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Abstract 

This thesis studies the high-accuracy torque control for the interior permanent magnet 

synchronous machine (IPMSM) drives with loss minimization. 

A nonlinear flux-linkage model for the IPMSM with twelve coefficients is proposed. It 

can generally be used to estimate the d-axis flux-linkage, q-axis flux-linkage, MTPA 

locus, and torque without the information of the machine known, such as the geometry 

and material of the permanent magnet. The new torque equation and MTPA condition are 

derived from the proposed flux-linkage model. An optimization problem is formulated to 

find the appropriate factors for the proposed model based on the measured flux-linkage 

data at only nine specific operating points. No selection of weight factors is required in 

the cost function. The desired copper-loss minimization control can be achieved and good 

torque estimate can be achieved in real-time.  

A novel model for IPMSM drives with all the losses considered is proposed. The 

model-based loss minimization control (LMC) algorithm with respect to motor current 

contributing to the flux-linkage generation is presented. The analytical solution to the 

optimization problem is provided. Based on the proposed IPMSM drive model, LMC 

with respect to the winding current in wide speed range is studied as well. The optimality 

is proved. The influences of the stator resistance, the equivalent inverter-loss and core-

loss resistance in the proposed circuit are researched. Compared to maximum torque per 

ampere (MTPA) control, LMC introduces more efficient energy utilization. 
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    Due to the nonlinearities, the characteristics of the inverter loss, the core loss, the 

mechanical loss, the d- and q-axis flux-linkage profiles of the IPMSM drive system are 

researched. The process of the parameters’ characterization with respect to the speed, the 

d- and q-axis current is stated. The back-fitting based torque estimation technique is 

proposed, which eliminates the necessity of the manufacture of the dummy rotor. The 

separation of the core loss and mechanical loss is not required for the calculation. The 

accuracy of the prediction of the voltage limit ellipse based on the proposed model is 

enhanced compared to the conventional method. The torque control system for the 

IPMSM drives is designed, aiming at accurate motor torque control, high efficiency, and 

fast dynamic response performance.  

2004 Prius IPMSM and one prototype motor are used to validate the proposed 

algorithms for the parameters’ characterization, torque estimation, and loss minimization 

control.  
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Chapter 1 

Introduction  

1.1 Motivation 

Interior permanent magnet synchronous machines, IPMSMs, shown in Fig. 1.1, are 

emerging in various applications due to the small volume, light weight, low loss, high 

efficiency, high power density, and fast dynamic performance [1]–[3]. They have been 

used in robotics, drivetrain, wind turbine, elevator, compressor, air-conditioner, washing 

machine, and so on [4]. IPMSMs have additional reluctance torque and are compatible 

with sensorless techniques [5], [6]. 

 

(a) 
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(b) 

Fig. 1.1. IPMSM prototype [7]. (a) Lamination of the rotor. (b) Motor with cooling fan. 

A good control system is supposed to be stable, have high control accuracy, high 

efficiency, and fast dynamic response performance. The classical control theory is 

established upon the linear time-invariant (LTI) systems. Although they are well 

developed, they cannot be used to control the IPM motor properly. Some characteristics 

of the IPMSM drives, such as the nonlinearity of the inverter, and the saturation and 

cross-coupling effects on the flux-linkage profiles, make the motor a nonlinear control 

object. The classical linear control algorithms cannot satisfy the requirement of high 

performance for the IPMSM drives, because they cannot adjust themselves to the 

parameters’ variation. For example, the d- and q-axis inductances can be expressed as the 

functions of the d- and q-axis current [8]–[10]. The value of the inductance decreases as 

the current increases. If only a fixed-gain PI controller is used in the system, the 
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nonlinearities cannot be compensated and this leads to poor dynamic response or even 

unstable performance.  

Thus, for high-efficiency and high-accuracy control performance for the IPMSM 

drives, a good control system should include the optimizer, the controller, and the 

estimator, as shown in Fig. 1.2. For a given command, which is either the motor speed or 

the output torque, the optimizer offers the optimal current reference. The controller sends 

out the appropriate signals to the inverter so as to make the motor follow the reference. 

Based on the feedback information of the current and speed/position, the estimator 

provides the optimizer and the controller with the estimated motor parameters, such as the 

flux-linkage profiles, the losses, and even torque information for the torque closed-loop 

control, to improve the control precision. Due to the fact that the parameters are motor 

speed and motor current dependent, the estimates are nonlinear functions at different 

operating conditions. For example, the same current command can lead to different torque 

outputs due to the existence of the mechanical loss and the core loss at different speeds.    

Optimizer

IPMSM

Controller Inverter

Estimator

Command

Current, speed/
position

 

Fig. 1.2. Diagram of the IPMSM drive system. 
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In order to achieve high operating efficiency, the loss is usually used for the 

optimization. For given torque and speed the output power is fixed. The maximum 

efficiency of the IPMSM drives can be achieved only if the loss is minimized. The most 

common cost function is the copper loss, used for MTPA control [11]. The maximum 

torque per voltage/flux (MTPV/MTPF) locus encloses the feasible operating region at 

high speed [12]. The current and voltage constraints limit the range where the current 

vectors can be selected [13]. Moreover, the core loss and inverter loss are considered 

during the optimization [14].  

The loss minimization control (LMC) can be categorized into two major categories: 

search-based control and loss-model-based control [15]. The search-based algorithm 

accomplishes the quest by measuring the input power and changing the control variable in 

small steps in a certain searching manner at certain load and speed [16]–[23]. For 

example, the golden section search is used to find the optimal phase angle for LMC by 

comparing the power losses [19].  

In Fig. 1.3, one example of the application of the search-based technique is shown. The 

authors proposed several fuzzy-logic controllers (FLC) to achieve high efficiency and 

high performance for IPMSM drive system. The steady-state fuzzy efficiency controller is 

applied to determine the d-axis current reference according to the loss power.  
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Fig. 1.3. Block diagram of the proposed FLC-based efficiency optimization of IPMSM 

drive [23]. 

The search-based technique is independent of the loss model, so it doesn’t need the 

motor parameters to implement the algorithm. Because it drives the motor in small steps 

this leads to torque ripples, which is not desirable in high-performance drives. Even 

though the search-based algorithm calculates the output in the right direction, it still takes 

too much time to try different references in order to find the optimal ones. Furthermore, it 

is sensitive to the disturbance. The online operation of the search-based algorithm is not 

secured, because the search result can be located outside of the feasible operating region. 
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Fig. 1.4. Block diagram of the proposed loss minimization based adaptive backstepping 

technique for IPMSM drive [24]. 

The loss model of the IPM machine is adopted in the loss-model-based technique [24]–

[29]. The desired commands can be quickly obtained. However, the algorithm suffers 

from the variation of the parameters, so the researchers also designed the adaptation law 

for the unknown parameters’ estimation, as shown in Fig. 1.4. However, the estimation 

can only be established upon the model with other known parameters, and actually all the 

parameters are varying as the operating conditions change.  

In one word, the search-based method is not suitable to be used online because it is 

easy to be disturbed and it is not safe to operate without the voltage limitation at high 

speed. The existing loss-model-based algorithms have much less searching time, but are 

not reliable due to the variation of the parameters. If all the nonlinearities in the IPMSM 
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drive can be identified and used for the optimization and control, the fast, stable, efficient, 

and accurate control performance can be achieved. 

    In order to achieve the high-precision and high-efficiency control performance, first of 

all, the model must be accurate. However, the conventional IPMSM model suffers from 

precisely depicting the behavior of the machine, because it does not contain all the 

nonlinearities of the drive system. The same set of the parameters can only fit either the 

conventional IPMSM’s voltage equation or the torque equation. The accuracy of the 

torque control is influenced by the impact of the inverter loss on the flux-linkage 

estimation, and by the nonlinearities of the core loss with respect to the motor current and 

speed. The determination of the optimal current reference is also affected by these factors. 

Firstly, the total electrical loss is not minimized, because the core loss and the inverter 

loss are not considered in the conventional IPMSM model. Secondly, optimization 

constraint is not precisely characterized. If the predicted voltage limit ellipse is bigger 

than the real constraint, oscillation of control in transient mode could happen, and the 

feedback controller can be saturated.  

In order to identify the nonlinearities of the IPMSM drive, first of all, the flux-linkage 

profiles must be estimated because they are used for the calculation of the output torque 

and voltage limitation. The saturation and cross-coupling effects on the flux-linkage 

generation should be considered [30]. In [31], the recursive least square (RLS) algorithm 

is used to estimate the stator winding resistance, d- and q-axis inductance according to the 

voltage and current commands. However, the voltage command is the desired sinusoidal 

fundamental component ahead of the inverter’s output. The voltage drop across the 

inverter is supposed to be included in the flux-linkage estimation.  
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It is also important to identify the core loss of the machine. The loss affects the torque 

output, especially at high speed. The core loss of an IPMSM consists of the hysteresis 

loss, eddy current loss and excessive loss [32]–[35]. In literature, some researchers 

modeled the core loss as the function of the flux-linkage magnitude and the frequency 

[36]–[43]. However, there are more harmonics contributing to the loss generation [34]. In 

[44], the no-load torque measured at different speeds is compensated to the output torque, 

but it only can reflect the sum of the mechanical loss and the core loss generated by the 

permanent magnet flux-linkage. The indirect methods to separate the core loss from the 

mechanical loss are proposed in [45], [46]. However, they do not work for IPMSM 

because the injection of the d-axis current can bring more harmonics, instead of only 

neutralizing the permanent-magnet flux-linkage. To separate the mechanical loss from the 

core loss, it is more convincing to manufacture a dummy rotor. The unmagnetized rotor 

has the exact same dimensions with the IPMSM’s rotor but does not have the permanent 

magnet embedded. In this case, the knowledge of the machine itself, such as the rotor’s 

geometry, must be known. 

In this thesis, all the issues mentioned above are addressed. Based on the novel IPMSM 

drive model, all the nonlinearities can be identified through experiment. For given torque 

and speed, the proposed LMC and torque calculation algorithms enable the IPMSM 

drives to output the desired torque with minimum loss power within the current and 

voltage constraints. High-accuracy torque control and fast dynamic response performance 

of IPMSM drives can be achieved due to the accurate modeling. 
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1.2 Contributions  

The contributions have been made to the high-accuracy torque control for the IPMSM 

drive system with loss minimization. 

    Firstly, a novel nonlinear flux-linkage model for IPM machine is proposed, with the 

saturation and cross-coupling effects considered. The constant coefficients in the model 

can be determined by using the measured flux-linkage data at only nine specific operating 

points. The operating points are selected to characterize the envelope and curvature of the 

flux-linkage surface. The derived MTPA locus can minimize the copper loss, and the 

proposed torque estimation can be executed in real time. 

Secondly, the novel IPMSM drive model with all the losses considered is proposed, 

which includes the inverter loss, copper loss, core loss, and mechanical loss. In the 

proposed circuit, the resistance is used to present the power loss. The equivalent inverter-

loss resistor is connected to the stator resistor in series, and the core-loss resistor is placed 

across the flux-linkage branch in parallel. 

Thirdly, the loss minimization control based on the proposed model with constant 

parameters is developed. The analytical solution to the optimization problem with respect 

to the motor current contributing to the flux-linkage generation is formulated. The method 

to obtain the winding current references, which minimizes the total electrical loss, is 

discussed in full speed range. The influences of the stator-winding, inverter-loss and core-

loss resistances on the current limit circle and voltage limit ellipse in different coordinates 

are analyzed. Compared to MTPA, LMC provides with more efficient energy utilization 

because all the electrical losses are considered. 
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Fourthly, the detailed process of the nonlinear parameters’ characterization in steady-

state is proposed. It can be realized without the information of the IPM machine known, 

such as the geometry and the permanent-magnet flux-linkage.   

Fifthly, the back-fitting based torque estimation technique is proposed, which treats the 

core loss and mechanical loss as a whole. The separation of the mechanical loss and the 

core loss is not required. 

Sixthly, based on the proposed algorithms the torque control system for IPMSM drives 

is designed. How to build the four-dimensional (4D) lookup tables (LUTs) for the 

nonlinear parameters and the three-dimensional (3D) LUTs for the optimal current 

references in full speed range are explained in detail. The precise current feedforward 

control reduces the feedback controller’s burden and improves the dynamic response 

performance. The torque control accuracy of the proposed methodology is significantly 

enhanced compared to the conventional IPMSM modeling.  

1.3 Thesis Outline 

The thesis is organized as follows: 

In Chapter 2, the optimal current control based on the conventional IPMSM model is 

studied. The MTPA control, MTPV/MTPF control, the current limit circle and the voltage 

constraint are introduced. The determination of the optimal current vector is explained 

with different motor designs. The strategies of generating the optimal current reference 

with variable parameters are reviewed. 
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In Chapter 3, a virtual flux-linkage model for the IPMSM with constant coefficients is 

proposed. It can generally be used to estimate the d- and q-axis flux-linkage profiles, so 

as to fit the MTPA locus and identify the torque without the information of the machine 

known. An optimization problem is formulated to find the appropriate factors for the 

proposed model based on the measured flux-linkage data at only nine specific operating 

points. No selection of the weight factors is required in the cost function. 2004 Prius 

IPMSM and one prototype motor are used to validate the accuracy of the torque 

estimation and MTPA control. This chapter has been published in [47]. 

    In Chapter 4, the novel model for the IPMSM drives is proposed, which involves all 

the losses in the system. Based on the model, the relationship between the loss 

minimization control and the current in the flux-linkage branch is established. The 

analytical solution to the optimization problem is derived. For given torque and speed the 

optimal current can be directly obtained. The influence of the stator resistance, the 

equivalent inverter-loss and core-loss resistors on the voltage limit ellipse is analyzed. In 

order to find the optimal stator-winding current, the cost functions and the optimization 

constraints for the LMC, MTPV control, and FW control are formulated. The way to 

search for the critical points and the optimality validation are stated. The simulation 

results are provided.  

    In Chapter 5, the nonlinearities in the IPMSM drives are analyzed, which are the 

functions of the speed, the d- and q-axis current. The detailed process of the parameters’ 

characterization is illustrated. The proposed algorithm is independent of the knowledge of 

the IPM machine. The methods of separating the core loss and mechanical loss are 

discussed. The back-fitting based torque estimation technique is proposed, which 
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eliminates the necessity of the manufacturing the dummy rotor. The voltage constraints 

based on different motor models are studied. Based on the 4D LUTs of the parameters the 

strategy of generating the optimal current command is described, which minimizes the 

total electrical loss in the system. The torque control scheme for IPMSM drives is 

designed, aiming at the accurate, fast dynamic response performance. The proposed 

algorithms are validated on an IPMSM prototype. The conventional IPMSM modeling 

has been published in [44]. The proposed model for IPMSM drives, the parameters’ 

characterization method, the back-fitting based torque estimation technique, and the 

optimal current reference generation have been presented in [48]. 

    In Chapter 6, the thesis is concluded and the possible future work is listed. 
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Chapter 2 

Study of Optimal Current Control Based on the 

Conventional Interior Permanent Magnet 

Synchronous Machine Model 

2.1 Introduction 

The current vector control scheme plays an important role in the performance of IPMSM. 

Under certain operating condition selecting different current vector leads to different 

torque/power. Based on the conventional IPMSM model with constant parameters, 

different criteria of the selection of the current reference has been researched in literature 

[1], [11], [12], [49]–[52], such as the maximum torque-per-ampere control whose object 

is to minimize the copper loss, the maximum voltage/flux-per-ampere control whose goal 

is to minimize the electromotive force (EMF) voltage, and the flux-weakening control.  

It is also necessary to study the current and voltage constraints, which are a circle and 

an ellipse in the dq coordinates, respectively, because they limit the possible 

combinations of the d- and q-axis current. According to different motor design, they 

determine the maximum output torque that the machine can generate and the maximum 

speed at which the motor can operate.  

The real IPM motor has nonlinearities, such as the saturation and cross-coupling effects 

on the flux-linkage profiles. The researchers devote themselves to searching for the 
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optimal current reference with variable parameters of the conventional IPMSM model. In 

[47], [49], [53]–[55], MTPA tracking techniques are studied. The feasible optimal 

operating plane is analyzed with nonlinear characteristics of the IPMSM in [44], [56]. 

In this chapter, the basis of the current vector control with constant parameters is 

introduced, including MTPA, MTPV/MTPF, FW, current limit circle, and voltage limit 

ellipse. The strategies for obtaining the optimal current reference with nonlinearities are 

reviewed. 

2.2 Conventional IPMSM Model 

A three-phase machine in the stationary frame can be transformed into two rotating 

phases by using Clark and Park transformation. The dq equivalent circuit of IPM machine 

is shown in Fig. 2.1. The conventional flux-linkage and the voltage equations of IPMSM 

are expressed in (2.1) and (2.2), respectively. 

dv

doi sR

q qo eL i 

dL




 

(a) 
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Fig. 2.1. Conventional IPMSM equivalent circuit. (a) d-axis. (b) q-axis. 
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(2.2) 

where Λpm is the permanent-magnet flux-linkage, Λd is the d-axis flux-linkage, Λq is the q-

axis flux-linkage, Ld is the d-axis inductance, Lq is the q-axis inductance, ido is the d-axis 

winding current, iqo is the q-axis winding current, vd is the d-axis armature voltage, vq is 

the q-axis armature voltage, ωe is the electrical angular speed, and Rs is the stator winding 

resistance. In steady-state, the terms d/dt are zeros. 
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    The electromagnetic torque of IPMSM consists of the magnet torque and reluctance 

torque, as described in (2.3). 
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(2.3) 

where Te is the electromagnetic torque, Ia is the amplitude of phase current, P is pole pair 

and β is the phase angle which is between the phase current vector and q-axis. The torque 

expression is derived from the energy transmission. The deduction is shown below. 
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where Pin is the electrical input power and PCu is the copper loss. ωm is the mechanical 

angular speed, and it is equal to ωe / P. 

2.3 Optimal Current Control Schemes with Constant Parameters 
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 Operating Constraints 2.3.1

The operating constraints of the IPMSM drives must be known before the optimal current 

reference could be found. They are the voltage and current limitation. The maximum 

voltage is constrained by the DC bus voltage. The capability of cooling for the copper 

loss and iron loss inside the machine defines the value of the maximum current. So the 

armature current Ia and the terminal voltage Va are limited as shown in (2.4) and (2.5), 

respectively. 

 
2 2

a do qo amI i i I  

 

(2.4) 

 
2 2

a d q amV v v V  

 

(2.5) 

where Iam is the maximum phase current and Vam is the maximum phase voltage.  

The value of Vam is dependent upon the strategy of the pulse width modulation (PWM). 

If the winding is star-connected, the peak voltage on one phase is 2Vdc / 3. If SVPWM is 

applied and the pulse width modulation is undertaken in the linear range, in which the 

voltage reference is within the inscribed circle of the hexagon, Vam = Vdc / √3. If the 

overmodulation is involved, Vam = 2Vdc / π.  

As shown in (2.2), the back EMF voltage accounts for the major proportion. The 

voltage drop across the stator resistor Rs is usually neglected while calculating the voltage 

constraint. (2.5) is reformulated as shown in (2.6). 
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 Maximum Torque-per-Ampere (MTPA) Control 2.3.2

For IPMSM’s characteristic different current vectors can produce the same 

electromagnetic torque. It means that on the constant torque locus a current vector with 

the minimum amplitude can be found. In other words, among a set of current vectors with 

the same amplitude, a current vector with certain phase angle can be found to generate the 

maximum torque. This is the concept of MTPA control. Because for given torque the 

algorithm provides with the minimum phase current, it is also called the copper-loss 

minimization control. 

The optimal phase angle can be found by making the derivative of the torque equation 

(2.3) with respect to phase angle be zero [51]. 
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(2.7) 

    The relationship between ido and iqo is expressed in (2.8) [54]. The current trajectory is 

plotted as a yellow curve in Fig. 2.2. 
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 Maximum Torque-per-Voltage/Flux (MTPV/MTPF) Control 2.3.3

For IPMSM’s characteristic a current vector with the minimum EMF voltage Vo ( e m 

) or flux-linkage Λm (
2 2

d q   ) on the constant torque locus can be found. This is the 

concept of the maximum-torque-per-flux-linkage/maximum-torque-per-voltage 

(MTPV/MTPF) control, shown as the green locus in Fig. 2.2.   

Let cosd d do pm mL i       and sinq q qo mL i     . Use the flux-linkage Λm and 

δ to express the d- and q-axis current and substitute the expression into (2.3). Make the 

torque equation (2.3) with respect to δ be zero. Then the optimal current vector under 

MTPV/MTPF control strategy is obtained as shown in (2.9) and (2.10) [12]. 
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MTPV is usually used to determine the maximum torque that can be achieved above 

base speed. It appears at the intersection where the constant torque locus and the voltage 

limit ellipse tangentially meet. Λmm in (2.10) refers to the maximum flux-linkage 
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amplitude. It can be calculated by using the maximum phase voltage Vam divided by the 

electrical angular speed.  

 Flux-Weakening (FW) Control 2.3.4

As the speed goes high, the EMF voltage increases. However, the line-to-line voltage is 

fixed at the DC bus voltage. In order to control the machine to spin at high speed, more d-

axis current needs to be injected to contradict the permanent-magnet flux-linkage. The 

flux-linkage amplitude Λm decreases and higher speed can be reached. The current 

reference can be obtained by solving the voltage equation in (2.6). The relationship 

between the d- and q-axis current under FW control is described in (2.11) [49]. 

  
2

21pm am
do q qo

d d e

V
i L i

L L 

  
    

   

(2.11) 

 Determination of the Optimal Current Reference 2.3.5

As expressed in (2.6), the voltage constraint is an ellipse in idqo plane. Its center is located 

at (-Λpm / Ld, 0). According to the motor design, the center of the voltage limit ellipse can 

be inside or outside of the current limit circle, as shown in Fig. 2.2(a) and Fig. 2.2(b), 

respectively. 

In Fig. 2.2(a), Λpm - Ld ∙ Iam < 0, T0 < T1 < T2 < Tr, and ωb < ω1 < ω2. MTPA is plotted 

in yellow, MTPV is drawn in green, the constant torque loci are in red, the current limit 
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circle is in black, and the voltage limit ellipses are in blue. Below base speed MTPA 

leads. At point A the constant torque curve tangentially meets the current limit circle. So 

Tr is the maximum torque that the IPM machine can produce. A voltage limit ellipse goes 

through point A. It determines the base speed ωb. Above base speed, the flux-weakening 

control starts working. For example, at ω1, the current vector at point B can generate the 

output torque T2. If the electromagnetic torque T1 is desired at ω1, the current reference at 

point C should be applied. In order to achieve high efficiency at ω1, when the command 

torque is smaller than T0, the current vector along MTPA locus should be selected. As the 

speed increases, the voltage constraint shrinks. When the machine’s speed is higher than 

ωb and smaller than ω2, the current limit circle enclosed between point A and point D 

indicates the maximum torque that the IPMSM can generate. As shown in the figure, 

MTPV appears at the intersection where the voltage limit ellipse and the constant torque 

locus tangentially meet, like point D. In other words, MTPV provides with the current 

reference that produces the maximum torque when the motor’s speed is higher than ω2. 

Because the center of the voltage constraint is located within the current limit circle, 

theoretically speaking, the motor’s speed can be controlled to infinity at point M. Thus, 

when Λpm - Ld ∙ Iam < 0, from the control aspect, there is no upper limit of speed control. 

All in all, the bold lines, MTPA, current limit circle, MTPV, and the d-axis enclose the 

region where the optimal current vector can be selected. 

    In Fig. 2.2(b), Λpm - Ld ∙ Iam > 0, T1 < T2 < Tr, and ωb < ω1 < ω2. MTPA is plotted in 

yellow, the constant torque loci are drawn in red, the current limit circle is in black, and 

the voltage limit ellipses are in blue. Below base speed the MTPA control still leads. The 
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determination of the maximum torque Tr and the base speed ωb is same as illustrated in 

Fig. 2.2(a). However, above base speed only the current limit circle defines the maximum 

output torque. The FW control works at the operating points like point B and C at ω1. As 

the speed increases, the voltage limit ellipse continues shrinking until the speed reaches 

ω2, where the current limit circle and the voltage constraint tangentially meet at point D. 

The current reference on ellipses, which are smaller than the one at ω2, cannot be 

generated because its amplitude cannot be bigger than Iam. Thus, when Λpm - Ld ∙ Iam > 0, 

there is the boundary that limits the machine’s maximum speed. All in all, the bold lines, 

MTPA, current limit circle, and the d-axis enclose the region where the optimal current 

vector can be selected. 
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Fig. 2.2. Selection of the optimal current vector. (a) Λpm - Ld ∙ Iam < 0. (b) Λpm - Ld ∙ Iam > 0. 

2.4 Optimal Current Control Schemes with Variable Parameters 

The optimal current reference based on the conventional IPMSM can be obtained with 

constant parameters by using the strategies in section 2.3. However, the real machine’s 
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characteristics are nonlinear, such as the d- and q-axis flux-linkage profiles shown in Fig. 

2.3, which are FEA results of 2004 Prius IPMSM model in ANSYS. 
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(b) 

Fig. 2.3. Flux-linkage profiles of 2004 Prius IPMSM [34]. (a) d-axis flux-linkage. (b) q-

axis flux-linkage. 

In order to adjust the optimal current control to the nonlinearities, different schemes 

have been developed. In [47], a new model is proposed to capture the saturation and 

cross-coupling effects on the flux-linkage profiles. The MTPA condition is deducted 

correspondingly.  
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In [53], a mathematical model is proposed for MTPA trajectory estimation in the stator 

flux linkage synchronous frame. The magnetic saturation and cross-magnetization effects 

are taken into account. The factors in the model can be determined by some simple 

experiments. 

In [49], the local optimization is proposed, aiming at a rough approximation of the real 

behavior. However, this algorithm can only be applied to the machines with small 

saturation because it still uses the constant values for the machine’s parameters. 

In [54], an adaptive self-tuning controller is presented. The MTPA control works with 

the adaptive parameter estimator. The algorithm loses some accuracy because the d-axis 

inductance is assumed to be constant. 

In [55], the operating point on MTPA locus is tracked by current injection. A 

component of the input power with the signal injection is proportional to the 

differentiation of the torque with respect to the phase angle. Once the component is 

extracted and controlled as null, the MTPA operation can be guaranteed. The method is 

independent of motor’s parameters.  

In [56], the LUTs of the permanent-magnet flux-linkage, the d- and q-axis inductances 

are built to depict the nonlinearities of the IPM motor. The distortion of the MTPA, 

MTPV, and the voltage limit ellipse is analyzed, as shown in Fig. 2.4. A new optimal 

operating plane based on the LUTs is generated.  
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Fig. 2.4. Comparison of the optimal operating plane with or without motor parameter 

changes [56]. 

In [44], the extended MTPA control is proposed in the entire torque-speed range. 

Instead of figuring out the exact values for Ld, Lq, and Λpm, the method searches for the 

current reference that minimizes the copper loss within the current and voltage constraints 

based on the measured d- and q-axis flux-linkage profiles.  

2.5 Summary 

This chapter introduces the fundamental knowledge of the optimal current control of 

IPMSM. The conventional IPM model is described. MTPA, MTPV, and FW control 

strategies with constant parameters are presented. The optimization constraints are 

studied. The determination of the optimum current reference in the operating plane based 



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

29 

 

on different motor design is researched. The strategies of generating the optimal current 

reference with variable parameters are reviewed.  
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Chapter 3 

Maximum Torque-Per-Ampere Fitting and Torque 

Estimation Technique Based on a New Flux-Linkage 

Model for Interior Permanent Magnet Synchronous 

Machines 

3.1 Introduction 

In [1], [12], [57] MTPA is well explained by using the conventional motor model. In [57], 

a linear torque control strategy based on MTPA is proposed. A second-order 

approximation is applied for high-order equation by assuming that all the parameters of 

the machine, such as the d-axis and q-axis inductances, are constants. However, the 

conventional IPM motor model with constant parameters is not appropriate for the real 

machines since the d-axis and q-axis flux-linkage profiles are nonlinear as shown in Fig. 

2.3. In practical applications, the development of the MTPA and torque estimation should 

include the self- and cross-coupling effects on the inductances [30], [58], [59], which are 

obtained from either the finite element analysis (FEA) or experimental results [34], [43], 

[53], [56].  

    In [53], a mathematical model is proposed for MTPA control considering the 

nonlinearity of the inductances. The parameter estimation is obtained from the 

measurement of MTPA locus.  
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    In [34], the FEA simulation results of the d-axis and q-axis flux-linkages are used to 

minimize the copper loss. The method is accurate enough to find the optimal current 

reference and identify the torque. Nevertheless, it cannot work if the machine’s geometry 

and other information are unavailable for FEA simulation.  

    In [56], the look-up-tables (LUTs) are built to depict the behavior of the machine. The 

d- and q-axis inductances and the permanent-magnet flux-linkage are obtained by using 

the measured data to fit the flux profile. Although experiments can be done to quickly 

search for the optimal current reference on different current circles, the torque sensor 

might not be available on the test bench.  

    In [43], a model with respect to the current is proposed to identify the inductances by 

considering the saturation and cross-coupling influences. However, the model is too 

complicated to implement online.  

    In [49], the local linearization technique is proposed to fit the MTPA and torque. The 

d- and q-axis inductances, permanent-magnet flux-linkage and pole pair are calculated by 

using the data at the rated and demagnetization operating points. However, this algorithm 

can only be applied to the machines with small saturation.  

    The self-tuning control strategy based on the online estimation of the motor’s 

parameters are studied in [54], [60], [61]; but, the algorithm involves the selection of the 

gains in the adaptation laws. 
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    In [62], the difference between the reference power and output power is used to 

identify the inductances. However, the simulation results show the estimation errors may 

make MTPA fail.  

    The signal injection method is introduced in [55], [63]–[65]. A fuzzy-logic-based 

MTPA speed control strategy is illustrated in [66]. These types of control schemes are 

independent of the parameters. Nevertheless, it generates torque ripples and the searching 

convergence can be time-consuming. 

    In this chapter, a mathematical flux-linkage model is proposed to fit the nonlinear flux-

linkage profiles of IPMSM. Both saturation and cross-coupling impacts are considered. 

With twelve constant coefficients, the model can easily capture the behavior of the 

machine by using the measured flux-linkage information at only nine scattered operating 

points. The MTPA and electromagnetic torque estimation can be fairly achieved by the 

implementation of some simple experiments instead of FEA simulation. The merit of the 

proposed algorithm lies in the feasibility without the machine’s design information and 

the use of torque transducer. The simplicity of the proposed model enables the real-time 

implementation of the torque identification. The simulation and experimental validation 

have been done for the proposed algorithm.  

3.2 MTPA Fitting and Torque Estimation Based on the Conventional 

IPMSM Model with Constant Parameters 
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Due to the nonlinearity of the flux-linkage profiles, the MTPA control for the practical 

use of IPMSM can be expressed in (3.1) [34]. 

    Minimize  

 
                               

2 2

do qoi i

 

(3.1) 

    Subject to 

  
3

0;
2

e d qo q doT P i i   

 

 

 
                               

2 2 2 .do qo ami i I 
 

 

In simulation, FEA flux-linkage profiles of an IPM motor are imported and MATLAB 

optimization toolbox is adopted to solve the problem. The resultant MTPA locus is shown 

as a solid black curve in Fig. 3.1. 

In order to obtain the optimal current reference in (3.1), the flux-linkage data 

throughout the operating map is needed. However, this method relies on the parameters of 

the machine. The knowledge of machines, such as the geometry and material, might be 

unavailable. On the other hand, a torque sensor might not be available for the 

experiments. In fact, a simpler way can be achievable by using the known IPMSM model. 

A set of constant parameters needs to be found so that the proposed model with the 

constants has the key traits as the real machine does. If the appropriate approximation is 

obtained, good MTPA control and fair torque estimation still can be realized without the 

design information of IPMSM known. 
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Fig. 3.1. Characteristic comparison between the conventional motor model and FEA 

data. 

The optimization problem shown in (3.2) is established for such purpose by using the 

conventional IPM motor model. 
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    Minimize  

        
2 22 2

dr drc qr qrc dh dhc qh qhc          
 

(3.2) 

    Subject to 

 
      

  2 2 0pm dr q d qr dri L L i i    

 

 

where idr, iqr, Λdr, Λqr, Λdrc, and Λqrc are the d-axis current, q-axis current, real d-axis flux-

linkage and q-axis flux-linkage, and the calculated d- and q-axis flux-linkages at the rated 

operating point where MTPA control in (3.1) and the current limit circle meet, based on 

(2.1) with the fitted inductances; Λdh, Λqh, Λdhc, and Λqhc are the real d-axis flux-linkage 

and q-axis flux-linkage, and the calculated d- and q-axis flux-linkages based on the 

conventional motor model at the intersection of MTPA and the current circle whose 

amplitude is half of the current constraint. 

    In this method, only the data of two operating points are involved to solve (3.2). The 

goal is to minimize the total squared error between the actual and fitted flux-linkage. The 

optimization constraint is that the fitted MTPA locus must go through the rated operating 

point. A set of constant d-axis inductance, q-axis inductance, and the permanent-magnet 

flux-linkage can be found for this purpose. It should be noted that the MTPA locus in 

(2.8) actually is a hyperbola with the asymptote slope of -1 as shown in (3.3). If the curve 

of MTPA in (3.1) is distorted towards the direct axis by the nonlinearity of the machine, 

the fitted MTPA locus cannot go through the rated operating point because of its fixed 

slope. 
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(3.3) 

The MTPA and torque identification generated by the conventional IPM motor model 

with the fitted constant parameters are plotted in Fig. 3.1. MTPA based on (3.1) and 

constant torque loci based on FEA data are drawn in the same figure. Even though the 

MTPA loci fit each other well, the mismatch between the estimated torque and the one 

based on the FEA data is still obvious. 

Due to the saturation and cross-coupling effects of IPMSM, the conventional motor 

model with constant parameters is unable to adapt itself to the real machine, as shown in 

Fig. 3.2. It could work only if the parameters in (2.1) are considered as the functions of d- 

and q-axis current.  
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(b) 

Fig. 3.2. Flux-linkage fittings with the conventional motor model. (a) d-axis flux-

linkage. (b) q-axis flux-linkage. 
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3.3 MTPA Fitting and Torque Estimation Based on a Fitting Flux-

Linkage Model with Constant Parameters 

 Proposed Fitting Model for Flux-Linkage 3.3.1

Considering the saturation and cross-coupling effects on the flux-linkage profiles of an 

IPM motor, a fitting model for the flux-linkage in a generalized form is proposed as 

shown in (3.4). Because the d-axis flux-linkage is the even function of the q-axis current 

and Λq is the odd function of iqo, the absolute value is used and the sign of q-axis current 

indicates in which quadrant the IPMSM operates, hence equation (3.4) work both in the 

motoring mode and generating mode. 

 
   

'

'sgn

d d d do d qo dqo d dqo

q qo q q qo q do dqo q dqo

k l i m i

i k l i m i

     


     

i H i

i H i
 

(3.4) 

where, 
do

dqo

qo

i

i
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d d

d

d d

h h

h h

 
  
 

H , 
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21 22

q q

q

q q

h h

h h

 
  
 

H . kd, kq, ld, lq, md, mq, hd11, hd12, 

hd21, hd22, hq11, hq12, hq21, and hq22 are constant coefficients. 

Compared to the conventional flux-linkage model in (2.1), the proposed model in (3.4) 

has some additional components. kd refers to the permanent-magnet flux-linkage. kq is 

adopted to generalize the quadrant form of the model and compensate the offset for Λq. 

With a fitting-based technique to minimize the error between the real and estimated flux-

linkage, kq might not be zero. ld and lq correspond to the d- and q-axis self inductances. 



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

39 

 

The introduction of the coefficients md, mq, hd11, hd12, hd21, hd22, hq11, hq12, hq21 and hq22 

help further represent the saturation and cross-coupling effects. It should be noted that the 

proposed model is obtained based on fitting technique and only the approximated 

independent expression of the flux-linkage profile. The factors in (3.4) are not directly 

related to physical parameters of the studied motor so the proposed model cannot be used 

for computing inductance maps. 

 Determination of the Coefficients 3.3.2

Because the q-axis flux-linkage, the electromagnetic torque, and MTPA are symmetric 

with respect to the d-axis, the coefficients in the proposed model can be determined with 

the necessary information only in the motoring mode. The characteristics of the machine 

can be obtained by flipping over along the d-axis from quadrant II into quadrant III. As 

shown in Fig. 3.3, the flux-linkage data at points from ‘1’ to ‘9’ are selected, which are 

marked as ‘+’. Point ‘1’ is located on the current circle with the amplitude of 1/3 of Iam. 

Point ‘2’ is on the direct axis. Points ‘4’ and ‘6’ are on the current circle whose radius is 

2/3 of the maximum phase current. Points ‘3’, ‘5’, ‘7’, ‘8’ and ‘9’ are on the current 

constraint. 

    The determination of the coordinates is processed below: 

    1) Plot three current circles with amplitudes of 1/3, 2/3 and 1 of the maximum phase 

current, respectively. 
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    2) Plot a straight line ‘a’ across the origin and make the angle between the line and the 

direct axis be 45°. It intersects three current circles at points ‘1’, ‘F’ and ‘3’. 

    3) At point ‘F’ draw two lines, ‘d’ and ‘e’, which are perpendicular to the d- and q-axis, 

respectively. They meet the d-axis and the current limit at points ‘2’, ‘8’ and ‘9’. 

4) At point ‘1’ draw two lines, ‘c’ and ‘b’, which are parallel with the d- and q-axis, 

respectively. They meet the bigger two circles at points ‘4’, ‘5’, ‘6’ and ‘7’. 
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Fig. 3.3. Selection of operating points for coefficients’ fitting. 

    The limited selections are responsible for the flux-linkage mapping. Points ‘1’, ‘2’, ‘3’, 

‘4’, ‘5’, ‘7’, ‘8’ and ‘9’ help determine the envelopes of the flux-linkage profiles. Point 
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‘6’ is picked to post more weight in the flux-weakening region. Point ‘4’ and ‘6’ are also 

beneficial to decide the curvature in the middle of the flux-linkage surface. The amount of 

the selected operating points is decided by trial and error. Nine points are the minimum 

quantity that can achieve good fitting. 

With the help of the flux-linkage data at scattered points in Fig. 3.3, the coefficients in 

(3.4) can be determined by solving the optimization problem as shown in (3.5). 

    Minimize  

    
9 9

2 2

1 1

dfi dmi qfi qmi

i i 

       
(3.5) 

where Λdfi and Λqfi are the fitted d-axis and q-axis flux-linkages in the proposed model 

at nine operating points; Λdmi and Λqmi are the measured flux-linkages accordingly. 

‘fmincon’ in Matlab optimization toolbox is adopted to solve the problem. 

 Derivation of Torque Equation and MTPA Condition Based on 3.3.3

the Proposed Model 

The corresponding torque expression can be obtained by substituting the d- and q-axis 

flux-linkages in (3.4) into the torque equation in (2.3). 
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(3.6) 



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

42 

 

where, d1 = hd11 + hd12, d2 = hd21, d3 = hd22, q1 = hq11 + hq12, q2 = hq21 and q3 = hq22. This 

torque expression is valid only for average torque calculation. 

Substituting id = - Ia ∙ sinβ and iq = Ia ∙ cosβ into (3.6), make the derivative of the 

resultant expression of (3.6) with respect to the excitation angle β be zero. Then 

substituting the d- and q-axis currents back into MTPA condition, the copper-loss 

minimization control can be obtained as shown in (3.7). It should be noted that although 

there are fourteen coefficients in the proposed flux-linkage model in (3.4), for MTPA 

control and torque estimation only the sum of hd11, hd12, and hq11, hq12 matters in (3.6) and 

(3.7). In other words, there are twelve constant factors to be determined in section 3.3.2 

instead of fourteen, which are kd, kq, ld, lq, md, mq, d1, d2, d3, q1, q2, and q3. 
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(3.7) 

The solutions to this cubic equation [67] for the optimal d-axis current reference are 

derived in (3.8). 
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where, 
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    Apparently, different combinations of the coefficients lead to different roots. Even with 

the same factors, three roots results in three different loci. It is necessary to distinguish 

which one is the desired current reference. A simple way is to substitute iqo = 0A into ido1, 
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ido2, and ido3 listed in (3.8). In this case, the d-axis current reference is supposed to be zero 

in accordance with the principle of MTPA control. For example, substitute a set of fitted 

factors into (3.8) when q-axis current is zero. Zero ampere is obtained in the second root. 

Then, the optimal d-axis current can always be derived by substituting different q-axis 

currents into the root ido2 according to the applied constants. 

 Implementation of MTPA Fitting and Torque Estimation Based 3.3.4

on the Proposed Model 

The application of the proposed algorithm should be followed in several steps: 

    1) Monitor the d- and q-axis voltage references at nine specific operating points under a 

certain speed. Higher speed is preferred because the stator resistor is less influential on 

results. But the speed needs to be lower than the base speed since some of the points are 

on the current limit circle. 

2) Calculate the flux-linkages for each spot by using the equations (3.9) and (3.10). 

 
q s qo

d

e

v R i




 

 

(3.9) 

 
s do d

q

e

R i v




 

 
(3.10) 

    3) Substitute the measured data into (3.5) in order to find the appropriate coefficients. 

The curve-fitting tool can be used to set the initial values of the twelve coefficients in the 

optimization problem. 
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    4) Substitute the fitted factors into (3.8) with zero q-axis current. Figure out which root 

can result in zero d-axis current and use that root to obtain MTPA locus. 

    5) Equation (3.6) can be applied for real-time torque estimation. If the speed control 

loop is adopted in the control system, (3.8) can be directly used to determine the optimal 

current reference. In order to reduce the online computational complexity, a second-order 

polynomial can be used to depict MTPA instead of using (3.8), after the relationship 

between d- and q-axis currents based on the experimental data is built. 

3.4 Simulation and Experimental Results 

In order to validate the proposed algorithms in a comprehensive manner, two electric 

machines, including one 2004 Prius IPMSM and one motor prototype, are used. 
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    The fitting result of the coefficients for 2004 Prius IPMSM is listed in Table 3.1. The 

estimated and the actual flux-linkage profiles are shown in Fig. 3.4. The torque estimation 

error map is plotted in Fig. 3.5. The algorithms are proposed for IPMSM commissioning 

without the torque sensor in the system. Thus, in this section, the torque estimation error 

is defined as the full-scale error, 
max

100%estimate measuredT T

T


 . These results show that the 

torque estimation is significantly improved by the proposed algorithm compared to the 

conventional torque estimation method as shown in Fig. 3.6. The values of the d- and q-

Table 3.1. Coefficient fitting results for PRIUS 2004 IPMSM. 

Coefficient Value Unit 

kd 0.1725 Wb 

kq 0.0302 Wb 

ld 0.0015 H 

lq 0.0034 H 

md -6.91×10
-5

 H 

mq 1.02×10
-4

 H 

d1 2.86×10
-7

 H/A 

d2 -2.48×10
-6

 H/A 

d3 -5.07×10
-7

 H/A 

q1 -1.83×10
-7

 H/A 

q2 2.82×10
-7

 H/A 

q3 -8.78×10
-6

 H/A 
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axis inductances and permanent-magnet flux-linkage in Table 3.1 are used in the 

conventional method. Due to the mismatch of the flux-linkage, the conventional torque 

estimation method leads up to 75% estimation error; however, the largest torque 

estimation error based on the proposed method is only 5%. 
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(b) 

Fig. 3.4. Flux-linkage comparison between the proposed model and Prius 2004 IPM 

motor: (a) Λd. (b) Λq. 
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Fig. 3.5. Torque estimation error (%) of Prius 2004 IPMSM based on the proposed 

model. 
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Fig. 3.6. Torque estimation error (%) of Prius 2004 IPMSM based on the conventional 

model. 

The algorithm also has been adopted to characterize a real IPM motor. The experiment 

kits are shown in Fig. 3.7. An NEMA induction machine is used as the dyno motor. 

YASKAWA A1000 is applied to drive the induction machine. The IPM motor under test 

has ten poles. Its maximum output power is 12kW and the peak phase current is 70A. The 

stator resistance is 0.1Ω. Infineon HybridPACK
TM
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the source of the position feedback. An A/D conversion chip with 12-bit resolution is 

connected to the outputs of the current sensors. In order to validate the torque estimation 

and MTPA fitting a torque transducer is installed between the dyno machine and the IPM 

motor, whose full-scale measurement error is ±0.5%. 

IPM 

machine
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Fig. 3.7. Test bench. 
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Due to the impact of the voltage estimation on the estimation of the flux-linkage 

profiles, several methods are applied to decrease the error between the actual voltage and 

the voltage reference. Firstly, the time delay between the voltage command and the output 

voltage is taken into account. Secondly, the voltage references are sampled and filtered by 

the low-pass filter (LPF) in steady-state. Thirdly, the inverter’s nonlinearity is 

compensated. Fig. 3.8 shows the estimated voltage, measured line-to-line voltage and its 

fundamental component when -16.5A and 16.5A are injected into the d- and q-axis at 

2400rpm. Fig. 3.9 shows the comparison between the voltage measurements and 

references at nine selected operating points. 

 

Fig. 3.8. Voltage measurement and estimation at operating point 1. 
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Fig. 3.9. Voltage comparison at the selected operating points. 

Tests have been done to examine the variation of the data. Fig. 3.10 shows the flux-

linkages calculated by substituting the measurements into (3.9) and (3.10) at nine 

operating points in 30 Monte Carlo runs. In Fig. 3.11, the variances at each operating 

point are plotted. The variation of the measurements is negligible. Substitute a random set 

of the flux-linkage data into (3.5) and twelve coefficients can be obtained by using 

fmincon in Matlab. The factors’ fitting results are listed in Table 3.2. 
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Table 3.2. Coefficient fitting results for IPMSM under test. 

Coefficient Value Unit 

kd 0.0725 Wb 

kq 0.0039 Wb 

ld 0.0014 H 

lq 0.002 H 

md 7.36×10
-5

 H 

mq -6.90×10
-5

 H 

d1 2.68×10
-6

 H/A 

d2 -4.40×10
-6

 H/A 

d3 -8.75×10
-7

 H/A 

q1 -2.0×10
-6

 H/A 

q2 -7.89×10
-9

 H/A 

q3 -9.66×10
-6

 H/A 
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(a) 

 

(b) 

Fig. 3.10. Measured flux-linkage at the selected operating points: (a) Λd. (b) Λq. 
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Fig. 3.11. Sample variances. 

 

Fig. 3.12 shows the flux-linkage comparison between the proposed model and the 

motor under test in both motoring mode and generating mode. In the figure, the black 
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parameters listed in Table 3.2. The blue and red symbols are the measured flux-linkages. 
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(b) 

Fig. 3.12. Flux-linkage comparison between the proposed model and the real IPM 

machine: (a) Λd. (b) Λq. 
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at the phase currents of 50A and 65A, it only brings torque reduction of 0.1Nm. Thus, the 

desired copper-loss minimization control can be accomplished by the proposed model. 

 

Fig. 3.13. Phase angle vs. measured torque. 
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Fig. 3.14. Torque estimation error (%) of IPMSM under test based on the conventional 

flux-linkage model. 
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Fig. 3.15. Torque estimation error (%) of IPMSM under test based on the proposed flux-

linkage model. 
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Substitute the coefficients in Table 3.2 into (3.6) then the torque identification based on 

the proposed flux-linkage model can be accomplished. The estimation accuracy map is 

shown in Fig. 3.15. The maximum error of torque identification is only 5% in both 

motoring and generating regions. The torque estimation accuracy is enormously enhanced 

compared to the conventional IPMSM model.  

3.5 Conclusions 

A virtual flux-linkage model for IPMSM with constant coefficients is proposed with the 

aim to fit MTPA control and estimate the torque. By using the flux-linkage data at nine 

specific operating points, the factors in the model can be determined. During the process, 

only a few simple experiments are involved. In other words, the flux-linkage nonlinearity 

of an IPM motor directly bought from the manufacturer can be characterized without 

FEA analysis because the model is independent of the detailed information of the 

machine. Compared to the conventional IPM motor model with constant parameters, the 

proposed flux-linkage model can offer much better torque estimation in both motoring 

and generating modes by considering the saturation and cross-coupling effects in the 

machine. The simplicity of the flux-linkage model enables the real-time torque 

estimation. According to the experimental results, the fitted MTPA locus can offer the 

maximum torque at certain phase current. The torque estimation error of the tested IPM 

motor is significantly reduced from 20% by using the conventional IPMSM model to 5% 

by adopting the proposed model. Except for the applications, in which high-accuracy 
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torque control, such as automotive, is required, the proposed algorithm can be used for 

online torque identification with fair precision.  
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Chapter 4 

Loss Minimization Control Based on Proposed Model 

for Interior Permanent Magnet Synchronous 

Machine Drives with Constant Parameters 

4.1 Introduction 

High efficiency is always the pursuit of the researchers and engineers. Even though the 

permanent magnet synchronous machine is famous for its high power density and high 

power factor, when it is used for continuous long-time operation, the efficiency becomes 

an important target in the system design.  

Loss minimization control (LMC) aims at minimizing the electrical loss in IPMSM 

drives. It can be classified into two categories: the search-based and loss-model-based 

algorithms. In both methods, the total electrical loss of IPMSM is selected as the 

optimization objective and then optimal current references are selected by solving this 

optimization problem. In the search-based algorithm, the optimal current references are 

selected by searching the operating plane in a certain manner, which is independent of the 

loss model and doesn’t require the motor parameters [17]–[19], [29], [68]–[71]. However, 

it suffers from poor computational efficiency, sensitivity to disturbances and poorer 

torque ripples [15]. Compared to the search based algorithm, the loss-model-based 
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algorithm is much more time-efficient, but it is difficult to obtain the analytical solution 

to the optimization problem [25]–[29], [72]–[74].  

    The control of IPMSM drives should be based on the accurate model. In order to 

improve the accuracy of the IPMSM models,  the core losses are represented as an 

equivalent core-loss resistor connected to the flux-linkage in parallel in the dq equivalent 

circuit models in [32], [36], [43], [45], [46], [75]–[79]. In addition, the loss and the 

voltage drop of the inverter should also be considered for accurate modeling of IPMSM 

drives.  

In this chapter, a novel model of IPMSM drive with all the losses considered, including 

the copper loss, iron losses, and inverter loss, is proposed. Based on the model, the loss 

minimization control and the optimization constraints are studied. Firstly, the analytical 

solution to the optimal current in the flux-linkage branches for given torque and speed is 

provided. Secondly, the optimization problem with respect to the winding current is 

formulated within the operating constraints. The strategy to prove the optimality is 

presented. Thirdly, the influence of the stator-winding, inverter-loss and core-loss 

resistance on the current and voltage limits with respect to idq and idqo is analyzed, 

respectively. Lastly, simulation results are provided to validate the proposed algorithms. 

4.2 Proposed Model for IPMSM Drives 

 Losses in IPMSM Drive System 4.2.1
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The power flow of IPMSM drives is shown in Fig. 4.1. The electrical input power is 

consumed by the inverter and IPMSM as loss power before it is transformed into the 

mechanical output power. 

inP

electrical input power

inverter loss

copper loss
iron loss

mechanical loss

output power

InvP
CuP

FeP
mP

outP

 

Fig. 4.1. Power flow of IPMSM drive system. 

    IPMSM has high power density because it has the reluctance torque and no rotor 

copper loss. The losses of the IPM machine can be categorized into electrical loss and 

mechanical loss Pm. The electrical loss includes the copper loss PCu and iron loss PFe. The 

stray loss of IPMSM is generated by the non-uniform current distribution and magnetic 

flux distribution [33], [80]. Generally, it only accounts for 3-5% of the total loss of the 

machine [80] and thus the stray loss is ignored for modeling.  
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 Proposed Steady-State Equivalent Circuit Model of IPMSM 4.2.2

Drives  

Based on the power flow, the equivalent circuit for IPMSM drives in steady-state is 

shown in Fig. 4.2. 
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(b) 

Fig. 4.2. The proposed equivalent circuit of IPMSM drives. (a) d-axis. (b) q-axis. 
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In the circuits, vd and vq are the voltage inputs of the inverter. RInv is the equivalent 

inverter-loss resistance. Because the core loss is generated by the rotating flux-linkage, 

the equivalent resistance Rc is placed across the flux-linkage branch in parallel. The flux-

linkage expression is written in (4.1). Compared to (2.1), idq is used in the equation. The 

steady-state voltage equation is listed in (4.2). 

 
0

0 0

dd d pm

q q q

iL

L i

        
                

(4.1) 

  
dod q

s Inv e

q qo d

iv
R R

v i


    
      

      

(4.2) 

where, id an iq are the d- and q-axis current contributing to flux-linkage generation. They 

flow in the flux-linkage branches as shown in Fig. 4.2. 

    The power flow in IPMSM drive system is expressed by (4.3). 

 in Inv Cu Fe m outP P P P P P    

 

(4.3) 

where, 
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 2 2 2

3
;

2

e d q

Fe

c

P
R

  


 
(4.7) 

 ;m fric mP T 

 
(4.8) 

 .out o mP T 
 

(4.9) 

Where PIGBT_conduction, Pdiode_conduction, PIGBT_switching, Pdiode_switching are the conduction losses 

and switching losses of IGBT and diode, respectively; Pin is the electrical input power; 

PInv is the inverter loss; Tfric and To are the friction torque and mechanical output torque, 

respectively.  

The resultant torque on the shaft can be calculated as shown in (4.10). 

  
3

2
o d q q d fricT P i i T   

 

(4.10) 

where, 

 ;
e q
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i i
R

 
 

 

(4.11) 

 .e d
q qo

c

i i
R

 
 

 (4.12) 

    It should be noted that all the parameters in the proposed IPMSM drive model, such as 

RInv, Rc, Ld, Lq, and Λpm, in this chapter are considered as constants. 
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4.3 Loss Minimization Control with Respect to the Current in the Flux-

Linkage Branch 

 Unconstrained Loss Minimization Control 4.3.1

In order to achieve high efficiency, for the given torque and speed, the power loss should 

be minimized. In the proposed the loss minimization control algorithm, the total electrical 

loss of the IPMSM drives is selected as the optimization objective. 

According to the equivalent circuit shown in Fig. 4.2, the analytical expression of the 

optimal current that contributes to the flux-linkage generation can be derived. First of all, 

the total electrical loss PE is defined by (4.13). 

 E Inv Cu FeP P P P  

 

(4.13) 

Substitute (4.6), (4.7), (4.11) and (4.12) into (4.13), the total electrical loss with respect 

to idq can be obtained as shown in (4.14). 
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(4.14) 

    In steady-state, the machine’s torque and speed are constant. The torque equation 

(4.10) can be transformed as shown in (4.15). 
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where, 
* .e e fricT T T 

 

Te
*
 is the torque command. 

Substitute (4.15) into (4.14), then the total electrical loss becomes a function of id. If 

0E

d
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 is taken as the loss minimization condition, the optimal d-axis current can be 

obtained by solving the equation (4.16) as shown below. 
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By changing the variables the quartic equation can be factorized into two quadratic 

equations [81]. The optimal d-axis current reference can be written as a function of the 

torque and speed. 
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where, 

 

                    

2

2

8 3
;

8

ac b

a





 

 

 

                    

3 2

3

4 8
;

8

b abc a d

a


 


 

 

 

                    

01 2 1
;

2 3 3
S Q

a Q




 
    

 
 

 

 

                    

2 3

1 1 03
4

;
2

Q
   



 

 

 

                    

2

0 3 12 ;c bd ae   

 

 

 
3 2 2

1 2 9 27 27 72 .c bcd b e ad ace     

 

 

    Specific judgment should be done to select the proper d-axis current references from 

four roots, which is supposed to be negative real. Once the parameters are defined, which 

root is the appropriate solution is determined. The corresponding optimum q-axis current 

reference can be obtained from equation (4.15). 
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 Optimization Constraints 4.3.2

With the equivalent inverter-loss and core-loss resistance introduced into the equivalent 

circuit, the current and voltage limits in (2.4) and (2.5) are transformed into (4.18) and 

(4.19), respectively. 
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where, 
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Both current and voltage constraints become the distorted ellipses. The shifted center, 

rotation angle, major axis, and the minor axis of the constraints are listed in (4.20)-(4.23), 

respectively. 
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 Simulation Results 4.3.3

The proposed LMC algorithm is validated in simulation. The parameters of the IPMSM 

are listed in Table 4.1. 

In Fig. 4.3 the top figure shows the electrical losses versus id at different electrical 

angular speed under 100Nm constant torque. The MTPA, MTPV, and LMC loci at 

different speeds are plotted at the bottom in Figure 4.3. The 100Nm torque curve has four 

intersections with the LMC loci. The ‘*’ points mark the minimum electrical losses at 

certain speed. They correspond to the intersections ‘+’ of the constant torque locus and 

the LMC loci. It indicates that the current references decided by the proposed LMC 

algorithm produce the minimum electrical loss of the machine. It should be noted that the 

voltage limit is not considered in Fig. 4.3. 
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Different values for the core-loss resistance have been applied. When the resistance is 

larger, the LMC locus stands closer to MTPA curve due to less core loss and the copper 

loss accounts for the larger proportion of the total electrical losses. Thus, the optimum 

current reference is close to the one optimized by MTPA control. On the contrary, when 

the equivalent core-loss resistance is smaller, the LMC locus moves farther away from 

MTPA curve. 

Table 4.1. IPMSM parameters. 

Parameter Value Unit 

Pole pair 3 N/A 

Rs 0.0236 Ω 

RInv 0.0059 Ω 

Λpm 0.07 Wb 

Ld 0.375 mH 

Lq 0.835 mH 

Rc 24 Ω 

Iam 379 A 

Vdc 300 V 
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Fig. 4.3. Electrical loss power vs. d-axis current at 100Nm and the optimal current 

reference map. 
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Fig. 4.4. Current limit with different the iron-loss resistances considered. 
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the core-loss resistor. When the core loss is larger, the equivalent core-loss resistance is 

smaller and the more distortion of the current constraint can be detected. 

Fig. 4.5 shows the influence of the parameters on the voltage constraint. The effect of 

the variation of the stator-winding and inverter-loss resistance on the voltage limit ellipse 

is shown in Fig. 4.5(a). In the figure, Rc is set to infinity. In this case, id = ido and iq = iqo. 

The blue curve represents the voltage constraint, whose center is located on the d-axis, 

neglecting the voltage drop across the resistors and the core loss. When Rs and RInv are 

taken into account, the ellipse rotates counterclockwise and its center is shifted into the 

third quadrant. When the resistance increases, the voltage limit ellipse rotates more and 

shrinks. This occurs because the resistors are connected in series in the equivalent circuit. 

The voltage drop across the resistor grows as the resistance increases. It is easier to reach 

the voltage limit in the motoring mode and more difficult in generating mode. In Fig. 

4.5(b) Rs + RInv = 0.0295Ω. The blue curve shows the voltage constraint considering only 

the resistors in series. The green and red ellipses are drawn with the core loss included. It 

can be seen that when the core loss is considered, the voltage limit ellipse rotates 

counterclockwise; when the equivalent resistance becomes smaller, the ellipse shrinks. 
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(a) 

 

(b) 

Fig. 4.5. Influence of the parameters on the voltage constraint in idq coordinates. (a) The 

stator-winding and inverter-loss resistance. (b) The core-loss resistance. 
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The efficiency comparison between MTPA control and the proposed LMC algorithm is 

shown in Fig. 4.6 and Fig. 4.7. The efficiency calculation is based on 

100%out

out E

P

P P
  


, where the mechanical loss is not included. It should be noted that 

the contours in both figures are not the torque-speed envelopes for the IPM machine. 

Instead, they cover the region where MTPA/LMC can be applied. When the core loss 

considered, more d-axis current is injected for demagnetization. It is why LMC can be 

adopted at higher speed. In this case, the iron loss decreases as the d-axis flux-linkage 

decreases. Compared to MTPA, LMC promises to be more efficient since it considers all 

the electrical losses in the IPMSM drive system. 

 

Fig. 4.6. Efficiency map of MTPA control. 
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Fig. 4.7. Efficiency map of proposed LMC. 

4.4 Loss Minimization Control with Respect to the Stator-Winding 

Current 

The loss minimization control and the operating constraints are presented previously, with 

respect to idq. It is beneficial to provide the interior picture of the IPMSM drives. Besides, 

idq contributes to the flux-linkage generation, and directly affects the torque production. 

However, the physically controllable current is the stator-winding current. The optimal 

phase current can be obtained by substituting (4.17) and (4.15) into (4.11) and (4.12). In 

order to comprehensively analyze the problem, in this section, the optimization problem 

is studied in idqo coordinates within full-speed range, based on the proposed IPMSM drive 

model in section 4.2.2.  
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 Analysis of the Optimization Problem 4.4.1

The optimization plane is shown in Fig. 4.8, in which T1 > T2 and ω1 < ω2. The 

optimization is limited by the current circle and voltage ellipse. The proposed LMC 

curves are plotted in yellow; MTPV is drawn in green; the constant torque loci are in red; 

the current limit circle is in black; and the voltage limit ellipses are in blue. 

Below base speed and within the current limit circle, it is an equality-constrained 

optimization problem:  the optimal current reference will be found to minimize the total 

electrical loss at the given torque. The maximum output torque is limited by the power of 

the IPMSM itself. It means that the optimum current command at point A is determined 

by the machine’s peak current, where the constant torque locus tangentially intersects the 

current limit circle. The voltage limit ellipse at ω1 defines the base speed, ωb = ω1. The 

optimal operating point is located at the intersection of LMC and constant torque locus, 

like point G. 

In the flux-weakening region, both the current and voltage constraints limit the range of 

the feasible operating point. In this case, it becomes a mixed-constraints optimization 

problem. For example, for given torque T2 at ω2, the optimal operating point is point E, 

where the voltage limit ellipse at ω2 and constant torque locus intersect, instead of the 

intersection of LMC@ω2 and T2, which is located outside of the voltage limit ellipse and 

cannot be achieved. 



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

84 

 

Ido

Iqo

MTPV

LMC@ω1

0

A

ω 1

ω 2

C

Current

Circle

Voltage

Ellipse 

D
E G

T1

T2

LMC@ω2

 

Fig. 4.8. Selection of optimal current vector based on proposed IPMSM drive model. 

MTPV can be formulated as the maximization of the electromagnetic torque along the 

voltage limit ellipse, which is also an equality-constrained optimization problem. 

The current limit circle is a round circle and its center is located at the origin, as 

described in (2.4). Compared to the voltage constraint in (2.6), the voltage limit ellipse 

formulated by using the proposed IPMSM drive model is shifted, rotated and distorted. 
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 Loss Minimization Control within Operating Constraint 4.4.2

The analytical model of the loss minimization control for a given torque To
*
 below base 

speed can be formulated as shown in (4.24). 

    Minimize  
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    According to the optimization theory, the constrained optimization problem can be 

transformed into the unconstrained one [82]–[86]. Adding the multiplier μe to (4.24), the 

Lagrange function can be built as shown in (4.25). 

      , , , ,e do qo e e do qo e do qoL i i f i i h i i   

 

(4.25) 

Next step is to substitute the parameters and find the critical point (idoe
*
, iqoe

*
, μe

*
), 

which must satisfy (4.26)-(4.28).  
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The critical point can be the maximum, minimum, or saddle point. Thus, the optimality 

should be examined. It can be implemented by checking the sign of the determinant of the 
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bordered Hessian matrix [82] is positive (maximum), negative (minimum) or no sign 

(saddle point). 
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 Loss Minimization Control in the Flux-Weakening Region 4.4.3

In the flux-weakening region, the current vector can reach the voltage limit boundary. If 

the optimal operating point is located in the voltage limit ellipse, the optimal current 

reference can be obtained as illustrated in section 4.4.2. The voltage limit ellipse shrinks 

as the speed increases. Thus, in FW region the current reference minimizing the losses of 

IPMSM drives can appear at the intersection of the voltage constraint and the constant 

torque locus. The analytical optimization model of LMC in FW region is formulated in 

(4.30). 

    Minimize  

 

 

    
2

2 2 2 2

,

33
                

2 2

e do qo Cu Inv Fe

e
s Inv do qo d q

c

f i i P P P

R R i i
R



  

     
 

(4.30) 

    Subject to 

 

 

   

     

2 2 2

2 2
2

2 2

*

,

               

               0

3
, 0

2

do qo d q am

s Inv do e q s Inv qo e d am

g do g qo g do qo g do g qo g

do qo d q q d fric o

g i i v v V

R R i R R i V

a i b i c i i d i e i f

h i i P i i T T

 

   

               


      


     


 

 

where, 

 
    

 
2

2 2 2;g s Inv e q q e d da R R L m L m    

 

 



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

90 

 

 
    

 
2 2 2 2;g s Inv e d d e q qb R R L n L n    

 
 

     2 22 ;g e s Inv d d q q e d d d q q qc R R L m L n m n L m n L      
 

 
 

 
    

   2 ;g e e d d d d pm q q s Inv e q qd L m L k L k R R L m       
 

 
 

 
    

  22 ;g e e q q q d d pm s Inv e d de L k n L k R R L n       
 

 
 

 
    

 
2

2 2 2 2 .g e q q d d pm amf L k L k V      
    

 

    The Lagrange function can be built by adding the multipliers μfw and λfw into (4.30), as 

shown in (4.31). 
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  * * *, 0fw dofw qofwg i i  
 

(4.35) 

 
* 0fw 

 
(4.36) 

  * *, 0dofw qofwg i i 
 

(4.37) 

    According to the complimentary slackness in (4.35), either λfw = 0 or g(ido, iqo) = 0 at 

the critical point. When λfw = 0, the optimal solution is located within the inequality 

constraint, then the mixed-constraints optimization problem in (4.30) turns into the 

equality-constrained optimization problem in (4.24). The optimum current reference can 

be found by adopting the proposed LMC algorithm in section 4.4.2.  

    When λfw ≠ 0, g(ido, iqo) must be zero. It indicates that the critical point must be located 

on both equality constraint in (4.34) and g(idofw
*
, iqofw

*
) = 0. In other words, the optimum 

current reference vector is on the optimization constraint, where the voltage limit ellipse 

and the constant torque locus intersect. In this case, (4.32)-(4.34), (4.36), and g(idofw
*
, 

iqofw
*
) = 0 must be satisfied at (idofw

*
, iqofw

*
, μfw

*
, λfw

*
). Because Kuhn-Tucker first-order 

condition is only a necessary condition, the optimality needs to be further examined. 

However, there are two states, ido and iqo, and two equality constraints in this case. The 

determinant of the bordered Hessian matrix cannot be used to identify if the critical point 

is a strict local minimum or maximum anymore. The optimality can be checked by the 

characteristic of IPMSM drives. Firstly, once the speed and torque are set, there are only 
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two intersections, where the voltage limit ellipse and the constant torque locus meet. 

These two critical points must be located on both sides of MTPV. Apparently, the one on 

the right side of MTPV is the appropriate one. Secondly, the total electrical loss can be 

calculated by using the cost function in (4.30). The optimal operating point can be 

determined through the loss comparison between these two current references.  

 Maximum Torque-Per-Voltage Control 4.4.4

MTPV appears at the intersection where the voltage limit ellipse and the constant torque 

tangentially intersect, aiming at the maximization of the output torque within the voltage 

constraint at high speed. The optimization model of Maximum-Torque-Per-Voltage 

control at certain speed is formulated in (4.38). 

    Maximize  
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    The corresponding Lagrange function is shown in (4.39). 

      , , , ,v do qo v v do qo v v do qoL i i f i i h i i   

 

(4.39) 

At the critical point (idov
*
, iqov

*
, μv

*
) (4.40)-(4.42) must be satisfied. 
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Again, the determinant of the bordered Hessian matrix at the critical point should be 

calculated to examine whether the critical point is a local maximum. 
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    If the determinant of the bordered Hessian matrix is positive, the critical point (idov
*
, 

iqov
*
, μv

*
) is a local maximum. MTPV is achieved.  

 Voltage Limit Ellipse 4.4.5

In idq0 coordinates, the current limit expression in (2.4) always takes effect. The voltage 

constraint based on the proposed IPMSM drive model with respect to the winding current 

is expressed in (4.44). 

 
   

2 2
2

2 2 0

s Inv do e q s Inv qo e d am

g do g do qo g qo g do g qo g

R R i R R i V
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(4.44) 

The shifted center, rotation angle, major axis, and the minor axis of the distorted 

voltage limit ellipse are listed in (4.45)-(4.48), respectively. 
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 Simulation Results 4.4.6

The parameters in Table 4.1 are used for simulation. 

First of all, the proposed LMC algorithm below base speed is validated. For given 

torque Te
*
 = 200Nm and speed ωm = 1000rpm, substitute the parameters into (4.26)-

(4.28), then the critical point and the Lagrangian multiplier can be obtained at (-

214.7545A, 265.2914A, -34.4629). In order to examine the optimality, substitute (idoe
*
, 

iqoe
*
, μe

*
) into (4.29). The determinant of the bordered Hessian matrix is -0.1392. It 

indicates that the critical point is a local minimum. In Fig. 4.9, the total electrical loss of 

the IPMSM drive under simulation along the constant torque (200Nm) locus is plotted. 

The critical point obtained by the first condition of the proposed optimization algorithm 
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does generate the minimum total electrical loss. The inverter loss, copper loss, and core 

loss are also drawn in the figure. It can be seen that below base speed, the copper loss is 

dominant. The core loss decreases as more negative d-axis current is injected. 

 

Fig. 4.9. Validation of the proposed LMC algorithm below base speed. 

Secondly, the proposed LMC algorithm in the flux-weakening region is tested. At Te
*
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point 1 shown in Fig. 4.10(a) indicates the optimal current vector. The latter solution can 

be excluded easily. Firstly, it lies on the left side of MTPV. Secondly, it is located outside 

of the current limit circle. Thirdly, from the loss-power contours, it can be seen that the 

total electrical loss at critical point 2 is much bigger than the loss at point 1. Fourthly, the 

latter solution doesn’t satisfy the condition in (4.36) because the Lagrange multiplier of 

the inequality constraint is negative. It should be noticed that the total loss decreases 

when smaller d-axis current is applied along the constant torque locus@90Nm. It makes 

sense that the optimal current reference is on the voltage limit ellipse because the current 

vector cannot be applied outside the constraint. In Fig. 4.10(b), the electrical losses at 

5000rpm along constant torque curve@90Nm are shown. Apparently, the core loss takes 

more proportion at high speed, especially when the negative d-axis current is small. The 

optimum operating point is located on the left of the operating point where the minimum 

total electrical loss is produced due to the voltage constraint. 
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(b) 

Fig. 4.10. Validation of the proposed LMC algorithm in FW region. (a) Total loss 

power contours@5000rpm. (b) Electrical losses along constant torque locus@90Nm. 
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Fig. 4.11. Validation of the proposed MTPV. 

     Thirdly, the MTPV control based on the proposed IPMSM drive model is validated. At 

To = 72Nm and ωm = 7000rpm, substitute the parameters into (4.40)-(4.42), then the 

current reference and the Lagrangian multiplier can be obtained at (-274.2382, 80.3217A, 

-0.0015). The optimality can be examined by substituting (idov
*
, iqov

*
, μv

*
) into (4.43). The 

determinant of the bordered Hessian matrix is 1096.6. It indicates the critical point is a 

local maximum. In other words, along the voltage limit ellipse, the current vector that can 

generate the maximum torque has been found. As shown in Fig. 4.11 the critical point is 

located at the intersection, where the constant torque locus (72Nm) and voltage limit 

ellipse at 7000rpm tangentially intersect. 

-400 -350 -300 -250 -200 -150 -100 -50 0
-100

-50

0

50

100

150

200

I
do

 (A)

I q
o
 (

A
)

 

 
Current limit circle

T
o
=72Nm

Voltage limit ellipse @7000rpm

Critical point



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

101 

 

Fourthly, the influence of the resistance on the voltage limit ellipse is analyzed in the 

coordinates representing the d- and q-axis stator-winding current. The influence of the 

stator-winding and equivalent inverter-loss resistance on the voltage constraint is same 

with Fig. 4.5(a). As Rs and RInv increase, the ellipse rotates counterclockwise and shrinks. 

In Fig. 4.12 it shows the impact of the variation of the core-loss resistance on the voltage 

limit ellipse. The stator and inverter-loss resistance are set to zero ohm. According to the 

proposed equivalent circuit, the core-loss resistance decreases the current in the flux-

linkage branch. As shown in the flux-linkage equation (4.1), the d-axis flux-linkage 

increases and the q-axis flux-linkage decreases as idq become smaller. The voltage limit 

ellipse rotates counterclockwise as the core-loss resistance decreases, as shown in Fig. 

4.12.  

 

Fig. 4.12. Influence of the core-loss resistance on the voltage constraint in idqo 

coordinates. 
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4.5 Conclusions 

In this chapter, a novel model for the IPMSM drives, including the inverter loss, copper 

loss, and core loss, is proposed. Based on the model, firstly, the analytical solution to the 

proposed loss-minimization problem is developed with respect to the current contributing 

to the flux-linkage generation. Compared to MTPA, the proposed LMC is more efficient 

by considering all the losses in the IPMSM drive system. Secondly, the optimization 

problem with respect to the winding current is formulated. The loss minimization control 

algorithm below and above the base speed, and MTPV control based on the proposed 

model are presented. The influences of the stator-winding, inverter-loss, and core-loss 

resistance on both of the current limit circle and the voltage limit ellipse are explicitly 

analyzed in different coordinates. Simulation is implemented to validate the proposed 

algorithms. However, all the parameters are assumed as constants; all the optimization 

algorithms and the corresponding analysis can only be used for the IPMSM drives with 

small nonlinearity, or be applied in the local region.  
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Chapter 5 

High-Accuracy Torque Control with Loss 

Minimization Considering Nonlinearities in Full-

Speed Range 

5.1 Introduction 

Control accuracy of IPMSM drives is critical to achieving the high performance of the 

whole system. For example, for automotive applications, such as hybrid EV, the total 

torque needs to be precisely distributed between the internal combustion engine (ICE) and 

the electric motors. The torque control error is typically required to be within a few 

percentages. As a result, automotive companies have been making great efforts in 

characterizing the motors and calibrate the controllers to meet such stringent 

requirements. In addition, the high efficiency of the IPMSM drive system is highly 

desired. 

The IPMSM drive model in chapter 4 provides an insight of the accurate modeling. 

However, this model does not include the nonlinearity of motor parameters, limiting its 

practical significance in the high-performance IPMSM drive system. On one hand, the 

feasible operating region can be distorted when the parameters vary within a large range. 

In this case, the optimized current commands with constant parameters can be located 



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

104 

 

outside of the actual voltage constraint, and thus the feedback regulator can be saturated. 

On the other hand, the parameters’ nonlinearities lead to inaccurate torque control. 

First of all, the saturation and cross-coupling effects [30], [58], [59] on the flux-linkage 

profiles should be considered. In [87] the d- and q-axis inductances are built as the 

function of d- and q-axis currents. The permanent flux-linkage is regarded as the function 

of q-axis current. In [88], [89] the inductances are fitted with polynomial approximations.  

However, these methods are not the direct ways to study the machine because from the 

measured data only the flux-linkage profiles can be obtained, not the inductances.  

    Moreover, the inverter loss is not considered [19], [26]–[28], [75], [79], [89]–[93] 

when the flux-linkage is studied. The voltage applied to IPMSM is lower than the desired 

output voltage due to the voltage drop on the inverter. Thus, the estimated flux-linkage 

profiles are inaccurate. In this case, due to the dependency of the flux-linkage, the 

estimated torque and operating constraint may not be precise. 

    In [19], [26]–[28], [90], [91], the iron loss is taken into account. However, only a 

constant value for the equivalent core-loss resistance is applied in the proposed control 

schemes. The flux generated by both current and permanent-magnet flux-linkage affects 

the formation of the iron loss. The core loss is considered as the function of the current 

and the speed [36]–[43], [79], [94]. In [25], [36]–[38], [78], [79], [94]–[96], the core loss 

is formulated as a polynomial of the flux density/flux-linkage with the fundamental 

frequency. In [39], [40], [42], [43], not only the harmonics but also the parameters of the 

machine itself, such as the permeability, the material mass density and the thickness of 

the laminations, are considered to estimate the iron loss.  
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In order to develop the most efficient control scheme for IPMSM drive system, lots of 

studies have been done by the researchers. In [25]–[28], [96], the loss model of the 

machine is adopted and the optimal current references are calculated based on the model. 

However, the variation of the parameters is neglected, which is limiting the accuracy of 

the optimal current reference. For example, when the saturation effect is regarded, the 

MTPA locus runs towards the d-axis [97];  the voltage ellipse is shifted and rotated when 

the stator resistance is included [68]; MTPV curve would be influenced as well because 

both the constant torque locus and the voltage constraint are distorted.  

Thus, if the parameters’ profiles with respect to current and speed can be obtained in 

advance, the model-based algorithm can offer the optimal command under the given 

torque and speed with high accuracy. Preliminary research work was conducted to 

include part of parameter nonlinearity in the models. In [56], the authors considered 

saturation effect of the inductance, but ignored the iron loss. In [88], [98], the core loss is 

included in the algorithm, but simply fitted by some constant coefficients. In [43], all the 

nonlinearities of IPMSM are considered, but the FEA results cannot precisely describe 

the machine’s behavior, especially the core loss.  

    In this chapter, a comprehensive investigation on the nonlinearities in the IPMSM drive 

system is conducted, including the flux-linkage profiles, inverter loss and core loss at 

different current and speed. The detailed procedure to characterize the parameters is 

proposed. The back-fitting based method to accurately estimate the output torque without 

manufacturing the dummy rotor is presented. The influence of the nonlinearities of the 

motor drive on the voltage constraint is analyzed. The torque control scheme is designed, 
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aiming at high-accuracy torque control, fast dynamic response, and high-efficiency 

performance. The proposed methodologies are validated by the experimental results. 

5.2 Conventional IPMSM Modeling Based on the Nonlinear Flux-

Linkage Profiles 

 Flux-Linkage Characterization 5.2.1

Due to saturation and cross-coupling effects on the IPMSMs’ flux-linkage profiles shown 

in Fig. 2.3, inductances Ld, Lq, and Λpm in equation (2.1) are functions of the d- and q-axis 

current. 

    The flux-linkage information can be obtained from FEA simulation. However, the real 

machine’s characteristics might not be the same as the designed due to the deviation 

between the manufacture and the machine design. The flux-linkage can be calculated by 

using the voltage information through experiment, as shown in (3.9) and (3.10). The 

experiments are supposed to be implemented below the base speed so that all the 

operating points within the current limit circle can be contained. The d- and q-axis current 

and voltage signals should be collected when the motor runs in steady-state. 

 Torque Estimation with No-load Torque Compensation 5.2.2
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Based on the conventional IPMSM modeling, one way to estimate the output torque is 

using the nonlinear flux-linkage profiles identified below base speed and the no-load 

torque [44]. Compared to the electromagnetic torque equation in (2.3), the no-load torque 

is compensated in (5.1) for estimation. 

  
3

2
est d qo q do no loadT P i i T    

 

(5.1) 

The no-load torque can be measured at different speeds. Furthermore, the curve-fitting 

technique can be used to characterize the trend of the torque vs. mechanical speed. The 

measured no-load torque of the IPMSM drive system under test and the fitted curve are 

plotted in Fig. 5.1. A simple second-order polynomial is good enough for 

characterization. 

 

Fig. 5.1. No-load torque measurement of the IPMSM drive system under test. 
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    In this way, the saturation and cross-coupling effects on the flux-linkage profiles are 

considered and the compensation to the friction on the output torque is made. However, 

the no-load torque cannot be considered as only the friction torque. The flux-linkage 

produced by the permanent magnet still generates iron loss in the motor’s stator without 

current injection. The mechanical loss should be separated from the iron loss by 

measuring the torque with an unmagnetized dummy rotor, which has the same dimension 

as the IPM machine’s rotor does. Furthermore, the no-load torque is only a constant at 

fixed speed. Thus, it cannot depict the influence of the core loss with different current 

injections on the output torque. 

5.3 Proposed IPMSM Drive Modeling with All Nonlinearities 

Considered 

 Nonlinearities of the Losses 5.3.1

The windings in the stator lead to the copper loss. In this research, the stator resistance is 

considered as a constant. The AC loss due to the eddy current in the coils and the impact 

of the temperature on the copper loss are not included. In an IPMSM drive system, the 

temperature sensors are not a common option because of the high cost and difficulty of 

installation. Thus, the copper loss is assumed to be the function of the RMS current in the 

windings. 
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The core loss of an IPMSM consists of hysteresis loss, eddy current loss and excessive 

loss [32]–[35], [99]. In general, the iron loss is the function of speed and flux-linkage 

[39], [100]. Because of the existence of the harmonics, the iron loss can be expressed as 

shown in (5.2) [34]. 

  2 1.5 1.5 1.5 2 2 2

1,3,4,...

Fe h mi e e mi e c mi e

i

P k i k i k i  




     
 

(5.2) 

where, kh, ke and kc are the coefficients of the hysteresis loss, excessive loss, and eddy 

current loss, respectively. i is the order of the harmonics. 

The inverter loss PInv has two components, which are conduction loss and switching 

loss [101]–[103]. The resistances of the semiconductors are not ideal 0Ω, causing the 

conduction loss in the inverter [104]. The transient non-zero voltage and current result in 

the turn-on and turn-off energy losses [105]. The conduction loss and switching loss of 

the IGBT and diode are shown in the general form in (5.3)-(5.6). 

    
0

_

1
IGBT conductio

T

n ce cv t tP i dt
T

 
 

(5.3) 

    _

0

1
diode conduction

T

f fv t i t dt
T

P  
 

(5.4) 

    _

1

1 swTf

onQ ri offQIGBT switchi i

i

ng fE t E tP
T 

  
 

 

(5.5) 

  _

1

1 sw

diode switching

Tf

onD rri

i

EP t
T 

 
 

(5.6) 



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

110 

 

where, vce (t), vf (t), ic (t), and if (t) are the conduction voltages and currents of IGBT and 

diode, respectively; T is the period of the modulation waveform; fsw is the switching 

frequency; EonQ(tri) and EoffQ(tfi) are the IGBT’s turn-on and turn-off losses at the current 

rise-time tri and fall-time tfi, respectively; EonD(trri) is the diode’s turn-on loss at reverse 

recovery time trri; the switch-off loss in the diode is normally neglected (EoffD ≈ 0). In 

summary, the inverter loss is a function of current, voltage, switching frequency, power 

factor, and modulation index. 

    The mechanical loss results from the friction and windage. The researchers usually 

formulate the loss as the function of mechanical speed, such as a second-order or third-

order polynomial. It cannot be controlled by electrical signals. 

 Parameter Characterization 5.3.2

Because of the nonlinearities in the IPMSM drive system, the parameters in the proposed 

equivalent circuit in Fig. 4.2 should be characterized. Under certain DC bus voltage, the 

flux-linkage profiles, the equivalent inverter-loss, and core-loss resistance are the 

nonlinear functions of the rotating speed, the d- and q-axis current of the IPMSM. Thus, 

the parameters’ characterization is to build the relationship between the arguments and 

dependent variables. 

     The inverter loss can be obtained by estimation or use of the power analyzer, which is 

the difference between the electrical input power and the inverter’s output power. The 

loss profile can be used for the compensation to the flux-linkage calculation. In the 
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experiment, once the voltage and current commands are recorded at a certain speed, the d- 

and q-axis flux-linkage can be identified.  

It is complicated to acquire the core loss in the IPMSM drive system. First of all, the 

mathematical model in (5.2) is not accurate. In FEA simulation the IPMSM is injected 

with pure sinusoidal waveform, but the IPMSMs are usually driven by VSI in practice. 

Besides, there must be some difference between the permanent magnet used in FEA 

software and the one used in the tested prototype. The FEA result of the core loss of a 

12kW IPM motor is shown in Fig. 5.2(a). Fig. 5.2(b) shows the measurement of the sum 

of the core loss and mechanical loss of the IPM machine at 2400rpm. When the 

machine’s rotating speed is fixed, the mechanical loss is invariant. The trend of the 

measured losses can be regarded as the variation of the iron loss with respect to the 

current. Compared to the core loss simulated in Fig. 5.2(a), the trend and the magnitude 

of the measured one in Fig. 5.2(b) are obviously different.  
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(b) 

Fig. 5.2. Losses of an IPMSM at 2400rpm. (a) FEA simulation result of core loss. (b) 

The sum of the core loss and mechanical loss. 
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applied. They produce extra iron loss. As a result, the measured loss is always larger than 

the mechanical loss when 0A q-axis current and negative d-axis current are applied. 

 

 

Fig. 5.3. Measured PFe + Pm and d-axis flux-linkage@2400rpm vs. d-axis current. 
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injected d-axis current generates lots of harmonics especially when the amplitude of the 

current is high. The harmonics bring more core loss to the machine. Thus, the mechanical 

loss cannot be separated from the core loss by setting the flux-linkage to be zero. This is 

because at that point the core loss still exists. 

The most convincing way to obtain the mechanical loss is to make a dummy rotor for 

the IPMSM. Then the iron loss is obtained by using the inverter output power subtracting 

the sum of the copper loss, friction loss, and mechanical output power. 

    Here is the process of the parameters’ characterization for an IPMSM at a certain 

operating point.  

    1) Calculate the inverter loss. The inverter loss can be obtained by using a power 

analyzer and it can be calculated as shown in (5.7). The inverter loss also can be 

estimated according to current, voltage, modulation index, power factor, and switching 

frequency [106]. 

  
3

2
Inv d do q qo inv output measuredP v i v i P    

 

(5.7) 

    where, Pinv-output-measured is the measured inverter output power. 

    2) Calculate the equivalent inverter-loss resistance in the proposed equivalent circuit in 

Fig. 4.2. 
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(5.8) 
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3) The flux-linkage profiles can be established upon the voltage command and the 

current reference. 

 
 q s Inv qo

d

e

v R R i



 
 

 

(5.9) 
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(5.10) 

4) Calculate core loss. 

  2 23

2
Fe inv output measured s do qo m o mP P R i i P T      

 

(5.11) 

5) Calculate the equivalent core-loss resistance. 

 
 2 2 23

2

e d q

c
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(5.12) 

 Back-Fitting Based Torque Estimation Technique 5.3.3

As stated previously, all the information of the nonlinear parameters of the machine is 

required during the process of modeling, including the flux-linkage profiles, the 

mechanical loss, the equivalent inverter-loss and core-loss resistance. Each of them can 

be obtained through experiments, which involve both electrical and mechanical 

operations. Equation (4.10) can be used to calculate the torque on the shaft with the 

separation of the core loss and mechanical loss. Under fixed speed the friction and 

windage loss power is invariant. Thus, if the iron loss and mechanical loss can be 
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regarded as a whole when the motor spins continually, it is not necessary to manufacture 

the dummy rotor. Here is the proposed algorithm to calculate the output torque. 

The characterization of the equivalent inverter-loss resistance and the flux-linkage 

profiles is the same as illustrated in section 5.3.2. It is irrelevant to Rc according to the 

structure of the equivalent circuit shown in Fig. 4.2. The core loss and mechanical loss are 

considered as one variable. As consequence the torque equation in (4.10) can be rewritten 

and a new torque formula is derived as shown below. 
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where, 
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(5.14) 

TFe+fric represents the loss torque caused by both of the iron loss and the mechanical loss. 

It is the function of the d- and q-axis currents, and the motor’s speed. TFe+fric is 

proportional to the difference between the inverter output power and the summation of 
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the copper loss and the mechanical output power at certain speed. Torque equation (5.13) 

is independent of the separation between the core loss and mechanical loss, thus enabling 

the torque to be estimated without manufacturing the dummy rotor. 

5.4 IPMSM Drive Modeling Based on Proposed Model with Speed-

Independent Parameters 

 Experiment-Based Method for Parameter Characterization 5.4.1

In this section, the inverter loss, the core loss, and the flux-linkage profiles are assumed to 

be invariant at different speeds. Here proposes an experiment-based method to build the 

LUTs for the nonlinearities. 3D LUTs for the parameters can be established. Their inputs 

are the d- and q-axis current.  

The experiments can be implemented at one fixed speed. In order to cover the entire 

operating plane within the current limit circle, the operating speed should be chosen 

below base speed. The diagram of the experimental setup is shown in Fig. 5.4. The IPM 

machine under test is coupled with the dynamometer (dyno). The logged data includes the 

d- and q-axis voltage and current commands, DC voltage, DC current, the inverter output 

power, the torque on the shaft, and the mechanical speed. If the power analyzer is not 

available, the calculation of RInv can be implemented by using the estimated inverter loss. 
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The no-load torque is measured and compensated as the friction torque at different 

speeds. 

Dyno
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Fig. 5.4. Diagram of the experimental system. 

The accuracy of the voltage estimation affects the precision of the estimation of the 

flux-linkage profiles. In order to decrease the error between the actual voltage and the 

voltage reference, the voltage references are sampled and filtered by the low-pass filters 

(LPF). The timing of sampling the current and updating PWM is different. Thus, the time 

delay between the voltage command and the output voltage should be taken into account. 

The actual applied voltage can be obtained by rotating the voltage reference as shown in 

(5.15). 
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where, vd
’
 and vq

’
 are the d- and q-axis filtered voltage commands; vd and vq are the d- and 

q-axis voltage output of the controller with phase-shift compensation; θd is the rotation 

angle and its value is ωe / fsw. 

The characterized parameters of the device under test (DUT) at 2400rpm are shown in 

Fig. 5.5. It can be seen that the equivalent inverter-loss resistance decreases as the current 

increases. The saturation and cross-coupling effects on the flux-linkage profiles are 

reflected in Fig. 5.5(b) and Fig. 5.5(c). In Fig. 5.5(d) it shows the variation of the loss 

torque with respect to the current. More q-axis current generates bigger q-axis flux-

linkage, which generates more loss. The increasing loss torque can be observed with 

increasing q-axis current in the figure. The negative d-axis current injection is supposed 

to decrease the d-axis flux-linkage. In fact, the loss is decreased when the negative d-axis 

current is small. However, the loss increases as the d-axis current increases due to the 

harmonics. Thus, TFe+fric firstly decreases then increases, as the negative d-axis current 

increases. 
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(d) 

Fig. 5.5. Parameters’ characterization of the IPMSM drive under test @2400rpm. (a) 

Equivalent inverter-loss resistance. (b) d-axis flux-linkage. (c) q-axis flux-linkage. (d) 

Loss torque TFe+fric. 
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information into equation (2.2). The estimated voltage limit ellipses are plotted in black in 

Fig. 5.6.  

 

Fig. 5.6. Voltage constraints and constant torque loci based on different IPMSM models. 

However, the voltage drop across the inverter is not included in the conventional 

model. With the mapping of the inverter-loss resistance in (5.8), the estimated voltage 
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limit ellipses based on the proposed model in (4.2) are plotted in red in Fig. 5.6. It can be 

seen that when the inverter loss is taken into account the voltage constraint shrinks. The 

EMF voltage accounts for more proportion in the voltage equation at higher speed. Thus, 

the gap between the red curves and the black ones decreases as the speed increases. It is 

not appropriate that a larger operating region is exploited. For given DC bus voltage and 

speed, the current reference outside the actual voltage limit ellipse can be generated based 

on the conventional model. The controller regulates the output to eliminate the error 

between the command and the feedback signal, but the operating point cannot be reached 

in this case. Thus, the oscillation of the control can occur in transient mode, and the 

current feedback controller can be saturated. In other words, the current is out of control. 

The blue curves are the constant torque loci based on the conventional IPMSM model 

in Fig. 5.6. The constant torque curves based on the proposed model are plotted in pink. 

Compared to (5.1), torque equation (5.13) includes the core loss. Thus, in order to 

generate the same output torque, the current reference based on the proposed model is 

bigger than the one based on the conventional model. The gap between two kinds of 

constant torque loci based on different models is dependent on the core loss. It increases 

as the d- and q-axis current increase. 

5.5 Torque Control System Design with Loss Minimization Based on 

Speed-Dependent Parameters 
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 Speed-Dependent Parameters 5.5.1

In the previous section, the parameters are characterized at only one fixed speed. 

However, the nonlinear losses are dependent on both the current and speed. For example, 

when the motor operates at certain DC bus voltage, switching frequency, and load, the 

inverter loss is related to the modulation index and power factor. In other words, with the 

same d- and q-axis current injection, the equivalent inverter-loss resistance varies at 

different operating speeds. For another example, the core loss increases as the electrical 

frequency increases.  

    In Fig. 5.7, the characterized equivalent inverter-loss resistance and the loss torque are 

plotted at different speeds. It can be seen that RInv can increase or decrease with the same 

current when the speed increases. The loss torque grows larger as the mechanical speed 

increases. 
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(b) 

Fig. 5.7. Nonlinear parameters at different speeds. (a) Equivalent inverter-loss 

resistance. (b) Equivalent loss torque TFe+fric. 
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speed, the operating points in the tables should mesh within the current limit circle. 

Above the base speed, the experiments should be done carefully within both current and 

voltage constraints. 

In Fig. 5.8, the estimated voltage limit ellipses based on the proposed model with 4D 

parameter LUTs are plotted in red. The black curves are drawn by using the measured 

output voltage of the current controller. The ellipses in different colors almost coincide at 

3600rpm, 4800rpm and 6000rpm. In other words, for given current command at certain 

speed, the voltage equation (4.2) with characterized parameters can provide precise 

voltage reference for the IPMSM control. If it is used for the current feedforward control, 

the burden of the current feedback regulator can be significantly reduced, and the 

dynamic performance can be improved. 

In Fig. 5.8, the constant torque loci based on the proposed model with 4D LUTs are 

plotted in pink. They match the measurement. Thus, if the torque equation (5.13) with 

characterized parameters is applied for estimation, the high-accuracy torque control can 

be achieved. 
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Fig. 5.8. Voltage constraints and constant torque loci based on the proposed model and 

measurement. 
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When the motor’s parameters change in a wide range, as shown in Fig. 5.7, all the 

optimal curves, voltage limit ellipses and the constant torque loci are distorted compared 

to the ones depicted in chapter 4. The current commands for given torque and speed 

should be recalculated; otherwise, they could be far away from the optimal operating 

points. Besides, the inaccuracy of the operating boundaries can result in unsecured 

operation for the machine. For example, at high speed, if the applied negative d-axis 

current is not big enough, the current vector can be located outside of the voltage limit 

ellipse. It can lead to control oscillation. No matter which situation happens, the burden of 

the current feedback regulators could be increased.  

Based on the LUTs of the equivalent inverter-loss resistance, loss torque TFe+fric, d- and 

q-axis flux-linkage profiles, here proposes the algorithm to obtain the optimal current 

references at different loads and speeds. First of all, the torque-speed envelope should be 

determined. In other words, within the current and voltage constraints, the maximum 

output torque at each speed should be calculated. It can be accomplished by solving the 

optimization problem shown in (5.16). The cost function is built while the machine is 

operating in the motoring mode. 

    Minimize  
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The optimum current reference at each given torque and speed can be found by solving 

the optimization problem in (5.17). The cost function is the total electrical loss in the 

IPMSM drive system. The optimization is constrained by the torque command, current 

limit circle, and voltage limit ellipse.  

    Minimize  
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where To
*
 is the desired output torque. 

However, Rc is included in the cost function of (5.17). In order to eliminate the 

necessity of the separation of the core loss from the mechanical loss, the minimization 

object should be replaced by the total loss of the IPMSM drive. The optimization problem 

is revised and shown in (5.18). 
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The cost function in (5.18) has only one more term, which is the mechanical loss, than 

the optimization object in (5.17). It can be proved as shown below. 
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The solutions to the optimization problems in (5.18) and (5.17) are same. At a fixed 

speed, the mechanical loss is constant. It is only an offset to the cost function. Besides, 

these two optimization problems share the same constraints. In one word, the identical 

Cu Inv Fe mP P P P   
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optimal current reference can be obtained by solving (5.18) as the reference is generated 

in (5.17). In (5.18), the equivalent core-loss resistance is not required for the optimization. 

The proposed algorithm for the optimal current reference generation is easier to 

implement.  

The detailed procedure to obtain the optimal d- and q-axis current reference is shown in 

Fig. 5.9. In the figure, i and j are the indexes referring to different speed and torque, 

respectively; ωmin and ωmax are the minimum and maximum operating speed of the IPM 

machine; Tmin is the minimum operating torque; Tmax(i) is the maximum output torque at 

ith speed; Δω and ΔT denote the speed and torque step length. The optimum current 

references for the DUT are shown in Fig. 5.10. 
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Fig. 5.9. Flowchart of the optimal current command generation. 
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(b) 

Fig. 5.10. Optimal current commands. (a) d-axis current; (b) q-axis current. 

 Torque Control System Design for IPMSM Drives 5.5.3

Based on the proposed algorithms for IPMSM drive modeling, the parameter 

characterization, torque estimation, and loss minimization, here proposes the torque 

control system, aiming at high-accuracy torque control, high efficiency, and fast dynamic 

response. Fig. 5.11 shows the diagram of the proposed control system. The voltage source 

inverter (VSI) converts DC power into AC power to drive the IPM motor. For the closed-
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loop control, the machine’s current and rotor position/speed are monitored. The similar 

structure of torque control system is proposed in [56]. 
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Fig. 5.11. Diagram of the proposed IPMSM drive system. 

The proposed IPMSM drive system contains two control loops. The inner loop is the 

current-control loop and the outer one is for torque control. Both the torque and current 

control include the feedforward and feedback control. The feedforward controllers are 

designed for the fast dynamic response performance. On one hand, the feedforward 

controller can directly output the desired commands for given references. On the other 

hand, when the maximum power output is required, the overmodulation or even six-step 

operation is involved. In this case, the feedback controller can be saturated, thus the 

response of the IPMSM drive becomes slow. The problem can be solved by only using 

feedforward control and disabling the feedback control when the control saturation 

appears. Besides, the utilization of the proposed algorithms enables the feedforward 

controller to output very accurate voltage commands, which significantly reduces the 

current feedback controller’s burden. The feedback controllers are designed to eliminate 
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the steady-state error due to the uncertainty nature of the parameters’ estimation, and 

dynamically regulate the torque and current.  

The 4D LUTs built in section 5.5.1 are used for torque estimation in (5.13) and current 

feedforward control in (4.2) in real time. For the torque estimation, the inputs of the 

parameter LUTs are the machine’s speed, the feedback d- and q-axis current, and the 

outputs are the equivalent loss torque, the d- and q-axis flux-linkage. For the current 

feedforward control, the inputs of the LUTs are the machine’s speed and the d- and q-axis 

current commands, and the outputs are the equivalent inverter-loss resistance, the d- and 

q-axis flux-linkage.  

The optimal current reference within the current and voltage limitation can be found in 

the LUTs for the current optimizer. The tables are established by solving the optimization 

problem in (5.18). Their inputs are the torque control command and the feedback speed. 

The utilization of these LUTs involves the interpolation technique. 

5.6 Experimental Results 

The test bench shown in Fig. 3.7 is used to validate the proposed algorithms. Expect the 

equipment mentioned in chapter 3, YOKOGAWA WT1800 is used to monitor the 

electrical input power and the inverter output power. The high-precision current 

transducer, ULTRASTAB 867, is applied to guarantee the accuracy of the measurement. 

VN1630 is adopted as the physical layer of the CAN bus communication between the 

computer and the control board. The interface software is CANoe 8.1. 
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First of all, the torque accuracy is examined by using the current references in Fig. 

5.12. In this section, torque estimation error is defined as 100%estimate measured

estimate

T T

T


 , and the 

flux-linkage profiles are calculated by using (5.9) and (5.10). When torque equation (5.1) 

is applied, the maximum error of the torque estimation is 6%, as shown in Fig. 5.12(a). In 

most cases, the estimated torque is bigger than the output torque because the core loss is 

not considered in the conventional motor model. However, the no-load torque contains 

the core loss generated by the permanent-magnet flux-linkage. Besides, small negative d-

axis current can decrease the core loss. Thus, in the low-torque region, the error is 

negative. In Fig. 5.12(b), the torque estimation error based on the proposed torque 

equation in (5.13) with 3D LUTs of the parameters is shown. The maximum error is 

reduced to 3%. The method does not consider the parameters’ variation with respect to 

speed. It can be seen that the torque is over-compensated at lower speed and under-

compensated at higher speed. In Fig. 5.12(c), it shows that the maximum torque 

estimation error based on the proposed model with 4D parameter LUTs is only 1.5% in 

full speed range. The high-accuracy torque control is achieved. 

 



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

141 

 

 

(a) 

 

(b) 

-9 -8.5-8.5 -8-8 -7.5-7.5 -7-7 -6.5-6.5 -6
-6

-5.5
-5.5

-5
-5

-4.5
-4.5

-4-4

-4
-3.5-3.5 -3-3

-3

-2.5-2.5

-2.5

-2-2

-2

-1.5
-1.5

-1.5 -1
-1-1

-0.5-0.5

-0.5

0

0 0
0

0.5

0.5 0.5
0.5

1

1

1
1

1.5

1.5

1.5

1.5

2

2

2

2

2

2.5

2.5

2.5

2.5
2
.5

2.5

3

3

3

3.5

3.5

4
4

4.5

4
.5

5 5.5 6

Mechanical Speed (rpm)

O
u

tp
u

t 
to

rq
u

e
 (

N
m

)

1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

5

10

15

20

25

30

35

-3
.5

-3

-3

-2.5

-2.5

-2

-2

-2

-2

-1.5

-1
.5

-1
.5

-1
.5

-1
.5

-1.5

-1
.5

-1

-1

-1

-1

-1

-1

-1

-0
.5

-0
.5

-0.5

0

0

0

0.5

0
.5

0.5

1

1

1

1

1.5

1
.5

1.5

2

2

2

2.
5

2.5

3

33.544.555.566.577.58 9

Mechanical Speed (rpm)

O
u

tp
u

t 
to

rq
u

e
 (

N
m

)

1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

5

10

15

20

25

30

35



Ph.D. Thesis –Yu Miao             McMaster University – Department of Electrical and Computer Engineering 

142 

 

 

(c) 

Fig. 5.12. Torque estimation error (%) of the IPMSM drive under test. (a) Based on the 

conventional IPMSM model with no-load torque compensation. (b) Based on the 

proposed IPMSM drive modeling with 3D parameter LUTs and no-load torque 

compensation. (c) Based on the proposed IPMSM drive modeling with 4D parameter 

LUTs. 

The proposed LMC algorithm is validated and the experimental result is shown in Fig. 

5.13. In Fig. 5.13(a) the tested operating points are selected at 10Nm@1200rpm, 

30Nm@1200rpm, and 10Nm@6000rpm, respectively. The red markers are chosen by the 

proposed optimization algorithm in (5.18). In Fig. 5.13(b) the total losses (Pin - Pout) vs. 

the applied d-axis current at the selected operating points are plotted. It can be seen that 

the loss increase as the speed increases at 10Nm. The total loss becomes bigger as the 
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output torque increases at 1200rpm. The proposed optimization algorithm looks more 

‘efficient’ in the flux-weakening region since the loss is relatively big. At lower speed, 

the optimization looks more ‘flat’. 
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(b) 

Fig. 5.13. LMC validation. (a) Selection of the tested operating points. (b) Total losses at 

the selected operating points. 

 

The efficiency map based on the proposed LMC in (5.18) is shown in Fig. 5.14. The 
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Fig. 5.14. Efficiency map of the IPMSM drive system under test. 

5.7 Conclusions 

All the nonlinearities in the IPMSM drives have been studied. The detailed scheme for 

the parameters’ characterization in the proposed equivalent circuit is illustrated, including 

the d- and q-axis flux-linkage profiles, the equivalent inverter-loss resistance, and loss 

torque caused by the core loss and mechanical loss. The back-fitting based algorithm for 

torque estimation is proposed. The separation of the mechanical loss and the core loss is 

not required for the calculation. The influence of the nonlinearities on voltage limit ellipse 

is analyzed. Compared to the conventional IPMSM modeling, the proposed model offers 

more accurate voltage constraint prediction. The method to obtain the optimal current 

reference based on the 4D parameter LUTs is proposed. The torque control system for 
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IPMSM drives is designed, aiming at high-accuracy torque delivery, high efficiency, and 

fast dynamic response performance. The experimental results reveal that the maximum 

error of the torque control is only 1.5% in the entire torque-speed range. For given torque 

and speed, the minimum total loss is produced.  
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Chapter 6 

 

Conclusions and Future Work 

6.1 Conclusions 

This thesis presents the high-accuracy torque control and estimation for IPMSM drives 

with loss minimization. 

The nonlinear flux-linkage model for IPMSM, aiming at MTPA fitting and torque 

estimation, is proposed. The saturation and cross-coupling effects are considered while 

the model is designed. An optimization problem is formulated to find the constant 

coefficients in the proposed model based on the measured flux-linkage data at only nine 

specific operating points. No selection of weight factors is required in the cost function. 

The proposed algorithm can be implemented without the machine’s information and the 

torque sensor. Both simulation and experiment have been conducted for validation in 

motoring and generating modes. The results show that the desired copper-loss 

minimization control can be achieved. The torque identification algorithm can be used as 

a torque sensor with 5% full-scale error.  

A novel IPMSM drive model is proposed with all the losses considered. The analytical 

expressions with constant parameters for the loss minimization control with respect to the 

different reference current, including the current in the flux-linkage branch and the 
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winding current, are established. How to find the optimal operating point for given torque 

and speed is formulated. The optimality is also proved. Compared to MTPA control, 

LMC introduces more efficient energy utilization. The influence of different parameters 

on the current limit circle and the voltage limit ellipse is explicitly analyzed in different 

coordinates. The simulation results validate the mathematical deductions. Although all the 

parameters are not invariant in a real machine, the proposed algorithms provide with the 

overview of the variation of the optimal current reference and operating constraints in 

terms of different parameters. They can be used as the powerful tool for analysis in the 

local region. 

The nonlinearities of IPMSM drives are studied. Based on the proposed model, the 

experiment-based parameter characterization is illustrated. The back-fitting based torque 

identification technique is proposed. It can be implemented without the manufacturing the 

dummy rotor. The influence of the nonlinearities on the voltage limit ellipse is analyzed. 

Based on the proposed IPMSM drive model and the characterized parameters, both 

accurate torque estimation and precise voltage output prediction can be realized. The 

optimization algorithm is presented. The resulted current reference leads to the minimum 

total loss for given torque and speed. The torque control system is designed for the 

IPMSM drives, aiming at high-accuracy torque delivery, high operating efficiency, and 

fast dynamic response performance. The experimental results reveal that the maximum 

torque control error is only 1.5% at all speeds, and the efficiency of the IPMSM drive 

system is maximized by the proposed loss-minimization algorithm. 
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6.2 Future Work 

The research topics that can be further investigated are listed as follows. 

Firstly, expect the current and speed, the DC bus voltage also has an impact on the 

machine’s parameters, especially the inverter loss, and the feasible operating region at 

high speed. It is interesting to identify how they change and how to adjust the control to 

the variation. 

Secondly, although the flux-linkage characterization is researched, how to distinguish 

the values of the d-axis inductance and the permanent-magnet flux-linkage is challenging. 

On one hand, the identified Ld and Λpm can be used in many applications, such as 

sensorless control. On the other hand, once the relationship between the permanent-

magnet flux-linkage and the temperature is established, the rotor’s temperature can be 

estimated. The result can be applied to protect the machine in case the permanent magnet 

is demagnetized forever and keep the IPMSM drive’s performance. For example, it is 

interesting to hold the output torque invariant with the changing temperature. 
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