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CHAPTER I 


I NTRODUCTION 


1.1 Introduction 

Composite members are members consisting of two or mor e elements 

of the same or different materials connected by some means to form a 

single structural unit . In general, analytical solutions of composite 

beams have been developed for members having a reinforced concrete slab 

connected to the flange of a steel I beam, by means of shear connectors . 

This thesis involves the consideration of a reinforced concrete beam as 

a composite member with incomplete interaction. In particular , it en­

tails a study of the influence of bond slip and loading condition on the 

nature of cracking phenomena observed frequently in tests of simply 

supported reinforced concrete beam . That is , a reinforced concrete beam 

is considered t o be a composite member with incomplete interaction, which 

is a devia t i on from t he conventional concept of the reinforced concrete 

beam. 

A preliminary analytical study by Robinson(l) illustrated that 

the inclusion of loss of interaction or slip accounted for a reduction in 

the average steel stresses observed experimentally by Plowman(2) . The 

further possibility arose that such an analysis would account for t he 

variation in the crack profile observed in a region of constant bending 

1 
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moment for beams wi t h a two point loading system , and that a rational 

explanation of the nature of t he so.called ' diagonal cracking ' in the 

shear span might be formulated . The need for further invest igation of the 

cause of diagonal cracking is urged by the ACI~ASCE Committee 326( 3)( 4) 

which has made intensive studies on the problem of shear and diagonal 

tension in a reinforced concrete beam. 

1 . 2 Hi s torical r eview 

As early as t he beginning of t he 19th century , diagonal tension 

had been considered to be t he basic cause of shear failures, and t he 

widely accepted equation , 

v 
II = bjol 

for shear calculation was developed . This equation t ogether with some 

specified maximum shearing stresses which were based on the concrete 

cylinder strength( ( ) , had been adopted by most desi gn codes in North 

America . In t he year 1955, t he nature of the well known failure a t 

Wilkings Air Force Depot in Shelby , Ohio , intensified the doubt as to the 

validity of these design pr ocedures and specifications for the calculation 

of shearing s tress , currently used at that time . Hundreds of tests have 

been performed by investigators regarding t his aspect . The ACI- ASCE 

Committee 326(3) ( 4) has mast erfully summarized the major contributions 

on shear studi es carried out for the last 10 t o 15 years , and explained 

the pr inciples of shear . The inadequacy of the classical diagonal tension 

design equation and the adopted specifica t ions was indicated. During 

the period of investigat ion, a new and an empirical design procedure was 
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developed and proposed by the ACI~ASCE Committee 326(3)(4) . 

Many discussions r egarding t his parti cular pr oblem appeared after 

the report of Commit tee 326(3)( 4), on sh ar and diagonal tension . Some 

have attempted to relate their own test results t o t he new empirical 

design procedures , or t o evaluate the accuracy of different empirical 

formulae for shear stress calcul ations . Ot her invest igat or s have attempt ­

ed t o expl ai n the mechanism of shear f ailur e and t o di ffer ent iate bet ween 

t he gener al modes of failure{5) (6) (?) (S) (9) caused by some secondary 

causes brought about by the diagonal t ensi on cracks , t hrough their test 

observations and experi ences . 

In his paper "The Mechanism of so-called Shear Failur " , Kani ( l O) 

used the ' t eet h ' concept and t he ' comb- like ' s tructure for med by t he 

cracking process to explai n t he mechanism of shear and diagonal failure . 

Kani also suggest ed that , du t o redi stri bution of stress caused by 

cracking , a r einforced concret e beam was transformed int o a beam wit hout 

bond or an arch wit h t he reinforcement as a tie, The process of t his 

transformat ion , analysis of di agonal failure , etc . , was fur t her detai led 

in Kani ' s recent ly presented paper 11The Ri ddle of Shear Failur e and i t s 

Sol utionn(ll) . 

Gener all y speaking, exper iment al t ests have been performed wit h 

such vari ables as concrete quali t y, percent age of longitudinal tensile 

reinforcement , shear span t o eff ec t ive dept h rati o , shape of cross 

section, size of aggr egat e etc . bei ng considered . Lit tle or no a t tent-

i on has been given t o the i nfluence of bond sli p on t he mechanism of shear 

and di agonal failur e of r einf orced concret e beams. 
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1oe( l 2) indicated that the width of crac s, which depend on the 

bond characteristics of the st el , the percentage of reinforcement , the 

quality of the concrete etc . had detrimental effects on the failure 

mechanism of a reinforced concrete beam. His proposed quations., for 

sh ring force which is transmitted across the cracks , and for the nom... 

inal shearing stress at th inclined crack, suggest that a theory could 

be developed by t aking into account such factors as the bond quality 

of t he reinforcing steel , the spacing bet ween the flexural cracks , width 

of crack, etc: . 

It has long been consi der d by European investigators(l3) that 

t he widt h of cracks appearing on r einforced concret e s tructures at a 

given working stress depends primarily on the degree of bond between the 

steel and the concrete . That good bond between steel and concret is 

tho essential requirement for the safety of reinforced concrete struct.... 

ures has already been recognized. 

Robinson(l)(l4) i n his investigation of a composit beam consist­

ing of a steel I - beam with a ribbed concrete slab formed by cellular 

steel decking, discovered t hat in spite of the fact t hat there was no 

distinct interfacial plane between the concrete slab and the steel beam, the 

str ain distribution at any section had been observed to be essentially 

l i near in t he elastic range . He further suggested that the total slip 

between t he concrete slab and the steel beam might be considered to 

consist of an int erfacial sli p and a larger slip , particularly after 

cracking, due to rotation of the concrete ribs formed by the cell . This 

can be considered to be analagous to t he total sli p of a r einforced 
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concrete beam, which would be expected to consist of the relat ive transl­

ational movement etw en the reinforcing steel and concrete , and the 

. ( 12) . ( 10)(11 ) 
rotat~on of the ' teeth ' referred to by Moe and Kani • It was 

consi dered that the reinforced concr te b am might well be considered 

to be a composi te structure \'ti th incomplete interaction . 

In spit e of extensive tests made in t he attempt to solve this 

existing problem of shear and diagonal tension in reinforced concrete 

structures , i t is s t ill concede tha t a complete understanding and 

fully rat ional solution t o t he pr oblem have not been attained. In 

ano t her word, practice is ahead of t heory in the field of concrete engin­

eeri this is unsatisfactory both for the scientist and the designer . 

This s t ate of things ought really to be r eversed , so that theory could 

lead the progress of actical dev lopment. However , a satisfactory 

design pr ocedure and explanation of the inclined cracking may be developed 

through continuing experi ment al and analytical studies. 

The main int erest of the writer is to study analytically, the 

influence of bond slip and loading conditions on the formation of cracks 

of a simply supported reinforced concrete beam which is consi ered to 

be a composite struct ure with incompl te inte action. During the period 

of prel iminary invest igation t he Newmark(l5) solution for the convent • 

i onal composite beam was sl ightly modifi ed , and was us ed t o est imat e 
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the crack profiles of a reinforced concrete beam and an Araldite BRS 

model beam which was developed and t est ed by Bi gnell , Smalley and 

(16) 
berts i n an at t empt to simulate the behaviour of a r einfo rced 

concrete b am under load. In order that the fi eld of investigat ion 

mi ght be enlarged upon,. the general analytical solut ions were developed 

on the basis of non-linear stress-strain relationship for the concrete . 

The numerical so lutions , unfortunately had t o be obtained by ~ trial 

and error met hod , as outlined in Appendix B. However, the complications 

in the processes of evaluation were simplified by the aid of the IBM 

?04o computer . The results have been found t o be very significant and 

ncouraging, though t his i s still at a very primitive stage of invest i ­

gation . It is expeQted that further studies will provide a rational 

explanation of the nature of .di agonal cracking . At least i t is hoped 

that the importanc e of bond slip will be demonstrated through t his 

investigation. 



Chapter II 

" " RESUrtE 

The Newmark{l5) solutions for the conventional composite beam 

were slightly modified and were used t o determi ne the variations of 

degree of interaction ( ~· ) along length of beam for various t ypes 

of loading systems ~ The characteristics of these variations were 

s t udied . The crack profiles of a simply supported reinforced concrete 

beam and the Ar aldite BRS beam were determined by treating them as 

composite members , subjedted t o different types of loadings . The 

results obt ained wer e found to be significant and encouraging. However , 

i t was found that t he analysis was limited t o the application of a 

very small degree of break down of i nt eract ion between t he composite 

elements, and required a relati vely large tensile cracking strai n for 

t he concrete . 

The analysis was extended t o the consider ation of an assumed 

parabol ic stress- str ain relationship of concrete under compr ession. 

Equat ions for this analysis wer e derived upon the requirements of sat­

isfying conditions of equilibrium and compatibility. The validity and 

applicabili t y of these equations were verified by t he comparisons of 

results obt ained with those for the linear analysis at low strain level . 

7 
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Through investigations, it was found that as far as the consider­

ation of a larger de ree of break down of interaction was concerned, the 

cUrvilinear development did not overcome t he difficulty encountered pre­

viously. Therefore , a new approach to the analysis of t his problem was 

adopted . 

In th~ pproach , a cert n degree of break down of interaction 

was assumed !or the beam concerned~ For a given appli d load , the force 

parameters , such as t he flexural moment of the concrete and horizontal 

forces , which fulfilled the equilibrium condition, were assumed to be 

those associated with a hypothetical total moment which the beam could 

carry when there was no break down of interaction between the composite 

elements. 

The equilibrium relationship could be written as 

F =,6F 
I 

The hypothetical moment at complete int raction was therefore , 

In adopting this new approach, it was found that the problem 

could be extended to the analysis of any degrees of break down of inter­

action between the composite elements and a large applied load, with a 

more realistic tensile cracking strain of the concrete . With this 

approach , the crack profiles of t he simply supported reinforced concret e 

beam were estimated with the interaction coefficient 1/C , constant, and 

withl/C varying along the beam, for the linear and curv i.linear cases. 
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It 

action was 

have to be 

moment, Mt • 

The equilibr ium r elationshi ps of t he fir s t approach could 

be 'tTritten as: 

for complete interact ion 

Mt =M, t F '· l. 

F =f' 

for inco pl et e i nter action 

t hen , 

may be seen t hat , if an assumed degr ee of br eak- down of inter~ 

gi ven t o t he beam, t he f lexural moment of t he concret e would 

r eadjust ed t o r est or e the capacity of t he beam to the requir ed 

Owi ng t o the decrease of J3 (F/ F' ) , t he flexur al mom nt of 

t he concret e (M ) incr ased rapi dly which caused t he cr acking process t o c 

continue . The analysi s was t hus limi t ed. 



CHAPTER III 

METHOD OF ANALYSIS 

The theoretical development .s for the analysis of the nature of 

t he cracking patter ns of t he simpl y supported reinforced concret e 

beams, subjected to various t ypes of loading, are based on t he solu­

tion for the analysis of a composi t e 'l'...berun (conventional composite 

beam), wit h incomplete int er action, by Newmark(l5) . In this case , the 

analysi s is based on the assumption of linear stress- strain relations 

for the materials. 

3 . 2 Notation 

The subscript s used with the not ation of t his thesis have t he 

follo\~ng m anings1 

A .. Effective cross- sectional area of the concrete. 
0 

A - Cross• seoti onal area of the steel . s 

b widt h of the concrete beam. 

c ,c Distances between the respective centroidal 
c s 

axes of t he concrete and steel and their contact 

surfaces. 

10 
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d Diameter of the reinforcing s t eel . 

D Eff ctive depth of the reinforced concrete 

beam. 

E , E ... Moduli of el sticity of the concrete and 
c s 

s t eel , respectively . 

F, F , F ,F',E,E- Horizontal direct forces acting at the 
c s L""R 

centroids of the cross-sect~onal areas of 

the concrete and steel . 

2H Tot al dept h of t he concrete beam. 

2H ' Dept h of the concret e beam after cracking. 

I I Second moments of area of the concrete andc ' s 

steel , resp ctively. 

k - modulus of t he shear connection ( t·Yr ) . 
K ,K curvatures of th concrete beam and th stee+ ,

c s 

respectiv ly. 

L Span length of the beam. 

Mt External moment applied to t he beam. 

Mc, Mc+'MC++•Ms- Flexural moment in concr ete and s t eel , respect­

ively. 

p Concentr ated load pplied to the beam. 

q - Load transmitted from reinforcing steel to the 

concrete per unit length . 

s Spacing of discr ete connection 

u - Dist ance of t he concentr a ted load P from the 

left support . 

w - Uniformily distribut ed load (lb/in) . 

v Unit shear stress 
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X - Dist anc of cross-section from the left support . 

- Vert i cal distances from the centroidal axis of t he 

concret e and the steel, respectively. 

z - Dist ance bet ween the c ntroidal axes of the concrete 

cross- section and the steel . 

o ,o - Stress in concrete and s t eel , respect ively. 
c s 

~ot ' cob - Strai ns at top and bot tom fibre of concrete . 

s t ' Esb - Strains at top and bottom fibre of the s teel . 

n • Rati o of s t rains at bott om and top fibres of the 

concret 4 ~ '~ "' c b''-<;, ot • 


- Degree of interaction= F/F' . 


y - ~lip between the concrete and s t eel . 


3. 3 Basic Assump~ions 

Consider a T-beam as shown i n Figure(3.1a) and Figure (3. lb) 

consi sting of an I-bea~ and a slab tied t ogether by a continuous shear 

connection which t ends t o prevent slip between the two elements and in 

so doing transfer s hor izont al force from one element t o the ot her . Under 

loading , the s t rai n di stributi on for complete and incomplete int er ­

action fo thi s section are shown i n Figure (3. lc) . 

Now we consider t hat a r ei nforced concret e beam , as shown in 

:~gure (3 . 2a) and Figure (3. 2b) consi s t s of a rectangular concrete 

sect ion and t he reinforcing steel , acting together through the connection 

of bond , bet ween t he two element s . The s train distribution in this 

sect ion can ther efor e be shown in a similar manner, as in Figure (3 . 2c) . 

http:Figure(3.1a


---- ,.,;r== ~~ 

E1+----·-·· -_j~---+ 
z f 

l ~CENTROlt>A':I_AJtl~ of b!A~ 


-----~ 'Fe~- ........ ­

---~ Fs 

F I G. 3·1 a cRo!>s sEc.TtON FIG. 3·1 b FORCES FIG·3·1c sTRAIN I>tsTRIBUTION 

0 

Mt---~n 
I' 

----~--

FIG .3·2 c STRAIN DISTR1 6 UT l ONFIG: 3·2 a cRoss sEcTioN FIG.3·2b FORCES 

I-' 
\.>J. 
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The principal assumptions mad for this analysis re as fol lows: 

l) The t wo components have equal curvatures at any section. That i s ., 

upon loading , it is assumed that t wo materials deflect equally at 

all points along their 1 ngths . 

2) The distribut i on of strains throughout the dept h of the concrete 

and the steel is linear. 

3) The amount of slip per mitt ed by the sh ar connection (bond slip) 

i s directly proportional to the load per unit length transmitted , 

before cracking occurs . 

- ~ - - • - - - - - - (3.1) 

s is unit length in this case 

4) Concrete resists a certain amount of tension . 

5) The stress-strain relationship for concrete is assumed t o have t he 

form of a parabolic curve , as shown in Figure {3. 3) 9 in the case 

of non-linear deformation analysis . 

3. 4 Met hod of Analysis: General 

In this section, the analysis of the cracked and uncracked 

sections of the composite beam, for the elastic c ase is presented. 

a) The equilibri um and compatibili t y conditions: 

A free body diagram of an uncracked sect ion is shown in Fi gure 

{ 3.~). 

From static s , at any s ection of the beam, the following condition 

must be satisfied• 
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~M=o 

Th 	 following equation is obt ained , 

- - -	 - - - - - - - - (3.2) 

where F =Fe= Fs 

b) 	 ln order that the compatibil ity condition of the composite 

beam may be illustr a ted effectively, th deformation diagram 

of a section containing the ith and i + lth discrete shear 

connectors of a composite beam is ahown in Figure (3 .5). 

- Strain a t bottom fibre of concrete s l ab . s 

Strain a t t op fibre of steel beam . 

Spacing bet ween the ith and i + lth discret e 

connections 

Yi - The slip a t the ith connection. 

v Th 1. t th i lth t•1i+l • s ~p a e + connec ~on. 

The re~ation for t he deformation a t the horizont al section throu~l 

t he shear connection can be written as: 

s.. + 	 [ !.~ j;!( ;t. + Y. = r, + s. ... ( E.~. dx.. 
.. l+l c. " J5. ..s. 	 ~ 

C 51 ip) r = { ( ~ - Es ) ax11 
S· 
~ 
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dr 
- - - - - - - - - - - - - - -(3.3a)dX 

or 

dr 
-- - - - - - - - - - - - - - - (3 . 3b) dX 

i . e . t he rate of change of slip along th length of th beam is 

equal to the difference in str ain in th t1r10 components at the 

level a t which slip occurs . In the case of a discrete connect­

ion wit h uni form spacings the horizont al force transmitt d by 

the connector is equal t o the sum of the unit horizontal shear 

over the int ervals , i . e . = q. s where q is the load, per unit 

of length , transmitted between the two components . 

dF = - ~ - - - - - - - - - - - - - (3 .4a) dx 

0 = - - - - - - - - - - - - - - ·(3. 4b) 

In the case of t he reinforced concrete beam s can be considered 

t o b unit y . 

3.5 Met hod of Analysis - elastic case 

The entire beam i s assumed t o be elastic . Fr om the s train 

distribution diagr am, as shown in Figure {3 .6),of the cracked and 
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uncracked sections of a reinforced concrete beam, the compatibility 

equation can be written as: 

AL - - - - - - - - - - - - - - - - (3 .5) 
dX 

in which dx is measured along the length of the beam and (~:; ) is 
r 

defined as additional strain due to the formation of the Hconcrete 

teeth" , created by the cracking process , on what may be called the 

ttpseudo interface" of the concrete and the steel, viz . the bottom fibre 

of the remaining uncracked concrete section. 

By geometry 

(- Esb + Est ) · ( :D - dlz - Z.H ') 


d 


rote: the negative sign is introduced to make th d velopment anal­

agous to that of ~ewmar~l5 ~ 

From the assumption that the distribution of strain throughout the 

depth of the beam i s linear, it follows that: 

- - - - - - • - (3.6a) 

- - - - - - - - (3 .6b) 

+ - - - - - - - - (3 .6c) 

( J) - dfz. -zt.t') 
- - - - - - - - (3 .6d) d 
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Uncrac~ed cone. 

ZH 
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[. 

:::. Po'ten"tto ·: 
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2H 

STRAIN DISTRIBUTION IN CRACKED AND UNCRACKED SECTIONS 
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The rat of change of slip can be writt en as 

_dfz -zH'J .. - ... (3 .7) 

from equation (3 .1 ) and (3,4) 

dY _I i.1_ = .. - - (3.8) dx k dx 

substituting equation (3 . 6) , (3. ?) and (3.8) in equation (3.5) 

Si nce it is assumed that t he concrete and steel deflec t equally a t 

all point s , t hat is , they have equal curvatures, the moment s M and 
s 

M are related as follows: c 

Further, from equation (3.2) 

•= - - ... - - (3.10) 

where 
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By definition 

C =- H' c 

c ::: d/2
s 

in which C5 + C, -r cdCs (])- ~ - z H 1 
) can be reduced to D - H' 

and is equal to z. 

I I fl. fAt . fl 

[ EsAs + E,A, + zEI Z.EI 

- ... (3.11) or 

where the following expressions are introduced for convenience 

I = --+ 
EsA.s 

For the uncracked section 

d 
J)-- -z.H I 

=o
2 

• {. ... 0 
• • r 

then 

dr 
dX 
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An identical result to equation (3.11) will be obtained for this 

case{l))• Th refore equation (3.11) is applicable to both cracked 

and uncracked sections . 

I f the external moment t is expressed as a function of x 

solutions of the differential equation (3.11) may be obtained for 

different loading conditions. 

3.6 Variation of desree of interaction for different loading condi tions 

The following solutions have been obtained for three loading 

conditions: a concentrated load P, two concentra ted loads, and a 

uniformly distributed load (w), acting on a simply-supported beam . 

1) A single concentrated load P. 

When x < u, the moment is 

P·X 
Mt = -L- ( L - u. ) 

Equation (3 .11) will have the form 

-
EI =--fl p.[L-U)·l ·~ 

.. - ... (3 . 12a)EAtEl L.· f.El 

1:/hen x 	 ,. l.l, the moment is 

M p. (.{ ( L - x: )t .. -L­

and equation (3 .11) will have the form 

2 

d F•-f,; l2 EI ~ P·IA.·.f (
d ;(.z R. fA f.El : L· ~E.l . L-X..) 	 - - - (3 . 12b) 
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The ifferential equation (3 . 12) can be solved for known end 

conditions. 

For this caae t he end conditions are: 

at X :: 0 F = 0
L 

at X:: L FR ::: 0 


at X :;: U = ~
dE. FL = FRdX. dx. J 

he solutions for the force F are 


for x <. u 


and for x 7 u 

- ( JC Sinh(...!!.. · ~) }f.= E_AZ PL ~(1- .:<)-- .JC. L Sinh [~C I- ~ )] -- (3. 13b)
R EI L L.. TT . h ,. oJ'­

~·n rc 

where 

- - (3 . 14)c 

is a dimensi onless expression introduced for convenience. 

If the modulus of the bond is infinitely large , the slip will be zero 

and there \till be complete interaction between the concrete and t he 

steel . The force (F ' ) for complete interaction can be obtained by 

setting C =0 

http:1-.:<)--.JC
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•
F

I 

= 'EA t Mt - - - - - - - - - (3.13c)
E! 

The r a tio of the horizontal force (F) for incomplete inter­

action t o horizont al f orce (F' ) for complete interaction i s : 

for x ~ u 

sinh[.2!.. (1- ~>1
E.­ JZ fl. L sinh (.!!. ~) - - (3.15a) .)[ L!='- 1T Sinh rc 

for x ~ u 

sinh(.JL. ~)JC. ./C L Stnh. tlf- (I--)x.l - - (3.15b)F~ = rc. L­lT "") \...(7 (1- t:" ""'L:" 

' Bond slip ' i s an inherent char acteristic of the r einforced 

c ncret e beam. Sli p bet ween t he r ei nforcing s t eel and the concrete 

may be considered t o be the most obvious manifest ation of loss of 

interaction; or alternatively loss of interaction occurs because of 

' bond slip ' . The r atio {F/F' ) for any s ection depends on the coeff­

icient C and on the location of the section and load . Coeffici ent C 

can be said t o depend upon the 'bond modulus ' of a r einforced concrete 

beam with given span length and cross sectional shape . Thi s i n 

• dF' E-A c df.1t ,. fA t · V= = which is equivalent to
dX.. {I d x. E"r f 

Zhurawski formula 

.. (17) 

I 1 l. L..l ~ - ::. ­
c. ~ lc. + 15 Es lj Ac. 5 

http:sinh(.JL
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turn influences the r a tio (F/F ' ), equation (15) . Thus the r a tio (F/F') 

furni .shes a convenient measure of the degree of interaction at any 

section . 

F/F' is qual t o unity for complete interaction , and to zero 

for no interac tion . 

The horizont al shear per unit length of t he beam may be obtained 

fr om equation (3. 4a) and (3 .13) 

for x <. u 

fA f lA S,"nh [~ (I - ~)1 ( ~ )r= E-I l p ( I - L) - -~.C::,__TT'__ c.osh ~ L (3. 16a) 
L Smh­.rc 

for x '7 u 

Q = ~ l. Pf- ~ ­ (3. 16b) 
~R. El L 

The horizontal unit shear for complete interaction i s given by t he 

equation 

'6 ' = (3. 16c) 

Equations (3.16) may t hen be written i n the form of a r a tio. 

For x < u 

where , I - second moment of area of the oomposit section 
E 

a 
n =-


Eo 


y ~ distance between the centroidal axis of the concrete section 
and t he neutral axis of the composite sect ion. 
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. [11" 1.{1_l__,_ ~tnh g (I- L") co~ h(...!!. 3.) 
. '- ....IL fC.. L

Stnn R.f (1- ~) 

and for x / u 

L sin VI (..!!:. ..!i_) [ ]rc L.. cosh ...:!!:.. ( 1 - ~) (3 . 1'7b) 
(..( • 1T {C. L 

-s"tnh .[[ 

2) Two symmetrical point loads on simply supported beam 

when x <. u 

fw1 = p. ;(
t 

The expression for the differential equat ion may be written as, 

Pl. 
iEl 

The boundary conditions are the same as in Case (1) , similar solu­

tiona for F/F' are obtained as follows 

F._= I -
F' 

(3. 18a) 

when u <. x < 2l L 

El \F. =- k ~u 
EAfEI.J ~ ~El 
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nnd 

Sinh (..!!. ~)FR .rc L .JC L- = 1--- COSh(...][ (j_ - ~)1 (3.18b)f' 1T L( rc 2 Lcosh(....!!....!..)[ll 

The ratio of the unit horizontal shears are 

for x < u 

(3.19a) 

1
for u <x <. 2 L 

Sinh(_!~)JC. L (3 .19b) 
-1c.osh (.J!: ).JC z 

3) Uniformly distributed load on a simply supported beam 

The expression for the differ ntial equation is 

dFz. _ ~( El ) F -= _ R-~- ( w~L _ w:z. )
dx.z {AfEI tEl 2. 

The boundary conditions are: 

when x =0 F =0 
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The expression for F/F ' is t her fore, 

F l (3 . 20) T- ,_ X(L-X) 

The expression for q/q ' i s 

ZICL 
I- lT( L-lX) Co ~h(j_ JL)

2JC 
- (3. 21) 

The manner in which F/F' varies along t he length of t he beam, 

for t he above three cases with various 1/C val ues is shown in 

1~gures (3 .7) t (3.8) and (3.9). rom these curves, it is important 

to note that t he reduction in the interaction is a somewhat localized 

effect, and is increased by decreasing the values of 1/C. 

It can be seen that the major loss of interaction occurs a t 

the loca tion under the load point but not necessarily a t the l ocation 

where t he bending moment is maximum. In par ticular for the case of 

the beam with th uniformly distr ibuted load, the degree of interacti on 

is a minimum towards the support or position of zero moment . A onsi s t ­

ent effect might b observed if t he beam with uni f ormly distributed 

load is inverted and the support reaction force is considered to be 

an applied point load. 
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3.7 Strains 

Strains in the simply supported reinforced concrete beam may be 

determined for any degree of interaction, for various t ype of 

loadi.ng systems from equations: 

E = ..::[_ + 1\\;j, 
- - - - -{3. 22a)" EA ElC. G G C 

and 

E .. s 
F 

- .. - - - {3. 22b) 

where and are concrete and s t eel strains and y , y are the 
c s c s 

di s t ances f r om the centroid of the concrete portion or of t he rein­

forcement t o t he point at which the strain is desired . In both cases 

y is positive when measured downward . The force F in these equations 

may be computed from equation ( 3.12) or (3, 13) , and the moments M c 

and M may be obt ained from equation (3. 10) as follows: 
5 

( ~'\- Fl) .. - - ... - (3. 23a) 

- - - - - (3 . 23b) 

The equat ions for the strains may be obtained from equations (3 . 13a) , 

(3. 15) , (3. 22) and (3 . 23) . 

http:loadi.ng
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- - (3. 24a) 

E [ 5 .E_ EA ~ I ]s =- s - F' --- ( Sse - E-A ) Mt - - (3 . 24b) 
EI s s 

where 

5 _l - - (3. 25a) 
c zEl 

- ... (3 . 25b) 

quations ( 3. 24) show that strains depend on the moment , the 

pr operties of the r ei nforced concrete beam section, and the degree 

of interaction (F/F' ) at the particular section at which strains are 

desired. (F/F ' ) depends on the bond modulus (k), and on the 

properties of the beam section, all these are contained in the co­

efficient C given by equation (3 .14). 

3. 8 Crack height 

From equation (2.19a) strains for the top and bottom fibres 

of the concrete , ( cc:.t ) & ( tc:.b ) , may be obtai ned for any section and 
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any type of loading condition by letting 

- - (3 . 26) 

in equation (3. 5a) for given properties of concrete, shape of the 

section and the degree of interaction. 

From geometr y , as shown in .Figure (3 .10), the extent of 

cracking of the concrete at any section due to the application of a 

given moment at that section can be written as: 

C. H.= ( E(.., - tp) 2 H - .. (3 . 27) 
cc..b + ~c..t 

where C. H. =height of crack 

£p = the tensile cracking strain of concrete 

The new section of the beam is therefore , 

2.H' - 2H-c. H. 

It may be noted from equation (- . 27 ) that a stable section of 

the concrete will remain in an equilibrium condition only '1hen the 

strain t th bottom fibre of the concrete at that section is equal t o 

or less than t he tensile cracking strain of th concrete . 

That is, if e;p < cb' a new uncracked section is formed, in 

accordance with e uation (3. 27). The str ain at bottom fibre of the 

concrete, for the new section is again computed by equation (3 . 24) . 
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This process is repeated until at a certain cracked l evel ~p~tcb 

A s t able section is t hus at t ained , otherwise t he cracking process 

will continue. 



4.1 

Chapter IV 

Preliminary Investiga tions 

Robinson(l4) in a preliminary study of this aspect speculated 

tha t consideration of the reinforced concrete beamas a composite 

beam with incomplete interaction might lead to a rational explanation 

of the nature of the inclined cracking which occurs in many reinforced 

concrete beams. 

Computations of strain-distribution along the reinforcing 

rod of a reinforced concrete beam, in which the effect of loss of 

interaction was included , showed a reduction of the mid- height strain 

of the rod, compared to tha t computed by the conventional s traight-

line theory , and which was in gener al agreement with experimental obser­

vations made by Plowman( 2) . 

It became evident from the computations that the locus of the 

upper extremity of the potential crack in the concrete at any section 

also differed from that for the straight-line case. (The potential 

cracked height is equivalent to saying tha t the concrete below the 

neutral axis or below the l evel of a given tensile strain in the con­

crete i s ineffective: one of the assumptions made i n the conventional 

t heory). 

Further it was evident tha t the extent of cracking was greatest 



39. 


under the load point in a beam subjected to say a two~point loading 

system, causing the locus of the extremities of the flexural cracks or 

the crack profile to be displaced upwards and towards the load , this 

effect being most pronounced locally in the region of the point load. 

Such an effect can be inferred by looking a t t he visibl 

flexural cracks observed on the surface of test beams, see gure (4. 1) . 

It could be further reasoned that such a displ~ment of the 

crack profile due to loss of interaction is the cause of the extrem­

ity of the diagonal crack being so close to the load point after it 

appears and as is frequent ly observed experimentally. 

A reinforced concrete beam and an Araldite B S beam were 

investigated on the basis of this analysis . 

4 . 2 	 A simply supported reinforced concrete beam subjected to one 

and two point loading systems. 

According to the Newmark(l 5) solution for a composite beam, 

the value of 1/C less than infinit y (i.e . F/F ' <( 1 . 0) , indicates that 

there is a lose of interaction between the two elements of a composite 

beam . Without the support of experimental data, it is impossible to 

predict a reasonable value of 1/C for a particular reinforced concrete 

beam (or for the beam made from Araldite BRS) . Thus , an assumption 

must be made as t o the value of 1/C for the purpose of this invest-

iga.tion . 

A simply aupport ed reinforced concrete beam, with the same 

(2)
cross-sectional properties as lowman's beams , was treated as a 
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DUE TO TAYLOR a BREWER 
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composit beam with incomplete interaction. This beam w s analysed 

in accordance with the Newmar k(l5) solution for a composite beam as 

presented in Chapter III . Fig. (4 . 2} shows a family of curves of the 

uncracked section of the beam, with different values of 1/C, for a 

section subjected t o the maximum design moment and at the load point . 

From t his curve , a value of 1/C and the tensile cracking s train of 

the concrete , equal to 100 and 1?1.0 micro in/in, respectively , were 

chosen for t he purpose of estimating the crack profile long the 

reinforced concrete besm. From the curves in Figure (4 . 2) it may be 

seen tha t the t nsile cr~cking strain of the concrete must be less 

t han 189 micro in/in, in order that a crack can begin t o propagate 

a t the design moment chosen for th xample . If there is complete 

interaction, then for e < 189 micro in/in the crack will propagate
p 

until t he s train at the bottom fibre of the uncracked section r eaches 

whatever value selected for t his particular comput ation , viz. 

=100 m. in/in, see Figure (4. 2) . Note that , if , =0 the curve 
p p 

for complet e int eraction would continue unt il i t intersected t h 

ordinate axis and the uncr acked depth would be the same as t he depth 

of the neutral axis , according to t he traight-line t heor y . 

If, however , there is a loss of int r action, represent ed by 

1/C =100, say, it may be seen t hat for the purpose of thi computati on 

must not be less than 171 micro in/in, otherwise, the cracking will 
p 

continue t o the top of the beam. Thus, for the purpo...e of computation, 

the allowable limit s of must be 171 ~ < 189 micro in/in.
p p 

It may be further seen , however, tha t if 1/C =50 , no sensible 

solution can be obt ained , because as the curve shows. either the beam 
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will not crack (t; :> 189) , or t hat if cracking begins at the design
p 

moment , it will continue to the top of the beam . 

A sample calculation i s shown in Appendix A. 

Cr ack profiles of the simply supported reinforced concrete 

beam with complete and incompl ete inter actions , for an unsymmetrical 

single point load and symmetrically situated t wo point loads , were 

estimated by equations outlined in Chapter III, and are shown in 

Figure (4.3) and Fi gure (4.4} . A comparison between the crack pr o-

files with complete interaction and tha t of the incomplete inter action, 

shows tha t t here are up- shoot ing portions of the crack profiles close 

to the locations of the point loads , in t he case of incomplete inter­

action . 

'finis phenomen~, could in fact be predi cted by the strain 

distribution of concrete a t the bottom fibres , due to the effect of 

incomplete interaction . 

This inclined part of the crack profile may be considered as 

t he incipient path of the inclined crack observed by many investigators, 

in tests on simply supported reinforced concrete beams. It i s the 

boundary between t he uncracked and potenti ally micro-cracked zones or 

regions of the concrete. The forms or curvatures of t his incipi ent 

pat h of t he inclined crack depend upon t he degree of interaction between 

the composite element s , and the nature of the external loading system, 

which in their turn govern , t he di s tribution and magni tudes of (F/F') 

along t he beam as shown previously . 

One must also bear in mind t hat t hese estimated cracks e 

micro-cracks . They may not be observed by t he naked eye before m ture 
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cracks are formed at a later stage. 

4. 3 	 An Aral.dite :&'tS beam, reinforced \·d t h an extruded maeesium rod 

subjected t o a t wo point load system. 

An Araldite BRS model beam which has been reported to possess 

brittle properties, was developed and tested by Bignell , Smalley & 

Roberts(lG) in an attempt to simulate t he behaviour of a reinforced 

concrete beam under load. A section of the Araldite BRS beam located 

under maximum moment was analysed i n accordance with the Newmark(l5 ) 

solution presented in Chapter III . From the family of curves for the 

Araldite beam strains at the bottom fibre of the uncracked section 

versus the depth of the beam, as shown in Figure (4 .5), the value of 

1/C and tensile cracking strain for the Araldite beam equal t o 100 and 

600 micro in/in, respectively, were chosen for the purpose of estim­

a t ing t he crack profiles . 

The crack profiles .of the simply supported Araldite beam 

with complet e and incomplete interactions , for an unsymmetrical 

concentra ted load, symmetrical two point load and uniformly distr ibuted 

load , were estimated by procedures outlined in Chapter III , and are 

shown in Figure (4 .6) , (4 .7) and (4 . 8) . The effects of break down of 

inter action on inclined cracking could be seen distinctly by comparing 

these crack profiles for complete and incomplete interactions . The 

comparison between the estima ted crack profile for incomplete inter~ 

action , in the case of two point loading with 1/C equal to 10 and 

that of the test Araldite BRS beam , as shown in Figure (4 . 9) of i dentical 
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dimensions and properti s, were noted t o have close similarities. It 

was also observed that these estimated crack profiles have a form some..­

what similar to the cracking phenomena observed in many tests of rein­

forced concret e beam as shown in Figure (4.1). It might be noted, in 

particular , that the Ar aldite BRS beam shows the inclined crack in the 

region of the point load to have a reverse curvature which is sl..milar 

in nature to that predicted by t is analysis. 

I t might be said, a t this stage, tha t the effects of break 

down of int eraction on a beam are more vividly shown in t l1e investig­

a tion of the Araldite BRS beam than in the case of the reinforced 

concrete beam. It could be reasoned t hat the Ar aldite BRS is a homo­

geneous material which might eliminate factors, such as inter-locking 

of aggregate, bond conditions , eta., which affect the mechanism of 

inclined cracking in reinforced concrete . Thus, the purpose of 

using the Araldite BRS beam to simulate the behaviour of a reinforced 

concrete beam under load, may be considered to be rather impressive. 

In the analysis of the Plowman( 2) reinforced concrete beam, 

the us of 1?1.0 micro in/in, t hough arbitrary is no t entirely uz~ ason­

able . Many reports pert aining t o tensile strength of concrete have 

suggested that the tensile strain of concrete varies in a wide range, 

depending on the volume of coarse aggregate~ etc . A more likely value 

for the tensile cracking strain is, however, in the range 85 - 160 

micro in/in(l?). 
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The value of 1/C =100 has been r cognized as an indication 

of a very small degree of break down of interaction, t hr ough t he 

investigation of t he conventi onal composite beam(l~~8> . 

It was thought that the nee ssit y of using a relatively 

large value for t he tensile cr acki ng strai n of t he concret e and a 

small degree of br eak down of int r action , (repr esented by 1/C =100), 

i n t hi s analysis , was due to the ffeot of t he assumed linear s tress-

s train relationship for t he concrete , which prevent ed the attainment 

of an equilibrium conditi on after first cracking, particularl y as 

t he degr ee of interaction diminished . This led t o t he considerati on 

of a curv Ll inear s tress- strain relationship for the concret e , which 

is outlined in the next Chapt er . However , it was found that t he 

hypothetical s t atement of the problem required modification . 



Chapter V 

Method of Analysis - inelastic case 

The applicability of the equations of Chapter III requi res that 

materials be linearly elastic. This limitation greatly restric t s the 

use of the equat ions fo r investigat ion of behaviour of composite beams 

where the mat erials may have non-linear stress-strain characteristics . 

In this Chapter, the analysis has been extended to include a non• linear 

stress-strain characteristic of the concrete . This consideration was 

originally based on the hope that the increase of lever arm together 

with the development of a curvilinear stress di s tribution would give 

an equilibrium condition of the concrete beam with a more realistic 

tensile c racking s t rain of the concrete and a. larger degree of break 

down of interact ion . In such a way , i t was hoped t hat a smaller degree 

of interaction could be considered with a state of equilibrium at a 

c ertain c racked level being att ained . Hence the scope of the investi.. 

gation could be enlarged.. In addit ion , analytical solutions presented 

in this Chapter may serve as the general solutions , for t his sort of 

problem where the composite members consist of materials having non­

linear stress-strain characteristics . 

In this case , the quantities , strain of concrete and steel 

( £) and (e) , can no l onger be expressed uniquely , in terms of F/ F ' 
c s 

and moment for the beam , as in section (3.7) . Different expressions 
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are r equired to satisfy the conditions of quilibrium and compatibili ty 

for the strain distribution in a composi t e section. A general 

solution was not obtained but a. trial and error method has been used 

t o solve t he equations in t his investigation. 

5.2 Method of analysis . 

or th sake of ~i. plicity , th ultimate str engt h behaviour of 

concrete based on the 1 drid(l 9) equation (5 .1) , as shown in igur 

(5 .1) 

is used in t h analysis. 


Where, a ~ maximum stress which defines t he quality and strength of 

0 

concrete . 

- t he corresponding s train a t o 
0 	 0 

Note: 	 A solut ion was obt ained , see Appendix c, using t he 

Stress-strain r el ati onship due t o Uesayi and Krishnan(20) 

but some complicat ions in numerical solution were 

encount ered a t low s t rain level . 

An enlarged view of an element of lengt h dx on the centroidal 

axis of a bam is shown in Figure (5 .1). From similar triangles it is 
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seen t hat 

':1 
p 

l
where p - radius of curvat ure i equal t o K 

K - curvature 

y - ·stance below th neutral surface. 

by efinition 

dJx. - strain
dX: 


Equation (5 . 2) may be written as 


Ther efore, t he curva t ure of the concr et e section is 

(5 . 4a) 

and the curvature of the steel is 

(5 . 4b) 

If t he r atio of t he str ain a t t he bottom fibre of the concrete 

to the str ain a t the top fibre of the concr te is a, i . e . 
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Equation (5.4a) becomes 

I d.- I (5 . 4o) K ... 	 -Eb( )c. 	 2H (. oJ.... 

ccording to the assumption(l) made in section (3.3) that 

the concrete and the steel have equal curvatures at any section 

(5.6) 

.5.3 

In th equilibrium condition, i t is desirable to express 

each component in terms o strains at the bottom fibre of the con­

crete {e b), and the ratio (~) . 
0 

a) 	 ixir!s~i~n!o! !h! !l~x~!l_m~m£n! ~n_t~e_c~n;r~t!: ~c 

Figure (5.2) shows an idealized cross section, a strain 

distribtuion, and the corresponding stress distribution. 

If K is the curvature, f is the radius of curvature, 

y is the distance from t he neutral axis of the fibre 

with the strain e, and 

the 	stress-strain for mula, then i 
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ll'rom equation (5 .3) and (5 .7} , t h force acting on t he 

area b( dy vill be 

(5 .8) 

The statical moment of this force with respect to the 

neutral axis is 

j"'H

J fC~Kc)ybd'1 (5 .9) 
~:>0 

Because of the sym etry , the statical moment of the 

tre~ses acting on the upper and lower half of the cross 

section will be the same, therefore the flexural str s 

resultant in the concrete s ction can be e~~resse as(2l) 

Mc=Z[f( 
~= H 

~Kc)byd~ 
~:o 

From equat ion (5 . ) and (5 . 3) 

~=I-I 

Me= ZbOO f ( Z~c'j ­
z t 

Kc ~ 
Ez. 

) ~d~ (5 .11) 
~==o o 0 

= 2bU"o( 
3 

2. KcH 
3 E.o 

z. 4 
Kc H 
4fl 

D 

) 
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Subst i tuting equation (5. 4c) t o equation (5.11) 

(5 .12) 

The flexural moment of concrete is expressed i n terms of 

strain a t the bottom fibre of concrete (e: eb ) ' and t he 

r atio (a:) . 

b) 	 ~ £r~s~i2n~ !o~ ~h~ ~i~e~t_f2r~e~ ~c~i~g_a~ the ~e~t~o~d~ 

of t he concrete and t he steel 

From Figure (5 .3}, showing the strain distribution of the 

concrete for incomplete int er action a t the equilibrium 

condition, the f ollowing rel -tionshi ps can be obtained, 

-Et .. -E. 
M 

-t.L
F 

c; c:.t c~ 


M F 

tc:.b""' CGb - tc;b 


-E 	 t C. =- -zt:F 
ct '-b c.b 


c · t'\ ...:M
ol.nce t L - c:c.,t 	- c.b 

and E.F = ~/
c:.t c.b 

The str ain caused by the direct force (F) alone on t he 

concrete will be 

(5 .13) 
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From equation (5.1) and (5 .5), stress due to direct force 

alone (oF) can be obtained 

(5.14) 


The direct force (F ) acting at the centroid of the cross c 

section area of the concrete, ay therefore be written as 

E=<rc;A (-1-ot) cc.b( 1_ (-1-ol) t~!J) (5.15) 
c c d... E o<. 4E 

0 0 

Similarly , the horizontal direct force acting at the 

centroid of the cross section area of the steel will be 

c) Expression for the flexural moment in the steel ... M 
s 

~ --- - - - - - - - . - - -- ~ - - -- - - ­

From equation (5 . 4) and (5.6) 

(5 .17) 




Howev r, it is assumed that th magnitude of the flexural 

moment in the steel is negligible when compared wit h M and 
0 

Ther efore , the condition of equilibrium as seen in equation 

(3 . 2) becomes 

[ I- (-t-o!-.)~] E I E<:.b (~)
5d.. 4t

0 
T S 2H d.. 

4.4 The condition of compat ibilit y . 

From the strain distr ibution diagram for a cracked and uncracked 

sect ion of the reinforced concrete beam as shown in Fi gur (5. 4) , and 

f r om geometr y , t he following relat ionsijips are obtained 

(5 .19) 

in which B and €L are t he geometric features as indicated in 

Figure (5 .4) . 

B = 2H- 2H 1-:P. + _Q_s 2. 
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From quation (5.4a), (5.4b) and (5 .6) 

therefore , e~uation (5.19) can be written as 

(.5 . 20) 


From equations (5.4a) and (5 . 4b) 

d (6.-t.=-E ~ sb St 2H c.t+ c.b) 

and from quations (5 . 6) and (5 .16) 

E: =A_ ( ol.-1 ) t ­
sb 41-1 oi... c.b 

Therefore equation (5 . 20) may be written as 

(5 . 21) 

From Fi gure (5 . 4), according t o the compatibili ty condition , 

and equation (5. 21). t he equation of compatibility may be written as 
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(5 . 22) 

F (ol.-1 ) [( ol... ) d B J 
= EA -~ --;;:-- 0\-1 - 4H + 2.H 

5 s 

Subst itut ing equat ion (5 . 22) in equa t ion (3.1) and (3. 4) 

(5 . 23) 

For complete int er action, th r ate of change of slip a t t his 

section is equal t o zer o, i .e. 

dr = 0 

dx 


The direct horizontal f orce F becomes F' , and f r om equat ion 

(5 . 23) the expressi on for the direct hori zontal force for complete 

int er action is obt ained, 

I ( ol. -1 ) [ ( d... ) d B l (5 . 24) F ~ EsAs ~b or- o<.-1 - 4H T 2H 



4.5 	 Force per unit lensth transmitted by reinforcing steel to the 

concrete, {g). 

f r om t he chain- rule 

dF _it_. dcGb 

dx = d ~c.b dx. 


Taking the derivative of F in equation (5 . 15) with respect t o 

(E b) and writ ing t he applied moment as a function of x along the 
0

beam in equation (5 .18) , t he expression for d tc.b and d F 
d..t dfq. 

may be obtained, in a straight- for ward manner , 

Simply supported beam wi t h an unsymm trical point load 

For a sect ion t o t he left of the load P, that is , 

wher e x <. u , t he moment is 

M p X ( L- uJt .... --r- "' 

d!cj, .L(L-Lt) /({ Zba:[K(ol-1)- cd~l. col..-1)2]+
d..t L / ~ 0 3E cl.. 8t :t d.

0 	 D 

<ToAc~( -1-d..\[l- (-i-lJ(.) ~d 1+ ~(~J}
E. 	 (j... :; tA Zt ZH ol­
~ 	 0 

Fr om equat ion (5 .15) 

dF = cr-f_A'(¥)[t _(-l~o\) :~b ] 	 (5 . 27)
d Ec.b D 	 0 
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From equations (5 . 25) () .26 ) and (5.27) 

dF 
dx. 

[ 1- (-1 -~) ~ P(L-1..() }V
d... 2E

0 
L. 

{ 2b<1a[~ (d..-1 )- Eq,Hz f_d..-l)~]+cr:A l ( -t-ol.)_l
03c d.. a E. z \ ol c. ol e:.

0 l) 0 

[ I - (-~a{) ~ J+ ~~s ( ~I)} 
0 

for the single point loading system and q1 , qR for 

the other loading system may be obt ained in similar fashion. 

4. 6 Str ains and heigpt of cra~k . 

Since it is difficult to e press strains in terms of para­

meters of force uniquely, numerical solutions for strains will have 

t o be solved by the approach of trial and error. 

In order that both the requirements of equilibrium and compat­

ibi1ity be satisfied , equations (5 . 15), (5 .18) and (5 . 24) should be 

used simultaneously in solving for the unknowns ( cb) and (a). 

The height of crack is obtained in the same manner as seen in 

section 3.8. 



Chapter VI 

Investigations for the Curvilinear defor mation Analysis 

6.1 

In order to demonstrate the validity and applica tion of the 

equations developed for the curvilinear deformation analy ' a , it is 

desirable that the analytical procedures for some examples be pre­

sented. As stated previously • the developed equations in Chapter V 

have to be solved simultaneously by the approach of trial and error. 

The Newton-Raphson( 22) method of solving simultaneous equations is 

used in this investigation as outlined in Appendix B. This method 

requires t hat only one point be known in the neighbourhood of the 

desired solution. 

The remainder of this Chapter is devoted to the application 

of the equations developed for investigation of complete and incomplete 

interaction in a reinforced concrete beam. 

6 . 2 For the case of comElete interact ion 

Since it is important to satisfy the requirements of equilib­

rium and compatibility, equations (5 . 15) , (5 .18) and (5. 24) must be 

solved simultaneously for the unknowns concrete strain ( cb) and 

strain ratio (a). From the relationships 
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F =F' for complete interaction 

and r\\= Me.+ F·f + Ms 

the following e uations are obtained: 

CI.A r-1-o~-) c'"b [I- (-1-ol) E'"b 1= ~=" AC. (ol..-I)[(_!!:__)+ ~ _~1 (6 . 1) 
o c\ o.... E. d.. 4c ~ s '-b cA. 7 01..-1 Z.H 4H 

0 0 

and 

E z. cz z. zl
Mt • zbOO [ '"b H (~) _ '-b H ( ~- I ) + cr:. 

0 
A c. ( -1 -d... ) ~b

3E "'- 16Ez d... c. ol... C.
0 0 D 

(6 . 2) 
[ 1- ( -1 -ot.) ~] + E 1 Ec.b ( ol. -1 ) 

oC.. 4. t. :s s 2.H cA. 

The Newton- Baphson(Z2) met hod of trial and error is used, 

with t he aid of t he IBM 7040 computer , t o solve for the unknowns (s cb) 

and (a) which satisfy both equa tions (6 .1) and (6 . 2) , for a s pecified 

applied moment . A sample calculation is shown in Appendix B. 

For a s ection having identical pr operties as those described 

previously located under the load point , subjected to desi gn moment , 

s train at bottom fibre of concrete ( ,cb) and (a) are obtained from 

equations (6 .1) and (6 . 2) . The section i s t hen allowed to crack with 

a tensile cracking s t rain equal to 100 micro in/in. A new secti on i s 

formed i n accordance with the method shown in section (3.8) . This 

pr ocess is repeated until an equilibrium s t ate is reached a t a certain 
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cracked level. For the section located under the point load and 

subjected t o design moment the concrete strain ( cb) and rat:i.o (ex) 

are plotted against the depth of the beam, as shown in Figure (6 .1a) 

and (6.lb), respectively. 

According to definition, the ratio (ex) is equal to unity, if 

there is no inter action between the concrete and the steel . From 

F'igure (6 . lb), it is obvious that the paths of the curve for any degree 

of break down of interac t ion will lie in the region between these two 

curves of complete and no interaction, for specified section properties. 

Compare 'igure (6 . la) wi t h Figure (4 . 2),which is obtained from 

the elastic analysis, it may be not ed that both of the two analyses 

give similar results. Table (6 .1 ) shows the results of the two analy­

ses , for design moment , at the section under the load point , for complete 

int er ac t ion and identical conditions . 

Case X F/F ' 2H 1Mt e;cb e;ct sb e;st 

in lb..in in m "/ u m "/" m lljtt m "/" 

linear 
(N wmar ) 29 . 25 ,36200 1 . 0 3 . 268 100. 0 -349. 32 656 . 2 570. 24 

non­
linear 29. 25 36200 1 . 0 3. 288 100. 0 -357 .12 659 . 4 572. 52 

Table (6 . 1) 

The crack profiles for a reinforced concrete beam subjected to 

a two point loading system with complete interaction obtained for both the 
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linear and curvilinear ca es are shown in Figure (6 . 2) . 

The close agreement between the results of these two analyses 

is due to the fact that the concrete strain at design moment is s till 

very lo , and at a magnitude at which the linear and curvilinear stress-

str ain curves e practically coincident . 

The convergence of the two curves of Figure (6 . 1a) and (4 . 2) 

at t he equilibrium configuration provides a check on the correctness 

of the solutions of the equations for the curvilinear case . 

6.3 For the case of incomplete interaction 

Value of horizontal direct force with complete interaction 

(F') for a particular s ction, was found by the same procedures a~ out­

lined in section 6 . 2. 

When there is incomplete interaction 

For the urpose of determining the effect of loss of interaction, in 

this case, value of ~ F/F' was taken as that under a single load 

point for a value of 1/C equal to 100 , as derived by Newmark(l5) 

solution. 

The equilibrium condi tion may be written as 

Th values of concrete strain at th bottom fibre (Ecb)' and 

the ratio (a) were obtained by the trail and error method . New sections 
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\llere obtained. As tho cracking pr cedure conti ued, it was found that 

no more solutions for ( cb) and (a) could be obtained for incomplete 

interaction aft r the height of crack for this case extend d to, or 

above . the crack height at Which the curve hit the ordinate in the 

case of complete interaction (C . H. ;, 6" in this case) . This could be 

reasoned to mean that there are no more solut ions for <~ cb) and (a} 

above t his crack height , which would satisfy both compatibility and 

equilibrium conditions . However , :r•egarding the path of the curve for 

incompl et e interact ion, (1/C ;;:: 100) , ehown in li'igure {6 . la) , i t can 

be seen t hat a convergent point at a tensi l e cracking s t rain (s =100 
p 

micr o in/in) still cannot be at t ained. This is because no values of F' 

exist for crack heights in excess of that for the complete interaction 

case . 

It is therefore concluded that , in order to further the analysi s , 

a new appr oach t o t hi s pr oblem must be adopt ed . 



7 .1 

Chapter VII 

t imated. Crack Profiles of a Reinforced Concrete Beam 

Having discovered that the application of the non~linear 

str ain- stress r elationship for the concrete did not lead t o an improve­

ment in t he solution of t he problem , and analysis was t hen carried 

out by assuming that the act ual beam is in a degenerat e form as out­

lined in Chapter II . That is t o say t hat t he beam under load suffers 

a loss of interaction and has degener ated from a hypot hetical s t a te 

of complete interaction. In t his hypot hetical s t a te t he beam would be 

capable of support ing some higher l oad . 

A section of the r einforced concrete beam subjected to the 

design moment and at the load point , was analysed by t his approach 

for the linear and non- linear eases . Figure (7 . 1) shows the family 

of curves of the concr et e s train at the bot t om fibres of t he uncracked 

section versus the&pth of the beam for different values of 1/C 

( oO , 100 , 25, 6 . 25, 3.125) . It may be noted that all these curves 

intersect an ordinate passi ng through t he specified tensile cracking 

strai n ( ~ 100 micro in/in. ) of t he concr ete , a t equilibrium condition. 
p 

A similar effect could be attained , for t he section subjected t o 

moment s other t han the design moment , as shown in Figure (7 .1). 
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Thus it can be seen that a comprehensive analysis is attain­

able and the computation of crack profiles was then carried out for 

both linear and non-linear cases . 

In this analysiQ , the variation of F/F' along the length of 

beam , due to Newmark(l5) was used in both cases . The justification 

for using the Ne\~rk solution in the case of non- linear deformation 

analysis was reasoned by assuming that the compressive strains of the 

concrete for the cracked beam at design moment are s all enough to be 

close to those obtained for the straight line analysis . This assumpt­

ion is also necessary to simplify the solution of the non- linear 

equat ions. 

Figure (7 . 2) and (7. 3) show the crack profiles of the reinforced 

concrete beam with incomplete interaction (1/ = 3.125) , subjected to 

one and t wo point loading systems, for both the linear and non- linear 

cases. The results obtained by these t wo cases though not identical, 

illustrate that the difference is not big enough to be shown on the 

scale used in plotting the crack profiles. 

From Figur~ (7 . 2) and Figure (7 .3) , it is seen tha t the up-

shooting part of the crack pr ofiles near the load point are not very 

pronounced with respect t o. t he crack profiles for the complete interaction 
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c se and t he influence of other parameters must certainly be considered. 

However, particularly aft er cracking it may well be realized that 

further complications arise. The cracked beam is no longer a prismatic 

beam , since the cracking process causes a change of geometry of the 

cross- section along the beam . 1~us it may be expected that the values 

of 1/C will vary along the lengt h of the beam, and there.fore t he 

distri bution of F/F' along t he beam will be different from that of the 

uncracked beam. These variations may depend on the l oading condition, 

geometry of the beam, percentage of s teel , etc., but most important I~ 

the bond sli p conditions will be expected to have radically changed . 

(14) .
Robinson po1nted out in the light of observat ions of 

composite beruns, t hat " even if bond str engt h was high. and there was 

no perceptible slip between the s teel and the concrete t the ends of 

the beam (hooks) , slip and associa ted loss of interaction could occur 

locally in the region of the load points" . 

(12)
Moe suggested tha t the amount of vertical shear transmi ssion 

across t he bending cracks by f riction decreases gradually as the width 

of the crack (slip) i ncreases . 

These specul a tions were , i n fact, verified by slip {or crack 

widt h) measurement s a t t he 1 vel of reinforcement , s ee Figure (7 . 4) and 

Figure (7 .5), p.er ormed by Evans and Robinson{23) and Manni ng(24) . I t 

was shown that the magnitude of slip was largest where the crack occ\llled 

and diminished wi t h dist ance away from the crack . 

Dased on these speculations and observations , a vari ation of 

the value of 1/C along the beam was assumed. 1/C is a measure of degree 

of inter~ction assumed t o be const ant in a prismatic or uncracked 
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composite beam. However, in a cracked beam with varying section, it is 

reasonable t o sswne that 1/C will vary markedly along the beam . In 

particular a t a probable crack , value of l/C could be greatly diminished 

or even zero . For the sake of simplicity, it was assumed that th value 

of l/C varied lin arly in accordance with the assumption that a relative­

ly l arge crack was formed under the load point s , and tha t t her e was 

virtually no slip at the supports. In order to obt ain a numerical 

solution, 1/C was assumed to vary from 200 at the supports t o .4 at 

the load points ~here a crack is most likely to occur . For the sake 

of simplicity it was further assumed that 1/C would vary symmetrically 

with dist ance on either side of a probable crack, see b~gure (7 .6) . The 

resulting crack profile of the reinforced concrete beam, subjected to 

symmetrical two point loading syste , at design moment was t hen estim­

ated and is shown in · gure (7 . 7) . 

Fi gure (7 .8) shows the variation of upper, mid- height and lower 

str ain along the reinforcement of a cracked and uncracked reinforced 

concrete beam with the above conditi ons of break down of interaction. It 

may be observed that in general t he form of the variation of strain 

could provide an envelop for variations of strain along the reinforce­

ment similar t o those observed experimentally by Plowman(2) , see Fi gure 

(7 .9) . Since stresses observed by Plowman(2) are intended to be t hose 

a t the mid-height of the rod , it may now be seen tha t they might ba 

expected to be lower in magnitude, while the lower steel fibre stresses 
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in the steel might be ae large or ven larger in magnitude than that 

(2)
pr dieted by the straight-line theory. Plowman concluded that the 

straight-line theory was perhaps conservative from the point of view 

of design, because his measured strains were lower than that predicted 

by the straight..line theory. However, as can be seen it is also 

possible that the strain in the steel. namely the lover fibre strain 

could be as large or larger than that due to the straight-line theoey, 

particularly in the region ot the point load • Further, it may be 

seen that a slignt shift of location of the stud (a devic used in his 

strain measure!1lents) in an upward dir ction, might give much lower 

strain readings . It may be further reasoned that the formation of the 

zigzag pattern of stress variation along the beam, as observed by 

(2)
Plowman , waa caused by the cracking process of the beam. 

The esti ated slip along the reinforcing steel for inco111plete 

interaction, in Figure (? . 6c), shows a similar form compared to those 

measured by Evans and Robinson( 23) and nning< 24>. 

Jlh nomenologically, it has been r cognized that the diagonal 

tension crack is :lnitiated from the vertical flexural cracks which 

form on the tensile surface of the beam. It becomes inclined and 

curves upwards and towards tbe nearer conoentrated load. With an in­

crease in the applied load the inclined portion of the craok also propag­

ates downward. At a later stage., it has been observed that splitting 



of the concrete along the reinforcement in the ear span occurs . In 

some beams, the failure is caused by initial yielding of the r inforce.. 

ment which l ad~ to the :relativ rotation of beam segment s adjacent to 

the inclined cr ack(G) . 

It ha been pointed out, preyiously, t hat the up- shooting 

portion, shown in the computed crack profiles , may be considered as 

t he incipient path ot tho inclined crack. Therefore , once the applied 

load exceeds a cert ain limi t at which cr acking begins. t he incipient 

path of the inclined crack b gins t o form . It may be speculated that 

increased deformation due to local yielding of th steel reinforcement, 

caused by break down of inter action, see Figure (7 ~ 8) , would tri gger 

off the fully matur d inclined ccrack which leads to the so...called 

diagonal failure . I t therefore could b re soned t hat the form of t he 

incipient path m81 det ermine the pattern nd failure mechani sm of a 

r einforced Concrete beam. 



Chapter VIII 

Summary and Suggestion for Further Studies 

the problem of the inclined crack in a simply supported rei~~ 

forced concrete beam which 1 treated as a composite ber, ha been 

investigated analytically. The analysis is made on the basis of 

oo plete and incomplete interaction betwe n the composite elements, 

the concr te and the at el . 

On the consideration that the concret e has non-linear stress• 

strain characteristics, the basic equations which satisfy the conditions 

of equilib:dum and compatibility , for the problem, were derived. 

Numerical solutions for the estimating of crack profiles were obt ained 

by the trial and error method and were facilitated by the IBM 704o 

computer . 

Through investigations , it has been tound that the development 

ot the non-linear deformation analysis alone could not provide a 

solution for this problem. 

(15)With modification t o Uewark - · solution, the analysis has 

been able to furnish crack profiles for study of this aspect . It has 

not 'been the intention of this analysis to provide t he actual cr ack 

profiles obs ~ved in a reinforced concret e beam. However, from results 

obtained, it is observed that this analysis does provide,analytically , 

vivid descr (i.ptions of oracldng phenomena which occur in test beams, 

91. 
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Therefo:re , it ~~~~ be concluded. that the main object of t his thesis• 

which i s to proVide a basis for a more general investigation of the 

influence of loss ot borui an4 loading coruiition on the failure mechanism 

of a reinforced concrete beam~ has been fulfilled. 

At this stage, • -an:.Y asslolllptions have been aade in the course 

of study . In order that further etuc:ly in this problem ~~~q be carried 

on, these aesumptions Should be verified by experimental data. The 

writer wishes to make the following sugg ationst 

1-. 	 The theory of composite action should be, s t udied more 

vtgorously on a fundamental bas..model studies . 

2. 	 'l'o the problem of reinforced coneret beam, data for the 

slip distribu'tion along the- beam, and the bond modulus 

~ould be obtained experimentall)>( 2.5) • 

3. 	 A study of influence of los s of interaction on the principal 

~Stress trajectories of a reinforced concrete beam may lead 

to a further lnsigbt into this problem. 

4 . 	 An attempt to formulate a solution which includes the 

elasto-plastic effect of the steel , for this problem, 

aay lead to a better explanation of the phenomena obserVed 

in beam test~. 



Chapt r IX 

Concl\lsiona 

The conclusions of this study are as follows: 

1) The reinforced concrete beam may be consider d as a composite 

beam with incomplete interaction. 

2) In spite of the fact that a cracked reinforced concrete beam 

does not have a distinct interface the conventional theory 

can still be applied provi ed a pseudo-interface ia assumed. 

3) Consider ation of a reinforced concrete beam as a composite b am 

with incomplete interaction emphasizes the significanc of bond 

slip and its variation along the beam. 

4) The analysis shows that the cracking pattern is markedly depend­

ent upon the external loading ystem on the beam. 

5) Loss of interaction on bond ~;~lip causes a reduction in the aver­

age steel strain distribution, 

6) Knowing the bond slip characteristics of a beam,. or of a partic­

ular rod, an envelope for the slip distribution of the beam 

could be estimated. 

7) Further analytical studies may lead to a better understanding of 

the problem of so- called 'shear failure' of a reinforced concrete 

beam. 
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APPENDIX A 


Sample calculations of strain for a reinforced concrete beam with 

incomplete interaction 

p 

U=3b'' f 

t L= ~o" 


For a section at the location under the design moment. 

For an uncracked section of the reinforced concrete beam. 

E - 30t10 
6 

PS(. 
. 

E ' .. 3·5" 106 p~C.c: 
,z

As- 0·31 lr'l 

A,- 34 .o 
. 
rn 

z 

~ - 8·5 -1·5 
2 

• Z·15" 

€cb '7 111·0 rn "/·~ 

':"""""'__ 
3ot ro• "o·31 

•O·IIbaiO-" 
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- ' El- t. El + EA·l 

=II(:,. 10" .... c5·6Z.. 10" 'l.·15 l = 7di·Z •10" 

for bottom fibre of concrete 

From equation (3·15), the measure of degree of interaction F/F' for 

1/C =100, at the section located under the point load is equal to 

0.93369. Thus, the strain at bottom of concrete fibre is computed 

from equation (3·M), for design moment (Mt = 36200 lb.in). 

• [o.oo594-ll' lo-"-o·93~6q • d·6l.wl06 ~ Z·75 
1 di·Z.JI 10' 

( o · oo5C}4 I! 10-b 1- o. oo B4 1110-&)I •3bZoo 
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can be calculated, fromSimilarly, C::ct 1 

equations (3·Z4o) and (.H4b). 

Cracking procedures: 

€. a - Z0~·6Z JC 10-~•"f,;,. obtained from equation (3·z.4a).
c.t 

From equation (.3·ZT), the height of crack is 

C. H. • 2 H ( €.~b - € , ) 

( <=c.t -t Eq, ) 


for €. = 111· o m "/"p . 

\ 

. . l H' = Z H - c. H. 


_ A.5" a'1 

-u -·3-, 

- d·ll" 

This process is repeated until C.4.b !: 1?1.0 micro in/in. 



APPENDIX B 

Newton-Raphson trial and error method for this problem: 

For purposes of illustration this method is presented for 

this problem, in the case of complete interaction. 

From equations (6.1) and (6.2) letting, 

. ~ [ I - ( -I- o( ) t~b ] - Mt 

~0 ot 4t

0 


Upon expanding the functions f ( t~b , o<. ) and 9 ( t'-b , ol.) 

in a Taylor series in terms of an arbitrary estimate of the desired 

-solutions of and o<. there results 

f(Zb'~) -o u j(t~;), or')+ ( t::b- Ect) J{( !~;) I ot>) 
~ct. 

+ ( J..- J.o) ) f ( CC~o) I o/..(0)) T • . . .. 

a( 

100·. 

I· I 
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a ({ d) ( t (0) ( E -E. (0)) a ( c (OJ Jo))
J c:.b1 

• ~ - <J cb 1 o{
(0)) 

- c::b cb .)~ Gb ' 0{ 
~ 

- {0) (0) (0) 
. T ( oJ.. - o( ) 9_ ( E.~" I c{ ) + . . . . 

0( 

(o) o{ (o)€~b and are the initial estimates and £ f_ 
~ J oJ. I 

c:.b 

9 and q~ are partial derivaties. 

~" . 


In this case 

:.lf_ ( oL-1 )[( r1. ) 8 d ] ( -r-o() IfL - a~ - EsA5 ~ ol-1 +ZH-4H -a;, A, o<. T 
~ ~ 0 \ 

r1- c-'c:~) ?t1 

f ="_li_ = E A ~b ( ~ _ ~) _ ODA, t.,b ( 1_ ( -1-ol..) c,b 1 
50( c}ol s J..z. ZH 4H E, oJ..z. ot Z€, 
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Calling 

RR.<.o>,. ~ - €.to>
c:.b (.b 


13 B(0)- J.. - d. (OJ 


This gives 

f ( !c.'b>, cl') -t- RrtL ( t.::> Jo>) -+- Bs<oJ£(e.,t, ti.. tol ) - o1 

. ~ ~ 

a(t<o> olf.")+RR<o>a (t..<o) d...to>)+ BB'o>g (t(o>,ti..<o>)-o
) GD 1 .) C:b I 'o/. <:.b 

~d, 

These two simultaneous equations can be solved for the RR(O) and 

BB(O) corresponding to <:.~~ and o{ (oJ • Thus the iteration 

pattern can set up. 
\ 

By Cramer's rule 

f ( C. (o) ol.<'J). ~ (t (oJ cl..<.•J) _ a(L (o) f.O)). f(c'o) d...<o>)
dJ I GC C::b 1 .) C.(.b I o{ 

0(. 
Gb I 

BB(O?. 
• f ( C (0)Q ( €_ (0) o{ (0)) -1 (#))

.Jt", ,~, c::o ~ ~I 

..c. ( c<oJ ol.. co>) • a ( f. <o> ol.. ~')
)~ C::b I ~ ,!J I 

L ~~ -- L (0) RR(O}
c""' ~c:b -t­
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Writing in general form 

E (r+l) tUJ RR<'l 
C:b - C.b + 

cl. ,,... ,> = o.._<"J + BB£0 

The iteration process is repeated until values of gcb and a satisfy 

the simultaneous equations 

9 ( ~b J.) : 0 Or'1 

< ( E(Gc&) I e.(O.J) 

g(g;b) and g(a) are very small pre-estimated values. 

After obtaining ~cb and ~ for a particular section, get' Est' 

and gsb can be foun~ by equations in Chapter V. A new section is 

therefore found. This process is again repeated. 



APPENDIX C 

General solutions for the non-linear stress-strain character­

istics of the concrete, using the Desayi and Krishnan relationship 

F­ c4 
2 

The equilibrium equation is, 

' z z. ~ (o(-l)
4Eo H z. fan-1 { ~b -oc- }"*\ .. ZE4:b e! [~ (ot~l)-

(::b e· (o(-'J zcGb (/.... 0 

( -t;;_d.) 


Difficulties were encountered in obtaining a solution when strain 

levels were small. 
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Table of Resul~s 

(1) Two point loading system ... 1/0 • }.125 t linear case 

X Mt 211' alb 6 ct esb eet 

(in) lb•in in m in/in m in/in m in/in min/in 

0 0 8.5 0 0 0 0 

2.25 2784.6 8 • .5 14.8 -1.5 .9 8.? 6 • .5 

4.5 .5569.2 e.s 29.6 • )1 . 9 '17 . 4 12.9 

6.?5 835).8 8 • .5 "'·' -47. 9 26.0 19. 3 

9. 0 11138 s., 59. 2 -6;. 9 34.6 25 .5 

11. 25 .1}92} 8.5 74.0 -19.8 43.0 }1.7 

13.5 16?o8 8.5 88. 9 •95 .8 51 .3 3?.7 

15.?5 19492 3.6 .100. 0 ·211.? 331.8 278.1 

18. 0 222.1? 3. 4 100. 0 •241 .1 )90. 6 }2.7.5 

20,.25 2j()62 ; .a 100.0 · 270.7 "7.1 374. 7 

aa.s 27846 ; .1 100. 0 -300.8 502. 4 420.4 

24.7.5 :50631 2. 9 l.oo.o •331.7 .55,.1 46.5 .0 

27.0 33415· 2.8 100. 0 •:?63•.5 611. } :508.? 

29. 25 ;6200 2.7 100. 0 -..;96. 4 665.3 551.5 

31•.5 )6200 a.s 100. 0 · 390.7 664.1 553.9 

)3. 75 36200 2.8 100.0 - :§86. ; 66:;. a :55.5.8 

36.0 36200 2.9 100.0 · 382.9 662•.5 .5.5? .1 

;8. 25 ~200 2.9 100.0 -380•.5 662.0 .558.1 

40, 5) ~aoo 2.9 100. 0 - 3?8.8 661.7 558.9 

42.75 36200 2.9 loo.o ·377.8 661 .5 559.2 

4,5 . 0 ~200 Z.9 100.0 -377.5 661•.5 5.59. 4 



(2) Two point loading system - 1/C varying along the beam~ non­
linear case. 

X 1/C. M t 
t 2H ' ecb 6 ct e:sb 8 st 

(in) (1b..in) (tn) min/in m in/in m in/in min/in 

0 200 0 8.5 0 0 0 0 

2. 25 184.7 2784.6 8 • .5 14•.5 •1.5. 9 10. 2 8.o 
., 

4 • .5 169.:5 5.569. 2 8.5 29 .0 - 31.8 20.5 16. 0 

6. ?5 153. 9 8353.8 8 • .5 4;.6 -4?. 9 30.6 24.1 

9.0 138.6 11138 8 • .5 58. 3 -64.1 41. 2 32. 2 

11.25 123. 2 13923 8,5 73.1 ...SO.} 51.7 4o.4 

13.5 107. 9 16708 8.5 87. 9 -96.6 62. 2 48. 6 

15.75 92.5 19492 4.2 100.0 ...195.7 320.0 2?6. 2 

18.0 77.2 22277 3. 9 100. ·223.2 381.8 330.0 

20. 25 61.8 25062 3. 7 100.0 -250.4 44o.o 380.7 

22.5 46.5 27846 :;.5 100.0 · 278.2 396.5 429.5 

24.75 31 .1 30631 3. 4 100.0 - 307.8 552~2 476 .7 

27.0 15.8 33415 3. 2 100.0 -342l' 1 607 .8 521.4 

29. 25 0.4 36200 1.7 100.0 -597.5 723. 2 465.7 

31.5 15.8 :;6200 3.1 100. 0 ..3(59 . 2 661.4 567. 9 

33. 75 31.1 36200 3. 2 100.0 - 361 .8 660.1 5?0.8 

36 .0 46 .5 36200 3. 3 100.0 • 357 .8 659.7 571.8 

:;8 . 25 61.8 :;6200 3. 3 100.0 - 3.57. 3 659.5 572. 2 

40.5 77. 2 36200 3. 3 100.0 ·357.3 659. 4 572. 4 

42.75 92.5 :;6200 3. 3 100.0 -357. 2 659. 4 572.5 

45.0 107. 9 36200 3. 3 100.0 ·357.2 659.4 572.5 



107. 

(3) Two point load system, 1/C varying along the beam - linear cas ) 

X l./C y e (2H)Mt 2H ' 6 cb s et e;sb e:so e;et so 

'{in) 10-6 10-6 10 10...6 10.,(' lo-3 10-6 

0 200 0 8.5 0 0 0 0 0 0 0 


2. 25 184.7 2784.6 8.5 14.4 -15.9 10,.2 9.1 8.o 0. 02 9.1 

4.5 169.3 5569.2 8.5 29.9 •31.? 20.4 18.2 15.9 0.,02 18.2 


6.75 153.9 8353.8 8.5 43.3 ·47.5 30.6 27. '} 23.9 0.03 27.3 


9.0 138.6 11138 8.5 57.7 -6,;.4 40.8 36. 3 31.9 0.03 36. 3 


11.25 12}.2 13923 8.5 72.1 •79.2 51 .0 45. 4 39. 9 .03 45.4 


13.5 107.9 167o8 8.5 86 .6 ...95.1 61 .2 54.5 47-8 .o4 54.5 . 

15.75 92.5 19492 4.2 100.0 -193.4 317.1 215 .2 273.4 .62 63.6 


18 ~0 77.2 22277 3.9 100 ·220. ~ 378.9 353.3 327.6 .94 ?2.5 

20. 25 61 .8 25062 3.7 100 ...246.8 437. 2 407.8 378.5 1. 4 81.3 


22•.5 46 .5 27846 3.5 100 - 2?3.8 493.7 460.5 427. 4 2.0 89.5 


24.75 31.1 30631 ) .4 100 -302.3 549.3 512.0 474,6 3.1 96.3 


21.0 15.8 3Y+l5 3. 2 100 -335.2 605.0 562.2 519.3 5.9 99.8 

29.25 0.4 )6200 1.7 100 • .575 .8 720.6 593.0 465 .4 4?} 34.5 


}1.5 15.8 36200 3.1 100 ·361.0 658 .3 612.1 565.9 3.6 108.? 


33.?5 31.1 ,36200 3. 2 100 ·353. 8 657.0 612.8 568.6 .94 114.5 


36.0 46 .5 36200 3.2 100 -3.51.1 656 .5 613.1 569,.6 . 29 116.7 


38.25 61 .8 36200 3·3 100 •350.0 656 .3 613.2 570.0 .09 117.6 


40.5 71~2 36200 3.3 100 -Y+9.5 656 ,. 2 61}.2 570.2 .. 03 11?.9 


42.75 92.5 36200 3.3 100 -349.4 656.2 613.2 570.2 .01 118,.1 


4.5.. 0 107.9 36200 }.3 100 ..}49.4 656.2 61}.2 570.2 0 181.1 
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