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LNTRODUCTION,

This thesis deals with the resolution of one of the few remsining
asbiguities in the theory of beta-decay.

It is kmown thet the beta-decay interaction matrix clement may be
vritten as the sua of three terms: ’

= gglly *+ gy * 6 @)

These terms represent the "scalar®, "tengor® and "pseudoscalar®
interactions respectively. There is at present no direct evidence for the
last term and in any case its effect would generally be very small, con-
sequently it will not be comnsidered in detail in what follows.

The ratdo K° = g,?/ g 2 can be caloulated fairly siuply from the
experimental results; its value appears to lie between 1 and 2. However,
the deteraination of the sign of g,/g  is considersbly more difficult end
caleulations leading to both positive and negative values have been pub-
lished.

This theois describes en attempt to determine the sign of gy/g, bw
means of an enalysis of the second forbidden decay of Cs'>/, The results

seen to show conclusively that g/g. is negative.
The lay-out of the thesis is as follows:
Chapter 1 gives a brief outline of the general theory of beta-decay
and a sumary of the more recent results on the nature of the interaction,
Chapter 11 outlines the theory of forbidden spectra and explains

m»mwmwgwmm.mumummm&m
and the analysis of the results are given in Chapter 1ll.
(1)



The following summary is merely intended to provide a generel backe
ground for the material of Chapters 11 end 111, lore complete expositions
may be found in severel excellent review articles (1,2,3,4,5)«

A basic assumption of the theory is that'bota-dooq is a process
analogous to that of electromagnetic radiation. Therefore the transition
probability per second should be given by the usual formula from first-

order perturbation theory.

W= g[ni" @ ‘ (2)

ghthnonergd.nuworﬂuﬁmlmm, iees, the number of celis
in phase space available %o the electron and the neutrino:

%-pzdpdv.qzdvn
Gwk )3 (awk)D ¢ (3)

Where p, q are the momenta of clectron and neutrino respectively
and g, dw, are the elements of solid angle.

We can pub:
q= % (Wy~w) (4)

Where W, is the end-point energy of the spectrum and W the energy
of the electron, and integrate over the solid angles assuming isotropie
distribution, then we obtain:

& - wt £ A, -w? e (5)

This is the famous statistical factor.
(2)



The integrand of the matrix element H must clearly contain the wave-
functions of the four particles involved. As the simplest plausible expression
we write:

i =g IU; Wt : (6)

Here g is a mucleon~lepton coupling constent which is the same

for all beta~decays and must be evaluated by experiment. Up and U; ave
the final and initlel nuelear wave-functianse ( is the wave function of
ma.ctm,(pmta:anmwmw)cpmmumwmumm.
Q is a charge-exchange operator that converts a neutron inteo a proton. It
is of modulus unity. The lepton wave-functions have to be evaluated at the
co-ordinates of the nucleus and the entire expression integreted over the
nuclear volume.

Since the neutrino, at least, is moving at relativistic welocities,
the wave~-functions in Nquation 6 should be of the 4-component Diraec type.
However, products of Dirac wave-functions like (U, U @* P ) ave not
relativistically invariant, In order to make products of this type that
are invariant we have to include one or more of the Dirac matrices. In
his famous article (6) Pauli has shown that from two Dirac wave-fimctions
mhuq*, Q one can form only five bilinear expressions that tranaform
in differen. ways under Loremts trensformations. These quantities transfors like
a scalar, a vector, a second-order tensor, a pseudovector and a pseudoscalar,
respectively. Multiplying any one of these quantities by the corresponding
quantity formed from U*,, U; ve obtain an invarfant. Thus the integrand of
Equation 6 could be an arbitrary linear combination of the following five

formes
(3)



§ Sealar 1 (Ug"@ Uy) (W 6)

v Veector e (Ug*y) (W) - (104 U0 4)

T Tensor C et (yped ¢ (0 es ) WRER
A Peeudovestor:  (Uo*eU;) (Y ) = (U ¥ 50y) ( ¥ %)
P Pooudoscalars  (Ug*m ¥Yu,) (Y*R¥s )

leve, @8, is,ﬁ:, Xs are the usual symbols for certain combinations
of 4 x 4 matrices that occur in the theory of the Dirac equation.

Attempts have been made to pick out particular combinations of
these interactions on a priori theorstical grounds, but such combinations
have not fitted the experimental results. At present it is thought that
the correct combination contains roughly equal quantities of the scalar
and tensor interactions and possibly some pseudoscalar interactions as
well (7). Bach interaction has associated with 1t its own selection rules,
For allowed transitions they are as follows:

Sealar Di=0 , 1O
Tensor ' DAi=o, Z 1 (except 0 —>0), o
Pseudoscalar AJ-O, yes

Here, "no® means no parity change.

The distinction between allowed and forbidden spectra will be ex-
plained in Chapter 11, It is clear that the pseudoscalar interaction is
forbidden when either the scalar or tensor interaction is allowed, so that

(4)



for the present we may neglect it,
We can calculate the lepton parts of these matrix clements by
taking plane-wave solutions for the neutrino and Coulomb wave-functions

belaonging to continuous eigenvalues for the electron. Then we obtain:

|2 = &, (z,w)[lfllz + lefd‘l 2] 7)

Where fl and [r represent the scalar and tensor muclear matrix
elemente respectively. F, (Z,W) is a Coulomb correction factor given by:

ry(a,) = 2@ P2 T I Psasaapf Qezs) (9

[F(a+1)]2

Here Rt is the nuclear radius; ol the fine structure constont %373

Z the muclear charge to be taken negative for positron emitters; S =
(@ = &22)¥ and ¥, (3,4) 18 exotly unity for 2 = O and not far different
from unity for charges as high as Z = 20, Combining Squations 2, 5 and 7
we finally obtain for the decay probability per second for an allowed tran-
sition:

wp=g2 27327 w, (20) W) pR

[Ifx1%+ 2lr?] & 9

Integrating this expression over the total energy range we obtain
for the half-life b
1n2/t = (z1r3) 2/* Em (ﬁ'/nc)3] o
of (2,W) nglfll + K [fr] ] (10)
vhoro £ (2,V) is a dimensionless function given by:
(5)



£ (2,0) = (.,2)-'5] :° Fo (@) (W, = W)*(42 = uReb)¥ yau (11)
ne
These results enable one to define a very useful quantity depending
only on the muclear matrix elements, lmown as the ft value of the transit-
ion: ' .
ﬁ=5.57x10"m3'[,ﬁ|,l2+lejr, 27 sec. (12)
Where g is expressed in unite of me® (h/me)? = 4.73 x 10738 erg

Gljo

Maaszodocqleaninpﬂmipleaemtommmgmdxz.
However, the matrix elements jr can be caleulated exnctly only for the

| {2 - >
[[1)2 =2
”llzunbo caleulated exactly for several obher muelei s well as long

as one may assume the charge~independence of nuclear forces.

The most recent value of g is that due to Gerhardt (8) who invest~
igated the decay!

o b, P"’

This is a 0 =30 (no) mnaiumwmtIQ’BOmdgnybo
calculated directly. The value he obtained was:

g =137 % 0,016 x 1074 org .on®

neutron, in which case:

Combining this with the date on the neutron decay he found:
Kz = 1.37 :' 8:%
Finkelstein and Moskowski (9) have listed some other fairly

(6)



reliable values of K2 paged on Gerhardt's value of g

i+

P —yped 1,82
oty 1
M50 1.30

Osl

04
0415

i+ 1»

Amutdotmmtunorxzmbuudcwm(as)m
neasured the angular correlations between electron and proton in the
decay of the meutron. His result was:

£ o= b 3

Of course, sluple caleulations of this type can only yield the
value of K% That is why a deternination of the sign of K necessitates
the rather lengthy analysis of forbidden spectra described belows

(7)



Bmpirically, the various degrees of forbidden-ness of beta-transitions
may be roughly identified by their £t values. Honopinski and Langer (5)
for instance, give the following classifications:

.o Logwo™
ellowed favoured 240 = 3.7
Ln-x 440 = 5.8
first forbidden unique 743 = 10,1
L_x 640 = 8:0
second forbidden 12,2 = 1345

"Favoured® transitions all have A(43 and are either between mirror
isobars or members of isobarie triads. "Unique® first forbidden transitions
are those withpi=2, (yes) so that only the tensor matrix elements contribute
to the decay (see below).

This claseification corresponds quite well with that based on the
spin and parity changes predicted by the theory. There are however, sev-
eral exceptions that ean only be explained by postulating additional sel~-
ection rules; these are discussed in deteil in the reviev articles of
Preston (3) and Konopinski and Langer (5).

In order to simplify the exposition of the theory it is comvenient
to neglect Coulonmb effects so that the wave-funetions of both electron and

neutrino may be taken as plane-wavess
Yo solRafe ¢ =pst 98

(@)



A, B are, of course, 4~element coluan vectors.

Since the de Broglie wave lengths of the eleetron and the neutrino
are, in general, lerge compared to muclear dimensions, we can evaluate the
matrix olements of Chapter 1 in successive epproximations, correspending
%o an expansion of {y and @ in successive powers of (g + g «r)s For exmmple
mmmﬁnumumwmputenlwdwﬁh:

(p*@) = m[1-4(+g.

“t@rg @ cirene ] (13)

The first term corresponds to an allowed transitior uith the
selection rules given in Chapter l. Higher terms in the expansion corres-
pond to forbidden transitions whose selection rules are given by Konopingki

and Uhlenbeek (13)s For the interactions of current interest a slightly
gimplified version of their result is:

LInteraction Iirgh Forbidden Second Forbidden
Sealar 0, =I(no 00) =1, 22 (no lé>0)
Yes No
Tensor o, 33, =2 0 =0, 22, 23
Yos Ho
#seudoscalar 0, =1 (no 0—30) =1, =2, (no 1€0)
Yo Yes

The spectrum shape of forbidden transitions can be conveniently
expressed in the fora of Equation 9 multiplied by a ¥#correction factor®
cn for an n-forbidden tremsition. It is clear from Equation 13 that Cj
will be a function of p and q so that the Ferai plot of [ B/p%r] ¥
ageinst W (where W is the number of eclectrons with momentum between p and
p + dp) will in general not be a straight line. In order to obtain a straight
(2



1ine it is necessary to plot [R/sz’c]ﬁ against W.

In the rigorous derivation of the correction fastor ¢ must be a
solution of the Direc equation in a Coulomb field. The difficulty then
arises that the result contains the radial wave-functions of the electron
which ave singular at the origin. However, this is without physical sig-
nificance -muwmmammwwmuMhm
leus. This difficulty is avoided by caleculating the radial wave-functions at
a value of r which has the order of magnitude of the nuclear radius,

The correction factors for single interactions have been given by
Konopinski and Uhlenbeck (13), and Greuling (14)« The cross-terns that
oceur with mixed interactions have been worked out by Pursey (15).

Mordta ot al (10) investigated the spectra of Fe”?, RbS!, Te??,
mmmmrmdthrhmmmmmmmunmmwu
K were negative, Owing to the neglect of certain corrections their analy-
sls is not accurate for each particular case; the authors claim that their
conslusion is deduced from a "rather statistical" standpoint.

Sinilarly, consideration of the shapes of A J=2, (no) spectra,
led Peaslee (11) to the conclusion that K is negative. On the other hand,
Leo-Whiting (12) analysed the spectrum of 21'%C vy o nethed very similar to
that deseribed in Chapter 11 and found that K should be positive. However,
he did not work out the wvarious parameters involved to the degree of accuracy
found necessary in the ealculations described in Chapter 1ll.

By compering the theoretical correction factor with the experimen-
tal results it is posaible in principle to determine the relative sign of
the sealar and tensor interactions direetly. However, because of the large

(10)



cancellation that ocours between the terms of the correction fector it is
more accurate to use an indirect method that involves the drawing of conics.
This method was originally devised by Lee-Whiting (12) and hes been cons-
iderably refined by M. A, Preston, J« M. Pearson and the present writer.

The lethod of Conige,
Assuming that the interaction consists only of the sealar and

tensor terms, the correction factor for second-f{ rbidden transitions is
given hy:

cscaocaa,oat (14)

Where the terns arise from the scalar, the tensor and the crose-
product interactions respectively.

In Pursey's notations the eorrecction factor for an electron of
momentun p is:

¢ )=, [o B0|*7 )2 &®[olpexn| e )
2

vay o, (8% b )+ g? |G (B "k )

. 2[Q2 (@t‘:) QQ’ (@*) + e.-o.] g (p)

-8 g 1 {:02 ( (5:) Q" (@) - O-o-] i (p)

“8, 81 [Qz ( (5:) " ((N: xx) - c.oJ G(p) (1s)

Where I (p), £ (p) ete., are cortain functions of momentum and
gymbols like Q, ((& r) represent certain nuclear matrix elements that are
defined below.

We now introduce the quantities:
(11)



x=1g ) (P_@"xl) (16)
8 Qg (Pz)

y= ig Q (L
& Q@ (p2)
which have been shown to be real by Longuire and Messial  16).

Substituting x and y in Equation 15 we ohtains -

¢ _(p)
;?[Qz((;z)\z =¥ (p) + £ (p) 2+ b (p) ¥°
ey (po|?
+2g () xy+2i(p)y+ 26 (p) x*k (p) 2.Uo a7
% o (D[

The last term is small and will be neglected in the first
instance although it will be taken into account in Chapter 1lll.
If the correction factor at some other momentum p, is C {p,) then:

P= 20 = £(p) x* + h(p) y° + 2g(p) 3y + 2ilp)y + 23(p) x +F(p) (18)
6 (2)) £ (p) 2 +h(p,)  ¥° ¢ 28 (p,) w + Zlp,)y +2(p,)ueP(p,)

Therefores

[26)=pf )] «[nG)-pn 5] 52 19)

# sesoeensee = 0
t'xztzg'v*h'yz*m'x*m'y*r' = 0 (20)
This is the equation of a conie, and the intersection of two or
more such conies gives the values of x and y that fib the experimental
results, Then gy/g, can be caleulated if either of the ratio of the matrix
elements that occur in Equation 16 are lmown.

i.e.

(12)



In practice, the experimental Fermi~plot is corrected to an arbite-
rary straight line of slope m (say)s The equation of this line ist

L;r’ﬂi " S

ie@e N
¢ (p) = . g V- W2

Therefore, ‘3 = C(p)/c(p,) is independent of the slope of the
straight line,

It remains to define the symbols that occur in Equation 15. The
usual system of relativistic unite will be used, 1.e., the unit of mase

is thecloctron mass m, the unit of length is ¥ /me, the unit of time ie

£ /ne®, the unit of energy is me® and the unit of momentun is me.

The functions of F(p), £(p), ete., can be written in terms of the

neutrino momentum q as:

4 o 2 .
F (p)wBé L * 3 N g R EURE AR R
2 2
£ (p) =4)5Loq”-l§n°q’,+§uaq 2 LU TRE R

n (p) = % Loa: + 3L,

s @) = L, ﬁiﬂoqz-l.qu%
k (p) =3% Loql' + qu2 * To5L,

i (p) rﬁ Lof-%uoqz_;lq-%

(13)



¢ (p)=%nlq2-11~ioq2+31.2-33£1
3

The functions of L, M, and N, are infinite serlies in terms of
the effective nuclear radius R. The first three terms of the series were
found suffiecient in each case:

znnlgn] )(["Ln *-an*an #.....]

(2, #)
°Ln==n+1*&
- 2n + 2
ang g:]—.-[(gn’lz % + 211¢3+ ]ogn
2, =
ta (zsn*l)%(n+1)[n+ E““I{““ S
R . *+ 2+ . & 2
"’2{2 (o +1+8,) ! (Lgﬁuu P IH(‘LZR)
InBF 2'"1*_ P‘]z x["zuno-‘lun Mnou...u]
Fol(Z*2) |

o 2
%, = 22:»'103,,) ( ..%J)
- —tn ~ (&Q;i&g}z L
lt'in "{ as, +l 52 28,41 ) (n+l+8y) . Ez

o EEe) S [ 1 s ] 2
.+ 102 5 (5 +1) y

n(4s +3) (k2)* |[_okz ) 2
* [1 + tan-l; in+1+sn) ]((ZSn+l))

(14)




OGS e
oy =4 (znz)
°'n-8°i:2§°m2"

i “[(&z)z (48, + 3) + [(a.z)z(aa,, ¢ 3) - (58, + 58,7 #lyp2]6*©
" (8, + 1) (28, + 1)°

In these formulae 8, is defined by:

8, = [(n +1)% - (,Lz)z] i
is given by:

o'lll b"!

F = }| 82t ) 2 2 (3.-5.-n) ]r(snﬁtf[f‘(lozso)] .
3“: | [@;ﬁl] (o) 070 l’ﬁ“o’“m(”’%)] .
t is defined bys

- ¥
t.o(zp

The eleetron and neutrino momentum p, q ave related to the electen
energy W and the end-point energy W, by:

Vzﬂ;;ze-l

q allo-w

The author is greatly indebted to Mr. Js M. Pearson (17) whe
wvorked out some of the higher terms in the expansions of L, ¥ and N.

(15)



Symbols like Qn (P;) represent nuclear matrix elements that ave
second-rank tensors of the form:

Qz(‘) = ’éfut‘ [a‘- x i= 1/3 811 (a « t)]ulﬁ'
Where the xj are the components of the position veector p.

Similarly Qg ((3“_:) represents a third-rank temsor of the form:

These expressions are to be summed over the indices i, j, k.

(16)



In order to plek a suitable forbidden decay for investigation it
is necessary to consider whether the ratios of matrix elements in Bquation
6 can be ecaleulated, Such caleulations can only be earried out with the
ald of some nuclear model. The shell model allows some particularly simple
calculations but should be used only when it may be reasonably reliable.
It seems that the assignment of the sghell for an even mass mucleus is more
10fteult then for an odd mass mucleus sheve there is Just ene musdecn
~ outside the core so that investigations are usually restricted to odd mass
muclei. In this case first-forbidden transitions can supply no information
sinece they all show the allowed shape spectrum. The suitable cases are
epparently confined to the second-forbidden transitions of Fe’?, T¢?? and
0637, and the third-forbidden transition of b7, The work deseribed
below is an investigation of the spectrum of Cs™>',

The decay scheme of Cs™>7 is shown in Figure l. According to the
single particle shell model, the transition to the ground state of the
nucleon is gi/;My/y (n0) so that it is second-forbidden for both sealar
end tensor interactions. The calculated ratio of the matrix elements in-

volved in x 48 (10) :
“n (%g’t r)= i (21)
“2lpz

"'-:-3 - (22)

so that:

The ratio of matrix elements involved in y cannot be readily
calculated but fortunately it is not needed.
(17)



eet37 7/2 even
55

051 MeV* mc~

° 157
56

0,661 MeV

ia/z even

Fig. 1.
Decay Seheme of 05137.

Because of the transitlon to the excited stabte, only the highe
energy portion of the second-forbidden spectrum can be determined,

The experimental results used were those of Langer and Moffat (18)
vho kindly made their original date available (19). From this data the
Fermi-plots shown in Figure 2, were drawn with the help of the tables of
the Fermi-function P, (Z,W) issued by the National Bureau of Standards
(20). The three curves represent three separate sets of cxperimental
results obtained with different source-strengths and spectromatic transe
missions, Sereenings corrections were found to be smaller than the exper-
imental error and were therefore neglected. The spectrum was corrected to
the straight line shown; the correction factors being evaluated at the
four momentum values P = 2.2, 264, 26 and 2.8, The reference momentum
Fo was taken to be 2.4 since this seemed on the most reliable portion of
the curves. Thoulnoet()mulcuhhdtormhmandﬂumv
value taken.

(18)



It vas rather difficult to estimate the probably errore of the (2
values obtained in this way. However, imspection revealed that the curves
could be drawn to fit the experimentel points with an uncertainty of about
248, This implies an uncertainty of 5% in C(p) end an uncertainty of 10% in
e. Itmwmmmﬂhmmmcﬂe s ineluding the
mean valus end values differing from it by 27%.

These results are given in Table 1, at the end of this chapter.

A preliminary calculation was carried out using the values of L, M
and N listed in the tables of Rose et al (21) where they are given to enly
four figures. With the accuracy obtainsble in this way it was found that
the centres of the conics could not be precisely determined and the erit-
erion for reality of the conics (deseribed below) could not be applied
because of the large amount of cancellation that occurred. It was conclu-
ded that L, M and N should be known to an accuracy of at least five figures
80 that it was nscessary to caleulate tham from the formulae found in Chapter
11.

This procedure also made it possible to take account of different
possible values of effective nuclear radius and the end-point energy.

The effective nuclear radius :B.hﬁ_onlnaofratvhlohﬂu
radial electron wave-functions are evaluated. Since the electron can be
provahominthmlmI.MMmmblyhmwnhh
smaller than the total mislesr radius Rov R, vas taken to be $ <A™ vhere
A is the atomie number; this walue is a little larger than that which is
currently used in most work. The calculation was carried through for Re/ R,

= 0s5, 046, 0.7, 0.8, 0,9 and 1.0, but conics were drawn only for ratios
of 0u5, 0.8 and 1.0,
(29)



The end-point energy is given by Langer and Moffat (18) as W =
329 m¢2; presunably the estimated error is 0.005 me?, Therefore throe
values of W, were used in the caleulation, dete,

w;' = 3,285 uz, w°° = 3.290 ”2, U; = 3.295 u2
The value of the fine structure constant used in the ealculations
wag that recently given by Cohen ot al (22)

o = 7.29729% 0,00003 x 10 3

Although the caleulation and the construction of the conics were
found to be quite straightforward in genersl, there are seversl important
considerations which are perhaps not quite obvious. Those are dealt with
in the following sections.

Calculation of the Gomplex Gauma Functione

The functions [ (8, + it) were calculated from the National
Bureau of Standards tables (23) with the ald of tables of Lagrangian inter-
polation coefficient (24).

The tables list the values U, V of the real and imaginary parts
of the logarithn of the gamsa function, which makes it easy bo ealoulate he
nodulus.

Lece
let  [“(s, +1t) = me?
men: | s, + 16)° = 3?
bub:

log ["(snon)axog R+ 10 = U+ iy
Therefore: U = log R

(20)



Theref:
AR D 2y = log (R)® sloglr(sno'lt)lz

Therefore:
[ (s, + 18)| ® = antidog 2v
It vas found that 5 point interpolation was sufficient to caloulate
log [ (2) to seven decimel places so long as |[2| ¥ 3. Therefore for
(2] ~\ i.ee, n =0, it was necessary to caleulate log [*(z+2) and for
(2| ~2 ieee, n =1, it was necessary to caleulate log [I*(z+1).
In the first case we have:

rz) = L[{3:2)

% (2+1)

|M@)]? = Lr_xw.lr;.
| 2(2#1)

and since 2 = S, + 1%

(PR = (@2 402 + 2+ ( 10 23)] " [raa) ®
Similarly we obtain:

[P P a[ala + t2] Pl "

The gauma functions of real argument were easily caleoulated by 5-
point interpolation from the tables of Davies (25).

jeca

It was shown in Chapter 11 that the Equation of the conies is:

1'120 n'xyéh'yzom'x'oaﬁ'yor' = 0

It is not sufficient simply to plot these curves, since it is
very important to know whether the conie is real, whiech class it belongs
to and what the co-ordinates of ite centre are.

(21)



These properties are detormined by the following "auxiliary co-
efficients

8 = 8'2 w f'h'

€ =n's' -x'g

» = g6 - i

D =ce -y 7§
A =n'r -n ®
3 =¢'? 0"

The nature of the conic is then determined as follows (26)

Glags 1 | e Pambolic Gurwes .= 0

0 #0 2 parabols

80 =9 (1) A + BYO equation inconsistens
(1) 4 +B=0 straight line
()i+n¢o0 two parallel lines

Class 11 The Elliptical Gurves . $ <0

QO = 0 a point ellipse

a/¢' - n)eo equation inconsistent

ﬂ/@'oh')?o 2 proper ollipse

glass 111 The fiyperbollo Gurves 6 >0

4 =0 intersecting line pailr

Q@ #0 a hyperbela

The co-ordinates of the centre are given by:
x=€/§, ¥ =9/§

(22)
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sos b1, | (po)| vr o s ol
" |ag (p2) |2 (p2)

Matemiaimmntdxwyuﬁtuwehkettmu

account we merely find that:

' bocomes ¥ + k'

A_bomA«vx’s(e.b) and § are unaltered so that the centre
remains unchenged). ,

In the case of an ellipse the effact is to decrease A so that the
ellipse shrinks towards a point at its centre. In the case of a hyperbela
the effect is to inerease [) so that when A is positive as is usually the
case, the curve shrinks away from its asymptotes. In both cases the effect
is to widen the bands but always towards the interior of the curves drawm

iece

for K = 0,

The preliminary ealoulation indicated that £, g, etc., must be
known to at least five figures since othervise the terms in ) all cancel
out, This requires that L, M, N and the g's be known to at least five
figures.

L, M and ¥ can only just be calculated to five figures because the
fine structure constant is kmoumn to only five figures and this is therefore
the maximun aceuresy obtainable in ealoulating Serms 1ike B ($n~So72) .,

(23)



that occur in F,/F, (see Chapter 11). Therefore it was legitimate to teke
only the first three terms in the expansions of L, M and ¥ since it was
found that the fourth temm only affects the sixth figure.

q can be calculated to sufficient accuracy only if we aske W, =
34290000 and then vary ite value frem Wy ~ = 3.285000 to W, + = 3.295000,

Ihe Effect of Finite Nuclear S5ige.
The wave-function of the electron near the nmucleus is albered if

one takes account of the fact that the electron is not actually moving in
the fileld of a point charge but in the field of a finite charge distribu-
tion.

A correction to the values of L, M and N which takes account of
this fact has been introdused by Rose (27)s Of course, such a correction
can be only approximate since the exact charge distribution in the nucleus
is not known.

For Z = 56 the corrections are quite small, never greater than a
fow percent, but even such smell changes might be very important when L,
M and ¥ have to be caloulated to five figures.

In this calculation these corrections were not made. There were
two reasons for this. TFirstly, becsuse of the approximations involved in
caleulating the correction thore would still be a large uncertainty in the
corrected values, so that it 1s questionable whether the very considerabls
extre labour involved would be worth vhile. Secondly, it is felt that these
corrections would be largely covered by the variation in effoctive nuclear
radius that was allowed for in the calculation., This is because a change

(24)



in the value of r at which the electron wave-function is computed has much
the same effect as a change in the wave-function itself. Moreover, the vari-
ation in L, M and N that is caused by the change in effective muclear radius is
far greater than that caused by the effect of finite nuelear size. The mag-
nitude of both effects is greatest for M, followed by N and L.

Desulte,
The mumerical values of L, M and ¥ are given in Table 2 at the

end of this chapter, Table 3 gives the values of F, £, h, g, k, i and G,
and Table 4 gives the values of the auwxilisry coefficients §, € ,7) and
4.

The results in Tables 2 and 3 are given to six figures but the
last figure is not relisble as explained above. The auxiliary coeffleients
are worked out to as many figures as possible assuming five figure accuracy
in P, £, otc., The effects of heavy cancellation especially in 8 are obvious.

The conics drawvn from these results are shown in Figures 3, 4 and 5.
Generally they are bands due to the uncertainty in end-point energy and ex-
perinental correction factors. There are, of course, three sets of bands
corresponding to p = 2.2, 2.6, and 2.8. However, the bande ave generally
g0 narrow and the overlapping so complete that it is not possible to rep-
roduce then separately in black and white., Comsequently it is just the
envelope of all the bands that is shown except in tho case of R/R, = 1.0
where the band for p = 2.2 can be distinguished from the other two.

The manuseript containing the details of the entire calculation
end the original conies remain in the handa of Dr. M, A. Preston at
MeMaster University.
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Discussion of the Resulbs,

Reference to Table 4 will show that in some cases the curves are
real only for ane value of the experimental correction factors used. This
means that the band thickness used corresponds only to the variation in
end~point energy. Before becoming imaginary the curves shrink to a point
whose position can be roughly estimated from the variation of the awdlliary
coefficients. This point is always in the interior of the curves drawn, so
thntﬁuoﬂntofhkhsmmtofﬁoanﬂnmafpwﬁuibhe
values would be merely to widen the bands towards the interior.

In some cases the curves are hyperbolae but sinse x = gy/gg W08t
certainly be less than 2, the branches in the positive quedrant can always

be neglected. Some considerations pertinent to Figures 3, 4 and 5 individ-
ually are given belowt

Eigure 3. R/R, = 1.0

Some of the curves for p = 2,8 are hyperbolae. However, their
centre is approximately at x = 8 so that the positive branches msy be
neglected,

Eigure Lo R/R, = 08

All the real curves are hyperbolae. The centres are at x = 3 or 4
80 that the positive branches may be neglected.

Two of the eurves for p = 2.8, Q = 0.265 should be intersecting
line pairs sinece A= 0, but in fact they turn out to be hyperbolae when
plotteds This is not so surprising as the calculation of [\ involves 3rd
order cancellations whereas the actual plotting of the conic involves only
2nd order cancellations. It is important to note that the caleulation of
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the cowordinates of the centre involves only 2nd order cancellation and
is therefore quite reliable. The remaining curve in this band is a
parabola, but caleulation of the auxiliary coefficlents A and B showed
that it is imaginary.

Elgure 5. Rg/Ry = 0.5

Most of the curves are hyperbolae with centres at x = 1.3 to 2,
so that again the positive branches may be neglected. For p = 2.& there
are some very small ellipses around x = 0,6.

It appears that the effect of taking smaller effective muclear
radil is that the centres of the conies approach the origin while the
slope of the principal axls becomes greater. It is therefore possible
that for R/R less than 0.5 the hyperbolas in the positive quadrant
would come so close %o the origin that positive values of x of reasonable
absolute magnitude would beecome possible.

The results are consistent with those obtained by Morita et al
(10) who found that the Cs'?’ spectrun could be fitted with values of
ng‘or ~l or =2 but not with values of +1 or +2. They defined a
quantity A proportional to our y/x. The ratio of their values of A\
for x= «l and x= -2 is:

.ﬁ.{x:_-.x} = 1,32 or L34
X = w2

This is in perfect agreement with the corresponding ratio of the
two values of y/x which is 1.32 and 1.34 for the lower and upper branches

respectively of the conies for Ry/R, = 1.
As a final check & particular combination of velues of x and y
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ises, (=1, ~11.4) was teken from the conies for Ry/R, = 1 and substituted
in Equation 17. The correction facior obtained in this way gave a good
straight line when applied to the experimental Fermi plot.
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Table 1.
Values of Experimental Correection Factor.

P ci® eLPD N2asw CP)

2.2 15.33 17.43 23,9 1.687 1.700 1.631 | 1.67% 0.2

Ledy 9.088 10425 14.69

2.6 | 44802  5.454 74925 | 0.5284 0.5320 0.5395| 0.536% 0,036
2.8 2:,567 2.991  4.140 | 0.2825 0,2918 0,2818| 0.285% 0,020
Table 2.
Yelues of L, M and N,
Ry/Ryt 0.5 0.8 1.0
p=2.2
Ly 0.939945 0+930080 0.923493
Iy 04401572 04426736 0s423684
Ly 040710079 0.0748105 0.0766312
FRed
Lo 04938768 04928187 04921119
Ly 0e478741 00496617 04504756
Lo, 04100876 04106248 0.108813
= L, 0937570 04926261 0,918703
1q 04563151 0.583936 04593336
Ly 04139460 0.146846 0.150361
p=2.8
Ly 04936356 04924307 0.916251
15 0654840 0.678721 0.689447
Ly 04188352 0,198269 0.202976

(21)



p==2‘2

P=Re4

P=R46

p=R.8

g &

o & F &

S

05

518.637
521541
4,,06708

521409
62.6528

54824489

524,.163
7442597
8.11784

5264902
87.0011
11,0513

(32)

0.8

208,546
22,0894

1.75283

210.291
2646403
252122

212,026
31.6977
3.52854

213753
37.2772
4482357

1.0

136.030
14,7935
1.18449

137433
17.8363

1.70843

138 . 829
213342
2639745

140,219
25.1501
3.28598



B2

L

p=2e8

0.5

~22:0771
~4 57578
~0,537317

-22,1221
-54475%
=04 766424,

"2201“2
«0e 46557
~1.06384

2242096
~7454683
=1e44252

0e&

-13.9237

 =3.03230

(33)

~0.361983

«13.9675
363604
«04517364

=14,0103
wly s 30071
~0.719542

=14.0523
-5,02812
=0.977542

1.0

=~11.2039
«2450223
=0.3011.04

=1142469
=3.00308
«0.430902

«11.2883
‘3055”9
0600037

=11.3299
e L6171
=0.816175



Table 3.
Values of F , L&, Three values ave given ecorresponding

to end-point energies W,°, W,™ and W, . respectively.

= 2e2
Re/Ryt 0e5 0.8 1.0
7(p): 278.925 113.328 7441311
277496 112.772 73.8254
280,362 113.883 The 5388
£(p)e 298,547 126,097 8446081
296,960 1254438 844169
300,142 126,758 8540489
hi{p): Le44372 1448670 1.50587
1444099 1448400 1.50319
Le44646 148942 1.50857
(p)e =19.7334 «1340420 =10, 7666
. 1946666 =12e9994 =-10.7312
«19,8006 =~13.0860 «10,8021
k(p)s 0857114 0.897010 0.915837
0.853203 0.892971 09117
0,861053 0.901077 0.91
Hip): 18,9484 12.2320 Q094446
" 12.1944 9.91475
19,0101 12.2699 097433
G(p): ~288,021 1184965 «78.6314
«2864517 «118.361 T8 2377
«289e534, «119.573 «~79,0272
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fple

hip)s

glp)e

k(p)e

Hip)s

Glp)s

Ce5

262.793
2614071
2634923

279514
278242

280.795 !

1.5852
1.58305
1.58737

~2042895
«20,2360
~2043434

0,991592
0.968097
0,995115

19.5678
19.5399
19,6360

"270.3” :

«271.530

(35)

048

108,307
107.872
108,745

119.220
118,687
119,756

1.63715
1.63503
1.63930
«l3ed5T75

135229

1.04031
3

12.7618
12.7327
12.7911

«112,897
=113.381

166045

1.65834
1.66256

=11.1626

~11.1338
=11.1915

1.06337
1.06707

1044257
1044028
10644587

=7540630
~ P4 1492
«75.3790



p=2é
¥(pls
(p)s
h(p)s
glp):
k(p)s
H(p)s

alp)s

0s5
201,058
2014853

RThe 4T
2734493
2754409

1.7689%
1.76737
L.77052

-2145689
-21e5288
-214609,

1.19120
1.18830
1.19414
20,9848
2049508
21,0192
-266.752

~267+637

(36)

0.8
109.253
109,563
117.991
117.585
118,400
1.83034
1.83190
~14e3923
~1444192
1.25286
1.24835
1.25490
13.7875
137643
13,8080
"1120 m

=112e225
=112.936

1.0
TR TT2L
7245790
7269674

7929046
3041315

1485790
1.85636
1485945

~11,9318
=11..9097
=11.9541

1.“!3
Le277
1.28365

11.3176
11.3335
« 752712

~7560399
~75¢5047



| glp)s
kip)s
nip)s

Ga(p)s

0.5
2744645
2744171
275127
283.903
2844545
1.99584
1.99684
"23.5929
-2 .61’9
147867
1.47659
1.48078
231740
2341541
231943

2784041

(37)

0.8
116,674
116.850

122,928

206708
2,06611
2.06807

«15.T7LL
«L547532
~15.7898

L
1.55763
1543375
1543262
153439
=118.365

~118.591

1.0
784158
7852
Ea0isy
8364457
2009899
209997
«1340045
-13.1001
1.59182

1459963
1439404

s

1246523
=79+ 5083
*79;6573



to end-point energles of W%, Wy= and W+ respectively.

Zable 4o
Values of the suxiliary coefficients. Three values are given corresponding

E = o2
R/, = 0.5

(G
)
e
)
1]

L.55
+ Qo"" 00.84, +0.66

+* o'%' ’1.07’ ’0087
- 208, "'209. =2e7

0, -1'0
Real

.‘/no = 0.8

D \SMer v

Le55
"‘00153 ,+0 3189,*00112
+00483,+404522,+0.441
“Ze 52"'20 55:‘2.50

.002, “0.3’ ‘002
Real

= 1.0

155

‘00027"'00%2,”0.055
+0.347,40,373,+04320
"2-%"20 29,"20%

-001’ ’601’ .001
Real

1.67
-2.27, '2.09’ "'2-‘0

“1.%’ “1.78’ ’2.m
"'300’ -3.0, -3.0

+2, +2, +1

1.67
w1 145,=1.086,«1,215
«0,680,=0,618,=0.750
"3016"3021,"3 015

’1.3’ ’102’ 01.4
Imaginary

1.67
"00928"’00884"'0'%9
*004%.-0.361'-00“8
"2 » 94.‘2 !97"2!92

01.0, +1,0, +1,1
Inaginary

(38)

1.79
w6418, =5.96, ~6u4l

«575y =5453, =5.98
=340, =3.1, «3.0

+9, +8, +6
Inaginary

1.79
‘2082.‘2.74"'2093
wRe?d y#2012,+2431
"3078.-3 t85""3 072

€3, +3, *4
Inaginary

1.79
-2 NO,-E.OJ.B,-Z.IAB
‘1.392.’1 0328,'1 O‘ﬁ
=3462,=3466,=3459

+2.7, *2.6. +2.9
Inaginary


http:2.21,-2.12,-2.31
http:2.82,-2.74,-2.93
http:2.94,-2.97,-2.92
http:2.28,-2.29,-2.28
http:3.16,-3.21,-3.15

‘0099"0091 ,‘1 005
‘0063 "’Oo 55,"0.70
.400.%.0,‘309

® % 9
point

04500

=04 572,=04540,=045%
«04144=04135,=04170
“3 010 "“'2 093 "‘3 o0‘7

‘005' “‘00‘, "004
Imagime ry

Re/Ry = 1,0

C
)
e
7
0

0.500
“0u4T1,=04450,=0.491
-00017’”0%”0.038
*2069,"2071"’2.&

“Oolyy =03, =04
Imaginary

(39)

0.536
0421 ,0.16, ~0.27
#0,11,+0.16,+0,04
"'3 07"3 08"'3.6 ‘

*1, *2, +1
real

0.536
=04232,=0,207 =0.254
+0,151,40,156,40,128
- 083 ’.2 068"2.&

‘001’ -o. 2' *O.z

0.536

=0,238,20+221 ,+0.253
+0,170,40.187,+0,153
.2 %.-20‘5"2.“

.0'1’ ‘0.1 ’ -001
Imaginary

04572

#00494,4+04532, 04450
+0.777,+0.619,+0.729
"3-‘;“3 0""3 o3

0, O
real

4-1,

0.572
+0,073,+0,092,+0.056
00.412,00.1.12,00.394
‘2-“,"2:‘1"205‘

0, +0.1, +0.2
Real

0.572
«=06028,=0,015,«0.040
404334400348 ,+0.321
-2.21,»2.3,-2.20

+0.1, +0,1, +0.1
Real


http:2.46,-2.45,-2.44
http:221,-0.25
http:2.93,-3.07
http:07.3,+0.092,+0.05

93208

Re/Ro = 045
H 00265

e
s #1.17,+1.28,+1.09
€ #2433,42443,42.2%
d,
i

«13e6y=1346,=1304
*,, ¥6, +2
Resl

Ry/Ry = 0.8

(’ H 00%5
g #0.06,+0.10, 0
’1038,4'1041,’1.32
) e9.8,29.8,~9.8
A & 9 @
Real m.
Mﬂ = 1.0
. 8 - v NP
00023 “0019 "00
d naanateias
N ~Buh2y=B037,~2040
A o, #u, n
Real

0.285
+1 ¢83""1 094"?1 o%
+2493,43,04,42.87
‘1300,‘1300"13 00

6, 6, +3
Reel

0.285

"'003‘."0.33,’0031
+1 060,*1 064".‘1 s ”
e T e

0 0 Y
Real

0.285
OO.M,OO.WZ,OOoQ"’
+1 om'il .331,01.%1
i .m,-B 009,"8 «09

00;-9, +*1 .0, +l.1
Real

(40)

0.305
2 50,4‘2' %,“2 -41
+3456,43.63,43.45
“1205,'12-7..12 04

*5, +7, +7
Real

0305

4006‘,"0066,*0.58
#1.85,+1.88,+1.80
“9 . 05 ""9!13 "‘9 015

+2, +1, +3
Real

04303
+0.167,+0,193,40.147
#1.0445,41 472,41 4424
‘7079.‘7-80"7078


http:05,-9.13,-9.15
http:0,+1.64,+1.57
http:1.41,+1.32
http:0.06,+0.10

Lopelusions.

It is quite impossible to draw any conclusions about the absolute
magnitude of gy/gy since there is complete overlapping of the conies. It
is clear that such overlapping would occur no matter how accurately the
experinental spectrus was determined, since in some sases the band thicke
ness corresponds only to the uneertainty in ené-potnt energy. As explained
above, the effect of taking account of the extra matrix element and of the
entire range of permissible P values would be to widen the bands towards
the interior, '

It wvas explained in Chapter 111 that two assumptions are necessary
before any conclusions ean be drawn from this work: Firstly, that the
effect of the finite nuclear size is allowed for by taking different eff-
ective nuclear radii end secondly, that the effective radius should not
be smaller then half the total radiuvs.

On this basis, the snalysis enables ane to draw a definite con-
clusion about the sign of gy/gg. Since the absolute value of x cannot be
greater than two, the conies for all three radii show that x must be neg~
ative., Therefore gy/g, is negative. '

(41)
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