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CHAPTER I
INTHRODUCTION

1.1 Furpose and Beckground
The original purpose of this study was to investi-

gate the application of Hegression Analysis to coincidence
surfaces in order to obtain gaums-ray intensities. Br82 wase
chosen as a test case vecause, first of all, it wss easily
obtained without the use of various complicated chemical pro-
cedures; secondly, because it had a long half life which
avoided the necessity to work quickly and thereby making it
possible to ignore lifetime corrections in the data; and
thirdly, because the decay scheme had apparently been well
investigated.

Gamma-ray energles and lcvel-energy values for Br82
as summarized by the Nuclear Data Group (1) are shown in
Figure 1. A preliminary check on the decay scheme showed
what would appear Lo be an unreported gawna ray at about
1650 keV. It was decided to undertake a more thorough
investigation regerding this and the study resulted in a
revised decay scheme for Brsz. It was felt that the methods
used and the results octained in this investigation were of

sufficient importance to warrant inclusion in the present

work.

s
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1.2 Sample Preparation

The Er82 was produced by neutron irradistion of
natural bromine (49% Br’? and 51% Bral) in the form of
NH Br in the icMaster Nuclear Heactor, Samples weighing
about 75 milligrams were placed in small poly-bags
(1/4 inch square) and were irradiated for times of the
order of 30 minutes, These were then allowed to decay
for three days to ensure the complete decay of the

4o 5«hour isomer in Bro0 pefore any observations were mede,

Br 79 + n

prél - a — . pp82 . 82



2.1

CHAPTER 11
EXPLAIMENTAL TECHNIQUES

Single-Crystel Spectrouetry .
Sodium iodide, activeted with thallium, is in

general, the mo:t useful inorganic scintillator because
of its high flourescent efficiency, transparency to its
own radiation, reasonably short luminescent decay time
(0.25 psec ) and high sensitivity to gamma rays. (High
Z=53 for I increases probability of photoelectric process
with respect to Compton scattering.) Such a crystal,
optically coupled to a photomultiplier tube (multiplice-
tion value zbout 106) provides an electron current whose

total charge is proportiocnal to the initial light inten-

~sity. The current pulses give rise to voltage pulses

across the anode load. These pass through a linear ampl-
ifier and the smplified pulses are then fed to a multi-
channel anslyzer to complete the system,

when the scintillation spectrometer is used to
detect gamma rays, the energy of the gamma radiation is
transferred to the electrons in the erystal by a cowbina-
tion of photoelectric, Compton scattering, and pair-

producing events, the probabilities of each being energy

dependent.



Photoelectric conversion occurs when a gemma ray
transfers all its energy to & bound electron. The kinetic
energy of the electronis then the energy of the gamma ray
less the binding energy of the electron., Immediztely an
X-ray is produced as a lecs tightly bound electron drops
into the vacancy. The x-rsy then intgracts with another
bound eleciron, ejecting it, permitting enother, lower energy
x-ray to e produced and so on, the result being the produce
tion»af a series of free electrons of decreasing energy
whose energies sum to the incident energy.

In Compton scattering, the gemma rsy is deflected by
a free electron and the energy lost is transferred to the
electron, the amount depending on the angle of scattering and

being ecual to

= K 1= 1
- K{ E+a{I-em@J

where o=Ey/m,c? and ©=engle of scattering. If the deflected

o o o (2.1)

gemma ray undergoes secondary interactions within the crystsl,
then the crystal electron energies can total Ey. but if the
gamma ray escapes without further interaction, then the energy
deposited to the free electrons in the crystal will lie within
the range 0 for 9=0° to a weximum of ZaEy/(l+2x) for 9=180°
where the msximum energy is usually the most probable case.
Any scattered gsmme rays thet enter the counter after reflec-
tion from surrounding surfaces will, for the most part, have

been deflected through an angle greater than 90%hence the
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scattered gamme rays will have energies all clustered about
0e2 « 0.5 keV for gamma rays of the order of 1 - 2 MeV., If
these scattered gamma rays sre then completely detectec, they
will produce electrons in this energy range.

When the gamma-ray energy exceeds Zmoez, the gamma
ray can, in the field of & nucleus, spontaneocusly convert to
an electron-positron pair with ccnal‘kinetic energy equal to
the excess of gamma energy over zmaeg. The positron is slowed
down by inelastic collisions with electrons and comes to rest
where it combines with an electron, giving rise to two 511l-keV
annihilation gauma rays travelling in opposite directions.
These in turn may or may not interact within the crystal.

Free electron energies possible within the Nal crystal as a
result can be Ey for total interaction, Exumeaz‘or Eg-Qmocz
for interaction with one or neither of the annihilation gamma
rays, or with much smaller probability, any intermediate value.

A8 a result of these three types of reactions, for
each gamma ray entering the Nal crystal, there are a large
number of energized free electrons produced. The total energy
of these will lie within the total energy range O to Ey but
with the energies mentioned above being more probasble. The
kinetic energy of these charged particles elevates loosely
bound valence electrons to the conduction band., Some of these
return to the ground state immedistely by visible photon emis-
sion and others de-excite by radiationless transitions or
conversion to hest.

About 10% of the light produced for each gamma ray
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effectively produces photoelectrons at the photocathode of
the photomultiplier tube,., The number of photoelectrons forms
a Foisson distribution whose mean value is proportional to
the energy of the incident gamua ray deposited within the
crystal. Thus the pulse heights recorded by the multi-
channel analyzer for the favoured energies will not be unique
but will exhibit s spread or distribution. For exaumple, the
photopesk response of the c¢rystal to a monoenergetic gamme
ray will be blurred out into a Gaussian shape rather than a
delta function. PFigure 2 shows the spectrometer response to
several monoenergetic gemma rays for a 3x3-inch NaI(Tl)
crystal. The appropriste spectra show clearly the photopesak

at By, pair-spectrum peaks at Ex'umacz and EK'~2moez, the

Copton edge and continuum as well as the backscatter peak.

Summing Effects

(a) Coincidence and Hendom Summing

Another contribution to the scintillator response is
coincidence and random sumuing. When the time interval
between two or more gamma rays entering the scintillation
cryetalbis less than the effective resolving time of the
system, the unresolved events appear as a single event. The
pulse height associated with this sum event is & function
of the pulse heights associated with each memver of the sum

and the time interval between them (2).

It is convenient to distinguish between coincidence
and randowm summing which occurs for correlated and uncorrel-

ated events respectively. In coincidence summing, the average
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9
time interval between the correlated gemma reys is usually
much less than the resolving time of the system. In this
case the pulse height of a coincidence sum event is always
simply the sum of the pulse heights associsted with the
members of the correlated event. In random summing the pulse
height of the sum event depends on the time interval between
the gemma reys and can take on all values between the pulse
height for the first geawwa event right up to the sum of all
pulse heights for all the events involved.

If the single spectrum consists of the set of gamma

rays (¥3), and if we let No = source strength

e = detection efficiency

N = subtended solid angle

f = fraction of decays

W = angular correlstion function,
T = electronic resolving time

then the single crystal counting rate is given by

ﬁa - N@%ainifi, e o @ {2¢2)
the coincidence-summing rate is given by
N@@ = Hog ainifiejﬂjfjwij, o 0+ » (2‘3)
and the randome-summing rate is given by
Npg = 2tm§§§ eiﬂifiajﬂgfj s o o (244)
|
= Ztﬂg .

Thus since flj = {lj when the two crystals have the seme geometry,
the contribution from coincidence and random summing may be
reduced relative to the single-crystal rate by reducing the
solid angle end source strength respectively. However, this

is not alwasys practical 'if statistically significant results
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10
are desired,

Instead, an experimental measurement of the sum
contribution is readily obtainable., The system employed in
~ this work ie shown in Figure 3. (DD2 is a double delay line
linear amplifier; S. C. is a slow coincidence circuit; and
MCA is an multichannel pulse~height analyzer.) If the re-
solving time of the slow coincidence circuit is made egual
to or grester than the clipping time® of the amplifier, then
the routed spectrum consists of both the coincidence-sum
and randouw-sum contributions.

Consider the gemma rays X, Y, and Z. If they are
correlated as in Figure 4, then coincidence summing 18 pos-
sible for each decaying nucleus end random summing is possible
between cecaying nuclei, If they sre not correlated, only

random summing is possible, The discussion to follow includes

all cases.

A R T s e L
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[wo-Step Cascade Three-Step Cascade

Figure 4

First, with two gemma rays only, X and Y, the system

works as follows: If X goes in one crystal and I goes into

& The elipping time ie the time constant of the amplifier
output pulses,
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12
the other and are within coincidence timing resolution,
then the sum pulse XY is routed into the MCA. If X and Y
both enter the same crystsl then the sum pulse XY is not
routed but enters the normsl MCA channels. As well,
detectors A and B act as single erystals end their single
spectra enter the HMCA in the reguiar channel group. Thus,
in the regular snelyzer channels will be the sum spectrum
plus the sum of two single spectra, vig:

(XY) + (XY )+ Xye Kp+ Yy Yp = 2 (KY) « 2K + Y ...(2.5)
eince there is no way to distinguish between detector A and
detector B because they have the same géin and resolution.
The routed spectrum will occur only when X and Y go in opposite
directions. Thus it cén consist only of:

L¥p + XY, = 2(XY) eee(2.6)
By subtracting the routed spectrum from the regular spec-
trum, {(channel by channel subtraction is permitted since no
gain shift betweén the two spectra is possible) the resultant
is Jjust the sum of two single spectra, viz:

2KY + 2K + 2X 9[%(XX)J = 25 + 2Y = 2(X+Y) eee(2.7)
Secondly, with three gemma rays, X, Y, end Z, the two-crystal
system produces the following resulus:

The normal MCA channels will contain
(KYZ) oo (XYZ)g+ (XY ) ge(82) p¢ (VL) (RE)g+ (RZ)gs (YZ)g
+Xp+Y 4L+ Xp+Tpely =
2(XYL)+2(XY)+2(XZ)+2(YZ)+2X+2Y+22 eee(2.8)
The routed MCA channels will contain
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+Y&(XK)%+YB(KZ)A+ZA(XY)E+LE(AY)& =
2(XY) + 2(XZ) + 2(YZ) + 6(XY%) sesl2.9)
The resultant spectrum on subtraction of the summing effect
will then be
2K 4+ 2Y + 22 - L{KYZ) = 2(X+Y+i) - L(XYZ) e0+(2.10)
which is just the sum of two single spectra agsin but now
over=corrected for the triple-sum pulse., Since the probsbil-
ity of the tripl@ sum is smell comp&reé'te the double sum,
it is felt that the over-correction by the subtraction of the
routed spectrum from the combined spectrum to yield the
single spectrum is negligible,

(b) Bremsstrahlung

A final contribution to the single spectrum is the
detection of beta particles -- either directly or as
Bremsstrahlung radiation. The electrons themselves are
readily stopped by using en absorber in front of the Nal
crystel, But in the process, the de-accelerating electrons
emit Bremsstrahlung radiation. To keep this at a minimum,
a one centimeter thick polyethylene disc was used as the
ebsorber, The effective Z of polyethyleneis low and this
improves the ratio of radistionless energy dissipation
to bBremsstrahlung radiation.

Pair Spectroumetry

(a) The Spectroumeter

The three-crystal pair spectrometer system used
is shown in Figure 5. (F.C. is a fast coineidence circuit

with a resolving time of 27= 60 nsec.) Only the central
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15
erystal ¢ (1" x l-1/2"d) is exposed to gamma rays from the
source. If the energy of the incident gammes ray exceeds that
required to produce an electron-positron pair (1.022 MeV)
then the remainder is carried off as kinetic energy of the
two particles. The scintillator and photomultiplier convert
this energy to & signal which can be amplified and recorded
in the multichannel anslyszer.

when the positron comes to rest, it combines with
an electron and the resulting annihilation process produces
two 51l-keV gamma rays moving in opposite directions., The
small dimensions of the central crystal enhance the possibil-
ity that neither of these annihilation gamms rays will inter-
act with the crystal but will escape and be detected by the
3x3-inch side c¢rystals A end B. By recuiring that & triple
coincidence among the three crystals is necessary before
the centre crystal pulse is analyzed, most spurious and other
undesiraeble pulses in the centre crystal can be eliﬁinated.
The energy of the gemma ray is then just 1.022 MeV plus that
entering the multichannel analyzer.

A further refinement is the use of pulse-height
selectors ensuring that the energy of the accepted gamme rays
in the sice crystals is indeed 511 keV, Without this improve-
ment there is another interaction which will trigger all
three detectors giving erroneous results, This is when one
or both 51ll-keV aumnihilation gemma rays undergo Cowpton
scattering within the central crystal and are detected by

the side erystals as well, triggering the coincidence
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¢ircuitry. The signal sent by the centre crystal will then
be increased by the amount of energy transmitted to the
electrons by the scatltering, By setting the side crystal
pulse-height selectors s0 that they will accept only energies
of about 511 keV, the forwsrd scattered gamma rays, of lower
energy, will necessarily be rejected.

Figure 6 shows this. In Figure 6 (&), the 2,76 MeV
pair spectrum for Nazh using no pulse height selector on
the side crystals has its high-energy edge distorted due to
the energy added by the Compton scattered electrons to the
original energy supplied by the electron-positron pair. In
Figure 6(b), when narrow windows about 511 keV are used to
screen out the forward scattered gaume rays, the analyzer
was not allowed Lo see the incorrect higher energy pulses,
thus removing the distortion in the spectrum.

{b) BEfficiency anc Kesolution

The relative efficiency of the pair spectrometer
as a function of energy is assumed to follow the pair cross-
section curve (3). For Nal, the pair-production linear
attenuation coefficient K cm’l can be found knowing the saume

coefficient for lead Kpb(&).

Kyg® &P%P“, 207.2
y Na

o2
aN

]

( esafBiL)

. I

7

and K = Kr|1+NVya [%ng? o s {82 10)
NI 121
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18
where P is the density (11.35 g/amB for Pb), 4 is the atomie
weight (207.2 for Pb), Z is the astomic number (82 for Pb),
and N is the number of atams/am3 of en element in the
absorber. The pair cross-section is then given by

SpplNel) zﬁ%ﬂ = 0.08L Kpp cm</g . vee(2.13)

Figure 7 is a plot of the pair-production linesr attenuation
coefficient Kp, as & function of energy (5).

In the pair spectrometer, the energy analyzed in
the crystal is reduced by 1.022 MeV hence the resolution of
the specpramstar will be characterized by that for a gamma
ray of energy Ey -1.022 MeV rather than of energy £y . The
absolute width of & spectral line obtained {rom a scintillation
erystel increasses as the energy deposited in the crystal
increases. As a result, for the same crystal, the uncertainty
in the value oi energy Ey -1.022 will be less than thst for
energy Ky . Then the actusl energy value obtained from the
pair spectrometer by adding 1.022 MeV will Le more reliable
thaen if ic¢ had been obtained cdirectly.

Specifically, photopeak resolution (width at one=
half maximum) for a single crystal spectrum is AEg/Ey .
Using the three-crystal psir spectrometer system the effeém
tive resolution vecomes AEP/ (Byx=1.022). Avove abouliwo

eV AL ~ABg and hence the pair spectrometer has improved

p
the resolution by a factor of approximately

AE AEs EX o
E?ﬁivﬁﬁz Ey By-1.022

For a two MeV gamma ray this represents a doubling of the

eee(2.14)

resolution.
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Iwo-Dimensional Coincidence Spectrometiry

One-dimensional pulse-height analyzers for use in
time correlation studies have been of great aseistance in
constructing decay schemes of radioisotopes. Such an
instrument is show in Figure 8, Ideally, only the gamua
rays in coincidence with the gsmma ray of the energy selected
by the pulse-height selector will be recorded in the multi-
channel analyzer. By altering the window of the pulse-
height selector to only include each of the gamms reys
observed in the single spectrum one at & time, & series of
coincident gemma spectra are obtained which when analyzed
generally yield a unigue decay scheme.

But the window energy selected not only contains the
photopeak of the gesuma ray desired but also the Compton
tails of higher energy gamme raeys. These higher energy
geamma rays have a coincidence spectrum of their own and
these will contaminate the spectrum desired., The one-
dimensional system gives no informastion on this Compton
interference, Also the one-dimensional method is cumbersome
when an isotope with a compliceted decay scheuwe is under
observation, In thie case a large number of independent
coincidence runs would have to be made and this would be
extremely time consuming since the coincidence counting
rate would be very much lower than singles. For shorter-
lived isotopes this could involve preparation of numerous
samples and normalization of the resulting data.

Using a two-dimensional instrument, all coincidences
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with all window energies can be recorded simultaneously.
Not only does this produce all the coincidence spectra
for all the gamma rays involved but also it traces out
the Compton interference in each by recording the Compton
coincidence spectra in an energy region where only the
Compton tail is present.

The instrument is simply an extension of the one-
dimensional system. In principle, a aéries of pulse-
height selectors covering the desired energy range each
gate a different portion of the wCA. Consider the decay of
Sc“é for exauple (see Figure 9). Assume at first that the
single crystal response is ideal - that is, thet the single
spectrum is composed of two cdelta functions. In Figure 10
the block of 36 squares represents the MCA memory readout where
njj is the number of counts in row i, column j. And each
row (column) is the part of the memory readout which has
responded to Lhe windows wy,w2,.s..Wg (V]1,V2,s+eV5)e Thus
each row (column) represents a single coincidence spectrum
as would be produced by the one-dimensional instrument.
The energies covered by the sets of windows wi and vj are
indicated by the single spectrum of Sc“é shown on the sides.

For example, since wj includes a part of the spectrum
where there is no gamma radiation, then it should have no
coincidence spectrum and n3y = 0 for all j. But L includes
the 887-keV gamma ray and its coincidence spectrum should
contain the 1119-keV gemma ray. Window vg covers this energy

range so n,j = O for all j except j = 6. Similarly ngs will



23
FIGURE 9

Sc 40 \@-

19 keV

887 keV
Y
Ti46

Sc%® DECAY SCHEME

FIGURE 10

Vi Vo VgV, Vg Vg

IDEAL TWO-DIMENSIONAL COINCIDENCE
ARRAY FOR sc4®




2k
be non-zero. Looking et the complete array in this fashion,
the ideal case for Schb would in fact heve only counts Ngs
and n,¢ showing. This is true provided we ignore the possib-
ility of chance events, when gamma rays from different
nuclei gate the coincidence circuit. This leads to a few
counts n,5 and ngg, Also ngs and nug would pertly be made
up from chance. S50 once the energy scales have been established
a2 quick look st the array for the high count regions readily
establishes the coincident gamma rays. If the energy scales
are the same, the readout will be symumetrical.

A 1024-channel two-dimensional analyzer wes used in
this study. The arrays available with this instrument were
8x128, 16x64, and 32x32 channels in each dimension. Using
the 32x32 array form, the two-dimensional coincidence spec-
trum of Sc“b was measured and the results have been plotted
in the isometric drawing Figure l1l. Here it is readily noted
that the majority of njj # O and the coincident photopeaks
are not delta functions, This is, of course, because the
erystal response is not ideal as at first assumed., However
the coincident photopeaks are readily discernible as Lhey
lie a factor of ten or more sbove the Coumpton peak, chance

peak, and other coincident points.
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3.3

CHAPTER III
Br8? DRCAY SCHEME

Single Spectrum

The single-crystal gamna-ray spectrum was observed
with an unshielded 3x3-inch NaI(il) erystal integrally
mounted on a DuMont 6363 photomultiplier ., A polyethylene
beta-ray avsorber was &ttached to the crystal face, The
spectrum was recorded in & 1024-chennel Nuclear Data pulse-
height analyzer after amplification in a DD2 linear ampli-
fier,

The spectrum obtained with the source at 10 cm.
and corrected for room background is shown in Figure 12.

To correct for the contribution from coincidence and random
summing, the analyzer wes operated in the split memory mode
using two groups of 512 channels each as outlined in
Chapter II, Section 2(a). The associsted sum-coincidence
contribution and the corrected single spectrum are also
indicated in Figure 12.

The sum coincidence completely accounts for the
highest energy peak in the observed singles and also for
the second highest energy peak (avout 1900 keV) within

statisties. A third peak at energy about 1648 keV can not

26
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be accounted for in terms of coincidence or random summing,
As the resultant single spectrum indicetes, the loi8-keV energy
peak appears to correspond to an actual gamma ray. For
energies below this to 500 keV the single spectrum is
identical to that found by esrlier experimenters (1).

3.2 Pair Spectrum

82 using

Figure 13 is a typicsl pair spectrum for Br
narrow windows at the 511l-keV gate as suggested in ChapterllI,
Section 3(a). The 1317- and 1475-keV lines are very pro-
minent &nd the existence of an even higher energy line is
obvious. Its energy is about 1648 keV. Above this is a
continuum consisting of a few counts per channel. Coincidence
summing can not account for this but rendom summing probably
does, However, if a gamma ray of energy 1900 keV does exist,
on the basis of the number of counts in that region of the
pair spectrum, its intensity must be less than 5% of the
1648-keV gamma ray.

3.3 Goinecidence Spectrum

The coincidence spectre were taken with the crystals
at 180° mounted on arms 7" sbove a 3/4" channel aluminum
track, This was placed in the middle of the room to minimize
any vackscattering. The Braz sample wag sandwiched between
celluloid tape end mounted on an anti-Coumipton shiald.k Arrays

of 16x64 and 32x32 were used to produce the best results.

With an energy range of 1550 to 1750 keV for the

& An anti-Compton shield prevents one detector from seeing
the Compton scattered radiation from the other,
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16 dimension and 0 to 800 keV for the 64 dimension, the
gamma spectrum in coincidence with the 1648-keV line was
formed. This is shown in Figure 14 which indicates that
gemma rays of energy 777 and about 220 keV are coincident
with it., It also appears as if the 554-keV line is coinci=-
dent butthis would seem impossible on looking at the decay
scheme if the 1648-777 coincidence is true. The 554 line
appears because of interference frouw the 1475~554 and
14,75-619 keV correlations. To verify this, Figure 15 shows
slices in the 16 channel dimension at 220, 554, and 777 keV.
The 220~ and 777-keV coincidence spectra clearly show the
1648-keV line while the 55k—kev spectrum shows no indica-
tion of & peak in this region. The exponential drop-off
observed in this spectrum is attributable to random and
coincidence summing. ¥¢he resolution of the 1048-keV
coincidence spectrum from the above mentioned interference
can be achieved if one resolves each row of 16 channels
into a 1648~keV peak, a 1l475-keV peak, and an exponential
term,

Using the method of least sguares, the 1024 channels
of data were analyzed 10 channels at & time and resolved
into three components: aj(l648), bj(la75), and c4(exp).
The resulting 64 values for aj give the coincidence spectrum
for the 1648-keV line component. This has been plotted as
well in Figure 14, indicating that the 1648-keV transition
is in coincidence with the 220- and 777-keV transitions.

Two 32x32 array arrangements were run covering the
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energy range from O vto 900 keV coincident with 0 to 1800
keV, The results verified the decay scheme presented in
the Nuclear Data Cards (1) except for the 250-350-keV

cascade,

3.4 Revised Decay Scheme

(a) Energies
The gemma-ray energies between 500 and 1500 keV

as recorded on the decay scheme in the Nuclear lLata Cards
(1) were used to obtain the energies of the 220-and 1648-
keV lines by extrapolation from the various spectra, correct-
ing for the nonelinesrity of the Nal crystal. The results
are tsbulated below in Table 1I.

The transitions previously reported at 250 and 350

keV were not found.

TABLE I
New Gamma-Ray Energies for Br82
Y =Ray Type of Energy hverage with
Spectrum Obtained S8tandard Deviation
lox64 219 "
220 1ox64 214 22077 keV
32x32 227
Single 1646 16483 kev
1648 Pair 1047
Fair 1651
Total Energy 1868210 keV
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The total energy recorded in Table I agrees with
the 1871 keV required to fit between the 2648« and 777-keV
levels in Kraa. The cascade can then follow the decay
pattern 220-1648-777 or 1648-220-777. This sets up a new
energy level in Kr82 at 2426 or 997 keV respectively.

Exsmination of the neutron anc proton pairing
energies wmmpiled by Dewdney (6) indicate that the first
particle state would be at approximately 2400 keV for this
mass. Therefore the states below this energy are collective
in nature,

The 36Kr§§ nuclide is even-even with & neutron
number near the 50 shell. This suggests that Krsz will be
nearly spherical in shape and indicates it will exhibit
vibrational rether than rotational properties. Assuming
the vibrational oscillations are smell, they can be approxe
imsted by esimple harmonic motion. A solution of the Schro-
dinger wave ecustion using the hermonic oscillator potential
well yields a series of possible energy levels sepsrsted in
energy of an amount Aw wherew = classicel vibretion fre-

quency &s indicated in Figure 16. The lowest mode of

3hw 0,2,3,k4,6%
2hw 0,2,4*
fiw 2"
ot

Quadrupole Vibrastional Spectrum for
Even-kven Nuclei with Sphericel Equil-
ibrium Shape

Figure 16
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deformetion of this system is of quadrupole type. Hence
the first excited state has a total angular momentum of
two units and positive parity. The second states contain
two guanta of excitation and the total angulsr momentum
values may be obtained by coupling the two gquanta, each
having an anguler momentum of two units., However, the
model permits only the symmetric combinations J = 0,2,4
with positive parity. The degeneracy of the level is 2 result
of the use of the ideal simple harmonic potential. In
actual fact the levels are separated in energy (7).

Examining the Kr82 energy-level scheme as shown in
Figure 1 using the above background, it can be seen that
the 777~ and 1475-keV levels probably correspond to the
first two excited harmonic oscillator levels with spins .
The proposed 997-keV level then could be either the
J = 0t or 4% level, The J = 0% level can be excluded
because this would mean the transition from 2648 keV to
the proposed level would be an M4 transition which has a
very small transition probegbility and unlikely to compete:
with the other gamma rays leaving the level,

Assume Chat the proposed 997-keV level 1s the Tt
There is a possibility that beta decay could occur to the
level from Brgz. This would be a first-forbidden decay.
A log lgft of 9 is & typical meximum for‘first-forbidéen
decay in this mess region (8) and using the log jpf values

from Evans (9) it follows that :
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beta end point energy Eyy, = 2.1 MeV,
log j0of [2‘35,332'1] s 2.5,
and logjoty = log 10ft - loglof = 9 - 2.5 = 6.5;
therefore t; = 3.2 x 10° seconds
and since total half life t = 36 hr. = 1.3 x 105 sec.,
the branching ratio would be:

1/1.3 x 10° 32

However, an upper limit for higher energy beta-ray groups

®

has been reported to be less then 0.6% (10). Thus an
energy level at 997 keV is inconsistent with beta-ray
measurments. Furthermore, other even-even nuclides in
this mass region do not have low-lying second energy levels.
It is more realistic then to have an energy level
at 2426 keV., The order of the gamma cascade i& then 22@~‘
1648-777. This would lead to the low intensity observed
for this branch since the 220-keV transition would be in
competition with the 554- and 827-keV transitions. The
insertion of this level and the removal of the 250« and 350-
keV gemma rays leads Lo the revised decay scheme show in
Figure 17. |

(b) Intensities

The relative intensities of the 1044-, 1317-,
1475~, 1648-, and 1900 (if it exists)-keV gamma rays were
calculated from the single and pair spectra. The results
are indicated in Table II below.

The intensities of &ll the gamma rays as obtained

from a reduction of the coincidence data is tebulated in a
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later section.

TABLE II

Some Gauma-Key Intensities for Br82

Intensity Based

Relative | Helative
¥-Ray Intensity | Intensity Average | on 1475 = 20
Singles Pair Value or 777 = 100
AN
1317 6.5 6.5 X 6.5 29
1475 4.8 Le3 Le5 20
1648 0.2 0.2 0.2 ~ L
1500 <0.05 <0.01 <0.01 <0.05

k Normalized to the Singles value
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GCHAPTER IV

REGHESSION ANALYSIS

Iteduction of Coincidence Surface
{(a) Outline

The coincidence surface is obtained in the form
S(x,y) where x and y are the digitized coordinates and
$(x,y) is the number of events at (x,y). The surface
corresponding to a coincident pair of gamuma rays Xi and
83 is given by Xj(x)Yj(y) where Xj and Y¥j are the
response functions.

The equation for the model is of the form

n
S(x,y) = Z ajj Xi(x)¥3(y) , snelbel)
i,Jj=1 :
where aij ere the intensity correlation coefficients.

ihe model equation can be reduced to a set of coupled

i . |
equ&t ons S(X,Y’ = 2;1 ai(y)xi(x) ...(l&.ZB)
n
rld a ( = Y ( . seo 0 L'..Eb
a 1(7) = 2 ey Yyl) g

Now consider whether a regression anslysis of the coupled

equations 4.2 can be carried out in such & waya to lead

39



to the same results as an analysis of 4.1 .

(b) Analysis of Coupled Eguations

From the least squares condition and weighting
with the variance S5(x,y), in 4.2a,
N
Za 1
x=1 B(x,y)

For & minimum, the partial derivative with respect to

. ;
[S(x,y) -gzaai(y)xi(xilz must be a minimum,

aj(y) equals zero. Therefore we get

N ‘ - :
Zl[s(x.r) ’ flai(ym(x)} X (x) =0 vee(be3)
= 1= s(x,¥)

where i = 1,2,...n 2
nunber of lines in X direction
K2 1,2,.0.n )

(2]

X <= 1,2,ee.N number of channels in X direction.
These equations 4.3 are solved for each y 2 1,2,...N to
give thé nxN set ay(y).

Similerly, performing the least squares condition
on L.2b yields

N n

where j = l,2,...nz

number of lines in Y direction
12 0,8,0ie8)

1,2,¢+.N number of channels in Y direction

it

y
wy= weight function.
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From 4.4,

n

N N
y;wal(Y)&i(Y) = yglwymy) jgiamjm . snslhas)

Multiply each side of 4.3 by wy¥y(y) end sum over y to give

3 wylq(y) i [s(x y) = i aj(y)x (x)}xk(’” 0
ygl £k xz‘l g 121 VA  sEmn © y

Simplifying,
g (x)Xp(x)

Zle yn(y)[zls(x.y) i’ J fii’zl{z’lwyyl(y)ai(y)J

Substituting from 4.5 and simplifying yields

N N n n
/e l%(x.Y)- ag iY (y)xitxﬂx (¥)Xp(x) = Ouvuold
Ly el stmy) & "I 1

This two step regression analysis is shown schematically

in Figure 18,

x=1 x=N i=l i=n
y=1 y=1
i=1 di=n
J=1
S(x,y) — | a3(y)
au
j=n
yzNL Y”NL........_....

Reduction of Coincidence Surface by Hegression Analysis

Figure 18

(¢) Analysis of Original lModel Equation

From the least squares condition on 4.1 we get
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by
x=1 y®1 5(x,¥

A comparison of 4.7 with 4.0 shows that the ecuations for

A n
[S(X)Y) - z jzl aijx,_(x)‘!j(y)}xk(xﬁx(y) & 0. .. (4
the coupled system yield the ssme leaste-squares estimate of

aij as the equation for the original model if wy = 1 for all y.
This implies that the fits in the second stage based on 4.2b
should be unweighted.

(d) RKrror Lstimastve

N N
x=1 y=1
N N

Z: Xi(x)f (F)Xk(x)31(3) = G4 4x1
%) 3‘;1 5(x,¥) g

then from 4.7 [Vkll {Cijklﬂaii}

wl

therefore a = Cc : v -..(h.‘))

| ij é% 1jkl "k |

e 2 . o 2 =1
anc dij - Var(aij) - X Gijid ...(4-10)
where f = N2~n2

N n n
x*: Ys(x, [s - Xg (x)Y4(y Jz
¥ Sl st [stxi) < 8 % ey gty Gty

But C is & Lth order nedimensional matrix which can be recast
into a nz-dim&nsisnal matrix so for even & reasonable number
of gamma rays the inversion to ¢=l is next to impossible,

Thus the error in the intensity coefiicients cannot be prac-

tically determined.
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Returning to the coupled equations, in the first

stage, if we let

Z Xk(x) -»o(l&ull)
X

and Tiy= lei(x)xk(x)/s(pr)

then from 4.3 aj(y) = % T;k Vi o eoo(b.l2)

Similarly, in the second stage, let

f (y)Y1(y)

d Usy =) Y b4

an j1 1 JWwiaw

then from L.k agj = Z Ujl ugy . oo (bald)

On substituting into 4.14 from 4.11 to 4.13 we get

agy = L UJJ.[Z Y (y) [Z D) xk(’”ﬂ

1
%Z UJI[ZZ lik Yl(Y)xk(X)} . eos(bel5)

If T;i is replaced by the average value f;i then we can

substitute 4.8 in 4.15 to give

and o’fj i_)éf_ U‘ﬁ T"i'li eee(bal?)

Since Ty, and Ujl are nxn matrices where normally n <10,
the inverses are readily established and an estimate of the

error in the intensity coefficients is now possible.
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b
It remains now to determine the relationship be-
tween the approximate and the exact veriance., This is at
present under study.

(e) The Physical Significance of the Variance

The variance of ajj is dfj where o' is called the
standard deviation., The standard deviation represents a
measure of the width of the distribution curwe for a4 jo
If we assume the probability curve is 2 Gaussian centered

with mean value at the origin then P(aij) = P(z) is given

L4

i P(z) = e’“2/20‘2
27 ¢
As Figure 19 illustrates, 68% of a particular a4 j value
lies between . . Hence the smaller the O or the @
(variance) then the more peasked is the probability distri-
bution and the more reliable the value obtained for aj je

Intensities from Intensity Correlation Matrix

Before the single gamma-rsy intensities can be
determined, the correlation intensities must first be found.
To do this the first row and column of the coincidence
surface S8(x,y) is replaced with a corresponding single
run at the same gain out not necessarily normelized in
time. Using a computer, the singles intensity coefficients
bj and ¢j (the number of times the line shapes X;(x) and
YJ(y) fit into the single spectra S(x,l) and S(1,y)
respectively)are found. From the rest of the response
surface, the intensity correlation coefficients 844 (the
number of times the response surface Xi(x)YJ(y) fits into

the coincidence surface S(x,y) for the i-j coincidence)
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are obtained.

If we let Ng and N, be the sample source strength
for the time run for the singles and coincidences respec-
tively, P the prbbabiliny of gamma decay, e the detector
efficiency, and kK the normalization constant for the line

shape, then it follows for coincident gemma rays Xi and X&

bi = NSP(Ki)e(?{i)k(Ki) ’ .--(4-18)

ana cj = NgP(¥j)e(¥j)k(¥y) .

It is now obvioug that the ratio of the product of the
singles intensity coefficients to the intensity correlation
coefficients will be independant of detector efficiencies

and line shape normaliszation, viz;

b P(¥3)P(¥5)

i°5
8ij P(Xixj)

eee(k19)

where K is a constant.

The computer can be programmed to find the inten-
sity correlation matrix bi°j/aij’ Then by exemining the
decay scheme of the element uncder study, the value of the
various probzbilities P can be determined from the theor-
etical intensities of the gamma rsys. These theoretical
intensities are in terms of several parameters, the number
recquired being one less than the maximum number of gaumma
rays needed to form a cascade from the highest to Lhe low=-

est energy level., Hence a theoretical intensity correlation
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&7
matrix can be set up. Blements ajj where i-j is not a
coincident gamma pair will be zero.

Now the theoretical and experimental matrix
elements can be equated and from the resulting eguations
the intensity psrazmeters can be found, Practically, since
the theoretical matrix is symmetrical and because several
of the elements are idemticsel, then the corresponding
computed elements can be averaged, reducing the number of
equations required to solve. Once the parameters hsve
been fauné;'tﬁé’iﬁdividual gemme-ray intensities can be

worked out and also their probable errors.

(a) Data Collection

In the case of Braz, let the probasbilities of
the 554-, 619-, and 698-keV gamma rays decaying be x,y,
and z respectively. Thus x, y, and 2 are the theoretical
intensity parameters mentioned in the previous section.
If we assume that the 220 and 1648-keV gamma rays have
negligible intensity, then the theoretical intensity
correlation metrix will be in terms of x, y, and 2 as

indicated in Table III on page 48.
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TABLE I11

| fheoretical Intensity Corrvelstion Matrix
(Bach element shown has been divided by the constant K)

554 | 619 | 698 | 777 | 827 | 1044 | 1317 | 1475
554 0 X | x xgX 6 | © X X
- Qi
619 | x 0 ¥ g_q 9 0 Y y
698 | x | ¥ 0 q 0 0 o ['o
M x| B a| 0 |a | a q 0
g27 | 0 | 0O 0 ¢ | 0 | lex 0 0
W04 | © 0 0 q |lex | © 0 0
1317 | x | o | o | @ |0 | o | o 0
1475 | x y ‘o 0 0 0 o | o
X g = ley+z

The coincidence surface 8(x,y) was & 32x32 array
with 500~ to 1600-keV range slong each dimension. The
crystels were at 180° and placed about 5 cm. from tChe
source. Coincidence and random adding st this distance
was not negligible but these and other spurious events
were accounted for in the reduction anslysis by including
the 1648-keV gammas ray line shape. The sample’was counted
for an hour., This period of time was short enough to be

able to ignore any possible gain shifts in the two
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dimensions. The single spectra were run simultaneously
for four minutes on the 32x32 array set-up while the
analyzer wss in a "free" mode. Background spectra were
also run for the same time snd subtracted to yield 5(x,1)
and 8(1,y). 9(x,1) is plotted in Pigure 20. S(l,y) is
aluost identical. Also Na??, cs'?7, und% 2795 ana Go®0
were analyszed separately at the same gain to produce
standard lines from which the line shepes for stripping
could be interpolated.

(v) Preparation of Line Shapes and Surface Reduction

ihe energy scale for the Ersz coinecidence data
is so condensed that each gamma photopesk has & width of
just over three channels., These three pesk channels and
their number of counte N for the ph@tﬁpéaka of tha'ﬁﬁkn,
777=, 10kb=, 1317-, and 1475-keV gamma rays were found
in the X and Y directions from the coincidence array. The
other geamme rays were not resolved.

If we assume that the three peak points lie on
a Gaussian, then the highest point on the Gaussian, which
will be the true channel location for the gamma-ray energy,
is found in the following way, with reference Lo Figure 21,

The natural logarithm of a Gauseian is a para-
bola. Let z = laN., Then the function 2z is a parabola of
the form

%2 % ax® ¢ bx = ¢ . oo o {he20)


http:R.ethlct;J.on

COUNTS PER CHANNEL

108

| /f\'\ \
§ \,.# - / \/f\ §
oL

FIGURE 20

50

| | J | | |

Bré s(x,l)

1 1 11111

MEEEEE

CHANNEL NUMBER

35



COUNTS PER CHANNEL

FIGURaE 21

PEAK]

No

51

CHANNEL NUMBER

GAUSSIAN PEAK LOCATION




\n
»

Therefore we can say

z(x==l) = 27 = 2 «b ¢ ¢
ﬁi(x'-?:)) = ﬁc’ L ont(i&ogl)
and zZ{x=2l) = 3, =&+ b +e¢ .

Solving we find that

asll/2)((z_1+21-224) = (L/&La

eeelbo22)

i
and b=(l/2)(zy - z.1) n(l/@lm ﬁ%i . eee{be23)

For a meximum, dg = 2ax + b = 0 ,
dx

Therefore the peak is at
1n(¥Ny/N.3)

eos b2l
1n(NyN_1/N2) )

&

Using equations L.22 to 4.24 the values x, &, and b
were calculated for the resolved geamme rays. After converting
the gemma energies to Nal pulse heights using Heath's curve
for the non-linearity of Nal {(11), & plot of pvulse height
versus x and 1/a was constructed for both X snd Y dimensions.
Using the least squares condition, the ecuations of the best
straight lines through the points were found and interpola-
tions at the pulse heights of the unresolved gamma rays (019,
698, 827, end 1648 keV) were msde to find their x and 1/a
values, From this b was reasdily caleulated. Choosing an
arbitrary ¢ value, f%am equations 4.21 the 2z values were
determined. Then using the relation N = e®, the three peak
counts for the unresolved gamma rays were obtained. Finally,
the rest of the line shape for 21l the gamma rays was interpolated

from the standard lines.
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The reduction of the coineidence surface was then
carried out using the MclMaster IBM 7040 Computer. The operstion
was programmed so that aj(y), @33, with their respective residuals
and X2 as well as bici/aij were printed out. By plotting ay(y)
for all y, true coinecidence spectira for each gsmma ray were
obtained. Comparisons between the locations of the gamma rays
in these spectra to the locations in the lina shapes pointed out
small errors in positioning of the line shapes in the Y dimension.
These were shifted aﬂeardingly. By transposing the §(x,y) data
vo 3{y,x) and interchanging the X-and Y-line shapes, a rerun of
thg program produced aj(x)aﬁd as with the Y-line shapes, the
X-~line shapes were shifted to more exact positions.

With the corrected line shapes, the prograsm was run
again keeping a careful check on the residuals, Smsll alterae-
tions were repeatedly umade iﬁ the line shapes until the residusals
were ae small as possible. In the final run the average value
of X%/f for the as(y) was 11,

(c) liesults
Table IV lists the sverage value for the different

matrix elements. The error guoted is the probable error in the

nleane.
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TABLE IV

Matrix Element Values

Parasmeter . No. Times Aversage Error
in 83 j Value
Kx 8 3.07 *10%
K{l-x) 2 1.15 * 1%
Ky & 253 Y16 %
Kg 8 3.16 *13 %
‘ x® . o ‘o R Ly L
K(m) 2 6.33 2%
k(29 2 8.20 224

Solving for x, ¥y, and 2z yields:

x % 0.73 213 %
y=0432%124%
zﬂ@.lbf“}l%

The resulting gamma-rey intensities are as follows in Table V.



TABLE V

Brg2 Intensitlies from Regression Analysis

Gamma Theoretical | Calculated Intensity Intensity
Energy Intensity Intensiuvy Based On from
keV 777 = 100 Data Cards
_ (1)
554 x 0.73213% 103214 78-105
619 ¥ 0.43212¢ 6158 50
698 g 0.14231% 2056 3337
777 L=y+2 0.71.316% 100816 100
827 lex 0.27238% 38815 28430
1044 lex 0.27238% 3815 28-36
1317 X~y 0.30237% 42216 204-36
1475 Yoz 0.29%24% 41210 11-21

Lok Conclusions

A ecomparison of the Nuclesr Dsta Card (1) intenéity
values and the intensity values found earlier in this report
by other methods (see Table II) with those determined from the
surface stripping reveals that the majority of the values agree
to within the probable error. If the intensity value of 2z
could be inereased, then this would tend to increase the inten-
sity of the 698« and 777-keV lines and decrease the intensity
of the 1475-keV line, This is exactly what is required to bring

these new results closer to the Data Cerd values. An inspection
of the Brd? single spectrum S(x,1), Figure 20, shows that the

698-keV line is not resolved so that the stripping of the single
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and coincidence spectra will definitely tend to be unrelisble
at best for this gamma rey. This holds true for the 619-keV
gamma ray as well. The intensity of the 1475-keV line depends,
in the regression analysis method, on the intensities of the
619~ and 098-keV lines, y and 2 respectively. Since these
three gamma reys have the largest ﬁiscrép&may in intensity
values, it is spparent thet this method for the extraction of
intensities works best when the gamwa rays are resolved.

However, considering the large number of gsmma rays
analyzed and the large energy range covered by the 32 chane
nels, the success of the regression analysis for Brgg test-
ifies to the usefulness of this straightforward method of
obtaining reliable intensity values, If a2 similar analysis
were Lo be made using, say, & 1l00x100 coincidence array where
all intense photopeaks were resolved, intensity values to

within a few per cent could be obtained readily.
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