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Abstract

With rapid adoption of cloud solutions across industries, energy consumed by server
farms continues to rise. There are numerous approaches to reduce energy consumption
in data centres, and one of the approaches is to use energy-aware policies, which focus
on how servers should be operated in order to achieve energy saving and meet service
level agreements (SLA). In this thesis, we focus on studying a single server model with
dynamic voltage scaling (DVS), presenting a framework with explicit solutions to solve
for performance metrics and energy consumption. Our framework is convenient and in-
tuitive, one can easily identify expected response time and expected energy consumption
for a given policy. In addition, we also provide insights on how the value of the faster
service rate and the choice of when to use speed scaling impact energy consumption and

performance metrics.
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Chapter 1

Introduction

1.1 Introduction

The rapid adoption of cloud solutions has led to significant energy consumption by
datacentres across the globe. Fortunately, as much as 40 percent of a typical datacentre’s
energy consumption can be saved [21] when proper energy management practices are
used. The use of guidelines on how to operate servers in datacentres is one of the
common practices that datacentre operators use to lower energy consumption without
compromising service level agreements. This potential energy saving has motivated
researchers to look for optimal policies under various settings. Some focus on how to
operate multiple servers in an efficient way, while others focus on studying single-server
models. Our research interest lies in studying a single-server model where dynamic
voltage scaling is employed. The understanding of the behaviour of a single-server system
is a useful step in understanding the behaviour of more complex, multi-server systems.
A common practice to achieve energy saving for single-server model is to turn off a
server when there are no jobs waiting for service, and turn on a server when there
are jobs waiting for service. This provides energy saving but also results in performance

degradation. Another common practice to achieve energy saving for single-server models
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is to use dynamic voltage scaling. A dynamic voltage scaling enabled server operates
at different speeds depending on the input voltage. As a result, operating policies may
vary operating speed to meet energy consumption and performance requirements. We
are interested in combining both practices, and to study and understand the resulting
system, which is presented in Chapter 4. There we discuss the system and associated
metrics for the model. In Chapter 5, we conduct our analysis for the model we presented
in Chapter 4, and determine the steady-state distribution. This allows us to provide a set
of explicit solutions for system performance metrics and energy consumption. By solving
the system in terms of the control parameters, our solution is not limited to providing an
optimal policy for one specific performance metric, and our solution is more adaptable
to different system settings, such as allowing the operator to turn the server on/off, only
use one processing speed, etc. Our framework also allows users to validate whether the
system meets an SLA, and allows one to search for the optimal policy for their preferred
performance metrics. After the model has been analyzed, Chapter 6 provides a series of
numerical experiments based on the obtained closed form expressions, and we provide a

number of observations focusing on the effects of dynamic voltage scaling.
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Chapter 2

Preliminary Knowledge

This chapter provides necessary background knowledge for understanding this thesis,
such as fundamental tools and concepts from stochastic modeling and queueing theory.
This chapter could be skipped if readers are already familiar with Continuous Time

Markov Chains and queueing theory.

2.1 Stochastic Processes

A stochastic process (also referred to as a random process) is a mathematical object that
is used to describe a system’s behavior over time. Mathematically speaking, a stochastic
process is a set of random variables {X;|t € T'}. The index set T is usually viewed as
points in time, which corresponds to the system changing over time. In addition, there
are two types of stochastic process when the index set is interpreted as time. If the index
set T is finite or countable, the stochastic process is considered to be in discrete time,
an example would be X; may be number of customers in a system at the ith minute
(discrete). On the other hand, if the index set in T represents intervals of the real line,

then the stochastic process is considered to be in continuous time, an example would be
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X, to represent number of customers in a system for all times on the real line between

given times to and ;.

2.1.1 Markov Processes

There are numerous types of stochastic processes. A Markov process is one kind of
stochastic process, satisfying the Markov property. The Markov property means that
the future values of the process depend on only the current value, in other words they
are conditionally independent of the previous values. This property is also referred as
"memoryless", because the next value only depends on the current value - what happened
previously is not relevant in determining the next value. Mathematically, the Markov

property is presented as:

P[th S xn|Xt0 = $0,Xt1 = xl,Xt2 = T2y ..uy th—l = xn,l]

= P[th < xn|th,1 = wn—l]

where the values of t; are in order with ¢y being the smallest, and ¢,, being the largest.
The memoryless property typically allows a simplified analytical procedure for such
models, as one only needs to understand the relationship between two consecutive states
without requiring the entire history of the system. This property is fundamental for

analyzing many queueing systems.

2.1.2 Continuous-Time Markov Chains

A continuous-time Markov chain (CTMC) is a type of Markov process, which takes on
values in continuous time with a state space consisting of a countable number of states.
In other words, it is represented with random variables { X¢|t € T'} which take on discrete

values from a countable state space S, and the set T is some continuous time interval.
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A CTMC is a powerful analysis tool because one can easily write balance equations for
the steady-state distribution of the system with the given CTMC. A CTMC transition
rate diagram is shown in Figure 2.1, where each node represents one of the elements
from the state space S (a system state), and the arrows pointing in and out from each

node represent the “transition rates” between elements (system states).

A A A A A A A
n n n n n " m
FIGURE 2.1: CTMC of an M/M/1 queue

2.2 Queueing Theory

Queueing theory is the mathematical study of waiting lines or queues. A queueing model
is constructed so that one can predict statistics of queue lengths and waiting times based
on different characteristics of the system. Queueing models generally describe three key
aspects. One aspect focuses on the job arrivals, describing how jobs arrive to the system:;
one example would be that jobs arrive to the system following a particular random
process. The next is the queueing aspect, such as how long the queue length should be.
The last aspect concerns how the system processes jobs, which is the counterpart of the
arrival aspect, an example being the processing times following a particular distribution.
The stochastic nature of the arrival and processing times makes the analysis of queueing
systems complicated. This study is further complicated when these systems interconnect
with each other. To provide sufficient knowledge to understand this thesis, this chapter
presents a simple queueing model along with methods that are typically used to analyse

it.
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A —»

Waiting Service
area node

FIGURE 2.2: M/M/1 system [19]

2.2.1 Analyzing an M/M/1 queue

One of the representative queueing models is the M/M/1 queue, shown in Figure 2.2,
where M/M/1 is the Kendall’s notation that describes the system. The M/M/1 nota-
tion describes a system with arrivals following a Poisson process, processing times being
exponentially distributed, and one server. The queue is assumed to be infinite in length
and processed in first in first out (FIFO) order. The memoryless property of the expo-
nential distribution allows it to be modeled as a CTMC, with the states denoting the
number of jobs in the system, which includes jobs that are waiting in the queue and the
job that is being processed. The resulting CTMC is shown in Figure 2.1, the number in
system increases or decreases by at most one for any given transition (one job more or
less in the system), thus the system can also be described as a birth-death process.
The next important part of analyzing an M/M/1 queue is to capture the system be-
havior in steady-state. The steady-state distribution captures the probability of being
in each state n, as time goes to infinity. Given the steady-state distribution, one would
be able to compute such quantities as the expected number of jobs in the system. The
steady-state distribution is often represented with the quantities 7, where n represents
the state.

In order to determine the steady-state distribution, the relationships among all the states
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must be understood and representable. To solve a queueing system, balance equations
must be derived, which describe the relationship among system states. For a CTMC, it
is known that the rate into each state must be equal to the rate of leaving that state, or
else the system will not reach steady-state. Based on this observation, let A, u be the
arrival rate and the processing rate for the system, and p = %, the balance equation for
states n > 0 can be described as A\m,—1 + pump41 = (A + p)my, which represents that the
rate into state n is equal to the rate out of state n. Similarly, the balance equation for
the system state 0 is Amg = pmy. This gives m1 = pmp o, and this leads to m,, = p"'my by
recursion. As a result, all of the steady-state probabilities can be expressed in terms of

mo. As the system must be in on one of its system states at all times, the sum of all of

the steady-state probabilities must equal 1. Mathematically, this is expressed as,

o oo )
Z?Tz‘:1=>ﬂ'()zpl:>ﬂ'0:1—p
=0 =0

Once 7 is determined, the remaining probabilities can be expressed as,

™ = (1= p)p"

The expected number of jobs in the system can be calculated by weighting each m,
by n and summing over all of the states. The expected number of jobs in the sys-
tem is a key performance indicator. The other important performance indicator is the
expected response time, which is the expected time that a job takes from entering to
leaving the system. Fortunately, there is an easy way to calculate the expected response
time if the expected number of jobs is given. One of the key takeaways from queueing
theory is Little’s Law, which states the relationship between the expected number of

jobs and the expected response time, and this law holds independent of the interarrival
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time/processing time distribution and queue scheduling policy. Little’s Law states:

Thus, the expected response time can be directly calculated via Little’s Law given the
expected number of jobs. The purpose of this thesis is to quantify the trade off be-
tween energy and performance, as a result, the expected energy consumption is another
important performance indicator. Energy is consumed at different rates when a server
operates in different modes. There are only two modes for the server in this M/M/1
queueing model, the server is either idle (with probability 7y) or operating (with prob-
ability 1 — mp). Assuming that energy cost rates are Fjg. and Ep,s, for a server in idle
and operating modes respectively, the expected energy consumption can be obtained by

weighting the steady-state probabilities with the corresponding energy cost as,

00
E[E] = Biqiemo + Ebusy Z Tn

n=1

Since mg = 1 — p, this gives the sum of the remaining steady-state probabilities as 1 —m,

so the expected energy cost for the M/M/1 queueing model is,
E[E] = Eiae(1 — p) + Epusyp

This completes the example of analyzing an M/M/1 queue - the analytical processes and
tools used in this example will be used throughout this thesis. Although this chapter
provides background in CTMCs and queueing theory, this only covers the knowledge
and examples that are used for this thesis. If readers are interested in looking for deeper
and broader knowledge, an independent study in these fields is recommended, see the

standard references [14],[15],[17].
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Chapter 3

Literature Review

This chapter provides an overview of the rising energy consumption problem in datacen-
tres across the globe, as well as to cover some of the popular methods for energy control
in datacentres. Lastly, this chapter examines work that has been done following similar

approaches as this thesis.

3.1 Saving Energy in Datacentres

The rapid adoption of cloud computing leads to significant energy consumption by dat-
acentres, and lowering datacentre utility cost is a high priority for every datacentre
operational manager. From [2], 50%, 25%, 12%, and 10% of the energy consumed in
datacentres is by IT equipment, cooling, air movement, and power distribution, respec-
tively. Many researchers attempt to achieve energy saving by addressing these key energy

consumption areas.

One approach to reduce energy consumption is by thermal cooling design and control.

The work in [13], [16], [|] are examples of this approach. Datacentre airflow is optimized
to avoid hot spots in [13], which are created due to some servers being highly utilized
while other servers are under utilized. The work in [13] and [10] also saves energy from
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cooling by turning up thermostats and with the use of liquid cooling. An algorithm is
introduced in [22] that takes both service level agreement (SLA) and heat circulation
problems into consideration for scheduling jobs among servers to avoid hotspots. This

effectively reduces energy consumption due to cooling.

Another effective energy saving approach is to use virtual machine (VM) consolidation
and migration. VM migration allows most applications to be run on a smaller number of
servers by increasing the utilization of those servers, allowing servers with low utilization
to become idle, and they can then be turned off to realize energy saving and require
less cooling. Examples of this approach are [3],[12], they propose similar solutions by
implementing a centralized controller, which distributes jobs to local VMs and controls
VMs migration on hosting servers. In doing so, the centralized controller can provide
efficient VM provisioning over hosting servers, as a result, some servers can be turned

off for energy saving.

In the remainder of this chapter, we provide a deeper discussion of the work that

focuses on server operating policies for energy saving, which is the topic of this thesis.

3.2 Related Work

There are numerous works on operating policies for single-server models, each exploiting
different ways to achieve energy savings while not downgrading performance significantly.
A common practice is to turn off a server when there is no job waiting for service, and
turn on a server when there are jobs waiting for service. This provides energy saving
but also results in performance degradation. There have been a number of other works
taking a queueing-theoretic approach to the single-server problem without DVS, see
[9],[10],[7],[6],[18], and [7] and [18] are most relevant to the work done in this thesis. The

work done by [7] is intended to identify optimality on how to operate a single-server

10
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under the energy response time product (ERP) metric, by modelling and analyzing the
system as a continuous time Markov chain (CTMC). Using properties of the ERP metric,
they identify that the optimal policy is either to always keep the server on, or turn off
the server as soon as there are no jobs waiting to be served. Although optimality is
identified in [7], the result is limited to the performance metric ERP, which tends to
simplify optimality considerations. Work done by [18] follows a similar approach as [7]
but with an additional turn on threshold, which intends to provide insights on when the
server should be turned on. In addition to solving the underlying model and providing
insights on the effect of the turn on threshold, [18] also provides a framework to analyze
the system under other cost models, not being limited to ERP. This thesis is highly
influenced by [7] and [18], and it can be viewed as a combination of the dynamic voltage

scaling aspect into with on/off single-server analysis.

Using dynamic voltage scaling for energy control in datacentres is not new. A dy-
namic voltage scaling enabled server operates at different speeds depending on the input
voltage. As a result, operating policies may vary operating speed to meet energy con-
sumption and performance requirements. The policies in [5],[20],[!] are examples, they
focus on multi-server models (except for [20] which is a single server setting) with similar
real world datacentre settings, focusing on the overall impact of their proposed policies.
They study the relationship between the incoming workload and the adjusted processing
speed, where the performance of policies is highly dependent on whether the incoming
workload can be predicted accurately. This approach does not give much details as
to how a single DVS server should be operated. Others have done work for a single
server model with DVS via queueing-theoretic approaches. Wierman et al. [22] focus
on a queueing model for a DVS server with processor sharing scheduling. They analyze
various scenarios investigating the impact of the operating frequency of the server in
relationship to the arrival rates. The work done by [11] is perhaps the most impactful

work on varying the service rate for a single queue model, their work focuses on holding

11
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costs and operating costs when using different service rates, and they determine solutions
for how to optimally control the service rate to achieve minimum incurred cost. This
work however could not provide a full picture on how DVS should be operated when it
is possible for a server to be turned off, since they assumed the server is always available

to serve jobs.

In this chapter, we covered some of the energy saving techniques that are used in
datacentres, and we discussed the relevant work for this thesis. We will discuss our

approach and how it addresses the problem in Chapter 4.

12
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Chapter 4

Problem Formulation

For a single dynamic voltage scaling server system, which can be operated at different
speeds, one can use the system to meet different objectives, such as improving perfor-
mance by operating at a high speed or lowering energy consumption by operating at a
low speed. To analyse the system, the following metrics are of interest: the expected
number of jobs in the system, the expected response time of a job in the system, and the
expected energy consumption of the system. Typically, a cost function for the system
is constructed from these metrics with the objective of minimizing the cost. Deriving a
policy that minimizes the constructed cost function is an ultimate goal. However, cost
functions are not necessarily universal, and physical system settings could impose hard
constraints on the optimal policy. On the contrary, determining the metrics in terms
of control parameters provide the tools to understand the system, as well as provide
insights on the system behaviors. As a result, the primary objective of this work is to
provide a framework to analyse the on/off single server with dynamic voltage scaling
and determining the metrics of interest. In addition, an analysis of the system under
a particular cost function is conducted to provide insights on how the server should be

operated.

13



Master of Science— Guang Mo ; McMaster University— Department of Computing and
Software

4.1 The Model

We present a simplified version of a DVS server, which only contains two different op-
erating speeds, one is the nominal (lower) speed and the other is the scaled speed. This
leads to five distinct states for the server. The OFF state represents the server is off;
the SETUP state represents the server is being turned on; the BUSY state means the
server is operating at nominal speed; the SCALED state represents the server is oper-
ating at scaled speed; and lastly, the IDLE state represents the server is idle. We define
additional parameters to indicate state transitions for the server. We define a turn on
server threshold k; to indicate that the server will be transferred from OFF to SETUP
as soon as there are k1 jobs in the system, and the turn on speed scaling threshold ko
is defined to signal the transition to SCALED. Furthermore, we consider that there are
time penalties when turning on the server, and we model this setup time as exponentially
distributed with a rate of v, this transfers the server from SETUP to either BUSY or
SCALED. Lastly, we also define the turnoff delay rate «, this parameter captures how
long the server waits when there are no jobs, before transferring the server from IDLE
to OFF. The system is made of an infinitely long FIFO queue and a DVS server. Jobs
arrive to the system following a Poisson process with rate A. Jobs can only be processed
in either the BUSY or SCALED states, the processing time is exponentially distributed
with rates pu and cp for BUSY and SCALED, respectively, where c is the scaled speed
factor. We can model the system as a Continuous Time Markov Chain (CTMC) with
the arrival rate, processing rates, and the previously defined parameters. Figure 4.1 and
Figure 4.2 capture the possible CTMCs of the system, where the state is represented in
the form (ni,n2), where n; is either 0 or 1 for the server being off and on respectively,
and neo represents the number of jobs in the system. Figure 4.1 represents a standard
way of operating the DVS server, where the nominal speed is used before using the scaled

speed, and this allows us to explore the effects on the system when DVS is employed.

14


http://www.mcmaster.ca/
http://www.cas.mcmaster.ca/cas/
http://www.cas.mcmaster.ca/cas/

Master of Science— Guang Mo ; McMaster University— Department of Computing and
Software

FIGURE 4.2: DVS processor with k; > ko CTMC

Parameter Description
A arrival rate
v rate of turning on the server
Q@ rate that the server waits in IDLE before turning off
c scaling factor of scaled speed
k1 number of jobs in the system before turning on the server
ko number of jobs in the system before increasing to the scaled processing rate
1 nominal job processing rate

TABLE 4.1: Table of System Parameters

Figure 4.2 on the other hand represents another possible use case for the DVS server,
where the scaled speed is used as soon as the server is on, and the nominal speed is
only used when the system is moving towards IDLE. This use case is less interesting in
comparison to the use case in Figure 4.1, since it is similar to using a faster server, and
this use case does not allow us to study the effect of delaying using DVS. Although both
models are valid use cases for the DVS server, our main focus is on the model in Figure
4.1, which allows us to study the effects of both the magnitude of the scaled speed and

when to use DVS. For reference, we provide a list of parameters in Table 4.1.

15
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Chapter 5

Analysis

The objective of this analysis is to obtain closed form expressions for system metrics,
namely the expected number of jobs, the expected response time, and the expected en-
ergy consumption. Once this objective is met, we will make use of these closed form
expressions to study the effects of DVS under various system configurations. In order
to provide the complete use scenario of the DVS server under our framework, we need
to obtain closed form expressions of system metrics for both models defined in Chapter
4. We break down our analysis into two sections, with Section 5.1 for the case k1 < ko
and Section 5.2 for the case ko < ki. The approaches we take for solving both cases
are very similar, we first determine closed form expressions of the first state in the OFF
region 7,0, then we use a weighted average to obtain closed form expressions for the
expected number of jobs and the expected energy consumption. The expected response
time is then obtained via Little’s Law after we have a closed form expression for the
expected number of jobs. As mentioned in Chapter 4, we put more focus on studying

and validating Case 1, k1 < ks.

The CTMC model of this case is presented in Figure 4.1. The balance equations for

different regions are similar, so we group the balance equations together with a common

16
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expression for each region, as follows:
AT0.n = AT0.n—1 if 0 <n < k1, OFF region
A+ )T0n = ATon—1 if ki <n SETUP region
ATon = QT p ifn=0IDLE
UT1 = AT p—1 + AT p—1 if0<n <k BUSY to IDLFE region
U1y = AT p—1 + AT p—1 if k1 <n < ky BUSY to SCALED region
A+ )T = AT n—1 + Y00 + cpumi 1 if ko <n SCALED region

To obtain closed form expressions for each probability, we work on expressing each

probability in terms of mg .

In the OFF region 0 <n < k;:

)\770,71 = )\77'0,71— 1

7T(]7n = 71'0’0 (5.1)

In the SETUP region k| < n:

()‘ + ’Y)W(),n = )\770,71—1
A

To,n = mﬂ

O,n—1

Note that the SETUP region starts from ki, and 7o 1, -1 belongs to the OFF region, so

we have mg i, —1 = mp,0. With this information, we have:

A
——)" " g (5.2)

Tl'(),n:()\_’_,y

17
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In the IDLE region n = 0:

)\71'()70 = a7T170

A
== 5.3
1,0 aﬂo,o (5.3)

In the BUSY towards IDLE region 0 < n < ki:

T = AT -1 + Ao pn—1

Letp:%

W11 =AT10 + Ao
= 1,1 =pT1,0 + PT0,0
T2 =AM 1 + Ao
_ 2 2
= 1,2 =P 71,0+ P 70,0 + PT0,0

UTY p =AT1 n—1 + AT0,0

n
= T =p"T1,0 + To0 ZPZ
i=1

A 1—p"
T1,n =70,0 (pn +p p > (54)
« 1—p

In the BUSY towards SCALED region k; < n < ko:

UT = AT -1 + Ao pn—1
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At the first state of this region (n = k; + 1), we have

T1ki+1 = Pk, T POk

From (5.2) and (5.4), we have:

A
Tk = Nt 70,0
A 1—pk
Tk = ( P+ p 1=, )7T0,0
A A 1—ph
= T1k4+1 = ﬁp 0,0 T (a/)k1+1 +P2 11— )7?0,0

Tk +2 = PTLEk +1 T PT0.ky+1

Ay 1—ph A A\
Tk 42 <aP +p -, 70,0 + Nt 7To,o+ 5 PT0,0

Tl k143 = PTL k42 T PT0kq+2

A, 1—pht A A2 A
= — —_ 1+3 4 ) P - 2
T,k 43 (ap +p 1=, 0,0 + )\+70 0+ Nt p o0 + Nt PT0,0

and this leads to the following expression:

A 1— n—=kq 7 )
— (2 i) P n—ki—(i—1)
Tim (ap +p T > 70,0 + Z (/\+,Y> 0,0 (5.5)

In the SCALED region ky < n:

(A + )10 = AT n—1 + Y00 + CUTTL nt1 (5.6)

19


http://www.mcmaster.ca/
http://www.cas.mcmaster.ca/cas/
http://www.cas.mcmaster.ca/cas/

Master of Science— Guang Mo ; McMaster University— Department of Computing and
Software

The solution to this balance equation can be described as [8]

n — A ni(inl) B(
m, . + A4y

where x satisfies:
A+ cp)r = X + cpa?

which yields z =1 or z = %

Substitute this relationship along with (5.2) back into (5.6)

nf(k271) TL*kQ nf(k‘lfl)
A+ cp) | Azn—R==1) L B A = A Az""* + B A 4+ A 0.0
A+ A+ A+ ’

n—ko+2
+ C[L(Awnk2+2 +B<>\> ’ >
A4

(5.7)

We can now group terms on both the right hand side and left hand side into those that
contain x and those that do not. If we let x = 1, the terms that contain x on both right
and life hand sides cancel, so the terms that do not contain xz on both right and left

hand sides must be equal.
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As a result, the constant terms in (5.7) are:

A B> =\B(—"— o B>
A+ cu) </\+7> (A+'y> +7<<>\+7> WO’O>+CM </\+’y)

WE\NTH) ~ N\ +y 00) THENN T

AN+ (N + ep) B =X+ )2 B 4y 2R g o 4 cuBA* (A 7)1
yRe kil o = (A(/\ )RR (At ep) — AA )RR — (A + 7)k2_k1_1> B
ARkt Ly o = A\ k2Rl <()\ + YA+ ep) — (A7) — c,u)\)B
N (k)L (A 9) 0 ) = (A+2)? - e ) B

g me e =(A + )M ey — Ay —9?)B

)\k’g*kl
((A + )Rk (ep — X — 7)>7r0’0

With B solved, we can substitute the result back into (5.7) to solve for A:

n—(ka— — -
e (2 ) s ()

n—ko+2
S
A+

Let n = kg so that m,—1 falls into the BUSY to SCALED region, which can be

expressed from (5.5) as:

A ol kg LM DY Y ko —k1—i
T = o 2— + 2—K1 )7‘( + ( ) 2— 1*717.[.
1,ko—1 <ap P 1-p 0,0 1:21 Aty P 0,0
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Set x = 1 as one of the solutions, then we have:

)\A — )\<<)\pk‘21 + pkgfk‘l ]- - pkl )ﬂ-o . + kQ*Eki*l ( )\ )ipk?kliﬂ-[) 0) + ’Y(( )\ )k27k1+17_(.0 0)
e 1—0p ’ — A7y ’ A4y ’

)\2+)\7+cu7)
AB( 2T AT
( (A+7)?

A oot e L= PN PO N A \ka—k+1
)\A — )\ — 2— 2—R1 2—R1—1 2—FR1
((ap +p -, )770,0-1- ; ()\+7> p TFO,O) +7(()\+’y) 7T0,0)
< Ak2=k1 >7T ()\2 —I-)\'y—l-cpw)
At lepn= A=) )P (A )2

ko—k1—1 3 ko—k
R 221 A ky—ky —i AT
A_<<p2 o 11_p)mo+ = <A+7)’02 1 ZW0’0>+7(A+7)’”"““W0’0
1=

_< \k2—F1 ()\2 + Ay + cuy) >7T
A+ )RRt (e — X =) )70

A 1—phy & n .
A= (2 =1 4 ot ) ( > kalz)
<(QP +p 1=, + Z Nt p 70,0

i=1
4 k2 =k ( _ )\2+)\’y+cu’y)ﬁ
(A + y)k2=hst cp—A—v )
ka—ky—1 i
A ko1 kak 1—Pk1> N ( A > ko —k —')
— _ + 2—R1 + 2 1—1? T
((O/’ p 1—p ; Aty p 0,0

)\kz—k‘l _ )\ 2
. < (A+7) >7r070

(A )kt Nep — A -y
b\ ky—1 koo 1— pk1> ko—k1—1 ( A >2 - ) Ak2—k1
= — B A S R 2=Rk1=% ) - _ T
((ap g 1—p ; A+y) " OO N )RR T (e — X — ) P
ko—k1—1 7 ko—k
A ka1, kok 1—Pk1> ' < A > Kooy key i AR2=R1
— - + 2 1 + 2 1= _ >7-[-
((ap P 1-p ; At~/ A+ A)kRi=T(cp—A—~) )"0
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With these expressions for A and B, we can now obtain the expression for the probabil-

ities in this region:

A A
Tin = A(a)nf(szl) +B(m)n7(k271)

(A ka1 k2k11—9k1> & 1( A )z keo—ky —i
() R (),

p i=1

ko—k

B _)\i 1 Woo(i)nf(kgfl)
A +kk=lecp — A=) ) e
Nha—hy A
n—(ka—1)
e e e
)\nJrl A= k1+1 1— pkl —k1—-1 A= ki+1

:>7T1,n: (acn—(kg—l)lun + Cn—(k‘g l)ﬂn ki+1 1_p + Z cn— (k2— 1)()\+,-y)llun ki+1—1
=1

)\n ki1+1 /\n k1+1
TR R = A= ) (ep) ® D (k) (e — A = 7)) 00

(5.8)

We now have expressed all probabilities in terms of 7y g, we can use the fact that the
sum of all of the probabilities must be equal to 1, which leads to an expression for g .
Since the equations developed in (5.3) and (5.4) are in fact the same when n = 0, we can
combine the IDLE region into the BUSY towards IDLE region, and have the following

equation to solve for mg o

kl 1 kg 1
1= ZWOn_‘_ Zﬂ'[)n"i_zﬂ'ln_‘_ Z Tim + Zﬂ'ln (59)
n=ki n=ki+1 n=ks
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=4 =4 =4

We now subsitute the developed expressions from (5.1), (5.2), (5.4), (5.5), (5.8) into

corresponding regions in (5.9).

k1—1 n—(k1—1) 1_ p
1= 1

7Tooz: +7TOOZ</\+7> +7T002< p" +P p)

n=k1
ko—1 k n—ki 7
fre Y ((/\pn +pn—(kz1—1)1_ﬂl) ns (/\> pn—k1—<z’—1))
neki+1 S\ L=p o\t

)\n-i—l )\n—kﬁ-l 1— k1 —k1—1 )\n—kﬁ-l

+ 70,0 Z (acn (k2=1) yn + en—(ka=1) yn—k1+1 1 — + Z en—(ka=T) (\ 4 )ign—hkrt1-i

)\nfk1+1 )\nfk1+1
TR R = A= ) (ep) D T (A )R (e — A 7))

Let % = p, ﬁ = £, we can simplify the equation as:
k1—1 1—p
1—7T0021+7T0025n_(k1 1+77002( p" Try )
n==kq P
ko—1 A n—=kq
+m00 Y ((p”er” (a-nl=2” )+ Z (> noh—( ”)
n=k1+1 «

)\n+1 )\n—kl—l-l 1 _pkl —k1—1 n ki+1—i
z
+ 70,0 Z (acn— k2 =1) yn + en—(ha=1) yn—k+1 1 — + Z “on—(ka—1)

A+ kg1 hy—ky A —k
o n + n—k1
(e’ b ot

n=0 n=0 K A n=0
ko—1 ko—1
+o0 2 M=) Y
n=k1+1 n=k1+1
ko—1 n—ki ) ko—1 o0 k1 00
nekitl 3 (87 4 AC Pyn 4 (k- ty(pkitty LA SN Py
2 (M C)) T O @) ()
n=k1+1 =1 n==kq n=ky

’Vl k1+1 ko—1—k1

£y A e I pink A =~ n—ki
+nzk2<cn fatd z:zl ()) cu—(A+7) nZkQ(c) +CM—(>\+7)Z€ )
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1 A A 1— phitl A A g p(1— pka=ki=1)
= - A k 1 A .
| Wo,o(k:1+1_£ 1+ (2 (M_A)) T I S (P
A p(1 — pk>— k1) ol g 5 Akl &,
TR RPN Gt I > (&)
= A 1-0p nk1+1( p ) o =l
ko—1y/ —ki+1 1—,0kl nkl+1k21k1£i
T () Z "y (G X )
n=ks n=ko i=1
S S U
ool — (N ~) ) + — Z gnh
_()\+7) n=ko ¢ Cﬂ_(A+7) n=k
(5.10)

This expression has become quite complicated, we will simplify each of the summation

terms in (5.10). We first simplify the first sum in the right hand side of (5.10):

ka—1 n—k1 ka—1 &\n—k1
_ X iy & E6)
PR (2)) = (,0" o . )
n:%:—i-l( ; P ) nZ%:—H <P—§ p_f )
ka1 ko —1 —ki+1
- £ p&"
— pn k’1+1< ) _
nkzrl—l( p_g) nkzﬁ—l P_f )
k‘Q 1 kg 1
= 5/} I e L D D
P n=ki1+1 n=k1+1
ko—1 ko—1
S Y ek
n=k1+1 n=k1+1

—k1—1 —k1—1
le— Z&”)

_ pko—k1—-1 _ ¢ko—k1—1
( p£§)<p( 1p_p ) €@ 16_5 )) (5.11)
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We continue to simplify the second sum in the RHS of (5.10)

Ack2—1 &0 Pin
> )
n=ko
Ack2—1

= 2O O

«

— ipb (L)

ca c—p
A k

= —p" 5.12
a(c—p) (512

Next, the third sum in the RHS of (5.10)

k1 o0

1 —
ko—1 —k1+1 1Y B n
ety (20§ )

n==ko

= ottt (L2 2y 52 £y
P L—p ¢ = c
e G AL

P 1—-p ¢ c—p

1—ph 1
— ko—ki1+1 P 1
P () (5.13)
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Next, the fourth sum in the RHS of (5.10)

o) — k141 k2—k1-1 )
P £

i
n==ko Cn_k2+1 =1 (p)
ko—k
= pkz—lﬂ - pn_k2+1( g o ’0(%) ’ 1)
Y e S

(4™
(p p—g )

n k2+1 5 00 pn—k2—|—1

nk+1 ) n—ko+1
k2 p—E& iy €2

kg k1

(5
(G

g)kz k:l

N <(p§§) - (p(;—f >> pkz—klpﬂ

- pk2_k1+1§ _ p2§k2—k1
RIS (5:14)

Next, the fifth sum in the RHS of (5.10)

At yeh® $ (B)”—k2+1
—(A+7) e ©

_ (A ty)gheh Py
—(A+7) ‘e—p
(g

(= (A +7))(c=p)

(5.15)

27


http://www.mcmaster.ca/
http://www.cas.mcmaster.ca/cas/
http://www.cas.mcmaster.ca/cas/

Master of Science— Guang Mo ; McMaster University— Department of Computing and
Software

Finally, we simplify the last sum in the RHS of (5.10)

o0

A n—k
clt Z &

-+, =

A
é—k:z—k:l fn_k2
- (A+7) ;,;2

_ ko—k1 n

B ()\+'y5 225

A ka—k1 L

cu—<A+v>f =
)\ékg—lﬁ

(cp— A +7)(1=¢)

(5.16)

After we have simplified all of the sums in (5.10), we substute the expressions from

),(5.16) back in (5.10), we then have:

(5.11),(5.12),(5.13),(5.14),(5.15

A A 1-— pk1+1 A X p(1 — pkz—kzl—l)
—1+ (2 -—22) o, +(M_)\)(k1+1)+ B ( = )
kQ*kfl*l) 5(1 _5162]{:11))

1

1= k —_—
Ww(1+1_£ P

A py (PP TRy g p(L—p
MTEP I 1—p )+p—£( 1l-p 1-¢
ke ko—k1+1 1- p 1 pk’z—k’ﬁ-lg _ 92§k2_k1
+O£(C p)p +p 1—p c—p (C_p)(p_g)
(A +)ekhp Agka ks )
—(A+7))(1 =8
(5.17)

(= A+))(e—p) (e

We continue the simplification by simplifying each term from left to right on the RHS

of (5.17), starting off with:

T Aty
(5.18)
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Then we continue with the next term on the RHS of (5.17):

()\ A )1pk1+1

a p—XA 1-—p
_ (/\(M —A) - aA) (1—p"*u
N a(p— ) o= A
)= 1 — pkatl
_AMp—A—a)d = p ) (5.19)
alp — A)?
We can sum up (5.18) and (5.19),
AL A=A =)= P
v a(p— A)?
Aa(p = A + Myp(p = A = a) = Xy(p— A — a)ph
_ (5.20)
ay(p —A)?
Next, we continue to simplify the next term on the RHS of (5.17),
A
—) (k1 +1
(M —) (k1 + 1)
A(ky +1)
= 7 21
L (5.21)

We sum up (5.20) and (5.21) to represent the simplification for the first few terms on
the RHS of (5.17),

Aa(u = A2 + Myp(p = A = a) = Ny = A= a)p™ Ak +1)

ay(p —A)? =X
CAa(p = A+ Mypp = A = a) = My(p = A = a)pM + day (ki + D (p =)
a ay(p—A)?
_ (= Aty ykida(n = A) + dyplp — A —a) = Xy(p— A —a)ph (5.22)
ay(p—N)? '
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We continue to simplify the next term on the RHS of (5.17),

o (=)
P
«a 1-p
— ip’% (A(l - ka_k1_1)>
e w—A

>\2ka _ )\2pk22—1
- alp—))

(5.23)

Now, we sum up (5.22) and (5.23),

(u—A+7+7hhﬂu—k%%wwu—k—a%—V%u—A—amh+A%M—A%“”

ay(p—A)? a(p—2A)
_ (= Ay k) Aa(p = A) + Ayp(p = A = a) + aXypM — (= N)Auyp*?
B ay(p—N)? (524

We continue the simplification with the next term on the RHS of (5.17),

(Ayl_ﬁﬂ(ml—p“*ﬁﬁ)
= A 1—p
A =R h(a - M)
(1 —A)?
_ P - )\2pk2—k1—1 _ )\2pk1 4 /\,uka (525)
(1—A)?

Now we sum up (5.24) and (5.25) to represent the simplification for the first five terms
(excluding k;) on the RHS of (5.17).

(= X+ v+ vkD)Aa(p — A) + Ayp(p — A — @) + arZypF1 — (u — N)Apyph2 N AZ — AZpka—hR1—1 _ \Zpk1 4 k2

ay(p — )2 (k= 2)2
Ot o= pApypR2 —ayapF2 TR o (- Ay vk Qap — ad®) + Ayp® = ypd® = Aypa 4 ayA?
B ay(n— 2)?
_QAta- WAy pR2 — ayA2pk2=F1=1 (o — 2ap — vhio — yp)AZ + vk Ao + (v + @) Ap? (5.26)
ay(p — )2
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We then continue to simplify the next term on the RHS of (5.17),

(A +7)gk"Fp
(= (A +7)(c—p)
(A + )€k

T {en— (A1) (e — ) (5.27)

as well as to simplify the term after that on the RHS of (5.17),

)\gkz—kl
(en—(A+7)(1=¢)
_ (At y)ageh
(e — (A +7))y

(5.28)

Summing (5.27) and (5.28) yields,

A+ y)AER R (ep — A) — y(A +y)€m M
(e — (A +)v(er = A)
AA+y)ghh

RICTEDY 29

We contine the simplification with the next term on the RHS of (5.17),

_ (5.30)

Summing (5.29) and (5.30) yields,

Myup™ 4 ad(A +7)ghh
ay(cp —A)

(5.31)
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Contine with the next term on the RHS of (5.17),

Pkg—kl—&—lf - p2£k2_k1
(c—p)(p—9)
_ R - A+ g
B (= NN+~ —p)

(5.32)

Next, we merge (5.31) and (5.32),

Mypp? A+ — ) + adA +7)E2TM A+ v — ) + ayp?pP2 M — agA (A +)g M

ay(ep = A)(A+v—p)
_ dupP N+ y — ) +agpp TR 4 a(d — AN+ y)ghM

5.33
ay(ep = ANA+7y —n) (>:33)
Continue the simplification with the next term on the RHS of (5.17),
) ()
1—p c—p
_ (= ppPpheit (5.34)
(= N(en =) |

Now, we sum (5.33) and (5.34), yielding,

aypPpP TR N 4y — ) — ap?pP T Ay — ) + M Ay — ) (p = )
ay(p = A)(epp = AN A+ —p)
ayp®pP R (= X) + a(A = p) (= M)A + )M
ay(p—A)(ep =N A +7—p)
ot pR B 4 (i = A — ) dypp™ (A + 5 — p) — o = NPAN + y)gR T

- ay(u— N (e — N A+~ — p) (5.35)

_l’_
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We continue to simplify the last term on the RHS of (5.17),

ps <p(1 —ph Ty g1 — gkz—kl—l)

p—& 1-p  1-¢

_ )\2 )\(1 _ pkg—kl—l) )\(1 _ gkg—kl—l)
_<)\()\+7*M))( Y v )
_ (1= R - R0 — g u— )

A+ =) (= Ay

(5.36)

Now we sum (5.35) and (5.36), yielding,

aX*y(1 = p ) (ep — A) — aX*(1 = =M (u — M) (cp — )
ay(p = A)(ep = AN)A+v—p)
ay?uPpP R 4 (= A — )y A+ v = p) — alp = A)PAA +y)g R
ay(p = A)(ep = N)A+v —p)
Ay = ey R 4 (e — 1) (p — Mg Rt
ay(p—A)(ep =N (A+7—p)
(b= A= a)A+ 7 = @dypp™ + A+ = p)(ep — N)ar?

" ay(p—N)(ep — AN+~ —p) (5.37)

+

Now we sum (5.26) and (5.37), which represents all the terms in the parentheses on
the RHS of (5.17) excluding k;, which yields,

A+ — ep)arpyp®2 7R (= X) + (u = M) — X — a)(A + v — ) Aypph?
ay(A+ v = ) (= X)2(ep — X)
N aX?p(e = 1)(n = N)2eF2 7R 4 (= N+ v — ) (ep — Nar?
ay(A+ v = ) (= A)2(ep — N)

A4y — ) (ep — NN+ o — wWApyp*2 — (A + v — p)(cp — NayrZphz—k1-1

+
ay(A+ 7 — ) (= X)2(ep — X)
n A+ = p) (e — N)(aX = 20 — vhra — y)AZ + (A 4+ — ) (ep — N vk dap + A+ v — p)(ep — N (v + a) Ap?
ay(A+ v = ) (= A)2(ep — N)

ko—k ko—Fk1—1
2 1752 1

Simplify the numerator collecting coefficients of p , and p*2, we have:

(c = D(=aA(uy)?pP " + aXPu(u — N2 F71 4 (A9 — ) (A + a — p)ApPyp™
ay(A 47 = p)(p — AP (cp = A)

n (Yhra 4+ pla +79) (B = NVAA +v — p)(ep — A)
ay(p = A2+ = p)(ep =)

(5.38)
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Now we need to sum (5.38) with k; since it has been left over from (5.17) when we

started the simplification on each term, yielding,

(e = DAp(=ap?pP? ™M 4 aX(p = M) M1 4+ (A — ) (A + a = p)pyph
ay(p = A2+ = p)(ep = A)
4 lep = VA +y = )= Mo+ 7)A + avky)
ay(p = A2+ = p)(ep = N)

(5.39)

With (5.17) and (5.39), we obtain the final expression for mg o as:

P ay(p=2)2 A +y—p) (cu=2)
0.0 = =D (@ 2u(p=N)2eF2 =P T=aA(1)2pF2~FL+ (A y—p) Aka—p) Mi2rpR2) + pa(ep—N) by —) (p=X) ((at7) A ake)

(5.40)

The complexity of the above expression makes it difficult to provide meaningful in-
terpretation. However, it does capture the effect of the DVS processor by separating two
terms in the denominator. We can see that one term in the denominator heavily relies
on the value of c¢. As a result, we can verify whether our calculation is done correctly by
comparing with previous work done in [18]. From [18], for a single-server system with
only a turn on server threshold ki, the closed formed expression for g ¢ is:

ary
kioy + o+ Ay

m,0 = (1= p)

Our model can be easily converted into a single processing speed model by either
setting ¢ = 1 or ko = oo, which means the scaled processing speed is the same as

the nominal speed or we never turn on speed scaling. If we substitute ¢ = 1 into our
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expression, we then have:

ay(p = AN+ = p)(ep =)

00T len = N7 — ) — N ((@ F A+ avky)
_ ay(p—A)
()N + avkr)
_ ary
B Py e
This substitution gives us the same expression as developed previously in [18], and it

gives us confidence for the correctness of our calculation. We then use this expression

for mp,0 to determine the expected number of jobs in the system.

We have expressed the steady-state probabilities for each region in terms of mp . We
can make use of this information to derive the number of expected jobs E[N] in the

system by using a weighted sum of the corresponding probabilities.

kl 1 k:g 1
Zmron—i—ZmTOn—&—Zmrln—i— Z n7r1n+Zn7r1n (5.41)
n=ki n=ki+1 n=ks

Substitute the corresponding steady-state probabilities (5.1), (5.2), (5.4), (5.5), (5.8)

ZmrooJrZ <A+7> 7T00+Zn7foo(apn+,0 )

n=kq
ko—1 k1 n— kl )\
+ Y < o gl 1) —p ( = )pn b1 —(im 1)7r00
n=k1+1 vy

)\n-i—l A\~ ki1+1 1— —k1—1 )\n—kﬁ-l

p k1
+ + + . .
Z <acn k2*1),u" Cnf(k:gfl)lun k141 1 — 22:: cn—(k2—1) ()\ + ,Y)zlun—kl —i+1

Anfk:lJrl /\nflirl
TR R (en— A — ) (e D T ()R e — A — 7)) 0
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= n + Z n + = Z n(p")
7TO,D n=0 n*kl )\ + ’y @ n=0
kzil )\ k1 k1 k1 kgil (k 1)
T S R e LT ("= tD)
n=ky+1 B=AiDy RTAD l=p S
ko—1 n—kiq ) 0o n+1
_ Wi A
+ n pn k141 +
B Bt St
Akl 1 ko—1—k Akl
+ nz;Q n<cn—(k’2 1),LLn k1+1 1— ) + = ( ; Cn—(kg—l)(A + ,y)iun—k1+1—i>
Z ( A= k1+1 ) Z < )\n—k‘l-i-l )
- +
S N )RR (e — A — ) (cp)n (k271 A+ k(e — A=)
]E[N] k1—1 ( )n(kll) )\ k1 )\ ko—1 )\ k1
= Zn—i-z + 2 neM+= D M+ —=>n
70,0 n=0 A+ v n=0 a n=k1+1 K A n=0
k1 1— pkl ko—1 b1 ko—1 _— n—kq 7 ;
7ann+ Z n(pni( 1— ))+ Z n(p"~ 1+ Z ( )
— A l=p n=ky+1 ( o At )
)\C(kgfl) o AT N 1— pk1 CkQ,U,kl 0 ( Al )
n -
a = Cn’un 1— p )\kl el c”+1,u”+1
An—ki+1 ko—1—k1 1
+ Z ( n—(ka—1) ,,n—ki1+1 ()\ + )z)
n—ky € p i=1 v

B (CM)kQ 00 , )\n—i—l ()\‘i"}/)kl [e9) . /\n+1
Ot 2 ") e 2 o)
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oo

=
=
=
L

A n—(k1—1) A k1 A k1 k1
oo Z()n+zkn<)\+7> +azon(p)+u_>\<zon—zlnp)

n= n=k1 n= n= n=
1— pkl ko— (ki1 ko—1 i n—=kq 1 ;

+ 22 mp T 30 (S ()
1= p n=k1+1 n=k1+1 ( =1 )\ + v )

N (Iuckg N 1— pkl Ck2/Lk1 B (C,u)k2 ) i n( )\n+1 )

a  l-p M (Agy)rhtlep = A= y)A ) S (ep)n

0 An—ki+1 ka—1—k1 ,ui A+ k1 0 Antl

; n(———
g, ek A+ (ep— A=)\ n2122 ((

We simplify the terms in the big bracket of the fourth sum of (5.42) in reverse order
as follows:

,uckz 1— Pkl Ck2uk1

(cp)™
o L—p Mo (A y)ke=hi—l(cp— A —y)A0
e (L= ot et (cpu)k2
a p—=XA M (N )RRl (e — A — y) AR
= ,U,Ck2<1 + w“ikl _ lu’kQ_l
a w—X Ak

A+ y)keh=tep — A — ’7))\’“)
e )RR e — X = ) (A = M) o (™t — adM))
- a(A+ )Rkt e — X — ) AR (= X)

n—(k1—1) A k1 A k1 k1
)\+'y) —&-aZn(p‘)—&—M)\(nz%n—;np')

n=0 n=~k n=0
ko—1 ko—1 n—k
1-ph R (k11 . Lkt N Py
S e S (e S ()
1—0p ; A+
n=ki+1 n=ki+1 i=1
n ( ok A4y e — X =) ((pAFr = XNt ) 4 (apkr — adb)) — pk2 =1 (p — )\)a> i o At )
: oA+ )BT (e — A — )N (- \) A N ey
[e%S) n— ko—1—Fk i 0o n
3 (i 2 ) e 2 ()
P A+ (ep= A=A = A+ 9)"

(5.43)
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We now proceed to simplify each of the sums in the RHS of (5.43).
The first sum on the RHS of (5.43):

k1—1

ki(k1 —1
Z n= ki(k —1) (5.44)
n=0 2

The second sum on the RHS of (5.43) can be simplified as:

in( by )n—(kl—l)
n==kq )\+7
= i (n+ (k1 — 1))(%)”
n=1 +7
> A <A
= "4 (k1 —1 —)"
;H(AJW) (k1 );(AJFV)
P A > A
= n ki —1 AN L |
oy )T (G-
A d &, A ki —1
= ( )"+ — (k1 -1)
) o) T
_ A 1 A+7)(k —1) —y(k1 — 1)
At (- 2) ot
AMA+79) Ak —1)
T T
A+ 1y
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Next, the third sum in the RHS of (5.43),

k‘z 1
A Z np"
k:z 1
*p Z np" !
ko—1
*pd Z p"
A 1= pF2 — koph2=l 4 kg2
. 5.46
o (1 ) (5.46)
Next, the fourth sum in the RHS of (5.43),
k1
Z n—> np
n=0
- A k‘l(kl + 1
- w— /\( 2 Z p )
X kil +1) 1 ’f1+1 — (k1 +1)p" + (k1 + 1)pMH1
_u—)\( 2 7 (1-p)? )
_ A (kfl(kl D) =N? = oM — P (ke + D) 4 (k4 1)0’“*2)
= A 2(p—A)? (1 —A)?
_ A(’fl(kl + 1) = A)* = 2pp® 4 202" 2 4 202 (ky 4+ 1) T — 202 (R + 1)/)’“*2)
a 2(pu = A)?
(5.47)
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Next, the fifth sum on the RHS of (5.43)

1 pkl ko—1

Z n—(lﬁ—l)
np
L=r n=ki1+1
M1 — k1 ko—1
_ A , ) -
H= n=k1+1
A(1 — k1) k2l
- (u—/; ) > (k)"
n=1
M1 — k1 ko—k1—1 ko—ki—1
n=1 n—1
A1 — k1 d ko—k1—1 R
g A dlp) = 1—p
)\ 1-— k1 d _ ka—k1 1 Feg—kq—1
A S )
=X d(p) 1—p 1—p
ML= M) (1= p) (L= (ks = k)™ & (o= ph) ) p1 = pahi)
_ (o 2 h )
w2 (1-p) 1,
— A1 )((N A1 = (ky — k1)pR2—k1=1) 4 A(1 — pha=k1=1) 4 oy (s — A\)(1 — phe—hi—1)
: (1 — /\) )
:)\2(1_p )(M—i—kl(,u )\) (kQ(M—/\)+)\)pk2k11>
(n—=N)3

(5.48)

40


http://www.mcmaster.ca/
http://www.cas.mcmaster.ca/cas/
http://www.cas.mcmaster.ca/cas/

Master of Science— Guang Mo ; McMaster University— Department of Computing and
Software

Next, the sixth sum on the RHS of (5.43),

ko—1
22: ( n—k1+1 Z )
n=k1+1 )\+’Y
S n(pnwu mCriiel)
kgl Aty —n
A S k141 ki+1, M k
— not Rl _ ) n—ki n—k1
)\+’Y_Mn§k:+1( g g (>‘+7) )
< k2 1 ko—1 (
n k1+1 n_kl
—p Y )
)\‘|"7 A2 k1+1 n=ki1+1 )\‘|"7 )
ko—k1—1 ko—k1—1 A
- ky)p" — F)(~ 2y )
v (e X ek Y ()
A ko—ki1—1 . ko—ki1—1 A ko—ki1—1 A ko—k1—1 A
— n— + k _ n—1 _ k n>
oAl X T X e Y e e S )
A d ko—Fk1—1 1— ko—ki—1 A d ko—k1—1 A
= <p > PN ) _ — 3 (=)
Aty —p\"dp) = L—p Mvd(s) = A+
AL ()
— Ky
gl
Ad+y—p\"dlp)" 1-p l—p A+vd(5) 1- 2=
k; )\(1 — ()\—)&\—'y)kall)>
— Rl
g
_ A (p(l —p)(1 = (ko — kp)p*2~F1=1) 4 p — ph2=h h p(1 — pka—ki=1y
Aty —p (1-p)? 1—p
P -0 [ G 01 i = =) A L (@)kz—’ﬂ—1>>
A+ Y\ 2
K (1- %) y
S <u+k1(u—>\)— (k2(n =X + N2 Rty Ry + A = (ky + N(3 el ’ﬂl)
Aty —n (1 —A)? 72
(5.49)
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Next, the seventh sum on the RHS of (5.43),

( e A V2T e = A = ) (A = N o+ (apht — aX™)) — phemt (- A)Oé) i At
8 (A )R BT (o= A= )W (= A) =
(5.50)

We first focus on simplifying > 72, n(c)l‘:;%:

o0 )\n+1

Z”W

A cp)? A
*% + (k2 — 1)cuA>

c
Aep + (kg — 1) (e — )\))\)
(cpp—A)?

A ko (C+ Kocp — koA —cp+ A

—)"A

N T LR
i ko (/{2C,u — koA + )\)
cp (cp — A)?

(
(
(
(

= X(

So (5.50)becomes:

. A+ y)k2=k1=1(cp — A—w)((ukkl — ARty 4 (apkt —akkl)) — 27 (= Na Ay (k2cs = k2 X+ A
(“C @O+ 7)F2 R (e — A — AFL (= A) )M*) (G VR

) (5.51)

()\+W>’“2’kl’1(cu*A*W)((M’” — ARty 4 (apkt 704)\’“)) —pF2m = Nay ko (ke = kaX + 2
- (” a(r + P2 7R ep — X = )AR1 1 — ) >(E) ( (en — A)2
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and we continue with the eighth sum on the RHS of (5.43),

00 An—kit+l ko—1—Fk i
3 n( o )
= Cn—(kg—l)unflirl P ()\ + fy)z
00 n— K (K Nke—1—Fk
_ n( ARl ()\iy)(l (Ai'y) ? 1))
i cn— (k‘g l),unfk1+1 1— m
(%) An— k1+1 1— (%ﬂ)kz 1—k1
nzkz n(cn kQ 1 :unikl+1 A + Y M )
1 - An—ktl B \ka—1-ky
- >\+v—un;kgn(cn—(’“?‘”u"‘kl“ (1 - (A+7) ))
1 00 An—kl—l-l 00 )\n—kl—i—l U ko —1—ky
)\ T ¥ —p (nZkQ n(cn—(kgfl)ﬂn7k1+l) - nzk2 n(cn*(kQ*l)lunfk1+1 ()\ 4 ,.Y) ))
A k1+1 U loo—1—k )\kgfk‘1+l 00 A"
T N4y _u ( n—(ka—1), n— k+1) 7(>\ ) ' k2 k1 Z(”Jrk?) n)
+y—n c pr—h + cp = (cpt)
)\kg k1+1 OO A 1 )\kz—kl-‘rl o0 A
Fo ) (=) — (——— ko—k1—17 ko) (o n)
- e M<cmz ) ()"~ () e LR
A2 =i 1 1 k11 o A
_ 2—k1—1 n
- - - ko) (2 )
C()\+7_H) <<:uk2k1 ()\_'_7) ,U,) nz::()(n 2)(c,u)
AkQ*kl“rl ()\ + ,y)k’gfk’lfl _ lu/szk’lfl )\ o0 A 1 it
= _ - k
C(A+7—u)<< P2k (A 4 )2kl )(cu nz::on(cu) " QCu—A)>

_ )\kg*k1+1((A + ,y)szklfl _ qu*klfl) (i (CH)2 N k cl )
Ay = kR (N + v)’“?"‘“‘l cp(ep— N2 o= A

)\kg k1+1((A + ,y)kg k1—1 ,U —k1— 1) ( 1 1 )
; (

k
A+ — pphz=h= 1A+7)’” Fi—l =22 o=
R (O o) At o 1)(/\+(cuk2—Ak2)>

A+ — p)pkz=Ri=L (X 4 y)h2—ki=1 (cpr — N)?

(5.52)
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Finally, we simplify the last sum on the RHS of (5.43),

A+nM A

ni
(e — A = 7)Am ;%2 (A +y)n

Q& Atk
C(ep— A= y)Am nz:%(n ) (A + )tz
S e ) Ay S A
B (cu—)\—fy)/\kl()\—i—’y) Tg(n+k2)<)\+7)
(A4 )kA A A SR
— n n
(cu—)\—’y))\kl(A—F’Y) <n§::0n()\+’y) * QTLEZ:O()\—F’)/) )
(AR A k2< A At 1 )
_(c,u—)\—fy))\kl(/\jL’y) ()\4—7);} ()\+’y) ke _T);v
(A+)kA A ,Q( A d 1 )\+7)
_ +k
(cu—)\—fy)/\kl()\—i—’y) ()\—i-’)/)d()\f;v)( _/\iv) Ty
(A ( A )k2< A (A+72+k>\+7>
(= A=A A+97 \A+y 42 Ty
(A +7)Fx A Aty A
= Z 4k
n—r—xn xeq) TR
)\kg—kl—‘rl )\
= Stk 5.53
(A+7)k2"“‘1(cu—k—7)v(v+ ?) (5:53)

We continue the simplification by summing up the simplified sums from (5.44) to

(5.53).
Summing (5.44) and (5.45):

kEi(ki —1) A+ k1)
2 + 2
5
 ki(ky = 1)9% 4 20X + k1)
22
(k1792 — k19?) + (202 + 2k1y))
22
kY A 2k + A% — Ky + A2
— 3
(k1y +N)? — k1y® + 32

- o (5.54)
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and (5.54) and (5.46) :

(k1y + N2 — k172 + A2 L2 P2 — kop*2 7t 4 kyph2

P
272 a (1—p)?

(kv )% = k1y? 4+ A2 N AZpk2 — k2 F2(1 4 o & — ko)
292 apk2=1(u — )2

(kv + N2apk2 7t = N2 — k1y2apF2 7 (= N2 + A2apF2 7 (1w — A)2 + 292 A2 0R2 — 292 0ko + 2(1 + ko & — k2)

5.55
2y2apk2 =1 (p — X)2 (5:55)

Next, we sum (5.55) and (5.47). The common denominator between (5.55) and (5.47) is

2v2apk2 = (pn — N3, we first simplify (5.47) by multiplying the numerator by y2au*2~!

yielding

_ A(kl("fl + 1) = A)* = 2pp® 4 202" 2 4 202 (k4 1)p" T — 203 (g + 1) ph 12

a 2(p — N3

Cki(ky + 1) (= N)2N = 27 4 2pmRNRES g R (g D) A2 —9y 7R (g 4 1) A
2(pn—A)?

So the numerator of (5.47) becomes:

(kl(kl + 1) (= N)2N = 2uX2 4 2R oy R (B N2 g R (k) 4 1))\k1+3>’}/2a,uk21

— kl(kl + 1)(# _ /\)2)\’y2auk2_1 _ 20&"}/2[/@)\2 + 20(72[Lk2_k1_1)\k1+3 + 20472,uk2_k1 (kl + 1))\k1+2
— 202 pr R () 4 )\t

(5.56)

Similarly, to have the same common denominator of 2¢2au*2~1(—\)3, the numerator

of (5.55) becomes:

(kv + A2 7 (= ) = kv (= M)+ Nap®™ 7 (= A)% + 29N (u = )
—2P N2 (L4 koK — ko) (1= )

(5.57)
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There are similar terms in both of the numerators of (5.57) and (5.56) when we sum

the two terms, so we continue the simplifications by merging similar terms one by one:

We first merge terms that containing p*2=1:

ki (b + 1) (= AP ™+ (kry + A2 (= 0 = kiyPap®™ ™ (= M)
+ AP (= 23

= apf~t (- /\)2(k12)\72 + Y 4 p(Ekyy)? + 2k y A 4 pA? — pkiy? + pA? — M(kpy)?
— 217 A2 + Meyy? — 2/\3>

= apk2~ (- /\)2(2]6‘1)\’)/2 — 21y A2 — 2X3 + p(kyy)? 4 2kiy A — pkiy? + 2;0\2)

= apk2~ (- A)2<2)\(/€1’y2 — kYA — A2) 4 p(k1y)? + 2k yAp — pkiy? + 2uA2)

= a7 (= V22 + k)M + (1= N (k17 + V)2 = kiy? + A%))

(5.58)

and then we merge terms containing j*2:

— 209 "2 N 4 297N (= )

= 29222k (1 — X — ) (5.59)

Next, we merge the terms containing g2 —*1—1:

2a72ﬂk27k171)\k1+3 o 2@72/1/]{27]{:171(]?1 + 1))\k1+3
= 2o\ 3 k=Rl () 4 1))

= 2y A3 Rkl (5.60)
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and we also merge terms contain p*2 =1

2ay? 2R (B 4 1)\ F2 (5.61)

Combining the terms containing p*2=*1 (5.61) and p*2=*1=1 (5.60)

20[,)/2#/@—]{:1 (kl + 1))\k1+2 o 2k1a,y2Ak1+3Mk2—k1—1
= 20y N2 Rl (g 1) — Ky )

= 209 N2 R (B (10— A) + o) (5.62)

Combining terms that contain p*? (5.59) and p*2~1 (5.58)

ap 7 (= N2 2N (k172 — kiy A — A2) + u(k1y)? + 2kiy i — pkiy? + 2u)?) 4+ 2922202 (0 — X\ — a)
= b2 (= N2 (A2 = kiyd = X2) + (ki) + 2kiy e — pkay? + 2102)

+ 29N = A = )

(5.63)

With the simplifications we have done in (5.62) and (5.63), the sum of (5.55) and
(5.47) becomes:

2a72>\k1+2ﬂk271~c171(ﬂk1 _ kl/\ + ﬂ)
2y2apk2 =1 (p— A)?
et (a(u = A2 (2AE1y? = kv A = A2) + p(kry)? + 2kiydp — pkay? + 2uX%) + 2922 %0 — X — a))
22apk " (= A)?

B 292Nk +2(1 Kok — ko) (pn — )
292 apk2 =t (p—A)

(5.64)

We continue to merge the summation terms, and sum up (5.64) and (5.48). We examine

(5.48) alone for the common denominator 2y2au®?~1(u — A)3, in order to get to this
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form, we need to multiply (5.48) by 2v2a, yielding

Fhi(p =) = (k2(p = A) + A)pF2 B!

A2(1 _pk1 H

(1= TRV )

PR ey (= Nt — (R — ) + A) AR TR
ph2 =t (= A)3 )

= (/\QMkl _ /\k1+2)(

Multiply both numerator and denominator by 2v2a:

Ramhr oy (o — A2 =Rt — (Ro(p— X) + A)Ak2 k=L
292 apk2 (= A)?

2,}/2a()\2uk1 . )\k1+2)(:u‘

We now focus on simplying the numerator.

(2072 N2kt — 202 NMH2) (ke R oy (= NP Rt (e (= A) 4 M)A
= 202N 4 20y A2k (1 — NP1 — 2092 0F (ko (p — A) 4+ A) ARz Rt
— 2y N2 Rk 9002k (pn— N)ARITFZ k2R 49002 (By (1 — )+ A) AR

(5.65)

There are no additional changes for (5.64), and we have the numerator of (5.64) as:

2)\k1 +2

200y pk2 BT (ke — kg A+ p)

1 kel (a(u — A2 2A(k17* = kv A = A?) + (k1) 4 2k1yAp — pkiy® 4 2uA?)
+ 2,7/2)\2'“('u - a)) o 272)\1@—&-2(1 + k2§ — kQ)(u — )\)
(5.66)
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Similarly, we merge similar terms from both (5.66) and (5.65) as we sum (5.66) and

(5.65). We first merge terms containing *2:

2072 0% 4 oy — A)Q((mf + 2k19\ — k1y? + 2>\2> + 292X (= X — @)
=20’ A% + 29202 (1 — A — @) + alp — N2 ((k17)? + 2k19\ — k1y? +20%)
=290+ (1 — A — @) + alp — N ((k17)? + 2k — k1y? +2)02)
= 29°N% (1 = A) + a(p — A ((k17)? + 2k A — k1y” + 20%) (5.67)

and we merge the terms that contain p*2~1:

2072 N2k (11— A) + 2ha(pn — A2 (k1y? — k1yd — A?)
=20 (1 — A) (VM1 + (= N (k17® = kiyA = A7)
= 20\ (1t — N) (VP Nk + pkiy? — phkiyh — pA? — Meyy? + kiy A2 +03)

=20\ (it — N) (k1 — pkiy A — pA? + iy A2 + 23) (5.68)
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Combining (5.67) and (5.68):

262N — ) + o — N2 ((k1y)? + 2k1y\ — kpy? + 20%)
+ 20 (1 — N) (kv — pkiyA — pA® + kiyA? + %)

= 2A(p — N) (2N + apkiy? — apkiyd — apd? + akiyA? 4+ a)?)
+ap(p — N2 ((k1y)? + 2k1y\ — kiy? 4 20%)

= (1 — A) (2uy2 N2 + 2apki My? — 201k y A — 2ap)® + 2aki A3 + 200t + ap® (k1y)? 4 ap2ki v\
— k1Y 4 202N — ap(k1y)? — 2000k v AN 4 apdkiy? — 20u0?)

= (1= 2 (209°22 + apulry (1 = M) (k1 = 1) + 20) — 200X 21y — 1) — 2033 (24 — k)

120Nt + 2au2k1fy)\)
(5.69)
and we have terms that contain z*1:
—2ay? 1 (ko (1 — ) + \) A2kl (5.70)
and terms that contain 251
— 202 \F1 2 (5.71)
and we can merge the terms that contain p*2=%1-1:
— 2092 k1 (0 — MANT2 42002 X T2 (ke — By A 4 )
= 20’ N2 (ky — kA + p) — pky + ki N)
= 2apuy? N\ t2 (5.72)
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By combining (5.68) and (5.72), we get:

—2apuy?AF2 L oaus? At = ¢

Also we can simplify the terms that contain A*2+1 and \F212:

2097 (ka(pr — A) + A) AT — 2920022 (1 4 k2§ — k2)(p = A)
= 29" AR (g (e 4+ 2X — 1) — A — A(kg — 1)(A + @) (5.73)

We can now substitute the results from (5.67) to (5.73) in the sum of (5.64) and
(5.48), and we have:

(w— k2=t (2M2/\2 + apk1v?((p — N (k1 — 1) + 2)) — 2aur? (2k1y — u)) 2073 (2p — k17) — 202t — 2ap®k1y A

(5.74
2v2apk2 =1 (p — X)3 2y2apk2 =1 (u — X)3 )

2a~2pk1 (k2(u — )+ A)Akrkﬁl — 22 7\k2t+1 (kg,u(a +2X — ) — A — Ay — 1)(A 4 a))

2y2apk2 =1 (n — X)3

The equation (5.74) represents the simplification for the first to fifth sums on the RHS
of (5.43), we continue the simplification for (5.43) by merging the seventh sum (5.51)

and the ninth sum (5.53), and we have:

a(Z + ko) (= N2 ep — N2 = (kacp — kaX + AP~ (= Nay
a(A+ )Rk e — X — y)y AR =R =L (g — N)pk2 = (cp — )
A+ ) ep = X = ) (kacp = ko X + Xy (A" = ABFY) 4 a(uht — M)
a(A+y)kemh=tep — X — )y Ak =t (= A\ pF2 =t (ep — )

Calp = NG k) (en = V) = Ra(en = Ny =)
a(A+y)k2=k=t(ep — X — )y AR ke =1 (g — X k2= (ep — N)
A+ )R e — X — ) (kacp — ko d + Ay ((uAFr — Moty 4 a(pkt — AR))
a(A+y)R=tep — X = y)y A=k — X pk2 =1 (ep — A)

+
(5.75)
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We now also merge the eighth sum term (5.52) of (5.43) with (5.75).

We first force (5.52) to have a common denominator with (5.75), so (5.52) becomes:

aypF(ep = X =) (= N (A + )2t — kBl (N g By (ep — V)
ay(A+ 7y — p)pkem L (A + )RRt (e — X — )Mk (i — X) (ep — A)?

(5.76)

And now we also need to make (5.75) to have the same common denominator, which

only requires multiplication by (A + v — p). For better readability, we only show the

numerator:

alp— A)pF A+ - u)((i + ko) (cp — A)? = ka(cp — A)y —yA)

+ Ay =) A +7)2 M e — X — ) (kacp — ko 4+ M)y ((pAFT = XY - a(uht — AR)

(5.77)

We now simplify the numerator of the sum for the seventh, eighth, and ninth sums

of (5.43).

ol — N (A4 —m((j k) (e — N)? — Kalep— Ay —4A)

+ A +y =)A= e — X =) (kacp — kaX + Ay (A — ABF) 4+ a(uh — A1)

oy (e = A=) (= A (A + 9Pt — pf2 M) (X g ko (e — V)

By following a similar simplification approach as we did previously, merging terms

that are similar, ((5.69) is an example of this approach), we have the sum of (5.75) and
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(5.52) as:

a(p = NP A4y = ) (3 + k2)(ep = 1)) = (e = Dary(p — NP2 (A + ka(cp — A))
ay(A+ 5 = )X+ )Rk (ep — X — y) A=k = (g — ) k2=t (ep — X)?
e = A=) A+ )RR (e = A) + A) (@ (bt = Nor) = (= N2 = (a+7) (1 = V)N
ay(A+ 7 = @) (A + )Pt ep — A — y)AR=h =t (= N pke= (ep — A)?
(5.78)

+

gmotest Now we want to merge the sixth sum on the RHS of (5.43) into either (5.74)
(the sum of the first sum to the fifth sum) or (5.78) (the sum of the seventh sum to the
ninth sum). The sixth sum (5.49) is more similar to (5.74) than (5.78), so we merge the

sixth sum with (5.74).

We first simplify and arrange the sixth sum (5.49) such that it shows more similar
patterns with (5.74)

22 <u+k1(u—x)—(kz(u—x)w)pk?*"l*l w+m+x—(mu)(—)g)’cr’”*l)
2

Aty —p (b =22 ¥
A2 T O L B B (T T e O e e e A (kz(u -2+ )\) AR2=RL=1 () 4 y)k2 =k
Aty - 72(p— A)2pk2=1(A 4+ y)k2—k1-1

I e B G D M o B T (e O I O ) M Y A (R S O e 0 LA
Y2 (p = A)2pk2 =1 (X + y)k2—k1 -1
U A)Q(k2v+>\)/\k2_k1_l>
Y2 (= A)2pk2 =1 (A 4 y)k2 k1t
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We now simplify the numerator of the term within the large parentheses:

VP2 N+ )R ke (= N2 (A 4 )R
— PP (g (i = A) + NN TR N )RRt (e (= NP (A 4 )RRt
Ry (= NP4 )RR e AR (= NP (A 4 )RRt
— 1P (= M) (kyy + M)A TR
=7 A ) T Ry (= M2t A )R e (= 0PN )R
— Ry (= N)2(A )RR = AR (= N)2(X 4 )RRt
= 2 (R (i = A) + AN R g R (= N2 (Rgy - M)A TR
=P AN+ N2 P+ B (= M) = M= A = ky(n— A7 = A — A)?)
= AB R (2B oy (1 — ) A (A )RR R (= A2 Ry + )
= p T A )T (9 (ot k(= ) = (0= VP Ry + )

= AR TR (928 (g (= A) + A A+ )RR B (= )2 (kay 4 )

So (5.49) becomes:

N P O )RR (2 (e (= V) = (= N2+ Ry + V)
/\+'y—u< V(= AP pke (A + )kt

N\ R (9240 (g = X) 4 0 (04 )R8 b (= 02 (ky + )
- VA= A)Ppk (A 4 )RRt )

(5.79)
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We then make (5.74) have the same common denominator as (5.79):

(= Mpk2-1 (2w2x2 + apk1v?((w = M) (k1 — 1) + 2)) — 2apr? (2k1y — 1) — 2233 (2p — k1) + 202* + 2au2k1'M)

2y2aph2 = (p — )3
2ay2pk1 (@(u A+ A)A’Q_""l‘“ — 2422k2+1 (kw(a T 2N — ) — Ap— Alkz — 1)(A + a>)
2y2apk2 =1 (p - 2)3

(=N 47— @A+ y)k2—ki=1, k21 (ZAWQ)\Z + apkiy? ((u =Xk — 1) + QA) — 2apr?(2k1y — u))

2v2a(A + v — p)pk2 =1 (n — N3 (A + y)k2 k11
(= DO +y = WO+ Rz ke (2003 @ = ki) + 200 + 2002892 )

292X+ — k2T (= N3 + k2Rt

+

272 (A — ) )F2 TR IAR L (kg pu(a 20 = ) = A — Alkz = DA+ @)
272X+ — p)pF2 T (= N3 (A + k2Rt

2072 (A +y — (A + k2R R (kz(u -2+ A)A’W"“l“

+

5.80
272a(A 47 — p)pk2 = (p — 2)3(A 4 y)k2—k1 -1 (6:50)

We also need to make (5.79) have the same denominator as (5.80):

N T O )RR (2 (R (= V) = (= NPy + Ry + )
Aty —p ( V2 (= A2kt (X 4 ke it
N2kt (o2 (g (= ) 4 A) A+ )R R=1 = k2L (= 0)2(kyy + V)
V2 (= A)2pke =t (A + y)he k=t >
pE O )RR 2 (2 (0 By (1= A) = (= N2y + iy + )
A+ = w2 (n = A)2pkt (A + y)ke—ha—d
Nez=hi=d (2 (g (= ) 4 A) A+ )R R=d = k2= (i — 02 (kyy + V)
O e e D (TR T O o) L
20 = Ak A+ )RR (32 (ke (= V) = (= N2y + hry + 0))
292X+ — k2 = AP(A + )Rt
20( = NN R (92001 (g (1 — A) 4+ A (A4 )R R=d = =t — A2 (kyy + 1))
272a(A 4+ = p)pk2 (= A3 (A + y)ke Rl

(5.81)
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We follow a similar approach of separating and merging similar terms, obtaining the
sum for the first to sixth sums on the RHS of (5.43) as:

(= MO *2 R0k (g oy = ) (apkiy® (e = N (e = 1) + 209207 + 2xaukir? + 2aA(w = )2 (vk1 + 1)) )
272X+ — k2T (= N3N + k2Rt
(= MO+ 7)*2 R0k (2002 (42 (0 ki (0 = 2) = (0= 220y + kay +0) )
2v2a(X + v — ppk2 T (p = N3 (A + y)k2 ki1
272 (A 4y = WO+ )F2FT IR (g4 23 = ) = A= Alkz = DA+ @)
27v2a(A 47 — p)pk2 = (p — 2)3(A 4 y)k2—k1 -1

2073 (A4 )F2 TRk AR =R (g (- 0) + )

+

2aAF2 =Rt k2T () — 23 (kgy + X)
2v2a(X + v — p)pk2 =1 (p — N3\ + y)k2—k1-1 292a(X + 5 — ppF2 T (= N3N + k2Rt

(5.82)

We have the sum of the first to sixth sums on the RHS of (5.43) in (5.82), as well we
have the sum of the seventh to ninth sums on the RHS of (5.43). Now, we need to sum

these two to complete the simplification.

We first make the sum of the first to sixth sums (5.82) have the appropriate common
denominator by multiplying by (cu — A)?(cpu — X — 7):

(en = 22w = A= M) = N+ DF27F10k2 =1 (g = o) (apkar® (n = Nkt = 1) + 209252 4 2xapkiy? + 207z = )2 (vk1 + 1)) )
2(cp = N2 (ep — A = )v2a(h + v — p)pF2 =1 (n = X)3(A + y)k2—k1-1

(e = N2 (ep — A — ) (= A)(A + k2 k=1 k2 =1 (20&2 (vz(u +hi(p =) = (p=2)2(v+ k1v + A)))
2(cp — A)2(ep — A = v2aA + v — ppk2 71w — N3 (A + y)k2—k1 -1

2en = 2)2(en = A = VPO + 7 = WA+ DRI (kgp(a 423 — 0) = A = Alkz = DA+ a))
2(cp — N2 (cp — A = )y2aA+ v — ppk2 =1 (n — N3 (A + yk2—k1—1

2(cpu — N2 (ep — X = y)ay3 (A + y)k2 7k =1k \ka k41 (k2(u -+ A)

292a(X + v — p)pF2 7 (p — N3N + y)k2 k11
. 2axk2=k1H+1 k2 =1(, _ 3)3 (ko + A)
2(cu = N)2(cp — A = v2a(A + v — wuk2 =l (n — N3\ + k2 k11

(5.83)

Similarly, we also need to make the sum of the seventh to ninth sums (5.84) have the
same common denominator by multiplying by 2v(u — A)?, and (5.84) becomes:

2y(n = 2)PAR2TFIH L apk2 =T (0 y = ) (2 + ko) (en — M) = (e = Dar(r = Mik2 (A + ka(en — N)
272 (= N3+ v — WA+ F2=F1 =T (ep — X — y)pk2= 1 (ep — 2)2
292 (1 = N)2(en = A = DO+ )F2TFTINR TR (g (e = 0) A ) (@ (uF1 = A1) = (0= 02 = (a+ 1) = V) A1)

272(p — A)3a(A+ v — A+ MF27F1 = ep — A — ypk2 = (ep — A)?

+

(5.84)
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Once again, we separate the terms and simplify, similar to what we did in (5.69), we
obtain the sum of the first to last sums of (5.43) as:

Bv] (= Mo = N2+ R TRk ep = x = )y — ) (ankar? (n = N (kr = 1) + 209202 )

70,0 272X+ — p)(ep — A = MpkF2 7 (ep — A)2(n — A)3 (A + y)k2—F1 -1
(1= Nem = N2+ NF2FI k2 = e = X = ) (A 4y — o) (2Aapkir? + 207 (0 = V)2 (k1 + X))
* 2y2a(X + v — p)(en — X = V)uF2 7 ep — N2 (1 — X)3(A + y)k2 k11
(=N (ep = N2+ k2R =1 yk2 =1 ) — X — )22 (72 (u +k1(p — A)) — (B = N2+ kv + A))
272a(A + v — p)(ep — X = V)pk2 71 (ep — N)2(n — X3 (A + y)k2 k11
2auR1 93 (ep = A = M)A+ )*2ELTINR TR (0 o) (Ra(en = N (0 = 2) + A((er = 2) + (1 = V)
2v2a(A + v — p)lep — A = NpF2 7 ep = N)2(n— X3 (A + k2 k11
2a(c = DAF2TRIFLLR2 (23 (ko + N (en = N2 = 22 (A + ka(en = )
2v2a(A + 7 — p)(ep — X = Npk2 7 (ep = N)2(n = X)3 (A + y)k2 k11
292 (ep = A = DO+ NE2TFTINRH (a0 (= A = ) (= ew) (kalen = (= 2+ A((en = ) + (1= V)
272a(A 47 — p)(ep — X = y)pk2 = ep — X)2(n — A)3(A + yk2—k1—1

+

+

+

(5.85)

We have obtained the expression for mpo in (5.40). Along with the expression we ob-

tained in (5.85), we have the expression for E[N] as:

BN (i) e 02 et (Ot ) (s a0 k1~ 1) 42007202 £ 200k 200 (N ka+0) #2088 (42 b () (X2 -k +0) )

20y Aty —p) (en—A=7) (cp—X)2(p—X)? ((u+'}'))\+o¢’yk1 ) +2Auy(c—1) (ep—A—=7y) (cp—A) (p—A) ((M(;t*)\)sz’kl —Lipk2 ((A*”Y*N)()\*’OJ*H)M’?*(XIL’WZP’kl))

‘ 22vate1) (X841 (a3 (ko N e N2 O e A) #9212 )52 (ke (A A2 (1)) (-0 X) (A7) —p 1) )

2y (A1) (ep—=A—) (ep—N)2 (1=N)2 ((aty) ek ) +22 (= 1) (ep— A=) (cp—A) (u=X) (M(u%)zﬁ’w*’“1*1+p’€2 (=) A ra—p)y—apy2p~k1 ))

(5.86)

We have obtained the closed form expression for E[N] in (5.86). To determine the

expected response time, we can apply Little’s Law to obtain the expression for E[R].

Little’s Law states:

By applying Little’s Law to (5.86), we have the expected response time as:

£A] (=) (en=2)2(cn=A—7) ((/\-M'—u) (aukmzrl(u—A)(kl—1)+2M2>\+2auk1ﬂ'2+2a(ﬂ—/\)7(7k1+>\))+2M(72(u+k1(u—X))—(u—*)Q('v-%-kw-*-*)))

2y (A=) (ep— A=) (eu—2)2 (u=N)2 (et ) Abarykr ) +20 ey (e—1) (ep—A—) (cu—X) (=) (aw—x)%kr’ﬂ k2 ((Aﬂ—u)(A+a—u>w—am2fh))
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2u(c—1) (axskrkrl(u—m (k29 0) (eu=A)2 =72 (Akz (e=A))) +92 e eu— A=) P2 (k2 (ep=A) (=X +A((eu—N)+(1=N)) ) ((u—a—A)(u—A—W)—Mﬂ’kl))

2y Aty =) (em=A—7) (en—N)2 (=) ((a+7) Atk ) +2Awy(e=1) (= A=) (cu=A) (=) (M(M*A)zﬁ"'r’“l’lwkz ((wau)(z\+afu)/wfam“ﬂ’kl))

(5.87)

We also need the expected energy consumption of the system. In order to determine a
closed form expression for E[E], we follow a similar approach that we used for identifying
a closed form expression for E[N]. However, energy costs for different system states vary,
for example, it is expected to require more energy in the SETUP state versus when the
system is in the IDLE state. To be more adaptable to energy cost variations, we express
the expected energy consumption as the weighted sum of energy costs from all energy

states as follows:

E[E] = Esprupmservp + ErpLeTipLE + ENORMALTNORMAL + ESCALEDTSCALED

(5.88)
where T4t represents the total probability for a system state, for example, Tspryp
represents the total probability that the system is in SETUP. As a result, we need to

determine expressions for the total probabilities for each system state.
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We first solve for mgpryp. The probability of being in the SETUP state is given by
(5.2), which leads to:

TSETUP = Z 0,n

n=k1
o0
A
=y (=)D
n=~k1 A + v
— o0 Z )\ + ’y
%
T Aty
A
= To,0— 5.89
5 (5.89)

And next we solve for 7;prg, and from (5.3), we have:

TIDLE = T1,0

A
== 5.90
5,00 (5.90)

We continue to solve for myorarar, which contains two regions, one from BUSY to

IDLE, and the other one from BUSY to SCALED. With the expressions obtained for
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both regions (5.4) and (5.5), we have:

ko—1
TNORMAL = Z Ti,n
n=1
ko—1
- Zﬂ-l n+ Z T1,n
k1+1
k1 ka—1 ].—pkl n—ki A . '
_WO,(]Z(ip +P +7T() ,0 Z (( p +pn—(k1—1)ﬁ) + Z(M)zpn—kl—(z_l))
n=t ki+1 P
kl)\ k1 1—p k21 ko—1 1, oy
:770,0( Ep"+2p1 ) (Z Zpn +Z k11?)
n=1 n=1 kit Tl p
+ ( Yipn—ka= 1_1>
ki1 i=1 Aty
/\k271 P k1 ky k2—1 ko—1 ks
_ - n - _n n—k n—ky+1 1 —z
_7ro,0<azp +1_p2(1 ,0))4—770,0( Zp 1+Z( Z )\+v )>
n=1 n=1 Rirl fawt
ka—1 p k1 k1 —pk ka—ky—1
:ﬂoo(azp +1_p(n_1()_n2_:1p )>+7r00<p1 p nz:l o
k2—1 n—~k1 1
+ <pn—k1+1 Z( )z))
k1+1 i=1 Aty
BV ) I (i
0.0y 1—p -, 1 =,
1- 1_ ha kll Rl Ll—Ln—kl
+7ro,o(p 1 P p( + Z ( n—ki+1 ,\ﬂ( : (,\ﬂ) ))>
-’ k141 - m
P </\ ka—1 pL—p* ))
- —(L—p™ [ S
moT—, a( pT) + 1—p
2 k ko—k1—1 ko—1 ko1
p(—p)( —pt ™ ) n—ki+1 _ n—kitl, M \n—k
+7T0,0( b) (Z p 1 Z (p 1 (7)71 1)>
(1—0) )\+'y k141 Mt A"”Y
P (A ko—1 p(l—pk1)>
- —(1—=p" by - 2
moT—, a( P+ ka —
2 k ko—k1—1 ko—k1—1 Kok 1
p*(1—pf)(1 = prz—F—1) M ( )
+7To,0( (1—p)2 +/\+’Y—M ’ ;::1 e Z )x—l-’Y
A A _ p(l—pkl) )\2(1_p )(1_pk2 ky— 1)
= — (=1 = ko—1 k _7>
7To,0u_)\<a( p )+ k1 =, + 70,0 Y
p (Mg b M- Gt )
Aty —n p—=A ~
A2(1— pR2 1) (1 — N) + krad (i — A) — ad2(1 — phr)
=7To,o< : )
a(p—A)

RO gty (=) X - N (1= ()
+0°( (=22 T N w) )
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A2(1— p*2 1) (u — M) + krad(p — A) — ar?(1 — p*1)
a(p — )2 )
A2y = (1= pFL) (L= pF2 7RI 1) oy (= NAZ(L = pF2 Rl C a2 = 2 (1 - ()RR )

+ﬂ0’0( Yb = N2+ 7 —p) )
_ (A%(l — P27 (= Ny — p) FRrady(p = AN Ay — p) — aXZypF2 Rt a - pRy (44 — )
= 70,0

av(p = X)2\+7y = n)
av(n = MAZ(L = k271 —ax?(u = 2?2 (1 - (5)ke k) )

ay(p = N2\ +y - p)

-

(5.91)

Then we continue to solve for mopp, from (5.1), we have:

k1—1
TOFF = Z URD

n=0

k1—1

= Z 70,0
n=0

= k‘lﬂ'(]’o (592)

Lastly, to calculate mscargp, we can use the fact that the sum of the steady-state

probabilities must be equal to 1, so we have:

TSCALED = 1 — TOFF — TIDLE — TSETUP — TNORMAL (5.93)

We first substitute the expression for m o into each of the expressions (5.89), (5.90),

(5.91), (5.92). So we have:

M (=22 A+y=p) (cp=X)
—aA(p)?pR2 7R 4 a2 p(p—A)2ER2 R4 (A —p) (A a—p) A2y pk2 ) Flen—X) by =) (=) ((aby) A+avkr )

(5.94)

TIDLE = (6_1)<

A (p=A)? Aty =p)(cu=X)
—aX(py)2pF2 7R faXu(p—X)2Ek2 =M ’1+(/\+77u)(k+a7u)/\u2w’“2)+u(cu*/\>(h+vfu)(uf/\) ((at+7)A+avks)

(5.95)

TSETUP =
e
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(cp=2) (aX2(u=2)2€%2 1 —apdy®pb2 K1 —pdey (A=) (= A=) p*2) +A(u=A) (=) Aty =) Oy ey +a)

TNORMAL =
(e=1) (*aA(M)Zp’“Z"'l +aA2u(qu)2€"2’k1’1+(/\+v7#)(/\+a7#)>\#2w’°2)+u(cu4)(k+wfﬂ)(uf}\) ((a+y)r+arks)
(5.96)
TOFF = k1ay(p=2)2 (A ty—p)(cu—=A)
(e=1) (70"\(“7)21)@%1 +aX2p(p—N)2gka—k1-1 +(>\+77u)(z\+a7u)>\u2'ypk2> pulep—3) by —p) (=) ((aty) Aayks )
(5.97)

In order to find mscarep, we just need to use (5.93). Since all of the denominators of
(5.94)-(5.97) are the same, the numerator of 1 is just same as the common denominator.

From (5.93), we first simplify the numerator first, with substitutions from (5.97), (5.96),
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(5.95), (5.94), we have the numerator of TscarLgp as:

(c—1) ( —aX(u)? o+ aN (= NPT T Ay — ) (A + - u)AMZW’”)
+plep = N4y = ) (= A (@ + M)A+ avkr) — kiay(p = )M+ — p)(cp — A)
=M (= A2 A+ = ) (e = A) = A = XA+ — p)(cp — A)

- (/\27(1 — 0" (= N (ep = N+ 7 = 1) + krady(p — N (e — )M+ — p)

— aXP " TN 1 = M) (e = M)Ay — )

A ko—ki—1
>\+'y) )>

+ay(p = Ao — NN (1= p" 771 — aX®(u— A)? (e — A) (1= (
= (c—= 1) (= aX(u)?p" ™" + aXp(pn — N2> 4 (A9 — (A + a — p)ApPyp™)
= Ny (1= PP (= M) e = NN+ — ) + aXyp" 71— PP (ep = N (A +y = p)
— (= Mes— A1 — g R71) £ ad(u — X2 (ep — A)(1 — gk

+ plep = NN +7 = ) (= A) (@ +NA+ avkr) = kray(p— A (A + v — @) (e — A)

=M= A2 4y = (e = A) = A = NP A+y = p)(ep = A) = krady (g — A)(ep = M)A+ — )

= (c =D ((—aX(u)?p™ ™™ + A+ 7 — ) (A + a — AP yp™) + X (cp — A (=N (p— A —7)(a+7)
F A (ep =N (= A= a) A+ 7 = p)p"= 7+ any? (ep — A)pt Tt
+aX2 (= N)2ER R (e = 1 — (ep — )

+ (=N (e — NN+ — p)(adp + A\ + avkip — krayp + krayh — Ayp + A\ — adp + ad\ — kraly)
= A (ep =N =M= A=+ + X = Nen—NA+7—p)y+a)

2y (= A= )M+ — w)p" ((ep — A) = (¢ = D) + adpy®p™ 7 ((epp = A) = (¢ — 1))

+aXN (u =AM (e = Dp— (ep— V)

= My (= A= a)A+v = w)p"2(n— A) + adpy®p™ 7 (n = X) — a X (u — X2 (= N

= My — A= )X+ = p)p¥2 (= A) + adpy®p™ R (1 — X) — a X (u — A)3ghe Rt

63


http://www.mcmaster.ca/
http://www.cas.mcmaster.ca/cas/
http://www.cas.mcmaster.ca/cas/

Master of Science— Guang Mo ; McMaster University— Department of Computing and
Software

As a result, we have the expression for mgcarLgp as:

Ay (p=A=a) Ay =p) p*2 (=) +adpy® p*27F1 (u=X) —ar? (u=X)3¢k2 =1 1
(e=1) (*“‘NM)Z#’“T’“ +a/\2#(u%)2£"2’*1’1+(A+w7u)(k+a7u)/\u27ﬁk2>+#(C#7A)(A+77u)(uf/\> (et taryks)

(5.98)

TSCALED =

We have determined closed form expressions for all of the required probabilities. Once
the energy costs have been specified, one can easily obtain the total expected energy cost.

We will show an example in the experiment results in Chapter 6.

With the closed form expression for E[E], we have determined all of the required
closed form expressions for the first case of our study, where the threshold to turn on

speed scaling is larger than or equal to the turn on server threshold, namely k1 < ko.

The CTMC model of this case is presented in Figure 4.2. The analysis process is
very similar to what we have done for the first case in Chapter 5.1, and as mentioned
earlier, our research interest is in the first case where k1 < ko, we only show the necessary

analysis for this case.

Similar to Case 1, we first obtain the system balance equations as follows:

AT0,n = AT0.n—1 if 0 <n <k OFF region

A+ 7)T0n = AT0n—1 if ki <n SETUP region

ATon = QT p ifn=0IDLE

U1 = AT p—1 + ATon—1 if 0 <n < ky BUSY to IDLE region
CUT 1 = AT p—1 + AT0n—1 if ko <n<ky SCALED to BUSY region
A+ )T = M1 + Yo + cpumi 1 if ki <n SCALED region
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We now work on expressing the steady-state probabilities in terms of mpo. The
expressions for the OFF, SETUP, and BUSY towards IDLE regions are identical with
those in Case 1 since these portions of the two CTMCs in 4.1 and 4.2 are identical.
So we can reuse the expressions developed in (5.1), (5.2),and (5.4). We have identical
expressions with Case 1 for the OFF and SETUP regions, with the same expressions
as (5.1) and (5.2). We then focus on finding the expression for the SCALED towards

BUSY region ko < n < ky:

CUTp = AT -1 + AT n—1

Let Z = 2

Tlky = LT ko1 T L0 ky—1
7T1,k‘2+1 = Zﬂ-l,k}z + Z7T0,k'2

2 2
Tlkotl = £ T ky—1 + Z T y—1 + ZT0 ks

and from (5.1) we have 7, = 7 since the range is within the OFF region. So we have:

n—ko+1
T = Z" %2t 1 1+ oo >z
i=1
1— anngrl
_ rrn—ka+1
=7 T1,ky—1 T 70,0 (Z -7 ) (5.99)
T1,ky—1 is in the BUSY towards IDLE region, from (5.4), we have:
A ko—1 1- pk271

= — _ 5.100

1 ko —1 7To,o(oéﬂ M ) (5.100)
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Substitute (5.100) back into (5.99)

A\ 1
Tin = Z”*’”“vrop(ap’“‘f1 yp— ) (5.101)

L=p
ko—1 1— Zn—k2+1>

A et 1
:<an2(apk21+p 1fp S

)

Since Z = & and p = %, we can substitute these expressions back to (5.101) for

further simplification. We first perform simplification on the last term inside the large

parentheses in (5.101):

1— anngrl
1-Z

(Cu)n7k2+1_>\n7k2+1
(cp)n—F2tt
cu—A
cp
(C,u,)n_k2+1 . )\n—kg—f—l

T TSy (5:102)

Then we perform simplification on the first term inside the large parentheses of

(5.101), and simplifying terms inside the small parentheses first.

A 1— ph2—!
“phl g p 1f
k271_)\k271
B A k2=l B T
k2—1 JT
Q o m

A
>u’“2‘1 (5.103)
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We now substitute (5.103) into the first term in the large parentheses of (5.101),

yielding:
A 1—phkl
ankQ N ka—1
(Sp +p—Tj;ﬂ
)\n—k2+1 )\kz—l ko—1 )\k}g—l
= (=5 ) (5.104)
cn kgﬂn 1 a w— b\
We can now simplify (5.101) by substituting (5.102) and (5.104):
b 1— pk‘z—l 1 — gn—ka+1
ank‘g N ka—1
A s 1-Z
)\n—kz-{—l )\k:z—l Mkz—l o )\kg—l (Clu)n—k:z-i-l o )\n—kz-i—l
_cmhw“& o T aea ) (cp)" k2 (cpp — A)
)\nfk2+1 )\kgfl 'u’kgfl _ /\szl cu n—ko+1 _ )\nfk2+1 1
= ( (e ) (e ) —  (5.105)
I o = A (cu—A) (cp)

We need to simplify (5.105) further by simplifying the first term inside the large paren-

theses as follows:

)\n—k'Q-‘rl <( )\kz—l _ Akz) + ()éLLkQ_l _ a)\k‘z—l
) )

pkat alp—A
)\n ko+1 M)\kQ 1 )\k’g a)\k‘g 1) —I—Oz,qu_l
pket ( (M—A) )
)\n ko+1 AkQ 1 M A 4 au —1 a/\k2_1
- le( a(p —A) )
B (M—A—Q)An—l-aqu lxn, ko+1
B a(p — Akt

The terms with common denominator within the large parentheses in (5.105) become:

(n= A=)\ (ep = N) +apP N "RF ep — ) o = P27 ep)" R4 — a(p — Ak tAn TRt

+

alp — A)pk2=1(ep — A) alp — A)pk2=t(ep — A)

(5.106)
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We now simplify the numerator of (5.106)

(1= A= a)X"(cpp = A) + ap™ TN TR H (e — A) + a(p — A7 ep)" T — a(p — A)pe AR
= (=X =)\ (ep = A) + ap™ TN TR (g — A) — a(u = N IR fa(p = A)ph T (o)
= (= A= )X (e = A) + (ep = X = p+ A" TINRH o — A2 (o) Rt

= (p= A=)\ (cpp = A) + (c = D A" F o — A" F !
So the expression in (5.106) becomes:

(=X — )\ (e — \) + (¢ — 1)a#k2)\n—kz+1 + oy — )\)Mncn—kz—i—l
a(p — Ak (cp — A)

(5.107)

This completes the simplification for the terms within the large parentheses in (5.101),
and now we substitute the result from (5.107), along with Z = ﬁ into (5.101), which

yields the expression for this region as:

o ((u — A= )N (ep— N+ (¢ — DapF2An=F+2 4oy — )\))\,u”c"_kﬁl)w
b Rt o (i — N (cp — ) o0
(5.108)

We then move to solve for the expression in the SCALED region, where k1 < n. We

have the balance equation for this region as:
(A + )10 = AT n—1 + Y00 + CUT1 nt1 (5.109)

Similar to Case 1, this balance equation once again can be described as:

A
— n—(k1—1) n—(k1—1)
Tim = Ax + B(i)\Jrv) (5.110)

where x satisfies:

(A +cp)x = X + cua?,
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which yieldsx =1 orz = ﬁ Substitute this relationship back into the balance equation

(5.109):

A+ cp) (Ax”_(kl_l) + B()\iify)n_(kl_l)) =\ (Aar:"_k1 + B()\ii'y)n_kl)
+ V(Aji,y)n_(kl_l)wo,o + CM(Ax”_k1+2 + B(/\ i 7)7z—k1+2)
We apply the same technique as in Case 1 by separating the constant terms and x terms,
then we can solve for B:
A+ CN)B(m)n_(kl_l) = )\B(m)"_kl + W’(m)n_(lﬁ_l)ﬂo,o + C,UB(A n W)n_kﬁr2
(A ) (5B = AB 453 )00 + Bl )
(A+cu)B=(A+7v)B+~ymo,0 + CﬂBﬁ
(At ) B = A+ 9B — B = m
cuB — B — CMBA—I—w = YT0,0
(A +7)B = v(A+7)B — cuAB = (A +7)m0,0
(AeuB + yepB) — (AMyB + yyB) — cpAB = y(A +7)mo,0
(cuB) = (AB +7vB) = (A +7)70,0
(cp—=A=7)B = (A+7)m0,0
B= 7cuA—th—vW°’° (5.111)

With B solved, we can solve for A with the balance equation written as:

(k1 A (k- (kg —
()\ + C,LL) (AIn (k1—1) + B(m) (k1 1)) = )\7r17n_1 + 7()\ T /7) (k1 1)7'('070 (5112)
A
n—k1+2 n—k1+42
+cu(Aa: ! +B()\+7) ! )
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When n = ky,m1,,—1 = 71 ,—1, which belongs to the SCALED to NORMAL region:

(c = DapM M=kt 4 (1 — X — a) A (ep = ) + a(p = M)Atk
ach =Rz (g — N)pk1=1(cp — A)

T,k —1 = 70,0

(5.113)
Set x = 1 as one of the solutions for (5.112) and substitute (5.113) into (5.112), we then

have:

A (¢ — DapF2 XFr=ketl 4 (1 — X — )M\t (cp — N) + o — M) Apkr—1cki—ke
A A+B——) =
A+ cp) (A + +7) /\W&O( )

ach =k (= A k=1 (ep — A)

+7( mo,0) + cu(A + B(

2
)\+'y) )
(c— 1)aukz)\k17kz+1 + (N_ A — a))\kl(c,u— )\) +a(M_ )\))\’ukl—lckl—kg)
ackl—k&(lu/ — )\)Mkl—l(cu -\

A+
Y

M+ (A +cp)B—— = Awoyo(
+

A
B A V]
+7()\+77T0,0)+ CM()\—FW)
A+ (At eu)B— ((C—l)au’”%’“"”“+(u—A—a)A’“(Cu—A)+a(u—A)Auk1‘lc’“"“2)
L
HIZNy 00 acki=F2 (= N R e — \)
B
+7()\+’Y7T070)+ Cﬂ()\+’y)2

Ao (c = DapM2 XNkt 4 (1 — X — a) A (ep — X) + a(p — N Aph —Heh e 1
N 7TO’O( ackr=k2 (y — N)ypkr=1(cp — N) ) + 7()\ + ’ywo’o)
cpA — (A +7)(A +cp)
B
+5( Ot ) )
(5.114)

Sub B = cu)\j)lyWO,O from (5.111) and simplify the B term of (5.114):

B(CM* ()\+7)()\+C#)> _ Aty (cu/\* (>\+7)(A+Cu))ﬁ
(A +7)? Ccu— A7 (A +7)? 0
_ 1 (cu/\* (>\+7)(A+Cu))7r00
cp—N—r A+ ’

_ A Fen
- 0,0
(cpp—=A=7)(A+7)
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Substitute the simplified B term above into (5.114), so A becomes:

A=r (@rmwu“*ﬁ1+mAaM“@uM+aMAMM“%“*3+W( 70.0)
00 k=R (= N) k=T (ep — A) A0
AN +7) + yep oo
(ch=A=7)A+7)
A=r ((C — Dap =Pt 4 (5 — X — )M (ep — N) + a(p — A)Au’“lc’“’”) Aty
e ackr=R2 (g — N) k1=t (ep — N) cp—XA—7

0,0

(5.115)

Now we merge the mp o terms of (5.115) using a common denominator, and simplify:

(c = Dapk2 A=kt ey — X — ) + (cp =X =) (5 = A = ) A (cp = A) +alep — A — ) (u = N\~ ek ke
acki=kz (1 — Nk =1 (cp — A)(ep — A =)
ackt k2 (u — X)p* " ep = (A +7)
—achE2 (= Npk (e — N (ep — A — )

(5.116)
Simplify the numerator of (5.116):

(e = Dap2N=mt e — A=) 4 (e = A=) (1 = A = @) A" (epp = X) + alep — X =) (p = Ak ke
—ac TR (= A e = (A +7)

= (c—= Do N2 e — X = 7) + (e — A= 7) (= A — ) A" (cp — N)
ol = AP (e = A = yA = (e = M)A = y(ep = N))

= (e = Dap™ N7 e = X =) + (en = A =7) (1 = A = @)A" (e = A) = ya(p — A)cFr—Fatt

(5.117)

With the results from (5.117), we have A as:

A=, 0((0 — DagFe XFr=ke 4l ey — N — )+ (cpp— A —7) (1 — A — )M\ (epp — ) — ya(pu — )\)ckrkwrlukl)
| k=2 (= NaF = (e — M) (ep— A~ 7)
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With A and B solved, let z = ﬁ Subsitute these back into (5.110), we now have the
expression:

((c — DopF2 A" 7R 2 (cp — X —y) + (ep— A — ) (p— A —
T1l,n = 70,0

AT (e — A) — ya(p — A)cF1 k2t \n—k1+1 k1 )
acR2H (u— N (ep — N)(cp — A — )
)\nfkl«#l

5.118
(cn—A— DAty FL 0 ( )

We now have expressed all probabilities in terms of mp . As for Case 1, the sum of the

probabilities must be 1, so we can solve for 7y with:

k1—1

ka—1 k1—1
1_Znan+z7r0n+27r1n+zmn+zmn (5.119)
n=k1 n=ko n=ki

We now substitute the developed expressions from (5.1), (5.2),(5.4), (5.108), (5.118)
into the corresponding regions in (5.119).

k1—1 ko—1 .
S 3 (2 )+ Sl e )

n=kq n=0

kp—1

+Z "Uau’ww kat2 wfAfa)A"“(cwA>+a<ufx)w"6"7k2+1)
n=R2F L (4 — A (cp — A)
n=kg

+ Z ( ((C*1)@#’“2)\"’7’“2“(6#*Afw)Jr(cqufv)(uf)\fa)>\"+1(cu*A)*wx(u*A)ckl*kQ“A"’kl“ k1
0,0

ach=F2 L () — N (ep — A)(ep — X =) )
n=ky

An—k1+1
=+ T
(ech=A=mMA+m~F1 O'O)
(5.120)

We perform simplification on each of the sums appearing on the RHS of (5.120), the
first sum is:

k1—1 k1—1
Z 70,0 = 70,0 Z 1 =Fkimoo

(5.121)

We continue to the second sum of the RHS of (5.120):

7'('002 )\+7n—k1— —WOOZ)\+7

n=ky
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A
— <1
A+
= A X7
=m0 > (+——)" =m0 =
n=1 A+ v Ay
A
= Zmop (5.122)
0

We continue to perform simplification on the third sum on the RHS of (5.120),

ko—1
A 1—p"
> (ot )
o 1—-p
B2l N X, A= ()"
=Y CEr+o—5)
n=0 :u :LL _ﬁ
ko—1 n+1 n n
A ut = A
= ap pr (e — A)

kil AL — \) 4 adp® — et

= ap™(p—A)

B ko—1 )\n+1 N by )\n—l—l )
ap™ p=XA pM(p—A)

n=0

kgfl )\n+1 kgfl )\ szl )\’I’L-i—l

_|_ . -
n=0 Oé:u’n n=0 H—= A n=0 Mn(lu’ - )\)
A ko—1 A" A ko—1 A ko—1 A"

:a > +f/\¥1_7 _— (5.123)

and
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Substitute this result back to (5.123), so we have:

Ak — \k2 A A phkz — \k2

Y R I S T Yy Ry

kapF2 Lo (p = A) 4+ (4 = A=) (u = X — )X
pF2la(p — A)?

(5.124)

We merge the first portion of the fourth sum of (5.120) with the first part inside the

large parentheses of the fifth sum of (5.120), and perform simplification,

klzjl — DapF2An=F2+2 4 (1 — X — )N (cp — N)
0o e =R (= N (e — N)

n—= kg
(c — Dayuk2 \n—k2+2 A— )N (e — A
+ 00 Z PN (n— A" (ep = A)
—r ac Rt (= N (ep — A)
. i (c — Dapk2Am=F242 4 (4 — X — @)A™L (ep — N)
. = ek (i = N pn (ep — )

(c— DapF2 A2 4+ (u— X — ) A" TF2(cpu — \)
= 70,0 Z n ntka—1
ac™(p — AR ep — A)

(¢ — 1)a™t! (1 — X — a)\"R2(cp — )
- Z <ac” (=N Hep—A)  ac™(p— N the—1(cp — A))

(5.125)

We now need to discuss whether the expression within the sum of (5.125) converges or

not for further simplification.

(c— 1)au)\)\" i —a)AFz)\n
Mpr(ep =) = ac(p — )\ ka=1n
— DapuA =\ A— )\kQ NP\
_ (e )au > (L=A—a)u i
alp—A)(ep —A) F= c'u alp—Nph> = ep

>

n:l

Since we have 2 < 1 for a stable system, so (5.125) becomes:

cp
( (c — Dap A (p—A—a)purk2 A )
PNal =M= (en=N) " alp =k (en =)
B AL (c—Dar  (p—X—a)\k2
_ WO’()(oa(u T A)( T ) (5.126)
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We then focus on simplifying the rest of the fourth and fifth sums of (5.120).

- klz:l M )\))\Mn n—ko+1 Z ,.Ya w— )\) k1— k2+1An_k1+1uk1
00 ac R (= N (e — \) 0.0 — ekt (g — N (cpp — N) (e — A — 7y
n==ko

k1—1 )\n—kﬁ-l

70,0 Z cn—Fk1 n—lﬁ7 — — A=

e ot pr =R (ep — A)(ep — A =)
v AR

B < - Acu A=7 Z c"’“u”’“l)

Z
S S
Zk cp — )\c,u A— 72 ")

_ < -

B A A vy clt
= 7T070<C _ )\(k‘l — k‘g) — o — )\C — )\_ ol — )\) (5127)
i iz iz Y cp

Lastly, we perform simplification on the last term of (5.120),

o )\n—lﬁ—&-l
7;1 (cp—=A=7)(A+7)"—F
A”+1
N Z (cp—=A=7)A+7)"
A < An

N (Cu—A—v)nE:‘o (A +)n
_ (CM)\(—)\;_—,YEY)’Y (5.128)

We can now continue to solve for mp g with all the simplified forms from (5.121), (5.122),

(5.124), (5.126), (5.127), and (5.128). Substitute these results into (5.120), yielding,

kapF2 Lo (p = A) 4 (4 = A2) (u = X — )X
pr2ta(p — A)?

A
1=Fkimop + ;770,0 + o0

Au (c=Dar  (n—=A—a)\®
+7T0’Oa(u—)\)(CM—>\)((C/~L_)‘) + ke )
A A ~ cp AA+7)
+7T0,0( _)\(kl_kQ)_(c,u—)\)(cu—)\—’y)cﬂ_/\>+ Plep— A=)y

We then follow similar approaches as we did for Case 1, by arranging similar terms
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together to achieve further simplification, and we obtain the closed form expression for

Case 2 as:

Mo = alp = )P (es = Mo = X =) (Au(Aale = 1) = Ao — A=)
+2(p = A= a)(ep = A=) (ep = N)? + krac( = N)PA™ ep = A)(ep — A =)
+ ko o — A (ep — M) (e — A =) ((c = D+ (e — X))

1
+ealp = A7 Hew = A2 (en— A=) — 7>)>

(5.129)

After the expression for g  is determined, we can follow exactly the same approaches
as we did for Case 1 to determine the expressions for E[N], E[R], and E[E]. As a result,

we omit the detailed derivation for Case 2, and only provide the final expressions here.

E[N] (k1 —Dki | AA+kiy) | A 1= pk2 — kyph2=1 4 fyph A (ka(ky —1)
TR L VA + (
70,0 2 5y a

(1 p)? FEA

1 — pk2 — oo pk2=1 4 ko phe 1 c—1par2 A= A2k A
Sttt ey L (Lo D Ry k) (D)
(1-p) alp=A)(ecp=A)\ eu—2A e —A cp
M\k2+2 —kl%(ﬁ)kl + kl(%)kl +1- (ﬁ)kl (kl — 1)k1
= A= aen = N) Ty JFOZ(,uL—A)A(T +k2k1)>

A
alp—=A)(ep = AN)(ep — A=)

Ak cp A cp A A Aty A
(S S ) = 20— N (R ) ) e S )

+ <(cu — A=)t ((c — Va2 A7 2 4 (= X —a)(cp — )\))

E[R] _ (ki — 1)k N (A + k1) N 11— p" — kgph2 7! 4 kyph N 1 (kQ(kQ —1)
70,0 2\ 72 a (1-p)? p=A 2
_ A k1
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Ne2+2 =k L (2P + k()P + 1 (38 (k1 — 1)k
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1
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The closed form expression for E[E] is determined by using the required probabilities

below:

Torr = ki1mo
A
TSETUP = ;Wo,o

A
TIDLE = —T0,0
(6%

>
s
~——
—_
|
)

ko A
—— = —+tko P )7?0,0
a p

TSCALED = 1 — ToFpF — TSETUP — TOFF — TSCALED

TNORMAL = (( - T
(0%

At this point, we have solved for E[N] and the probability of each energy state for
both k1 < ko and ky > ko cases. With these expressions, we could easily find out
the expected number of jobs in the system and expected energy consumption once the
values of the parameters are known. On the other hand, the expressions developed are
highly complex, so it is difficult to make general observations based on the expressions
themselves, so we will conduct numerical experiments to achieve this purpose in the next

chapter.
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Chapter 6

Experiments and Observations

In this chapter, the main goal is to explore the effect of dynamic voltage scaling under
various system settings via numerical experiments based on the closed form expressions
developed in Chapter 5. Apart from meeting this goal, we also investigate how dynamic
voltage scaling should be utilized under the energy response time product (ERP) per-
formance metric, which gives an example of the impact of dynamic voltage scaling for a

particular cost function.

In order to conduct the experiments, we need to define energy costs for each of the
energy states for our system. There are five energy states in our model, and we select
EnoRraar as the nominal energy cost, then we express energy costs for the other energy
states with respect to Enyormar. Typically, a server consumes more energy during
setup and consumes less energy when it is idling. We capture these effects by assigning
energy cost in appropriate proportion to Enxoramar. Once a server starts to operate
using dynamic voltage scaling, the energy consumption highly depends on its operating

frequency, and according to [5],
Dynamic CPU power = ¢ f3

where ¢y is a processor-dependent constant coefficient, and f is the CPU operating
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frequency. This gives an exponential correlation with factor of 3 for the operating speeds.

Thus, we model energy cost for scaled state as:

3
Escarep = ¢ ENORMAL

Before conducting the experiments, we must discuss our experimental setup separately.
Since the closed form expressions of performance metrics developed in Chapter 5 are
composed of numerous parameters, we must fix the values of some parameters in order
to see the impact of dynamic voltage scaling. We consider the scaled speed (¢) and
when to turn on dynamic voltage scaling (ko) as the main contributors to the impact
of dynamic voltage scaling on the system, so we then fix the remaining parameters.
We consider various settings. There are four types of system that we consider, Low
Load, Medium Load, Heavy Load, and Over Load, which are defined based on the ratio
between the arrival rate and the processing rate. Within each type of system, we also
select different values for when to turn off the server when no jobs are present () and
when to turn on the server (k1). For example, & = 0.00001 corresponds to a very slow
turn off rate, which means we almost never turn off the server even when the system
is idling often; On the other hand a = 10000, represents a fast turn off rate, which
means we turn off the server almost as soon as the system is in the idle state. We
summarize the energy costs for each energy state and the values of fixed parameters in
Table 6.1. To illustrate how we use this table for experiments, we describe the system
configuration for Low Load as an example. We perform each experiment on five different
configurations, which contain different values for either k1 or « while all the remaining
parameters simply follow the values listed in Table 1. For example, for the configuration
when k1 =1, we use p = 1,7 = 0.85, ko = 5, = 0.11 as system parameters to conduct
the experiment in Figure 6.1 (a), and we use yp = 1,7 = 0.85,a = 0.11, ¢ = 2.8 as system

parameters to conduct the experiment in Figure 6.1 (b).
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Parameter Value
Eorr 0
ENorMAL 100
EipLe 70
Esgrup 140
Escarep ¢ * 100
Low Load A 0.2
Med Load A 0.5
Heavy Load A 0.8
Over Load A 1.6
W 1
y 0.85
k1 2 unless specified
ko 5 unless specified
« 0.11 unless specified
c 2.8 unless specified

TABLE 6.1: Table of Values for Experiments

6.1 Low Load System

We study the dynamic voltage scaling effects on the expected number of jobs E[N], the
expected energy consumption E[E], obtaining the results in Figures 6.1 and 6.2. We see
both scaled speed ¢ and when to turn on speed scaling ks do not affect E[N] and E[E]

a lot, this is expected since the system is low load, and as the system spends most of

Low Load: E[N] vs C Low Load: E[N] vs K2
1 1
P i G 0s e
0.8 08
0.7 07
o Attt et (10 s e e (10
=1 —1=1
05 K122 0.5 ==K 1=2
0.4 ‘e Alpha=0.00001 0.4 ‘@t \|pha=0.00001
o LKA MM A H K R KA oha-10000 s A OO Aphaci0000
AR ST E A S
02 0.2
0.1 01
0 ]
0 1 2 3 a4 5 6 0 5 10 15 20 25 30
(A) E[N] vs ¢ (B) E[N] vs ko

FIGURE 6.1: DVS effect on E[N] in low load system
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Low Load: E[E] vs C Low Load: E[E] vs K2
90 90
80 - ai 80 >0
70 70
L OCOOUUOOOOaOaod o CAARRAAARAKA AR
60 atm—y1=0 60 om—K1=0
50 meiww lm1=1 50 drpriry T limg1=1
K1=2 ——g1=2
“ HeroeK = Alpha=0.00001 “ = Alpha=0.00001
2 B Iha=0. " e Ipha=0.
‘= Alpha=10000 ‘== Alpha=10000
20 20
10 10
] 0
0 1 2 3 4 5 6 0 5 10 15 20 25 30
(A) E[E] vs ¢ (B) E[E] vs k2

FIGURE 6.2: DVS effect on E[E] in low load system

Low Load: ERP vs C Low Load: ERP vs K2

. —us o I
P N D

—K1=2 rK1=2

15 ==\ |pha=0.00001 === Alpha=0.00001

==l pha=10000 == Alpha=10000

0 1 2 3 4 5 6 0 5 10 15 20 25 30

(A) ERP vs ¢ (B) ERP vs ko

FIGURE 6.3: DVS effect on ERP in low load system
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the time operating at the nominal speed, dynamic voltage scaling would be rarely used.
There is another interesting observation worth mentioning here, we see both E[N] and
E[E] are impacted a lot when we change values for k1 and a. As explained, the low
loaded system spends most of the time operating at the nominal rate, as a result, we
would expect the system spends most of its time at the left side of the resulting CTMC
(Figure 4.1), which is mainly among the OFF, SETUP, BUSY, IDLE states, such that
when to turn on server k1 and how fast we turn off server o impacts the expected number
of jobs significantly.

We are also interested in observing how dynamic voltage scaling affects the system under
a particular performance metric. To illustrate, we conduct our experiments under the
energy response time product (ERP) metric. The effect is shown in Figure 6.3. For a
low load system, the DVS effect is not obvious, we see as ¢ increases, the resulting ERP
for nearly instant off system and the system with k1 = 2 increases. This is due to the
fact that a relatively rapid increase in energy consumption for the two systems, delay in
starting the system (a larger value of k1) and a nearly instant off system (a very large

value of ) are more likely to cause a system to use speed scaling to process jobs.

6.2 Medium Load System

We conduct similar experiments for a medium load system. Under medium load, the
system spends more time in the middle of the CTMC in Figure 4.1, mainly in the BUSY
and SCALED regions, as a result, we expect the effects from the turn on server threshold
k1 and « to reduce. This is reflected in Figure 6.4 and Figure 6.5, as we can see the
gaps between curves are reduced compared with Figure 6.1 and Figure 6.2, respectively.
In addition, we would expect to see a greater effect of DVS for a medium load system,
this is shown in Figure 6.5, as we see E[N] reduces dramatically with a small increase

in ¢ for all system configurations, and E[N] increases rapidly when we delay the start
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Med Load: E[N] vs C Med Load: E[N] vs K2
25 25
2 M '
K 1=0 W —pu—y(1=0
15 15
=iy 1=1 liy1=1
Mﬁwm s “ s
1—W @i Alpha=0.00001 1—W @t Apha=0.00001
== Alpha=10000 = Alpha=10000
0.5 0.5
0 0
0 1 2 3 4 5 6 0 5 10 15 20 25 30
() E[N] vs ¢ (8) E[N] vs ky
FIGURE 6.4: DVS effect on E[N] in medium load system
Med Load: E[E] vs C Med Load: E[E] vs K2
200 120
180
160
140
ey 1=0 ——(1=0
120 i1=1 iy 1=1
100 r—K1=2 =y 1=2
80 == A|pha=0.00001 == Alpha=0.00001
60 0 ‘=== Alpha=10000
40
20
20
0 ]
o 1 2 3 4 5 6 o 5 10 15 20 25 30
(A) E[E] vs ¢ (B) E[E] vs k2
FIGURE 6.5: DVS effect on E[E] in medium load system
Med Load: ERP vs C Med Load: ERP vs K2
350 200
180 ‘
160
140 &“
—p—(1=0 —(—((1=0
120
=B=g1=1 N PO e e e P PO P e a1
ir—1=2 100 7 T )
‘et Alpha=0.00001 80 Ip! .00001
60
40
50
20
[ 0
] 1 2 3 4 5 6 0 5 10 15 20 25 30

(A) ERP vs ¢ (B) ERP vs ks

FIGURE 6.6: DVS effect on ERP in medium load system
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Heavy Load: E[N] vs C Heavy Load: E[N] vs K2

s & s AN

—tm—y1=0

y1=1

Ki=2

@t Alpha=0.00001

== Alpha=10000

(A) E[N] vs ¢ (B) E[N] vs ko
FIGURE 6.7: DVS effect on E[N] in heavy load system

of DVS with an increase in ko. With this observation, we would expect the effect from
DVS would be beneficial to performance. From the resulting ERP in Figure 6.6, the
ERP drops first as ¢ increases but then it rises again under all system configurations,
this suggests there exists an optimal value of ¢ that minimizes ERP. However, the effect
of ko is not clear. Figure 6.6 (b) suggests DVS should be delayed to start, or in other
words, not to use DVS. The actual data points in Figure 6.6 (b) actually show that ERP
rises slowly as the value of ko increases, but the change is so small that it is difficult to

see the benefit of using DVS.

6.3 Heavy Load System

A heavy load system spends more time in the BUSY and SCALED regions towards the
right side of the CTMC in Figure 4.1, and we expect the system is impacted more by
the DVS effects and less by the effects from k£ and «. From Figure 6.7 and Figure 6.8,
we see the gaps among curves in each figure get smaller, this confirms the system is im-
pacted less by the effects from k1 and «. There is also a more rapid reduction or increase
for E[N] as we increase ¢ or delay using DVS (increasing k), which shows the system

benefits from DVS. Examining the resulting ERP in Figure 6.9, it shows the minimum
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Heavy Load: E[E] vs C Heavy Load: E[E] vs K2
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FIGURE 6.8: DVS effect on E[E] in heavy load system
Heavy Load: ERP vs C Heavy Load: ERP vs K2
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FIGURE 6.9: DVS effect on ERP in heavy load system
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Over Load: E[N] vs C Over Load: E[N] vs K2
12 25
10 ‘ 2
8 —m—1=0 =120
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wiK1=2 1=

@te=Apha=0.00001 10 @t Alpha=0.00001
a

== Alpha=10000 == Alpha=10000

(A) E[N] vs ¢ (B) E[N] vs ko

FIGURE 6.10: DVS effect to E[N] in over load system

Over Load: E[E] vs C Over Load: E[E] vs K2
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500
0
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(A) E[E] vs ¢ (B) E[E] vs ks

FIGURE 6.11: DVS effect to E[E] in over load system

ERP occurs when we increase the value of ¢, and it suggests optimality is achieved with
a small increase in ¢. On the other hand, the ERP results with respect to ke in Figure
6.9 (b) are once again not clear, as we can not see a clear pattern for how DVS should
be operated. We do see that there exists an optimal value of ko that minimizes ERP,

but it could vary significantly with different system configurations.
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Over Load: ERP vs C Over Load: ERP vs K2
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(A) ERP vs ¢ (B) ERP vs ks

FIGURE 6.12: DVS effect to ERP in over load system

6.4 Over Load System

Over load system is a special case, where DVS has to be used in order to have a stable
system, since the arrival rate is now larger than the nominal processing speed. Under
over load system, the system spends more of its time at the BUSY and SCALED regions
(on the right side of the CTMC in Figure 4.1), so we would expect that the over load
system has the most benefit from DVS, and we expect the effects from k1 and « to be
minimal. From Figure 6.10 and Figure 6.11, the graphs with different system configu-
rations almost overlap with each other, this confirms the effects to the system from k;
and « are almost eliminated, and the significant drops and rises from those graphs show
that DVS is essential. Even though DVS is required to be used for the over load system,
we can still observe insights on how DVS should be used. The resulting ERP in Figure
6.12 shows once again that there exists an optimal value of ¢ that minimizes ERP, and

DVS should be used as soon as possible.
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6.5 Discussion of Optimality

After making observations on how DVS affects the system under different loads, we want
to discuss the optimality of operating DVS under the ERP metric. Despite the fact that
the effect from DVS varies under different workloads, optimality consistently happens
at system configurations with a very small value for a, which represents the server is
nearly never turned off, and this result is consistent with what [7] has claimed, as never
turning off the server is one of the optimal policies under the ERP metric. Optimally
operating DVS is achieved differently under different system workloads. For low load
system, the DVS impact is minimal, and optimality is achieved by not using DVS at all
(setting turn on DVS threshold (k2) to be infinity). For medium, heavy, and overload
workloads, optimality is achieved by operating the DVS server at its optimal speed (c¢),
depending on the system configuration. The benefit of using DVS in medium workload is
not significant, and a high value of k2 (even choosing it to be infinity) is recommended to
achieve optimality. The benefit of using DVS in heavily loaded and overloaded systems
is significant. DVS should be used with an optimal value of k5 for heavy load system (the
value of k9 depends on the system parameters), and DVS should be used immediately

for over load system.
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Chapter 7

Conclusion

Energy consumption in datacentres has become a severe problem in our society due to
the popularity of cloud computing. We must continue our efforts in researching better
energy saving practices. Here we presented our research on the dynamic voltage scaling
effect for a single server with on/off energy control. We have established a CTMC model
that combines the effects of turning on/off server as well as turning on/off dynamic
voltage scaling, and we have solved for explict closed form expressions for performance
metrics E[N], E[R], and E[E]. With the CTMC model and these expressions, one
can easily determine the performance of a given system configuration, or use the given
expressions to search for an effective system configuration. Lastly, we also revealed some
of the implications for operating a DVS server in our experiments, providing insights for

System managers.

We want to extend this work to consider different performance metrics as well as
completing Case 2 (Section 5.2). We want to evaluate our work under different perfor-
mance metrics to have a more complete picture of the DVS effect, in particular, we want
to take switching costs into consideration, as it is one of the popular cost considerations

in this field. We also want to examine the DVS effect for other performance metrics
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other than ERP since ERP does tend to simplify optimality analysis. Although we ar-
gued Case 2 where ko < k1 is not an interesting case to investigate, it is still a possible
case of operating DVS. Only by completing Case 2 as well as performing evaluations
under different cost functions, and performace metrics, can we have the full picture of

the analysis of on/off single servers with dynamic voltage scaling.
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