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Abstract

In recent years, the sequential Monte Carlo method, also referred to as the particle
filter has emerged as a powerful methodology for solving the generally difficult nonlin-
ear, non-Gaussian optimal filtering problem. The underlying idea is to use a randomly
weighted set of samples to recursively build in time, a point-mass approximation of
the true posterior PDF. With this approximation, one can recursively estimate typi-
cally intractable posterior expectations of interest. Indeed, the PF can be applied to a
very large class of models. Within the last few years, the aforementioned advantages
have propelled research on particle filtering and its applications. The subject of this
thesis is to the extend the theories and applications of the particle filter. The main

contributions of this thesis are described as follows:

1. We consider the optimal filtering problem for a class of partially observed non-
Gaussian dynamic state space models. In this class, the process equation con-
sists of a combination of linear and nonlinear states, and the process noise for
the nonlinear state update is a mixture of Gaussians. In order to solve this
problem, we propose a novel method based on an efficient combination of the
approximate conditional mean filter and the sequential importance sampling

particle filter.

2. We address the problem of channel equalization and phase noise suppression

in orthogonal frequency division multiplexing (OFDM) systems. For OFDM

iv



systems, random phase noise introduced by the local oscillator causes two ef-
fects: the common phase error (CPE), and the intercarrier interference (ICI).
The performance of coherent OFDM systems greatly depends on the ability to
accurately estimate the effective dynamic channel i.e., the combined effect of
the CPE and the time-varying frequency selective channel. With this in mind,
we propose an algorithm that equalizes in the frequency domain, and uses a
pilot tone aided particle filter to track/estimate the effective dynamic channel
in the time domain. To increase efficiency, we implement the particle filter via
a combination of sequential importance sampling, Rao-Blackwellization, and

strategies stemming from the auxiliary particle filter.
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Notation and Acronyms

Symbol and Definition

x Scalar
T Vector
Matrix
XT Matrix transpose
x4 Hermitian transpose
| X| Determinant of X
diag(x) Diagonal matrix formed from vector x
E[] Expectation Operator
o(-) Dirac-delta function
I.«n n x n identity matrix
O n X m matrix of zeroes
N(z;pn, X) Normal distribution in & with mean g, covariance X
Ne(z; p, B) Complex Normal distribution in & with mean u, covariance X

Bayesian Filtering
N, number of particles

Negs effective sample size

Other Symbols

Q Set of pilot tone locations
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S Spacing between each pilot tone
N Number of orthogonal subcarriers
Nep Number of samples in cyclic prefix
p Number of pilot tones
T Channel delay spread
T Duration of the useful portion of each OFDM symbol
T, Sample interval or duration of high rate data stream
T; Duration of one OFDM symbol
Acronyms
ACF Autocorrelation function
ACM Approximate conditional mean
ACMPF Approximate conditional mean particle filter
APF Auxiliary particle filter
AR Autoregressive
ARMA Autoregressive moving—average
Aux-MKF Auxiliary Mixture Kalman filter
CP Cyeclic prefix
CPE Common phase error
DSSM Dynamic state space model
EKF Extended Kalman filter
EMKF Extended mixture Kalman filter
ICI Intercarrier interference
1.4.d Independent and identically distributed
IS Importance sampling
ISI Intersymbol interference

KF

Kalman filter
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LG Linear Gaussian

GMM Gaussian mixture model
MAP Maximum a posteriori
MKF Mixture Kalman filter
MMSE Minimum mean square error
MSE Mean square error
MC Monte Carlo
OFDM Orthogonal frequency division multiplexing
OID Optimal importance distribution
PCRLB Posterior Cramér-Rao lower bound
PDF Probability density function
PF Particle filter
PN Phase noise
RBPF Rao-Blackwellized particle filter
RMSE Root mean square error
S/P Serial to parallel
SIS Sequential importance sampling
SMC Sequential Monte Carlo
TVAR Time-varying autoregressive
UVGM Univariate nonstationary growth model
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Chapter 1

Introduction

1.1 Background

In many real-world applications, one requires that unknown quantities be estimated,
given a set of noisy observations. Common examples include target tracking [7, 17, 21,
48], channel tracking in wireless communications [30, 36, 23, 8], and the extraction
of speech signals from audio environments with contaminating noise disturbances
(18, 59, 10]. Frequently, the unknowns can be characterized by a process equation and
the observations by a measurement equation, which together allow the formulation
of a so-called dynamic state space model (DSSM). As such, we can adopt a Bayesian
filtering approach and convert the problem to one of tracking a hidden process from
a set of noisy observations.

Often, observations arrive sequentially in time. Therefore, it is more appropriate
to consider filters that recursively estimate the unknowns of interest. Ultimately, we
aim to recursively compute the exact posterior probability density function (PDF)
of interest. Indeed, within the Bayesian framework, the posterior PDF captures éll
the information about the unknowns. Thus, if an algorithm can recursively deduce

the exact posterior PDF| we refer to it as the optimal solution of the aforementioned
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Bayesian filtering problem.

For a Linear Gaussian DSSM, the celebrated Kalman filter (KF) provides the
optimal solution {26]. Indeed, the KF computes the sufficient statistics at each iter-
ation, which in turn, determines the posterior PDF for each time step k. In general,
however, the optimal filter is analytically intractable for the unyielding nonlinear,
non-Gaussian DSSM. Thus, a great number of researchers have introduced ingenious
approximations that have resulted in mathematically tractable suboptimal filters.

Historically, the Extended Kalman filter (EKF') is the first of such filters [3]. The
main idea is to invoke linearization and thereby form an approximation of the original
nonlinear model that is amenable to an application of the KF. The resulting recursive
formulas constitute the EKF. In a number of applications, the EKF has performed
adequately. However, there also exist many scenarios in which the EKF has performed
poorly, in particular for non-Gaussian distributed noise disturbances. Thus, it was
suggested to consider filters that involve a collection of EKF’s.

These filters are known as Gaussian Sum filters [3, 2], and the underlying assump-
tion is to approximate the true posterior PDF by a Gaussian mixture approximation.
Each component in the Gaussian mixture approximation, also called a mixand, is
computed by a EKF or a KF. Thus, depending on the nature of the non-Gaussianity,
these filters utilize a bank of EKF’s or KF’s to construct an approximation of the
true posterior PDF. As such, these methods are more powerful, and more complex
to implement. Indeed, if we do not introduce any alleviating procedure, the number
of mixands exponentially increases over time. Moreover, the GSF may use a bank of
EKF’s and thus will still suffer from its inaccuracies. Therefore, it is of interest to
consider alternative methods.

One such method is known as the approximate conditional mean (ACM) filter
(37, 62]. As shown in [37], for a linear DSSM with non-Gaussian observation noise

distributed in accordance to a Gaussian mixture distribution, the ACM filter yields
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near optimal performance. Thus, for this scenario, the ACM filter provides an efficient
alternative over the computationally expensive Gaussian sum filter.

Up to this point, it is apparent that we are without a universally effective approach
for online signal processing of difficult nonlinear non-Gaussian DSSM’s. Therefore, it
is necessary to consider alternative solutions. Recently, particle filtering has emerged
as a promising solution to the general nonlinear non-Gaussian filtering problem [12].
The underlying idea is to use a randomly weighted set of samples or particles to
recursively build in time, a point-mass approximation of the true posterior PDF.
Unlike traditional methods described earlier, particle filters do not make any type
of approximating assumptions; rather, they build an approximation of the entire
posterior PDF itself. In fact, particle filters are applicable to almost any system
where signal variations are present. This is even true for nonlinear dynamics and
noise distributed according to non-Gaussian distributions. Consequently, particle
filters are expected to outperform popular, traditional EKF type algorithms. Indeed,
in the last few years, there have been an abundant number of papers on particle
filtering and their applications.

The subject of this thesis is to extend the theories and applications of the PF. In
particular, we introduce a novel particle filter (PF) for an important class of DSSM’s,
and also apply the PF to difficult problems in wireless communications and nonlinear
filtering. The remainder of this thesis is organized as follows.

Chapter 2 reviews various filters proposed in the literature. In particular, we in-
troduce the theory of particle filtering and conclude this chapter with an introduction
of the Posterior Cramér-Rao Lower Bound.

Chapter 3 introduces various strategies for improving the efficiency of the basic
PF.

Chapter 4 introduces a novel PF for a class of partially observed non-Gaussian

DSSM’s.
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Chapter 5 applies the PF to a problem arising in wireless communications. In par-
ticular, we propose a particle filtering solution for the problem of channel equalization
and phase noise suppression in orthogonal frequency division multiplexing (OFDM)
systems.

Chapter 6 concludes this thesis, and provides some suggestions for future research.



Chapter 2

Bayesian Filtering

In this chapter we introduce the problem of sequential Bayesian state estimation.
Then, we move on to a brief review of the Kalman filter (KF'), approximate conditional
mean (ACM) filter, extended Kalman filter (EKF), and a introduction to the particle
filter (PF). Finally, we conclude this chapter with an introduction of the Posterior
Cramér-Rao Lower Bound (PCRLB) which determines a lower bound on the mean

square error (MSE) of the optimal algorithm.

2.1 Sequential Bayesian State Estimation

In this thesis, we consider the problem of using a sequence of noisy observations y,., =
{y1,-..,Yx} to estimate a state of a system x that changes over time. Generally,

we will assume that z; changes in accordance to a process equation:
T = Fk(mk-—n:k—lv wk) (21)

where n € N, the notation (-);.,, indicates all the elements from time [ to time m,
Fy(-,-) is a possibly nonlinear function that may vary in time, and wy is the possibly

non-Gaussian process noise. It is a well known fact that dynamic state estimation
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also requires a measurement equation. That is, we aim to estimate z; from some

noisy observation y,:

Y = Hi(zg, ) (2.2)

where H(-,-) is a possibly nonlinear measurement function that may vary in time,
and ey is the possibly non-Gaussian observation noise. In this work, the noise sources
are assumed to be independent and identically distributed (i.i.d) random variables.
Equation (2.1) together with (2.2) form the so-called dynamic state space model
(DSSM). Finally, we point out that (2.1) is an n-th order Markov process, and that

for n =1, (2.1) reduces to a first order Markov process {3].

2.2 Bayesian Filtering

In this work, we adopt a Bayesian approach to dynamic state estimation, and our
general objective is to recursively build in time the posterior PDF p(zk|y,,) from
P(@k—1|Y1.6—1)- Mathematically, this procedure can be described in two stages. In
the first stage, called the prediction stage, we use the Chapman-Kolmogorov equation

[40] to obtain the predicted posterior PDF p(xk|y,.4_;):

p(@el i) = / p(@e| TP (@hr| Yy )it (2.3)

where p(xi|xk—_1) is the transition prior density that can be determined from (2.1). In
the following stage, known as the update stage, we obtain p(zy|y,.,) by using Bayes’
rule [40]. That is, we update p(zx|y;.,_,) Via

p(yk|mk)p(mkly1:k—l)
p(yklyl:k—l)

where the likelihood p(y|zk) can be determined from (2.2), and the normalization

p(®klyir) = (2.4)

density p(y|y1.4-1) from

P(Welyieey) = / PRl @) (@ Ysy ) dazs. (2.5)



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 7

In principle, we can use the posterior PDF p(xx|y;.,) to obtain the minimum mean

square error (MMSE) estimate

2u = By, ols] = [ oxplenlya)da, (2.6
the maximum @ posteriori (MAP) estimate

zy " = arg max [p(zx|y.)], (2.7)

Tk
and any other estimate of interest (i.e. covariance). Thus, we refer to the ezact re-
cursive solution of (2.3)-(2.5) as the optimal solution for Bayesian filtering. However,
the computation of (2.3)-(2.6) generally requires the ability to evaluate complex in-
tractable multidimensional integrals. Except for a few special cases, we must make
approximations that yield practical suboptimal algorithms. In the following, we re-

view the optimal KF and a selection of these suboptimal algorithms.

2.2.1 The Kalman Filter

When the DSSM satisfies the linear Gaussian (LG) assumption [7], (2.1)-(2.2) can be

written as

Ty = Frpxp_;+ up+ wy (2.8)

Y = Hizp+ e (2.9)

where F'y and H, are known matrices, uy is a known input vector, wy, ~ N (wy; 0, Q,),
er ~ N(ex; 0, Ry) and p(xo|y,) = N(o; &0, Po). As usual, the notation N(-; p, )
denotes the Gaussian distribution with mean g and covariance X.

For this model, the analytical solutions to (2.3)-(2.5) take the form of a Gaussian
distribution. Therefore, if we set xop = £9, and Pgjo = 150, it can be shown that for

k=1,...,n the posterior PDF p(xi|y,.;), the predicted posterior PDF p(xi|y;.._1),
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and the normalization density p(y,|y;.._1) satisfy (see [26, 7] or Appendix A):

p(@elyrs) = N(zk; Tk, Prix) (2.10)

P(YelYr-1) = N(?Jk?'ymk—psklk—l) (2.11)

P(Eelyre1) = N(@k Thp-1, Prie-1) (2.12)

where

T = Tupo1 + Prp-r Hi Sy (Y5 — Yo (2.13)

Py = Pk]k—l”Pk]k—lﬂgsai_lHkPIdk—l (2.14)

Yreo1 = HiZrp—1 (2.15)

Sik-1 = HpPu_1HY + Ry (2.16)

Tpk-1 = FrEp_yp—1+ ug (2.17)

Pip-1 = FiPypi FT + Q,. (2.18)

Notice that (2.13)-(2.18) which represents one iteration of the Kalman filter (KF)
completely characterizes (2.10)-(2.12), the exact analytical solution to (2.3)-(2.5).
Therefore, we arrive at the well known fact that the KF is the optimal filter for the
highly restrictive LG DSSM. In the following sections, we consider several suboptimal

filters for various nonlinear, possibly non-Gaussian DSSM’s.

2.2.2 The Approximate Conditional Mean filter

Here, we make the assumption that (2.1)-(2.2) can be written as

Ty = Frzp_i+ up + we (2.19)
Yy, = Hpzp+ e (2.20)

where Fy and H, are known matrices, uy is a known input vector, wy, ~ N (wy; 0, Q,.)

and p(xo|yy) = N(xo; o, Po). However, unlike the LG assumption made in the


http:2.10)-(2.12
http:2.13)-(2.18
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previous section, we assume that p(ey) instead satisfies a Gaussian Mixture Model

(GMM):
N . .
ex ~ > piN(ex; i, RY). (2.21)
j=1

where Zjvzl p; = 1. Under this assumption, the KF' loses its optimality, and may
even significantly degrade in performance. In [2], the optimal filter is derived, and it
is shown that p(xk|y,.;) is given by a GMM with an exponentially increasing number
of mixands®. In practice, the increasing number of mixands results in a prohibitively
expensive filter. Evidently, the optimal filter is infeasible for real time applications.
Thus, with the aim of designing a computationally attractive algorithm, [37] suggested
the surprisingly effective assumption that for all time instances k, p(xk|y,.x_,) can

be well approximated by a single Gaussian distribution N (@; &xx—1, Pk|k_1), that is

Pl Yrk_1) = N (@ Zryp-1, Prpp-1)- (2.22)

Under this assumption, which is known as the Masreliez approzimation [62], the
derived suboptimal filter results in the so-called ACM filter [62, 45] and the estimate
of the true posterior mean xy, and covariance Py satisfies (see Appendix B for a

detailed proof, or [37] for an outline of the derivation)

Eep = Bappo1 + Prpo1 HE g6 () (2.23)
Pur = Pupor — P HEGi(yy) Hi P (2.24)
where
Tip-1 = FrZr_qjp— + ug (2.25)
Pyoy = FiPy_w  FT+ Q. (2.26)

! A mixand is a individual component /term of a Gaussian mixture distribution. For instance, if
we have a two term GMM, we have two mixands.
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and
Gr(y) = =V, (Yl Y1) (2.27)
KUk P(YrlY1k-1) v Rk .
Gr(yy) = Vykgk(yk)T. (2.28)

A comparison between (2.17)-(2.18) and (2.25)-(2.26) reveals that both filters have
identical time update formulas. For the measurement update formulas, it can be
seen from (2.23) and (2.24) that the ACM filter differs from the KF by gx(y,) and
Gi(y,), respectively. In general, gi(y,) and Gi(y,) in (2.23) and (2.24), respectively,
are determined by the characteristics of e,. However, for the special case where ey, is
Gaussian distributed, it can be shown that g(y,) and Gi(y,) reduce to S ,:I,lc_l(yk -
Yrjk—1) and SI:|}c-—1 in (2.13) and (2.14), respectively. Thus, the ACM filter reduces to
the KF when ey, is Gaussian distributed. Therefore, the ACM filter may be interpreted

as a KF that is tailored to the scenario where e;, follows a non-Gaussian distribution.

2.2.3 The Extended Kalman filter

In this section, we consider the case where (2.1)-(2.2) can be written as

T = Fk(mk._l) + wy (229)

Y = Hk(:l:k)+ek (230)

where Fi(-) is a nonlinear function, H(+) is a nonlinear measurement function, wj, ~
N(wi; 0, Qy), ex ~ N(ex; 0,Ry), and p(xo|y,) = N(zo; &0, Po). As mentioned
before, the optimal solution for (2.29)-(2.30) is generally analytically intractable, and
approximations must be made. A sensible approach would be to locally approximate
the considered DSSM with a LG DSSM, so that we may apply the standard KF

Therefore, we consider the linearization of F(xx—1) and Hy(x,) via a Taylor series


http:2.29)-(2.30
http:2.25)-(2.26
http:2.17)-(2.18
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expansion about @x_yx_1 and Ty, respectively?:

Fi(@io1) = Fip(@i-1ji-1) + Vo, Fr(zi1)|

-

(Tk—1 = Th-1yk-1) (2.31)

Tg—1|k—1
»

Fy

Hy(zi) = Hi(@ip—) + Vo Hi(@i)l,, (€6 — Trp-1)- (2.32)

Tilk-1
)

hy

Thus, if we substitute (2.31) and (2.32) into (2.29) and (2.30), respectively, we have

z, = Fizioy + Fr(@pp-r) — Frzroip-r + wi (2.33)

Y, = Mz + Hy(zxp—1) — ﬁkmklk—l + eg. (2.34)

The application of the KF leads to a suboptimal filter for the original nonlinear DSSM.
Evidently, the application of the KF also implies that p(xx|y.), and p(&k|yi.k_1)
are each individually approximated by a Gaussian distribution. Therefore, it follows

that we can write the Extended Kalman Filter (EKF) as [7]

P(Zklyin) = N(Tk; Exp, pk[k) (2.35)
p(@klY1k-1) ~ N(@k; Erp—1, Prp-1) (2.36)
where
Bre = Brp-1+ Wilye — Hi(@rx-1)) (2.37)
. - A - T
Py = Py — WihiPrp_ihy + Rp) WY (2.38)
Trp-1 = Fr(@r-1je-1) (2.39)
. AN T
Pyi-1 = FipPr_ypFp + Qy (2.40)
and the Kalman gain W is given by
. A ~T
Wk = Pk|k—1H]Z1(hkPk|k—1hk + Rk)—l. (241)

2Higher order terms have been neglected.
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For a weakly nonlinear system, the EKF provides an acceptable level of performance
[7]. For a highly nonlinear system, a Gaussian distribution poorly approximates the
posterior density p(xx|y;.;), and the inherent linearizations of Fy(xx_1), and H(xk)
often lead to filter divergence. Therefore, alternative solutions must be considered,
and for this purpose, we consider the particle filter (PF) which has recently emerged

as a powerful alternative to the EKF [14].

2.2.4 The Particle Filter

The PF is applicable to a DSSM of the form?

Ty = Fr(@r-nk-1) + wi (2.42)

y, = Hiloy) + e (2.43)

where n € N, F(-) is a possibly nonlinear process function, H () is a possibly
nonlinear measurement function, wy is a possibly non-Gaussian process noise, and
e is a possibly non-Gaussian observation noise. The underlying idea of the PF
is to use a randomly weighted set of samples or particles to recursively build in
time a point-mass approximation of the true posterior PDF p(x;..|y,.;). Note that
these methods do not make any Gaussianity assumption; rather, they construct an
approximation of the entire posterior PDF p(x1.k|y;.) itself. Consequently, they are
generally expected to outperform popular, traditional EKF type algorithms.

Unlike previous sections, we consider the more general objective of computing

expectations of the form

EP(ml:kWLk)[f(mllk)] = /f(mlik)p(mliklylzk)dmllk (244)

where f() is an arbitrary function of z1..

3 Actually the PF is also applicable to a DSSM with multiplicative noise disturbances. However,
in this work we will only consider DSSM’s of the form (2.42) and (2.43).
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The Sequential Importance Sampling (SIS) approach forms the basis for most
particle filters [14]. Therefore, in the following, we review perfect Monte Carlo (MC)
sampling and Bayesian Importance Sampling before we move onto a detailed deriva-

tion of the SIS particle filter.

2.2.4.1 Perfect Monte Carlo Sampling

Perfect MC sampling [49] supposes that we are able to draw N, 1.7.d samples {m(l)

from the true posterior PDF p(x1.x|y;.x). Together, these samples form a point-mass

approximation of p(&1.k|yq.4):

Peilye) = Z(Smlk—a}ﬁc (2.45)

where 6(+) is the Dirac-delta function. More importantly, by substituting (2.45) in
(2.44), we can estimate (2.44) according to

Ep@yalyrolf(@12)] = /f (®1:6)P(T10| Y14 ) dE 1k

= ¥ Z (= (2.46)

P =1
In [12], it is shown that for N, — oo, (2.46) converges to the true posterior expecta-
tion (2.44) in the sense of almost sure convergence, i.e.,
1 &
i Bt (@] = 5 3 S @00 B B @) (247)

=1

where 23 denotes almost sure convergence. Thus, perfect MC sampling offers signif-
icant advantages. Unfortunately, the posterior PDF p(x1.x|y,..), being multivariate,
and non-Gaussian is usually impossible to efficiently sample from. Consequently,

alternate approaches must be considered.
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2.2.4.2 Bayesian Importance Sampling

Bayesian Importance Sampling (IS) [49] is based on the following idea. If we cannot
efficiently sample from the posterior PDF p(x1.4|y,..), then a reasonable solution is
to introduce a so-called importance function q(x1.k|y,.), that is easy to sample from.
That is, suppose that we are able to draw N, samples {a:(i) M from q(@1|yy),
whose support also includes that of p(z1.x|y,..). In particular, if ml k ~ q(T1k|Y1s)

fori=1,...,N,, and we write (2.44)

X
Ep(ernlyio lf (1)) = /f lkp lkiylk)Q(mlrklylzk)dwlik

q(Z1x|Y1x)
= /f(mlzk)w(mlzk)Q(mlzk|y1:k)dm1:k (2.48)
we can substitute
qernly,) = 25 Ty — x)) (2.49)

into (2.48), and obtain for an estimate of Epg, 1y, [f(Z14)]:

Np

Eystinolf@)] = S w(efh (@l (250)

P =1

where the so-called importance weights w(x,) are equal to

w(z(}) = —E:ﬁ—:% (2.51)

However, the estimate given by (2.50) is impractical, because the computation of the
importance weight
w(al) = PWuleilp@i)
1: -
(Y12 % Y1)

(2.52)

actually requires the ability to evaluate the typically intractable normalizing density

P(Y1x)-
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Therefore, we proceed to write (2.44) as

Eperilyf(@10)] = /f(wlik)p(mlik|y1:k)dm1:k

ff(mlzk)p(ml:klyl;k)dwlzk
fp Z1: klynk)dml:k
[ (e P(®1k|Y1k)

q(Z1xly16)dT 1k
= ( | Y 1:k) (2.53)

p(ml»k|y1:k) ’
—————==q(Z 1| Y1) dT1.
fQ(fB1:k|y1:k) (@rlyse)dor

make use of (2.51)

ff(wltk)w(mlzk)Q(mltklylzk)dmlzk
fw(mlik)q(wliklylzk)dwlzk

Eperalyrnlf (21:4)) , (2.54)

and substitute (2.49) into (2.54) to arrive at a estimate of Epg, 1y, ) [f(®1:k)] that is

independent of p(y,.;):

= @ O]
Epralyolf (@18)] = Lw walk)](cj()ml:k). (2.55)

Indeed, the normalization process eliminates the necessity of knowing p(y,.;). There-

fore, if we introduce the so-called normalized importance weights

B(al)) = oz (2.56)
Lk ZJ 1’LU($(J) '
]/Ep(wl:klyl;k)[f(mllk)] can be estimated by
Np
Eperatuolf(@)] = Do) f (i) (2.57)
i=1

Although (2.57) is a biased estimate, it is shown in [12], that for N, — +oo,
the estimate in (2.57) almost surely converges to the true posterior expectation
Ep(zy .y [f (€1:x)]. The important implication is that we can interpret the Bayesian

IS as a simulation method to sample from the true posterior PDF p(xy.x|y;.;.). Indeed,
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if we recall (2.44) and rewrite (2.57) as

Ep(zmclyuc) f(z1x)] /f T1k) m(lgc)é(wlzk_m(lzgc)dmlik (2.58)

"

P(e1:kly1)

it is clear that a point-mass estimate of p(zy.x|y,,) is given by

P(@1xly1) Zw 5@y — 1), (2.59)

The advantages of this approach are clear. Consider the scenario where we are inter-

ested in p(xk|y,..) and expectations of the form

Eo(eilys [9(26)|Y14] = /g(wk)p(mklylzk)dmk' (2.60)

By simply marginalizing (2.59), we obtain for an estimate of p(xx|y;.;)

Np
Blaelyr) = Y w(@)d (e — z) (2.61)
=1

and thus, an estimate of Ey,|y, ) [9(2k)]

o~

Eprlyolg(ze)] = / 9(xx)D( k| Y1) dTk

NP
= Y (e (2.62)
i=1
In particular, if g(xx) = xx, we have for an approximate MMSE estimate of
Np
Epanplo(@)) = ) d(ap)e] (2.63)
i=1

and if g(zx) = (Zr — Epayly,.0) [€k]) (®k — Epayly,) [®x])T, we obtain for an estimate

of the conditional covariance of x;

Eoertyen €k — Eogop iy [€6]) (@ — By [26])T] =
Np

> (@) (@Y — Eyeptyrn @) (@Y — Epaio lzx]) - (2.64)

i=1
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However, a limitation exists, that is, Bayesian IS in this present form is a “batch”
estimator. Indeed, to sequentially in time estimate p(xix|y,.,), we must draw N,
samples of &1, and compute the associated normalized weights {w(mgli)}fi”l for ev-
ery newly available observation y,. Clearly, the computational complexity increases
over time, and that Bayesian IS in this conventional form is inadequate for prob-
lems that receive observations y, in a sequential manner. Thus, it is evident that
we should obtain a recursive method for estimating p(x;.|y;..). That is, for every

newly available observation y,, we wish to recursively obtain from {w(mgll_l)}fvz”l

and {wﬁc_l f.vz”l, a new set of weights {w(mﬁc) 5\/:,,1 and particles {ZBYL zN:pu respec-
tively, which together form an estimate of p(x1.x|y;). Therefore, in the following,
we develop the aforementioned ideas, and present a Bayesian sequential importance

sampling (SIS) procedure.

2.2.4.3 Bayesian Sequential Importance Sampling

We begin by using Bayes rule to write the importance function g(®1.4|y,.) as

Q(m1:k|y1:k) = Q($k|“’1:k—1ay1:k)‘1(m1:k-1|y1:k)- (2.65)

Notice that, if we adopted (2.65) as our importance function, the evaluation of (2.57)
would require N, samples of ., for every newly available observation y,. In other

words, to draw the i-th sample of ;. given a new observation y,, we would

1. Draw "3%—1 ~ q(T1k-1]Y1.4)
2. Draw () ~ q(@x]z)_,, y1.4)
3. Set :1:9c = {‘3@—17 ml(ci)}

Clearly, as k increases, the resulting computational burden renders (2.65) infeasible

for real time applications. Thus, we restrict our importance function to be of the
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form

(1Y) = TrlTre—1, Y1) A E1e-1|Y10-1)- (2.66)

For this importance function, one can draw N, samples of €., by simply drawing N,
samples of xy, i.e., a:,(:) ~ q(m”mﬁ_l, Y1) for i =1,..., N,, and appending the re-
sulting set of realizations {mg)}fvjl to {:cﬁc_l}fif’l for every newly available observation
Y. Under this restricted form of the importance function, it can be seen that the re-
sulting computational complexity does not increase over time. What remains is to de-
rive a recursive formula for w(a{)), and thus, of () = [Ejvz"l w(z))w(zl).

For convenience, we reproduce (2.51)

p(mlfklyl:k)
w(a:lzk = —-— 2.67
) (kY1) (2.67)
and write p(@1.x|Y,.k) as
p(@ialy) = P(YilTik, Yrp1)P(Tk| 11, y1;k—1)P($1:k-1|y1:k-1)_ (2.68)
P(YelY1k-1)
By substituting (2.68) and (2.66) in (2.67), we can write w(x,.x) as
w(zry) = P(Yel® 1k, Y1 1)P(Tk|Trk—1, Y1p-1) % P(Zrk-1|Y14-1)
P(Yrl Y1) ATk T 161, Y1) (Z1x-1]Y1:6-1)
P(YelT 1k, Yrk-1)P(TE|T16-1, yl:k-—l)w(ml:k_l)' (2.69)

PYklY1e—1) 2 Zk|T10-1, Y121)

Although the preceding relationship gives a recursive formula for w(z4), a few sim-
plifications are in order.

Firstly, the normalization of the importance weights (see (2.56)) means that we

can drop p(y|y,1..—;) and all other irrelevant constants from (2.69), that is?

T1iks Yqt Tp|T16-1, Y1.p—
R P(’ykl ks Yrk 1)P( klT1k—1, Y1 1)wk_1. (2.70)

Q(wklml:k—lv yl:k)

4In (2.70) and in the sequel, we write w(z1.x) as wy.
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Secondly, we recognize that (2.42) is a n-th order Markov process, and that, y,
is conditionally independent of y,.,_, given x;. After appropriate modifications, we

obtain the desired weight recursion for wy, that is

wo o PEZOP@TE ) (2.71)

Q(mk|m1:k-11 yl:k)

The SIS procedure is summarized as follows:

Sequential importance sampling

1. Initialization: For < = 1,..., N, initialize the particles, :cg” ~ p(xg), and set
w(()i) = 1.

2. New particles: For i = 1,...,N,, draw :c,(:) ~ q(mklmﬁ;c_l,yltk), and set
ok & (@ 2.

3. Calculate importance weights: For i = 1,..., N, evaluate the importance

weights up to a normalizing constant
P(yk|m§:))29(m§;)lml(clzn:k_l)w(i)
BIRG k—
q(ml(c)lmgzgc—lv yl:k)
and normalize importance weights.

(@)
Wy, 1

4. Estimates: Use (2.57) for any estimates of interest.

5. Reiterate: Set k = k+1, and go back to step 2.

As shown above, it is necessary to store all IV, simulated trajectories of x; (i.e.
{9}, Thus for increasing k, the memory requirements of SIS increases over
time. However, if we are only interested in the filtering posterior PDF p(xk|yy.),
or its associated features, then, with the condition that the chosen importance func-
tion is of the form g(@|®k—nk—1,Yx), it is only necessary that we store Tg_, 1.4
Typical estimates of interest including Epz,|y,.,.)[2k] and covps, )y, ) [Ek] are given by
(2.63) and (2.64) respectively. Thus, in this case, it can be seen that the memory

requirement of SIS does not increase over time.
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2.2.4.4 The Degeneracy Problem

In [12], it was shown that the variance of the importance weights (wr = p(Z1x|Y1.4)
/q(x1.k|Y1.x)) increases over time. Although it is non intuitive, this phenomenon is
actually detrimental to the performance of the SIS algorithm.

To gain intuition, let us consider the ideal scenario where we are actually able to
sample from the true posterior PDF p(x1.x|y;.). That is ¢(x1.k|y1.) = p(®1:6| Y1)

For this case, it can be shown that the mean and the variance of importance weights

wy, satisfy
p(xlzk!yl:k)
a(@ralys) (W] = Bolarilys {q(mlzklylzk) .
and
p(ml:klyl:k)]
VOTg(zyslyr) (WE] = VAT gz ily) | ———— | =0 273
a( 1.k|y1,k)[ k) 9(1:klY1:8) {q(ml;klyl;k) ( )

respectively. Clearly, we want to be as close to this case as possible. Thus, it fol-
lows that the inevitable increase in variance of the importance weights wy leads to
a reduction in the accuracy of the SIS algorithm. In practice, what one observes is
that after a few iterations, all but one particle will have negligible normalized im-
portance weight. Clearly, this phenomenon is undesirable, and unavoidable. From a
computational standpoint, it is inefficient to devote such a large amount of effort to
update particles whose contribution to the estimate of p(xy.x|y,.;) is almost zero. In
the literature, this phenomenon is known as the degeneracy problem [6]. In practice,
it is useful to monitor the degeneracy of the SIS algorithm, and [31] showed that a
suitable measure of degeneracy is given by the effective sample size Nsy:

Np

1+ VaTq(z1.klyy k) [wk] .

Nejs = (2.74)

The conditional variance of the importance weights is non-negative, and therefore,
Nes¢ < N,. Intuitively, we can think of the N as the number of i.4.d particles

drawn from the true posterior PD¥F, that would be necessary to obtain estimates with
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the same quality as those given by the weighted particles [38]. In reality, we can only

compute an estimate of Neyy:

A 1
Netr = v~
S (w2

where 1'[),(:) is the i-th normalized importance weight® given by (2.56). However, despite

(2.75)

its simplicity (2.75) appeals to intuition. For example, consider the scenario where we
have a highly degenerate realization of the SIS algorithm. For this case, as mentioned
before, almost all but one particle will have negligible normalized importance weight
wy. Thus, it can be argued that Neff ~ 1. Therefore, it follows that Nef ¢ can provide
a reasonable measure of degeneracy, and that it is always beneficial to maximize N. i

In the following, we present two strategies that tend to maximize N, 77 The first
strategy is the resampling of particles, and the second strategy is the selection of a

good importance function g(z1.x|Y,.4)-

2.2.4.5 Resampling

Typically, the prescribed solution for reducing degeneracy is to resample the particles.
There are numerous schemes, and some of the more popular choices are the residual
resampling [34], systematic resampling [29], and the multinomial resampling scheme
(20].

The basic idea is to discard particles with weak importance weights and to multiply
ones with significant importance weights. Formally, resampling can be described in

two steps. First, we draw with replacement N, i.i.d particles & +1.% from [6]

NP
P(@kntrklY10) = D B8 (@koniin — Ty 14) (2.76)
i=1

such that P(:E,(:ln k= a:,(j_)n k) = u},(cj). Secondly, we set the importance weights

to wy) = 1/N, for j =1,..., N,, respectively.

5Notice that we have written u";(:z:&‘)c) as u"),(f).
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In [33, 34], it has been argued that when the normalized importance weights are
nearly equal, introducing resampling only leads to extra variations. Consequently, we
will only introduce resampling when Neff is below a fixed heuristic threshold Np.

In this work, we choose the residual resampling scheme, and set Ny, = 2—2—[’1

2.2.4.6 Selection of Importance Function

The importance function can be chosen from a number of choices. However, a sensi-
ble approach is to select an importance function that minimizes the variance of the
importance weights vary(s, ,|y,..) [wk]. This can be readily justified from (2.74). How-
ever, in a recursive scheme, at time k-1 the importance weights are fixed. Therefore,
instead of minimizing var(,,,jy, ) [wk], we minimize the variance of the importance
weights conditional upon the past simulated state a:fflmk_l, and the observations vy,

It is shown in [12], that the resulting optimal importance distribution (OID) in the

P . @) .
sense that it minimizes VAT 2 ) [wk|mk_n:k_1, yk] is
(i) _ Q)
qOPt(wklmk—n:k—U yk) - p(mklmk——n:kz-—b yk)
o p(Yrlee)p(@lz i) (2.77)

For this importance function, we use (2.71) to obtain the following expression for the

importance weight:

w o pypled Lo Dwd, (2.78)
where
p(ylel) 1) = / plylze)p(ad e .y )dey. (2.79)

Unfortunately, the OID suffers from two drawbacks. Firstly, it requires the ability
to sample from (2.77), and secondly, it requires the ability to solve the generally

intractable integral (2.79). The aforementioned drawbacks have propelled researchers
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to develop close, “easy to sample from” approximations of the OID. In [12], the
authors propose a Gaussian approximation of the OID, whereas in [58], it is suggested
that one approximate the OID via the application of the Unscented Transform.

Alternatively, we may choose the transition prior as the importance function:
9@kl Ty o1 Yi) = P(Er|EL i 1)- (2.80)
For this importance function, the importance weights take the form of
wd o« plylz)wd,. (2:81)

Unlike the OID, the prior p(x kla:,(fln: 4_1) has the advantage of being relatively simple
to implement; indeed, it can be readily obtained from (2.42) and the statistics of wy.
However, the prior is inefficient, because it proposes samples without knowledge of
the current observation y,. In certain scenarios, the proposed particles may actually
reside in “wrong” regions of the state space. Generally, this may result in an inefficient

PF which requires more particles to achieve a certain level of performance.

2.2.4.7 Sequential Importance Sampling Particle filter

The SIS particles filter is summarized as follows:

Sequential Importance Sampling Particle filter

1. Initialization: For ¢ = 1,..., N, initialize the particles, a:g) ~ p(xp), and set
w(()i) =1.
2. New particles: Fori = 1,..., N, set :Tc,(:ln:k_l = mfﬁmk_l and draw :Ef:) ~

Q(mkiizgz—n:k—h yk)

3. Calculate importance weights: For i = 1,..., N,, compute importance

weights up to a normalizing constant
()
E

) p(Yil® )p(:ilg)ljl(:—)—n:k—l) ()
Wk ()20 Yr-1
(& | T k1> Yi)
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and normalize the importance weights.

4. Dynamic Resampling:

If Neff < NTh,

e Resample {a‘c,(;ln Lk M w.r.t importance weights to obtain {mfﬁn Lk M,
and set w’) = 1-\,1; fori=1,...,N,.
otherwise
e Set dr':,(:znﬂ:k = :1:,(2n+1:,c fore=1,...,Np.

5. Estimates: Compute Ep(mklylzk)[a’k] and oVp(z,|y,,.)[®x] using (2.63), and (2.64),

respectively.

6. Reiterate: Set k = k+1, and go back to step 2.

Remark 1. The “tilde” indicates particles before resampling.

Remark 2. We can readily derive the Bootstrap filter [20] from the SIS particle filter.
The appropriate modifications are: (i) choose the transition prior p(X|Xk—nk-1) as
the importance function q(Xg|Xk—nk—1,¥%), and (it) introduce the resampling step at

every time indez k.
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Resampling

New
particles

Compute
weights

Resampling

Figure 2.1: Pictorial description of the Bootstrap PF

In Fig. 2.1, we present a pictorial description of the Bootstrap PF. The solid curves
represent the true posterior PDF of interest. Observe that each circle represents one
particle, and that the diameter of the circle represents the weight that is assigned

to that particular particle. Finally, note that, at each stage of the algorithm, the

number of particles NV, remain the same.
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2.3 Posterior Cramér-Rao Lower Bound

Thus far, we have seen that suboptimal filters rely on approximations. In the EKF,
we approximate (linearize) the DSSM via a Taylor’s series expansion. In the ACM
filter, we approximate the predicted posterior PDF as a Gaussian distribution, and for
the PF, we approximate the posterior PDF via a set of randomly weighted samples.
Naturally, when compared to the performance of the optimal filter, these approxima-
tions degrade performance. In practice, we would like to measure this performance
degradation, but more importantly, ascertain the effects of the introduced approx-
imation. For the recursive estimation of random parameters, a natural strategy is
to adopt a performance criterion (i.e. MSE), and compare the performances of the
optimal filter, and the considered suboptimal filter. However, as mentioned before,
the optimal filter is generally intractable and impossible to run. Therefore, we con-
sider an alternate approach, and to this end, we introduce the Posterior Cramér-Rao
Lower Bound (PCRLB).

The PCRLB as discussed in [55, 60], provides a lower bound on the MSE of
the theoretical optimal algorithm, but more importantly, it provides a theoretical
benchmark for any other practical suboptimal algorithm®. Thus, if we define the

MSE matrix M}, as
My, = E[(zx — &x(y14)) @k — E1(y14))"] (2.82)

where &,(y,,) need not be an unbiased state estimator [60], and use the notation

T
Az =V, VT where V,,, = [ o 0 ] to define the Fisher information

T1:k T1:k Oz "7 Bz,

6For the estimation of nonrandom parameters, it is appropriate to consider the Cramér-Rao
Lower Bound (CRLB) not the PCRLB {7].



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 27

matrix J., i.e.,

Jix = —E[AZ* Inp(zik, yi4))] (2.83)
_ ~E [A:i::i Inp(zy.k, yl:k):] -E [A:}c:k_l Inp(@1:x, yl:k)] (2.84)
—E [Afff:k_l Inp(x .4, yl:k)] —E [AZ: Inp(z 1k, Y1)
A, B
= ; k (2.85)

where p(x1., ¥,,) denotes the joint posterior PDF of x4, and y,... It follows by
virtue of the PCRLB, that the right-lower block of J7, given by J;' = [C), — B TAT'By] !
lower bounds the MSE matrix M in the sense that

M = E [(zi — &x(y14)) 2k — 2(y1)T] = T3 (2.86)

where M — J ,:1 is a positive semi-definite matrix. It can be shown that Jy satisfies

the recursion [55, 60]:

Jr= D12c2—1 - Dil—1 (Jk—l + Dllcl—l)—l Dllc2—1 (2.87)
where
D, = -E [Aﬁ',j In p(xk|zx-1)] (2.88)
D2, = -E [A::_l 1HP(-’Bk|fL'k—1)] (2.89)
D¥, = -E[A%lnp(eilzi)] = [DP2,] (2.90)
D%, = -E [Ai’; lnp(:z:k|a:k_1)] -E [A:: lnp(yklmk)] (2.91)
and

Jo = E[A% — Inp(zo)] . (2.92)

We remark that (2.87) assumes that p(xi|zk—1) and p(y,|zx) are known, and that

they are twice differentiable with respect to its arguments x; and zx_;. In some
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scenarios, this assumption is not satisfied. For example, in the case of p(xzy|zi-1) =
d(xy — xx—1) where (-) is a Dirac delta function, the prior cannot be differentiated.
Thus, if we do not introduce appropriate strategies, it is not possible to derive a
PCRLB. As a consequence, [55] suggests that we regularize the system by replac-
ing the Dirac delta function with a differentiable Gaussian distribution N(zy;0,¢)
where 0 < € <« 1. In this work we adopt this idea, and if necessary, approximate
the Dirac delta function by a narrow Gaussian distribution A(zx;0,€). Under this
representation, we can use (2.87) to obtain a PCRLB for the regularized system, but
more importantly, for ¢ — 0, the PCRLB of the regularized system converges to the
PCRLB of the original system.
In light of (2.86), we also point out that

trace(My) =E [(fl}k — Ze(y )T (2 — fik(ynk))] > trace(J; 1) (2.93)

and that

[Mk](z‘,i) = [IE [(mk = (Y1) (z — ﬁ:k(yl:k))T]](i,i) 2 [JEI](M) , t=1...,n
(2.94)
where n denotes the dimension of ;. Equation (2.93) states that the MSE associated
with & (y,.,) is lower bounded by the trace of J; ' where J} is given by (2.87).
Thus far, we have the option of choosing from three bounds that are inspired by
the PCRLB. These are in the form of (2.86), (2.93) and (2.94). For the ensuing experi-
ments, it is convenient to adopt a scalar bound. Therefore, unless specified otherwise,
we will adopt the lower bound given by (2.93). Finally, the expectations involved in
(2.93), do not in general admit any closed form analytical expression. Therefore,
when necessary, we proceed as in [17] and approximate the desired expectation with

its appropriate Monte Carlo estimate.



Chapter 3

Efficient Particle filters

In this chapter, we introduce various strategies to improve the basic SIS particle
filter. The resulting filters are known as the Auxiliary particle filter (APF), the
Mixture Kalman filter (MKF'), and the Extended Mixture Kalman filter (EMKF). To

conclude this chapter, we conduct a series of experiments and compare a selection of

the considered algorithms.

3.1 The Auxiliary Particle filter

For convenience we reproduce the considered dynamic state space model (DSSM):

zry = Fip(@poni—1)+ wi (3.1)

Y = Hpi(zy) + ex (3.2)

where n € N, F(-) is a possibly nonlinear function, H(-) is a possibly nonlinear
measurement function, w;, is the possibly non-Gaussian process noise, and ey is the
possibly non-Gaussian observation noise. The underlying idea of the APF [4, 43] is
to attempt to improve the quality of particles at time k, by preselecting (resampling)

the particles at time k-1 with probability close to p(xi—1|y;..). That is, we aim to

29
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use all the information up to time & to improve the swarm of particles at time k-
1. Therefore, in the following, we endeavor to obtain a close approximation of the

generally intractable p(zk_1|y,,). To begin, we expand p(xx_1|y,,) as follows:

P(Tr-1lyye) = // T k| Y1.k)dTE_n:k—2d Tk
= [p(yk‘ylzk—l) B //P(yk|mk—n:k,y1;k—1)
X p(xk|Trnik—1, Y1ko1)P(Eh-nib—1|Y1:k—1) T —nik—2d2i(3.3)

Note that at time k, (3.1) and (3.2) only depend on xi_nx—1 and xy, respectively.
Therefore, after subsequent dropping of the normalization density p(y,|y1.x_1), (3-3)

simplifies to

P(Tr—1]Yqp) X //p(ykImk)p(mk|mk-n:k—1)p(mk—n:k—-1|y1;k_1)dwk-—n:k—2d93k (3-4)

At time k-1, a particle filter estimate of p(Tg—pnk—1|Y1.4—1) is given by

Np
D@ hmbr|Yrr) = D B 16(@rmik1 — B ). (3.5)
i=1

Hence, it follows after substituting (3.5) into (3.4) that

P @r-1|Y1s) // (Yilzr)p(@e| Tr—ni—1)
X Zw(Z) 6 mIc—n:lc—l - w;:ln;k_l)da’k—n:k—Qdmk

= /zip; (/p(yk|mk)P(ka|ﬂ’k—nzk—1)d-’Bk

X wk)15(wk nik—1 " mgciln:k—l)>dwk—nik—2

NP
= 3 p(ylz )02 (e — ), (3.6)
i=1

Typically, it is difficult to evaluate p(yk|a:,(fln:k_1)

Pz o)) = / p(yrlze)p(@dal),_)dz, (3.7)



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 31

since (3.7) in general requires complex multidimensional integrations. However, in
[43], it is suggested that p(mklm,(:lmk_l) may be adequately characterized by a point

O

estimate p where p is either the mean or a sample of p(mklw,(ﬁmk_l). Hence if we

assume that p(z|z.” k1) = 6(x — /L,(:)), and substitute into (3.7), it follows that

lydlzd ) = plyrler = ). (3.8)

Therefore, if we adopt the approximation given by (3.8), and substitute into (3.6),
we obtain a proportionality for an approximation of p(xx_1|y.,) that is in the form

of

P(®h-1]Y1x) ZP ykl“’k nik— 1)“’1(:215(% 1_m§c)1)

= ZW& (zx_y — ) (3.9)
where )\() = p(yk|:1:k e l)wk 1~ Finally, by noting that [ p(@r_1]y,4)der-1 = 1,
we have
Np
P@i-tlyi) = Y AMo(@r —al)) (3.10)
i=1

where () = [Z;\;”l AD1E

Equation (3.10) forms the basis of the APF. It implies that the most promising
particles at time k-1, will have the largest associated predictive likelihoods Ay =
P(Yr|Tr—nik—1)wr—1. Moreover, if we rewrite (2.71) as

W P(ykimk)P(ka|ﬂ3k—n;k—1)wk_l

Q($k|$1:k—1, Yi)

(yk|$k) (wk|-73k nik— 1)
yk|=l3k nik— 1)Q($k|-'1=k nik— 1,yk)

= PlYk|Bh—nik—1) W1 X (3.11)

/\k

then (3.10) and (3.11) suggest that we should preselect (resample) the particles

{:l:(l) f\il according to the so-called first stage importance weights

)‘(Z) X wl(:) lp(yklmk nik—1 (3.12)
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and that after preselecting, set the weights to the so-called second stage importance

weights
i D G)
w® o P(yklml(c))l’(‘l’gc |f’31(c—n:k—1)
k —~ i DG ‘
p(yklml(cln:k—l)q(wl(c )lml(cln:k—lﬁ yk)

As mentioned before, this procedure is advantageous because it uses information y,

(3.13)

at time k to select the most promising particles at time k-—1. The APF is summarized
as follows:

Auxiliary Particle filter

(@

1. Initialization: For 1 = 1,..., N,, we initialize the particles, &,’ ~ p(x¢), and
set w((,i) = 1.
2. Calculate first stage weights: For i = 1,..., N, set :E;:ln:k_l = wffln:k_l

(a') Draw :U’Ecl) ~ q(wk|£§czzn:k—l? yk)

(b) Compute importance weights up to a normalizing constant

A wl(clzlﬁ(ykﬁ:;:ln:k—l)

and normalize importance weights.

3. Resampling: Resample {:E;fln:k_l ﬁﬁ’l w.r.t the first stage importance weights

A9 to obtain (8

4. New particles: For i =1,..., N, draw :1:,(:) ~ ‘I(-"’k|"’§2n:k—1’ Yr)-

5. Calculate second stage weights: For ¢ = 1,..., N, compute importance

weights up to a normalizing constant

p(yk|m§cz))p(m§cz)lwfcl-)—n:k—l)

ﬁ(ykle(:—)—n:k—l)q(ml(:)iml(clln:k—h Yi)

) o

and normalize importance weights.
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6. Estimates: Compute I/E\:p(zuyl:k)[mk] and €oUp(z,|y, ) [®x] using (2.63) and (2.64),

respectively.

7. Reiterate: Set k = k+1, and go back to step 2.

3.2 The Mixture Kalman Filter

Let us suppose that x5 = [z}7, 2?T|7

sian DSSM [5]:

satisfies the following partially observed Gaus-

wl%: = F1<$I%—n:k—1) + Al(mz—n:k—l)m}c—l + wli (314)
.'B,% = F2(mz—n:k-—1) + AQ(mz—n:k—l)m}c + ’w% (315)
y, = H(z})+ep (3.16)

where ), € R™, 22 € R™ are the unobserved processes and y, € R™ is the
associated noisy observation. The quantities F'(-), A(-), F?(-), and A*(:) are
known possibly nonlinear functions with proper dimensions. The process noises
w}, w? and measurement noise e are assumed to be mutually independent zero-
mean Gaussian white noise sequences, i.e., wl ~ M(w}; 0, @), w? ~ N(wy; 0, Q?)
and ey ~ N(ex; 0, R;). The initial states =} and z2 are distributed according to
p(z) = N(a:},;:%(l,,f’é) and p(x3) = N(z; &2, 133), respectively.

The considered DSSM is a special case of (2.42)-(2.43). Thus, a “standard” PF
such as an SIS particle filter uses an importance function of the form g(z}, 3|z} .. 1,
x?_ . 1,Y;) to obtain an estimate of p(x}, z?|y,..), and other expectations of in-
terest Byt o21,, o [f (x4, 23)]. However, for this particular DSSM, it is possible to
design a better algorithm that yields estimates with lower variances. The main idea

is to exploit the linear sub-structure of our given DSSM via a Kalman filter (KF). To
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elaborate, let us write the joint posterior PDF p(z}, 2 ,|y,.) as

pley, 21l y1e) = g(-’ﬂilﬂﬂfk) p(xLely i) - (3.17)

o .

~~ ~
Kalman filter Particlefilter

Clearly, conditional on 2, the matrices F*(z3_ . 1), ANZ} 1), F2 (22 o),
A*(x?_,,_;) become known, and (3.14)-(3.15) form a linear Gaussian (LG) system
in z}, for which the KF is the optimal estimator. Thus, it is apparent that we
can use the optimal KF to obtain the Gaussian PDF p(z}|z?,), and that we can
approximate the marginal posterior PDF p(z?, |y,.;) via a PF. In the literature, this
hybrid approach is known as the MKF [35] or as described in [12, 15, 50, 10], the
Rao-Blackwellized particle filter (RBPF). Intuitively, we may consider the MKF as
a algorithm that uses particle filtering for the truly nonlinear state x, and optimal
Kalman filtering for the conditionally linear state z}. Note that the task of using a
PF to sample from p(z},, 23 ,|y,x), has been reduced to one of sampling from the
lower dimensional PDF p(z3,|y;.). Thus, it follows from intuition, that for a given
number of particles the MKF will provide better results then a standard PF. This
intuition has been formally proved in [15].

Now, we will proceed with a formal derivation of the MKF. We begin with the
derivation of p(z}|x2,). As mentioned before, conditional on 2, (3.14) and (3.15)
forms a LG system in z} for which the KF is the optimal estimator. Thus, it follows
from the discussion in Section 2.2.1 on Kalman filtering that p(z}|z2,), p(z|z?,_,),

and p(zi|z?,_,) are all Gaussian distributions that satisfy

p(xilely) = N(zk i Pig) (3.18)
p(xileliy) = N(2F; i1, Skp—1) (3.19)

p(wllc|m%:k—1) = N(wllc;mlldk—bpllqk—l) (3.20)
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where

m}c]k = mllc|k—1 + Pllc|k—-1A2(ml%-—n:k—1)TSI:|k—1(mz - m%lk-—l) (3.21)
Py = Pllclk—l - P11c|k—1A2(93%—n;k-1) SI::_lk 1A2(ml2c—n:k—1)Pllc|k—l (3.22)
wiwc—l = F2(m%——n:k—l) +A2($i—n:k—l)mk|k—1 (3.23)
Skp—1 = A (@} e 1)Pk|k VA (@} 1)+ QR (3.24)
Tyor = FH@}_ppoy) + AN@E_p)Tie k-1 (3.25)
P11c|k-1 = AY(x}_4-1) Pi- 1|k—1A1("3k—n:k—1) + Q. (3.26)

Recall that Q; and Q? correspond to the covariances of w} and w?, respectively.
Now we consider the marginal posterior PDF p(x2,|y;.;). As mentioned before this

density will be approximated by the PF, in which case, p(z2,|y,..) can be written as

pPEielyry) = Zw(z)‘s wf(l?) (3.27)

where @) = [Zjvz"l w1 1w is the i-th normalized weight, and w) satisfies the
general weight recursion given by (2.70):

; ) Y x , i
I(el) P(yeleie’, Yre—0)P(ee |20k 1 Yakoa) I(c)l' (3.28)

2,(7 2,(2
q(mk“tmli)l,yk)

Notice from (3.16), that if z%, is known, we can write p(y|z2,, Y1.6_1) as p(yi|z3)
and drop y,.,_, from p(z?|z?, |, y1x_1). Thus, (3.28) simplifies to
2,(2) 2,(8) |, 2:(8)
i T Lyg— i
w,(c) x p(yile p(@y T i) o)

o w® (3.29)
q(z;, ( )|m1 I(C)l? Yi)

where the likelihood p(y|z2) can be determined from (3.16), and p(z%|z2,_,) from

(3.19). As usual, we can choose the prior distribution as the importance function,

) 2,4
that is Q(“’k|-"311(c)1, Yi) = (‘1’1%|"311(c11)
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What remains is to develop expressions for the estimates of interest. We begin by

obtaining an estimate for Ey2|y, [ 2]. Clearly, this is given by

Epadlul2l = / CHICHITRRLEN (3.30)
= Zwi’)mi : (3.31)

Similarly, an estimate of the conditional covariance covy(y2)y, ) (23] = Epa2jy, ) [Z2 2}

where 2} = 2} — E, 2, [#7] is given by

@pwimw[mﬁ] =
50 (220 _ 20
Z Epa2ty, 02 (@ = Bpiazyy, o227 (3.32)

Finally by noting that Epz1y,. olzt] is given by

Ep(wilyl;k)[‘”}c] = /mllcp(mllc‘ylzk)dmllc (3.33)
= /[ =iptot atulsidatdat, 3:34)
and covp(mml:k)[w}c] by
o olel] = [ (@@d p(ekdel (3.35)
- [[@h@Ebsak endsiiat,  (36)

where Z; = x} — Ey51),, ,)[2}], the substitution of (3.17) and (3.27) into (3.34) and

(3.36), respectively gives
NP

E 17 _ 50 10
]EP(wﬂynk)[wk] = Z Wy "Tpip, (3.37)
=1

and

C/O\,Up(m]lglyl:k)[mlt] =
NP
“’(7’) 1, 2) 17(i) i lx(i) w
> o (P + (@i~ By, 2t (@) ~ Byt le))”) -(3:38)

i=1
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In (3.37) and (3.38), we can use a KF that is conditioned on ‘B1§c) to compute

:c,lclgz) = ]Ep(:l:ll 2,(1-))[:1:k] and Pk’lk = COU 1, 2(i))[mk], respectively. Therefore, a KF
must be associated with each particle mk’( ), and as the name suggests, the MKF
uses a mixture of KF’s to estimate ]Ep(zllc|y1:k)[m,lc], and covy(z1)y, ) [®i]. The MKF is
summarized as follows:

Mixture Kalman filter

1. Initialization: For ¢ = 1,..., N, we initialize “’0|(0) =32}, P(l)lg) Pl ol 10N

p(x3), and set w(l) =1

2. New particles: For i = 1,...,N,, set :cQ(Z) el = mi(’nk . ',t(ll)lk L=
1,(3) L(9) _ pLE
T k-1 a0d 200 k-1 = Pplip_r-

v( ) 2 (7‘) )

(a) Proposal: Draw &; CHAE T

(b) KF Prediction: Compute acklk 1» and Pk]k . using (3.25) and (3.26), re-
spectively.

(c) KF Update: Compute wkifc), and P,lcif’ using (3.21) and (3.22), respec-

tively.

3. Calculate importance weights: For 1 = 1,...,N,, compute importance

weights up to a normalizing constant

~2.(3 i) ~2,
) p(yklwk( )p(E ()“Bu(c v ,@
wk X ~2,9) k——
q(&Z;, lwlk 1 Yk)

and normalize importance weights.

4. Dynamic Resampling:

If N.j; < Npn,

~ 1, . .
e Resample {:ck n+1k}z v {Z llcigcl)}z—l’ {Pk|§j)}fﬁ’l w.r.t importance weights
to obtain {mz,_(zr)r}vl:k 1._1’ { k|l:)}z—17 {Pllc|kl)}z—1 and set w(Z) - ]-\/'l; for i =

1,...,N,.
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otherwise

~2,(i 2,(3) ~1,(i 1,6 L@  pl,6 -
e Set mkir)wl:k = mkan:k, mkli) = xkli), and Py, = Pklgc) fori=1,...,N,.

5. Estimates: Compute Epzyy, ,)[%i, €0Vt iy, ) [@k]: Bptatiy, o [#1], a0d 0papyy, 0[]

using (3.37), (3.38), (3.31), and (3.32), respectively.

6. Reiterate: Set k = k+1, and go back to step 2.

3.3 The Extended Mixture Kalman filter

In this section, we consider a class of partially observed non-Gaussian DSSM. Such
models are useful e.g., in time—varying autoregressive models and other applications
as discussed for instance in [5] and [52]. Formally, the considered DSSM is described
by

ml%: = Fl(m.’%——n:k—l) + Al(mz—n:k—l)ml}:—l + wllc (339)
:I:ﬁ = F2(wi—n:k——1) + Az(wi—-n:k—l)mllc + wl2c (340)
y, = H(x?) + e (3.41)

where i € R™, 2 € R™ are the unobserved processes and y, € R™ is the

noisy observation. As before, F'(-), A'(-), F?(-), and A*(-) are known functions
with proper dimensions. The process noise w}, and measurement noise e, are as-
sumed to be mutually independent zero-mean Gaussian white noise sequences, i.e.,
wi ~ N(wl;0,Q}) and e, ~ N(ex; 0, Ry). The initial states are assumed to be
mutually independent zero-mean Gaussian random variables, z) ~ N (z}; &3, 15;) and
x3 ~ N(xd; &3, pi) However, unlike Section 3.2, the process noise driving (3.40) is

assumed to be a white noise sequence that is distributed according to a N component
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Gaussian Mixture Model (GMM):
N
—2, 2,(j
YN (whw Y, Q) (3.42)

where Ejvz . p; = 1. Thus, in light of (3.42), it is clear that the considered DSSM is a
partially observed non-Gaussian system. Notice that, the MKF is still applicable to
the considered DSSM [35]. At first sight, this seems implausible, since (3.39)-(3.40)
conditional on x%, is no longer LG in z}. However, if we introduce an indicator

random variable I, € IV = {n|n = 1,..., N} that satisfies

1 if w? ~ N(wdw2Y, Q>M)

—
I

N if wi~ N(whw Y, Qr ™)

where p(Iy = 1) = p1, ..., p(Ix = N) = py, we can note that (3.39)-(3.40) conditional
on z2, and I reduces to a LG system for which the KF is the optimal estimator.
Intuitively, the random variable I} indicates the effective distribution of w? at time
index k. Thus, as before, we can use the optimal KF to obtain the Gaussian PDF

p(zi|z2,, [1.1), and use the PF to approximate p(x2,, [1.k|Y1.4):

p("l:lf:’ w%:k? Illk|y1:k) = p(wilm%:kv Ilfgg(x%:lm I11k|y1:k2 : (343)
Kalmg:Lfilter Particlefilter

We proceed as Section 3.2, and begin with the derivation of p(x}|z3,, [1x). As
mentioned before, conditional on z2,, I;.x_1, and I, = n, (3.39)-(3.40) form a LG
system in z} for which the KF is the optimal estimator. Note that, n is the specific re-
alization of I;, at time index k. Thus, as discussed in Section 2.2.1 on Kalman filtering,

p(zilzl,, k), p(xi|xd,_y, [1x), and p(zi|z?,_,, [1.) are all Gaussian distributions
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that satisfy

p@il @ty her, Ik =n) = N(zi; iy, Piy) (3.44)
p(@i)@tsy, k-1, e =n) = N(a}; @i, Skjp-1) (3.45)
p(@ilede s, fie-1, e =n) = N(@k; Tros, Phyp-1) (3.46)

where
f”llcuc = mllc|k~—l+P11c|k—1A2(wl2c—n:k )F Sl:]k (3 $12c|k—1) (3.47)
Pi = Py — Prp 1 A% (@} y)” Siko1 A (@ k1) Phjpor (3:48)
$12c|k-1 = F(@} 1) + AX (@} 1)"3k|k 1+_2(Ik—n) (3.49)
Skik-1 = A} 1)Pk|1c VA (@} )T+ Q2 k=) (3.50)
a:lchk—l = FMa}_5 ) + AN @} _pq)Tho 1k—1 (3.51)
Pk|k , = AY®E k1) Pi_ k-1 Al(zh_h )T+ Qr. (3.52)

We emphasize that (3.47)-(3.52) are all dependent on I;.x_1, and Iy = n. Indeed, the
entire past is summarized by the sufficient statistic :z:,lcl &> and its associated covariance
P]]élk.

Now let us consider the marginal posterior PDF p(x?,, I1.x|y,.). As mentioned

before we use the PF to approximate this density, therefore we can write
P&t s, lialyr) = Zw(% (@14 Lw) — (3, ) @) (3.53)

where @) = [Z 7w 1w is the i-th normalized weight, and w'® satisfies

2,04 2,() 7(8) 2, i
() plyilzy ()) (z k()’Ilg)lmlzchDIf:l)c—l) ()
Weo X 20 1020 10 Wi—1-
q(z™ L2 Dy, W)

(3.54)

In (3.54), the likelihood p(y,|x>?) can be determined from (3.41) and the statistics

of ey, i.e.,

p(yler®) = N (y,; H(zr), Ry). (3.55)
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The prior p(x2, I, m23(il ,I(.i)_ for each element of IV = {n|n =1,..., N} is given
p DTy k-1 41k

by

(¢ i 2,(¢ i
plad, I =nleb? I8 ) = pladed? 19, I = n)p(Iy =n)  (3.56)

where p(a? 2 ,I(?)_ , I, = n) is given by (3.45), and p(I, = n) from the apriori
EiT1k—10 L1:k—1

probabilities of I, i.e., p(Ix = n) = pn.
There are numerous choices for the importance function q(z2, I k|:l:f§,(21, I 1(:2—17 Yip)-

As usual, we may either select the prior (3.56):

2,(i i 2,(i i
q(mi, Ik|"31:§cz1a If:l)c~1’ Yix) = P(‘BI%, Iy = ”‘931;211» Ii:l)c—l)’ (3.57)

the OID, or a approximation of the OID for the importance function. Indeed, for
the considered DSSM, the OID p(m,%,[ﬂmfj,@l,Il(f,)c_l,yk) is generally analytically

intractable. However, if H{z?) is a linear function of 2, i.e.,
H(z?)= Hax? (3.58)

in (3.41), it can be shown that the OID p(x? I = nlw?jgll,ll(f,)c_l,yk) for xF and

each element in IV = {n|n = 1,..., N} satisfies

2,(9)

i 2,(i
qont(wiaIk|m1;k_17[1(;[27_17y1:k) o

p(ml%n I, = n|w1:k_1, Il(:ll)c—l’ Yi) (3'59)
2,(4 ‘
- p(m}%tlwlzgc-)—l’ If:l)c—],ﬁ Ik =n, yk)

2,(¢ i
Xp(.[k = nlml:i;Zl) Il(;])c—l7 yk) (360)

where

A 2v(i)

2,(i i a2,
p(mamlzl(clvll(:l)c—lv]k =n, Yy) =N(wi,wk( )7Pk ) (3.61)

with

.2, 2,6 i i - 2,3
" = @ + S0 HY(HSD_ H” + R) ™ (ye — Ha) ) (3.62)

~2,(%) i i i - i
P = S{, - SG HT(HSY,_ H"+ R)HS, | (3.63)
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and

(8 i 2,(% i
Pl = nla iy, Ly i) o plyrlalily, iy e =mp(le=n) - (364)
(2 i . 2,(4 i
where p(y, |22 19 | L= n) = Ny Hmklfc)_l, HSfd)k_lHT + R}).
Thus in drawing {mi(i),f,gi)} from (3.60), we first sample I,ii) with probability

2,(8)

commensurate with (3.64), and then sample ;" in accordance with (3.61), mi’(i) ~

N(z%; :?:i’(i), Pz’(i)). Finally, if we proceed as in Section 3.2, it can be shown that

NP

Ep(@klyl;k)[a’}c] = Zwl(;)mllcll(:) (3.65)
z;pl

paiylh] = Y a5 (Piﬁf) R NN 73)

i=1

x (@4 - Byt olel)”)  (3.66)
Np

Epurynlet] = Y ol ay? (3.67)
o

C/&)p(zﬂyl:k)[mz] - Zwl(ci)(m%(i) - Ep(wilylzk)[mi])(mi’(i) - Ep(z%|y1:k)[wz])T(3.68)
i=1

L@ _ L@ _ L(2)
where m/flk = ]Ep(wilmfsz),lﬁ,l)[w’lc] and P;,7 = covp(milwf;ff),lﬁ,l)[mllc]' Recall that ),
and P,lc’lg) and are computed by (3.47) and (3.48), respectively. Thus, as before, a KF
is associated with each particle (:z:i’(i), I ,(:)). The algorithm for the EMKF is summa-
rized below:

Extended Mixture Kalman filter

1. Initialization: For ¢ = 1,..., Ny, we initialize wél(é) = &}, P(l)i(()i) = P}, mg’(i) ~

p(x2), and set w{’ = 1.

2. New particles: For : = 1,...,N,, set 5312@’91;19_1 = wi’ﬁ)uk_l, :}':llcfil)w_l =
1,(3) 51, _ plLK)
Ty 1k—1> and Pk—llk—l - Pk—-1|k—1'

e Proposal: Draw (:E,Zc’(i), 1:,5’)) ~ q(x?, Ik|a":f§,(21, fl(f,)c_l, Yy)-
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o KF Prediction: Compute wklk 1» and Pklk , using (3.51) and (3.52), re-
spectively.

e KF Update: Compute ﬁzllc’lgf), and P,lclﬁj) using (3.47) and (3.48), respec-
tively.

3. Calculate importance weights: For ¢ = 1,...,N,, compute importance
weights up to a normalizing constant
2,(4 2,6) 782,08 (&)
() p(yk|$k())p(mk()’Ilg)lmlzl(c—l’llzk—l) () 369
We & 200 (020 10 We-1 (3.69)
a(z™, 10l Dkt Yi)

and normalize importance weights.

4. Dynamic Resampling:

If Neff < NTh,

3 i 1,(
e Resample {azi(,{“k 2L {® ,t|( )}2_1, {PHL’}Z 7, w.r.t importance weights

to obtain {2y}, {= 111(1)}1_1, {Pllc|§cl)}z—1 and set w| = 1\%,, for 7 =

1,..., N,
otherwise
i 2,(3) ~1,(¢ 1,(¢ 1,(3) 1,(¢
e Set a:k(,)&lk = a:kfnﬂk, mk|§c) = xkli), and Pklk = Pk|§€) fori=1,...,N,.

-~

: . w 1 53 1
5. Estimates: Compute Ey,11,, ) [@k], C0Vpo1|y, )2k, E

using (3.65), (3.66), (3.67), and (3.68), respectively.

p(a2 |y, [ TE), and €OV, (2]

6. Reiterate: Set k = k+1, and go back to step 2.

3.4 Experiments

The considered algorithms are applied to two nonlinear models. The first is the

highly nonlinear Univariate Nonstationary Growth model (UVGM) (32, 28, 20, 12],
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and the second is the well documented time-varying auto-regressive (TVAR) model.
The TVAR model has been investigated by many researchers, and some examples
include [18, 22] in which the TVAR model is used for speech processing, and in [16]
where the TVAR model is used for modelling of high resolution high range resolution

radar signatures.

3.4.1 Univariate Nonstationary Growth Model

The highly nonlinear UVGM is given by

T

zp = 0521 + 25—5— + 8cos(1.2(k — 1)) + wy, (3.70)
1+
Th
Y = %‘*’ek, kzl),N (371)

where wy, ~ N(wi;0,Q%), ex ~ N(ex;0,Ry) and p(xo) = N (zo; &0, Py). Here, we
choose Q; =1, Ry =1, =0, P, =1, and N = 70. The considered algorithms are
the EKF, Bootstrap PF, and the APF as described in Section 2.2.3, 2.2.4.7, and 3.1,
respectively. Each PF uses N, = 50 particles and employs the prior distribution

p(:ck|a:k_1) = N(.’Ek; 0.5z_1 + 25%];—21-— + 8 COS(1.2(k — 1)), Qk) (3.72)
k-1

for the importance function. Figures 3.1, 3.2, and 3.3 show a typical trajectory of
T, the corresponding estimated trajectory of Epz,|y,..)[x], and an estimate of the 2o

confidence intervals (CI) for the EKF, Bootstrap PF, and APF, respectively.

40

T
— = True State
30 - “ Observation |
— Estimate
20 - 3 3 - 2 Sigmacl |
10 he P

O

L 2 " N
10 20 30 40 50 e0 70

Figure 3.1: True and Estimated state of EKF
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—
= = True State
GQL v Observation |7
- . i —— Estimate
- 2 Sigma Ci

10 20 30 40 50 60 70
L3

Figure 3.2: True and Estimated state of Bootstrap PF

—

-~ = True State

30 < Observation |-
B Estimate

- 2 Sigma CI

—40 N I L " — : .
10 20 30 40 50 60 70
K

Figure 3.3: True and Estimated state of APF

All the considered PF’s outperform the EKF. Evidently, for this highly nonlin-
ear model, the inherent linearizations of the EKF tend to lead to filter divergence.
Moreover, the EKF is based upon the assumption that the posterior distribution can
be adequately approximated by a Gaussian distribution. In this example and many

other scenarios, this is often untrue, and p(zg|y1.x) can actually be multi-modal, or

Figure 3.4: APF estimate of p(zk|yi.x)
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—e— EKF
Bootstrap
APF

RMSE
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k

Figure 3.5: Root Mean Square Error curves for UVGM

very skewed. As seen from Figure 3.4, the posterior distribution is actually bimodal
for k = 30. Unlike the EKF, PF’s neither employ a linearization of the DSSM nor a
Gaussianity assumption of p(zx|y1.x). Indeed, as illustrated in Figures 3.2, and 3.3,
these methods are well suited for state estimation of highly nonlinear, non-Gaussian
dynamical systems.

Finally, to compare the error performances of each algorithmn, we computed RMSE
(square root of MSE) curves for each filter by running all the considered algorithms
on the same realizations of data for M = 200 experiments. Figure 3.5 illustrates the
resulting RMSE curves. For this example, the APF outperforms all the considered

algorithms.

3.4.2 Time-Varying Autoregressive Model
The P-th order TVAR model can be written as [18]
a, = Fap 1+ ’w;lc (3.73)

2k = Gk(zk_p;k_l)ak—}—wi (3.74)

Y = 2zxtex (3.75)
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where F = BIpxp, ar = [a},...,af]T are the AR coefficients, zj is the AR process,
Gr(2zk—pi—i) = [2h-1...28-pP], wh ~ N(w}; 0, Q}) is the process noise, and ej ~
N (ex; 0, R;) is the measurement noise. The driving noise w? for the TVAR model is

distributed according to
p(wp) = N(wi; 0, Q%) (3.76)

Here, we choose Q) = (0.01)2Ip,p, @? = 0.5, and Ry = 0.05. The elements of ay and
zg.p—1 are each distributed in accordance to a Gaussian distribution with mean 0, and
variance 0.25. In this experiment, we consider a fourth order TVAR model (P = 4)
with known coefficient 5 = 0.995. The considered algorithms are the Bootstrap
PF and the MKF as described in Sections 2.2.4.7 and 3.2, respectively. For the
Bootstrap PF, we consider two different implementations. The first design uses the
prior p(zx, @x|zk—p.k—1,0k-1) as the importance function q(zx, ak|zk—px-1, @k-1, Yi),

that is

q(2k, Ak |2k—Pii—1, Qk—1, Yk) = P(2k|2k—Pik—1, Gk)P(@k|QR-1) (3.77)

=N(Zk; Gk(zk—P:k—l)aka Qi)N(ak; Fa,_,, Q/lc)(3‘78)

The other uses the OID p(zk, ak|zk—pk—1, Gr-1,yx) for its importance function (See

Appendix C for details):

qopt(zk,ak|zk—P:k—1, ak—uyk) = P(Zklzk—P:k—1, ak;yk)p(aklak—layk)' (3-79)
In (3.79)
P(2k] 2k Pik—1, @k, Yi) = N (21; 2, Pr) (3.80)
where
Qi
2 = Gr(Zk-pig-1)ak + (yk — Gr(2k—p:k—1)ax)

Re + Q3

. 1 1\
P = (R_k+32§> (3.81)
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Figure 3.6: True and Estimated a; using MKF

and
plalak-1,yx) = N(a; @, i) (3.82)
where
dr = Far i+ QLGr(2k-pi—1)T[Ek] " (Wk — Gr(zk—pi—1)Far_) (3.83)
(3.84)

ag
e = Qllc_Q}chk(Zk—P:k—l)T[ik]~1Gk(zk-—P:k—1)Q/lc

and f)k = Gk(zk_p:k_l)Q;chk(Zk_P;k_l)T + Q? + Ri. The OID exploits the current

measurement y, in the proposal of new particles (2, ax). Thus, it is expected to

boost the efficiency of the Bootstrap PF.
For the case of the MKF, a, plays the role of =}, and z;, the role of 2 as described

in Section 3.2. In fact, conditional on 21k, (3.73) and (3.74) form a LG system in
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Figure 3.7: True and Estimated z; using MKF

ay, for which the KF is the optimal estimator. Thus, as discussed in Section 3.2,
we estimate a; via the KF, and track 2z, with the PF. For the PF, we choose the
marginalized prior p(zx|zx-1) as the importance function.

In this experiment, each PF is implemented with N, = 50 particles. Figures 3.6
and 3.7 show results that are typical of the MKF. The MKF provides good perfor-
mance. Although there is a fair amount of uncertainty (large CI) about the precise
value of a;, it can be seen that the MKF tracks a,, reasonably well. Similarly, for the
AR process z.

For the MSE calculations, we ran each filter on the same realizations of data,
and repeated the experiment M = 200 times!. Notice that we have also computed
the PCRLB (see Appendix D). As shown in Figure 3.8, the MKF outperforms all
the considered algorithms. With the exception of the Bootstrap PF using the OID
P(2k, Q| 2k—pe—1,@k-1, k) for its importance function, no other filter offers compara-
ble performance. Indeed, for the chosen number of particles, the “basic” Bootstrap
filter performs poorly. Although it is possible improve performance by increasing the

number of particles IV, the cost of increased computational complexity may result in

1The MSE calculations are based only on stable realizations of the TVAR model.
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Figure 3.8: Mean Square Error curves for TVAR model

a prohibitively expensive filter.

Thus, in designing a efficient PF, it would seem critical to exploit the most recent
measurement y, or if possible, exploit the linear sub-structure of the given DSSM.
Arguably, in most scenario’s, the computational cost of using the OID or the MKF
will be more then offset by the reduction in the number of particles required to achieve

a certain level of performance [6].



Chapter 4

The Approximate Conditional
Mean Particle filter

In this chapter, we introduce a novel particle filter known as the approximate condi-
tional mean particle filter (ACM-PF). As the name suggests, the ACM-PF is a merger
between the ACM filter and the PF. To begin, we motivate the proposed algorithm.
Subsequently, we provide a derivation of the proposed algorithm. Finally, to validate
the algorithm, we apply the ACM-PF to a time-varying autoregressive (TVAR) model

that is driven by impulsive noise, and mixture Gaussian noise.

4.1 ACM-PF

The considered DSSM is identical to that which was considered in Section 3.3. For
convenience, we reproduce the considered dynamic state space model (DSSM). That

is, let zx = [T, z27]T, and assume that (2.42)-(2.43) may be written in the form of

51
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a partially observed non-Gaussian system:

fl!,{: = Fl(mlzc—n:k—l) + Al(mz—n:k—l)mllc—l + wl%: (41)
ZD% = F2(mi-n:k——1) + A2(:B%—n:k—-1)wllc + ’Uli (42)
y, = H(z})+ex (4.3)

where z} € R™, 22 € R™ are the unobserved processes and y, € R™ is the
noisy observation. Again, F'(-), A'(-), F?*(), A*(-), and H(-) are known func-
tions with proper dimensions. The process noise wj, and measurement noise ey
are assumed to be mutually independent zero-mean Gaussian white noise sequences,
wl ~ N(wl;0,Q}) and e, ~ N(ex;0,R;) !. The process noise driving (4.2) is
assumed to be a white noise sequence that is distributed according to a N component

Gaussian Mixture Model (GMM):
N
an 2 j 27 j
p(w) = Y pN@iw??, Qi) (44)
=1

where Z;V=1 p; = 1. As before, the initial states are assumed to be mutually in-
dependent zero-mean Gaussian random variables, z§ ~ N (:z:(l,;a‘cé,P(l)) and 2 ~
N(m%;:i:g,pi). The considered DSSM (4.1)-(4.3) is a special case of (2.42)-(2.43).
Thus, it is amenable to an application of a “standard” PF such as the Bootstrap PF.
Typically, to maintain a certain level of performance, it is necessary to increase the
number of particles IV, as the dimensionality of the state vector increases. Thus, for
complex problems with a large number of state components (i.e. large dimension), it
is necessary to boost the efficiency of the standard PF to achieve an acceptable level
of performance. Indeed, as shown in Section 3.4.2, it is beneficial to exploit the ob-

servation (i.e. OID), the structure of the DSSM (i.e. EMKF), or both to improve the

! Actually, the measurement noise e can be arbitrarily distributed so long as the pdf of ey is
known. However, for clarity of presentation, we restrict our analysis to the aforementioned Gaussian
distributed measurement noise.
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efficiency of the PF. For this particular DSSM, it is very difficult to derive the exact
OID, if not impossible. Recall, to exploit the structure of the DSSM (i.e EMKF), we

introduce a indicator random variable I, € IV = {n|n = 1,..., N} that satisfies

1 if w? ~ NMw?wtY, QrY)
I, :

N if w? NN(wi,_z (), Q2 (N))

where p(Iy = 1) = py, ..., p(lx = N) = py. Indeed, we can note that (4.1)-(4.2)
conditional on %, and I, form a LG system in z} for which the Kalman filter (KF)
is the optimal estimator. As such, we can use the optimal KF to obtain the Gaussian
PDF p(z}i|z2,, [1.k), and apply the PF to approximate p(z2,, 11| y1.x), i-e

P(@k, L ikl Y 1) = pl@i| Ty, Il:k)/?(m%:kv Tl Yr) - (4.5)

N~ —

Kalmanfilter Particle filter

Note that we are applying the optimal KF to the conditionally linear states z}, and
using the PF for the truly nonlinear states {z?,,I;.x}. Thus, we require a reduced
number of particles to achieve a certain level of performance. Yet, it may be possible
to further increase efficiency. Indeed, for particle filtering, it is advantageous to
reduce the dimensionality of the space in which we draw samples from. Thus, for
the considered DSSM, we endeavor to design a novel PF that exploits the structure
of the considered DSSM while dispensing with the need to introduce an Indicator
random variable I,. The advantages are clear. By eliminating the need to introduce
the Indicator random variable, the task of using a PF to approximate p(x3,, I1.x|y1.1)
is reduced to one of approximating a lower dimensional PDF p(z2,, |y,.;). Intuitively,
we require a reduced number of particles to achieve a certain level of performance.
Therefore, it is of interest to develop these aforementioned ideas, and in the sequel

we proceed with the derivation of the ACM-PF.
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To begin, we write p(z2,, zL|y,.) as

p(m%:hml{:lyl:k) = p(mllclm%:kﬂyl:k)p(mgzklyl:k) (46)

= P(‘Ellclwik)l’(w%:klyrk)- (4.7)

As mentioned before, we aim to exploit the linear substructure of the considered

DSSM. Thus, we only use the PF to approximate p(zf,|y;..). Hence, if we draw N,

2,8 2,(4)

samples of «? from g(z2|z?,_;, y.), that is @’ q(zi|lziy’y, yp) fori=1,...,N,

and update the importance weights w( )

2,(7) 2,()1,,,2,(3)
w}(:) x p(yelzy ol l.k—l) (@)

w (4.8)
2,(¢ 2,(¢ k—11
Q(wk( )|m1§c)17 Yr)
we obtain for a PF approximation of p(z?,|y;.;):
NP
~ ~ (3 2,(i
Padelyie) = D@08z, - o) (49)
i=1
where o = [Z * w1 w®. Moreover, if we proceed as in Section 3.2, it follows
that the estimates of interest satisfy
E @b (4.10)
ZCH TP k) kPl .

— ;0 pto = IRIWERNONE~ T
Covp(z}clylzk)[mk Z ( K|k +(mk|k _]Ep(ztlyl;k)[‘”k])(“’k|k “Ep(z}clylzk)["’llc]) >

(4.11)

] ~ (i 2 i
Epezy,0l2t] = Z Oyt (4.12)

o~

P ~ 21 = 9
V(w2 y 1.0 [TR] = Z D (@e® = Bpaiy o i) (@2 — Epagy, (@2 (4.13)

where :z:,lclg) = Ep(zl|z2 (1))[:1:,6] and P,lclfz) = cou, . 1|m2(1))[m}c] is the mean and covari-

2,(4)

ance of x conditioned on z7;”’, respectively. As in the case of the EMKF, we aim
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to compute :1:,16'5:) and P,lc’lgj) analytically. Recall for the EMKF, the former are com-
puted via the KF. However, in [53] it is shown that p(z}|z>) is a GMM such that
the number of mixands increases exponentially with k. Hence, w/1c|§:) and P,lc’lg) are
obtained through a growing symphony of KF’s, each corresponding to one mixand of
p(:l?ﬂ:]:?,(;)) For practical applications, it is infeasible to sequentially in time compute
a:,tlgz) and P,lg’lgf) for all time indexes k. Thus, with the aim of designing a computa-

tionally attractive algorithm, we follow [37] and adopt the Masreliez approzimation

as discussed in Section 2.2.2, i.e.,
. A1
p(mllclm%:k—l) ~ N(z}; $11c|k—17 Pk|k—1)' (4.14)

Under this assumption, we can derive an ACM filter [62, 45] for z}. In [37], it is shown
that for a linear DSSM with non-Gaussian observation noise distributed in accordance
to a GMM, the ACM filter yields near optimal performance. In particular, conditional
on x?,, (4.1)-(4.2) forms such a model, that is, a linear substructure with non-
Gaussian observation noise distributed in accordance to a GMM. Thus, we propose to
merge the ACM filter, and the standard PF into a hybrid algorithm called the ACM-
PF. Notice, for the conditionally linear substructure given by (4.1)-(4.2), =} plays
the role of the observation. Therefore, as discussed in Section 2.2.2 on ACM filtering,

we can compute an estimate of m,tli’) =E [zi] and P,IC’IE:) = €OV walff))[m’lc]

p(zlla))

according to

A1, 1,0 A1) 2,6 2,
mkﬁc) = mk|§c—)-1 + Pklk—1A2(mk£7)z:k—1)Tgk(mk( ) (4.15)
~1,(%) ~1,(3) A1, (5) 2,(i 2,( 2,6 ~1:(3)
Pgo = Pl — Pyl A0, ) Oy ) A% (@) Py (4.16)
where
JL,3 2,3i 2,3i A1,
wk[kll = F'(zp, )+ Al(mkﬁr)z:k—l)mk—(—l)lk—l (4.17)

A 1:(%) 2,(i A5 1:(2) 2,(
Pul, = Al(mkﬁr)z:k—l)Pk—Hk—lAl(mkﬁg:k—l)T+ Qi (4.18)
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and
2,(i 1 2,(4), 2,(i
gn(z ) _vai’(i)p(mk( el (4.19)
pz ™ |eyly)
G(z>®) = V$i,(i>gk(mi’(i))T. (4.20)

At this point, it should be understood that :%llcigf), P,ﬁ,ﬁj) replaces m,lc’lg), P,lc]g) in (4.10),

(4.11), respectively. Moreover, although

By~ "’llcig)zEp(z;sz;p)[mi] (4.21)
P = Py = cov, iy 2.0, (@] (4.22)
C A e (4.23)
15;521 ~ Pllcigll:COUp(m;c[mf;l(Ql)[mllc], (4.24)

. . . . ~ ) a 1) ] ~ 3 A~ 17 ( 3
in the sequel, we will abuse notation and write m,lc’lg), P,c'g:), :B,lclgll, Pklg)_l as :c,le’]gz),

P,lc’lg), m11c|§317 P,lc’lgfll, respectively.
Now, to complete the derivation of the ACM-PF, we will obtain each of the com-
ponent PDE’s found in the weight recursion given by (4.8). Clearly, by virtue of (4.3)

and the statistics of ey, the likelihood p(yk|:ni’(i)) is given by

p(yiler®) = N(y,; H(z2D), Ry). (4.25)

However, unlike the likelihood p(y,|x>), the marginalized prior p(z?|x2,_,) is a
GMM such that the number of mixands increases exponentially with & [53]. Therefore,
to limit computational complexity, we again make use of the Masreliez approzima-
tion, and thus, derive a finite dimensional approximation of p(z?|z2,_,), that is (see

Appendix E for derivation)

N
~ 2,(j 2,(j
Pleilats,) = ZPJN(-’E%%&EUSHQJ (4.26)
j=1
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where

2,(5 — 2,35
zp? = WP+ F @l )+ AX@D )Tk (4.27)

20 G
Sk|§21 = A2(mi—n:k—l)PllcUc-lA2(m%—n:k—1)T + Qi w. (4.28)

For the importance function g(z2|z2,_,, ¥, ), we have numerous candidates, but usual
choices are to either select the marginalized prior density p(z2|z2,_,), or the OID
p(z2|22,_;,y,). The marginalized prior density is readily given by (4.26), and the
OID for (4.1)-(4.3) in its most genera] form is analytically intractable. However, if

H(x?) is a linear function of x2, that is
Hy(z}) = Hzx}, (4.29)

it is possible to derive a finite dimensional approximation of the OID p(z2|z2,_,, y).
In particular, again making use of the Masreliez approzimation, it can be shown that

(see Appendix F for derivation)

N
o~ —_ ~2,(3 "27(j)
patleli gy = > PNk, P (4.30)
j=1
where
_ PNy Hegd ) HSy0) \HT + Ry)
Pi = W 2,(n) 2(0) [T (4:31)
2 n=1PnN (ys; Hzy " HS ", H” + Ry)
~2,(j 2,(j j 2,35
, 0 = mklgjzl + Wﬁj)(yk - Hmk|§3—)-1) (4.32)
‘2)(‘) 2,(4 j 2
Py 7= Sk|§£1 - W;J)HSi]gzl (4.33)

and chj) = Sz’igleT(HSi’lgllHT + Ry)™!. Recall that miigjll, 5%21 are com-

puted by (4.27), (4.28), respectively. The suboptimal importance function (4.30)
exploits the information in the most recent observation y,. Thus it incorporates ad-

ditional information into the proposal of new particles wi’(i), and thereby, improves

the efficiency of the ACM-PF. The algorithm for the ACM-PF is summarized as

follows:
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ACM-PF
1. Initialization: For i = 1,...,N,, we initialize the particles, 2@ ~ p(x2),

wél(()l) = &, P(l)i(()z) P0 and set w{’ = A}P.
2. New particles: For i = 1,...,N,, set 220 = 2@ :E,lc(ll)lk L=

1,(5) ~1,(2) 1,(3)
Th—1)k~1> Pl = P 1)k—1"
7(2) "2(7’
(a) Proposals: Draw &, ~ q(22|Z]}” 1, Y1k)-

(b) ACM prediction: Compute w,ﬁ,i’ » Pk“c . using (4.17), and (4.18), respec-
tively.

(¢) ACM update: Compute mk|§:)’ Pk’l;) using (4.15), and (4.16), respectively.

3. Calculate Importance Weights: For i = 1,..., N, evaluate the importance
weights up to a normalizing constant

(1)|~2(l) )

2,(2)
. xT
wl(cz) o w p(ylE,)p(E

k—1 ~2,(% 2,(s
q(z ()|w11(c)1’y1k)

and normalize importance weights.

4. Dynamic Resampling:

If Neff < NTh,

e Resample {z>%) 1ok M {a:,lcliz 3 {Pk|k }fv”l w.r.t importance weights

2,(¢ 1 1, % .
to obtain {zy®, ¥ {=z k[gcl)}z-—l’ {Pk|§:)}z—1 and set wi) = a; fori=
1,...,N,

otherwise

2,(¢ 2,(4 1L,( 1,(¢ (@) 1,0 .
o Set® ()+1k = :z:k(,)&lk,a:klgg) = :L'klfc),andelk —Pkli)forz: 1,...,N,.
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5. Estimates: Compute Ey 11y, ) [%k], ©0Upat iy, ) [Zh], Epaly, 0 [#E], and Covyaz )y, )

using (4.10), (4.11), (4.12), and (4.13), respectively.

6. Reiterate: Set k = k+1, and go back to step 2.

Remark 3. Recall that the ACM filter (i.e. ({.15) to (4.18)) reduces to the KF when
w2 is Gaussian distributed. Hence, it can be seen that the ACM-PF is equivalent
to the EMKF if w? ~ N (w2;u,X) where p and ¥ are the mean and covariance,

respectively.

4.2 Simulations: Non-Gaussian TVAR model

It is a well known fact that many random processes of interest can be successfully
modelled by AR models that are driven by Gaussian distributed noise (see [27] for
a detailed treatment). Unfortunately, for some phenomena, this approach may not
be entirely appropriate. For instance, in seismology and underwater acoustics, we
often find large impulses/spikes in the observed signal (see [51] and the references
within). In such scenarios, a Gaussian PDF with its sharp roll off cannot adequately
model these impulses. Therefore, it is of interest to consider driving noises that
are distributed according to non-Gaussian distributions. Moreover, we may aim to
model non-stationarities. Therefore, we consider a TVAR model that is driven by
non-Gaussian noise [11}, in particular, driving noise that is distributed according to
a GMM.

Now, we present the considered DSSM. In fact, the following DSSM is almost

identical to that which was considered in Section 3.4.2. That is,
a, = Fay_{+ 'w,lc (4.34)
e = Gk(zk_p:k_l)ak + w,% (435)

Y = zkter, k=1, ..., n (4.36)

zi]
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where F = BIpyp, ai, = [ai,...,al]T are the AR coefficients, 2 is the AR process,
Gi(2k-pi—1) = [2k-1... zk—p], w} ~ N(w}; 0, Q}) is the process noise, and e ~
N (ex; 0, Ry) is the measurement noise. However, unlike the TVAR model that was
considered in Section 3.4.2, we consider driving noise w? that is distributed according

to
ij 2 —-2(]) Q2 (J)) (437)

where E;V:lpj = 1. Here, we choose Q} = (0.01)2Ip,p, and R, = 1. The elements
of ag and zp.p_; are each distributed in accordance to a Gaussian distribution with
mean 0, and variance 0.5. As before, we consider a fourth order TVAR model (P = 4)
with known coefficient 8 = 0.995. It should be noted that the considered DSSM is a
special case of (4.1)-(4.3). That is, aj plays the role of z}, and z; the role of z2 in
(4.1)-(4.3).

The implemented algorithms are the EMKF, the ACM-PF, the Bootstrap PF as
described in Sections 3.3, 4.1, and 2.2.4.7, respectively. For the Bootstrap PF, we
implemented two schemes that are discussed as follows. The first scheme employs the
prior importance function p(zx,ak|zk—p.x—1,ar-1), and the second scheme uses the
OID for its importance function (derivation is similar to that which was presented in

Appendix C):
Gopt (2k, @k |Zk—Pik—1, Qk—1,Yk) = P(2k|Zk=pPio—1, Gk, Yo )P(Qk|Qr_1, y). (4.38)
In the above

p(zklzk—P:k—ly ag, yk Zp] yky G(J) 2 ) + Rk)N(Zk7 Zk ) P(J)) (439)
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where

50 = g9 4 ‘z,m (yx — 69) (4.40)
@Y + Ry) *
-1
PO = <—]%_k+—c,2_216)—> (4.41)
0 = Gilzepii)ax+w2Y (4.42)
and

plak|ar—1,ye) ij (i 85, SN (an; 2, =) (4.43)

where
9 = Gp(zk-pi_1)Fapy +wY (4.44)
iggj) = Gk(zk—P:k—l)Qka(zk—P:k—l)T+Qz‘(j)+Rk (4.45)
&) = Far i+ WOy —¢0) (4.46)
Eg) _ Qi—W(j)Gk(zk—P:k—l)Qllc (4.47)

and WY = QLG (z—pa_i1)T [E,(j)] 1. The importance function in (4.38) exploits

the current measurement y, in the proposal of new particles. Thus, it increases the
efficiency of the Bootstrap PF.

Both the EMKF and the ACM-PF used the prior distribution for the importance
function. However, in designing an efficient PF, it may be prudent to exploit both
the observation y; and the structure of the DSSM; therefore, we also implemented
a ACM-PF and an EMKF that uses (4.30) and the OID (3.60) for the importance
function, respectively.

We conducted two experiments, each with n = 250 observations. As usual, we
adopt the MSE criterion to gauge the performance of each algorithm. In particular,

we consider two such metrics. The first is the MSE at the k-th time step defined as

M
1 i ~i i 20
MSE, = i Z (”a’k - a’k|k“§ + {2 — zk|k“§> (4.48)
i=1
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where || - ||z is the Euclidean norm, &}, and 2, is an estimate of aj and z; for the

i-th Monte Carlo simulation. The second is the average MSE that is computed by
MSE = - MSE. (4.49)
k=1

Note, in calculating (4.48) and hence (4.49), we ran each filter on the same realizations

of data and repeated the experiment M = 200 times.

4.2.1 TVAR model driven by GMM noise

For the first experiment, the driving noise w? is distributed according to
plwp) = eN(wi;—3,1) + (1 - N (w}; 8,1)

where € = 0.8. Figure 4.1 shows the average MSE for N, = 10,50,100 and 200

particles.
Bootstrap PF

For N, = 10, the Bootstrap PF performs poorly. As expected, we improve perfor-
mance as we increase the number of particles IV,. Alternatively, we may increase
the efficiency of the Bootstrap PF via the OID given by (4.38). As shown in Figure
4.1(b), the Bootstrap filter using the OID, yields much improved performance over
the Bootstrap filter using the prior as the importance function. Indeed, by virtue of a
more sophisticated importance function, we take advantage of the recent observation,

and hence improve the efficiency of the Bootstrap PF.

EMKF

The EMKF yields much improved performance over the Bootstrap PF. As expected,

the use of the OID (3.60) also improves performance.
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(a) PF’s using the prior for the importance function.
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Average MSE
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Number of particles

(b) PFE’s using more sophisticated importance functions
(i.e. exploits observation).

Figure 4.1: Average MSE curves

ACM-PF

The ACM-PF performs better than the EMKF. As compared to the Bootstrap PF,
the ACM-PF yields much improved performance. For example, as shown in Figure
4.1(b), the ACM-PF merely uses 10 particles to attain a MSE of 0.7, while in the
case of the Bootstrap PF, we require 200 particle to achieve a comparable levél of
performance, a twenty-fold increase in INV,. Furthermore, notice that for N, > 50,

a more sophisticated importance function (4.30) does not significantly improve the
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Figure 4.2: True and estimated trajectory of aj via ACM-PF with N, = 50 particles
and the prior for the importance function.

performance of the ACM-PF. We observe similar trends for the case of the EMKF.
Thus, it seems sufficient to simply choose the computationally attractive prior
(4.26) for the importance distribution. Indeed, the computational requirements for
a more sophisticated importance function (4.30) are considerable, so any subsequent
improvement should be significant enough to justify its use. For this particular DSSM,
it would seem unnecessary to exploit both the observation, and the structure of the

DSSM. Of course, the appropriate decision will depend on the desired tradeoff between
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Figure 4.3: True and estimated trajectory of z; via ACM-PF with N, = 50 particles
and the prior for the importance function.

performance and complexity.

However, there are scenarios where it is necessary to jointly exploit both the
observation, and the structure of the DSSM. This is the case for a highly nonlinear
non-Gaussian dynamical system. In Section 4.2.2, we consider such a scenario. Now,
consider Figure 4.2 which shows a true and estimated trajectory of aj. Notice that
after 50 observations, the time variations of a; are closely tracked over time. In fact,
the ACM-PF is fairly accurate about the precise value of a (i.e. small confidence
interval). As shown in Figure 4.3, the AR process 2 is also accurately tracked.
In general, the ACM-PF (using the prior importance function) demonstrates good
performance. For the case of the ACM-PF using (4.30) for the importance function,
we observed a modest improvement in performance. As such, we omit these results.

Now, we investigate the acquisition time for each filter. To this end, we use
(4.48) to compute the MSE at each time step. Note, as shown in Figure 4.4, the
resulting MSE curves are a function of time. Of the considered algorithms, the ACM-
PF yielded the shortest acquisition time, and the smallest steady state MSE. Thus,
for this experiment, the ACM-PF offers the best performance. However, one must be

careful in making any general conclusions. Indeed, for the majority of the simulations,
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observation).

Figure 4.4: MSE curves

the EMKF and the ACM-PF yield comparable steady state MSE, as shown in Figure
4.4. Thus, the performance differences between the ACM-PF and the EMKF can be
largely attributed to the apparently large acquisition time of the EMKF.
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4.2.2 TVAR model driven by impulsive noise

For the second experiment, the TVAR model is driven by impulsive noise. To model
impulsive noise, we follow [1, 61, 66], and assume that w? has a two-term GMM

distribution that is in the form of
p(wp) = (1-eN(w;0,0%) + eN(wg; 0, 03) (4.50)

where 0 < ¢ < 1 and 02 > ¢?. In the preceding equation, we choose € = 0.1,
0? =1, and o2 = 100. Note that N (w?; 0, 0%) corresponds to the PDF of the nominal
background noise and that A (w?; 0, 02) corresponds to the PDF of the impulsive noise
component with € representing the probability that an impulse will occur. Again,
we compute the average MSE for the considered experiment. Figure 4.5 shows the

average MSE for NV, = 10,50, 100 and 200 particles.

Bootstrap PF

Like the previous experiment, for a small number of particles, the Bootstrap PF
performs poorly. As expected, the performance of the filter increases as the number
of particles IV, increases. However, if we are to increase the efficiency of the Bootstrap

PF, it is clear that we should use the OID (4.38) for the importance function.

EMKF

As shown in Figure 4.5(a), the EMKF significantly outperforms the Bootstrap PF.
Of particular interest, is that the use of the OID (3.60) drastically improves the
performance of the EMKF'.
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Figure 4.5: Average MSE curves
ACM-PF

In Figure 4.5(b), the ACM-PF merely uses 10 particles to yield a MSE of 0.8, while
in the case of the Bootstrap PF, we use at least 100 particles to achieve a similar
level of performance, a ten-fold increase in N,. As compared to the EMKF, the

ACM-PF shows marginally improved performance. Of particular interest, is that the
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Figure 4.6: True and estimated trajectory of x; via ACM-PF with IV, = 50 particles
and the prior for the importance function.

use of a more sophisticated importance function (4.30) also drastically improves the
performance of the ACM-PF.

Now, we present some simulations that are typical of the ACM-PF. As shown
in Figure 4.6, the ACM-PF (using the prior importance function) tracks aj reason-
ably well. Unfortunately, the same cannot be said for the estimated trajectory of

2. Indeed, on more than one occasion the ACM-PF actually loses track of 2. For
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Figure 4.7: True and estimated trajectory of x; via ACM-PF using N, = 50 particles
and a more sophisticated importance function.

instance, around k = 60 and k = 70, the estimated impulse does not even remotely
coincide with the true impulse. Evidently, for this particular DSSM, there is consid-
erable motivation to employ a more sophisticated importance function. Indeed, as
shown in Figure 4.7, if the ACM-PF uses (4.30) as its importance function, we obtain
much improved performance. In fact, for this choice of the importance function, the

ACM-PF accurately tracks both the AR coefficients a; and the AR process 2. Of
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Figure 4.8: MSE curves

particular significance is that the estimated trajectory of z closely matches the true
trajectory of z;. Indeed, a more sophisticated importance function (4.30) uses the
most recent observation to propose new particles. Thus, it improves the efficiency of
the ACM-PF. For the EMKF, we observed similar trends in performance.

Now, we investigate the acquisition time of each filter. As before, we use (4.48)

to compute the MSE at each time step. The results are shown in Figure 4.8. As
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shown in Figure 4.8(a), the obtained performance is rather poor if each filter uses the
simple prior distribution for its importance function. However, if each filter uses a
more sophisticated importance function, it can be seen that each filter shows much
improved performance. The latter is shown in Figure 4.8(b). Notice that, the ACM-
PF performs the best amongst the considered algorithms. Thus, by incorporating the
measurement yy, or in the other words, the observation of an impulse into the proposal
of new particles, the PF generates particles in the space of the true z;, and thereby
improves performance. Apparently, for the considered TVAR model, it is necessary
to exploit both the measurement and the structure of DSSM in the designing of an
efficient PF. This is contrary to the previous experiment in which we only needed to

exploit one of the aforementioned techniques.

4.3 Conclusion

In this chapter, we have proposed a novel filter for a class of partially observed non-
Gaussian DSSM’s. The proposed method is a efficient combination of the ACM filter
and the particle filter. The considered DSSM consists of a combination of linear and
nonlinear states, and a non-Gaussian state evolution noise. Results show that the

ACM-PF outperforms the Bootstrap PF, and the EMKF.



Chapter 5

Channel Equalization and Phase
Noise Suppression in OFDM
Systems Using Particle Filtering

In this chapter, we apply the PF to the problem of channel equalization and phase
noise suppression in orthogonal frequency division multiplexing (OFDM) systems.
First, we review OFDM, and introduce the problem of channel equalization and phase
noise suppression for OFDM systems. Then, we introduce the baseband OFDM
system, and develop the required dynamic state space model (DSSM). Subsequently,
we present a derivation of the proposed particle filtering algorithm. Finally, we present

some simulation results that illustrates the effectiveness of the proposed algorithm.

73
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5.1 Introduction

A frequency-selective channel introduces intersymbol interference (ISI). That is, a
symbol experiences interference from other symbols that have been delayed by mul-
tipath. Generally, there is severe ISI if the channel delay spread! T;, is greater than
the symbol time T, ie. Ty, > T,. Conversely, when T,, « T, there is insignifi-
cant ISI. Note that in most wideband applications, the latter condition cannot be
satisfied, that is, there is severe ISI. Thus, it is of interest to eliminate or minimize
ISI. Traditionally, complex time domain equalization has been used to counteract
ISI. Alternatively, we may consider multicarrier modulation as a effective means for
dealing with ISI [46]. Indeed, in the last few years, there has been increasing interest
in multicarrier modulation schemes that are robust to ISI; in particular, OFDM.
The basic idea of OFDM is to divide the high rate data stream into N parallel
lower rate substreams, each modulating a orthogonal subcarrier that is transmitted
in parallel to maintain the total desired data rate. In particular, to minimize ISI,
we must ensure that the symbol time of each lower rate substream T is much larger
than the delay spread of the channel T,, (i.e. T > T,,). For OFDM, T = NT,
where T, is the symbol time of the high rate data stream. Therefore, in practise,
we set N > 1 so that T' > T,,. Consequently, each lower rate substream will not
experience significant ISI, or in other words, each lower rate substream undergoes flat
fading which in practice is relatively simple to equalize. In fact, if we introduce a
cyclic prefix (CP) with proper duration, ISI can be completely removed. In practice,
we use efficient FFT/IFFT hardware to implement OFDM. Thus, it can be seen
that OFDM offers considerable robustness against multipath fading, and is low in
complexity. Indeed, many applications have adopted OFDM, and some include the
digital audio broadcasting (DAB), digital video broadcasting (DVB) standards, the

IThe channel delay spread is the time difference between the first and last component of the
impulse response of the channel.
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wireless LAN standards, such as IEEE 802.11a, and HiperLAN2.

However, OFDM systems suffer from some drawbacks as well, and one is the
increased sensitivity to random phase noise (PN) that is introduced by the local
oscillator [44]. PN in OFDM systems causes two effects. The first is a random phase
rotation that is common to all subcarriers, that is appropriately referred to as the
common phase error (CPE). The second is the introduction of intercarrier interference
(ICI), resulting from the loss of orthogonality between each subcarrier. Indeed, many
researchers [9, 44, 42, 56] have studied the effects of PN in OFDM systems.

Moreover, schemes for PN compensation in OFDM systems, have been proposed
by several authors. In [41, 64], the chosen approach was to counter rotate the received
signal constellation, via an estimate of the CPE term. In this chapter, we present a
pilot tone aided algorithm that jointly equalizes the channel and compensates for the
CPE in a time-varying frequency selective channel. The algorithm is based on the
time domain tracking/estimation of the effective dynamic channel, i.e., the combined
effect of the CPE, and the time-varying frequency selective channel. However, for our
estimates of interest, the optimal Bayesian estimators (i.e. MMSE, MAP estimates)
are analytically intractable. Hence, for online estimation of the effective dynamic
channel, we resort to particle filtering. With the aim of designing an efficient PF,
we introduce the Auxiliary Mixture Kalman filter (Aux-MKF), and as the name
suggests, it is a merger between the MKF, and strategies stemming from the APF. A
derivation of the Aux-MKF is presented in Section 5.4. For now, we will begin with

a brief review of the baseband OFDM system.

5.2 OFDM System Model

In practice, an OFDM system is implemented as shown in Figure 5.1. At the front end

of the transmitter, an information source sends a stream of high rate serial M-QAM
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Figure 5.1: Baseband OFDM System

symbols, each of sample period T, to the serial/parallel (S/P) converter. Then, a
block of N M-QAM symbols is converted to a block of N parallel M-QAM symbols
where a,,(i) denotes the M-QAM symbol at the i-th subcarrier of the m-th OFDM
symbol. We assume that the power of a,,(¢) has been normalized to unity, that is
E [lam(i)|?) = 1.

After S/P conversion, P pilot tones are inserted into a,,(%) such that
Cpilot (4) 1€ Q

an(i) =
information data ¢ ¢ Q

where Q denotes the set of pilot tone locations. In particular, we choose €2 to satisfy

[39]
Q={ili=kS, withk=0,...,P—1}
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Figure 5.2: Example Pilot Tone Scheme where S =4, P =2 and N = 8.
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where S = % is the spacing between each pilot tone. Now, {a, (i)}, are sent to

the IDFT to produce

N-1 o
sm(k)zv—{NZam(i)eL%i, k=0,... N—1 (5.1)
=0

Subsequently, a CP of length N, is introduced to remove inter-symbol interference

(ISI). That is we precede {sm(k)}ig by {sm(k)}i2_y,, Where

Sm(—k) = sm(N —k), k=1,...,Ng (5.2)
Su(Nep) | 000 | 5,D | 5,0 SAN-N)l e oo | 5, (N-D
L : | : ]
Cyclic Prefix Data

Figure 5.3: Introduction of Cyclic Prefix to enable removal of ISI

Then, {sm (k) ,J:’:'_INCP is sent into the D/A converter at a sample rate of 1/T,. The

result is the m-th transmitted OFDM symbol s, (t) which can be written as
N-1

sm(t) =D sm(k)g(t — kT.) (5.3)

k=—Nep

where ¢(t) is the impulse response of the transmitter D/A converter. We remark that
the resulting symbol time of each OFDM symbol is T; = Tcp+T where Tep = N7,
and T = NT; is the duration of the CP and the useful (i.e. data) portion of each
OFDM symbol, respectively. Note, as mentioned before T' > T,,.

In this work, the time varying frequency selective channel is assumed to be quasi-
static during one OFDM symbol T;. Thus, if we use h,,(7) to denote the channel for
the m-th OFDM symbol, and assume that h,,(7) is represented by a tapped delay
model of length L [46], it follows that

L-1
hin(7) = ) hn8(7 = IT) (5.4)
=0
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where 4(-) denotes the Dirac delta function, and h,,; denotes the [-th channel tap for
the m-th OFDM symbol. The additive white noise is denoted as n(t).

At the receiver, the free-running local oscillator introduces phase noise ¢,,(t).
Therefore, at the output of the A/D converter, the received m-th OFDM symbol
rm(t) is described by

L-1 N-1
rn(t) = 0N by Y sm(k)p(t — 1T, — kTy) + () (5.5)
1==0 kz‘Ncp

where p(t) = g(t)* f(t) and f(t) is the impulse response of the receiver A/D converter.
We assume perfect frequency and timing synchronization and that p(t) satisfies the
Nyquist criterion [46]. Therefore, we can write the i-th received sample of the m-th

OFDM symbol as

L-1
(D) = > hmgsm(i = D@ 40 (5),  i=-Ng,....N—1  (56)
=0

where ¢,,,(7) is the i-th sample of the phase noise for the m-th OFDM symbol and
nm (i) is a zero mean complex Gaussian random variable with variance o2. We make
the assumption that the entire channel impulse response lies within the CP, i.e.,

Ng > L — 1, then discarding of the CP followed by the DFT of {r,,(i)}X5! yields

CPE

N-1 .
+ > an(M)Hu(n)In(i = n) + Wi (i),  i=0,...,N-1 (5.7)
o

ICI

where
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and W,,(¢) = DFT{n,,(i)}. The multiplicative distortion I,,(0) is given by

1 N-1
In(0) = D edem), (5.10)
=0

As shown in Section 5.3, it is convenient to approximate I,,(0) with [41]

I (0) = [,,(0) = & (5.11)
where
1 N-1
O = 2:; $m(n). (5.12)

Compared to the scenario of an ideal local oscillator (i.e. no PN) where the

subcarriers retain their orthogonality, and hence a,,(z) undergoes flat fading, i.e.,
Yi(i) = am(i)Hn(i) + Wi(d), i=0,....,N—-1 (5.13)

it can be seen from (5.7) that PN introduces two problems. The first problem is the
additional phase variation of the desired sample a,,(¢)H,,(¢) by the CPE arg {1,,(0)},
and the second is the ICI, which results from the loss of orthogonality between each
sub-carrier. Moreover, if we define H¢//(i) = H,,(i)I,,(0) as the effective channel
response, then it is clear that we must obtain accurate estimates of H%//(i) so that
we may reliably recover a,,(i). Zero-forcing (ZF) equalization follows after channel

estimation, and the transmitted symbol a,,(7) can be estimated by

A Yo (i .
am(z) = }W]E(?i), 1207...,N—1 (514)

where He/f(i) is the estimate of the effective channel response, H&//(i). Finally, in

this work, we make no attempt in correcting for ICI.

5.3 State Space Model

Particle filters require a process equation and a observation equation. The aim of

this section is to develop the required DSSM by exploiting the known statistics of the
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channel and PN.

5.3.1 Channel Model

As mentioned before, the frequency selective Rayleigh fading channel is characterized
by a tapped-delay model of length L independent taps. However, to fully characterize
the channel, we need to introduce an appropriate statistical model for each tap. To
this end, we assume that the channel taps {hm,l}lL___ol are mutually uncorrelated, zero
mean complex Gaussian random variables. Furthermore, as shown in Figure 5.4, we
consider the scenario where the transmitter is fixed, the mobile receiver is moving at
a velocity v, and the transmitted signal is scattered by stationary objects surrounding

the mobile.

Figure 5.4: Uniform Scattering Environment

With these assumptions, the autocorrelation function (ACF) of the [-th channel tap
(k) satisfies Jakes ACF [24]. That is

ri(k) = Elhmibiin)] = (0 Ho@rfakT),  1=0,...,L—1 (5.15)

where 7;(0) denotes the power of the [-th channel tap, Jy(-) is the zeroth-order Bessel
function of the first kind, 7; as mentioned before is the total OFDM symbol time,
and f; denotes the maximum Doppler frequency that is related to the mobile velocity
v by

fi= ”fc (5.16)
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where f. and ¢ denote the carrier frequency and speed of light, respectively. In

addition, all L taps of the channel have been normalized such that

L-1
> E [|hma] = 1. (5.17)

However, because the ACF is nonrational, the exact modelling of (5.15) via an
autoregressive moving-average (ARMA) model is impossible. Thus, to obtain a useful
DSSM, we proceed as in [19] and use a autoregressive (AR) model to approximately

capture (5.15). To this end, we adopt an AR(2) model that is given by

hml = _71hm—1,l - 72hm—2,l + Um,l, l =0 y ot L'I (518)

)

where v,,,; denotes a zero mean complex Gaussian random variable with variance ol

To complete the model, we choose coefficients v; and v, such that the ACF of (5.18)
closely matches Jakes ACF (5.15). In [63], it is motivated that
v = —2rcos(2nfsT/V2)

72=7"2

where r € [0.9,0.999] is the pole radius of the AR(2) model. Finally, if we appeal to
the Yule-Walker equations [40] for (5.18), it can be shown that the variance of vp,

satisfies

_ 2 _ A2

_ n(o)(l 12) (L +7)* — %)
(14 7)

On the following page, we show a plot of (5.15), and the empirical ACF of (5.18)

for 50 lags, r = 0.965 and f;7; = 0.035. The latter ACF has been generated with
20000 samples of the AR(2) model. As shown in Figure 5.5, both ACF’s have been

., l=0,..., L1

normalized to one, and that for high lags (i.e. k£ > 15), the empirical ACF of the
AR(2) model does not match the Jakes ACF. However, for effective tracking, it is
usually sufficient to match the ACF’s at lower lags [30]. Indeed, the considered AR(2)
model closely matches Jakes model at lower lags. Therefore, we adopt this model,

and thus, proceed to design a filter that will successfully track the target.
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ACF (normalized to one)

1
—e— AR(2) model
— Jakes model
0.5t
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—-0.5
(o] 10 20 30 40 50

Figure 5.5: ACF of Jakes Model and AR(2) model

5.3.2 Phase Noise Model

The power spectrum of the noisy carrier c(t) = e/*~® in (5.5) is shown to be Lorenzian
44, 57, 9]:

2 1

RadE ey

where B denotes the two-sided 3 dB bandwidth of S.(f).

As discussed in Section 5.2, the discrete time Wiener PN ¢,,(n) denotes the n-th
sample of the PN for the m-th OFDM symbol. In particular, it can be shown that
[65]

n

$m(n) = $m1(N—=1)+ > ulm(N + Nop) + 1] (5.19)

i==Ncp
where the u(7)’s denote mutually independent zero mean Gaussian random variables
with variance o2 = 2nBT, = 2rBT/N. We remark that for a fixed T, system
performance decreases as BT increases.
Equation (5.12) together with (5.19) result in the desired CPE process equation,
that is [41]

O = Oy + Ui (5.20)

~ . . . . . 2
where @, is a zero mean Gaussian random variable with variance afpe = (gN—gNﬂ + Ncp) o2,
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5.3.3 Observation Model

Our starting point is (5.7). At known pilot tone locations, the least squares (LS)
estimate of the effective channel response H¢//(n) is

Yon(n)
Cpitot (1)

Stacking {H/f(n)}neq into a P x 1 vector H%Y results in

) -

nen (5.21)

HY = VI (Ohp+1,+2, (5.22)

where h,, = [k, .. .,hm,L_l]T is a vector of channel taps, I,, is a vector of ICI

quantities, Z,, is an AWGN vector, and V is the following Vandermonde DFT Ma-

trix:
1 1 1 1
vo_|owE Wt
pP-1)8 P-1)S(L-1
WS WS

where Wy = e™92"/N_ Assuming P = L, the Vandermonde matrix is non-singular

and is hence invertible. Therefore, a noisy estimate of I,,,(0)h,, is given by
Y=V HL =, (0hp+ 1+ Z,. (5.23)

Equation (5.23) provides a coarse estimate of 1,,,(0)h,,, and thus, can be seen as an

observation equation in our DSSM.

5.3.4 Dynamic State Space Model
Use of (5.18), (5.20), and (5.23), leads to the considered DSSM:

z, = Fx, 1+ cv, (5.24)
O = Op_y+ U (5.25)
Y, = Gl )tm+In+2Z, (5.26)
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where z,, = [RL AT |7 € C?*!. The matrices F € R**?L ¢ € R2*!, and

m’ "m—

G (6,) € CL*2L have the form of

—nIrxr —velixt Ip .
F = * ) ’ c= * 3 G(gm) = [ m(O) : ILXL OLXL]
Iy Opxr OLx1

where I'1 1 and Op, denote the L x L identity and the L x L zero matrix respectively.
We remark that in place of I,,(0), we have substituted the convenient approximation
I.(0) = I,(0) = e~ In addition, v,, denotes a L x 1 vector of white zero mean
Gaussian noise with covariance matrix Q,, = E[v,vi]|=diag(02,...,0%_,), whereas
I, and Z,, denote vectors of transformed ICI and noise components respectively. We
make the assumptions in [64], so that for N > 1 the elements of I,, approximately
follow a zero mean complex Gaussian distribution with variance o? = 27BT/ 3P.
Furthermore, it can be shown that the elements of Z,, follow a zero mean complex
Gaussian distribution with variance 0% = 02 /P. Thus, if we conveniently denote the
combined effect of I,,, and Z,, by e,, that is e, = Im + Zm. The PDF of the

effective measurement noise e,, is given by
p(em) = Ne(em; 0, Ry) (5.27)

where R,, = (07 + 0%)Ipxp.
Our main objective is to obtain an approximate minimum mean square error

(MMSE) estimate of {I;n(0)hm 1}, that is

~

B0 ¥ (O] = / / (0 hnp (B, Bon| ¥ 1) dBmdhn (5.28)

Unfortunately, the posterior PDF p(6,,, hm|Y 1.,) is analytically intractable. Thus,
we propose to numerically approximate p(0m,, hm|Y 1.m) via particle filtering, so that
we may ultimately compute ]/Ep(om,;.mwl:m)[lm(O)hm], and thus the effective channel
response

o~

HEf! (i) = DFT [Epan i ¥4, I (0) e (5.29)
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in (5.14).
Finally, we point out that the observation Y, is linear in «,, whereas G(9,,) is
nonlinear in 6,, by virtue of I,,(0). This form motivates the development of a MKF

type PF which is further discussed below.

5.4 Auxiliary Mixture Kalman Filter

For this particular DSSM, it is possible to design a MKF that yields estimates with
lower variances. The idea as described in Section 3.2 is to exploit the inherent linear
sub-structure of our given DSSM. Indeed, if we write the joint posterior distribution

p(mm, elzml Yl:'m) as
p(mma olzml Yl:m) = p(mmlgl:m, Yl:m)p(el:ml Yl:m) (530)

it is clear that we can obtain the Gaussian PDF p(Zm|01:m, Y 1:m), via a Kalman filter
(KF), and that we can approximate the marginal posterior distribution p(61.m|Y 1:m)

with a PF. Now, at time m, assume for an estimate of p(6;.,| Y 1.m) We have

NP
DO1m| Y 1m) =D BP6(B1.m — 6(7,). (5.31)
i=1
By substituting (5.31) into (5.30), we obtain
Np )
H(@ms 01| Yiim) = D BOP(€m|00s ¥ 1:m)5(Brm — 61 (5.32)
=1

Therefore, after marginalizing out 6.,,—1, we obtain for an estimate of p(Z, Om| Y 1.m):

Np
H( @y Om| Y1) = 3 DD p(@n| 00y ¥ 1:m)0 (O — ) (5.33)
i=1

where the i-th importance weight w satisfies

a09169 Y1)

(5.34)
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Now, we will evaluate p(mmlel s Y 1:m) and p( Y |68, Y imo1) in (5.33) and (5.34),

respectively. The PDF

(‘Emlal m? Yl:"‘t) = N(wmv S:L)|m7 PE,:)|m) (535)
in (5.33) is a complex Gaussian PDF with mean a:f;‘;)lm = Blen|6®) | Y., and
covariance Pf;)l = cov[ar:mlﬂ1 s Y 1:m. Similarly, the PDF

(Y )0 Vi) = No( Y YO

m|m—1’

S®) (5.36)

= E[Ym|0£12m Yl:m—l],
Y 1.m—1]. In fact, the KF efficiently computes the

in (5.34) is a complex Gaussian PDF with mean Y®

m|m~—1

and covariance S® = cov[Y m|01 .

PDF’s p(2m|0(), Y 1m), and p(¥Y |68, ¥ 1.m_1) in (5.33) and (5.34) respectively.

1:imvy 1imy

Thus, for each sample 6% we compute (5.35) and (5.36) via a KF:

wfrzz)lm = S:L)Im—l + W(z)(Y S:‘)Im—l) (5.37)

Pf;)im - Pf;)|m - WOSOWOH (5.38)

YO, . = GEP)zY. (5.39)

sH = q@W)PY _ c069)" + R, (5.40)

o > > —1
wo = P9, cr9)(s9) (5.41)
where

s = Fay 542

Pf:z)lm— = FPS,,)—Hm lFH + chcT' (543)

Therefore, it is apparent that a KF is associated with each particle 05,'?, and that the
MKF utilizes a bank of KF's to approximate the true joint posterior distribution (see
(5.33)).

Moreover, in order to minimize computational complexity, we choose the prior

P(0m|0m-1) as the importance function, that is ¢(6|01.m-1, Y 1:m) = p(6m|0m-1). In
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this case, the importance weights given by (5.34) simplify to

w® o W p(Ylb, Y mes) (5.44)

g(i)

1:m»

where p(Y | Y 1.m—1) is given by (5.36).

We observe, however, that the prior p(6,,/0m-1) is inefficient; it proposes samples
{059}?2’1 without any knowledge of the current observation Y ,,,. Thus, with the aim of
minimizing computational complexity and to incorporate the recent observation into
the proposal of new particles, we follow a strategy that is inspired by the APF [13].
As discussed in Section 3.1, the APF attempts to improve the quality of particles at
time m, by preselecting (resampling) the particles at time m-1 with probability close
t0 p(6m-1]Y 1:m). Thus, we proceed to derive a close approximation of the generally
intractable p(6,,—1| Y 1.m). The following derivation is conceptually similar to that

which was presented in Section 3.1. Therefore, we only provide a brief derivation of

P(Om-1] Y 1.m). To begin, we expand p(61:m-1]| Y 1:m) a8
p(elzm—ll Yl:m) = /p(911m| Yl:m)dem
O(/p( Ym‘ol:ma Yl:m—l)p(amle —1)P(91:m—1| Yl:m—l)dam (545)

At time m-1, a PF estimate of p(6;.,,-1| Y 1.m—1) is given by

Np
P0rm-1] Y 1m—1) = Z’I’(t)-ﬁ(ol:m_l -0 ). (5.46)

i=1

Hence, by substituting (5.46) into (5.45) it follows that

Ny
ii(el:m—ll Yl:m) 15 Z (/P( Y'mea ggt:zn-—li Yl:m—l)p(gmlest)—-l)dem)
i=1

X wg)_ld(olzm—l - 0(1) )

1im—1

Np
= Y p(Ylbts Vi) B 16(Or1ms — 65, _))  (5.47)

i=1
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The evaluation of

(Ym0 1 Vi) = / P(Y l0my 681 Y 1 )P (0609 ) (5.48)

in (5.47) is difficult, since p( Y 1u|01:m, Y 1.m-1) as given by (5.36) depends on 6,, via
a nonlinear measurement function G(6,,).
To circumvent this difficulty, we again follow the lead of [43], which under the

assumption that o2

ope <K 1, suggested that p(6m|6m-1) may be adequately char-

acterized by p.,, where p,, is either a sample or mode of p(6,,|0;m-1). For PN,
0%, < 1, ie., the variance of PN is much less than one [64]. Thus, by assuming

that p(6m|0m-1) = 6(6m — 1), the predictive likelihood can be approximated by
B lt0ss Yimet) = [ DYl 61, ¥ som-1)6(0m — 20
= (Y lb = pD,69) | Vi) (5.49)

If we adopt the approximation given by (5.49), and substitute into (5.47), we

obtain a proportionality for an approximation of p{01.m—1|Y 1.m):

Np
ﬁ(el:m-—ll Yl:m) X Zf)\( leal m—1> Yl:m—l)'lbf,?_lé(elzm—l - 9?2,,_1
=1
Np ] )
Z )\5,:)6(91:7"_1 - ongn—l) (550)
=1

where AS) = (Y |01, ¥ 1m—1)0E ;. We note that [ 5(01.m—1]Y 1m)db1m1 = 1,

and therefore
Np .
ﬁ(alzm—ll Ylml) = Z)\Sr?‘s(ol:m—l - 0827;—1) (5-51)

where ) = [Z; P AD1-1AY. Finally by marginalizing out 6y.,_s, we obtain an

approximation of p(6;m-1|Y 1.m) Which is in the form of

Ny .
POm-1|Yim) = > AD6(Omy - 65 ,). (5.52)
=1
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Equation (5.52) forms the basis of the Aux-MKF, and it implies that the most
promising particles at time m-1, will have the largest associated predictive likelihoods

2D = Y 6 L Y iy )0 5)_|. Moreover, if we rewrite (5.44) as

p( leg()

1:m)

Yi
0 o Tl V) Lom-1)

(5.53)
g i)\( leel:m—li Yl?m—l)

AL

then (5.52) and (5.53) suggest that we should preselect (resample) the particles

{0(’) 1}1—1 according to the so-called first stage importance weights, i.e.,
N o< B B(Y ¥ty ¥ tm-1) (5.54)

and that after preselecting, set the weights to the so-called second stage importance
weights: .
(%) p( leogzzm Yl:m—l)
W, X &) .
i’\( leel :m—1» Y1=m—1)
What remains is to derive an expression for an estimate of effective dynamic chan-

nel Ep(gm’hmlyhm)[fm(())hm]. Recall that z,,, = [RT AT _,]7; thus, after marginalizing

m'*m-1

(5.55)

out h,,_; from (5.33), we obtain for an estimate of p(6m, Am|Y 1.m):

POmy Bm| Y 1:m) = Z BOD(hn |68, Y 1) 80, — 60). (5.56)

i=1

If we substitute (5.56) into (5.28), we have
Epom | Y1) I (0) ] = / / e h, Zw(‘)p B0 ) Y 1) 8(0m — 6)d6mdhrm,
_ Z / nGORE §(0 — 6)d0n (5.57)

where

h = / Bonp(Ron)08), Y 1n)dRm. (5.58)
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We recognize that the KF efficiently evaluates (5.58). That is
hfrir,)|m = [ILxL OLxL] ‘”f:.)|m (5.59)

where :1: ., is given by (5.37). Therefore, by substituting (5.59) into (5.57), we obtain

for an estimate of the effective dynamic channel:

B 00 el ¥ 1) [ (0) ] Z / riORY, 5(0m — 09)d0rn

[

i=1
e (i)

= > alehY (5.60)
i=1

The substitution of (5.60) into (5.29) provides the desired estimate of the effective
channel response H&//(i). The Aux-MKF is summarized as follows:

Auxiliary Mixture Kalman filter

1. Initialization: Fori =1,..., N,, we initialize the particles, Oéi) ~ p(6o), :E((;,z)

o, P0|0 = Py and set w() = 1.

= (9 ®)

2. Calculate first stage weights: Fori = 1,..., N, set &, _ Ume1 = Lo jm=11
~ (1) ~rs .
Pm—llm—l - Pf:;) 1jm-1° and 91(:1,)—1 = 97(:1)—1
(2) Draw g ~ p(Oml0,1).
(b) Compute predicted state :c(')l _, and predicted covariance Pf,?,,n_l using

(5.42) and (5.43), respectively.

(c) Use (5.49) to compute importance weights up to a normalizing constant
)‘(l) & w(z) 15( Ym|01 m—1> ¥ 1:m—1)
and normalize importance weights.

3. Resampling: Resample {iz(i) pY 1,0(’_1},_1 w.r.t importance weights

mlm—-1’ < m|m—
A% to obtain {z& pPY g}

m|m—1' * mjm-1?"m—-1Ji=1"
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4. New particles: Fori=1,..., N,

(a) Draw 0% ~ p(6,)0%,).

b) Compute z% and PY using (5.37) and (5.38), respectively.
m|m

m|m?

5. Calculate second stage importance weights: For i = 1,..., N, compute

importance weights up to a normalizing constant

w® o P Ym|9.§f3m Yim-1)
" ﬁ( leogfzn—l, Yl:m—l)

and normalize importance weights.

6. Estimate: Use (5.60) to compute an estimate of Epg,, ¥ 1.m) [ Im(0)Rm| ¥ 1:m)-
Substitute the former into (5.29) and thus obtain an estimate of the effective

channel response H&/(3).

7. Reiterate: Set m — m + 1, and go back to step 2.

5.5 Simulations

We considered a 16-QAM OFDM system with system parameters N = 128, P = 4,
N = 8 and total channel bandwidth B,, = 1M Hz. A four pathi.e., L = 4 frequency

selective channel was generated from Jakes fading model with power delay profile
E [[hmgl?] = E [Jhmol?] (1 +21/(L ~ 1))~ (5.61)

where ¢ = 3. This corresponds to 101log;o(E [|Am,0]%] /E [|hm,0l?]) = 0, 1010g,o(E [|rm,1[*] /
E [[mo[?]) = ~13.3, 1010g10(E [lm2?] /E [[m,of?]) = ~22.1, and 1010g;o(E [1hmaf?] /
E [|hmo[?]) = —28.6.

The adopted delay profile was chosen to be [0,1,2,3] ps and the phase noise

rate BT was set to 0.01, which corresponds to conditions of severe phase noise. We
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considered a fast fading scenario for which the time-Doppler fading rate f;T; was set

to 0.04. The proposed algorithm was implemented with N, = 50 particles. Figures
5.6 and 5.7 show typical true and tracked trajectories of I,,(0)}hm 2 and I,(0)hmy s,
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respectively, at a SNR of 10 dB. Evidently, the observed effective channel is very noisy,
and that the Aux-MKF tracks the true trajectories reasonably well. We observed
similar results for the remaining effective channel taps I;n(0)hm,1 and I, (0)hm 4. As
such, we do not show these results. The bit error rate (BER) was evaluated at each
SNR for 8000 OFDM symbols, and the resulting BER curves are shown in Figure 5.8.
It is clear that we must obtain accurate estimates of the effective channel response
Heff(3). With “no correction”, we simply cannot recover any useful information. The
considered “pilot” tone scheme, that is, we use Y,, in (5.23) for equalization offers

intermediate performance. Clearly, the Aux-MKF improves performance, albeit, at a
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higher computational complexity. For example, at a SNR of 12 dB, the Aux-MKF is
approximately 2 dB away from the ideal curve, while the considered pilot tone scheme
is almost 4 dB away. Finally, for the considered application, an increased number of

particles N,, did not result in any noticeable gain in performance.

5.6 Conclusion

In conclusion, we have proposed a new Mixture Kalman filter and Auxiliary particle
filtering technique for channel equalization and phase noise suppression in OFDM
systems. Results show about 2 — 3 dB improvement over a naive scheme based solely

on an LS estimate of the effective dynamic channel using the available pilot tones.



Chapter 6

Conclusions

6.1 Conclusion

The aim of this thesis is to motivate the use of particle filtering, and to extend their
applications to various problems in wireless communications, and general nonlinear
optimal filtering. To this end, we reviewed the general theory of particle filtering,
and showed how these methods can be applied to the problem of channel equalization
and phase noise suppression in orthogonal frequency division multiplexing (OFDM)
systems.

We also addressed the optimal filtering problem for a general class of partially
observed non-Gaussian dynamic state space models. By doing so, we introduced a
novel particle filter, called the approximate conditional mean particle filter, which
as the simulations results show, outperform other state—of-the-art particle filtering
algorithms.

Traditionally, the EKF and its variants, have been the prescribed solution for
nonlinear sequential signal processing. As shown in this thesis, the PF not only
improves performance in these applications, but also allows to deal with a larger class

of complex nonlinear, non—-Gaussian systems that were in most cases out of reach a

95
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few years earlier.

6.2 Contributions to the Scientific Literature

The contributions of this thesis have been published in various conferences. Paper 3

details research not included in this thesis.

1. D. Yee, J.P. Reilly, T. Kirubarajan, “Approximate conditional mean particle
filter”, to appear in Proc. IEEE Workshop on Statistical Signal Processing,
SSP-2005, Bordeaux, France, July 17-20, 2005

2. D. Yee, J.P. Reilly, T. Kirubarajan, “Channel equalization and phase noise sup-
pression for OFDM Systems in a time-varying frequency selective channel using
particle filtering”, Proc. IEEE Int. Conf. Acoust., Speech, Signal Process., vol.
3, 2005, pp. 777-780

3. D. Yee, J.P. Reilly, T. Kirubarajan, “Blind particle filtering for detection in a
time—varying frequency selective channel with non-Gaussian noise”, to appear
in Proc. IEEE Workshop on Signal Processing Advances in Wireless Commu-
nications, SPAWC-2005, New York, July 5-8, 2005. Invited paper.

6.3 Future Research

In this thesis, we applied particle filtering to solve various problems in nonlinear
optimal filtering, and to solve the problem of channel equalization and phase noise

suppression in OFDM systems. Now, we discuss a few suggestions for future research:

¢ Channel equalization and phase noise suppression for OFDM Systems via fully

blind particle filtering.

e Verification of the algorithms with real-life data
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6.3.1 Channel equalization and phase noise suppression for

OFDM Systems via fully blind particle filtering

The proposed solution equalizes in the frequency domain, and uses a pilot tone aided
particle filter to track/estimate the effective dynamic channel in the time domain.
To increase efficiency, we should consider a blind implementation of the proposed

algorithm, that is, an algorithm that does not rely on the presence of pilot tones.

6.3.2 Verification of the algorithms with real-life data

Throughout this research, we only used simulated data for the presented experi-
ments. However, real-life data should be collected and used to verify the practical

performances of these algorithms.



Appendix A

Derivation of the Kalman filter

Before we begin the derivation of the Kalman filter, we will prove the following iden-

tity.
Lemma 1. If xe R*, pe€ R*, y € R™, and H € R™*"=
N(X; K, EII)N(y; Hx’ 2!!‘.‘/) = N(X, u’a:|y’ Ezly)N(Y; I-"y, 2!1) (Al)

where

Py p+ EH (szzHT + Zyy)—l (y —Hp)
Doy = Tar — TuH (HE,H + 2,,) ' HE,,

r, = Hp
®, = HZ, ,HT+3,,

Proof. The following is based on the derivation given in [54]. To begin, we expand

the left hand side of (A.1) as follows:
N(@; 1, e )N (y; He, By
—n - 1 _
= )R e (~ 3o - W B - )

“n _ 1 _
x (21)"™/2|2,, |72 exp (—E(y - Hm)TEy;(y — Hm)) (A.2)
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If we define the following change of variables:

i (A.3)

I
8
[
®

¥y = y—-Hp (A4)
and substitute (A.3)-(A.4) into (A.2), we have

N(z; p, zzm)N(y; Hz,%,,)
= (27r)(_ny_nz)/2|2zzl—l/2|2yy|_l/2

- T
1| = =10 z
X exp '—§ . . ) _ .
y—Hz 0 X, ||y-HZ

= R,
- 4T T
z| | I 0 pI 0 I 0 T
X exp ——% Fxk = Fxk . (A.5)
5] |H In)| 0 Z3||-H I||d

However, note that '
-1
I 0 I 0
kxk - kxk , (AG)
—H Igyy H 1,4,

therefore (A.5) can be written as

N(z; p, Zox)N (y; Hz, 3y
= (2m)m 2B, |72 8, |72

T ™ —
1|z I, O Yz 0 [{Texxe O T

X exp |—=
2| g H I.|llo =,|| H I,, g

= (zﬂ)(—nu—nz)ﬂlgm|-l/2|2w|—1/2

T -1
1|& DI .. HT T
X exp |—= . (A.7)
29| |HS.: HS.HT+%,| |§
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It can be shown that

EII EIIHT
N B ST M) (A.8)
HY,, HS, HT+3,

Therefore, by substituting (A.3) and (A.4) into (A.7), the joint distribution of z and
y can be written as
p(z,y) = @m0 D 728,72
T -1
1[:1:——;1.] I > HT T —u

X exp |—=
2 HY,, HZ. . HT+%,| |y-Hp

Finally, by using the standard theory of joint and conditional Gaussian random vari-

ables, the desired identity (A.1) follows. O

Now, we will proceed with the derivation of the KF. For convenience, we reproduce

(2.8)-(2.9):
xy = Frre_1+ ugp+ wy (A.lO)
Yy = Hyzi+e (A.11)

where F and H, are known matrices, uy, is a known input vector, wy ~ N (wy; 0, Q,),
ex ~ N(ex;0,R;) and p(xoly,) = N(xo; &0, Po). To begin, we suppose that
P(®k-1|Y1.6—1) is given by N(xr_1; x-1jk-1, Pr-1x-1). However, from (A.10), the

prior is given by
p(zilTi-1) = N(zk; Fezr-1 + u, Q). (A.12)
Therefore, we obtain using (2.3)
P(Ek|Y14-1) = / P(@k|Tr-1)p(Tr-1]Y1.k-1)dTr—1 (A.13)

= /N(mk; Frxyp_y + ug, QN (2k-1; Tho1jk—1, Pr—1jk—1)dzr-1(A.14)


http:Pk-1lk-1)dxk-1GA.l4
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If we use (A.1) with appropriate integrations, it follows that p(xy|y,.._;) satisfies

P(xe|Y1k-1) = N(k; Trik—1, Prpp—1) (A.15)

where
Tik-1 = FrTr_yp—1 + ur (A.16)
Pip—1 = FiPi_1prFi + Qs (A.17)

Now, we will derive the normalization constant p(y|y,._;). At time k, p(yi|Y14-1)

is given by (2.5). Thus, if we use (A.11) to determine p(y,|zx), i-e.,
p(yilze) = N(yx; Hezr, Ri) (A.18)
and substitute p(xk|y;.x_;) given by (A.15) into (2.5), we obtain

P(Welynns) = / P(Yele)p(@ el Y1) de (A.19)

= /N(yk;kal:k,Rk)N(wkamklk—lyPk|k—-1)dmk- (A.20)

Again, we make use of (A.1). Therefore, it follows after appropriate integrations that

P(Wlyie-1) = NM(yw Ykik-1» Sklk—l) (A.21)

where
Y-t = Hi®ip (A.22)
Sik—1 = HyPwyp_HY + R,. (A.23)

What remains is to derive an expression for the posterior PDF at time k. This is

given by (2.4), which is recognized as Bayes rule:

p(yilze)p(er|Yie—1)
P(YxlYix)

p(zk|yy) = (A.24)
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We have determined all the constituent PDF’s found in (A.24). Therefore, if we
substitute (A.18), (A.15), (A.21) into (A.24) we obtain

p(xilyie) = N(@k; i, Prik) (A.25)

where
T = a1+ Prp-1HE Spi_y (Ux — i) (A.26)
Pk|k = Pklk—l - Pklk—lH{Sa)lc_lHkPHk—l- (A.27)

This completes the derivation of the KF.



Appendix B

Derivation of ACM filter

For convenience, we reproduce the considered DSSM. From (2.19) and (2.20) we have
Ty = Frxp_y+ up+ wy (B.1)

where F'; and H are known matrices, uy is a known input vector, wy ~ N(wy; 0, Q,),

N
ex ~ Y piN(ex; i, R)) (B.3)

j=1
and p(xolyo) = N (zo; &0, Po).

B.1 Derivation of (2.23)
By definition, &y is given by

T = /mkp(wk’ylzk)dmk

— /a: P(yk|“’k)P(mk|y1:k—1)d
P(YlY1k-1)

= Epg-1+ [p(yklyl:k—l)]_l 15'6!’6—1
X / P(YlTk)[Prik—1) " (2 — Erppe—r)P(Tk|Y1p_1)dai.  (B.4)

Ty
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Thus, by adopting the Masreliez approzimation, i.e., p(Tk|y1x_1) = N(Zk; Bxpp—1, Prjp—1),

we can note that
Voo P(Zk|Y1:6-1) & —[pklk—l]_l("’k = xp—1)P(Tk|Y1:0-1) (B.5)
and that (B.4) may be approximated by
2= a1~ [pWlran)] " P [ P00l Varp(@rlyis )iz (B6)

For reasons shown below, it is necessary to apply integration by parts. By doing so,

we can write [ p(y;|@k) Ve, P(Tk|Y14_1)dTk as
JpwilenVap(@dlvin )iz = = [o(erlvse) Vapuilodar. (B2
Use of (B.7) into (B.6) results in
fﬁkuc=53k1k—1+[P(yk|y1:k-1)]_lpkik—1/P(ka|y1:k-1)VckP(yk|-’Bk)dmk- (B.8)
Finally, by noting that V., p(y,|z) = —Hz V,, p(yi|zk), we can rewrite (B.8) as

. . -14
mk|k=mklk—l—[p(yklyl:k—l)] Pklk—l/szykp(yk|wk)p(wk|y1:k—1)dmk

=Bgk-1 — pklk—lHZ‘ [P(yk|y1:k—1)]—l/Vykp(yk|“’k)1’($k|y1:k—1)dmk

= Ek-1 + pklk—lH{gk(yk) (B.9)

where ge(¥:) = — [P(Yk|¥12-1)] " V3. P(¥x|¥14-1)- This completes the derivation of
(2.23).
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B.2 Derivation of (2.24)

In the following, we denote Zyx_1 = r — Tri—1- By definition, ]E[:ik|k_1€iﬂk_1|y1:k]

is given by

E[‘Eklk—li’ak—ﬂynk]

= / Zipe-1 B4 1P(Tk|Y 1.4 ) A
=/Pk|k_1[Pk|k_1]‘1:7:k|k_1§:f|k_1[Pk|k—1]_1Pk|k-1P(93k|y1:k)d$k
— Pij—1[Prjp—1]"" </P(mk|y1;k)dwk) Py + Py
= Pyj_1 (/[Pk[k—lrlik|k—liak_1[Pk|k—1]—1p(wk|y1:k)d$k
— [Prp—1]™" /p(mklylzk)dmk> Py + Py
=Pk|k—1[/ ((Prp-1)" Zrj-1 1 [Prip—1] ™
- [Pklk—I]_I)P(-'Bk|y1;k)dzk} Prjg—1+ Prjg—1
= Py [p(yklyl:k—l)]—l [/ (1Prjg—1]"" Zrpe-1Z4 1 [Prp-1]
- [Pklk-I]_l)P(“’k|y1:k-1)P(yk|“’k)dmk] Pi:lk—l + Pi|k—1- (B.10)

By adopting the Masreliez approzimation, i.e., p(€k|Y .e_1) = N(ZTk; Exje—1, Pklk_l),

we can note that
Ve, Vi D@kl y1a-1) = ([pk|k—1]_15k|k—1if|k_1[f’klk—xl_l - [Pk|k_1]—1) (k| Y1k-1)
and that (B.10) may be approximated by

. - A A -1
E(Zp-1Z8—11914) = Prpe—1 + Prg1 [P(Wrly14-1)]

x /vzivzkp(mk|y1:k_1)p(yk|mk)dmk Pyer. (B.11)

v

J
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As shown above, we denote the integral by J. Consequently, we can write the (z, 5) th
element of J as

O°p(x
e = / / g( (Sgll<§)1p(yk|mk)dmk)d$k (B.12)

where the notations dmg), and dx; implies integration over the i-th element, and all
other remaining components of xy, respectively.

For convenience, we write equation (B.12) in an alternate form. To this end, we
obtain after an application of integration by parts

[J](id)=/[—/ap(a;cl%1)k 1) ap(ayk(ll;nk)d (l)]d T (B.13)

Now, suppose that H; € R™*"= in (B.2) satisfies
H,=[H, H,...,H¥
where HY* € R™*! for m = 1,...,n,. However, recall that
Ve p(yiler) = —HE Vy, p(yi|x). (B.14)

Thus, it can be seen that 9’-’%&@ = —[H}J"V,, p(yi|zk), and that (B.13) may be
Tk

rewritten as

I

Op(x b i | ) ~
oo = [ | [ P10, plusloudal? | a5,
k

) Op(x e V| g
37y, [ | [y oo iz, @a15)
k

For reasons shown below, we apply integration by parts a second time. In doing so,

(B.15) becomes

. 3) T N
e = 3V, [ |- [porvenZEE o0z, @.16)
k
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If we recall (B.14), it can be seen that ap—((;k(klj)ﬂ)- = —ngp(yk|mk)H£, and that (B.16)

may be written as

Tew = s, [ | [ orvsa Viplusion Erjdal?|

(HYTV,, VT [ / p(muyhk_l)p(yklwk)dzk] H
= [HZ]Tvykvzkp(yklylzk—l)H-I{;' (B17)

By inspecting (B.17), it is clear that J can be written as
J = H{V, Vi o(ylyie-1)Hr (B.18)
However, if we let
Gr(yx) = V()"

where gr(y) = — [P(¥e|¥1-1)] ! V4. P(Yi|Y1.4—1) as defined in the previous section.

It can be shown that

Gr(yr) = [PWlv1r-1)] ™ Vb Wilyra-1) VE p(¥el¥1-1)
- [p(yk|y1:k—-1)]—1 vvkvgkp(yklylzk—l)
= ge(¥)9t () — [PWlv1a-)] ™ Vi, VI p(Wkly1a-r).  (B.19)

Hence, if we substitute (B.19), and (B.18) into (B.11), we have
E{Zxk-12f_1|Y14] = P HY (9k(yk)gf (ye) — Gk(yk)) H Pyjiy+ Py (B.20)
Observe that, equation (B.9) results in
13’“"“ = E[i’k|k-15’£k—1|y1:k] - Pklk—lHZ‘gk(yk)gf(yk)Hkpk|k—1- (B.21)
Therefore, by substituting (B.21) into (B.20), we obtain
Py = Py~ Py 1 HEGi(y ) Hy P

This completes the derivation of (2.24).


http:Pkik_(tB.20
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B.3 Derivation of (2.25)

By definition, xx-1 is given by

Trk-1 = /mkp(mklyl:k—l)dmk
= /wk (/p(a:klmk—l)p(mk—l'ylzk—l)dmk—1> dz
-/ ( / mkp<wk|mk_1>dmk)p(mk_llylzk_ndm. (B.22)

From (B.1), we have p(zi|zr—1) = N (xk; Frai—1 + uk, Q). Upon substitution into
(B.22), we arrive at the desired result, that is

s = / (Faior + ) p(@t|101)dimr

= Fizp_qp-1+ i

B.4 Derivation of (2.26)
By definition P, is given by

Pyjp-y = /(xk — Tgo1)(Tk — Tijp—1)T P(Tk|Y1—1)dTk
= / (®k — Tape-1)(Tx — Tap-)” ( / P(wklmk—l)P(-’Bk—l|y1:k_1)dmk—1> dzy
= / (/(wk — Tgpp-1)(xk — wk|k-1)TP(mk|$k-1)d$k) P(Tr-1|Y1:5-1)dTk-1.

From (B.1), it can be readily seen that p(zg|zx—1) = N(xk; Frzr—1+ ur, Qi) Upon
substitution, and noting that Py_;;_; = E[(wk—l—'xk—1|k—1)(mk—1—wk—1|k—1)T|y1;k_1],

we arrive at the desired result, that is

Pyy-1 = FiPrp1FT + Q).



Appendix C

Derivation of OID

For convenience, we reproduce the considered DSSM:

ar = Fa;_,+ w) (C.1)
ZEk = G’k(zk_p;k_l)ak + wi (02)
Ye = 2zpte (C3)
where F = BIpyp, ax = la},...,af|7, Gi(zk—pk-1) = [2k-1,.-, 2P|, WL ~

N(w};0,Q}), w? ~ N(w?;0,Q%), and e, ~ N (ex; 0, Ry). The OID satisfies

P(Zk, ak|2k-P:k—1, ag-1, yk) = P(Zklzk-P;k—l, ag, yk)P(aklak—l, yk)- (C-4)

In the following, we will derive analytical expressions for each of the constituent PDF’s
found in (C.4). The first density p(2k|zx—p.x—1, ;) on the right hand side (RHS) of
(C.4) satisfies

(x| 26)p(2k| 2k—Pik—1, Qk)
P(yklzk-P:k—l, ak)

P(2k|2k—Pk-1, Gk, i) = (C.5)

where
P(Yk|2k-Pk—-1, Qx) = / (Y| 2e)p(2k) 25— Pik—1, QK )d 2. (C.6)
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Evidently, it is necessary to evaluate p(yk|2x)p(2k|2k—pik—1, @k). From (C.2) and (C.3)

we have

(Y| 26)p(2k| 2e—Pi-1,a8) = N (Yx; 2k, Re)N (2x; Gi(2k-pi—1)ax, Q2). (C.7)

However, by using (A.1), we can rewrite (C.7) as
p(yk|2k)P(2k|2k—P i1, a8) = N (yi; e, Sk)N (2 25, Br)
where

Ye = Gk(zk—P:k—l)ak

S = Qz -+ Ry,
2
2, = Gi(2%k-pi-1)ar + E%“@(yk — Gi(2k—pik—1)0k)
k

-1
A (hd)
If we substitute into (C.6), it follows that
Pkl zk—pPik-1, @k) = N (yi; D, Sr).-
Therefore, we obtain after substituting (C.13) and (C.8) into (C.5)
(2| 2e-Pak—1, @y i) = N (25 34, Br)

where

2
% = Gr(Zk-pk-1)ax + _I‘Q_?-’caﬁ—(yk — Gx(2k-pk-1)ax)

. 1 1\
B = ([=—+=) .
¢ (Rk Q%)

This completes the derivation of p(2x|zk—p.k—1, Gk, Yk)-

(C.8)

(C.9)
(C.10)
(C.11)
(C.12)

(C.13)

(C.14)

(C.15)

What remains is to derive an expression for p(ax|ar—1,yx). By virtue of Bayes’

rule, this PDF is given by

P(Yk|2k—Pik—1, @ )p(ak|ar-1)
P(Yk|2k—Pik—1, Qk~1)

p(aklak—l, yk) =

(C.16)
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where
P(Yk|2k-Pik-1,ak-1) = /P(yk|2k—P;k-1,ak)P(aklak—1)d¢1k- (C.17)
In (C.16), the prior p(ai|ak-1) satisfies
plaklak-1) = Nax; Fay_1, Q}) (C.18)

whereas p(yk|2k—p.x—1,ax) is in the form of (C.13). Therefore, we obtain after using

(A1)

P(Ykl 2k p—1, @k )p(ar|ar_1) = N (yx; x, Sx)N (a; ax, i) (C.19)
where
o = Gi(zk-pPk-1)Far-1 (C.20)
Tk = Gilz-pi-1) QhGr(ze—pi1)T + Q% + Ry (C.21)
ar = Fap1+ W(ye— &) (C.22)
k= Q- WGL(z-px-1)Q} (C.23)

and W = Q}:Gk(zk_p:k_l)T[ig)]‘l. Finally, we obtain after substituting (C.19)
into (C.16)

plakla-1, y) = N(ax; éx, Zi). (C.24)

This completes the derivation of the OID.



Appendix D

Derivation of PCRLB

For convenience, we reproduce the considered DSSM.:

ar = Faj_i+wj (D.1)
2% = Gi(zk-px-1)ax +w} (D.2)
Yo = zZx+¢ (D.3)
where F = ﬁIpxp, a, = [a,lc, ey af]T, Gk(zk_p:k_l) = [Zk—la . ,Zk_p], w,lc ~

N(w}; 0,Q}), wi ~ N(w};0,Q%), and e ~ N(ex;0,Ry). As shown below, it is
convenient to reformulate the considered TVAR model (D.1)-(D.3). To this end, we
define z} , = ax-1, €2, = [zr-1,...,2-p|T, and xx_; = [ziT,, 2T ,]T so that

(D.1)-(D.3) may be equivalently written as:

z; = Fzi |+ w; (D.4)
zp = Fi(zi)zio + Wi (D-5)
y = Hizi+e (D.6)

where

Op_1x1

T 2
Fli(zllc) = l:aBk} ) ﬁ’?c = l: Y :l , He= [1 leP—l] (D.7)
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and
B = [IP—le—l OP—lxl] . (D.8)

Recall in section 2.3 that the computation of the PCRLB requires the evaluation of
D{',, D}*,, D |, and D2,. Clearly, as seen from (2.88), (2.89), (2.90) and (2.91),
the prior density p(x|zs-1) is assumed to be known, and twice differentiable with
respect to its arguments x;, and xx_;. For the considered DSSM this is a generous

assumption. Indeed, the prior p(x|zr_;) given by!

p(zk|zr-1) = P(mllnm?clmllc—hmi—l) (D.9)
= p(xilak, xi_;)p(arlar_) (D.10)
where
P-1
p(zilak zh_y) = Nl(aafzi_y, QF) [] 6 (2ki — 2s) (D.11)
=1
p(arlai-1) = N(ak; Fai-1, Q}) (D.12)

does not satisfy this assumption. Thus, to obtain the PCRLB we “regularize” (D.5)
[65], and as mentioned before, the basic idea is to replace the non-differentiable Dirac

delta function with a differentiable narrow Gaussian distribution. Therefore, we define

& =[2,...,20)T, vi ~ N(v};0,¢) fori =1,..., P — 1, and approximate (D.5) with
& = Fi(z})&r_, + 0} (D.13)

where
@ = [w?,vl,...,vf )" (D.14)

and Qi =E [ﬁ:iﬂ)i’r] . Notice for ¢ = 0 the “regularized” process equation (D.13)

reduces to the original process equation (D.5). Therefore, by choosing e arbitrarily

1Recall that :ci_l = ay_1, and zz_l = [zk_l, ey zk_p]T.
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close to zero (0 < € < 1), we can see that (D.13) provides an arbitrarily close
approximation of (D.5). Now, let us proceed with the derivation of a PCRLB which
for € — 0 converges to the PCRLB of the original TVAR model. For convenience, we
present the prior p(z}, #2|2L_,,%;_,) , and the likelihood p(yx|&3) for the regularized

TVAR model?:

p(a}, &lel_y, &2_1) = N (@ Fian)E_y, QN (ax; Far-, Q)) (D.15)
p(ye|&}) = N (ye; H i, Ry (D.16)

In the following, we present the derivations of D}!,, D}2,, D?' | D% . and J,.
Derivation of D}! :

From (2.88), we have
Dil, = -E [Awk Inp(e}, &lzh_y, e 1)] (D.17)

where &, = [z1T, £27]T. We obtain using (D.15)

Dy, = E [ A‘”" Inp(ax, Ti|ar_1, &o_ 1)} (D.18)
- E[aZ] (o Faur) (@} (o - Fak-o]
2.1, - ~2 '
+E [Az:2 ( 2 - F%(ak)wi-l)T Q] ! ( (ak)‘l’k 1)](D-19)
FT[Q}'F 0 px
- |Fed ot (D.20)
Orxr  E|[[Fiao Qi Fian)] |
Derivation of D}?,
From (2.89), we have
D, = -E[a% np(e},&llzl 5| (D.21)

2Here, the notation is =} = ax, and &} = [2},...,2f]T.
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We obtain using (D.15)
D2 - E [—A‘?’“ In p(ax, &2|ak_1, &2 1)] (D.22)
= E [A:: '3 (ax — Fax 1) [Qk]‘ a, — Fa,_ 1)}
+E[aZ 3 (3 - Filanal )T 00" (@ - Fitenah.))[D2)

—FT[Qi™" 0pxp
Opxp Opxp

+E (0% 16 - Filaoad )T 100 (@ - Fi(enst) 020

Now, let us simplify the second term of (D.24)

B [aZ 3 (8- Filanat.)" (@0 (& - Fi(akﬁz_l)]

= E|Vs,_ lvﬁk; ([Qk]- (2% —ai"&},) Z(zk -z )]

m=2

L

P
= E Vs, [Vzk Vg] ([Qk]_ (= — ai’ ;) +€-1Z e ):|

m=2

L

= E|Va, [-[Q} (& - ol &) &, (& — Fi(an)a}_)"1Q4]]

E

Va %2
9., ] [ (QF7* (= — aiT&L_,) &T, (Ff - z(ak)ik—l)T[le—l]}

Opxp Opxp

= ) 9 . (D.25)
E [0z, (@] E [-(Fia)"@i"]

We obtain upon substitution of (D.25) into (D.24)

12 -FT[Q::]_I OPXP
‘ [E [a:22,1Q37] E [-(Fi(anTIQ4™ ]] (029
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Derivation of D! ;:

From (2.90), we have
E - - T
D, = -E[a3 np(a},&lle),,38)] = (D]
The substitution of (D.26) into (D.27) readily yields

—[QT'F  E[[QF] & 1af]

Dlzcl_l = ~9 .
Opxp  E[-[Q4 Fi(av)]

Derivation of D% ,:

From (2.91), we have

DZ, = —E|[AFInp(al3lal,, &) - E [AZnp(yilan)]

We obtain using (D.15), and (D.16)
D, = E[AF -Inplar, lac-1,,)| +E [AZ - np(yel3D)]

- B[A% (@ - Fa)"[Q)]" (@~ Fawy)|
1,
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(D.27)

(D.28)

(D.29)

(D.30)

+E [Aik‘ Ty — F:(ak)‘i’%—l)T [Q:]_l (532 - Fi(ak)ii-l)]

kg \Tk

g 1 - _ -
+E [A£:'2' (yi — Hkmk)T [Re]™* (ys — kai)]

QAT 0exp
Opxp Opxp

+E |63 (@ - P& )" @)1 (8 - Fi(enat)|

+ Opxp Opxp
Opyp H{HkR,ZI

(D.31)

(D.32)
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Now, we will simplify the second term of (D.32)
E [A::2 (&2 - F2(an)@?_,)" Q™ (% — Fi(ax)Ei_ 1)]

[ 1 i
- E|V, VLQ([Qi]‘ (o4~ ol 1)’+e-*§:(zzn—z;:1>2)}

m=2

= E|Vs [Vzk -] ([Qk] ( _ak _)2—{—5"121): —Zkl )]

al

=2

= E[Vs, [-QU (s - alf &) &7, (@—Fi(akﬁk-oi’[okrl]]

r v 5
"l }[ A @i—Fz(ak)azk_l)T[rilﬂ
Bt afTlQl) [B[-(@07et] Onur]
= E[- [Qk]‘l 2T] [Q2]"1 . (D.33)
OP_le k -

The substitution of (D.33) into (D.32) results in

D2, = (@i~ +E [5_,&5,(Q1 "] B Ly (D.34)
BT H{HR' + Q]
where B = []E [-[Qi'&2_,] OPXP—I]‘
Derivation of Jy:
From (2.92), we have
Jo=E [A:g - Inp(zo)] . (D.35)

The initial state is assumed to follow

p(zo) = N(zo, 0,Qy). (D.36)


http:zk-z/:.11
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This results in

Jo = E[AZ —Inp(zo)] (D.37)
~ |2} (0" &' (@) 0.38)

A1

= 0, (D.39)



Appendix E

Derivation of (4.26)

For convenience, we present some PDF’s that are applicable to the following deriva-
tion. The first density is based on the Masreliez approrimation, that is, we approxi-

mate p(x}|z?,_,) with a single Gaussian distribution:
plai|ely_1) = N(xk; ‘Bllqk—h P11c|k—1)~ (E.1)

The second applicable density is p(zi|z?,_,,zi), and this can be readily obtained

from (4.2):

N
— 2,(5 2,07
p(@dzds s, 2h)=> N (L wPY + FA (@l ) + AX@)_y)zh, QD) (E2)

j=1

To begin our derivation, we write p(z2|z?,_,) as

petletir) = [ plahobleds r)dal

- / p(adeds_ s, zh)p(ehleds_)dah. (E3)
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Thus, by substituting (E.1), and (E.2) into (E.3), we obtain an approximation of

p(x?|z2,_,) that is in the form of

N
~ — 2,(5 G
plailzle,) = D p / (N(acz;wk D4 Fa?_py) + AX(@dp)zl, Q7))
i=1
X N (@ megesl, P,t|k_1)> dal. (E.4)

Then, by using (A.1), we can write (E.4) as
N .
~ L) pl,G L2 2,(j
padlel,) = 3 p / Nk zp? PUON (2250, S5 dz} (E.5)
j=1
where

1, j —2,(j
"’k|g) = wllclk—l + Wff)(a:i — Wy o F2($12c—n:k-1) - Az(mz—-n:k—l)wllclk——l)
LG .
Pk]ScJ) = Pllc{k—-l - WScJ)A2(mZ—n:k—1)P§c|k—1
2,(s =2,
"’k|§c].).1 = Wy + P2} ) + A @] 1) Thgp

2,(J 2,(j
Sk|§cj—)1 = A2(mi—n:k—l)Pl{:Ik—lA2(zz—n:k—l)T + Qk 0

and WY = P,‘clk_lA2(a:,2c_mk_l)T(Sii£’;)_1)“1. Performing the integration in (E.5)
produces
N
CHE ZPJN(mi;mi]gzl’Si]gzl)'
j=1

This completes our derivation of (4.26).



Appendix F

Derivation of (4.30)

For convenience, we reproduce some PDF’s that are applicable to the following deriva-
tion. The first density is the likelihood p(z}|x2,_,) which under the assumption of

h(z?) = Hz? satisfies
p(yxlz}) = N(y; Hei, Ri). (F.1)

The second density is the finite dimensional approximation of the prior distribution

p(zi|z?,_,). This is in the form of (4.26):

N
27 j y j
i)\(wﬂwik—l) = ZPjN(m%;mu(lg—)pS:ﬁzl (F.2)
i=1
where
2 Y
wkl(lgll = Wy @ + F2(wz—n:k—1) + Az(m‘lzc—n:k—l)xllclk—l (F3)
2,(j 2,3
Sk|kU—)1 = A2(zlzc—n:k—l)Pllc|k—1A2(ml?:—n:k—1)T +Qy o, (F.4)

To begin, we use Bayes rule to write p(x2|z2,_,,y;) as

p(yklw%)p(milm%zk—l)
fp(ykk”z)l’(‘”ﬂmik—l)dmi

P($12c|a’%:k—1: Yy) = (F.5)
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Then, by using (F.1) and (F.2), we can approximate p(y,|z2)p(z|x2,_,) by

pyiled)p(al|al, ) ~ N(yk,ka,RprJN(mk,mz.ﬁz’l,si;&:'ll). (F.6)

7j=1

Next, we apply (A.1) so that (F.6) can be written as

plyiled)p(ailat,,) ~

N
n, o 2() ) j
S piN(ap &Y, PN (g Hagd) | HS3 HT + Ry) (1)

..2, j 2, 2,
0 _ Ig) . W(J)(y Hmkl(J) 1)
A2 (.7) 2, 2
Py - Skl(J) ) VV(])HSH(,:) .

and chj) = Si’lleHT(HSilf)lHT + Ri)!. Finally, by substituting (F.7) into
(F.5) we obtain

~ A2:(5)
Peilete-1, yk) = ZPJ xi; 2(1) Py J) (F.8)

where
. PN (v Hapd  HSHD HT + Ry)
T YN Ny Hep  HSEY HT + Ry

This completes the derivation of (4.30).



Bibliography

[1]

[2]

3]

(4]

[6]

R. G. Albano, L. Franchina, and S. A. Kosmopoulos, “Bit error performance eval-
uation of double-differential QPSK in faded channels characterized by Gaussian
plus impulsive noise and doppler effects,” IEEE Trans. Veh. Technol., vol. 49,
no. 1, pp. 148-158, Jan. 2000.

D. L. Alspach and H. W. Sorenson, “Nonlinear Bayesian estimation using Gaus-
sian sum approximation,” IFEE Trans. Automat. Contr., vol. 17, no. 4, pp.

439-448, Aug. 1972.

B. D. O. Anderson and J. B. Moore, Optimal Filtering. Englewood Cliffs, NJ:
Prentice-Hall, 1979.

C. Andrieu, M. Davy, and A. Doucet, “Efficient particle filtering for jump Markov
systems. Applications to time-varying autoregressions,” IEEE Trans. Signal Pro-

cessing, vol. 51, no. 7, pp. 1762-1770, July 2003.

C. Andrieu and A. Doucet, “Particle filtering for partially observed Gaussian

state space models,” J. Royal Statist. Soc. B, vol. 64, pp. 827-836, 2002.

M. S. Arulampalam, S. Maskell, N. Gordon, and T. Clapp, “A tutorial on particle
filters for online nonlinear /non-Gaussian Bayesian tracking,” IEEFE Trans. Signal

Processing, vol. 50, no. 2, pp. 174-188, Feb. 2002.

123



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 124

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

Y. Bar-Shalom, X. R. Li, and T. Kirubarajan, Estimation with Applications to
Tracking and Navigation: Algorithms and Software for Information Extraction.

New York: Wiley, 2001.

S. Coleri, M. Ergen, A. Puri, and A. Bahai, “Channel estimation techniques
based on pilot arrangement in OFDM systems,” IEEE Trans. Broadcast., vol. 48,
no. 3, pp. 223-229, 2002.

E. Costa and S. Pupolin, “M-QAM-OFDM system performance in the presence
of a nonlinear amplifier and phase noise,” IEEE Trans. Commaun., vol. 50, no. 3,

pp. 462-472, Mar. 2002.

M. Daly, “Marginalized particle filtering for blind system identification,” Mas-
ter’s thesis, Dept. of Elec. and Comp. Eng., McMaster University, Hamilton,
ON, Canada, 2004.

P. M. Djurié, J. Kotecha, F. Esteve, and E. Perret, “Sequential parameter estima-
tion of time-varying non-Gaussian autoregressive processes,” EURASIP Journal

on Applied Signal Processing, vol. 2002:8, pp. 865-875.

A. Doucet, “On sequential Monte Carlo sampling methods for Bayesian filtering,”

University of Cambridge, Department of Engineering, Signal Processing Group,

England, Tech. Rep. TR. 310, 1998.

A. Doucet, N. de Freitas, and N. J. Gordon, Eds., Sequential Monte Carlo Meth-
ods in Practice. New York: Springer-Verlag, 2001.

A. Doucet, S. J. Godsill, and C. Andrieu, “On sequential Monte Carlo sampling
methods for Bayesian filtering,” Statistics and Computing, vol. 10, pp. 197208,
Dec. 2000.



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 125

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

A. Doucet, N. Gordon, and V. Krishnamurthy, “Particle filters for state estima-
tion of jump Markov linear systems,” IEEE Trans. Signal Processing, vol. 49,

no. 3, pp. 613-624, Mar. 2001.

K. B. Eom, “Time-varying autoregressive modeling of HRR radar signatures,”

IEEFE Trans. Aerosp. Electron. Syst., vol. 36, no. 3, pp. 974-988, 1999.

A. Farina, B. Ristic, and D. Benvenuti, “Tracking a ballistic target: Comparison
of several nonlinear filters,” IEEE Trans. Aerosp. Electron. Syst., vol. 38, no. 3,

pp. 854-867, 2002.

W. Fong, S. J. Godsill, A. Doucet, and M. West, “Monte Carlo smoothing
with application to audio signal enhancement,” IEEE Trans. Signal Processing,

vol. 50, no. 2, pp. 438-449, Feb. 2002.

T. Ghirmai, P. M. Djuri¢, M. F. Bugallo, and J. Kotecha, “Multisample receivers
for time-varying channels using particle filtering,” in Proc. IEEE Workshop Sig-

nal Processing Advances in Wireless Communications, Rome, Italy, June 2003.

N. Gordon, D. Salmond, and A. Smith, “Novel approach to non-linear/non-
Gaussian Bayesian state estimation,” IEE Proceedings-F, vol. 140, no. 2, pp.

107-113, Apr. 1993.

F. Gustafsson, F. Gunnarsson, N. Bergman, U. Forssell, J. Jansson, R. Karlsson,
and P. J. Nordlund, “Particle filters for positioning, navigation, and tracking,”

IEEE Trans. Signal Processing, vol. 50, no. 2, pp. 4256-437, Feb. 2002.

M. G. Hall, A. V. Oppenheim, and A. D. Wilsky, “Time varying parametric
modeling of speech,” Signal Processing, vol. 5, pp. 276-285, 1983.



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 126

(23] S. Haykin, K. Huber, and Z. Chen, “Bayesian sequential state estimation for
MIMO wireless communications,” Proc. IEEFE, vol. 92, no. 3, pp. 439-454, Mar.
2004.

[24] W. C. Jakes, Microwave Mobile Communications. New York: Wiley, 1974.

[25] S. J. Julier and J. K. Uhlmann, “Unscented filtering and nonlinear estimation,”

Proc. IEEE, vol. 92, no. 3, pp. 401-422, Mar. 2004.

[26] R. E. Kalman, “A new approach to linear filtering and prediction problems,”
Transactions of the ASME-Journal of Basic Engineering, vol. 82, Series D, pp.
35-45, 1960.

[27) S. M. Kay, Modern Spectral Estimation. Englewood Cliffs, NJ, Prentice-Hall,
USA, 1988.

[28] G. Kitagawa, “Non-Gaussian state-space modeling of nonstationary time series,”

J. Am. Stat. Assoc., vol. 82, no. 400, pp. 1032-1063, 1987.

[29] ——, “Monte Carlo filter and smoother for non-Gaussian non-linear state space

models,” J. Comp. Graph. Stat., vol. 5, no. 1, pp. 1-25, 1996.

[30] C. Komninakis, C. Fragouli, A. H. Sayed, and R. D. Wesel, “Multi-input Multi-
output fading channel tracking and equalization using Kalman estimation,”

IEEE Trans. Signal Processing, vol. 50, no. 5, pp. 1065-1076, May 2002.

[31] A. Kong, J. S. Liu, and W. H. Wong, “Sequential imputation method and
Bayesian missing data problems,” J. Am. Stat. Assoc., vol. 89, no. 425, pp.
278-288, 1994.

[32] J. H. Kotecha and P. M. Djurié, “Gaussian particle filtering,” IEEE Trans. Signal
Processing, vol. 51, no. 10, pp. 25922601, Oct. 2003.



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 127

(33]

[34]

[35]

(36]

37

[38]

[39]

[40]

[41]

J. S. Liu and R. Chen, “Blind deconvolution via sequential imputation,” J. Am.

Stat. Assoc., vol. 90, pp. 567-576, 1995.

——, “Sequential Monte Carlo methods for dynamic systems,” J. Am. Stat.

Assoc., vol. 93, pp. 1032-1044, 1998.

—, “Mixture Kalman filters,” J. Roy. Statistic. Soc. B, vol. 62, pp. 493-508,
2000.

Z. Liu, X. Ma, and G. B. Giannakis, “Space-time coding and Kalman filtering
for time-selective fading channels,” IEEE Trans. Commun., vol. 50, no. 2, pp.

183-186, Feb. 2002.

C. J. Masreliez, “Approximate non-Gaussian filtering with linear state and ob-
servation relations,” IEEE Trans. Automat. Contr., vol. 20, no. 1, pp. 107-110,
Jan. 1975.

J. Miguez and P. M. Djurié¢, “Blind equalization of frequency-selective channels
by sequential importance sampling,” IEEE Trans. Signal Processing, vol. 52,

no. 10, pp. 2738-2748, Oct. 2004.

R. Negi and J. Cioffi, “Pilot tone selection for channel estimation in a mobile
OFDM system,” IEEE Trans. Consumer Electron., vol. 44, no. 3, pp. 1122-1128,
Aug. 1998.

A. Papoulis and P. Unnikrishna, Probability, Random Variables, and Stochastic
Processes, 4th ed. New York: McGraw-Hill, 2001.

D. Petrovic, W. Rave, and G. Fettweis, “Phase Noise suppression in OFDM using
a Kalman filter,” in Proc. IEEE Wireless Personal Multimedia Communications,

Yokosuka, Japan, Oct. 2003.



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 128

[42] L. Piazzo and P. Mandarini, “Analysis of phase noise effects in OFDM modems,”
IEEE Trans. Commun., vol. 50, no. 10, pp. 16961705, Oct. 2002.

[43] M. K. Pitt and N. Shephard, “Filtering via simulation: Auxiliary particle filter,”
J. Am. Stat. Assoc., vol. 94, pp. 590-599, 1999.

[44] T. Pollet, M. V. Bladel, and M. Moeneclaey, “BER sensitivity of OFDM systems
to carrier frequency offset and Wiener phase noise,” IEEE Trans. Commun.,

vol. 43, no. 234, pp. 191-193, Feb./March/April 1995.

[45] H. V. Poor, “Active interference suppression in CDMA overlay systems,” IEEE
J. Select. Areas Commun., vol. 19, no. 1, pp. 4-20, Jan. 2001.

[46] J. G. Proakis, Digital Communications, 3rd ed. New York: McGraw-Hill, 1995.

[47] T. S. Rappaport, Wireless Communications: Principles and Practise. New
Jersey: Prentice-Hall PTR, 1996.

[48] B. Ristic, A. Farina, D. Benvenuti, and M. S. Arulampalam, “Performance
bounds and comparison of nonlinear filters for tracking a ballistic object on
re-entry,” IEE Proceedings -, Radar, Sonar and Navigation, vol. 150, no. 2, pp.
65-70, Apr. 2003.

[49] J. K. O. Ruanaidh and W. J. Fitzgerald, Numerical Bayesian Methods Applied
to Signal Processing. New York: Springer-Verlag, 1996.

[50] T. Schon, F. Gustafsson, and P. J. Nordlund, “Marginalized particle filters for
nonlinear state-space models,” Department of Electrical Engineering, Linkoping
University, SE-581 83 Linkoping, Sweden, Tech. Rep. LiTH-ISY-R-2548, Oct.
1998.



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 129

1]

[52]

[53]

[54]

[55]

(56]

[57)

[58]

[59]

D. Sengupta and S. Kay, “Efficient estimation of parameters for non-Gaussian au-
toregressive processes,” IEEE Trans. Acoust., Speech, Signal Processing, vol. 37,

no. 6, pp. 785-794, June 1989.

N. Shephard, “Partial non-Gaussian times series models,” Biometrika, vol. 81,

pp- 115-131, 1994.

H. W. Sorenson and D. L. Alspach, “Recursive Bayesian estimation using Gaus-

sian sums,” Automatica, vol. 7, no. 4, pp. 465-479, July 1971.

H. Tanizaki, Nonlinear Filters: Estimation and Applications, 2nd ed. New York:
Springer-Verlag, 1996.

P. Tichavsky, C. H. Muravchik, and A. Nehorai, “Posterior Cramér-rao bounds
for discrete-time nonlinear filtering,” IEEE Trans. Signal Processing, vol. 46,

no. 5, pp. 1386-1396, May 1998.

L. Tomba, “On the effect of Wiener phase noise in OFDM systems,” IEEE Trans.
Commun., vol. 46, no. 5, pp. 580-583, May 1998.

L. Tomba and W. A. Krzymien, “Sensitivity of the MC-CDMA access scheme
to carrier phase noise and frequency offset,” IEEE Trans. Veh. Technol., vol. 48,
no. 5, pp. 1657-1665, 1999,

R. van der Merwe, A. Doucet, N. de Freitas, and E. Wan, “The unscented

particle filter,” Cambridge University Engineering Department, Tech. Rep.
CUED/FINFENG/ TR-380, Tech. Rep., 2000.

J. Vermaak, C. Andrieu, A. Doucet, and S. J. Godsill, “Particle methods for
Bayesian modeling and enhancement of speech signals,” IEEE Trans. Speech

Audio Processing, vol. 10, no. 3, pp. 173-185, Mar. 2002.



D.Yee M.A.Sc thesis - Electrical & Computer Engineering, McMaster 130

[60] M. Simandl, J. Krélovec, and P. Tichavsky, “Filtering, predictive, and smoothing
Cramér-rao bounds for discrete-time nonlinear dynamic systems,” Automatica,

vol. 37, no. 11, pp. 1703-1716, Nov. 2001.

[61] X. Wang and R. Chen, “Adaptive Bayesian multiuser detection for synchronous
CDMA with Gaussian and impulsive noise,” IEEE Trans. Signal Processing,
vol. 47, no. 7, pp. 20132028, 2000.

[62] X. Wang and H. V. Poor, “Joint channel estimation and symbol detection in
Rayleigh flat-fading channels with impulsive noise,” IEEE Commun. Lett., vol. 1,
no. 1, pp. 19-21, Jan. 1997.

[63] P. H. Y. Wu and A. Duel-Hallen, “Multiuser detectors with disjoint Kalman
channel estimators for synchronous CDMA mobile radio channels,” IEEE Trans.

Commun., vol. 48, no. 5, pp. 752-756, May 2000.

[64] S. Wu and Y. Bar-Ness, “A phase noise suppression algorithm for OFDM-based
WLANSs,” IEEE Commun. Lett., vol. 6, no. 12, pp. 535-537, Dec. 2002.

[65] ——, “OFDM systems in the presence of phase noise: consequences and solu-

tions,” IEEE Trans. Commaun., vol. 52, no. 11, pp. 1988-1996, Nov. 2004.

[66] W. R. Wu, “Maximum likelihood identification of glint noise,” IEEE Trans.
Aerosp. Electron. Syst., vol. 32, no. 1, pp. 41-51, Jan. 1996.



	book01
	book02
	book03



