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Abstract 


Wireless optical MIMO links can achieve very high data transmission rates 

by exploiting spatial diversity at a grand scale. Although such links can achieve 

high rates, their practical implementation remains challenging. The difficulty in im

plementation arises due to the complex transmitter and receiver designs required to 

overcome the channel impairments. This thesis considers practical transmitter and 

receiver designs for the wireless optical MIMO channel in the presence of channel 

impairments. 

In the first part of the thesis, two techniques to improve channel capacity 

for wireless optical MIMO channels are presented. The first teclmique uses multi

level halftoning to reduce quantization noise power. For quantization noise-limited 

systems, increasing the number of quantizer levels provides gains in capacity. For 

example, at a rate of 200fps, a four-level quantizer gives approximately a two-fold 

increase in capacity over a binary-level quantizer for all frame sizes considered. The 

second technique uses higher order noise shaping to shape the quantization noise to 

the out-of-band spatial frequency spectrum. This technique is shown to be useful 

when the number of levels is small, i.e., near 2. 

In the second part of the thesis, the receiver design for wireless optical MIMO 

channels with magnification is considered. The work done in this part constitute 

a step towards the practical implementation of such links since it is the first time 

the effects of spatial transformations are considered. Signal magnification introduces 

varying spatial frequency inter-channel interference (SF-ICI) at the receiver. A novel 

receiver design that uses complex windowing with decision feedback equalization is 

used to equalize the SF-ICI in spatial frequency domain. For SF-ICI limited chan

nels, the novel receiver design achieved a low bit-error rate compared with rectangular 

windowing with zero-forcing equalization. However, for noise limited channels, rect

angular windowing with zero-forcing equalization is the receiver design of choice. 

iii 



Acknowledgements 


I would like to extend my sincere gratitude to my thesis supervisor, Dr. Steve 

Hranilovic. Throughout my study period, he provided guidance, motivation, and lots 

of good ideas. In addition he was always available and willing to help. I would have 

been lost without him. I would also like to thank Dr. Tim Davidson for his valuable 

feedback on the projects undertaken in his optimization and digital communication 

courses. 

I am indebted to Mr. Mohamed D.A. Mohamed for his continuous support 

and help during my research period, and for reviewing an earlier version of this thesis. 

I would also like to extend my thanks to my lab colleagues, especially Mohamed D.A. 

Mohamed and Ahmed Farid, for the many interesting discussions, and their valuable 

insight into optical communications. I would also like to extend many gratitude to 

Anthony Chiarelli for his help in implementing some of the practical aspects of the 

prototype link I built during the course of my masters thesis. 

I would also like to thank all the technical and administrative staff in the 

electrical and computer engineering department of McMaster University for helping 

the department run smoothly, and for assisting me in many different ways. Cosmin 

Coroiu, Cheryl Gies, Helen Jachna, Terry Greenlay and Steve Spencer deserve a 

special mention. 

Finally, i am forever indebted to my parent for their encouragement and endless 

support when it was most required. 

iv 



Contents 

Abstract iii 

Acknowledgements iv 

List of Figures ix 

List of Tables XV 

Abbreviations 1 

Symbols 3 

1 Introduction 1 
1.1 Overview and Motivation . . . . . . . 1 
1.2 Wireless Optical MIMO Applications 4 

1.2.1 Holographic Data Storage . 4 
1.2.2 Optical Interconnects ..... 7 
1.2.3 Two-dimensional Barcodes . . 8 
1.2.4 Wireless Optical MIMO Communications . 8 

1.3 Contributions . . 11 
1.4 Thesis Structure . . . . . . . . . . . . . . . . . . . 13 

2 Channel Modeling, Modulation and Measurements 15 
2.1 Backgrotmd ....... . 15 

2.2 Channel Modeling . . . . . . . . . . . 16 

2.2.1 Channel Topology ....... . 16 

2.2.2 Channel Point Spread Function 18 
2.2.3 Noise Characteristics . . . . . . 20 
2.2.4 Channel Model . . . . . . . . . 21 

2.3 Spatial Discrete Multi-tone Modulation . 23 

v 



Contents 

2.3.1 SDMT System Overview . . . . . . . . . . . . . . . 23 

2.3.2 System Design . . . . . . . . . . . . . . . . . . . . 24 


2.3.2.1 M-ary Quadrature Amplitude Modulation 25 

2.3.2.2 Data Loading and Transmit Frame Generation 27 

2.3.2.3 Cyclic extension 28 


2.3.3 Channel Capacity . . . 30 

2.3.4 Implementation issues 34 


2.4 Channel Measurements . . 34 

2.5 Training Session Overview 38 

2.6 Conclusion . . . . . . . . . 40 


3 Multilevel Error Diffusion and Noise Shaping 43 

3.1 Introduction . . . . . . . . 43 

3.2 Background . . . . . . . . . . . . . . . . . . . . 44 


3.2.1 Digital Halftoning. . . . . . . . . . . . . 44 

3.2.1.1 Error Diffusion Halftoning: An Example 47 

3.2.1.2 Linearity and Stability of the Error Diffusion Filter 49 


3.2.2 Halftoned SDMT Modulation 52 

3.3 Multilevel Error Diffusion . . . 56 


3.3.1 Linear Quantizer Model . 59 

3.3.2 Simulation Results . . . . 60 

3.3.3 Practical Implementation. 63 


3.4 Optimal Design for Noise Shaping Filters . 66 

3.4.1 Error Diffusion Filter . . . . . . . . 66 

3.4.2 Optimization Problem . . . . . . . 68 


3.4.2.1 Power Constraint Reformulation 69 

3.4.2.2 Filter Energy Constraint Reformulation 70 

3.4.2.3 Unity DC Gain Constraint Reformulation 71 

3.4.2.4 Objective Function Reformulation . 72 

3.4.2.5 Reformulated Optimization Problem 74 

3.4.2.6 Convexity of the Joint Problem . . 76 

3.4.2.7 Convexity of the Disjoint Problem 77 


3.4.3 Optimization Algorithm and Results . . . . 84 

3.4.3.1 Penalty Function . . . . . . . . . . 84 

3.4.3.2 Optimization Problem Starting Point . 86 

3.4.3.3 Optimization Results . . 86 


3.4.4 Capacity Results and Discussion . 88 

3.5 Conclusion . . . . . . . . . . . . . . . . . 90 


vi 



Contents 

4 	 Receiver Design for Wireless Optical MIMO Channels with Magni
fication 93 

4.1 Introduction . . . . . . . . . . 	 93 

4.2 Channel Modeling. . . . . . . 	 94 


4.2.1 Channel Assumptions . 	 95 

4.2.2 Spatial Transformations 	 98 

4.2.3 Channel Model . . . . . 	 100 


4.3 Windowing . . . . . . . . . . . 	 106 

4.3.1 Windowing for One-dimensional Spatial Channels: An Example 107 

4.3.2 Two-dimensional Windowing . . . . . . 	 112 


4.4 SDMT Demodulation in 2D SF-ICI Channels 	 115 

4.4.1 Joint Equalization . . . . . . . 	 118 

4.4.2 Zero-Forcing Equalization . . . . . . . 	 118 

4.4.3 Decision Feedback Equalization . . . . 	 119 


4.4.3.1 	 Decision Feedback Equalization for the 1D SF-ICI Chan

nel: An Example . . . . . . . . . . . . . . . . . . . . 120 


4.4.3.2 	 Decision Feedback Equalization for the 2D SF-ICI Chan
nel . 126 


4.5 Simulation Results 	 132 

4.6 Conclusion . . . . . . 	 137 


5 Conclusion and Future Work 	 141 

5.1 Conclusions . 	 141 

5.2 Future Work . . . . . . . . . 	 142 


A Mathematical Proofs 	 147 


Vll 



List of Figures 


1.1 	 A one-dimensional optical intensity channel. . . . . . . . . . . . . . . 3 

1.2 	 A holographic data storage system utilizing optical MIMO techniques. 6 

1.3 	 Various types of two-dimensional barcodes, (Generated online from [1]). 9 

1.4 	 A wireless optical MIMO system. . . . . . . . . . . . . . . . . . . . . 10 


2.1 	 Different topologies for the wireless optical MIMO communication sys

tem. (a) Direct line-of-site between transmit and receive sides, (b) 

Direct line-of-site between the projected image and receive side. . . . 17 


2.2 	 The effect of imaging optics on a transmit image. (a) Transmit image, 
(b) Receive image, (c) Spatial frequency spectrum of the transmit im

age, (d) Spatial frequency spectrum of the receive image. In the figure, 

the channel OTF is approximated by a 2D Gaussian shape. . . . . . . 19 


2.3 	 An illustration of, (a) the sampled point spread function model, (b) 

the sampled optical transfer function model. . . . . . . . . . . . . . . 20 


2.4 	 A block diagram of a SDMT transmitter. The generated SDMT mod

ulated frame is of size 16 x 16 pixels, and the width of the added cyclic 

extension is 3 pixels on each side. . . . . . . . . . . . . . . . . . . . . 24 


2.5 	 An illustration of, (a)16-QAM constellation, (b) 32-QAM constellation. 26 

2.6 	 The size of a QAM constellation changes for each spatial frequency bin 


to achieve a probability of error of w-4 and an average electrical power 

per channel given by water pouring 2.3.3. . . . . . . . . . . . . . . . . 27 


2.7 	 An illustration of, (a) The data loaded into 2D complex spatial fre

quency bins, (b) The transmit frame is generated by taking the 2D 

inverse Fourier transform of loaded data. . . . . . . . . . . . . . . . . 28 


2.8 	 Transmitted image generated by appending a cyclic extension to the 

IDFT of the SDMT frame. . . . . . . . . . . . . . . . . . . . . . . . . 30 


2.9 	 An illustration of water pouring algorithm over a channel with N dis

crete spatial frequency bins. The dark shaded region represents the 

optical power allocation in each frequency bin. The white shaded re

gion represents the noise power in each frequency bin [2, Ch. 5, sec. 

5]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 


2.10 An illustration of the power allocated in 2D spatial frequency. 

ix 


33 



List of Figures 

2.11 A wireless optical MIMO link prototype setup. . . . . . . . . . . . . . 35 
2.12 Measured OTF in a prototype wireless optical MIMO system, (a) Ab

solute value of the measured OTF, (b) Phase of the measured OTF 
(degrees). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 

2.13 A block diagram representing the measurements required by the trans
mitter and the receiver. . . . . . . . . . . . . . . . . . . . . . . . . . . 40 

3.1 	 A block diagram of an error diffusion filter. The input signal x is 
quantized using an £-level quantizer, the resulting quantization error 
q is distributed among neighboring pixels according to the filter j. . . 45 

3.2 	 An illustration of a 7-level quantizer. The range of amplitudes of the 
input signal, x, is divided into intervals of width ~. Each interval is 
mapped into a discrete output level signal, x'. If the input signal is 
out of range, the quantizer output saturates to ±1. . . . . . . . . . . 45 

3.3 	 Raster scan is used to halftone images. Quantization noise from current 
pixel (A) is distributed among the neighboring pixels (B), (C) and (D) 
according to an error diffusion filter j. Since the quantization noise 
is only distributed among un-quantized pixels, the systems is termed 
causal with respect to the scan direction. . . . . . . . . . . . . . . . . 46 

3.4 	 This figure illustrates the progression of error diffusion halftoning with 
(a) the continuous-tone image, (b) the image after pixel 1A is quan
tized, (c) the image after pixel 1B is quantized and (d) the final output 
of the error diffusion system. . . . . . . . . . . . . . . . . . . . . . . . 48 

3.5 	 The correlation coefficient between the input signal and the quanti
zation error versus the variance of the input signal a; for different 
halftoning levels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 

3.6 	 An illustration of the channel effects on a halftoned image. (a) A 
halftoned image at transmit side, (b) The image at the receive side, 
(c) the spatial frequency spectrum of the image at the transmitter, (d) 
the spatial frequency spectrum of the image at the receiver. . . . . . 53 

3.7 	 A block diagram of multilevel halftoned SDMT transmitter. . . . . . 53 
3.8 	 The optimal power allocation, <I>x, for an optical power limited system. 

The total available power is poured using the water pouring algorithm 
over the noise surface <I>q +<I>~, when <l>q «<I>~. . . . . . . . . . . . . 55 

3.9 	 The optimal power allocation, <I>x, for a quantization noise limited 
system. The total available power is poured using the water pouring 
algorithm over the noise surface <I>q +<I>~, when <I>q »<I>~. . . . . . . . 56 

X 



List of Figures 

3.10 An illustration of the effects of multilevel halftoning on images, (a) 

Continuous-tone image, (b) Binary halftoned image, (c) 4-level halftoned 

image, (d) 8-level halftoned image. Notice that as the number of 

halftoning levels is increased, the perceptual quality of the image is 

enhanced. The increase in perceptual quality is due to the lower quan
tization noise power. . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 


3.11 	The spatial frequency spectrum of the halftoned images in Figure 3.10, 
(a) Continuous tone, (b) Binary halftoned, (c) 4-level halftoned, (d) 

8-level halftoned. Notice that as the number of halftoning levels is in

creased, the quantization noise power in the spatial frequency spectrum 

is reduced. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 


3.12 Simulated v.s. 	linear model predictions for the quantization noise vari

ance, O"~, as the number of quantization levels is changed. For both 

plots, the average electrical power (J; = 0.2. . . . . . . . . . . . . . . 61 


3.13 Capacity estimates of a wireless optical MIMO system measured in 

Kbits/frame, for different frame sizes and halftoning levels. . . . . . . 62 


3.14 Capacity estimates of a wireless optical MIMO system measured in 

Mbits/s, for different frame sizes and halftoning levels. . . . . . . . . 63 


3.15 Thermometer code applied to a 5-level intensity signal. . . . . . . . . 64 

3.16 Capacity in kbits/frame versus the frame rate for multilevel halftoning 


systems implemented using a binary transmitter with thermometer 

coding. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 


3.17 	The feasible region for a 2 x 2 filter topology. . . . . . . . . . . . . . 75 

3.18 	The two eigenvalues of the Hessian matrix for a frame of size 64 x 


64 pixels. The OTF has a Gaussian shape with O"h = 10 in both 

dimensions. The black shaded region shown negative eigenvalues, while 

the white region shows the positive ones. . . . . . . . . . . . . . . . . 80 


3.19 	The two eigenvalues of the Hessian matrix for a frame of size 64 x 

64 pixels. The OTF has a Gaussian shape with a'h = 200 in both 

dimensions. The black shaded region shown negative eigenvalues, while 

the white region shows the positive ones. . . . . . . . . . . . . . . . . 80 


3.20 	The two eigenvalues of the Hessian matrix for a frame of size 64 x 

64 pixels. The OTF has a Gaussian shape with O"h = 400 in both 

dimensions. The black shaded region shown negative eigenvalues, while 

the white region shows the positive ones. . . . . . . . . . . . . . . . . 81 


3.21 	The two eigenvalues of the Hessian matrix for a frame of size 64 x 

64 pixels. The OTF has a Gaussian shape with a'h = 800 in both 

dimensions. The black shaded region shown negative eigenvalues, while 

the white region shows the positive ones. . . . . . . . . . . . . . . . . 81 


Xl 



List of Figures 

3.22 The aggregate channel capacity in kbits/frame as a function of the filter 
parameters for a 2 x 2 filter topology, for a frame of size 64 x 64 pixels 
and a measured channel noise variance of a~ = 10, and an average 
electrical power a; = 0.1. The channel has a 2D Gaussian shape with 
a variance a~ equal in both dimension, (a) a~ = 800, (b) a~ = 400, 
(c) a~= 200, (d) a~= 50. . . . . . . . . . . . . . . . . . . . . . . . . 83 

3.23 The spatial frequency response of the noise shaping term, \1-J[k1 , k2]!2, 
with first order noise shaping. The two filters configurations maximize 
the channel capacity when the channel OTF has a high bandwidth. . 84 

3.24 The aggregate capacity with a penalty function for a 2 x 2 filter topology. 85 
3.25 Noise shaping function 	\1- J[k1, k2]i2 of the optimal first order noise 

shaping filter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 
3.26 Noise shaping function \1- J[k1 , k2] \

2 of the optimal second order noise 
shaping filter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 

3.27 Comparison between 1st and 2nd order noise shaping for different halfton
ing levels. . . . . . . . . . . . . . . . . . . . . . . . . . 90 

4.1 	 The system setup for a wireless optical MIMO system. 96 
4.2 	 An illustration of translation, magnification and rotation on spatial 

images. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 
4.3 	 SDMT modulation divides the Nyquist region of the transmitter into 

N1 x N2 spatial frequency bins. In the model developed, each spatial 
bin is approximated by a delta function. . . . . . . . . . . . . . . . . 101 

4.4 	 Transmit images undergo rotation and magnification in space, these 
transforms correspond the inverse transform in spatial frequency domain.102 

4.5 	 An illustration of the different stages of a wireless optical MIMO system 
with magnification and rotation. Figure (a) shows the SDMT modu
lated data in the discrete spatial frequency bins at the transmitter 
side, Xr[k1, k2], (b) shows the transmit SDMT signal in the continu
ous spatial frequency domain, Xr(JI, !2), (c) shows the magnified and 
rotated SDMT signal in continuous spatial frequency, Xr(JI, !2), (d) 
illustrates the the spatial frequency spectrum of the windowed trans
formed signal, XR(f1 , !2), (e) illustrates the sampled version of the 
spatial spectrum of the windowed transformed signal, ~Rlk1 ,_k2], (f) 
shows the estimated transmit data at the receive side, Xr[k1, k2]. . . . 105 

4.6 	 The frequency response of some commonly used windowing functions, 
the integer frequencies correspond to the sampled frequencies in spatial 
frequency domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 

Xll 



List of Figures 

4.7 	 A stem plot ofthe coefficient matrix IU[k; k]i for a rectangular window, 
with k = 6. Notice that for unity magnification, the received signal at 
k = 6 consists only of the transmit data in frequency k = 6. As the 
magnification is changed, the received data in k = 6 is contaminated 
by the transmit data from all frequency bins, thus, giving rise to SF-ICI.llO 

4.8 	 A stem plot of the coefficient matrix IU[k; k]i for a Blackman window, 
with k = 6. For all magnification values, the received signal in k = 6 
is a combination of the transmit data in frequency k = 6 as well as its 
four neighboring frequency bins. The extent of the neighboring bins 
is defined by the width of the main lobe and the attenuation of the 
side-lobes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 

4.9 	 A plot of the absolute value of coefficient matrix, IU[kt, k2 ; kt, k2]1, 
when k1 = k2 = 5. (left) Rectangular window, (Right) Blackman 
window. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 

4.10 A plot of the absolute value of coefficient matrix IU[kt, k2 ; kt, k2JI when 
k1 = k2 = 5. (left) Rectangular window, (Right) Blackman window. . 114 

4.11 A plot of the absolute value of coefficient matrix IU[k1 , k2 ; k1, k2]1 when 
k1 = k2 = 5. (left) Rectangular window, (Right) Blackman window. . 114 

4.12 A block diagram of a wireless optical MIMO communication link with 
magnification. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 

4.13 An illustration of causal 	and non-causal 2D SF-ICI channels. For a 
SF-ICI channel, the current frequency denoted by [kb k2] suffer from 
spatial frequency inter-channel interference from its neighboring bins. 
Figure (a) illustrates a non-causal system since the interference in the 
current bin is due to previous and subsequent bins relative to the decod
ing path. Figures (c-d) illustrate causal systems since the interference 
in the current bin is strictly from previously decoded bins relative to 
the decoding path. . . . . . . . . . . . . . . . . . 117 

4.14 Precursor and Postcursor SF-ICI. . . . . . . . . . . . . . . . . . . . . 121 
4.15 A block diagram of a decision feedback equalizer. . . . . . . . . . . . 121 
4.16 An illustration of a decision feedback equalization for one-dimensional 

SDMT signal as described in equation (4.33). In this illustration T£ = 2 
and TH = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 

4.17 Precursor and postcursor spatial frequency inter-channel interference 
for two-dimensional interference channels. Notice that pre/post-cursor 
SF-ICI can only be defined relative to a decoding path. . . . . . . . . 126 

4.18 	The decision feedback equalizer is started from the high frequency spec
trum, since the transmit data is known to be zero. . . . . . . . . . . . 127 

4.19 Decision feedback equalization implemented in a 2D ICI channel. The 
channel is assumed to be causal in the decoding direction, Moreover, 
it is has a finite extent. . . . . . . . . . . . . . . . . . . . . . . . 128 

xiii 



List of Figures 

4.20 An illustration of, (a) Real window w, (b) Absolute value of the spa
tial frequency response of the real window IWI , (c) Real part of the 
designed complex window 1R{w}, (d) Imaginary part of the designed 
complex window 8'{w}, (e) Absolute value of the spatial frequency 
response of the complex window IWI. . . . . . . . . . . . . . . . . . . 131 

4.21 A comparison between different receiver designs. . . . . . . . . . . . . 133 
4.22 Absolute error between the integer period approximation, M, and the 

actual period of the magnified received signal as the magnification is 
changed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 

4.23 A plot of the signal energy used in equalization as the magnification is 
changed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 

4.24 A comparison between the bit-error rate of decision feedback equal
ization with a complex window, and a rectangular window with zero
forcing equalization for a SF-ICI limited channel. The magnification, 
E, is equal to 1/1.03. . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 

xiv 



List of Tables 

2.1 	 A table showing the measured noise variance 0'~ in spatial domain, for 

different frame sizes, N x N, and frame rates. . . . . . . . . . . . . . 36 


XV 






Abbreviations 


lD 

2D 

BER 

CCD 

CMOS 

DFE 

DFT 

DLP 

DMD 

DMT 

fps 

FTER 

Gbps 

HDS 

ICI 

IDFT 

lSI 

LCD 

LED 

LD 

One Dimensional 

Two Dimensional 

Bit Error Rate 

Charged Couples Device 

Complementary Metal Oxide Semiconductor 

Decision Feedback Equalizer 

Discrete Fourier Transform 

Digital Light Projection 

Digital Micro-mirror Device 

Discrete Multi-Tone 

frames per second 

Feedback to Total Energy Ratio 

Gega bits per second 

Holographic Data Storage 

Inter Channel Interference 

Inverse Discrete Fourier Transform 

Inter Symbol Interference 

Liquid Crystal Display 

Light Emitting Diode 

Laser Diode 

1 




Abbreviations 

Mbps Mega bits per second 

MIMO Multiple Input Multiple Output 

OTF Optical Transfer Function 

OLED Organic Light Emitting Diode 

PAN Personal Area Network 

PSD Power Spectral Density 

PSF Point Spread Function 

QAM Quadrature Amplitude Modulation 

RF Radio Frequency 

SDMT Spatial Discrete Multi-Tone 

SF-ICI Spatial Frequency Inter Channel Interference 

SINR Signal Interference to Noise Ratio 

SISO Single Input Single Output 

SLM Spatial Light Modulator 

SNR Signal to Noise Ratio 

ZF Zero Forcing Equalizer 

2 




Symbols 


[.] Discrete Domain 

(.) Continuous Domain 

* Continuous two-dimensional convolution 

® Two dimensional discrete convolution 

Q Commutative distribution function 

~ Quantizer step size 

~1 , ~2 Translation in space in each dimension 

() Angle of rotation 

E Optical magnification in space 

O"h A measure of the bandwidth of the optical transfer function 

O"~ Variance of quantization noise (Quantization noise power) 

O"; Variance of the input signal to the quantizer 

O"; Variance of the input signal (Average electrical power per bin) 

O"~ Power of channel noise 

~j Energy of the error diffusion filter j 

<I> x Power allocation matrix 

<I>ij Power spectral density of shaped quantization noise 

<I>¢ Power spectral density of the effective channel noise 

1/J Channel noise in space 

W Spatial frequency response of the channel noise 

3 



Symbols 

w Spatial frequency response of the effective channel noise 

c Aggregate channel capacity 

d Separation distance between constellation points 

Dr Pixel spacing at the receiver 

Dt Pixel spacing at the transmitter 

JI,/2 Continuous spatial frequency coordinates 

fi, !2 Transformed continuous spatial frequency coordinates 

h Channel point spread function 

H Channel optical transfer function 

i yCI 

j Error diffusion filter 

J Spatial frequency spectrum of the error diffusion filter 

Discrete spatial frequency coordinates at the transmitter 

Discrete spatial frequency coordinates at the receiver 

Number of quantization levels (Halftoning levels) 

Discrete spatial coordinates at the receiver 

Size of received frame (pixels) 

Discrete spatial coordinates at the transmitter 

Size of transmit frame (pixels) 

p Penalty function 

Pt Average optical power 

q Quantization noise 

Q Spatial frequency spectrum of the quantization noise 

ij Shaped Quantization noise 

Q Spatial frequency response of the shaped quantization noise 

Continuous spatial coordinates 

Continuous coordinates of the spatial transformed image 

X Continuous-tone spatial image 

4 



Symbols 

X Spatial frequency spectrum of the Continuous tone image 

x' Halftoned spatial image 

X' Spatial frequency spectrum of the Halftoned image 

xr Transmit image in space 

xr Transformed transmit spatial image 

Xr Spatial frequency spectrum of the transformed transmit image 

Xr Estimated transmit frame at the receiver side 

xR Received spatial image 

XR Spatial frequency spectrum of the received image 

U A weighing factor signifying the spatial frequency varying ICI 

v Input signal to the quantizer 

w Windowing function 

W Spatial frequency response of the windowing function 

y Optimization vector with filter parameters 

5 




Chapter 1 

Introduction 

1.1 Overview and Motivation 

As advancements in semiconductor technology keep pushing the envelop on the size, 

processing power, and functionality of electronic devices, portable electronic devices 

are gaining popularity. Such devices include cellular telephones, laptop computers, 

personal digital assistants and portable music/video players. In the late 1990's, there 

has been an emerging trend towards joint operation of the devices, where the devices 

interact with each other wirelessly, to enhance the user experience. Joint operation is 

done via a personal area network (PAN), which connects and exchanges information 

among devices [3, 4]. As portable devices increase in complexity and functionality, 

the need for high rate communication is likely to grow. This growth is largely owed 

to the increase of digital audio /video exchange among devices. 

At present, Bluetooth technology remains the preferred choice for implement

ing PANs [5]. Bluetooth is a wireless protocol utilizing short-range communication 

technology, facilitating both voice and data transmissions over short distances to dif

ferent devices [6]. Bluetooth communication is done over radio frequency (RF) with 
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data rates up to 3 Mbps [6] for "Bluetooth version 2.0 + EDR". Due to this low trans

fer rate, new methods for exchanging information between devices must be devised 

to keep up with the increase in demand for high data rate communication systems. 

Recently, WiFi technology has been considered as a potential candidate to replace 

Bluetooth technology in PANs [7]. Although WiFi (IEEE 802.11) can achieve data 

rates as high as 54 Mbps [8], it consumes large amounts of power compared with 

Bluetooth. Moreover, this technology operates in the 2.4 GHz frequency band, thus 

making it susceptible to interference from a range of wireless devices. Such devices 

include microwave ovens, Bluetooth devices, baby monitors and cordless phones. An

other possible candidate for implementing PANs, is the use of wireless optical links. 

Wireless optical links has been shown to achieve high data rates in the range of Gbps 

[9, 10], without interfering with other devices. 

In the last decade, it has been shown that introducing transmit and receive 

diversity in radio frequency (RF) systems is beneficial. By introducing this diversity 

to RF systems, improvements in data rate, error performance, and capacity have 

been achieved [11]. Systems utilizing transmitter and receiver diversity are termed 

multiple-input multiple-output (MIMO) RF systems. In contrast, Bluetooth and 

WiFi utilize a single transmit and receive antennas, thus dubbed single-input single

output (SISO) RF systems. Currently, efforts are begin made to standardize RF 

MIMO in WiFi systems (IEEE 802.lln). By applying MIMO technology to WiFi 

systems, data rate is expected to increase to at least 100 Mbps [12]. 

Note that in a practical MIMO implementation, the rates achieved are less 

than the theoretical capacity limits. The reduction in the achieved rate is due to 

correlation between the signal in each receive antenna [13, 14]. This effect has been 

investigated theoretically in [15, 16], and practically verified in [17]. In [13] it was 

shown that the correlation is proportional to the separation distance between the 

antennas. In [18], a MIMO link using dipole and small ceramic antennas operating at 
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FIGURE 1.1: A one-dimensional optical intensity channel. 

2.4/2.6 GHz was si1nulated. From this experiment it was shown that if the antenna 

separation is 0. L\ , then the correlation between the received signals is 0.8, where .A is 

the wavelength. Based on the previous discussion, one can conclude that in RF MIMO 

system, the required separation distance between the antennas is larger than that of 

the Optical MIM 0 system. As a result, the number of antennas in a practical RF 

MIMO syste1n is limited. In wireless optical systems, trans1nit and receive diversity 

can also be implen1ented to reap considerable benefits. Since optical wavelengths 

are orders of n1agnitude shorter that RF wavelengths, an opticall\IIIMO syste1n can 

be implemented practically at a large scale. Thus achieving an im1nense increase in 

channel capacity. 

Wireless optical MIMO syste1ns are realized by using a two-dhnensional ar

ray of coupled optical intensity channels. An optical intensity channel uses intensity 

n1odulation and direct detection. Meaning that information is transmitted by mod

ulating the instantaneous intensity of a light source [19]. For a typical configuration, 

the trans1nitter is a light emitting diode (LED) , and the receiver is a photodiode. 

Figure 1.1 shows the layout of an optical intensity channel. At the transmit side, 

the brightness of the LED changes in correspondence to an electrical data signal. At 

the receive side, the photodetector converts changes in light intensity to changes in 

electrical signal. The electrical signal is then decoded and the data extracted. Since 

data are modulated as an intensity, a line-of-sight between the trans1nitter and the 

receiver must be established to convey information. In addition, the optical signal 

must have a non-negative a1nplitude, and it 's average and peak .optical power are 

restricted due to skin and safety regulations [20]. 
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In this section, it was shown that spatial diversity can be exploited in the 

wireless optical channel at a very large scale by considering a 2D array of optical in

tensity channels. Consequently, the wireless optical MIMO channel can achieve much 

higher data rates compared with their RF counterpart. Moreover, the use of optical 

wavelengths in data transmission adds a layer of security in a closed indoor environ

ment. This layer of security is a direct result of requiring a line-of-sight between the 

transmitter and the receiver to establish communication. Unlike RF MIMO, wireless 

optical MIMO links utilize the unregulated optical spectrum. As a result, such links 

are not subject to spectrum licensing fees. Due to these benefits, the wireless optical 

MIMO channel presents a good choice for short-range, high data rate, low cost, and 

secure communication link. 

1.2 Wireless Optical MIMO Applications 

Current spatial light modulation technology can modulate millions of pixels (channels) 

independently. Moreover, these devices can operate at a very fast frame rate. As a 

result, wireless optical MIMO channels can provide high data rate. Due to their 

inherent high data transmission rates, wireless optical MIMO systems have found 

a niche in many future applications. Such applications include holographic data 

storage systems [21-23], optical interconnects [24, 25], two-dimensional (2D) bar codes 

[26, 27), and wireless optical MIMO communication systems [28-31]. 

1.2.1 Holographic Data Storage 

Recently, the introduction of high-definition digital multimedia caused an increase in 

demand for realtime, high capacity storage systems. Although current serial storage 

technologies are keeping pace with the increase in demand, there is strong evidence 
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that these technologies are approaching their fundamental limits [32]. Therefore, new 

storage techniques must be devised to cope up with future increase in demand. Holo

graphic data storage (HDS) is a digital storage technology that is being considered as a 

replacement for current serial storage systems. In serial storage technologies, bits are 

stored individually on the surface of a storage medium. In contrast, holographic data 

storage stores pages of binary data throughout the volume of the recording medium 

[33, 34]. Due to the volumetric approach in storing information, such systems are 

theorized to achieve capacities exceeding 1 Tb/cm3 [35}. Moreover, holographic data 

storage systems are expected to achieve data transfer rates exceeding 10 Gbps [36, 37]. 

In 2006, InPhase Technologies published a white paper reporting an achievement of 

500 Gb/in2 and a read/write rate of 13 MBytes/s and 23 MBytes/s respectively [38]. 

Figure 1.2, shows a typical setup for a holographic data storage system. To 

write data in a holographic data storage system, binary data are multiplexed spatially 

into two-dimensional images. A spatial light modulator modulates the data frame into 

a coherent image. The coherent image is then projected into a crystal, and is stored as 

an interference pattern with a reference beam. To recover the binary data, a reference 

beam is shined at the position where data is stored. A holographic reconstruction 

of the stored image is then projected onto a detector array (39]. The reconstructed 

frame is processed and binary data are extracted. 

Holographic data storage systems suffer from many channel impairments, as 

is the case for other wireless optical MIMO based systems. These impairments affect 

the reliability of data detection. The major impairments are due to many sources of 

noise present, misalignment, and spatial inter-symbol interference (lSI) (21, 23, 40]. 

Much research is being done to increase the reliability of detection. In [41], a detection 

technique combining the application of the Viterbi algorithm across each row, with 

decision feedback from previous rows was introduced for lSI limited systems. In their 

work, the combined detector achieved a BER in the order of 10-4 , compared with 
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Reference Beam 

FIGURE 1.2: A holographic data storage system utilizing optical MI:NIO techniques. 

10-1 for threshold detection. In [42], the authors considered using decision feedback 

equalization (DFE) with arbitration. In their work, the DFE algorithm was started 

from different locations in the in1age. The final value of each pixel was detennined 

by co1nparing the output of all algorithm runs for that pixel position, and choosing 

the most common value. Other techniques to improve the BER performance is to 

consider constrained coding. In constrained coding, 2D codes are applied to load data 

into an in1age in a way that forbids some patterns from occurring. These patterns are 

associated with causing a high bit error rate. Therefore by removing theses patterns, 

the BER is reduced. In [43], a constrained code with code rate of 3/4 was applied tq 

a 2D holographic data storage channels. In simulation, the new code achieved a BER 

on the order of 10-3 with a coding gain of 5 dB. To reduce the effect of n1isalignment 

the oversampling of holographic data images was considered in [44, 45] . .In their work, 

the reconstructed hologram was over-sampled then resampled to reduce the effect of 
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misalignment. 

1.2.2 Optical Interconnects 

As technological advancements in microelectronics push the envelope on the computa

tional power of microprocessors, the need for higher data flow to and from the proces

sor is required. Current technology rely on copper interconnects inlaid to printed cir

cuit boards. However, as the operating frequency increases, the attenuation, crosstalk, 

and inductance in the copper wires constitute challenges during the design process 

[46]. Moreover, copper interconnects are near reaching their physical limit of 15 Gbps 

[47]. Currently, research is begin done to replace copper interconnects with optical 

ones. The use of optical intercmmects is expected to eliminate many design problems 

[47], and achieve data rates exceeding 20 Gbps [46]. There exist a variety of optical 

interconnects, the most relevant to this work are two-dimensional wireless optical in

terconnects. In such systems, there are multiple interconnects working in parallel to 

communicate data at the chip-to-chip, board-to-board, or board-to-backplane levels. 

In [48], a 4 x 4 wireless optical interconnect demonstrated with an aggregate 

data rate> 1.7 Gbit/s. A 256-channel bidirectional optical interconnect between two 

circuit boards was demonstrated in [49]. The link used an array of vertical cavity 

surface emitting lasers (VCSEL) and an array of photodetectors (PD) as a receiver. 

This demonstration proved the viability of free-space optical interconnects at the 

board level. As with any wireless optical MIMO system, spatial misalignment can 

degrade link performance. In [50], a real time active alignment system for wireless 

optical interconnects was demonstrated. Their proposed system for misalignment 

error compensation was demonstrated for a range of dynamic disturbances up to 

118Hz. 
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1.2.3 Two-dimensional Barcodes 

A barcode is machine readable, optical representation of an alphabetical and/or nu

merical sequence of symbols. This representation is commonly used for reliable and 

rapid identification of products, documents and people [51]. In recent years, barcodes 

have been integrated into a vast number of applications, some of which require a large 

number of symbols for identification. This led to the development of two dimensional 

barcodes. Two-dimensional barcodes are spatial codes that encode data symbols into 

patterns along two spatial dimensions. As a result of using spatial diversity, 2D bar

codes have higher capacity than traditionallD barcodes. There exist many variations 

of 2D barcodes. Figure 1.3 shows some examples of common 2D barcodes. From a 

communication perspective, the 2D barcode is equivalent to a pixelated transmitter. 

And the barcode scanner is equivalent to the receiver. To read a 2D barcode, a scan

ner captures an image of the 2D barcode. This image is then processed and data 

in each pixel detected. Blocks of pixels are then used to decode transmit symbols. 

For this channel, noise, spatial misalignment and lSI constitute the major sources 

for error. In [26, 27], the authors consider the design of such codes to increase the 

probability of correct detection. 

1.2.4 Wireless Optical MIMO Communications 

In an information age driven by the exchange of mass multimedia content, the need 

for secure and high data transmission rate links is impeccable. As a result, wireless 

optical MIMO systems are being contemplated for short-range indoor communication 

links. This is due to their high security and fast data transmission rates. 

For wireless optical MIMO links, each transmit and receive element is termed 

a pixel, thus the name pixelated optical transmission. A typical configuration for 

a wireless optical MIMO communication channel is shown in Figure 1.4. For such 
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PDF417 Barcode 

FIGURE 1.3: Various types of two-dimensional barcodes, (Generated online from 
[1]). 

a channel, a spatial light modulator (SLM) is used as a transmitter, and a two

dimensional array of photodetectors is used as a receiver. To transmit information, 

data is multiplexed spatially by modulating the intensity of each transmit pixel at the 

SLM. Consequently, generating an intensity image corresponding to the input data. 

Note that the generated intensity image must satisfy non-negativity, and its average 

and peak powers must adhere to safety regulation as in [20]. At receive side, imaging 

optics project the transmit intensity image onto a two-dimensional photodetector 

array. The detector array samples the spatial intensity distribution of the projected 

image to create an electrical equivalent. The electrical signal is then processed to 

extract the transmitted data. 
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FIGURE 1.4: A wireless optical MIMO system. 

In [30], a prototypical wireless optical MIMO communication system was im

plemented. The system was realized using a 512 x 512 pixel liquid crystal display with 

256 intensity levels. The receiver consisted of a CCD digital camera with 154 x 154 

pixels operating at 60 frames per second. In their work, data was multiplexed in 

spatial frequency domain using spatial discrete multi-tone modulation (SDMT) [52, 

Chapter 7]. By applying multi-level coding coupled with multi-stage decoding, the 

link achieved rates of approximately 17 kbits per frame, which is about 76% of esti

mated channel capacity [30]. 

In [31], the authors introduced binary halftoned SDMT modulation. In con

trast to SDMT modulation, binary half-toned SDMT resulted in a great reduction in 

implementation complexity. Reduction in complexity was brought by limiting trans

mit intensity to a binary set , i.e. transmitter can only output two intensities on or 

off. Such transmitters are far simpler to build and can operate at very high frame 

rates (thousands of frames per second). A digital micro-mirror device (DMD) is an 

example of a binary transmitter [53]. As an example, a DMD device with a 1024 x 768 

pixels, can operate at ~ 10,000 frames per second [54], resulting in a maximum total 

I I 
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data transmission rate of 1 GB/s. In [55], the channel capacity was simulated for a 

binary halftoned SDMT system, using actual channel measurements. The simulation 

predicted rates on the order of 450 Mbps for a 1m link using 0.5 megapixel arrays at 

7000 frames per second. 

In [56], the authors studies spatial multiplexing in optical wireless MIMO com

munications over indoor environments. In their work, a one-dimensional array of laser 

diodes acted as the transmitter, and an array of photodetectors acted as the receiver. 

Intensity modulation and direct detection was utilized to transmit information across 

the link. Using this system, the data was split into different streams for each trans

mitting element. For each transmitting element, the data was used to modulate its 

intensity. At the receiver, each photodiode received a weighted sum of the transmit 

intensities. As a result, the wireless optical MIMO channel was modeled as begin a 

spatial ISI channel. To equalize the spatial ISI, a system of linear equations was used 

to relate the received data with the transmit data. Then, joint equalization was per

formed to equalize the ISI. Note that joint equalization is computationally expensive 

for the wireless optical MIMO links considered in this work. This is due to the large 

number of transmitters and receivers used. A more detailed look at joint equalization 

is presented in Section 4.4.1. 

1.3 Contributions 

The goal of this research is to provide a foundation for the practical implementation 

of wireless optical MIMO communication links. In previous work done on optical 

MIMO communication channels, SDMT modulation was used to mitigate the effects 

of spatial misalignment [30]. Such a modulation scheme requires a complex design, 

thus limiting its practical implementation. Binary halftoned SDMT modulation was 

then introduced to reduce the complexity at the cost of reducing channel capacity [31]. 
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In the first part of this thesis, methods to increase the channel capacity are introduced 

for halftoned SDMT systems. The first method uses multi-level halftoned SDMT 

which achieves gains in capacity, while maintaining low transmitter complexity. The 

second method considers the use of higher order noise shaping to realize gains in the 

capacity. While in other literature, noise shaping filters were designed heuristically 

[31]. In this thesis, optimization techniques are used to design the filters, in order to 

maximize the channel capacity. 

In the second part of this thesis, a receiver is designed to counter the impact 

of channel impairments. In practice, wireless optical MIMO communication chan

nels suffer from many channel impairments. Spatial misalignment, magnification and 

rotation are examples of such impairments. In previous research, the effects of mag

nification and rotation on transmit signals were ignored. Realizing such systems in 

practice is infeasible, especially for the indoor wireless optical MIMO communication 

systems considered in this work. The presence of such impairments in the channel 

causes severe inter-channel interference. Thus, causing a high probability of error. 

This thesis is novel because it considers a low complexity receiver design to overcome 

such impairments. The solution relies on a model that was derived to encompass the 

effects of spatial misalignment, magnification and rotation. With perfect knowledge 

of channel impairments, the channel model is used along with windowing techniques 

and decision feedback equalization to reduce the probability of error. 

Moreover, a prototype optical wireless MIMO communication system was 

built. The system was used to characterize and quantify channel parameters. These 

measurements were used to simulate the channel capacity for binary halftoned SDMT 

systems. The results of this work were presented at the International Conference on 

Communications (ICC 2008) in Beijing, China [55]. These results were also used 

to estimate the channel capacity of multi-level halftoned systems with higher order 
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noise shaping. The results were presented at the 24th Queens Biennial Symposium 

on Communications, Kingston, ON (57]. 

1.4 Thesis Structure 

In Chapter 1, the wireless opticallVIIMO channel was introduced. This subject was 

motivated by a brief discussion regarding some of its applications. In Chapter 2, the 

details of the channel model are discussed. The application of spatial discrete multi

tone modulation in wireless optical MIMO communication channels is discussed. A 

prototype wireless optical MIMO communication systems is presented. The proto

type link is used to measure the cham1el parameters. Chapter 3 introduces multilevel 

halftoning and higher order noise shaping as methods to reduce the practical com

plexity of SDMT systems while enhancing the channel capacity. The channel capacity 

for multilevel SDMT systems is approximated. The chapter is concluded with so1ne 

simulation results. In Chapter 4, the effects of translation, magnification and rota

tion on transmit SDMT signals are discussed and modeled. Detection techniques are 

developed to combat the effects of magnification. The thesis is concluded in Chapter 

5, with some conclusions and future research directions. 
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Chapter 2 

Channel Modeling, Modulation 

and Measurements 

2.1 Background 

In Chapter 1, the motivation behind applying spatial degrees of freedom in wire

less optical channels was introduced. In such channels, spatial diversity is exploited 

at a grand scale by considering a large assembly of optical intensity channels. For 

the systems considered in this work, the number of optical channels is on the or

der of thousands. To effectively utilize the added spatial diversity, knowledge and 

understanding of the channel is essential. In this chapter, a wireless optical MIMO 

communication channel is studied, and a channel model is developed. The use of spa

tial discrete multi-tone modulation (SDMT) is discussed, and the channel capacity 

is approximated for SDMT modulated systems. A prototype wireless optical MIMO 

links is presented. The links is used to measure and quantify the channel parameters. 
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2.2 Channel Modeling 

2.2.1 Channel Topology 

Wireless optical MIMO channels require the transmit data to be in the field-of-view 

of the receiver, i.e., a line-of-sight must exist between both ends of the link. In 

the channels considered, there are two possible topologies that satisfy this condition. 

Figure 2.l(a) shows the first topology where the transmitter and the receiver are 

facing each other. As a result, there is a direct line-of-sight between both ends of 

the link. Figure 2.1(b) shows the second topology where the transmitter projects 

data images in the field-of-view of the receiver. Thus, there exist a direct line-of-sight 

between the projected transmit image and receiver. In both topologies, the transmit 

data image and the receiver elements are not assumed to be pixel-matched, only that 

their optical axis coincide so that the received image is an orthographic projection of 

the transmitted image. 

To generate data images, the transmitter makes use of a two-dimensional 

(2D) spatial light modulator (SLM). By modulating each pixel, an intensity image is 

formed. For links utilizing the first topology, a liquid crystal display (LCD) [58], and 

organic light emitting diode (OLED) display [59], constitute two possible choices for 

a SLM. For the second topology, any SLM with light projection capabilities can be 

used. Examples of such technology include, liquid crystal on silicone (LCOS) [60], and 

digital light projection (DLP) technology. Digital light projection is based on a two

dimensional array of independently controlled digital micro-mirror devices (DMDs), 

where each mirror corresponds to a pixel in the projected image. The application of 

a positive voltage to the mirror, causes the mirror to tilt towards a light source, thus, 

forming a bright spot. The application of a negative voltage causes the mirror to tilt 

away from a light source, thus forming a dark spot [53]. 
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FIGURE 2.1: Different topologies for the wireless optical MIMO communication 
system. (a) Direct line-of-site between transmit and receive sides, (b) Direct line

of-site between the projected image and receive side. 
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An optical MIMO receiver consists of a 2D array of photodetectors. The pho

todetector array samples the spatial light intensity distribution of the projected data 

image, and outputs an equivalent electrical signal. A possible receiver implementation 

makes use of a digital camera. The imaging sensor for a standard digital camera can 

be implemented using a 2D array of charged coupled devices ( CCD), complementary 

metal oxide semiconductors (CMOS), or photodiodes. For the application considered 

in this work, a CMOS imaging sensor is most suited for realizing a wireless optical 

MIMO receiver. This is due to its ability to operate at high frame rates, and its high 

signal to noise ratio (SNR) compared with other image sensing technologies [61, Ch. 

6}. Moreover, since a CMOS imaging sensor can be easily integrated with CMOS 

based digital circuitry, it is possible to implement the wireless optical MIMO receiver 

on a single chip. 

2.2.2 Channel Point Spread Function 

A wireless optical MIMO channel is based on an imaging system, where imaging optics 

are used to project transmit data images onto the receiver's photodetector array. From 

scalar diffraction theory, the channel response of the imaging system can be modeled 

as a linear space-invariant, low-pass filter (62]. The impulse response of the channel 

is referred to as the point spread function (PSF), and its spatial frequency response 

is termed the optical transfer function ( OTF). The effect of the PSF is exemplified 

by the blurring of received images, as illustrated in Figure 2.2 (a) and (b). Note 

that the images shown are not the actual transmit data image, they are merely an 

illustration of a concept. Figure 2.2 (c) and (d), show the spatial frequency content 

of the transmit and receive image respectively. Notice that the high spatial frequency 

content of the transmit image is attenuated at the receiver. The attenuation is caused 

by the low-pass characteristic of the channel OTF. 
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(a) (b) 

(c) (d) 

FIGURE 2.2: The effect of imaging optics on a transmit image. (a) Transmit 
image, (b) Receive image, (c) Spatial frequency spectrum of the transmit image, 
(d) Spatial frequency spectrum of the receive image. In the figure, the channel 

OTF is approximated by a 2D Gaussian shape. 

Assuming that the receive image is parallel to the transmit one, the PSF is 

well approximated by a 2D truncated Gaussian shape [62]. Empirical measurements 

performed in [52] and [55] to estimate the PSF suggest that this approximation is rea

sonable. Figure 2.3 shows the resampled estimate of the PSF and the OTF measured 
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FIGURE 2.3: An illustration of, (a) the sampled point spread function model, (b) 
the sampled optical transfer function model. 

in Section 2.4. 

2.2.3 Noise Characteristics 

The wireless optical MIMO channel suffer from many sources of noise. The most 

dominant of which are thermal noise, shot noise [63], and fixed pattern noise. 

Thermal noise is present in all electronic systems. It is caused by the random, 

and independent motion of electrons inside a resistive medium, due to thermal exci

tation [63]. In electronic systems, thermal noise causes voltage fluctuations which are 

usually modeled as being additive and Gaussian with zero mean. 

Shot noise is a type of noise caused by the random arrival time of photons [63]. 

In an optical system, photons arrive randomly at the photodetector, thus creating 

fluctuations in the electrical current . For example, if transmit intensity is constant, 

the emitted photon rate is not uniform. A good model for this behavior is the Poisson 

distribution. As the intensity of the optical signal increases, the number of emitted 
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photons is increased. Under such conditions, the distribution of shot noise is approx

imated as being Gaussian with a large positive mean. The positive mean reflects the 

non-negativity of the optical intensity signal. 

Fixed pattern noise (FPN) is a 2D spatial noise resulting from device mis

matches in the pixels of an imaging sensor [61, Ch. 6, Sec. 9], variations in amplifier 

gains, and mismatches between the analog to digital circuitry used [64]. This type of 

noise is most visible with low illumination conditions, as is the case for high frame 

rate wireless optical MIMO communication links. Due to the deterministic nature of 

this noise, it is possible to compensate for it at the receive side. Therefore, this type 

of noise is not considered in the channel model presented in Section 2.2.4. 

2.2.4 Channel Model 

Studying the communication aspect of the wireless optical MIMO channel requires 

the development of a mathematical model. This model should reflect all physical phe

nomena that affect communications on the link. Moreover, the model should take into 

account spatial misalignment, magnification and rotation. To derive a mathematical 

model for the channel, the following assumptions were made: 

(a) Each receive pixel images multiple transmit pixels. This assumption arise as a 

direct result of the channel PSF, and the mismatch in pixel sizes between the 

transmitter and the receiver. The channel PSF and the mismatched pixel sizes 

causes the intensity of each transmit pixel to diffuse into its neighboring pixels 

at the receiver. 

(b) 	The receive image is an orthographic projection of the transmit one, i.e. the 

receiver plane is parallel to the transmitter plane. For short-range wireless 

optical MIMO links, this assumption is reasonable since it is possible to align 

both sides of the link as to satisfy this condition. 
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(c) 	 Thermal noise due to the receiver electronics is the dominant source of noise. 

This assumption is valid for wireless optical MIMO links operating at high 

frame rates. In a wireless optical MIMO communication system, thermal noise 

(signal independent noise) and shot noise (signal dependent noise) contribute 

to the noise at the receiver. As the number of frames transmitted per second 

is increased, the exposure time of each frame is reduced. The reduction in the 

exposure time causes less photons to arrive at each photodiode. Consequently, 

the power of shot noise is reduced in comparison with the power thermal noise. 

Using the previously stated assumptions, the wireless optical MIMO channel 

can be modeled in discrete spatial domain, [n1,n2] as follows, 

XR[nl, n2] - xr[T{x, Y }x=n1Dr] Q9 h[T {x, Y }x=n1Dr] + 1/J[nll n2]
y=n2Dr y=n2Dr 

(2.1) 

(2.2) 


where, xR and xr are the received and transmitted intensity images respectively, h 

is the channel PSF, and V' is the thermal noise. The transformation T {.}, signifies 

the remapping of the coordinates caused by spatial misalignment, magnification and 

rotation. The spatial sampling rate (pixel spacing) at the receiver is Dr in both 

spatial dimensions, and Q9 is the two-dimensional discrete convolution. From (2.1), the 

received image is equivalent to the sampled transformed transmit image, convolved 

with the sampled version of the transformed channel impulse response, plus thermal 

noise. The condition in (2.2) reflects the non-negativity constraint on the transmit 

signal intensity. 
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2.3 Spatial Discrete Multi-tone Modulation 

In wireless optical MIMO systems, there are two techniques to multiplex data into 

transmit frames. For the first technique data are multiplexed spatially [65-67]. For 

the second technique data are multiplexed in spatial frequency domain [30, 68]. In a 

communication system, the choice of a multiplexing technique greatly affects system 

performance. Previous work done in this area [30, 68], showed that spatial frequency 

multiplexing is a robust technique to counter the effects of spatial misalignment. 

Therefore, this technique is the method of choice for multiplexing data into transmit 

frames for a wireless optical MIMO communication system. 

Multiplexing data in spatial frequency requires the use of spatial discrete multi

tone modulation (SDMT). Spatial discrete multi-tone modulation is an extension of 

discrete multi-tone modulation (DMT) to 2D space [52]. This modulation technique 

is based on frequency division multiplexing, where the spatial frequency spectrum is 

divided into a number of discrete bins [69, Ch. 6, sec. 13][70]. Each bin is considered 

to be a sub-channel working in parallel with other sub-channels to transmit data across 

the link. In this section, the application of SDMT modulation to the wireless optical 

MIMO channel is discussed. A general system overview for an SDMT transmitter is 

presented. An expression for channel capacity is derived for a wireless optical MIMO 

channel employing such a modulation scheme. A detailed system design and practical 

implementation issues are then discussed. 

2.3.1 SDMT System Overview 

In SDMT systems, data to be transmitted are divided into parallel streams for each 

available sub-channel. The number of bits to allocate depends on the SNR in each sub

channel. Digital modulation techniques are applied to modulate data in each spatial 

frequency channel. In spatial domain, transmit images are generated by taking the 2D 
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FIGURE 2.4: A block diagram of a SDMT transmitter. The generated SDMT 
modulated frame is of size 16 x 16 pixels, and the width of the added cyclic extension 

is 3 pixels on each side. 

inverse discrete Fourier transform of the data loaded in the discrete spatial frequency. 

A cyclic extension is appended to each generated image before transmission as in 

Section 2.3.2.3. Figure 2.4 shows a block diagram of an SDMT transmitter. To 

recover transmit information at receive side, the cyclic extension is stripped from the 

receive images. The 2D discrete Fourier transform is computed. Data is recovered by 

demodulating the symbols in each spatial frequency bin. 

2.3.2 System Design 

Dividing data into parallel streams, requires knowledge about the number of bits 

that can be loaded in each sub-channel. This knowledge comes as a direct result of 

choosing a digital signaling scheme to achieve a desired probability of error. In this 

work, QAM modulation is chosen because of its high achievable bits per channel use 

[71 , Ch. 4, sec. 2]. 
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2.3.2.1 M-ary Quadrature Amplitude Modulation 

Quadrature amplitude modulation is a digital modulation technique that modulates 

the amplitude of two orthogonal basis functions. Often, sinusoids are chosen as basis 

functions for easy implementation. The concept of QAM can be extended to 2D space 

by considering basis functions that are orthogonal in 2D space. Due to the use of 

SDMT modulation in this work, the following basis was chosen, 

(2.3) 


From (2.3), notice that the chosen basis constitute a 2D complex exponential term 

with discrete spatial frequency [k1, k2]. Moreover, the basis chosen is identical to that 

of the inverse discrete Fourier transform. Consequently, QAM modulation can be 

simply applied by using the inverse discrete Fourier transform [72]. As an example, 

let the loaded symbol in frequency bin [k1 , k2] be denoted by Xr[k11 k2]. Then the 

modulated transmit signal in spatial domain can be expressed as follows, 

(2.4) 

From (2.4), notice that each complex symbol Xr[k1 , k2] modulates a 2D complex 

exponential basis. A 2D transmit signal xr[n1 , n2] is generated by summing those 

modulated waveforms. 

As with many digital modulation schemes, a QAM symbol Xr[k11 k2] is gen

erated by mapping a number of binary bits into a complex symbol. Typically, these 

symbols are denoted by points in a constellation diagram, as shown in Figure 2.5. 

The number of points in each constellation, and the separation distance d are chosen 

to satisfy a given probability of error, and au average energy constraint, or capacity. 
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FIGURE 2.5: An illustration of, (a)16-QAM constellation, (b) 32-QAM constella
tion. 

In SDMT modulation, each spatial frequency bin [k1, k2] has an Nf-ary QAM 

constellation. The constellation size is determined by the signal to noise ratio (SNR) 

and a required probability of error. In this work, the signal in each bin must satisfy 

an average power constraint to maximize the channel capacity. More details on how 

to obtain the average power in each bin is presented in Section 2.3.3. This power 

constraint affects the probability of error and the size of the constellation in each 

bin. To choose a QAM constellation for each spatial frequency bin, the SNR in each 

bin is used to compute the probability of error for different constellation sizes. The 

constellation size with a probability of error equal or less than the desired value is 

chosen. 

Since the SNR is different in each spatial frequency bin, a different constellation 

size is chosen for each bin. Figure 2.6 shows the size of the QAM constellations used 

for continuous-tone SDMT modulation. For the figure, the channel OTF is assumed 

to be a 2D Gaussian shaped with variance of a'Jt = 3.4 in each dimension, and the 

channel noise power in each frequency bin is 10. The QAM constellations where 

chosen to satisfy an average power constraint, and a probability of error ~ 10-4 in 
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FIGURE 2.6: The size of a QAM constellation changes for each spatial frequency 
bin to achieve a probability of error of w-4 and an average electrical power per 

channel given by water pouring 2.3.3. 

each spatial frequency bin. The average power constraint is given by water pouring 

as in 2.3.3. 

2.3.2.2 Data Loading and Transmit Frame Generation 

In the wireless optical MIMO channel considered, information is conveyed by modu

lating the intensity of a light-source. As a result, transmit frames must be real and 

non-negative. Since the 2D discrete inverse Fourier transform is used to generate 

transmit frames from the loaded data in spatial frequency, Hermitian symmetry must 

be satisfied to ensure transmit frames are real. :tvlathematically, Hermitian symmetry 

is expressed by, 

Xr[Nl - k1, N2 - k2] = x;[k1, k2] (2.5) 
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FIGURE 2. 7: An illustration of, (a) The data loaded into 2D complex spatial 
frequency bins, (b) The transmit frame is generated by taking the 2D inverse Fourier 

transform of loaded data. 

where Xr is the data frame, [k1 , k2] are the discrete spatial frequency coordinates, 

N1 and N2 are the number of frequency bins in each frequency dimension. Notice 

that by imposing Hermitian symmetry, the capacity per frame is halved. Figure 2. 7 

shows the loaded data in spatial frequency domain, and the corresponding generated 

transmit image. Data is loaded in each bin by mapping the binary data word into 

constellation symbol. 

2.3.2.3 Cyclic extension 

Due to the discrete and finite nature of transmit and receive elements, the discrete 

Fourier transform (DFT) and its inverse (IDFT) are used to realize SDMT modulation 

in practice. The use of the DFT imposes conditions on transmit signal in space and 

spatial frequency. The first condition requires the signal to be discrete in space and 

in spatial frequency. The second condition imposes periodicity on the signal in space, 

and its spectrum in spatial frequency. In general, if a system satisfies the periodicity 
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condition, it can be described as follows, 

(2.6) 


where R is the receive frame, X is the transmit frame, H is the channel OTF and 

\II is the noise in spatial frequency domain. From (2.6), the receive frames can be 

equalized by a multiplication with a complex constant. From a practical perspective, 

the first condition is always satisfied due to the discrete nature of devices used. But, 

the second condition is not satisfied due to the finite size of such devices. By violating 

the periodicity condition, inter-channel interference arise between the discrete spatial 

frequency cha1mels. Thereby increasing the complexity of equalization algorithms at 

the receive side. 

To overcome channel crosstalk, a cyclic extension is appended around the 

transmit images [30, 68]. The purpose of the cyclic extension is to make transmit 

images appear periodic to the channel [73]. Thereby, satisfying the periodicity con

dition. As a result, receive frames can be expressed by (2.6). Thus, reducing the 

complexity of equalization to a multiplication by a constant. 

Due to the finite width of the channel PSF, it is sufficient to add a cyclic 

extension of width equal to half the width of the PSF. Appending a cyclic extension 

to a transmit image encapsulates the image in a frame. This frame is formed by 

periodically extending the signal in 2D space. Figure 2.8 shows a cyclic extension 

applied to an image. Note that the red line was added to indicate the boundary of 

the cyclic extension to the reader, this line would not appear in actual transmitted 

frames. 
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FIGURE 2.8: Transmitted image generated by appending a cyclic extension to the 

IDFT of the SDMT frame. 


2.3.3 Channel Capacity 

In general, evaluating the channel capacity for a wireless optical MIMO channel is 

not an easy task. In this work, assumptions were made to formulate a closed form 

expression for the channel capacity. For the first assumption, the number of transmit 

and receive elements are the same. Note that this condition is not a necessary one, 

it is only used to simplify the derivation of the channel capacity. For the second 

assumption, it is assumed that the channel is transformation free, i.e. magnification 

is unity, and rotation is zero. This assumption is valid since spatial transforms remap 

data in space, consequently, the information is preserved. For the third assumption, 

it is assumed that the channel noise is dominated by thermal noise , which is modeled 

as being additive and Gaussian as in Section 2.2.3. Noise in optical MIMO systems 

consist of thermal noise and shot noise. As the frame rate is increased, the exposure 

time is decreased, resulting in the power of shot noise to decreased. The reduction 

in shot noise power is due to low number of photons arriving at the imaging sensor 
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during the shorter exposure time. Therefore, one can say that as the frame rate is 

increase, thermal noise dominates shot noise. 

Using these assumptions, equation (2.1) can be rewritten to express the re

ceived frames in spatial frequency domain [k1 , k2] as follows, 

(2.7) 

where XR is the DFT of the receive frame xR, Xr is the DFT of the transmit frame 

xr, His the channel OTF, and \ll is the DFT of receivers thermal noise. At receive 

side, receive frames are equalized by a multiplication with the channel inverse to get, 

(2.8) 

where, q, is equal to 

q,[k k ] = 'W[kl, k2]
1 2 (2.9) 

' H[kr, k2] 

From (2.7), notice that the SDMT system in spatial frequency domain can be seen 

as a collection of parallel Gaussian channels. Therefore, the channel capacity can be 

estimated by [31], 

(2.10) 


where C is the aggregate channel capacity, N1 and N2 correspond to the number 

of spatial frequency bins in each spatial dimension, <Px[kl, k2] and <P~[k11 k2] are the 

allocated power and the noise power in spatial frequency bin [k1 , k2] respectively. Note 

that the capacity in (2.10) is merely an estimate due to the non-negative amplitude 

constraint imposed on the transmit intensity signal. 

To derive the channel capacity, it was assumed that the channel is composed 

of a number of parallel Gaussian channels. This assumption implies that the intensity 

distribution of the generated SDMT transmit frame, is approximated by a Gaussian 
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with variance equal to the average electrical power [74, Ch. 3, sec. 3]. Due to 

the Gaussian distribution of the transmit frame intensity, the intensity can have 

positive and negative values, thus, violating the non-negativity constraint imposed 

by the optical intensity channel. To satisfy the non-negativity with high probability, 

a constant bias is added to the image such that the probability of negative intensity 

is very low. Due to this method, the capacity in (2.10) is an estimate of the actual 

constrained channel capacity. For more details, refer to Chapter 3. 

Now that an expression for the capacity is estimated, it is important to find the 

power allocation, <I> x, that maximizes this expression. From optimization theory, the 

optimum power allocation that maximizes channel capacity is found by applying the 

Water Pouring algorithm [75]. In one dimensional case, the water pouring algorithm 

can be expressed mathematically as follows [2, Ch. 5, sec. 5], 

N-1

L max{O, 1/v*- an}= (J';N (2.11) 
n=O 

where (]'; is the average electrical power per bin, N is the total number of available 

bin. The equation above states that the sum of power allocated in all bins, is equals 

to the total power available. Figure 2.9 represents an illustration of the water filling 

algorithm in (2.11). From Figure 2.9, notice that more power is allocated to the 

channels with low noise power, while, less power is allocated to channels with high 

noise power. Notice also that for some channels no power was allocated due to the 

high noise power. The concept of water pouring can be extended to 2D case. Figure 

2.10 shows power allocated by the water pouring algorithm for a 2D wireless optical 

MIMO channel. Notice that no power was Allocated to DC, since no information is 

transmitted in that bin. Any information transmitted in DC bin will introduce bias 

to the generated SDMT frame. The added bias will result in the violation of the 

amplitude constraints. Notice also that no power was allocated to the high frequency 

spectrum. This is due to the presence of high effective noise power <I>¢ [31]. 
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FIGURE 2. 9: An illustration of water pouring algorithm over a channel with N 
discrete spatial frequency bins. The dark shaded region represents the optical 
power allocation in each frequency bin. The white shaded region represents the 

noise power in each frequency bin [2, Ch. 5, sec. 5]. 
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FIGURE 2.10: An illustration of the power allocated in 2D spatial frequency. 

33 




M.A.Sc. Thesis- Awad Dabbo McMaster- Electrical Engineering 
Chapter 2. Channel Modeling, Modulation and Measurements 

2.3.4 Implementation issues 

In SDMT, frames in space are computed by applying the inverse Fourier transform 

on data frames. Resulting transmit frames are continuous gray-scale images, i.e. the 

amplitude of each pixel can have any real value. Current digital transmit devices 

can only output discrete amplitude intensity levels. Thus, rendering SDMT systems 

complex for practical implementation. Moreover, since the distribution of amplitudes 

of the SDMT signal is approximated by Gaussian noise [74, Ch. 3, sec. 3], a large 

bias must be added to the image to satisfy the non-negativity condition with high 

probability. To solve these issues, multilevel halftoning is introduces in Chapter 3. 

2.4 Channel Measurements 

To get a realistic channel parameters for the simulation, a prototype wireless optical 

MIMO communication link was built. For the link, the transmitter is based on a 

commercial DLP projector [76, LT30] which projects its image onto a flat wall. The 

circuitry of the projector is replaced with a controller board for the DLP which allows 

freedom to transmit any sequence of stored images [53]. This configuration allows for 

frame rates of up to 10 kfps and a maximum resolution of 1024 x 768 pixels. The 

illumination source of the projector has been replaced with a metal halide machine 

vision illuminator. The illuminator was coupled to the projector optics using a 1/2" 

fiber optic light guide as shown in Figure 2.11. 

The receiver is a high speed mega-pixel CMOS digital camera [77, MC1310] 

which captures the image projected on the wall. The camera is connected to a frame 

grabber [78, Odyssey XCL] using the full camera Link configuration which is capa

ble of transferring data at a maximum rate of 660 Mbytesjsec. Digital recording 
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FIGURE 2.11: A wireless optical MIMO link prototype setup. 

software [79, Streampix] is used to capture and store the received frames. Tempo

ral synchronization is achieved by using a signal generator card [80, NI6601] that 

generates trigger pulses that drive both the transmitter and the receiver. When a 

trigger pulse is received by the projector, an image is projected onto the wall. After 

few micro-seconds delay, the camera starts integrating the spatial intensity image. 

The integration time of the camera is controlled by a programmable shutter, with 

exposure time less than the illumination period of the frame. 

The separation distance between the camera, and the projected image is set 

to 1.1 m. The camera was positioned to ensure that its optical axis aligns with that 

of the image in order to minimize the projective distortion. The focal length of the 

projector was adjusted to get unity magnification (i.e. image size in pixels is the 
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9.9439 
39.437 
82.152 
67.507 
129.83 
149.85 
4372.9 
6993.5 
3920.5 
9961.2 

10.081 
39.655 
80.613 
67.55 
130.23 
151.06 
1879.7 
3343.7 
3659.1 
8837.7 

9.8231 
37.465 
78.801 
71.942 
136.42 
157.28 
1250.2 
2452.1 
3590.9 
8173.1 

9.7359 
32.177 
71.788 
100.64 
144.72 
181.51 
1133.8 
2407.4 
4056.4 
9315.8 

11.45 
36.384 
74.78 
115.54 
162.29 
219.39 
1209.4 
3009.2 
5421.8 
12938 

TABLE 2.1: A table showing the measured noise variance a~ in spatial domain, for 
different frame sizes, N x N, and frame rates. 

same at both transmitter and the receiver). To mitigate hardware limitations and 

generate consistent measurements , the operating frame rate was fixed to 100fps, and 

the programmable shutter is used to adjust the exposure time such that the effective 

frame rate is given by the inverse of the exposure time. As the exposure time changes, 

the sensor gain is manually adjusted such that the histogram of the received image 

occupies the full dynamic range (0 to 255) of the sensor. 

Channel noise measurements were performed by transmitting and receiving 

sequences of dark and illuminated frames. The channel noise consists of fixed pat

tern noise, due to variations over the sensor array, and signal independent noise. For 

each frame rate, the fixed pattern noise is estimated by sending 1000 dark frames 

and averaging over the received frames. The signal independent noise is estimated 

by averaging over 1000 dark frames and 1000 illuminated frames. By assuming that 

the noises of neighboring pixels are independent, the complex noise in discrete fre

quency domain is white. The measured noise variance in discrete frequency is given 

in Table 2.1. 

In previous work [52], the channel response was measured by transmitting a se

quence of pulses in spatial domain. At the receiver, the channel impulse response was 
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measured and averaged over many instances. The channel spatial frequency response 

is computed by taking the 2D Fourier transform of the averaged impulse response. 

Although this approach is theoretically feasible, it is difficult to implement in practice. 

The difficulty arises due to spatial misalignment and background illumination. Slight 

misalignment causes transmit pulse energy to dissipate over many pixels. Combining 

that with background illumination renders transmit pulses undetectable at receiver. 

In this work, a new technique is used for measuring the spatial frequency 

response. For this technique, a pseudorandom number generator with a predefined 

seed value was used to generate a sequence of 1000 binary frames at both ends of the 

link. The use of the same seed value resulted in the generated sequence being identical 

at both ends of the link. The frames are then transmitted across the channel. Using 

the model in (2.1), the receive frames can be expressed as, 

(2.12) 

By dividing the spatial frequency spectrum of the receive frame by the corresponding 

transmitted one, the following equation is obtained, 

(2.13) 


Since the channel thermal noise has zero mean Section 2.2.3, and the channel is 

assumed to be time invariant, the OTF can be approximated by averaging over many 

frames, 

(2.14) 


where, Z is the number of frames. Notice that the approximation in (2.14) is replaced 

with equality in the expected value. For a practical system, the number of frames, 

and the noise variance O"~ will affect the accuracy of the results. For systems with 

low noise variance, a good OTF approximation can be obtained with a small number 
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of frames. For example, if the noise variance is zero, then the noise is deterministic, 

therefore, only one frame is needed to compute the OTF. As the noise variance is 

increased, more frames are needed to obtain a good approximation. 

Since the PSF of the channel is modeled to have a Gaussian shape, the cor

responding OTF is real and Gaussian. Figure 2.12 shows the measured OTF for a 

frame size of 128 x 128 pixels. From Figure 2.12 (a), notice that the measured OTF 

is well approximated by a 2D Gaussian shape. From Figure 2.12 (b), notice that the 

measured OTF has a non-zero linear phase shift. The phase shift is caused by spa

tial misalignment between the transmitter and receiver. For more details on spatial 

misalignment refer to Chapter 4. 

2.5 Training Session Overview 

In the previous section, methods to measure the channel optical transfer function, 

spatial frequency noise, and fixed pattern noise were discussed. In this work, it is 

assumed that the transmitter and the receiver have some knowledge of the channel. 

To achieve this in practice, a low bit-rate feedback channel must exist between both 

sides of the link. Figure 2.13 shows an overview of the required channel measurements 

for both sides of the link. For the transmitter side, information about the spatial 

frequency noise and the channel OTF are required. Due to the whiteness of the 

spatial frequency noise as shown Section 2.4, only the average value of the noise 

power need to be transmitted across the feedback link. As for the OTF, information 

about its absolute value are needed at the transmitter. In the previous section, it 

was shown that the OTF is well approximated by a two-dimensional Gaussian shape. 

Therefore, to minimize the amount of information sent across the feedback channel, 

it is only required to transmit information about the variance of the 2D Gaussian 

shape. 
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FIGURE 2.12: Measured OTF in a prototype wireless optical MIMO system, (a) 

Absolute value of the measured OTF, (b) Phase of the measured OTF (degrees). 
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FIGURE 2.13: A block diagram representing the measurements required by the 
transmitter and the receiver. 

From Figure 2.13, the measured optical transfer function, fixed pattern noise, 

spatial frequency noise, and spatial transforms are needed at the receiver side. These 

measurements are used to equalize and detect the received data. 

2.6 Conclusion 

In this Chapter, the wireless optical MIMO channel was studied and measured. Two 

topologies that achieve line-of-sight between the transmit image and the receiver 

where studied. The channel was modeled as a spatially invariant low-pass filter char

acterized by a point spread function. A channel model encompassing the effects of 

spatial transforms on transmit SDMT frames was derived. An overview of spatial 
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discrete multi-tone modulation is presented. The channel capacity is estimated for a 

wireless optical MIMO channel using SDMT modulation. A prototype wireless op

tical MIMO communication system is presented. The prototype system is used to 

measure the channel parameters. The measured channel parameters are used in the 

simulations done in Chapter 3 and Chapter 4. 
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Chapter 3 

Multilevel Error Diffusion and 

Noise Shaping 

3.1 Introduction 

In Chapter 2, the theory behind SDMT modulation was introduced. Although this 

technique mitigates the effects of spatial misalignment and simplifies the equalization 

process at the receiver, its practical implementation has proven challenging. The 

difficulty in implementation is due to the infinite amplitude resolution of transmit 

images, and to the non-negativity constraint. To simplify the implementation of such 

systems, binary halftoned SDMT was introduced [31]. In binary halftoned SDMT, 

digital halftoning techniques are used to quantize the amplitudes of the continuous

tone image into a binary set. Moreover, the non-negativity constraint on transmit 

images is easily met by adding a constant bias. The reduction in complexity brought 

by binary halftoning comes at the cost of adding quantization noise. Consequently, 

the achieved channel capacity decreases. 
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This chapter presents two techniques to reduce the effect of quantization noise 

on the channel capacity. The first method is multilevel halftoning, and the second 

method is higher order noise shaping. An overview of digital halftoning is given, and 

a model for the channel capacity of the multilevel halftoned SDMT system is de

rived. The application of multilevel halftoning to the wireless optical MIMO channel 

is discussed, and a linear model is derived. Simulation results for the channel capac

ity of the multilevel SDMT system are presented. The implementation of multilevel 

halftoning in wireless optical MIMO channels is discussed. The effect of first and 

second order noise shaping on the channel capacity are studied. Optimization tech

niques are applied to maximize the channel capacity with respect to first and second 

order noise shaping filters. 

3.2 Background 

3.2.1 Digital Halftoning 

Digital halftoning is a process commonly used in image processing, its purpose is 

to transform a continuous-tone image into a discrete one. In digital halftoning, a 

discrete image with limited amplitude resolution is generated, the discrete image is 

perceptually similar to the continuous one [81]. There exist many halftoning algo

rithms. The most commonly used halftoning algorithm is error diffusion halftoning 

[82]. Error diffusion halftoning is a generalization of ~:E modulation to 2D space 

[82, 83], and it works by diffusing the residual quantization noise from each pixel, and 

distributing it among the neighboring un-quantized pixels. A block diagram of the 

error diffusion halftoning system is shown in Figure 3.1. From the figure, the ampli

tude of each pixel in the continuous-tone image, x[n1, n 2], is quantized into a discrete 
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r----,--:,_..' [n 1, n2] 
=±1 

+ 

FIGURE 3.1: A block diagram of an error diffusion filter. The input signal x is quan
tized using an L-level quantizer, the resulting quantization error q is distributed 

among neighboring pixels according to the filter j. 

1 

-2Ll 

X 


FIGURE 3.2: An illustration of a 7-level quantizer. The range of amplitudes of the 
input signal, x, is divided into intervals of width ~. Each interval is mapped into 
a discrete output level signal, x'. If the input signal is out of range, the quantizer 

output saturates to ±1. 

amplitude level signal, x'[n1 , n2]. The quantization process is performed using an L

level quantizer. Figure 3.2 shows the mapping for a 7-level quantizer. Notice that the 

continuous range of amplitudes of the input signal, x[n1 , n2], is divided into intervals 

of equal width. The output signal, x'[ni. n2], is generated by mapping each interval 

to a discrete level output. The difference between the quantizer input and output is 

referred to as quantization error. From Figure 3.1, notice that the resulting quanti

zation error, q[n1 , n2], is distributed among neighboring pixels according to an error 
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Scan Path 

[] Quantized 
pixels 

Current Pixel 
D c 

D Un-quantized 
Pixels 

FIGURE 3.3: Raster scan is used to halftone images. Quantization noise from 
current pixel (A) is distributed among the neighboring pixels (B) , (C) and (D) ac
cording to an error diffusion filter j. Since the quantization noise is only distributed 
among un-quantized pixels, the systems is termed causal with respect to the scan 

direction. 

diffusion filter j. This process is repeated in a raster scan fashion from the top left to 

the bottom right corners of the image as in Figure 3.3. In this work, the number of 

quantization levels identifies the number of halftoning levels. For example, if a system 

has a 2-level quantizer, the output image is referred to as a binary-halftoned image. 

For systems with £-level quantization levels, where L > 2, the output is termed a 

m'Ultilevel halftoned image. 

To give an intuition behind the design of the error diffusion filter j, the error 

diffusion system shown in Figure 3. 1 can be expressed in discrete frequency domain 

as follows , 

(3.1) 

High pass 

where X , X' , Q and J are the discrete Fourier transforms of the input signal x, the 

output signal x', the quantization noise q and the error diffusion filter j respectively. 

From the equation, notice that the spatial frequency response of the quantized image 

is equivalent to the frequency response of the continuous image, plus some shaped 
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quantization noise. From Section 2.3.1, it is known that the input signal is a low-pass 

signal. Consequently, the noise shaping term, (1 - J[k1, k2]), must have a high

pass characteristic to push the quantization noise away from the spectrum of the 

input data. For this to be true, the spatial frequency response of the error diffusion 

filter, J[k1, k2], must have a low-pass spatial frequency response. In this system, 

adding more degrees of freedom to the error diffusion filter, j, can help change the 

characteristics of its low-pass spatial frequency response. In this work, the addition 

of more degrees of freedom is referred to as higher order noise shaping. 

3.2.1.1 Error Diffusion Halftoning: An Example 

In this section, a short example is given to illustrate the workings of error diffu

sion halftoning. In this example, the continuous-tone image is represented as a ma

trix in Figure 3.4(a). For this example, binary-level error diffusion is used, i.e. the 

continuous-tone image is halftoned in to a binary-level frame with output levels +1 

or -1. The error diffusion filter used in this example is given as follows, 

J = [ 0 0.9 ] 
0.9 -0.8 

To halftone the continuous-tone image in Figure 3.4(a), the first pbcel (1A) is quan

tized and the resulting quantization error is then distributed or diffused to the neigh

boring pixels shown in gray. Hence the name, error diffusion halftoning. Since the 

value of the pixel (1A) is -0.5, the pixel is quantized to -1. This quantization process 

results in quantization error equal to difference between the output level and the in

put level as shown in Figure 3.1. In this example, the quantization error resulting 

from quantizing the pixel (1A) is equal to -0.5. From Figure 3.1, notice that the 
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FIGURE 3.4: This figure illustrates the progression of error diffusion halftoning 
with (a) the continuous-tone image, (b) the image after pixellA is quantized, (c) 
the image after pixellB is quantized and (d) the final output of the error diffusion 

system. 

quantization error is multiplied by the error diffusion filter j as shown below, 

0 0. 9 ] [ 0 -0.45 ]
q * j = -0.5 * = (3.2)

[ 0.9 -0.8 -0.45 0.4 

After multiplying the quantization error by the error diffusion filter, the result is 

subtracted from the neighboring pixels as shown below, 

(3.3) 
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Using this technique, the resulting image after quantizing the first pixel (1A) is shown 

Figure 3.4(b). To quantize pixel (1B), a similar process is carried out on the image 

shown in Figure 3.4(b). Since the intensity of the pixel (1B) is 0.45, the output 

intensity level is +1, and the quantization error is equal to 0.55. The resulting 

quantization error is multiplied by the error diffusion filter and the result is subtracted 

from the neighboring pixels shown in gray, mainly, (1B) (1C) (2B) and (2C). The 

resulting image after quantizing the intensity of pixel (2B) is shown in Figure 3.4(c). 

Figure 3.4( d) shows the final halftoned image after quantizing the intensities of all 

the pixels in the image. 

3.2.1.2 Linearity and Stability of the Error Diffusion Filter 

The error diffusion system in Figure 3.1 is highly non-linear. Non-linearity is caused 

by quantizing the signal into discrete levels. The analysis of such a non-linear system 

is difficult. Therefore, a linear model is needed to simplify the analysis. To linearize 

the quantizer, it is common to assume that the quantizer error q is white and signal 

independent with variance u~ [84-86]. To satisfy these assumptions, the power of the 

quantizer input u; must be bounded. To bound u;, the electrical power of the of 

the SDMT signal, u;, must also be bounded. If u; is too large, the quantizer will 

saturate to either, +1 when the input signal v is greater that 1 +L\, or -1 if v is less 

than -1- L\. When the quantizer output signal saturates, the quantization error will 

follow the sign of the input signal. Consequently, the independence assumption is no 

longer valid. 

Moreover, the signal saturation could cause instability in the system due to 

the large quantization noise power fed back to the input. Although the stability of the 

error diffusion system has been studied religiously in previous literature [87-89], these 

criteria cam10t be applied directly due to the Gaussian distributed nature of the input 

signal. To study the stability of the error diffusion system for a Gaussian distributed 
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FIGURE 3.5: The correlation coefficient between the input signal and the quan
tization error versus the variance of the input signal O"; for different halftoning 

levels. 

input signal, a numerical simulation was performed. For the simulation, a sequence 

of random continuous-tone SDMT modulated frames were generated. The resulting 

frames where halftoned using the error diffusion system illustrated in Figure 3.1, with 

an error diffusion filter, 

0 0.9 ]
J= 

[ 0.9 -0.8 ' 

and different halftoning levels. To study the effect of the average electrical signal 

power, O";, on the stability of the halftoning system, the correlation coefficient between 

the quantization error and the input signal was computed as a function of the signal 

power. The correlation coefficient can be defined as, 

corr{q, x} = E [qx] (3.4) 
0"xO"q 

The results of this simulation are plotted in Figure 3.5. From the figure, it can be seen 

that the quantization error is negatively correlated with input signal, this behavior 
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can be explained by the negative feedback loop in the error diffusion system. Notice 

also that correlation coefficient changes with the number of halftoning levels. This 

behavior is attributed to the definition of saturation, i.e., the signal saturates the 

quantizer if the input signal is greater that 1 + .6., or less that -1 - .6.. As the 

number of halftoning levels is increased, .6. is reduced. Consequently, the input signal 

range over which the quantizer will not saturate is reduced. Hence, the quantizer will 

saturate at lower values for a; when multilevel halftoning is used. The saturation 

results in an increase in the correlation coefficient between the resulting quantization 

error and the input signal. Figure 3.5 also shows that as the signal power increases, 

the magnitude of the correlation coefficient between the quantization error and the 

signal increases. As the magnitude of the correlation coefficient increases, the more 

likely the system will become unstable. This instability is due to the constructive 

interactions between the quantization error and the input signal, thus, driving the 

quantizer to saturate. From the numerical simulation, an acceptable and conservative 

value of a; was found to be equal to 0.2. This value of a; guarantees a correlation 

coefficient of 3% for binary and 4-level halftoned systems. In a future work, a more 

rigorous study of a; on the stability of the system should be performed. 

Once a linear model is obtained, the power spectral density of the closed loop 

quantization noise ij can be written as [31], 

(3.5) 


where ij = x' - x is the difference between the continuous-tone and the halftoned 

images, N 1 and N 2 are the image dimensions, and J is the 2D DFT of the error dif

fusion filter j. Notice that the power spectral density of the quantizer error, N 1N2a~, 

is being shaped by the term jl- J[k1, k2]!2. 

Typically, the error diffusion filter j is designed to increase the perceptual 

quality of a halftoned image. From a communication perspective, it is desired to 
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maximize the aggregate channel capacity rather than the image quality. To maximize 

the capacity, the error diffusion filter is designed to shape the quantization noise to 

the high frequency region of the spectrum [31, 55]. By shaping the quantization noise 

to the high frequency spectrum, it is attenuated by the spatial low-pass frequency 

response of the channel OTF. As a result, the received image is the continuous-tone 

data image with some residual quantization noise. Figure 3.6 illustrates the effects 

of the channel on a binary-level halftoned image. In Figure 3.6(c), notice that by 

halftoning the image, quantization noise is added to the high frequency spectrum 

of the image. As the image passes though the channel, its high frequency content 

is attenuated by the spatial low-pass frequency response of the channel OTF. The 

spatial frequency response of the received image is shown in Figure 3.6(d). 

3.2.2 Halftoned SDMT Modulation 

A block diagram of the halftoned SDMT transmitter is shown in Figure 3.7. A trans

mit SDMT modulated frame, xy, is formed by halftoning the continuous-tone SDMT 

frame, x, into a multilevel frame, x', using the error diffusion filter in Figure 3.1. The 

amplitudes of the halftoned image are bounded between -1 and 1 due to the quantizer 

response shown in Figure 3.2. To preserve periodicity, a cyclic extension is appended 

to the halftoned image as in Section 2.3.2.3. To ensure non-negativity, a DC bias of 

+1 is added. Finally, the image is transmitted by a multiplication with a constant Pt 

as to satisfy the average amplitude constraints. At the receiver side, the normalized 

received image in discrete spatial frequency domain [k1, k2] can be expressed by, 

where XR is the 2D DFT of the received frame XR, X is the 2D DFT of the continuous

tone SDMT frame x, Q[k1, k2] = Q[k1 , k2] (1- J[k1 , k2]) is the 2D DFT of the closed 
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FIGURE 3.6: An illustration of the channel effects on a halftoned image. (a) 
A halftoned image at transmit side, (b) The image at the receive side, (c) the 
spatial frequency spectrum of the image at the transmitter, (d) the spatial frequency 

spectrum of the image at the receiver. 
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FIGURE 3. 7: A block diagram of multilevel halftoned SDMT transmitter. 

53 




M.A.Sc. Thesis - A wad Dabbo McMaster - Electrical Engineering 
Chapter 3. Multilevel Error Diffusion and Noise Shaping 

loop quantization noise ij, and ~[k1 , k2] = w[k1 , k2 ]/(PtH[k1 , k2]) is the effective 

channel Gaussian noise. From (3.6), the received frame is equivalent to a biased 

continuous-tone SDMT frame, contaminated by quantization noise and channel noise. 

Moreover, the equation implies that the wireless optical MIMO channel can be mod

eled as a number of independent Gaussian channels. As a result, the linear model in 

(3.5) can be used to estimate the aggregate channel capacity [31], 

(3.7) 

where <Px[k1 , k2] is the electrical power allocated to frequency bin [kll k2], <Pq[k1 , k2] 

and <P-¢[k1 , k2] are the PSDs of quantization noise and equivalent channel noise re

spectively, N1 and N2 are the number of discrete frequency bins. Notice that the 

capacity in (3. 7) is only valid under the assumption of signal-independent, and white 

quantizer error. The larger the total input electrical signal power, the more likely 

this assumption is to fail. 

Given the average electrical power per channel, O";, the channel capacity in 

(3.7) is maximized by pouring the total available electrical power N1N20"; over the 

total noise surface <Pq + <P-¢. From (3.7), there are two possible regions of operation : 

• 	 The optical power limited region: where the total noise power is dominated 

by the channel noise, i.e. <Pq « <P-¢. For this region, the allocated power is 

shown in Figure 3.8. In this region, the capacity is limited by the amount of 

power available in the system, and the channel noise. As a result, this mode 

of operation constitute an upper bound on the channel capacity for a given 

channel noise. 

• 	 The quantization noise limited region: where the total noise power is dominated 

by quantization noise, i.e. <Pq ~ <P-¢. For this region, the allocated power is 

shown in Figure 3.9. In this region of operation, the capacity is limited by 
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FIGURE 3.8: The optimal power allocation, <Px, for an optical power limited system. 
The total available power is poured using the water pouring algorithm over the noise 

surface <Pq + <P~ , when <Pq « <P~. 

the added quantization noise. As a result, gains in channel capacity can be 

achieved by reducing the added quantization noise power for a given channel 

noise. Notice that as the power of quantization noise is reduced, the system 

moves from a quantization noise limited to an optical power limited region of 

operation. 

To maximize channel capacity in (3.7), the PSD of quantization noise, <I>q , 

needsto be minimized. From (3.5) , there are two methods to minimize <I>q. The 

first method is to reduce the quantization noise power a; , this is achieved using 

multilevel halftoning. The second method is to use higher order noise shaping to 

give more degrees of freedom to shape the quantization noise away from the transmit 

data. From the discussion presented in this section, the ultimate goal is to design 

the transmitter to reduce the effect of quantization noise on the channel capacity. 

Thus, moving from a quantization noise limited to an optical power limited region of 

operation. 
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FIGURE 3.9: The optimal power allocation, <I>x, for a quantization noise limited 
system. The total available power is poured using the water pouring algorithm over 

the noise surface <I> q + <I> ~, when <I> q » <I> ~. 

3.3 Multilevel Error Diffusion 

Multilevel error diffusion is a generalization of binary-level error diffusion to multi

ple levels. In imaging systems, increasing the number of halftoning levels results in 

increasing the perceptual quality of the halftoned image as shown in Figure 3.10. 

The increase in the perceptual quality of the image is attributed to a reduction in 

the power of quantization noise, cr~. Therefore, as the number of halftoning levels 

is increased, the power of quantization noise is reduced. In Figure 3.11 , the spatial 

frequency spectrums of the halftoned images are shown. From Figure 3.11(a), no

tice that information about image features are located in the low-band spectrum. In 

Figures 3.11 (b), (c) and (d) , notice that increasing the number of halftoning levels 

reduces the amount of quantization noise present. Moreover, notice that the added 

quantization noise is shaped towards the high frequency band of the halftoned images 

spectrum. 

Multilevel halftoning can also be applied in wireless optical MIMO SDMT 
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(b) 

(c) (d) 

FIGURE 3.10: An illustration of the effects of multilevel halftoning on images, (a) 
Continuous-tone image, (b) Binary halftoned image, (c) 4-level halftoned image, (d) 
8-level halftoned image. Notice that as the number of halftoning levels is increased, 
the perceptual quality of the image is enhanced. The increase in perceptual quality 

is due to the lower quantization noise power. 

systems to achieve a reduction in quantization noise power. From (3.5), it can be 

seen that for a given frame size and an error diffusion filter, the power spectral 

density of the quantization noise, <Pq, is directly proportional to the quantization noise 

power a;. Since a; decreases with increasing number halftoning levels, increasing the 

number of halftoning levels results in reducing the PSD of the quantization noise, <Pii. 

Referring back to (3.7) , it can be deduced that as the number of halftoning levels is 

increased, the PSD of quantization noise is reduced with respect to the PSD of the 
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FIGURE 3.11: The spatial frequency spectrum of the halftoned images in Fig
ure 3.10, (a) Continuous tone, (b) Binary halftoned, (c) 4-level halftoned, (d) 8
level halftoned. Notice that as the number of halftoning levels is increased, the 

quantization noise power in the spatial frequency spectrum is reduced. 

channel noise. Thereby, shifting the operating point of the communication link from a 

quantization noise limited to an optical power limited. From the discussion presented 

in Section 3.2.2, it can be shown that as the system moves from a quantization noise 

limited to an optical power limited region of operations, gains in channel capacity are 

achieved. 
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3.3.1 Linear Quantizer Model 

Halftoning is achieved by passing the signal through a quantizer. The quantizer is 

assumed to be uniform, with steps equally spaced between -1 and 1 as in Figure 3.2. 

Figure 3.1 shows a multilevel error diffusion system. To derive a linear model for this 

system, it is assumed that the quantization noise is white and signal independent. 

Under these assumptions, the variance a; of the quantizer input can written as [31], 

(3.8) 


where ~i is the energy of the filter. In this section, assume that the filter energy is 

given. In Section 3.4, a more detailed look at the filter is considered. 

In SDMT signaling, the distribution of amplitudes of an SDMT frame is ap

proximated by a Gaussian distribution with variance equal to its average power a; 
[74, Ch.3, sec.3]. Therefore, to preserve the linearity assumption and to prevent the 

quantizer from saturation, a; must be bounded [31]. From the linearity assumption 

and the Gaussian statistics of the SDMT frame, the quantizer input v is Gaussian 

distributed as well. Therefore, the quantizer noise variance can be approximated by, 

1
-A(L/2-1) 

a; - -oo (-1- v) 2 fv(v)dv 

L-2 A(l-L/2+1) 

+ L (-1 + l~- v?fv(v)dv1l=1 A(l-L/2) 

+ r)O (1-v) 2 fv(v)dv (3.9)JA{L/2-1) 

L-2 [ (~ )
- 1 +a;+[; (~2 (2l + 1)- 2~) Q av (l- L/2 + 1) 

2av~ ( ~2 ( )2)]- --exp -- l- L/2+ 1 (3.10)J27r 2a; 
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where L E z+ and L 2: 2 is the number of quantization levels, ~ = 2/(L- 1) is the 

step size, fv(v) is a zero-mean Gaussian probability density function, and Q(.) is the 

cumulative distribution function for a normal distribution. To estimate CJ;, the value 

of CJ; in (3.8) is substituted in (3.10). The resulting equation is solved using Newton's 

root finding algorithm to get an estimate of the quantizer noise power. 

Figure 3.12 plots the linear model estimation of CJ;, and the simulated quan

tization noise variance versus the number quantization levels. For both plots, the 

average electrical power, CJ;, is equal to 0.2. The simulated quantization noise vari

ance was obtained by simulating a one-dimensional SDMT signal. The SDMT signal 

was then halftoned using ~:E modulation, and the variance of the resulting quanti

zation noise was computed and averaged over many occurrences. From figure, notice 

that the model increases in accuracy as the number of quantization levels is increased. 

Notice also that the quantization noise power does not go to zero as the number of 

levels is increased. This is due to clipping introduced by the quantizer since its input 

must be bounded between -1 and 1. Moreover, notice that the quantization noise 

derived from the linear model is underestimated for all quantization levels, except 

when L = 2. As a result, the channel capacity computed using the linear model is 

overestimated. 

3.3.2 Simulation Results 

To get an estimate for the channel capacity, (3.8) and (3.10) are used to find CJ~, 

the value of O"~ is substituted in (3.5) to compute the PSD of quantization noise, 

the PSD of quantization noise is used to compute the channel capacity using (3.7). 

The estimated channel capacity was simulated for binary [31, 55], multilevel, and 

continuous-tone halftoned SDMT systems. The channel capacity was simulated using 

measured channel OTF and noise variances from [55] and Table 2.1 with CJ; = 0.2. 

In Figure 3.13, the capacity in kbits per frame is plotted versus the frame rate for 
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FIGURE 3.12: Simulated v.s. linear model predictions for the quantization noise 
variance, a~, as the number of quantization levels is changed. For both plots, the 

average electrical power a; = 0.2. 

different halftoning levels and frame sizes. Notice that for a system operating in 

quantization noise limited region, the channel capacity is significantly increased as 

the number of halftoning levels is increased. Also, one can see that the capacity per 

frame is inversely proportional to the frame rate. As the frame rate is increased, 

the capacity per frame is decreases. This decrease is due to the increase in channel 

noise as shown in the measurements in Table 2.1. From a practical perspective, most 

links will be operating in the quantization noise limited region due to the low frame 

rates supported by the receiver. As a result, significant gains in channel capacity can 

be attained using multilevel halftoning. For systems operating in the optical power 

limited region, it is best to use binary halftoning since it approaches the channel 
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FIGURE 3.13: Capacity estimates of a wireless optical MIMO system measured in 

Kbits/frame, for different frame sizes and halftoning levels. 


capacity without the increase in transmitter complexity. 

Figure 3.14 shows the capacity in megabits per second versus the frame rate for 

different halftoning levels and frame sizes. Although the capacity per frame decreases 

as the frame rate increases, there is a net gain in the channel capacity in terms of 

Mbps. This is due to the capacity drop being offset by the increase in the number 

of frames per second transmitted, thus leading to a net increase in capacity in Mbps. 

From the figure, notice also that the channel capacity in Mbps is maximized when 

the frame rate is 7142fps. As the frame rate is increased beyond this value, the 

channel capacity is decreased. The decrease in the channel capacity is due to the 

non-whiteness of the measured noise as seen in Table 2.1. This may be due to circuit 

issues inside the camera while operating at its maximum frame rate. 
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FIGURE 3.14: Capacity estimates of a wireless optical MIMO system measured in 

Mbits/s, for different frame sizes and halftoning levels. 


3.3.3 Practical Implementation 

In practice, multilevel halftoning can be achieved directly using a multilevel spatial 

light modulator. Such modulators are built using LCD technology. Theoretically, 

the direct implementation of multilevel halftoning using a multilevel transmitter, can 

achieve gains in channel capacity over binary transmission as shown in Figures 3.13 

and 3.14. Although gains in capacity are attained, multilevel transmitters have a slow 

frame rate. Moreover, they suffer from gamma distortion [52, Chapter 8]-, that can 

affect the overall performance of the system. 

Multilevel halftoning can also be implemented indirectly using a binary SLM. 

Using this implementation, the frame rate is traded with amplitude resolution. The 

indirect implementation requires the use of coding along with binary transmission. 

In this method, coding is used to map the multilevel image into a sequence of binary 
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Data Fl F2 F3 F4 Rx = Fl + F2 + F3 + F4 

MultiLevel Signal Encoded signal Received 
5 Intensity Levels 4 binary frames Frame 

FIGURE 3.15: Thermometer code applied to a 5-level intensity signal. 

frames. These binary frames are transmitted across the channel. At receive side, the 

sequence of binary frames is used to reconstruct the multilevel signal. One possible 

coding technique is termed thermometer coding. In a thermometer code an L level 

quantized signal is coded into L - 1 binary frames. This method is illustrated in 

Figure 3.15. 

In Figure 3.15, a 5-level intensity data image is encoded into four binary inten

sity level frames. These binary frames are transmitted across the channel. At receive 

side, the photodetector array integrates the transmitted binary frames in time. The 

period of integration is set by the exposure time. In a binary system, where data 

images are binary, the exposure time is equal to the frame rate. But in multilevel 

systems, the exposure time must be L - 1 times longer than the transmit frame rate. 

This is done to insure that the sampled signal is the sum of all binary frames in the 

encoded sequence. Consequently, the received image is the original multilevel image. 

Figure 3.16 shows the capacity in kbits/frame for multilevel halftoned systems 
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FIGURE 3.16: Capacity in kbits/frame versus the frame rate for multilevel halfton
ing systems implemented using a binary transmitter with thermometer coding. 

implemented using binary transmitter and thermometer coding. The plots were ob

tained by dividing the rates in Figure 3.13 by the number of binary frames needed 

to transmit the information. From the figure, notice that the channel capacity of a 

multilevel halftoned system implemented using a binary transmitter is lower than a 

binary-level halftoned one. For example, the capacity of a 4-level system operating at 

200 frames per second is about 600 kbits per frame as in Figure 3.13. The capacity of 

a binary-level system at the same frame rate is about 320 kbits per frame. A 4-level 

system requires 3 binary frames to be transmitted for each multilevel frame. Hence, 

the capacity per binary frame transmitted is 600/3 ~ 200 kbits per frame as shown 

in Figure 3.16, which is less that the capacity of a binary halftoned frame. Therefore, 

one can say that for a binary SLM, no gains in capacity can be achieved by using 

multilevel halftoning, if there are no restrictions on receiver frame rate. In practice, 

since receive senosors are far slower than binary SLMs, multilevel halftoning can be 

applied using binary transmitters to achieve gains in capacity. 
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3.4 Optimal Design for Noise Shaping Filters 

From (3.5), noise shaping is realized by the term 11- J[k1, k2JI2. In this section, the 

channel capacity is maximized with respect to the filter parameters, for the first and 

second order error diffusion filters j. 

3.4.1 Error Diffusion Filter 

In this work, to simplify the optimization problem, the error diffusion filters are 

assumed to be causal and symmetric. In this Chapter, causality is defined relative to 

a scan path. For a given scan path, an error diffusion filter is causal if the quantization 

noise from the current pixel is distributed among the un-quantized pixels as shown 

in Figure 3.3. 

A symmetric noise shaping filter is defined filter that satisfies j = jT. This 

condition was adopted by analogy to the circular symmetry of the channel OTF in the 

spatial frequency domain. For example, causal, symmetric, first order noise shaping 

filter has the form, 

(3.11) 


Notice that causality is satisfied since quantization error from current pixel (A) is 

distributed among the un-quantized pixels (B) (C) and (D) according to preset ratios 

defined by j, as shown in Figure 3. 3. To design the optimal error diffusion filters, 

sequential quadratic programming is used to maximize the aggregate channel capacity 

with respect to the filter parameters. 
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Mathematically, second order noise shaping is achieved by squaring the noise 

shaping term [86] as follows, 

1 + J[kl, k2] 2 - 2J[ki, k2] 


- 1 - ][ki. k2] (3.12) 


where J = 2J - J2, and it represents the spatial frequency response of the second 

order noise shaping filter. In spatial domain (3.12) can be written as, 

J~j 

(3.13) 

where J and J are the 2D discrete Fourier transforms of 3and j respectively, and * 
is the 2D convolution. Note that a second order noise shaping filter 3 is realized by 

convolving a first order filter j with itself, resulting in a 3 x 3 topology, 

0 a b 

(3.14)J = a d c 

b c e 

In the derivation process, a notion of the filter energy is needed. For the 

purpose of this work, the filter energy ~j is defined as, 

(3.15) 

where IUIIF is the Frobenius norm of the error diffusion filter j. In [31], an upper 

bound on the filter energy, ~i, was obtained and is given as follows, 

(3.16) 
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A more detailed look about the derivation of this bound is presented in Section 3.4.2.2. 

From Section 2.3.3, it was shown that for a continuous-tone SDMT system, it 

is desired to send no information in the DC bin to save optical power. Having a null 

at DC implies that the continuous-tone data image in spatial domain has a zero mean. 

To save optical power in halftoned-SDMT systems, the halftoned images must have a 

zero mean. Since the halftoned image can be modeled as a zero-mean continuous-tone 

data image with added shaped quantization noise, the shaped quantization noise must 

have a zero mean for the resulting halftoned image to have a zero mean. To ensure 

that the shaped quantization noise has a zero mean, the error diffusion filter j is 

chosen to have unity DC gain. Having unity DC gain implies that the noise shaping 

term, (1 - J[k1 , k2]), is null at DC. As a result, the halftoned image generated by 

adding the zero mean continuous-tone image with the zero mean shaped quantization 

noise will have a zero mean. To ensure that the error diffusion filter, j, has unity gain 

at DC, the following condition must be satisfied, 

(3.17) 

where 1 = [1 1 ... 1jT is a vector of ones, the size of which is determined by the size 

of the error diffusion filter j. 

3.4.2 Optimization Problem 

To design an optimal filter, the problem of maximizing the capacity must be casted 

in an optimization framework. This step is necessary as to apply known optimization 

methods to obtain a possible design and check uniqueness. In this section, the initial 

optimization problem and its constraints are presented. The optimization problem is 

reformulated and studied in terms of convexity. A design technique is then chosen and 

applied to obtain optimal filter parameters. Mathematically, maximizing the channel 
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capacity can be expressed by the following argument, 

(3.18) 

subject to, 

~X~ 0 (3.19) 

1 ~ 
N 

1 
N 

2 
L...t ~x[ki, k2] = 

2
O'xN1N2 (3.20) 

JljJI~ ~ _7r_
7['-2 

(3.21) 

lTjl = 1 (3.22) 

where p = PtHo/0'1f;, with H0 denotes the DC gain of the channel, and 0'1f; is the 

standard deviation of the channel noise. The condition in (3.19) requires that all the 

elements of the matrix ~x to be positive. This condition is reflects the non-negativty 

of the power allocated in each bin, and it is implicit in the optimization problem. 

Notice that the optimization problem in its current form can not be solved using 

available optimization tools. As a result, further problem reformulation is needed. 

To reformulate the problem, the constraints and the objective function are simplified, 

and their convexity is studied. 

3.4.2.1 Power Constraint Reformulation 

The first constraint in (3.20) of the optimization problem signifies the finite electrical 

power available to transmit data. The power limitation arise from conditions to 

maintain system stability and the validity of the linear model [31]. From (3.20), it 

can be seen that the total power of the system must not exceed the average electrical 

power per channel 0'; multiplied by the number of channels. This condition can be 
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rewritten as, 

1 
N N L <I>x[kl, k2] = O";N1N2

1 2 
2L <I>x[kl, k2] = 0"; (N1N2) (3.23) 

Note that <l>x is a matrix with variable entries corresponding to the electrical power 

allocated per channel. The reformulated constraint in (3.23) represents the sum of 

variables. Therefore, it is classified as a linear equality constraint and is convex. 

3.4.2.2 Filter Energy Constraint Reformulation 

The second constraint in (3.21) represents a bound on the error diffusion filter energy. 

This condition is to ensure the validity of the linear model with the assumptions made. 

The linear model for the binary halftoned system can be expressed as [31], 

(3.24) 


where O"; is the variance of the quantizer input signal, O"; is the average electrical 

power, and ~i is the energy of the filter as defined in (3.15). The quantization noise 

power O"; for the binary system is equal to [31], 

(3.25) 


Using equations (3.24) and (3.25), the upper bound (3.21) on the filter energy ~i was 

derived in [31]. 
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Using (3.15) the energy constraint for the first order filter is reformulated as, 

JljJI~ ~ _7r_ 
Jr-2 

2a2 + b2 	< _1r_ 
- 7r- 2 

yTGy ~ 	_7r_ (3.26)
Jr-2 

where y is the optimization variable. A similar argument is applied for the second 

order error diffusion filter to obtain a constraint, with the following values for G and 

y 

YT = [a b c d e J 

2 0 0 0 0 

0 2 0 0 0 

G= 0 0 2 0 0 

0 0 0 1 0 

0 0 0 0 1 

Since the matrix Gin both cases is positive semi-definite the constraint in (3.26) is a 

convex quadratic constraint with respect to the optimization variable y. 

3.4.2.3 Unity DC Gain Constraint Reformulation 

The third constraint in (3.22) represents a condition to satisfy unity DC gain. To 

simplify the optimization problem, this constraint is relaxed to expand the feasible 

region set. For the case of first order error diffusion, the relaxed constraint is given 
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by, 

lTjl ~ 1 

2a + b ~ 1 

[ 2 1 ] [:] S I 

j3T y ~ 1 (3.27) 

Similarly, the constraint for a second order filter is obtained and is equal to (3.27), 

with the following values for j3 and y 

j3T = [ 2 2 2 1 1 ] 

yT = [a b c d e] 

Note that the reformulated inequality constraint in (3.27) is affine, and hence convex. 

3.4.2.4 Objective Function Reformulation 

From the objective function in (3.18), it can be seen that the capacity depends on the 

absolute value of the DFT of the filter j. In its current format, this equation is hard 

to analyze since it is not differentiable. Therefore, it is required to rewrite this term 

as a function of the optimization variable y. For a given filter j, the DFT is defined 

as follows, 

(3.28) 

By substituting (3.28) in 11 - J[k1 , k2]i2, an expression for the noise shaping term 

with respect to the filter parameters is obtained. The simplified expression is given 
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as follows, 

(3.29) 

From (3.29), notice that the noise shaping term is a quadratic function of the filter 

elements. To simplify the equation further, trigonometric identities are used to factor 

(3.29) as a quadratic equation in terms of the filter coefficient vector y, as follows, 

(3.30) 

where, 

YT =[a b] 

cos 27rkl + cos 27rk2 ]
N1 N2 

1 

To study the convexity of the noise shaping term in (3.30), it is necessary to look at 

the matrix A[k1. k2]. If A[k1 , k2] is positive semi-definite for all frequencies, then the 

left hand side of (3.30) is convex with respect to the optimization vector y. To prove 

that a matrix is positive semi-definite, it is necessary to prove that the determinant 

of the matrix is always positive. Mathematically this condition can be written as, 
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Assuming () 1 = 2Trki/N1 and ()2 = 2Trk2/N2, the above condition simplifies to, 

2 + 2 cos () 1 cos B2 + 2 sin B1 sin B2 cos 01 + cos 02 ]
det 	 ~0

[ cos ()1 + cos ()2 	 1 

2 (()1- ()2) . 2 (()1 + ()2)4 COS Slll 	 ~0 (3.31)
2 	 2 

Notice that the determinant of A[k1 , k2] in (3.31) is positive for all spatial frequencies 

[k1, k2]. Since A[k1 , k2) is positive semi-definite, one can conclude that the noise 

shaping function (3.30) is convex with respect to the optimization vector. 

3.4.2.5 Reformulated Optimization Problem 

Combining results from (3.23), (3.26), (3.27) and(3.30), the optimization problem in 

(3.18) can be written as, 

(3.32) 

subject to, 

L <f>x[kb k2] = 0"; (N1N2f 

yTGy:::; 	_Tr_ 
Tr-2 

j3Ty:::; 1 

Note that maximizing a function is the same as minimizing the negative of that 

function, hence, the change in sign of the objective function. Notice that the energy 
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FIGURE 3.17: The feasible region for a 2 x 2 filter topology. 

constraint in (3.26), and the relaxed unity DC gain condition in (3.27), define a 

feasible set for the filter coefficients. Graphically, the feasible set for a 2 x 2 filter 

topology is shown in Figure 3.17. 

In order to choose an optimization technique suitable for the design process, 

it is necessary to study the convexity of the objective function. Two methods are 

considered to solve the problem, the first method (joint problem) involves joint op

timization over the power matrix <I>x as well as filter coefficient vector y, the second 

method (disjoint problem) considers the disjoint optimization of the variables. Dis

joint optimization splits the problem of optimizing the capacity into two steps. In 

the first step, the power matrix <I>x is optimized for a given y. The second step, in

volves optimizing the filter coefficient vector y for a given <I>x· Both steps are repeated 

iteratively until solutions converge. 

Feasible 
Region 

2a+b=1 

-0.5 0 0.5 1.5 2 
a 
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3.4.2.6 Convexity of the Joint Problem 

In the joint optimization problem, the objective function in (3.32) is minimized with 

respect to ~x and y simultaneously. As in the case for all functions, the objective 

function can be convex or non-convex. In an attempt to study the convexity of the 

objective function, it is first decomposed into the sum of N1N 2 terms. If each of the 

terms is convex, then their sum is convex [2], otherwise, nothing can be said about 

the convexity of their sum. From (3.32), a general formulation of the terms is given 

by, 

= 1 ( 1 + ~x[kb k2] /[ jpH[kN1N2J(y, ~x[kl, k2]) -2log , k ]j2 + 
1 2

N,N,r>; (yT A[k,, k,]y + tT[k,, k,]y +1)]) (3.33) 

In an attempt to study the convexity of (3.33), the composition rule was used. The 

composition rule states that if f(x) = h(g(x)), then f(x) is convex if h is convex 

and non-increasing and g(x) is concave [2]. From (3.33), notice that -log is convex 

and non-increasing. Therefore, if the argument of the log is concave, then (3.33) is 

convex. The argument of the log is given by the following, 

N1N2 
g(y, ~x[kl, k2]) = 1 + ~x[kl, k2] jpH[kl, k JI 2 +/[ 2 

N,N,<>: (yTA[k,, k,]y + tT[k,, k,]y + 1) l (3.34) 

To study the concavity of (3.34), its Hessian matrix is computed. If the Hessian 

matrL-x: is negative semi-definite then g(y, <I>x[k1 , k2]) is concave. Some of the Hessian 

matrix coefficients were computed in terms of the vector of filter coefficients y, these 
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terms are given below, 

0 

2 [ N1N2lI[ 
2

-2N1N2aq A[k1, k2]Y + t[k1, k2] !PH[kl, k JI 2 + 

N1N2u: (yT A[kh k,]y + tT[k1, k,]y + 1) ]' 

"V ( 8g ) 
y 81>x[kl,k2] 

Notice that one of the diagonal elements of the Hessian matrix is zero while the corre

sponding row and column are not. Therefore, it is concluded that the Hessian matrix 

is not negative semi-definite. A proof of this result is shown in Appendix A. Fol

lowing from the non-negative semi-definiteness of the Hessian matrix, g(y, 1>x[k1, k2]) 

is determined to be non-concave. Consequently, the composition rule resulted in no 

conclusive proof of whether, f(y, 1>x[k1, k2]), is convex. As a result, it can not be used 

to determine the convexity of the objective function. Since the convexity of the objec

tive function in (3.32) is not straight forward to determine, the optimization problem 

is treated as a non-convex optimization problem for both filter configurations. 

3.4.2.7 Convexity of the Disjoint Problem 

In the disjoint problem, the optimization problem is split into two sub-problems. The 

first problem is to optimize the capacity with respect to 1>x given a value for y. The 

second problem optimizes the capacity with respect toy given 1>x. Mathematically, 

the two problems can be expressed by, 
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• Problem 1: Given y 

-1Nl-1N2-1 ( /[ NlN2 
~n 2 1 + <Px[kl, k2] lpH[kl, k2]12 +E E log 

N!N,<T: (yTA[kl, k,]y +tT[kl, k,]y +1)]) (3.35) 

subject to, 

• Problem 2: Given <Px, 

min 
y 

(3.36) 

subject to, 

7r 
yTGy::; -

rr-2 

(3T y ::; 1 

The problem in (3.35) is a convex optimization problem, since the objective function 

is the weighted sum of the power matrix variables <Px [k1, k2]. The solution to this 

problem is given by the water filling algorithm [2, pages 245-246]. 

In an attempt to study the convexity of the problem in (3.36), the composition 

rule was used as in Section 3.4.2.6. The first step was to expand the aggregate capacity 

expression into the sum of the capacity of the individual channels. Composition rule 

is then applied to the capacity of each individual channel. As mentioned previously, 
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if the argument of the log is concave, then, the aggregate capacity is convex. For the 

log argument to be concave, its Hessian must be negative semi-definite, that is, 

2( /[ NrN2'Vy 1+<l>x[kbk2] lpH[kl,k2]12+ 

N,N,17; (yT A[k,, k,]y +tT[k,, k,]y +1)]) ~ ~ (3.37) 

Since the power of each channel <I>x[kb k2] is assumed to be given, the Hessian matrix 

depends solely on the filter coefficient vector y. To show that the Hessian matrix 

is negative semi-definite, its eigenvalues are computed. For a matrix to be negative 

semi-difinite its eigenvalues must be non-positive. The eigenvalues of the Hessian of 

the log argument are computed. These values are found for a fixed frame size with 

different channel bandwidths. In Figures 3.18, 3.19, 3.20 and 3.21 eigenvalues for the 

expression in (3.37) are plotted as a function of spatial frequency for a given <I>x, y, 

and a channel OTF. For the simulation, the channel OTF is Gaussian shaped with 

variance equal to 0'1 in both dimensions. The average electrical power per channel is 

equal to 0'; = 0.1. The filter coefficient yT = [0.4, 0.3]. 

Figure 3.18 shows the eigenvalues of the expression in (3.37) for a frame of 

size 64 x 64 pixels with a channel OTF with variance 0'1 = 10 in both dimensions. 

The range of eigenvalues shown is, -0.1 :::; A1 < 2.3611 and -1.214:::; A2 :::; 0.0098. 

Figure 3.19 shows the eigenvalues of the expression in (3.37) for a frame of size 

64 x 64 pixels with a channel OTF with variance 0'1 = 200 in both dimensions. The 

range of eigenvalues shown is, -3.7231:::; )q :::; 6.9190 and -3.1046:::; A2 :::; 10.1563. 

Figure 3.20 shows the eigenvalues of the expression in (3.37) for a frame of size 64 x 64 

pixels with a channel OTF with variance 0'1 = 400 in both dimensions. The range of 

eigenvalues shown is, -412.3328 :::; A1 :::; 286.6533 and -247.9542 :::; A2 :::; 225.9271. 

Figure 3.21 shows the eigenvalues of the expression in (3.37) for a frame of size 

64 x 64 pixels with a channel OTF with variance 0'1 = 800 in both dimensions. The 
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FIGURE 3.18: The two eigenvalues of the Hessian matrix for a frame of size 64 x 64 

pixels. The OTF has a Gaussian shape with ()'Jr = 10 in both dimensions. The 

black shaded region shown negative eigenvalues, while the white region shows the 


positive ones. 
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FIGURE 3.19: The two eigenvalues of the Hessian matrix for a frame of size 64 x 64 

pixels. The OTF has a Gaussian shape with ()'Jr = 200 in both dimensions. The 

black shaded region shown negative eigenvalues, while the white region shows the 


positive ones. 
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FIGURE 3.20: The two eigenvalues of the Hessian matrix for a frame of size 64 x 64 
pixels. The OTF has a Gaussian shape with O"'ii = 400 in both dimensions. The 
black shaded region shown negative eigenvalues, while the white region shows the 

positive ones. 
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FIGURE 3.21: The two eigenvalues of the Hessian matrix for a frame of size 64 x 64 
pixels. The OTF has a Gaussian shape with O"'ii = 800 in both dimensions. The 
black shaded region shown negative eigenvalues, while the white region shows the 

positive ones. 
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range of eigenvalues shown is, -11354 s; )q s; 3421 and -6437.2 s; >. 2 s; 2419.1. 

From the figures above, notice that the range of eigenvalues changes with the OTF 

bandwidth. As the bandwidth is decreased (0"1 is decreased), the first eigenvalue 

>.1 tends to positive values, while the second eigenvalue >.2 tends to negative ones. 

Looking at the eigenvalues, one can say that the Hessian of the log argument in (3.36) 

is not negative semi-difinite. Consequently, the argument of the log is not concave, 

hence, the composition rule failed to determine the convexity of the problem. Since 

the convexity of the objective function is not straight forward to determine, the 

optimization problem is considered to be a non-convex optimization problem. 

In an attempt to determine the non-convexity of the objective function with 

respect to the filter parameters, the aggregate channel capacity was computed numer

ically for some points in the feasible region for the first order noise shaping filter. The 

feasible region is defined by the constraints in (3.36). Figure 3.22 shows the aggregate 

capacity as a function of the filter parameters for a given OTF bandwidth. In the 

simulation, the frame size is equal to 64 x 64 pixels, with an average electrical power 

O"; = 0.1. The channel noise variance is O"~ = 10, and the channel OTF is Gaussian 

shaped with variance equal to 0"1 and is equal in both dimensions. 

From Figure 3.22(a), notice that when the channel OTF has a large bandwidth, 

there are two filter configurations that maximize the aggregate capacity in (3.36). As 

the bandwidth of the channel is reduced, one of the filter configurations becomes non

optimal and eventually diminishes as in Figure 3.22(d). When the channel has a large 

bandwidth, its spatial frequency response is almost flat over all spatial frequencies 

[k1, k2]. As a result, the noise shaping term, j1- J[k1, k2]!2, shapes the quantization 

noise either to the edges or to the center of the frame, as shown in Figure 3.23. In such 

a channel, the aggregate capacity is approximately equal for both filter configurations. 

As the channel bandwidth is reduced, the channel capacity is maximized when the 

quantization noise is shaped to the high frequency spectrum of the channel. From 
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FIGURE 3.22: The aggregate channel capacity in kbits/frame as a function of the 
filter parameters for a 2 x 2 filter topology, for a frame of size 64 x 64 pixels and 
a measured channel noise variance of (}~ = 10, and an average electrical power 
(}~ = 0.1. The channel has a 2D Gaussian shape with a variance (jk equal in both 

dimension, (a) (jk = 800, (b) (jk = 400, (c) (jk = 200, (d) (jk =50. 
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this discussion, it can be deduced that the disjoint problem in (3.36) 1s in fact a 

non-convex optimization problem. 

600 

100 


10 20 30 40 

frequency k

1 

a= 0.9, b= -0.8 

FIGURE 3.23: The spatial frequency response of the noise shaping term, 11 
J[k1 , k2]!2, with first order noise shaping. The two filters configurations maximize 

the channel capacity when the channel OTF has a high bandwidth. 

3.4.3 Optimization Algorithm and Results 

From previous discussion, it was shown that the joint and disjoint problems are 

non-convex. Therefore, to solve these problems, sequential quadratic programming 

is applied. Using such a. technique does not guarantee finding a globally optimal 

solution. To increase the likelihood of obtaining a global optimum the algorithm was 

computed from many starting points chosen at random from the feasible region. 

3.4.3.1 Penalty Function 

Since the capacity expression is not defined for filter coefficients outside the feasible 

region defined by the energy constraint and DC gain constraint, a penalty function 

is added to push the solution point inside the feasible region. This step is required 

since the Matlab function, fmincon, evaluates the capacity then checks for point 

10 20 30 40 so 60 
frequency k

1 

a= -0.9, b= -0.8 
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FIGURE 3.24: The aggregate capacity with a penalty function for a 2 x 2 filter 
topology. 

feasibility. The penalty function was defined in such a way as be active if and only if 

the optimization vector y is infeasible. The penalty function chosen has the following 

expression, 

(3.38) 


This penalty function represents a hyper bowl that is centered at the origin. Note that 

this penalty function is not added to the objective function in (3.35) since the objective 

function in (3.35) is not defined for values of y outside the feasible region. If the 

optimization vector y was projected to the infeasible region, the slope of the penalty 

function will project the vector back inside the feasible region were the aggregate 

capacity is defined. A contour plot of the modified objective function is shown in 

Figure 3.24. 
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3.4.3.2 Optimization Problem Starting Point 

A good choice for the starting point of an optimization problem is vital for achieving 

a good solution. This is especially the case for non-convex optimization problems. 

For the joint problem, a possible starting point would be to choose the power matrix 

<Px to optimize the channel capacity when no quantization noise is present. Other 

choices for <Px might be the optimum power distribution over the channel for each 

initial filter coefficient vector y. 

For the 2 x 2 filter topology, starting points where selected based on the aggre

gate capacity figures presented in Section 3.4.2.7. Moreover, 20 points where chosen 

as to created an equally spaced grid points in the feasible region. 

For the 3 x 3 filter topology, finding good starting points is more challenging 

since the optimization vector lies in the 5-dimensional space (i.e. y has 5 variables). 

Some of the starting points were chosen to be local optimal values for the 2 x 2 

filter topology. Moreover, 125 equally spaced starting points where chosen inside the 

feasible region. 

3.4.3.3 Optimization Results 

The optimization problem was solved using the constrained nonlinear optimization 

toolbox in MATLAB [90]. The optimization algorithm was computed for the joint 

(3.35) and the disjoint (3.36) problems. In the case of joint optimization problem, the 

lack of the memory resources necessary to solve the system prohibited its numerical 

implementation. As a result, no results were obtained for the joint optimization 

problem. 

86 




M.A.Sc. Thesis - A wad Dabbo McMaster - Electrical Engineering 
Chapter 3. Multilevel Error Diffusion and Noise Shaping 

In the case of the disjoint problem, the problem was optimized for different 

frame sizes and error diffusion filter topologies. To implement the optimization algo

rithm, three steps where followed:

Step 1: 	The power allocation matrix <I>x was optimized for each increment in y. 

Step 2: 	 Given a value for the power allocation matrix <I>x, the next step in y is evaluated. 

Step 3: 	 Steps 1 and 2 are repeated in an iterative fashion. The algorithm is terminated 

when the change in y is smaller thanE, where E is equal to 10-4 . The termination 

of the algorithms signals that a local optimum has been found. 

The optimum power allocation in Step 1 was obtained using the water fill

ing algorithm. To obtain a solution, the optimization algorithm ran for different 

starting points. The local minima were compared for all starting points and channel 

bandwidths. Filters coefficients where chosen to maximize the frame capacity for all 

bandwidths. For the first order noise shaping filter, the following optimal filter was 

obtained, 

0 0.89 ] 
(3.39)

J = [ 0.89 -0.78 

For the case of second order noise shaping, the following filter was obtained, 

0 0.94 -0.18 

J= 0.94 -0.31 -0.28 (3.40) 

-0.18 -0.28 0.32 

Note that the filters obtained optimize the aggregate channel capacity for all chmmel 

bandwidths. Therefore, they can be implemented in all syste:rn.S to maximize the ca

pacity. The noise shaping term 11- J[k1, k2]1 2 is plotted for both filter configurations. 

By comparing Figures 3.25 and 3.26 one can see that increasing the filter size results 

in more degrees of freedom to shape the quantization noise. As a result, one expects 
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an increase in the aggregate channel capacity. From [31] the error diffusion filter was 

designed using ad-hoc methods. Using simulation, the effects of ad-hoc and optimal 

designs on the channel capacity where almost similar. For the purpose of simulation, 

the ad-hoc first order noise shaping filter is used. This filter is equal to, 

0 0.9]J= (3.41)
[ 0.9 -0.8 

20 40 60 80 100 120 

FIGURE 3.25: Noise shaping function II- J[k1, k2]i2 of the optimal first order noise 
shaping filter. 

3.4.4 Capacity Results and Discussion 

The aggregate channel capacity in 3.7 was simulated using the ad-hoc first order 

and the optimal second order noise shaping filters. For the simulation, experimental 

channel measurements were used [55], with an average electrical power a; = 0.2. 
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FIGURE 3.26: Noise shaping function 11- J[k1, k2]i2 of the optimal second order 
noise shaping filter. 

The purpose of the simulation is to show the effect of first and second order noise 

shaping on the capacity of binary and four-level halftoned SDMT systems. Figure 

3.27 shows a comparison between first and second order noise shaping for different 

halftoning levels. Increasing the order of filter yields a modest improvement in the 

capacity. This increase in capacity depends on the number of halftoning levels. As the 

number of levels increases, the effect of higher order noise shaping is smaller since less 

quantization noise is present. That is, the application of higher order noise shaping 

is limited to systems suffering from high quantization noise power. 
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FIGURE 3.27: Comparison between 1st and 2nd order noise shaping for different 
halftoning levels. 

3.5 Conclusion 

In this chapter multilevel halftoning and higher order noise shaping are considered 

for halftoned SDMT systems. Optimal filter design is used to obtain first and sec

ond order noise shaping filters that maximize the aggregate channel capacity. From 

simulation, it was observed that the channel capacity is increased with the number 

of halftoning levels and the order of the noise shaping filter. Two techniques are 

proposed for implementing multilevel halftoning. The first techniques uses multilevel 

SLMs. The second one uses a binary SLM with coding. Based on simulation results, 

using multilevel halftoning had a greater effect on increasing the channel capacity 

compared with higher order noise shaping. In the case of higher order noise shaping, 

gain in capacity was limited to systems with severe quantization noise. Note that 
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the capacities derived are based on theoretical estimates. To achieve these rates in a 

practical system, coding techniques need to be applied over the channel as in [30]. 
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Chapter 4 

Receiver Design for Wireless 

Optical MIMO Channels with 

Magnification 

4.1 Introduction 

In wireless optical MIMO systems, the effects of spatial transformations can severely 

degrade link performance. These transforms arise from the physical setup of the link, 

and the optical components used. In some applications, like inter-chip interconnects 

and holographic data storage, two different techniques have been used to combat 

the effects of spatial transforms. The first technique rely on machines to align both 

ends of the link to minimize spatial transforms [50]. The second technique employ 

signal processing techniques to combat the effects of such transforms on the recovered 

signal [41-45]. It is important to mention that these two techniques are applicable 

due to the small magnitude of spatial transforms present in such applications. In 

a wireless indoor communication application, spatial transformations constitute a 
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major impairment. This is due to the users' imprecise alignment of both ends of 

the link. Consequently, new design techniques need to be devised to increase the 

reliability of wireless optical MIMO links in such an application. 

In the previous chapter, the wireless optical MIMO transmitter was designed 

to enhance the channel capacity. Multilevel halftoning and higher order noise shaping 

were used to simplify the transmitter design, and achieve gains in capacity. In this 

chapter, the design of the wireless optical MIMO receiver is considered for magni

fication channels. For the receiver design, it is assumed that the transmitter uses 

continuous-tone SDMT modulation. A good receiver design is chosen based on min

imizing the probability of error of the received data. 

Before the receiver design is discussed, an overview of the effects of translation, 

magnification, and rotation on transmit frames is given. A model encompassing the 

effects of magnification and rotation is derived. A design framework for the case of 

magnification is presented. In future work, a similar technique can also be applied 

for rotation. The design incorporates windowing techniques to equalize the effects 

of magnification in spatial frequency domain. Two windowing functions are consid

ered, rectangular window and a novel complex window. The application of decision 

feedback equalization and zero-forcing equalization are considered for detecting the 

transmit SDMT signal. A heuristic approach for the complex window design is dis

cussed. The chapter concludes with some simulation results. 

4.2 Channel Modeling 

In wireless optical MIMO channels, the transmit data are often distorted due to 

spatial transformations. Translation, magnification and rotation are examples of 

such transformations. In Section 4.2.3, it will be shown that the distortion of the 
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transmit data at the receiver causes spatial frequency inter-channel interference (SF

ICI). Spatial frequency inter-channel interference causes a higher probability of error 

in detection. In order to develop a greater understanding of the effects of spatial 

transforms on the SF-ICI, a channel model is needed. In this section, the channel 

assumptions are stated and justified. A brief discussion regarding the mathematical 

modeling of spatial transforms is discussed. A model that encompass the effects of 

spatial transforms on the transmit signal is developed. 

4.2.1 Channel Assumptions 

The focus of this chapter is to develop detection techniques that can overcome the ef

fects of spatial transforms on the transmit data, thereby, increasing the link reliability 

by reducing the probability of error in detection. In general, spatial transforms can 

affect the channel optical transfer function. As a result, it is difficult to evaluate and 

compare the performance of the proposed detection techniques. In this section, some 

assumptions are introduced to render the channel response invariant with respect to 

the spatial transformations studied. Consequently, the different detection techniques 

are evaluated and compared in a fair manner. For the channel OTF to be transform 

invariant, the following assumptions are made, 

(a) The receive plane is an orthographic projection of the transmit one. 

(b) The optics used at both ends of the link are circularly symmetric. 

(c) The separation distance between the transmitter and receiver planes is fixed. 

(d) The channel noise is dominated by thermal noise, which is modeled as being 

white, independent and Gaussian. 

Figure 4.1 represents an illustration of the assumptions made. To satisfy 

95 




M.A.Sc. Thesis- Awad Dabbo McMaster- Electrical Engineering 
Chapter 4. Receiver Design for Wireless Optical MIMO Channels 

Tramsitter Receiver 


" 
" " " 

Received frame 

Optical axis 

t 

Transmit frame 

... ... ... ... 

FIGURE 4.1: The system setup for a wireless optical MIMO system. 

assumption (a), a normal vector to the receiver plane, fi., must be equal to the negative 

of the normal vector of the transmitter plane, n. Mathematically, this condition can 

be expressed as, 

fi. = -n (4.1) 

In practice, assumption (a) is satisfied for short range wireless optical MIMO systems, 

since it is possible to align the transmitter and receiver planes to satisfy the condition 

in ( 4.1). Optical interconnects and holographic data storage systems are examples 

of applications where this assumption is met. Assumption (b), is justified due to 

the circularly shaped optical components used. A lens is an example of a circularly 

symmetric optical component. In assumption (c), the separation distance between 

both ends of the link is fixed. This assumption is always satisfied for the applications 

considered, since the physical setup of the system is fixed. Assumption (d) states 

that the channel noise is dominated by electronic thermal noise. This assumption is 

valid for wireless optical MIMO links operating at high frame rates as discussed in 
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Section 2.2.4. 

From assumption (a), the channel OTF can be modeled as being spatially 

invariant. Moreover, the channel OTF is circularly symmetric due to the condition 

imposed in assumption (b). Assumption (c) is most relevant in the case of magni

fication. In a wireless optical MIMO channel, magnification can be realized in two 

different methods. In the first method, magnification is realized by keeping the size of 

the transmit image fixed, and changing the separation distance between both ends of 

the link. As the distance increases, the projected image at the receiver plane appears 

smaller. This effect is a direct result of applying geometrical optics theory [61]. In 

this scenario, the channel OTF is changed due to the physical changes in the link 

setup. The second method to achieve magnification relies on changing the size of the 

transmitted images, while keeping the separation distance fixed as in assumption (d). 

Changes in transmit image size are due to changes in the focal length of transmit 

optics. Since the OTF is dominated by the response of the receiver optics, changing 

the focal length of transmit optics while keeping the distance fixed renders the OTF 

invariant. 

Using the stated assumptions, the channel model in (2.1) can be rewritten as, 

xR[n1,n2] - XT[T{x,y}x=n1Dr]®h[nl,n2]+'1/J[nl,n2] (4.2)
y=n2Dr 

(4.3) 


where, x R and XT are the received and transmitted intensity images respectively, h 

is the channel PSF, and '!j1 is the thermal noise. The transformation T {.}, signifies 

the remapping of the coordinates caused by spatial misalignment, magnification and 

rotation. The two-dimensional discrete convolution is given by ®, and Dr is the 

sampling rate at the receiver. From equation (4.2), notice that the channel PSF is 

transform invariant. The inequality in ( 4.3) reflects the non-negativity constraint 

on the transmit signal intensity as in Section 2.2.4. Note that since thermal noise, 
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'l,b[n1 , n 2], is due to the receiver electronics, it is not affected by the magnification and 

rotation incurred during transmission. 

4.2.2 Spatial Transformations 

Translation, magnification and rotation are transforms that act on the coordinates 

of an image to remap their position in space. In this work, the effects of these 

transforms on the transmit SDMT signal are modeled. To model the effects in spatial 

frequency domain, it is important to understand the relation between an image and 

its spectrum as it is transformed. Let (t1 , t2) denote the coordinates of the continuous 

spatial domain. Then, the spatial transforms can be modeled as, 

~I ] _ E [ c~s () -sin() ] [ t1 ] + [ ~I ] (4.4) 
[ t 2 sm () cos () t2 ~2 

where (t1, t2 ) are the remapped image coordinates. The optical magnification is given 

by E. The angle of rotation is denoted by (), and [~1 , ~2] denote the translation 

along the spatial dimensions (t1 , t 2) respectively. Figure 4.2 illustrates the spatial 

transform in (4.4). To understand the effect of each transform on transmit image, 

each transform is studied separately. 

In the context of wireless optical MIMO channels, translation is often referred 

to as spatial misalignment. Spatial misalignment is defined as a shift of a transmit 

image at the receive side. Since images are translated in continuous space, the con

tinuous Fourier transform is used to study the effects of spatial misalignment on the 
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FIGURE 4.2: An illustration of translation, magnification and rotation on spatial 
images. 

image spectrum. Mathematically, spatial misalignment can be described as, 

-JJ. Translation 

where xr is the continuous transmit spatial image, and Xr is its spatial frequency 

spectrum. From (4.5), notice that translating the frame by a fixed amount, [.6.1 , .6.2], 

causes a linear phase shift in its spatial frequency spectrum. Consequently, the SDMT 

signal can be easily equalized by a multiplication by a complex exponential. In prac

tice, a measure of the phase shift is incorporated in the channel OTF measurements 
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as discussed in Section 2.4. Since the effects of spatial misalignment is incorporated 

in the measured OTF, this transform is not considered in the model. 

In the case of magnification, increasing the size of the image in space is equiv

alent to compressing the spatial frequency spectrum. Mathematically this can be 

expressed as, 

(4.6) 


As for the spatial rotation of continuous transmit images, a rotation of angle (} in 

space is equivalent to a rotation of angle -{} in spatial frequency. 

From the discussion above, the effects of magnification and rotation is spatial 

frequency domain can be mathematically modeled as follows, 

~1 ] ~ [ co~ (} sin (} ] [ f 1 ] (4.7) 
[ h E -sm(J cos(} h 

where (11, 12) are the transformed spatial frequency coordinates of the transmit image. 

4.2.3 Channel Model 

To model the effect of spatial transformations on transmit images, the following as

sumptions were made. Firstly, the transmitter is a spatial light modulator of size 

N1 x N 2 pixels respectively, with pixel spacing equal to Dt in both directions. Sec

ondly, the receiver consists of 2D array of photo detectors of size lv/1 x M 2 respectively 

and a sample spacing equal to Dr in both directions. Thirdly, the spatial frequency 

spectrum of the transmitter occupies its full Nyquist region of size 1/Dt x 1/Dt. 

Furthermore, the receiver's spatial frequency response is assumed to occupy its full 
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D Nyquist Region 

1 • 1 Discrete Spatial 
1 1 Frequency Bin 

6(!I- N~Dt' !2- N~Dt) 

FIGURE 4.3: SDMT modulation divides the Nyquist region of the transmitter 
into N1 x N2 spatial frequency bins. In the model developed, each spatial bin is 

approximated by a delta function. 

Nyquist region of size 1/Dr x 1/Dr. The Nyquist region provides a limit on the 

maximum spatial frequency that can be supported by either side of the link. 

From Figure 4.3, notice that in SDMT modulation, the Nyquist region of the 

transmitter is divided into discrete spatial frequency bins. Each bin corresponds to a 

single spatial frequency. In each bin, data is loaded in accordance to the channel OTF 

and noise as in Chapter 2. In continuous frequency domain, the SDMT frequency bins 

can be represented as shifted delta functions. Let Xr[k1 , k2] denote the SDMT frame 

in the discrete spatial frequency coordinates [k1, k2]. Then, the continuous spectrum 

of the transmit frame in continuous spatial frequency domain Xr(h , !2) is expressed 

as, 

(4.8) 

Equation ( 4.8) implies that the transmit image constitute a spatially continuous pe

riodic signal in two-dimensional space. However, due to the rectangular pixel shape 

of the transmitting device, a transmit image is constant over the pixel extent. In 
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FIGURE 4.4: Transmit images undergo rotation and magnification in space, these 
transforms correspond the inverse transform in spatial frequency domain. 

practice the effect of the pixel shape is coupled with the OTF measurement. As a 

result , the transmit image can be treated as a continuous waveform in 2D space. 

After the spatially continuous transmit image is formed, it is projected onto 

the photodetector array at the receive side. During the projection process, transmit 

images undergoes magnification and rotation. Figure 4.4 shows the effects of magni

fication and rotation on spatial images and their spatial frequency spectrum. From 

the figure, notice that shrinking the image in space corresponds to expanding its spa

tial frequency spectrum. Moreover, by rotating the image in space in the clockwise 

direction, its spatial frequency spectrum is rotated in the counter-clockwise direction 

102 




M.A.Sc. Thesis- Awad Dabbo McMaster- Electrical Engineering 
Chapter 4. Receiver Design for Wireless Optical MIMO Channels 

by the same amount. To model the effects of spatial transforms at the receive side, 

(4.7) is applied to the coordinates of the transmit signal in (4.8) as follows, 

N1-l N2-l 

Xr(!I, h)= N N~D2£2 L L Xr[kb k2]o (!I- v1, h- v2) (4.9)1 t k1=0 k2=0 

where v1 and v2 are equal to 

(4.10) 

(4.11) 

and XT (!I, h) is the spatial frequency spectrum of the transformed spatial frequency 

spectrum of the transmit image, Xr(!I, h). 

At the receive side, it is possible to model the finite extent of the photodetector 

array by multiplying the transformed signal in the continuous spatial coordinates, 

ir(t1 , t2 ), by a finite window of size M1Dr x lvf2 Dr. Since a multiplication in space, 

corresponds to a convolution in spatial frequency. The spatial frequency spectrum of 

the received frame can be expressed as, 

XR(!I, h) - Xr(JI, h)* W(JI, h) 
N1-lN2-l

1 
N1N2D2c2 L L Xr[k1, k2]o (!I- VI, h- v2) *vV(/1, h)-

t k1=0 k2=0 

-
1 

N1-l N2-l 

N
1
N

2
D2c2 L L Xr[ki, k2]W(!I- v1, h- v2) 

t k1=0 k2=0 

(4.12) 

where XR is the spectrum of the received frame, *is the two-dimensional convolution, 

and vV is the Fourier transform of the finite eA.'tent window. After the signal is 

windowed, it is sampled in spatial domain with a sampling period equal to Dr in 

both dimensions. To prevent aliasing, it is assumed that the signal is spatially band 
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limited. Moreover, it is assumed that the spectrum of the transformed image is inside 

the Nyquist region of the receiver. This assumption is true in the case of continuous

tone SDMT modulation, where the signal is limited to the low-band spectrum of the 

image. Using the above assumptions, the received sampled signal can be written as, 

(4.13) 

Notice that the received data in, XR[k1, k2], is the weighted sum of all data in the 

transmit frame, where the weighting factor is given by, 

Using (4.14), equation (4.13) can be rewritten as, 

N1-l N2-l 

XR[kl, k2] = L L XT[kl, k2]U[kl, k2; kl, k2] (4.15) 
k1=0 k2=0 

From ( 4.15), notice that the receive data in spatial frequency bin [k1 , k2], is a combi

nation of transmit data in all the discrete spatial frequency bins. This combination 

function is denoted by U and it is varying in spatial frequency domain. Furthermore, 

it is a function of the window used, as well as magnification and rotation. 
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FIGURE 4.5: An illustration of the different stages of a wireless optical MIMO system with magnification and rotation. 
Figure (a) shows the SDMT modulated data in the discrete spatial frequency bins at the transmitter side, Xr[kl, k2], (b) 
shows the transmit SDMT signal in the continuous spatial frequency domain, Xr(h, h), (c) shows the magnified and 
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the windowed transformed signal, XR(h, h), (e) illustrates the sampled version of the spatial spectrum of the windowed 

transformed signal, XR[k1 , k2], (f) shows the estimated transmit data at the receive side, Xr[kl, k2]. 
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Figure 4.5 illustrates the signal at different stages of the wireless optical MIMO 

system with magnification and rotation. Figure 4.5(a) shows the transmit frame in 

discrete frequency coordinates, Xr[k1 , k2]. The transmit frame is generated by multi

plexing data using continuous-tone SDMT modulation. Since the frame is transmit

ted in continuous space, the transmit SDMT frame in continuous spatial frequency, 

Xr(JI, / 2), can be expressed as a weighted sum of spatial frequency pulses as denoted 

in (4.8). The resulting signal is as shown in Figure 4.5(b). Relative to the receiver 

side, transmit images appear magnified and rotated. The spatial frequency spectrum 

of the transformed transmit frame, Xr(/1, / 2), is shown in Figure 4.5(c). At there

ceiver, the spectrum of the magnified transmit image is convolved with the spatial 

frequency spectrum of the windowing function. The resulting signal, XR(JI, h), is 

shown in Figure 4.5(d). The windowed received signal is then sampled as shown in 

Figure 4.5(e). The sampled signal, XR[k11 k2], is then used to estimate the data in 

the transmit frame. The estimated frame, Xr[k1, k2], is shown in Figure 4.5(f). 

4.3 Windowing 

Windowing is a digital filtering technique commonly used in digital signal processing. 

In this work, windowing signifies the finite extent of the receiver array. From ( 4.15), 

it was shown that the data in each receive spatial frequency bin is a weighted sum 

of all transmit pixels. Furthermore, the weighing factor was shown to depend on 

the windowing function used, and the spatial transformation. In this section, an 

example one-dimensional channel model is considered. This model will illustrate the 

effect of windowing with magnification on transmit data. Later in the section, the 

two-dimensional model is considered. In the two-dimensional model, the effects of 

windowing with magnification and rotation are considered. 
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-Rectangular 
·-·-·Hamming 
-  -Blackman 

FIGURE 4.6: The frequency response of some commonly used windowing functions, 
the integer frequencies correspond to the sampled frequencies in spatial frequency 

domain. 

4.3.1 Windowing for One-dimensional Spatial Channels: An 

Example 

Before deriving the magnification model for the one-dimensional spatial channel, the 

properties of some commonly used windowing functions are studied. It is known that 

the frequency response of a windowing function is characterized by the width of the 

main-lobe, and the attenuation of the side-lobes. The main-lobe is defined as the 

distance between the origin and the first zero crossing on either side of the origin 

[91, Chapter 7]. Figure 4.6 show the frequency response of some commonly used 

windows. Notice that there is a trade off between the width of the main-lobe and the 

attenuation of the side-lobes. The rectangular window has a narrow main-lobe and a 

low side-lobe attenuation. In contrast, the Blackman window has the wide main-lobe, 

and a high side-lobe attenuation. 
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Since multiplying a one-dimensional spatial signal by a window is equivalent 

to the convolution of their one-dimensional spatial frequency spectrums, windowing 

a one-dimensional spatial signal causes the smearing of its spatial frequency content. 

The larger the width of the main-lobe the more smearing there is. From Figure 4.6, 

notice that the main-lobe of a rectangular window is contained in one spatial frequency 

sample, as a result the data is not smeared. However, the signal was smeared over 

many spatial frequency samples for a Blackman window. 

To derive a one-dimensional channel model, the transmitter is assumed to be a 

SLM of size 1 x N pixels with a pixel spacing of Dt· The receiver is a photodiode array 

of size 1 x Jvf pixels with a sampling interval equal to Dr. Using these assumptions, 

the received signal can be expressed as follows, 

N-1 

XR[k] - L Xr[k]U[k; k] (4.16) 
k=O 

where 

(4.17) 

In the case of a rectangular window, the factor U is given by, 

- 1 . (- JvfDr)U[k· k] = --smc k- k-- (4.18)
' ENDt ENDt 

From (4.16) and (4.18), it can be seen that for an interference free detection, it is 

required that the following condition is satisfied, 

constant k = ck, c E z+ 
U[k;k] = (4.19){ 0 o.w. 
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The condition above requires the weighing factor to be a spatial nyquist pulse [92]. 

To satisfy this condition, the following must be true, 

!YIDr '71+
--EIL.d ( 4.20) 
cNDt 

Notice that in general the condition in ( 4.20) is not satisfied. As a result, giving rise 

to spatial frequency inter-channel interference (SF-ICI). To minimize the SF-ICI in 

(4.18), the value of !vi is chosen as to approximate one period of the transmit signal, 

I.e. 

M = round ( E~t) 

Since !YI is the approximated signal period, the data in the received frequency bin k 
is equal to the data in transmit frequency bin k, when k = k. This corresponds to 

setting c in (4.19) to 1. Using this value of M, (4.16) can be rewritten as, 

M-1 

XR[k] - Xr[k]U[k; k] + L Xr[k]U[k; k] (4.21) 
k=O 
k# 

SF-ICI 

In Figure 4.7, the channel response, U[k; k], was plotted for a rectangular 

window as the magnification is changed. From the figure, notice that for a given k, 

the amount of SF-ICI varies with magnification. For unity magnification, the SF

ICI contaminating the signal is zero. However, as the magnification is varied, SF-ICI 

from all transmit frequency is added to the signal. From this discussion, a rectangular 

window is the window of choice for systems with unity magnification. 

In Figure 4.8, the channel response U[k; k] was plotted for a Blackman window 

as the magnification is varied. Due to the wide main-lobe and the heavily attenuated 

side-lobes of the window used, the data in received spatial frequency bin k = 6 

consists of the transmit data at k = 6, and its four neighboring bins. The number 
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FIGURE 4.7: A stem plot of the coefficient matrix IU[k;k]l for a rectangular win
dow, with k = 6. Notice that for unity magnification, the received signal at k = 6 
consists only of the transmit data in frequency k = 6. As the magnification is 
changed, the received data in k = 6 is contaminated by the transmit data from all 

frequency bins, thus, giving rise to SF-ICI. 

of neighboring bins remains approximately the same as the magnification is changed, 

however, the SF-ICI contribution from each spatial frequency bin is changed. 

From the discussion above, it was shown that the choice of a windowing func

tion affects the SF-ICI introduced at the receiver. Only for the case of unity mag

nification is rectangular windowing good, due to its narrow main-lobe. However, for 
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FIGURE 4.8: A stem plot of the coefficient matrix IU[k; k]l for a Blackman win
dow, with k = 6. For all magnification values, the received signal in k = 6 is a 
combination of the transmit data in frequency k = 6 as well as its four neighboring 
frequency bins. The extent of the neighboring bins is defined by the width of the 

main lobe and the attenuation of the side-lobes. 

systems that suffer from magnification, the use of a rectangular window can intro

duce SF-ICI from all frequency bins. This is due to its low side-lobe attenuation. In 

contrast, the large side-lobe attenuation of a Blackman window limits the SF-ICI to 

small a band of neighboring frequencies. In Section 4.4.3, windowing is applied in the 

design of a detection technique that counter the effects of magnification. 
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4.3.2 Two-dimensional Windowing 

To generate a two-dimensional window, a one-dimensional window in the first dimen

sion is multiplied by a one-dimensional window in the second dimension as follows, 

Since the two-dimensional window is separable in terms of its dimensions, the results 

in Section 4.3.1 can be used to study the effects of windowing combined with mag

nification and rotation in the two-dimensional system. Note that from now on, the 

two-dimensional windowing function is referred to by w, and its spatial frequency 

response is referred to by W. 

Assuming that 1\!h and 1\112 are chosen to minimize the SF-ICI introduced, i.e. 

(4.22) 


M2 = round ( c~~t) E z+ ( 4.23) 

The equation in (4.15) can be rewritten as, 

Xr[ki, k2]U[k1, k2; kr, k2] 
ll.h-lM2-l 

+ L L Xr[ki, k2]U[k1, k2; k1, k2]A[k1, k2] ( 4.24) 
k1=0 k2=0 

SF-ICI 

where, 

(4.25) 


From (4.24), the data in the received spatial frequency bin [k1, k2], is equal to the 

transmit signal in the same bin, plus interference terms from other frequencies. As 
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FIGURE 4.9: A plot of the absolute value of coefficient matrix, IU[k1, k2; k1, k2]l, 
when k1 = k2 = 5. (left) Rectangular window, (Right) Blackman window. 

before, the SF-ICI depends on the windowing function used, as well as the spatial 

transformations. Figures 4.9, 4.10 and 4.11 , illustrate the effects of a rectangular 

window and a Blackman window for different spatial transforms. Notice that the SF

ICI in the case of the rectangular window spans many frequency bins due to its low 

side-lobe attenuation. In the case of the Blackman window, the SF-ICI is limited in 

a band of neighboring spatial frequency bins due to the high side-lobe attenuation. 

From the examples presented, it can clearly be seen that the SF-ICI can be significant 

in the presence of magnification and rotation. 

Note that it is not possible to design a single windowing function that can 

equalize the SF-ICI in all frequency bins when multiplied with a received frame. This 

is due to the spatial frequency varying nature of the SF-ICI. In the next section, 

different equalization schemes are introduced and compared. These schemes rely on 

windowing and signal processing to equalize the SF-ICI in a manner that is suitable 

for practical implementation. 
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FIGURE 4.10: A plot of the absolute value of coefficient matrix IU[k1, k2; k1, k2JI 

when k1 = k2 = 5. (left) Rectangular window, (Right) Blackman window. 
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FIGURE 4.11: A plot of the absolute value of coefficient matrix IU[kl , k2 ; k1, k2]l 
when k1 = k2 = 5. (left) Rectangular window, (Right) Blackman window. 
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FIGURE 4.12: A block diagram of a wireless optical MIMO communication link 
with magnification. 

4.4 SDMT Demodulation in 2D SF-ICI Channels 

In Section 4.2.3, a model was developed to encompass the effects of magnification 

and rotation on SDMT modulated frames. In this section, the model is applied in the 

design of a wireless optical MIMO receiver. To simplify the design, it is assumed that 

the system undergoes magnification only, i.e. the angle of rotation, e, is set to zero. 

Note that it is possible to extend the methods developed in this section to consider 

systems with rotation since magnification and rotation affect the system in a similar 

manner. 

A block diagram of the wireless optical MIMO system considered is given in 

Figure 4.12. From the figure, the data are multiplexed in the spatial frequency using 

continuous-tone SDMT modulation. The transmitter forms and projects intensity 

images corresponding to the modulated data. From the assumptions in Section 4.2.1, 

transmit images are transformed at the transmitter side since the receiver is the 

point of reference. Then, the transmitted images are magnified then convolved with 

the channel PSF. At the receiver, thermal noise 1/J is added to the received images. 

The images are then multiplied in electrical domain by a window. The DFT of the 
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windowed data is computed and the data are demodulated. Mathematically, the 

received SDMT frame in discrete spatial domain [k1 , k2] can be expressed as follows, 

M1-l M2-l 

XR[k1, k2] = H[k1, k2] L L (Xr[kb k2]U[k1, k2; k1, k2J) + q,[k1, k2] (4.26) 
k1=0 k2=0 

where XR is the received frame, Xr is the transmitted frame, His the channel OTF, 

Cis a weighing factor given by (4.14), and q, is the discrete Fourier transform of the 

windowed thermal noise. i.e. 

As in (4.24), the equation in (4.26) can be rewritten as, 

XR[k1, k2] - Xr[ki, k2]H[k1, k2]U[k1, k2; k1, k2] 
l\.fr-1 M2-l 

+ H[k1, k2] L L Xr[k1, k2]U[k11 k2; k1, k2]A[k1, k2] +q,[k1, k2] 
k1=0 k2=0 

SF-ICI 

(4.27) 

From (4.27), the received data symbol equals to the scaled transmit symbol 

contaminated by SF-ICI and channel noise. Notice also that the SF-ICI introduced 

is not causal. In this work, causality is defined relative to a decoding path in spatial 

frequency as shown in Figure 4.13. From Figure 4.13(a), a channel is non-causal 

if the SF-ICI in the current spatial frequency being decoded, [k1, k2], is caused by 

previous and subsequent spatial frequency bins relative to the decoding path. From 

Figure 4.13(b-d), a channel is causal if the SF-ICI in the current spatial frequency 

being decoded, [k1 , k2], is strictly caused by previously decoded spatial frequency bins 

relative to the decoding path. 
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(a) (b) 

(c) (d) 
..-----<:> 
',, Decoding Path 

----{::» 
• U[k1, k2; k1, k2] 

Spatial frequencies contributing to the SF-ICI in [k1 , k2] 

FIGURE 4.13: An illustration of causal and non-causal 2D SF-ICI channels. For 
a SF-ICI channel, the current frequency denoted by [k1, k2] suffer from spatial 
frequency inter-channel interference from its neighboring bins. Figure (a) illustrates 
a non-causal system since the interference in the current bin is due to previous 
and subsequent bins relative to the decoding path. Figures (c-d) illustrate causal 
systems since the interference in the current bin is strictly from previously decoded 

bins relative to the decoding path. 

Due to the non-causal and the spatially varying nature of the SF-ICI chan

nel, channel equalization is not equalized straight forward. In this section, several 

equalization techniques are discussed and compared. These techniques focus on the 

equalization and the demodulation of the received SDMT signal in the presence of 

SF-ICI. 
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4.4.1 Joint Equalization 

Joint equalization is a well known technique in RF MIMO systems [71, Chapter 10]. 

This technique is based on solving a system of linear equations. In each equation, 

the received signal is expressed as a weighted sum of transmit symbols. Solving this 

system results in the equalization of the ICI introduced by the channel. The equalized 

signal is then passed through a decision device to determine the constellation symbol 

transmitted. 

In an optical wireless MIMO system, the implementation of joint equalization 

is expensive in terms of computational and memory resources. This is due to the 

large number of channels available, and the spatially varying nature of the channel. 

For example, if the size of the transmit frame is 128 x 128, the system needs to store 

and solve a linear system of 1282variables and a coefficient matrix of size 1282x 1282 

entries. Consequently, the use of joint equalization in wireless optical MIMO systems 

is limited. 

4.4.2 Zero-Forcing Equalization 

In zero-forcing equalization, it is assumed that the contribution of the SF-ICI to the 

signal is negligible. i.e. 

XR[ki, k2] - Xr[ki, k2]H[k1, k2]U[kb k2; k1, k2] 
M1-l Mz-1 

+ H[k1, k2] L L Xr[ki, k2]U[k1, k2; k1, k2]A[k1, k2] +~[k1, k2] 
k1=0 k2=0 

SF-ICI~O 

(4.28) 

This assumption is valid if the effect of magnification is small or the channel is dom

inated by noise. In this technique, a rectangular window is used to filter the signal. 
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Consequently, most of the signal energy is concentrated in one frequency bin. Using 

this techniques, the received signal in ( 4.28) can be approximated by, 

(4.29) 

From (4.29), the equalization process is reduced to a division by a constant. The 

equalized signal is then passed though a decision device to estimate the transmit 

signal as follows, 

(4.30) 

where Xr is the estimated transmit signal at the receive side, and v-1{.} is a function 

that de-maps the equalized data into a constellation symbol. The de-mapping is 

performed by a decision device implemented as a maximum likelihood detector, where 

the estimated transmit data is chosen to minimize the probability of symbol error. 

Since the wireless optical MIMO channel consists of a number of sub-channels in 

spatial frequency domain, each of which is modeled as an additive white and Gaussian 

noise channel, the maximum likelihood detector is the optimal detector for each spatial 

frequency sub-channel [69, Chapter 5]. 

4.4.3 Decision Feedback Equalization 

Due to the finite size of the receiver, the wireless optical MIMO channel is seen as a 

SF-ICI channel as explained in Section 4.4. As a result, a decision feedback equalizer 

(DFE) can be used to equalize the received SDMT signal in spatial frequency domain. 

The use of a DFE in the 2D SF-ICI channel considered is not straight forward since 

the channel is non-causal, and spatial frequency varying. To develop further insight 
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into the 	application of DFE in the 2D SF -ICI channel, the DFE is applied to the 

one-dimensional spatial frequency channel as an example. In Section 4.4.3.2, the 

results from the one-dimensional spatial frequency channel are extended to the two

dimensional case. 

4.4.3.1 	 Decision Feedback Equalization for the lD SF-ICI Channel: An 

Example 

In the presence of noise, the one-dimensional spatial frequency ICI channel in (4.21), 

can be rewritten as follows, 

k-1 
Xr[k]H[k]U[k; k] +L Xr[k]H[k]U[k; k] 

k=O 

precursor SF-ICI 

M-l 

+ L Xr[k]H[k]U[k; k] +~[k] 	 (4.31) 
k=k+l 

postcursor SF-ICI 

where the 	precursor SF-ICI refers to the interference of previous spatial fre

quency bins on the current spatial frequency bin, while the postcursor SF-ICI per

tains to the interference of subsequent spatial frequency bins. For the 1D 

channel in (4.31), causality is defined relative to a decoding path in the direction of 

increasing k. Figure 4.14 shows the post/pre cursor SF-ICI relative to the decoding 

path in spatial frequency. 

Figure 4.15 show a block diagram of a decision feedback equalizer. Notice 

that a DFE consists of three main sections, the feedforward section, the feedback 

section, and a decision device. The purpose of the feedforward section is to equalize 

the postcursor SF-ICI, while, the feedback section is used to equalize the precursor 

SF-ICI. 
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FIGURE 4.14: Precursor and Postcursor SF-ICI. 

X_R_[k_]--1>1 Feedforward 
Section 

Decision 
Device'D-1 

FIGURE 4.15: A block diagram of a decision feedback equalizer. 

For the one-dimensional channel considered, windowing the received signal 

is analogous to feedforward equalization in the sense that it limits the extent of the 

postcursor SF-ICI, i.e. make the SF-ICI causal with respect to the decoding direction. 

Referring back to Figure 4.7 and Figure 4.8, notice that in the case of a rectangular 

window the postcursor SF-ICI spans many frequency bins. On the other hand, by 

using a Blackman window, most of the postcursor SF-ICI was equalized. 
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Since the ICI in the windowed signal is limited to a small number of frequency 

bins, the received signal in (4.31) can be approximated by, 

k-1 
XR[k] ~ Xr[k]H[k]U[k; k] + H[k] L Xr[k]U[k; k] 

k=k-T£ 

precursor SF-ICI 

k+TH 

+ H[k] L Xr[k]U[k; k] +~[k] (4.32) 
k=k+1 

postcursor SF-ICI 

where T£ and TH define the width of the frequency band around the desired frequency 

k where most of the energy is concentrated. In the case of a Blackman window T£ 

and TH are equal to 2, as can be seen from Figure 4.8. From the approximation in 

( 4.32), notice that the transmit data in frequency bin k can not be estimated from 

the received data in the corresponding bin due to non-zero postcursor SF-ICI. By 

exploiting the properties of the transmit signal, the finite extent of the postcursor 

SF-ICI it is possible to write the detection problem as follows, 

(4.33) 

where XT is the estimated transmit data, and v-1{.} is a function that de-maps the 

equalized data into a constellation symbol. The de-mapping is performed using a 

maximum likelihood detector, where the estimated transmit data is chosen to mini

mize the probability of symbol error. From (4.33), the data in a subsequent spatial 

frequency bin, Xr[k + TH], is estimated based on observing its effect on the received 

data in current spatial frequency bin, XR[k]. Notice that a shift was introduced to 

make the SF-ICI causal with respect to the decoding path. In order to estimate 

Xr[k + TH] from XR[k], the SF-ICI introduced by the preceding transmit frequency 

bins is removed using their previously estimated values from the received data XR[k], 
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then passing the equalized data though the decision device v-l {.}. 

In order for this technique to work, Xr must be known for all values preceding 

the desired bin. To satisfy this condition, the structure of transmit signal is exploited. 

From Chapter 2, it is known that for a 2D continuous-tone SD.MT signal, the data 

is loaded in the low-band frequency spectrum, while zeros are transmitted in the 

high-band spectrum. For one-dimensional system, SD.MT modulation can be applied 

in the same manner, i.e. data to be transmitted is loaded in the low-pass spectrum, 

while zeros are transmitted in the high-band spatial frequency spectrum. Since the 

transmit signal in the high frequency is known, the DFE algorithm can be started 

from the high-frequency bins and ending at DC. Figure 4.16 shows the application of 

the DFE described in ( 4.33) to a one-dimensional SD.MT signal. 

From the previous equations, notice that the windowing function used, can 

greatly affect the performance of the decision feedback equalizer. To achieve a high 

performance, in terms of low probability of error, the following design criteria can be 

deduced: 

(a) From (4.33) 	it was shown that the transmit signal in spatial frequency bin 

[k + TH] is estimated from its SF-ICI contribution in the current frequency bin 

[k]. To develop an understanding of how this process affects the probability of 

error, a measure of the signal interference to the noise ratio (SINR) is defined 

as follows, 
- JH[k]U[k;k + TH]J2a~ 

SINR[k] = - k+TH 	 (4.34)
a~[k] 

where a%+rH is the power of the signal to be estimated, JH[k]U[k; k + TH]J 2 

is a scaling factor reflecting the interference of the data to be estimated in 

the current frequency bin [k], and the denominator represents the noise power. 

Equation ( 4.34), represents a measure of the signal interference power used to 

estimate the data in spatial frequency bin [k +TH], relative to the channel noise 
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Transmit zeros Devicev-r 
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A 

Estimated Transmit Signal Xr 

FIGURE 4.16: An illustration of a decision feedback equalization for one
dimensional SDMT signal as described in equation ( 4.33). In this illustration T£ = 2 

and TH = 1. 

power in the current frequency bin [k]. This ratio directly affects the probability 

of error. If the signal interference power is large relative to the noise power, 

i.e. SINR is high, then the probability of erroneous detection is low since there 

is low ambiguity when decoding the signal. However, if the signal interference 

power is small relative to the noise power, i.e. the SINR is low, the probability of 

error is high due to the high ambiguity when decoding the signal. From (4.34), 

notice that the SINR is directly affected by the design of the window. Therefore, 

this condition can be used to design a windowing function that achieves a low 
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probability of error. 

(b) 	The implementation of decision feedback equalization is based on approximating 

the receive signal as in ( 4.32). Assume that, n;;;, is the set of all frequency bins 

used in equalization, i.e. {k- T£, ... 'k + TH} E n;;;. Then, the received signal 

can be expressed as, 

XR[k] = H[k] L XT[k]U[k; k] +H[k] L XT[k]U[k; k] +tiJ[k] ( 4.35) 
kEDk 	 k~Dk 

Used in DFE Not used in DFE 

From ( 4.33) and ( 4.35), it can be shown that the decision feedback equalizer does 

not equalize the interference from bins that are not used in the approximation. 

To study the impact of the approximation on the probability of error, a measure 

of the Feedback to Total Energy Ratio is defined as follows, 

(4.36) 


To reduce this interference, a designed window should have high attenuation 

for frequencies not used in the DFE, or equivalently, most of the feedback win

dow energy must be used in detection. Mathematically, this condition can be 

expressed as follow, 

FTER[k] = 1-1, ,Vk 	 (4.37) 

where 1 is chosen to be small. From (4.36) and (4.37), a good window design 

results in most of the energy of the weighing factor H[k]U[k; k] be inside the 

region k- TL ~ k ~ k- TL, for all frequency bins k. If this condition is satisfied, 

then the undesired SF-ICI is fully equalized, thus reducing the probability of 

error when decoding the signal. 
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Z Scan direction • Cursor 

D Postcursor ICI D Precursor ICI 

FIGURE 4.17: Precursor and postcursor spatial frequency inter-channel interference 
for two-dimensional interference channels. Notice that pre/post-cursor SF-ICI can 

only be defined relative to a decoding path. 

4.4.3.2 Decision Feedback Equalization for the 2D SF-ICI Channel 

In Section 4.4.3.1, windowing was used to implement decision feedback equalization in 

the one-dimensional channel. In this section, the same concept is extended to the two

dimensional SF-ICI channel. For the 2D SF-ICI channel, precursor and postcursor 

SF-ICI are defined with respect to predefined path as shown in Figure 4.17. 

By multiplying the received signal with a windowing function, the data in each 

received frequency bin can be approximated as follows , 

k1 +rHl k2+TH2 

XR[kl, k2] ~ H[kl, k2] 2.: 2.: Xr[kl , k2]U[k1, k2; k1 , k2] + ~[k1, k2] 

(4.38) 

Equation ( 4.38) implies that by choosing a window with high side-lobe attenuation, 

as in Figure 4.10, the interference in each frequency bin [k1 , k2] can be ascribed to 

its neighboring bins. The extent of the neighboring bins is defined by the param

eters [T£1, THI] and [T£2 , TH2]. However , as in the one-dimensional case, windowing 

the signal does not fully equalize the postcursor SF-ICI. Consequently, the transmit 

signal in frequency bin [k1, k2] can not be estimated from the received data in the 
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CH [kl + THI' k2 + TH2] 


FIGURE 4.18: The decision feedback equalizer is started from the high frequency 
spectrum, since the transmit data is known to be zero. 

corresponding spatial frequency bin. To overcome this problem, the structure of the 

SDMT signal, and the finite nature of the SF-ICI can be used to implement decision 

feedback equalization. As in ( 4.33), the decision feedback equalizer can be described 

as follows, 

From (4.39), the estimated transmit signal, Xr[k1 +TH1 , k2 +TH2], is estimated 

by observing its SF-ICI contribution to the received signal XR[k1 , k2]. For this ap

proach to work, X must be known for all frequencies preceding the spatial frequency 

bin [k1 + THI, k2 + TH2] relative to a decoding path. To fulfill this requirement the 

structure of the SDMT signal can be utilized. In Chapter 2, it was shown that in 

continuous-tone SDMT modulation, the data is loaded in the low-band spatial fre

quency spectrum, while zeros are transmitted in the high spatial spectrum. Therefore, 

the DFE can be started from the high frequency region and ending at the low fre

quency. Figure 4.18, shows a possible decoding path for a decision feedback equalizer 

in a 2D channel. 
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FIGURE 4.19: Decision feedback equalization implemented in a 2D ICI channel. 
The channel is assumed to be causal in the decoding direction, Moreover, it is has 

a finite extent. 

Figure 4.19 show an illustration of the decision feedback equalizer described 

in ( 4.39). From Figure, notice that previously estimated data is used to eliminate 

their interference from the current received data. The equalized data is then passed 

though a decision device to estimate the transmit symbol. 

In the previous section, two window design criteria, ( 4.34) and ( 4.37), were 

deduced to better the performance of a DFE. These criteria can be extended to 

the two-dimensional case without loss of generality. The first criterion is to design a 

window with high SINR. For the two-dimensional case, this ratio is defined as follows , 

( 4.40) 

The second criterion for a good window design is to ensure that most of the window 

energy is used in the feedback loop. Mathematically, this criterion can be expressed 

as follows , 

(4.41) 
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where, 

(4.42) 

is the ratio of the feedback energy used in the DFE approximation to the total energy, 

and 'Y is chosen to be small. In general, there is a trade-off between increasing the 

SINR in ( 4.40), and using most of the window energy in equalization, as in ( 4.41). The 

trade-off arises from the properties of the spatial frequency response of the window. 

Mainly, the width of the main-lobe, and the attenuation of the side-lobes as discussed 

in Section 4.3. To satisfy the condition in ( 4.41), the side lobe attenuation must be 

high. But as the side lobe attenuation is increased, the width of the main lobe is 

increased. As the width is increased the energy of the transmit signal is spread over 

many frequencies, consequently, reducing the SINR in ( 4.40). 

To satisfy the design criteria simultaneously, the class of complex windowing 

functions is considered. The benefit of using a complex window, is that its spatial 

frequency response is not symmetric. As a result, it is possible to design a window 

that can have a good balance between both design criterions. In this work, a heuristic 

approach was used to design a window suitable for DFE implementation. To design 

a complex window, the following steps were performed: 

Step 1 Choose a real window with high side-lobe attenuation, w. In this work, a 

discrete prolate spheroidal sequence ( dpss) window of order five was used. The 

class of dpss windows was chosen because it represents the windows with the 

maximal energy concentration in the lobe identified by the order of the window 

[93, 94}. For example, a dpss window of order zero is a window that has the 

maximal energy concentration in the main lobe. Figure 4.20(a) illustrates a dpss 

window of order 5. Figure 4.20(b), shows the spatial frequency response of the 

dpss window. From the figure, it can be seen that for the DFE approximation, 
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T£1 = TL2 = 2 and THl = TH2 = 2. Using this approximation, the SINR is low 

due to the wide main-lobe and high side-lobe attenuation. However, most of 

the energy is used in the feedback loop, thus satisfying ( 4.41). 

Step 2 Truncate the spatial frequency response of the real window to get the 

desired spatial frequency response. Care must be taken when truncating the 

window since truncation can violate the condition in (4.41). In this work, the 

desired window response was chosen to be, 

W[k , k ] = { W[k11 k2] -3 ~ k1 ~ 1, -3 ~ k2 :::; 1 
1 2 (4.43) 

0 o.w. 

where vV is the spatial frequency response of the desired complex window, and 

W is the spatial frequency response of the chosen real window. Figure 4.20(e) 

shows the spatial frequency response of the desired windowing function. Notice 

that the DFE approximation is, T£1 = T£2 = 3 and THl = TH2 = 1. From (e), 

notice that the contribution of the desired signal is higher, thus reflecting an 

increase in the SINR. Notice also, that the condition in ( 4.41) is still satisfied. 

Step 3 Take the inverse discrete Fourier transform of the spatial frequency spec

trum of the designed window, vV, to obtain a complex windowing ftmction w. 

Notice that since the truncated response is no longer Hermitian symmetric, the 

windowing function w is complex. Figures 4.20 (c) and (d), show the real and 

the imaginary parts of the complex window. 

It is important to mention that the complex window designed in this section 

is not optimal in terms of minimizing the probability of error for a given channel. 
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FIGURE 4.20: An illustration of, (a) Real window w, (b) Absolute value of the 
spatial frequency response of the real window JWJ, (c) Real part of the designed 
complex window R{w}, (d) Imaginary part of the designed complex window S'{w} , 
(e) Absolute value of the spatial frequency response of the complex window JWJ. 
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4.5 Simulation Results 

In this section, the bit-error rate (BER) for the wireless optical MIMO channel was 

simulated, and the results are plotted. In the simulation, the BER was evaluated 

for different magnification levels, and receiver designs. For the first simulation, it is 

assumed that the receiver implements zero-forcing equalization as in Section 4.4.2. In 

the second simulation, the receiver makes use of a dpss window of order 2 with decision 

feedback equalization. For the third simulation, the designed complex window is used 

in conjunction with the decision feedback equalization as in Section 4.4.3.2. 

For all simulations, it is assumed that the transmit frame size, N1 x N2 , is 

equal to 16 x 16 pixels. The sample spacing at the transmitter and receiver are 

assumed to be same and are equal to unity, i.e. Dt = Dr = 1. Furthermore, the 

average optical power per channel, O";, was set to 0.2. Noise measurements from [55], 

where used in the channel simulation. To simulate the bit-error rate, random data 

were generated and multiplexed into the spatial frequency spectrum using continuous

tone SDMT modulation, as discussed in Chapter 2. The generated transmit frames 

were magnified to simulate the magnifying effect of the channel. By expressing the 

transmit image in spatial domain as a sum of weighted sinusoids, magnification can 

be achieved by scaling the frequency of each sinusoid. The magnified frames were 

then filtered and multiplied with the corresponding windowing function. A randomly 

generated white Gaussian noise was generated and added to each frame, and the 

signal demodulated. 

In Figure 4.21, the simulated BER was plotted versus the magnification for 

different receiver designs. From the figure, notice the oscillating nature of the BER as 

the magnification is changed. These oscillations are due to variations in the SF-ICI 

as the magnification is changed. The variations in the SF-ICI level are caused by 

approximating the period of the transformed images to nearest integer, as in (4.22) 
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FIGURE 4.21: A comparison between different receiver designs. 

and (4.23). Figure 4.22 shows the absolute value of the period approximation error as 

the magnification is changed. From Figures 4.21 and 4.22, notice the high correlation 

between the error in the period approximation and the BER. When the magnification 

is equal to, 
round(EN)A 

N= 16 (4.44)E= N ' 

the error in period approximation is zero. This means that the period of the received 

magnified image is an integer. In this case, the SF-ICI in the channel is low, resulting 

in a low bit-error rate. However, when the error in approximation is high, the SF-ICI 

levels are high resulting in a high bit-error rate. 

Referring back to Figure 4.21, notice that the BER for zero-forcing equaliza

tion with rectangular windowing is sensitive to changes in magnification. The high 

sensitivity to magnification is attributed to the low feedback to total energy ratio. In 

zero-forcing equalization, the SF-ICI is assumed to be negligible. However, this as

sumption does not hold for all values of magnification. Referring back to Figure 4.22, 
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FIGURE 4.22: Absolute error between the integer period approximation, Jvi, and 
the actual period of the magnified received signal as the magnification is changed. 

it can be seen that this assumption only holds when the period of the received signal 

is closely approximated by an integer, i.e. the error in the period approximation is 

low, and it is violated otherwise, i.e. when the error in the period approximation is 

high. For the magnification values where the period of the received signal is closely 

approximated by an integer, the FTER ratio is high since most of the window en

ergy is concentrated in the frequency bin being equalized. Thus, achieving a low 

probability of error when demodulating the signal. On the other hand, for values of 

magnification where the error in period approximation is high, the FTER ratio is low 

due to the large amount of SF-ICI not used in equalization. The low FTER ratio 

causes a high probability of error. 

For the case of a dpss window of order 2 with decision feedback equalization, 

the BER is less sensitive to changes in magnification. The low sensitivity to magni

fication is attributed to high side-lobe attenuation of the chosen window. For a dpss 

window of order 2, the side-lobes are heavily attenuated, as a result, the SF-ICI in 
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each frequency bin it attributed to a small band of neighboring frequencies. As the 

magnification is varied, the high side-lobe attenuation maintain the containment of 

the SF-ICI in a small band around each frequency. Since the SF-ICI is always con

tained, the application of decision feedback equalization equalizes the majority of the 

SF-ICI introduced, hence the low sensitivity to changes in magnification. From Fig

ure 4.21 notice that the BER is always high for this system. The high bit-error rate 

can be explained by the low SINR (4.40). Since the channel SF-ICI is begin equalized 

by the decision feedback equalizer, the performance of this technique is limited by 

the channel noise, i.e. for a fixed signal power, the bit-error rate decreases as the 

channel noise is decreased. Due to the bad performance in terms of low bit-error rate, 

this window design is not recommended to counter the effects of the magnification in 

wireless optical MIMO channels. 

From Figure 4.21, it can be seen that by changing the windowing function 

used in decision feedback equalization, the bit-error rate can be lowered drastically. 

For the complex window design, notice that when the SF-ICI in the channel is low, 

the bit-error rate is higher than that of the rectangular window with zero-forcing 

equalization. This is due to the lower SINR used in detecting the signal. For the 

rectangular window, most of the signal energy is concentrated in one bin. However, 

for the complex window, the energy of the signal is spread over several bins, as a result 

reducing the SINR of the data to estimated. But, the SINR in the complex window 

case is much better that that of the dpss window of the second order. For the values 

of magnification where the SF-ICI is large, notice that using a complex window with 

DFE achieves lower probability of error than rectangular windowing with zero forcing 

equalization. This is due the ability of the DFE to equalize most of the SF-ICI in the 

channel. From the above discussion, one can say the the performance of the DFE is 

limited by the channel noise. 

Figure 4.23, shows the average ratio of feedback energy used in detection 
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relative to the total energy of the window as the magnification is changed. For a 

given magnification, this ratio is expressed as, 

(4.45) 


where FTER is defined in (4.42). 

From Figure 4.21 and Figure 4.23, notice that the energy used in detection is 

inversely correlated with the BER. This Figure, reflects the effect of SF-ICI equal

ization of the received signal. For the rectangular window, notice that when the 

magnification is about 0.915, almost 55% of the signal energy is causing SF-ICI in 

other frequency bins. Using zero-forcing equalization, the SF-ICI introduced is not 

equalized, thus causing the high BER. On the other hand, when using DFE with a 

complex window for the same magnification, only 5% of the SF-ICI is not equalized, 

hence the lower bit-error rate. Since the performance of the system at this magni

fication level is limited by the amount of SF-ICI present, i.e. the effect of channel 

noise is much less than the effect of SF-ICI, the channel is termed a SF-ICI limited 

channel. 

In Figure 4.24, the BER was plotted versus the channel noise for an SF-ICI 

limited channel. Notice that as the channel noise is decreased, the performance of the 

designed complex window is improved until it saturates. The saturation is caused by 

the un-equalized SF-ICI that becomes significant as the noise power is reduced. On 

the other hand, the performance of the rectangular window does not change due to 

the presence of large amount of un-equalized SF-ICI. 
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FIGURE 4.23: A plot of the signal energy used in equalization as the magnification 
is changed. 

4.6 Conclusion 

In this chapter, the receiver design for wireless optical MIMO channels with magni

fication is considered. The novelty of this work arise in the consideration of spatial 

transformations in optical MIMO channels. A model that encompass the effects of 

magnification and rotation on continuous-tone SDMT modulated frames was derived. 

From the model, it was shown that magnification and rotation cause spatial frequency 

varying spatial frequency inter-channel interference. Windowing is introduced as an 

effective method to equalize the spatial frequency inter-channel interference. To mit

igate the effects of magnification on continuous-tone SDMT signaling, two different 

equalization techniques were devised. The first technique uses zero-forcing equaliza

tion with rectangular windowing. The second technique uses a novel complex window 

design combined with decision feedback equalization. The choice of an equalization 
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FIGURE 4.24: A comparison between the bit-error rate of decision feedback equal
ization with a complex window, and a rectangular window with zero-forcing equal

ization for a SF-ICI limited channel. The magnification, E, is equal to 1/1.03. 

technique is directly affected by the channel magnification, and frame size. For mag

nification values where the channel is limited by the spatial frequency inter-channel 

interference, decision feedback equalization with a complex windowing is the receiver 

design of choice since it reduces the bit-error rate. However, for when the channel 

is noise limited, i.e. the effect of spatial frequency inter-channel interference is neg

ligible, the zero-forcing equalization with rectangular windowing is the best receiver 

design in terms of low bit-error rate. 
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It is important to mention that the performance of decision feedback equaliza

tion is limited by the design of the windowing function used. In this work, heuristic 

methods where used to design the windowing function. In a future work, a more 

rigorous design must be performed to minimize the bit-error rate. Moreover, the 

receiver design developed in this chapter must be extended to overcome the effects 

of magnification and rotation on half-toned SDMT modulated frames. Such design 

could pave the way towards the practical implementation of wireless optical MIMO 

communication links in many applications. 
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Chapter 5 

Conclusion and Future Work 

5.1 Conclusions 

The use of multiple transmitters and multiple receivers in the wireless optical channel 

promise an immense increase in data-rate commUllication. Although such rates are 

theoretically possible, their attainment in practice remain illusive. This is mainly 

due to the complex design of the transmit and receive sides for such a link. The high 

complexity of the transmitter and receiver, is caused by the algorithms implemented 

to counter the effects of the channel. Such effects include spatial misalignment be

tween the transmitter and the receiver, and the magnification of transmit frames at 

the receive side. The work done in this thesis constitute a crucial step towards the 

practical realization of wireless optical MIMO communication systems. This is done 

by introducing low complexity designs for both ends of the link. These designs help 

to enhance the channel capacity and overcome channel impairments. 

In the first part of the thesis, two techniques to improve channel capacity 

for wireless optical MIMO channels are presented. The first technique uses multi

level halftoning to reduce quantization noise power. For quantization noise-limited 
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systems, increasing the number of quantizer levels provides gains in capacity. For 

example, at a rate of 200fps, a four-level quantizer gives approximately a two-fold 

increase in capacity over a binary-level quantizer for all frame sizes considered. The 

second technique uses higher order noise shaping to shape the quantization noise 

to the out-of-band spatial frequency spectrum, and hence improves capacity. This 

technique is shown to be useful when the number of levels is small, i.e., near 2. 

In the second part of this work, the receiver design was considered for the 

wireless optical MIMO channel with magnification. In that work, the effects of mag

nification and rotation in wireless optical MIMO channels were modeled. Different 

receiver design techniques where discussed. The choice of the receiver used is directly 

affected by the channel magnification, the frame size, and the channel noise. If the 

channel is ICI limited, i.e. the error in the period approximation is large. Then, the 

best design to use is complex windowing with decision feedback equalization. On the 

other hand, when the channel is channel noise limited, i.e. when the error in the pe

riod approximation is small. Then, it is best to use a simple rectangular window with 

direct detection. Bare in mind that the performance of decision feedback equalization 

is limited by the design of the windowing function used. 

5.2 Future Work 

As mentioned previously, the first part of the thesis introduced multi-level halftoned 

SDMT modulation, while the second part applied DFE with windowing to overcome 

the effects of magnification. Although both parts were discussed separately, a future 

work might combine both subjects to realize a more flexible and reliable design. To 

combine both parts, one might consider applying windowing with decision feedback 

equalization to a halftoned SDMT modulated signal, instead of its application to the 

continuous-tone SDMT signal presented in this work. 
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Through out this work, the inverse discrete Fourier transform was used to 

generate transmit frames based on SDMT modulation. In a future work, a study 

of other transforms is required. The use of other transforms to move from spatial 

frequency to spatial domain might introduce a benefit in reducing the overall system 

complexity, and increase its robustness. Moreover, the structure of these transforms 

can potentially be used to reduce the complexity of equalizing the received signal· at 

the receiver. 

In the first part of the thesis, the aggregate channel capacity was maximized 

with respect to the filter parameters. For this optimization problem, the error diffu

sion filter was assumed to be symmetric. In a future work, one might consider the 

general case of a non-symmetric filter design. Such a filter design might achieve a 

higher gain in the channel capacity. One might also consider, the joint optimiza

tion problem pertaining to the maximization of the aggregate channel capacity with 

respect to the error diffusion filter as well as the power allocation matrix. 

For the first part of the thesis, gains in channel capacity were achieved by using 

multi-level halftoned SDMT, instead of binary halftoned SDMT. It is important to 

note that these promised rates can only be achieved if coding is applied. For a future 

work, one can consider the design of a capacity achieving code for such a channel. 

Due to the large number of transmit and receive elements in such a channel, the 

designed code should have low complexity to allow practical implementation. 

In the second part of this work, decision feedback equalization with windowing 

was implemented to reduce the effect of magnification on the continuous-tone SDMT 

signal. A future work might consider extending this technique to other types of 

impairments. Such impairments include rotation and projective distortion. Signal 

rotation, and projective distortions constitute a serious problem in an in-door wireless 

optical MIMO communication environment. To apply such techniques, the model 

derived in this work, need to be extended to account for projective distortion. The 
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resulting model can then be used to design windowing functions that are suitable 

for DFE implementation. In this work, a heuristic approach was used to design the 

windowing function. In a subsequent work, a more rigorous design is needed to realize 

further reductions in the bit error rate. 

In the work presented, it was assumed that there is one user transmitting infor

mation across the wireless optical MIMO channel. For a subsequent work, one might 

extend this work to. multiple users. This is done by considering the use of spatiotem

poral multiplexing techniques. The development of such multiplexing technique will 

pave the way towards the integration of wireless optical MIMO communication sys

tems, with existing multimedia display technology. For example, it would be possible 

to use a television set to download information while watching the box. 

Another possible direction is to apply SDMT modulation and the detection 

techniques devised to the coherent channel. Such a channel is present in holographic 

data storage systems. In a coherent channel, it is known that the Fourier transform 

and its inverse can be computed optically via a lens. Such a property can be ad

vantageous when applying SDMT modulation to such a channel. Since the optical 

implementation of the Fourier transform, and its inverse, is much faster compared 

with the electrical domain implementation. As a result, the computational com

plexity of this modulation technique is reduced by many folds, thus, making it an 

attractive choice for many future applications. 

Another potential application is the use of wireless optical MIMO systems in 

free space optical links. So far, the use of wireless optical MIMO in free space optical 

channels has been limited to a few transmitters and receivers. In the future, it might 

be advantageous to use large scale wireless optical MIMO links to communicate mass 

amount of data in metropolitan areas. For such links, large LED billboards can be 

used to transmit information. The receiver can use an imaging sensor with telescope 

optics. For this channel magnification, rotation and projective distortions can affect 
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the transmit signal. As a result, the techniques developed in this thesis can be adapted 

for the use in such a channel. 
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Appendix A 

Mathematical Proofs 

In this chapter, a mathematical proof for the following theorem is derived. The the

orem states that "A symmetric negative semi-definite matrbc Q, with a zero diagonal 

element must have zeros in the corresponding row and column" . Before the proof is 

presented, some definitions and lemmas are states and proofed. These definitions are 

then used to prove the stated theorem. 

Definition A.l. A square matrbc Q is symmetric if 

Definition A.2. A square matrbc Q is negative semi-definite if and only if 

xTQx ::; 0, Vx 

Definition A.3. If Q is a matrbc of size n x n, then, a principal sub-matrix Qp 

is constructed from Q by deleting any n - m rows, and their corresponding columns. 

Where Qp is a matrbc of size m x m. 
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Lemma A.4. If Q is negative semi-definite matrix of size n x n, then, all its diagonal 

elements must be non-positive, that is, qii :::; 0. 

Proof. The proof follows directly from Definition A.2 by substituting the following 

value for xT, 

i-1 n-i 

D 

Lemma A.5. If a matrix Q is symmetric and negative semi-definite, then the fol

lowing inequality is satisfied, 

Proof. The proof follows directly from Definition A.2 by substituting the following 

value for xT, 

xT = [~ 1 ~ -1 ~] 
i i 

i-1 ith j-i-1 ·th
J n-J 

D 

Lemma A.6. A principle sub-matrix Qp of a negative semi-definite matrix Q, is also 

negative semi-definite. 

Proof. To prove the lemma, the following value of xT is substituted in Definition A.2, 

i-1 n-j 
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To get the following, 

a 2qii - a{Jqij - a{Jqji + {3 2qjj < 0 

[ a {3 J [ qii qij ] [ a ] < 0 
"-v--' %i %i {3

xJ; -...,._..-...._,._. 
Qp Xp 

xJ;Qpxp < 0 

where QP is a principal sub-matrix of Q. D 

Theorem A.7. A symmetric negative semi-definite matrix Q, with a zero diagonal 

element must have zeros in the corresponding row and column. 

Proof. The proof follows directly from Lemma A.6. Since Q is a negative semi-definate 

matrix, then its principal sub-matrix is also negative semi-definite i.e., 

where QP is constructed as follows, 

The principal sub-matrix, Qp is negative semi-definite if and only if its eigenvalues 

are non-positive, 
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The eigenvalues for the principal sub-matrix are computed by solving the character

istic equation, 

det(AI- Qp) 0 

(A- qii)(A- qii)- qiiqii - 0 

Assuming that the diagonal element qii is zero, then the eigenvalues are given by, 

Since the eigenvalues must be non-positive, the following condition can be obtained, 

Since the matrix is symmetric qii = qji, the inequality can be rewritten as follows, 

4q~. < 0 
~J-

Notice that the inequality is satisfied if and only if qii = %i = 0. D 
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