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Abstract 

There has always bee 11 a challenge for designing structures against extreme dynamic loads. Blast 

loading falls under tht!Se loads category and blast resistant design has been gaining more interest 

during the past decadt:. Among different types of structures, Reinforced Concrete (RC) structures 

are usually recommended to be used for blast resistant design. However, the nonlinearities 

associated with these structures make their accurate analysis complicated. Therefore, simplified 

techniques have been introduced for nonlinear dynamic analysis of these structures. This study 

focuses on developing simplified computational strategies for the dynamic analysis of blast 

loaded RC elements [ncluding beams, panels/slabs and columns. For RC beams, the basis for 

commonly used Single-Degree-of-Freedom (SDOF) models has been outlined. A Multi-Degrees­

of-Freedom (MDOF) model which takes into account the concrete nonlinear properties has been 

developed and the efJect of varying the number of degrees-of-freedom (DOF) on response has 

been studied. Results showed that increasing the number of DOF affects the pressure-impulse 

(P-I) diagrams, especially in the impulsive regime, as the extent of damage increased. In addition, 

the model was compared with the experimental data and showed good agreement. For RC panels, 

a SDOF technique, based on the US Army Technical Manual TMS-1300 instructions, was 

constructed and results were compared with the ones obtained from explicit Finite Element (FE) 

analysis. Compared to the FE results, SDOF model yielded conservative predictions for 

deflection but it usually underestimated the dynamic reactions. A modification for reaction 

calculation was proposed which resulted in significantly better prediction of the reaction for the 

impulsive range of loading. Finally, considering the important role of columns in providing the 

overall stability of the structure, a MDOF model was developed for RC columns and the load 

carrying capacity of the columns was investigated for different levels of axial load, strain rate and 

damage. Increasing tle strain rate enhanced the column's cross section properties whereas 

increasing the levels cf axial load reduced the cross section curvature and the column deflection 

capacities. Results als·) showed that good detailing at the supports can significantly improve the 

load carrying capacity ofRC columns. 
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Chapter 1 Thesis S 11mmary 

1.0 Introduction 

This chapter summarizes the thesis, starting with the background and the research 

objectives. This wiL be followed by the basic methodology and the main points to be 

considered for the analysis of structures subjected to blast. This chapter is concluded by a 

summary of the re~:earch papers, main conclusions, and recommendations for future 

research. 

1.1 Background and Research Objectives 

During the past few decades, there has been a growing interest in the designing of 

structures against blast loads. Among different construction materials, reinforced 

concrete (RC) is usually recommended for blast resistant construction. Although steel 

structures provide greater ductile response compared to RC structures, several concerns 

related to their connections render their use limited. In fact, blast events usually result in 

catastrophic failures and therefore, the importance of good connection details become 

more significant. As a matter of fact, failure of a steel connection may result in an overall 

progressive collapse of the structure even if individual steel members are capable of 

resisting blast loads. In addition, RC structures provide good fire and inertial resistance 

compared to steel stmctures. 

To analyze a blast loaded RC elements to evaluate their maximum response quantities 

(e.g. displacements, moments and shear forces), nonlinear dynamic analysis is required to 

evaluate these quantities. However, the exact analysis of these structural elements is 

1 



M.A.Sc. Thesis-S. H. Changiz Rezaei McMaster University-Civil Engineering 

difficult due to their inherent nonlinearity. Therefore, simplified computational strategies 

based on single degree of freedom (SDOF) or multi degrees of freedom (MDOF) models 

have been introduced. 

There are a number of investigations in which SDOF or MDOF techniques have been 

employed to study the response of structural members under blast or impact loading. 

Krauthammer et al. (1990) used the moment-curvature relationship for a RC beam and 

evaluated the deflected shape corresponding to different static load increments. 

Subsequently, they considered the deflected shape as the vibration mode shape in their 

SDOF model. Agreement between numerical and experimental results was obtained 

when uncertainties associated with the loading were accounted for in the SDOF model. 

Louca and Harding ( 1997) considered the first mode of vibration and used the Lagrange 

equation to study th dynamic response of steel plates with or without imperfections. 

They found good correlation between their models and finite element models for plates 

with low aspect ratios. Pan and Watson (1998) derived the equation of motion by 

obtaining the strain energy and kinetic energy expressions for an assumed parametric 

mode shape and studied the response of plates in different loading range for elastic and 

elasto-plastic material. Their model overestimated the deflections for plates subjected to 

high impulsive load which was attributed to the lack of tensile membrane resistance in 

their model. Schle~rer and Hsu (2000) considered a beam with arbitrary support 

conditions and divided the beam into two elastic segments. A number of elastic-perfectly 

plastic translational and torsional springs were used in order to connect these two 

segments to each other and also to model support conditions. They considered a 

2 
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combination of the mode shapes of the clamped beam, simply supported beam and a 

triangular mode shape in the model and found their numerical results to be consistent 

with those of finite element models. Boutros (2000) considered three generalized 

coordinates (midspan deflection, plastic kink angle at midspan, plastic axial deformation) 

and used virtual wo:·k to find the dynamic equation of motion of simply supported beams 

subjected to blast. The comparison of numerical results with test data suggested that 

consistent results may be obtained by considering 5% damping in the model and 

assuming 5% of th~ beam length for the midspan plastic hinge length. Low and Hao 

(2002) used SDOF ~ystems, originally suggested by Biggs (1964) and Krauthammer et al. 

(1986), in order to investigate different failure modes for one way RC members. They 

concluded that impulsive blast loads tend to cause direct shear failure while blast loads 

with lower amplitude and longer duration have a higher tendency to bring about flexural 

failure. 

The current study focuses on using simplified techniques such as SDOF and MDOF 

modeling for perfo1ming nonlinear dynamic analysis of RC components (i.e. beams, 

panels and columns) under blast load. The basics of commonly used SDOF models have 

been explained and 1 MDOF model which takes the nonlinear properties of concrete into 

account was developed for RC beams and RC columns. SDOF model for RC panels, 

based on the US army technical manual TM5-1300 (1990) instructions, have been 

employed and results obtained from this model was compared with results. The following 
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sections will highlight the main issues involved in the analysis of structural elements 

subjected to blast. 

1.2 Explosion and Blast Loading 

During an explosion, a chemical reaction is initiated. This leads to a sudden rise of 

temperature within the surrounding air. Consequently, a layer of compressed air, forming 

the blast wave or the "shock front", is generated which contains most of the energy 

released by the blast. When the shock wave reaches an obstacle (structure), the pressure 

increases to its ma:dmum value (side-on overpressure). Then, this pressure decays 

exponentially within a short time (positive phase duration), and finally, as the air cools 

down, the pressure drops a little below the ambient pressure for a longer duration 

(negative phase duration). During this duration, a partial vacuum exists resulting in a 

suction condition. A typical time history of a blast load is shown in Fig. l.l(a). In 

practice, the negative phase is neglected because of its smaller intensity and the positive 

phase blast load is approximated with a triangular load as shown in the Fig. 1.1 (b) 

(Beshara 1994). 

The side-on overpre~,sure and impulse, which is the area under pressure-time history, are 

usually given as a function of the scaled distance, Z, in the form of charts or figures 

(Bangash, M.Y.H and Bangash, T. 2005). The scaled distance is expressed as: 

R 
Z=!73 w 

4 
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Where R is the distance from the center of explosion in meters and W is the charge mass 

expressed in kilograms of TNT. The TNT is taken as a reference explosive and the actual 

mass of the charg{: from sources other than TNT should be converted to a TNT 

equivalent mass. This is usually done by obtaining conversion factor based on the 

explosive's specific ,~nergy and that of TNT. 

It should also be noted that when the blast wave strikes an obstacle, depending on the 

direction of its propagation, it can be reflected and the overpressure can be amplified by 

as much as 20 folds. Therefore, the effect of reflection should also be taken into account 

for estimating a blast load. Figures like Fig. 1.2 are available in references such as Baker 

(1983) and Bangash (2005) in order to evaluate the side-on pressure, Ps, impulse, is, and 

their corresponding reflected values (i.e. reflected pressure, Pr, reflected impulse, ir). 

1.3 Dynamic Analynis 

In order to design a structural element against extreme dynamic loads such as blast, the 

maximum response quantities such as displacement and shear are needed. Therefore, 

nonlinear dynamic analysis should be carried out to evaluate these quantities. It should 

also be noted that camping is neglected during dynamic analysis since the maximum 

response usually occurs at the first cycle and effect of damping on response is negligible. 

For dynamic analysis, there are usually two groups of methods: analytical (macro) 

models and finite element (FE) models. 
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Macro models are usually based of SDOF analysis. This nonlinear analysis method 

considers the primary mode of vibration to represent the dynamic behavior of the 

structural element. Assuming a shape function for the first mode, the structural element is 

idealized by a SDOF model. Deflection obtained from this equivalent system should 

represent the actual deflection of the actual system at a certain location (e.g. element mid 

span). To satisfy this constraint, the external work, kinetic energy and strain energy of the 

two systems are equated for the different levels of deformation (e.g. elastic, elastic­

plastic, or fully plast[c conditions) and consequently, a transformation factor, KLM, which 

is called load-mass :filctor, is found for each stage of deformation. Therefore, the dynamic 

equation of motion c;m be expressed as: 

K LM m:X" + R (x) = F<t) (1.2) 

Where m is the element mass, x and :i" are the displacement and acceleration of a certain 

point (e.g. midspan). R (x ) is the resistance force as a function of displacement and F(t) 

is the applied blast load as a function of time. It should also be noted that a resistance­

displacement function must be evaluated for the structural element which can be 

established either experimentally or by using plastic analysis. In addition, the load-mass 

factors have been tabulated in references such as Biggs (1964); TM5-1300 (1990); Mays 

and Smith (1995). 

Finite element analysis (FEA) considers the whole continuous system. It divides the 

structural model into a large number of small elements and solves the equation of motion 
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for each node. With the development of nonlinear FEA, it is possible to carry out more 

advanced analysis. [n recent years, different material models were developed and 

advancement in high speed computers and numerical solution techniques resulted in a 

significant reduction of computational time associated with nonlinear dynamic analysis. 

These efforts lead 1o development computer software such as LS-DYNA, ANSYS, 

ABAQUS, ADINA, AUTODYN in order to model and analyze complicated systems in 

an efficient way. 

Although nonlinear FEA is a great tool for blast loaded structure, there are some 

considerations which make this technique not widely adopted for general use. FEA 

requires a large number of input data and careful assessment of the validity of the results 

and thorough knowledge of the method. Moreover, even by using computers with fast 

processors, FEA can still be extremely time consuming. 

In contrast to FEA, macro models require limited input data. They are widely applicable 

to predict blast effects and relatively easy to use and calibrate. Thus, all design codes are 

based on the SDOF :nethod and even in the case of complex structures, SDOF methods 

are usually used for preliminary design. 

1.4 Strain Rate Effects 

It has been shown by numerous experimental and numerical research programs that 

concrete and steel exhibit greater strength at high strain rate of loading. This material 

characteristic becomes more significant for the case of blast loading since the duration of 
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loading is very small compared to the duration of other dynamic loads such as 

earthquakes for exanple. Therefore, the material properties should be modified and the 

resistance should be enhanced appropriately in order to consider the effect of strain rates. 

In order to the study the effect of strain rate on material properties, the Split Hopkinson 

Pressure Bar (SHPB) is usually employed. Kolsky (1949) first used this method to 

investigate steel properties under dynamic loading. Then, the application of this method 

spread later to different materials such as metals, ceramics, concrete, soil, foams, plastic 

and composite (Ross et. al.(1995)). SHPB can produce strain rates as high as 1 04s-1
. In 

this technique, a specimen is placed between two long metallic bars and load transmitted 

to the specimen thr~ugh impacting one of the bars. Then, stresses and strains are 

calculated using one-dimensional elastic stress-wave theory. In order to maintain the 

validity of the theot) and apply a uniform stress, the impact velocity should be limited 

and proper 1ength-t~-diameter ratio should be selected for the specimen. These 

requirements make the typical size of test specimen very small. Therefore, this method 

seems to be more appropriate for homogeneous material like steel. It should also be 

mentioned that testing larger specimen was made possible by employing another 

technique called plate impact test. Fig. 1.3 shows the schematic views of these tests. 

1.4.1 Dynamic Incre:1se Factor (DIF) 

Dynamic increase factor (DIF) basically is the ratio of material dynamic strength to static 

strength and is repo1ied as a function of strain rate. A number of researchers have 
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investigated the dyramic behavior of concrete and mortar in order to come up with 

expressions for the DIF at different strain rates. 

1.4.1.1 Concrete 

One of the main re:f;:rences for the effect of strain rate on the compressive strength of 

concrete is Bischof and Perry (1991). They discussed several factors that affect the 

concrete strength at high strain rates such as the concrete static compressive strength, 

aggregate type, curing, moisture and age. They concluded that the concrete compressive 

strength is the most predominant factor. In addition, there were no consensus among 

different researchers on the effect of strain rate on the strain at the peak compressive 

stress and different v;rriations have been reported. 

To obtain the DIF of concrete, expressions were proposed by Soroushian et al. (1986); 

Comite Euro-Intemational du Beton (CEB) (1988); Tedesco et al. (1997); Malvar and 

Ross (1998). All these formulas differentiate between low to intermediate strain rates and 

intermediate to high :;train rates, and suggest separate relationships for the range of strain 

rates under consideration. It was also shown that the concrete tensile strength exhibited 

higher increase than the compressive strength. 

CEB (1988) differentiates between low to intermediate strain rate and intermediate to 

high strain rate, and suggests the following formulas: 

9 
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for£~3os-1 

for & > 30s-1 

McMaster University-Civil Engineering 

(1.3-a) 

(1.3-b) 

Where fc and fcs are the dynamic and static compressive strength, & is the strain rate, 

£s=30x10-6 s-1 (statie strain rate), log rs=6.156as-2, as=11(5+9(fc) fco )), fco=10 MPa 

=1450 psi. 

for & ~ 30s-1 (1.4-a) 

for & > 30s-1 (1.4-b) 

Where J; and fts are the dynamic and static tensile strength, & is the strain rate, 

&s =30x10-6 s-1 (static strain rate), log /3=7.118 -2.33, 8=11(10+6(fcs I fco )), fco =10 MPa 

=1450 psi. 

1.4.1.2 Steel 

The variation of steel properties with increasing strain rate has been studied by 

Soroushian and Choi (1987); CEB (1988); Malvar (1998). It has been observed that strain 

rate mainly enhanced the yield and ultimate stress of steel and it does not have significant 

effect on steel modui us of elasticity. One of the well known formulas for evaluating the 

DIF of steel has bee proposed by Malvar (1998) as follow: 
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where: 

f 
a= 0.074-0.040______r.- for yield stress, or 

414 

a = 0. 019 - 0. 009 fu - for ultimate stress 
414 

c is the strain rate . .{y and fu are the bar yield stress and ultimate stress in MPa. 

1.5 Numerical Time Integration 

(1.5-a) 

(1.5-b) 

(1.5-c) 

To perform the dynamic analysis, the equation of motion should be solved for each time 

increment, which usually involves numerical integration of the differential equation of 

motion. A review of different methods for numerical integration is available in Dokainish 

and Subbaraj (1989),cnd , Subbaraj and Dokainish (1989). 

In general, the numerical technique to solve the differential equation of motion will fall 

under either an explicit or an implicit method. Each of these methods has its own 

advantages and disadYantages for each specific problem. 

Explicit methods such as the Central Difference and Runge-Kutta Methods use the 

known quantities (e.g displacement, velocity, acceleration) at timet (or at some time in 

the past) and solved the differential equation for their unknown values at timet +Llt. On 

the other hand, implic[t methods such as the Newmark-P and the Wilson-8 methods solve 
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for the unknown values at time t +Lit using the differential equation at time t +Lit which 

means that the unkr own values are implicitly embedded in the equation. As a result, 

implicit methods inv-olve the simultaneous solution of a set of equations leading to 

iterative procedures for nonlinear systems. Therefore, with respect to the computational 

cost per time step, explicit algorithms are much more efficient than implicit ones. 

Numerical methods are also assessed based on their accuracy and stability. Accuracy 

indicates how close the numerical solution is to the exact solution when the time step 

approaches zero. In other words, truncation error should converge to zero as smaller time 

steps are used. 

Stability can be conditional or unconditional. The numerical scheme is conditionally 

stable if the numerical solution diverges for time steps beyond a critical time step and it is 

unconditionally stable if the numerical error is not affected by the time step size, as long 

as the time step satisfy the accuracy requirements. 

Many implicit me :hods are unconditionally stable while explicit methods are 

conditionally stable. This means that greater time steps can be selected in implicit 

algorithms and the time increment is determined regarding accuracy considerations. This 

is why implicit methods are more beneficial for structural dynamics problem in which the 

response is governed by the first few modes. Hence, they can usually be applied to 

earthquake problem~ since selecting larger time step is permitted. On the other hand, 

explicit algorithms are usually more appropriate for wave propagation problems in which 
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the contribution of higher modes to the response can be more significant. Thus, the use of 

these methods in blast and impact loading (which are high in amplitude and short load 

duration) is preferable since their solution requires very small time increments. 

1.6 Summary of tht~ Research Papers and Conclusions 

Paper 1: Response Sensitivity of Blast Loaded Reinforced Concrete Beams to the 

Number of Degrees of Freedom 

Contribution of higher modes to the maximum response quantities can be more 

significant in rapid cynamic loads such as blast and impact. In this study, a MDOF model 

with varying number of degrees-of-freedom (DOF) was developed for RC beams. 

Changing the numh~r of DOF, nonlinear dynamic analyses were carried out for MDOF 

models subjected to series of pressure and impulse pairs and differences in maximum 

response quantities were compared. Moreover, the model was compared with available 

experimental data. 

Results showed that few DOF are needed to capture the response of partially damaged 

beams. Results were also compared with several SDOF model results and it was observed 

that the use of thest~ models may yield comparable results to those found from MDOF 

analysis if the appropriate flexural rigidity is used. Peak shear obtained from models with 

elastic response was also compared with closed form solution with a maximum difference 

of about 20% in the [mpulsive regime. 
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A larger number of DOF was needed to capture the flexural failure of RC beams and it 

was observed that the required number increased with increasing the stiffness. 

Comparison of Pressure-Impulse (P-1) diagrams obtained by using different DOF also 

indicated that the required number is dependent on the damage and, moreover, large 

number of DOF afffcted the P-1 diagrams significantly in the impulsive regime for stiff 

beams. This was attributed to the fact that high impulsive loads can excite modes within a 

specific frequency nmge. In addition, by increasing damage, the frequency of vibration 

decreases and conse~ uently, more modes can possibly fall in that frequency range. 

Paper II: Response ,>fTwo-Way Reinforced Concrete Panels to Blast 

Most of the available studies are limited to evaluating the response of one-way elements 

under blast loading. ]n this paper, the basic methodology of SDOF models for two-way 

RC panels has been outlined, using TMS-1300 code instructions, and a SDOF model was 

developed for two-way RC panels with different reinforcement and aspect ratios. FE 

models of these panel~ were also constructed. Using SDOF models with different flexural 

rigidity, P-1 diagram~; were generated and their predictions were compared with data 

obtained from FEA. In addition, modification was proposed for calculating dynamic 

reaction and results ol:tained from different methods were compared. 

Comparison between P-1 diagram predictions and the FEA results showed that the use of 

SDOF models with tht: average of the cracked and the gross flexural rigidity resulted in a 

better correlation between the SDOF analysis and FEA, especially in the impulsive 
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regime. Compared 10 FEA results, the SDOF model gave conservative results for all 

loading types and !>ignificantly overestimated the deflections for pressures with low 

amplitude and long duration. The observed overestimation was mainly related to the 

deficiencies in the resistance function for the SDOF models of two-way panels. 

Comparison between the dynamic reactions obtained from different techniques and FEA, 

showed that the pro:Josed modification in TMS-1300 reaction calculation improved the 

SDOF reaction prediction in the impulsive regime and, unlike the TMS-1300 method 

which underestimatt:s the reaction, the modified technique yield significantly better 

predictions for the impulsive realm of loading. In general, there was no significant 

difference between the different techniques and the modified TMS-1300 method with all 

methods underestimating the dynamic reaction compared to FEA results in the pressure 

regime. Therefore, it is recommended to use the proposed modification for the impulsive 

regime. 

Paper III: Capacity Assessment of Reinforced Concrete Columns Subjected to Blast 

Considering the inherent nonlinearity of RC, simplified techniques were introduced for 

analysis of these elements under blast loading. However, many of the available studies 

considered elements like beams which are not subjected to axial loads. Considering the 

important role of columns in providing the overall stability of structures, a MDOF model 

for RC columns was developed which takes into account of axial load effects, strain rate 

effects and variation of rigidity. Column section properties have been studied under 
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different levels of axial loads and strain rates. Moreover, P-1 diagrams were developed 

for two types of column details and the load carrying capacity of the columns were 

evaluated. 

Through construction of moment-curvature diagrams for the column's cross section for 

different levels of axial load, it was shown that the ultimate curvature capacity decreased 

significantly by incr~asing the axial load. Moreover, enhancement in material properties 

with increasing the strain rate resulted in significant amplification of the larger axial 

force-bending moment interaction diagrams. In addition, it was shown that scaling the 

material properties by a factor of 1.25 (as proposed by many researchers) cannot capture 

the axial force and moment capacity enhancement for high values of strain rates in the 

arrange of 100 s-1 to 500 s-1 which is very common during blast. 

Comparison of the P .J diagrams developed with different axial loads shows that effect of 

high axial load is more pronounced for the impulsive regime and the maximum 

difference of 40% can be reached by increasing the axial load level to 70% of column 

axial load capacity. [n addition, presence of axial load reduces the deflection at each 

damage level significantly. Calculating the RC column end rotation at the fully damaged 

state also showed that this parameter is not a constant value, as suggested by the TMS-

1300, and it was obsc:: rved that it decreases by increasing level axial load and the column 

stiffness. 
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Finally, comparison of the P-1 curves for the fully damaged level with ones for the 

partially damaged level indicates that good detailing at supports can enhanced the load 

carrying capacity of the columns significantly. In average, the deflection, the impulse 

asymptote and the p~essure asymptote at the partially damaged state were amplified by 

the factors of 3.6, 2.4 and 1.5, respectively. 

1. 7 Suggestions for Future Work 

The following points are proposed as an extension of this work: 

• Studying the tffect of support vibration on the overall response of the blast loaded 

element. Or, ir1 other words, investigation of the possibility of providing isolators 

in order to reduce the blast load effect on the structural elements. 

• Developing simplified numerical techniques to investigate the torsional response 

of blast loadec structural components. 

• Using FEA and experimental results to develop a more comprehensive resistance 

function for two-way RC elements in order to be used in SDOF analysis. 

• QuantifYing tle resistance function for retrofitted RC elements by FRP sheet in 

order to be US·;!d in SDOF analysis. Or modifYing the MDOF model in order to 

consider the effect of such retrofit scheme in the analysis. 

• Using FEA to develop SDOF transformation factors of structural elements which 

are subjected to non-uniform blast load and calibrate the approximate loading 

function with be different scaled distances. 
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• Using FEA t,J find approximate shape functions and transformation factors for 

SDOF modeb of panels with openings. 
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Chapter 2: Response Sensitivity of Blast Loaded Reinforced Concrete Beams to the 
Number of Degrees of Freedom 

Abstract: Accurate 1malysis of Reinforced Concrete (RC) structures under blast loading 

is very complicated due to the nonlinear behavior of concrete and reinforcement and the 

various failure mode;; to be considered. Although blast loads can excite large number of 

modes due to their high frequency content, practical computational tools are usually 

limited to single de~~ree of freedom (SDOF) models. In addition to oversimplification, 

SDOF models are known to give inaccurate prediction for shear forces. This is because 

accurate shear forct:: prediction typically requires more modes than the fundamental 

mode. In this study, a multi-degree-of-freedom (MDOF) model is developed that takes 

into account the ncnlinear behavior of RC structures and the material strength and 

deformation dependency on the strain rate. Using this model, a series of dynamic 

analyses were carried out for two typical structural members, with different combination 

of blast pressure and impulse. The effect of varying the number of degrees-of-freedom 

(DOF) was investigated through increasing the number of nodes used to descretize each 

structural member. Results indicated that a large number ofDOF is required to accurately 

model such structmes and that the numbers of DOF is proportional to the extent of 

damage. Changing the number of DOF also affected the Pressure-Impulse (P-I) diagrams 

for the structural m;!mber significantly, especially in the impulsive regime. The model 

was also compared to available experimental results and showed good agreement. 

Keywords: Blast loads; concrete structures; degrees of freedom; dynamic analysis; 

models; nonlinear analysis. 
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2.0 Introduction 

In order to design a structure to resist a certain level of blast loading, local and global 

failure should be takt:n into consideration. When the local response of RC members such 

as beams and columns is considered, the design philosophy should aim at preventing 

specific failure mode' and/or they should be proportioned to withstand a specific level of 

damage. On the other hand, when the possibility of global or overall failure is 

investigated, the design strategy should aim at preventing progressive collapse, providing 

alternative load paths and increasing the structural redundancy. 

Because of the nature of blast loading and the nonlinearity associated with RC structures, 

nonlinear dynamic a'lalysis must be used to assess the full structural response. The 

different techniques used for nonlinear dynamic analysis usually fall under two 

categories: analytical (macro) models and finite element models. Macro models typically 

employ a Single Degree of Freedom (SDOF) or a Multi Degree of Freedom (MDOF) 

approach. These models use the fundamental (first) mode of vibration or the first few 

modes to predict the structure response to blast loading. Analytical models are usually 

simple and require linited number of input data. On the other hand, nonlinear dynamic 

analysis using a finite element model usually requires a large number of input parameters 

and significant exper; ence and knowledge for obtaining reliable and realistic results. 

However, in early dt:sign or analysis stages, it is not feasible to use complex time 

consuming finite element analyses, therefore, there is a need for relatively simple, yet 

reasonably accurate methods such as the one described here. This method can also be 

used to check the overall accuracy of finite element analyses. 
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Generally, the exact blast loading information including the peak over pressure value and 

pressure time hist01y may not be available as a result of many uncertainties associated 

with such loading. However, as can be seen in Fig. 2.l(a), for a typical blast loading, the 

blast pressure (side-on over pressure) decays in an exponential form during a very short 

time (positive phase) and finally falls below ambient pressure, stays there for a longer 

time (negative phase) and has lower pressure intensity (Baker et al. 1983). In practice, the 

negative phase (suction) can be neglected and the exponential decay loading can be 

approximated by a triangle which has the same peak pressure but different duration, Tr. 

As can be seen in Fig. 2.1 (b), the duration is determined based on the time to reach the 

maximum response. If the maximum structural response occurs after the pressure has 

decayed to ambient pressure, the equivalent duration is obtained by equating the area 

under the actual pressure-time curve in the positive phase (the impulse) to the area of the 

idealized triangle load. On the other hand, if the time to reach the maximum response is 

less than the positive phase duration, the equivalent duration is found by equating the 

slope of tangent line (at arrival time) on the actual loading curve with the slope of triangle 

load (Beshara 1994). This idealization is shown in Fig. 2.1(c). 

There are a number of investigations in which SDOF or MDOF techniques have been 

employed to study the response of structural members under blast or impact loading 

[Biggs (1964); Krauthammer et al. (1986); Krauthammer et al. (1990); Louca and 

Harding (1997); Pan and Watson (1998); Schleyer and Hsu (2000); Boutros (2000); Low 

and Hao (2002)]. However, most available research programs, including the ones listed 
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above, have focused on considering the real first mode or a combination of different 

assumed mode shape;; for the first vibration mode to govern the dynamic response of 

structural members. l\ evertheless, it is well known that higher modes significantly affect 

the structural respons1~ in wave propagation problems such as blast and impact (Ebeling 

et al. 1997; Subbaraj and Dokainish 1989). This means that models with more degrees of 

freedom (DOF) may be required to account for the effect of higher modes on the 

structural response. Moreover, recently published experimental results of RC members 

tested under blast loading (Razaqpur et al. 2007; Magnusson 2007) showed that shear 

failure, which can be predicted more accurately by including higher mode effects, was 

the governing failure mode in many of the tested RC members. 

In this paper, a num~::rical method based on the lumped mass approach is employed to 

study the significance of using MDOF model with a large number of DOF on the 

response of RC beams subjected to blast. The strain rate effects are also incorporated in 

the analysis in order to consider the effect of the rapid rate of loading on member 

response. A series of blast loading with different pressure and impulse combinations are 

generated to produce different frequency content and the effect of the large number of 

DOF on maximum response quantities is considered by increasing the number of nodes 

used in discretizing these structural members. The following sections outline the model 

development, including material properties and solution technique, as well as the results 

of the various analyses. 
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2.1 Model Development 

2.1.1 SDOF Model 

Available SDOF analysis techniques applied to individual structural members consider 

the fundamental vibration response mode of the member and utilize a nonlinear dynamic 

analysis procedure to evaluate the member response to a certain level of blast loading. In 

these techniques, the dynamic response of a structural member is approximated by the 

first mode shape and the dynamic equation of motion is evaluated for an equivalent 

SDOF system (Figs. 2.2(a) and 2.2(b)). Deflection obtained by solving this equivalent 

system represents the actual deflection of the structural member at a certain key location 

(e.g. member midspan). To establish the equivalent SDOF, one needs to evaluate the 

mass factor, KM, the resistance factor, K& and the load factor, Kr, which relate the 

equivalent mass, the equivalent resistance, and the equivalent load, respectively, in the 

SDOF system to the c:.ctual quantities in the structural system. In general, by equating the 

external work, kinetic energy and strain energy of the two systems, these factors can be 

found easily. It is WCirth mentioning that the load factor is approximately equal to the 

resistance factor (Mays and Smith 1995). These factors can be evaluated (Biggs 1964) as 

follows: 

29 



M.A.Sc. Thesis-S. H.--'C""'h""an=g""iz"--'R=ez""'a~e~i ----""'M""c~M!..!oa""'s~te""'rc_:U~m"-.!· v~e"'"'rs"""ity~-C~iv~il!...cE~n~g=--'i~n~ee""'r~in=g 

L 

fp¢(x)dx 

KR = KL = -=-0 -:L-- (2.1) 

fpdx 
0 

L 

fpm¢ 2(x)dx 

K --".0 ___ _ 
M- L (2.2) 

fpmdx 
0 

In the above equatiom, Kr, K& KM are the load factor, the resistance factor and the mass 

factor respectively; Pm and p are the mass and load per unit length; L is the member 

length and ¢(x) is the assumed mode shape. 

For a nonlinear system, a different shape function is usually considered for each stage of 

response (e.g. elastic, elastic-plastic, or fully plastic conditions). Consequently, as the 

shape function chang~s, new transformation factors are computed for each deflection 

stage. Using these factors, the dynamic equation of motion for the SDOF model can be 

written as: 

(2.3) 
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In this equation, m is the member mass which can be given as: m=pm XL; y and ji are 

the displacement and the acceleration; R(y)is the resistance force as a function of 

displacement and F(t) is the blast load as a function of time. 

It should be noted that, as can be observed from Eq. 2.3, damping is usually not 

considered in impul~:ive loading problems such as blast and impact since the maximum 

response, which is generally the quantity of interest, usually occurs during the first 

vibration cycle when damping has minimum contribution to the dynamic response. 

In order to express the equation of motion in terms of one factor, Kr is divided by KMand 

the factor KrM(Load-Massfactor) is introduced. The values ofthe load-mass factors are 

tabulated and can be found in references such as Biggs (1964); TM5-1300 (1990) and 

Mays and Smith (1995). Hence, the equation of motion for the equivalent SDOF can be 

written as: 

KLMmji+R(y) = F(t) (2.4) 

In the previous equat'lon, the static load-deflection relationship of the structural member 

should be constructed in order to use it as the resistance-displacement function, R(y). 

These resistance-displacement relationships can be found either experimentally, using 

appropriate code equc.tions, or using plastic analysis. If plastic analysis is used, then the 

force, Ru, which initiates a plastic hinge within the structural member is calculated, the 
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corresponding static :leflection, 8 Y, is found and the resistance-deformation relationship 

is simplified as shown in Fig. 2.2( c). 

In the case of RC mt:mber, an effective flexural rigidity, Eleff , is needed to compute the 

deflection obtained br the corresponding applied static load. Biggs (1964) suggested 

using the average of the cracked section rigidity, Elcr , and the gross rigidity, EI g , for 

deflection calculation It should be noted that other international RC design codes [ACI 

318-05 (2005); CSA A23.3-04 (2005); EuroCode 2 (1992); NZS 3101:1995 (1995)] 

employ different expressions for Eleff . 

Figure 2.3 shows the forces exerted on a simply supported beam subjected to a blast 

pressure. As can be seen in this figure, both the inertial force and the applied blast load 

should be considered in order to find the correct dynamic reaction, Vd, at the supports. 

Considering the primary response mode, Biggs (1964) used the equilibrium conditions 

for the forces shown in Fig. 2.3 to derive the following equation for the dynamic reaction: 

VAt)= [JR X R(t) + [JF X F(t) (2.5) 

This equation expresse;;; the dynamic reaction, VAt), at a time t as the summation of 

fractions of the resistanee force, R(t) , and the applied force, F(t) , at time t, with P Rand 

[JF being constants, wb.ich are modified for each stage of displacement (e.g. elastic, 

elastic-plastic, or fully plastic). 
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2.1.2 MDOF Model 

As mentioned earlier, in nonlinear analysis of RC members subjected to dynamic loading 

the material stiffnes:; should be adjusted for each loading increment or with increased 

displacement. The members must also be discretized to account for the stiffness variation 

across the member Lmgth. As a result, for this type of analysis, finite element models, 

which require specia. experience and significant modeling and solution time, are usually 

employed. 

To reduce the difficulties associated with nonlinear dynamic analysis of continuous 

systems, MDOF models based on the lumped mass approach can be employed. In these 

techniques, the structural member is replaced by a series of discrete connected nodes and 

the material properties are concentrated at these nodes. Using a finite difference method, 

the dynamic analysis of an RC member subjected to blast can be performed as explained 

below. 

Figure 2.4 shows a simple beam divided into (n+ 1) segments. The lumped mass and load 

at the lh node are, respectively,: LM; = Pm (Llx) and F; = p(Llx), in which L1x is the segment 

length. 

The dynamic equilibri 1m equation for the lh node will be: 

(2.6) 
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where: 

Y; , Y; , Y; = lh node displacement, velocity and acceleration, respectively. 

LM; = Lumped mass at the lh node 

C; = Damping for the lh node 

F;(t) =Lumped blast load at the lh node 

v;_1,;, v;,i+I =Shear force values between the (i-1/h and the lh node, and shear between the 

lh and the (i+ 1/h node, respectively. 

By considering the fn~e body diagram of a typical nodal mass (Fig. 2.4), the preceding 

shear forces can be wrtten as: 

(2.7) 

V =Mi+I-Mi 
i,i+l Llx (2.8) 

where: 

Mi-!,Mi,Mi+I =Moment at the (i-1/h, the lh and the (i+ 1}1h node, respectively. 

L1x = Segment length 

and employing Eqs. 2.? and 2.8, Eq. 2.6 can be rewritten as: 
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(2.9) 

The curvature, rjJ , can be obtained at each node using the following finite difference 

approximation: 

(2.10) 

Hence, the corresponding moment at each node can be found from the moment-curvature 

diagram evaluated for the beam cross section. Equation 2.9 is then solved numerically for 

each time increment. Adopting this technique, the nonlinear behaviour of RC members 

can be analyzed and the post damage state can be modeled easily using the MDOF 

approach. As noted earlier, damping is not considered in the MDOF model since the 

maximum response, which is generally of interest, usually occurs during the first 

vibration cycle when damping has minimum contribution to the dynamic response. 

2.1.2.1 Numerical Intc~gration Scheme 

In this study, the Central Difference Method , which is an explicit method, is used and the 

following formulation, which is employed by Krauthammer et al. (1993), is considered 

for estimating the critical time step, fer: 
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(2.11) 

where the wave velocity, C L, is given by: 

C = E(l-v) 
[ ]

1/2 

L (1 + v)(l- 2v)p 
(2.12) 

In the above expressions, lxx is the node spacing, E is the elastic modulus, v is Poisson's 

ratio and pis the mass density of reinforced concrete. 

A time step size of 0.05 fer obtained form the previous equation was compared to even 

smaller values and the east value was selected in the analysis. These smaller values were 

1 x 1 o·6 second for n ::;; ·~0 and 1 x 10·7 seconds for n > 40, n being the number of nodes in 

the MDOF model. Since the order of time step is very small, it is important to note that 

enough numerical precision should be considered during the analysis in order to prevent 

truncation errors create:l by the computer itself. Therefore, all calculations in this study 

were carried out by employing double precision. 

2.1.2.2 Material Stress-·Strain Relationship 

2.1.2.2.1 Concrete 

Numerous stress-strain relationships for concrete and reinforcing steel are available in the 

literature. For concrete in compression, different relationships expressed in terms of the 
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compressive strengtb, the strain at this compressive strength, and the concrete modulus of 

elasticity have been proposed (Scott et al. 1982; Dilger et al. 1984; Soroushian et al. 

1986; Mander et al. 1 988). In this study, the following relationship proposed by Popovics 

(1973) is adopted: 

, q(8l 8J 
CF - f _ ___::__:__--"-'--

c - c q -I + ( 8 I 8J"k 
(2.13) 

where: 

8, CFc =Strain and corresponding compressive stress 

J:, 8c =Maximum ccmpressive stress and corresponding strain 

q, k = Curve fitting parameters which are given by 0.8 + fc' I 17 and 0.67 + fc' I 62 , 

respectively, where J; is in MPa. 

Equation 2.13 is easy to use and was shown to be capable of modeling initial tangent 

stiffuess and the post-peak behavior by Bentz (2000). 

For tension stiffening, different equations have been proposed by Vecchio and Collins 

(1982), Collins and Mitchell (1987), Tarnai et al. (1987), and Bentz (2005). These 

relationships may be appropriate for a specific section since tension stiffening is 

dependent on the bond characteristics which vary from section to section. In this study, 

the Vecchio and Collim; (1982) relationship, given by: 
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(Y = // 
t 1 +~200&1 

(2.14) 

was used, in which, &1 , rY1 are the tensile strain and corresponding tensile stress, and // 

is the tensile strength taken as 10% of the compressive strength. 

2.1.2.2.2 Steel 

A number of formulations were proposed for the reinforcing steel stress-strain 

relationship and all of them consist of three zones: elastic, yield plateau and strain 

hardening. In this study, Hoehler and Stanton (2006) model was used. According to their 

formulation, the strair-stress relationship for steel is expressed as: 

a-=Exc for c ~ t:Y (2.15-a) 

(2.15-b) 

(2.15-c) 

where: 

c , a- = Strain and corresponding stress in the reinforcing steel, respectively. 

a-Y , c Y = Stress and strain at steel yield, respectively. 

a-sh, t:sh = Stress and st·ain at the onset of strain hardening, respectively. 

a-u, t:u =Ultimate (peak) stress and strain, respectively. 

E =Elastic modulus 
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EY = Slope of yield plateau 

C1 = Parameter that defines the curvature of the strain hardening curve. 

2.1.2.3 Strain Rate Effects 

It has been shown by a number of experimental and numerical studies that concrete and 

steel exhibit significant strength increase under high strain rate of loading. Although it 

was suggested that inettial effects change the uniaxial stress to uniaxial strain during high 

strain rate of loading, md this leads to enhancement in material strength (Bischoff and 

Perry 1991), this chara~~teristic is not well understood due to lack of experimental stress­

strain relationships at high strain rate. Most of the experimental results are limited to low 

strain rates or have bee:n performed on small specimens which may give correct results 

for isotropic materials such as steel but not for heterogeneous materials such as RC. 

As a simplification, the ratio of material dynamic strength to static strength, usually 

referred to Dynamic Increase Factor (DIF), is given as a function of strain rate either 

graphically (TM5-1300, 1990) or presented in the form of formulas. 

2.1.2.3.1 Concrete 

For concrete under compression, it has been shown that the increase in compressive 

strength is more significant than the enhancement of its other properties such as ultimate 

strain and the elastic modulus. For strength enhancement, expressions were proposed by 

Comite Euro-Intemation1l du Beton (CEB) (1988), Tedesco et al. (1997), and Malvar and 

Ross (1998). All these e"pressions differentiate between low to intermediate strain rates 
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and intermediate to lligh strain rates, and suggest separate relationships for different 

ranges (Fig. 2.5(a)). It has also been shown that the concrete tensile strength exhibits 

higher increase than tlle compressive strength (Fig. 2.5(b)). There is no consensus among 

different researchers c'n the effect of strain rate on the strain at the peak compressive 

stress and different variations have been reported (Bischoff and Perry 1991 ). 

Tedesco et al. (1997) used their experimental results obtained from a number of Split­

Hopkinson Pressure Brr (SHPB) tests for concrete with different strength and moisture, 

and employed some regression equations in their concrete model. Malvar and Ross 

(1998) considered a large number of test results and modified CEB (1988) formula for 

concrete under tension. Since Tedesco's experiment cover strain rates up to 1 X 103 s-1 

and Malvar's equation has been obtained by considering large number of data, Tedesco's 

relations for concrete under compression and Malvar's formula for concrete under 

tension are adopted in this study. Tedesco et al. (1997) considered these equations for 

concrete under compre:;sion: 

fed/ fes =0.758log£+:.058~1.0 for &::;63.1 s-1 

fed/ fes =0.758log£-0.289::;2.5 for £~63.1 s-1 

&cd I &cs = 1.08 + 0.112log £ + 0.0193(log £)2 

(2.16-a) 

(2.16-b) 

(2.16-c) 

where fed and &cd are concrete dynamic compressive strength and corresponding 

dynamic strain, and fes md &cs are their static values, & is the strain rate in s -I. 

40 



M.A.Sc. Thesis-S. H.:_. C=h=an""'g~i=z_,_R=e=za=e=i ____ ...o.M=cM'-'=a=st=e'"-r-"'U=n=iv-'-'e=r=si~ty._-....::C=iv-'-'i=l~E=n~g=in=e=e=ri=nocg 

Malvar's equations £)r concrete under tensions are: 

(2.17-a) 

(2.17-b) 

Where frd and fts are the dynamic and static tensile strength, i is the strain rate. The 

static strain rate, is , is taken as 30x10-6 s-1 for compression, and, is =1x10-6 s-1 for 

tension, fJ =1 o<6o-z), at1d 8 =1/(1+8 fc) fco ), where fco =1 0 MPa . 

2.1.2.3.2 Steel 

For steel, it has been observed that yield and ultimate stress increase with increasing 

strain rate but the modulus of elasticity is not affected by the rate of loading. Similar to 

concrete, relationships are given for reinforcing steel by Soroushian and Choi (1987); 

CEB (1988); Malvar (1998). Malvar's formulations were used in the present analyses 

because of the large number of test results at different strain rates that were used to verify 

his expressions: 

DIF =( 1 ~-4 r (2.18-a) 

where: 
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a= 0.074-0.040 JY for yield stress, or 
414 

(2.18-b) 

a= 0.019-0.009 fu for ultimate stress 
414 

(2.18-c) 

i is the strain rate J; a ad .fu are the bar yield stress and ultimate stress in MPa. 

As can be seen in Fi:~. 2.5(c) and Fig. 2.5(d), the stress-strain curves will be scaled 

corresponding to the specific strain rate. For concrete, the maximum compressive stress 

and the corresponding strain are scaled by the DIP values given in Eq. 2.16 while the 

maximum tensile stres~; is scaled by the DIF value given in Eq. 2.17. For steel, the yield 

and ultimate stress are amplified by the D/Fvalues given in Eq. 2.18. 

2.1.2.4 Strain Rate Es1imation 

In order to use the appropriate DIF, a procedure to find the strain rate corresponding to a 

specific blast load wo llld need to be established. Different methods such as finding 

maximum curvature ratr~ (Kulkarni and Shah 1998) or deriving an approximate strain rate 

equation (Krauthammer et al. 1994) have been proposed. These methods estimate the 

order, rather than the exact value of the strain since the latter is too complicated to be 

modeled using simple tools. Nevertheless, because the method described by 

Krauthammer et al (1994), is simple and accurate enough, it was adopted in this study. To 

obtain the DIF, the loaf-strain relation at extreme fibers for a section resulting from a 

uniform load should be evaluated. Considering the simply supported beam shown in Fig. 

2.6, the strains at the tensile and compressive fiber at the midspan of this beam are given 

by: 
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(2.19-a) 

(2.19-b) 

where ec and 8 1 are strains at the extreme compressive and tensile fiber, respectively; p 

is the uniform blast load; he and h1 are the compression depth and the tension depth of 

the cross section, respe1;tively; Elcr is the cracked flexural rigidity and L is the beam span. 

If the moment-curvature relationship at a certain strain rate is approximated as elastic-

perfectly-plastic, then Elcr= MY I ¢y, where MY and ¢Y are the yield moment and 

curvature at yield, respectively. 

Consequently, the strain rate at the extreme fibers can be obtained by evaluating the 

derivative of Eqs. 2.19-a and 2.19-b with respect to time as follows: 

(2.20-a) 

(2.20-b) 

As an approximation, a :;train rate value, & , can be assigned for the whole cross section 

by taking the average of ~train rates obtained from Eqs. 2.20-a and 2.20-b: 
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(2.21-a) 

or 

(2.21-b) 

where h is the beam height. 

For a triangular load idealization (Fig. 2.l(b)), Eq. 2.21-b can be simplified to: 

(2.22) 

where p 0 and 'fr are peak blast load per unit length and loading duration, respectively. 

A similar procedure can be used for RC beams with different loading and support 

condition, where the :;train rate for each beam section can be evaluated through similar 

approximation. In thh way, the proposed model would be capable of considering the 

distribution of strain rate variation along the beam length. 

2.2 Numerical Result:; and Discussion 

2.2.1 Overall Procedure 

In order to investigate the effect of varying number of DOF, a clamped-clamped and a 

simply supported RC beam with identical material and cross sectional properties are 

analyzed. The clamped beam is used to study the effect of higher stiffuess (compared to 
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the simply supported beam) on the response. The beam has equal amount of positive and 

negative steel with the reinforcement ratio of 1% each. The beam has a of 600 mm deep, 

and a 400 mm wide cross section and span length of 4.0 m. A 30 MPa concrete is used 

and the yield and ultimate strengths of the steel reinforcement were 400 MPa and 600 

MPa, respectively. 

Using the triangular load approximation of the actual blast loading as explained earlier, 

the beams are subjected to a series of pressure and impulse combinations. This means 

that for a specific pea\: pressure, the duration of the load is changed and consequently 

new values of impulse rre generated. For each combination of pressure and load duration, 

the number of nodes (DOF) is increased from 2 to 30 for the simply supported beam and 

from 2 to 40 for the clamped beam. 

Following the method explained earlier, the strain rate is obtained for each node and the 

material properties are adjusted accordingly. As discussed earlier the concrete tensile 

strength is known to be more sensitive to the strain rate than the compressive strength. 

Moreover, the DIF for ~~oncrete under tension is significant for strain rates higher than 

1 s -I. Therefore, for load cases in which the maximum strain rate is greater than 1 s -I, 

separate strain rates and moment curvature relationships are evaluated for each node. For 

other load cases (i.e. cas~~s with strain rate less than ls-1
), the maximum strain rate value 

and the corresponding ffii)ment-curvature relationship is used for all the beam nodes. The 

ultimate curvature is defi1ed as the point on the moment-curvature curve at which half of 

the beam height is crushed in compression. The analysis would stop when the number of 
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failed nodes (nodes having curvature greater than ultimate curvature) reaches three for 

the clamped beam (at both supports and at the midspan) and one (at the midspan) for the 

simply supported beam. The numerical procedure is summarized in the flow chart shown 

in Fig. 2.7. 

A total of 27 and 2:; load cases were analyzed for the simply supported beam and the 

clamped beam, respectively. The blast loads included six peak pressure values (P0=1 00, 

500, 750, 1 ,000, 2,5 )0 and 5,000 kPa) and five load durations (TL= 0.003, 0.005, 0.01, 

0.1 and 1.0 s). 

Among these combinations, the simply supported beam survived 15 load scenarios (S-1 

to S-15 in Table 2.1(1)) and the clamped beam survived 17load scenarios (C-1 to C-17 in 

Table 2.1(b)). The n:st of the beams (12 simply supported beams and 8 clamped beams) 

failed totally under the particular combination of blast and impulse acting on them. 

Therefore, the result~ for the two sets of beams will be discussed separately. 

It should be noted that more studies would be needed to cover a wider range of 

span/depth and rein£)rcement ratios, different support conditions and different ranges of 

pressure and impulse. However, the different load parameters and support conditions 

considered in this stcdy can be considered adequate to give an overall understanding and 

demonstrate the effects of considering different MDOF systems in the analysis of RC 

beams subjected to blast. 
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2.2.2 Partially Damaged Cases 

The variation of maximum displacement, curvature and shear for the simply supported 

beam are depicted versus the number of nodes for two pressure values (1,000 kPa, 2,500 

kPa) in Fig. 2.8. It ca1 be seen that the variations in maximum displacement, curvature 

and shear decrease significantly with increasing node number and, typically, a minimum 

of three nodes, five nodes and ten nodes are needed to predict the displacement, curvature 

and shear, respective!}, within the specified convergence limit (defined as 5% response 

difference between suc,;essive MDOF models). 

As expected, a larger number of nodes (DOF) is needed to estimate the shear (Clough and 

Penzien 1993). Table 2.l(a) shows the difference between the predicted displacement, 

curvature and shear values obtained using three, five and ten nodes, to the corresponding 

predicted values using thirty nodes for all the partially damaged cases, expressed as a 

percentage of the latter. As the results show, the maximum difference between the results 

obtained for all of the response parameters using thirty nodes and those obtained using 

fewer nodes is approximately 11% (Beam S-1 ). 

Similar results are givc;n in Fig. 2.9 for the clamped beam. This figure shows the 

variations of maximum response quantities with increasing number of nodes for the two 

previous peak pressure values (i.e. 1,000 kPa, 2,500 kPa). Compared to the simply 

supported case, the dynamic shear is higher and the displacement is lower for the 

clamped beam as a result of its higher stiffness. It can also be noted that the required 

number of nodes for the displacement and the curvature values to converge is 

significantly greater than that for the simply supported beam case. This can be attributed 
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to the higher vibration frequency of the clamped beam compared to the simple beam, 

which, combined with the high frequency content in blast loads, leads to significant 

higher mode contributons to the response. Thus, more nodes (DOF) would be needed to 

model the C-Beam re~:ponses. As observed from Fig. 2.9, a minimum of ten nodes for 

both displacement and curvature, while a minimum of twelve nodes is required for shear 

to obtain results that ar;! accurate enough to satisfY the 5% convergence limit. 

Table 2.1 (b) shows 1he difference between the predicted maximum displacement, 

curvature and shear values obtained using ten, ten and twelve nodes, respectively, and the 

corresponding values c~btained using forty nodes for partially damaged clamped beams, 

expressed as a percentage of the more accurate values. As the results show, the maximum 

difference between the response values obtained using forty nodes and those obtained 

using fewer nodes occ~rs in predicting shear and it is 13.9% of the more accurate value 

(Beam C-8). 

2.2.2.1 Comparison with Different SDOF Models 

The maximum response quantities for displacement and shear obtained from a MDOF 

model, which is used with the minimum numbers proposed earlier, are compared with the 

results obtained from different SDOF models. Four SDOF models with different 

commonly used flexural rigidity, EI, are considered. These SDOF models are based on 

the cracked section, Elc,, gross section, Elg, average of the cracked and the gross section 

rigidities, Elave, and the rigidity expression recommended by the CSA A23.3-04, (2005) 

Standards for computing RC beams deflection, ElcSA· 
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It should be noted thc.t the ElcsA is a function of the maximum moment in the beam and 

as a result it is a function of the resistance. Therefore, the use of ElcsA results in a 

nonlinear resistance. The resulting problem is solved for each time increment using the 

Newton-Raphson method. In the solution of SDOF system the maximum strain rate 

obtained from the proposed MDOF model is used. One additional SDOF system 

considered is a 1 node MDOF system, which is the same as the MDOF system described 

earlier but using only a single node at the beam midspan. 

The percentage diffezence between the displacements and shears obtained from five 

different SDOF systems and the MDOF system are given in Tables 2.2(a) and 2.2(b) with 

the calculated absolut~~ maximum differences obtained for each model shown in bold. 

Considerable scatter e:cists in the results obtained from several different commonly used 

SDOF models which emphasizes the high dependency of the SDOF models on EI. The 

SDOF (Elcr) model overestimates the displacement by 23.7% (Beam S-14) to 132.6% 

(Beam C-4). In contrast, the SDOF (Elg) model underestimates the displacement by 

41.1% (beam S-7). Bo1h the SDOF (Elcr) and the SDOF (Elg) models also underestimate 

the value of shear by 46.9% (beam S-1) and 19.1% (beam S-1), respectively. The SDOF 

(Elave) and SDOF (ElcsA) models give better prediction with a maximum difference of 

around 31% (Beams S-1 and S-13) for the two response quantities. It should also be 

noted that the SDOF <EicsA) model yields better prediction of the response than the 

SDOF (Elave) model for clamped beam since it considers the combination of the supports 
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and midspan rigidities in the analysis (70% of midspan rigidity and 15% of each support 

rigidity) to obtain tht: overall rigidity (CSA A23.3-04 2005). 

As can be observed from Table 2.2, use of a single node in the MDOF model [MDOF (1 

node)] leads to higbly inaccurate prediction of the displacement which is overestimated 

by 210% (Beam C-l4). This is because the curvature is approximated inaccurate and the 

variation along the beams is not modeled correctly. The results are better for simply 

supported beams be cause of the lack of such variation. It can also be seen that MDOF (I 

node) model under~stimates the shear by about 60% on average in both the S- and C 

Beams as a result of lumping of the mass and load at one point only. 

Overall, good restlts can be obtained for both the displacement and the shear using 

SDOF if an appropriate value is used for correct EI. The comparison shows that for some 

values of beam and load parameters the use of Elave and ElcsA can yield results that are 

close to those obta[ned from a MDOF model. 

2.2.2.2 Dynamic Shear Comparison with Closed Form Solutions 

For elastic behaviour, Biggs' (1964) closed form solution (Eq. 2.5) can be used to 

estimate the maximum shear based on the first mode of vibration compared to the 

maximum shear obtained from the proposed MDOF model. Biggs' expressions for 

simply supported and the clamped-clamped beams are given as follow: 

Vd = 0.39R(t)+0.11F(t) for simply supported beams (2.23-a) 
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Vd = 0.36R(t) + 0.14F(t) for clamped beams (2.23-b) 

Where Vd is the dynamic shear at support andF(t) and R(t) are the applied load and the 

elastic resistance as a function of time, respectively. The time of maximum shear can be 

found from the MDOF model and consequently, F(t) and R(t) can be calculated. It should 

be noted that R(t) can be obtained as a function of moment, M(t), at support and 

midspan for the simply supported and the clamped-clamped beam, respectively; (i.e. 

8M(t)/4 and 12M~t)/4) 

Table 2.3 gives the shear obtained from the MDOF model (using ten nodes for the S­

Beams and twelve nodes for the C-Beams) for the beams that remained elastic under the 

indicated blast loc:.d. Knowing the time, t, to reach the maximum shear, the applied 

load, P(t), and moment, M (t), can be specified. The corresponding shear, obtained from 

Eq. (2.23-a) (for simply supported beams) and Eq. (2.23-b) (for clamped beams), are also 

given in the same table along with the difference between the two sets of values 

expressed as a percentage of the MDOF values. As can be seen from the same table, for a 

certain peak pressure, the difference decreases with increasing load duration and the 

maximum value occurs for short duration of loading. This can be justified based on the 

fact that the freqt,ency content of the load is higher for such small values of TL and more 

modes are needed to accurately predict the shear. 

Table 2.3 also s'1ows that there is relatively small difference between the shear force 

values predicted using the MDOF model with ten or twelve DOF and those obtained 

usmg Eqs. 2.2~~-a and 2.23-b, with the maximum difference being around 20%. 
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Therefore, it can be concluded that, in the elastic range, the dynamic shear can be 

adequately predicted using Biggs' closed form solution except for the case of very short 

duration (impulsive) blast loads. 

2.2.3 Comparison wi1th Experimental Results 

There are a limited number of experimental results available in literature for blast loaded 

RC beams with complete loading time history and design details because of security and 

classification requirements. Moreover, the uncertainties in pressure and time 

measurements and stpport conditions create additional difficulties facing numerical 

model validations by experimental results. 

A simply supported RC beam (Beam B100(12)D2) tested by Magnusson (2007) was used 

to validate the MDC F modeling technique adopted in this study. This beam was 

subjected to a blast Io.1d that resulted from an explosive charge located at a distance of 

10.0 m in a shock tube. The approximate peak pressure and loading duration for this 

explosion were 845 kPa and 0.012 s, respectively. The concrete compressive strength and 

yield stress of reinforced bars were 100 MPa and 500 MPa, respectively. The length of 

the beam was 1.5 m anj its cross section was 300 mm wide and 160 mm deep, with 2.2% 

tensile reinforcement. More details can be found in Magnusson (2007). 

Figure 2.10 gives the normalized displacement for the air blast test as predicted by the 

different models, including the MDOF (with three nodes), the SDOF (ElcsA) and the 
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SDOF (Elave). The displacement results have been normalized with respect to the 

maximum beam displacement (22.8 rnrn) obtained during the air blast test [Magnusson 

(2007)]. As the figure shows, the MDOF model gives the best prediction for maximum 

displacement, with an error of about 9%. It can also be observed that the use of SDOF 

(ElcsA) model and SDOF (Elave) model leads to 49% and 34% overestimations of 

maximum deflectior, respectively. 

2.2.4 Totally Damaged Cases 

For the totally damaged beams, larger number of nodes was needed to capture the failure 

state. This number 'aried, depending on the loading and member stiffuess. Sample of the 

results are presented in Figs. 2.11 and 2.12. Figure 2.11 gives the variation of predicted 

maximum curvatun; and support shear for a simply supported beam subjected to a peak 

pressure and positive phase duration of 2,500 kPa and 0.005 s, respectively whereas Fig. 

2.12 gives the variation of predicted maximum curvature and support shear for a clamped 

beam with a peak pressure and positive phase duration of 2,500 kPa and 0.006 s, 

respectively. 

As can be seen in both Figs. 2.11-a and 2.12-a, the curvature varies significantly with 

increasing number of nodes until the failure criterion is reached. As mentioned earlier, 

Failure in Fig. 2.12-a indicates that half of the beam height is crushed in compression at 

the supports and at the midspan. In the same figure, Partial Failure indicates that half of 

the beam height is crushed in compression at the supports only. 
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It should also be not•~d that the large predicted increase in shear for the clamped beam 

(Fig. 2.12-b) compar~!d to the simply supported beam (Fig. 2.11-b) is due to the high 

value of moment near the support. In fact, when flexural failure occurs at support, the 

node located near the failed node still resists a large moment, Eq. 2.7, and consequently, 

produces a higher shear. 

2.2.4.1 Required Number of DOF for Different Po and TL 

Figure 2.13 shows th~~ relationship between the required number of nodes (to capture 

failure) for different c:>mbination of peak pressure, Po, and loading duration, Tr, for the 

simply supported and the clamped beams. As expected, for a specific pressure, the 

number of nodes increased significantly as the duration decreased. This is attributed, as 

explained earlier, to tb.e fact that such highly impulsive loads with higher frequency 

content would excite n:.ore modes. It can also be observed that the increase in the required 

number of nodes with a decrease in pressure duration is even higher for the clamped 

beams (compared to the simply supported beams) due to their higher stiffness (a 

maximum of90 DOF were required as shown in Fig. 2.13). 

The high number of DOF required to capture failure suggests that more nodes may be 

needed to predict increased level of damage. To verify this, Pressure-Impulse Diagrams 

for beams with different level of damage will be constructed and discussed in the 

following section. 
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2.2.5 Effect of Number ofDOF on the Pressure-Impulse Diagrams 

Pressure-Impulse (P-1) diagrams usually consist of several contours corresponding to 

different damage levels (Baker et al. 1983). As illustrated in Fig. 2.14, each contour 

represents the different combinations of pressure and impulse that will result in the same 

maximum deflection, maximum curvature, ductility level or same level of damage in the 

member. Pressure and impulse combinations to the right and/or above each curve 

produce damage greater than that represented by this curve while the ones to the left 

and/or below the cu:-ve would result in lower damage than indicated by the curve. Each 

curve in this diagmm can be divided into three segments: impulsive loading realm, 

dynamic loading realm and quasi-static loading realm. The P-I diagram approach is 

considered a simplified tool to assess the performance of the structural members under 

specific level of blast load (Baker et al. 1983). 

Figures 2.15 and 2.16 show the P-I diagrams for different levels of curvature ductility at 

midspan and at tll e supports for the simply supported and the clamped beam, 

respectively. These <::urves are obtained using 10 or 30 nodes for the simply supported 

beam, and 15 or 45 nodes for the clamped beam. As predicted by the MDOF model, the 

difference between curves increase with increased curvature ductility and the difference 

is much less in the impulsive loading realm compared to the quasi-static regime. The 

variation is more significant for the clamped beam due to its higher stiffness and it 

reaches a maximum of 60% for the clamped beam with a curvature ductility of 5. Similar 

to the simply suppmted beam, the change in the impulsive regime is greater because of 

the higher frequency of the load which excites more modes. 
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2.3 Conclusions 

In this paper, a numerical technique based on the lumped mass approach was employed 

to perform nonlinear dynamic analysis of RC beams subjected to blast. The model takes 

into account the concrete and steel nonlinearity and the dependency of the material 

properties on strain rate. The study aimed at evaluating the effect of modeling RC beams 

using a large number of DOFs on their dynamic response using the developed MDOF 

model. 

Typical RC beams with clamped and simple support were selected for the study and a 

series of blast loading with different pressure and impulse combinations was selected to 

generate different frequency content. The corresponding strain rate for each load was 

calculated and appropriate dynamic increase factors were used to scale the steel and the 

concrete properties. 

The effect of the mmber of DOF on maximum response quantities was considered by 

increasing the numh;:r of nodes used to discretize each beam. The results were compared 

with simple SDOF models and showed significant difference. 

Results for partially damaged beams showed that only a few nodes were enough to 

capture the complete response of the beams. The MDOF results were also compared with 

different SDOF systems and it was observed that SDOF models may give results that are 

comparable to those obtained from a MDOF model if an appropriate effective flexural 

rigidity was selected. For elastic response the peak shear was also compared with an 
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available closed-form solution for shear and the maximum difference was found to be 

around20%. 

More nodes were needed to capture flexural failure of the totally damaged beams and the 

required number in~reased significantly with increased beam stiffness. Data obtained 

from failed cases irdicated that with increased damage to the beam more nodes were 

needed in the analy~;is. This is attributed to the fact that blast load excites a number of 

modes in a specific jrequency range. As the damage increases in the beam, the frequency 

of vibration will decrease and as a result, more modes fall within that frequency range. 
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Notation 

ci = damping co~fficient for lh node 

C1 = parameter that defines the curvature of the strain hardening curve in reinforcing 

steel 

C L = wave velocity 

DIF =dynamic increase factor 
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E = elastic moddus of reinforcing steel 

EI = flexural rigidity 

F = total applied load 

F; = lumped load at lh node 

J; = concrete maximum compressive stress 

fed = concrete dynamic compressive strength 

f = parameter of Malvar' s equation for concrete co 

fcs = concrete stati~~ compressive strength 

f/ =concrete maxmum tensile stress 

hd = concrete dynamic tensile strength 

j,s = concrete static tensile strength 

f = reinforced bar stress 

h = beam height 

he =compression depth 

h, = tension depth 

k = curve fitting parameter in the concrete model 

KL =load factor 

KR = resistance factc~r 

KM = mass factor 

KLM = load-mass factN 

l = beam length 
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LMi = lumped mc.ss at lh node 

m = member m1ss 

Mi-l =moment at (i-1/h 

M; = moment at i'h node 

Mi+I =moment at (i+ 1/h node 

MY = yield mom(mt 

n = number of nodes 

p =blast load per unit length 

Po =peak blast load per unit length 

Po = peak pressure 

q = curve fitting parameter in concrete model 

R(t) = resistance :fi)rce as a function of time 

t cr = critical time step 

TL = loading duration 

V:-I,i =shear between (i-1/h and lh node 

V:,i+I =shear between lh and (i+ 1/h node 

vd =dynamic reaction 

y = displacemert at a specific point (usually, member midspan) 

y =acceleration at a specific point (usually, member midspan) 

Y; = lh node displacement 
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= lh node velocity 

.fh d 1 . = 1 no e ace(: erat10n 

= parameter of Malvar' s equation for reinforcing steel 

= parameter o: reinforced bar yield stress in Malvar' s equation 

=parameter Oj'reinforced bar ultimate stress in Malvar's equation 

fJ = parameter of Malvar' s equation for concrete 

=resistance force coefficient in Biggs' equation for reaction 

=applied load coefficient Biggs' equation for reaction 

= parameter of Malvar' s equation for concrete 

= segment length 

~y = deflection at the onset of yielding 

=strain 

= concrete stra n at maximum compressive stress 

= concrete dynrmic strain at peak compressive stress 

=concrete static strain at peak compressive stress 

= strain at the o aset of strain hardening in reinforcing steel 

= strain at steel yield point 

= ultimate (peal) strain in reinforcing steel 

= strain rate 

=concrete static strain rate 
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¢ = curvature 

f/JY = yield curvature 

¢( x) = assumed mCide shape 

(j = stress in the reinforcing steel 

(Jc =compressive stress in concrete 

(jsh = stress at the :mset of strain hardening in reinforcing steel 

()1 = tensile stress in concrete 

(ju =ultimate (peck) stress in reinforcing steel 

(jY =stress at steel yield point 

p = mass density of reinforced concrete 

Pm = mass per unit length 

v =Poisson's rato 

Subscripts and Super!lcripts 

ave = average 

cr =cracked 

CSA =Canadian Sta1dards Association 

g =gross 

y =yield 

u =ultimate 
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Table 2.1 : Effect of number of DO F s on the maximum response quantities 

(a) Simply supported beam 

Bt~am TL(s) Disp.1(%) Shea.-2(%) Curvature3(%) 

Po==lOO kPa 
~ -1 0.003 1.0 11.1 2.6 
~-2 0.010 2.5 6.1 0.2 
~-3 0.100 4.9 4.5 0.2 
~-4 1.000 4.9 4.6 0.9 

Po==500 kPa 
~-5 0.003 0.5 5.7 4.2 
S-6 0.010 1.7 2.7 0.3 
~-7 0.100 5.5 4.7 1.0 
~-8 0.200 5.7 1.8 0.8 

Po==750 kPa 
S-9 0.003 0.6 2.5 0.0 

S·10 0.010 1.9 2.0 0.9 
S··ll O.o15 2.8 4.4 2.6 
S··12 0.020 3.2 3.2 11.0 

Po==l2000 kPa 
S··13 0.003 0.3 3.6 1.1 
S··14 0.010 2.1 3.7 1.5 

P o==22500 kPa 
S··15 0.003 1.8 3.2 4.3 
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Table 2.1(continued): 
(b) Clamped beam 

Beam TL(s) Disp.4(%) Shear5(%) Curvature6(%) 

Po=lOO kPa 
C-1 0.003 2.1 3.7 1.5 
C-2 0.010 4.7 4.9 1.5 
C-3 0.100 4.0 4.2 0.2 
C-4 1.000 3.6 4.0 0.4 

Po=500 kPa 
C-5 0.003 2.0 2.2 3.0 
C-6 0.005 5.4 7.0 11.6 
C-7 0.010 6.2 5.2 3.9 
C-8 0.100 6.3 13.9 0.8 
C-9 1.000 6.5 2.4 0.5 

P!!=750kPa 
1:::-10 0.003 2.4 0.2 4.0 
1:::-11 0.005 5.6 0.0 8.4 
1:::-12 0.010 5.6 3.1 3.2 
C-13 0.100 6.7 0.9 2.4 
C-14 1.000 7.1 1.0 1.3 

Po=l1000 kPa 
C-15 0.003 2.0 0.0 5.3 
C-16 0.010 5.1 0.4 1.5 

Pu=2 500kPa 
C-17 0.003 2.4 7.7 1.4 

1 Displacement was obtained by using 3 nodes and compared to the same for 30 nodes 

2 Shear was obtained by using 10 nodes and compared to the same for 30 nodes 

3 Curvature was obtained by using 5 nodes and compared to the same for 30 nodes 

4 Displacement was obtained by using 10 nodes and compared to the same for 40 nodes 

5 Shear was obtained by using 12 nodes and compared to the same for 40 nodes 

6 Curvature was obtained by using 10 nodes and compared to the same for 40 nodes 
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Table 2.2: Difference between the MDOF results and the results of SDOF systems: I~ 
r:n 
fl 

(a) :S1mply supported be4m 
~ SDOF(EI,j SDOF(EIJ SDOF(El-J SDOF(Elg;;) JlDOF(1ntnle) v.> ..... 

Beam Tz:(s) Disp.(%) Shear(%) Disp.(%) Shear(%) Disp.(~') Shear(%} Disp.(%) Shear(llfl) Disp.(%) Shear(%) v.> 
I 

r:n 
P,=lOOkPa ...,.... 

v.w.J -.fO.Y -0.3 - iY.! -rEi.o -Ji.J - t.U -lY.l - .5.2 -57.5 -.>-a .,. .)I.! 

S-2 (1.010 + 85.6 -30.8 -1.4 - 6.5 +28.0 -15.6 - 1.4 - 6.5 + 5.2 -493 n 
i:J" 

S-3 !1100 + 120.7 +23 -6.2 +5.1 +.U.S .,.. 4.1 - 31 - 5.9 +14.1 -45.1 § 
S-4 1.000 +122.3 + 6.5 -7.6 + 6.7 +30.4 .,.. 6.5 +0.5 - 8.9 + 15.9 -4:5.0 ..... 

N 
P,=SOOkh ~ 

S-5 ll003 +56.6 -433 - :u - 13.0 +17.9 -26.3 + UJ -2lU - 25 -56.6 N 
~ 

S-6 1.1.010 +50 .. 4 - 7.3 - 20J +2S.4 + 3.7 + 13.2 + 19.8 -17.5 +3.3 -49.2 (!) ..... 
S-7 OJOO +36.3 - 5.3 -4U - 4.8 - 17.9 - 5.0 +22.6 - 5.6 + 17.9 -43.8 

S-8 0.200 +3&.6 -9.8 -40 .. 9 - 9.4 - 17.3 -sus + 14.1 -9.7 +18.9 -433 
-1 P;=750kPa ........ 

S-9 0.003 +54.& -37.6 - 4.6 - 2.9 +15.4 - 18.0 + 5.1 -30.4 - 5.7 -54.4 
S-10 0.010 +34.3 - 3.2 -28.7 +13.8 -U +10.3 + 18.5 -11.8 +1.6 -49.9 ~ 
S-U 0.015 +2&.9 - 5J -322 - 0.3 - lUi - 1.8 + 16.9 - 6J +7.0 -471 n 

~ :S-12 0.020 +30.5 -10.5 -31.4 - 1.5 - 11.6 - 85 +18.3 -11.0 +9.5 -4:5.5 ~ 
P;=l.OOO kPa 

....... 
(!) 
'"I 

S-13 0.003 +54.5 -33.8 - 5.7 +3.8 + 14.4 -12.5 +10.3 -31.4 -55 -53.9 e 
S-14 0.010 +23.7 -ILO -25.9 - 2.8 - 9.7 - 5.4 + 13.5 -12.1 +1.7 -48.8 ::1 ..... 

< 
Prl.SOO kPa (!) 

'"I 

-51.9 
v.> 

S-15 0.003 +41.8 -16.2 -12.& -91 +1.6 -15.0 + 19.6 -22.1 -4.3 
..... 

Average(ABS) 55.& 18.0 1&.5 10.6 16.0 12.2 lU:l 15.1 7.& 49.4 

c.o.v 0.5 0.9 0.8 0.7 05 0.6 0.7 0.6 0.7 0.1 



~ 
Table 2.2:(Continued) : I~ 

r:/1 
0 

(b) Clamped beam 1;2 
(!) 
[/) 

SDOF(El.J SDOF(Eli_ IDOF(EI..,J SOOF(ElcsJ MDOF(l node) It Beam fds~ D~~~ Shnr{%) Di~%~ Shn~%l Di~.(•-4~ Shear(&,4) D~.~~~t Sbeat'(%) Di~-~) Shear(%? 
.... .....-.. ......... 
~r.a.vu~~~o.&"• :-

C-1 (1.003 + 64.8 -41.4 -3.9 -15.6 +20.1 -21.2 -3.9 -15.6 + 64.5 -66.9 n 
C-2 {1.010 + 108.2 -16.4 -3.6 - 4.6 +312 -U -3.6 - 4.6 + 135.6 -52.5 ::r 

C-3 0.100 +1305 - 4.9 -33 - 3.7 +36.2 - 4.! -33 - 3.7 +18DJ! -44.9 
§ 

-· C-4 1.000 +132.6 - 3.5 -3.9 - 3.8 +36.5 - 3.4 -3.9 - 3.8 +1855 -43.9 N 

P,-500kPa ~ 
C-5 0.003 +52.5 -36.9 -5.3 - 9.2 +18.4 -21.6 - 5.2 9.4 + 62.6 -653 

N 

~ 
C-6 0.005 +74.7 -18.3 - 9.6 + 8.2 +18.4 - 1.6 - 5.7 - 7.9 + 86.5 -StU -· 
C-7 0.010 +841 - 3.3 -lAS +1{).4 +16.1 + :5.6 - 0.6 - 12 . .5 +1271 -53.2 
C-8 0.100 +SD.4 .,..11.7 -24.4 + 13.1 + 6.5 + 12.7 + 12.3 - 82 +197.0 -463 

-.....) 
C-9 1.000 +73.5 + 12.9 -28..3 + 12.5 +1.8 +13.0 + 16.7 - 6.6 +208 .. 6 -45.2 N 

P,=750kPa 

C-10 0.003 +56.2 -33.3 -10.1 - 3.2 +12.9 -16.8 - 5.2 -21.3 +58.8 -64.3 ~ 
C-11 0.005 +615 -14.6 -165 +13J) + 9.5 + 2.8 + 0.9 - 17.8 + 78.6 -59.0 (") 

C-12 0.010 +64.4 3.0 -23.6 + 11.3 + 3.7 + 9.6 +11.1 -173 + 125.1 -56.9 ~ 
~ 

C-13 0.100 +64.8 - 3.7 -36.4 - 3.0 - 2.2 -3.3 +21.3 - 4.B +200.7 -46 .. 6 
[/) ...... 
(!) 

C-14 1.000 +69.6 - 65 -29.8 - 6.5 - 0.4 - 6.4 +25.3 - 5.7 +llU -44.4 ""! 

P,-l,OOOkh c:: 
::1 -· C-15 0.003 + 51.1 -30.2 -14.3 +2.2 +8.1 -12.5 - 4.1 -15.1 + :53.7 -64.6 < 
(!) 

C-16 0.010 +54.0 - 9.0 -25.0 -3.0 0.1) - 5.2 +15.6 - 10.8 + 122.8 -57.0 ""! 
[/) 

~-
P,=l,SOO kPa 

C-17 0.003 +37.9 -23.2 -12.6 -7.6 +4.3 -13.8 +3.4 -16.9 +43.3 -61.7 

A'ilerage(ABS) 74.8 16.0 1:5.3 7.7 13.3 9.9 8.4 11.3 126.0 54.6 
C.O.V 0.3 O.S 0.6 0.5 0.9 O .. 'i 0.9 0.6 0 . .5 02 
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Table 2.3: Difference between MDOF shear and closed form solution 
~a~ Sim_ell: su_e_eorted beam 

P(t) M(t) MDOF Closed-
Difference 

Beam TL(s) t{s) form 
(kPa) (kN.m) Shear(kN) 

Shear(kN) (%) 

P,=lOO kPa 

S-1 0.003 0.0052 0.0 40.3 40.6 31.5 22.5 

S-2 0.010 0.0071 28.9 101.2 91.0 84.1 7.6 

S-3 0.100 0.0095 90.5 140.6 129.0 125.6 2.6 

S-4 1.000 0.0096 99.0 144.4 132.7 130.1 2.0 

P,=500kPa 

S-5 0.003 0.0053 0.0 193.0 189.7 150.5 20.7 

S-6 0.010 0.0082 88.0 395.2 339.6 323.7 4.7 

S-7 0.100 0.0122 438.8 634.3 560.4 572.0 2.1 

P,=750kPa 

S-9 0.003 0.0054 0.0 270.7 261.5 211.1 19.3 

S-10 0.010 0.0087 99.0 561.4 487.9 455.3 6.7 

P,=l,OOO kPa 

S-13 0.003 0.0054 0.0 339.6 329.8 264.9 19.7 

~b l Clam_eed beam 

P(t) M(t) MDOF 
Closed-

Difference Beam TL(s) t{s) form 
(kPa) (kN.m) Shear(kN) Shear(kN) (%) 

P,=lOOkPa 

C-1 0.003 0.0024 20.0 50.3 72.3 58.8 18.7 

C-2 0.010 0.0040 61.5 85.0 114.5 105.6 7.8 

C-3 0.100 0.0040 96.1 102.4 139.7 132.2 5.4 

C-4 1.000 0.0041 99.6 103.8 142.0 134.4 5.3 

P~f:500 kPa 
C-5 0.003 0.0024 98.3 229.7 335.9 270.1 19.6 

C-6 0.005 0.0040 103.5 287.7 396.1 333.9 15.7 
C-7 0.010 0.0041 297.0 353.7 494.7 448.6 9.3 

C-8 0.100 0.0045 477.7 421.6 594.6 562.3 5.4 
C-9 1.000 0.0045 497.8 427.8 607.2 573.5 5.5 

Plf:750kPa 
C-10 0.003 0.0024 143.8 318.5 478.2 376.2 21.3 

C-11 0.005 0.0025 375.0 369.4 568.9 482.9 15.1 

C-12 0.010 0.0044 420.4 508.9 739.9 643.8 13.0 
C-13 0.100 0.0046 715.7 618.4 896.6 828.2 7.6 

PE11000kPa 
C-15 0.003 0.0025 158.3 409.2 611.2 477.4 21.9 

C-16 0.010 0.0046 541.0 662.9 947.9 837.1 11.7 
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Figure Captions 

Fig. 2.1: Actual anc idealized side-on blast pressure time histories: (a) Actual blast load 

time history, (b) Triangular load approximation, (c) Using tangent line in approximating 

blast load 

Fig. 2.2: SDOF mo:lel: (a) Actual structural element, (b) Equivalent SDOF model, (c) 

Typical resistance-d.splacement curve 

Fig. 2.3: Free body diagram of a simply supported beam subjected to blast load 

Fig. 2.4: Schematic view ofMDOF model based on lumped mass approach 

Fig. 2.5: Strain rate dfects: (a) DIF for concrete under tension, (b) DIF for concrete 

under compression, (c) Scaled stress-strain curve for reinforcing steel, (d) Scaled stress­

strain curve for concrete 

Fig. 2.6: Strain rate distribution at the midspan of a simply supported beam 

Fig. 2.7: Flow chart of the overall numerical procedure 

Fig. 2.8: Maximum r1~sponse quantities for the simply supported beam versus number of 

nodes: (a) Displacement, (b) Shear, (c) Curvature 

Fig. 2.9: Maximum response quantities for the clamped-clamped beam versus number of 

nodes: (a) Displacem!nt, (b) Shear, (c) Curvature 

Fig. 2.10: Comparison between different models and experimental data 

Fig. 2.11: Variations of maximum response quantities with the number of nodes for a 

failedsimply supported beam (P0 =2,500 kPa, Tr= 0.005 s): (a) Curvature, (b) Shear 

Fig. 2.12: Variations of maximum response quantities with the number of nodes for a 

failed clamped-clamp,!d beam (P0 =2,500 kPa, Tr= 0.006 s): (a) Curvature, (b) Shear 
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Fig. 2.13: Required number of nodes to reach failure criteria for different loading: (a) 

Simply supported beam, (b) Clamped-clamped beam 

Fig. 2.14: General form of pressure-impulse diagram 

Fig. 2.15: Pressure-impulse diagrams for simply supported beam by using 10 and 30 

nodes: (a) Curvature ductility=2.0, (b) Curvature ductility=3.5, (c) Curvature 

ductility=5 .0 

Fig. 2.16: Pressure-impulse diagrams for clamped-clamped beam by using 15 and 45 

nodes: (a) Curvatu:e ductility=2.0, (b) Curvature ductility=3.5, (c) Curvature 

ductility=5.0 
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0 a 
E= 

Fig. 2.1: Actual and idealized side-on blast pressure time histories: (a) Actual blast load 

time history, (b) Tric:cngular load approximation, (c) Using tangent line in approximating 

blast load 
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(a) (b) 

_F 

• 

(c) 

R 

~y y 

Fig. 2.2: SDOF model: (a) Actual structural element, (b) Equivalent SDOF model, (c) 

Typical resistance-displacement curve 
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Blast Load 

Inertial Force 

Fig. 2.3: Free ')ody diagram of a simply supported beam subjected to blast load 

78 



M.A.Sc. Thesis-S. H. Changiz Rezaei McMaster University-Civil Engineering 
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C . LM .• . Y. . y 
l l l l 

Fig. 2.4: Schematic view ofMDOF model based on lumped mass approach 
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(c) 

(d) 
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Fig. 2.5. Strain rate effects: (a) DIF for concrete under tension, (b) DIF for concrete 

under compression, (c:t Scaled stress-strain curve for reinforcing steel, (d) Scaled stress­

strain curve for concrete 
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Compressive Fiber 

he 

h 

Tensile Fiber 
Strain rate distribution at section A-A 

Fig. 2.6: Strain rate distribution at the midspan of a simply supported beam 
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Set: 

INPUT: Section Properties, 
Material Properties, Boundary 
Conditions, Po, h n, L 

. Bp 
Determme: Ax, LM;, Bt 

Construct: M - fjJ curve for static rate of loading 

Determine: &max 

No Yes 

e at each node ( i;) 

Determine: 

e at each 

node ( E;) 

[ Construct: M - ¢ curve at each node for the corresponding E; 

Solve: Dynamic equation of motion for the time increment 

Find: Number of failed nodes 

l\o 
Yes 

Stop 

OUTPUT: Maximum disp., shear and curvature 

Fi~ .. 2.7: Flow chart of the overall numerical procedure 
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(a) 13.000 
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"""' s 11.000 
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i5 9.000 I __..._p 0 ~I, OOOkPa, r, ""'· 0 I; I 
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0 2 4 6 8 lO 12 14 16 18 20 22 24 26 28 30 32 
Number of nodes 

Fig. 2.8: Maximum re,~ponse quantities for the simply supported beam versus number of 
nodes: (a) Displacement, (b) Shear, (c) Curvature 
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Fig. 2.9: Maximum response quantities for the clamped-clamped beam versus number of 
nodes: (a) Displact:ment, (b) Shear, (c) Curvature 
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Fig. 2.10: C~mparison between different models and experimental data 
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Fig. 2.11: Variations of maximum response quantities with the number of nodes for a 

failed simply supported beam (Po=2,500 kPa, TL= 0.005 s): (a) Curvature, (b) Shear 
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Fig. 2.12: Variatiom: of maximum response quantities with the number of nodes for a 

failed clamped-clamped beam (Po=2,500 kPa, Tr= 0.006 s): (a) Curvature, (b) Shear 
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Fig. 2.13: Required number of nodes to reach failure criteria for different loading: (a) 

Simply supported beam, (b) Clamped-clamped beam 
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Impulsive regime 

Dynamic regime 
~ Quasi-static regime 

Impulse 

Fig. 2.14: General form of pressure-impulse diagram 

90 



M.A.Sc. Thesis-S. H. Changiz Rezaei McMaster University-Civil Engineering 

(a) 

~ 
tl:l 

0-. 
~ 
'-' 

~ 
Ul 
Ul 

~ 
0-. 

(b) 

~ 

tl:l 

~ 
~ 
Ul 
Ul 

~ 
0-. 

25oo.---...----...---....---------.--~--.--o ...... l 
2000 

. ~-9 .1% Difference 

1500 

1000 
\... 8.3% D1

1
. fference 

.. ······ ······ ············································ 
500 5 10 15 20 25 30 35 

hnpulse (kPa. s) 

2500..-n·--~~--~--------~-~--~--

0
_,

1 
2000 ~~22.3% Difference 

1500 

. 
1000 

·• 15.8% Difference 

•••••••••••••••••• I 
···················· ~ ·························· 

500U-·--~ ____ ._ __ _. ____ ~--~--~ 
5 10 15 20 25 30 35 

hnpulse (kPa.s) 

91 



M.A.Sc. Thesis-S. E. Changiz Rezaei McMaster University-Civil Engineering 

(c) 

~ 
~ 
'-" 
v 
~ 
<Zl 
<Zl 

~ 
A-. 

2500~,~~~--~--~----~--~---, 

2000 

1500 

1000 

g 
....::<-~-30% Difference 

. . 
·. 20% Difference 
•••••••••••••••••• I 

················ ~ ··························· 
500u·----~--~--~----~--~--~ 

( 10 15 20 25 30 35 
Impulse (kPa.s) 

Fig. 2.15: Pressure-:mpulse diagrams for simply supported beam by using 10 and 30 

nodes: (a) Curvat1re ductility=2.0, (b) Curvature ductility=3.5, (c) Curvature 

ductility=5.0 
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Fig. 2.16: Pressure-impulse diagrams for clamped-clamped beam by using 15 and 45 

nodes: (a) Curvature ductility=2.0, (b) Curvature ductility=3.5, (c) Curvature 

ductility=5.0 
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Chapter 3: Response of Two-Way Reinforced Concrete Panels to Blast 

Abstract: Analysis of reinforced concrete (RC) structures subjected blast loading is 

complicated due to the nonlinear behavior of concrete and reinforcement and the various 

failure modes to be considered. Therefore, simple analytical tools based on Single­

Degree-of-Freedom (8DOF) idealization of structural elements were developed by many 

researchers to investigate the response of blast loaded RC beams, columns and panels. 

However, most of these approaches were limited to simple cases of one way structural 

element and did not consider many factors known to significantly alter the dynamic 

response. In this study, a SDOF model based on the guidelines ofthe US army Technical 

Manual TM 5-1300 is developed that takes into account the nonlinear behavior of RC 

panels. In addition, the model considers the material strength and deformation 

dependency on the strain rate as well as the post-failure membrane resistance. Using this 

model, a series of dynamic analyses were carried out using Pressure-Impulse (P-I) 

diagrams generated t)r two-way RC panels with different dimensions, aspect ratios, 

reinforcement ratios and support conditions. The P-1 diagram predictions were compared 

with the data obtained from a series of detailed explicit finite element (FE) analyses and 

the SDOF analysis consistently overestimated displacement for all types of loading. The 

general trend of result~; and the major characteristics of P-1 diagrams were also discussed 

for SDOF models of panels with different flexural rigidities and a modification for the 

TM5-1300 method for dynamic reaction calculation is proposed. Unlike the current TM5-

1300 method which significantly under predicts the reactions, the proposed modification 

leads to a much better prediction for the impulsive range of response to blast load. 

Keywords: Blast load:;, Concrete structures, Dynamic response, Finite element method, 

Models, Nonlinear analysis, Panels, Structural safety. 
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3.0 Introduction 

In recent years, ther~~ was a growing concern about the response of lifeline infrastructure, 

federal buildings a1d power plants to accidental and man-made explosions. During 

explosions, a chemi;;al reaction takes place resulting in a sudden rise in temperature and 

pressure. Consequently, a shock wave is generated which strikes the structure with the 

pressure greater th.:n ambient pressure. Generally, the exact blast loading information 

including the peak over pressure value and pressure time history may not also be 

available as a result of many uncertainties associated with such loading. However, as can 

be seen in Fig. 3.l(a), for a typical blast loading time history, the blast pressure (side-on 

over pressure) decays in an exponential form during a very short time (positive phase 

duration) and finaLy, falls below ambient pressure for a longer time (negative phase 

duration) with less pressure intensity (Baker et al. 1983). In practice, the negative phase 

(suction) can be ne,5lected and the exponential decay loading can be approximated by a 

triangle which has tlle same peak pressure and different duration, Tr. 

As can be seen in Fig. 3.l(b), the duration is determined based on the time to reach the 

maximum respons{:. If the maximum structural response occurs after the pressure is 

decayed to ambient pressure, the equivalent duration is obtained by equating the area (the 

impulse) under the actual pressure-time curve in the positive phase with the area of the 

idealized triangle load. On the other hand, if the time to reach the maximum response is 

less than the positive phase duration, the equivalent duration is found by equating the 

slope of tangent lin~ (at arrival time) on the actual loading curve with the slope of triangle 

load (Beshara 1994) as shown in Fig. 3.l(c). 
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Because of the short time history associated with blast loading and the nonlinear behavior 

of most structures vnder such extreme loads, nonlinear dynamic analysis is usually 

required to predict t1e structure response during blast loads. The different techniques 

used for nonlinear dynamic analysis usually fall under two categories: analytical (macro) 

models and finite element (FE) models. Macro models typically employ a single-degree­

of-freedom (SDOF) or a multi-degree-of-freedom (MDOF) idealization of the structural 

element under consideration. The models use the first mode of vibration or the first few 

modes to predict the structure's response to blast loading. These models require a limited 

number of input data and are simple to use and easy to calibrate. On the other hand, 

nonlinear dynamic analysis using FE models is usually time consuming, requires a large 

number of input parameters and generally demands significant experience and knowledge 

to obtain reliable and realistic results. This is why most design codes are based on a 

simplified SDOF technique and even for case of complex structures, SDOF analysis is 

conducted for prelim:nary design or verifying FE results. 

Due to the inherent n~nlinear behavior of concrete and reinforcement, reinforced concrete 

(RC) structures, the various failure modes, and the effect of the rapid dynamic loading on 

the material response, detailed analysis is typically needed to gain understanding of many 

aspects of the blast loading-response interaction. However, such level of analysis is not 

suitable for initial as~;essment and screening or even preliminary design. In this regard, a 

number of research programs focused at identifying simple analytical tools to enable 
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design engineers and government officials to conduct rapid screening and evaluate the 

risk level associated with a certain explosion near key elements within a structure. 

There are a number 1)f investigations in which SDOF techniques have been employed to 

study the response cf structural members under blast or impact loading [Biggs (1964); 

Krauthammer et al. 1)986); Krauthammer et al. (1990); Louca and Harding (1997); Pan 

and Watson (1998); Schleyer and Hsu (2000); Boutros (2000); Low and Hao (2002)]. 

However, in the aforementioned research programs, the focus was to evaluate the 

response of simple cases of one-way elements or steel plates to blast-type of loading. 

In this study, a SDOF model based on the guidelines of the US army Technical Manual 

TM 5-1300 is developed that takes into account the nonlinear behavior of RC structures 

and the material strength and deformation dependency on the strain rate as well as the 

post-failure membrane resistance of RC panels. An approximate method is also given in 

order to estimate the strain rate and its consequent effect on material strength. Since 

reinforced RC structures deflects in a nonlinear way, it is important to choose appropriate 

flexural rigidity for the SDOF analysis. Using this model, a series of dynamic analyses 

were carried out to generate Pressure-Impulse (P-/) diagrams for two-way RC panels 

with different suppc'rt conditions, aspect and reinforcement ratios in the two orthogonal 

directions and resul1s were compared with the ones obtained from FE analysis. Trend of 

the curves and their main characteristics are discussed. Comparison with FE results 

shows that cracked flexural rigidity work well for clamped panels while average of 
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cracked and gross rigidity give better results for simply supported panels. It should also 

be noted that one of the important parameters of structural design is the support reaction 

which can be reached to the high values at the beginning of loading. But unfortunately, 

TMS-1300 neglect applied force and also inertial forces in finding the reactions. 

Therefore, the approximate numerical procedure, which accounts for applied load and 

inertial forces, is implemented in TMS-1300 calculations for dynamic shear and results of 

this modified method are also compared with those of other technique. The following 

sections outline the model features and details followed by a discussion of the numerical 

results. 

3.1 Model Development 

3.1.1 SDOF Model 

Available SDOF an;llysis techniques (Biggs, 1964; Baker et al., 1983; Krauthammer et 

al., 1986, 1990 and TMS-1300, 1990) consider the fundamental vibration response mode 

of individual structural members and utilize a nonlinear dynamic analysis procedure to 

evaluate the member response to a certain level of blast loading. In SDOF techniques, the 

dynamic response of a structural member (Fig. 3.2(a)) is approximated with the first 

mode shape and th{: dynamic equation of motion is evaluated for an equivalent SDOF 

system (Fig. 3.2(b)). Deflection obtained by solving this equivalent system represents the 

actual deflection of the structural member at a certain key location (e.g. panels' central 

point). To establish the equivalent SDOF, one needs to evaluate the mass factor, KM, the 

resistance factor, RR, and the load factor, KL, which relate the equivalent mass, the 
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equivalent resistance, and the equivalent load, respectively, in the SDOF system to the 

actual quantities in the structural element. In general, by equating the external work, 

kinetic energy and ~:train energy of the two systems, these factors can be easily found 

(Biggs 1964). These factors can be evaluated as follows: 

Equating the external work done by the load on the panel to that on the equivalent SDOF 

system: 

Jfp ?)(x,y) dA 
¢(x,y)~¥ KL = A (3.1) 

ffpdA 

Equating the kinetic energy for the equivalent and actual system: 

_!_(JfKu m dA)x(w ~0 )2 =_!_ Jfm[m ~(x,y)fdA 
2 A 2 A 

¢(x,y)~~ 
Jfm ¢2(x ,y) dA 

Ku =A Jfm dA 

A 

Equating the potential energy for the equivalent and actual systems: 

_!_( JfK R r dA )x ~0 = _!_ Jfr ~(x ,y) dA 
2 A 2 A 

¢(x ,y )~I'>(~ ,y) 
0 

Jfr ?)(x ,y) dA 

KR =A Jfr dA =KL 
A 
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In the above equatio1s, ~0 is the deflection at the panel's central point and ~(x,y) is the 

deflection at any point on the panel with x and y coordinates; ¢(x,y) is the shape 

function and OJ is the natural frequency of vibration; A is the panel area and m , p , r are 

the mass, applied blast load and resistance force per unit area of the panel, respectively. 

Considering the abo're equations, it is clear that, for a nonlinear system, a different shape 

function should be c:msidered for each stage of displacement (e.g. elastic, elastic-plastic, 

or fully plastic cc,nditions). Consequently, as the shape function changes, new 

transformation factors are computed for each deflection stage. Using these factors, the 

dynamic equation of motion for the SDOF model can be written as: 

(3.4) 

Where a is the panel's central point acceleration, r(~0 ) is the static resistance force per 

unit area as a function of the central point deflection, ~o.' and p(t) is the blast load as a 

function of time. By dividing the previous equation by Kr and noting that the load factor, 

KL is equal to resistance factor, K& (Mays and Smith 1995) as can be inferred from Eqs. 

3.1 and 3.3, a Load-Afassfactor, KrM, is introduced: 

K LM ma +r(~0 ) = p(t) (3.5) 

The values of the load-mass factors in tabulated format and can be found in references 

such as Biggs (1964), TM5-1300 (1990) and Mays and Smith (1995). 
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It should be noted, a~: can be observed from Eqs. 3.4 and 3.5, that damping is usually not 

considered in impulsive loading problems such as blast and impact since the maximum 

response, which is generally of interest, usually occurs during the first vibration cycle 

when damping has minimum contribution to the dynamic response. 

As can be noted from Eq. 3.5, a relationship between the resistance force and the 

corresponding central point deflection is needed for the solution. A typical resistance­

deflection relationship for a two-way RC panel is shown in Fig. 3.2(c). Such resistance­

deflection relationshiJs can be found experimentally, using appropriate code equations, 

or using plastic analysis. As can be seen in Fig. 3.2(c), the slope of the curve changes 

when a new yield line initiates within the panel or at the supports. 

Generally, if plastic analysis is used, the force which initiates a plastic hinge within the 

structural member is ealculated, thus, the corresponding static displacement is found and 

the resistance-deflecti:m relationship is established. 

When dealing with RC members, an effective flexural rigidity, Eleff , is needed to 

compute the deflection obtained for the corresponding to a certain applied load. Biggs 

(1964) suggested using the average of the cracked section rigidity, Elcr, and the gross 

rigidity, Elg, for deflection calculation, where as other international RC design codes 
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[ACI 318-05 (20051; CSA A23.3-04 (2005); EuroCode 2 (1992)] employ different 

expressions for Eleff . 

Figure 3.3 shows a free body diagram of a two-way panel subjected to uniform blast load. 

Both the inertial force and the applied blast load should be considered in order to obtain 

the correct dynamic reaction at the supports. It is generally assumed that the distribution 

of inertial force follows the same as shape function associated with the first mode. 

Considering the primary response mode, Biggs (1964) used the equilibrium conditions 

for the forces shown [n Fig. 3.3 to derive the following equation for the dynamic reaction: 

v d (t) = r R .R (t) + h. P (t) (3.6) 

In this equation, Vd (t), R(t) and F(t) are the dynamic reaction, resistance force and 

applied load at a timt: t; r R and r F are parameters that depend on the panel aspect ratio, 

the span direction of support (i.e. short edge support or long edge support) and the stage 

of displacement (e.g. elastic, elastic-plastic, or fully plastic). 

3.1.2 SDOF Model i11 TMS-1300 

The US army techniGal manual TM5-1300 (1990) was prepared to design structures to 

withstand accidental blast load. At the time the manual was originally produced (1990), it 

was considered a significant advancement in blast resistant design compared to previous 

publications in this uea. The TM5-1300 was used directly or indirectly, in all NATO 

countries (Morison ~:006) for protective design applications. The manual is currently 
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going through revision and updates. The work presented in this paper is expected to 

contribute in improving the dynamic reaction provisions of the new TMS-1300. The 

following sections present the current TMS-1300 recommendation as employed in this 

study. 

3.1.2.1 Load-Mass Factors 

The same procedure described earlier is used to find load-mass factors for different 

ranges of deflection. Table 3.1 gives the load mass factors for the two-way panels with 4 

edge supports, actual values have been calculated for square 4 edges supported panels 

only and linear interpolation for aspect ratios between 1.0 and 2.0 is applied. Similar 

tables exist in the TMS-1300 for other kinds of support condition. 

For fully plastic behavior, the code employs a yield line-based procedure to establish the 

load-mass factors. Figure 3.4 shows a segment of a two-way panel which is bounded by 

the support and the yield line pattern. The dynamic equation of motion based on the free 

body diagram shown in Fig. 3.4 is given by: 

(3.7) 

where: 

L M = summation of moments about the axis of rotation 

I m = mass moment of inertia of the segment about the axis of rotation 
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e = angular accderation 

Equation 3.7 can be rewritten, after expansion, as follows: 

or 

I 
F-(LMN + LMp)le=(-m-xa) 

ex~ 

(3.8-a) 

(3.8-b) 

Where, as shown in Fig. 3 .4, e is the distance between the resultant applied load and axis 

of rotation. L 1 is the dimension of the segment perpendicular to the axis of rotation and 

a is the translational acceleration of the point located at the end of sector. LM N and 

LM Pare the total negative and positive moment developed within the panel cross 

section, respectively. 

Considering the tern (L M N + L M P ) I e as a resistance force, R , the previous 

equation can be simplified to: 

I 
F- R = (-m- X a) 

ex~ 
(3.9-a) 

or 

F-R=Mexa (3.9-b) 
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Where Me is the equivalent mass of the segment and therefore the load-mass factor for 

this segment can be given by: 

K =~x-1-
LM L M 

CX I seg 

(3.10) 

Where M seg is the tc,tal mass of the considered segment. Following the same procedure 

for the other segmen~s of the two-way panel, the load-mass factor ofthe entire panel can 

be found as the summation of each segment's load-mass factor: 

(3.11-a) 

and for a two-way panel with a uniform thickness, the Eq. 3.11-a can be simplified to: 

I 1 
KLM=Z:--x­

cx ~ Aser 

Where Aseg is the area of each individual segment. 

(3.11-b) 

From the above calculations, it is obvious that the location of the yield lines is required to 

evaluate the load-mass factors. Therefore, the TM5-1300 uses yield line analysis to find 

the configuration of yield lines based on the plastic moment capacity of reinforcement in 

the x and y direction. The TM5-1300 provides results in graphical format that gives the 

yield line locations of two-way panel with different moment capacity and support 

condition in orthogonal direction. 

106 



M.A.Sc. Thesis-S. H'-'-. ..!:C~h,an~g~i~z""""'R~e""za"'"e"'""'i'----------=M~cM=a""-st~e~r..!:U'-"n~iv~e~r"""si'-"-ty:~--~C~iv-'-'i"-'-1-=E~n~g~in""'e~e~ri""'n~g 

3.1.2.2 Resistance :Force Function 

The typical resistance function in TM5-1300 is shown in Fig. 3.5. As this figure shows, 

the total resistance function can be divided in two parts: flexural resistance and tensile 

membrane resistance. In the former part, the RC panel cross sectional flexural capacity is 

the controlling resistance whereas in the latter, the tensile steel reinforcement 

predominantly provides resistance. The following sections describe the method to 

construct flexural pa:t and membrane part of the resistance. 

Flexural Part: TM5-1300 employs theory of elastic plates to obtain multi-stage 

resistance function for two-way panels. In fact, a procedure to find the maximum possible 

load is carried out a1 each stage of deformation (i.e. elastic, elastic-plastic, etc.). During 

this process, it considers certain key points in a panel with a specific support 

configuration (Fig. 3 .6). At these points the largest moments are expected and therefore, 

yield lines are also expected to initiate from these points. Generally, the magnitude of 

moment at these locations is given as a function of the panel aspect ratio as: 

M = fJxrxH 2 (3.12) 

Where fJ is the coefficient found based on the location of the point and also the panel 

aspect ratio; r is the r~sistance force, and His the dimension of the panel iny-direction. 

To find the maximum permissible load (resistance force) for a certain support 

configuration, the leJt hand side of the previous equation should be replaced with the 
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plastic moment capacity of different trial points and the equation should be solved for the 

minimum (governing) load. The deflection attained at a key point (e.g. central point for 4 

edges supported, middle of the free edge for 3 edges supported and at the intersection of 

free edges in 2 edges supported panels) for this governing load can be obtained by: 

(1 v)2 

d = - xyxrxH 4 
0 EI 

(3.13) 

Where EI is the fleJ.:ural rigidity of the cross section per unit length; u is the Poisson's 

ratio; yis a coefficient found based on the panel's aspect ratio. 

A sample of graphs 'Or obtaining rand f3 coefficients for a clamped panel is shown in 

Fig. 3.7. Similar graphs for panels with different support conditions can be found in the 

TMS-1300. It should be noted that in order to construct the resistance-deflection curve, 

the above procedure should continue to find load and deflection for the whole practical 

range of deflection. ln fact, when one yield line is generated at one edge, a panel with 

new support configuration results. Therefore, the above procedure is repeated for the new 

panel in order to find the resistance and deflection increments up to the point where all 

possible yield line pc;tterns are considered. It should also be taken into account that the 

rigidity of RC structure changes with increasing deformation. Therefore, different 

effective flexural rigidities, Eleffi can be used in the previous equation in order to compute 

the deflection. The TMS-1300 recommends using a constant rigidity equal to the average 

of cracked rigidity, E1 ~r, and gross rigidity, Elg, similar to Biggs' ( 1964) suggestion. 
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The TMS-1300 recCtgnizes that the post ultimate resistance for two-way panels as the 

remaining resistanc(: after failure in 1 edge or 2 edges. In other words, the moment 

considers the average deflection in which two-way spanning changes to one-way 

spanning and the remaining resistance is the corresponding ultimate resistance of the one-

way panel. The failure criteria at this transition point is considered a partial flexural 

failure whereas, complete collapse is referred to the ultimate flexural failure. 

The deflection at pruiial and ultimate failure can be found based on the available plastic 

rotation capacity as follow: 

Considering the yield line configuration for the 4 edges supported element shown in Fig. 

3.8, the central point deflection at partial failure, ~1 , can be found as: 

~1 = (H xtanBv )/2 (3.14) 

Where Bv is the rotation about the vertical support of the panel. 

Considering partial f 1ilure at vertical support, the corresponding rotation about the 

horizontal support, c~, can be given by: 

_1 (Hxtanfi,) a=tan 
2x 

(3.15) 

Where x as is shown in Fig. 3.8. 
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As the element defle~ts more, the rotation about horizontal support increases and, at the 

ultimate failure, the rotation in excess of a can found as: 

,~~, - -tan -----1 _ () _ 1 (H x ·:anBv ) 
H ,., 

LX 
(3.16) 

Where A is the small extra rotation and ()H is the rotation about the horizontal support. 

Replacing Bv and BH with the maximum rotational capacity, ()max, the ultimate deflection, 

~u, can be expressed as: 

[ 
_ (HxtanB )] ~u = X tan() max + ( L / 2 - X) X tan ()max -tan 1 

2
X max (3.17) 

In this way, partial and ultimate deflections are estimated based on the maximum plastic 

rotation. 

Tensile Membrane Part: Under extreme dynamic loading such as blast, RC structural 

elements usually defi)rm the plastic stage and larger displacements occur. Consequently, 

tension membrane action may develop depending on amount of the continuous 

reinforcement steel. The supports should restrain membrane movement and continuous 

reinforced bars should be adequately anchored and fixed into the panel supports to allow 

the development of the tension membrane resistance. The tensile membrane resistance for 

two way panels can l:e found as follow: 
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Considering the free body diagram of small element shown in Fig. 3.9, the equilibrium of 

forces can be written as: 

rr dx dy +T, dy ~~-T, dy (: + ::~ dx )+T, dx : -T, dx (: + :z, dy )=0 
(3.18-a) 

or 

(3.18-b) 

Where, rr =the tens[le membrane resistance (load per unit area due to tensile membrane 

action), z = deflection of the considered element, Tx = force in the continuous 

reinforcement in the horizontal direction, and Ty = force in the continuous reinforcement 

in the vertical direction. 

And the solution to the previous equation can be given by: 

!10trTY I H 2 

~ =--~-------~-------~= 

4I 
n=I,3,5 

_1 (-1)(n-1)/2 

n3 1- [ 

1 

112] cosh~[~] 

(3.19) 

Experimental results illustrates that the actual tensile membrane resistance is higher than 

the value obtained by Eq. 3.19 and that increase is attributed to the contribution of 

negative reinforcemeat in tensile membrane resistance (Park and Gamble (2000)). This 
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may also be the rationale behind the TM5-1300 provisions which give 50% greater 

membrane resistanct: than the amount obtained by Eq. 3.19. There may also be additional 

enhancement in resi:;tance due to compression membrane action (arching) at deflections 

below the required deflection for initiating tension membrane (Park and Gamble (2000)), 

however, TM 5-13(,0 neglects this enhancement. This is, however, conservative and 

reasonable approach since in practice, support condition may not allow the panel to arch. 

3.1.2.3 Support Reaction 

The TM5-1300 acknowledges that support reactions are functions of applied loads and 

resistances, but it assumes that loading duration is very short and applied blast load goes 

to zero before the element reaches its maximum resistance and, as a result, it neglects the 

applied load in deriving the support reaction. Therefore, the code calculates the dynamic 

reaction panel by simply considering resistance force distributed between supports. In the 

case of two-way panel, it calculates the dynamic reactions during the plastic behavior 

stage and distributes resistance as a static load between supports. It also assumes the 

same distribution, fo:· all other stages of element behavior (e.g. elastic, elastic-plastic, 

etc.). 

3.1.3 Strain Rate Effects 

Comparing the duration of typical blast load ,which is in the order of milliseconds, with 

the duration of other dynamic loads such as earthquake ,which is in the order of seconds, 

one can understand that a blast load is usually characterize with high rate of loading. 
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Therefore, the maten al characteristics in terms of the strength and deformation capacities 

under high strain rat~~s are needed to be considered for the analysis of extreme dynamic 

loads with short durations such as blast (Bischoff and Perry 1991). 

Generally, the ratio of the material dynamic strength to its static strength, referred to as 

the Dynamic Increase Factor (DIF), is given as a function of strain rate either graphically 

(TM5-1300 1990) or presented in the form of formulas. To obtain the DIF factors, Split-

Hopkinson Pressure Bar (SHPB) test is usually employed and material properties are 

investigated at different strain rate (Bischoff and Perry 1991). 

3.1.3.1 Concrete compressive strength 

In order to assess the iynamic strength of concrete, different parameters such as concrete 

static compressive strength, aggregate, curing and moisture, age were discussed by 

Bischoff and Perry (1 :)91). It was concluded that the concrete compressive strength was 

the predominant facbr and concrete with lower compressive stress showed higher 

increase in strength. ~:everal expressions for the enhancement of concrete compressive 

strength are given in literature. One of the widely acceptable formulations for the DIF for 

concrete compressive !>trength is proposed by Comite Euro-International du Beton (CEB) 

(1988) and is considen~d: 

_ ( t JJ.o26a:, 
fed /fcs- -. 

Bs 
for 8 s 30s-1 (3.20-a) 
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for i > 30s-1 (3.20-b) 

Wherefcd andfcs are the dynamic and static compressive strength, i is the strain rate, 

is =30x 10-6 s-1 (static strain rate), Ys = l0<6
.J

56
as-

2l, as =11(5+9(fc.f fco )), fco =10 MPa 

=1,450 psi. 

3.1.3.2 Steel yield stress 

Similar to concrete, expressions for steel DIF were proposed by Soroushian and Choi 

(1987); CEB (1988): Malvar (1998) with Malvar (1998) formulation used in an earlier 

investigation by the authors (Changiz Rezaei et al., 2007). Malvar's formulations were 

used in the present analyses because of the large number of test results at different strain 

rates that were used t:> verify his expressions: 

( 
· )af 

DIF = 
1
;--4 y 

where: 

f 
a =0.074-0.040-L 
~ 414 

In the above equation, i is the strain rate and h is the bar yield stress in MPa. 

(3.21-a) 

(3.21-b) 

In this study, the concrete compressive stress and the steel yield stress is amplified by the 

mentioned DIF and moment capacity of the section is calculated based on the ACI 318-
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05 (2005) design provisions. The other rationale behind selecting the expressions given in 

Eq. 3.20 and Eq. 3.2j is that the FE models discussed later in this study employ the same 

DIF for concrete and steel strength. 

3.1.3.3 DIF estimation 

As explained earlier, material strength should be scaled by the appropriate DIF in order 

to be used in the S DOF analysis. As a result, strain rate should be estimated by a 

procedure in order to compute the corresponding DIF for the analysis. Different 

techniques such as finding maximum curvature rate (Kulkarni and Shah 1998) or deriving 

the approximate strain rate equation (Krautharnrner et al. 1994) exist. All of these 

methods are limited to one way structural elements and also give predictions for the order 

of strain rate, not the exact value since the correct modeling of strain rate dependency is 

so complicated and cannot be achieved using simple tools. Moreover, in the case of two­

way panels with different distribution of curvature, finding the constant strain rate for the 

whole system becomes more difficult. 

An approximate and simple technique was developed as follows: In this study, the 

maximum velocity of the central point before reaching the plastic stage of the 

deformation is found. Then, the strain rate is estimated based on the measured velocity 

and analysis is repeat,~d with the modified material properties. This procedure continues 

until the same maximum velocity is obtained from the two successive iterations and 

convergence is reach~::d. In this way, a basis is provided to calculate the strain rate and 

corresponding DIF for a two-way panels. To derive the approximate equation relating the 
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central point velocity and strain rate, the following relations can be used to modifY strain 

rate for each iteration: 

The deflected shapt: (see Fig. 3.10) is divided in two segments and usmg central 

difference techniqm:, the curvature, <I>, at midspan section in x-direction can be 

expressed as: 

(3.22) 

Then, the strains at tbe tensile and compressive fiber in the midspan of this section can be 

obtained as: 

(3.23-a) 

(3.23-b) 

Where ec and £ 1 are strains at the compressive fiber and the tensile fiber, respectively; 

he and h1 are the eompression depth and the tension depth of the cross section, 

respectively. 

Consequently, the strain rate at extreme fibers can be found by taking derivative with 

respect to time: 
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(3.24-a) 

(3.24-b) 

Where ic and B
1 

are strain rates at the compressive fiber and the tensile fiber, 

respectively; V 0 is th~ panel's central point velocity. 

And the average of the above strain rates can be taken for the strain rate in x-direction: 

. (ht +h 
& = 4xV x c) 

X 0 L2 (3.25-a) 

or 

(3.25-b) 

Where h is the thickness of the panel and i x is the average strain rate in x-direction. 

Following the sam::: procedure for the y-direction, the average strain rate m y-

direction, iY , can be found as: 

(3.26) 

And the strain rate, i , can be assigned for the whole element by taking the average of the 
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(3.27) 

As can be seen, the above equation relates the strain rate with the panel's central point 

velocity and in this way, strain rate can be modified for every new iteration. 

3.2 Numerical Results and Discussion 

3.2.1 Overall Procedure 

Using the SDOF model developed with the features explained in the previous sections, 3 

clamped panels and ::~ simply supported panels were modeled. The details of these panels 

are listed in Table 3.2. These panels have different reinforcement and aspect ratios. The 

thickness of all panels was kept constant as 200 mm and their dimensions in x-direction 

were kept as 4.0 m. ::0 MPa concrete compressive strength was used and the yield stress 

of the reinforcement was set to 400 MPa for the analysis. The maximum rotational 

capacity of the paneh:, which determined the end of the flexural resistance stage, was set 

to 2.0 degree. This value of the rotation is the minimum level of rotation considered and 

recommended for common panels by the TMS-1300. After this the clamped (but not the 

simple) panels were assumed to resist the load solely by the tensile membrane action. 

As noted earlier, RC structures show nonlinear behavior under applied load and their 

flexural rigidity changes during the analysis. Therefore, an effective flexural rigidity, 

Eleff, should be used in the SDOF models. Using the cracked flexural rigidity, Elm and 
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the average of the cracked and the gross rigidities, two sets of P-1 diagrams were 

developed from the SDOF analysis as will be explained later. A number of points on 

these diagrams, wh :ch basically identifies sets of pressure and impulse pairs, were 

selected. FE models of these panels were generated and those selected pressure and 

impulse pairs were 1pplied on these models. Then, the maximum deflection obtained 

from the FE analysi~ was compared with the ones predicted by the P-1 diagrams as will 

be described in the fc,llowing sections. 

As mentioned earlier, the TMS-1300 does not consider the effect of inertial force in 

calculating reaction forces. The inertial force was taken in to account by approximating it 

as a uniform load. The following sections also discuss and compare the dynamic reaction 

results found from the TMS-1300, the proposed modification, Biggs' formulation (Eq. 

3.6) and the FE. 

3.2.2 FE Models 

The panels listed in fable 3.2 were modeled using the nonlinear dynamic analysis FE 

code LS-DYNA V.971 (2006). Schematic diagrams ofthe clamped and simply supported 

panels have been sho'vn in Fig. 3.11. 

The FE analysis emp oyed non-linear material properties for both the steel and concrete 

and included large deformation. The software automatically accounted for strain rate 

effects. 
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LS-DYNA material model (MAT_CONCRETE_DAMAGE) was used for the concrete. 

This model has been developed to model concrete under impulsive loading and has been 

used successfully to predict the response of concrete under uniaxial, biaxial, and triaxial 

stresses in both tension and compression (Tavarez et. al. 2003). The formulation has also 

been used successfully to model the behavior of reinforced concrete walls subjected to 

blast loads (Malvar et al. 1997). 

This concrete model is a plasticity-based formulation with three independent failure 

surfaces which change shape, depending on the confinement pressure. In LS-DYNA, this 

material model ts used m conjunction with an equation of state 

(EOS _TABULATED_ COMPACTION), which gives the current pressure as a function 

of current and previous volumetric strain. The inclusion of the strain rate effects in the 

concrete material model was based on the work by Malvar et al. (1998 and 1997). 

The steel reinforcement was modeled explicitly as beam elements in full contact with the 

concrete solid elements at their coincident nodes. The steel material was modeled using a 

plastic kinematic material model (MAT_PLASTIC_ KINEMATIC) in LS-DYNA. The 

strain rate effect was taken into account using the Cowper-Symonds model (Cowper and 

Symonds 1957) whic 11 scales the yield stress as follows: 

j ( £ )YsRP 1=1 + --
fys SRC 

(3.28) 

where i;d and hs are the dynamic and static compressive strength of steel respectively and 
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i is the strain rate. lbe strain rate parameters SRP and SRC were adopted by considering 

the empirical formulation proposed by Malvar et al. (1998) and using regression analysis. 

The values used in this study were SRC =0.3213 and SRP =4.8662. 

As can be seen in Fig. 3.11 (a), supports were modeled with rigid plates for simply 

supported panel. As Fig. 3.ll(b) depicts top rigid plate and bottom rigid plates were used 

to model the clampe:l condition. In order to benefit from tensile membrane action in 

clamped panels, steel element nodes were connected to lateral plates and these plates can 

move outward while their inward movement is prevented through contacting both the 

bottom and top plate. The AUTOMATIC_SURFACE_TO_SURFACE CONTACT 

algorithm in LS-DThA was employed between the panel and the rigid plates shown in 

Figs. 3.ll(a), 3.ll(b) and also between the lateral plates and the other two plates shown 

in Fig. 3.ll(b). 

Figure 3.12 presents the typical FE meshes used in the analyses. Plates and the concrete 

panel were idealized b:r of 50 mm X 50 mm x 40 mm solid elements and a 2-node beam 

element was used to model the reinforcing bars. In addition, fully integrated solid 

elements with nodal rotation were employed in the analysis and perfect bond was 

assumed between the bars and the concrete. 

Blast load were applkd as a uniform pressure with a triangle load history as shown 

before in Fig. 3.l(b). Total dynamic reaction was calculated by adding the total contact 
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forces between concrete and bottom plate. The displacement time-history of the node 

located at panel's central point on top surface of the panels is considered and the 

maximum displacement is found. In cases where there is a local failure at this node, the 

maximum deflection reached by the top reinforcements, located just below this node, will 

be reported. 

3.2.3 SDOF Models with Different Flexural Rigidities 

As pointed out earLer, an effective flexural rigidity, Eleff , is needed to construct a 

resistance deflection curve. In this section, different SDOF models with three different 

flexural rigidities are considered. Two of them will be used in the analysis as it will be 

proven there is no need to consider the third one. 

The three SDOF models with an assumed rigidity are listed as follow: 

SDOF( EI ave): The effective flexural rigidity of this model is based on the weighted 

average of cracked c:nd gross rigidity in two orthogonal directions. This approach for 

rigidity calculation is recommended by the TMS-1300 and can be expressed as: 

E/g +Efcr 
EI = --'"----ave 2 

Where: 
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H X EJg(x) +LX EJg(y) 
EI = ----"'-'--'-------"'-'-'-'-

g H+L 

H X E(r(x) +LX EJcr(y) 
EI = ------'--'--------'-'..:... 

cr H+L 

In the above equations: 

(3.29-b) 

(3.29-c) 

EI g(x), EI g(y) = Gro 5S flexural rigidities in x-direction andy-direction, respectively. 

EI cr(x) , EI cr(y) =Crac ~ed flexural rigidities in x-direction andy-direction, respectively. 

EI g =A veuge gross flexural rigidity in orthogonal direction. 

Elcr =A ven.ge cracked flexural rigidity in orthogonal direction. 

SDOF( Elcr ): The a\'erage cracked flexural rigidity in orthogonal direction is used for 

this SDOF system and is given by Eq. 3.29-c in the previous SDOF model. 

SDOF(Elweighted): 

For this SDOF mode, effective rigidity is considered based on the weighted average of 

cracked and gross rigidities over the panel surface. In this procedure, the RC panel is 

divided to regions \\'ith different rigidities as shown in Fig. 3.13. These regions are 

comer, edge (i.e. E(l), E(2), E(3) and E(4)) and central regions. The weighted 

contribution of each ~egion's rigidity to the overall panel rigidity is considered by the 

ratio of its area over the total area of panel using the weighted mean approach as follow: 
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4 [(A . ) ] A A = __!!!j_ X + mid X ~X EJweigthed I EJE(i) £]mid+ £]comers 
1=l 4ot 4ot 4ot 

(3.30) 

Where: 

El E (i l = El g if E(i) region is located near simple support; 

El E(i) = Elcr if E(i) region is located near fixed support; 

El comers = EI g and 

(3.31) 

In these equations: 

AE(i) =Area of the panel bounded by i th region 

Amid =Area of the panel at midspan region 

Acomers =Total area cfthe corner regions 

A101 =Total area of the panel 

El E (i l =flexural rigidity at the i th edge region (i = 1 ,2,3,4) 

El mid = flexural rigi :iity at the central region 

Elcomers =flexural rigidity at the corner regions 

EI g =Average gross flexural rigidity of reinforcement in orthogonal direction. 

Elcr =Average crac:ked flexural rigidity of reinforcement in orthogonal direction. 

ns = number of simple supports 
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nf = number of Jixed supports 

3.2.4 Pressure-impulse diagrams 

The concepts of the pressure-impulse (P-I) diagrams was introduced in order to 

characterize the level of damage induced by the pulse loads (Baker et al. 1983). As 

depicted by Fig. 3.14, it consists of several contours corresponding to different levels of 

damage or deflectio11 . 

As illustrated in Fi~;. 3 .14, each contour gives different combinations of pressure and 

impulse that will re5 ult in the same maximum deflection, maximum curvature, ductility 

level or level of damage in the member. Pressure and impulse combinations to the right 

and/or above each curve produce damage (deflection) greater than that represented by 

this curve while the 1mes to the left and/or below the curve would result in lower damage 

(deflection) level thm indicated by the curve. Each curve in the P-I diagram can be 

divided into three segments: impulsive loading realm, dynamic loading realm and quasi­

static loading realrr . It can also been observed that an impulse asymptote for the 

impulsive regime and pressure asymptote for the quasi-static regime can be identified for 

each curve. This rr,eans that maximum level of damage the load impulse is more 

dependent on the load's impulse for the impulsive regime and the peak pressure for the 

quasi-static regime. It should also be noted the level of damage is dependent on the 

combination of both pressure and impulse in the dynamic loading realm. In general, the 

P-I diagram approa<:h is considered a simplified tool to assess the performance of the 

structural members under specific level ofblast load (Baker et al. 1983). 
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3.2.4.1 P-I diagram:~ for the simply supported panels 

Using the SDOF model with a specific rigidity, P-1 curves was constructed for different 

level of deflection and results are reported in Fig. 3 .15, Fig. 3.16 and Fig. 3.17. In these 

figures, different levd of deflections, U400, L/200 and UJOO, have been identified beside 

each curve as a fraction of panel length in horizontal direction. As depicted in these 

diagrams, three points have been selected and marked in each curve. These points are 

taken from different Jarts of a curve and, as can be seen, there is one selected point for 

each regime (i.e. impulsive, dynamic and quasi-static). 

As described before, the points marked on the P-1 diagrams represent combinations of 

pressure and impulse. These loads were applied on the FE model and the maximum 

displacement from th€: FE analysis was found. This displacement was then divided by the 

value predicted by the corresponding P-1 diagram and the FEM/SDOF ratio was reported 

bedside of each marbd point. Typical FE results obtained for the deflection of simply 

supported panel are shown in Fig. 3.18. 

Figures 3.15 and 3.16 show the P-1 curves obtained by using E1ave and E1cr· Use of the 

former rigidity is also recommended by TM5-1300 (1990). Comparing the two figures, it 

can be seen both SDOF models overestimate the deflections (all ratios are lower than 

1.00) but employing SDOF (E1ave) overally provides a better estimation for the detailed 

FE model results compared to the results obtained from SDOF (E1cr). As can be seen in 

Fig. 3.16, implementation of cracked rigidity, E1cr, in the SDOF model will result in the 
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significant overestimation of the deflection. As shown by both figures, the ratios are 

higher in the impulsive regime compared to the other parts of the curves. This can be the 

results of contribution of higher modes in response for such regimes. In fact, it has been 

pointed that the contribution of higher modes can be more significant for impulsive 

loading (Subbaraj aj1d Dokainish 1989; Ebeling et al. 1997). Therefore, FE models, 

which can take the a~~counts of higher modes, can give larger deflection in the impulsive 

region and consequently the ratios become higher in this region. 

It can also be obse:ved that use of E1cr yields a wider space between P-1 curves, 

especially in the qua:>i-static regime, compared to the curves obtained by SDOF (E1ave). 

As Fig. 3.15 depicts, SDOF (E1ave) overestimate the results in quasi-static regime 

significantly as the deflection increase and the space between curves become much 

closer. This can be at1ributed to the dependency of the pressure asymptote, the part of the 

P-1 curves parallel tc· the horizontal (impulse) axes, to the ultimate resistance, ru, and 

stiffness, k. For an elasto-plastic SDOF model, Smith and Hetherington (1994) obtain the 

pressure asymptote, Pc, by equating the external work and strain energy. Therefore, Pc 

can be expressed as: 

(3.32) 

where 11m is the maximum level of deflection. 

127 



M.A.Sc. Thesis-S. H. Changiz Rezaei McMaster University-Civil Engineering 

Taking the derivativt: of previous equation with respect to level of displacement, 11m , the 

variation of the pressure asymptote with displacement can be obtained as: 

ap r 2 
c - _ _::u __ 

811m - 2.k .11m 2 
(3.33) 

The above equation shows that the change in pressure asymptote is directly proportion to 

the square of resistance and the reciprocal of the stiffuess. This means that the variation 

in Pc becomes signifcantly larger by using higher resistance values or lower values of 

stiffness. In fact, the difference between two successive value of pressure asymptote will 

be greater (i.e. the spz.ce between P-1 curves become wider) for the structural system with 

higher resistance or lower stiffuess. 

Overall, the overestimations can be attributed to the resistance underestimation in SDOF 

model. In fact, TM5-1300 neglects the tensile capacity of the concrete, but at high rate of 

loading, this propert) of concrete increase much more than its compressive strength 

(Malvar and Ross 19S8) and therefore, higher enhancement in strength can be expected. 

Furthermore, as described earlier, the resistance function is constructed by finding and 

adding the static load increments which can create plastic moment in certain points of a 

panel. However, greater load can be expected for creating a yield line which consists of a 

series of yielded poin1 s not a single yielded point and this means that resistance can be 

greater. In addition, noting that the thickness of the panel is significantly less than its 
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other dimensions, it can be concluded that the problem in hand is a plain stress problem 

with the concrete under a biaxial state of stress and hence, there is also additional 

enhancement for tht~ concrete strength. Moreover, using smooth transition toward the 

plastic stage instead of employing constant value of stiffness will also bring about lower 

effective stiffness for the SDOF model and this will result in a wider space between P-I 

curves. 

It can also be noted that, similar to Eq. 3.32, an expression is given by Smith and 

Hetherington ( 1994) for the values of impulse asymptote (the part of P-I curve parallel to 

the pressure axes), I, ,as: 

(3.34) 

and if the derivative of previous equation is calculated with respect to !1m, the variation 

can be found as: 

aiC = m,rU.k 

8!1m 2.k .!1m - ru 
(3.35) 

It can be seen that the change in the value of impulse asymptote with variation of 

stiffness and resistan,:e cannot be explained explicitly as in Eq. 3.33 . However, it can be 

inferred that the vruiation of these parameters has less effect on the variation of Ic 
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compared to their effect on P c since the square root of these parameters determines the 

change in Ic with displacement. 

Fig. 3.17 also shows the results obtained by implementing the Eiweighted in the SDOF 

model. It can be noted that the same trends, which were explained for the two previous 

figures, exists for the P-I diagrams developed by this SDOF model. Comparing to the 

results of SDOF (Eim·e), the ratios becomes a little greater and the changes between the 

results presented in Fig. 3.15 and Fig. 3.17 are not significant. Therefore, considering the 

simplicity and ease of effective rigidity calculation, SDOF( EI ave ) is more advantageous 

than SDOF (Eiweighted). 

3.2.4.2 P-I diagrams for clamped panels 

Using the developed SDOF model, P-I diagrams were developed for the clamped panels. 

Cracked and average flexural rigidity were used and results are depicted in Fig. 3.19 and 

Fig. 3.20, respectively. As specified on these figures, these P-I curves include different 

levels of displacement expressed as a ratio of long span length. V400, L/200 and L/100 

falls in the flexural part of resistance function while V12 placed in the tensile membrane 

part. Next to the curve generated for the L/12 value, another curve for the same value of 

displacement was cor structed using a modified resistance function. In fact, it was 

assumed that the maximum rotation of RC section is not limited to 2 degrees and that the 

flexural action continues until plastic part intersects with tensile membrane resistance 
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which results in the drop shown in Fig. 3.10 to disappear in the modified resistance 

function (Fig. 3.21). 

Based on these asswnption new P-1 curves was built for a deflection of V12 and are 

shown in Figs. 3.19 and 3.20. Again, there was no need to consider SDOF(E1weighted) 

model (Eq. 3.30) for clamped panels since it will result in the same value as the 

simplified SDOF(E1~ne) . 

Results for Flexural Part: Similar to the process described in the previous section, three 

pressure and impulse pairs were identified for each curve and the ratio of maximum 

displacement found from FE analysis over the one predicted by the P-1 diagram is 

reported next to each point. Sample of FE results are shown in Fig. 3.22. 

Considering Figs. 3.19 and 3.20, it can be observed that similar to simply supported 

slabs, both SDOF(EJlVe) and SDOF(E1cr) overestimate the maximum deflection but 

SDOF(E1ave) gives mtch better predictions than SDOF(E1cr). The same trend in results 

same as the ones explained for the simply supported can also be seen in these figures. On 

other hand, in contrast to the simply supported panels, use of E1ave in SDOF model of the 

clamped panel correlates better with the result of FE analysis and the ratios shown in Fig. 

3.19 are higher than the ones presented in Fig. 3.15. This can be attributed to the 

contribution of higher modes in FE model response. In fact, more modes can be excited 

in clamped panels as a result of higher vibration frequency and consequently, 

contribution of higher modes can be more significant when they are subjected to the blast 
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loads with high ratt of loading (Subbaraj and Dokainish 1989; Ebeling et al. 1997). 

Therefore, larger defection can be found by the FE models and the ratios become greater, 

especially in the imp1llsive regime. 

Again, it can also be observed the curves become closer in the quasi-static regime which 

is more pronounced for the P-1 diagrams constructed by SDOF(E1ave). Similar to the 

previous section, th;: observed overestimations can be attributed to reasons such as 

strength and stiffness parameters. Another factor may be the presence of tensile 

membrane resistance in the flexural part of the resistance function. As Fig. 3.5 shows, the 

tensile membrane re ~istance increases with increasing displacement and it also exists in 

the flexural part of resistance function. However, the TMS-1300 neglects this extra 

resistance during flexural-dominated stage. 

It should also be noted that although the SDOF(E1cr) model results in a P-1 diagrams with 

wider space between curves, the space does not change significantly compared to the 

simply supported panels and the curves become closer with increasing the deflection. In 

fact, this occurred since clamped conditions for the panels results in a very stiff model 

regardless of what kind of flexural rigidity is used in the analysis. Hence, the variation of 

flexural rigidity between E1ave and E1cr has lower effect on the space between P-1 

diagrams. 
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Results for Tensile Membrane Part: As pointed before, SDOF model benefit from 

tensile membrane res[stance when the maximum displacement reaches UJ2. For this type 

of loading, the concrete is usually distorted due to high intensity of the load and 

therefore, the typical deflections reached for the reinforcement are shown in Fig. 3.23. 

Considering both Fig3. 3.19 and 20, it can be seen that all the ratios are below 1.00 (i.e. 

SDOF model overestimate the FE results). It can also be observed that use of the 

modified resistance function will also shift the curves up in the quasi-static regime but the 

ratios still remain much lower than 1.00. As explained before, this may be attributed to 

the same reasons given in previous parts for the overestimation of FE results, especially 

in the quasi- static reg[me. Moreover, this trend occurs since the developed code based on 

TMS-1300 guidelines decouples the flexural resistance and tensile membrane resistance 

while the behavior can exist together. In fact, the maximum rotation capacity of the RC 

section cannot be accurately specified and therefore, panels can also have some flexural 

resistance although it t::nters tensile membrane part of the resistance function. 

3.2.5 Support Reactions 

The TMS-1300 neglects the dynamic behavior of the two-way panals and expresses the 

shear in terms of resistance force. A simplified approach is outlined here to implement 

the effect of inertial force in support dynamic reaction calculations and results are 

compared with available closed form solution for the reaction (Biggs 1964) reaction and 

the TM5-1300's predicted reaction. 
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3.2.5.1 Implementing the Effect of Applied Load in TM5-1300's Method 

The distribution of inertial force over the entire panel can be given by the shape function 

considered for the dynamic analysis, as shown in Fig. 3.24 for a one way element. 

Therefore, as an approximation, the inertial force can be replaced by a uniform inertial 

load with the same total value. As a result, there would be a net uniform load due to the 

blast and inertial loads and consequently, the resultant of this uniform load is divided 

between supports to Jbtain the approximate dynamic shear. The same procedure can be 

applied to a two-way panel by considering a two-way shape function. The net load should 

be distributed between all supports using the procedure outlined in the following section: 

As shown in Fig. 3.25, by considering the cross sections of a two-way panel in the two 

orthogonal directions, each section can be considered as a section in an one-way element 

and therefore, the multiplication of the shape function associated with these two one way 

elements can result in a shape function for the two way element made from these 

elements: 

¢(x,y) = ¢(x) x ¢(y) (3.36) 

Where: 

¢(x ,y) =The shape function of the two way element 

¢(x) = The shape function of one way element associated with the x-cross section 

¢(y) = The shape function of one way element associated with the y-cross section 
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The TM5-1300 considers the resistance load as a uniform load and by evaluating the 

equilibrium equation:; for a panel at the plastic stage, it obtained coefficients to calculate 

the support reaction. The same expressions will be used to distribute the mentioned 

uniform net load. 

3.2.5.2 Results for Different Methods 

Some of the loads shown in the P-1 diagrams were considered and applied on 

SDOF(E1ave) for clamped panels and simply supported panels. The Total dynamic 

reaction was calculat,~d using TM5-1300 current method, the proposed modified TM5-

1300 method and the closed form solution [Biggs (1964); Eq. 3.6] and the maximum 

value was compared with the result of FE analysis. Tables 3.3 and 3.4 give the maximum 

reaction found from FE analysis and the load specifications. The maximum values 

predicted by other me hods were normalized by dividing them by the FE values and were 

also reported in these tables. The first column determines the location of the load on the 

P-1 diagrams. In this column, I, D and Q, denote impulsive, dynamic and quasi-static 

regime, respectively. ~'he next two columns give the peak pressure and loading duration. 

The rest of columns show the FE dynamic reaction and the normalized values calculated 

from different method!;. 

The ratios in Table 3.~ show that the current TM5-1300 significantly underestimates the 

FE predictions in the impulsive regime while the other two methods result in the better 

estimation of the FE results. In the other regimes, no significant difference can be 
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observed between the three methods employed in SDOF analysis. Moreover, the 

underestimation of reactions (data with lower value than 1.00) in the dynamic regime and 

even more in the qua:>i-static regime can be attributed to the underestimation of resistance 

force. As illustrated by Eq. 3.6, combination of applied load and resistance force 

determines the dyna:nic reaction. Therefore, it is quite obvious that contribution of 

resistance force becomes more significant for loads with low values of pressure and, as 

explained before, resistance force is underestimated during SDOF analysis. This can also 

be the reason for underestimation of some of the loads shown in the impulsive regime 

which has high peak pressure and long duration of loading. 

Similar data are given in Table 3.4 for the clamped panels. In the impulsive regime, 

reactions are highly 1mderestimated by TMS-1300 whereas better prediction has been 

obtained by using the other two methods in the impulsive regime. It can also observed 

that all ratios are lower than 1.00 in other regimes and, similar to simply supported 

panels, deficiencies in resistance force can lead to the underestimation of reaction. 

Overall, it can be concluded that there is not significant difference between the results of 

the TMS-1300 method and the proposed modified technique for low pressure since the 

effect of resistance force is more predominant for this kind of loads. However, 

considering loads with high pressure also reveals that it is better and more conservative to 

use the proposed modification in TMS-1300 method in order to account for the 

considerable contribution of load in the reaction force. 
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3.3 Conclusions 

Focusing on blast loaded two way panels, the major characteristics of SDOF model in 

TMS-1300 manual vrere highlighted and presented. A SDOF model was developed that 

takes into account strain rate effects in addition to the TMS-1300 SDOF model 

characteristics. A simplified procedure was established in order to estimate strain rate for 

two way elements. 1M5-1300 method for obtaining support reaction was also modified 

and the effect of applied load was implemented in the analysis. Using different flexural 

rigidity in SDOF analysis, P-I diagrams have been constructed for different level of 

deflection and P-I curve predictions were compared with results of FE analysis. 

Moreover, maximum dynamic reaction obtained from different methods including FE 

analysis were considered and compared for the different blast load levels. 

Using SDOF models ·~\lith different rigidity, P-I curves are generated for different level of 

deflection and results were compared with the ones obtained from FE analysis. It was 

shown that use of average of cracked and gross flexural rigidity, which is also 

recommended by TM 5-1300, correlates better with FE results in the impulsive regime 

compared to the other realm of loading. It was shown that SDOF analysis results in 

conservative prediction of displacement for all type of loading and it also overestimates 

displacement significantly for the loads with low pressure amplitude and long duration of 

loading. The overestimation of results was attributed to the deficiencies which were 

present in resistance function. Expressions for the variation of pressure and impulse 
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asymptote with respect to level of deflection were derived and dependency of these 

asymptotes to stiffness and resistance was discussed. 

A modification proposed for TMS-1300 dynamic reaction calculation which can take the 

effect of inertial force into account. It was pointed that support reactions calculated from 

TMS-1300 method significantly under predict the FE results but the proposed 

modification yield to significantly better prediction of FE results for impulsive loading 

regime. Therefore, i1 was concluded that it is better to consider the proposed modified 

method for impulsiw loads and use of this modification in TMS-1300 calculation does 

not make significant ,~hange in results for other kind of loading. 

All in all, it seems tltat the SDOF analysis recommended by TMS-1300 is conservative 

for displacement and unconservative for dynamic reaction. In this paper modification was 

given so that the reaction prediction was significantly improved in the impulsive regime 

but the shear prediction is still underestimated for other type of loading and this is mainly 

due to the resistance underestimation. Therefore, considering that the recent 

developments in computers have made the analysis easier than before, efforts can be 

made to modify the analysis recommended by TMS-1300 in order to find more realistic 

results and consequently, save the cost of construction. 
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Notation 

The following symbol~: are used in this paper: 

A =Area 

a = central accebration 

c = the distance iJetween the resultant applied load and axis of rotation 

DIF = dynamic increase factor 

EI = flexural rigidity 

F = total applied load 

fed = concrete dynamic compressive strength 

fco = parameter of CEB' s equation for DIF of concrete 

fcs =concrete static compressive strength 

h = reinforced bar yield stress 

H = Dimension of panels in vertical direction 

h =Panel thickness 

he = compression depth 
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h1 = tension depth 

Ic =impulse asymptote in the P-I diagram 

I m = mass moment of inertia about the axis of rotation 

k = stiffness of :he SDOF model with an elasto-plastic resistance 

KL = load factor 

KR = resistance factor 

KM = mass factor 

KLM = load-mass 1actor 

L = dimension of panels in horizontal direction 

L1 = length of th~ dimension perpendicular to the axis of rotation 

m = mass per unit area of panel 

Me = equivalent mass of the element segment 

M N = negative moment 

M P = positive moment 

M seg = total mass of the element segment 

ns = number of ~:imple supports 

nf = number of damped supports 

p = blast load per unit area 

Po = peak pressure 

P c = pressure asymptote in the P-I diagram 

R(t) = total resistance force as a function of time 
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r =resistance £)rce per unit area 

rT = the tensile membrane resistance per unit area 

SRC = the strain rete parameter in Cowper-Symonds model 

SRP =the strain rc;te parameter in Cowper-Symonds model 

TL = loading duration 

Tx = tensile force:: in the continuous reinforcement in the short direction 

Ty = tensile force:: in the continuous reinforcement in the long direction 

V 0 =central velocity 

vd = dynamic reaction 

x = x-coordinat(: 

y = y-coordinate 

z = z-coordinate 

a = support rotation 

a fv = parameter of reinforced bar yield stress in Malvar' s equation 

as =parameter of CEB's equation for DIF of concrete 

f3 = a coefficien: for the moment calculation in TM5-1300 

y = a coefficient for the deflection calculation in TM5-1300 

rF =applied load coefficient Biggs' equation for dynamic reaction 

rR =resistance fc,rce coefficient in Biggs' equation for dynamic reaction 

Ys =parameter o:~ CEB' s equation for DIF of concrete 

~(x, y) = deflection of a point in a two-way panel with x andy coordinates 
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~0 =deflection at a certain point of a two-way panel 

~1 = the deflection at the partial flexural failure 

~m =maximum central deflection of a two-way panel 

~u = the deflection at the ultimate flexural failure 

ec =strain at the 1;ompressive fiber 

e, =strain at the rensile fiber 

& = strain rate 

ec = strain rate at the compressive fiber 

e, = strain rate at the tensile fiber 

is = concrete static strain rate 

&x =strain rate for x-direction 

eY =strain rate for y-direction 

tj>(x) =the shape function of one way element associated with the x-cross section 

tj>(y) =the shape fut1ction of one way element associated with they-cross section 

tj>(x ,y) =the shape fimction of the two-way panel 

cp = curvature 

A =the small extra rotation 

BH =horizontal rotation 

Bmax =the maximum rotation capacity 

Bv = vertical rotati,)n 
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e = angular acceleration 

v =Poisson's ra1io 

m = the natural frequency of vibration 

Subscripts and Superscripts 

ave = average 

corners = comer regwns 

cr =cracked 

E(i) = ith region near the support (i=l,2,3,4) 

g =gross 

mid = midspan region 

tot =total 

u =ultimate 
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Table. 3.1: Load mass factors for the four edges supported element in TMS-1300 

KLM For Elastic and Elasto-Plastic Ranges(Support Conditions) 

Support Conditions Value 
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Fixed Other Sup ports Other Supports Other Supports Simple 
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Table. 3.2: The analytical specifications of panels 

(a) Simply supported panels (l) 

ID H(m) L(m) 
Aspect Asx As 

Px(%) Py(%) Ratio (mm2/m) (mm2/m) 

S-1 4.0 4.0 1.0 1,200 1,200 0.75 0.75 
S-2 3.2 4.0 0.8 960 1,200 0.60 0.75 
S-3 2.4 4.0 0.6 720 1,200 0.45 0.75 

(I) Thickness:=200 mm 

(b) Clamped panels (I) 

ID H(m) L(m) 
Aspect Asx As 

Px(%) Py(o/o) Ratio (mm2/m) (mm2fm) 

C-1 4.0 4.0 1.0 960 960 0.60 0.60 
C-2 3.2 4.0 0.8 768 960 0.48 0.60 

C-3 2.4 4.0 0.6 576 960 0.36 0.60 

(1) Thickness=200 mm 
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Tabel 3.3: Dynamic reaction of the simply supported panels 
(a) S-1 

Loading Po TL (ms) VFE VTM 5-1300 V Biggs v Modified TM 5-1300 

Realm (kPa) (kN) VFE VFE VFE 

I 1,000 1.18 4,790 0.38 0.94 1.09 
I 1,000 2.09 6,583 0.3 0.68 0.79 
I 1,000 3.24 7,895 0.25 0.57 0.66 

D 84 21.64 1,754 1.04 0.83 0.79 
D 126 27.81 2,579 0.74 0.69 0.67 
D 158 34.80 3297 0.58 0.59 0.59 

Q 57 877.20 1,480 1.21 1.05 1.02 

Q 89 561.80 2,276 0.83 0.78 0.76 

2 108 463.00 2,709 0.71 0.69 0.68 

Average 0.67 0.76 0.78 
C.O.V 0.49 0.21 0.22 

(b) S-2 

Loading Po TL (ms) VFE VTM 5-1300 V Biggs v Modified TM 5-1300 

Realm (kPa> (kN) VFE VFE VFE 

1,000 1.53 4,683 0.4 0.77 1.01 
I 1,000 2.57 6,498 0.29 0.55 0.73 
I 1 000 3.92 7 414 0.26 0.48 0.64 

D 132 17.18 1,997 0.93 0.79 0.77 
D 180 21.93 2,745 0.68 0.66 0.65 
D 210 29.72 3,366 0.56 0.58 0.59 

Q 90 555.60 1,882 0.98 0.87 0.85 
Q 120 416.70 2,438 0.76 0.72 0.71 

2 138 362.30 2,729 0.68 0.67 0.67 

Average 0.62 0.68 0.74 
C.O.V 0.26 0.13 0.13 
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Table 3.3(continued:l 

(c) S-3 

Loading Po Tr (ms) VFE VTM 5-1300 V Biggs V Modified TM 5-1300 

Realm (kPa) (kN) VFE VFE VFE 

2,0)0 1.08 7,529 0.27 0.66 1.09 
2,0)0 1.69 9,122 0.22 0.55 0.9 
2,0)0 2.50 11,311 0.18 0.44 0.73 

D 240 13.38 2,703 0.73 0.68 0.66 
D 290 17.76 3,407 0.58 0.59 0.6 
D 300 28.79 3,917 0.51 0.54 0.56 

Q 156 320.50 2,461 0.79 0.74 0.72 
Q 186 268.80 2,871 0.68 0.66 0.65 
g 206 242.70 3,123 0.63 0.63 0.63 

Average 0.51 0.61 0.73 
C.O.V 0.23 0.09 0.17 
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Table. 3.4: Dynamic reaction of the clamped panels 

(0) C-1 

Loading Po 
TL (ms) VFE VTM 5-1300 V Biggs v Modified TM 5-1300 

Realm (kPa) (kN) VFE VFE VFE 

I 2,000 0.80 8 960 0.26 1.43 1.91 
2 000 1.25 11422 0.21 1.12 1.5 
2,000 1.87 13,964 0.17 0.92 1.22 

D 180 12.12 5,557 0.41 0.36 0.35 
D 210 17.74 6,947 0.33 0.33 0.33 
D 240 23.29 7,996 0.29 0.31 0.32 

Q 105 666.70 5,025 0.45 0.42 0.41 

Q 126 555.60 5,892 0.39 0.37 0.37 

2 138 507.20 6,353 0.36 0.36 0.35 

Average 0.32 0.62 0.75 
C.O.V 0.09 0.42 0.62 

(b) C-2 

Loading Po TL (ms) VFE VTM 5-1300 V Biggs v Modified TM 5-1300 

Realm (kPa) (kN) VFE VFE VFE 

I 2,000 0.98 9,194 0.25 1.06 1.57 
I 2,000 1.51 11 795 0.2 0.82 1.22 
I 2 000 2.25 13,708 0.17 0.71 1.05 

D 240 11.68 6,281 0.36 0.34 0.33 
D 260 18.38 7,745 0.3 0.3 0.3 
D 280 26.28 9,090 0.25 0.27 0.28 

Q 144 486.10 5 674 0.4 0.38 0.37 
Q 164 426.80 6,447 0.35 0.34 0.34 

2 175 400.00 6 888 0.33 0.33 0.33 

Average 0.29 0.51 0.64 
C.O.V 0.08 0.28 0.5 

153 



M.A.Sc. Thesis-S. I-"'-L _,C~h,an=gi~z'-"R~e~z,a""'ei,_· ------'M~c""-'M""a"""s""te""'r-'U~n""'ic.!.v=er'"""s::.!ity:.J........C-C""i'--"v"""il~E=n~g~i=ne=e=n=· n=g 

Table 3.4( continued> 

(c) C-3 

Loading Po Tr (ms) VFE VTM 5-1300 V Biggs V Modified TM 5-1300 

Realm (kPa) (kN) VFE VFE VFE 

I 3,500 0.77 11,540 0.23 1.05 1.76 
I 3,500 1.15 13,896 0.19 0.87 1.46 
I 3,5{10 1.67 16,537 0.16 0.73 1.23 

D 370 11.63 6 551 0.39 0.39 0.39 
D 420 15.16 8,015 0.32 0.34 0.35 
D 480 18.20 9,372 0.28 0.31 0.34 

Q 23' 7 295.40 5,925 0.43 0.42 0.41 
Q 260 269.20 6,477 0.4 0.39 0.39 

~ 27~' 252.70 6,685 0.38 0.39 0.39 

Average 0.31 0.54 0.75 
C.O.V 0.1 0.27 0.57 
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Figure Captions 

Fig. 3.1: Actual and idealized side-on blast pressure time histories: (a) Actual blast load 

time history, (b) Triangular load approximation, (c) Using tangent line in approximating 

blast load 

Fig. 3.2: SDOF mode!: (a) Actual structural element, (b) Equivalent SDOF model, (c) 

Typical resistance-displacement curve for a two-way RC element 

Fig. 3.3: Free body diagram of a two-way element subjected to blast load 

Fig. 3.4: The segment of a two-way panel bounded by yield lines 

Fig. 3.5: Resistance function ofthe SDOF model 

Fig. 3.6: Four edges support element with different support conditions 

Fig. 3.7: The coefficients for finding moment and deflection at the certain points of 

element 

Fig. 3.8: Determining he deflection at the end of flexural action 

Fig. 3.9: Determining the tensile membrane resistance 

Fig. 3.10: Deflected shape of a two-way element from a view in x-direction cross section 

Fig. 3.11: The specifications of FE model geometry: (a) Simply supported panel, (b) 

Clamped panel 

Fig. 3.12: Typical mes.1 configuration for simply supported panels and clamped panels: 

(a) Panel S-1, (b) Panel C-1 

Fig. 3.13: Dividing the area of a two-way element in to different regions 

Fig. 3.14: The general form of pressure-impulse diagram 

Fig. 3.15: P-1 diagrams for the simply supported panels using SDOF(Eiave) 
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Fig. 3.16: P-I diagrans for the simply supported panels using SDOF(Elcr) 

Fig. 3.17: P-I diagrams for the simply supported panels using SDOF(Elweighted) 

Fig. 3.18: Deflection of panel S-1 (Po=IOOO kPa, TL=2.09 ms): (a) Deflection contours at 

t = 0.83 ms, (b) Deflection contours at t = 1.68 ms, (c) Deflection contour at t = 5.67 ms, 

(d) Displacement-time history for the central point of the panel 

Fig. 3.19: P-I diagrams for the clamped panels using SDOF(Elave) 

Fig. 3.20: P-I diagrams for the clamped panels using SDOF(Elcr) 

Fig. 3.21: Modified resistance function for the SDOF model 

Fig. 3.22: Deflection of panel C-1 (Po=2000 kPa, TL=l.25 ms): (a) Deflection contours at 

t = 1.08 ms, (b) Deflection contours at t = 1.91 ms, (c) Deflection contour at t = 5.52 ms, 

(d) Displacement-tirre history for the central point of the panel 

Fig. 3.23: Deflection of reinforcement in panel C-1 (Po=2000 kPa, TL=5.92 ms): (a) 

Deflection contours ;lt t = 14.00 ms, (b) Displacement-time history for a reinforcement 

node near the central point of the panel 

Fig. 3.24: Implement.ng the effect of applied load in reaction for TM5-1300 

Fig. 3.25: Shape function ofx-direction andy-direction section of a two-way panel 
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Fig. 3.1: Actual and idealized side-on blast pressure time histories: (a) Actual blast load 

time history, (b) Triangular load approximation, (c) Using tangent line in approximating 

blast load 
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Fig. 3.2: SDOF model: (a) Actual structural element, (b) Equivalent SDOF model, (c) 

Typical resistance-displacement curve for a two-way RC element 
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Side view 

Fig. 3.3: Free body diagram of a two-way element subjected to blast load 
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Fig. 3.4: The segment of a two-way panel bounded by yield lines 

160 



M.A.Sc. Thesis-S. H. Changiz Rezaei 

Flexural action 

McMaster University-Civil Engineering 

Tensile 
Membrane 
Resistance 

J 

Membrane action Displacement 

Fig. 3.5: Resistance function ofthe SDOF model 
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Fig. 3.8: Determining the deflection at the end of flexural action 
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Fig 3.9: Determining the tensile membrane resistance 
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Fig. 3.10: Deflected sh1pe of a two-way element from a view inx-direction cross section 
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Fig. 3.11: FE models geometry: (a) Simply supported panel, (b) Clamped panel 
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Fig. 3.12: Typical mesh configuration for simply supported panels and clamped panels: 

(a) Panel S-1 , (b) Panel C-1 
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Fig. 3.13: Dividing the area of a two-way element in to different regions 
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Fig. 3.14: The general form ofpressure-impulse diagram 
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Fig. 3.15: P-I diagrams for the simply supported panels using SDOF(Eiave) 
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Fig. 3.16: P-I diagrams for the simply supported panels using SDOF(Elcr) 

176 



M.A.Sc. Thesis-S. H_,__. C=h=an,.g:>=i=z..:.R=e=z=ae=i~----=-M=c=M=a=st=e=--r -=U-=ru=-· v'""""'e=-rs=i'"""ty'---=C-=-iv-'-=i=-1 =E=n..,_gi=· n=e-=er=in'="'g 

Impulse (kPa.s) 

(b) S-2 

10° 101 

Impulse (kPa.s) 

177 



M.A.Sc. Thesis-S. H. Changiz Rezaei McMaster University -Civil Engineering 

(c) S-3 
.... . . . . 
• 0 •• . . . . 

: ::: 

102~~------~~~._._~l~l~l~i----~--~~ 
10° 101 

Impulse (kPa.s) 

Fig. 3.17: P-1 diagrams for the simply supported panels using SDOF(Elweighted) 
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Fig. 3.18: Deflection of panel C-1 (Po= 1000 kPa , TL=2.09 ms): (a) Deflection contours at 

t = 0.83 ms, (b) Deflection contours at t = 1.68 ms, (c) Deflection contour at t = 5.67 ms, 

(d) Displacement-time history for the central point of the panel 
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Fig. 3.19: P-1 diagrams for the clamped panels using SDOF(Elave) 
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Fig. 3.20: P-I diagrams for the clamped panels using SDOF(Eicr) 
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Fig. 3.21: Modified resistance function for the SDOF model 
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Fig. 3.22: Deflection of panel C-1 (P0=2000 kPa , TL= 1.25 ms) : (a) Deflection contours at 

t = 1.08 ms, (b) Deflection contours at t = 1.91 ms, (c) Deflection contour at t = 5.52 ms, 

(d) Displacement-time history for the central point of the panel 
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Fig. 3.23: Deflection of reinforcement in panel C-1 (P0=2000 kPa , TL=5.92 ms): (a) 

Deflection contours at t = 14.00 ms, (b) Displacement-time history for a reinforcement 

node near the central point of the panel 
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Fig. 3.25: Shape function ofx-direction andy-direction section of a two-way panel 
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Chapter 4: Capacilty Assessment of Reinforced Concrete Columns Subjected to 
Blast 

Abstract: Due to the [r beneficial characteristics, Reinforced Concrete (RC) structures are 

used extensively for protective design against blast. However, the inherent nonlinearity 

associated with concrete structures makes the exact analysis of these types of structures 

very complicated. TI.erefore, simplified techniques are used to investigate the dynamic 

response of RC structural elements under blast. Many of the available studies were 

limited to study structural elements subjected to no axial loads such as beams. In this 

study, a multi-degree:;-of-freedom (MDOF) model is developed to study the response of 

blast loaded RC columns which are the most critical elements to the overall stability of a 

structure and, when t 1ey fail, are the main cause for progressive collapse. The effect of 

axial load levels, stra[n rates and variation of flexural rigidity along the column heights 

has been implementec in the model. Effect of strain rate and axial load on column section 

properties has been investigated by constructing moment-curvature diagrams and bending 

moment-axial force interaction diagrams. Pressure-Impulse (P-I) diagrams were 

developed for two different types of steel detailing and parameters such as the effect of 

axial load on the P-1 diagrams, deflection at each level of damage, the effect of proper 

detailing on load carr:dng capacity and the column rotational capacity at fully damaged 

state were studied. Analysis results showed that section properties are enhanced with 

increasing strain rate. Increasing the level of axial load reduced the deflection capacity 

and the column rotation capacity. It was also found that good detailing at the supports can 

significantly enhance the load carrying capacity of column. The proposed model can also 

be used as a tool for damage screening purposes. 

Keywords: Blast loads, Concrete columns, Damage assessment, Dynamic response, 

Models, Nonlinear analysis, Structural safety. 
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4.0 Introduction 

In recent years, there has been a growing number of research activities focusing on 

protective design. F Jr blast resistant design, reinforced concrete (RC) structures are 

usually used because of their ductile response and good fire and high inertial resistance. 

In blast resistant desi.,sn, structures should be proportioned and detailed to withstand local 

and global damage evels. When the local response of critical RC elements such as 

columns is considered, the design strategy should aim at preventing specific failure 

modes by proportioning the columns so that they can sustain a specific level of damage 

and inelastic deformation. On the other hand, when the global stability or the overall 

failures are evaluated, the design philosophy should aim at providing alternative load 

paths and increasing the structural redundancy in order to prevent progressive collapse. 

Because of the natur~~ of blast loading and the inherent nonlinearity of RC structures, 

nonlinear dynamic analysis must be carried out to evaluate the structural response. The 

different techniques used for nonlinear dynamic analysis usually fall under two 

categories, namely: at1alytical (macro) models and finite element (FE) models. Macro 

models typically employ either a single-degree-of-freedom (SDOF) or a multi-degree-of­

freedom (MDOF) approach. These models employ the first mode of vibration or the first 

few modes to predict the structure's response to blast loading. Macro models require a 

limited number of input data and they are usually simple and easy to calibrate. On the 

other hand, nonlinear dynamic analysis using FE models requires large number of input 
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parameters and would usually demand a significant experience and knowledge to obtain 

reliable and realistic results. This is in addition to costs associated with building the 

model, solution time and the availability of computational facilities. Thus, most codes are 

based on SDOF approaches and even for complex structures, SDOF analysis is used for 

preliminary design or to check the FE results. 

During an explosion, a chemical reaction takes place which results in a sudden rise in 

temperature and pressure. Consequently, the generated shock wave travels and strikes the 

structure with a pres~:ure greater than ambient pressure referred to as "side-on over­

pressure" or simply "over-pressure". Figure 4.1(a) depicts the typical pressure time 

history during a blas1 event. As shown in the figure, the overpressure decays in an 

exponential form during a very short time (positive phase) and finally, drops below 

ambient pressure with a longer duration (negative phase) and a less pressure intensity 

(Baker et al. 1983). Generally, the exponential decay loading is approximated by a 

triangle pulse and the negative phase (suction) is neglected in the analysis. In this 

approximation, the triangle load has the same peak pressure as the actual blast load but 

different load duration, Tr. As can be seen in Fig. 4.1 (b), the duration is determined based 

on the time to reach the maximum response. If the structural element reaches its 

maximum displacement after the pressure drops to ambient pressure, the equivalent 

duration is calculated through equating the area under the actual blast pressure time 

history curve in the pc,sitive phase (this area is the impulse of the blast load) with the 

triangle pulse area. On the other hand, if the element reaches the maximum response 
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within a time less than the positive phase duration, the equivalent duration is obtained by 

equating the slope of tangent line (at arrival time) of the actual loading curve with the 

slope of triangle load (Beshara 1994) as shown in Fig. 4.1 (c). 

Many researchers have employed SDOF or MDOF techniques and investigated the 

response of structural elements under blast or impact loading [Biggs (1964); 

Krauthammer et al. (1986); Krauthammer et al. (1990); Louca and Harding (1997); Pan 

and Watson (1998); Schleyer and Hsu (2000); Boutros (2000); Low and Hao (2002)]. 

However, most of these studies employed simplified models to study the dynamic 

response of one-way elements with no axial loads. On the other hand, critical structural 

elements such as columns are typically subjected to axial loads. In addition, columns 

located in the building perimeter are the most susceptible elements for damage during a 

blast event. Failure cf these critical elements may lead to a partial or complete 

progressive collapse of the structure. 

In this study, a MDOF model based on lumped mass approach is employed to study the 

response of RC columns under blast. The additional moment caused to presence of axial 

load were considered explicitly in the analysis. The strain rate effects were also 

incorporated in the analysis in order to consider the effect of the high rate of loading on 

the column response. The effect of strain rate was studied on section properties. 

Assuming different details at the column ends, Pressure-Impulse (P-I) diagrams were 

constructed. The effect of axial load level on the blast load carrying capacity of the 

column, the deflection and the column rotational capacity at different levels and the effect 
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of good detailing at supports were investigated. The following sections outline the details 

ofthe MDOF model. This will be followed by numerical results and concluding remarks 

of this study. 

4.1 Model developmt:nt 

4.1.1 MDOF Model hr aRC Column 

In nonlinear analysis of RC elements subjected to dynamic loading the material stiffness 

should be adjusted for each loading increment with increasing displacement. The column 

must also be discretized to account for the variation of stiffness along the column height. 

In this regard, MDOF models based on the lumped mass approach are usually employed 

in order to minimize the difficulties associated with nonlinear dynamic analysis of 

continuous systems. In these techniques, the structural element is replaced by a series of 

discrete connected nodes and the material properties are concentrated at these nodes. 

Using a finite difference method, the dynamic analysis of RC column subjected to blast 

can be performed as follows: 

Figure 4.2 shows a column divided into (n+ 1) segments. The lumped mass and load at 

the lh node are, respectively: LM; = Pm (Ax) and F; = p(Ax), in which Pm and pare mass 

and load per unit length of the column, respectively and L1x is the segment length. The 

dynamic equilibrium equation for the lh node can be written as: 

195 



M.A.Sc. Thesis-S. H. =C=h=an""'gl:>-'i=<z--"'R=e=z""'ae""'i'------"M~cM"-'-"-"a=st=e""-r_,U"-"n=iv-'-'e""'r"""si'"". ty.~---"C"-"ic..!..vi=·l....=oE=nu:g~in=e=e=n=· n=g 

(4.1) 

Where: 

Y; ,y; ,y; = lh node displacement, velocity and acceleration, respectively. 

LM; =Lumped mass at the i'h node 

C; = Damping for the i'h node 

F;(t) =Lumped blast load at the lh node 

V_1 . , V .+1 = Shear force values between the (i-1 /h and the lh node, and shear between the 
I ,l l,l 

i'h and the (i+ 1/h nodt:, respectively. 

Considering the addit tonal moment caused by axial force, F: , and using the following 

equations: 

V = M; -Mi-l +FJyi-! -y;) 
i-l,i Llx (4.2) 

V =Mi+!-Mi +F,(y; -yi+,) 
i,i+l Llx (4.3) 

Where: 

MH,Mi,Mi+! =Moment at the (i-1/\ the i'h and the (i+ 1/h node, respectively. 

& = Segmmt length 

Employing Eqs. 4.2 and 4.3, Eq. 4.1 can be written as: 

(4.4) 

The Curvature ( tjJ) can be obtained at each node using the following approximation: 
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(4.5) 

Thus, the correspond:ng moment at each node can be found from the moment-curvature 

diagram evaluated for the column cross section whereas the above equation is solved 

numerically for each t me increment. 

Using the above technique, the nonlinear behavior of RC column is considered and the 

post damage state can be predicted using the MDOF approach. It should also be noted 

that damping is usually not considered for the impulsive loading problems such as blast 

and impact since the maximum response, which is generally of interest, usually occurs 

during the first vibration cycle when damping has minimum contribution to the dynamic 

response. 

4.1.2 Material Stress-;Strain Relationship 

4.1.2.1 Concrete 

Numerous stress strain relationships for concrete and reinforcing steel can be found in the 

literature. For concrete under compression, different expressions were proposed 

(Popovics 1973; Scott ~tal. 1982; Dilger et al. 1984; Soroushian et al. 1986; Mander et 

al. 1988). Typically, 1hese relationships are expressed in terms of the compressive 

strength, the strain at tt:is compressive strength and the concrete modulus of elasticity. In 

this study, the relationship proposed by Saatcioglu and Razvi (1992) for confined 

concrete is adopted: 
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(4.6-a) 

(4.6-b) 

Where: 

& , uc = Strain and corresponding compressive stress 

f 1

cc , &c =Maximum compressive stress for confined concrete and corresponding strain 

K = Curve para meter for confined concrete 

&85 =Strain corresponding to 0.85/ 
1

cc on the descending branch of stress-strain 

curve 

In the above equation, f 1

cc , &c , &85 and K are determined based on the cross section of 

the column, configuration of ties and concrete properties. Saatcioglu and Razvi (1992) 

also give a constant residual stress equal to 0.2/ 
1

cc for strains greater than &20 ( strain 

corresponding to 0.2/
1 

cc ), and this residual strength has been neglected in this study. 

For tension stiffening, different formulations have been proposed by Vecchio and Collins 

(1982); Collins and M[tchell (1987); Tarnai et al. (1987), Bentz (2005). Each of these 

formulations may be appropriate for a specific section and concrete mixture properties 

since tension stiffening is dependent on the bond characteristics which vary from case to 

case. In this study, Vecchio and Collins' (1982) relationship, given by: 
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(]' = fr 
t 1 +.J200& 

(4.7) 

was used, in which, & , 0'1 are strain and corresponding tensile stress, and fr is the tensile 

strength taken as 10% of the compressive strength. 

4.1.2.2 Steel 

A number of formulations are available in the literature for the reinforcing steel stress-

strain relationship and all of these formulations consist of three parts: elastic, yield 

plateau and strain hadening part. In this study, Hoehler and Stanton (2006) model was 

used. According to their formulation, the strain-stress relationship for steel is given by: 

O'=Ex& (4.8-a) 

(4.8-b) 

(4.8-c) 

Where: 

s , 0' = Strain and corresponding stress in the reinforcing steel 

0' Y , & Y = Stress and st~ain at steel yield 

O'sh, &sh =Stress and strain at the onset of strain hardening 

O'u , &u = Ultimate (pe :tk) stress and strain 

E =Elastic modulus 
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EY =Slope ofyidd plateau 

C1 =Parameter that defines the curvature of the strain hardening curve. 

4.1.3 Strain Rate Effects 

There is a very high s ~rain rate associated with blast as a result of the short time history of 

blast loads (in the range of milliseconds) compared to the duration of other dynamic loads 

such as earthquake (in the range of seconds). Hence, the material characteristics under 

such extreme dynamic loading may differ from those obtained under static loading 

condition. In fact, it has been shown by a number of experimental and numerical studies 

that concrete and sted exhibit significant strength increase under high strain rate of 

loading (Bischoff and Perry 1991 ). Hence, material properties should be modified and 

enhanced in the analy5is of rapid dynamic loads such as blast and impact. 

The ratio of the mat·~rial' s dynamic strength to its static strength is defined as the 

Dynamic Increase Factor (DIF) and is used to scale material properties under dynamic 

loading condition. This factor is usually expressed as a function of strain rate either 

graphically (TM5-1300, 1990) or presented in the form of formulas. 

4.1.3.1 Concrete 

For concrete under compression, it was shown that the increase in compressive strength is 

more significant than ·~he enhancement of other concrete properties under compression 

such as ultimate strain and the elastic modulus. For strength enhancement, expressions 
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were proposed by C)mite Euro-Intemational du Beton (CEB) (1988); Tedesco et al. 

(1997); Malvar and Ross (1998). All these expressions differentiate between low to 

intermediate strain rates and intermediate to high strain rate, and give separate 

relationships for thes~ ranges (Fig. 4.3(a)). It was also shown that the concrete tensile 

strength exhibited higher increase than its compressive strength (Fig. 4.3(b)). There were 

no consensus among different researchers on the effect of strain rate on the strain at the 

peak compressive stress and different results have been reported (Bischoff and Perry 

1991). 

Tedesco et al. (1997) used their experimental results from a number of Split-Hopkinson 

Pressure Bar (SHPB) tests for concrete with different strength and moisture, and 

implemented some regression equations in their concrete model. Malvar and Crawford 

(1998) considered a large number of test results and modified CEB (1988) formula for 

concrete under tensicn while as stated by Malvar and Crawford (1998), the CEB (1988) 

formula for concrete compressive stress enhancement is widely acceptable among the 

researchers. Therefore, in this study, CEB's (1988) relations for concrete under 

compression and Malvar's (1988) formula for concrete under tension are adopted. The 

equation proposed by Soroushian et al. ( 1986) is also considered for scaling the strain 

corresponding at the peak compressive stress. These relationships are expressed as 

follow: 

CEB's (1988) formula for concrete under compression: 
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_ (j_)l.026a, 
fed lfcs- . 

E:s 
fori::::;; 30s-1 (4.9-a) 

= (!_)1/3 
Ys . 

E:s 
for i>30s-1 (4.9-b) 

Wherefcd and.fc.sare 1he dynamic and static compressive strength, i is the strain rate, 

is =30x 10-6 s-1 (stati;; strain rate), Ys = t0<6
.
156

a,-
2>, as =1!(5+9(fc.J fco )), fco =10 MPa 

=1450 psi. 

Soroushian's (1986) expression for scaling strain at peak compressive stress: 

E:cd I E:cs = 1.08 + 0.112log i + 0.0193(logi)2 (4.9-c) 

Where ccd is the strain corresponding to the concrete dynamic compressive strength and 

ccs is its static values, i is the strain rate in s-1
. 

Malvar' s equation for concrete under tension: 

r I r ( i )
8 

fi)r i ::::;; 1 s-1 
Jtd Jts = is (4.10-a) 

= fJ( :.·s )II 3 ., for i > ls-1 (4.10-b) 
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Where J;d and fts are the dynamic and static tensile strength, £ is the strain rate, 

4.1.3.2 Steel 

Similar to concrete, expressions are proposed for the enhancement of steel properties at 

high strain rate. For reinforcing steel, relationships given by Soroushian and Choi (1987); 

CEB (1988); Malvar ( 1998) were proposed. It has been observed that yield and ultimate 

stress increased with increasing strain rate whereas the steel modulus of elasticity is not 

affected by the rate of loading. For the MDOF model developed in this study, Malvar's 

(1998) formulations are used because of the large number of test results at different strain 

rates that were used to verify their expressions: 

(4.11-a) 

Where: 

a= 0.074-0.040 IY For the DIF of yield stress 
414 

(4.11-b) 

a= 0.019-0.009 fu For the DIF of ultimate stress 
414 

(4.11-c) 

£ is the strain rate. J; and [u are the bar yield stress and ultimate stress in MPa. 

As can be seen in Fig. 4.3(b) and Fig. 4.3(c), the stress-strain curves is scaled 

corresponding to a certain strain rate level. The maximum concrete compressive stress 
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with its corresponding strain, maximum concrete tensile stress and steel yield and 

ultimate stress will be amplified by the corresponding DIF. 

4.1.4 Strain Rate Estimation 

In order to modify tht: material properties by the appropriate DIF, a procedure should be 

established to predict the strain rate for a specific blast loading conditions. Different 

technique such as finding maximum curvature rate (Kulkarni and Shah 1998) or deriving 

the approximate strain rate equation (Krauthammer et al. 1994) can be used. All of these 

techniques gave an estimation of the order of strain rate, not the exact value since the 

correct modeling of strain rate dependency is very complicated and cannot be achieved 

using simple analysis. Nevertheless, the method described by Krauthammer et al (1994) 

provided a simple and accurate methodology for estimating strain rates and therefore was 

used in this study. In this technique, the relationship between the strain and applied 

uniform load in an element cross section must be evaluated. Considering the fixed 

column shown in Fig. 4.4, the strains at the tensile and compressive fiber at midspan of 

this column can be givt:n by: 

(4.12-a) 

(4.12-b) 
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Whereec and 8 1 are strains at the compressive fiber and the tensile fiber, respectively. p 

is the uniform blast load. he and h1 are the compression depth and the tension depth of 

the cross section, respectively. Ele.ff is an effective flexural rigidity and L is the column 

height. 

Consequently, the strain rate at extreme fibers can be obtained by evaluating the 

derivative with respeet to time: 

(4.13-a) 

(4.13-b) 

And the strain rate, i , for the whole cross section can be considered by taking the 

average of strain rate!; obtained from Eqs. 4.13-a and 4.13-b: 

(4.14) 

or 

( 4.15) 

Where h is the cross section height. 

In order to estimate an effective flexural rigidity (Ele.ff) for the element cross section, the 

moment-curvature diagram is constructed. Then, the moment and curvature at the yield 

point (MY ,t/Jy) are f:lund on the moment curvature diagram and Ele.ff is obtained by 
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calculating the value of MY I¢ . Hence, for a triangular load idealization, the previous 
y 

equation can be simplified to: 

(4.16) 

Where p 0 and TL are the peak uniform load per unit length and the loading duration, 

respectively. 

Similarly, strain rate:; can be estimated for RC columns with different loading and 

support conditions. Following the above approximation, the strain rate for each section 

along the column height can also be calculated. Thus, in this way, the proposed model is 

capable of considering the distribution of strain rate along the height of the column. 

4.2 Numerical Result:~ and Discussion 

4.2.1 Overall Procedure 

The developed MDOF model was used to study the column shown in Fig. 4.5 with height 

that varied between 3.0 m and 6.0 m and the shown cross section. The concrete 

compressive stress wa:; set to 30 MPa and reinforcement yield stress was assumed to be 

400 MPa. Using these material properties, the change in cross section behaviors such as 

moment-curvature diagrams and moment-interaction diagrams was studied for different 

levels of axial loads and strain rates. In addition, four levels of axial loads, as a fraction of 

the column axial load capacity, Fa-max, found under static rate of loading (IE-7 s-1
), were 
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considered. These lt:vels were 0.2 Fa-max, 0.35 Fa-max, 0.5 Fa-max and 0.7 Fa-max· The 

column MDOF modd was used with 40 degrees of freedom based on the previous study 

by the authors (Changiz Rezaei et al. 2008) that dealt with degrees of freedom 

optimization for RC structures under blast loads. For the MDOF analysis, the strain rate 

was also calculated for each node based on the method explained earlier and material 

properties were modified accordingly. Considering the point that concrete tensile strength 

and compressive strer1gth shows higher sensitivity to strain rates greater than ls-1 and 30 

s-1
, respectively, the separate strain rates and moment-curvature relationships were 

evaluated for each node in cases where the load produced strain rates greater than ls-1
• 

The numerical procedure has been summarized in the flow chart shown in Fig. 4.6. 

Moreover, two column support capacities were defined and P-1 diagrams, which 

represent combinatiou of pressure and impulse producing the same level of deflection, 

were developed for 1hese two support conditions. The effect of axial loads as well as 

good detailing on bl1st load carrying capacity and the column rational capacity were 

investigated. The following sections present the findings of these studies. 

4.2.2 Section Properties 

4.2.2.1 Moment-Curvature Diagrams 

Using the stress-strain relationships described earlier, the moment-curvature diagram for 

a given column eros~; section can be constructed. For a specified curvature, the strain 

distribution is adjusted so that the summation of the internal compressive and tensile 

forces is equal to the applied axial load. After obtaining the strain distribution, the 
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moment is calculated by evaluating the sum of the internal force moments about the 

geometrical centroid of the column cross section. Following this procedure, moment 

curvature diagrams were generated for different level of axial loads (i.e. no axial load, 0.2 

Fa-max, 0.35 Fa-max, 0 .. 5 Fa-max and 0.7 Fa-max) as shown in Fig. 4.7. In this figure, variation 

of moment-curvature diagrams are shown at different levels of strain rate, which are 1 E-7 

s-1 (static rate of loading), 1 s-1
, 10 s-1

, 100 s-1 and 500 s-1 for the different levels of axial 

load. The results oh:ained by amplifYing the material properties with 25% (1.25xSt), 

which is the current practice (Rodriquez-Nik 2006), are also shown in the figure. 

Ultimate curvatures in Fig. 4.7 are limited to a maximum concrete strain corresponding to 

85% of the concrete ~ompressive strength ( &85 ) at the descending portion of the stress-

strain relationship. Comparing the ultimate curvatures at different strain rates and the 

same at no axial load, it can be observed that axial loads significantly reduce the ultimate 

curvature of the column cross section. In fact, axial loads increase the depth of 

compression zone in the section and, as a result, the ultimate curvature is reduced as 

shown in Figs. 4.8(a) and 4.8(b). It can also be observed that enhancement of material 

properties at higher s:rain rate also results in increase in the ultimate curvature values. 

Fig. 4.8(c) depicts the amount of reduction in ultimate curvature for the moment­

curvatures shown in Fig. 4.7. Fig. 4.8(c) also shows that, in average, there is a 40% 

reduction in curvatun: values for low levels of axial load (0.2 Fa-max) and the average 

reduction can be as high as 70% for high value of axial load (0.7 Fa-max). Because 

ultimate curvatures may increase with increasing strain rates, the reduction in ultimate 
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curvatures due to rresence of axial load is more pronounced for low strain rates. 

Considering the sig aificant reduction in the value of ultimate curvature, it can be 

concluded that the pc,ssibility of column failure under blast increases by considering axial 

load in the analysis. 

The cracking moment can be identified on the moment-curvature diagrams can be 

identified at the onset of reduction in the slope of the curves. It can be observed that this 

section property also increase with increasing strain rate due to the significant increase in 

tensile capacity of co1crete at high strain rates. 

Considering Fig. 4.~ 7, it can also be observed that the moment-curvature diagrams 

obtained by using 2 5% enhancement to the material properties can reach the values 

corresponding to th~: strain rate of 1 s-1
• Therefore, it is quite obvious that simply 

amplifying the static material properties by the factor of 1.25 cannot capture material 

enhancement at the very high strain rates such as 100 s-1 and 500 s-1 corresponding to 

blast. Consequently, employing the 25% factor would result in underestimation of 

material resistance at such strain rates. 

4.2.2.2 Axial Force-l'.foment Interaction Diagrams 

Generally, interactior diagrams are used to find the load carrying capacity of a column 

cross section for a combination of axial force and bending moment. Fig. 4.9(a) shows the 

interaction diagrams for the column cross section at different levels of strain rate. At 
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higher strain rates the material properties are enhanced resulting in higher load carrying 

capacity. As can be :~een, the larger the value of strain rate, the more the interaction 

diagrams move outwad and the column cross section resistance, in terms of both axial 

load and bending moment, increases. Similar to the previous section, it can also be seen 

that using scale factoj· of 1.25 for material enhancement cannot capture the interaction 

diagrams at high strain rates and that results in underestimation of the axial force and 

bending moment capadty at high strain rates. 

The values of the maximum axial force, Fa-max, the balanced axial force, Fa-h, balanced 

bending moment, M h and pure bending moment capacity, M 0 , at different strain rates 

were normalized by their corresponding value at the static rate of loading (lE-7 s-1
) and 

results are shown in Fig. 4.9(b). As this figure shows a significant increase is obtained at 

high strain rates and, as can be expected, the rate of amplification for F:-max , F:-h and 

M h increase at strain rate greater than 30 s-1 since these quantities are dependent on 

concrete compressive strength which is amplified at higher rate for strain rate greater than 

30 s-1 as can be seen in Fig. 4.3(b). 

4.2.3 Damage Assessment 

The concept ofthe Pre5sure-Impulse (P-I) diagrams is widely used to find the maximum 

deflection or damage reached for a certain combination of pressure and impulse (time 

integral pressure). Two connection behavior will be defined at column ends and using the 

MDOF model, the corresponding P-1 diagrams is developed for each connection type. 
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The first connection (referred to as type N) resembles a poorly detailed (non ductile 

connection). The seoJnd connection (referred to as type D) is a ductile connection that 

maintains its momen: capacity till the full moment capacity is developed at the column 

midspan. Consequently, parameters such as axial load level, deflection at each damage 

level, RC section capacity and detailing effects will be studied. 

4.2.3.1 P-1 Diagram~ 

P-I diagrams represe1t combinations of pressure and impulse pairs producing the same 

maximum level of damage or deflection within the structural element (Baker et al. 1983). 

A typical P-I diagrarrs has been depicted in Fig. 4.10. As this figure shows, P-I diagrams 

consist of several con tours, each corresponds to a certain level of deflection (damage) and 

the further a contour is from the origin, the higher the deflection (damage) is. 

As can be seen in Fig. 4.10, each P-I diagram can be divided to three parts: impulsive 

loading realm, dynamic loading realm, quasi-static loading realm and a pressure and a 

impulse asymptote ~:hown in the figure can be identified for each curve. In this 

classification, the maximum deflection may depend only on the applied impulse 

(impulsive), impulse and pressure (dynamic), or pressure (quasi-static). The pairs of 

pressure impulse fallhg below or to the left of each curve produce a maximum deflection 

lower than the value ~pecified by the curve while the points above or to the right of the 

curve indicates a greater deflection. 
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4.2.3.2 Effect of Axial Load on the P-I Diagrams 

Using the MDOF model subjected to triangular blast load, the P-1 diagrams were 

generalized for the two connection types, Nand D. 

Damaged state of type N is defined as a state in which the supports are starting to fail in 

flexure and the curva1ure has reached its ultimate value at these regions. Column damage 

for type D is defined as yielding at supports that is followed by column midspan yielding 

which will lead to a mechanism. In other words, to progress from the partially damaged 

state (type N) to the fully damaged one (type D), it is assumed that there is good detailing 

at supports and the plastic moment can be sustained at these regions until the midsapn 

fails in flexure. 

Considering the above defmitions, P-1 diagrams were generated for different levels of 

axial load (i.e. no axial load, 0.2 Fa-max, 0.35 Fa-max, 0.5 Fa-max and 0.7 Fa-max) for the 

connection type of N <md D. These diagrams are shown for the two column heights (i.e. 

3.0 m and 6.0 m) in Fig. 4.11 and Fig. 4.12, respectively. In these figures, the deflections 

at these damage states have also been reported as a fraction of column length beside each 

levels of axial load. 

Considering Figs. 4.11 and 4.12 and comparing the P-1 curves with the case with no axial 

load, it can bee obserwd that the difference becomes more pronounced in the impulsive 

regime as the axial lo<ld becomes high and it reaches the maximum negative shift of 
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about 40%. As the load moves towards quasi-static regime, the variation of P-I curves 

with respect to the ca~:e with no axial load becomes less significant and, in average, it can 

reach the maximum of about 20%. 

Comparing the deflection of the column with N and D connection type, for both column 

heights, it can be seen that the inclusion of the axial load will result in a significant 

reduction in deflection value for both types. Fig. 4.13 shows the reduction in deflection as 

percentage of its value for the column with no axial load. As can be seen, for type N 

connection the reduction in average varied from 27%, at low axial loads (i.e. 0.2 Fa-max), 

up to 46% at high levels of axial load (i.e. 0.7 Fa.max). For type D connection, the 

reduction in average varied from 38% to 62% for the low and high levels of axial load. 

4.2.3.3 Effect of Good Detailing on Load Carrying Capacity 

Comparing the P-I diagrams generated for typeD and type N connections, it can noticed 

that providing good detailing at supports can significantly enhance the column capacity in 

terms of increase in deflection, pressure asymptote and impulse asymptote. In average, 

for all levels of axial load, the good connection detailing (type D) can increase the 

deflection up to abo1t 3.8 times greater for the 3.0 m high column and up to 3.4 times for 

the 6.0 m column. In addition, the pressure asymptote is amplified by a factor of 1.5 for 

the both column. The impulse asymptote is also enhanced by a factor of about 2.6 for 3.0 

m column and 2.2 for the 6.0 m column. 
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4.2.3.4 Rotational Capacity at the Fully Damaged State 

The RC section rotation at the fully damaged state (typeD connection) is approximately 

obtained by dividing the deflection by half of the column height. This angle of rotation 

were calculated and reported in Fig. 4.14 for different levels of axial load. As can be 

seen, with increasing the axial load from zero to 0.7 Fa-max, the rotational capacity 

decreased from 0.82° to 0.29° for the 3.0 m column and decreased from 1.53° to 0.64° for 

the 6.0 m column. 

It can be noted that the angle of rotation is not constant and it can be much lower than the 

typical values assum~d (e.g. 2 ° suggested by the TM5-1300, 1990). In addition, the angle 

of rotation is the function of axial load and it decreases with increasing the level of axial 

load. Furthermore, the angles are also dependant on the stiffness of the column. As noted 

earlier, the 6.0 m co umn had the higher rotation compared to the 3.0 m column which is 

significantly stiffer tb.an the 6.0 m column. 

4.2.3.5 Damage Screening 

Considering the P-I curves shown in Fig. 4.11 and Fig. 4.12, the P-I bands shown in Fig. 

4.15 can be generatt:d for rapid damage screening of RC columns. Depending on the level 

of axial load, which may change during blast as a result of partial progressive or collapse 

of certain columns, the P-I bands can be used as a quick analysis tool for column with 

different connectior details. If the pairs of pressure and impulse falls out of these regions, 

the state of damag,~ can be identified easily while if pressure and impulse pairs falls 
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inside these shaded regions dynamic analysis is required to perform in order to assess on 

the damage state. This kinds of information and graphs can be helpful for the emergency 

response team for raJid assessment of the column damage after blast and by considering 

the distribution of cc lumns and their damage extents, they can facilitate the estimation of 

the overall damage of the building in order to decide whether it is safe to approach the 

damaged building or not. 

4.3 Conclusions 

Using the moment curvature diagrams, nonlinear dynamic analysis of RC columns under 

blast load was investigated through a simplified MDOF model. The strain rate effects on 

the material properties and the level of axial load effects were implemented in the MDOF 

model. 

Moment-curvature diagrams were presented for the column cross section considered in 

this study. Results showed that the ultimate curvature is reduced significantly with 

increasing axial loa:l. Axial force-bending moment interaction diagrams were generated 

for different levels of strain rates and it was shown that the interaction diagrams were 

amplified significantly as the strain rate increases. In addition, it was observed that 

simply amplifying material properties by a factor of 1.25 (which is the current practice) 

cannot capture makrial enhancement at the very high strain rates such as 100 s-1 and 500 

-1 s . 
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Two different conne,;tion details at supports were used for the RC columns considered in 

this study. Considering the P-1 diagram as an important tool for assessing structural 

damage under blast load and using the MDOF model, P-1 curves were developed for 

different levels of axial load at the two connection details. The difference between P-1 

curves drawn for different levels of axial load and the curves constructed for the column 

with no axial load l: ecame more significant for high values of axial load particularly in 

the impulsive regim~. The maximum difference of 40% was observed by increasing the 

axial load level to 7(1% of column axial load capacity. 

Deflections for the columns with both connection details decreased significantly by 

increasing the level ::>f axial load. By evaluating the column rotation at the fully damaged 

state, it was found out that the angle of rotation is not constant and it can be much lower 

than the values recommended by current design codes. In addition to the cross section 

properties, both the levels of axial load and the column stiffness were found to affect the 

column rotation at t b.e fully damage states. It was also shown that the higher the level of 

axial load and stiffness were, the lower the column rotation at the fully damaged state 

was. 

Comparing the P-1 curves for the two different connection types, it indicated that the 

column blast load ,;arrying capacity can be enhanced significantly by providing good 

detailing at support:;. Ultimate deflection can also be amplified by a factor about 3.6 and 
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both the pressure and impulse asymptotes can be amplified by factors of 1.5 and about 

2.4, respectively, for ductile connections compared to non-ductile connections. 
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Notation 

The following symbc ls are used in this paper: 

C; = damping coefficient for i'h node 

C1 = parameter that defines the curvature of the strain hardening curve in reinforcing 

steel 

DIF =dynamic increase factor 

E = elastic modulus of reinforcing steel 

Eleff = effective flexural rigidity 

F = total applied load 

~-b = axial force ;;apacity at the balanced point 

~-max = maximum axial load carrying capacity 
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F; = lumped load at i'h node 

1: = concrete rr.aximum compressive stress 

f 'cc = Maximum compressive stress for confined concrete 

fed = concrete d:mamic compressive strength 

fco =parameter ofMalvar's equation for concrete 

fcs =concrete static compressive strength 

fr' = concrete maximum tensile stress 

frd = concrete dynamic tensile strength 

frs =concrete static tensile strength 

f = reinforced bar stress 

h = column seetion height 

he = compression depth 

h1 = tension depth 

K = curve parameter for confined concrete model 

L =column length 

LM; = lumped mass at i'h node 

M o = pure bendi llg moment capacity 

M b = balanced bending moment 

M;_1 = moment at (i-1 /h 

M; = moment at i'h node 
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Mi+I = moment at (i+ 1 /h node 

MY = yield moment 

n = number of nodes 

p = blast load per unit length 

Po = peak press11re 

po = peak blast load per unit length 

q =curve fitting parameter in concrete model 

R(t) =resistance ::Orce as a function oftime 

TL = loading du:ation 

~-I,; =shear between (i-1/h and lh node 

~,i+I =shear between lh and (i+ 1/h node 

Y; = lh node displacement 

Y; = lh node velocity 

Y; = lh node acceleration 

a =parameter ofMalvar's equation for reinforcing steel DIF 

f3 =parameter ofMalvar's equation for concrete DIF 

8 =parameter ofMalvar's equation for concrete DIF 

& = segment length 

& =strain 

&c =concrete strain at maximum confined compressive stress 

219 



M.A.Sc. Thesis-S. H .'-C=h=an=g""'iz=R=e=z=ae=i,____ ____ M=c=M=as=t=er=---=U=n=iv:....;e=r=si""". ty.~--_,C=i,_,_v=il:....:E=n,.g~i=n=ee=r=in=g 

&cd =concrete dynamic strain at peak compressive stress 

&cs =concrete static strain at peak compressive stress 

& sh = strain at the onset of strain hardening in reinforcing steel 

&1 = tensile strain 

& Y = strain at sted yield point 

&u =ultimate (pe;lk) strain in reinforcing steel 

&85 = Strain corre~.ponding to 0.85 f 'cc on the descending branch of stress-strain 

curve 

& = strain rate 

&s =concrete static strain rate 

tjJ = curvature 

t/JY =yield curvat1re 

tjJ(x) =assumed mcde shape 

cr = stress in the reinforcing steel 

ere = compressivf stress in concrete 

crsh = stress at the onset of strain hardening in reinforcing steel 

CY1 = tensile stres~: in concrete 

cru = ultimate (pe;lk) stress in reinforcing steel 

crY =stress at steel yield point 
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Pm = mass per Ul1 it length 
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Figure Captions 

Fig. 4.1: Actual and idealized side-on blast pressure time histories: (a) Actual blast load 

time history, (b) Triangular load approximation, (c) Using tangent line in approximating 

blast load 

Fig. 4.2: Schematic view ofMDOF model based on lumped mass approach for a column 

Fig. 4.3: Strain rate effects: (a) DIF for concrete under tension, (b) DIF for concrete 

under compression, (c) Scaled stress-strain curve for reinforcing steel, (d) Scaled stress­

strain curve for concrete 

Fig. 4.4: Strain rate distribution at the midspan of a simply supported column 

Fig. 4.5: Cross secti,)n of the RC column considered in this study 

Fig. 4.6: Flow chart ofthe MDOF analysis procedure 

Fig. 4.7: Moment curvature for different level of axialload:(a) zero axial load, (b)0.2Fa­

max, (c) 0.35Fa-max, {c) 0.5Fa-max, (d) 0.7Fa-max 

Fig. 4.8: Variation in ultimate curvature: (a) Strain distribution without axial load, (b) 

Strain distribution with axial load, (c) Reduction in ultimate curvature with increasing 

axial load compared to the case with no axial load 

Fig. 4.9: Variation ·)f section properties with strain rate: (a) Axial force-bending moment 

interaction diagram~;, (b) Variation of pure bending moment, balanced moment, balanced 

axial force, and maximum axial force 

Fig. 4.10: General D)rm of the pressure-impulse diagrams 

Fig. 4.11: P-1 diagrams for different levels of axial load (3.0 m column): (a) Type N 

connection, (b) Typ~~ D connection 
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Fig. 4.12: P-I diagrams for different levels of axial load (6.0 m column): (a) Type N 

connection, (b) Type D connection 

Fig. 4.13: Reduction in deflections compared to the case with no axial load: (a) 3.0 m 

column, (b) 6.0 m cclumn 

Fig. 4.14: Column S{:ction rotation at the fully damaged state 

Fig. 4.15: P-I diagrams for damage screening: (a) 3.0 m column, (b) 6.0 m column 
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Fig. 4.1: Actual and idealized side-on blast pressure time histories: (a) Actual blast load 

time history, (b) Triangular load approximation, (c) Using tangent line in approximating 

blast load 
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Fig. 4.2: Schematic view ofMDOF model based on lumped mass approach for a column 

230 



M.A.Sc. Thesis-S. H. Changiz Rezaei McMaster University-Civil Engineering 

(a) 

... 
0 -() 
{lj 

~ 
(!) 

"' {lj 
(!) ... 
() 
c: ...... 
() 

·~ 
c: 
>. 

C) 

(b) 

... 
0 ..... 
~ 
~ 
(!) 

"' {lj 
(!) ... 
() 

c: ...... 
() ·a 
{lj 
c: 
>. 

C) 

10 
9 
8 
7 
6 

5 

4 

3 

2 

1 
10_6 10-5 10-4 10-3 10-2 10-1 10o 101 

2.4 

2.2 

2.0 

1.8 

1.6 

1.4 

1.2 

1.0 

0.8 

0.6 

Strain Rate, s -1 

10-9 10-8 10-7 10-6 10-5 10-4 10-3 I0-2 10-1 100 101 102 103 

Strain Rate, s -1 

231 



M.A.Sc. Thesis-S. H. Changiz Rezaei 

(c) 

.......... 

McMaster University-Civil Engineering 

(d) 

............ 

a 

fed 

fcs 

' I '\ I 
\ I 
\I 
L 

Fig. 4.3: Strain rate effects: (a) DIF for concrete under tension, (b) DIF for concrete 
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