflection equations, it was possible to trace 

the formation of hinges in the frame in a step-by-step procedure. This 

was accomplished by first performing analysis on the rigid frame, then 

locating the point of highest moment, and declaring this the location 

of the first hinge. The moment at this point was set equal to Mp and 

all .other moments and forces were adjusted accordingly. Next, unit 

loads were applied, and the frame was analyzed with a hinge at the 

previously located point. Once again, the highest moment was declared 

the plastic moment increment. A factor, obtained by taking the amount 

by whi.ch the previously determined moment at this point should be 

increased to reach the plastic moment and dividing by the incremental 

moment, was multiplied by all the incremental moments and forces. These 

were then added to their previous values. Should any moment thus 

obtained exceed Mp, its location was declared the true hinge and the 

procedure was r•;!peated. These steps were iterated until the collapse 
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mechanism was 1)btained. 

The :oncrete modulus of elasticity was computed using the 

Code formula (3). 

Ec = wl.S 33/f1c 

for w = 145 pcf and f
1c = 4000 psi 

To include cre~~p, a reduced modulus Ec 1 was computed assuming creep 

strain equal t') 80% of the elastic strain. The reduced modulus 

expressi<>n was 

Ec1 = Ec 
1.8 

Using the broad assumption that Ec1 and the moment of inertia could 

be considered ~~onstant for all sections of a member, the member 

stiffnesses we::e calculated. These were based on a cracked section. 

7.3.3. Use of Slope-Deflection Equations to Determine the Effects 

of Bas•~ Movements 

Slop•~-deflection analysis was used to determine the effects 

of base deflec,:ion and rotation. Since the elemental procedure 

described in S•~c tion 7. 5. resulted in erroneous boundary conditions at 

the right base, it was necessary to re-a:ljust the moment distribution 

and repeat the calculations until geometrical compatibility was obtained. 

One means used to obtain convergence was to re-adjust the boundary 

conditions at 1:he left base by amounts indicated by slope-deflection 

analysis for the error at the right base. Also, the effect of residual 

deflections and rotations at the right base, on moments and reactions 

in the frame, as determined by slope-deflection equations, was used 

to determine acceptable limits for convergence. The results of this 

analysis were <ts indicated in Figure 7.5. and Table 9.1. 
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7.3.4. Result~: 

Usin~; slope-deflection equations with assumed member lengths 

to the neutral axes, for Mu = 308 inch-kips, the ultimate load was 

found to be 9.0 kips. As indicated in Figure 7.4. the order of 

formation of hl.nges was as follows: 

(1) upper right hand corner 

(2) right base 

(3) midspan of the beam 

(4) left base 

Deflections we1~e computed by this method as a comparison with other 

procedures. However, it was realized that the assumptions of constant 

moment of iner:ia and reduced modulus were not very realistic and hence 

these deflections were not considered accurate. The calculated 

sidesway was included in Figure 7.4. 

Mo.me:l.ts and shear forces for boundary conditions compatible 

with test fram'~ 11, were as shown in Figure 7 .6. This analysis 

considered the effect of movements in the bases to act entirely at the 

ri.ght base. Since the rotation of the right base was considerably 

greater than t:1at of the left base, this was not considered a severe 

source of error. 

7.3.5. Discussion 

For elastic circumstances, slope-deflection equations may 

be used to determine the deflection of a frame, but since this requires 

a knowledge of member stiffnesses, its applicability to concrete 

structures is limited. Because of cracking, a concrete member may 

exhibit a different stiffness at every section along its length for 

every different load. 
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Another limitation is the fact that reinforced concrete 

does not have a linear-elastic stress-strain relationship. Although 

this does not greatly restrict the use of slope-deflection equations 

in determining moments, since here only relative stiffnesses are 

required, it does prevent accurate calculations of defle~tions. 

This procedure is subject to the same limitations as plastic 

analysis. It does not contain provisions for the inclusion of the 

effects of axial forces on moment capacity. The ultimate moment could 

be adjusted to give a more realistic approximation, but the problem 

of different relative stiffnesses and changes in section capacity would 

produce severe errors in analysis of the moment distribution on the 

frame. 

Slope-deflection equations also cannot accurately account 

for the influence of secondary moments or creep. 

7.3.6. Conclusions 

The slope-deflection equations were considered inadequate for 

accurate analysis of the short-term or sustained load behaviour of 

reinforced concrete frames. However, they were used in the numerical 

integration procedures described in Sections 7.5. and 7.6. to correct 

the moment distribution for errors in geometric boundary conditions. 

When used as a plastic analysis this method satisfied 

equilibrium, the collapse mechanism, and the requirement that yield 

nowhere be exceeded. Therefore, it complied with both the upper 

bound and lower bound theorems, and hence automatically provided the 

collapse load. Within the limitations imposed on the mechanism methods, 

the slope-deflection equations were considered adequate for the 

design of frames similar to those studied in this research. 



7.4. Plastic-Slope Deflection Equations 

7.4.1. Introduction 
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This procedure was similar to elastic slope~deflection 

equations and is not presented in detail here. Neal (lB) gives a 

comprehensive lescription of the method and its application. 

The primary feature of the plastic slope-deflection analysis 

was that it toJk into account inelastic rotation at assumed plastic 

hinges, wherea~, the elastic method assumed that corners remained 

right angles d1ring deformation. 

7.4.2~ Proce~1re 

Basi,~ally, plastic slope-def lee tion analysis involved the 

selection of a mechanism, and formulation of inelastic rotation equations 

at each hinge :ln terms of the moment capacity and unknown deflection. 

Just prior to 1:ollapse, one of the plastic hinges would have zero 

"inelastic" ro·:ation. A suitable hinge was selected and its inelastic 

rotation expre:;sion was equated to zero. This gave deflection in terms 

of moment capacity. This deflection was substituted into the rotation 

expressions fo1~ the other hinges and they were solved. Thus obtained, 

the inelastic J~otations were tested for correct sign, and if they were 

all acceptable,. the displacement was assumed correct as calculated. 

Otherwise, it llas concluded that the hinge selected as last was not 

the true final hinge and others were tried until the correct answer 

was obtained. 

7.4.3. ResultH 

Although also limited by the necessity of estimating a 

stiffness for an entire concrete member, this procedure gave a reasonably 

realistic value of deflection for the test frame. Using a reduced 



modulus of 2.02 x 106 psi and a moment of inertia of 235 in.
4 

at 

ultimate load based on a cracked section, the predicted sidesway 

just prior to formation of the collapse mechanism was 1.97 inches. 

This analysis d.id not include provision for boundary condition variations. 

The bases were considered fixed. 

7. 4. 4. Conclu~:ions 

The I'lastic slope-deflection equations provided a more 

realistic apprc,ximation of the inelastic behaviour of hinges. However, 

like the mechanism method, and elastic slope-deflection equations, they 

did not take account of the variation of moment capacity with axial 

force, the non··ideal properties of concrete, secondary moments due to 

deflections, and the influence of creep. Hence, it was concluded 

that the plasLc slope-deflection equations were not adequate for 

accurate analy:>is of frame behaviour under sustained loads. 

7.5. Numerical Procedure Using the Moment-Curvature Relationships 

for Shor:-Term Loads. 

7.5.1. Introd1Jction 

This was the first of two procedures developed to study the 

behaviour of t1e reinforced concrete test frames, although they could 

be'adapted in principle for use on other structures. This method, 

also referred to as the first stage element method, or the element 

method using moment-curvature, was used to predict response of the 

frame to short-term loading. 

7.5.2. Assumptions 

It was assumed throughout that the concrete stress-strain 

relationship was consistent, that plane sections prior to loading 

remained plane, that all deformation was in the plane of loading 
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which was defined by the centroidal longitudinal axis of the members, 

and that buckling of individual members did not occur. 

The primary objective was to devise a computer model which 

would closely approximate the behaviour of the actual test frame. 

Hence, assump:ions had to be evaluated on the basis of how they would 

affect the precision in obtaining this goal. 

The effect of ties was ignored. Other investigators have 

shown that tiE~s do not appreciably affect the strength of a section 

before ini tiaJ. failure. As mentioned previously, the corners and 

bases were stjffened with additional reinforcing. In the bases, 

this steel extended to the edge of the wideflange flanges. Hence, 

it was assumed in the frame model that the effective column length 

was from the extremity of the upper flanges of the base to the top 

inside corner of the frame and the effective length of the beam was 

taken as the distance between the inside surfaces of the columns. 

The concrete stress-strain relationship used was an 

expression developed by Drysdale(S) for concrete cylinder strengths 

of approximately 4400 psi. It was developed by a least squares fit 

of test result:; from a large number of standard 6 inch diameter 

cylinders. 

For :>trengths other than 4400 psi, it was assumed that 

linear proport:Loning was applicable. The concrete strength used in 

this research uas determined by cylinder tests performed at designated 

times. A comparison was also made between the stress-strain character-

istics of the <:oncrete and the analytic expression. This relationship 

was shown in Appendix A, Figure Al. 

The reinforcing steel was considered as an elastic-plastic 
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material. Ten.;ile tests were performed in order to determine the 

elastic modulu.s and yield strength for use in the analysis. Results 

of these tests were presented in Appendix C. The stress-strain was 

linear up to 59,000 psi. The modulus of elasti~ity was 29.6 x 106 

psi. Up to a :>train of 0.005, fully plastic deformation occurred. 

For greater st:~ains, strain hardening occurred at a relatively constant 

rate of 4000 p:d per 1000 microstrain. Since the analytic procedure 

did not make a:Llowance for strain hardening of the steel, the precision 

of this aspect of the method decreased for high strains beyond yielding. 

The nelf-weight of the frame was not included in the analysis. 

This caused significant error at low load levels, but the effect at 

high loads was small. The maximum dead load moment was about one 

percent of the ultimate moment capacity. To improve precision of this 

method, particularly in the treatment of secondary moments, the dead 

load should be included. 

7.5.3. The Frame Model 

7.5.3.1. Introduction 

The computer model of the frame consisted of a number of 

elements of equal length which made up the columns and beam. The 

columns were taken as 90" long and the beam as 100". Although a 

thorough quantitative study of the effect of element size on accuracy 

was not made, several configurations were tried in order to determine 

trends. Based on a consideration of computer time required against 

accuracy gained, twenty-eight elements,each ten inches long, gave 

satisfactory results. 

The l:tteral load was assumed to be applied at the top of the 

column and the ·1ertical load at mid-span of the beam. 
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The model cross-section and longitudinal reinforcing were 

identical to those of the actual frame. 

The column bases consisted of a lower section, four inches 

long, which was capable of rotation similar to the lower flanges of 

the wideflange section, and an upper stiff section, 4 inches long, 

which represented the upper flanges of the wideflange and the heavily 

reinforced conerete between them. This upper portion of the base 

was considered completely rigid. No rotation took place along its 

length. The origin of coordinates was. taken as the bottom centre of 

the left column base. 

Defle:ctions, curvatures, and strains were calculated from 

a line running through the centre line of each member. Since the 

member lengths were to the inside upper corners, this eliminated the 

stiffened corner sections from analysis. 

7.5.3.2. Procedure 

The flllowing steps were used in developing the frame model 

to solve for th~ moment distribution and deflected shape of the frames. 

(1) Based on th·~ elastic analysis, assumptions were made for the 

reactions and moment at the left base. 

(2) The rotatio11 and displacement of the left base were calculated. 

(3) From the mouent-curvature relationship and the assumed moment, 

the curvatu1·e acting over the first element was calculated. 

N.B. Frame elements were numbered from 1 to 28 starting at the left = 
base. The intezfaces between the elements were numbered similarly 

starting with 0 at the left base and proceeding to 28 at the right 

base. The moments acting at the interfaces were numbered from 1 at 

the left base to 29 at the right base. Hence the moment at the top 
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of the left baBe was M
1

, and that at the top of the first element was 

(4) Using the eurvature for M
1

, considered to act over element one, 

M
2 

was calculated from equilibrium. This computation included 

the secondHry moment caused by the deflectiion and axial forces. 

(5) The curvatt.re for M2 was averaged with that for M1 • Using this 

new curvattre, a new M
2 

was calculated. This step was iterated 

until the change in curvature was less than 1% or 1 x 10-6 radians. 

(6) Starting with the moment at the upper end of the preceding element, 

steps (3), (4) and (5) were performed successively on all the 

elements of the frame. At the corners and the load point on the 

beam, equilibrium was used to determine the appropriate changes 

in shear and axial forces. 

(7) Upon completion of the last element, the rotation and displacement 

of the right base were calculated. 

The ~love procedure provided a solution for the forces and 

moments acting ln the frame which satisfied static equilibrium. 

However, this m;~thod did not assure geometric continuity. Unless 

the solution ob::ained was correct, the boundary conditions at the 

right base were erroneous. Hence, it was necessary to iterate the 

procedure until both equilibrium and geometry were satisfied. The 

following steps were used to systematically alter the moment dis-

tribution in order to find the correct geometry. 

(8) Based on th£: errors in displacements and rotation at the right 

base, slope-deflection equations were used to estimate new 

moments at the left base. 
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(9) Steps (1) t::> (7) were repeated until the geometric errors at 

the right b.1se converged on an acceptable residual. If changing 

the reactio1s at the left base using slope-deflection equations 

did not produce convergence after a reasonable number of cycles, 

they were altered by fixed amounts. 

A fortran program was written using the moment-curvature 

element method. The program was used to solve for the short-term 

behaviour of re:Lnforced concrete frames with allowance for base 

movements, shrinkage, and secondary moments, but without the inclusion 

of creep. It was applicable in the present form only up to formation 

of the first hinge. 

7.5.4. Moment-Curvature Computation 

7. 5. 4.1. Introcluc tion 

An important requirement of the element method described 

above was an expression relating moment, curvature and axial force 

for the cross-sE~ction. 

A fortran program was written to determine the relationship 

between moment c.nd curvature for various axial loads on the section. 

This procedure <:.dhered to the assumptions used in the numerical 

integration procedure. Input consisted of the section geometry, 

elastic modulus and yield strength of the reinforcing steel, concrete 

cylinder strength, and the shrinkage recorded from casting to the 

time of loading. 

7.5.4.2. Shrinkage 

The recorded shrinkage to the time of loading was used to 

obtain the compressive force in the steel. This was equated to the 

tensile force in the concrete. Using a constant elastic modulus, 
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which was suffjciently accurate because of the low strains involved, 

the tensile sttain in the concrete equivalent to the shrinkage was 

calculated. 

7.5.4.3. Procedure 

For a given axial load, the strain at the compression fibre 

was set at O.OC3 and a neutral axis was assumed. Then the forces 

acting on the section including the effects of shrinkage for these 

conditions were calculated. The neutral axis was varied in an 

iterative procedure until equilibrium was obtained. Tension in the 

concrete was assumed to be effective up to a tensile strain of 

0.00015 using a stress strain curve which mirrored that for compression. 

Figure 7.7. indicates the free body diagram for a section used to 

determine the moments and curvatures which were determined for axial 

forces from zero to 14 kips. 

Using a least-squares technique, functions of curvature in 

terms of moment for each axial force were derived. Then, in a 

similar manner, using a separate program, the coefficients of the 

independent variable (moment) in the moment-curvature expressions 

were used to obtain a function relating them to axial force. In 

this way curvature was obtained as a function of moment and axial 

force. 

Although not included in this study, an estimate of creep 

behaviour could have been made using the moment-curvature method by 

deriving a concrete stress-strain relation which included creep 

deformation. This would have been an effective modulus type of 

procedure and w,:mld be limited by its disregard for stress history 

as mentioned praviously in Section 6. 
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Moment-curvature curves were developed for different values of 

axial force and shrinkage. Some of these curves were presented in 

Figures 7.9., 7.10. and 7.12. 

As shown in Figure 7.11, the variation in the moment-curvature 

relationship with axial force for moments greater than one hundred inch-

kips~ for the range of axial forces encountered in the analysis, 

ultimate moment increased with axial force. 
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As indicated in Figure 7. 8 . , the importance of considering 

the tensile strength of the concrete was significant for the variation 

of moment-curvature with axial force at moments less than 110 inch-kips. 

With no concrete tension included, the moment-curvature 

relationship was linear above the low strains where shrinkage has a 

significant effect. When tension was included, the curves had a constant 

slope about three times as great as that without tension, up to a moment 

of approximately 25% of ultimate. Then there was a dmmward sweep with 

decreasing slope to a minimum point, followed by an upward curve which 

gradually approached that without tension considered. 

7.5.4.5. Tensile Stress in the Concrete 

The tension phenomenon may be explained as follm.;rs: 

When the strain at the extreme tension fibre of the section 

was less than that required to produce cracking, the entire section 

acted to ref.list moment and the moment-curvature relationship was linear. 

\~en the critical strain, in this case assumed to be 0.00015, 

was reached, a cracking moment capacity for the concrete section was 

reached. Further loading caused cracks to run from the tension face. 

Movement of these cracks produced unstable equilibrium points indicated 

by the downward and then upward curves of Figure 7.8. These points 

could not be obtained experimentally by a system which stored energy. 

What was observed was that, when tensile failure was reached at the 

extreme fibre, cracks shot across the section almost instantaneously 

until the next stable equilibrium position was reached. This occurred 

as shown in Figure 7. 9. At both stable equilibrium positions, the 

moment was the same, but the curvature of the cracked section was two to 

four times greater, with the curvature change varying inversely as the 

axial force. 
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Once the cracked equilibrium position was reached, the 

influence of tension in the concrete \vas greatly reduced, since, because 

of the greater curvature, it affected a much smaller area of the section; 

and, because of the gre.ater proximity of its centroid to the centre of 

the section, it. contributed less to the moment. The curves with and 

without concrete tension gradually approached each other as the moment 

was. increased further. At two thirds of ultimate moment, the influence 

of concrete tension was negligible. 

7.5.4.6. The Influence of Shrinkage 

The iQfluence of shrinkage on the moment-curvature curves 

was as shown in Figure 7.10. Before cracking occurred, with concrete 

tension conside.~ed,, shrinkage had very little effect. 

W.ith no external axial force on the section, the neutral 

axis was in the centre of the section. Since the concrete stress-strain 

curve for tension was assumed to be a mirror image of that for compression 

the forces in tt~ concrete on either side of the neutral axis were equal 

and opposite, as were the forces in the steel. Because shrinkage 
' 

caused equal con:pressive stresses in ail the bars and equal tensile 

stresses in the concrete throughout the section, it decreased the moment 

contribution of the tension steel and compression concrete and increased 

the moment contribution of the compression steel and tension concrete 

by almost equal .1mounts. Hence, the total moment changed only slightly. 

As the applied axial force was increased, the neutral axis 

deviated from the centre of the section and there was no longer a 

balance between opposite forces in the steel and opposite forces in 

the concrete. Hence, the influence of shrinkage was more evident for 

high axial loads. 
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Once cracking had occurred, the influence of shrinkage was 

more important. The greater the shrinkage, the higher was the tensile 

stress in the concrete at any point on the section. Hence, an increase 

in shrinkage caused a reduction in the moment at which cracking strain 

was reached at the extreme fibre. 

This effect was carried through the unstable equilibrium 

positions and did not lose significance until the stresses over most of 

the sect.ion were much greater than. the equivalent shrinkage stress. 

Once stable equilibrium of the cracked section had been obtained, the 

influence of shrinkage decreased with increasing moment and could not 

normally be obsarved beyond two thirds of the ultimate moment. 

· 7. 5. 4. 7. Model 'for the Moment-Curvature Curves . 

For computer analysis of the test frames a model for the 

moment-curvatur4~ curves was devised. 

For ~)menta up to first cracking, a linear expression 

independent of axial force or shrinkage was used. It was assumed that 

for the range of axial forces encountered this would not lead to 

significant error. The moment and curvature at which first cracking 

occurred, and the curvature at which the lowest cracked equilibrium 

position was reached, were expressed as functions of shrinkage and 

axial force. It: was assumed that a line of constant moment joined the 

two equilibrium states. Above two thirds of ultimate moment, and below 

90% of ultimate moment, the slope of the moment-curvature curve for 

a given axial fc,rce was constant and independent of shrinkage. 

This line was produced to meet a horizontal line at the level 

of the ultimate moment for each force considered. The points thus 

obtained were e:l!:pressed as a function of axial force. From these points 
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straight lines ~ere extended to the lowest cracked equilibrium position. 

These lines were formulated in terms of axial force and shrinkage. 

Ultimate moment was expressed as a function of axial force. 

The moment-curvature expressions thus developed were 

incorporated in the program for analysis of the short-term behaviour 

of the test frames by the element method. 

7.5.5. The Infl~ence of Concrete Tensile Strength on Frame Behaviour 

· Two ex)ressions were used for moment-curvature in the first 

stage element pr~>gram. The firstt as described above, included the 

discontinuity ca•~ed by concrete tensile strength; the second used 

the moment-curva1:ure curves without concrete tension. The effect 

of concrete tens:~le strength on the moment distribution of the frame 
. ' 

was as indicated in Figure 7.12. Since including tension gave 

greater stiffnesu to the section, there was a tendency for moments 

to distribute more to the loaded side of the frame. This caused lower 

moments on the unloaded column and higher moments on the loaded column. 

Since the first binge formed at the top of the unloaded column, 

including concrete tension resulted in the prediction of a slightly 

higher load for formation of the first hinge. However, since the 

influence of c~ncrete tension became insignificant at two thirds of 

ultimate moment, it did not affect the overall capacity of the frame. 

The most significant influence of concrete tension was in 

frame deflections particularly at low load levels. Frame deflections 

predicted by the moment-curvature element method with and without 

concrete tension were as shown in Figure 7.13. At a horizontal load 

of 1.5 kips and a vertical load of 3.0 kips, the frame sidesway 

deflection with concrete tension included was about one quarter the 
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sidesway predicted with concrete tension omitted. At a horizontal 

load of 6.0 kipe and vertical load 12.0 kips (about 52% of ultimate 

load) the diffez·ence was only 7%. Hence,. it was apparent that the 

tensile strengtr. of the concrete had a significant effect on frame 

behaviour prior to cracking, but once cracking has· occurred at regions 

of highar mo~ent, concrete tension had little influence. 

7.5.6. Comparison Between the Moment-Curvature Element Method and 

Slope-Deflection Equations 

Frame R2 was analyzed by elastic slope-deflection and the 

moment-curvature element method. The slope deflection analysis 

assumed all base movement and rotation to be concentrated at the 

.right base. The error in this assumption was reduced by the fact 

that only relative displacements were important and the rotation 

at the right base was much greater than the rotation at the left 

base. · The moment diagrams obtained by both methods for H = 8.0 kips 

and V = 16.0 kips were as shown in Figure 7.14. Good correlation was 

obtained, particularly in the beam and right column. 

The major difference in the results of the two methods was 

in the calculati•>n of sidesway. 

The sl•>pe-:deflection analysis used a cracked section at 

ultimate load to determine the moment of inertia and the A.C.I. Code 

formula(3) to de~ermine a secant modulus of elasticity. Horizontal 

sidesway predict•~d by slope-deflection equations for H = 8. 0 kips 

and V • 16.0 kipu was 0.463 inches. 

The moment-curvature element method predicted sidesway of 

0.880 inches. The deflection observed at the inside corner during 

the test was not recorded, but from observed dial gauge readings 
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elastic slope/deflection analysis. 
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40 inches and 8~ inches above the column base, it was estimated that 

sidesway was 0.75 ± 0.05 inches. 

Hence, the moment-curvature method overestimated deflection 

by about 17%, w1ile slope-deflection underestimated deflection by 

about 39%. 

Becau:3e axial forces in the frame were not large, secondary 

moment's were no~ significant. However, in frames subjected to high 

column loads, the influence of secondary moments would be significant 

particularly where sidesway occurred. Hence, the moment-curvature 

method had definite preference over the slope-deflection analysis. 

7.6. Numerical Integration Using Element Slices and Creep Data for 

Sustained loads. 

7.6.1. Introduction 

This procedure had many similarities to the moment-curvature 

element method. The frame model, and method of convergence to obtain 

geometric compatibility were the same for both analyses. The primary 

difference was that while the moment-curvature element method used 

the curvature of each element to determine the internal moment 

directly, the suetained load analysis used the strain distribution 

across each sect.ion. 

The numerical procedure with element slicing and creep data 

was used to analyze both the short-term and sustained load behaviour 

of the test fran,es. It was also referred to as the second stage 

element method cr sustained load element method. Since the procedures 

for summing the effects of the elements and changing the boundary 

conditions to obtain convergence were the same as for the moment­

curvature element method, they are not described in detail in this 

Section. 
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7.6.2. The Solution of Forces, Moments, Rotation and Displ acement 

for Each Element 

7.6.2.1. Introduction 

In the sustained .load element method, the basic concept was 

that each element would be subject to strains due to "elastic" loading 

and strains due to creep. The forces and coordinates at the lm.rer end 

of the element were known (by assumption for the first element, and 

by calculation for the others). The objective of this procedure was 

to compute the change in moment which occurred over the element length, 

and the displacement of the upper end relative to the lower end. 

7.6.2.2. General Procedure 

The following steps were used for the solution of the moment 

and displacement for each element: 

(1) For initial loading, before creep had taken place, an "elastic" 

strain distribution was assumed across the upper section of the 

element 

(2) The element was divided into a number of slices perpendicular to 

the plane of loading. 

(3) The internal force (that due to stress) acting at the centroid 

of each slice was calculated from the "elastic" strain distribution. 

The total internal force was computed by summing the contributions 

of the slices. 

(4) The calculated internal force was compared with the external force 

(the external force was the axial force in the member due to the 

applied loads). If these forces differed by more than 1%, the 

strain distribution was shifted by a constant amount based on the 

difference in them. 
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(5) Using this new strain distribution, the internal moment at the 

centroid of each slicE' was calculated. The total internal moment 

was obtained by summing these contributions. 

(6) The external moment including that due to deflection was computed 

using equilibrium of the external forces and the moment at the 

lower end. 

(7) The external and internal moments were compared. If they differed 

by more thau 1%, the slope of the strain distribution was changed 

so as to correct the internal moment. 

Steps (3) to (7) were then repeated until the internal force 

and moment differed from the external force and moment by less than 1%. 

7.6.2.3. The Inclusion of Creep Strains 

For time after initial loading, creep strains were present. 

Using the expression developed by Drysdale(S) for creep as a function 

of "elastic" strain, the creep strain on each slice was computed. For 

the first time interval, creep strain was calculated directly using the 

"elastic" strain and the time under load. For subsequent time intervals, 

the modified sup=rposition method was used to include the effect of 

stress history. As used in the analysis the modified method of super­

position may be ~xplained as follows: 

Consid,~r the present "elastic" strain as € 
2 

and the e1as tic strain 

at the end of th':! previous time interval as € 1· The present time is Tz 

and the time at ~he end of the last interval was T1. The first part 

of the creep is :hat which existed at T1 under strain£ 1 (computed by 

direct substitut:Lon if T1 was the end of the first interval or by 

superposition fo:~ other intervals). The second part is the creep which 

would occur for an elastic strain equal to Ez - E1, for the period 
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T
2

- T
1 

for loa:ling at T
1

. The third part is the creep which would 

occur for an "elastic" strain E2 for the period T
2 

- T
1 

considering 

this condition to exist since the beginning of loading. For increased 

stresses, these components are added directly to obtain the total creep. 

For decreasing 3tresses, that is for t
2 

less than €. 1 , allowance is 

made for the irreversible portion of creep recovery. In this case the 

second part of the creep is reduced by one third and is substracted. 

from the first .md third parts. Creep recovery of two thirds was 

derived from th,~ experimental results of Ross (ZO). 

To solve for an element with creep present, the total strain 

distribution wa:; assumed. The rotation of the element and the dis-

placement of the upper end relative to the lower were calculated from 

the total strain at the top. The "elastic" strain was obtained by 

subtracting the computed creep strain from the total. Some error was 

introduced by the fact that creep \vas based on the "elastic" strain 

at one end of the element rather than at its centroid. This also applied 

to the deflection and rotation. However, because the iterative procedure 

averaged s traim; on the section, this error was small, and the amount of 

additional computer time required to correct it was not justified. 

Once t:he "elastic" strain distribution had been obtained, the 

internal moment and force were calculated as described previously, in 

Section 7.6.2.2. The total strains were adjusted to equalize the 

internal force and moment with the external force and moment. After 

several cycles convergence was obtained and the total, elastic and 

creep strains fc•r the element \vere stored. These were used as the 

starting point for the next element, and the procedure was continued 

around the frame as in the moment-curvature method of Section 7.5. 
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7.6.3. Concrete Strength 

The influence of time on concrete strength was included in 

the sustained load analysis. The concrete strength was assumed to 

vary linearly frc·m the time of loading for 120 days and then remain 

constant. The ir:crease in strength was determined by cylin.der tests 

the results of which were included in Appendix A. 

7. 6.4. ShrinkagE~ 

Shrinketge strains prior to loading and during the sustained 

load period were required. 

Shrinkage strain at the time of loading.was determined from 

the reinforced p:cism cast with the test frame. The stress in the concrete 

was calculated b:r the method described in Section 7. 5. 4. 2. 

During the sustained load test, shrinkage strains were based 

on an.expression developed by Drysdale (S) from the results of a number 

of tests on plaiCI. concrete prisms. This analytic function, which had 

time as the dependent variable, was compared with data obtained from 

plain concrete prisms cast with test frame Ll. The results of this 

co111parison were presented in Figure 7.15. The scatter in experimental 

data for. the two prisms was very severe, mainly because of difficulty 

encountered in obtaining adhesion between the Demec points and the 

concrete during curing. However, it was evident that the expression 

overestimated.sl:rinkage somewhat. This was not unexpected, since the 

section used by Drysdale was smaller than that of the frames used in 

this investigatton. The error associated with shrinkage is discussed 

in more detail J.n Section 9.3.4. 
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7.6.5. Changes in Load 

There w~re four·load conditions possible: 

(1) short-term lJad to a sustained load level 

(2) sustained load for a period of time 
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(3) short-term load from one sustained load to another sustained load 

(4) short-term load to failure 

The method was developed in such a way that the loads could 

be varied to coitlcide with the test conditions. For sustained load 

test 11, the load.ing program consisted of a short-term load phase to 

sustained loads H = 6.0 kips and V = 12.0 kips, followed by a 

sustained load pE~riod of 53 days. This was followed by a short-term 

increase to H = :•. 5 kips and V = 15.0 kips. These loads were 

maintained for an additional 28 days. Then the frame was loaded to 

failure. 

By var:ring the input data, this loading program or almost 

any other could be accomodated. 

For frame 11, a solution was first obtained for short-term 

loadi~ to H = 6.0 kips and V = 12.0 kips. Sustained load calculations 

were made for times of 11, 18, 30 and 53 days after loading. Then the 

frame was analyzed for short-term loading to H = 7.5 kips and V = 15.0 

kips. This was followed by sustained load solutions at 66 and 81 

days. At 81 days, short-term calculations were performed for horizontal 

forces 8.0, 8.5 and 9.0 kips with vertical forces twice these magnitudes. 

The first plasUc hinge was obtained at H = 9.0 kips and V = 18.0 kips. 

The m<Lin limitation of the analysis as developed for this 

investigation was that it did not apply beyond formation of the first 

hinge. 
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Chapter 8 

CO~>ARISON AND EVALUATION OF RESULTS 

8 .1. In t roduc t :.on 

The data recorded from all frames tested was in the form of 

concret~ straim1 from Demec readings and deflections obtained from dial 

gauges. For initial short-term tests prior to sustained loading, the 

strains were converted to moments using a similar procedure as that used 

in determining t.he moment-curvature relationship. Concrete strains 

obtained from sustained loading and subsequent quick loading to failure 

were used to obtain extreme fibre strains. These formed the basis for 

comparison between the test and theory. In all cases, the deflected 

shape of the fr.o.tne was predicted for various loading conditions, and 

was compared with the dial gauge readings. 

Some sources of error which directly effected the presented 

results are discussed in this Chapter. A further study of the precision 

in results obtained is contained in Chapter 9. 

8.2. Moments Calculated from Demec Readings 

The procedure .for calculating moment from strains obtained 

from Demec readings used a strain distribution across the section based 

on the gauge points in the compression zone. As in the analytic moment­

curvature method, stress-strain relations for concrete and steel were 

assumed. Using these relations and the developed strain distribution, 

the axial force and moment were computed at each gauge location for 

each loading condition. 

Shrinkage measurements on reinforced prisms from the time 

of casting to testing were used to compute the unloaded condition at 

each section. 
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Shrinkage measurements from the reinforced prism 1were 

considered as compressive strain in the steel. From this strain, 

the total compressive force in the steel was computed and set equal 

to the tensile force in the concrete, from which an equivalent tensile 

strain in the concrete was calculated. This shrinkage strain was 

considered constant throughout the test. This procedure was the same 

as that described in Section 7.5.4.2. 

A fortran program was written to convert Demec readings to 

moments by this process. Input consisted of the section properties, 

steel yield stress, concrete cylinder strength, shrinkage strain and 

the Demec readings with their locations for a ll sections and loadings. 

Moment, curvature, location of neutral axis and axial force were 

output. Since the axial force at each section could be approximated 

from an elastic solution, the values calculated in the program 

provided a means of evaluating the relative accuracy of the strain 

distributions from Demec readings. The precision of this procedure 

is discussed in detail in Section 9.4. A listing of this computer 

program is included in Appendix B. 

8.3. Extreme Fibre Strains from Demec Readings 

Because of the influence of creep, moments could not be 

computed from Demec readings obtained from sustained load testing. 

Hence, under these conditions, predicted extreme fibre strains were 

compared with those obtained from the Demec gauge points. Using 

readings from the compression zone, a linear strain distribution 

across the section was computed. Although it was not used directly, 

the strain at the level of the tens i on steel was obtained from Demec 

measurements and \vas compared with the computed strain at this point. 



95 

In order to process the large quantity of data obtained from the 

test, a short fo:~tran program was written. This is included in 

Appendix B. 

The precision of this procedure is discussed in Section 9.6. 

8.4. Frame R2 

8.4.1. Introduction 

For tha short term test, predicted moments were compared 

with those obtai~ed from Demec readings, and the predicted deflected 

shape was compared with member displacements at dial gauge locations. 

8.4.2. Moments from Testing and Analysis 

The moment distribution on the frame from Demec readings 

and as computed using the moment-curvature relationships and elemental 

procedure was as shown in Figure 8.1. It should be noted that Demec 

gauge points were located only at critical sections (i.e., the column 

ends, corners ar.d beam centre). Experimental curves were derived by 

passing straight lines through the calculated points; hence, over the 

large spans bett-reen critical sections, a linear moment variation was 

postulated. Anc,ther important factor in evaluating results was the 

fact that the e1.·ror in reading the Demec was generally within ± 5 micro 

strain. Hence~ the error in moment calculated from strains of 50 

microstrain was 10 times that for strains of 500 microstrain. 

A thi:~d source of error concerned the column ends. The 

lowest Demec point was located just above the wideflange base and 

was therefore v~lnerable to any unusual cracking or other influences 

produced by the behaviour of this base. 

Comparison of moments acting on the loaded column indicated 

the effect of t~e various sources of error. The Demec reading four 
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inches above the bottom showed a sharp increase in moment. This sharp 

increase was probably caused by the wideflange base. There was 

generally close agreement between the prediction and experimental 

value for the gauge location twelve inches above the steel base. The 

deviation present at the top of the column was probably due to the 

error in Demec reading which had considerable influence in this low 

moment region. 

Pr~dicted values were computed up to the formation of the 

first plastic hinge, since this was the limit of the analytic met»od. 

Beyond the first hinge only experimental results were presented. 

Because the analytic frame model could be made to closely 

approximate the actual structure of the upper part of the frame, and 

because the strains were large enough to reduce Demec error, the 

correlation between predicted and experimentally derived moments in 

the beam was fairly close. Some of the discontinuous appearance of 

the curves was attributed to true non-linear behaviour of the structure, 

particularly as plastic deformation was produced, but much of this was 

more likely caused by Demec errors. The results were r~resented by 

drawing lines through points determined directly from the experimental 

data. There was no attempt to adjust the data or to produce smooth 

curves. 

The difference between predicted and experimental moments 

was greatest in the unloaded column. A possible reason could be due 

to the steel base both as it effected the bottom Demec reading and 

caused uncertair.ty in determining accurately the magnitude and influence 

of its rotation. Also, since plastic deformation occurred first at 

the upper right corner (unloaded columnA inelastic strains there 
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developed at relatively low loads. The influence of cracking on Demec 

errors could be observed at this corner. Even at the working load level 

there appeared to be a decrease in moment very near the corner where 

moment would be expected to be a maximum. This could be attributed to 

the development of a crack pattern at the corner which produced 

apparent strain between the Demec points which was not indicative of 

the true. configcration. As shown in Figure 8.1., this condition 

worsened as loaC. increased and cracking became more intensive. 

8.4.3. Deflections - Predicted and Experimental 

The relcttionship between deflection and load at the dial gauge 

locations as determined by the moment-curvature element method and by 

the test was as indicated in Figure 8.2. Predicted deflections were 

obtained only up to formation of the first hinge which occurred at H = 9.0 

kips and V = 18 .. 0 kips according to the analysis (because of the beam 
' 

deflection, the deflection at the top of the loaded column, had to 

exceed that at :he top of the unloaded column). However, the deflection 
i 

at location E, :~0 inches above the base of the unloaded column, was 

greater than th·~ deflection at B, 80 inches above the base of the 

loaded column. This condition was explained by the greater reverse 

curvature of th~ unloaded column. Good correlation was obtained 

between theoretical and observed deflection of the loaded column. The 

moment-curvatur?. method underestimated the vertical displacement at the 

centre of the beam particularly at higher loads. This could probably 

be attributed to the condition imposed that corners of the frame remain 

right angles during loading which caused a negative curvature at the 

right corner. This negative curvature reduced the positive curvature 
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at midspan thus reducing the beam deflection. During the test it was 

observed that some inelastic de,formation of the right corner occurred 

at relatively lew loads (about H = 5.0 kips and V = 10.0 kips) so 

that the corner did in fact undergo rotation•which increased·with load. 

This rotation hE.d the effect of reducing the negative curvature at 

the corner which allowed greater deflection of the beam. It was 

concluded that the difference between theory and experiment in this 

case was caused by deviation of the real frame from the analytic model, 

a condition whi<:h could be improved by further stiffening the corner. 

Fairly good correlation was obtained for the upper deflection 

point of the un:Loaded column. However, it appeared that the deflection 

recorded at D, .~o" above the base of the unloaded column was in error. 

Figure 3.3. shows the predicted deflected shape of frame R2 

for various loai levels. As in all analyses, the midspan vertical 

load was double the horizontal load. 

Reversal in curvature was almost negligible for the loaded 

column but was significant in the beam and unloaded column particularly 

h . h 1 d Ma' of 90° b h 1 · h at 1g er oa s. 1ntenance corners y t e ana ys1s may ave 

been unrealistic at high loads since the actual test frame, even with 

heavily reinforced corners, did not adhere to this condition. The 

error in this assumption was not severe up to the formation of the 

first hinge, but following hinge development, the corner rotation 

became significant and the moment capacity dropped considerably. The 

fact that the c.eflection of the top of the unloaded column was almost 

identical to that at the top of the loaded column, which indicated 

almost no decn~ase in beam span, was as indica ted in Figure 8. 3. 
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8. 5. Frame Ll 

8.5.1. Introduction 
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For frame Ll, both an initial short~term test and a sustained 

load program were provided. 

The predicted moments and deflected shape for the short-term 

test were compared with experimental results as was done with frame 

R2. 

For the sustained load test, the predicted extreme fibre 

strains and deflected shape were compared with the experimental results. 

8.5.2. Short-Term Test 

8.5.2.1. Introduction 

The resttlts of the short-term test on Frame Ll were compared 

with both analyti.c procedures, the moment-curvature method and the 

sustained load element method. Experimental moments were calculated 

from Demec gauge readings as described in Section 8.1. 

A comparison between moments and deflections obtained by 

the two methods of analysis was made as shown in Figure 8.4. The 

moment curvature procedure predicted slightly greater member flexibility 

than the sustained load method since the former indicated greater 

changes in member curvature. There was very close correlation between 

deflections calculated by the two methods. Because of the greater 

predicted stiffness, the sustained load method yielded slightly lower 

deflections than the moment-curvature analysis. 

8.5.2.2. Moments from Demec Readings and Predicted by Moment-Curvature 

Methoj 

The short~term moment distribution on frame Ll was as shown in 

Figure 8.5. for H = 6.0 kips and V = 12.0 kips. Good correlation was 
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obtained between the prediction from the moment-curvature procedure 

and the experimentally derived moments. It appeared that the 

analysis slightly underestimated the moment at the upper right 

corner and overestimated the moments in the bases. The effect of 

crack patterns on the Demec readings may have caused an experimental 

overestimate of moment at ~he upper right corner. The error in 

determining base rotation from the two dial gauges on each base 

could have contributed significantly to the difference in base 

moments. 

8.5.2.3. Deflected Shape Predicted by the Moment-Curvature Method 

and Recorded by Dial Gauges 

The deflected shape for the short-term test on frame Ll 

was as shown in Figure 8.6. The pr~diction was very good for the 

loaded column a~d the beam; and was fairly good for the unloaded 

column. 

8.5.3. Sustained Load Test 

Since, under sustained load, there was no way of computing 

"elastic" strair.s from the total strains obtained from the Demec 

readings, withot;t knowing the creep, moments could not be used as a 

means of compari.son. Instead, total strains obtained experimentally 

were compared with total strains calculated by the sustained load 

element method. The point taken for comparison was the extreme 

compression fibz·e. Member deflections from dial gauge readings and 

the predicted de~flected shape were also investigated. Frame moments 

predicted by anc:.lysis for the load sequence performed on frame Ll 

were computed and evaluated on the basis of the correlation between 

experiment and theory for total strains and deflections. 
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8.5.3.1. Moments by the Sustained Load Element Method 

The mc,ment distribution on frame Ll was. as indicated in 

Figure 8.7. for the sustained load test. The moment diagram for 

the loaded column indicated a decrease in moment at the base with 

time for the su!:tained loads H = 6.0 kips and V = 12.0 kips. The 

rate· of change :.n moment decreased rapidly with time. Similar 

behaviour was ohserved for moment at the second sustained load level 

of H = 7.5 kips and V = 15.0 kips. 

Under sustained load of H = 6.0 kips and V = 12.0 kips 

from the start of testing to 53 days, the base moment at the left 

column decreased by 9%. For sustained loads of H = 7.5 kips and 

V = 15.0 kips, from 53 days to 81 days, the moment at the left 

column base decreased by 4%. The figure also included moments 

calculated for :1 = 8.0 kips and V = 16.0 kips as well as H = 9.0 

kips and V = 18.0 kips. 

There was very little change in moments in the beam during 

the two sustained lo~d periods. However, a very slight increase 

(about 1%) in both the positive and negative moments was noted with 

time. 

Moments in the unloaded column also changed very little 

during the periods of sustained loading. Ultimate moment was 

reached at the top of the unloaded column at H = 9.0 kips and V = 

18.0 kips. The loads at which the first hinge occurred were in agree­

ment with thos4~ predicted. 

8.5.3.2. Extn~me Fibre Conunpressive Strains from Demec Readings and 

from the Sustained Load Element Method 

The ~:trains at the extreme compression fibre computed from 
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Demec readings ty the method described in Section 8.2. and as 

determined analytically were as shown in Figure 8.8. The best 

agreement was e>:pected at high strain,regions since the error in 

Demec readings vas of relatively constant magnitude except where 

cracking occurred. 

Good correlation was obtained for strains at the base of 

the loaded colurm and at all points in the unloaded column. Fairly 

good agreement occurred in the beam. Because of the large error 

associated with Demec readings for small strains, the correlation 

at the top of the loaded column was not good. Part of the reason 

for this differ,~nce was due to the method of computing extreme 

fibre strains from the Demec readings. The Demec points indicated 

compression at ·Joth sides of the section as shown by the analytic 

procedure, but the computer program for processing Demec data could 

calculate the cJndition at one surface only. 

Under a sustained load of H = 6.0 kips and V = 12.0 kips 

for the first 53 days of the test, the strain predicted at the 

compression fibre of the left base increased 200%. During the same 

period the predicted compressive strain at the top of the beam 

increased 186%. Other increases in predicte.d compressive extreme 

fibre strains ~ere: 200% at the right end of the beam, 193% at the 

top of the right column and 223% at the right column base. 

The ~redicted percentage increases were consistent with 

experimental results. In almost all areas, the predicted strains 

were greater tr.an the strains obtained from Demec readings. The 

maximum differe,nces between predicted strains and experimental strains 
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for the first sustained load period were: 28%*at the left column 

base, 18% at midspan of the beam, 38% at the right end of the beam, 

2% at the top of the right column and less than 1% at the bottom 

of the right column. These were the worst correlations; most of the 

results gave better agreement between the theory and experiment. 

The iDcreases in predicted extreme fibre strain for a 

sustained load cf H- 7.5 kips and V = 15.0 kips for the period 

53 days to 81 days were: zero at the left column base, 7% at 

midspan of the beam, less than 1% at the right end of the beam and 

the top of the column, and 8% at the base of the right column. 

Maximum differer.ce between predicted strains and experimental strains 

for the second sustained load period were 6% at the left column base, 

36% at midspan cf the beam, 30% at the right end of the beam, 15% 

at the top of tre right column, and 12% at the right column base. 

The ccmpressive strains for the short-term load to failure 

at 81 days after the start of the test were as indicated in Figure 

8.8. The ultimc:te load capacity of frame Ll at 81 days was H = 12.6 

kips and V = 25.2 kips. This was 8.7% higher than the ultimate load 

for the short-te,rm test frame 'R2. It was felt that this increase in 

capacity was partly due to the increase in concrete strength with time 

and the fact thc:.t, with the low secondary moments, creep did not have 

adverse effects on frame behaviour. 

8.5.3.3. Frame Deflections from Dial Gauges and Sustained Load 

Element Method. 

Deflections at dial gauge locations from the theory and 

experiment for the sustained load periods were as shown in figure 

* Percentages were obtained by taking the differences in strain over 
the lesser of the two strains. 
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8.9. The deflections at E, 88" above the base of the right column, 

exceeded the deflections at B, 89" above the base of the left column, 

because of the greater c4rvature of the right column. 

The eKperimental results were always greater than the 

prediction except at the top of the left column up to 25 days after 

the start of the test. The difference was particularly noticeable 

during the secoad sustained load period from 53 to 81 days. Very 

slight increase:; in deflection were predicted for this time interval. 

Since there app~ared to be very little change in strains over this 

period, this wo1ld seem to be a consistent result. It was concluded 

that inelastic rotations at the forming hinge locations, particularly 

the beam centre, right column top and right base, were responsible for 

the larger obsecved deflections. 

Both :he analysis and test results indicated a considerable 

increase in def.Lection for the first sustained load period, particularly 

up to 30 days a::ter the start of loading. From the starting point to 

53 days, the de::lection 89 inches above the base of the left column 

increased from 0.45 to 0.60 inches - a change of 33%. During this 

period, observed midspan deflection of the beam increased 40% from 

0. 29 to 0. 41 in<:hes and observed sway 88 inches above the base of 

the right column increased 55% from 0.45 to 0.70 inches. For the 

period from 53 t:o 81 days, observed deflection·· increases were 6% 

near the top of the left column, 13% at midspan of the beam and 7% 

near the top of the right column. 

The dE!flections for the short-term load to failure test 

following sustained load were as shown in Figure 8.10. The sustained 

load element method predicted deflections less than those which were 
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observed probab~-Y because the frame was subject to considerable 

inelastic defontation prior to the formation of the first hinge. 

The predicted deflected shape of frame Ll for the 

sustained load test was.as shown in Figure 8.11. The point of 

formation of the fir'st hinge was at the upper right corner. 

Although a sign:Lficant increase in deflection took place during 

the sustained load period from 0 to 53 days, there was no change 

during the higher load interval from 53 to 81 days. 

Most 1:reep activity took place during the first month 

under load. Th1~ rate of creep decreased with time as indicated by 

Figure 8.9. Af:er 53 days very little change was taking place. 

Increasing the loads at 53 days by 25% did not appear to cause 

significant change. Even with the higher stress level, it would appear 

that the rate o: creep was so low from 53 to 81 days that the creep 

strain' did not lncrease as quickly as the growth in concrete strength. 

8.5.3.4. Creep'Collapse 

A solution was obtained for the sustained load behaviour of 

the frame with H = 8.5 kips and V = 17.0 kips for times of 20, 60, 120, 

240, 480 and 961) days. The applied load was 94.5% of the load 

predicted to form the first hinge, and 67.5% of the experimental 

ultimate load f·n frame Ll. The predicted horizontal sway increased 

from 0. 585 inch ~s initially to 1.108 inches after 960 days. During 

the sustained l•)ad period there was no significant redistribution of 

moment, and no trend toward formation of the hinge. 

8.5.3.5. Summary of Sustained Load Test Ll 

As pr~dicted by the analytic method, there was very little 
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change in moment distribution for a load of 47.5% of ultimate* 

sustained for 5:1 days followed by a load of 59.5% of ultimate 

sustained for an additional 28 days. However, during the first 

sustained load period compressive strains at high moment regions 

increased about 200% and sidesway increased by one third. During 

the second sustained load period, compressive strains at high 

moment areas increased less than 8% and sidesway increased by 7%. 

8.6. Resume 

Data from the frame tests was in the form of Demec 

readings used to determine strains and moments, and dial gauge 

readings for menber deflections. 

It waH felt that the most valid comparison for evaluation 

of the analysis was provided by the deflectinns. The following 

reasons were given for this. 

(1) The errors in reading dial gauges ~~ere much less than those 

associated with Demec readings. 

(2) Data from dial gauges could be used directly, whereas Demec 

information had to be converted to strain distributions or 

moments by calculations which introduced further sources of 

error. 

(3) The analyLc computation of deflection was accomplished with 

the same accuracy as the calculation of strains and moments. 

(4) Even with :_ow secondary moments, and very little redistribution, 

creep had a significant influence on deflections. 

* The ultimate load referred to was the capacity of the frame at 
81 days. 
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(5) Since the }rediction of deflections normally required cal­

culation o: the member stiffnesses, the use of deflections 

provided a realistic evaluation of conventional methods such 

as slope-deflection equations. 

For loads 11 % less than required for formation of the 

first plastic h:Lnge, using member stiffnesses based on the provisions 

of the Code (3) , slope-deflection equations predicted sidesway for 

short-term load:.ng about one half the observed deflection. For the 

same case, the moment-curvature element procedure provided an 

accurate prediction. 

The sustained load element method provided the only 

prediction of dE!flection due to creep. It slightly underestimated 

member displacements due to creep and changes in the level of sus­

tained loads. This was probably caused by the inability of the 

method to accour.t for inelastic rotation within the "joints" which 

in this study v;ere at the corners, bases and midspan of the beam. 

For short-term loads, the moment distributions on the 

frames were predicted by both the moment-curvature and sustained 

load element programs. Good agreement was obtained by both methods 

with the experimental results from Demec readings. 

Extreme fibre strains computed by the sustained load 

element method were generally in accord with those derived from 

Demec readings within the precision of the tests. The analytic 

procedure for the investigation of the influence of creep also 

indicated the following conclusions for the particular frame and 
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sustained load program studied: 

(1) Redistribution of moments due to creep was not significant. 

(2) Member displacements increased substantially (as much as 40%) 

during sustained loading. 

(3) Strains produced in the concrete by creep were of the same 

order of tnHgnitude as the strains caused by the applied stresses. 

These conclus:ions were substantiated by the test results. 

Hence, it was concluded that the element procedures provided realistic 

approximations for frame behaviour under short-term and sustained loads, 

within the limitations imposed by the precision of testing and analysis. 
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In this chapter, the sources of error affecting the results 

of the tests and analyses are discussed. These included errors associated 

with material prop~~rties, measurement and calculation of creep and 

shrinkage, Demec readings, convergence of iterative procedures, and the 

influence of diffe:cences between the computer model and the actual frames. 

Along with the test precision described in Section 5.5., the 

errors discussed i:1 this chapter provided a basis for evaluating the 

validity of the methods of analysis and test procedures. 

9. 2. Errors in Co·wentional Methods of Analysis 

The conventional methods of analysis, such as slope-deflection 

and the mechanism nethod, could be used as design procedures for the 

short-term case. fhey provided a reasonable solution for frame moments 

because the relative stiffnesses of members could be determined fairly 

accurately. However, because of cracking, the reinforced concrete did 

not exhibit a constant moment of inertia. Also, the non-linear nature 

of the concrete stress-strain curve above very low stresses made the use 

of a constant elastic modulus very inaccurate. Since the conventional 

methods required a constant member stiffness, a cracked section moment 

of inertia and secant modulus of elasticity were used, but with somewhat 

erroneous results for frame deflections. 

Also, the conventional methods did not pr,ovide for the effects 

of axial loads on the moment capacity, or the influence of secondary 

moments produced cy deflections. 

For sustained load analysis, a reduced modulus was used. 
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However, this solution did not take account of previous stress history 

as well as secondary moments and the non-linear behaviour of the concrete. 

Hence, t:1e conventional methods did not provide sufficiently 

accurate results f.)r deflections of the frame and moments under sustained 

load conditions. 

9.3. Errors Commoa to the Element Methods 

9.3.1. Introduction 

Because the conventional methods could not accurately solve 

either the short-term or sustained load behaviour of reinforced concrete 

frames, the moment-curvature element method and sustained load element 

method were developed. Since these procedures, particularly the latter, 

relied to some extent on experimental results, they could accomodate 

differences in material properties and other factors, but they were also 

subject to experirnental errors. 

9.3.2. Concrete Stress-Strain Relationship 

Drysdale(S) showed that the assumption that the stress-strain 

relationship was linearly dependent on the concrete strength provided a 

reasonable fit of test results for unloaded specimen. Some error was 

introduced becausE the effect of high sustained stresses was not included 

in the stress-strc:.in relationship. Although it provided higher stresses 

than usually accei'ted, the allowable tensile strain of 0.00015 was used 

for concrete in an attempt to compensate for bond between steel and 

concrete in the rE!gion between cracks. Reference should be made to 

Drysdale's work and Appendix A for details on concrete strength. 

The results of two cylinder tests were compared with the 

analytic expression as indicated in Figure Al. Good agreement was 

obtained up to 60/: of ultimate strength, and at the peak of the curves. 

Between these levels, the function overestimated stresses by a maximum 
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of 8%. On the basis of these results, the concrete stress-strain 

relationship was :onsidered adequate. 

9. 3. 3. Reinforci:1g S tee! 

Of the .Eourteen heat treated tensile specimen, six indicated 

a well defined yi1~ld point. The average yield for these samples was 

59,800 psi with a standard deviation of 420 psi. The average yield 

for the three tenBile tests on non-heat treated bars was 59,000 psi 

with a standard dE!Via tion of 390 psi. For analysis, a yield strength 

of 60,000 psi was used. 

The error in the modulus of elasticity based on the three 

"cold" tensile spe~cimen was 1. 5%. 

Most of the error associated with the steel was due to the 

assumption of ide<:l elastic-plastic behaviour. This was valid up to 

a strain of 0.005, but for further deformation, strain hardening 

occurred. At a strain of 0.01, the increase in stress above yield 

.was 16.7%. Because the present analysis was applicable only to formation 

of the first hinge which occurred at yielding of the steel, this error 

was not severe. Also, tensile s.trains much beyond yield were accompanied 

by crushing of the concrete at the compression fibre which reduced the 

section capacity to a greater extent than the increase due to strain 

hardening. However, it was decided to include the effects of strain 

hardening, based oa tensile test results, in future analyses. 

9.3.4. Shrinkage 

An important source of error in the analytic procedures was 

the use of the expression for shrinkage developed by Drysdale. Because 

the concrete mix and curing conditions were similar for this investigation 

and the University of Toronto column tests, there was negligible error 

in these factors. However, the sections used were considerably different. 
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The shrinkage function and prism data for frame Ll were as 

indicated in Figure 7.16. The scatter in results from the two prisms 

was very severe. This was caused by difficulties encountered in 

attempting to obtain firm adhesion between the Demec points and moist 

concrete during curing. Sealing wax and several types of epoxy had 

been used without success in previous tests. For the Ll prisms, the 

Demec points were implanted in the freshly poured concrete. Due to 

the accumulation of moisture around the prass discs, the embedment 

was not completely rigid. However, it was felt that much better results 

could be obtained 'through further practice with this technique. 

Despite the test scatter, the shrinkage measurements did 

indicate two trends. First, the slope of the analytic expression 

appeared in reasor.able agreement with the experimental data, and, second, 

the shrinkage for frame Ll was considerably less than that predicted 

by the function. This latter result was expected because of the larger 

section for the test frames. However, it was not felt that the 

experimental results were sufficiently accurate to develop a new expression. 

Before loading, shrinkage from the reinforced prisms was used. 

After load was applied, results were taken from the plain prisms. This 

was valid because the loaded concrete was free to shrink without any 

influence from the reinforcing. In this case, shrinkage caused the 

concrete to lose f:ome compressive stress. 

9.4. Errors in Mc,ment-Curvature Computation 

9. 4 .1. Introduction 

Errors due to the use of the shrinkage data and the concrete 

stress-strain expression were present in this procedure. Since this 
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method used i.teration to obtain a solution, there was also an error 

introduced by the convergence criterion. Equilibrium of forces on the 

section within an allowable residual of 0.1 kips was the requirement 

imposed. This meant that precision was determined by a fixed value 

rather than a percentage. The maximum error in force based on the 

absolute values of the various contributions for the lowest moment 

. considered was 0. s:r.. 

9.4.2. Tension in the Concrete 

In Chapt1'!.r 7, the effect of omitting the tensile strength of 

the concrete was indicated. For moments less than 25% of ultimate 

this omission would lead to a completely erroneous moment-curvature 

relationship. The error from ignoring concrete tension diminished 

rapidly once cracktng had occurred. Concrete tension had great sig­

nificance on the SE,ction stiffness and on frame behaviour only prior to 

cracking of the corcrete; it had practically no effect on ultimate capacity. 

9.4.3. Moment-Curvature Expressions 

Some error was introduced by the mathematical model for the 

moment-curvature curves. It was assumed that, once cracking had occurred, 

there would be an instantaneous increase in curvature without a change in 

moment. This assumption ignored the unstable equilibrium states which 

occurred during cra~king, but was more realistic since the unstable 

positions could nev=r be obtained for the energy storing type of system 

used in loading the frames. 

The relat:Lonships between curves for different values of load 

and shrinkage were assumed linear or exponential depending on the best 

fit of selected data. The largest difference between the mathematical 

model and the actual moment-curvature relationship, with the exception 
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of the unstable equilibrium positions, was 4%. 

Because :~t was only significant at relatively low moments, 

the error due to shrinkage in formulating the moment-curvature 

relationship was not severe. 

9.5. Moment Calculation from Demec Readings 

9.5.1. Data from Demec Points 

As mentioned in section 8.2., considerable error was possible 

in obtaining strain distributions from the Demec gauge points because 

of the influence o:E cracking and through mis-location of the gauge points. 

Curvature ove~ the 8 inch section had to be determi~ed from two gauges 

only 1 5/8 inches .:tpart because the large moments developed reduced the 

compression area oE concrete to a narrow band with the neutral axis only 

about 2 inches from the compression face. The error in distance between 

Demec gauges was ± 1/16". This could cause an error in curvature in the 

order of 7%. 

9. 5. 2. Calcula tio ilS 

The meth)d for processing strains from Demec readings was 

basically the same as the analytic solution used to obtain the moment­

curvature curves. However, in this case since the strain distribution 

for equilibrium wa9 known, no iterative procedure was required. The 

forces and moments on the section were computed using the concrete and 

steel stress-strain relationship applied to the experimental strain 

distribution. An estimate of the precision of a particular section 

computation was obtained by comparing the axial force calculated by 

this method with that expected. Because of the minimum Demec error of 

± 5 microstrain, the precision for low moments was not good. The axial 

capacity of the cross-section was very large. For example, an axial 



133 

compressive stn.in of 10 micros train represented a force of about 

0.3 kips with ze:ro moment, or 0.1 kips at ultimate moment. A 5% 

error in a strajn distribution ranging from 1000 microstrain in 

compression to ~000 microstrain in compression could cause an error 

in "axial" strajn of 200 microstrain, enough to indicate an error in 

axial force of ~ kips. Hence, it was not expected that this method 

would yield acc~rate results for forces, its main use was to determine 

the moment on a section for a given strain distribution. 

Becau~e the method of pr6cessing test data to obtain 

·moments was the same as used in determining the moment-curvature 

relationship used in the frame analysis, it was concluded that a 

realistic comparison was provided by this method. As with the sustained 

load procedure, strains could have been used directly as the means of 

comparing the theory and experiments. However, it was felt that 

variation in the moment distribution on the frame provided a more 

useful result and a clearer picture of frame behaviour. Also, the 

applicability of the traditional methods such as plastic analysis or 

slope-deflection could best be considered on the basis of moments 

produced in the frame. 

9.6. Extreme Fibre Strains from Demec Readings 

Comparison of extreme fibre strains was used to correlate 

test results and analysis for the sustained load program. The errors 

associated with Demec readings were described in Sections 8.1. and 9.3. 

This procedure used the Demec gauge results from the 

compression zone to determine the curvature and extreme fibre strains. 

A comparison was made between the calculated strain (at the level 



134 

of tension steel) and the experimental strain. The difference was 

generally in the order of 10 to 30 percent and increased with load. 

Based on .:..ccepted theory and on these results, there was 

considered adequate justification for assuming t~at the strain 

distribution was linear. At high loads severe cracking caused Demec 

points in the tension zone to be shifted and dislodged in an unpre-

dictable manner so that extreme deviation from the calculated strain 

distribution was common. Breakdown of bond between the concrete and 

steel also caused severe inaccuracies in strain readings from Demec 

gauge points in the tension zone. 

9.7. Frame Analysis Using the Moment-Curvature Element Method 

9.7.1. Calculations for each Element 

The iterative procedure as described in Section 7.5.3. was 

used to obtain equilibrium for each element. Calculations were repeated 

until the average curvature converged on an allowable residual of 1% 

-6 or 1 x 10 radians. Since some error was inherent in assuming an 

average moment to act over a finite element, accuracy depended on the 

number of elements in the frame. Based on the results of errors 

presented by Drysdale(S), it was decided that elements ten i nches 

long would be subject to very small errors due to their finite length. 

Because quite large changes in moment oc curred over each 

element, the number of cycles required for convergence was sometimes 

considerable, particularly in the regions where reversal of curvature 

occurred. Iterations ranged from three to about fifteen cycles. An 

average of seven cycles per element meant 196 cycles per frame solution. 

Since as many as 125 frame solutions were required to obtain an 

accurate result, as many as 25,000 element iterations could be 
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A X = X-COORDINATE ERROP. AT Rif:HT BASE 

A Y = Y-COORDH!ATE ERROR AT RIGHT BASE 

flD T~OTATIO!J El:Rot; AT JUr.nT B/\SE 

6 ·X = 0.01" AY = 0.01" . QD = 0.001 
LOCATION 

11AGNITlJDE "''* HACIUTUDE %* HAGNITUDE I~ * ;.,~ 

·---

LEFT BAS[ 1.25 1.14 -0.4 7 0.lf3 0.19 0.17 

TOP LEFT COL . -0.68 3.78 -0.47 2.61 -0.38 2.11 

TOP J~T • COL. -0.57 0,25 0.47 o. 21 -0.58 0.26 

JUC.HT BASE -1.25 0.66 -O.Lf 7 0.25 2.18 1.15 

IIOR. FORCE 
0.021 1.50 o.ooo o.oo 0,005 o. 35 LEFT AT BASE 

VERTICAL FORCE 
-0.001 0,03 o.oro 0.28 -0,010 0.71 

AT LEFT BASE 

'fABLE 9 .1. HOl'U~NTS AND REACTIONS FOP- GEOHETRIC ERRORS AT THE RIGHT BASE 

* Percentage of total moment for horizontal force of 6.0 kips and 
vertical force of 12.0 kips. 
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required at each load level. For 18 load levels this figure could 

be multiplied to 450,000 cycles. Careful choice of initial conditions 

reduced this figure by a factor of at least ten in the actual computer 

runs. On the "t-JcMaster University CDC 6400 computer, the computation 

time for 18 load levels was about 60 seconds. 

9.7.2. Solution for the Frame 

Summation of the contributions of each element in the frame 

resulted in an error in geometry at the ~t base. The error in 

coordinates and rotation was expressed as a sum, and was compared with 

an allowable residual. For the moment-curvature element method, the 

allowable frame error was 0.03 and was made up of the sum of the 

absolute coordinate errors plus one hundred times the absolute error 

in rotation. Table 9.1. indicates the significance of these errors 

based on an elc:stic solution. A constant allowable error, which meant 

that accuracy increased with load, was used in order to reduce computer 

time by attempting to keep iterative cycles within reasonable limits. 

Because a large portion of the contributing error was relatively 

constant throughout loading, a percentage residual would have lead to 

an increase in the number of cycles required at low load levels. 

In Table 9 .1. it was revealed that the residual allowed 

almost any comhination of effects so that the real error could vary 

considerably. For instance, a residual of 0.03 could be obtained 

from an error Ln coordinates of 0.01 inches in both x and y directions 

combined with a rotational error of 0.0001 radians. The resulting errors 

in moments would be 1.74% at the left base, 8.50% at the top of the 

left column, 0.72% at the top of the right column, and 2.06% at the 

right base. 
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The maximum possible errors in moments.obtained independently 

foreachlocaticn were 3.75% for the left base, 11.34% for the top of 

the left columr, 0.78% for the top of the right column, and 6.54% for 

the right base. Actually, such severe errors could never occur together. 

It should be ncted that the error in moment was independent of the 

magnitude of tte moment so that the precision obtained was best at 

regions of higb moments. The figures presented above were obtained 

for a horizontal load of 6.0 kips and a vertical load of 12.0 kips. The 

probability of obtaining errors in maximum moment greater than 2% was 

quite low. Table 9.2. indicates the actual error obtained in the 

moment at the right base for various loads. This may be considered as 

representa,tive of the average precis~ons for the frame solution 

HORIZONTAL LOAB 
LEVEL 
(KIPS) 

2.0 

4.0 

6.0 

8.0 

ERROR IN MOMENT . 
AT RT. BASE (%) 

3.33 

0. 71 

1. 51 

1.14 

TABLE 9.2. Error in Moment for Frame R2 

PERCENT OF 
RESIDUAL (0.03) 

98.6 

53.3 

56.6 

93.3 

Better precision cotild be obtained by considering each 

coordinate and the rotation separately since their effects on moments 

were quite different. However, the increased accuracy would be gained 

at the expense of considerable computer time. The residual allowed 

severe errors only at very low load levels which were not of major 

importance in this study. 



TINE HOR. FRAI-fE AFTER LOAD "JliU'I:Uit> T flAn .... ,~ ... ,_._ ..... , ...... l'l:t .. , 

(K) (nAYS) 

R1 0 3.0 

6.0 

9.0 

R2 0 3.0 

6.0 

9.0 

11.5 

L1 0 6.0 

53 6.0 

53 7.5 

81 7.5 

81 9.0 

81 11.0 

81 12.6 

J.f:FT BASE (l .. OADED COL. ) 

x-msP. Y-DISP. ROTATION X-DISP. 
(IN) (IN) (RAD) 

N.R. -0.002 -0.00118 N.R. 
N.R. 0.001 -0.00336 N.R. 

N.R. 0.010 -0.01100 .. N.R. 

0.006 0.001 -0.0012 0.013 

0.01'• 0.011 -0.0023 0.028 

0.024 0.016 -0.0037 0.048 

0.043 0.017 -0.0047 0.069 

N.R. -0.0030 -0.0010 N.R. 
N.R. -0.0030 -0.0010 N.R. 

N.R. -0.0033 -0.00138 N.R. 

N.R. -0.0033 -0.00138 N.R. 

N.R. -0.0020 -0.00185 N.R. 
N.R. -0.0035 -0.00192 N.R. 

N.R. +0.0016 -0.00323 N.R. 
. 

Ti\BLE 9. 3. RASE HCWEHF.NTS DlTRINr. TESTINr, 

RIGHT BASE 

Y-DISP. 

-0.007 

0.001 

0.025 

0.001 

o.oos 
0.021 

0.030 

-0.0020 

-0.0020 

-0.0025 

-0.0025 

0.0016 

0.0062 

0.0109 

ROTATION 

-0.00183 

-0.00336 

0.00780 

-0.0010 

-0.0026 

-0.0075 

-0.0105 

-0.0010 

-0.0010 

-0.0011 

-0.0011. 

-0.0022 

-0.0035 

-0.0048 

,_. 
w 
:0 
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9.7.3. Bases 

Another source of error in the frame solution was the analytic 

model for the ~rideflange column bases. It was assumed that the rotation 

of the base cot1ld be approximated by considering the wideflange in two 

sections. The lower flanges were subjected to uniform strains compatible 

with the applied moments while the upper flanges were considered as part 

of a rigid unit because of the concrete and extra reinforcement between 

them. This model ignored shear deformation and any curvature of the 

flanges. The model for the bases used values for rotation and displace­

ment obtained from test results to obtain the boundary conditions at the 

bottom of the w.i.deflange. These boundary conditions were not more than 

30 times the magnitude of the allowable residual. 

Most of the error occurred because the real bases were observed 

to undergo curvctture over both the upper and lower flanges. However, 

it was felt that:, despite this error in the actual behaviour, the 

analytic model provided a realistic approximation of the effect of the 

bases on the end fixity of the columns. The base movements recorded 

during the tests were as indicated in Figure 9.3. 

9.8. Frame Analysis Using Sustained Load Element Method 

9.8.1. Introduction 

The su5tained load procedure was subject to the same errors 

as the short-tenn procedure except for those associated with the 

moment-curvature relationship and the solution for each element. In 

addition, there uere errors in connection with the expression for 

creep, the iterative solution for each element (which differed 

considerably from that for the moment-curvature method) and the effect 

of time on shrinkage, and concrete strength. 
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9.8.2. Creep Expression 

Reference should be made to Drysdale's work (5) for details on 

the precision of the creep curves. The use of superposition of.creep 

results for constant stress levels to obtain creep under a stress gradient 

produced some error, but the modified superposition method used was an 

improvement over previous superposition procedures. The accuracy of 

this method was dependent on the magnitude of the stress gradient and 

the time intervals used. 

Good precision was obtained for the creep curves by the use 

of maximum quality control and least squares fitting of all data to 

alleviate individual test differences. The curves yielded a linear 

relationship, between creep and stress up to 35% of the concrete strength. 

Severe inaccuracy developed for "elastic" strains over 0.001 inches per 

inch, but the "elastic" portion of strain encountered in the frame rarely 

exceeded this level. 

Because of the greater section used in the McMaster frames, the 

curves from the University of Toronto series would tend to somewhat 

overestimate creep. 

9.8.3. Shrinkage 

The general errors associated with the treatment of shrinkage 

were described in Section 9.3.4. Because of the addition of the time 

factor, the error was more significant in the sustained load method 

than in the moment-curvature method. Despite the rather poor precision 

·in shrinkage data, because the strains produced were only in the order 

of one tenth those produced by creep, the error attributed to shrinkage 

was not considered severe. 
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9.8.4. Concrete Stress-Strain Relationship 

The concrete stress-strain relationship varied linearly 

between cylinder test points at the time of loading and 120 days 

later, and was h1dd constant above this time. Since the increase in 

strength was onl~r 13.7% over the test period, the error in.assuming 

a linear increas1! was not significant. 

9.8.5. Solution for Each Element 

The aLowable error in convergence of the iterative 

solutions for f01:ce and for moment on the element was 1%. Convergence 

was dependent on the number of slices into which the section was divided, 

since the force and moment were made up of the sum of the contributions 

taken at the centroid of each slice. Hence, in order to obtain a 

solution, the total error due to the number of slices had to be less 

than 1%. The p01:tion of the fortran program for the solution of each 

element was run Beparately for different numbers of slices in order to 

find a condition which would provide convergence after a reasonable 

number of cycles. The problem was amplified by the fact that the 

moment on an elenent in the frame could vary from zero to the ultimate 

moment. Because the axial forces were low compared to the axial 

capacity of the Bection, for high moments a very slight error in strain 

distribution cou:.9. cause an error much greater than 1% of the force. 

For this reason, for high moments, the force part of the calculation 

was ommitted. For very low moments, the allowable residual of 1% 

represented a ve1:y small magnitude and could be less than the error from 

other sources. ::n this case a fixed residual of one tenth the difference 

between external and internal moment was used. 
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The number of slices on an element was fixed regardless of 

the magnitude of the moment. It was found that eight slices provided 

fairly quick conv1!rgence for high moments, but would not give any 

solution for very low moments. Sixteen slices gave a solution for each 

element, but the number of cycles required was excessive. It ll7as 

decided to use tw;mty-four slices since this number yielded a solution 

in a reasonable number of cycles (usually less than ten) for all possible 

moments. The tot.:1l number of individual calculations was considerably 

less for 24 slice; than for 16. 

9.8.6. Tqtal Pre:ision for the Frame Solution 

Because of the effects of creep, it was felt that the "elastic" 

criterion for convergence of the solution for the entire frame was 

conservative. If solution could not be obtained in a reasonable number 

of cycles, the allowable residual as described in Section 9.5. was 

increased from 0.03. 

After 75 cycles, the error factor was set at 0.05, and after 

100 cycles it was increased to 0.1. Based on the moment-curvature method, 

this would mean an increase in estimated error for the frame solution 

from about 2% to 6%. However, it was realized that, under sustained 

loading, rotatior. occurred without changing the moment distribution on 

. the frame signifjcantly, and hence the relaxation of the convergence 

criterion would not increase the error to a large degree. It was 

concluded that, ~:espite the relaxed convergence criterion, the overall 

error for the su~rtained load element method was 2 to 4%. 

9.9. Summary of Errors in Analysis 

Because of the large number of variables involved, it was 

not possible to establish a definite precision for each method. Where 
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possible, an appraisal of the magnitude of the error caused by a 

particular factor was made, and in other cases the probable significance 

of discrepancies was investigated. Allowable residuals from iterative 

techniques were minimized with respect to accuracy obtained versus 

computer time and the influence of other errors on convergence. 

Generally, the error for each element was 1%. The error in geometric 

compatibility and moment distribution on the frame was variable, but 

was tabulated for each case. Results were evaluated on the basis of 

this error. They were not used in the comparisons with test data if fue error 

exceeded about 2% for most cases with the exception of load levels less than 

H = 2.0 kips and V = 4.0 kips, the load level at the first hinge, or under 

conditions of extended sustained load. For low loads, the error definitely 

increased above 2%. At the first hinge, the method could not account for 

hinge rotaticn and precision decreased sharply. After a long time under 

sustained load, the convergence factor was allowed to increase, but it 

was condsidered that, because of the influence of creep, the precision 

did not decrease accordingly. 

It was felt that the various sources of error in the solution 

did not act in a cumulative manner in most instances. 

The con:parison between test results and the analysis indicated 

that fairly good precision was obtained by both the moment-curvature 

element method and the sustained load element method. The errors in 

test results asscciated with dial and Demec readings, the size of the 

frames, bases, tt.e location of steel and other sources were discussed 

in Section 5.5. 



Chapter 10 

CONCLUSIONS AND RECOMMENDATIONS 

10.1 Introduction 
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The purpose of this investigation was to develop a means of 

analyzing reinforced concrete frames subjected to short-term and sus­

tained loading. The procedures developed were to be sufficiently 

general that they could be applied to a variety of structures and 

loading systems. They were to require only data derived from 

relatively simple tests on cylinders, prisms and tensile specimen. 

Verification of the methods of analysis was to be provided by a 

testing program using a particular frame and loading system. 

This investigation formed part of an extensive study on 

creep in concrete at McMaster University. 

In thi.s chapter, the degree to which the objective of this 

study was attained, as well as recommendations for further research, 

are discussed. 

10.2. Methods of Analysis 

10.2.1. Conven:ional Methods 

The conventional methods of structural analysis such as 

slope-deflection equations and the collapse mechanism method were 

found to be inadequate for predicting accurately the behaviour of 

reinforced concrete frames. There were a number of reasons for this 

which included the following: 

(1) The effect of axial force on the moment capacity of a section 

was not included. 
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(2) Secondary moments due to deflection were omitted. 

(3) A constant: modulus of elasticity and moment of inertia were 

required (a linearly varying moment of inertia could be 

accomodated but this only extended the methods to a specific 

case). 

(4) Creep and previous stress history could not be accurately 

included. 

(5) Unusual aE;pects of the structure (i.e., the bases) could not 

be accounted for. 

Despj_te approximations such as the use of a reduced 

modulus for su<;tained loading, the conventional methods did not 

provide a'Ccurat:e predictions of deflections. This was a serious 

limitation where high column loads, and hence large secondary 

moments were eJ~pected. 

10. 2. 2. The Ej_ement Methods 

10.2~2.1. Int1~duction 

These methods. were developed in order to account for the 

limitations of the conventional methods described in the previous 

Section. The ~:ustained load procedure was such that creep could 

be included using the accurate modified method of superposition. 

10.2.2.2. Moment-Curvature Expression 

Expressions were derived analytically to describe the 

moment-curvature relationship for the frame cross-section. It was 

shown that cracking of the section occurred at about 25% of ultimate 

load. Prior t:o cracking, tension in the concrete was found to 

contribute greatly to the section stiffness. Once the tensile 
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fracture strain was reached at the extreme fibre, further attempts 

to increase the load led to unstable equilibrium positions until a 

stable state wa:> reached. This indicated that cracking was an 

instantaneous p:1enomenon which increased the flexibility of the 

structure without any observable change in moment under conservative 

loading. The influence of tension in the concrete was not significant 

once cracking had occurred. 

It wa:> concluded that concrete tensile strength should not 

be omitted from the analysis of structures where cracking of the 

concrete had no: occurred. Iri prestressed concrete this could be 

important up to more than 50% of ultimate capacity. 

The moment-curvature element method used the moment­

curvature curve:; to determine the frame geometry and secondary 

moments for an assumed primary moment condition. The solution was 

based on satisfying the equilibrium and geometry conditions with the 

use of successDre corrections. 

10.2.2.3. Moment-Curvature Element Method 

This procedure was used to predict the moment distribution 

and deflected shape of the particular frame studied. Based on the good 

correlation of J~esul ts from the analysis and experiments, and on an 

evaluation of the sources of error, it was coneluded that this method 

provided a real:.stic solution for the short-term behaviour of the 

test frame. 

The moment-curvature element method was general in its 

derivation, but the fortran program was written with specific limits. 

Without alterat:.on, it could be applied to rectangular portal frames 

with a horizontal point load at the top of the column and a vertical 
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point load at the centre of the beam. The cross-section, member 

lengths and loa<l magnitudes could be varied. The 'procedure could 

be modified to analyze more complex structures without changing the 

basic concepts ::;uch as the use of small elements, moment-curvature 

relationships, ::;ummation of effects, and the convergence on geometric 

compatibility. 

From the results of this investigation, it was concluded 

that the moment-curvature element method could be used as the basis 

for developing a procedure for the analysis of the short-term behaviour 

of reinforced concrete structures. 

10.2.2.4. Sustained Load Element Method 

This method was used to predict moments and deflections for 

the frame under sustained loading. The comparison between extreme 

fibre compressive strains and deflections from the analysis and tests 

was generally good. On this basis, and from an evaluation of the 

precision of the experiments and calculations, it was concluded that 

the sustained load element method provided an adequate prediction of 

the behaviour cf the test frame under sustained loading. 

Like the moment-curvature element method, this procedure ~.ras 

general in prir~iple but was applied specifically only to a particular 

frame and loadj_ng configuration. From the results obtained and the 

comparison with experiment, it was concluded that the sustained load 

element method could be used to develop a technique for the sustained 

load analysis of more complex structures. 

10.2.2.5. Recommended Improvements in the Methods of Analysis 

(1) Convergence Criteria 

The Lterative procedure for achieving geometric compatibility 
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at the right hand base was very time consuming. Also, the residuals 

allowed variations in the precision o,f the solution. It would be 

desirable to improve the convergence tech~ique and the means of 

establishing residuals. 

( 2) Ex tens ion to .collapse 

Both the short-term and sustained load procedures provided 

solutions only to formation of the first plastic hinge. 

It is proposed to extend these methods to collapse of the 

frame. There are a number of problems associated with'this extension. 

For instance, when each new hinge is formed a new structure is effectively 

created which requires an alteration in the iterative procedure for the 

frame. Also, a redistribution of moments could be caused by creep which 

could change the order of formation of hinges or the collapse mechanism. 

Hence, the analysis would have to be flexibie enough to allow for 

variations in the order and location of hinge formation. 

For analysis, the plastic hinge may be approximated by 

imposing two C)nditions: (a) the moment is held constant at the 

ultimate moment for the particular axial force, and (b) the rotation 

of either arm Ls allowed to assume any value. 

Alth.:)ugh not incorporated into the fortran programs, an itera­

tive procedure was developed for analysis of the frame from formation 

of the first htnge at the upper right hand corner to formation of the 

second hinge. This method is described as follows: 

Upon formation of a plastic hinge at the upper right hand 

corner, an· ass·Jtnption is made for new reactions at the right base. 

Then, using th·~ element technique, the moments and deflected shape 

of the right column are calculated. If ultimate moment is not 
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obtained at the top of the column, the base reactions are changed, 

and the moments and displacements for each element are again 

calculated for these new conditions. These steps are repeated until 

the ultimate moment is reached at the top of the column. The moments 

and displacements are stored for each element. 

From equilibrium, the reactions and moment at the left base 

are computed. ~gain using the element technique and proceeding up 

the column and across the beam from left to right, the reactions, 

moment and coordinates at the right end of the beam are obtained. By 

this method, equilibrium at the right corner is obtained automatically 

but not geometric compatability. 

Based on a comparison between the x and y coordinates at 

the right end of the beam and top of the right column, the reactions 

and moment at the base of the right column are changed. Then the 

entire procedure is repeated until geometric compatability is obtained 

at the upper right corner. 

A similar procedure would be followed for the successive 

formation of other binges in the frame. 

The method proposed for the solution for the first hinge 

indicates a serious limitation. Since several different iterative 

stages are required, the amount of computer time required is increased 

greatly. Also, because the element procedure applies to specific 

structural conditions only, a different method for the frame iterations 

would have to be used for the development of each hinge. This is 

further complicated by the possibility that creep could cause a change 

in the order of hinge formation so that the method would have to be 

adaptable to various combinations. Despite the possibility of 



150 

introducing sante generalization, the procedure for extending the 

element method~· to collapse would involve specific stepwise 

progression through the formation of all the necessary hinges. 

Another problem associated with extending the element 

procedures to c.ollapse is the calculation of rotations after the 

formation of h:~nges. It might be possible to resolve this difficulty 

by developing noment-curvature curves up to collapse of the section. 

These would have to be obtained, at least to some degree, by testing 

using a loading system which could not store energy. These curves 

could be incorporated into the moment-curvature element method to 

provide a solu·:ion for short-term loads. 

The ~~lement methods could also incorporate a similar procedure 

as was used to analyze the frame up to collapse by the slope-deflection 

equations. This would involve considering each plastic hinge in turn 

as a real hing'~ and determining the increase in moments required to 

form the next hinge. This procedure would not account for the decrease 

in moment as t:1e concrete at the compression fibre started to fail. 

In C)nclusion, despite the limitations imposed by the amount 

of computer time required, and the difficulties in accounting for 

hinge behaviour, it is felt that the element methods could be extended 

to analyze the frames up to collapse. 

(3) Changes in Frame Geometry and Loading 

It is proposed to extend the element methods to analyze other 

structures. Provision for varying the section properties of the beam 

and columns independently would be advantageous. 

With the system of loading used, there was a significant 

increase in deflections for sustained loads, but negligible 
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redistribution of moments. It is felt that the influence of creep 

would be much more pronounced if axial forces, and hence secondary 

moments, were increased. This could be accomplished by adding 

axial loads to the columns. 

Very little change in the element methods would be required 

to incorporate these provisions. 

10.3. Test Ap~aratus and Procedures 

10.3.1. Introduction 

Large scale frames were used in order to minimize errors 

due to construction, dimensional tolerances, material properties, 

instrumentation and loading. The large size also eliminated the 

error which usu~lly accompanies the use of data from small scale tests 

to predict the )ehaviour of practical structures. 

10.3.2. Loadin~ Systems 

It wru5 found that the hydraulic jacks and load cells provided 

accurate control over loads for the short-term test. The spring 

systems used to provide sustained loads also performed well. The daily 

corrections required rarely exceeded 1% of the total load, so it was 

not necessary to include fluctuations in load in the analysis. 

10.3.3. Instrur~ntation 

The load cells, Demec points and dial gauges generally 

provided accurate results within the limitations discussed in Chapter 9. 

The pe:rformance of the column bases was the only unsatis­

factory aspect cf the tests which was not completely resolved. The 

intention to make the structure determinate by using strains in the 

steel bases to obtain moments and reactions seemed feasible, but 
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could not be realized in practice. Despite modifications to the bases, 

the rotation was still unacceptable. Hence, the measurement of reactions 

had to be abandoned in favour of added rigidity. An additional factor 

in this decision was the consistently poor precision of readings from 

the electric resistance strain gauges on the bases. Despite adequate 

surface preparation, the use of several adhesives, and installation 

by two different experienced men, neither useful results nor an 

explanation for the inconsistency could be determined. The stiffened 

steel bases provided adequate rotation resistance. 

10. 3. 4. Recomnwnded Changes in Testing 

UnlesE: bases could be developed which lvould allow determination 

of reactions wh:~le restricting rotation, it would be preferable to 

use channel sec;:ions for the column bases and weld these directly to 

the lower base ,,lates. 

As di.3cussed in Section 10.2. 2. 5., it would be advantageous 

to increase the axial loads on the columns considerably. This could 

be accomplished by applying point loads on the beam near the columns 

using a spreader, or by incorporating separate loading systems. 

10.4. Additional Recommendations for Further Research 

Along with the desirability of increasing the column loads, 

extending analyses to collapse, and improving the bases, a number of 

further investigations would be useful. 

The E,ffect of variations in relative s tiffnesses of the 

members could be studied. Also, the tests and analyses could be 

extended to other framed structures. 

Concerning the study of creep in general, a great deal more 

information is required on the effects of humidity, temperature, 
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concrete strength, section dimensions, percentage and location of 

reinforcement, ccnd the level of sustained load. Variations in creep 

due to these parameters would affect only the input for the moment 

curvature element method. Hence, it would be possible to study the 

effects of theS(! factors on frame behaviour '.vithout the necessity 

of performing complex tests on frames. 

10.5. Resume 

Methods were developed to analyze the short-term and 

sustained load behaviour of rectangular reinforced concrete portal 

frames subjected to sidesway and vertical loads. These procedures 

accounted for t1e effectt1 of base movements, secondary moments, 

variations in m~terial properties, shrinkage and creep. Based on 

the results of tests on large-scale frames, it was concluded that 

these s:implified "element" methods provided accurate analyses of 

the behaviour of the case studied. 

It was further concluded that the techniques used to 

analyse the particular frame studied in this investigation could be 

used as the basis for developing methods of analysis for more 

complex structures. Variations in creep, shrinkage, and material 

properties could be determined from tests on relatively simple 

specimen such cS prisms and cylinders. This data could be used with 

the methods of analysis to study the behaviour of various structures 

for short-term and sustained loading without the necessity of complex 

large-scale te~:ts. 
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I 1 t.t. 5040 140 InS 
I 

I 2 126 5490 170 170 I 

I 
I R2 ~ 7 3210 6 R I 

I 
' I 

14 1760 67 75 l 1 
J 
' 
? 'I ?H 44Q3 '•2 llfl 
' ,. 

i\VERACE STRENGTH .. £1 c- = f.£1c -n 

~fEJ\N DEVJATlftN = 

n 

I 1 -1 ') 
~Tr~mMD nEVlATWN =Vr. (f ·c - f c)·· 

n 
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t cylinder no. strength l psi) 

1 5060 

2 4980 

-.s::. 
u 
.s 

-

1000 cylinder no. I -o-
cylinder no. 2 -x--

theoreticol curve for f •c = 5000 psi 

0 0 1000 2000 

strain (microinches/inch) ,_ 

FIGURE A I Concrete stress -strain relationship 
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Nomenclature: The meanings of the important variables used in the 

programs are listed below. Those which do not appear here are defined 

by the context in which they are used. All dimensions are in inches, 

forces in kips, moments in inch-kips, rotations in radians and time 

in days. 

ASC, AST 

B 

BAX 

BEAM 

BMXCAL 

COL 

COM 

cs 

D 

DELP, DELV, DELM 

EPC 

ES 

FPC or CYL 

FY or SFY 

H 

p 

Area of steel in compression, tension 

Section width 

Applied bending moment at a section 

Beam length 

Calculated bending moment at a section 

Column length 

Compressive force in concrete 

Compressive force in steel 

Distance from extreme compression fibre to the 

level of the tension reinforcement 

Increments in reactions at the base of the 

loaded column 

Strain at the extreme compression fibre 

Modulus of elasticity of the reinforcing steel 

Concrete cylinder strength 

Steel yield strength 

Steel strain due to concrete shrinkage prior to 

loading 

Applied axial force 



PCAL 

PEEP (II,JJ) 

PHI(!) 

SLOER 

SSRR 

TC 

TCF 

THK 

TS 

Tl' T2 

UU (II, JJ) 

v 

X (I), Y (I) 

XERR, YERR 

XM (I) 

XMULT (I) 

XN, YN 

Subroutines: 

AFORCE 

AXSTR 

BASE 

CREEP 

CURVA 

STEEL 
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Calc1.tlated axial force 

Total creep and shrinkage on a particular section slice 

Curvature at a section 

Error in rotation at the base of the unloaded column 

Shrinkage strain during a time interval 

Tensile force in concrete 

Increase in concrete strength after loading 

Section depth 

Force in tension steel 

Times defining an increment of time under 

sustained load 

Total strain on a particular cross-section slice 

Applied shear force 

Coordinates of the centroid of a cross-section 

Errors in coordinates at the base of the unloaded 

column 

Applied moment at a section 

Applied moment capacity of a section 

Coordinates of the base of the unloaded column 

Internal force at a section 

Change in length of an element due to axial force 

Rotation and di.splacement of the wideflange 

column bases 

Creep and shrinkage during a time interval 

Moment-curvature relationship for a section 

Forces in reinforcing bars 



STRAIN 

TEN CO 

XBMX 
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Concrete stress-strain relationship for short-term 

loading 

Tensile force in concrete 

Internal bending moment at a section 



Bl. HmfENT-CURVJ\TURE TIELJ\TJ()NSI!IPS 

P'ROH DEHEC r.EADHJr,S 



lflO 

(. •·ava·.t:.hl-(v.-..Vt\it .. -.[ .\~L,\li ..... .::.r1ii':... t-.~.,; •. , ;.,t:. •• L.( i{Lnvla .. i.:i.S 
..., ll l...;, ,\~.:;;..,,·.ct...' l;i/,T C1~ut. .-.-:.>t.(I'I..;,, i~ ,:)Ya·a.·d.~T.<li.../\L..• 
l ~r-1"1.~;, I.;. ...,,u-..1.••·;\\.:IL ..;.lhid .. i•~ i .. ll•··· 
'- (.i_.,,•,t"i\i....J~i...,.-, .l.J l":,c;.a'l ;,;;;.. ,,~,.I.J,d.ivL:. l1. lrll..;J tJI<vvl~··•• 

l.d l'iL•~ .:d Ul• ., i r L •. ( j_ j ) 'X 1\l ( ',) ) 'X,<..::( L ;;I) 'AtC:d L:.; ) 'Yv l <.:: ::> l ' y \,..:: 1.::::; ) ' y...,.,;; ( .: ::.· 
l),,,((::;j) 

(va·H.U•~/.;d/i\.i. ,A.;· tA3 
cc;;.,;·,uh/ S2/.;;, 1 , !.l /, c 3 
i~f:.ALI (:;, l i FY, rt' C, ~~, Li, 1\:...C ',·,,) l, t::...- t f Hr-., ~•llr\ l•~r, 
.-d-< I T l ( u , -:. ) f 1 , F t' C , ..:. , IJt i.o. SC. , ;.\~ l , L.) , T r-1 ~~ , ..Jril~ l i'i f.. 
j-(f:.AU (:, 'j) .. ,,., 

,., H 1 I L l 0 ' .!. j l .. t j•, 

l d l.;;, fnc. .. -...·.~Lh ..Jr .51.-{/\i .• liM\.ti.JI.. Lvo.;t:..;:,, i'o L:> 1r•~ ••vl'io.i'-.~ vF L..'..Jn-' 

C ~Tt\uL.S. 
(. X L..1 ltk ul~r,_,,,(L Fl{v,-i Tlit. li~~l~·E Ffi.C.c .L'< l;;<.nL.5 
( YY 1~ ~li"nl ....... ;·,01 .. ;\Ti:.. l;~ ,-,li...•"';.;~T!\/\1 .. 
C X.i 1~ li-lt: ·r- ... -lHl (LvSLJT l,, liil.:. I•1SlL)L h\lL 
C L I :i l.ht. l1.mt.:: ·, ;Uhwt.h • 

lP.:.)Y::fY/t . .J 

( 

L)(.i j..., J::.l ' .. 
.--; l ;., v ( :.;, '.:, l '' ,, .i. ( .; ; ' Y ·-· .1. ( .; ) , ,\ ,, "· ( ..; ) t .i -.~ ~ ( .J > , "i-.;; ( .; ) , Y v,; ( '"' ) , r- ( .; J 

-'"" Cvhll .. ..;L 
Ci:.L( LLi,lL. (.;..,,·:i'.·.~.:.;;.Slu:; i•• !:>TL;.:.L vvl:. Tu ~)1-ii<lhi,/\;.;~. 

CALL. ~Td~L(..;;,_,i.!•FY'..;,~i·•l ;;"tt.Y::.Yl 
.:;, Ti;.-.;.-=;,....;.~>< ( ,,;;. l·t , .. ,.;.;( i 

( (J-.l•~UL,,lt. j._,....,_LC. ~T"[.::J:;;. li'i Cva·.CI<clt. 1./J~ fv. .;.;rird.-.~;~ui:.• 
Xnv..;:•=~ f ;:,:\/ ( < u>; i rtr... l- ( i\:;;. f +.-• .:;;\...) l 

.... .... 
( 

. l. ;\ L ~ .... Ltd i: il ... ..;, ' L. l_ .J T l \ ,\ 1· . ~ i. (. v; ..... i \ L T :;. v lJ l;. Tv ;; i lid I ;r, ;-\ lJ L..;..- ..;, l ... '- L. 

LIJ,; ~-li·;,\1:., ...,..;[ ,:;L._,~JL. ..,f· ./L\;\1 .. (L,.<VL:. Fl,,,;.', ZL.r-..v [v l;,v ,-,1(.,-;v...;;,,;.,l,, 

Ttil.;;. 1;.;. LiL . ..;.it~;d.< I·• Tr;l:. (_,.;;\li't.:lL :;.\,Ul\1;\LL.d fv lhL "-"··•t':',c..:J~..l'/t_ 
Fui.:C:.: 1~-o lilt: ::-.,· LLL 
E ( = t, • u L + ,;; :;, 
Lh)lJ: /.,·,Uv. ,/ L C 
u;..o .:..,v I:l,.·_ 
··~i-<1 Tt:.IGtlll 
l·.thL-Lt,;.j) ( lllt.L(J) ,.,..=.~.,j_;;) 

.d·U IL(Uti·t) ( i 1 L::.(J) ,.;::j_,.;...:.) 

L)V L'...;v .J=lt.; 
C •·iE11v .::.Tn./,L• '--'--"''i,d.,;\TL;.) i-.._.~-; t_,:,(._r·i L..:. •• t:. 

r<[,\:...o< ~- ,4,, l Y r 1 ,,:,{.:. ,yy .J'L 
if Tn:i<c. ,.,-.~ ,,,_. ht.,\vl:,LJ' r-'ul LL..•"v V/,Lvl _i,--,~lu ... ..; ~Tt'\i\1 .• 

J 1- ( Y l l • l 1 • l. • .. ) <.n.J lv j_.) -, 

y y ~;;: ( )' 'J' j- i'-' ;) ( .J I ) ·i:· ,i_ -' e 

YYL=lYY~-r~.,~,(.JI )*l..J• 
YYl=(YYi-Y-.~1(..;1 }*ive 
Xl=X/-:l(J) 
X2=X/./..(J} 
Xj-=,-;i~;; ( J l 
Y l ;:; '( Y l >.;. :;,_ • ·-' L - ~ 6 
Y£=YY;~-;~-j •'~L-··-6 

y j :;: y y .J .;. .l. • '- L - ~ (:, 

~L~~~:(f~-Y!)/ i/.~-XlJ 

l F ( ...,l.--. i,; t.: • i:. ·~ • " • ., ) \.) v f 'J l :; -· 
::_ ~ (.;. ( ~· L vh ... ;; A i. l ·-'I l- u::.; G 

\ 



c 
XbAR=Xl-(Yl/~~OPE)-(OOG/SLUPE) 
CHEC"' L H~EI\1·{1 I Y OF S H~A li~ CUt<Vt.. 
F~N=Y3-(~LvPE*X3)+lS~OPE*Xl)-Yl 
AX= 1. 31:-i~t:-' .. d 
dX=l.32o7i:.-tuo 
CX=I.J• :;::hi7c+u5 
UX=l.43J4[+u:; 
EX=3• ./854 
Bl=SX/4. 
Q2=(~3.*bX*AX-CXl/3. 
D3=C~•*AX*AX*~X+2e*AX*CX+UX)/i• 
84=-AX*UX+(X-AX*AX*AX*UX-~X*AX~(~ 
Al=Ul*C4.1?•) 
f\2=b2~H3.14.) 
A3=1U*t~.l;,.) 
GO TO 8v0 

137 WRIT~l6tlj~)L 
l.~d F0ho·,,.\T(l..-Xd..,ll;~() l"\t.ACJt;-.(;t/5Xd~t1 vi•i .. t\,Jt:. L(Jo-.i:: I~Vet}j) 

Gv TC 2uv 
bvv X'•::;;. TH ...... -IJ 

Y4=(~L0Pl~X4l-(~L0PC*Xil+il 
Y44=-Ylt 
u,LL ~IL[L{t~·C•fYt'Y44tLi>~Y) 
C.>=-F ~)( '.t ,,~Jv<·l.Ji'i'-} . .-.~l 
Y~=(~LO~L*~Jl-(~L0~E*Xll+Yl 
CAL-L ~Tt:!:.L(t-:,ltFYtY5t[P~Yl 
T ~ = r ;iT .;~A~~ T- ..;I. it'<* i\.., T 
IF(LPC.Gt•~•:GU Tu tiv2 

(..J,•.=-v. v 
tl~J TO Sv 1 

8"' 2 C C ,., =- d -1( ( P I t-.. i: . f:Y C ) ) * ( X .;; /u;, I ~ !J ( ) ·;< I F h .. I 4 • '• ) , 
x:-,0.; ( I';.;LY I Li-'( l /P>..: .... t:. \ ;,:: . .)() l '-l- ( y, ... ,,:,ld·< l 

o~l Cti••TI;.UL 
C ;,L L lt.:; <C ,,: ( .:.; .... vP E , T Hr-~ , E i-'C , v u~ t i'. 1. /\•< ' t: t f ( ',-.r: ···' F 1-'C ) 

fJ:.: i...~+(v.·.+ 1 ,)+ I C 
lfL ... !J:......u·_.v .... ) Cv lO clv 
P1:l =i:..PC(X:...,,\;.: 
(;,{.; hi u 12 
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;:-; 1 G ;:.·Ill ::: S L 0 PL. 
c.i2 (..;;.Tli•I.;L 

)\,·, .._;,., ~~- C \.;• • -.<- ( ( T H ''I 2 • ) - ( X l';/\ . .; -X, .. • J l l - ( C.~: ..... T" l ._.. ( ( T n•-.. I 2 • l- ( T r;;,- ..... ) ) t -~ ... -h· ( . '" 

l+Xu~.,:- ( ·1 thl ~.)) 
~-; ,.: 1 IE ( 6 ' 1 ·~ l L 'Xi··. 0.·i 'H! 1 ' X~- I II\' 1--' ' y y l 'y y;:: ' '( '( j 

lv F.;n;,.,-,J'(l/.to•i Lv.- ,.u.,l~'L'-tOli .. ~-. .... lt.••j=,fl.,).lt..lAt4t:i:.-,,,,;,"i ·._uo·,v.=! 
11 ~·. 3 , 1 ...... , 'J, ~ , , • ;\ x 1 ;;; = • t- 1"". ;,. , .:. t·• l ~"•, 1 ;-, , ':1 ·-, ,, ;, • r: v :<c.= , r- 1 u. 1 , .:; :-1 ~ r , .. "r.. , ..: 
27.J) 
G~ !0 2vl. 

1 J"" .-: :d T£:. '6 d ~J ) 

16 f 0o·~.-./d (1;; t .l. .... :-I~Lvf.'L. Lt:.l<:'...i) 

~ r ~~P 
l r Jl.;, ·• A T ( (; f :~ • ;, , t.:. 1 ~ • ~ , F- (; • j ' ;,:. .1. i. • .:. l 
L r: ,,ll'k. ;, I ( l )", ' .,;. i i r y ' r-· u • j ' !t n ' ,~ !... ' I u • .;;. ' £. ti ~ ... ' I v • j ' ~ I i L) , t- u • _., ' ..,. :·1 I '-"· H l• • ' ~ 
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14H A:)T,r·t:J.:;,:;ti E~tl::l~.:·h<tra TfH,,f"6.3t71i ~~Ht'(li'l"'t.::l2•j) 
1~ Fv.-~ .. .;,T(lX,l':iri l'iUe vf GAuu ... Lvr'lt.·~·L''~-'ti i .. u. vF i-VhV !,,(,..;l:..-·lt:.r,T;;J,l..::.l 

3 f(;;~;.,,.\ T ( 2 I 3 )_ / -~ 
4 Fo;.,:_.,;,TluFlv·~tl3l ~.., 

ll Fvk·it\l! lXtllli LeAD SiAGt:t12/l) 
13 f ~.-\,-,,\ T t 131\6) 
14 f u,.;:,.,;\ T ( l X t .i.; h•.) ) 

4v c-· ~.-\.·•i\ f ( :; f 1 ... • l ' I 5 ) 
c i~i.l 
F Ui~C T lui~ PvL Y ( l ) 
C0.-1:-iCrdSl/Al, f\2 ,A3 
P0LY=Al*L**4+A2*Z**3+A3*l**2 
!xETUi<N 
EI~U 
fiJ,~( lllH\ t-=v, ... ~ ( L) 
co .. ;, :or~/ !.>2/:.5 1, IJ2, LJ 
P~"(;cl~L**i+u2•Z•*L+u)•L 
f(ETur..:;~ 

Ei~~ 
;)Lui,.., .... T l.·.c T t.:.iKv < ~L~.H'E, 1 ii· ..... , tYC t-~)vi.J, AbA:<' o, Tc, hi,.-,' F~C l 

C Tid-.J :.:.\..ilji\vvllr~i:: ;,:,;;..u,·r[~ (., • .,,(i'~t.:.l'E Tl:··•~.dvr~ :.>T~.;:L:,:);;.-.STi~,_d,; (J,...:·Iic 
\.. f.,;i..L.V~.~; ··ill\•''"''" 1•-i\GE ·..:f rn;,j f.,..K I....V•·•PI\t.).:d0;~ 01-' Tv 1::;-. .-.r:./lt~. 

(L.r· .. ·i..:r.l :..i2/ u l ';;2 'S j 
b T,.,.;,_,::; t.P( ~:;;L.ui.Jl>" Tt-1 .... 

~ T ~~,' .. = l :.:"' • \ ... L-- -: 6 
In· ... ;, j;_;,::l_.o\.,;{J-;_, rt-;l,li 

EX.::.~ T l.:/~~··1 ~L...;I; E 
If. ( L3 f..,:::_. • (. T • .. ;. ;.._ T.::. i GO T u 2 .... v 
hh.-.~~ ..... -:: l..X/3 • 
·1 C == r~ -;; { ~) i ~--.. t: < ..... l i~ ,\ ·:; l l -;;- ( (.X I~ j,,;:\ .• l * ( F t'( I..,. • "+ l 

GO T0 lvl> 
2 ;..i.i l r ( i.;; T .• ~ • G I •"' • v) '.H; Tv J\.1..; 

t: X= T H r:-..-k~ ;, i,: 
H..:· ,:: • .iuG-::..' T. :~ 
A • ...: .. = v • & 6 ·r:• < L 1 ~ ... - x ~ H\ :' , 
lC.:;;t:,:l(Pl"'i:.(l'\~-'''·1 ){<CLX/r<v.·;lw(l-f--'(/4~4) 

:)vv ;,r.;;.,;:;,_;.;.; 
TC= ... v 

·1· .... ·..., c.:.:;Tii,Ut::. 
i~E T lJt·:1, 
t:lu 
.Sui.;l..-.:..,...;TI:,t: :j ELL(f ..... ,FY,[i'~tLPYl 
F :.>=FY >:· ( t { ...:.i-' .. r·:::iJY l -/\[)~) ( d'·f-LP..; l l I ( 2 •*t.PY l) 

i't. T.J:-~;.; 
t: ,· ~ o.J 

F..,._( ll '.ii~ i) 1 ,, L ( L l 
C· .............. ,-~/.:..<"~I ;i l 'u2 ':.) 3 
P l .... L:.:: .~ l ·:t· i -;~-.~· -t .,. w 2 ·:~ Z ..;~ .;i j -f'"tJ ~~~·I. ·~;-it i. 
:·,, ..... , ./ ,. ,, r. 1 .... n-:. ,·; 
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<: ,.,v···Ei·d ClJI,VA 'U!\E lh\.:Lvvli~~..~ i~XI~\L fv,,<..t. P. 
( lT 1~ A.J~U&"•L•i f!lhl The;. L~'..Jt. li'iv.:;,.;;-~i..:.Lilvi~ IS ..:JY.•o&•,t;.TrdLJH .. e 

C .3titil;~" l.;:, .;;,,Hdzu;.J,\.it. ~T.,, .. ,, ... 

<: 

( 

~: 
... .. 
1:: 
~~ 

lU 

CO.·l;·avr4/ ~ l/1-\1 ~• A2 '1-..'J 
cv.\ii·ivi'-f/52/ u 1 , b2, uJ 
D l•·itl'~;;, 1 ON !Jri .l ( ~l..v) t X•'-tOi·H 3...,..,) 't..\Pi..i C Jo...v) 
REA;) ( .:J '1) F Y 'FPC t 1J 'Li 'A.;;(.';,~) I t C:.J' T ii., t ~Ha-< ltir-.. · 
~•i-< I 1 t.. ( (), i l I· Y tFPC.t~ tD, .<\~C t i>.;; l •t.;;, flil'. t ;;;,H,{ H-." ._J/ 
C.P.t>Y=rY/C.) 
CALCvL-Alt. (..,r.Pt(t.~!:»l~•-t 1,,. .;;TLLL- t)..,c; fU :;,ruda~t<.Aut: 
C. ALL ~I t.~L ( .;;,•Nh F Y '.;;,riK l•c" u:.P.;; Y) 
STAk=.;;0~*(A.;;I+A~C) 
<.1\t...CvLATt. Tt.,~.:>IL.l .Jli-<ES~ li'i C~.".CrttTL. vvt. T-.~ .St1r<la~ot-..Aut:. 
X~~0~~5TAK/(tb*1HK)-(A~l+A~C)) 
~. 10: I T E ( 6 t l U ) ~ I Ar\, >l..•.viJ&Ii 
f Ul<\.•;i\ T ( ! X t.4ri J t Ah, l:. J. 2 • 3 • 4n.·.vvrc • 1.. J.l. • .i ) 
(i\Llvt...ATl. iL,.;;lL.t:. ..>Ti-.,\b-6 l•i <;~.-tCa<t:.Tt.. uuL T-..1 ~tlldr-.r..Avt.-- .;.i:!'-t. 
L~•~ .;llt~id•'i• .,.;;L;: ~a...~r'L vf ..-lt</dro (.o,iJ"<Y't:. fi\v••• v f-.~ 1\.iv •·•ll.•o;...,~'l''·'d'-.. 
Tril .... I~ l1i~ ... I;·Udt'-1 1•-. H1t. ~.Jhl.&-;.L::T.:. i;;.\.1/,.dll/\l..t:.i~r l'u Ttit:: Cv•··t··,,:;,...,..::di!L 

FOkCl 1~ lht ~TEtL. 
EC=4• ~;[+~:3 
I.)OG:X,,,ov:'i/ t. C 
~·~ i~ I T E ( G ' l 7 l iJ .JG 

17 FvHni\1 <1Xt31i;~(.Jttlt2.3) 
.: ll Lki-\ IL P • 

P=v• 
•.._ 'llt.K;.d~ ;;.T,,;dr; lr, ('.i•·•i-'•\L.i.;;,lv•• r{pi'\L vvo~h fl~;::;,., ;.JeUi:.de 

, . .. 
:;;.,v cYC:=v • vv:, 

ITCH=l 
A:.>~.J,:,[ /\ V/\L.vE Fi.lf~ T_riE hEvh<Al 1\Xl:::..• 
DO 34u ll=ltl"--J 
JJ-=II-1 
i.1 .X= v. 3 j J * T ri·"' 

~v~"' (ui·.lli~VL 
vO ;,lv .J=lt ... vv 
SLvt->C=E.f.JC/vX 
t:.t-'L=LPC-LiuG 
IflSLuPE.C~·~·l ~U Tv l~J 
XBA~=~X-UCG/~LJ~E 

AX=1.3l~~l-vj 

UX=l • .>2d1L+"-'b 
lX~i. :;j·.,.·tc+v;;; 

ux=i·'•jJ4L.+v;; 
t.X=3· to;;4 
bl=LiXI't• 
U2;(-j.*bX*AX-CX)/j. 
uJ:(J.*AX*AX*GX+2e*AX*CX+vXl/l.e 
ti4 =--1\X *uX+C..J< -Ai\*AX*i\X*UX-ioX *1\X*CX 
A 1 =.i 1 -~:- v. d 
A2=d-'~''-'• -,s 
1\-'=oj* ( i: .I:; •) 
X'+= 1 Hr,-Li 
Y44=L~C~((u~-X4)/UX) 

YY4= Y4L•-i.JOG 
u~ L L ~ l ;-.1,\ i d I F C. Li r; ' Y Y 4 t u l t o ;: t IJ :; ' tA ) 



CALL ~T~LL(f~C,fY,Y44,tP~Y) 
C.:>•ASC * ( -F ~(. + F C(.no-~U•··) 
lf(uX.LieX4) C~=~~~*(-f~t-~~H) 
.Y~=~PC*llO-~X)/~X) 

vv~Y5+uvG 

YYY=Y~-::JOG 
CALL ST,,;\liHFCOihYYtultti2to::5t.,4) 
lf(YYeGT.~.v~vl~) FC0N=~.v 

CALL ~TLLLl~~T,FYtY~,i~~Y) 

T~=A~T*CF~T-~u~+FC~~J 
lf(vXeLT.~) l~=A~T*Cf~l-~w~) 
lf(YYY.~L·~~~Y) ~U T~ ~~v 

GO TO 2u1 
~~U TS=haT*(f~T+fCON) 

lF(UXeLT.~J l~=A~l*F~T 
201 CONT 1 i~ld:: 

lf(XUAKeGl.TH~) ~G TU 5~~ 
IF CXbAI<.GT. ( Ht~/2.)) (,\J T..J 4...- ... 
GO 10 4l\..o 

4vv Eh•du;;;i:.Y(-;;·(.Xt,..i\b;-li·th/~. }/l.u;,,-. 

165 

Cva•i==-u* ( t' i ~L ( [t'L) -r' I •'-L ( Lt'n lv) l x ( Xul\1'\/ LP'-) .,.. ( F~L/4 • 4) 

A.-.r~Cv=-bo~:(i-lf..t:Ctl-'.·ilvl l*(Ati.nhh.YL..>·~(ft.i(/4.4>. 
Xi•:v= ( ( PvL. Y ( c t'L) -Pvi...:Y ( Et-·,•d ..i)) I CPv~t;; (I:. h ... ) -i•vi'-.1:. ( ::.:.1-'•·.lli) ) ) * ( i,\Ji\1"/::.t'L) 

Ai-...:TX= h)uLY ( t. h•.I ()) /Pvt-.t ( LP.·d i.J)) ~ C XGM\/c.;.PL.) 
GO TO 42.v 

4lv C~···=-u·~·ii·'I . .;.L (i:.l-'L) )·::·(XaAs~/U)L)w(f~i../4.4) 
M.;T I lu=...,. ;.; 
A;·~TX=v. v 

,,20 coi~iir,uL 
.>\,••v"" ( i)l;L Y ( (1- l..) n'v;·,£ ( t.YL)) ;:. ( ;(bi\iU[i-'L l 
c A L. L T l:: t K;,; ( ~' "''-' i J E ~ ., H ,, , tY ( ' J .._; v , X L,;. ;\ ,, ' u ' T l ' ;\I'"' , F h.: ) 
CII[(K:::.(:;,-t(U;-..t· l' ~+ TC-P 
lf(i\u.:.J(\..Hl(r •. ).L[.~,;ell vU .fJ j-. .... 

ul:.LvX=v.vl 
:; lv uX=-.•X ii ( 1. v+L•cL0X >;Uit:(~) 

lllH= 1 I U-1+ l 
IF (l T (:tH (J T. ~ ) ui.J T Li ;;;. .i j 
lf(~U~lCriE\..~.).GL.v.3) uU TU 313 
J F ( At5~:d (;-;[(r .. l • uL • v .1) uU I 0 1.. i.Jv-.~ 

3v0 PHI<lll=Ei.;C/JX 
t:XI-'i .. li I I ) =?i I J ( I 1 ) 
X;•i(),..( I I j::-·(;,,.•, 1<( ( lj-j.,/i. j-(Abi\t'(,-.i\,·.U) )-((~-'f.;,;}~~' i Tdl•-/e...) 

1-( lt'l.-..-~..~l )+IC->~(J,i<h+X:.:J;..,.~-(!:t;·,/.i.• l )+,...oil(...,...-( Cl:,r-../L.e l-ht~l/..) 
.-. r< 1 I L ( (n l ~ ) ~~,.,..,.. .. .( .I i } t f-'1 I l I i • l t i-' •:.. t 1!.:. -...t. 
~•kl ii:.(G,Y'JJ. (..Xt.::~Lvt'l:tlrLtAt;,;..t•:•tAtYit'-ttFCvl'ltFSCtC.:>t'f.'-j 
··~hI TL ( 6 '':1':1':1 I l y 'F...) r' I:;;,' :;;,~;,.,1 u t(v.-.,}\t'tl 1 Cv tXi•ovt/;i. r X' rc thr\.··· 

l)f.J9 FOI<;.,AT ( 1Xtlui .. l:..;.6) 
~·il<t I T.E l 6, 1 'i > cP( 

19 fUI-t;·,i\1 (lXt:.~ili;YLti:.l,.!.) 
!l.i fuf'\,.;t\l(ll.tfri .·~v .... t.hitFl2·~':;,ii !.~~-r:...t;J,\tlvt1 (u;{i//,lvl\~tL ... ..:..~,:;d(s,,,..,) 

11 ~~~ M.X l /,L r· "''ll. t r l £: •-_. ':.11 1'-rlO.:.\..h 'i: .i..v • ~) 
(;v Tv 14v 

1 3..; -li I< 1 T [. ( 6 , l o l 
16 FU;"··iAI (lXtl"II"'L.;.il-'£ LLI\V) 



1 ••;; C Q ;-.; 1 I ! ~ l , L 
tP ~ =-u :c 

C. P ( '-' L P ( - (, • ;__; '-' 'v l 
1 F ( L t' L • l T • :;_, • •.d.: - "'it • ' \ ~~ U • i..I.J.:;. • -.J l • .i • ..., L. - 'v ~t ) L I; ( = i... ~' t.- U • v (.; \ J v .i. 

l r: (L FI... eLI . • '- • ._ ) .:..~~ 'iv ,jj_.._, 

J,r=.J.J...,.l 
Gv Tv j£:._. 

j l J ,., r< 1 l L ( 6 ' ,; l ) 
21 h,,.;\, . .;;.T ( l )I i , ,...., (,.,.;\1[1\~[ •. C:..) 

~, .... J ~.;i\ lit. ( !.n i 2 ) 
.!. 2. t· v .-<' II\ 'l ( l ~ ' i ;._ L.t\ i-\ • i..i ! • T l'i 1''-. ) 

32.\.- (.,j,.j li 'H..iL 

fJ;;;fJ-.i•~· 

1 F l t' • u L • ( - ~ ~ • J l 
SiOP 

1 f vi~ .. ,\ T ( 0 F t:.. 3 'c. 12. :., , F (, • J t '- i ~ •.; l 
2 f- vj-; ,-,;\1 ( L'\, _,j, ~) d - f. j ,t, d Fr~l ,t - ....,._:,,~:i ._,,r--,a .:J t ? rt ._) ,f- i:Je.:· ,·.r : ,;_,;._ '' u e .) t 

1 .... 1 1 ,-, ~ 1 • f · -. . • .:; , ~· r 1 L ::. - • t 1 .: • _) , '• , 1 ·1 , ; •.• , r 0 • J , r, i , , ; 11, 1 ; ·;,, , t.: 1 i. • -~ l 
3 Fc; ;.: • . AT id ..) ) 
4 f ~i--\,-,;-, I t l)F l , . • .; , ! .:J} 

t:; ·~l.i 
r: uti( f l,>. t' -.,L Y I L ) 
ct:. : :, .u ;;; s 11 ,-, 1, ;\ I., /d 
r; Vl .. Y::. ;':,. 1-;; L. · ;~;. ·~-~ + I\ 2 -,. L * -~~- j i - /\ j ..;.~ L ·::- -:~ ~-

1\[ T l.i•-...i ·~ 

c: i\i:; 
f- v t;l l I Ci·• p._,,. E ( '-- l 
c 0-·····'-' hI...; i. I L; j , 'lJ ;._: ' :__;,;, 
J.; v ,., L = t) l . -~~- L · .. :- ,;- .-:, + b 2 ~~- L ~- - ;~- L + w j -;;.~ i 

1,[ -i-. .. il''' 
t i\U 
~..i v l ) .\ \ .# ;.,J r I j ·-~ t~ 'J L ..... c v ( ~) L -~ r·' ~: ' T n ~ .. ' L , .. (_ tt ~; .. .- v ' A t.l / ·, i ... ' L.J ' 1 c·' ;: ~. j'\ . . • ' i- ~ ~ ) 

C 1 iil ... J ~)Ut.~ ,,~, ~ .., t li -~ C. r\ ~---; l ) • · ·L :~ ,_v,~C..·-<~ I C. ::;. I;\ [ ... : .. ; - _, i'l\r·-. 1 : ·. c~ ... . ~,.JL:. 
( fv,·~ i'tl ·* .: - ~ }- .... ., _! 4 l ... J _..::._ t· . l hh .J,, 1,,;-t vl.. , ,j'= l ri i,l j~- Vi'\ .:_(_.,-,; · i'. '- ···_; ...;lv·l 4 

( U I·' 1 ~- 1\ .;) -i , ·U ·. 1 i' v f "' • ... .- ,; ~ :; 
\.. ~) • ·. i · 1 (n" / .:: ~ / ,_; i. ' u '~ ' U J 

1 .. . ._: ...., . 

t · 1 •.. 0 "' L P ( - ~ .. L '" , .~ L ::-r 11" 

' ' ;\ ,, I :.> = L) \.j G ·- _ _., I :'II :. 
t: X = :, l l.: ;\ .. I ::: L " i ' C 
I r ( d 1 ,.,.:;, . \; I ... ,.:, :d..: l (i ~.,, T \ .. ; 2 ~ ... • 

;.\ [ ~. -· ~ = 2 • ..; -;~- t= X I :;, • 
·1 ( = t; -;: t fi i ·'- L ( .:;, I h ,,., , i ) ,;- { L f, I;;;. I ;'; "" I -~ ( r:: 1--' '-/ 4 •-. l 

Gv I G lv '-• 

i F I ~, I , ·, .:;, • G I • ~ • ) l J '-' i •.) j v v 
i_l, = l i-i .', - X;_;.;\ i< 
i\ i,;;· _" L; ~G- L'. I ··• ...:· 
,\,.:. ," v. 66 6(• ,-,:, < -,; 1 >, - ;c~;, ; , > 

T (_ "' :; -,; ( ~ l :: .. L ( • \ '-' . 'I l l ;; ( L ,;..; I ,., '-': .• i ,, ' t-· t) i... I ,., • it ) 

'-1'-; T0 1._. ...; 
j \..J ~, ~-···• ·- · · ·:;: v. 

l c:;. 1 .1. 
l ._ .. v (. iv . ' I 1 I ·. v L 



ld.:T .. m r ~ 

£ l:iJ 
:,;, ; .. J:.) ,\ (), _; l I;' L ..> I t. L L t :- - ' 'f- Y 'L. i; ~ ' ;:_ r) Y ) · 
f ~"" r: 'r' ,, ( ( ( LY...., ·t urr l -;' [~ ;_, i L t-' l - Lr"' ... ) ) / ' ~~ • ·;,· ~~ ,... y , } 

I<ETui~i l 

ti\C 
F:... : ~l.Tiu .• Pl ,,,_it..l 
(.(j,, , • . v· ··/..;..:/..;:~ ,;..;;:: 'u:; 
~ It, i: ~ u 1 "' ,:: ;: ·;; 't .... L.;.: :: L ..• ., .. j 1· LJ j ;; L ;;. -;i ~ 

1..:[ TUl\:~ 
E:~u 

;;,ud:~v..;l 1.~c _, 1 i-;/1 1 ;~ t 1',", t::.l, ... .: , ... u, b4 l 
Y=4.*bl~X*Q~+j.~~~*X*X+ie~cj ~ X~u4 

R t-.. T ~ .. :{: ; · ~ 

t. ,\ • .J 

Ci.J luT ' . .t/!V0 
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B3. STRATN DiftTRtUUTION FP.m! DF.!-!EC READINf$ 



,­... 
( 

c 

Hi9 

L.E;<"-:S h~-\r. I."I l -~;.,_L ~:.a - .;._( ,,-.;.;,,., .l, ·~~~· 

. Xl tX2tX_;, ;\ !-<L . G.-\i,;(,[ Lv(;\! ! ..... ;·.:, f',-.J .·, l ·-.5l!.il. t<~Ct:• 

(U , •Il·';·d~ .:,.::·l vn l;;: 1'0.:.> l T! Vi;;, 
. u 1 , .• Ed;:; i 1.-' • L 2: j \ 1,; ~ ( j ._, ) • it;:,..; iJ&: i j v : ' .:.. £ ,.; ,; ;. ' j v ) ' A j_ ( :; v ) ' ·" t. ( .. ~-5' ( ;;; ~ ) ' 
1 Y l ( :h• i ' 'f C: ( _; ...> l 9 Y ,j ( j v i ' Y l r;,>;i-. \ j '-' j t '( .'>L. o\ t\ ( :) ;,J ) t T I T Lt.: { .l. v ) ; ~ I .~ ~ ( .:; ~ ) t 

2 ;> l10: ! ( i " l , ::; i" i ' i ( ::."J l t ..- T 1.: :_, ( j J J ' ~d a•: '"' ( ::> ..;. ) 
~ -~f.:;\t) (:;, l) i ·. <..) ~\(Jf 'r:L\ji•l) 
JU l\.i 1=-J,; ··!\..lA(~;:: 
kt.:i\~( :;,/lZ.t.:hJl( I) .ZLt\02( I) ,.~:L'"-•3( I l ,;d( 1) tX2<·I) ,;..:_.( 1 l 

l ~ ... J f< 1 T [ ( 6 , .:~ ) L ~ ,, v 1 ( I ) , Z i~ ;< v ~ { I ) ' ~~ r~ ·' v j ( l ) ' A l { ! ) ' X 2 { I ) ' A~ ( l ) 
•.10 lw..., 1 I ::.1, , ·.l.U : \~' 

i,:;.;\L) ( ;) , 6 ){ l i i L::: ( ..i lt.;:: 1 t :1--' l 
•; i-<. 1 r i. t 6 , '7 l ( i ! I L E ( .J ) t "' = t , 1 J ) 

Ht.i\~( ::,.,))! t ll (I l ,Y2t i) ,y::;! i ~ l, !=1 ''~lu\(,l:) 
;.>0 2u i = 1 , ; · ;·..;,~. c c:. 

.S i .~ i. ( I l =' ( ,: ,: •< ~ l ( ! l - Y 1 \ I l l ·~· l . ..; • 
ST • .:;~( I ):.:..U.L i·,Ji( I)-'(;,;'{ l) P · l·.-. 
~~ r i·! 3 I l ) .:: ( t_ ;~~ •-< G 3 ! I ) - Y J ( I l i ;:- .i i.. • 
iF(I~r~l(ll-~T~~~lli.~T.~•Jl ~v r~ ~0 
;:_, Lvt-: t_:;: (.:.lo,~{ l )-;;;.h, .[(! l )/(,\..::( l l-t~i.( i l) 
S ii<v( r i;',.)it-:A ( 1 )-X.d 1 ) ·i<-~~l.-...I " L 

~ Ti·:Lt \ 1 > ~=s L< .•. < l l +G. ·i:- s~..;:.;h: 
Y 3 E;, i~ ( I ) ~ ~' l : : ·:; l ! l - -::.' I i( J ( I ) - i'. 3 ( 1 l "".~ Lv ? L 

Y lt-.F: f~ (I) =v • ., 
GO TO 2 ~· 

3;,; ;:;:. L ,_;;J E = I ;;: T i-. ,~ l I l -.::. T i-.: 5 ( l i l I ( l~ l.' C l l - i\ 3 C 1 ) l 
~-) T l< ..... ' I ) = : ~. i I L ( 1 ) - X 3 i l ) ·< ) L.. 0 r' l; 
~ I i.: 4 C l l = ~ i ; ~ ~ i 1 ! + ~ • ><-.)I.. v <-' '-
y ll i~ I\ ( 1 } ~: ~) i I •; l ( r ) - ~' l ~-~ '•i ( l ) - /'. l ( i ) ·;,• :_, l.. V tJ L. 

Y?,[i;!·:( I l= . ·.,• ~ 

2 0 C C :"~ T I :·H; E 
1'1 r-~ I T L ( 6 ! t, l 
·~ i ·~ I I t: ( 6 ' ;.; ) ( ( l ' ~· l :-\ iJ ( ! l • s T ~~ i; ( I ) ' '( 1 ~.,.;I' ( l ) , ,, j t:: 1\ ,, ! I ) ) ' I :: l. ; •. , -.: .••.\.; L ) 

l U u C...ll1 T I ; ~ J :: 
s l ( JI.J 

1 F 01·.:.-.• A T ( ? I 3 l 
2 F ..;i~. ;l\ l I b r: l v. j l 
3 F u i·;, Jo. T ( ;:. F 1 •.: • .;, l 
4 f.._. h , ·; ,\ T c .l. ~~ , i 1 : i .-.) ..; ( r l vi ·• .; '-' • ; -' x , 1 Jr.:., i .-<. /. ! , .. 1 , ~ s I ;_.c. , ::; x , i L;; 1.;; 11~ 1\ i i, ..., ._, T::; I ;; c. ' 

l j A ' 1 :J t t l) i I· t-' L ; :; :.: i'l ( [ ~) -- y 1 ~ l ·.,/~ t 1-: II '( ,: i 
~ r ~· , < ,. ~ /\ T ' ~-.: x , I ~ • 1 1 ~·~ , ;: 1 ....• ::... , ., A , F .i ·.; • ;; , ~~A , F ! ·...., • ,,. , v x , r- 1. :...; • ~ l 

6 f~)H i·. i, 1 i i.J,\ U) 

..J'v49 
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<: tli-<..,r ~:.l/;~~i- ,-.~\)"i<\f.:: f..1i" S .,~LL. :.:.o..b·.~: .. T ~'"'L'-'Tl...,., fv•< ~v .. (i,,:T..:. i-:\t\•'•1.:. 

( lt1I"" Vt::h::ihJ·• :-.. ~ ... lJl"t:~ L'-';\;.·.S ;\.~.J ,,l~hLil~·~,:; Tl..i >-•t. j;.ri.iT F ... ·:..· 
/_~/ 

( .t_i,(lt 1-i.J,.LJ lo.•_l~._: •.. ~;.l • .._.,_, 
( i1Lv.\l.J I~-, i\V••!Jl:~.< vr L;....'\.i.) J.-.(.·;Lo-...... r~. 
~~ r't<v~:,,·\, .. f .... , · ........ L;.l (.Jr\VAJ.. ... ,u: .d1H ,·,Alr'.L f..,,,(r.• 
C L.:..J l;;J ~lt.t.~ .. '.,_.,.,[.,i .. ;r .. f;·.t:,..r 1,,,. 
c ;,;:,1 j.;, i'..diol... i\r.:f..,, vr .Jft.t:.l..• 

<. "'c. 1.:> u· f o.:.l i i v ·~ ;\'" 1.. ;\ ,.~;: ~- ~'""·;·; .... L:. • 
( ttc;;-! I~ I,PPLI:;.J rivhllvo·:TAL lv•,,.t• 
( VEkl J;\ .;t.:.t .. LlciJ VL>i.Ti(./,L. '-·".1,\&.J• 
( t-> f,,H) V i~t;:.·~··' },·, ;,tq: ;;.1\!::>c. ,,E;,(.Ilvoi..:~· i·..;.,.JllvL l:. '' r<l..:.:.H 1-i,·,,_ 
C ;,;,-(TtiuG ... ·:•.,,L. C.~-.;,..:.;:l;.iiT:: SY~TLi·.• 

u I,.,[,~~! v:li X\ l"' ... ) t Y ( 1..., .... ) ,!-'hI l J ~ . ..; ) , "'·· \ 1•_, \....) , ,-; ( 1 •:.,) , l nE.! h ( 1 v ~ l , . '·,...,I l \-
1 ) , ..., p; G \ 1 ... .- l , Ld l v ,, ) , C 0..; F t ~ ,, ..,. l 

c .. 

D!ht.o·.~r-... •• :\.C.I~vi<llv..,;) 7-Jtii::-..._,,,, 1-..,v) ~ i(,,{ 1-... ....,) ,,..,.,...,L.i l 1 ... \,) 
i<O:•\U l;;., t "J'-' 'i) •~:_vJ,L) 

f t;i~;.,;\ T ( I 3 ) 
i\ E 1\L.H ::, , d l .: C ' :: ~' ' ;... ~) T , ~-.. C . 
SLo...;rJ !~, ~:u ... +·i:. AT t<;!:·o'f v 

SL I r l S ~JL•,;t' i .. ;, T I·'·.J r.,i T :• 
~~ t::; \I) ( ~ ' 1 ) I. ~ I. • \ L ' ( v L ~ '.: t:. i\ i'• 

1 f\,,,...;,.,,:d(L->•:?i:t....;.:;.) . 
._;;.;,. .i.·~~v ].;::..J. ti'>LV/It.J 

i~~t.L·( ::.·,~)l't'v ,;. ... ;( l l trl~···~•'h .• ·.T 
i~t;\iJ( 1;;tli, );;:>ll \l ~r,,~;( l) •'i( .ll '~·Lvr•t/;,,.,~·.,,..)i..!t' 

14. F ~ ; -< •.• ,, 1 ' t. t:..~ • 1 , , ~, F 1 '"' .• ~ , ;._ 1 ~ •• ~~ , .::. r ; ~ • ~ , L J, v • :; , 

i;Sl ;\,.;T:;X( 1 l 
y .:- 1 . \ ;.; l ::! )' ( l ) 
,·Ji\ I l' 1:: ( b' 1:.) _,i 1.-:! jj.', t.JL-..:1 1 

l~ F;..l.;,;;d ( lA•lv:·l~r~: ..... l.-.r ... ;\-.J~ 
::.~ .::.1 :":; 'J 
v~l=v 

C-'.vX:l ........ 
c;;;uY:::.l Cv • 

G(:Jr ( l ) :-: L.· • 
l!~I;1L=-::l'--• 

l H .• i= ~ 
.·n·: I I t. ( L• , :1 J t·' ' .; ' /,XL '.,' ( v L , i ,.,.,..: ' -.~ c ;-, T ., ~. ;_,., ., 
... , .. 1 r:;;. 1 r: , ,, l 
l:=-~ 

.iC.vL.IlJl~(;v.( l)f;.,~)~;(,>;,.i( .i.l l )'.<(':JL?..-4.::;~:-L,} 
(/..LL (~.Ji·;V J\ ( ;\, · \ l l t ~,tit·; i 1 ..... t I~ t r);-il ( :) '1\t'•-'L i i 1) 

,, ~~ i T E I 6 , :; ) ,.: . ·• ( l I ~ X \ 1 : ' Y ! 1 l , ..- i i l ' ~ } , t' • ··~ , l 
::"':..,. (~r.TI,.'",E 

A ( 1 } ;: ~~:;.., ·; ,u, l 
)' ( l l::: y ~,_; ,\,•(i . . ,_ =-- , .. 
~\ · ~ L 1 ( 1 ) :::. ( /\. • ( l l I ;\: "-' C ;; • · ( l ) ) ) ;; { -' : ,~ • - r. • ~ .,, l l 
(;:.LL (\Ji<V/>.(A.. ,( ll t->i-1.<1.;, .. t.:..t:~·;·,l t ll tk·.-.,~. i ( j) 

'' ,\ i \.,;< ( 1 ) ··I' 

s 1;1' ,,i .. ' l l "' J 

' ' r.t 



Fl~v =-X;~L 
X··•.J f;,_,,...,.,( i) * ( (vi..+4e) 11 •• ...,~.-
(,i.\Li.. u;·~~._:(,~,,,J( 1) tXo·,,.';lt,:l,~l..vr'tL••\;Ji i 'iul T) 
X ( i l "" l.t 1 ) + ;.< ..J l .i 

Y(l)=Y(l)+Y!iiT 

tr~=•·!=l 
ITL·,:o.l 
1Tl:(:oj_ 

L,~ ltv I=lt.·. 
I "\AJ;·• T =v 

J.,; ldl):::.le/~nlti) 

1 ~uu:; r =I ~.:.0;.J .• r + l 
lt:[i,",( l+l )::;;\1\L/h( I) 
Ai·;\.:( I+l )::;, ... ~;( ll+T.,t:.T,d 1+1) 
ur·.G ( I ) = ,:,t: ~' C ,~.; ~.J l I l ) 
I,Ji'. 6 ' i + l I = ,\ l~ ~' ( ,:.. ' ' G ( I + 1 ) ) 
<.vFv .. :: ;,~J.., c C.J .... ( i.n~c t I l > -c .... :J' \)i•\J < 1 +!) 1 l 
.;.dt· ..... ,.~-,,~.;.Ld.~l;.;,~-.,\ l+j) )-:;t•d""''""" 1 J i l 

1n 

If( (;',,,•.J( l+.i l /;•_,.,;,(!) I .t..i .... ~il->lt'vn:.:,.,.; . .;.l~ildv••U( I+l) )+.Si.d"'''·::< l))) 
.J( I l :::;•!.:Sti<ll l l 
f. E C <; ~'• ;\ c: ( I l + T i · : T ; , ( l t· 1 ) I 2 • 
t)~C =/,;)~ ( I·Ll<.. l 
1 F ( Pi~J eu T • ( 2 • ><(0L-t-:.;c.:" •. ) ) ~,;.C l ~ 1 ;:;,_,; 
I F ( I)!' t.- • ;J T • ' (. •. L + : : f: • \.': I i 1.1 v I v ll ., 
lF(i';·•u•'-·'T.tC .... t..+::c,,, .. /,.)) ;.;\J l..J 71.. 
~~~0-io,~;.GT.(. .. L.} ;:.,-. .. 'f...J :,~,.. 

i)~LX:::,_ ( 1) '*(t..-r- ,Jn 

v t: L Y:: ,) ( I } ~ ~' i ~- ,, , , 
JF(,\;·;,.'( i+l) .;;le'-'•~'•·'u•i..iel..; ( 1) •·Jlevev} oJv 1;_. Y2 
C[LX,\•Ui. LX 
i)(LYY::.-...,CLY 

L-~LLXX=l..r.LX 

u.::L Y't :::- .. <t.:.LY 
;,~l- X(l-tl).;:.'f..(ll+lr.:L;\ 

Y( l1ll='l'( I )+(.:_LY 
1\XF '-'a< ( 1 + 1 ) ==t: 

Slih.-a~.\ I+U='I 
;..; , ·, ( I + l ) :: X.·' ( 1 l + r-' ;<- .~ l:. L X A +· V -;< i) t.. L Y )' 

( t';,.;i IL•·.t-'vl'\;:,,,·t' ,c.t"i' .. vXl •. :\fl ..... l ... ; i.J~.-;,;_-.IlC ;;j.,;,.;;;: i • ..­
i. . . v L I I i -t l ) ::; ( i.' ' ( 1 + .i l I i '" •J L< .. ( t + l ) ) l '" { .:;. 1 ' • - .: . • ? .;:-.( ) 

l F ' I.'.' ( l ·d i •. .;. T • ,:, . ·, ;_, ( A' o'.J L. T ' l .. .i. ) j ) X ' I ( j -!- l l = i \ ,; • .. J ( X .. , v L T ( ' + i j ) 

1 F L\;·. ( H 1 I • L :' • { - io. ~~- ·' (,\: . ._! ~. 1 ( 1 + 1 } l l l ~, .. ( i + J. l = - ;>, t....:. ( X. ,._; L T ( ! + 1 l l 
C/u ... L (.._ . .:.'./!d~\ -,( I+l) ,vd:\l ;.:~tL ,,·;I itA·· ,,l T (I +l l l 
I· ~ 1 ( i l <; t ~j' : 1 { i ) +: . l l I I 2. • 
iFtL'·~'-·•d.c~ •. :'· .. ·)i c:._· J,J :, •. ".; 
,-,. l j ( l ~·· 1 ) = t-' r 1 i ( J ) 
£j:{, .. ;.;;.dFid{~)-:dliel::.ei•·-·i.:.-v£d l;v i-..· _:,~ 
l E- i :, ~ . .; ( ( p' 'I ( 1 ) -,\ I I l I,; l ., ) • '- L • ,) • v 1 J ::,..... I v j o,) 

:~c ~$\ . .,..,:··f·;;<L:·t·XXL 

i;.., (. v .. I 1 . , .. i._ 

GC; r ~. 1 ., .) 
£; ,} c ... ~;. r 1 •• ·..., :.-_ 



1 f C 1 T t. h .... ~ ;:: • 1 
Put< r=- P 
P= v +i I WI~ 
l=-P 
V=P~hT 
I I t:. ;·.:.: i 

cu Tu 6J. 

1 F ( ( C:...L·t-::::[~,. u' 2.. -P ... D' e\.. r. ~{A._) I TLI\= l 
61 ~)ELX=l)(f)*~itu•~ 

DEL Y=-D ( 1 ) >:·( ~:fu;~ 

IF l1>i.j(;( H-1) .(,l ..... ~.;.i,h;.;.,<£ i l··~! • ..,.~,_., \.iv TiJ o~ 

iJt.LXX:;-:.OCL'!' 
t.iELYY=.Ji:.LX 
G(; TO <J •. ; 

f.l3 DCL YP•l.:t:.LX 
LiC.LY=-:--U[LY 
liELXX•-LlCLY 
GO TO 'J,) 

7 .i C :,;,·, T I ; 1 u t:: 
IF(I,dG(l).;_,; .i-~.~ ... L--...;)) vC Tv 7;t 
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C lt,l;:. c,,t.:,(,·, 1.;) 'fv ,.,:,.:..C: .:lv.,c:.. f.-ii·.T hie:. ~Lvr-c. :·.IL..L ...:;-.... t-v..;,I flY.::. "i:."''• 
( T ·~ t. ( t. :-; 1 t( l~ 'J ~ T II L --~ t: ;~ ,., • 

M·iul;~ :.:-1.1 ;G ( i I 
?~i\T= ., 

V=P-HG;-~ 

P:: PC!~ T 
1 f ' ,.:. ·<) ..... r • ' (. ~ L.,.. Ll L ;\o ,/2 • + ;< ;<, ... i ) ,_J = r' ,,; '' T- \j t: 1\ T 
1.) t l ~ ::.: j ~-. (, -;:. i. ' • \; l: ~~ 
Li(l v "" .:c 1 • \, * .. \ .. :j ,_ ;\ 

UC;.lr.=~!.J,: • --~-:::-r"';·.~LJ\ 
;.•:::t->+~0:: L•; 
V::V-:.:.~:L V 
X.: I l) =>:,.; ( l) + •• TL.-; 
lFC/,b.)(i;,-,{ll )ei:[el·! ::(X,.;..,L,j(J))) (,-.J IV li< . .ov 

v:J lU :iv\..' 
.,,. U ... ;-., T l , • u .:. 

lf ( 1 L •..•• ,\;;,.el. l uv T~ '/1 
V=V+vL!d 
1Tc0:=2 
1 t- ( ( C1...L+r.:. ,--_;.,,. -h<lJ i •L T • XXL l 1 T i; •··= l 

71 GELX==,.: ( 1 l ·<); ;: .;;, 
;...i::.:Lv:~:. ... t I )l-:\.: •• JI_,.: 
1 F ( ... ; , ~.;( 1 + l. J • L I • v • v I .,. 0 L~ 7 :1 

LLLXX:..:-iJELY 
..... ~ L y y "'· (.· L. L 1\ 

vi..' lv t;_. 

7 3 •-i:'-- '(-=-,~: .. L t' 

t•l:.L.A.,\-..-Gi.:l../ 
.JLi.. YY :· ,,;l...LX 
G .. J T~i '):~ 

~..~ .... ((..;, T 1 !·~;,...,i..:. 
lFi£·1, '-•i,;_.l 

;> :.: .; 
/. c-: ~J 



V=PM~T 
1 TU.>.'. 

til •. lt.LX=-1.~( I ),;·CvFlo~1 
i..-t.LY=-vC l )'i .. ..IF-u;; 
1 F C 1\iH.: t l + 1 I • '-1 I • v • "'• i• d;) • ~~ C 1 1 • -.i I • v • \.. ) 

i~LLXX=--..~;.~Ji. 

L;;LLY'f:=-~LL Y 

1~3 D£L1.X=-;,,lLX 
ut:LYY=-vt:.LY 
iJlLX•-Lt..:~;\ 

19 fuk;-.:d 1 J.;,.,(>t·~i.)I,.:;.J;. •. .-> 
GO TC 9..._ 

lvoJ C\Jhl l.·;vc;, 
1 i'ii-..=(-...L I .\..\L 
X rl ;;; - ( C J\, ;( I + l } -X.· \ l + 1 - ! ~> ,, l J '~H <.: v ._ + ,._ ) ) I'-'-''-- X.·, C I + 1- l · ; .-, ) 
CALL ,_., ~-- _. L ( ;\, "C::.;, T ' X P ' :..) L I !--' • i t >i. ::. I f \ Y h I l l 
XC l+l J::·U l·t-1 )-X;.;.l T 
Y( 1+1 )=Y( I+l )-)'!'J T 
XEEh"'i-.( !+ll-l.i·, 
YL: • ..:l-\:; Y ( l +l) -'(;'! 
~Lvt.l, =-A.·'-'< 1 + 1 ) -·,\.-.G;;;. r 
;\ u [X::~\~~;_, ( ~~ L i·; h l 

;H.;[;:=;,~:~ { ~;L~JLi~) 
F=P-Vt:.:d 
V='.'-ll(;h 
~V··~!:h: ,\~·~_;< + ,.,L[ Y +/'. .... L>~* l ~ . .., • 
\.:; 1~".-iF ( l 'i (.t"1·+"j, ) ;;; ~,.j,·,L:,f~ 

lF (~).;.A-lI H .. d+l l ••• r.u~.J;.;t· (I iLtd l ... 1v lv ~tiv 

(.,~ Tv ~~~ 
/6;.. !F((:,...;.~:f(lf(:l-ilieLl•Ttd,,L) l:v l.i 201 

;' (, l ·1 i , l i, L : l, .... \. f· ( I I \ .. ' i + 1 l 
x •.. L,;o.:x,, < 1) 
p 1 :~ =i-' 

vr.~=v 

( o ~i 1 f C 1 f U i • L. T • .i ;; l ~~'-J Tv d; ~ 
lr((G....,;.;r·(il(••-l)-uvvr·(il(.;,+l}).0Tevell \Olv L; ioi 
x. ( l ) :: x .... , ;( 
F=FTi, 
V=VT;: 
I F ( I T C I! • L T • :) - l U, l 0 ).(; :;; 
I F C l I C. :- .• L T • l , ,: } -~. v l \j 26 b 
G~ ·1..:; 261. 

io:J G~vF ( :..·_.) ;;;:\Jv•.;r (I i (i:) 
lvv&: ( .. 1) "-'..Jvvi· (I l (rt+1) 

1lCii::-;.;~ 

C:) T:~ 2£,2 
;· u ;., l; ,, J ~- ( l ,/ .._. l ::. ,_, ~· v F ( i 1 \. i l l 

G~vFi 1-.1 ):,,-.~~F< i ii.il+.l l 
I TU :-=-1 '.;..-

.--.~~~ l.~;.llt-.V~ 
tr·l .... :).·.L:<.!.I•~•t...;;l Gv i.) '""J'..• 



( 

( 
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C:tiAt·:~a; 5 1 ,, h c..;•( I lo.J••S /\ T ._, 
vf l::L h .. <~..:C::.::.· ;\E\.oitJ! .~L.t) To.,; 
so:-. C:··~ '"'c J-.:(jX+C.· ,~, v +( ~' u •.• 

,,,..;L ,.,;,..,Li.-' v:. rv. LL"'.:l T 1 <. i..'~ 1.: .-,.·. 
,,t_,·.y'v'~ l ri~.;; Cv;,._,..;i.J I:.,~ T i t:t,. • .,.""''"-• " 

G.:ux = Xt:.1~i~ 
(!~~Y=Y[!·:.i-. 

( i<V·· ,.: ~ l. .._:E.---~ 
i.Jl;.l V = v • 6? -x- X::.;~.~+ i .i.. •.; -:; .)l.vt. 1< 
L,;· C: L P: ,. • .) 16 :c 'r L 1\ ;-, + _, ;..> • (; * J '- v..: ;-; 
L..l L, ·; = ~. 1 • tJ '' ;, ~ " , ..: - l I • S ·;~- Y i h.~~+ , ;) .; • j "~ :-, "'v.:. '' 
~i,.;L'w'::vi:.LV 

vUL.t;=ut:.LP 
~)UL•:;DEL.·, 

IF(i,G-,(L,LUJi.LTev•vl) DLLI.:;;vel;l-l:·::;LU·/Ao-l(i}._:Lp) 
IF ( ,;.:.;. .:l ( 1..: I:. L ·~ l • L i • .,; • I.. 1 i ~i ~I. \i:;;;..; • v ~ *i..) l:: t.. V l li ...:.:: ( :>.:LV i 
l t- ' ,:HJ.;, ' ;.,.. t. l..l'. ' • L T • v • J. ) vo;. Li'o:;; v. l "'.h.L-·d ":'U;,;, ( UL l..i'l) 

1 F ( .;,v •. c:. i-: • L 'i' • .:.: :....- i:: ., ) .;; • .) T u .., v..., 
GG TO d l i, 

3~'-' L/JFJ=I\t>~.X-/.:.;i::.Y 

i f ( lJ I i: l • C: T •., • l (,() i 0 c> 11 
VI F 2.:: ; .. G L Y- ,:, ~ ~ ~: ~·~ -;f l v \..· • 
!FCUlf~.cT.~.l GG TC 612 
Cf..LV::o~, •. .; 
v~L.~'=I..ev 

G~ l~ a 1\.1 

81 1 ,) 1 f 3 = id:: t. X -IH;:.. ·.;·:< 1 ~~.,; • 
I F C !.i 1 ;:- .:; • ::.. T • '· • ) ::.: u r (} ti 1 3 
DELV=•;• 
UtLP=v• 
GC TO Ulv 

812 DLLV:.v. 
lJt: L,-.i;;: \.. • 
GO T~ olJ 

813 iJt:LP=u. 
tH:: u.; = v. 

tilu ((I,·,.Tl:•'~IL 

t\.'' I l v•• ... 

;;~K I H: ( 6 '2 ;:,2:.:;) >-:~ • ...:1\ t YEi·c< '~~._.t,:,\ '..::'-'•''~'·; '.;( .... ~··' Lh.:.L V, ui.:.L.·. 'X•·· ( ll 'I.• · ( J.;;;)' 

lXi·d£~,.) ,,,,,(~'.:), 11C.ti 
;! 21. t. tv 1\.•:1\ l ( l. X ':, r=· i ., • :; t .;; F '1 • :, ':. f .i v • ;, ' ~ :; ). 

.. i d l L ( 0 t L .C: C: -' ). 'I ·• i.J ....r 1 ' ~i L 1 ; · t n .. '-' I l-t· .l. l t r•, .,...., ( 4 ) 
;u_ i. j j-' "''"··ti\ l ( .i ~(~ '4i 1'-·. lJ) 

ITCH = ITCn+l 
iFCfT(..''•(~l.12;;l :..,...J Tv J<v 

i r ( 1 1 ( i I • '-' i • :- . l l.: ~ I ~:· :.;. 1 
Jf(~.--~\A.oiJ.))._,._., .. L.-:.,L<. .. -.LI(J.))) ~.J i,} lJ. ..... J 

I r ' 1\ L• ._:, ( 1,; i.:. L!. ) • .I ; • •' • .i. l ,; .~ L. ,.· :: ' •••. i.. ,. /, .. , •.•.. \ :. L L r·' ) l ;; ~· • J. 
lf(,·\t.:.:\..,Li.t;I•'~T •.•• l J t.~Lt'•(-~l.r'// •. ".;JIL,._L,..:) )·.:...,.l 
1 i· t ·~ •-~ ..:. ' ~-~- .._ .• l • , ~ ·r • !;; • 1 ...... '- , . :.::. ' .... L ,_ •. , 1 , \ ... _, c .., ..: . ._ •. i J ·"· , • 
'"' -= P ·t-tn u;, 

;.;, .. ("):.: ;.;,., ( l j -,:i.L··, 

uv l J ·' ..... 
:_, l 1 F ( ~Lt. ·v • L ,,. •• _ _. ..... / .. ; d.,. ~: _ L .... • ~--. · ..• v ) 

} f ( ,.) L i- ~o,' • r_ ,., e v • •,· e r \., ......,~ • _•:... L. •. e '-· '-• e .._, e ._. ) 

v t.... L. f .• ;: v • ·., J.. .;, J ·~~ L i.., I ,., ~ .. ._) ( t.; ... .., L ' 1 i 

(;...; 

(_,,,~. 

i ... .. ' .... ..... 
I ~- ~.) 



I.JLL.·i;;..., el.;<..,~,IL,·./ ,\L.., ( iJur...•i) 

~U Tv :..:... 
l.i t: L 1/;:: v • - 1 ·::· .... ..; L. vI,, L :... ( .; ..... L IJ } 
..J i;;. u~ = ...; • .., i :: u:.; t. P I ;;.,,;.. ~ ( v..; L F ~ 
CJ.J T (i :-:. 

;_,j t.:E.lV:;;;vevl;i._;..;L.V/;,_.~(~vLV J 
vt~l.·,::: ... • l. ·;;·vvi..;·./ k.,.;; ( l)L.;i..i·.) 

:;i, (.\.i .. llt;0;.;. 

lrllT(rle..;,le/~.; uiJ Tv,:....;._; 
1 f ( f\lJ.j ''-' L...i' ~. G T • ..., ·l) ~ ;;;.l...t-': ( ~LL~ I;,;._.) i I.'C~L.~) ) ,; ,· .l 
IflAu~~v~~~).~T.~•l) ~~~..~=(~~Lv/~~._.(u~LvJ)~v.i 

1 ;-- '..s.b;;... < .... '- L.·d • cr • ~. l ~h.'-···= ' ~ \.:.. L ..• 1 ,;\;;. ;:,l < u u., .• , l -;.- :> • 
P=il+:JlLP 
V=Y+vt:L\' 
x ..• ' 1) :::x, I! .. l- ... LL··· 
Go To ;;,."''-' 

.i v\J ~Uh T 1 ooi.)L: 

l F t Au:... ( t.i L.. L 1·' 1 • v l • ~..- • 1 ) ...: i.. .. ~::: \ lJ L 1.,.. I r'·. ,j :·· { Ld~ <.. P ) ) :~ ~ • l 
1 f ( i•l1 :_; ( LJl~ 1.. '." j o ·..; 1 • ""' • l ) _. L. LV ;o ( '' L.. L • I/,.;,'·' ( J ._ L ;, ) ) ;:- '.: • i 
1 f ( /\;~~' ( u..:.LI•) I UTe~.) 1..;:_~1·1~ i v ... i.t•./ ;\.:;,.) ( J~i...;•.) )'<-? e 

P:P+t>LLP 12 • 
V::\:+0t.LV/2e 
X.·, ( .l.) ;!;\,·,( 1) -.,.[L:.I~. 
u\; Tv =>-~· 

ll...i.J 1-"=-t-i..Jil.t.. 
v=··:~lt;!. 

Xt·. ( 1) = ;.,,., ( : J I L, • 

11· ( X,•, t i. ) • L. T • ( - j.:: • >: r' ) ) X. · i ( 1 ) ::-..:; ... • * t' 
G0 T:./ i ;_., 

61;') lf.!c~J-1 

,,i..; I 'IL ((., ~ ~ l 11 Cr: t ~)~ .... ~;~ 

.< :-. l T l i tJ , u 1 -- > I I r 
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&·t.._ r- .... ,, .. ;\1·(1>~,,;;; .. n i~L, ... ~ji iC .-ii:.-.·..;t.. ,..,i ...it..CTI ...... ,1.:.:/lt.,.;;;J:-.T~:L. i-:·;~..;.;··"'·· ,...; '-\. 

lHvLt\ .M&'I.L.. i '-"~- "-L) 

vv Tu l.i.l.l. 
i; ._. v ~- ': ; , X F ~,... ;.,: ( .i l 

V "' .:; H F '· i-< l 1 l 
:;\) .;:-n Ti:. <iJ•, > 

..... v ... ;-~ i l [ ( ') ' 0) ~ t.. ) 

b 6 • .. ) F - r\. 0 t h ·; ( ... i~ '! i r • - l c I 1 .._, ... ' :.. ;. .• ~~ t 1i .• v .. : L t • t • ~ " ' 1 1 f i _;-\ ;,~ l , .. ~ f """ I' (. L ' .) .,\ ' ... .l. : l -~ i L.. f\ ... , f v; '· ... 

l t:. t u ;<. ' .i. riA t ~ /·. t it i ( t :i 1~ t '.1 1 ;\,. '"' i; 'w' ;, I \Jl\ L ~ 'I A ' ;.. 1 • ,\ .• G '- t. ) 

;~!·i::.:J .... l 
i..h.; 6&o I=l, •• ,, 

!)o b l C, i 1 ; "' I -1 
.. , ; ; r l L ( (; ' i; 6 i i ( ( l (.r, { I l ' ;; . i ( l J ' ,\X F "",, { ; ; ' ~I • ;= v .'\ ( 1 j ' I; ( i j ' { ( l i ' j-; ~ r ( l ) ' 

li~ •.• ~.l( l l: '1;.:. ,,,,,) 
La 7 r- ,...~,·~··· ;, r € ... i~ , I ;: , •·• , .... , r·· d • ~ , -:. /. , i:·...; • ; , CoJ,· .. • r ,j. j , .) ~~ , r~ o • ~ .. , '- i': , ;.:-· ...:· • ., , L. x ' M .. ~ • ...~ , i. ;·~ ' 

lt:12.~) 

vu (J.(J. l:;;J.'"•· 
l :\ I ,. ':;. ~·;I ' ( l ) 
ii· \1-\t..i• .. .d ,;-~!.·tleC::..,,:.;.J(II.,·:· . ..;l.l ( 1))) v·.J lv (,6'.i 

lJ71 (.;..;·;!1 •• ;,.;!;_ 

·.~ ,\ 1 i E ( t. ' l ,, ' ;\ .. ' ·:; '•' .L I I; 
! f1 i~ ·:.,; .... I' I ;'\ i ' l .' \ ' 4- _) r j I. t i .. ,·, .. j 0 I< .. t,.} \._ V '•-' •.• L./· ' I ~ ~ t \ ( f r-· J. '../ • "t ~ l t i ' t ... l ~ • 1 

r ' .i. j"; ) 'f _; ,'.. ~ ~ 'v ~ J • ._, ......... 



1 ~v.J 
llll 

2 
3 
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1 P £ AT i··' t 12 • :1 ) 
;.i<! I l i.:. ( 6' l I,:{ -~·'\i~ 'Yli\1\ ' .. ,L..VC:.I\ 
f ~l,toi·• I l i X , '" 1;.1,; ,\,·; , r- i. v • ;; '~ ,\ t •trH L 1..:iu r .L v •.:; t' i. t ~ II~Lvt: ,., t ;.1 ~ • :.. l 
uU .. JF ( l ) ~ l ,, • 
lidHL;.: L·· 
.;,~.ilL.(ut~6) i i Cnt.:.\..i.'o:..!\ 

t"i..;;"\,,Ar ( 1Xt•t~lj l(r·it !•;,;,d:-.,..,,.,Li~tt 1..~.·/l 

tOi·•T 1 hUt. 
S T (;t" 

.f!J,..;,.:A T ( :.;r h• • ::.l 
fvi\.·ii'd ( L\' .d11 1 ' F .i. .... ;; ,,;\' !ri· 'r l.v. ~ ·~ ,; 'J.•tih.L:.;.;•,[:\ I LL .. ...., T t'1 H' '!. ~' .:..;.. 'l :,n, 

lv. vf l.~"-·•L·",::'I.:h,;,,J.ln ~VL L.:.. •• ~Jiritfl.~.:;/j.Atluhrh .. ,,li~o. .• L, ... tv•,\..(.t 

.::t.l.ve.),;,A.tl•Ht.i..o\ll\..f'\L t...,i<L•-t~ J.veo>t.-Atl.l.li•.•··'"'' l.r:.••\.Jilitt J.~•-) 
It F ...,,,,.,;l. r ( ;. X '1.)' i· "''"' ~ .. l '~"' t 1r·ti. ' ..i. '- ,..;, ' j. i !'t ' '" '';;i i-1' ... ·-11\ v , .. I .~I( L ' .:. ;, ' ... .l. I : .•• \ .i. 1\... ,. v ,·, \.; 

lt:)Xtl!n~JIIt.f,i"> F;.;t\CltJ.\tllh .. &..t....·.L. •• T ••v•) 
~ F ~H.-.;:; 1 ' 3 i\ 'f 1 I., ' l X' F j, '..,. ~ ' l X' F 1 .; • :: ' ~" '1.: 1 (~. ~ ' 1 /... F l..J. ~ ' 1 ii.' ;· : .... 3 '(;,X ' i • 

1) 
7 F c~ ... ,\ T 1 6d ; ;;., G(j l 
b f v., ... ,A T ( 2 L 1..; • ~' • 2 F 7 • ·') 

e.:--:J 
.J..,;Ui\i.l-. l I i ~t: C ,,,, 1/ ;\ ( t,.,., t ... •iih; 'I •·1;..' ;• 'j.>; :I 'X.·:. •. ;.. 1 

( lfll.;;, ..... :t;..\uvl;,iot~ C;u.(.i..;l.l\ll..; I...V••~',\L.;;\1,;. 1-\.JI\ l. c;Iv~..~ .......... L .• T 
( fi"V•·· iJ14: ............. ,;T-Cur(/,_T,u•t:. l.)''•l:\f-'11.:> '"~..; i.nL (V;;.Iil. rlilli . ..:. ,.. ...... •,,;~-,,...,.,,;>. 

J; ,-,(.•·~"" i ~~. 1 I /~• ~.:..· :. ~~ ,., i ) >:· ( ( 1 ;.J • - i • i :.; ;;., .. ) - ( J. • +.; • ~ l..;... * i-' ) .;;. ~ r ii \ 1,, r, ~' l • \..- ;,;. ~·,.;:;. ) 
Ph 1 (;·,::: ( /..,.,/ /11 .. • .• ( X, ,l ) ...,. ( l • ... I-t·..; • v:O:: '-< P+ ;;,fi,-< i: ,i, -:< j • 't i.:. +v ~~ ) *:. • u ~.:; -...-~ 
'!f'(/liJ..;,(i;t•·)el.. ef..i;.;;;()(., .. (..;)) u0 fv i.·.v 
.; Lv p c. ::: ( (.,. '. L 1· . ~ + i .... L + ~ 7 i< :) :...; ,-;. l ( ...) t!.\ 1 : •. ~ ; ) ·0:· ( l • vt- (; • •,J ~ 3 -:d-' ) 
tlh l =i--Ii! i..i~+ { /, .. -~'\. ,(t'\) /.~Lv ... 'o:. 

G~ l 0 1 ... •..-
4-:v t=-'i·:I-X•./(le'J.;t.+·-·6) 

lv•. (l..•nll"i.'L 

l i·ii.J 
JvUr-;~ .. ;ll.,f::. /1.;\.;_,lt-,(l)};,t;; •t',L(tL_...;,,\~) ~,\(tXAL, .. :It:·l) 

;-;;.=lSI L'-

j ::: lj-;;- (. 0..;., ( •\ u (. ) 
.:.;, T '"" i "~~ ,: I ( L (. '< \ i1 \..+X, i ·:c 11 . .;. T ) ) 
~L::..;:, I' hil.li•·;;·A;\1. 

DX=i.;L * :.~ l•• t ;-,;.-1. l 
L)'/=!JL -:<(v:.., (;\c,l.l 

iiFT:Ji.:i·i 
E:·,u 
..;,;. ,J l..i I .. .j '-' T .i ; ' c: b ,., ~ [ { •\' '~ G ' X I ' ' .;) u ... p ~ ' L ' ,.; ;;; 1 i ' '( u l I ) 

.... Tttlv J ......... ~~~-.~-.Ji l,~L ("'L( ..... Lr.,1'-- .,,;~~ '~'" .. f,.t l...;l·~ -..iN. Tt-.l:. ~jTt.LL ~~--~·:...• 
.:;.j,,l:..i (-,',;·,/ i .:;....,·! )+Ljl.::.d . .~.••• 
~ T t·; ( = : ( ,.: .. ·J t • .• •:.J I ) -t·L) I..::> l! L. • 

LA' :: -n ·i ''" ( ,..,u .~ i , .. f"i •;;, & i ) 
;\ ~ ~ l X :.: - r " I 
~ '~ ~ ,, t) ~ - ~~d-;.,.... r ~ L 
f,,,.:_,:.;-,,l r't:. ( ..:;L,_,._.> l +•~X l 
L 1 l :o: 4 • · ;; I 1 • - ·t· ( ~ i :\ ., + ;:; i . < C i I, • l 
l~ L) i f :::'' l I .~ . ..;. ! j .. ; ...... L 0 .·, ~ .' l - ~.,. •... .J l •• ' I\.·.~ j 
YL.i j:.:.,~ lf~;(_,..._. [ -·1-·.;.\t' l-+·•• '''-...;;.;( "'•"l 
hi... T J;,,. 
t:.' ,~_) 
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C SECOND ~TAGt:. PI<VGi,AM Fui< ~l"tAL.L ELt:r,t:.i-.1 !)vt.UT lVI~ vF kC FKA•"ac:. 
c £~ JS 5TEEL M(ME~T OF l~EKllA. 
C AST I~ ARt:.A OF IE, .. .:;,Iu.- WK CVI'tt-'tif~.Slvi'f ~iEt.L.e 
C. AC lS TOTAL CHv!>~-!>t:.Cl Ivl't AKtA• ..,.._/./ 
C HOR IS APPt..lt.O t1vf<llva1TAL LVAL>e 
C VEKl lA APPL.lt.O Vt~TlCAt..·LOAO. 
C P AND V REAO l~ AWE HASE ~EACllO~S POSITIVE IN A ~lGHT HA~~ 
C ORTHOGONAL C.OOKOINATE SY~TEMe 

REAL ltiST 
DU"'EN~ I CN ~'-' C ~~v, 25 » tY~f l ( .1U t .c!!> J tPt.tfJ C -'Ut 2::» J 
0 li~ENShJ~ .. X ( h•v) t Y C lviJ 1 tPtU C lv\.1) tXfv"it luQ) tl< ( luv) t l Hf. TA ( lVv) tA,-.v ( J.vu 
l»•v~G&lv~),utlv~)t~MvlTCl~U) 

0 11-aEN~ ION AXH.If.U 1 uv » t~HfOk C l v~) t !"C~ ( lVO) 
0 I MEN~ 1 ON \JL.i l s. T ( 1 ov) tINS T ( l v..., J t GO'-IF ( 1 ~ 0) 

401 READC5eij) E~t~STtACtCYLtSfYtHt~~YtM•UCtUTtTCF 
8 FORMATCElve3t6Fl~.~/lJt~~lle5tflv.~) 

C UC JS STRAIN AT THE OUTSIUE FluRE 
C UT IS STRAl~ AT THE INS10t Flb~E 
C COM~~LS~JO~ 1~ POSlTlVEe 

WRITEC6t81l~tA~ltACtCYLt~FYtHt~~Yt~tVCtvTtTCF 
AS=AST 

C EC IS THE CUNC~ETE MUOULU~ UF ~LA5TlC1TY fUR LU~ ST~AlhSe 
EC=ll3le*CYL 
IFtH.LEeUe~~u25)fC;llti4.+tYL 
C.SHI<(=2e*A.:.-..*!i*ES/(CAC-2e*A~J*EC.:l 
\~RITE(6tlul JC.SHt< 

]Ul FOk~AT(lXt2tlrlSHkiN~AGE ST~AIN 1N CU~CKETtttll•3) 
CROX=lv~. 

CROY=lvu. 
CROM=lOUe 
ITC.:H=l 
GOOF(l)=lOev 
TRIAL=lOev 

C SLOP IS SL0~E AT POINT u 
C SLIP JS SLU~E AT POlhf N 

kEAOC5tl)Nt~XLtCOltdtAM 

1 FOR~ATC13tlflv.3) 
READC5tl4lX(l)tY(l)t5LOPtANtY~tSLIP 

14 FORMAfl2Flve4t~l~•3t~FlU.4tf:.l~.3) 
wRITECot2~6)X(lltYClJt5LO~ 

.~U6 FO~MATC lXt23t-l 1wlEA~vR£l) CUviUI~ i\T .i. l tfl\.1•'*' lt1ttflOe4tlH) tjXt 
llUHSLUPE AT lt~l2.5J 

XS lAtH =X ( 1·} 
Y ~ l AIH = Y ( 1 ) 
FCII=CYL 
DEC.IOE =O.v 
to=o.o 
Tl=v.u 
l2=u.v 
OL="'• 
NN=N+l 
00 J. u 1 I 1 = 1 t M-l 
DO l v l JJ .. 1 t ,_, 

:lOl PEfYCilt-JJ)=veli 
Rt::I\D(~,2)PtVtXiH ll tHO~tVt.kT 



... r.. 1 I .:.: t 0 ' j ) ,.; ' ~- ' ";..;. L. ' •• ' (.. v .... ! i .... ; ~ ' \i L : ., 'l t •• i. , . ., • 
I-':.. i ;; ,) 
v:.. ~- :0 v 

:~~J (.~.-.ll.ovL 

GG TO 5i:., 
!:J~,.,l C: .• ll:·;Ul 

I<L," .... (;; ·~'~'~·X·,( l i tl!...,,..;,Vt:l-.1 
h L iu; t :.- ' lit i .\ i ;. ) ' Y t 1 ) ' ~ L v r·' • ,., • ~ t Y. ~ '..., L ll: 
,., :' I I t. ( u , :; i .. l r h.J i\ , v t.. ,,: I 

~ 1... t v••···M I ( .i At.:.; I r, vi..: , r- ._ .., • u t j X'"' M 11 i:.•·• I 'r .i ~ • ~ I 
(I(.· l (i !.) ~ :_} 

~j~.~ ;~:..:;~J~ :;,::ii 1 r .:.nh .. ;·~,v.::~l •t"•·· ,x, .. < 11 u--'-'-1~).: 
? ll f.:;;.; .. :, 1 ( 7F l ,_,. :- I 

(i(i;._;f ( 1 i::: l-.. v 

lRO 

i-\ L ,, ;j ( :.. ' :i. 4 l A i .i i ' )' t l l • ~ L ~.I·' • ,\: ~ ' '( . • t ._; t.. l ;:; 
•· h 1 f L ( ~,:. L~ l I ~ ' I~ ,;G.~' V c io; I 

j 1 ' F ,_ '-.; .• ;, T ( ·l ;·. ' .:. i I i .i. ' F l v • .J ' .:. j • I .:: ~ f ;_ ...... ' .:. i I I i..., ., ' F J. u • ~ ' Lt i'l ..... t.. ·~ T ' r- l ;, • ; ) 
,,,LL (1-.;.,_r;,i._,' I~' T .1 ''j",;; '"'"' "'-..:.t; ti·-·····) 

lf-''I~'•Lt.. • .._.::.,.i -~-- lU l1J:; 
CYL=t-CU·::·( 1··--tTU·l 

l v ;:, C. Y '· =-- F C i l -:: ( 1 • .. · + T ·::. F .:.:- ! 2 I 1 ;:. " • ) 
;,. c. :;, X t _. l "' .< .J 1 ;;~, i 

Y ( 1 l =~ Y ;.,• f ~u< l 
l-= .... 
lii"'i+l 
L.-r..o..)l.:\::; v. ~" 
IJLLYY:.:,).tJ 
Z=-t' 
A··,.,_ L I { 1 ) ;;; C .1-., •• i 1 I I,\ i.: ... ( A.-, ( 1 ) 1 l " ( ,;; J. 2 • - :~ • ;• ~:- L. l 

p '"':;; i• 

vT :-.. =\._. ·; 

!xl ; ... = 1 
~ 1 j U;. d 1 . • 0 L 

v 8 J l u 1 l "- .i ' t, • ',_; 
CAt..L -..Jl[l..._{._..__,L.;-, ,t· .. 1 ,p~ z~,\ .. , '·~FI , __ .. ·,·,rll 
( i\ 1... i... i\ f ...,I\ c L ( ~. c ' ·-' T ' ;--· ;J l ' , .. ~ ~: t i.l (i\;... ' •· t' • ' • , I c: l·· ' •,'" ' l { 1 • ( y ... ' " 1 ..• ' .: .;:,-. ~ ·, ) 
1 r: (, \0 :::, { v ( + ,_ ·; : • (J j • 1.. • 1 } -.J"' T l; j ~ L 

I F ( l I • i,; T • ..:. ~ ~- ; , , : 1 i L ( t; ' -.; ~ .i. ) r · ' 1-' C '\ L ' ; ' _, ~ t i' ~· ..:_ ' •.• ( ' ': T ' I l 
(/,e..L. ;.:.ILLt..l·-~-'~·, t;··-·1,;· •. .-;~,·,"',__,f••---···itl!i 
(i,t .. - ~\u•· ... \{u\..~ ... ;f,r-~~t....- .... ~~·--·~·tA'-i,._~ •. n·'-'"',.,,.,t I i 1 j ,~~t·,·..;,t.Jc~t,.,._..J, 

l i 1 1 'c y L HILl X'· ';_) t.- -, ., ' •.. ' ;, 1 " '._ ;;.1 i;-, ) 

lf (f,l•...;(~,(.+•.-1, .;_;,: .: •.• 1) ;,_,~,.. 1...: .;:ill 
lr \ l i .eli .~J~J~. --~·.! J .... iur\.,-w:l ), .. ;!,/. .. 4t ... ~-./.~,\._,i-' ... ~·i. 'i"' .... ~~; .... (., .... i, 1 I 

c 0'- 0 • J. ;-: .... I'' " \ I ( l ,, ' ..... ~-- ' '- • :::, ' i . . I 
.-:'t.,..;:;-,'"',~:.;,,L:~ (I i'i_;-,.'(_, .. ) it'i--
lF (I !.(JT.J.~ .. ,._."···•~,,J,:;(, .. ,Al•,.,.l•J.·.··-·•;~,)i'L>:;-.: ... ,:'~-~·••.J 
~\tH"•L•\:.;;1··,..._..;,:_, ( ( ..;,\/~-~ ..... •·•··\""',\~ .. i ,'_,,A) 

l r- ( ,..,, .. ._j' ~1·\1\ J el.l .l J. J 1-..~i··~·'·'=.:.I·\ ... J•.l' {~,.·,,~- .... , •• / .. \.;,'-)I l. v.) 
1 r: ' " L' ,.,. ( ";, id • . ; L • :. " .... • ) ~"" I v L ~ l 
li-.(r-LI',io(~;,.;.r_,i ""•'-'11 ~u "f._, ,;,l.-
lf(,C;,,L.~eLia •. li ._...;L; .;,1, 

tJ~ 1 :,; ) j :v 

i:' ,, i l f· ' i i '· 1: • L i • ;; .. ) l i ~~ i I"' ~ .. 
~0 l v .:d£. 



:~lv tu&.T li.;..L 
.:'.J.l v'-..:;•.l< .. r-. 

01=i.Jf;, 
K.IK="IK+l 
l~lhl~.L~·~) ~u Tv 3lj 
U~ 1v :;w 

312 KI.:.::l 
i-»1-11 i l)::: ( LC-;.. 1 2 /l:u 
vvf: .. .l t l l =...,( 
1.-.~ l ' l ~:::. .... ; 
A~F;.:;1, ( l) =i-' 
~Hf- vi~ ( 1 , = v 
PRG:.:XXL 
Xi·.~ 1 A=X··· ( l) ~; t CvL+'~•) /CJL 
cALl li ,. .... ,.) l: ' ;',I i ~ ' 1 ) t X ···5 I ... ' ...; L ~ 1-' t '- ' ;., ;.;.; 1 l t ... l} 11 
X(l)~X(ll-.·X-1l 
YllJ=Yfl)+n .. l·l 
llt.h=l 
l TL·l:;;l 
ITt.C.o.i 
l KO;J;\l •v 

DO 40 1=1•" 
Ifl::.:l+l 
I ~vui·. I::: I ""~,\Ji • l + l 

j~o. 1<(1~'-:i.e/Fr:.i\1) 

1 tiL I ; ·· i 1 .,. ..i. ) :: ,u; L I i \ ( 1 l 
A;·h:d J + 1 ) :: i" •·.J t 1 l +!; .;. ln ( 1 + 1 l 
Ui.f(,( I )::,,u~; (,.,,u( 1 l l 
u;'~li( l+l ):.::,, .. --'u ..• ~.d Hl l) 
( G f· 0 i • =- k: .. :., ( :... ~ ... ( u l.ld l i l - \.: v. . i ... •; . ,.- ( 1 + l U l 

181 

~ 1 F.J I i :: /dJ :_;; ( ,; 1 • • ( .J l'j :.1 { i + l ) ) - ~-' ~ I"< ( ·-· o • ~ ( ~ ) ) ) 

l F ' ll '1<\.J ' i ·d. ) I f\1. ~ t i I ) • L i ........ ' :_, L I ....... =-II;_~~~ ( ._, 1.. ( i.J;; (; I i + 1 l ) T ~ ! ' . l ..... 't..; ( 1 ) ) l 
J ( i ) :.; i-'. L: ;;_, ( i-. i 1 l ) 
/:.,t;;( ~ ;, • 'I(J ( l l + i I t. T ,, ( l + l ) I.::. 
r~ui..."'l,.;.) ( , .. : .. i...) 
lF(P,,u.l..d .1;:.·:<(\.,L+ ... L,..·.) J 
1 F ( r'1 \ i) • ·~~ l • ( i.. •- L -t· r, i "' . ) ) '·' \.J i -...J v ., 

... 
•. •• 1 ~· 

1 F ( P ,; t.;, :, r • I ..:. ,__ L. ... l, f "' ./.: • l > ;.. v I '-' /.~ 
1 F o--. ·: u • ;:, T • c...., t.. , e:. :.. r .J u ~i 
UELX=u ( l l ;;-.,___., .,.,;-, 
., L L Y = ._, ( l l ''"..; ~ H.1; ~- v L 
lf(;.,J,lJ(i+l)e;.·le'-el..e/\:·,;.,e,·,(~)•...:o!•-'•'""1 ..w;·.J i•.J ';J(: 

t..-LL XI< •: ,,.r;:.LA 
~,;[L.YY:;:-~.JLLY 

c;o Tv cj,; 

92 vl~o..X=-l,i.LX 
Ut.LXX:.:)tl/. 
v~~Y'{:.:-lJt:LY 

'-;- A ' i + l i ;;;: ;., ( i ) T l• d. X 
Y ( i + l } ;: i' ( J ) .,. ~.' L .... Y 
/\Af vi< \ 1 ... 1 l :; ~-' 
SriF~I<( l+l >=V 
Klf~:.l 

UC:~ =U( 

• 
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Ul~=UT 
J....,•..;:.J (.;ji~T I i~i..JI;; 

·uu 4;.,,. II:o:lth"'"' 
( 1~ L L ~,; 1 l.: Li ... ( ·~ \. t \J T ' P .:..1 t P ..'J i t ;., ., ' ..... F t , .. ~ ..:J Y t ti ) ./ 
CALt- i\fvi\(L. ( ,;( tU T 't';;, .it t-'~4:! tliC/\L • t'i-' ',.,' n:.lr; t ~o~-.J, I 11 tC YL.,\,!:a • .l~"(:...,: ,, ) 
Jf(I.D.::dvC-tt~l>.ur • ..,.ll ~u 10 .: .... , .. d 
I f f .i I • G T • ::0 :) .... ; .-i K 1 Tt:: C 6 ' ~ v l ) ti t iJ Cl• l ' r'..:. l 'P ;;:.2 'vC ' lJ l ' I 1 
C i\ L.. .S T t:. ( '- ! ~· C t J T t P ~· 1 ' r·' ~ i ' ,\-.) , .., F "! t ..:> ~ Y ' H J 
CALL Xu.·.X ( "'C, vT 't- ..-.l tt·'.:..2 t f.;.·.X(/,L 'UAA ,.-.;, d l ) t i'P til' ~i;.~t-' t W...J t 

l IiI tCYLtL>lt.. .. -o:,:J[LYYt;·,,~fr..tC.;:,ti;O 
lf(AU~(~C+~I J.~i.~el) ~U IJ t~~l 
l f ( l l • ()I • ? J v J io!'( 1 I c. ( & ' o u i l ... m t.. t ..,; ••• ;. (,.,. L.. t t> .J .1 • P .:.J .C:: , v (. t u I ' l 1 

(. PJT l~;.,..h,,,,,,,,·J Ai-'t•o\vXi.·.td lv;; l'v P~ooo"~j h. nl1.i..l( !.~. 

lf(i\t.J~.d.Jl\X).:;.,c.,:\b~(J<.- ...... l.Tt 1 l l i vv Tv Lv2 
P£h~0~~AU..,((rP-PC~Lt/P~l 

IFC I l .• Gl.L~ ·i~·>~U.,\:..•.S(u/,Xl ·~lel.;..,..vJPi:.l<l~\..·t,=0.v 
X(kttr\:.:,'\;j.J ( ( ,,,..,X-b;::X(!\L )/Lh•") 

I F ( 1\1.:- s { u , ·, i( ) • L T • i !) • ) X ~; .. ~ t: r< = ; \ u ,;, ( ( '"' ,, f.- tk I I...:.:~\ L ) I l ~ • ) 
lFCt\:.J.::.CPi:.I\,,L,;i;~).Lie .... ell u:...l i'v 4..i.l 
lf(~LKR0~·~i.~eul) ~v T0 ~v~ 
t,t; Hi 411 

2J2 IF\l1UieLT.::-~>I1Ctt-=~ .. 
t:AX = X.·ivL i C l ) 
GO TO 4lv 

lf(i\~,;;.:>(Xo•·.u-.i<L;,AX)eLl•l•vJ Gv L .. 41.,; 
lf(X~;.,<,b<.i..J •. _ . .,.l) vu Tv 41...., 

4;;,J C.),·-.TI,-.di.3_ 
2 ~ v 1 d ( ~ ~ <.. ,, 

iJ 'i =...i J h. 

KiK=<IK+l 
IFt~I~·Ll·~l ~0 TC 2~w~ 
GG lu 5u 

4 1~.,~ I~ 1 T = ( ..... · C-U 1 ) I .:.i • v 

uL=-(wC+~l ~~~(L/~. 

x; .. c I+l l=;,,IIX 
X l'o\.. ~ r ( I + l ) :;.; ' ,, 0 'I ( I + l ) I;\;)~~ ( ........ ' I + l. ) ; l ·;} ( .:; 1 ' • ·- -~ • ~ * i. ) 
vliT...,Ttl ... l)=._.(. 

I;~~J ( l+lJ=vl 
r.~ t1l ( 1 } = i P t 11 ! I I + :~ l l l I ~ • 
PH 1 ( j i· l l =- P ;·i l ( i ) 
I ~ ( , ...• ) ;,_ (iJ l I 1 ' .i ) ·-;~ IT l .L k. 1 el..· L- · ... 6 ) l ~) I .; 
I f C r\ u ...,) ( I ~' n i I I I - i'\ I I ~ I i-:. I T l • ..,. L • "' • .,., l. l \J v I ;.; 3 '-' 

:.B Pi<v·•;.>,\u+X.\L. 
lf(j;,v~dleufe.l) (,0 l•.J "lU 

J(L-o::UC 
UJJ::: ... f 

4(.; (.~;l T l i\UE 
v0 Tv lvl-

6 (; l C.. i • T I • , tfL 
if'I.i~.-i-:.;~t.:.,;,l uv fv t..t 
i-'~·-- f ;..;,; 
f':;V+II.A< 
L"'-P 
i-' t;::.; ;.> 



'·· 

V=POHT 
lTLi<=~ 
I F ( ( C ~.tl t ,~-. L ,\,·,I i. • -P io\v) • L T • X A L ) I I C '' = l 

bl ut:UV=U (I)'-'·~ . .! Fui~-UL. 
ou. Y= -u: 1 1 "·C...;Fu •• 
lF(;\I.C,(l-t·.i.l.ui •• •.ue/;l'tLieK(l)e\.I)•..,•V) vv Tv 63 
UELXX=-..;t.LY 
~!~L YY=l..i.:LX 
G\..! TO 9u 

63 DELYY=tji:.L:-~ 

lii:;:LY=-l.JlL¥ 
~>t:LXX=-:.:.i:.LY 

GO lO 9 .... 
7U (Qi~ ll •ii.JL 

lf(A,,(i(I).~.::!:..(-i.:evL- .... ~)l vv lv 74 
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Tr;l;:, (1·:;;;(.,, I..J Tv •••. M ... t. ~v.,t:. irlhT lht. .~Lvl--'L ~,Jt..L u..,; hJ.:dT!v..: ·•t.i;;. 

T t.£ C U·d l-< [ 'v ~· Tr1E LEA:·~. 

,\.~GEi' =-~~~"G ( 1 l 
FCih:T=V 
v ::.f.J-1-f\,l< 

P:.:Pui~ l 
lf (t)l~iJ.tJle ((.,_,f..+t>Lt.lot/i:e•t-XXL.} )tJ;;or-'01\T-Vli<l 

I)C:LP= J:; • t> ;;-,\,:-.~i>: 
v L L v = l. l • "-;;- ,,, • ~ [1\ 

UcL..·•"-':i~~. o•;-;,.~G:.:.r--: 

f.J = I)+ iJt:. L P 
V=\1-i.JlLV 
x,.; ( 1 l =X.: ( l) ·r:~·;_L;: 
GUvt-{1 li'..ll+i.i:el.,• 
lf-(;',L)v(l~;•,\ll )euLet1.LJ~\I,,.,...,LJtll)) vv !·-..• l!\J'-' 

Gv 10 ::>"u 
'I'• C....:·ld I hUL 

lF ( lTl;·;.!,i'~•ll ul; T0 71 
V•V+VFr\T 
I TE.i=2 
1 F ( ( C u L + i..- L. ;,, .--Ph(,:. l • .._ T • )', ;.; 1... J J T L.·• = 1 

71 C>[LX::L) ( l J -;; .... IF~ •• -,:;~ 
I) L L Y = Lj ( i ) -;; ( v F .JH 

l f c 1\toi..l ( I + J ) • I. j .... i,..) vv r ~j 7 j 
I; t: L "X = -~.-~ '- L y 
L./~L ~'Y;L...·tlX 

C:i0 TO CJ,. 
73 LJE.LY=-uLLY 

LJC:L'l'Y::ut::LX 
00 rv '-)0 

(\ l.. <.\.JI'i 1 1 I ILL 

I f I 1 i L. C .• i; ( .• l ' vG 1 u <:. .i. 
i~ :. i -~ T == P 
'r-':.:.V 
L=P 

'y' ;;'. i'·'''· l 
1 iLC:.!. 

:n iJtLX"'-i .. ;(!) ;;'-·"hJ,; 



~E(Y=-0(l)~~!FUU-UL 
If l i\i"G ( i -+·1 J • ~~ T • v. ~; .M~u • ,-{{ .i i • Gr .... • J ) ~..;~u T <.; <i 3 
.)_t:LXX::. CLL X 
u(L YY=-~-C::L Y 
GO TO CJ..; 

63 i)£LXX;;:-0LLA. 
0ELY'f'.:..-vt..LY 
0t.&.X=-ul.LX 
GO l U ').; 

li..,; CUNTli-.uL 
I i-t~=CLiL/ XXL 
XP=-( IX:·.( 1+1 >-X;:( 1+1-Iw<-:.) )-l:·((-.~1..+4e) )/C~i..-_X,·.( l+l-1 .. ~) 
CALL oi;~£ ( 1\•·Hi.:.> T, XP '.S1-l P 'i. t XtH T 'Y d ll ) 
X{ l+J.l ::f-( H·l, -Xu IT 
Y (I +1 J ='r (I +l: -y._; 11 
XU"<i-;.::~( l+.i. )-)~;, 

Yt.l\i-<=Y ( 1 +l )-Yi-4 
S u::n:: i~ =A r.; G { l + J > -~:.;,I.,) .;J T 
Af-iLX=ABS ( XL:i'i.i·:) 
;\f.:i(Y=A:_}~ ( Yt:.hl·,) 

Ab[.-,=AG;;. ( :.L·.Jl.i·: l 
P=P-Vi.:.i~ T 
V=V-h~l-< 

;j\.i•~•z:." =r\i..i.J ( Xt i·.h i +A\5 .... ( 'I' L.,;•.•"<) + .1. v ... • ·n- ;:,t;.:,.) ( _, L.v~l') 

(i~..;F( 1 T;..it+ll ~.;.,-..;,·.LI\ 
lF (()\ .. H..-F< I ii..li-ll.l .LI.u-.vf( 1 TCti) J~v 1v 2";,; 
GO TO ?62 

2 6.,. I F C C,.;t..v F C I i ( :--1'1 j } • L I • T '' I ill. ) \.; v ! v ~ iJ l 
GO TO 263 

261 lkl~L~G~0f(l!Cri+ll 
x.-;l.<=x, .. ( ll 
._,TI(=P 
VTt\=V 

26::. Ir<IrcH.L1.1:.:> Gv Tv i..62. 
lF((u\.-(Jt·(lH.:-l)-(;...,:,.;t (1H .. t~+l)) .... T.vel) li0 r;:; .::62 

; 

Xi·;( 1) '-'Xi·.fr~ 

P:.;PTt< 
V=--V fl~ 
IF(liCtieLl.;:.....,) ~;j TO £ti;;, 
lr(llUhlJi.:;; ..... i,.,JellC.heL.l•J. .... v) l1~ lv .::~r., 

G0 T0 ~6~ 
265 ~v~F(S~J=uv~f(llCH) 

(.;iJvF ( ::.1) =uvvF ( 1 TCn+l) 
ITCH=?\, 
CJQ TO 262 

;~66 Gv~1F ( 1 .-·~) :.;~u • .;i-· ( IT (.n) 
~~Jf(lvi)~u0Jf(jl(n+~) 

iT(d=l-.~-. 
ioi (,; .• T IH~.Jc· 

lfL>'-'•··L.< .• LI•v•c..::.) uG l-,., ~-.~':t 
IF< IIUI.~,r.t;j.;\,,;;.~,u.··t.·:.L '··~···:;> ;,..., r;.; '-'o1 
JF(lTCrle(Jl.J. ...... h •• l;.,:)v,.f_;-; • ._T •..•• ~l uJ 1,~ o~') 

184 

~;/ 

( (;,,:,,.()L.~1 l1~ 1'\LI\(.! 1 ...... ~ ;.,,- ~ hi\L •. :t\-...>l..v v •• ;,j·, LLI"-'1 !( l)[;.TLr<.·;l.,"ll.;,-, 
'( uF TriL lv·\·c~:..:. t<t:-..~l,l•-c.:.;,~ 1.,; ,., .. _, .. ..,.·~L lli1.:. ~v ...... ·a ... & .. , •. l:.., t.t·,,·,..,;,,) ,,1 ·• 

~G~. Li<"' Cr-.v.<+( ,, ,;Y ~ ~, .v . 



(,~I.,IX= Xt:.hi"\ 

CkvY= 'l't.hl< 
<.:i,u .. ;= ~ Lvt:.t< 

iJt::L V=:.; • 6 5·=<,\Lf\1"'+.£ 1 • '""* SL.vt::.~ 
t) [i L P = v • 3 ·r 6 ~- 'Y E I~,.,: + :f; ~ • 6 * .;-) L.. '-' i;:;., 
DEL•••='•l• 6 ".Xi:,,,~-1 7 • C. :t Yt:,-::"-t i ~ t:. • J;; ..>LV~•' 
IJiJLV=d.:l.V 
uULP=vt~LP 

UUL..'•: vt: L•·· 
IflAu~(~~L~l.~T.~·llu~~~=<~LL~/A~~(~~L.P))*J•l 

lftA~~(~[L~).~T.v.ltuLLV=tULLVIAb~(~~LV))*~•l 
1 F C i\dJ ( i..E. L.••) •;, T • ~ • l L.~L.r·,= ( i.JL.L•·· I At:...>' ... ~Li··) J * ~ • 
lF(Ail~(UEL~).LTeve~l) 0EL~=~ewl*DtL~/~B~IU~L~) 
IFCA~S(~~LVJ.~T.vevl) ~EL~=~evl*UtLV/~~~(~L~~i 
1 t--- ( ;·,j;;;, ( iJEL···) • LT.~..~ .1) .;t.L·•=v .l-:<vl~L•'•' ,~u~ ( v( L,·,) 

lf(~O•.E•"'•LI•.:.:'..!···[!~) Gv T~.J .1.8'-., 
Gu T'-J lbl. ... 

180~ UIFl=AG~X-huL'( 

If(ulTlel:leve) (;v fv lull 
lJ I F 2 ;; /·. b t: Y- /, ::, Li I.:- 1 .... " • 
If(Cif2eGT.~. ~ ~u T~ 1~12 

UELV=-.·· 
Ji..L~'=v • 
GO TL ldl...-

J. d l l V l f .) ;.o 1\i_; .;_ ,\ -,\ L; t.;, o I·:, l '.. V e 

IFCulr~.cT.v •. l G~ Tu lcil_, 
DELV=l-. 
lJLLf--=v• 
(j(J TC lcl-.~ 

} ci l 2 f.) f.: L. V ;;: ,j • 
U[l.,•,:::c v • 

G0 r0 lcl~.. 

1~>13 t.A . .:Li-'"-'-"• 

L>t:.L>,:.:~, • 
.lbl•1 C0i.Tir>lJL 

<d·\ I T [ ( 6 ' .2 <:. i+ ) L 1 (i I t ;•; L i-; i'> t Y L. \ l'• t ::: L ..Jl.\ 9 .J '.Ji'o L. I~ t i I'\ I ;, L 
11 Crt= 1 TCi-•+1 
1 F ( J T U1e C T .1 t::" l Gv Tv 2 l: £ 
GC Tv ~i.J 
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22.2 •1id I[((.,,::,C,.)} ( (,<,.,( 1) tr\XFv.d I) '..>tiF\JI\( l) ,._,.~.~i ... l ( 1)' l: .... l i i) tA( l) ~'I ( 1 it 
1 Ph 1 ( I I l d =- l ' ,.; l 

224 F VI'.,-J\ :- ( i X ' ! .) t::; 1:. J. 2 • ::_, ) 
223 (0,\li•;vE 

I F ( l T U 1. G T • 1 t;::,; l (:it.i Tv ~ ·J 

lr(ITlti.Lle:.:;,_,J t;;:; TO 1:;1 
lF' ( 1\t~-~ ( AI·• ( J.) i • •~Ji: -~~~:- (/;. ovl. I( j_) , ) u,.; f \.. ,i J. v .J 

I f ~ ~~ .) ..> I .J t·. L r· i • (; l ..... J. > ... L 1..,... = t v r.:. L. 1.) If\.:: ... t L--. L ..- ) l ,;- 0 • 1 

lf(A~~(~~Lv).~I • ..,.l)~~~V=twL~V/~u~iJ~LVl)~~ •• 
l f l f.,_i~· ( vLL•'•) .(: l e !;le) .-t:L.•••= ( v;_Lo·./ ,\l).._. ( vt.'-··1 J) • .-:; e 

iJ::.t.I+~1LLP 

V=V+;.iLLV 
Xi'-.( l) =X ·d l) -..;[Li. 

Gu iv :n-.1 



1::>1 lftvi:LV·~"-•"'•".,,;·.~;.Ut;.LP.L .... ~.Jl ·v;.; Tv ::>~ 
.JFCvtL.Vet. ..... ...; • ..,.,,,,u.l..iLi..···•L .... .;.~, .. ). ~;.; "lu ~j 
lJll..l"' = ~ • •_. i :t..,...,~ .) I,\;;;;;. t l)-.•~1-' l 
Lit.:.\...·o=vel·:<L.Jvl.•,/,~b~('-':.H .. o·,) 

GO Tu !.14 
~2 ~o~cLV=~•wl*WuLV/~~~~CuLVl 

DEL~=v•wl*U~~J/A~~(D~LPl 
GO TO ~4 

~3 ~E'-~;v.~l#u~L~/"~~to~Lvi 
I)L L.·. = ... • 1 *.~''''-•··1 t\t.;,:, ( u~L.·d 

~4 u .• ; .. T I .. vL 
IF<IT(H.~l·l~l vv 10 2~~ 
l F ( /,lJ '..J \ v t.:. :..J· ) • ·:.. T • v •l h.ii: LY ~ t vUY I hu.J ( vL. -.P l ) >< o.J. 1 
IF ( ;\u;, ( ~ t LV ) • ,_, T •. w • l ) ...-~LV= ( i..l LL VI ;,'.J.;.' ( l.i i..L \1 i l -;~"" • ~ 
1 f ( ;.,:}:.l l iJt:L•·· I •<;T •:. •) lo:tL..t··= ( vi::L···/ ~\U.;d JLL.·t i) -:<·:J • 

P=P-t-ULLP 
V=V+I.Jt.LV 
x,.,( l.l :;.;.,.,( l. ).-v..::L. 

GC TO ~ .. ,t_; 

~\.;0 P=P+.)i:.Li-'/2. 
V=V+Ji...LV/2. 
X: . ( l l ~X 1·. ( ~ l - ;:, :: L ,/ Z • 
lF(ll:;.:il•ivT•-.i...;l 00 Tv 3v'-' 

.186 

, \ .~ 1 T r~ ' 6 , 2 2. :, l t ' ",., ' 1 l , ,\ x F ..; ~, ' I ; ' ,;, • , r: \,' 1' ' I > , ...; u r ~ 1 < 1 l , 1 .• ...; r ' 1 ) , x t 1 1 , r : 1 > , 

11-'tl l { 1 l ) ' i = .i ' h 1-; l 
GO TO 3·-'v 

.~ 1 "'""' P = t.; .,.l 1 I 2 • 
v=·J~fl2· 
x,.: < .i 1 ~x~.; < 1) /4. 
I r ( x, ., ( 1 l • L 1. • : - 3 2 • <~< i" l ) X.·.t l J :.:-.,;. ~ • ;;. ;) 
GO f0 .:;_..,,, 

669 lJI::.:J-1 
.. 1...:1 il.:.\6,:;6)1! ::.h,..;,).·•Li\ 
;·J i' i l L ( 6 t 6 -, '· l l 1 i 

!Ji~ fv,, .. ,,l (.i.A,..::nt,~l..,.. ... )fl( r-ii1 • .;.._ ,.{ .... ~.~!iV:t 'l~/.i...<,).;HiLai...) 1':(..;\.J!'-"·· ,, . ._.~ ._.,.. 

11-.GL.< f•.,-iPLl C./,,, -L l 
Sv ·1 ~ 'ivu 

dci'.i vC"'~( ... 
vf:..~J7:.; 

••h.il[(6,jjj_;,} ;<,.,;_,fMtXtJ 
.)j·_;:; f\.i,.;,.;,,i( 1X,Lt.~2.:;::) 

,,f.; i ·1 L ( 6' '- ~"' ·-· l I T Cn 
r.3v F0i••·•rd ( lx,~~•l iU·t,_l4) 

I lUi=- 1 
~·; h; I H. ( 6 ' u & ;;;, l 

66& f..,",· . ..:.l ( lX,li·;.:..~CTlvdt3Xt&n .. w,•.Et.T,3;,,1laiJ.Iilt\L fvr\(i::tJ/,,llsi . .:;,i,l_,"·' ;:...,,.,'-

1Ett.X,.1dAto~\,l:·iY,l.<t4...,ri.;,;il·.;d,,.;..-- ,;...,i~!lJ•- f 1.~·'''- : .• ~!L< 1 L.r·.L) 
U0 6!. o 1 :: 1 t •• •1 

&6ti lCrd I l =.1-l 
., ...... r i i.: t 6, £J6, 1 ' ' 1 (;, t I i , ,:., ... ' l 1 , ;,"F """' 1 ; , .:,;,-;;~ ·~·~ ( 1 1 , ,.. t 1 > , Y ( 1 ) , .._,...., r .:, r ' I 1 , 

llihll ( 1))' }:=J. t ,,,) 

tJ:., 1 t \," ·'. i I\ T ( •I ;.;_ ' l .;. ' '• A ' I".., • :;; ' ·+ "· ' t - • ;) ' \~" ' r- .:.:. • .;. • J i. ' I ·;.. • ... ' .:. ,, t t ,j • ~ ' l i X , ~ ~ " • ~ ' 
lit X , L .i. 2 • :;, ) 

;)(; 671 l=rolt~4!; 



i id •.. =x; •. c 1 > 
~ F 4 1\b~) ( T ,.; 1···) • i~·::. .,.\t>~ ( i\r·t\.iL l ( 1 ) ) ) .Gv Tv bo ':f 

6 71 Cui. T l r~~i.: 
w'l H 11 t ( 6 t 1 ~ } A; I t Y ;h ~ ~ I P 

l() f~,j,,.,j\1 ( !Xt,Ji'l t•oi:.#\.;.Jvl<~l.t <,;...,,,d·:\;..; ,d 
l P c. •\ T I·~ ' L:.. l £ • ;,~ ) 
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~.,{ 1 T c ( 6, 1/) Xt.>-!1\ t Yt:..-c;;.,: t 5L.;..;~s\. 
1"1 f Ul"\.r·.i\f C lX, ito·ik~·'h t F i .... • !:l t ;::11. • 4rif ~i\1'0 tf' lu • ~ t ~X t ~H.:;l..'-'c.•< t l.Li. •;,) 

\.kiH .. (o,!.Jol iT:::rl,.;,\.....·.iH 
:;c;, t:vt\.,·.1\ T C lX, 4nl TCil, l-'+, ~ti~U··,~.;.i~ tF 1 ... 7) 

T R 1 i\L = 1"' •"' 
c.; ;;0F t 1 , = l·.., • ..-
l~l~Etl~c·LL·~·~l ~0 T~ ~~~ 
GO Tv ~ .... 1 

:..w ... RIH.4ut7) 
lf(~)\J•·•t..l\eLle-..~e!JJ ;.;,...:; fv bo~ 

~~ lf(UL(iul•0fev•!.J) ~~ T~ ~vU 
i-{t::t\L) { :.>, .:J 11 l 'I.:.,,'-'"' t vt;;.;.l tf' t" tA•·· ( j. l tv.::Cl vt. 
" ~ Av ' ~ , 14 i ,: ' l l , Y c 1 , , .-. L u iJ , .... ~ , -r •• ~ .; .... 1 i;· 
bk l f E. i 6 • !J l J. ~ l.! t H\....l' t Vt::;~ T t iJ • V t .i\,·, ( l ) 'v~;..\:. 1 ~L. 
GU Tv !)l 

~....., v .d~ l H:. ( u t i .. ;,; I l I 
2v:> hJkr•or\ i ( l'~ tlLt) 

Slut' 
2 Fvh:.-i;\ r ( :..F :i.u •;;) 
:i f vi<i·oi-\ l ' l A ' ii d_j 'F 1 .., • j ''i X t 1 i1 \/ ';: l v • .5 4.:" ' l .:.; Ill. L. t.;·. b~ I L t:. r.~ 1 il. F 7 • .;, ' .:: ;, ' 1 ~iII< 
lv• vf r:.Lt.a·IL"i;;,,l:;,t;;\tlll"l ~0~ t..o:.o>ii...TntFl..Je.J/.i.Xt.l.uiitli.~.dLv·d,,~ rvi-.C.~t 
2 F 1 ""' • j , ;j" , l•• ,., v u ~ r 1 <.: ;\ L f :..; ,, <.. •~ , t· 1 ..; • :. ~ J x , 11 : t .._ t.. f ... , L &.;, .. '-J r h , ,:· ... "' • .-;. l 

7 Fv,{:·.f-\ i (on """ llv l 
[j~(J 

.Jvt:h0'""T t.~i;;, u;:,.;;i:.lAni,j,X,'at.SL ... Pl:.,C:..•X.~.lTtY •. di) 
C lHJ;::, .;.;ULi{v'-'TI:•t (.,:..L.(.;~JL.i\ft...;; Tn~ r'ivli,lli...;~ vi- T1k Jl[tL L.( .. )t..• 

S Tt< I= t t - ;.:;. ,., !'I • '.;f.) 7 l + L l I~ :; L. ·, • 
S Tl~ C • < ( ;<.., .I i • :: 6 7 l + ~~ l I i.::? 114 • 
A uS f H :.:.: fo. ...: .:.. ( :. .. T id -:;, T !{ C l 
EX l =-i\l,\1, { ,.: . ..;~•11'/-f. !;6 I) 
f',u[X=-t.::..\1 
5Llj,~~:.:.:-;:';LCI'l~ 

i~i·,G=-" i ; .• .- t ~ ..... h~ l +LX I 
~~ i1 = 4 • v >- ( i • -~ ·H S LH + ~~ f ,.; C ) I:.. • i 
i.~Jl=r...IT·:::.-1,.1 ::.Lvi<.P)-4.''"~1 •• (i,,,,;,;) 
Y r~ 1 T = u I T ~< (..., -' I ~ L '-- i"' t-' l + ~ • -:o- C v.) l t\ .. u l 

;.;. t~ T U!-t :·i 
[;W 
.;;..,; oh;.) v 1 1 i,:.. (. ·. t. LY t L .. ' -i l ' i I.. 'v-.. ' f-'..:. , _ _..:• ' .-~ t.d 
(.; i ,.,:.:, .. .;.. 1 u1-. .Jv : J v t ~;.; ) tv vf 1 4 ... v t ..:':,.. ) 'PL. r;.t' ( 5 ·.J 'i. ~ ) 
S~~;<=~Hl< I;.;,, ( 11' T Z) 
I F ( T 1 • G I .... • ·., I uv T ~ o 'I 
IAJ b "J I = l t 1-l 

Jv 6') J=lt··· 
(. L u.;:.. '- ~· { 1 t .J } 
Jf((l.~eufe...;e -~ v~ ii.J '/~ 
i~;:.t..•) ( l 9 .J) ""r';..;;,t-' I 1 t -.1) +...- .. :h·' 

G~ i~ u:.:.. 



7j f'd:.l-'( I tJl=idl:l . ..J)+u(C~v)UA~~i..d,;J( l_,d+..;).;)l(i< 

\.!IJfl(l,J)=CLu 
(;C) 10 6'i 

b3 "''"'Fl (I ,J) ="•"'. 
69 CU.·. T I •• u~ 

G~• TO 8-. 
t>-r u\J .,'.> l=.l,.-

uu 75 J= l fl'o 

CL~~u~lltJl-PElPtltJl 
Jf(CL~•~T.vevl G0 10 7~ 
P£E~tltJl=~~l~(ltJl+~~k~ 

CJv TO 62 
1~ JLU~=l:L~-~vfl(l,J) 

1F(~Lu0.GT.v.~) ~0 TU l~~ 
UlH .. (;=-vU.iv 
Iflll·c~.T~l Gu Tu 2v~ 
!->0LlJ"' t 1\f\ < ulll.~) +ub ( vUL0 J *;\L.Ovl~ l I'~- T 1) J -11-\.1• ob6 7 

GO TO 1>..>1 
~vO SOLD=li• 

(10 TO lv 1 
lJO CCNT I M.JE 
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lF<Tl·~~.T~l GO TO 2vl 
~ULU=AA(ULV~)+ti~(0~Dvl~ALv~l~( r~-Tll 
~~lP(ltJl=~~~P(ltJ)+u(CLU)*(AL~GlU(I2)-ALvGlUlll))+~~Kk+~vL~ 

GO TO 1"2 
2lJl SCL1J=v• 

Pf.EY ( I t J l =~"'::: [ P { It J} +b ( (Li,; I* { ;\L.o..C, lv t 12) -;\LvG 10 ( T 1) ) +~~~..:.;.;+..;)vL.U 

GC TO lli2 
1~1 ~~LP(J,J)=P~tPi!tJ)+B(C~0)*(ALvblUifll-AL~J~l~(Tl)) 

l- ~; JL!)+ S ~;,,., 
l ;,.;;i! L.vr J. ( l 'J) ..:(Ll.< 

u..: l0 /',) 
0 2 v vi' l ( i , j ) :;.: v • ' 

ov h.'"'rl 
Tl:.oT? 
.. I' I I L ( 6 t'J 1 :, l •• ;;, ;<;~ 

:i ..i.;;, F ;_, !~; ·. f\T ( ;) ;.~ , 1-:: l ,. • 0/ I ) 
,., i, l 1 :;. ( G , '.• l ;) l ~ ( r:· t U> < I t ..; l , J • ~ , ,., ) , l :;.; .i. , •·• l 

.11 3 r .;;..; .. ,: .. 1 < 1 ...... -< • 1 ,d:; 1 ~. o , 
i-\i..TJI~i< 

F.,:,Cl I:J.·l .. ~il···.,,<i i'ltlil 
1 ~: ( T J. - J. • 'u ) t_) ~· I !.: t> f f.- 7 

e 6 s1·r:n i ~ :< ""- ._. • u v .<i. 1 :i. + ·' • " ,! "2l4 * ;\. L c G 1 ~ ' L~ l 
G . .) T:.. db 

o 7 1 i7 i ·1 I.- I ... , • i ·; ·• ' 'J 4 ' ');.; 
-... '• ...;; :·~ , < 1 , ", :-:- ,, • .. ,. ... , : ~~ l; ··< ( /, L L' :..) 1 v ( f .:. t - .\ '- v rJ l •.; ( i 1 ) ) 

j-"~_;:<.L ... .i-~.J· .... V'J; 



E.i~v 
f\J; ~ C: T 1 0 ;·.; ;.:;, ( C L U } 
FL=CL0-v • vv,,5 
L;= 1 ~~v~·Jv • -lit: L.,.:;. i+ l l /;; •;: ;,~>:·f'L ·::·>< i. .. l. 9'-'-'i...'*FL+J • v.,.tv 73i.. ~/· 
i<ETvHN 
t:\D 
F;..;r.CT!Of~ /\i\(..;l.u~} 

FL=~Lv\J-v•v~ -..:~; 

r, 11 :-..- 1 v :. ... ~ ........ .;;-r L -1..:.<- .:. - ~u " • .:,) c. .;) * h .. 'it -.;· .~ - u • ',) 7 :; 6 o ~ * F 1.. - v • ~... v ~..d. 11 
KC. 1 ;.Ji\r. 
E i~C.· 
Fi.J~.CT 1 Ol\ UIJ ( Ol.Ju) 
FL =uL:;u-.~ • ... ~: --~' 
tW= l. u :H.!:; 'J..; • -q:.·l. **:. + lTI:; .l? ·;r .. f'L·~·.t ~+ l• ~v jv2 i<f'L+;;;> • vv..; '/ :.2 
HLTUI<;\ 
i: .·~ r.) 
~vl3 i~Vv T 1 •'•E ,\ h.••~ C E ( v( t u 1 • P •• 1 't"' ·• ~ t J.l(AL • 1-' t • • 'r E E r-' t vv t 1 t ( Y ~ '"I "'(..::.H.-~ ) 
i.:dt•;C:,t-j.J I v;. Uv ( ::: . ..., , ~ :>) ,ti[t;Y ( .;v ,~;,..) 

P Ci' L = P S 1 + P .S 2 
{)0 6:.J~ J=lt·· 
i)J:.:J 
vi.l C I' .J} "".J(- 't t-·..i - .. • ~) /!N•~;- ( ....:\..-~ l) -(.:.lnt< 

I r ( ~. + l.i • \, J ,, 1 :.• l (; . ·..., ' t; v J • tn., .~ 
{> .... ::; CCC==Cv:.~f ( .. , \. YL i 

1-'(HL=J-lCIIL-~- ( u4 • ._.;,_,,.,)·!:·((( 

(>,1'-i cv.-; 1 I ,·.,uL 
i...! i-';:.. .. • ",, u 1 -;; ( t·'-,..; C·\ L ) I;, L ...) (. 2 v • ~ ;. : : ;, { ·" ) ) 

1 r-· t ~. r ... ~, r • 1 1 "' P == t t t- - P ~ ,;:, L i 1 ", ..., ..... \ , · -, ·· ...: " L 1 } " 1 • u L. - ,_A 1 ' 1 .- 1.; • >< :., 1. 

1 F { "L:•v { v(- .... 1 ) .t. i .1. -..i:.-v l l ~P:: ( ( ,~-t•._:;~l ) /,-.~)~ ( P-h.i'.L) )·i< l. i.-e:-(;., 
ul==-.~.:...; ui-' 
ul=vT-1-uP 
1\L T Vl"l'i 

.:.>.J b :·,....; • .. H I i, [ /, t:;i·i X ( ·.; C ''..J i '1-' ~ l , ~>,.:, ~~ ' ,;,·,XC L,l , ·~ ,\ ~~ , /~~-: , t-; , V , t-' c.:. [;.... , · 

} •• H .. ' I ' (. Y L ' <) :.:_ L X~<. ' ~- L L Y Y ',., '1-. i "· 'C. n ;, ) 

{J I I t L. .-.:...:. I v;. \_} ~~ ' ::s v ' ~~ ;; ) t p ~ :: i., ' ~ I.J ' :~ ;.; ) 

l), '~.- ~ 

t:,. , "<.., ·\ '"- :.: i) ~ 1 ~=· ' --~ • :.., ~::: !.t. l ... r, .. :.r ~~ ~;.- ..':. • & 1. :.· 
i;.j 6lv J-1•·· 
vJ=J 
u u ( l ' j ) ;;: v (- ( ~ J - .... :. } /v i "'' ( ,)(- ~; r j - ( ..;:,j 1.-.: 
:; • \....- (. I , J l -:-..:. t:P ( 1 , ..; l 
I ;: ( •. +"' • " ....... 1 :1 l u 1 ~ , G .L :: ' ;;;. l :;. 

:~ l ~ ..:.: ·::. (;.;; ( ._,I~:::: f { " ' ( y i. ) 
"' .. , ~; ( ,·, '- =" ;.,, ·.X (., L + : ~) <, • vI._; ... ) -:: ( -. • '--! ( ... .J-· ~ • :; l I._:,·. l ·•~ & • ...; ) ~:- (. (. ;:_ 

::: 1v ;,_....,.,' I l . •'-' l.. 
L)/,i; =Xn+!.; :< ~.--L i... X;\+ v-:~~..ll YY 
.:,;':,I.=,.,L;_,( (\....~- .... T t/...,(l 
II· ( ::)i-.1.-..., • .. :; ) (._, ·r:.i, ~; ·1 .. , tJ ·l l 

t)7W;J u,• ,\::;.. • -.~~.~v 1. ·:~ ( ~:Hn-::~: f.>.(:/\:_)// ... ~ .. ;; ( j., • K~;./,i\) 
l f C /',;;...; ( i ,,·,A ) • l. 1 " ·' v • ) Uo ·•..<.:; l • v .. - ... ~ ' { : ~ •, i:-::, o,•: ( ;, L. ) 
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u~J To 6~d 
67l U.·iX=i-.:>~(uC-vii*(L>AX-~h··"(,~L)/ .• : . .>,,(lv•"~~·o·;X) 

1 t: ( ;:,b~ ( .;#,;\) • L. ·, • ..r. ve) U··•X= i • .... ~.;.-""u·O<'( O~JI.-,)···X~ ... '-) 
i..:..)o~ ll 1-.Ul:. .· 

IF l ,, I;, ell r. 1 ) Vi .x = ( ( ~,;>,'\X-l)•'•"lt..AL 'I ;\o:... ( l.,;,-t:t···J'o.C .. ,L) , ~ ,:.;.:.;. .. [ ~~/ ,\L;;;, ( ~jl~ .... ) 

l r C /\G~ C vC -vi ) "LT. l. vt.: -;,; 7 i v,,,;,o;.:; ( ( l.~i\X•,_.,.,i'I.(AL} I .\c.;~ ( r;~i.-6,•,/.(;·,t.. I l w i • \::.;. -~.; 
17 

1.1 T =~T-Uo :x 
I.JC =..;C ·HII<X 
;~t: n;;,r, 
li·,t.,; 
.;.,uo.,:u~,..oi'I,·,t:. ~itc:.L(v(tvl '~~.ltt-.1->t::•;\;;;,,.;,.fYt~..;~Ytt;) 

5!;)l:::veb.-:;~li~-i<'\1T+vel7 tt11:J*vC·t-r1 
!.:i$4:: o:~,; • ~2 ,:; 12:; *l;C +.., •l 71 ._;I:. *..J T +1·1 
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J\.PPE::DIX C - TENSILE TEST~ ON ~I:!NPOrCEt-!f.NT 

Tl-J~J.E Cl !TFi~CT" OF HEAT TREATHENT ON STRENGTH OF P..EINFORCTN~ !'TEEL 

TYPE OF 

~==S=P=ECP1~;-; 

I 
STPt\IC1·JT 

STRAIGHT 

ill~ !,iT /15 ° 
TFEN STRAIC 
\,:l!ILE HOT 

-HT 

STRAIGHT 

I 

(ALL SA~f!'LES PERE f!n DEF'ORVED BARS) 

I 
~---

i 

m:THOD PF NO. OF YIELD 
HEATI:W I 

PI: AT TP.EATPni'~' SA}1>LES STPENCTH (PSI) 

(AVG) 
-- -· 

! I 

NIL I COLD 3 I 59,300 
I 

I ACETYLENE HEATED LOCALLY 3 59,500 
TORCH TO PLASTIC STATE I COOLED IN STILL AIP 

AT 70°F 

ACETYLENE HEATED T.OCALLY I 2 50,000 
TORCH TO PLASTIC STATE I COOLED IE SAND 

I 
I 

ACETYLENE HEATED LOCALLY I 3 NOT \-!ELL I TORCH TO PLM:;TIC STATE. I DEFINED 
COOLED IN STILL l 
Ali?. AT 70°F I 

I FUP .. NACE h1lOLE BAR HEATED 3 "60 ,000 
TO ]~00°F CO!lLED .:> " • 
Hl STILL AIP AT 
70°F 

' ' 

* F DENOTES NUEEER OF SAI~PLES HHI\.H FAILED IN THE HEAT AFFECTED zo::E 

AVC. YIELD STRm;CTll VH.EPE FELJ. DEFH:En ::: 50,ROO PSI:ST/11'-JDARD DEYI/I.TinN 

ULTH!AT~ 

TEXSILE STHENCTH 
(AVC) 

109,000 

109,200 

109,200 

107,000 -
110,000 

105,000 

420 PSI 

F* 

0 

0 

0 

1 I 

-3 
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~~----~--------~------~--~ 
4000 6000 8000 10000 12000 

strain ( microinches I inch) 
14000 ... 

FIGURE C I Stress- strain relationship for reinforcing steel. 
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