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Abstract

In this work we propose two techniques for symmetric multiple description coding
with reduced storage space decoder.

The first technique is multiple description scalar quantizer with linear joint de-
coders. We propose an optimal design algorithm similar to Vaishampayan’s algo-
rithm, to which we add an index assignment optimization step. We also solve an
additional challenge in the decoder optimization, by proving that the problem is a
convex quadratic optimization problem with a closed form solution (under some mild
conditions). Our tests show that the new method has very good performance when
the probability of description loss is sufficiently low.

The other technique is an improvement to the traditional multiple description
coding scheme based on uneven erasure protection. We evaluate the asymptotical
performance of both schemes for a Gaussian memoryless source. The analysis reveals
that the improvement reaches over 1 dB for up to ten descriptions and low probability
of description loss. From our experiments we observe that the improved scheme is

very competitive comparing to other multiple description techniques as well.
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Chapter 1

Introduction

1.1 Multiple Description Coding

The advent of modern communications raises new challenges for multimedia trans-
mission. One of these challenges, encountered in both wired and wireless networks,
is the necessity to alleviate the impact of packet loss. Multiple description coding
(MDC) is an effective way to solve this problem. The basic idea in MDC is to create
several descriptions of the signal such that it can be reconstructed to a certain fidelity
from each individual description, and when more descriptions are available, they can
refine each other, leading to a higher reconstruction fidelity. In transmission over
packet-switched networks (Fig. 1.1) each packet can be regarded as an individual
description. The use of MDC ensures that when some packets are lost due to network

congestions and/or channel errors, the received packets can still be decoded leading to
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Server

Client

Server

Figure 1.1: Modern packet-switched network.

a reconstruction quality which degrades gracefully as the number of losses increases.

Another application of MDC is in diversity-based communications systems. In
such systems there are several channels (or paths in a network) from a sender (or
multiple senders) to the destination. Each description is transmitted over a separate
channel. In this work we only consider the scenario where each channel either trans-
mits without error or it breaks down. If the same data were transmitted over all the
channels there would not be any advantage when all channels transmit successfully
versus the case when only one is successful. With MDC, it is guaranteed that when
only one channel works, enough data arrives at destination to ensure a good signal

reconstruction, while a consistently higher quality reconstruction is achieved as more
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Figure 1.2: Multiple description scheme for three descriptions.

channels are successful.

In the most general setting, an MDC scheme generating K descriptions can be
regarded as a system consisting of K encoders (also called side encoders), and 2K — 1
decoders, one for each subset of descriptions. Fig. 1.2 illustrates the block diagram of
an MDC scheme for three descriptions. Each encoder generates a bitstream (descrip-
tion) of the same source and sends it over a separate channel. The sender does not
know the channels failure pattern, but the receiver has this information. If only a sub-

set of channels are successful, hence only some descriptions arrive at destination, the
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decoder corresponding to that subset of descriptions is used to jointly decode them.
The K decoders corresponding to individual descriptions are called side decoders,
while the others are termed joint decoders. Moreover, the joint decoder correspond-

ing to the whole set of descriptions is known as the central decoder.

1.2 Information Theory Perspective of MDC

1.2.1 Introduction to Rate Distortion Theory

There is always a tradeoff between the length of the representation (bit rate) and the
quality of the reconstruction. In order to achieve a higher quality reconstruction, a
higher bit rate is needed. Rate distortion theory studies the achievable region of rates
and distortions. The rate-distortion function is determined asymptotically, i.e., by
assuming that the block length n tends to infinity, which is not possible in practical
codes. However, it gives useful intuition on how quality varies with the length of the
representation.

Assume that a source produces a sequence of independent, identically distributed
random variables X, Xp,---,X,,, -+, over some alphabet X. An n-block source
code consists of an encoder-decoder pair (f,g). The encoder f maps any source
sequence x(™ of length n to an index f(x™) € {1,2,---,2""} where R is the bit
rate per symbol. The decoder g maps any index from {1,2, - - , 2"%} to a reproduction

sequence al™ = g(f(z™)) € A",
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The distortion measure d gives a nonnegative numerical rating d(z,a) to how well
a source sample z 1s approximated by a reconstruction value a. The most commonly
used distortion measure is the squared error measure d(z,a) = (z—a)?. The distortion
between sequences x™ = (z,, 1y, - ,z,) and a™ = (a;, ag, - -+ , an) is defined as the

average distortion per symbol, which is

d(x™ a™) = ! Z d(z;, a;). (1.1)
n
i=1

The distortion associated with the source code (f,g) is defined as the expected dis-

tortion between the source and its reproduction:
D = E[d(X", A™)] = E[d(X™, g(f(X™)))]. (1.2)

A rate distortion pair (R, D) is achievable if there exists a source code (f, g) with
length n, rate R and distortion D for some positive integer n. The closure of the
set of achievable rate distortion pairs (R, D) is called the rate distortion region. The
rate-distortion function R(D) is the minimum of all rates R such that (R, D) is in the
rate distortion region for a given D. Conversely, the distortion-rate function D(R) is
the minimum of all distortions D such that (R, D) is in the rate distortion region for
a given R.

Generally, the rate distortion region is very hard to determine. However, there
are some results for a few sources and certain distortion measures. For a Gaussian

memoryless source with variance o, the distortion rate function is [38, 1, 8]:

D(R) = g*27%%, (1.3)

5
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For a memoryless continuous-valued source with variance o2 and differential entropy

h(p), its distortion rate function with squared error measure is bounded by [38, 1, 8]:

1
%22’1@)2—2** < D(R) < 0?27%%, (1.4)

where the differential entropy h(p) is determined by the source probability density
function p(z),

) £ ~ [ ple)log, plo)ds (15)

For a memoryless Gaussian source with variance o2, we have:
1 2
h(p) = §log(27rea ). (1.6)

Relation (1.4) implies that the Gaussian source is the most difficult source to
compress. Among different sources with the same variance, the Gaussian source

requires the largest number of bits to achieve the same distortion.

1.2.2 Multiple Description Rate Distortion Region

In MDC, each description has a rate and each combination of descriptions has a
distortion (the distortion achieved by the joint decoder). The multiple description
rate distortion region (MD region) for a particular source and distortion measure, in
the case of K descriptions, is the closure of the set of simultaneously achievable K
rates and 2K — 1 distortions in MDC.

The entire MD region has been known only for Gaussian memoryless sources with

squared error measure for the case of two descriptions. The region was determined
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by Ozarow [31] and is referred to as the Ozarow MD region. Similarly to single
description, the MD region for any continuous memoryless source with squared error
measure can be bounded by the MD region for Gaussian source. In the case of two
descriptions, the MD region is the closure of the sets of achievable rate distortion
quintuples (Ry, Ry, Dy, Dy, Dy), where Ry, R, denote the descriptions’ rates, Dy, Do
denote the individual distortions of the two descriptions (also called side distortions),
and Dy denotes the distortion achieved when the two descriptions are decoded jointly
(also known as central distortion).

For a Gaussian memoryless source with unit variance and squared error measure,

the Ozarow MD region is given by:

D, > 27, (1.7)
D2 Z 2_2R27 (18)
Dy > 2R +Ra), (19)
where ~ is defined as:
N 1, if II<A
’y =
1 .
T—T\/—ﬁ_—\/_T)z’ if H>A
for
T2 (1~ D)(1- Dy) (1.10)
A % DD, — 2731t R) (1.11)

The MD region under the assumptions that Ry = R, = 1,D; = D, is plotted

7
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Figure 1.3: The Ozarow MD region for two balanced descriptions.

in Fig. 1.3. (1.9) implies that the central distortion must exceed the distortion rate
minimum by the factor v. When the side distortions are large, v = 1 so the central
distortion can reach the minimum. Otherwise, we have to compromise the central
reconstruction for the good side reconstructions.

For more than two descriptions, an achievable region was provided in [33] for the
symmetric case, where each description has the same rate, and the distortion con-
straint only depends on the number of descriptions available. Wang and Viswanath
[51, 50] established a tight sum rate lower bound for certain cases with only two lev-
els of distortion constraints. Tian, Mohajer and Diggavi [42] provided a novel lower

bound for symmetric scalar Gaussian MDC with K levels of distortion constraints.
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1.3 MDC Techniques

The main MD methods investigated in the literature are MD based on uneven era-
sure protection, MD quantization, MD correlating transforms, and MD coding with
frames. This section briefly describes these MD techniques. More detailed informa-
tion can be found in [19].

MD Based on Uneven Erasure Protection (MD-UEP). A method to
achieve symmetric multiple descriptions, which has been used in image processing
applications, is by combining a successively refinable (i. e., progressively refinable or
scalable, or embedded) source code with uneven erasure protection [29, 34, 14, 40].
The scalable code stream is split into consecutive segments of decreasing importance.
Then the source segments with decreasing importance are encoded with progressively
weaker erasure protection channel codes. Further, the descriptions are formed across
the channel codewords.

Very recently, [42] showed that regardless of the number of descriptions, the gap
between the MD-UEP coding scheme and the optimal MD coding is less than 1.5 bits
in individual description rate. This result suggests that MD-UEP is a very competitive
approach, due to its simplicity and to the fact that the gap can be bounded by a small
constant value.

MD Quantization. In MD quantization, the descriptions are generated using
quantization. Vaishampayan proposed a design algorithm for fixed-rate MD scalar

quantizer (MDSQ) for two descriptions [45], for the special case called balanced de-
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scriptions. Two descriptions are said to be balanced if they have the same rate,
and achieve the same distortion when used individually. This algorithm is extended
to entropy-constrained scalar quantizers in [47]. The design of MD lattice vector
quantization was also addressed in [37, 48].

MD Correlating Transforms. In this framework the descriptions are generated
by a linear transform with the purpose of correlating signals. Redundancy is added
through the way transform coefficients are generated [49]. The statistical dependency
between transform coeflicients can be used to improve the estimation of the lost
coeflicients. The general approach is to multiply a transform matrix T' to the vector
of random variables. Let us consider an example as is shown in [49]. Assume X},

2 2

X, are two independent, zero-mean Gaussian random variables with variances of, o3,

respectively, o # o3. We can form the descriptions (Y7,Y3) of (X1, X3) by

4 4

h Ty
- |2 . (1.12)
Y2 \/% —% L2

This way, Y; = (X1 + X2)/V2, Y2 = (X; — X5)/V/?2, and Y, Y, are correlated with

correlation coefficient

2 2
0] — 03

EvY) =

) 1.13
o2+ o2 (1.13)

If one description is lost, we can estimate the lost description to better quality than
if X; and X, are directly used as descriptions. [20, 21] extend this simple technique
to more general transforms and longer vectors.

MD Coding with Frames. The idea of quantized frame expansion [22, 23] is

10
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to left-multiply a source vector (V) with length N by a matrix F € RM*N M > N
to produce a vector of M transform coefficients. These coefficients are scalar quan-
tized and partitioned into K sets, K < M, to form K descriptions. The quantized
expansion coefficients are represented by y = Q(Fx). The source vector can be re-
constructed by solving a least-squares problem: argmin, ||y — Fz||*>. Improvement

can be made by introducing more complicated reconstruction methods [7, 24, 35].

1.4 Contribution and Organization of this Thesis

In the most general setting, the MDC scheme generating K descriptions has 2% — 1
decoders. If each decoder needs to store some information to enable decoding, then
the storage space requirement increases significantly with the number of descriptions.
High storage space needs could be an issue, especially in applications where the
memory resources are scarce (for example, transmission to mobile devices). Such
applications motivate the study of MDC with reduced storage space decoder.

In this thesis we propose two techniques for symmetric MDC with reduced storage
space decoder. One is MDSQ with linear joint decoders. The other is an improved
MD-UEP scheme.

For MDSQ), in order to reduce the storage space at the decoder we need to com-
promise the decoding optimality. The traditional MDSQ stores a codebook for each
decoder. The solution we propose is to store a codebook for each side decoder and

a few joint decoders, and generate the other codebooks as linear combinations of the

11
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side codebooks during decoding. We address the problem of optimal design of such
systems. The algorithm we propose is a generalized Lloyd algorithm, similar to the
one introduced by Vaishampayan [45], to which we add an index assignment opti-
mization step at each iteration. The challenge is in the step of decoder optimization,
which is more complex than in the traditional design [45], since the codebooks can
no longer be optimized separately. Fortunately, as we will show later, the problem
turns out to be a convex quadratic optimization problem with a closed form solution
(under some mild conditions).

MD-UEP is also an MD strategy of reduced storage space at the decoder. The
second technique we propose is an improvement to the traditional MD-UEP. The
main idea is to partition the set of samples into equal-sized subsets, and encode each
subset separately using a successively refinable quantizer. Further, interleaved erasure
protection codes of decreasing strength are applied across the sub-streams. We show
that the proposed MD-UEP framework strictly outperforms the previous one. We
evaluate the asymptotical performance using the expected distortion at the decoder
as the performance measure, and compare it with the traditional MD-UEP. For a
Gaussian memoryless source, the asymptotic improvement in performance can attain
as much as 1.68 dB (for 3 descriptions and very low probability of description loss),
with a tendency to decrease as the number of descriptions and the probability of
description loss increase. This new MD-UEP technique was first presented in [15].

We also perform an experimental study of the proposed MDC techniques and

12
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compare them with traditional MDSQ and MD-UEP. Our tests show that the new
MD-UEP technique is competitive to MDSQ.

The thesis is structured as follows. Chapter 2 presents the notations and def-
initions for scalar quantization and MDSQ, and introduces the generalized Lloyd
algorithm for optimal design of MDSQ with more than two descriptions. Chapter
3 introduces the MDSQ with linear joint decoders and proposes an optimal design
algorithm. Chapter 4 presents the improved MD-UEP scheme and its asymptotical
performance analysis. We show the experimental results and the comparison between
the two techniques (also with the traditional MDC schemes) in Chapter 5. Chapter

6 concludes the thesis.

13
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Chapter 2

Definition and Optimal Design of

MDSQ

In this chapter, we present the notations and definitions for scalar quantization and
MDSQ), as well as the generalized Lloyd algorithm for optimal design of MDSQ with
more than two descriptions. Since this algorithm can only guarantee a locally opti-
mal solution, the choice of the initial encoder, which includes an index assignment,
influences its performance. Therefore, we reserve the last section to the discussion of

the index assignment.

2.1 Scalar Quantization

A scalar quantizer (SQ) consists of an encoder-decoder pair (f, g). Given a continuous

random variable X, with the probability density function (pdf) fx(z), the encoder f

14
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maps any sample x to an index 7 in the set {1,2,---, N}, and the decoder g maps
any index 7 € {1,2,--- , N}, to a reconstruction value (or reproduction value) a; € R.
The set of all reconstruction values is called the codebook. The quantizer cells are
the sets A, Ay,- -+, Ay, where A; = {z : f(z) =4},1=1,2,--- ,N. They form a

partition of R, in other words, they satisfy

N
Um:& (2.1)
A4 =0 for i#j. (2.2)

Such a quantizer is called an N-level SQ. The rate R of a quantizer is defined as
the average number of bits used to represent the indices 7 € {1,2,--- ,N}. SQ’s
can be divided into two classes: fixed-rate SQ and entropy-constrained SQ. In fixed-
rate SQ, the same number of bits is used to represent all indices, hence the rate is
r = [log, N]. On the other hand, in entropy-constrained SQ the indices are entropy-
coded, therefore the number of bits used to represent each index depends on the
entropy of the corresponding cell. The rate of entropy-constrained SQ is the sum
of entropies of all cells, i.e., r = vazl —FP;log, P;, where P, = fAi fx(x)dz. In this
work, only fixed-rate SQ is considered, therefore, the specification of fixed-rate will
be omitted.

The performance of an SQ is measured by the distortion between the input signal

and its reconstruction. In this work, we use the squared error distortion measure,

15
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hence, the expected distortion of the source reconstruction is

N
B =Y / (o~ a ) fx(@)dz (2.3)

The objective of optimal SQ design is to find an encoder-decoder pair (f,g) which
minimizes the expected distortion E(d).

A popular method for optimal SQ design is the Lloyd algorithm [27, 28]. This is
an iterative algorithm which optimizes the encoder and the decoder one at a time. It
begins with an initial encoder, and proceeds iteratively, each iteration consisting of
the following two steps: (1) fix the encoder and optimize the decoder, and (2) fix the
decoder and optimize the encoder. The value of E(d) decreases at each iteration, and
since it is bounded below by zero, the sequence of expected distortions is guaranteed
to converge to a local minimum.

Decoder Optimization. At this step the encoder is fixed and the decoder is op-
timized. The optimal codebook must satisfy the centroid condition [18]. In other
words, the optimal reconstruction value a;, for the 7th cell, 1 <7 < N, has to be the

center of mass (centroid) of the region A;, i.e.,

o= ELXIX € A= [ afiqaeyia = SO0 (2.4

Ai Ja, fx(z)de
Encoder Optimization. In this step the decoder is fixed and the encoder is opti-
mized. The encoder which minimizes (2.3) can be obtained by mapping any input
sample z to the reproduction value which incurs the minimum distortion, in other

words, to the closest reproduction value. This condition is known as the nearest

16



2.2 MDSQ M.A.Sc. - T. Zheng - McMaster - ECE

neighbor condition [18]. Formally, it requires that A; consists of all input samples

which are closer to a; than to any other a;,j # i, i.e.,
f(z)=1 onlyif (z—a)*<(z—a;)?® forall j#i. (2.5)

The above condition implies that all quantizer cells are intervals, hence the encoder
partition is specified by the boundaries (thresholds) between consecutive intervals.
Let t = (to,t1, -+ ,tn), denote the vector of thresholds, such that A; = {z|t;_; <z <
ti}, for 2 <4 < N, and A; = {z|to < z < t1}, with tg = —00,ty = 0o. Then the

nearest neighbor condition implies that
1
ti = '2‘(04 + aiq1), (2.6)

forall 1 <i< N -1

Lloyd’s algorithm for optimal SQ design converges to a locally optimal solution, in
general. The globally optimal solution is guaranteed only for some classes of pdf’s, for
example, log-concave pdf’s [17, 43, 26, 44]. Globally optimal SQ design algorithms for
discrete distributions, which run in polynomial time in the size of the input alphabet,

have also been proposed [5, 39, 53, 52].

2.2 MDSQ

2.2.1 Definition and Notations

A K-description MDSQ consists of K side encoders fy,- -+ , fx, and 2K — 1 decoders,
each decoder g, corresponding to a non-empty subset £ of descriptions, £ C K =

17



2.2 MDSQ M.A.Sc. - T. Zheng - McMaster - ECE

{1,---,K}. Recall that we use the term central decoder to describe the decoder
corresponding to the whole set of descriptions K, and use the term side decoders to
describe the decoders corresponding to the sets which have only one description. The
decoders other than the side decoders are referred to as joint decoders. Therefore,
among the 2% — 1 component decoders of an MDSQ, there are K side decoders, one
central decoder, and 2¥ — 1 — K joint decoders. Note that the central decoder is a
special case of a joint decoder.

Given a source sample z, first the side encoders map z into some K-tuple (i1, -+ ,ig) €
Zx, where i is generated by the kth encoder, 1 < k < K, and Zx denotes the set
of all K-tuples generated by all side encoders. Formally, the encoder f; is a function
fr :R— {1, -, My}, where M is some positive integer, and defines the number of
cells in the kth side encoder. The K side encoders generate a partition A of R, A =
{Aig i |Gy Jik) € Tk}, where A .4 = {2|fi(z) =41, , fk(z) = 1k }. The
partition A is called the central partition.

Each index i} is transmitted over the kth channel. Each channel has some prob-
ability of breaking down, so at the receiver, there are two kinds of situations with
respect to each description: either the channel works properly and the received index
is correct, or the channel breaks down and nothing is received.

Let £={l1, -+ ,lk, -+ ,ls} € K denote a subset of descriptions, where 1 < k < s,
and 1 < s < K. Assume only those descriptions in the subset £ are received at

the decoder. Then the decoder g, corresponding to the arrived descriptions is used
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to reconstruct the source sample. The decoder g, maps each s-tuple (i;,, - ,4,) to

some reconstruction level aili,,--» . € R, where 1 <4, <M, foralll <k <s.

yU
The set of K side encoders (fi,--- , fx) is denoted by f and is called the encoder
of the MDSQ. The set of decoders (g,)cck is denoted by g and is called the decoder
of the MDSQ. An MDSQ is completely determined by the encoder f and the decoder
g. Note that f is completely specified by the central partition .4 and the assignment
of K-tuples to the set of cells in the central partition, which is called the index
assignment (IA). In this work, we are only interested in the case of fixed-rate MDSQ),
where the rate of each side encoder, 74,1 < k < K, is the number of bits used to
represent any index generated by the kth side encoder. Hence ry = [log, My].
The expected distortion of the source reconstruction when only a subset £ of
descriptions are received at the decoder is
de = Z N (x — aﬁl,,,,yils)QfX(x)dx, (2.7)
ity ity )EZe ¥ M=t fi (i)
where flzl(i,k) denotes the set of values which are mapped by f;, to the index 4.
Here Z; denotes the set of all possible s-tuples of indices corresponding to £. The

problem of optimal MDSQ design could be formulated as the problem of minimiz-

ing the central distortion dx with constraints imposed on the rates and the other
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component distortions:

minimize dg (2.8)
subject to dg < D¢, forall £ C K,

re=R k=12 K.

where D, L C K, and Ry, 1 < k < K, are some fixed values. For fixed-rate MDSQ),
the constraints on the rates can be satisfied by fixing the values of M;,--- , Mk, such
that M = 2% 1<k < K.

The constraints on distortions can be eliminated by using the Lagrangian relax-

ation method. Precisely, the Lagrangian functional is defined as

L(fg {Ac}e) = D Acde, (2.9)

LCK
where Ay > 0, L C K, are the Lagrangian multipliers, and Ax = 1. Then the problem

is converted to the unconstrained optimization problem:
minimizese L(f, g, {A\c}e)- (2.10)

If there are Lagrangian multipliers such that the solution (f*(A\z),g*(Az)) to the
problem (2.10) satisfies the constraints in (2.8) with equality, then (f'(Az),g*(Az))
is a solution to (2.8). It is guaranteed that such Lagrangian multipliers exist only if
({Rk}x,{Dc}c) is on the lower convex hull of the operational MD region. Therefore
this conversion is able to solve optimally only some instances of the problem, while

for the others it provides a good approximation.
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Another variant for formulating the problem of optimal MDSQ design is as the
minimization of the overall expected distortion at the receiver with constraints im-

posed on rates:

minimize Z peds (2.11)
LCK

subject to rp = Re,k=1,2,--- | K,
where p, is defined as the probability that only those descriptions in subset £ are
received. If we set the Lagrangian multipliers in (2.9) to the values of p.’s in (2.11),
then problem (2.11) becomes equivalent to (2.10).

In the special case of symmetric descriptions, the rates of all descriptions are
the same, i.e., ry = --- = rp = 7, and p, only varies with the number of received
descriptions. In other words, pz, = pe, = p(s) if |£;| = |£;] = s.

The first algorithm to solve problem (2.10) was proposed by Vaishampayan [45].
He considered the case of two descriptions, and his approach is a generalization of
Lloyd algorithm for SQ design. This algorithm begins with an initial encoder, and
proceeds iteratively, each iteration consisting of the following two steps: (1) fix the
encoder and optimize the decoder, and (2) fix the decoder and optimize the encoder.
The value of the Lagrangian decreases at each iteration, and since it is bounded
below by zero, the sequence of Lagrangians is guaranteed to converge to a local
minimum. In general, the globally optimal solution is not guaranteed but for some
special cases (e.g., convex cells and log-concave pdfs [12]). In [30, 11, 13] globally
optimal algorithms for MDSQ design are proposed for discrete distributions, under
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the assumption that all cells are convex.

2.2.2 Generalized Lloyd Algorithm for Optimal MDSQ De-
sign

Vaishampayan’s algorithm [45] can be extended in a straightforward manner to the

general K-description case, K > 2 [9]. In this section we describe this extension. Here

we use the second approach (2.11) for formulating the problem of optimal MDSQ

design. By substituting (2.7) in (2.11) the optimization problem becomes
minimizegg Z P Z o (z — aﬁp'" ’ils)2fx(x)da: (2.12)

LK (igy e viag €T ¥ Mh= fi G
Decoder optimization. When the encoder is fixed, the decoder can be optimized
by separately minimizing each term in the summation in (2.12). This turns into a

simpler problem of separately minimizing each integral, leading to the solution:

_ fﬂ;’;=1 £ M) ¢ fx(z)dx
fﬂi:1 fi ) fx(z)dz

@ q, = EIXIX € [ £, ) (2.13)
k=1

Encoder Optimization. At this step the decoder is fixed and the encoder is opti-

mized. Here it is useful to rewrite the expression in (2.12) into the equivalent form:

> /A D pela—af ) fx(@)de, (2.14)
(ilr"‘viK)EIfC DURINLY e LX_:)C

where [y, - ,[;, denote the elements of £. The purpose of this step is to design the

sets Ay, .. i, for all (i1, ,ix) € Tk, such that they form a partition of R and (2.14)
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is minimized. A sufficient condition for minimizing (2.14) is

A i ={z eR| Zpg(a: - aﬁl’_“%)Q < Zpﬁ(x —d 113)2’

Lk ek v (2.15)

for all (&4, %) € T — {(31,- - ,ix)}}.

Further, by denoting

__ L
Qi ige = E :pl:a’i[l,---,ils

K
£ (2.16)
c 2
/Bily“'yi}( = Zp»c(a‘i[l,-",ils) )
£cK
we can write (2.15) into another form which is similar to the one given in [45]:
Ail,'",ik = {$ & R|2ai1,~--,i1<x — ﬁih“-,i}{ > 20‘i’1,~-,i’KI — Bi/lv""i,}(’
(2.17)

for all (¢}, - ,i%) € Ik — {(i1, - ,ix)}}.
It is clear that A, .. ;. is either an interval or an empty set. Let us order the
elements of Zx in increasing order of o, ... ;,.. If for two distinct K-tuples (¢4, -+ ,ix)
'

and (i, - ,i%), we have a4, .. ;, = ay .. ., then either 1); . ;. # By, it OF

2)Biy,ix = Bi, .- In the first case, if Gy, .. i < Bir.. then the set Ay . i is

e
empty, hence the K-tuple (4}, -+ ,7%) should be eliminated from Zc. Conversely, if
Biy i > ﬁi’l,m,i/}(, then (44, - ,ix) should be eliminated from Zx. We can conclude
that for the first case, one K-tuple has to be eliminated from the index set Zyx. For

the second case, we have 4;, . ;, = Ay hence one of the two K-tuples can also

RES 'i/K’
be eliminated from Zx. Therefore after removing from Zx the K-tuples with identical
i, ... ixe S, Ixc has the property that for any two distinct K-tuples in Zx, we have

Ay, ige # Qg ig -
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Let us order the K-tuples in Zx in increasing order of o, ... ;.. Now consider the
mapping 7 : Ix — {1,2,--- , N} which maps each K-tuple (i1, - ,ix) to an integer
representing its position in this ordering. Hence 7 is characterized by the property

that m((iy,- -+ ,ik)) < w((4},--- %)) if and only if oy .., < @i,z . Further we

K K

use the notation oy, 8, and A,, respectively, as short forms for o, ... i, B .. i, and

Ai, . iy, respectively, where ¢ = m((i1,--- ,ix)). Also, for m < n, denote
ﬁn B ﬁm
mn = ST - 2.18
m 2(an - am) ( )
Then we obtain
Ay = (—o0, 12111;11\1931,71],
An = [121;5\, T¢N,00), and
A; = [max x,;, min z;,], for 1<i< N, (2.19)
1<t<i " i<n<N

with the convention that [b,a] = 0 if b > a.

The cells in the optimal central partition can be formed directly by solving (2.19)
in O(N?) time. Vaishampayan uses a more ingenious method to identify the empty
sets, thus being able to decrease the amount of computations for some inputs. Very

recently, a more efficient algorithm which runs in O(/N) time has been proposed in

[9].
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2.3 Index Assignment

Because Vaishampayan’s algorithm can only guarantee a locally optimal solution, the
choice of the initial encoder influences its performance. The problem of finding a
good initial encoder is strongly related to the problem of finding a good IA.

It was shown in [45] that for an optimal MDSQ), the cells in the central partition
must be convex in the case of squared error distortion measure. Therefore, the cells
in the central partition are intervals, while those in the side partitions are unions of
possibly disconnected intervals. The central partition can be described by a vector
of thresholds t = (to,t1, -+ ,tn), where tg = —o0, ty = 00 and each interval (¢,1, ¢,
is a cell in the central partition. The IA can be formally defined as an one-to-one
mapping h from the set of indices ¢ of each interval (t,_1,%,], 1 < ¢ < N, to the set
Ix of K-tuples (i1,--- ,ix), hence h: {1,--+ N} — Iy, where I C {1,---, My} X

- x {L,---, Mi}. Precisely, h(€) = (i1, -+ ,ix) means that (t,_1,t/] = A, .. i The
vector of thresholds t and the IA together fully describe the encoder.

Note that when designing the IA, there are two aspects to be taken into consider-
ation: 1) the choice of the subset Zx C {1,--- , My} x - x {1,--- , My}, and 2) the

mapping h. In [45], good IA’s are proposed for the case of two balanced descriptions.

In order to shed some light on the importance of the IA, we give an example to
show how the central and side distortions can be influenced by IA in the case of two

descriptions. Assume the source samples are uniformly distributed over the interval

25



2.3 Index Assignment M.A.Sc. - T. Zheng - McMaster - ECE

Figure 2.1: Three MDSQ’s for a uniformly distributed source.

[—3,3] and that r; = ry = 1 bit per source sample. Consider the three MDSQ’s
illustrated in Fig. 2.1 with different central partition and IA. The two-digit number
in each central cell denotes this cell’s index pair: the first digit is the index generated
by side encoder f;, and the second digit is the index generated by side encoder f,.

Table 2.1 gives the central and side distortions of the three quantizers in Fig. 2.1.

Table 2.1: Central and Side Distortions

E(d?) Ed) E(d)

(a) 0.1876 0.75 2.4376
(b) 0.1876 0.75 3

() 03333 1 1
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Both (a) and (b) have the same central partition, hence their central distortions
are the same. However, case (a) is superior to (b) because it has lower side distortion,
which suggests that for the same set of index pairs, different mapping may result in
different distortions. Then let us compare (a) with (c). (c) has 1 less central cell than
(a), hence higher central distortion, but (¢) has much lower average side distortion
than (a). This example suggests that the number of cells (V) in the central partition
induces the trade-off between the central and side distortions: as the number of central
cells decreases, the central distortion will increase, and the average of side distortions
will decrease.

The design of 1A for the case of two balanced descriptions, proposed by Vaisham-
payan [45], includes two parts: the selection of the set of index pairs and the mapping
of those pairs to the central cells. Assume the rate for each description is r = [log, M1,
and the number of central cells is N(N < M?). Let min,(n),p = 1,2, be the mini-
mum value of the interval index ¢ that is mapped to an index pair whose pth element
is equal to n. Let £max,(n),p = 1,2 be the maximum value of the interval index ¢
that is mapped to an index pair whose pth element is equal to n. Then we define the

spread of the nth cell of the pth side encoder

sp(n) = ¢max(n) —fmin(n) +1, p=12. (2.20)
) P

It has been proposed in [45] that to design a good IA, the spread s,(n) needs to be
minimized, assuming that it is constant with respect to n and p. The set of index
pairs T can be identified with the elements of an M x M matrix (the pair (i1, 45)
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corresponds to the element on the i;th row and ioth column). Then, the choice of Zx
can be regarded as selecting a set of elements of the matrix. Let us assume that the
index pairs (1,1),(2,2),---, (M, M) are always in the set, and they are assigned to
central cells from left to right. This way, the index pairs (1,1),(2,2),---, (M, M) form
the main diagonal of the M x M matrix. To minimize the spread, we would exhaust
all elements on a diagonal which lies closer to the main diagonal before moving to a
diagonal which lies further away from the main diagonal. Hence we select a set of
index pairs which lie on the main diagonal and on the 2k diagonals closest to the main
diagonal. The mapping of the selected set of index pairs to the central cells could
be interpreted as deciding a scanning sequence of this set to minimize the spread.
Two families of TA’s are presented in [45] for the case of two balanced descriptions:
modified nested IA and modified linear TA. Fig. 2.2 shows examples proposed in [45]
of these two IA families with £k =3, M = 8.

For the case of more descriptions, there is not a well-developed methodology for
constructing good IA’s. The work [2] presents an 1A for MDSQ with more descrip-
tions, but only when the side and central distortions are of interest (no other joint
quantizers’ distortions). [41] introduced a new method for MDSQ design, called the
sequential design of MDSQ. However, good IA’s for more than two descriptions are

not yet well understood.
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1131517 1124]|7
2| 8110}112]14 3158|1114
4191151171921 619 12]15/(18
6111162212325, 27 1011316119 (21|24} 28
131812412930 |32 (34 17| 20 2312713135
2012631 (3637139 22126(30) 34|38
28 (33 |33|41]43 2512913337140
35140142144 3213613941
(a) Modified nested IA (b) Modified linear IA

Figure 2.2: IA examples for k=3, M=8 [45].
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Chapter 3

Symmetric MDSQ with Linear

Joint Decoders

In this chapter, we first introduce the motivation of MDSQ with linear joint decoders
and present the overview of the proposed optimal design algorithm. Next the step of
decoder optimization is detailed in Section 3.3, and the complexity reduction in the
encoder optimization step is analyzed in Section 3.4. In the last section, we describe

the step of IA optimization.

3.1 DMotivation

An MDSQ with K descriptions has 2% — 1 decoders, each with its own codebook.
Moreover, the size of each codebook increases exponentially with the number of cor-

responding descriptions. For example, if the rate of each side quantizer is R, then

30



3.1 Motivation M.A.Sc. - T. Zheng - McMaster - ECE

the number of cells in a joint quantizer of s,2 < s < K, descriptions is at most 2°%.

Thus, the total number of reconstruction values can amount to

5 K
> (S>(2R)8: (14275 — 1. (3.1)
s=1

As the number K of descriptions increases, storing all these values becomes an issue,
especially in applications where the memory resources are scarce (for example, mobile
devices).

In order to reduce the storage space at the decoder we need to compromise the
decoding optimality. The solution we propose is to store a codebook for each side
decoder and a few joint decoders, and generate the other codebooks as linear com-
binations of the side codebooks. Precisely, if £ = {l1,--- ,lg, -+ ,ls} is a subset of

descriptions for which the codebook is not stored, then its reconstruction values are

computed according to

c = lyw (3.2)

iy, g - i,
for any (i1, - ,ix) € Ix. We call such an MDSQ, MDSQ with linear joint decoders,
and use the acronym L-MDSQ. We refer to the MDSQ with all codebooks stored
as Opt-MDSQ. As it will become apparent shortly, for L-MDSQ the joint decoders
whose codebooks are stored can be individually optimized as in the Opt-MDSQ, while
each of the other joint decoders will be individually suboptimal. Therefore, in order
to increase the performance of the L-MDSQ), the stored codebooks should correspond
to the subsets of descriptions with the highest probabilities of being received. In the

case of symmetric, independent channels with probability of channel failure ¢ < 0.5,
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the probability of receiving a particular set of descriptions increases with the set size.
Therefore, guided by the principle outlined above we will store the codebooks of all
subsets of at least K+ 1 descriptions, for a fixed value Ky, 1 < Ky < K, and will use
the linear rule (3.2) to generate the codebooks for subsets of 2 up to Ky descriptions.
The choice of the value Ky should be done such that to strike a balance between the
codebook storage needs and the MDSQ performance.

In the rest of this chapter we address the design of optimal symmetric L-MDSQ.
As for general MDSQ, an L-MDSQ is called symmetric if the rates of all side encoders
are equal and for any two sets with the same number of descriptions, the probability
of being received is the same. We will denote by M the number of cells of each
side encoder, and by p(s) the probability of receiving some set of s descriptions,
0 < s < K. For example, when the descriptions are transmitted over independent

channels with the same failure rate g, we have p(s) = (1 — ¢)*¢®~.

3.2 Optimal Design Algorithm for Symmetric L-

MDSQ

We formulate the problem of optimal symmetric L-MDSQ design as the problem of

minimizing its expected distortion E(d). The expected distortion can be written as

E)=Yss)x 3 % / (c-af .. )fxla)dz. (33)

-1y
LEK,|L|=s (it g, )eTe ¥ Me=1 fi, ()

The design algorithm we propose is a generalized Lloyd algorithm to which we

32



3.2 Optimal Design Algorithm for Symmetric L-MDSQ  M.A.Sc. - T. Zheng - McMaster - ECE

add an IA optimization step at each iteration. Precisely, the algorithm starts from an
initial encoder and then proceeds to iterate over the following three steps: (1) decoder
optimization, (2) encoder optimization, (3) IA optimization. After each iteration the
cost function decreases, and since the value of the cost function is bounded below by
zero, the sequence of the values is guaranteed to converge to a local minimum.
Encoder optimization step. At this step the decoder is fixed and the central
partition is optimized. In principle, the same approach as in Opt-MDSQ design
(described in Section 2.2.2) can be used here as well. However, we can reduce the
computational cost by exploiting the fact that some joint codebooks are formed using
linear combinations of the side codebooks. A detailed discussion of the complexity
reduction is addressed in Section 3.4.

Decoder optimization step. Here the encoder is kept fixed and the stored code-
books are optimized. This step is more complex than in the design of Opt-MDSQ
since some joint codebooks can no longer be optimized separately. Fortunately, as
we show in Section 3.3, the problem turns out to be a convex quadratic optimization
problem with a closed form solution (under certain conditions).

IA optimization step. At this step the decoder and the sets in the central partition
are kept fixed, while the IA is optimized. We add this new step after the encoder
optimization, to overcome the problem that good IA’s for more than two descriptions
are yet to be found. This step can be applied to both L-MDSQ and Opt-MDSQ. The

detailed treatment of this step follows in Section 3.5.
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3.3 Decoder Optimization Step

At this step the central partition and the IA are fixed, and the MDSQ codebook
is optimized. In other words, the goal at this step is to choose the reconstruction
values for the side codebooks and for the joint codebooks corresponding to at least
Ky + 1 descriptions, such that-the expected distortion to be minimized. To this end,
it is useful to write the expected distortion as follows E(d) = E; + E, where Ej is
the contribution due to decoding subsets of at most Ky descriptions, while E5 is the
contribution due to decoding subsets of at least Ky + 1 descriptions. Using (3.3) and

(3.2) we obtain

s

Ko
E=Yusx 0% / (€= S a0 u(e)dr, (34
s=1 k=1

—1y,.
LEK|L|=s (ity it )eTg o=t Ty (i)

K
E, = Z p(s) x Z Z . (x — aiﬁ,l,,..,i,s)zfx(iﬁ)d-f- (3.5)
s=Ko+1 LEK,|L]=s (ity - irg )eTe ¥ M=t Fy ()

Note that here we ignore the term corresponding to no description received because
this is a constant for the optimization problem. It is clear that F; and E, can be
optimized separately. Moreover, F, can be optimized by independently minimizing
each integral in the summation, which leads to

fﬂizl £ ) zfx(x)dz
fﬂi:l fl:(i,k) fx(z)dz

af g = EIXIX € () £ ()] = (3.6)
k=1

We are left now with the greater challenge of finding the side codebooks which mini-
mize the expression E;. Fortunately, as we will show next, this is a convex quadratic

optimization problem. Precisely, we will prove that, if y denotes the M K dimensional
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vector which consists of all reconstruction values of the side codebooks:

(@D, o all) Q@) g G L ) L T gy

y al ,Cl2 3 a‘M: ,(1,1 y ) 1Ja a’Ma [l | y

then Ey can be written as

E,=y"By +uly +r, (3.8)

where 7 is a real value, u is a constant K M dimensional vector and B is a constant
KM x KM positive semi-definite matrix.
In order to prove this claim we first expand each integral in (3.4) as the summation

of integrals over cells in the central partition. Recall that the sets in the central

partition are A;, .. ;.. = {z|fi(z) =41, -, fx(z) =g}, forall (i1, - ,ig) € Ix. In
the sequel we will use the notation i for a K-tuple (i, -+ ,ix). Thus, we have
Ko 1 ]
l
Soix TN [ o N 69)
s=1 LeK |Ll=si€lk =1

Next we will rewrite conveniently each of the above integrals. For this we make first

the following notations

Ciz/ Ifx(:l,‘)dl‘ (310)
A

and

P= /A fx(2)da. (3.11)
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Then we have

iy, X
i k=1
1o l ¢
= [ (-2 ale O Y ) el
‘ = k=1 y (3.12)
_—_/ z*fx(z)dz — 2 Zaﬁ?/ zfx(x)dr + (- aff:))Q fx(z)dz
A k=1 A g Ai

1 1g
— 2 _ o> () .. = 2 p
_/A.I fx(z)dz 23 4 a;’ C’+(s 4 ay, 2P

By substituting (3.12) in (3.9) we obtain that

K
E, = Z(_):p Z Z/ 2’ fx(z) x—2Z Za(l’“)cd- Z @(,l:)
s=1

LeK,|Ll=s €Ik IGI)C k=1 i€Zx k=1

Denote further

M= Z/ 2 fx(z dx—/ 22 fx(z)dz. (3.14)

icex

Then E; becomes

S (st 5 I
0
2P D D fo:”R

s=1 LeK,|L]=sielc k 1

- o " (3.15)
_ _ k
=3 ()M e 3 LYl

8=1 = i€l LeK,|Ll=s kl

+Zp DI DN SZlff:b-

ielx LeK|Ll=s k=

We have used the fact that the number of subsets of s descriptions equals (I: ) Now
note that the values M, ¢; and P, depend only on the encoder, hence they are con-

stants for our optimization problem. Therefore, from the above equality it is already
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clear that F; is a quadratic function of y, in other words, that there exist the scalar

r, the vector u and the matrix B such that (3.8) to hold. Precisely,

r:§p(s) x (K)M (3.16)

and u and B are chosen such that the following equalities to be satisfied

K s
Ty = ——QZOP(S) Z Ci Z -i—zal(.ll:)’ (3.17)
s=1

i€Tx  LeK,|Ll=s = k=1

T

L

Ky
Y BY=Yps) R Y (Y e (3.18)

i€elc  cekl=s © k=1

vl

Ta(s)

In order to derive u and B we need first to write 77 and T5(s) in a simpler form.

Notice that by expanding Ti, each ag), 1 <5 < K, appears (13(_—11)

= %(IS{) times
in the summation. We found this value by counting the total number of subsets £
which contain description j and other s — 1 descriptions. Hence,

s K
1 w) _ 1 (K %)
Ti= 3 =D af==( ‘1aij. (3.19)
=

ek |Ll=s ~ k=1

In order to simplify T5(s) we have to treat separately the cases s > 1 and s = 1.

When s = 1, we have clearly

K
Ta(1) =Y (a)2. (3.20)

15
Jj=1

When s > 1, notice that after expanding the summations, T3(s) contains terms of

the form (a,ij))2 and Qag)ag,), 1<j<j <£K. Each (ag))2 appears (7)) = _;’(_(1:)
times, and each 2a8 )ag:) oceurs (¥72) = (3)(%)/(%) times. The latter quantity was
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computed by counting the total number of subsets £ which contain descriptions j, j’

and other s — 2 descriptions. Then

8

L= Y (=Y ay

ek |L)=s ~ k=1

K K-1 K
1 /K . 9(s K o
:}?E<s) Z(agj))2+—(1(()232 (S) > el (3.21)
=1 2 i=1 j'=j+1
K K-1
=_L K ( (J))z 2(s-1) (K Z NOMED
Ks\s/ 57 Ks(K-1)\s/ = Pt

Relation (3.20) implies that the above simplified expression of Ty(s) for s > 1, also
holds for s = 1. Therefore, in the sequel we will use (3.21) as an equivalent form for
Ts(s), for all s.

Define a function w(z), such that

v mod M, + mod M #0

M, 1 mod M =0
Additionally, we denote by ,(Lj ) the sum of ¢’s for all central cells A; such that the
jth component of the K-tuple i equals n, i.e.,

= ¥ ¢ (3.22)

iEI}C ,ij =n

Now we can proceed to the construction of u. Substituting (3.19) into (3.17), we have

Ko 1 /K K '
s (Ee e
s=1

i€Tx j=1

Now we are able to generate vector u’s components u,, 1 <1 < KM as follows

1 (KN .
u, = ——QZp(s)—E < 8)0%“”“, (3.24)
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Further, we denote by P the sum of probabilities of all central cells A; such that
the jth component of the K-tuple i equals n. Similarly, we denote by Pr(l{;f;/) the
probability of the intersection of the cell in the side description j corresponding to

index n, and the cell in the side description j' corresponding to index n’. Formally,

P= Y PR (3.25)
i€l ij=n

PO = Y p (3.26)
icTx

S~
1j=N,i=n

Now we can proceed to the construction of matrix B. Substituting (3.20) and
(3.21) into (3.18), we have
K K-1 K
s—1) (K N
y' By = ZP )2 P ( ( )Z __K_——l_)< ) Y- alall).
ieZx Jj=1 j=1 j'=j+1
Let b,;, 1 <1,3 < KM, denote the element on the 1th row and jth column of matrix

B. Then we can obtain b, by

(

K K /M
Zsr?lp(s)(s)T{%Plg)];lg ])7 t=J

— K K\ (s-1 t/M1,[3/M7)
by Zs=01 p(s)(s ) Ki(K—)l)P&%;yw}J)] » 1<

L Zf—gl p(s)( )LLP [3/M1,[y/M1)

Ks(K—-1) L w(3)w() y 12>,

Matrix B is said to be positive semi-definite if and only if

y'By >0, (3.28)
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for any KM dimensional vector y [3]. It is clear from (3.18) that the above inequality

l s a(‘lk)

5 2ik=1 )? are all non-negative values. It follows

is satisfied since p(s), F; and (
that the problem of minimizing F, is an unconstrained convex quadratic problem, for
which efficient solvers are known [4].

Additionally, if matrix B is nonsingular, a closed form of the solution could be
derived by taking the derivative of y” By + uTy + r and setting it to zero, which

implies

5]
= (y'By +u'y)=0

dy (3.29)
2By +u=0,
because B is a symmetric matrix, and further
|
y = —§B u. (3.30)

Next we show that if there is some s, 1 < so < Ky — 1 such that p(sg) # 0, then
matrix B is nonsingular. For this purpose, it is sufficient to prove that under the
above condition, yT By = 0 implies y = 0, in other words that matrix B is positive
definite [3].

Assume that yTBy = 0. Since p(sg) # 0 and P # 0, (3.18) implies that

30

3 L Zagf:))z =0, (3.31)

cekizl=so 0 k=1
for all i € Zx. The above equality further implies that
)
%: =0, (3.32)

k=1
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for any i € Zx and £ € K with |£] = sp.

Consider now an arbitrary i € Zx and two arbitrary distinct descriptions u # v,
1 < u,v < K. Pick a description set £; such that it contains the uth description
but not the vth description. Also pick a description set £, such that £, = £3\u U
v. Subtracting the equation (3.32) corresponding to £; and the equation (3.32)
corresponding to Lo, we obtain

ol = o). (3.33)
Since (3.33) holds for any u and v, it follows that

al=al) =... =alP =0, (3.34)

12 K

Further, since (3.34) is valid for all i € Zx, it follows that y = 0.0

3.4 Encoder Optimization Step. Complexity Re-

duction.

At this step the decoder is fixed and the encoder is optimized. We can handle this
optimization step by computing first the reconstruction values for all decoders g,

corresponding to at most Ky descriptions, i.e. |£| < K, by using

1 8

£ _ (t)

G, =2 D (3.35)
k=1

for all i € Zx, and then proceeding as in the encoder optimization step for Opt-MDSQ

described in Section 2.2.2. In other words, the values o; and G;, for all i € T are
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computed next by applying

w= S pllLhel .,

L={li,~ ls}CK

G= 3 plLh@l )

L={ly, ls}CK

(3.36)

and further (2.19) is solved.

An alternative method for calculating the quantities «; and g;, of lower compu-
tational cost, is by deriving simplified expressions for a; and f; based only on the
reconstruction values in the stored codebooks.

In order to highlight the reduction in complexity incurred by the second approach
we will first evaluate the number of operations needed when the first approach is used.
To compute the value of each o, since there are 2% —1 terms in the summation, 2% —1
multiplications and 2X — 2 additions are needed, hence 2X+! — 3 operations overall.
To compute the value of each (3, since there are 25 — 1 terms in the summation,
2(2K — 1) multiplications and 2% — 2 additions are needed, hence 32X — 4 operations
overall.

Next we will derive simpler expressions for o; and f;. Equality (3.36) implies that

Ko K
=3 D peef .t DL D P(ag g, (3.37)

s=1 LeK,|L]=s s=Ko+1 LK, |L]=s

J

T3

Using (3.35) and (3.19), T3 can be written as follows

(3.38)
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Substituting further in (3.37) we obtain
Ko 1 /KN K
- Zp(s)f<8> Y P+ Z Y p(s)al - (3.39)
s=1 j=1 s=Ko+1 LeK,|L]=s
Since the quantity Zﬁ{z"l p(s)%(f) can be pre-computed, rather than evaluated
for each i, the number of operations in the first term equals K — 1 additions plus
1 multiplication. Hence K operations are needed for the first term. The number
of operations in the second term is 2 3% K41 (%) — 1, since there are > Ko+l *)
terms in the summation. Therefore, K + 2 ZS —Kot1 ( ) — 1 operations are needed to
compute each a;. When Ky = K, the number of operations is K. When Ky = K —1,
the number of operations is K + 1.

To simplify the expression of J; note first that

G = Z Pﬁ(aﬁly,..il )2

s

E—{ll lYCK
(3.40)
Y T £ Y W)’
”1 it wl;--,ns ’
s=1 LeK,|L|=s s=Ko+1 LeK |L|=s
Ty

Using (3.35) and (3.21), Ty can be written as

Ky s
L= Y )Y el

s=1 Lek,|L|=s k=1

K K-1 K
=S () D A ()T Y ) e
5/ = K-1) ==
= 0)y2 S 8*1) K\ N~ ) ()
=3t () e+ S (1) X 3 el
j=1 =1 j=1 j'=j+1
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Substituting further in (3.40) we obtain

J J
+ZP<S>K—S<7%T§(3> DY PR (3:42)
s=1 j=1 j'=3+1
K

s=Ko+1 LeK,|L|=s

Since the quantities }:ﬁi"l p(s)w; ( ) and ES ° p(s) 2(51{1)1) (K) can be pre-computed,
rather than evaluated for each i, the number of operations in the first term equals K —1
additions plus K + 1 multiplications, hence 2K operations are needed. The number
of operations in the second term equals $(K? — K) — 1 additions plus 3(K* - K) +1
multiplications, hence (K? — K) operations are needed. The number of operations in
the third term is 323 — Ko+l (K) 1, since there are Zs Kot1 ( ) terms in the sum-
mation. Therefore, K2 + K + 323 Kot (K ) — 1 operations are needed to compute
each B;. When K, = K, the number of operations is K2 + K. When Ky = K — 1,
the number of operations is K2 + K + 2.

In conclusion, in MDSQ with linear joint decoders, the number of operations to
obtain the a;’s and G’s, for all i € I, will be reduced. This reduction in computa-

tional cost becomes more significant as Ky gets larger.

3.5 IA Optimization Step

Since the generalized Lloyd algorithm for MDSQ design is only guaranteed to converge
to a locally optimum, the selection of the initial encoder is very important. Recall
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that an encoder is fully represented by the sets in the central partition and the IA,
i.e., the assignment of K-tuples (i, ,ix) to these sets. Unfortunately, the process
of developing good IA’s for more than two descriptions is not yet well understood. To
overcome this disadvantage, we introduce in each iteration a step for IA optimization,
immediately after the encoder optimization step.

c

At this step the reconstruction values .y, Y€ fixed. The sets in the central

partition are fixed as well, but they are not associated with K-tuples (iy,--- ,ig).
The goal is to choose the IA such that the expected distortion is minimized.

Let Ay, --- Ay denote the cells in the central partition. Then an IA can be defined
as a mapping h : {1,2,--- ,N} — Sk, such that for £ # ¢ we have h(¢) # h(¢),
where Sk denotes the set of all possible K-tuples, i.e., Sx = {1,---, M}¥. In order

to formulate the optimization problem we assign a cost c(, (i1,--- ,ix)) to each pair

(¢, (1, ,ik)), where £ € {1,2,--- N} and (i1, - ,ig) € Sk, defined as follows
{

Zlep(s) 2oceK|cl=s fA,_,(CC —aj; ) fx(z)dz, fKy=K

1’

C(g, (7;1;' .. ,iK)) = {

\ Y i p(8) Yrex e Ja,(&—af ;) fx(z)dz, if Ko< K.

We formulate the optimization problem as follows

N
minimizey, Z c(¢, h(£)), (3.43)

=1

where the minimization is carried on over all mappings h defined as above. Note that
(3.43) is a problem of minimum weight bipartite graph matching, which can be solved
in polynomial time, precisely, O(n®) time, where n = |S| [32].
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The cost function in (3.43) for the case Ky, = K corresponds to the expected
distortion of the MDSQ, while for Ky < K, it corresponds to the expected distortion
from which the contribution due to the central distortion (when all descriptions are
received) is excluded. The reason for this is that in the latter case the optimal
reconstruction values can be used for the central decoder. These values depend only
on the central partition cells and not on the IA. Therefore the central distortion is
a constant in the optimization problem, hence it can be safely excluded from the
cost function. The above considerations imply that after solving problem (3.43) the
expected distortion of the MDSQ does not increase.

Note that the IA optimization step can as well be added to the generalized Lloyd
algorithm for the design of Opt-MDSQ. In this case, the cost c(¢, (i1, - ,ix)) is
defined as in the case Ky < K.

Note that when s > Ky + 1, not all reconstruction values used in the cost function
already exist in the current stored codebooks. This is because the codebooks are
constructed using the current IA set Zx, while the cost function considers the set Sk
of all possible K-tuples. To solve this problem, we set the non-existing reconstruction
values to some very large constant values (compared to the existing reconstruction
values), so that they always produce a much higher cost than the existing reconstruc-

tion values, hence they will never be assigned to any central cell.
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Chapter 4

Improved MD-UEP Framework

MD-UEP is a simple method to obtain symmetric multiple descriptions, by combining
a successively refinable (i. e., progressively refinable or scalable, or embedded) source
code with uneven erasure protection [34, 29]. One way to obtain a progressive code
is through successively refinable quantization (SRQ). In this thesis we consider only
MD-UEP based on SRQ. Such MD-UEP has been discussed in [19, 41]. MD-UEP is
also a coding scheme with reduced storage space decoder. A detailed discussion of
the storage space need of MD-UEP is presented at the end of Section 4.2.

We propose an improvement to the MD-UEP system. The main idea is to split
first the source samples into K subsets and to code each subset separately using
the SRQ. Then correlation is introduced between descriptions by applying uneven
erasure protection with interleaved systematic Reed Solomon codes of length K across

descriptions. We will show that the proposed MD-UEP strictly outperforms the old
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Qi

Q, 00 01 10 11

Qs 000 001 010 011 100 101 110 111

1 2 3 4 5 6 7 8

Figure 4.1: An SRQ of three refinement stages.

one. We will also assess the asymptotical improvement as the quantization block
length and rate approach cc.

In order to introduce the new MD-UEP we first need to present briefly the SRQ
coding scheme and the traditional MD-UEP technique. Then we detail the novel

MD-UEP framework followed by the asymptotical analysis of performance.

4.1 Successively Refinable Quantizer

An SRQ of K refinement stages consists of a sequence of K embedded quantizers,
Q¥ = (Q1,Q2, -+ ,Qxk). The term embedded is used here to characterize the fact
that the encoder partition of each @); is a refinement of the encoder partition of Q;_;.
The bitstream output by the SRQ is a concatenation of K layers, where the kth
layer is output at the kth refinement stage. The source description provided by the

first k layers is equivalent to the description provided by quantizer Q. Therefore, if
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Cell # 2 6 5

Index

Figure 4.2: Output sequence of the SRQ.

R(Q4), denotes the rate of @y, then the aggregate rate of the first k refinement stages,
equals R(Q). The bitstream produced by the SRQ is progressively decodable and
the distortion achieved after decoding the first k layers equals the distortion D(Qy) of
quantizer Q. Fig. 4.1 shows an example of a three-stage SRQ designed for uniformly
distributed source. Assume there are three source samples to be quantized, and they
are in the second, sixth, and fifth cell in the partition of Q)3, respectively. The indices
of those cells are 001, 101, and 110, respectively. Then the output sequence can be
formed by first taking the most significant bit of the three indices, then the second
significant bit, and finally, the least significant bit. Fig. 4.2 shows how the output

sequence is formed.

4.2 Traditional MD-UEP

In the traditional MD-UEP scheme, for each k,1 < k < K, the kth layer of the
bitstream output by the SRQ is partitioned into groups of k& consecutive symbols

which are further encoded by a strict systematic (K,k) Reed Solomon (RS) code
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[36]. We use the term strict systematic code in order to enforce the fact that the
information symbols are placed at the beginning of the channel codeword. The effect
of a (K, k) RS code is that, when at least k out of K descriptions are received, all
K bits can be recovered correctly. Conversely, if &' > k descriptions are lost, it is
impossible to recover any information contained in the lost descriptions.

The K descriptions are formed across the channel codewords, such that for each
7, the jth description contains the jth symbol of each channel codeword. Fig. 4.3(a)
illustrates the previous MD-UEP scheme. Each row represents an RS codeword. Each
column represents a description.

Note that the rate of each description equals

T

1

R=

<.
I
A

This system ensures that when only k,1 < k < K, descriptions are available at
the decoder, the first k layers of the source bitstream can be completely recovered.
The missing source symbols from the rest of the layers will prevent the decoding of
any available symbols from these layers. Therefore, only the first £ layers can be
decoded leading to the source reconstruction with distortion D(Qy). |

To measure the performance of the MD-UEP, we use the expected distortion of
the source reconstruction at the decoder when at least one description is received.
We use this expected distortion instead of the expected distortion over all possibili-
ties, in order to eliminate the term corresponding to no description received, which
complicates the performance analysis. Assuming that U(k) denotes the conditional
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probability that only k descriptions are available given that at least one is received,
we obtain the following expression of the expected distortion:
K
Dyp-vep = Z U(k)D(Qx)- (4.1)
k=1
The problem of optimal design of a symmetric multiple description system can be
formulated as the problem of minimizing the expected distortion at the decoder under
a constraint on the rate of a description. In the case of MD-UEP, this translates to

designing an SRQ which minimizes the expected distortion (4.1) under the constraint

=
|

1 R(Qx) _
1¢(i+1)R(Qi)+ K

R, (4.2)

I3

where R is the target rate per description. Moreover, there is an additional constraint
due to finite block size of the quantizer used. Precisely, if a fixed-rate vector quantizer
of block length m is used, then mR(Q);) have to be positive integers. Hence, when
the SRQ is formed of scalar quantizers (m = 1) the rates R(Q;) have to be positive
integers.

Note that the solution to the optimization problem might require that R(Q;) =
R(Q;41) for some 4, which implies that layer ¢ + 1 is empty. In this case the SRQ
contains less than K distinct refinement stages.

It has been mentioned at the beginning of this chapter that, MD-UEP is also
a coding scheme with reduced storage space decoder. Here we present a detailed
analysis of the storage space need at the decoder. To decode the RS code, K matrices

need to be stored, for there are K different RS codes used, hence K different generator
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Layer 1 Layer 1

7
Layer 2 % / Z Layer 2 %/

’ 7

2
Layer 3 Layer 3
2
“
Layer 4 4 Layer 4
{(a) Previous MD-UEP (b) New MD-UEP

Figure 4.3: Illustration of MD-UEP frameworks for K = 4. The shadowed rectangles
represent source symbols, while white rectangles represent redundancy symbols. Each
row symbolizes an RS codeword. Each column symbolizes a description. The portion

marked as "Layer 1" represents the (4,7) RS codewords.

matrices. The total number of elements is Zle sK = 3K*(K +1). Also needed
to be stored at the decoder are the K sets of codebooks, one for each quantizer
Qk,1 < k < K. Then the total size can amount to K - 28(@x) Therefore, there are in

total at most K - 28(@x) + LK?(K + 1) elements needed to be stored at the decoder.

4.3 Novel MD-UEP

An obvious drawback of the old MD-UEP framework is the waste of information
symbols of the decoder. As explained previously, when only £ < K descriptions are

received any received source symbols belonging to layers k41 through K, is not useful
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for decoding and therefore discarded. We propose a new MD-UEP which overcomes
this drawback.

First the set of source samples is split into subsets S;, Ss, - -+ , Sk, where each S;
contains the samples at time instants ¢, K +1¢,2K +1,---. If the source has memory,
and a vector SRQ with block length m is used, then S; should contain the ith,
(K +1i)th, (2K + 4)th, etc., blocks of consecutive m samples.

Further, each subset of samples is separately encoded using the SRQ. Thus K
independently decodable and progressively refinable source sub-streams are produced.
Further, for each k, the source symbols belonging to the kth layer (from all sub-
streams) are partitioned into groups of k, such that any two symbols in a group come
from different sub-streams. It is easy to see that the kth layers of different, sub-streams
will have the same length, therefore such a partitioning is possible. Each such group
is encoded by an (K, k) interleaved systematic RS code. We use the term interleaved
systematic code in order to emphasize that the source symbols are not necessarily
placed at the beginning of the codeword, but are interleaved with the parity symbols.
Precisely, the RS channel codeword encoding a gréup Siys Siy, " " Siy,, Where s;; belongs
to sub-stream i;, will have its i;th channel symbol equal to s;.

The descriptions are then formed across the channel codewords, such that for each
J, the jth description contains the jth symbol of each channel codeword. Fig. 4.3(b)
depicts the proposed MD-UEP.

To summarize, each description ¢ contains the source symbols of sub-stream 4
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(i.e. the most refined descriptions provided by the SRQ for the source samples in set
S;) and additionally RS redundancy symbols which introduce correlation between de-
scriptions. Since each sub-stream is independently decodable, no information symbols
received at the decoder will be discarded. The rate of each description is the same
as in the previous MD-UEP. To see this note that when the number of the source
samples is large enough, the total number of source symbols in the kth layer over all
sub-streams, is the same as the size of the kth layer if all samples were encoded by
the SRQ, together. Therefore, the same number of (K, k) RS codewords will be used
to encode these source symbols, hence the same number of generator matrices will be
stored at the decoder. Additionally, since the sequence of rates (R(Q;),- - , R(Qk))
of the SRQ used in the novel framework is the same as of the SRQ used in the tra-
ditional framework, we can conclude that the novel framework has the same decoder
storage space need as the traditional framework.

When only & < K descriptions are received at the decoder, all the source symbols
in the first & layers, from all sub-streams can be recovered, their decoding ieading to a
source reconstruction with average distortion D(Qy). Moreover, the source symbols in
layers k+ 1 through K, from the received descriptions can also be decoded. Therefore
the samples encoded by these descriptions will be reconstructed to the highest quality.
In conclusion, a fraction of % of the source samples are reconstructed with average

distortion D(Qg), while the rest are reconstructed with average distortion D(Qy).
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We conclude that the expected distortion at the decoder becomes

K
Doewrio-vsr = S UBEZEDQ0) + £D(@x))
k=1

K K
K-1 K

- U(k)uD W+ R UmDQr).  (43)
k=1 k=1

It is clear that the proposed system provides a net improvement over the previous
MD-UEP when using the same SRQ. Moreover, to maximize its performance an
optimized SRQ can be used, which minimizes the expected distortion (4.3) under the

constraint (4.2).

4.4 Asymptotical Analysis of Performance of MD-

UEP

In this section we evaluate the improvement in performance assuming a vector SRQ
with block length approaching oo, for a memoryless Gaussian source with variance o2.
We assume the descriptions are sent over independent channels with the same break-
ing down probability q. Therefore the conditional probability of only k£ descriptions

being received, given that at least one is received is

0 = = () 0 - @4, (4.4

1 < k < K. We consider the squared distance as distortion measure. Since the
distortion-rate function of a memoryless Gaussian source is D(R) = ¢2?27%% and
since such a source is successively refinable [6], it follows that, given an increasing
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sequence of target rates R < Ry < --- < Ry, there is a sequence of vector SRQ’s
of K refinement stages, with block-length approaching oo, such that for each stage
k, the aggregate rate approaches Ry, and the distortion approaches ¢2272%%. There-
fore, the expected distortion of the MD-UEP under the old framework approaches
o? 2K U (k)22 The value Dy of the optimal expected distortion of the old MD-
UEP, achievable asymptotically in the quantizer block-length, can be found by solving

the following convex optimization problem
minimize o2 Z U(k)2~ 2R (4.5)

subject to 0<Ri <Ry < ---<Rg

where R is the rate of each description. Consider the set P of planar points Py = (0,0),
Po=(1-1/(k+1),%F U@)), where | < k < K — 1, and Px = (1,1). The
extreme points situated on the lower convex hull of this set are important for this
optimization problem. This is because it can be shown along the lines of [34], that
for any k such that P, is not an extreme point, the solution has to satisfy Ry = Ry,
where £ is the smallest index larger than k, such that P, is an extreme point. This
allows for all variables Ry for which P, is not an extreme point, to be eliminated.
The new problem can be solved by taking into account only the equality constraint
and its solution will satisfy the inequality constraints as well. Based on this idea we

derive the solution for values of R high enough. In order to give the expression of
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the solution let us define first ky as the largest integer between 1 and K such that

Ulko — 1)(ko — 1) < Ul(ko) + U(kg + 1) + - - - + U(K). Denote further

ko—1 K
A= Eé; ;i;;%jijlogQ(lf(k)k(k-+-1))-+ i%(log2(k0;§;;(f(k))

It can be shown that for R > 1/2A4 —1/2log, U(1) —1/2 (derived from the constraint
Ry > 0), we have D, = 02242728 A detailed discussion of the derivation procedure
is included in Appendix.
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Then the optimal expected distortion D,,.,,, achievable asymptotically in the quantizer
block length, by the proposed MD-UEP with rate R per description, can be found by

solving the optimization problem

minimize  o? Z V(k)272Re (4.8)
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subject to the two constraints in problem (4.5). Observing that for K > 3 and
q < 1/K, the set of planar points P corresponding to the optimization problem (4.8)

is convex, and letting

=X

~1

B =

L (logy (KV(K)),

log,(V(k)k(k + 1)) + 7

Kk + 1)

=
Il

1
we derive the solution when K > 3, ¢ < 1/K and R > 1/2B — 1/2log, V(1) — 1/2,
as Dyeyp = 02282728,

For clarity of the performance comparison between the two systems, we use the
difference in dB defined as Apew/oid = 10logyy gfi—"’;. Using the above formulae we
obtain that for K > 3, p < 1/K and R sufficiently high

Anew/old :IO(A - B) lOglo 2

ko—1 K

1 K 1

Z UES) log o K — k %o — logyg (k ICZ,; U(k)) (4.9)
K-

[1(10 -~ Z H Ty oo (VUL + 1)

=ko

Note that when ¢ < 1/K?, we have ky = K. It follows that, as ¢ — 0 and R — oo,

the following holds

K—-1 1 K
Anew/o 10 —_—] —_ 4.10

Fig. 4.4(a) plots the difference in performance, in dB, between the two MD-UEP
frameworks, for R — o0, ¢ € (0,0.1}, and K ranging from 3 to 10, using (4.9). We see
that the highest improvement is 1.68 dB, achieved for K = 3 and ¢ — 0, while the
lowest is 0.93 dB, achieved when K = 10 and ¢ = 0.1. Interestingly, for each value of
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Figure 4.4: Asymptotical improvement in performance, of new MD-UEP vs. old

MD-UEP.
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g, the improvement is highest when K = 3 and decreases as K increases. Moreover,
for each K the improvement in performance becomes smaller as ¢ increases. The
decreasing trend as the number of descriptions increases, is preserved for ¢ — 0 and
R — 00, as it can be seen from Fig. 4.4(b), which plots the quantity (4.10).

For the case of two descriptions, problems (4.5) and (4.8) are easier to solve,
without needing the assumption of high rate or the restriction on the probability of
description loss g. Thus we obtain the following expressions of D4 and Dy, when

K=2

Do = o* (£ + 1782747) for q € (0, yprwar)-

Do = 0*(1351/2q(1 — q)27°F) for g € [jpgteam, 3]
Dyq = 0?27 for g € (3,1].

Dpew = 0'2(1—_%] + 1—41»(12‘41{) for g € (O, 2_4R).

Dy = 0*(1/q272F) for ¢ € [2747,1].

A detailed derivation is included in Appendix.

In Fig. 4.5 we plot the difference in performance between the new versus the old
MD-UERP, in the case of two descriptions and small rates, R = 0.5,1,2. For each R,
Apew/old 1s @ unimodal function of g. For R = 0.5 its peak is ~ 1 dB, achieved for
g ~ 0.2. As R increases, its peak increases approaching 1.5 dB, and the probability
where it is achieved approaches 0. Note that the performance of the two systems is

identical when ¢ = 0 and ¢ = 1, as expected.
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Figure 4.5: Asymptotical difference in performance, between the new and old MD-

UEP, for K = 2, and R = 0.5,1,2.
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Chapter 5

Experiments and Discussions

The purpose of this chapter is to assess the performance in practice of the proposed
MDC techniques in comparison with the traditional schemes. Our tests are performed
on a zero mean, unit variance, memoryless Gaussian source. The number K of de-
scriptions considered in our experiments is between 2 and 4. Although the motivation
given in this thesis for the proposed techniques is valid for higher number of descrip-
tions, the experimental results for smaller K can be used to predict the behavior as
K increases. In all cases we consider transmission over independent channels with
the same probability ¢ of failure. Consequently, the probability p(s) of receiving a

particular set of s descriptions is
p(s) = (1 - ¢)°¢**), (5.1)

where 0 < s < K is the number of descriptions received at the decoder. The range
of channel failure probabilities considered in our experiments is ¢ € [0.001,0.3]. The
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performance of each MDC technique is measured in using the expected distortion in
dB, i.e., 10log,o( Exzpected Distortion).

This chapter contains two sections. The experimental results in the first section
highlight the impact of the IA optimization step in the design of L-MDSQ and Opt-
MDSQ. The second section performs a comparison between, L-MDSQ, Opt-MDSQ,
traditional MD-UEP and proposed MD-UEP. In the implementation of the MD-UEP

schemes a scalar SRQ was used for fairness of comparison with the MDSQ.

5.1 Impact of IA Optimization

We have introduced the TA optimization step in the design of the proposed MDSQ’s
in order to overcome a possibly bad choice of initial IA. As we have pointed out in
Section 3.2, this step can be used in the Opt-MDSQ design as well.

Fig. 5.1-5.4 plot the performance of Opt-MDS(Q with and without IA optimization
in the design algorithm, versus ¢g. Each figure illustrates one of the following cases 1)
K=2andR=22)K=2and R=3,3) K=3and R=2,4) K=4and R=1.
In the case of two descriptions, we use the modified linear 1A proposed in [45], Fig.
2.2 shows the IA when rate is 3 bits/description. As it can be seen from Fig. 5.1
and Fig. 5.2, although the modified linear IA is very good already, there is still some
room for improvement. The use of the IA optimization provides an improvement of
up to 0.82 dB.

When it comes to the case of three or four descriptions, since good IA’s are not
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Figure 5.1: Improvement by 1A optimization for Opt-MDSQ, K=2, R=2.
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Figure 5.2: Improvement by IA optimization for Opt-MDSQ, K=2, R=3.
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Figure 5.3: Improvement by 1A optimization for Opt-MDSQ, K=3, R=2.
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Figure 5.4: Improvement by IA optimization for Opt-MDSQ, K=4, R=1.
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Figure 5.6: Improvement by IA optimization for L-MDSQ, K=4, K;=3, R=1.
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Figure 5.7: Improvement by IA optimization for L-MDSQ, K=4, Ky=4, R=1.

yet known, we use a method inspired by [41]. Consider the K-tuples whose indices
in all K dimensions are the same. We call these K-tuples the diagonal elements. If
the rate for each description is R, then there are 2% such elements. For two K-tuples
(41, ,ig) and (1, ,jk), we denote by [ the distance between them defined as:
[l = Ele |ix — jx|. Further, for each K-tuple, we denote by [,,;, the minimum of
the distances to every diagonal elements. We only select the K-tuples whose [,,;,, is
less than or equal to some threshold. For instance, if K = 3 and R = 2, there are
2RK = 28 = 64 K-tuples, and the diagonal elements are (1, 1,1), (2,2,2), (3,3,3) and
(4,4,4). If we set the threshold of l,,;, to be 2, then the K-tuple (1,1,4) will not

be included in the set Zx, for its l,,;, is 3. Next we partition the set Zx into 27 sets
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in such a way that, the kth set contains the K-tuples whose [,,;, is associated with
the diagonal element (k,--- , k). We begin with the first set, in which every K-tuple
is closer (measured by [) to (1,---,1) than to any other diagonal element. Then we
proceed to the second, third,..., 26th set. In each set, the K-tuples are randomly
arranged.

Fig. 5.1-5.4 show that the improvement due to the use of IA optimization step
increases with K, reaching up to 1.29 dB in the case of 3 descriptions, and 2.92 dB
in the case of 4 descriptions, respectively. This observation is in accordance with the
intuition that, as K increases it is more difficult to construct a good IA.

Fig. 5.5-5.6 illustrate the improvement in performance when IA optimization
is applied to L-MDSQ with Ky = K — 1, in other words, with an optimal central
codebook. The number of descriptions considered are K = 3 and K = 4, and the
rates are R = 2 when K = 3, and R = 1 when K = 4. Considerable gain is achieved
here as well, reaching up to 1.42 dB for 3 descriptions, and 1.81 dB for 4 descriptions,
respectively.

However, in the case of L-MDSQ with Ky = K (only side codebooks are stored),
the IA optimization step does not make a significant difference. We have tested
severalcaseé: R=2and R=3when K =2, R=1and R=2when K=3, R=1
when K = 4, and observed that the impact of IA optimization is not significant in
all the cases. Here we only present the effect of IA optimization when it is applied to

the case of 4 descriptions, R = 1 in Fig. 5.7. It can be seen that the improvement is
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less than 0.5 dB.
In conclusion, our tests show that the impact of IA optimization step in L-MDSQ
design increases as the number of stored joint codebooks increases, culminating in

the case of Opt-MDSQ (where all codebooks are stored).

5.2 Performance Evaluation of the New Techniques

In this section we present the experimental comparison between the proposed MDC
techniques and two existing ones (Opt-MDSQ and previous MD-UEP).

As it was discussed in Section 3.1, L-MDSQ has lower decoding storage needs
than Opt-MDSQ, but at the cost of decrease in performance. One purpose of the
experiments presented here is to assess how significant this loss is in performance.

As justified in Section 4.4, the new MD-UEP always outperforms the traditional
MD-UEP theoretically. Another goal of our experiments is to validate this conclusion
and to assess the magnitude of this improvement.

Intuitively MD-UEP (both schemes) does not perform as well as MDSQ), since
the former has a higher amount of redundancy. Therefore, another objective of our
tests is to compare the practical performance of (traditional/new) MD-UEP with
the MDSQ), and ultimately compare the proposed L-MDSQ with the new MD-UEP
scheme.

In our tests we have used optimized MD-UEP based on scalar SRQ. Before present-

ing the tests results we first briefly describe our method for MD-UEP optimization.
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5.2.1 Optimization of MD-UEP

First note that the only difference between the optimization problems for new and old
MD-UEP consists in the different weights assigned to the component distortions of
the SRQ in the cost function. Therefore, the same method can be used to design the
optimal solution in both cases, with the appropriate choice of the weights. Therefore,
in the sequel we specifically address the design of previous MD-UEP technique.

As discussed in Section 4.2, the problem of optimal MD-UEP design can be for-
mulated as the problem of constructing an SRQ which minimizes the cost function
(4.1) under the constraint (4.2). Since a scalar SRQ is under consideration, there is
the additional constraint that each R(Q;),1 <i < K, in (4.2) is an integer. Note that
the number of K-tuples of rates (R(Q1), R(Q2), - , R(Qg)) which satisfy the above
mentioned constraints is finite. We call any such K-tuple a qualifying K-stage rate
allocation. We emphasize the requirement that R(Q;) < R(Q;.1) imposed by the def-
inition of the SRQ. Also note that we allow equality between the rates of consecutive
stages.

Our strategy in solving the MD-UEP optimization problem consists of three steps:
1) list all qualifying K-stage rate allocations; 2) for each K-stage rate allocation, de-
sign a K-stage scalar SRQ achieving these rates, of minimal expected distortion (4.1),
by using the algorithm proposed in [6]; 3) select the SRQ which has the minimum
expected distortion.

The major challenge is that as the rate, or the number of descriptions increases, the
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Figure 5.8: All possible frameworks for K=4, R=2. The shaded area represents the

source symbols, the white area represents the protection symbols.

number of qualifying K-stage rate allocations becomes very large, hence our method
will become very time-consuming. Here we only consider 2, 3 and 4 descriptions, with
rates 2 and 3 for 2 descriptions, and rate 1 and 2 for 3 and 4 descriptions. Among all
these cases, 4 descriptions with rate 2 has the largest number of qualifying K-stage
rate allocations. Fig. 5.8 illustrates the MD-UEP rate allocation for all fourteen
possibilities for this case. The shaded area represents the source symbols, the white
area represents the protection symbols. There are only fourteen possible frameworks,

hence the optimization is still tructable.
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Figure 5.9: Comparison between MDSQ and MD-UEP, K=2, R=2.
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5.2.2 Experimental Results

In this part we present the comparison between, L-MDSQ (two variants: Ko = K
and Ky = K — 1), Opt-MDSQ), traditional MD-UEP, and new MD-UEP, for 2 to 4
descriptions, and the following rates: R = 2 and R = 3 when K = 2, R = 1 and
R=2when K=3, R=1and R =2 when K =4.

Fig. 5.9,5.10 illustrate the performance of L-MDSQ (K, = K), Opt-MDSQ), old
MD-UEP and new MD-UEP with 2 descriptions, rate 2 and rate 3, respectively,
versus ¢, the probability of description loss. Fig. 5.11-5.14 illustrate the performance
of L-MDSQ (Ky = K, Ko = K — 1), Opt-MDSQ, old MD-UEP and new MD-UEP
with 3 and 4 descriptions, rate 1 and rate 2, respectively, versus q. The performance
is measured by expected distortion in dB. IA optimization is applied to all MDSQ
frameworks, except for the case of 4 descriptions, rate 2 (Fig. 5.14).

We will structure our analysis by discussing the comparison between the following
pairs of MDC schemes: 1) L-MDSQ versus Opt-MDSQ); 2) traditional MD-UEP versus
proposed MD-UEP; 3) MDSQ versus proposed MD-UEP.

L-MDSQ versus Opt-MDSQ. Most of the time the performance of L-MDSQ
is worse than Opt-MDSQ. When K, = K, the performance gap between L-MDSQ
and Opt-MDSQ becomes smaller as the probability g of description loss gets larger.
This is in accordance with the

intuition that, as q increases, the central codebook becomes less important, hence

the degradation in performance is not as significant as when ¢ is very small. L-MDSQ
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Figure 5.10: Comparison between MDSQ and MD-UEP, K=2, R=3.
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Figure 5.11: Comparison between MDSQ and MD-UEP, K=3, R=1.

with Ky = K — 1 always performs better than L-MDSQ with Ky = K, and worse
than Opt-MDSQ. Note that this relationship in performance is just the reverse order
of the relationship of the size of storage space needed at the decoder. When q is very
small (¢ = 0.001), under most cases the performance of L-MDSQ with Ky = K — 1 is
very close to Opt-MDSQ. This can be justified by the fact that when ¢ is very small,
the central codebook becomes very important, and both schemes have an optimal
central codebook stored.

Traditional MD-UEP versus new MD-UEP. The experimental results vali-

date our conclusion that new MD-UEP strictly outperforms the traditional MD-UEP.
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Figure 5.12: Comparison between MDSQ and MD-UEP, K=3, R=2.

The maximum difference is 2.1 dB for 2 descriptions, 2.7 dB for 3 descriptions, and
3.05 dB for 4 descriptions.

MDSQ versus new MD-UEP. For the case of 2 descriptions, the performances
of Opt-MDSQ and new MD-UEP are quite close, and when ¢ is more than 0.1, the
performances of L-MDSQ (K, = K), Opt-MDSQ and new MD-UEP are very close.
For the case of 3 and 4 descriptions, most of the times new MD-UEP outperforms
L-MDSQ (both Ky = K and Ky = K —1) and Opt-MDSQ. Only when ¢ is very high,
L-MDSQ performs slightly better than new MD-UEP. Note that our tests show that

the new MD-UEP could outperform Opt-MDSQ. This is contrary to the intuition that
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Figure 5.13: Comparison between MDSQ and MD-UEP, K=4, R=1.

MD-UEP should be worse than Opt-MDSQ (since the former has a higher amount
of redundancy). We attribute this result to the sub-optimality of the design of Opt-
MDSQ, which is due to the imperfection of the IA: we have already known good
IA’s for the case of 2 descriptions, hence the performance of Opt-MDSQ is good and
sometimes is better than new MD-UEP; good IA’s are not yet known for 3 and 4
descriptions, this could justify why most of the time the performance of Opt-MDSQ

1s worse than new MD-UEP. This is more obvious in Fig. 5.14. In this case IA
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Figure 5.14: Comparison between MDSQ and MD-UEP, K=4, R=2.

optimization is not applied, and the gap between Opt-MDSQ and new MD-UEP
reaches as much as 3.81 dB, which is bigger than in any other case.

Conclusion. When the probability of description loss is small, L-MDSQ with
several joint codebooks stored is very competitive with Opt-MDSQ. New MD-UEP,
surprisingly, performs very well, not only under the aspect of reducing the storage
space, but also under the aspect of producing low reconstruction distortion. Its

performance is close to Opt-MDSQ in general.

78



M.A.Sc. - T. Zheng - McMaster - ECE

Chapter 6

Conclusion

High storage space needs of an MDC scheme could be an issue, especially in applica-
tions where the memory resources are scarce. Such applications motivate the study of
MDC with reduced storage space decoder. In this work we proposed two techniques
for symmetric MDC with reduced storage space decoder.

One of the two techniques is MDSQ with linear joint decoders. For such an MDSQ),
we store all side codebooks and a few joint codebooks, and generate the other joint
codebooks as linear combinations of the side codebooks. This way, the storage space
is reduced, but under the cost of decreased performance. We addressed the problem
of optimal design of such systems. The algorithm we proposed is a generalized Lloyd
algorithm, similar to the one introduced by Vaishampayan [45], to which we added
an IA optimization step at each iteration, to overcome the problem that good IA’s

for more than two descriptions are yet to be found. We also solved an additional
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challenge in the decoder optimization by proving that the problem is a convex op-
timization problem with a closed form solution (under some mild conditions). Our
experimental results reveal that the impact of IA optimization step increases as more
joint codebooks are stored at the decoder. Additionally, we observe that when the
probability of description loss is very small, the performance of such MDSQ with
side codebooks and a central codebook stored is very close to the performance of
traditional MDSQ with all codebooks stored.

The other technique we proposed is an improvement to the traditional MD-UEP
scheme. MD-UEP is also an MDC method of reduced storage space decoder. The
new scheme strictly outperforms the traditional one. We evaluated and compared
the asymptotical performance of both schemes for a Gaussian memoryless source.
Our analysis shows that the improvement can reach up to 1.68 dB in the case of
three descriptions and is over 1 dB for up to 10 descriptions and low probability of
description loss.

We also performed an experimental study of the proposed MDC techniques and
compared them with traditional MDSQ and MD-UEP. We observed that the new
MD-UEP, surprisingly, performs very well, not only under the aspect of reducing the
storage space, but also under the aspect of producing low reconstruction distortion.
Traditional MDSQ and new MD-UEP have close performance in general. This is
contrary to the intuition that MD-UEP should be worse than Opt-MDSQ), since the

former has a higher amount of redundancy. We attribute this result to the sub-
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optimality of the design of the traditional MDSQ, which is due to the imperfection

of the IA.
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Appendix A

Derivation of Asymptotical

Performance Analysis of MD-UEP

A.1 General Case

Here we present some details of the derivation of the asymptotical analysis of Section
4.4. This derivation is inspired by the work of Puri et al. [34].

Let ko be the largest integer such that
slope( Pry—2Prey-1) < slope(Py,_1Pk). (A1)

In other words, ko is the largest integer between 1 and K such that U(ko—1)(ko—1) <
U(ko) +Ulko+ 1)+ -+ U(K). Then we show that the extreme points of the curve

P are Ry, P, , Pyy-1, Px.
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Proof.
slope( Py Piy1) < slope( Piy1Prio) (A.2)
is equivalent to
Ulk+1 Uk+2
-5 -0-)  1-g3)-01-53)

where 0 < k < K — 3. By substituting (4.4) into the above inequality and after some

math manipulations, we obtain

kE+1 k+3
- 1-¢q)<0. A
F—ho1? gazt "9 =0 (A4)
Define
1 4-K 3 - 3K
fR) ="K +(K-1+—")k+3K ~1+ : (A.5)
q q q
where 0 < k < K — 3. Then (A.4) is equivalent to
f(k) <0. (A.6)

f(k) is a quadratic function, and since é > 0, the parabola opens upward, and

A=(qK+4—-K-q)*-4(3+3¢K — 3K —q)
=(qg—1°K*+(-2¢° - 2¢+4)K + (¢ —2)* > 0.
To ensure f(0) < 0, K must satisfy the constraint K > %‘%. When ¢ < % and any

K 2>2, f(0) <0. If f(K —3) <0, K must satisfy the constraint

742
K< 2+q++/ 27q +4q+4.
q
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When k£ = K — 2, (A.2) becomes

(A7)

To satisfy this condition, it is needed that

K< g+ /-3¢ +4q

< 2%

Therefore, when ¢ < % and

L 24qg+ /-T2 +4 4 g+ /=3¢ +4
K € [2,min( =Y TS AV (A8)

we have f(k) < 0 for all £, hence the curve is convex, which implies that all points are
extreme points. According to the definition of kg, kg = K and the claim is proved. If
(A.8) is not satisfied, it follows that the quadratic function f(k) has a zero value
in the interval [0, K — 2). Tt follows that for all 0 < k < |zo], f(k) < 0, and for all
|zo] < k < K =2, f(k) > 0. This implies that there is some k; < |zo] such that all
points Py,-- -, P, are extreme points and all points Py, 41, - , Px-y are not. Since
ki must satisfy slope(Py,_1P,) < slope(Py, Px) in order to be an extreme point, it
follows that k; = ko — 1 and the claim is proved. U

According to the observation of [34] (Page 345), when R; > 0 is satisfied, the

problem (4.5) is equivalent to the following

ko—1
minimize  o? Z U'(k)2728% 4 g2U" (ko) 2~ 2Fko (A.9)
k=1
ko—1

subject to Y  M'(k)Ri + M'(ko) Ri, = R, (A.10)
k=1
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where Ry, = Rpgy1 = -+ = Rg; U'(k) = U(k) for 1 < k < kg — 1 and U'(ko) =
i, UGi); and M'(k) = gk for 1 <k < ko — 1 and M'(ko) = 1050 s + &

The above problem is a convex problem with one equality constraint !. To solve this

problem, we introduce the Lagrangian

ko ko
L(Ry,-+  Ri,N) =0 U'(k)27* + M) M'(k)R — R), (A.11)
k=1 k=1

where ) is some nonnegative value. By setting all partial derivatives of the Lagrangian

function with respect to Ry, -, Ry, to zero, we obtain
—2In 20207 (k)27 2% L AM' (k) =0, k=1, - k. (A.12)
Then we can get the values of Ry, - , Ry, by solving the above equation:
1 AM' (k)
Ry =—= k=1,--- ko. (A.13)

2 82 9T 2020 ()’
Because ( 1%((%) I1<k<ko, IS an increasing sequence, it follows that Ry < Ry < -+ < Ry,.

Next we substitute (A.13) into (A.10), to get the value of A:

ko—1 /\
2)lo
Z k;(k 1 %82 9 Tn20%k(k + 1)U (k)
1 A
+ ( —) y

—(—=)1lo =
ko' 2 &2 21n 202k, Zf:ko U(k)
it follows that

A=20%.24.27"]n 2 (A.14)
where
P | 1 K
=:_;=lmlog2<k(k+1)v(k)) 7 loga(ko k_Zk U(k)). (A.15)

'As proved in [34] the solution satisfies the inequality constraints of (4.5).
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Finally, we obtain the expression of D4 by substituting (A.13) and (A.14) into (A.9):

Doq =0* kil U(k)272 % 1 02U (ko) 272k
- \
= ; U okt 7 DU R
2 X A
+ 0 <;§ko U(k)> 21n 202k, Z{c{:ko U(k)

T 2ln2k(k+1) ' 2InZk

(A.16)

For the new framework, we will prove that when K > 3 and ¢ < %, all points are

extreme points.
Proof.

SlOPG(PkPkH) < SZOPE(PkHPkH)

is equivalent to

V(k+1) < V(k+2)

- - U-g7) " (U-gg) - 0-gy)

(A.17)

(A.18)

where 0 < k < K — 3. By substituting (4.6) and (4.7) into the above inequality and

after some math manipulations, we obtain

(k+1)(k+2)q < (k+3)K — k —2(1 — g).

Define

flk) =K+ (qK +5— K — 29)k + 3Kq + 6 — 3K — 4q,
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where 0 < k < K — 3. Then (A.19) is equivalent to

f(k) <0. (A.21)

f(k) is a quadratic function, with the parabola opening upward, and

A=(gK+5~K—2q9)°—4(6 +3¢K — 3K — 4q)

(q—1PK*-2(2¢* —qg—- 1)K+ (2¢ - 1)* > 0.
To ensure f(0) < 0, K must satisfy the constraint K > g—:%. When ¢ < % and
K >3, f(0) <0. If ¢ < 4, we have f(K —3) <0.

When k£ = K — 2, (A.2) becomes

VIK-1) V(K
I-%)-(0-%5) " 1-(1-

; (A.22)

=l

By substituting (4.6) and (4.7) into the above inequality and after some math ma-

nipulations, we obtain

(K-1)(1-¢9)f?g< 1. (A.23)

It is straightforward that if ¢ < %, the above inequality is true. Therefore, if K > 3

and ¢ < %, f(k) < 0 for all k, hence the curve is convex, which implies that all points

are extreme points, hence the claim is proved. ]

Now we proceed to compute the value of D,.,. When K > 3 and ¢ <

%, the
problem (4.8) is equivalent to the following (according to [34]).

K
minimize  o? Z V (k)2 2 (A.24)

k=1

K
subject to Y _ M(k)R; = R, (A.25)
k=1
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where V(k) = £22U (k) for 1 <k < K —1 and V(K) = 1=%; and M(k) = g5ty for
1<k<K-1land M(K) =+

The above problem is a convex problem with one

equality constraint. To solve this problem, we introduce the Lagrangian

K K

L(Ry, - R, \) =0 V(k)2™ + MO~ M(k)R; - (A.26)
k=1 k=1

where X is some nonnegative value. By setting all partial derivatives of the Lagrangian

function with respect to Ry, - , Rg to zero, we obtain

—2In20°V (k)27 £ AM(K) =0, k=1,--- K. (A.27)

Then we can get the values of Ry, - , Rx by solving the above equation:

k
By — — Llog, M)

2 k=1, K. A28
82 202V (k) T (A.28)
Next we substitute (A.28) into (A.25), to get the value of A
DRI N /\
Lo kk+ 1) 2 P22 2ek(k + )V (k)
11 A
= (=21 =R
T8 sy ~ B
it follows that
A=202.28.972Rn 2, (A.29)
where
K-1
1
B =

logy(k(k + )V (k) + — log, (KV (K)). (A.30)
2 k(b +1) K

Finally, we obtain the expression of Dy, by substituting (A.28) and (A.29) into
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(A.24):

K (A.31)

—g29B9-2R
A.2 Two-Description UEP

For the case of two descriptions, problem (4.5) can be written as

2 1-
minimize 02—l 272Rr 4 g2 dg-2k (A.32)
1+¢ I+g
subject to 0 < R; < Ry (A.33)
1 1
§R1 + 532 =R (A.34)

We first simplify the problem by eliminating the variable Ry. Note that (A.34) implies
Ry = 2R — R;. By replacing R, in (A.32) and (A.33), the optimization problem

becomes

minimize 02A2‘2R1 + 021_:_‘12_2(23-121) (A.35)
l1+g¢ 1+gq
subject to 0< R, <R (A.36)
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Further, by performing the change of variable y = 2%f1 we obtain the following

equivalent optimization problem:

minimize fly)

subject to 1 <y < 2%,

where

2q 1 l-gq,_
2 2 4R
=0 —+o0 2
ftw) l+qy l+gq

Y.

By taking the derivative of f(y) and setting it to zero, we obtain

y*z 2q 2237
V1-g

and

* 2 -
fy) = Uzm 2q(1 — q)27%%,

(A.37)

(A.38)

(A.39)

When ¢ € [H—T}m—l, %], the value of y* satisfies the constraint (A.38), so the optimal

solution is y*, and the optimal value is f(y*). When ¢ € (0, I—J;2Lr—4n), f(y) is mono-

tonically increasing in [1,22%], so the optimal value is f(1). When ¢ € (},1], f(y) is

monotonically decreasing in [1,2%%], so the optimal value is f(22%). Hence, it follows

that
2 | l-go- st
Do = 0*(73% + 15227*F) for q € (0, yygrven).

Dyg = U2(ﬁv 2q(1 — Q)2_2R) forq € [1+2}+4R’ %]

Doa = 02272 for g € (3,1].
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For the new framework, the same idea can be applied. First we write the optimization

problem as
1
minimize 0% —1 2721 4 g2 9-2FR: (A.40)
1+¢ 1+¢
subject to 0< R, <Ry (A.41)
1 1

Let y = 22%1and form a function f(y) of y

2 q 1 2 1 —4R
= — 2 . A 43
f(y) 01+qy+01+q Yy (A43)

By taking the derivative of f(y) and setting it to zero, we obtain

y* 2\/622}2,
and
* 2—2R
Hy) == q\/_
Note that from the constraint (A.41), y has to be inside the region [1,2%f]. When
g € [274R,1], y* € [1,22F], hence is the optimal solution, and the optimal value is

f(y*). When q is less than 27%%, f(y) is monotonically increasing in [1,2%f], so the

optimal value is f(1). Hence, it follows that
Dype = 0*(7L + £-27%8) for g € (0,274R).

1+q 1+q

Do = az(fi—q\/@‘m) for g € [27411].
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