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Abstract

A model of two predators competing for the same prey also involving predation in-
teraction between the two predators is considered. Coexistence in forms of equilibria
and periodic orbits is obtained by using bifurcation and dynamical systems theory.
Global dynamics is obtained by studying the survival functions and persistence is
obtained by using a theorem of Freedman and Waltman. Finally, numerical results
for a specific example demonstrate the above. A Hopf bifurcation at the interior

equilibrium and its unstable periodic orbit are observed.
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Chapter 1

Introduction

1.1 The background

During the last several decades, much work in mathematical biology and ecology has
been focused on studying the dynamics of predator-prey systems using population
models, for example, see [6, 16, 18, 31, 35]. The classical predation population model
goes back to the Kolmogorov model in the general case, see [7, 10, 11] and Chapter 5
of [8].

In the Kolmogorov predation model as shown below, it is assumed that the

growth rate of a species is proportional to the number of the species present.

{II = :Ef(l',y)

y = yg(z,y).

Some conditions must be put on f and g to make z a prey and y a predator, see
Chapter 5 of [8].

Some population models deal exclusively with predation interaction among the
species and ignore other types of interactions. However, natural ecosystems may not
be so simple. Instead, there are usually many species and the interactions among
them may be very complicated. Besides the main predation interaction, some ecosys-
tems are usually affected by certain seasonal or environmental factors. Imagine how

complex and complicated a natural ecosystem is. For example, consider barracudas
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eating the other fish. Besides being predators, they have cleaner fish that swim with
them and clean their teeth. A model trying to take all possible factors into consid-
eration would be mathematically intractable. Therefore restricting the model to a
chemostat, where interaction and outside influences are easy to control, simplifies it
reasonably and is very useful, as pointed out by Waltman et al. in [35].

A chemostat is an experimental apparatus that is used to culture microorgan-
isms in the laboratory. It is of ecological interest for being a laboratory model of a
very simple lake where mathematics is tractable, the parameters are measurable and
the experiments are reasonable, [34]. Therefore it is of great importance both analyt-
ically and experimentally. The importance was well demonstrated in [2, 5, 6, 34, 35]
and some other articles.

The apparatus consists of three connected vessels. The first contains all of the
nutrients needed for growth of a microorganism. The nutrient is pumped at some rate
into the second vessel, the culture vessel. The culture vessel is charged with a variety
of microorganisms, so it contains a mixture of nutrient and organisms. Its output is
collected in the third vessel which represents the “production” of the chemostat.

The culture vessel is well stirred and all other significant parameters affect- ing
growth, for example, temperature, are measured and therefore controlled. Since the
output is continuous, the chemostat is often referred to as “continuous culture” to
contrast it with the more common “batch culture” of microorganisms. A schematic
is shown in Figure A.1. Some specific applications were studied in [35].

For the chemostat, a model based on the population densities can be derived
and described by a system of ordinary differential equations ( O.D.E.), see [34].

Because population densities must be non-negative, we restrict ourselves to
the positive cone of the phase space. Understanding under what conditions distinct
populations can coexist and avoid extinction is of importance to the ecologists. Cor-
responding to coexistence are attractors in the interior of the positive cone such as
equilibria and periodic orbits of an O.D.E. system.

Mathematically, an equilibrium of an O.D.E. system is a point in the phase
space at which the vector field of the system vanishes. Hence an equilibrium represents

the zero speed or stationary state of the system. A system once going into such a state
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will stay there forever provided that there is absolutely no disturbance. A periodic
orbit is a closed loop in the phase space that the system goes along. It returns to
the same state after a constant period of time. Thus the system repeats the state
again and again. These two kinds of phenomena display some sort of balance among
the species. Therefore if stable and situated in the positive cone, they represent
coexistence of species.

One important aspect related to coexistence is the stability of the equilibria and
the periodic orbits. In a natural ecosystem, a lot of factors contribute to the system,
some of them impose disturbance. For example, a system may be disturbed by some
environmental events such as infective diseases or disasters like floods or typhoons,
which suddenly change the system considerably. These kinds of disturbances may
force the population densities to fluctuate drastically, and hence may pull the system
from an unstable state to a totally different one. Therefore if an equilibrium or
a periodic orbit is unstable, a small perturbation by the disturbance caused by the
external events will make the system lose the balance and may result in the extinction
of some species. Therefore stability plays an important role in ecosystems.

Using bifurcation and dynamical systems theory, one can analyze the local
and global dynamics by studying the eigenvalues at the equilibria and the Floquet
exponents at the periodic orbits. When the invariant sets of the O.D.E. systems are
too complicated to describe, persistence is a useful concept for answering questions
related to species survival: Do some of the species considered become extinct or do
all of them coexist. However, the specific type of the coexistence, when it occurs, is
usually not specified, see [4, 13].

Now let’s go back to the model. Among various predation population models,
the foodchain and foodweb models are of interest. The former consists of links of a
chain with one species on each link, where one species feeds on the one next to it,
that in turn feeds on another next to it. The latter consists of one or more species
feeding on one or more other species. Both are clearly described in Figure A.2.

Pioneer’s work goes back to Volterra, Lotka and Verhulst. The single species
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logistic growth model is attributed to Verhulst, see [32, 8, 35]. The functional model
{ ' = z(a-PBy)
y' = y(-v+6z),
where y is the predator, z the prey and «, 5,7,8 > 0, is well known as the Lotka-

Volterra predator-prey model, see [8, 25, 33]. Another model frequently studied in-

volves the Holling type or Michaelis-Menten type response function,

{.1:' = :v(a—a—"_:_%)
vy = y(=v+2%),

where again y is the predator, z the prey and «,v,m,a > 0. Models using these
types of response functions have been intensively studied, see [1, 2, 11, 12, 14, 15,
16, 19, 20, 21, 22, 29, 30, 34, 36]. The Michaelis-Menten type of functional response
1s assumed to be a good model for most microorganisms and small invertebrates. In
microorganisms, resource uptake occurs at the level of enzyme-mediated transport of
specific nutrients across the cell wall, and uptake rates are generally characterized by
the Michaelis-Menten equations for enzyme-catalyzed reactions, see [35].

The model considered here consists of two predators z; and z, competing for
the same prey s, while one of the predators, z, eats the other z; as well. Therefore
predator z; is also a prey. The prey s is self-renewable and assumed to have a logistic
growth rate. Thus it has an upper limit K, called the carrying capacity of the envi-
ronment. This is the concentration that would appear if both predators are absent.
It is assumed that the amount of the consumption of the predator z; feeding on z; is
proportional to a parameter €, which is the main bifurcation parameter for the model.
Due to the energy, time or even taste, this interaction between the two predators af-
fects the predation of z; on s, usually reducing it by an amount proportional to an
increasing function g(e€). Finally the Michaelis-Menten type response functions are
assumed. The model interactions are shown in Figure A.3.

One can see clearly from the figure that this model has two extreme cases.
First, e = 0. Thus g(€) = 0. It becomes a model of two predators competing for the
same prey without any interaction between the two predators. It was well studied
in 3, 17, 21, 29, 35]. An interior periodic orbit was obtained in [3]. The stability
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of this periodic orbit was obtained in [29]. However, in this case there is no interior
equilibrium in general. Secondly, g(¢) = 1 for large €. It becomes the simple foodchain
model, which is similar to that studied by Freedman and Waltman in [9]. They used
the Lotka-Volterra type instead of the Michaelis-Menten type response function for
the upper trophic consumption of z, on z,. There exist at most two interior equilibria
for this case. Under different conditions, there could be one or two or none. But the
bifurcation was disregarded in [9] because the parameter € can be incorporated in the
response function and did not appear explicitly in their model. Thus our model here
unifies the two cases while including each as a limiting case. At intermediate value
of ¢, as expected, the model inherits some properties of both extreme cases while
it displays some quite different characters as well, for example, the stable interior
periodic orbit inherited from the case ¢ = 0, the interior equilibrium, the interior

Hopf bifurcation and its unstable periodic orbit.

1.2 Thesis outline

This thesis is organized as follows. The model and its explanation are given in Sec-
tion 2.1. Some preliminary results are given in Section 2.2. In Chapter 3, we analyze
the equilibria and their local dynamics. Furthermore, the existence and the unique-
ness of the interior equilibrium are obtained by using fundamental analysis and the
Implicit Function Theorem. Section 4.2 shows that the steady-state bifurcation at
the equilibrium P; in the s — z; plane generates the interior equilibrium P, when €
varies. Section 4.3 shows that the steady-state bifurcation at the limit cycle T'; in the
s — x; plane generates a stable interior periodic orbit I' when either € increases or D,
decreases or both. This interior periodic orbit collapses to the limit cycle I'; in the
s — z2 plane when either ¢ increases or D; increases or both. In Section 4.4, the other
extreme case, i.e. the simple foodchain is considered. There exist at most two interior
equilibria. Under different conditions, there may exist one interior equilibrium or two
or none. The bifurcations of these interior equilibria are also considered. It is fol-
lowed by the global dynamics and the persistence using a theorem of Freedman and

Waltman in Section 5.2 and Section 5.1, respectively. Finally numerical results for a
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specific case with a fixed set of parameters are given in Chapter 6. These demonstrate
all the results in Chapter 3, Sections 4.2 and 4.3, which give the interior equilibrium
and the stable interior periodic orbit. Moreover, a Hopf bifurcation at the interior
equilibrium and its unstable periodic orbit are observed. Thus at least two interior

periodic orbits exist, one stable and the other unstable.



Chapter 2

The model and the preliminaries

2.1 The model

The system considered here is a three species model with two predators feeding on the
same prey, while one predator also eats the other predator. Thus one of the predators
is also a prey. The Michaelis-Menten type response functions are used to model the

consumption. The model is given by the following system of ordinary differential

equations.
S = ys(l— ) - gmEmL _ masm (] ()
(13/1 = ﬂai% — Dlxl — ﬁ% (21.1)
72 = 3= 9(9) — Daza + HHIE,

with

5(0) > 0,2;(0) 2 0,2 = 1,2,

where s is the density of the prey at time ¢, and z,, z, are the densities of the two
predators at time t. m; is the maximum growth rate of z; feeding on s ( m3 of z,
on z, ), D; the death rate of z;. y; is the yield factor for z; feeding on s (ys for z,
on z; ) under the basic assumption that the conversion to biomass is proportional
to consumption. a; is the half-saturation constant for z; on s (a3 for z; on z),
which is the prey density at which the functional response of the predation is half

maximal. The parameters 4 and K are the intrinsic rate of increase and the carrying
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capacity for the prey population, respectively. € is the rate for z, feeding on z; and
the function g(e) is the reduction rate for z, feeding on s due to the consumption of
T, on z; , thus satisfying the following conditions. ¢g(0) = 0,0 < g(¢) < B <1 and
0 < g'(¢) < By for 0 £ € < 400, where B and B; are positive constants. Hence all
parameters stated above are positive. No time delay from the consumption on the
preys to the yield of the predators is assumed.

When € = 0, the system reduces to the system studied in [17] and [3]. When
g(e) = 1, it reduces to a simple three species foodchain model, which is similar to

that studied in [9]. To simplify system (2.1.1), one can use the following scaling.

Z; m; t D;

=5z, ——omy, ——t — = D;, fori=1,2,
Yi Y
and
as mg Y1ys
— — asz, — — M3z, — — Y3.
Y1 v Y2

Then (2.1.1) becomes

s o= s(l-5) -2 - 2521 —g()
A = T - D 21.2)
5 = BE-o(0) - Dary 4TI,

with
s(0) 2 0,z;(0) > 0,2 =1,2.

Thus we study system (2.1.2) instead of (2.1.1).

2.2 Some preliminary results
We consider the solutions in the positive octant and have the following results.
Lemma 1 The positive octant is invariant under the flow of system (2.1.2).

Proof Notice that system (2.1.2) has three invariant sets s = 0,z; = 0 and z, = 0,

which are the boundaries of the positive octant. By the uniqueness of the solutions
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of system (2.1.2), any solution with initial value in the interior of the positive octant
does not intersect any of the three boundary planes, and thus stays in the interior

forever. This shows that the interior is also invariant under the flow of system (2.1.2).

This completes the proof.

We use the eventual uniform boundedness to describe the solutions of sys-
tem (2.1.2).

Definition 1 The solutions of a differential equation ' = F(z,t) with z € R® are
said to be eventually uniformly bounded if there ezists a compact region D C R®,
independent of the solutions, such that for any initial value zo € R®, there exists a
time to(zo), such that the solution z(t,zo) with initial value z¢ satisfies z(t,z0) € D
for all t > to(xo).

Lemma 2 The solutions of system (2.1.2) with initial conditions in the positive oc-

tant are eventually uniformly bounded.

Proof Suppose (s(t),z1(t), z2(t)) is a solution of (2.1.2) with s(0) > 0 and z;(0) > 0,
i =1,2. By Lemma 1, one has s(¢) > 0 and z;(¢) > 0, = 1,2 for any ¢t > 0.
Step 1. s(t) is eventually uniformly bounded by K + o, for any o, > 0.

From the first equation of (2.1.2), one has s’ < s(1 — s/K). Then s’ < 0 and s(t)
is decreasing for any s > K. There exists ¢; > 0, such that s(t1) < K + oy. If
not, s(t) > K + o1 for any ¢t. Then lim;_ s(t) exists by the monotonicity. Denote
$% =limy, oo 8(2). 8(t) > > K+0y. §'(t) <s(1—3s/K) <s%1—3s"/K) <0 for any
¢ since s(t) > s® and s(1 — s/K) is decreasing for s > K. By Mean Value Theorem

5(t) —s(0) = s'(6)t < (1 = s°/K)t — —o0 as t — +oo.

where £ € [0,¢]. This contradicts lim,_, s(t) = s°. Thus t; exists. Furthermore

one has that s(t) < K + oy for any ¢ > ¢;. If not, there exists ¢] > #; such that
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s(¢}) = K + 0y and s(t) < K + oy for t; < ¢t < t;. This obviously implies that
s'(t3) > 0. But

I{+Ul _ g1
=) =~ (K +o1) <0.

This contradiction shows that s(t) < K + o for any t > t;.

Step 2. z;(t) is eventually uniformly bounded by some constant Cj.
It is obvious that s(1 — s/K) < K/4. From the first equation of (2.1.2), one has
s’ < K/4—myszi/(a; + s) together with 2] < mysz;/(a; + 8)— Dyz; from the second
equation. Combining these two gives (z; + s) < —Djz; + K/4. Thus (21 + s)' <
—D;(z1 + s = Cy) for t > t;, where C; = K/(4D,) + K + 01. Then (z; + s — 1) <
—Dy(z,+s—Cy). It is equivalent to ((z; + s — C;)eP1?)’ < 0. Taking the integral on

$(15) < (K +or)(1 -

both sides from ¢; to ¢, one obtains
z1(t) + s(t) — Cy < (z1(t1) + s(t1) = C1)ePr 1) 5 0 as t — 4o0.

Thus for any fixed o5 > 0, there exists t, > t;, such that z; < C; + o, for all ¢ > ¢,.
Take Cy = C; + 0. Then ,(t) < C, for all t > ¢,.

Step 3. z,(t) is eventually uniformly bounded by some constant C,.
Suppose m; > D;. One has

m3T1T9€

z S ml—-D r — —7
' ( o y3(as + 1)
m3TT7€

< (m— D)0y — —/——mm—

= ( 1 1) 1 y3(a3+$1)

from the second equation of (2.1.2) and

MqSTy

s S K/4— 2221 - g(e)

as + 8

from the first one. Combining these two inequalities with the third equation of (2.1.2)
gives
(.732 + Y3y + S)/ —Dz.’l)g + I(/4 + Cly3(m1 - Dl)

<
< —Dy(zs + yaz1 + 5 — C’z),
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where Cy = Cyys(my — D)/ Dy + K/(4D;) + K + o3 + y3C;. In the same way as in

step 2, one has

z2(t) + yaza(t) + s(t) — Ca <
(za2(t2) + yaz1(tz) + s(tz) — C3)eP* 27D 5 0 as t — +o0.

Thus for any fixed o3 > 0, there exists a sufficiently large ¢3, t3 > t; such that
Ty+ ysz, + 5 < Cy+ o3 forany t > t5. Take Cy = Cy + 03. 2, < Cy for all t > 3.
Then take D = [0, K +0,] X [0, C1] x[0, C,}, the solution (s(t),z,(t), z2(t)) € D
for t > t3. Thus it is eventually uniformly bounded by D.
|

In order to organize the domain of the parameters, it is necessary to give some
results on the survival function f;(s). This function plays an important role in the
analysis of the competition between the predators.

Definition 2 The function fi(s) = ffs — D;, for s > —a; is called the survival

function of the species ;.

Lemma 3

(i). fi(s) is monotonically increasing with the upper bound m; — D;.

(i1). fi(s) vanishes at A\; = a;/(b; — 1) > 0 if b; > 1, where b; = m;/D;.

(iil). fi1(s) and fa(s) intersect at a unique point for the branch s > —a; if my — Dy >
mo — Dy and as > a;.

Proof (i). fi(s) = 7%z > 0. Thus f(s) is increasing. lim,_4c0 fi(s) = m; — D,
which is the upper bound. (ii). It is easy to see that f;(A;) = 0if b; > 1. f;(s) is shown
in Figure A4. (iii). Set fi(s) = fa(s). Then & — Dy = 225 _ ), This reduces

a1+s az+s
to (m1 — Dy) — (ma — Ds) — %fj = —’;"—:f—sz. Denote M = (my — Dy) — (mg — Ds)
and take the translation u = a; +s. Then M — &L = —(—az—'fgﬁn. We obtain a

quadratic equation Mu? + Nu — mya,(e; — a;) = 0, where N is the coefficient of
the first order term. Since M > 0 and a; > a4, it is easy to see that this quadratic

function of u has two distinct roots, one is positive, the other negative, as shown in
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Figure A.5. Thus there exists a unique intersection of f;(s) and f,(s) for the branch
s > —a; corresponding to the positive root of u. The negative root corresponds to

the intersection on the branch s < —ay, which has no interest for our system. The

The extreme case of (2.1.2), where € = 0, has been well studied, for example

intersection is shown in Figure A.6.

see [3, 17]. Some of the results are given in the following lemmas. The other extreme

case, where g(€) = 1, will be discussed in section 4.4.

Lemma 4 Suppose e = 0.

(1). Necessary conditions for each x;, i = 1,2, to survive are b; > 1 and 0 < \; < K.
In such case, there ezists a unique equilibrium P; in the interior of the s — z; plane
with the components Py(\y, z3,0) and Py(Aq,0,23) where 27 = (1—X;/K)(a;+A;)/m;.
(ii). There is no periodic orbit in the interior of the s — x; plane if 0 < A; < K <
a; + 2);. P; is asymptotically stable in this case.

(ii1). P; comes from the bifurcation at (K,0,0) when K increases through A;. For
K < );, there is no equilibrium in the interior of the s — z; plane.

(iv). A Hopf bifurcation occurs at P; when K = a;+2X;. This gives a unique periodic
orbit around P; in the s — z; plane for K > a; + 2A;.

Proof The proof of (i) and (ii) is in {17]. The proof of (iv) is in [24, 23, 29]. Smith
showed the Hopf bifurcation when K = a; 4+ 2); and the uniqueness for small K —
(a; +2);) > 0in [29]. Liou and Cheng [24] and Kuang and Freedman [23] showed the
uniqueness for any K — (a; +2X;) > 0.

Now we prove (iii). It is easy to see that there is no equilibrium in the interior
of the s — z; plane for K < A;. To prove the bifurcation at (K, 0,0), we consider the

reduced 2-dimensional system

! S\ __ misz;

{ s o= s(l1-F)~— 22
I = ST D,
rn, = ait+s thr

The linearization at (X,0) is

a;+K

s = K—s— 2k g
.’E: = f,(K)x,



CHAPTER 2. THE MODEL AND THE PRELIMINARIES 13

The two eigenvalues at (K,0) are —1 and f;(K).

lim fi(K) =0, lim ORE) __miai

K-x 0K (a,- + )\,')

By Theorem 5 in Chapter 4, a bifurcation at (K, 0) gives birth to a pair of equilibria in

the interior of the s—z; plane. One is in the positive cone, the other not. Furthermore,

limy, g 7 = 0. Thus limy,ox P; = (X,0,0). This completes the proof.

While the case with one predator absent is discussed in Lemma 4, the one with

two competing predators will be discussed in the following lemmas.

Lemma 5 Suppose e =0 and 0 < A\; < A, < K.
(1). limymoo z2 = 0 tf by > by. Thus the inequality by < b, must hold if z5 survives.
(). If a1 < ap and K < az + 2X,, then limsup,_,, z1(t) > 0. Thus z; survives.

The proof is in [17].

Lemma 6 Suppose e =0 and 0 < A\ < Ay < K.

(1). If there ezists a compact invariant set of the flow of (2.1.2) in the interior of the
positive octant, fi(s) and f,(s) intersect in (0, K).

(i1). If a1 < ap and my — Dy > mg — D,, (i) implies 1 < by < by and Dy > D,.

Proof With the cylindrical coordinate substitution s = s, z; = pcosé, £, = psind,

system (2.1.2) with € = 0 becomes

s = 5(1 _ 7.«;\_) _ mljf::s9 _ mgaszp_:ine
Pl = p[fi(s)cos? @ + fos)sin® 4] (2.2.1)

0 = -;—[f2(s)—f1(s)]sin20.

(1). If fi(s) and f3(s) do not intersect in (0, K'), f2(s)— f1(s) does not vanish in
(0, K'). Thus ¢ does not vanish in (0, K) x (0, 7/2). Since \; < Az, fi(X2) > fi(M) =
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0 = fo(A2). Thus fi(s) > fa(s) for s € (0,K). Hence ' < 0 for 0 <t < +o0. If
there exists a compact invariant set, f(¢) attains a maximum and minimum on the
set. Denote 6° = 0(to) = maxoct<oo 0(t). Then 0 < 6° < 7/2 and 6'(to) = 0. This
contradicts 8’ < 0 for 6 € (0,7/2).

(ii). The survival of z; and z, implies 1 < b; < b; by Lemmas 4 and 5. Since
my — Dy > my — Dy and a1 < ay, fi(s) and fa(s) intersect at a unique point by

Lemma 3. If D; < D,, they intersect at some —a; < s < 0. This contradicts (i).

From the above lemmas, it is reasonable to consider the coexistence of system
(2.1.2) in the parameter region 0 < A} < Ay < K, 1 < by < by, a1 < a2 and Dy > Da.
For € = 0, conditions for coexistence are given in [3]. In the following sections, all

parameters are assumed to be in this region with € > 0 unless stated otherwise.



Chapter 3

Equilibria and their local

dynamics

It is easy to see that there are two equilibria of system (2.1.2) on the s-axis, Ey(0,0, 0)

and F;(K,0,0). They have very simple local dynamics. The linearizations are

s = s
zy = -Diny
zh, = —Dyz,
at Ey, and
s = (K -s)— ;‘f}’(xl — :;‘fl((xg(l — g(e))

z; = f{K)m

gy = fo(K)z,
at E;, where f(s) = 2221 — g(€)) — Da. The dynamics at Ey and ) are shown in
Figures A.7 and A.8.

Lemma 7 (i). There ezists a unique equilibrium Py()\, %,,0) in the s — z; plane for
any € > 0, where A\; = Ay, ; = z}. Thus P, = P, independent of €.

(i). If B <1 —(ay + K)/(b:K), there exists a unique equilibrium Py()4,0,%;) in
the s — z, plane for any € > 0, where Ay = a3/[ba(1 — g(€)) — 1] and T, = ay(1 —
%%)/[mg(l — g(€)) = Dy). Thus P, depends on ¢ and X, is increasing in €.

(iii). If g(e) =1~ %1\_ for some ¢g > 0 while g(e) < 1 — %f;'%(- for € < €, then P,

15
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collapses to E,(K,0,0) when € increases to .

(iv). For € > €, there is no equilibrium in the interior of the s — z, plane.

Proof (i) and (ii) can be easily shown by simple direct calculation. For the mono-
tonicity, one notices that g(e) is increasing in e. Thus A, is increasing in e. One notices
that for my = my(1 — g(€)), (iii) and (iv) are analogous to (iii) of Lemma 4. The only

difference is that € is chosen as the bifurcation parameter. One has lime_¢, A2(€) = K

and lim,_ ¢, Z2(¢) = 0. Thus lim._, P, = E;.

Theorem 1 For ); < K < a;+2X;, the unique equilibrium P; is asymptotically stable
in the s — x; plane. A Hopf bifurcation occurs at P; when a; +2X; = K, while P; loses
its stability. The bifurcation generates a unique stable periodic orbit T'; around P; in
the s — z; plane for a; + 2X; < K, while P; becomes unstable. The orbit T and its
period Ty are independent of € while Ty and Ty are dependent on g(e).

Proof With the absence of one predator, system (2.1.2) reduces to a 2-dimensional

one, either
{s’ = s(l——%)—’—:-ll-j-_isl
zy = fi(s)z1,
or
{s' = s(l-#) - 222(1 - g(c)
z, = fos)zs.

Clearly, the former one does not involve e while the latter one does. With m, =
mo(1 — g(€)), the latter one is analogous to the former one, which is exactly the same
as considered in Lemma 4. Thus the proof is similar. Since the former one does not

involve € while the latter does, I'; and T} are independent of € while I'; and T} are

dependent on g(e).
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Next consider the interior equilibrium. Notice that f, has similar properties

to fz. Let the right hand side functions of system (2.1.2) equal zero. One has

L- - 28 - 221 - g(0) =0

H(s) = 5% (3.0.1)

- y3(az+x1)
f2(3) — _mazie

az+z;
Obviously fi(s) > 0 and f5(s) < 0 at the equilibrium in the interior of the positive
octant. Since fz(s) vanishes at Ay > Ay > Ay, then A\ < s < X;. From the third
equation of (3.0.1), one has z; = =220 Gubstituting into the second equation,

ema+f2(s)”

one has g, = 284 Substituting both into the first equation, one has
ema+f2(s)

(-3 (o) (ool ) - (mallo sl (el )
Then

e - I 0. @02)

[ema + H(s)(1 - =) +

Let L(s) = m3(1 — s/K),Ri(s) = T%ﬁ,éz(s) = —(1 - % + 27)f(s). Then
(3.0.2) becomes

eL(s) + Ry(s)g(e) = Ry(s) + Ry(s). (3.0.3)

The right hand side function R,(s) 4+ Rs(s) is positive for A\; < s < X; < K. It is
also uniformly bounded with respect to ¢ since f,(s), the only term involving e, is
uniformly bounded and all the other terms are bounded for A\; < s < X,.

Denote the left hand side function of (3.0.3) by R(s,e). For e > 0 and s €

(A1, A2), R(s,0) =0,R(s,€) >0, lim., 1o R(s,€) = +00 uniformly for B< 1 — %;Kﬂ
and 9R
2,0 = L(s) + Rils)g/(€) > .

Summarizing the above, one has
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Theorem 2 Suppose B <1 — %)2%1‘ For any fized s € (A1, \2), there exists €, > 0,
such that (3.0.3) is satisfied and hence there exists an interior equilibrium. For suffi-
ciently small € and large €, there is no such equilibrium. Under certain assumptions

on the parameters, the uniqueness of the interior equilibrium holds.

Proof By the above discussion, one knows that for any fixed s € (A1, A;), R(s,¢)
will intersect the right hand side function for some €, > 0, thus giving the interior
equilibrium Py(so, Z10, Z20) With A; < s < Ay and €,m3 + fa(s0) > 0. Since the right
hand side function attains a positive maximum and minimum, there is no intersection
of the functions on each side of equation (3.0.3) for sufficiently small € or large e.
For the conditions of the existence and the uniqueness of the interior equilib-

rium, more detailed arguments are required. Rewriting (3.0.3), one has

eL(s) — Ri(s)(1 — g(€)) = Ra(s). (3.0.4)

Adding R3(s) = (my — Dq)(1 — g(€))maysas/(as + s) to both sides of (3.0.4), one has

eL(s) — Ri(s)(1 — g(€)) = Ra(s) + Ra(s), (3.0.5)

where

Ra(s) = 225% 11 (5) — (my — Dy)].

as + s
Before completing the proof, we need several lemmas.

Lemma 8 Given two positive functions f and h: R — R*. If both f and h are

decreasing and convez, and if f"” and h" exist, then f - h is decreasing and convez.

Proof Since f and g are decreasing and convex, f',h’ < 0, and f”,h” > 0. Then
(f-RY=f -h+f-M<O0and(f-h)'=f"-h+2f-h+ f-h">0. Thus f-his

decreasing and convex.

Lemma 9 Both the left hand side function and the right hand side function of equa-

tion (3.0.5) are decreasing and convez in s.
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Proof First, L(s) is decreasing and linear, therefore is convex. Secondly, since both
mqysas/(az + s) and m; — D; — fi(s) are positive, decreasing and convex, —R;(s) =
[m1 — Dy — fi(s)]mayzas/(az + s) is decreasing and convex by Lemma 8. Thirdly,
both —f5(s) and 1 — s/K + agm;/(ay + s) are positive, decreasing and convex. Thus
Ry(s) = —fa(s)(1 — s/K + azmi/(ay + s)) is decreasing and convex by Lemma 8.

Last, Rs(s) is decreasing and convex. Obviously, the sum of decreasing and convex

Lemma 9 describes how the two functions of both sides of equation (3.0.5) can

functions is decreasing and convex. This completes the proof.

intersect in a simple way. By the construction of (3.0.5) from (3.0.4), the functions of
both sides of (3.0.4) intersect in a similar way to the one of (3.0.5). By the arguments
of Lemma 9, L(s) and R,(s) are decreasing and convex. There can be two ways in
which the functions of both sides of (3.0.4) intersect ( see Figures A.9 and A.10 ),

{ CL(f‘l) < R2(:\1) (3.0.6)
eL(X2) — Ri(A2)(1 —g(e)) >0
and )

{ eL(d) > Fa(h) (3.0.7)

eL(X2) — Ry(X2)(1 = g(¢)) < 0.
Lemma 10 If
~f2(A1) (a2 + M) L(A2) aszm,
& < m2a3f1(/\2) (1 t (411 + /\1)L(/\1)),

B can be chosen small enough such that

Ra(a(B)) _ Fa(h)
L(u(B)) = 10w

Then the interior equilibrium ezists for

Ri(M(B)) Ra(My)

<€ (TnB) TOn)

and we have case (3.0.6).
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Proof (3.0.6) is equivalent to

Ri()2) Ry(\y)
o) (1—-g(e)) <e< o)

Since Ry(s) > Ra(s), where Ry(s) = —[1 —s/K + azmy/(a; + 8)]f2(s), it suffices that

Ri(X2) Ra(My)
0w S TIOn

Notice that A, depends on €. Since R;(s) is increasing and L(s) is decreasing, %33)1

is increasing. Thus %%) is increasing in € by (ii) of Lemma 7. To set B, let
Ri(A2(B)) _ Ra(M)

L(X(B)) ~ L(M)°

(3.0.8)

Logically, it is necessary that —Ril-(’\i) < B0 when B=0. By the definitions of R;(s
& L(2) ~ I(w)
and Ry(s) , one has

maysasfi(A2) < —(L(\) + agmy /(a1 + /\1))f2(/\1).

(a2 + A2)L(A2) L(\)
the f(0)(az + da) (%)
Y3z < m2a3f1(/\2) (1 -+ (al n /\I)L(/\l) . (309)

Hence one can choose ¢ € R‘(Xz(B)), R0y t5 meet (3.0.6 by choosing B small
L(%2(B) * L(h) &

enough such that (3.0.8) holds.

The uniqueness can be obtained by putting further restrictions on the param-

eters.

as{l— a ‘+a2){(m2(1-B)~ 2
Lemma 11 Ify; < —2(2—1(%)&:{1—4;&)- and ms < —[D2 me + K+ 27)'1(2;((1_2)) D2) ], then

the interior equilibrium is unique.

Proof Consider the derivatives of the functions of (3.0.5). Let eL'(s) — R{(s)(1 —
g(€)) > R(s)+ R4(s) for s € (A1, A2) in case (3.0.6). Then the two functions intersect

at most once. This gives the uniqueness. This inequality is equivalent to

eL'(s) — Ry(s)(1 — g(€)) > Ry(s). (3.0.10)
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In order to show this, it suffices to show that eL'(s)— R} (s) > Rj(s) since —R;(s) < 0.

Direct calculation gives L'(s) = —ms/ K, R}(s) = maysas| (;ji(:)L eren +3)2] and

Modoy = 1 myas

T ato

Then one has

mydi fl(S)
—em3/K — mzysas[(a2 ¥ s)(ay + s)? - (ay + 3)2]
> —(1-— 5 + aszm, )mzaz(l — g(¢)) + f2(8)(_}_ n mias

K  a1+s’ (az+3s)? K (a1 +38)?"

To show this, it suffices to show that

m2y3a3f1 (S)/(az + 3)2 > m1a3f2(s)/(a1 + 8)2
___Mmaysaszmia __azmimaaz(1=g(e))
(az+s)(a1+s)* = (a1+s)(a2+s)?

—em3/K > —(1 — s/ K)maay(1 — g(€))/(az + 8)2 + fo(s)/K.

The first inequality is obviously true since f,(s) < 0. The latter two are equivalent

to the system

ys < = 1;,%;21:)1“ B
ems < maax(1 — g(€))(K — s)/(az + 5)* — fu(s).

For the first inequality to hold, it suffices to show that y3 < %. The second

one is equivalent to

ma(1 — g(e))

emz < (a2 7 9)° [a2( K — s) — s(az + s)] + D
_ ma(l—g (5))_5 )+ a a2
= Tlarep Cete) taltaltD

maaz(K + ag)(1 —g(e ))
(az +s)?

= Dy —my(1 —g(e)) +
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To show this, it suffices to show that em3z < D, — my + "‘”2((521;2))9“3), where X\, =
az/[b2(1 — B) — 1]. This is equivalent to

— B)— D.)?
emg < Dy —mg + (K + az)(ma(1 — B) — Ds) -

m2a2(1 and B)
Hence if
< az!l—-B!!al-i-)\l!
o= Ty B Doy (3.0.11)
m3 < %[Dz —1my+ ( +a21)n(;1;((1:3))— 2) 1,
the uniqueness holds. I

Lemmas 8 and 10 complete the proof of Theorem 2 in case (3.0.6). Similar

results in case (3.0.7) can be obtained in the same way.

Remarks
1. I (3.0.8), (3.0.9) and (3.0.11) hold, there exists a unique equilibrium in the interior
of the positive octant.

2. The first inequality of (3.0.11) can be further reduced to y; < 1 — B, since

ag(al + /\1)

> 1.
al(ag + /\1)

This is easier to test in specific cases.
For the unique interior equilibrium F,, the relation between € and so, the

s-component of Py, can be derived by the following theorem.

Theorem 3 In case of (3.0.6) or (3.0.7), there ezists a function e(s) on the s-
component of Py determined by (3.0.4) for small B,. €(s) is decreasing in case (3.0.6)

and increasing in case (3.0.7).

Proof Let F(e,s) = eL(s) — Ry(s)(1 — g(€)) — Ra(s).

8_F
Oe

' i asmg maS
L(s) + Ba(s)g'(0) = (1 = g + —2h) T2

asmy moS

g'(e)

= L)+ (OR(s) - (1= 4 225
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Ri(s) — (1 = /K + azmy/(ay + s))mas/(az + s) is bounded for \; < s < A,. Since
L(s) > 0 and ¢'(¢) < By, &F > 0 for small B;.

By the Implicit Function Theorem ( see page 196 of [32] or Appendix B of 8] ),
there exists a unique function €(s) satisfying F'(e(s),s) = 0. Thus (3.0.4) determines
the function (s).

Regarding € as a function of s and taking the derivative with respect to s on

both sides of (3.0.4), we obtain

€(s)L(s) + e(s)L'(s) — Ry (s)(1 — g(€)) + Ra(s)g'(e)€'(s)

S asmny mo8

= By() +(€(s)(1 = 3 + o) T2

Then
()LL) + Rals)g'(€) = () s (1= o + 2]
= —[e(s)L'(s) = Ry(s)(1 — g(€))] + Ri(s). (3.0.12)
Notice
L(s) + ¢'()[Ra(s) = —2=(1 — — + —21)] > 0.

as + s K a +s
as shown above. The right hand side of (3.0.12) is negative in case (3.0.6) by (3.0.10).
Thus €/(s) < 0. €(s) is decreasing. In case (3.0.7), (3.0.10) is reversed. Thus the right
hand side of (3.0.12) is positive. Then €'(s) > 0. €(s) is increasing. |

Remark

In Theorem 3, €(s) should be written as €(so), a function of the s-component sq of Fp.

However, it may cause misunderstanding. So we omit the subindex for simplicity.
Now consider the local dynamics at P; and P,. Notice that Theorem 1 states

that Hopf bifurcation in the coordinate plane occurs at P; when P; loses its stability

and generates a unique stable periodic orbit T;.
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In the direction orthogonal to the plane, the stability depends on e. One can

see it clearly with the following theorem.

Notation
By saying the stability in the orthogonal direction, we mean the stability in the

direction orthogonal to the coordinate plane.

Theorem 4 Assume ¢ = 0.

(i). For Ay < Aq, P, is repelling and P, is attracting in the orthogonal direction.

(ii). There is no periodic orbit in any plane § = 0y € (0,7/2), where 8y is a constant.
(iii). (i) also holds for sufficiently small € > 0.

Proof (i) Take the same cylindrical substitution as in (2.2.1). Consider ¢’ at P;,

P(Py) = 5[f2(0) = (M)l sin(2 - 0) = 0.
0(P) = 51f20a) = i) sin(2- 5) = 0.
O (P = [(M) - Fi(M)]cos(2-0) = fu(h) <.

oo’ .
%(Pﬁ = [f2(A2) — f1(A2)] cos(2 - -2—) = fi(A2) > 0.

Thus P, is attracting while P; is repelling.

(i1) If there is a periodic orbit (s(t),z(t),z2(t)) in 8 = 6, € (0,7/2), 0(t) = b5.
Thus 6'(¢) = 0. Then f5(s) — fi(s) = 0. By Lemma 3, s(t) = 3, a constant. Then
s'(t) = 0. From system (2.2.1) p' = pfa(3). For A1 < Ag, f2(3) # 0. If f2(3) > 0,
p’ > 0. Thus p is unbounded. Hence so are z; and z,, contradicting boundedness.
If f,(3) < 0, p converges to 0. Then both z; and z, become extinct while s remains
constant. This also contradicts the basic assumption. Therefore there is no such
periodic orbit.

(iii) The proof will be given in Corollary 1 in Section 5.2.

The local dynamics at P, and P, for small ¢ > 0 are shown in Figure A.11.
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The bifurcations

4.1 A bifurcation theorem

To prove the bifurcations of system (2.1.2), we need a bifurcation theorem for the
O.D.E. systems.

Theorem 5 Consider the O.D.E. system

X' = Z(X,n) (4.1.1)
XeR"n€eR, Z:R*xR — R",

where 1 is a parameter. Z(0,n) = 0 for any n € R. Let m(n), -+, m(n) be the n
eigenvalues of (4.1.1) at (0,7), Re(m;(n)) the real part of m(n). Suppose w1(n) is real
and simple, m(0) = 0, and Z is C™.

(). If 71(0) > 0, Re(mi(n)) < 0,2 = 2,---,n, there exists a uniqgue C™! curve £, of
stable equilibria in a small neighborhood of (0,0) in R™ x R¥.

(i1). If 71(0) < 0, Re(mi(n)) > 0,2 = 2,---,n, there ezists a unique C™~! curve £, of
unstable equilibria in a small neighborhood of (0,0) in R® x R*.

(iii). If 71(0) > 0, Re(mi(n)) > 0,2 = 2,---,n, there exists a unique C*~! curve {, of
unstable equilibria in a small neighborhood of (0,0) in R® x R~.

These unique C™~! curves are tangent to R® and the eigenvector of m1(0) = 0 at (0,0).

25
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These points and the points of (0,m) are the only equilibria in a small neighborhood
of (0,0).

Proof Consider the flow ¢* of (4.1.1) for any fixed a > 0.

: R*xR—-R* X(t,n)— X(t+a,n).

¢ has fixed point (0,7), at which the n eigenvalues are w;(n) = e {=1,--.,n.
wi(n) = em™ is real and simple, w;(0) = 1. ¢2 is C" since Z is C™.

(i). If 7(0) > 0 and Re(m:i(n)) < 0,i = 2,--+,n, w}(0) = 71(0)e™©® > 0, the
norm |jw;(n)]| = efe(™™) < 1,4 = 2,... n. By the theorem on page 24 in Marsden
and McCracken [26] and Ruelle and Takens (28], there exists a unique C™*~! curve £,
of attracting fixed points of ¢* in a small neighborhood of (0,0) in R® x R*. £, is
tangent to R™ and also tangent to the eigenvector of 7;(0) at (0,0). These points
of £, and the points of (0,7) are the only fixed points of ¢*. Thus the points on
¢, are stable equilibria of (4.1.1). These points and the points of (0,7) are the only
equilibria in a small neighborhood of (0, 0).

(i1). Consider the reverse time equation. Taking the substitution 7 = —t, one
has dX dX
== —2(Xn). (4.1.2)

At (0,7), (4.1.2) has the eigenvalues 7;(n) = —mi(),2 = 1,---,n. 71(0) = 0, #1(0) >
0, Re(7:(n)) < 0,1 =2,---,n. By (i), there exists a C*~! curve £, of stable equilibria
of (4.1.2) in a small neighborhood of (0,0) in R™ x R*. /£, is tangent to R™ and
the eigenvector of #,(0) at (0,0). Thus £, is the C*~! curve of unstable equilibria of
(4.1.1).

(iii). Take the substitution 7 = —t, { = —7, (4.1.1) becomes

—— = Z(X,(), (4.1.3)
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where Z(X,() = —Z(X, —() since
dX dX
—_— e —— = — = — X —().
e o = —2(X,n) = -2(X,=()
The n eigenvalues at (0,() are §;(¢) = —mi(—=(),z = 1,---,n. £:i(0) = 0,6;(0) > 0.
Re(Bi(¢)) = —Re(m;(—¢)) < 0,i =2,---,n. By (i), there exists a unique C*~! curve
£, of stable equilibria of (4.1.3) in a small neighborhood of (0,0) in R® x R* . Thus
£, is of unstable equilibria of (4.1.1) in R® x R~ .

4.2 The bifurcation at P, or P, generating an in-

terior equilibrium.

By Theorem 1, Hopf bifurcations occur in the coordinate planes at P, and P,. We
will show that there is another bifurcation at P; or P, in the direction orthogonal to

the plane, that gives birth to the interior equilibrium.

Theorem 6 The interior equilibrium comes from the bifurcation at Py and collapses
to P, for K < a; +2\;,1 = 1,2 ,or comes from the bifurcation at P, and collapses to
P, for K > a; +2);,i = 1,2 when € increases.

Proof We consider the limit of the interior equilibrium Py(so, Z10, Z20). Notice P
satisfies (3.0.1) and so satisfies (3.0.4). Regard € as a function of s¢ determined by
(3.0.4), and take the limit of (3.0.4) as so approximates to A;. Then

€1L(/\1) = Rg()\l),

since limso__,,\l Rl(so) = 0, where ¢; = limso—»,\l 6(30). Plugging into 210 = —a3 f2(s0)

em3+f2(s0)’
one has _
lim z10 = = _asf_z(h) =
50— A1 f2(/\1) + mSRZ(’\l)/L(/\l) ’
while
y3a3f1(30)

lim zy = lim —————
So—rA1 20 s0— A €m3+f2(30)
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Thus lim,,_,5, Po = P,.
Take the linearization of (2.1.2) at P, for any € > 0.

!

s s
2y =V = |,
A Tq
where
IR -day -o 20—
V= Trta)? 0 ~TlesteD)
0 0 (1) + manc

It is easy to see that one eigenvalue is

and its eigenvector crosses the s — z; plane transversally. The other two eigenvalues

satisfy a quadratic equation

2/\1 m1a1Z4 mfalx\lzil —0

k2 —(1— = — =
1-7% (ay + A1)? (a1 +A1)3

By the Routh-Hurwitz criterion, the real parts of the eigenvalues have the same sign
as
2/\1 mlalil

1
A1—§(1—7—m).

<0 if K<ay+2)\
A =0 if K=a,+2)\
>0 if K >a;+2)\.
At e = ¢, m(e1) =0,

maZ; maAr

Gtz ait M

’(61) >0

m(a) =

if B, is sufficiently small. By Theorem 5, if K < a;+2A1, a stable interior equilibrium
is generated from the bifurcation at P; when ¢ increases through ¢;; If K > a; 4+ 214,

an unstable interior equilibrium collapses to P, when ¢ increases through €. By
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Theorem 5, there exists another equilibrium in either case, but it is not in the positive
octant. Thus we are not interested in it.

The same discussion can be made for P,. Taking the limit of (3.0.4) when s

approaches ),, one has

e2L(A2) — Ra(X2)(1 = g(e2)) = 0,

T ~ . . . _ yseafils
where €; = lim,,_5, €(s0). Substituting into 24 = ﬁ%f(—%, one has

lim o = B%A) _ 4

so— A2 €2ms3 »
while 7
lim 70 = lim —————a3f2£so) =
so— A2 so—Xz €M3 + f2(30)
Thus lim

50__)/‘\2P0=P2.

Take the linearization at P, for any e. Then

s s
zy | =U| = |,
11,2 T2
where
2X maoan % mq A mo X
B ER-s0)  -mE -ER-609)
U= o0 ful(hy) — o 0
otz (1 —g(e)) mas 0

One eigenvalue is 71(€) = fi(le) — maze  Its eigenvector crosses the s — 23 plane

transversally. The other two eigenvalues satisfy

2 mqasT m2as Ay %
K= 1 - =2 - 222 ()| B+ 22 (1 - g(e))? = 0.
IR (a2+/\2)2( g(€)) (a2+/\2)3( g(€))
In the same way as above, by the Routh-Hurwitz criterion, the real parts of the
eigenvalues have the same sign as

_ 1 25\2 m2a2:7:2
A2 - 2[1 - I{ - (a2 + /_\2)2( _g(e))]'
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<0 if K<az+2X
Ay =0 if K=ay+2)\
>0 if K>a;+2X.
At € = €, m1(e2) =0, and
msZs ™My

' - _ h g
m() Y3as3 + (a1 + A2)? o(e2)

= —?:iz + <(a1m ;?2)2) ((b(l iz?(i;()e)z)— 1)"’) <°

if By is sufficiently small. By Theorem 5, if K < a3 +2),, a stable interior equilibrium

collapses to P, when € increases through e,; If K > ay + 2);, an unstable interior
equilibrium is generated from P, when ¢ increases through e,. Similarly, there is
another equilibrium by Theorem §, which has a negative coordinate. So we are not
interested in it.

In case (3.0.6), €(so) is decreasing by Theorem 3. So is so(€). Thus €; < ¢;.
For K > a; + 2);,71 = 1,2, when ¢ increases from 0, the bifurcation occurs first at
P, with s = A when ¢ = ¢,. This bifurcation makes P, obtain stability in the
orthogonal direction and generates an unstable interior equilibrium Py. Then when ¢
increases through ¢, a bifurcation occurs at P, with so = ;. This bifurcation makes
P, lose its stability and makes P, collapse to P;. In case (3.0.7), €(so) is increasing
by Theorem 3. So is so(€). Thus € < €. For K < a; + 2X;,7 = 1,2, when ¢ increases
from 0, a bifurcation occurs first at P; with so = A\; when ¢ = €. This bifurcation
makes P lose its stability in the orthogonal direction and generates a stable interior
equilibrium P,. Then when ¢ increases through ¢,, a bifurcation occurs at P, with

So = A2. This bifurcation makes P, obtain its stability in the orthogonal direction

and makes P, collapse to P;.
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4.3 The bifurcations at the limit cycles I'; and Iy

In [3], Butler and Waltman showed the existence of the interior periodic orbit coming
from the bifurcation at I'y for € = 0. For € > 0, similar results hold when € varies as
one of the bifurcation parameters.

We consider the Poincaré map at the limit cycles to show the bifurcation.

Lemma 12 The spectrum of the linearization of the Poincaré map union {1} is equal

to the spectrum of the linearization of the solution map.
The proof is on page 60 in Marsden and McCracken [26].

Lemma 13 One of the Floguet exponents of system (2.1.2) at T;,¢ = 1,2, is negative,

another is 0.
Proof See Butler and Waltman [3].

Theorem 7 Suppose K > a; +2X;. When D, decreases or € increases, a bifurcation
at Ty occurs and generates a stable interior periodic orbit T while T'y loses its stability

in the orthogonal direction.

Proof Consider the Poincaré map ® at some point of I';. The linearization of (2.1.2)
at Ty is
!

s s

gy | =AQ)| = |,

zl, 2
where

I-R-fsh o —akl-ge)
a-| om0 o
0 0 fa(s) + J2E
By Lemma 4.2 in Butler and Waltman [3], the third Floquet exponent of ® at
T, is
A o= o [ s + TR g
Ty Jo az +z;

_ mo v sdt mae [T z,dt
= ~D+ 31— g(e) [ / SRRV

0 a2+s+T1 asz + 1
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where T is the period of I';. The associated eigenvector crosses the s — z; plane

transversally. Since I'; and 7T} are independent of € by Theorem 1, g—gl; =-1<0,
and

%ZE/T‘ mdl ™ /Tl sdt o,

Oe Tl 0 as -+ Ty Tl 0 das + s

if By, the bound of ¢'(¢), is sufficiently small. By Lemmas 12 and 13, ® has two
eigenvalues, one inside the unit circle and the other crossing the unit circle transver-
sally when D, decreases or € increases through the value which makes A; = 0. By the
theorem on page 24 in Marsden and McCracken [26] and Ruelle and Takens [28], a
bifurcation occurs at I'; and a unique stable periodic orbit is generated in the interior,
while T'; loses its stability in the orthogonal direction. The parameter region is shown

in Figure A.12.

When e=0,A; =0at D, =D; =722 gl %‘f—_”;. It goes back to the case in [3].

A similar result holds for T',.

Theorem 8 Suppose K > a, + 2X,. When Dy or € decreases, a bifurcation at T,
occurs and generates a unique stable interior periodic orbit while T'; loses its stability

in the orthogonal direction.

Proof The proof is similar to that for Theorem 7 except that the third Floquet

exponent is

1 Tz msTy€
Ay = = / _ aT2€
: T, Jo fl(s) asys
my (T2 sdt mage [T
- M — Dy — / dt, 432
T2/0 a1+s ! a3y3T2 0 2 ( )

where T; is the period of I';. Both T, and T'; are dependent on g(¢) by Theorem 1.

Hence g—gf = —1 < 0. The partial derivative of A, with respect to € can be very
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complicated. However, it is very simple if B = 0. Then for B =0,

3A2 ms T
= — dt .
66 a3y3T2 ~/(; 72 <0

Thus for sufficiently small B and B;, %—A} < 0 by continuity and the differentiability
of the solutions on the parameters. Therefore when D; or € or both decrease and
make A, change signs, by the same theorems in [26] and [28], a bifurcation occurs at
I';, which generates a unique stable periodic orbit, while T'; loses its stability in the

orthogonal direction for sufficiently small B and B;. The parameter region for B = 0

is shown in Figure A.13.

Remarks

1. For A; = 0, we have €] satisfying Aq(e, D2) = 0, while for A, = 0, we have ¢}
satisfying Aq(e3, D1) = 0. For certain D, and Dy, if €] < ¢}, then we know that
as € increases from 0 , a bifurcation first occurs at I'; when ¢ increases through e},
which generates a stable interior periodic orbit while making I'; lose its stability.
Then, when € increases through €}, a bifurcation occurs at I'; which makes the stable
interior periodic orbit collapse to I'; and I'; becomes stable.

2. The interesting thing is that for increasing €, while the interior equilibrium may
either come from P, and collapse to P, for K < a; + 2);,¢ = 1,2, or come from P,
and collapse to P, for K > a; + 2);,i = 1,2, the interior periodic orbit only comes

from T'; and collapses to I';. The reverse process can never happen for the periodic
orbit.

4.4 The simple food chain

Now we consider another extreme case, the food chain model, when g(e) = 1 for
€ > €> 0. Thus (2.1.2) becomes

I = — ) _ maszy
S - S(l K) aj+s
/ — misz) _ — mar1r2€ 4-4.1
1 a1+s Dz, ya(as+z1) ( )
1 — maTyTo€
rh = mamme_ Dog,.

a3+zry
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It is easy to see that the system has the equilibria E4(0,0,0), E1(K,0,0) and
Py (A1, %1,0). However, P, no longer exists. The periodic orbit I'; also exists for large
K, but T, does not.

In a similar way, we still can consider the steady-state bifurcation at T';.

Theorem 9 The steady-state bifurcation at T'; generates the stable interior periodic

orbit T' when € increases or D, decreases.

Proof The proof is similar to that of Theorem 7 except that

1 Iy maxi€ €ms T .’L'ldt
A= — / _Dydt=-Dy+ 8 / :
! T1 0 as + T 2 2 + Tl 1] as + I

Remark
Since I'; does not exist, this stable interior periodic orbit can not collapse to the s —z,
plane in the same way as before. Instead, it grows large and may collapse in some
other ways.

Another difference is that there may exist two interior equilibria in this case.

We consider the system satisfied by the equilibria.

— 2 -
K ay+s
fils) = mame (4.4.2)
mec D,

Let (so, *10,Z20) denote the coordinates of any possible interior equilibrium.

From the third equation, one has z;y = =222 Plugging into the second equation

ema—Ds°
implies £, = £2/100) From the first equation, one has
0 emz—D2 ?

S
(1- 7-{0-)@1l + s0) = myz1o. (4.4.3)
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z10 > 0 implies € > D;/mg3, which can be guaranteed by € > D,/m3. 259 > 0 implies
fi(s0) > 0. Thus so > ;. Denote H(s) = (1 — $%)(a1 + s), which determines the

interior equilibria. It’s easy to see that

1 K- a1, 4 (I{ + 01)2
R I Ve
The graph is shown in Figures A.14 and A.15.

H(s)=—

Theorem 10 Suppose € > %.
(i). There is no interior equilibrium if € < % + _IJHT&_‘:QS

(ii). There ezists a unique interior equilibrium if e = —1+i‘5ﬂlﬂ3—1—72- and K > ay;+2M,.

m3(I\+a1
(iit). Suppose € > %; + -g;—(";\}ﬁ%%— and K > a; +2);. Ife< ;i— + mﬂ;]%%l there exist

two interior equilibria. One of them collapses to E,(K,0,0), the other to P, when €

increases. If e > 22 4 ﬂ%"fg-?— there exists a unique interior equilibrium. It collapses
m3 maH(\1)

to E41(K,0,0) when € increases.

(iv). Suppose € > 21 + %ﬁ%@- and K < a; +2X;. Ife< 21 + mﬂsl]i‘{%\—)lz- there exists

no interior equzlzbmum Ife > —1+ﬂlﬂ(22- there exists a unique interior equiltbrium.
It collapses to E(K,0,0) when € increases.

(v). There ezist at most two interior equilibria for this simple food chain.

Proof We prove the existence by considering the quadratic function H(s).

(). fe< —22; +3ﬂf—(’;\!fi%%, then myz0 > i%ﬁ, (4.4.3) has no real root. Thus

system (4.4.2) has no solution. Therefore there is no interior equilibrium.

(il). fe= —% + %, then mizp = K:}:‘ (4.4.3) has a unique real

root sg = (K — a1)/2. Thus system (4.4.2) has a unique solution. However, it is in
the interior if and only if sg > A;. It is equivalent to Ay < (K — ay)/2 .

“es . . 2
(iii). Since € > %3- + %, miTi0 < %)- (4.4.3) has two real roots

with one on each side of (K — ay)/2. K > a; + 2\, implies A\ < (K — a;)/2. Thus

H(s) is increasing at Ay. If € < % + ;E‘;%”(-%, H(\1) < mizi0. Then the smaller

root of (4.4.3) is greater than A\;. Thus system 4.4.1 has two interior equilibria with

the s-components on both sides of (K — a,)/2. If € > —1 + 1;"—;‘—23{\—312- H()\1) 2 myzqo.
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Then the smaller root is not greater than A;. Only the greater root of (4.4.3) gives
the interior equilibrium. Thus it is unique.

(iv). Asin (iii), (4.4.3) has two roots with one on each side of (K —a1)/2. K <
a; +2A; implies A; > (K —a;)/2. Thus H(s) is decreasing at \;. If € > % + mﬂsll—‘}a(—ff;,
H(A1) > myz10. Then only the greater root is greater than Ay, which gives the interior
equilibrium of (4.4.1). Thus it is unique. If € < % + ;’”341—33(-%25, H(\) € myzio. Then
no root of (4.4.3) is greater than A;. Thus there is no interior equilibrium.

(v). From the above discussion, it’s easy to see that there exist at most two
interior equilibria.

To consider the bifurcation, one can take the limit of the equilibria as the
bifurcation parameter € varies.

First, 19 is decreasing in € and converges to 0 when € — co. Secondly, if there
exists a unique interior equilibrium, the s-component sq > (K — a;)/2 by the above
arguments, and H(s) is decreasing at sp. Since lime—o 710 = 0, lime o H(So) = 0
by (4.4.3). Thus lim._o 50 = K by (4.4.3) and lim. 220 = 0. Hence the interior
equilibrium converges to E4(K,0,0).

If there exist two equilibria, the s-components of the two are on each side of
K—;“l, and H(s) is increasing at the left one and decreasing at the right one. Since
z10(€) is decreasing and z10(€) > 0 for any € > €, so(€) is decreasing for the left
one and increasing for the right one by (4.4.3). Therefore as before, for the right
one lim_, o, 10 = 0, im0 Z20 = 0, lim,_, S0 = K since fi(s) is bounded above
and H(s) is decreasing. At the left one, H(s) is increasing. Before lim,_,o, 210 = 0,
lime_,¢, S0 = Ay for some € < co. Thus lim,_, 20 = 0 and lim,_,, 10 = Z;. There-

fore the equilibrium converges to P;(), Z;,0). Using Theorem 5, one can analyze the

bifurcations in the same way as before. Thus we omit the details.


http:lim(_.00

Chapter 5

The global dynamics

5.1 Persistence

We use the concept of Freedman-Waltman’s persistence to describe the global dy-

namics. See [10].

Definition 3 A population p(t) is said to persist, if p(t) > 0 for all t > 0 and
liminf;, ;o p(t) > 0. A system is said to persist if each component population per-

sists.
We introduce the Freedman-Waltman theorem.

Lemma 14 [Freedman-Waltman Theorem] The system

v = uf(u,v,w)
v o= wvg(u,v,w) (5.1.1)
w = wh(u,v,w),

where u(0) = uo > 0, v(0) = vo > 0, w(0) = wo > 0, persists if the following
hypotheses hold.

(HO). f, g, h are Clin (u,v,w).

(H1). All solutions of system (5.1.1) with non-negative initial conditions are bounded

in forward time.

37
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(H2). The origin Eqy is unstable in the u-direction and asymptotically stable in the
w-direction. There ezists a unique equilibrium E; on the positive u-azis at (K1,0,0)
with no equilibria of the form (0, K,,0) or (0,0, K3).

(H3). E; is a hyperbolic saddle point.

(H4). Interior to each positive coordinate plane, there is at most one equilibrium,
which, if it exists, is unstable in the positive direction orthogonal to that plane, and

around which there is no periodic orbit in the plane.
The proof is in [10].

Theorem 11 If K < a; +2X;,1 = 1,2, system (2.1.2) persists for € € (e, €3) in case
(3.0.7), where €. is the bifurcation value at P; in case (3.0.7).

Proof We check the hypotheses (H0)-(H4) for system (2.1.2). It is easy to see that
(HO)—(H3) are satisfied by system (2.1.2). For (H4) we know that system (2.1.2) has
P, and P, without T'; and T';. When ¢ increases through the bifurcation value €}, the
equilibrium P, loses its stability in the orthogonal direction. And before ¢ increases

to €, the bifurcation at P, does not occur. Thus (H4) is satisfied. By Lemma 14,

system (2.1.2) persists.

5.2 The global dynamics

Now we consider the global behavior of system (2.1.2) by using the cylindrical coor-
dinate substitution and give some more results on the relation between the dynamics
and the survival functions.

By the same cylindrical coordinate substitution as in Lemma 6, system (2.1.2)

becomes

s = 3(1 _ _Ii_) __myspcosf mgspsin&(l _ 9(0))

ar+s az+s
r . mapesin . cos
p' = P[fl(s) COS2 9 + f2(3) Sln2 0 + m’;ﬁ(sm@ —_ y—se)] (521)

6" = 31fa(s) — fuls)]sin 26 + raglcostteintin) oip 99,
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From system (5.2.1), one can see clearly that both the two terms involving the con-
sumption of z; on z; in system (2.1.2) are positive in ¢, favouring the growth of z,.

Hence we have the following result that is similar to Lemma 6.

Theorem 12 Assume Ay < Ay. If f1(s) and f3(s) do not intersect in [0, K], z, must

become extinct for sufficiently small € > 0.

Proof Since fi(s) and fa2(s) do not intersect in [0, K] and A; < Az, there exists
a & > 0 such that fi(s) — fo(s) > 6 for any s € [0,K]. From (5.2.1) we have
6" = 1/2[f2(s) — fi(s) + G(e€)] sin 26, where
Gle) = —masg(€) L emzp(cos @ + sin 9/y3).
as + s az + pcosf
By Lemma 2, any solutions are eventually uniformly bounded, thus G(e) <

ems[l + ﬁ;] < €C4, where C4 is a positive constant independent of ¢. Therefore
0" < 1/2[—6 + €C4]sin 20 < 0 for sufficiently small e. Hence 6 decreases on (0,7/2).
Then lim,_, () exists. Denote 6° = lim,_, ., 6(¢). If §° = 0, z, becomes extinct. If
6° > 0, consider the w-limit set of the flow. There exists a compact invariant set in
the w-limit set in § = 6°. Similarly to Lemma 6, we have #'(ty) = 0 for some ¢y > 0

satisfying 8(to) = 0°. This contradicts #'(¢t) < 0 for 0 < 8 < 7/2.

Corollary 1 For sufficiently small € > 0 and Ay < )y, P, is attracting and P, is

repelling in the orthogonal direction.

Proof
0'(Py) = 1/2[fa(\) = fi(M1) + G(€)]sin 0 = 0.
0'(Py) = 1/2[f2(32) — fr(R2) + G(€)] sin(2 - g) = 0.
By the argument of Theorem 12, G(€) < min(f;(A;), —f2(A1)) for sufficiently

small €. Thus

THB) = [R0n) = fi(M) + Gl cos0 = o) + Gle) < fo(h) + G(e) <.
%(Pz) = [fa(X) — i(d2) + G(e)] cos 7 = fi(As) — G(e) > fi(A2) — G(e) > 0.

Therefore P, is attracting while P, is repelling.
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Chapter 6

Numerical results for a specific

example

We consider a specific example of system (2.1.1) with the following parameters fixed.
The numerical results agree with the analytical results we obtained in the previous
sections. We draw the graph of the functions or the trajectories of system (2.1.1),
instead of giving the analytical expression and the tedious calculation. A Hopf bifur-
cation is observed and demonstrated numerically. All of the numerical simulations
were done using the computer package MatLab, copyrighted by the Math Works In-
corporated. The differential equations were solved using the built-in m-file ODE23,
which uses the Runge-Kutta’s method of order 2-3.

Set my =1, my = 06, a; = 05,a, =1, D, = 05, K =25, r = 3.3,
y1 = 0.3, yo = y3 = 0.5 B = 0. Then B, = 0, while D, is undetermined and ¢
is the bifurcation parameter. The derived parameters are given by b, = =2,
A =387 =05, a1 +20 =15 < K.

On one hand for b, > b, D, < %11 = 0.3. On the other hand for a; +2X; < K,
by > 1+ 7\2—:2; = 7/3, then D, < -;—”/-25 = 1.8/7 = 0.25714. Furthermore for A\; < A,,
b, <1+ £ =3 Thus D, > %% = 0.2. Hence the interval of D, is [0.2,0.25714].
Therefore we assume D, = 0.2555. Notice that I'; and T'; are independent of € since
B =0.

Clearly this example corresponds to case (3.0.6) by Figures B.1 and B.2. The
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function so(€) is decreasing and the intersection of the two functions on both sides of
(3.0.4) is unique with the s-component between A; and A,.

Taking the linearization of (2.1.1) at the interior equilibrium Po(so, 10, Z20),

one has
s S
' _
Z, - A] T 3
’
Ty o
where
— 2% 4 _misoTip | _mazesy ___myso ___m2s¢
K " yi(ai+s0)? 1 y2(a2+s0)? y1{a1+s0) y2(a2+s0)
A — mia1x EM3IT10L20 ___tmariq
1 (al+30)% ya(as+z10)? ya(aa+c10)
(a2+80)2 (aa+$1o)2

Here A; has been reduced by the system satisfied by Po(so, 10, Z20) , Which is similar
to (3.0.1). Secondly, the extreme case ¢ = 0 is considered. Figures B.3— B.6 show the
stable interior periodic orbit for D, = 0.235, and z, becomes extinct for D, = 0.2555.

In the following, D, = 0.2555 is assumed.

Thirdly, the interior stable periodic orbit given by the bifurcation at P, for
e = 0.06 is shown in Figures B.7 and B.8, while the cases without such an orbit
before the bifurcation for ¢ = 0.05 and after it collapses to ', for ¢ = 0.07 are shown
in Figures B.9-B.12.

Fourthly, Figures C.1 and C.2 show the unstable periodic orbit from the Hopf
bifurcation at the interior equilibrium Py for € = 0.08 while Figures C.3 -C.6 show
the reverse time trajectory near the unstable periodic orbit either diverging to infinity
or converging to the equilibrium F, . The conditions for the Hopf bifurcation at the
interior equilibrium are shown in Figures C.7-C.10.

Finally, Figures C.11-C.14 show the threshold at the Hopf bifurcation for
e = 0.08. These also show the instability of the periodic orbit of the Hopf bifurcation.

Remark
Usually, it is not possible to obtain the unstable periodic orbit numerically. Fortu-

nately in this case, the positive real eigenvalue at Py is small as shown in Figure C.10.
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Thus the equilibrium F; is unstable with a little tendency to diverge in this one-
dimension. Hence for € near the bifurcation value, the periodic orbit is also unstable
in this dimension. One can still obtain the trajectory near the periodic orbit for a
period of time before it diverges. Furthermore, one can expect that the periodic or-
bit is stable in the other 2 dimensions by the Hopf theorem since Figure C.9 shows
that for € = 0.08, the real part of the complex eigenvalue is positive. Thus the Hopf
bifurcation at the interior equilibrium is numerically demonstrated. This unstable
periodic orbit repels the trajectories near it, thus displays a threshold in the interior

of the positive octant. No trajectories can go through it.



Chapter 7
Discussion

In this paper, the dynamics of a three species foodweb model for the Michaelis-
Menten type response function is considered. The difference of this model from pre-
vious ones is that it involves the predator-prey interaction between the two predators
zy and z,. This interaction is represented by the terms involving € in the system,
where € is the bifurcation parameter. For different amounts of the interaction repre-
sented by different values of ¢, the dynamics are different.

Two extreme cases are observed here, a simple foodchain model with g(e) =1
for large € and the pure competition foodweb model with e = 0, and g(¢) = 0. These
two extreme cases have considerably different dynamics. For example, consider the
interior equilibria. There is none for € = 0 in general, and there may be one or two or
none for g(e) = 1. Thus our model unifies the two extreme cases and includes each as
a limiting case. The dynamics, as expected, inherits some properties of the extreme
ones.

First, the bifurcation at the equilibrium P; in the s — z; plane with increasing ¢
gives birth to the interior equilibrium Py, which does not exist in the pure competition
case € = 0 in general, except A\; = A;. The existence and the uniqueness are given by
fundamental analysis and the Implicit Function Theorem.

Secondly, the bifurcation at the periodic orbit T'; generates the stable interior
periodic orbit T" with either increasing € or decreasing D, or both. This stable periodic

orbit I' collapses to I'; with increasing € or increasing D or both. This work is similar
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to Butler and Waltman [3], but with different parameters . The bifurcation regions
are also given.

The interesting thing is that for increasing €, while the interior periodic orbit I'
can only bifurcate from I'; and collapse to I',, the equilibrium P, may either bifurcate
from P, and collapse to P, or from P, to P;, which is determined by either (3.0.6)
and K > a; +2X; or (3.0.7) and K < a; + 2,1 =1,2.

Thirdly, some global results are given by studying the survival functions and
using the cylindrical coordinate substitution. Although the survival functions have
already been defined by Hale and Somolinos in [15], they were not further studied.
From Theorem 12, one can see that for sufficiently small ¢ these functions play a
dominant role. They determine the victor in the competition. Thus one can conclude
that if the intrinsic character is weaker, such as fy(s) < fi(s), the predator z, will
die out even though it may consume a small amount of its rival, the predator z;.
Lemma 6 gives the relation between the coexistence and the survival functions: coex-
istence implies the intersection of the two survival functions. Theorem 4 states that
coexistence occurs in such a way that the ratio of the densities of the two predators
can not be kept constant. Thus any attempt to keep it constant violates the natural
rule. Such a property may be used in any similar case either in ecology or in environ-
mental or social sciences. Furthermore, persistence is considered by using a theorem
of Freedman and Waltman.

Finally, numerical results for a specific set of parameters with B = 0 show the
existence of the interior equilibrium. It is demonstrated that the bifurcation at I';
gives birth to the stable interior periodic orbit , which collapses to I'; with increasing
e. It is also observed that a Hopf bifurcation occurs at the interior equilibrium and
generates an unstable interior periodic orbit. Usually one cannot numerically obtain
the unstable periodic orbit due to the instability. However the positive eigenvalue
at the equilibrium, thus the Floquet exponent at the periodic orbit, is fortunately so
small that the trajectory stays close to the periodic orbit for a long period of time
before it diverges. We are thus fortunate enough to obtain this unstable periodic orbit
numerically. This unstable periodic orbit displays a threshold near the equilibrium,

which is also numerically shown. Thus when the initial value is relatively close to the
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s—z; plane, the trajectory is repelled away from the equilibrium and the periodic orbit
due to the instability, and goes towards to the s — z; plane. It places a barrier against
the rival of z; to win. This shows that the competition is in favor of the predator z;
if the initial value of z; is relatively large enough, and may result in the extinction
of the other. But in the specific case considered in Chapter 6, the trajectory can
not collapse to the periodic orbit T'; since I'; is repelling in the orthogonal direction
after the bifurcation. Thus the trajectory either goes to P; along a one-dimensional
manifold in the extreme case or goes around for a long period of time and then
converges to an attractor, such as I';. Due to the Hopf bifurcation, there is an interval
of the parameter € such that there exists two interior periodic orbits simultaneously,
one stable from Iy, and the other unstable from the Hopf bifurcation at the interior
equilibrium. In the specific case in Chapter 6, the numerical results in Figures C.7-
C.10 show that the Hopf bifurcation occurs before the steady-state bifurcation at T';.
Even after the stable periodic orbit collapses to 'y, the unstable periodic orbit still
exists in the interior. This periodic orbit for ¢ = 0.08 can be numerically proved
not to be the stable one because the stable one collapses to T'; before ¢ = 0.07.
And numerically its instability is shown both in forward time and backward time in
Figures C.11-C.14 and C.3-C.6.

From the above, one can have a clear view. First, there is no interior equi-
librium for small e. Then bifurcation gives birth to the interior equilibrium when e
increases. From this equilibrium, a Hopf bifurcation may present an unstable peri-
odic orbit. For large € such that g(e) = 1, there may exist even two equilibria in
the interior. Finally when € increases large enough, the bifurcation shows that the
interior equilibria will collapse to some equilibria on the boundary. Thus for different
amounts of the predation interaction between the two predators, the dynamics are

considerably different.
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Figure A.1: A schematic diagram of the chemostat.
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Figure A.2: The foodweb and foodchain.
The arrows represent the consumption of the bottom species feeding on the top ones.
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Figure A.3: The model interaction.
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Figure A.4: The graph of the survival function f;(s).

mlal(a2 - al)

Figure A.5: The graph of the quadratic function Mu? + Nu — myay(a; — a;).
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Figure A.6: The intersection of f;(s) and f5(s).
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Figure A.7: The dynamics at E,.
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Figure A.8: The dynamics at E;. ¢; isin s — z; plane, ¢ = 1,2.
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Figure A.9: The intersection of the functions in equation (3.0.4) in the case (3.0.6).
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Figure A.10: The intersection of the functions in equation (3.0.4) in the case (3.0.7).
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Figure A.11: The local dynamics at P, and P, for small € > 0 and K > a; + 2),.

¢, C are in s — z; plane, 1 =1, 2.
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Figure A.12: The parameter region of the bifurcation at T';.
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Figure A.13: The parameter region of the bifurcation at I'; for B = 0.
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Figure A.14: The quadratic function H(s) with K < a; + 2);.
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Figure A.15: The quadratic function H(s) with K > a; + 2);.



Appendix B

The graphs of the equilibrium and
the stable periodic orbit in the

interior of the positive octant

Tllustration

In the t — s, 21,z graphs,

represents the ¢t — s curves;

— — — represents the ¢t — z; curves;
------ represents the ¢ — z, curves.
In the s — z,, z, graphs,

— — — represents the s — z; curves;

------ represents the s — z, curves.
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Figure B.1: The unique interior equilibrium given by the unique intersection of the
functions of (3.0.4) with € = 0.06, D, = 0.2555 and K = 2.5.
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Figureh B.2: The dependence of the s-component of the interior equilibrium on € with
D, = 0.2555 and K = 2.5.
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Figure B.4: The s — 1, z; graphs under the same conditions as in Figure B.3.
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Figure B.5: The t — s,71,72 graphs of the extinction of z, with € = 0, D, = 0.2555

and initial value (0.5,0.5,0.5).
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Figure B.6: The s — z1, z; graphs under the same conditions as in Figure B.5.
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Figure B.7: The t —s,

., T, graphs of the stable interior periodic orbit with ¢ = 0.06,

(0.5,0.5,0.5).

D, = 0.2555 and the initial value
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Figure B.8: The s — z;, z; graphs under the same conditions as in Figure B.7.
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Figure B.10

The s — z,,z, graphs under the same condit
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Figure B.11: The t — s, 2}, z, graphs after the bifurcation at I'; occurs with e = 0.07,

D, = 0.2555 and the initial value (0.5,0.5,0.5).
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Figure B.12: The s — 21,2, graphs under the same conditions as in Figure B.11.
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The graphs of the Hopf
bifurcation and its unstable
periodic orbit in the interior of

the positive octant

Illustration

In the t — s, z;, 22 graphs,

represents the { — s curves;

— — — represents the t — x; curves;
------ represents the { — x5 curves.
In the s — z1, z, graphs,

— — — represents the s — z; curves;

------ represents the s — z, curves.
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Figure C.1: The t — s,z1,
Hopf bifurcation with €
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Figure C.2: The s — z;, 2, gra.phs‘under the same conditions as in Figure C.1.
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Figure C.3: The backward time ¢t —s, z;, z; graphs near the unstable interior periodic
orbit from the Hopf bifurcation diverging to infinity with ¢ = 0.08, D, = 0.2555 and
the initial value (0.0065,0.5239, 0.08129130603).
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Figure C.4: The s — z;, z2 graphs under the same conditions as in Figure C.3.
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Figure.C.5: The backward time ¢ — s, z,, z, graphs near the unstable interior periodic
orbit from the Hopf bifurcation converging to the interior equilibrium with e = 0.08,
D, = 0.2555 and the initial value (0.0065, 0.5239,0.081291306).
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Figure C.6: The s — z;,z; graphs under the same conditions as in Figure C.5.
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Figure C.7: The dependence of the real part of the complex eigenvalue at the interior
equilibrium on € with K = 2 and D, = 0.2555.
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Figure C.8: The dependence of the real eigenvalue at the interior equilibrium on €
under the same conditions as in Figure C.7.
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Figure C.9: The dependence of the real part of the complex eigenvalue at the interior
equilibrium on € with K = 2.5 and D, = 0.2555.
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Figure C.10: The dependence of the real eigenvalue at the interior equilibrium on ¢
under the same conditions as in Figure C.9.
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Figure C.12: The s — z1, z2 graphs for the threshold at the interior equilibrium under
the same conditions as in Figure C.11.
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Figure C.13: The t —s, z;,z, graphs for the threshold at the interior equilibrium with
K =2.5,D, = 0.2555, ¢ = 0.08 and initial value (0.5,0.5,0.5).
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Figure C.14: The s — zy, z, graphs for the threshold at the interior equilibrium under
the same conditions as in Figure C.13.
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