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ABSTRACT 

 

To improve the performance of the three-way catalytic (TWC) converter, advanced 

control strategies and on-board diagnostics (OBD) systems are needed. Both rely on a 

relatively accurate but computationally efficient TWC converter model. This thesis aims to 

develop a control-oriented model that can be employed to develop the control strategies 

and OBD systems of the TWC converter. 

The thesis consists of two parts, i.e., the high-fidelity model development and the 

model reduction. Firstly, a high-fidelity model is built using the energy and mass 

conservation principles. In this model, a constant inlet simulation is used to validate the 

warming-up characteristics, and a driving cycle simulation is used to calibrate the reaction 

rate parameters. The results of the simulation show that the high-fidelity model has 

adequate accuracy. Secondly, a reduced-order model is developed based on phase and 

reaction simplifications of the high-fidelity model. The aim of the development of the 

reduced-order model is to propose a computationally efficient model for further 

development of control strategies and state estimators for OBD systems. The accuracy of 

the reduced-order model is then validated by means of simulations. 
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Chapter 1 .  Introduction 

1.1 Emission regulations 

Gasoline engines have been the primary power source for transportation since the 

second industrial revolution. They have many advantages, such as their high efficiency and 

low cost. However, a serious problem caused by the combustion of fossil fuels is the 

emission of pollutants, including hydrocarbon (HC), carbon monoxide (CO) and nitric 

oxide (NO), which are some of the main causes of environmental degradation. This 

problem has been recognised by a growing number of organisations and governments.  

The United States was the first country to regulate these pollutant emissions through 

legislation in the 1960s. In 1963, the Clean Air Act was passed, and California began to 

control the emissions of fuel vapour from the crankshaft case of gasoline engines. From 

1966 to 1975, a number of policies and regulations were implemented to gradually reduce 

vehicle emissions. In 1968, the U.S. Federal government passed the Seven Working 

Conditions Act. In 1972 and 1975, the LA-4C (FPT-72) and LA (FPT-75) driving cycles 

were applied to test vehicle pollutant emissions under driving conditions. At the same time, 

laws were also passed to limit NOx emissions. From 1975 through to the 1980s, American 

vehicle emissions regulations were significantly increased to limit NOx emissions. 1994 

was a key year for vehicle emissions regulations in the US, when extremely strict low-

emission vehicle (LEV) regulations were introduced. Up until the present day, these 

regulations have been revised to further lower the acceptable emission level. A series of 
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detailed clauses in these revisions have limited the permitted levels of pollutant emissions, 

as shown in Table 1.1 and Table 1.2. 

Table 1.1: US Tier 1 LEV regulations (FTP 75 g/mile) 

Vehicles 

50,000 miles / 5 years 100,000 miles / 10 years 

 THC CO NOx PM THC CO NOx PM 

Passenger car  0.41 3.4 0.4 0.08 - 4.2 0.6 0.1 

LLDT 

LVW < 3,750 lb 

 - 3.4 0.4 0.08 0.8 4.2 0.6 0.1 

LLDT 

LVW > 3,750 lb 

 - 4.4 0.7 0.08 0.8 5.5 0.97 0.1 

HLDT 

LVW < 5,750 lb 

 0.32 4.4 0.7 - 0.8 6.4 0.98 0.1 

HLDT 

LVW > 5,750 lb 

 0.39 5.0 1.1 - 0.8 7.3 1.63 0.12 
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Table 1.2: US Tier 2 LEV regulations (FTP 75 g/mile) 

 

From 1970 onwards, the Economic Commission for Europe (ECE) has controlled the 

pollutant emissions of light gasoline vehicles by means of the ECEW5 regulation and has 

gradually limited the emission of NOx by passing the ECER83 and ECER15-8 regulations. 

Between 1992 and 2014, these regulations were revised and made stricter through the 

passing of the Euro I to Euro VI emissions regulations, as shown in Table 1.3 [1][2][3].  

 

 

 

Bin # 

50,000 miles / 5 years 120,000 miles / 10 years 

 NMOG CO NOx PM NMOG CO NOx PM 

8  0.100 3.4 0.14 - 0.125 4.2 0.2 0.02 

7  0.075 3.4 0.11 - 0.09 4.2 0.15 0.02 

6  0.075 3.4 0.08 - 0.09 4.2 0.1 0.01 

5  0.075 3.4 0.05 - 0.09 4.2 0.07 0.01 

4  - - - - 0.07 2.1 0.04 0.01 

3  - - - - 0.055 2.1 0.03 0.01 

2  - - - - 0.01 2.1 0.02 0.01 

1  - - - - - - - - 

http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E6%AC%A7%E6%B4%B2%E7%BB%8F%E6%B5%8E%E5%A7%94%E5%91%98%E4%BC%9A
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E6%AC%A7%E6%B4%B2%E7%BB%8F%E6%B5%8E%E5%A7%94%E5%91%98%E4%BC%9A
http://cn.bing.com/dict/clientsearch?mkt=zh-CN&setLang=zh&form=BDVEHC&ClientVer=BDDTV3.5.0.4311&q=%E6%AC%A7%E6%B4%B2%E7%BB%8F%E6%B5%8E%E5%A7%94%E5%91%98%E4%BC%9A
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Table 1.3: European emission standards for passenger vehicles (g/km) 

 

Other countries across the globe, such as China, Japan, and India, also have emissions 

regulations, which have been modified over time to make them stricter.  

 

1.2 The three-way catalytic (TWC) converter 

Serious environmental problems and strict regulations have forced vehicle 

manufacturers to improve not only fuel combustion efficiency but also the performance of 

the after-treatment system.  

Engine exhaust fumes contain both oxidizing species (O2 and NOx) and reducing 

species (HC and CO). Pollution reduction can be accomplished by means of reactions 

between the oxidizing and reducing species. These reactions only became possible when 

the three-way catalytic (TWC) converter was invented. With its low cost and high 

Tire Date THC NOx CO PM 

Euro 1 July 1992 1.0 2.72 - 

Euro 2 January 1996 0.3 2.2 - 

Euro 3 January 2000 0.20 0.15 2.3 - 

Euro 4 January 2005 0.10 0.08 1.0 - 

Euro 5 September 2009 0.10` 0.06 1.0 0.005 

Euro 6 September 2014 0.10 0.06 1.0 0.005 
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conversion efficiency, the TWC converter is one of the most efficient devices for the after-

treatment system.  

 

Figure 1.1: Three-way catalytic converter 

The key component of the TWC converter is a honeycomb-shaped ceramic monolith, 

called the “substrate”, which provides a large surface area for surface reactions, as shown 

in Figure 1.2.  

Figure 1.2: Honeycomb structure of the substrate 
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The small channels of the monolith help to avoid fouling, since gas can easily travel 

through the channels. The substrate material must be heat-resistant, due to its high operating 

temperature. Cordierite, which has a low thermal expansion coefficient, is widely used for 

the substrates of TWC converters.  

Figure 1.3: Microscope image of a cordierite substrate loaded with phases  

The thin layers, referred to as the “wash-coat”, that contain the catalysts are painted 

on the surface of the channels in a layer typically less than 10μm thick, as shown in Figure 

1.3 The catalysts are composed mainly of noble metals (catalyst), cerium-based oxides and 

alumina [4].  

 

1.3 Control and diagnosis of the TWC converter 

The performance of the TWC converter is mainly determined by two factors: the 

concentration ratio of the reactants and the converter’s temperature. These factors depend 

on the fuel injection and ignition timing of the engine. In other words, the performance of 

the TWC converter is closely related to the control strategies of the engine.  
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Currently, the concentration ratio of the reactants can be accurately controlled by 

electronic fuel injection systems. However, the TWC converter’s internal temperature 

control strategy still needs to be modified to improve the converter’s performance. A 

model-based control strategy can maintain the temperature of the TWC converter within 

an ideal range.  

In addition to model-based control, diagnosis of the TWC converter is important to 

keep it in good working condition. Diagnosis is usually performed by the on-board 

diagnostics (OBD) system. When the TWC converter is degraded and fails, the OBD 

system can provide users with timely feedback. 

1.4 Novelty and contribution 

This thesis proposes an accurate and computationally efficient one-dimensional 

control-oriented TWC converter model.  

The complete design process for the high-fidelity TWC converter model is presented, 

including a determination of the one-dimensional heat transfer mechanism and a calculation 

of the pollutant concentrations based on reaction kinetics. The high-fidelity model 

accurately simulates the temperature and pollutant concentrations. 

A reduced-order model is built through phase and reaction simplifications of the 

high-fidelity model. The reduced-order model decreases the model’s computational cost 

while maintaining sufficient accuracy. The reduced-order model is more applicable to the 

control system and state estimation. 
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1.5 Thesis outline 

This thesis consists of five chapters: an introduction, a literature review, presentations 

of the high-fidelity and reduced-order models, and a conclusion. 

Chapter 1 provides a brief introduction to the history and fundamentals of the TWC 

converter. The structure and reactions of the TWC converter are also described. Moreover, 

the novelty and contribution of the research presented in this thesis are identified in this 

chapter.  

Chapter 2 introduces current TWC converter control strategies and their advantages 

and disadvantages. Furthermore, the purposes of the high-fidelity and reduced-order 

models are clarified. Current advances in research related to the TWC converter model are 

discussed to provide a better understanding of mainstream ideas about this model. 

Chapter 3 presents a high-fidelity TWC converter model. The high-fidelity model 

reflects the one-dimensional heat and mass transfer mechanism of the solid and gas phases. 

The simulations are processed and the experimental and simulated results are compared to 

ensure the accuracy of the high-fidelity model.  

Chapter 4 describes the development of the reduced-order TWC converter model. 

The reduced-order model is built by simplifying the high-fidelity model. The results of the 

high-fidelity and reduced-order models are compared to ensure that the two models have 

equivalent accuracy levels.  

The final chapter presents the conclusion and recommendations for further research. 
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Chapter 2 .  Objective and Literature Review 

This chapter describes the purposes of high-fidelity and reduced-order models by 

means of a literature review. TWC converter models can be used for various purposes, such 

as model-based control strategies and OBD systems development. The model-based control 

strategies and OBD systems are critical to the performance and maintenance of the 

converter [5].  

 

2.1 Purpose and requirements  

The model proposed in this thesis can be applied to the development of control 

strategies and OBD systems. 

2.1.1 Control strategies 

Currently, increasingly strict emission regulations are difficult to meet if the system 

control strategies of TWC converters do not include the converter’s internal dynamics (such 

as reaction mechanism and temperature) [6]. Therefore, research into TWC control 

strategies which include the converter’s internal dynamics and aim to improve the 

converter’s performance is required. 

As mentioned in Chapter 1, previous researchers have found that the conversion 

efficiency of the TWC converter is highly dependent on catalyst temperature [7][8], as 
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shown in Figure 2.1. The TWC converter’s internal temperature control strategy still needs 

to be modified to improve the converter’s performance. 

Figure 2.1: Conversion efficiency as a function of temperature in the TWC converter [17] 

Commonly, when TWC conversion efficiency reaches 50%, the corresponding 

temperature is called the “light-off” temperature [9]. The process during which the 

temperature increases from the initial point to the light-off point is known as “warming-

up”. Many pollutants are expelled in the exhaust during the warming-up stage due to the 

low conversion efficiency. Therefore, increasing the speed of the warming-up process is 

important to enable the converter to reach a higher level of pollutant reduction [10][11][12]. 

Traditionally, the converter’s warming-up process relies on the time-shift control 

[13]. During a cold start, the engine initiates the warming-up mode, and once the light-off 

point is reached, the optimal combustion mode is switched on. In the warming-up mode, 
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exhaust gas temperature can be raised by modifying the ignition timing, which increases 

the speed of the converter’s warming-up [14]. However, this usually leads to a degradation 

in combustion efficiency [15]. Due to the detrimental effects on combustion, this open-loop 

process leads to a substantial increase in fuel consumption. Therefore, the light-off point 

needs to be accurately detected in order to obtain a balance between warming-up and fuel 

consumption [5][16][17].  

The light-off temperature can be determined by temperature sensors mounted in the 

coolant system [18]. The thermal behaviour of the coolant system can be indirectly related 

to the engine and the exhaust line temperatures. However, this information is easily biased 

by other heat sources [19].  

An alternative means of determining the warming-up control reference is by using 

models. An accurate model that reflects the internal temperature and the reaction 

mechanism inside the converter can provide a more certain and stable control reference for 

the TWC converter’s thermal management system [20][21][22]. With an accurate yet 

simplified model, the time-shift control strategy can be modified, and more advanced 

control strategies can also be developed to meet future emission regulations [23]. 

Although many of the effects that occur inside TWC converters are well known 

[11], it is also a challenge to convert them into a reliable and accurate mathematical model. 

Not only is the number of reactions relatively large, but the converter’s physical 

characteristics are also highly dynamic [24][25]. Converter inputs include exhaust gas 
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concentrations, temperature, and flow rate, which are some of the variables leading to the 

dynamic nature of the converter’s operation.  

2.1.2 On-board diagnostics (OBD) 

The OBD system assists in troubleshooting problems in a vehicle subsystem and 

helps manufacturers to monitor the states of different components and detect failures. A 

failure in an after-treatment system would result in a vehicle exceeding emissions limits. 

The OBD system can detect any critical failures, which can help users to prevent serious 

damages to their vehicles and to reduce repair costs. 

OBD performance is a direct function of the ability to measure and estimate internal 

states. This is usually done by means of sensors. However, sensors cannot be used to 

measure all the states the OBD needs, because this is not feasible and involves high costs. 

Models and state estimators can sometimes be used as virtual sensors to estimate the states 

that sensors cannot measure directly. With respect to the TWC converter, these models 

need to be implementable in the engine control unit (ECU). However, in order to ensure 

stability, the ECU’s computational ability is limited. Thus, computational efficiency is of 

great importance in model development. 
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2.2 Advanced research on the TWC converter model 

Previous research on the TWC converter has mainly focused on reaction kinetic 

modelling, heat and mass transfer modelling, and whole model structure modelling. A 

summary of the general framework of the research is provided in what follows. 

2.2.1 Research on chemical reaction kinetics inside the TWC converter 

The reactions that occur in TWC converters are heterogeneous solid-gas phase 

surface reactions [26]. The composition and active components of the catalysts are complex 

and variable, and the TWC converter’s operating conditions are complicated [27]. Thus, 

one of the main challenges in building a kinetic model of the TWC converter is obtaining 

the appropriate kinetic mechanism [28]. An appropriate kinetic model is crucial for 

improving the TWC converter model’s predictive power, especially in predicting cold start 

emissions and the light-off temperature [28]. Research on reaction kinetics is helpful for 

understanding the performance of catalytic converters and for modelling TWC converters 

[29]. The simplest approach to kinetic modelling is the look-up table [30]. In this approach, 

the kinetic model is represented by a database of conversions for various species as a 

function of temperature and space velocity. The advantage of this approach is that the 

model is computationally efficient [28]. However, as it does not describe the underlying 

chemical processes, its applicability is limited. Another approach is the microkinetic model. 

However, this model is at the opposite extreme from the look-up table, since all the 

intermediate reaction steps are considered and various reaction rate parameters are obtained 

from experiments [28][31][32][33]. As it requires intensive computation, the microkinetic 

model is not appropriate for control applications.  
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A middle path involves finding a balance between accuracy and complexity. In this 

regard, researchers use a single global rate expression for each reaction. For this purpose, 

the Langmuir-Hinshelwood mechanism is increasingly employed. Kinetic models that use 

the Langmuir-Hinshelwood mechanism typically have good predictive power, which helps 

to develop control algorithms [28].  

The application of the Langmuir-Hinshelwood mechanism in TWC converter 

modelling has its basis in the pioneering work of Voltz, Morgan, Liederman, and Jacob 

[34], who developed a set of equations for the oxidizing reaction kinetics of CO and HC. 

In this research, they used mixtures of synaptic gas, with C3H6 as a representative 

hydrocarbon. The result of their experiment was consistent with previous research. The 

enhancement of oxidations by O2 and inhibitions by CO and C3H6 also aligned with the 

findings of previously published studies [34]. The results showed that the inhibitions of CO 

and C3H6 were closely related to chemisorption, a kind of adsorption that involves a 

chemical reaction between the surface and adsorbate of CO and C3H6 on active sites. 

Moreover, these researchers developed a kinetic model to describe the oxidation of CO and 

HC in real engine exhausts. Their kinetic model provided a description of reaction rates 

under the influence of chemisorption. By comparing their model results and the testing 

results, they found that reaction rates were also related to temperature, as indicated by the 

values of the modified activation energies. The kinetic equations of oxidization reactions 

proposed by Voltz et al. [34] have been applied by numerous researchers, some of whom 

have modified and fixed the reaction rate parameters and added the reaction kinetics of NO. 
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Although kinetic parameter estimation based on laboratory experiments is well-

controlled and well-behaved, it cannot be translated directly to engine data because of the 

following: the sensitivity of the kinetic parameters to wash-coat and formulations; the 

difficulty in obtaining the same level of deactivation; and the aging of the catalytic process 

[28][35][36]. Due to the promoting and inhibiting roles played by H2O and CO2, parameter 

estimation cannot be generalized; nor can the sensitivity of the kinetic parameters to the 

outer environment, such as feed composition and temperature. With respect to developing 

technologies, parameter estimation using optimization methods, which minimize the errors 

between measured and simulated data, is useful for estimating kinetic parameters. 

The first reported estimation of kinetic parameters using a computer-aided method 

was based on conjugate gradients [37]. This research examined 13 different reactions using 

the Langmuir-Hinshelwood mechanism and estimated 95 parameters using a 

multidimensional conjugate gradient optimization method. However, this research was 

based on results obtained under controlled steady-state conditions in a laboratory setup. 

The systems in which multiple kinetic parameters appear and in which 

multiparameter optimization is performed can possess multiple minima. Therefore, it is 

necessary to obtain a global minimum to provide the lowest objective function value. 

Certain exploratory optimization algorithms such as the genetic algorithm (GA) and the 

adaptive simulated annealing and downhill simplex can help to obtain the global minimum. 

Glielmo and Santini’s study [38] was the first to use GA to optimize the kinetic parameters. 

These authors tuned seven parameters. Pontikakis, Konstantas, and Stamatelos [39] tuned 
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ten parameters using the same method in their research. Ramanathan and Sharma [28] used 

a similar method based on the minimization of the errors between the measured and 

simulated data through a combination of evolutionary and local optimization methods. 

They considered 15 reactions and tuned a total of 38 parameters. 

2.2.2 Research on heat and mass transfer inside the TWC converter 

Improved heat and mass transfer performance can significantly reduce the light-off 

time of the TWC converter monolith and thus increase conversion efficiency [40][41]. 

Research on heat and mass transfer inside the TWC converter has included analyses of 

density and temperature distribution [42][43], determinations of the heat transfer 

coefficient, and examinations of the parameters that can impact the performance of heat 

and mass transfer inside the converter.  

The heat and mass transfer model is an important component of the TWC converter 

model. For example, Votruba et al. [44] developed an appropriate model of heat and mass 

transfer inside the TWC monolith that considered the convective heat and mass transfer in 

the holes of the converter’s honeycomb structure, the longitudinal heat conduction within 

the solid structure, and the interface of heat and mass transfer between the gas and solid 

structures [44]. The results of this model agreed with experimental observations. 

 Heat and mass transfer can be considered both two-dimensionally and one-

dimensionally. Unlike Votruba et al. [44], M. Flytzani-Stephanopouloqt et al. [45] 

developed a two-dimensional heat transfer model without ambient heat transfer. Without 

considering chemical reactions, the model was solved analytically to provide solid and gas 
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temperature profiles in two dimensions inside the converter monolith. Boehman [46] also 

developed a model for radiation heat transfer in converter passages that clarified the impact 

of radiation heat transfer by examining the influence of the operating temperature of the 

surface reaction.  

 

2.2.3 Research on TWC converter modelling 

Various models in the literature describe the TWC converter with varying degrees 

of complexity [47][48][49][50][51]. For example, Oh and Cavendbh [48] developed a 

transit mathematical model of catalyst monoliths that accounted for the simultaneous 

processes of heat transfer, mass transfer, and chemical reactions. This model simulated the 

dynamic behaviour of a catalytic monolith following a step change in the feed stream 

temperature. It examined the monolith’s response to this increase as a function of catalyst 

design parameters and operation conditions to analyse the effects of these variables on the 

light-off behaviour of the catalyst [48]. In addition, this model examined the transient 

response of a hot monolith that was subjected to a cool feed stream containing high 

concentrations of pollutant species. The Pt-catalysed oxidation reactions of CO, HC and H2 

were also analysed. However, this model did not consider some important reactions, such 

as those related to NOx.  

In addition to the physics-based model mentioned previously, some 

phenomenological models have also been developed. For example, Brandt and Grizzle [52] 

developed a more appropriate model for control engineering. The formulation of this model 
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focused on the mass ratio and the air-fuel ratio (AFR). Since the AFR is also a fundamental 

variable in most engine models, this model can be conveniently connected to an engine 

model to create a complete engine after-treatment system for further research. 

Another way to classify TWC converter models is by dimension: zero-dimension, 

one-dimension, two-dimension, and three-dimension. The differences between these 

models are the direction of heat and mass transport and the diffusion direction inside the 

converter. In a zero-dimensional TWC converter model, the converter is considered as a 

continuous stirred tank reactor (CSTR). The zero-dimension model is only appropriate for 

research in which the effect of the TWC converter is not significant. The simple input and 

output variants are not appropriate to research on the internal mechanisms of the TWC 

converter. For example, Aimard and Sorine [53] developed a zero-dimension TWC 

converter model. Their physical model was based on simplified dynamics of the TWC 

converter and focused on oxygen storage. This model was validated by experimental results.  

Using a mechanism consisting of 23 reactions, Koc et al. [54] examined the 

diffusion in the wash-coat and the microkinetics of the oxidation of CO, HC and the 

reduction of NOx. The mechanism of the TWC monolith was examined in two steps. In the 

first step, the catalytic converter was considered as a CSTR. Qualitative agreement between 

the simulated results and the tested data indicated the robustness of the model. In the second 

step, the TWC converter monolith was modelled as a two-dimensional model. The TWC 

converter was considered as a plug-flow reactor (PFR) and the diffusion in the wash-coat 

was examined [54].  
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For practical applications, a one-dimensional model that captures all the physics has 

been found to be sufficient for explaining the important aspects of these reactors. One-

dimensional models are optimal, as they are computationally inexpensive and 

mathematically robust [35]. Rao et al. [35] developed a TWC model similar to the model 

developed by Oh and Cavendish  [48] that considered a more detailed set of reactions and 

kinetics. 

2.3 Research on converter model reduction 

Vehicles need to function in different conditions. Hence, the working conditions of 

the ECU are harsh under various temperatures and humidity and vibration levels. In 

addition, the sharp changes in the power supply and the electromagnetic waves from inside 

and outside the vehicle disturb the ECU’s working conditions. Therefore, the ECU’s 

computational ability needs to be limited to ensure stability. As a model designed to process 

the engine control or state estimation, it should be as simple as possible computationally. 

Simplification of the converter model can be achieved by different methods. One is 

to build sub-models to separate oxygen storage reactions from other reactions, instead of 

considering all reactions concurrently. Brant, Wang, and Grizzle [55] developed a 

simplified model of this kind by splitting it into three parts: standard steady-state efficiency 

curves driven by tailpipe AFR, an oxygen storage mechanism model similar to that in [56] 

to account for the modification of AFR, and a thermal dynamic of the converter’s warming-

up process. These methods are widely used in other research, such as [57]. Figure 2.2 

illustrates the simplified model structure.  
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Figure 2.2: A simplified TWC system model including sub-models [77]  

  

Figure 2.2 shows how to obtain the tailpipe AFR (λTP) from the oxygen storage 

model and input information. The temperature of the catalysts is obtained from the thermal 

model. The tailpipe AFR, catalyst temperature, and input concentrations are used to obtain 

the output pollutant concentration by means of the look-up table of the steady mapping 

model. However, the static map used in the mapping model covers only the steady state, so 

this kind of simplified model does not focus on the warming-up stage. In addition, the 

thermal dynamic model is not concrete enough to reflect the complex heat transfer 

mechanism or the heat released by the reactions inside the converter.  

Surenahalli et al. [58] [59] provided another model reduction method, which 

implemented a phase reduction by combining the gas and solid phases. This reduced-order 

model was employed for temperature estimation using the Extended Kalman Filter (EKF). 

Although Surenahalli et al. [58] [59] mainly focused on diesel oxidation catalysts (DOC), 
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the structures and principles of TWC and DOC are similar. Therefore, a similar 

simplification method is employed in this research. 
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Chapter 3 . The high-fidelity TWC converter model 

3.1 Development of the high-fidelity TWC converter model  

As introduced above, researchers have developed a variety of models to describe the 

mechanisms of TWC converters. These models vary in accuracy and complexity. The high-

fidelity model proposed in this chapter is a one-dimensional single-square channel 

approximation of the TWC converter. The heat and mass transfer of the high-fidelity model 

assumes that a single channel can represent a TWC converter, and the model simulates the 

mass and energy conservation of the converter in the gas and solid phases. The objective 

of this chapter is to develop a sufficiently accurate high-fidelity model. This can be 

achieved by determining the heat transfer characteristics and tuning the reaction rate 

parameters. 

3.1.1 Assumptions  

Some important assumptions are made to reduce the complexity of the high-fidelity 

TWC converter model. 

As mentioned in the previous chapter, two-dimensional and three-dimensional models 

are more accurate than one-dimensional models, but they are too complicated to be applied 

in control systems and state estimations. One-dimensional converter models are more 

efficient for controllers and estimators, since they are computationally inexpensive and 

mathematically robust. The Biot (Bi) number of the converter channel was calculated and 
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found to be lower than 0.12. Therefore, it is justified to assume that the model is one-

dimensional. The calculation of the Bi number is presented separately in Appendix C. 

The second assumption is that all the reactions occur in the surface phase of the 

converter. As shown in Figure 3.1, the molecules of the reactants are first adsorbed into the 

wash-coat. Then, chemical reactions occur as molecules collide. This mechanism is based 

on the theory of the Langmuir-Hinshelwood mechanism [60]. 

Figure 3.1: Schematic showing the flow of exhaust gas through the TWC 

The final assumption is that heat transfer between the converter and the atmosphere is 

negligible, since the heat prevention material of the outer layer can block most of the heat 

transfer to the environment [61].  
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3.1.2 Heat and mass transfer of the high-fidelity model 

 Similarly to Oh and Cavendish [48], a one-dimensional heat and mass transfer model 

is developed based on the heat and mass conservation of the gas and solid phases. The 

equations of the heat and mass transfer are as follows: 

- Solid phase energy conservation:  

 

Ψs
∂Ts

∂t
= fsbλsb

∂2Ts

∂x2 + hS(Tg − Ts) − ∑ ∆hjrj
n
j=1                                                                       (1)           

 

 In equation (1), the left term is the overall heat transfer of the solid phase. Tg and Ts 

are the temperatures of the gas and the solid. The solid phase contains two kinds of 

materials. Therefore, the effective heat capacity Ψs needs to be calculated based on material 

density, material-specific heat, and channel geometries, as shown in equation (2): 

 

Ψs =
ρcorccorVcor+ρalcalVal

LD2                                                                                                            (2) 

 

In equation (2),  ρcor , ccor , and Vcor  are the density, specific heat, and volume of 

cordierite (the substrate material). ρal, cal, and Val are the density, specific heat and volume 

of alumina (the wash-coat material). 
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The volumes of the substrate and wash-coat are calculated based on the channel 

geometries. Figure 3.2 shows the square channel geometries. 

 

 

Figure 3.2: Definitions for square channel geometries 

 

In Figure 3.2, the width of the channel, D, can be determined based on cell density, 

which is the number of channels in the unit frontal area (1 m2). Equation (3) shows the 

calculation of D. 

 

D = √1 cell density⁄                                                                                                                   (3) 

 



M.Sc. Thesis - T. Li  McMaster University – Mechanical Engineering 

 

26 

 

The volumes of the substrate and the wash-coat are given in equations (4) and (5). 

 

Vcor = L(2w1D − w1
2)                                                                                                                  (4) 

Val = 4Lw2(D − w1 − w2)                                                                                                          (5) 

 

The cordierite specific heat ( ccor) varies with the temperature. The values of the 

cordierite-specific heat are given in Appendix B. The alumina-specific heat is 1,000 

J kg ∙ K⁄ . 

Table 3.1 shows the values related to the square channel geometries. 

Table 3.1: Values of the square channel geometries  

Item Values 

Frontal area (A) 0.0082 m2 

Length (L) 150 mm 

Substrate thickness (w1) 1.0922× 10−4 m 

Wash-coat thickness (w2) 1 × 10−5 m 

Cell-density 1394910 /m2 

Channel width (D) 8.47 × 10−4 m 

Void fraction (ε) 0.719 

Specific area (S) 16471.9 m2 m3⁄  



M.Sc. Thesis - T. Li  McMaster University – Mechanical Engineering 

 

27 

 

Characteristic length (𝐷ℎ) 1.75 × 10−4m 

Cordierite density (ρcor) 1720 kg m3⁄  

Alumina density (ρal) 1300 kg m3⁄  

Cordierite specific heat (ccor) Appendix B 

Alumina specific heat (cal) 1000 J kg ∙ K⁄  

The first term on the right side of equation (1) is the heat conduction in one dimension 

along the axial direction of the substrate [62], where fsb stands for the solid fraction of the 

substrate. fsb is calculated in equation (6). 

 

fsb = 1 − ε                                                                                                                                    (6) 

 

In equation (6), ε is the void fraction of the reactor. The void fraction can be calculated 

by means of equation (7) below. 

 

ε =
(D−w1−2w2)2

D2                                                                                                                             (7) 
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In this study, the wash-coat is relatively thin (commonly referred to 1× 10−5 m) 

compared to the substrate ( 1.0922 × 10−4 m ). Therefore, the solid phase’s thermal 

conductivity is directly represented by λsb, which is 1.5 J m ∙ s ∙ K⁄ .  

The second item on the right side of equation (1) is the heat transfer from the gas phase 

to the solid phase, where h stands for the gas-solid heat transfer coefficient, and S stands 

for the surface area of the solid substrate per converter volume [63]. 

The heat transfer coefficient h  depends on the Nusselt number (Nu) for a fully-

developed laminar flow through a channel. The heat transfer coefficient can be calculated 

by equation (8), 

 

h = Nu
λg

Dh
                                                                                                                                      (8) 

 

where the of the gas λg is given by equation (9) [28][64], 
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λg = 2.66 × 10−4Tg
0.805                                                                                                           (9) 

Figure 3.3: Heat conductivity of the exhaust gas 

From equation (9), it can be observed that the heat conductivity of the exhaust gas 

is a function of gas temperature. Figure 3.3 shows the heat conductivity of the exhaust gas 

under different exhaust gas temperature values. 

We assume an asymptotic (constant) Nu for simulation purposes. The channel 

cross-section is assumed to be close to a square geometry, and correspondingly a value of 

Nu = 3 (2.98 for square channels) is chosen [28] [65]. 

𝐷ℎ is the characteristic length of the gas/solid interaction and is calculated by means 

of equation (10) [66], 
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Dh =
4ε

S
                                                                                                                                            (10) 

 

where S is the specific area, the surface area of the substrate per converter volume. S can 

be determined by means of equation (10). 

 

S =
4×(D−w1)

D2                                                                                                                                 (11) 

 

The third item on the right side of equation (1) represents the heat release from the 

reactions [67]. rj  stands for the reaction rate of the jth  reaction. ∆hj  is the enthalpy 

exchanging expression, which is given in equation (12),  

 

∆hj = ∑ ηHproduct − ∑ η Hreactant                                                                                             (12) 

 

where η stands for the stoichiometric number of the species during the reaction, and H is 

the enthalpy of the species. Enthalpy is calculated as follows [68]: 
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Hi = RTs(−a1Ts
−2 +

a2lnTs

Ts
+ a3 +

a4Ts

2
+

a5Ts
2

3
+

a6Ts
3

4
+

a7Ts
4

5
+

b

Ts
)                                          (13) 

 

In equation (13), the gas constant R is 8.314, and i=species. The values of the specific 

heat coefficient a1~a7 and the enthalpy constant b are provided in Appendix A. 

- Gas phase energy conservation: 

 

ερscp,guz
∂Tg

∂x
= hS(Ts − Tg)                                                                                                       (14) 

 

In this thesis, heat convection is the only factor causing the change in temperature in 

the gas phase. In equation (14), the left side is the overall heat transfer of the gas phase, and 

the right side is the heat transfer from the solid phase to the gas phase. The gas specific heat 

is calculated as follows: 

 

cp,g = ∑ xg,iMicp,i
n
i=1   i = species                                                                                      (15) 
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where xg,i is the ith species mole fraction, cp,i is the specific heat of the ith species, and Mi 

is the molar mass of the ith species. The calculation of 𝑐𝑝,𝑖 is given as follows: 

 

cp,i = R(a1Tg
−2 + a2Tg

−1 + a3 + a4Tg
1 + a5Tg

2 + a6Tg
3 + a7Tg

4)                                (16) 

 

- Species mass conservation: 

 

w

A

∂xg,i

∂x
= −km,iS(xg,i − xs,i) = ∑ ηrj

nrct
j=1                                                                      (17) 

 

In equation (17), the left side is the overall change in mass of the ith species in the gas 

phase, which is equal to the mass of the ith species involved in the reactions on the right 

side of the equation. η is the stoichiometric coefficient and xg,i is the species mole fraction. 

The mass transfer coefficient is calculated by means of the equation below. 

 

km,i =
Sh

Dh
(cgDi,m)                                                                                                       (18) 
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In equation (18), the Sherwood number Sh = Nu = 3 according to the model of 

Ramanathan and Sharma [28]. The mass diffusivity 𝐷𝑖,𝑚 is given by the equation below,  

 

cgDi,m =
3.85×10−5Tg

0.75
√

1

Mi
+

1

MN2

( √Σi
3 + √ΣN2

3 )3
                                                                                   (19) 

 

where Σi is the diffusion volume of the species. 

3.1.3 Reaction kinetics of the high-fidelity model 

The high-fidelity TWC converter model simulates the oxidation of CO, HC and the 

reduction of NO. The reactions and species of the TWC converter are complicated. 

Typically, hundreds of reactions occur in a converter, depending on the exhaust gas and 

wash-coat compositions and the temperature. For the most part, only reactions concerning 

the elimination of noxious emissions are of interest, including the oxidation of CO and HC, 

the reduction of NO, and the oxygen storage reactions. Some research [34][37] on catalytic 

converter modelling has concluded that propene (C3H6) and propane (C3H8) are sufficient 

to represent the HC in the exhaust gas of the gasoline engine. Hence, in the high-fidelity 

TWC converter model used in this study, C3H6 and C3H8 are selected as the representative 

HCs in the TWC converter, which reduces the number of differential equations to be solved 

and improves the speed of the model. The reaction set presented by Rao et al. [35] and 

Ramanathan and Sharma [28] can adequately model the chemical mechanism inside the 

TWC converter. Therefore, the reactions and reaction kinetics of the high-fidelity model in 
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the present study are directly adopted from the models of Rao et al. [35] and Ramanathan 

and Sharma [28]. The high-fidelity model simulates 15 reactions, as shown in Table 3.2. 

Table 3.2: Reactions inside the converter that are considered 

 

Oxidation and reduction reactions 

Reactions 1–7 in Table 3.2 are the oxidation and reduction reactions of CO, HC, and 

NO. The reaction rates of reactions 1–7 are given in (20) [69], 

 

# Reactant Products 

1 CO + 0.5O2 CO2 

2 C3H6 + 4.5O2 3CO2 + 3H2O 

3 C3H8 + 5O2 3CO2 + 4H2O 

4 H2 + 0.5O2 H2O 

5 CO + NO CO2 + 0.5N2 

6 C3H6 + 9NO 3CO2 + 3H2O + 4.5N2 

7 H2 + NO 0.5N2 + H2O 

8 CO + H2O CO2 + H2 

9 C3H6 + 3H2O 3CO + 6H2 

10 2Ce2O3 + O2 4CeO2 

11 Ce2O3 + NO 2CeO2 + 0.5N2 

12 CO + 2CeO2 Ce2O3 + CO2 

13 C3H6 + 12CeO2 6Ce2O3 + 3CO + 3H2O 

14 C3H8 + 14CeO2 7Ce2O3 + 3CO + 4H2O 

15 H2 + 2CeO2 Ce2O3 + H2O 
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rj = kicreactant1creactant2                                                                                                          (20) 

 

where creactant is the concentration of the reactants, and kj is the reaction rate parameter of 

the jth reaction. The rate expressions are expressed in terms of the species concentrations 

in the solid phase, which are related to the mole fractions as 

 

cs,i =
p

RgTs
xs,i                                                                                                                  (21) 

 

The purpose of the reaction kinetic model is to calculate the reaction rate parameter ki. 

The reaction rate parameter is calculated according to the Langmuir-Hinshelwood 

mechanism, which is widely used in research on surface reactions.   

According to the Langmuir-Hinshelwood mechanism, the molecules of the reactants 

are first adsorbed into the wash-coat, and then chemical reactions occur as a result of the 

effective collisions of reactant molecules. Therefore, the reaction rate coefficients are 

calculated according to three factors: number of collisions, number of effective collisions, 

and adsorption rates of the molecules [70][71]. 

The reaction rate coefficient expressions are given in equation (22), 
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ki = Aiexp(−Ei/RT)/G                                                                                                           (22) 

 

where Ai is the pre-exponent multiplier, which expresses the probability of the collisions; 

Ei is the activation energy, which represents the possibility of effective collisions; and G 

evaluates the adsorption rate of gas reactant from the gas phase to the solid phase.  

The inhibition factor G is calculated using the methods and parameters from the open 

lectures [35], and the equations are given as follows, 

 

G = (1 + K1cCO + K2cC3H6)2(1 + K3cCO
2 cC3H6

2 )(1 + K4cNO)                                                           (23) 

Ki = ki,Gexp(−Ei,G T⁄ )  i = 1~4  

 

where ki,G  and Ei,G  are the adsorption constant and adsorption heat, respectively. The 

values of these two sets of parameters are the experience values from the open lectures [35], 

as shown in Table 3.3. 

Table 3.3: Adsorption constant and adsorption heat values 

𝑖 ki,G Ei,G 

1 4.314 -485 

2 1.289 166 
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3 2.147E-4 -10163 

4 8.699E5 3685 

 

Water-gas shift reactions 

Reactions 8 and 9 are water-gas shift reactions. The reaction rates are given by 

equations (24) and (25). 

 

r8 =
A8

G
exp (−

E8

RTs
)(CCOCH2O −

CH2CCO2

KWGS
)                                                                        (24)  

r9 =
A9

G
exp (

E9

RTs
)CC3H6

CH2O                                                                                             (25) 

 

The equilibrium constant is given by: 

 

KWGS = exp (−
∆GWGS

RTs
)                                                                                                     (26) 

 

The reaction free energy of the water-gas shift reaction is computed using data from 

the Chemical Properties Handbook [72] by means of equation  
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∆GWGS = −4.1034 × 104 + 44.19Ts − 5.553 × 10−3Ts
2                                               (27) 

 

Normally, the engine-out measurement includes the concentration of exhaust gas 

(CO, HC, NO, 𝑂2, 𝐶𝑂2). However, the water and hydrogen mole fraction is also required 

to calculate the water-gas shift reaction rates. These are calculated using the empirical 

formulae from [28][73][74]: 

 

[𝐻2] =
1.85

2

[𝐶𝑂]([𝐶𝑂]+[𝐶𝑂2])

[𝐶𝑂]+[𝐶𝑂2]/0.285
                                                                                   (28) 

[𝐻2O] =
1.85

2

[𝐶𝑂2]([𝐶𝑂]+[𝐶𝑂2])

0.285[𝐶𝑂]+[𝐶𝑂2]
                                                                                (29) 

  

Oxygen storage reaction 

Reactions 10–15 are oxygen storage reactions. The reaction rates of the oxygen 

storage reactions are given below. 

 

ri = Aiexp (−
Ei

RTs
)CjΨ                                                                                                    (30) 
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Ψ = {
1 − θ    i = 10, 11

θ    i = 12 − 15
    

 

The surface coverage θ, as shown in equation (31), is the ratio of oxygen storage in 

the higher oxidation state compared to the total available oxygen storage capacity, which 

is effectively the fraction of cerium that is fully oxidized.  

 

θ =
mole of CeO2

mole of CeO2+2×mole of Ce2O3
                                                                                           (31) 

 

θ can be calculated as a function of solid temperature, concentration, and surface 

coverage (θ).  

 

dθ

dt
= (4r10 + 2r11) − (2r12 + 12r13 + 14r14 + 2r15)                                                     (32) 

  

Cerium is more stable in its oxidized state. Therefore, θ is taken as the value of 1 

when t=0.  
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For all 15 reactions, the pre-exponent multiplier Ai and activation energy Ei are the 

parameters that need to be tuned. In this thesis, these parameters are tuned manually during 

the driving cycle simulation. The accuracy obtained is sufficient for the control system and 

the state estimations. The initial values of the parameters are directly adopted from 

Ramanathan and Sharma [28] and are given in Table 3.4. 

Table 3.4: Initial pre-exponent multiplier and activation energy values 

Pre-exponent 

multiplier 

Default values Activation energy Default values 

𝐴1 5.542 × 1013 𝐸1 121450 

𝐴2 1.917 × 1015 𝐸2 129530 

𝐴3 6.404 × 1015 𝐸3 165160 

𝐴4 1.814 × 1015 𝐸4 111450 

𝐴5 2.857 × 109 𝐸5 52374 

𝐴6 2.994 × 1011 𝐸6 80063 

𝐴7 7.88 × 1010 𝐸7 69237 

𝐴8 1.8 × 105 𝐸8 56720 

𝐴9 1.23 × 105 𝐸9 81920 

𝐴10 2.943 𝐸10 5296 

𝐴11 792 𝐸11 25101 

𝐴12 0.1824 𝐸12 31768 

𝐴13 13.57 𝐸13 39070 

𝐴14 17.7 𝐸14 39680 

𝐴15 2.845 𝐸15 31768 

 

 



M.Sc. Thesis - T. Li  McMaster University – Mechanical Engineering 

 

41 

 

 3.2 Simulation of the high-fidelity TWC converter model 

The high-fidelity model is simulated using the professional software GT-SUITE, 

which is designed to build vehicle-related models, including engine models, emission 

systems models, and vehicle models [75]. The physical specifications of the high-fidelity 

model are determined according to a TWC converter in a testing bench. The simulation 

includes two parts, a constant inlet simulation and a driving cycle simulation. 

3.2.1 Dimensions of the TWC converter  

The geometric parameters of the converter, which can be set in GT-SUITE when 

building the model, are listed below in Table 3.5. 

Table 3.5: Geometric parameters of the converter  

Parameters Values Units 

PGM active surface site density 0.35 mole/m3 

Cerium active surface site density 50 mole/m3 

Cerium atomic weight 140 - 

PGM atomic weight 195 - 

Channel geometry Square - 

Frontal area (A) 0.0082 m2 

Length (L) 150  mm 

Substrate thickness (w1) 1.0922× 10−4  m 

Cell density 1394910  /m2 
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3.2.2 Setup of the high-fidelity TWC converter model  

GT-SUITE v7.4 provides a visual modelling method by assembling the model 

modules. The model can be used to simulate the performance of a TWC converter. The 

modules of the high-fidelity model are shown in Figure 3.4. 

 

Figure 3.4: High-fidelity GT-SUITE model 

Cordierite density (ρcor) 1720  kg m3⁄  

Alumina density (ρws) 1300  kg m3⁄  

Cordierite specific heat (ccor) Appendix B J kg ∙ K⁄  

Alumina specific heat (cal) 1000  J kg ∙ K⁄  
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Component 1 is the inlet module. The initial inlet includes the inlet gas volume flow 

rate, initial gas mole fraction, and inlet temperature. 

Component 2 is the cone flow split module. The flow split cones are required in the 

model map to enable transit from a single inlet tile pipe to the multiple channel geometry 

of the catalytic converter. The geometry of the split is a truncated cone, which essentially 

expands from a diameter equal to the inlet pipe to a diameter equal to the front face of the 

catalyst brick.  

Component 3 is a throat. Here, the throat is used as a nozzle for measuring the input 

and output gas information of the converter. 

Component 4 is the module of the surface reaction mechanism inside the catalytic 

converter. The reactant, the product, and the reaction rate parameters of the reactions are 

set in this module.  

Component 5 is the converter monolith. In this module, geometry and heat transfer 

parameters are defined. The dimensions of the converter match those of the real converter 

mentioned in Chapter 3. The square channel geometries provided in Table 3.1 are also set 

in this module. 

Heat transfer through the catalyst substrate wall is modelled using a one-dimensional 

conduction object that considers only axial temperature gradients in the substrate. The 

discretization length of the converter is 5mm, and the time step size is 1s. The determination 
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of the grid and time steps are presented in Appendix D. They have been proven to have a 

negligible impact on the results. The outside heat transfer flag of the converter is turned off 

in line with the assumptions.  

3.2.3 Constant inlet warming-up analysis 

The main heat sources causing the rise in the converter’s temperature are the heat 

convection from the gas to the solid and the heat release from the chemical reactions. In 

this section, a qualitative analysis of the warming-up process caused by these two factors 

is conducted to determine the converter’s warming-up mechanism. 

In order to determine the influence of the gas-solid heat convection on the warming-

up process, the TWC converter’s warming-up times under different inlet gas volume rates 

are compared. 

As mentioned in Chapter 3.2.2, the modelling resolution of the high-fidelity 

converter model is 30 and the time steps are 1s in length. During the simulation, a total of 

10 points along the converter are taken as the sampling points, as shown in Figure 3.5.  

Figure 3.5: The temperature sampling points 
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The constant inlet data consist of three different inlet volume flow rates of 0.8, 1.0, 

and 1.2 m3 min⁄  with a constant TWC inlet temperature of 500 °C (773.5 K). Reactions 

inside the converter model during the warming-up analysis are turned off. The constant 

inlet simulation duration is 200s. 

The temperature of each measurement point under different inlet conditions is 

shown in Figure 3.6 below. 
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Figure 3.6: Converter temperature during the warming-up process at a volume rate of 0.8  

Figure 3.7: Warming-up time of selected points at a volume rate of 0.8  
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Figure 3.6 and Figure 3.7 show the converter temperatures for an inlet volume of 

0.8 m3 min⁄ . The time taken for the temperature to increase from 300K to 774K is 

approximately 75s at the middle of the converter (point 5) and 140s at the outlet (point 10). 

Figure 3.8: Converter temperature during the warming-up process at a volume rate of 1.0  
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Figure 3.9: Warming-up time of selected points at a volume rate of 1.0  

 

Figure 3.8 and Figure 3.9 show the converter temperatures for an inlet volume of 

1.0 m3 min⁄ . The time taken for the temperature to increase from 300K to 774K is 

approximately 60s at the middle of the converter (point 5) and 110s at the outlet (point 10).  
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Figure 3.10: Converter temperature during the warming-up process at a volume rate of 1.2  

Figure 3.11: Warming-up time of selected points at a volume rate of 1.2  
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 Figure 3.10 and Figure 3.11 show the converter temperatures for an inlet volume 

of 1.2 m3 min⁄ . The time taken for the temperature to increase from 300K to 774K is 

approximately 50s at the middle of the converter (point 5) and 80s at the outlet (point 10). 

Direct comparisons of the temperature increase times at the middle (point 5) and 

the outlet (point 10) of the converter are provided in Figure 3.12 and Figure 3.13, 

respectively. 

Figure 3.12: Comparison of temperature increase times at middle point (point 5) 
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Figure 3.13: Comparison of temperature increase times at outlet point (point 10) 

 The comparison of the results indicates that a higher inlet gas volume rate reduces 

the TWC converter’s warming-up time. 

 In addition to the heat convection from the gas to the solid, the heat release from 

the TWC converter’s internal reactions is an alternative factor causing the temperature 

increase. A separate analysis of the internal chemical reactions’ influence on the converter’s 

temperature increase is conducted. The inlet temperature is kept constant at 774K. The inlet 

volume flow rate is 1.0 m3 min⁄ . The inlet pollutant species concentrations are set to zero, 

average and high to control the variable reaction rate. The values of the species 
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concentration are all chosen from the experimental tests. The temperature increase maps 

are compared under the different inlet concentrations. 

Figure 3.14: Outlet temperature under different species inlet concentrations 

 Figure 3.14 shows the outlet temperature of the converter under different inlet 

species concentrations. The higher reaction rate can lead to a higher outlet temperature and 

allow the TWC converter to warm up faster. As illustrated in Figure 3.14, the outlet 

temperature of the converter is 774K (without reactions), 890K (average inlet 

concentration), and 930K (high inlet concentration). The energy levels required to heat the 

converter to the specific temperatures are calculated to be 217,823.36 J, 271,130.35 J and 

289,512.06 J, respectively.  
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Table 3.6: Energy required for temperature increases 

Table 3.6 shows the soxxurces and the amount of the energy required for the 

temperature increase at an inlet temperature of 774K with zero, average and high inlet 

concentrations. For an average inlet concentration, the outlet temperature is 890K and 

271,130.35J energy is required. For a high inlet concentration, the outlet temperature is 

930K and 289,512.06J energy is required. By comparing the outlet temperature of the 

converter and the energy required to heat it, it can be observed that the increase in energy 

caused by the chemical reactions is approximately 30%. Thus, it can be concluded that for 

the warming-up process, more energy is provided by the gas-solid heat convection than by 

the chemical reactions. 

 

3.2.4 Constant inlet chemical reaction simulation 

During the constant inlet simulation, the chemical analysis is performed by comparing 

conversion efficiency under various inlet volume flow rates and temperatures. The data for 

the chemical analysis consists of CO, HC and NO inlet and outlet concentration at five inlet 

temperature values ranging from 400 °C to 600 °C at three different inlet volume flow rates 

Outlet Temperature 774K 890K 930K 

Inlet concentration Zero Average High 

Energy required 217823.36 J 271130.35 J 289512.06 J 

Energy rise caused by reactions  0% 24.47% 32.91% 
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of 0.8, 1.0 and 1.2 m3 min⁄ . The reaction rate parameters are set to the initial values shown 

in Table 3.4. 

Figure 3.15: Conversion efficiency at different temperatures from 400 C to 600 C and 

different inlet volume rates of 0.8, 1.0 and 1.2 
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Figure 3.15 shows the conversion efficiency of HC, CO and NO under inlet volume 

flow rates of 0.8, 1.0 and 1.2 m3 min⁄  (from top to bottom). From the general trend of the 

curves, it can be observed that conversion efficiency increases as the temperature increases 

and drops as the volume flow rate increases. For an inlet volume flow rate of 0.8 m3 min⁄ , 

the conversion efficiency of HC is approximately 40% at a temperature of 400 °C and 

reaches over 60% at a temperature of 600 °C. The conversion efficiency of CO reaches 

over 90% at a temperature of 450 °C. The conversion efficiency of NO is high. For an inlet 

volume rate of 1.0 m3 min⁄ , the conversion efficiency of HC is lower than 40% at a 

temperature of 400 °C and reaches 60% at a temperature of 600 °C. The conversion 

efficiency of CO reaches over 90% at a temperature of 500 °C. For an inlet volume rate of 

1.2 m3 min⁄ , the conversion efficiency of HC is 40% at a temperature of 500 °C and no 

more than 60% at a temperature of 600 °C. The conversion efficiency of CO reaches over 

90% at a temperature of 500 °C. 

An additional aim of the constant inlet chemical simulation is to determine the reaction 

rate parameters, including the pre-exponent multiplier and activation energy parameters. 

Harsha [76] uses a similar method to determine these parameters by comparing the 

experimental and simulated conversion efficiencies during the constant inlet simulation. 

The reaction rate parameters in the present study are tuned during the driving cycle 

simulation, since the experiment under the constant inlet are absent. The driving cycle 

simulation method is more complicated and produces more errors, because the reliability 

of the species mole fraction sensors is reduced under driving cycle conditions. 
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3.2.5 Driving cycle simulation  

The input of the driving cycle simulation is transient emission data from real engine 

testing. The transient simulation identifies the data of the activation energy and the pre-

exponential multiplier parameters for the reactions. 

The FTP-72 driving cycle is employed. FTP-72 was developed for emissions testing 

by the US Environmental Protection Agency (EPA) in the 1970s and is widely used in US 

federal emissions tests. Vehicle speed over time for the FTP-72 driving cycle is illustrated 

in Figure 3.16 [77]. The driving cycle specifications are provided in Table 3.7. The driving 

cycle is divided into two phases: a cold-start phase (0~505s to the left of the red line) and 

a transient phase. The results from the two phases are analysed in the following sections. 

Figure 3.16: Vehicle speed over time for FTP-72 driving cycle 
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Table 3.7: Specifications of FTP-72 driving cycle 

 

The inlet data of the high-fidelity converter model include the gas volume flow rate; 

the mole fractions of CO, NO, HC, O2, and CO2; and the gas phase temperature. The engine 

providing the pre-catalyst gas is a 3.5L DOHC V6 gasoline engine from a 2010 Ford Edge 

with an odometer reading of 11,031 miles. The engine’s maximum power is 285 HP at 

6,500 RPM and its maximum torque is 253 lb∙ft at 4,000 RPM. The initial inlet gas volume 

flow rate is illustrated in Figure 3.17. The inlet gas temperature is shown in Figure 3.18. 

Parameters Values 

Distance travelled 17.7 km (11.04 miles) 

Duration 1,372 seconds 

Average speed 34.1 km/h (21.2 mph) 
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Figure 3.17 Initial inlet gas volume flow rate 

 

 

 

 

 

 



M.Sc. Thesis - T. Li  McMaster University – Mechanical Engineering 

 

59 

 

Figure 3.18: Inlet gas temperature 

The mole fraction of the pollutant in the inlet gas are shown from Figure 3.19 to Figure 

3.21 in units of ppm. 
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Figure 3.19 Inlet HC mole fraction 
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Figure 3.20 Inlet CO mole fraction 
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Figure 3.21 Inlet NO mole fraction  

Both initial and ambient temperatures are set at 26.85 degrees, which matches the 

testing conditions of the engine testing bench. 
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3.2.5.1 Driving cycle chemical simulation results  

One of the main purposes of the driving cycle simulation is to tune the reaction rate 

parameters by minimizing the errors between the experimental and the simulated data. 

For the adjustment of the reaction rate parameters, the outlet CO and HC mole 

fraction results of the high-fidelity model with Ramanathan and Sharma’s [28] reaction rate 

parameter values (initial parameter values shown in Table 3.4) are provided. The results 

are shown in Figure 3.22 ~ Figure 3.24. 

Figure 3.22: Outlet HC mole fraction with Ramanathan and Sharma’s parameter values 
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Figure 3.23: Outlet CO mole fraction with Ramanathan and Sharma’s parameter values 

Figure 3.24: Outlet CO mole fraction scatter diagram with Ramanathan and Sharma’s 

parameter values 
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The high transient of the results makes it hard to detect the difference in mole 

fraction simply from the line diagram, especially the line diagram of CO output mole 

fraction shown in Figure 3.23. Therefore, a scatter diagram is made through Figure 3.24. If 

the model accuracy is high, the points should be located around the line of y=x. From Figure 

3.22, Figure 3.23 and Figure 3.24 it can be observed that the model’s accuracy when using 

Ramanathan and Sharma’s [28] parameter values is less than satisfactory in the present 

study case. This is especially true regarding the outlet HC mole fraction, which does not fit 

the experimental data throughout the driving cycle. And according to the results shown in 

Figure 3.24 the accuracy of CO mole fraction also has room for improvement, although the 

difference in mole fraction is kept within a value of 1000 for a large proportion of the points. 

Therefore, the reaction rate parameter values need to be re-tuned.  

The pre-exponent multipliers and activation energy parameters are tuned manually 

by minimizing the transient outlet error between the measured and simulated data. Across 

all 30 parameters, the activation energy parameter 𝐸𝑖 is kept unchanged, since the catalyst 

and wash-coat formulations are similar for most TWC converters. The steam reforming and 

water-gas shift reactions are fairly insensitive to the measured data according to prior 

research [28]. Therefore, the water-gas shift reaction parameters are not re-tuned. In 

Ramanathan and Sharma’s [28] study, the oxidation reaction rate parameters are tuned 

initially, followed by the NO reduction reactions and then the oxygen storage reactions. In 

the present study, the results are accurate enough for the control system once the oxidation 

and reduction reaction rate parameters have been tuned. Therefore, the re-tuned parameters 
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are the pre-exponent multipliers of the oxidation and reduction reactions. The values of the 

tuned parameters are listed in Table 3.8. 

Table 3.8: Comparison between Ramanathan and Sharma’s parameter values and those in 

the present study 

𝐴𝑖 Ramanathan and Sharma’s value Value in this study 

𝐴1 5.542 × 1013 7.542 × 1013 

𝐴2 1.917 × 1015 9.83 × 1015 

𝐴5 2.857 × 109 6.45 × 109 

𝐴6 2.994 × 1011 2.65 × 1012 

As illustrated in Table 3.8, the adjustment range of the CO-related reaction parameters 

(A1 and A6) is small, while the adjustment range of the HC-related reaction parameters is 

relatively large in order to reduce the error of the outlet HC mole fraction. The adjusted 

parameter values in the present study are within ten times Ramanathan and Sharma’s [28] 

values. 

The results of the driving cycle simulation are listed. These results include the transient 

outlet mole fraction values and the total output amounts. 
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The results regarding the transient output CO mole fraction are shown in Figure 3.25. 

Figure 3.25: Transient line diagram of high-fidelity model CO output mole fraction 

From the curve of the transient CO output results, it can be observed that the 

experimental and simulated value fit well for most of the peaks. Like the previous analysis, 

it is difficult to determine the model’s accuracy simply based on Figure 3.25 due to the 

results’ high transient. Moreover, the large peak at 0~50s reduces the figure’s ordinate 

resolution and makes the error of the transient phase undetectable. Therefore, the scatter 

diagram is made in Figure 3.26.  
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Figure 3.26: Scatter diagram of high-fidelity model CO output mole fraction 

From Figure 3.26 it can be observed that the result points are more convergent to the 

line of y=x compared to the results shown in Figure 3.24. Therefore, it can be concluded 

that the model accuracy is improved to some extent.  

In order to detect the model accuracy of the cold-start phase and the transient phase, 

the results gathered in these two phases are listed as line diagrams and scatter diagrams in 

Figure 3.27~Figure 3.30, respectively.  
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Figure 3.27 Transient line diagram of high-fidelity model CO output mole fraction in cold 

start phase 

Figure 3.28 Scatter diagram of high-fidelity model CO output mole fraction in cold start 

phase 
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Figure 3.29 Transient line diagram of high-fidelity model CO output mole fraction in 

transient phase 

Figure 3.30 Scatter diagram of high-fidelity model CO output mole fraction in transient 

phase 
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In Figure 3.27 and Figure 3.28, it can be observed that the CO output error of the 

cold-start phase is small. Some time delays can also be observed in Figure 3.27, without 

which the result points could be more convergent to the line of y=x in Figure 3.28. In Figure 

3.29, it can be observed that a relatively large error occurs from 600s to 800s. In addition, 

although some of the peaks do not fit well from 900s to 1,370s, the overall accuracy is 

acceptable. In Figure 3.30, it can be observed that a large proportion of the points are kept 

within a difference of 100 during the transient phase. 

One of the major sources of error is the measurement uncertainty of the testing 

equipment. The accuracy of the mole fraction testing of the gas species is limited due to 

the testing sensors. In addition, stalled waste gas from the previous testing cycle may also 

produce errors in the results. 

The total output species values are compared in order to determine the accuracy of 

the high-fidelity model. The total CO output values are shown in Table 3.9. 

Table 3.9: Total CO output results 

 Total output results Values  

Driving cycle Experiment amount (gram) 8.606 

Experimental conversion efficiency 92% 

Simulation amount (gram) 9.801 

Simulated conversion efficiency 95% 

0~100s Experiment amount (gram) 3.776 

Simulation amount (gram) 2.171 

100~200s Experiment amount (gram) 2.046 
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Simulation amount (gram) 1.402 

200~300s Experiment amount (gram) 0.818 

Simulation amount (gram) 0.789 

300~400s Experiment amount (gram) 0.184 

Simulation amount (gram) 0.613 

400~500s Experiment amount (gram) 0.620 

Simulation amount (gram) 0.797 

500~600s Experiment amount (gram) 0.122 

Simulation amount (gram) 0.446 

600~700s Experiment amount (gram) 0.038 

Simulation amount (gram) 0.509 

700~800s Experiment amount (gram) 0.068 

Simulation amount (gram) 0.975 

800~900s Experiment amount (gram) 0.070 

Simulation amount (gram) 0.213 

900~1000s Experiment amount (gram) 0.190 

Simulation amount (gram) 0.413 

1000~1100s Experiment amount (gram) 0.197 

Simulation amount (gram) 0.424 

1100~1200s Experiment amount (gram) 0.133 

Simulation amount (gram) 0.483 

1200~1300s Experiment amount (gram) 0.304 

Simulation amount (gram) 0.399 

As illustrated in Table 3.9, the differences between the total output results in the 

experimental and the simulated data are small across the entire driving cycle. In addition, 

the total output results for every 100s period of the driving cycle are calculated individually. 
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It can be observed in Table 3.9 that for the period of 0~300s, a large difference occurs, and 

the experimental result is approximately 2g higher than the simulated result. For the period 

of 500~800s, a large difference also occurs, and the simulated result is approximately 2g 

higher than the experimental amount. In addition to the total output result, conversion 

efficiency is an alternative indicator of the model’s accuracy. It can be observed in Table 

3.9 that the conversion efficiency values are extremely similar, which means that the overall 

reduction in pollutants is similar across the experiment and the simulation. 

The transient output mole fraction result for HC is illustrated in Figure 3.31. 

Figure 3.31: Transient line diagram of high-fidelity model HC output mole fraction 

The transient output result of the HC mole fraction indicates that some peaks do not 

fit well during the driving cycle. As with the CO mole fraction result, the large peak at 
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0~50s reduces the figure’s ordinate resolution and makes the error of the transient phase 

undetectable. Therefore, the scatter diagram is made in Figure 3.32.  

Figure 3.32 Scatter diagram of high-fidelity model HC output mole fraction 

 

From Figure 3.31 and Figure 3.32 it can be observed that the model accuracy has 

been greatly improved after the parameter-tuning. In order to detect the model accuracy of 

the cold-start phase and the transient phase, the HC outlet mole fraction results gathered in 

these two phases are listed as line diagrams and scatter diagrams in Figure 3.33~Figure 

3.36, respectively. 
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Figure 3.33: Transient line diagram of high-fidelity model HC output mole fraction 

in cold start phase 

Figure 3.34: Scatter diagram of high-fidelity model HC output mole fraction in cold 

start phase 
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Figure 3.35: Transient line diagram of high-fidelity model HC output mole fraction 

in transient phase 

Figure 3.36: Scatter diagram of high-fidelity model HC output mole fraction in 

transient phase 



M.Sc. Thesis - T. Li  McMaster University – Mechanical Engineering 

 

77 

 

In Figure 3.33, it can be observed that the curves generally fit well during the cold-

start phase, with the exception of some peaks. Therefore, most of the points are observed 

to be convergent to the line of y=x in Figure 3.34. In Figure 3.35, it is evident that some 

peaks do not fit well, which causes a large error. And the result points in Figure 3.36 cannot 

be convergent well. However, the purpose of the current research is to develop a control-

oriented model, which has a greater tolerance for output error. Therefore, the accuracy of 

the model is acceptable. 

The test data may also be affected by the accuracy of the sensors. In addition, residual 

waste gas inside the converter from previous testing cycles is also considered to be a 

possible source of error. 

The total HC output results are shown in Table 3.10. 

Table 3.10: Total HC output results  

 Total output results Values (ppm) 

Driving cycle Experiment amount (gram) 0.601 

Experimental conversion efficiency 98% 

Simulation amount (gram) 1.870 

Simulated conversion efficiency 97% 

0~100s Experiment amount (gram) 0.430 

Simulation amount (gram) 0.398 

100~200s Experiment amount (gram) 0.044 

Simulation amount (gram) 0.167 

200~300s Experiment amount (gram) 0.025 
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 As shown by the total HC output results, the difference between the simulated and 

experimental data is relatively large, which is mainly caused by the peaks during the 

transient phase. As was done with the CO analysis, the total output results for every 100s 

of the driving cycle are calculated individually. During the cold-start period, 0~200s, the 

difference between the simulated and experimental data is small. During the other time 

Simulation amount (gram) 0.069 

300~400s Experiment amount (gram) 0.009 

Simulation amount (gram) 0.121 

400~500s Experiment amount (gram) 0.012 

Simulation amount (gram) 0.182 

500~600s Experiment amount (gram) 0.008 

Simulation amount (gram) 0.094 

600~700s Experiment amount (gram) 0.006 

Simulation amount (gram) 0.145 

700~800s Experiment amount (gram) 0.007 

Simulation amount (gram) 0.174 

800~900s Experiment amount (gram) 0.005 

Simulation amount (gram) 0.039 

900~1000s Experiment amount (gram) 0.007 

Simulation amount (gram) 0.059 

1000~1100s Experiment amount (gram) 0.005 

Simulation amount (gram) 0.011 

1100~1200s Experiment amount (gram) 0.005 

Simulation amount (gram) 0.113 

1200~1300s Experiment amount (gram) 0.007 

Simulation amount (gram) 0.080 
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periods, the simulated results are higher than the experimental results. In addition, during 

the period of 700~900s, large differences occur. The total HC output results are consistent 

with the transient output mole fraction results.  

The transient mole fraction results for NO are illustrated in Figure 3.37. 

Figure 3.37: Transient output results of the NO mole fraction  

As shown in Figure 3.37, the transient NO outputs do not fit as well as those of CO. 

Several peaks in the simulated results do not fit with the experimental results. In real 

applications, the tailpipe-out NO concentration is extremely low compared to the CO and 

HC concentrations. A significant amount of NO is normally removed inside the TWC 

converter. In addition, there is significant measurement uncertainty regarding NO due to 
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the equipment. Therefore, the composition of NO does not receive much weight when 

evaluating the high-fidelity model’s accuracy.  

3.2.5.2 Transient simulation temperature results  

The transient temperatures of the 10 testing points for the solid phase are measured. 

The warming-up performance between 0s and 200s is shown in Figure 3.38. 

Figure 3.38: Transient warming-up performance  

  

The warming-up time of the outlet (point 10) is around 125s in the driving cycle 

simulation. The warming-up time is shorter than normal (around 500s) because the 
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converter tested in the present study is just a protype for testing, and it is shorter than the 

commercially embedded converters. A comparison between the tested and simulated outlet 

temperatures is presented in Figure 3.39. 

Figure 3.39: Transient outlet temperature results 

Figure 3.39 indicates that the differences in warming-up time between the 

experimental and simulated data are small. The model is able to simulate the temperature 

response of the TWC experimental data.  
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Chapter 4 :  Reduced-Order TWC Converter Model 

 4.1 Reduction of the high-fidelity model 
  

Although the high-fidelity model developed in Chapter 3 is sufficiently accurate for 

control and OBD systems, it is computationally demanding, and control and state 

estimation strategies are thus difficult to implement. Therefore, reducing the model’s 

computational cost is important for the development of a control-oriented model. This 

chapter focuses on the simplification of the high-fidelity model.  

 Harsha [58] developed a reduced-order model of the catalytic converter focusing 

on two aspects, reaction reduction and phase reduction. Based on Harsha’s [58] research, a 

similar model reduction is performed in the present study.  

The reduced-order TWC converter model developed in this chapter employs bulk 

phase energy conservation equations instead of the separate gas-phase and solid-phase 

energy conservation equations used in the high-fidelity model. This strategy reduces the 

model’s complexity. Therefore, simulation time and computational costs are reduced. 
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4.1.1 Phase simplification 
 

The result of the constant inlet simulation shows that the relatively higher rate of 

gas-solid heat transfer only lasts for a short period, as shown in Figure 4.1. The inlet gas 

volume flow rate is 1 m3 min⁄ , and the temperature is 500 °C. 

Figure 4.1: Constant inlet gas-solid heat transfer rate  

 

A similar phenomenon is observed in the transient simulation. Figure 4.2 shows the 

gas-solid heat transfer rates of the driving cycle simulation.  
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Figure 4.2: Transient gas-solid heat transfer rates  

 

The gas and solid temperatures are compared in the simulations. Figure 4.3 shows 

the temperatures of the gas and solid phases during the constant inlet simulation without 

chemical reactions. 
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Figure 4.3: Gas and solid temperatures during the constant inlet simulation 

 

As shown in Figure 4.3, the differences in temperature between the gas and solid 

phases are small during the constant inlet simulation. Small temperature differences can 

also be observed in the driving cycle simulation with all the chemical reactions included, 

as shown in Figure 4.4. 
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Figure 4.4: Gas and solid temperatures during the transient simulation 

 

Due to this phenomenon, the temperatures of the gas and solid phases (wash-coat 

and substrate) are assumed to be equal.  

 

𝑇𝑟,𝑔,𝑘 = 𝑇𝑟,𝑠,𝑘 = 𝑇𝑟,𝑘 
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According to the analysis of the differences in temperature between the gas and solid 

phases, the phase simplification is conducted by combining the solid and gas phases as a 

bulk, as shown in Figure 4.5. 

Figure 4.5: Phase simplification of the high-fidelity model 

 

In Figure 4.5, 𝑇𝑟,𝑔,𝑘 is the temperature of the gas phase; and 𝑇𝑟,𝑠,𝑘 is the temperature 

of the solid phase. In the diagram showing the model following simplification, 𝑇𝑟,𝑘 is the 

temperature of the bulk. 

All the assumptions remain the same as those that apply to the high-fidelity model. 

 

4.1.2 Reaction simplification  

Reaction simplification is achieved by reducing the number of reactions taken into 

consideration. 

 In the high-fidelity model, 15 reactions are considered. These include oxidation 

reactions, reduction reactions, water-gas shift reactions and oxygen storage reactions. The 

reaction rates of different reactions are calculated in different ways, which leads to 

complexity when calculating the heat release and species concentration. Voltz. et al. [34] 

have shown that pollutant reduction inside the converter can be represented by specific 
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reactions. In the present study, a similar concept is used. Reactions with a larger 

contribution to the results are used as the overall reactions in the converter. Thus, the 

number of reactions is reduced, and the computation of the model is simplified significantly. 

In [78] and [79], CO is assumed to be the main species participating in NO reduction. 

Hence, the reaction between CO and NO is the dominant mechanism in NO reduction. 

Since CO serves as the reducing agent for NO, the latter is the oxidising agent for the former. 

A similar assumption is made in this thesis. The reaction between CO and NO is chosen to 

represent the reduction of NO, since the former reaction has the largest contribution to the 

reduction of CO concentration. In addition, this reaction has fewer products (CO2 and N2)  

compared to that of C3H6 and NO (CO2, H2O and N2).  

In [78], the reactions between CO, C3H6 and O2 were also chosen to model the TWC 

converter in the exclusion of NO modelling, and they proved to be sufficient for heat 

transfer research. Therefore, the reactions of the reduced-order model in the present study 

are adopted from [78]. Four reactions are chosen to represent the reactions in the catalytic 

converter. The chemical equations of the reactions used in the present study are given below: 

 

CO + NO → CO2 + 0.5N2 

CO + 0.5O2 → CO2 

C3H6 + (9 2⁄ )O2 → 3CO2 + 3H2O 

H2 + 0.5O2 → H2O 
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4.2 Reduced-order model  

 The process and principles of the reduced-order TWC converter model are the same 

as those of the high-fidelity model. The reduced-order model includes the heat and mass 

transfer sub-model and the reaction kinetics sub-model. The heat and mass conservation is 

used to calculate the temperature and output mole fraction. In addition, the Langmuir-

Hinshelwood mechanism is applied to calculate the reaction rates. 

 

4.2.1 Heat and mass transfer of the reduced-order model  

 The heat transfer equation of the reduced-order TWC converter model is simplified 

by calculating the one-dimensional heat transfer of the bulk phase. The heat transfer 

equation is given below. 

 

(Ψs + ερcp)
∂T

∂t
= −ερucp

∂T

∂x
− ∑ ∆hjrj

n
j=1                                                                                (33) 

j = reactions    

   

 In this equation, 𝜌 represents the density of the gas, and 𝑐𝑝 is the specific heat of 

the exhaust gas. Other parameters remain the same as those in the high-fidelity model. The 

mass conservation equations and parameters are also kept unchanged. 
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4.2.2 Reaction kinetics of the reduced-order model 

The Langmuir-Hinshelwood mechanism is used to calculate the reaction rates of the 

reduced-order model. Reaction rates are calculated based on three factors: the adsorption 

rate, the total number of possible collisions; and the number of effective collisions, as 

mentioned in Chapter 3.  

The reaction rates of the reduced-order model reactions are given by (34): 

 

rj = kicreactant1creactant2                                                                                                    (34) 

 

The reaction rate parameter 𝑘𝑖  is given by equation (35): 

 

ki = Ai exp (
−Ei

RT
) /G                                                                                                            (35) 

 

 

The inhibition factor G is calculated directly using the parameters from the model 

developed by Chan and Hoang [78]. The equation of G is given below. 
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G = Ts(1 + K1cCO + K2cC3H6
)

2
(1 + K3cCO

2 cC3H6

2 )(1 + K4cNO
0.7)                                    (36) 

 

Where K1 = 65.5exp
961

T , K2 = 2.1 × 103exp
361

T , K3 = 4exp
11611

T , and  K4 = 4.8 ×

105exp
−3773

T . 

The initial pre-exponent multiplier and activation energy values are also directly 

adopted from Chan and Hoang’s [78] model. The initial kinetic parameter values are given 

in Table 4.1. The parameters are tuned according to the errors between the high-fidelity 

model outlet and the reduced-order model outlet in a later section. 

Table 4.1: Initial values of the reaction rate parameters 

Reactions Pre-exponent multiplier Activation energy 

CO + NO → CO2 + 0.5N2 6.45 × 109 52374 

CO + 0.5O2 → CO2 1.005 × 1014 16574 

C3H6 + (9 2⁄ )O2 → 3CO2 + 3H2O 1.392 × 1015 19250 

H2 + 0.5O2 → H2O 1.005 × 1014 16574 

 

4.3 Reduced-order model simulation  

 The reduced-order model of the TWC converter is tested by subscript coding in 

MATLAB. The discretization length of the converter is 5𝑚𝑚.  
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4.3.1 Constant inlet simulation 

As with the high-fidelity model, a constant inlet chemical analysis is conducted in 

the section of the reduced-order model development. The data for the constant inlet 

simulation chemical analysis consists of CO, HC and NO inlet and outlet mole fraction data 

at seven inlet gas temperatures ranging from 500K to 800K at three different inlet volume 

flow rates, namely 0.8, 1.0 and 1.2 m3 min⁄ .  
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Figure 4.6: Conversion efficiency at different temperatures from 400 C to 600 C and 

different inlet volume rates of 0.8, 1.0 and 1.2 
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Figure 4.6 shows the conversion efficiency of HC, CO and NO at inlet volume flow 

rates of 0.8, 1.0 and 1.2 m3 min⁄  (from top to bottom). From the general trend of the curves, 

it can be observed that conversion efficiency increases as the temperature increases and 

drops as the volume flow rate increases. For an inlet volume flow rate of 0.8 m3 min⁄ , the 

conversion efficiency of HC is over 30% at a temperature of 400 °C and reaches 60% at a 

temperature of 600 °C. The conversion efficiency of CO reaches over 90% at a temperature 

of 450 °C. The conversion efficiency of NO is high. For an inlet volume rate of 1.0 m3 min⁄ , 

the conversion efficiency of HC is slightly higher than 30% at a temperature of 400 °C and 

reaches 50% at a temperature of 600 °C. The conversion efficiency of CO reaches over 90% 

at a temperature of 500 °C. For an inlet volume rate of 1.2 m3 min⁄ , the conversion 

efficiency of HC is 30% at a temperature of 500 °C and no more than 50% at a temperature 

of 600 °C. The conversion efficiency of CO reaches over 90% at a temperature of 500 °C. 
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4.3.2 Temperature results of driving cycle simulation 

The test results including the temperature and output mole fractions are illustrated 

below. 

Figure 4.7: Temperature result curves  

The temperature result curves are shown in Figure 4.7. It is evident that the 

temperature differences between the two models are small at most of the points. Thus, it 

can be concluded that the error caused by phase simplification is acceptable for control 

strategy and state estimation. 
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4.3.3 Chemical result of driving cycle simulation 

For the adjustment of the reaction rate parameters, the outlet CO and HC mole 

fraction results of the reduced-order model with Chan and Hoang’s [78] reaction rate 

parameter values (the initial reaction rate parameter values are shown in Table 4.1) are 

shown in Figure 4.8 ~Figure 4.10. 

Figure 4.8: HC mole fraction result with Chan and Hoang’s [78] parameter values 
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Figure 4.9: CO mole fraction result with Chan and Hoang’s [78] parameter values 

Figure 4.10: CO mole fraction scatter diagram with Chan and Hoang’s [78] 

parameter values 
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Common with that of the high-fidelity model, the CO output mole fraction results 

are listed as scatter diagram as shown in Figure 4.10 to make the difference easier to be 

detected. In Figure 4.8 ~ Figure 4.10, it can be observed that the accuracy of the model 

using Chan and Hoang’s [78] parameter values is less than satisfactory in the present study 

case. A particular problem is the outlet of HC mole fraction, which shows a large error 

throughout the driving cycle. Therefore, as with the parameter values of the high-fidelity 

model, the reaction rate parameter values of the reduced-order model also need to be re-

tuned.  

The pre-exponent multipliers and activation energy parameters are tuned manually 

by minimizing the transient outlet error between the measured and simulated data. The 

values of the pre-exponential multipliers and activation energy parameters after tuning are 

shown in Table 4.2. The outlet mole fraction results are illustrated in later sections. 

Table 4.2: Reaction rate parameter values of the reduced-order model 

Reactions Pre-exponent multiplier Activation energy 

CO + NO → CO2 + 0.5N2 6.45 × 109 52374 

CO + 0.5O2 → CO2 3.005 × 1014 16574 

C3H6 + (9 2⁄ )O2 → 3CO2 + 3H2O 9.899 × 1015 19250 

H2 + 0.5O2 → H2O 9.88 × 1013 16574 

As illustrated in Table 4.2, the HC-related reaction rate parameter value is increased 

significantly to make the HC outlet result acceptable. The CO-related reaction rate 

parameter value is increased slightly, while the hydrogen reaction rate parameter value is 
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decreased slightly. The adjustment range of the parameter values in the present study is 

kept within ten times the values used by Chan and Hoang [78]. 

The outlet results of the HC and CO mole fractions are shown in Figure 4.11 ~ Figure 

4.14. 

Figure 4.11 Transient line diagram of reduced-order model HC output mole fraction 
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Figure 4.12: Scatter diagram of reduced-order model HC output mole fraction 

Figure 4.13 Transient line diagram of reduced-order model CO output mole fraction 
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Figure 4.14: Scatter diagram of reduced-order model CO output mole fraction 

 In Figure 4.11 and Figure 4.13, it can be observed that the timing of the peaks fit 

well. However, the peaks’ values do not fit well due to errors. In Figure 4.12 and Figure 

4.14, it can be observed that the result points are more convergent to the line of y=x 

compared to the results with Chan and Hoang’s parameter values. This is especially true 

regarding the results of HC output mole fraction. The experimental and simulated total 

output results are compared to verify the accuracy of the reduced-order model, as illustrated 

in Table 4.3 and Table 4.4. 
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 Table 4.3: Total HC output results for the reduced-order model 

 

Table 4.4: Total CO output results for the reduced-order model 

 

The differences between the total output results are mainly caused by the unfitted 

peak values in the curves of the reduced-order model results. A few high peak values 

increase the difference. It can also be observed that the overall conversion efficiency is 

similar between the simulation and the experiment. 

Total Output Results (HC) Values  

Experiment (gram) 0.601 

Experimental conversion efficiency 98% 

Simulation (gram) 2.202 

Simulated conversion efficiency 96% 

Total Output Results (CO) Values  

Experiment (gram) 8.606 

Experimental conversion efficiency 92% 

Simulation (gram) 9.850 

Simulated conversion efficiency 93% 
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A comparison between the NO results of the reduced-order model and the high-

fidelity model is conducted, as shown in Figure 4.15. 

Figure 4.15: NO mole fraction result curves of the reduced-order model and high-fidelity 

model 

It can be observed in Figure 4.15 that the NO mole fraction curves fit well, and the 

error is acceptable for most of the points. It can be concluded that the simplification of the 

reactions does not significantly affect the NO mole fraction. 

Considered overall, the model reduction does not significantly increase the errors in 

the outlet temperature. For the outlet mole fraction, the model reduction results in some 

errors for some specific species, especially HC. The peak values in the reduced-order 

model’s driving cycle simulation significantly raise the error of the total output result for 
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HC. However, the reduced-order model is a control-oriented model. It is developed to be 

applied in the thermal management system to control the TWC converter’s temperature and 

detect system failures. Therefore, the accuracy requirements for temperature are higher than 

those for the species’ outlet mole fractions. Thus, the accuracy of the reduced-order model 

is acceptable due to the high accuracy of the outlet temperature. On the other hand, the 

control algorithm can remedy the inaccuracy of the model.  
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Chapter 5 .  Conclusions and Future Work  

5.1 Research conclusions 

 In this thesis, the heat and mass transfer mechanism and the reaction kinetics in the 

TWC converter are analysed by building a high-fidelity TWC converter model. The heat 

transfer mechanism and warming-up performance are tested by the constant inlet 

simulation. The reaction rate parameters, including the pre-exponent multiplier and the 

activation energy are validated by minimizing the differences between the tested data and 

simulated data in the driving cycle simulation. The testing results illustrate that the high-

fidelity model can represent the real mechanism of the TWC converter at a higher accuracy 

level, which is sufficient for model based control system and state estimation. 

Based on the constant inlet simulation and driving cycle simulation results of the 

high-fidelity model, the phase and reaction simplifications are processed to simplify the 

converter model. The phase simplification is achieved by merging the gas and solid phases. 

The reaction simplification is achieved by reducing the number of reactions taken into 

consideration. From the comparison between the reduced order model and high-fidelity 

model results, the conclusion can be drawn that the current reduction method can guarantee 

the reduced order model a higher accuracy while decreasing the computational cost. The 

error caused by the simplification is acceptable for the application of the control system 

and the state estimation for OBD. 
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5.2 Future work 

The first future work recommendation is about the high-fidelity model parameters 

tuning. As mentioned in Chapter 3 the reaction rate parameters are tuned in the driving 

cycle simulation in the present research. However, the transient inlet during the driving 

cycle simulation raises the measurement uncertainty of the mole fraction and temperature, 

which make the tuning more complicated and inaccurate. An alternative way is to tune the 

reaction rate parameters by constant inlet simulation, which is applied by Harsha [76]. If 

the constant inlet experimental data can be gathered, the reaction rate parameters can be 

tuned accurately by minimizing the conversion efficiency error between experimental data 

and simulation data. 

For model simulation, the model can be simulated by applying a different set of inlets, 

including different driving cycles and engine types. The generality of the high-fidelity and 

reduced order model can be proved if the models performed well under different work 

conditions. 

In addition, more advanced control strategies can be employed. Some close-loop 

control strategies under study can reach a better overall conversion [80][81][53]. The 

reduced order model presented in this study can be verified to explore the serviceability to 

a more advanced close-loop control strategy. The reduced order model can also be applied 

to the state estimation. For example, in research [59] and [58], a similar model was used to 

predict the internal temperatures. Some prediction methods, for instance, Extended Kalman 
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Filter (EKF) can reach a higher accuracy level in predicting the internal temperatures of the 

converter.  
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Appendix A: The specific heat coefficient and enthalpy 

constant of all the species 

 

Species name 𝑂2 

𝑎1 -34255.6342 

𝑎2 484.700097 

𝑎3 1.119010961 

𝑎4 0.00429388924 

𝑎5 -6.83630052E-7 

𝑎6 -2.0233727E-9 

𝑎7 1.039040018E12 

𝑏 18.4969947 

 

 

Species name 𝐶𝑂2 

𝑎1 49436.5054 

𝑎2 -626.411601 

𝑎3 5.30172524 

𝑎4 0.002503813816 

𝑎5 -2.127308728E-7 

𝑎6 -7.68998878E-13 

𝑎7 2.849677801W-13 

𝑏 -45281.9846 
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Species name 𝐻2𝑂 

𝑎1 -39479.6083 

𝑎2 575.573102 

𝑎3 0.931782653 

𝑎4 0.00722271286 

𝑎5 -7.34255737E-6 

𝑎6 4.95504349E-9 

𝑎7 -1.33693E-12 

𝑏 -33039.7431 

 

 

 

Species name 𝐶3𝐻6 

𝑎1 -191246.2174 

𝑎2 3542.07424 

𝑎3 -21.14878626 

𝑎4 0.0890148479 

𝑎5 -1.001429154E-4 

𝑎6 6.26795939E-8 

𝑎7 -1.637871E-11 

𝑏 -15299.61824 
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Species name 𝐶3𝐻8 

𝑎1 -243314.4337 

𝑎2 4656.27081 

𝑎3 -29.39466091 

𝑎4 0.1188952745 

𝑎5 -1.376308269E-4 

𝑎6 8.81482391E-8 

𝑎7 -2.342988E-11 

𝑏 -35403.3527 

Species name NO 

𝑎1 -11439.16503 

𝑎2 153.6467592 

𝑎3 3.43146873 

𝑎4 -0.002668592368 

𝑎5 8.48139912E-6 

𝑎6 -7.68511105E-9 

𝑎7 2.3868E-12 

𝑏 9098.21441 



M.Sc. Thesis - T. Li  McMaster University – Mechanical Engineering 

 

111 

 

 

 

 

 

Species name CO 

𝑎1 14890.45326 

𝑎2 -292.2285939 

𝑎3 5.72452717 

𝑎4 -0.00817623503 

𝑎5 1.456903469E-5 

𝑎6 -1.087746302E-8 

𝑎7 3.02794E-12 

𝑏 -13031.31878 

Species name 𝐻2 

𝑎1 40783.2321 

𝑎2 -800.918604 

𝑎3 8.21470201 

𝑎4 -0.01269714457 

𝑎5 1.753605076E-5 

𝑎6 -1.20286027E-8 

𝑎7 3.36809E-12 

𝑏 2682.484665 
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Species name 𝑁2 

𝑎1 22103.71497 

𝑎2 -381.846182 

𝑎3 6.08273836 

𝑎4 -0.00853091441 

𝑎5 1.384646189E-5 

𝑎6 -9.62579362E-9 

𝑎7 2.519705809E-12 

𝑏 710.846086 
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Appendix B: The specific heat of cordierite under 

different temperature 

 

Temperature (K) Specific heat (𝐽 𝑘𝑔 ∙ 𝑘⁄ ) 

300 736.13 

340 826.89 

390 906 

460 980.43 

540 1037.44 

630 1082.73 

725 1118.75 

820 1147.83 

920 1173.94 

1015 1196 
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Appendix C: The analysis of Biot number (Bi) 

 

 Biot number gives a simple index of the ratio of the heat transfer resistances inside 

of and at the surface of a body.  

Biot number  

𝐵𝑖 =
ℎ𝐷ℎ

𝜆𝑠𝑏
 

Gas-solid heat transfer coefficient  

ℎ = 𝑁𝑢
𝜆𝑔

𝐷ℎ
 

Where  

𝜆𝑔 = 2.66 × 10−4𝑇𝑔
0.805 

We assume asymptotic (constant) Nusselt number (Nu) for simulation purposes. The 

channel cross-section is assumed to be close to a square geometry, and correspondingly a 

value of Nu = 3 is chosen [28] [65]. The solid heat conductivity 𝜆𝑠𝑏 is 1.5. 

𝐵𝑖 =
3

1.5
× 2.66 × 10−4𝑇𝑔

0.805 

During the entire driving cycle, the input temperature is lower than 900K. Therefore, 

the maximum value of Biot number in the entire driving cycle is 0.12, and for majority of 
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times the Biot number is lower than 0.1. Values of the Biot number smaller than 0.1 imply 

that the heat conduction inside the body is much faster than the heat convection away from 

its surface, and temperature gradients are negligible inside of it. The temperature can be 

assumed to be constant throughout the material's volume. The assumption 1 is approved to 

be feasible.  

 

 

 

 

 

 

 

 

 

 

 

 

 

https://en.wikipedia.org/wiki/Gradient
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Appendix D: The assurance of the adequacy of the 

model time step and grid step size 

The adequacy of the time and space discretization size are taken under consideration 

during this version of revision. To assure the adequacy of the space discretization size, the 

outlet temperatures of three converter discretization length (1mm, 5mm and 10mm) are 

taken under comparison. To simplify the procedure, the comparison of outlet mole fraction 

is omitted. The time step size is 1s. The comparison result curve is shown in figure below. 

 

The outlet temperature of different converter discretization length 
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 From the figure it can be observed that the outlet temperature under the 

discretization length of 1mm, 5mm, and 10mm are extremely closed. Therefore, the chosen 

of discretization length does not cause a significant impact on the outcome. 

To test the adequacy of the discretization time step, the outlet temperatures of three 

time step sizes (1s, 5s and 10s) are taken under comparison. The discretization length is 

5mm. the comparison result curve is shown in figure below. 

The outlet temperature of different time discretization sizes 

From the figure it can be observed that the outlet temperature under the time 

discretization size of 1s, 5s, and 10s are also extremely closed. Therefore, the chosen of 

time discretization size does not cause a significant impact on the outcome either. 
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