ON LANDAU-DE GENNES ENERGY MINIMIZERS SURROUNDING
GENERALIZED COLLOID PARTICLES



ON LANDAU-DE GENNES ENERGY MINIMIZERS SURROUNDING
GENERALIZED COLLOID PARTICLES

BY
LEE VAN BRUSSEL, B.Sc.

A THESIS
SUBMITTED TO THE SCHOOL OF GRADUATE STUDIES
OF MCMASTER UNIVERSITY
IN PARTIAL FULFILMENT OF THE REQUIREMENTS
FOR THE DEGREE OF

MASTER OF SCIENCE

(© Copyright by Lee van Brussel, May 2017
All Rights Reserved



Master of Science (2017) McMaster University

(Mathematics & Statistics) Hamilton, Ontario, Canada

TITLE: On Landau-de Gennes Energy Minimizers Surrounding

Generalized Colloid Particles

AUTHOR: Lee van Brussel
B.Sc., (Mathematics)

McMaster University, Hamilton, Canada

SUPERVISOR: Professor Lia Bronsard

NUMBER OF PAGES: vi, 51

ii



To
my wonderful partner Brooke,
my loving mother Mary Kay

and my encouraging grandparents Walter & Vera.



Abstract

We consider the interaction between a single colloid particle of generalized shape and nematic liquid
crystal in the framework of Landau—de Gennes theory. At the particle surface, general strong or
weak uniaxial anchoring conditions are applied as well as uniform uniaxial forcing at infinity. In
this context, it is found that the field-free Landau—de Gennes functional with surface energy admits
uniformly continuous minimizers. We then study two examples of non-spherical colloids in a limiting
regime known as the ‘small particle limit’. Explicit solutions to the small particle limit are found
in the case of a prolate and oblate spheroidal colloid with ‘almost homeotropic’ strong anchoring.

From there, a Saturn ring defect is numerically observed in both cases.
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1 Introduction

Generally speaking, a material that is classified as ‘liquid crystal’ is one in which properties of both
isotropic liquid and solid crystal are observed at the molecular level. The term isotropic liquid
corresponds exactly to the general definition of ‘liquid’ we are familiar with. In this case, all of the

molecules constituting the given material are randomly oriented throughout the entire sample.

Figure 1: Sample of isotropic liquid molecules

The complete opposite is true for solid crystal. In this state, a material’s molecular structure is
highly ordered. Although there are many types of structuring orders for solid crystal, a typical

visualization one can refer to is that of a lattice.

Much like other types of matter, liquid crystal can attain and be classified by different ‘phases’ which
generally depend on the material, temperature, etc. [6]. In each of these phases, the liquid crystal
exhibits a characteristic ordering and response to certain external factors. For our case, we will be

considering the nematic phase.

Q

A />
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Figure 2: Subsamples a & S of nematic liquid crystal €.
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The visual characteristics of nematic liquid crystal are best described when viewed from a global
and local sense. In the general global view, molecules in this phase are free to flow throughout the
sample just as a liquid may. However, when restricting the focus to a sufficiently small subsample,
it is apparent that there is a preferred direction of molecular orientation and alignment. That is,

locally, molecular orientation is not random. This property is depicted in Figure 2 above.

In the context of nematic liquid crystal, there are two main non-random orientation states that
occur. The first of these states is called uniaxial. A sample of nematic liquid crystal is said to be
in the uniaxial state when there is one distinct direction of preferred alignment. Associated to this

state is a vector called the director which gives this direction.

Figure 3: Uniaxial nematic liquid crystal with director.

The second state is called biazial and is much harder to visualize. A nematic liquid crystal in
the biaxial state amounts to having preferred alignment directions in multiple planes for a given

subsample. A visual of this state can be found in [6].

There are several mathematical models available which aim to study nematic liquid crystal. These
models are particularly useful when information about molecular configuration is desired. Two

primary theories used to do this are the Oseen—Frank model and the Landau—-de Gennes model.

In the Oseen—Frank theory, the nematic liquid crystal is assumed to be uniaxial and is described by
a unit vector field n(x) € S? defined on the sample [10]. Of course, a major drawback to this model
is that the case of biaxiality is not considered. However, a more subtle flaw is in the representation
n € S? itself. By representing the liquid crystal as a vector field, there is an inherent imposed

distinction between the ‘head’ and ‘tail’ of any given molecule in the sample. But in reality, most
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molecules that comprise nematic liquid crystal have indistinguishable head and tail. To fix these

issues, we introduce the richer Landau—de Gennes theory and is what we will use in this work.

In the Landau—de Gennes framework, nematic liquid crystal is represented by a real 3 x 3 symmetric,
traceless matrix-valued function called a @Q-tensor. This model allows for isotropic, uniaxial and
biaxial states and are characterized by the eigenvalues and eigenvectors of the @-tensor. Furthermore,
this model describes orientation relative to RP? rather than S? which takes care of the head-tail
problem as seen in the Oseen—Frank model [3]. The Landau-de Gennes model also provides us with
an energy functional F which acts on the space of @-tensors. By minimizing this functional over
an appropriate class of Q-tensors, we obtain a means to find energy minimizing configurations of

nematic liquid crystal by observing the eigenvectors of the minimizer.

In this paper, we are interested in showing the existence of a minimizer for F in a very particular
setting. We consider a sample of nematic liquid crystal occupying all space outside some colloid
particle. At the particle’s surface, we impose that the liquid crystal be uniaxial in the sense of
Robin and Dirichlet boundary conditions (also known in the physics literature as weak and strong
anchoring respectively). Far away from the colloid (Jz| — o) we also impose uniform uniaxial

conditions such that the director is parallel to the vertical ‘z-direction’.

Figure 4: General setup of colloid anchoring and uniform uniaxial conditions at co.
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The existence of a minimizer for F in the specific case of a spherical colloid with homeotropic
boundary conditions (where the molecules lay perpendicular to the particle’s surface, as shown in
Figure 4) is proved in [1]. Extending this result for a general colloid shape with general uniaxial
anchoring conditions is one of the main goals of our present work. We note that results on multiple
particle systems [14], different colloid structures [13] and applied electric fields [9] in similar setups

have also been studied, but is not the focus of this paper.

Another interesting topic that is studied in [1] is that of the ‘small particle limit’. The authors
consider minimizers of the spherical colloid case and a limiting regime which, in a sense, allows
one to view minimizing configurations as the particle size tends to zero. In this limit, the authors
show the existence of a ‘Saturn ring’ defect about the colloid (a circle for which the liquid crystal
abruptly becomes uniaxial). With this, the other goal of our present work is to consider the same
setup but in two different examples. In one example, we take a prolate spheroidal colloid with
‘almost homeotropic’ boundary conditions and an oblate spheroidal colloid with the same boundary
conditions. We calculate the small particle limit in both cases and show also a Saturn ring defect

can be obtained.

The paper begins with a ‘Preliminaries’ section. Here, we discuss definitions, notation and the
necessary foundation needed to use the Landau—de Gennes model. In section 3, we construct
the general domains and colloid particles we wish to consider. From there, we define the space
over which we would like to minimize the Landau—de Gennes energy functional and then perform
nondimensionalization. In section 4, we prove the existence of minimizers in our generalized setting.
The Euler-Lagrange equations are constructed and then used to show regularity results of said
minimizers. Finally, in section 5 we derive the equations used to calculate the ‘small particle solution’
that corresponds to the small particle limit in general. We end by explicitly calculating the small
particle solutions for the case of a prolate spheroidal colloid and an oblate spheroidal colloid and

qualitatively examine their Saturn ring defects.
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2 Preliminaries

2.1 Definitions & Notations

Points & Sets

We restrict ourselves to subsets of R® = R x R x R. A point # € R3 has coordinates (z1, 22, z3) and

o] = [ + 23 + o3

will denote the standard Euclidean norm on R3. As usual, a domain X C R? is an open, connected
subset of R3 and its complement is defined by X¢ := R3\ X. The interior, closure and boundary of

a set X will be denoted X°, X and 0X respectively. Using the typical notation,
By (mg) == {z €R®: |z — x| < 1}

will represent the open ball of radius r > 0 centred at zy € R3.

Quite often, we will also use the quantity
diam(X) :=sup{|z —y| : z,y € X}

called the diameter of a set X.

Finally, we say a subset U C X is compactly contained in X if U C X and U is compact. This will
be denoted by U € X.

Matrices & Matrix-Valued Function Spaces

Let M3(R) be the set of all 3 x 3 real matrices @ = (Q;;) and let I be the 3 x 3 identity matrix.

The standard operations of trace and transpose acting on elements of M5(R) will be denoted via
3
tr(Q) = Z Qi and QT =(Qi))" = Q)
i=1
respectively. When paired with the operation

Q1+ Q2 =tr(Q3Q1), Q1,Q2 € M3(R) (1)
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the set M5(R) forms an inner product space. From this, a natural norm on M3(R) can be obtained

by defining

Q= (Q-Q)"2. (2)

For the remainder of this work, we will be restricting ourselves to the subspace Sy C M3(R) defined

by
So:={Q € M;R):Q=Q", tr(Q)=0}.

That is, Sy is the set of symmetric, traceless 3 x 3 matrices. The reason for this restriction will be
explained in section 2.2 below. We endow Sy with the same inner product (1) as above. When this
is done, it is easy to see that Sy takes on some very desirable properties. For example, the pairing
(So,|-]) where | - | is the naturally induced norm (2), forms a Banach space. Even more, since each
Q € Sy is symmetric, the norm | - | takes the simple form

1/2

3
QRI=1{ > Q

i,j=1
Let C*(X;Sp) denote the set of k-times continuously differentiable Sp-valued maps @ : X — S,
where k£ > 0. By this, we mean Q(z) is k-times continuously differentiable if each Q;; : X — R are
k-times continuously differentiable in all variables. If k = 0, we will agree to define C°(X;S) as
the set of continuous (not necessarily differentiable) Sp-valued functions. For k = oo, we will say
C>(X;8p) is the set of infinitely differentiable Sp-valued functions. Finally, the set C%(X;Sp) will
denote the space of k-times continuously differentiable Sp-valued functions with compact support in

X.

The gradient of a Sp-valued function can be defined via VQ = (VQ;;) with the multiplication

convention
3
(VAVB)i; = > VAy - VBy,
k=1
where “ -7 denotes the standard Euclidean dot product in this context.
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With this, note that we may then write

1/2

3 2
0Qi;
vo-( % (52)
i \ O
The typical definitions of LP-spaces may also be extended for matrix-valued functions. We say a

measurable function @ : X — Sy belongs to LP(X; Sp) if

1/p

3
/ > 1Qi ()P da if 1 <p< oo,
X =1
Qe (x) =
3
Z inf{C > 0:|Q;j(z)] < Cae. in X} ifp=oo
ij=1

is finite. That is, Q@ € LP(X;So) if Qi; € LP(X;R) for every 1 <4,j < 3. From here, we can define

the Sobolev spaces
WEP(X;8y) :={Q € LP(X;8y) : D*Qij € LP(X) V1 <4,j < 3 and V|| < k}

where o = (a1, @2, a3) is a multi-index such that |a] = a3 + a2 + a3 < k € N and

lal). .
D*Q;j = 04

0z 052 0wy
exists in the weak sense. The norm we impose on W*P?(X:Sy) is given by

1/p

3
/Z Z [D*Q;j(x)|P dx if 1 <p< oo,
b'e

4,J=10<|a|<k

1Qllwr.r(x) ==

3
Z ( max inf{C > 0:|D*Q;;(z)| < C ae. in X}) if p=oo
5 \oslal<k

In the special case where k = 1 and p = 2, H}(X;Sp) := W12(X;8,) becomes a Hilbert space with

inner product

(Q1,Q2)(x) = / (Q1-Q2+VQ1-VQ2)dx

X

and induced norm

1/2
@l = ([ (02 +vQP)ar)



M.Sc. Thesis — Lee van Brussel McMaster University — Mathematics

To broaden this definition, we can define the space of local H!'-functions H. .(X;Sy) by stating
Qe H,(X;8)ifQe HY(U;S) for all U € X.

2.2 Landau—de Gennes Theory

In the body of this work, a great deal of interest is paid to molecular configurations and associated
minimal energies of nematic liquid crystal. An approach to understanding both of these topics and
how they are related can be found via the Landau—-de Gennes model. We partition this subsection

into two categories that deal with these subjects separately.
The Space of -Tensors

As discussed in the introduction, we are interested in studying nematic liquid crystal while allowing
for the uniaxial, biaxial and isotropic states to be considered. Finding an efficient model that
accommodates these conditions is what lies at the heart of Landau-de Gennes theory. To start,
suppose X is a domain representing a space occupied by nematic liquid crystal. The model tells us

to consider the space of Q-tensors
So=1{Q € M3(R): Q =Q", tr(Q) =0}

as defined in section 2.1. By observing the microscopic molecular orientation distributions at each
z € X, a mapping @ : X — Sy can be constructed so that the eigenvalues A; of Q(x) determine

whether the state is uniaxial, biaxial or isotropic. The characterization of these states is as follows:

Uniaxial Q-tensors

The uniaxial state is given when the eigenvalues of Q(z) satisfy any of the conditions
)\i:)\j#)\k; i,j,k€{1,2,3} with )\l:/\J#O

That is, the uniaxial state is characterized by Q(x) having two equal non-zero eigenvalues. In this
way, we obtain a direction of preferred molecular alignment by observing the largest eigenvalue and
its associated eigenvector called the director. It is worth while to note here that uniaxial @-tensors

can be written in the form
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Q_s(n®n—z1))l>; seR\ {0}, neS?

as shown in [10].

Biaxial Q-tensors

Representation of nematic liquid crystal in the biaxial state is given when the eigenvalues of Q(x)

satisfy
i <A <X 4,5,ke{1,2,3}.

This state does not admit a classic director, but taking the largest of the three distinct eigenvalues

and observing the corresponding eigenvector can be used as an approximate director.

Isotropic @-tensors

In this final case, the only option we are left with is to have all eigenvalues equal. However, the

traceless condition from §j allows us to easily conclude that

In fact, since any @-tensor can also always be written in a distinct form which is given by
1 1
Q=s n®n—§l +7r m®m—§f ;o os,reR

where n,m are orthonormal eigenvectors of ) and s,r are piecewise linear combinations of the
eigenvalues of @, [10, Proposition 1], we obtain that @ is isotropic when @ = 0. In a physical
sense, this condition given by the equal eigenvalues indicates that there is no preferred direction of
alignment, and thus coincides with our typical view of traditional ‘liquid’ material at the particle

level.

Stepping away from the physics momentarily, it will be convenient to shed light on a useful basis for

So. We begin by considering the standard cylindrical coordinate system given by the equations
x1 = pcos(f), xo=psin(d), x3==2

where p € [0,00), 6 € [0,27) and z € (—00,00).



M.Sc. Thesis — Lee van Brussel McMaster University — Mathematics

Observing the orthonormal frame (e,, eg, e.) where
e, = (cos(6),sin(0),0), ey = (—sin(f),cos(),0), e, =(0,0,1),
it can be shown that the set of matrices {E;(0)}_, given by

3 1 1
El(ﬂ):\/g<ez®ez—3l), EQ(H):ﬁ(ep@)ep—eg@eg),

E5(6) (e, ®e;+e,®e,), E40) = (eo®e.+e,Rep), (3)

Sl

_ 1
- >

1
E5(0) = —= (eo ® e, + €, ® eo)

V2
form an orthonormal basis for Sp. That is, Sy = span{E;(6)}5_, with E; - E; = &;;. This basis is
extensively used in [1] and will be used in this work to compute zg-axially symmetric solutions to

some variational problems.
Landau—de Gennes Energy Functionals

In addition to the space of Q-tensors, the Landau-de Gennes model provides us with a nonlinear
functional F defined on Sy describing the energy of a physical system containing nematic liquid
crystal. This functional may take into account elastic energy, possible surface energy coming from
particle-boundary interactions, electric and magnetic fields and other forms of energy related to the
system. Our objective here is to study a field-free functional that includes particle-boundary surface
energy and will be in the form of an integral taken over an unbounded domain 2. The technicalities
and restrictions we impose on such domains will be discussed in section 3.1. For now, it is enough to
know that 2 will be defined so that its complement Q¢ could be physically interpreted as a colloid
particle (some solid body) about the origin. The associated energy components we will be using are

the following:
Elastic Energy

The elastic energy is given by the standard Dirichlet integral

FolQ] =5 [ IVQF da (4)

where L > 0 is a material-dependent elastic constant with units given in energy per unit length.

10



M.Sc. Thesis — Lee van Brussel McMaster University — Mathematics

The elastic density term |VQ|? is a means to penalize spatial inhomogeneities within the liquid
crystal [10].
Bulk Energy

To account for bulk effects of the liquid crystal, a bulk energy is defined by

FplQ) = / f5(Q) de (5)

where
F5(Q) =~ 5 1x(Q%) — 3 (@) + & (1x(Q")’ (©

is the bulk energy density. The parameter a = a(T) > 0 is a material and temperature-dependent
constant with units of energy per volume times temperature. The positive parameters b and ¢ are
material-dependent constants with units of energy per volume [12]. As done in [1], our purposes
allow us to fix a = a(Tp) where Ty is the critical nematic-isotropic transition temperature. The

constant a will now have units of energy per volume.

It is apparent that fp is a fourth-order polynomial in the entries of @ and the reasoning behind this
choice of bulk density is noted in [10]. The authors claim that fp as shown in (6) is the simplest
form of the bulk density that admits a first-order nematic-isotropic phase transition and multiple

local minima.

A global minimum of fp can also be achieved. A useful fact proven in [8] that will be used a great

deal is that fp attains this global minimum on a special set of uniaxial @-tensors given by

1
U*::{QGSO:QZS*<n®n—3I)} (7)
where n € S? is the director and s, := (b + /b2 + 24ac)/4c > 0. With this, we can then define a

modified bulk potential

/B(Q) := fB(Q) — min fB(Q)

QESo

so that fB(Q) >0 for all Q € Sy and fB(Q) = 0 if and only if Q € U,. Since this is a convenient

definition, we will relabel fz as fz and use this convention for the remainder of the paper.

11
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Surface Energy

The final component we consider is that which describes the energy at the particle’s surface. Recall
that the domain €2 is defined so that 2¢ can be physically interpreted as a particle. Therefore, the

surface of the particle is given by 02 and we define the energy

FlQ)= 5 [ 10, - QF da. Q

Here, we take Q5 to be a boundary condition of the form

Q&m&<m@®m@;0

where n : 9Q — S? is smooth. The constant W > 0 has units of energy per area and is called the
anchoring strength. We allow W to assume values from the interval (0,4o00]. For finite W, we say
that @ has weak anchoring at the particle surface and it will be discussed in section 4.2 that this

corresponds to the Robin boundary condition

LoQ

W@—Qé—Q on 0N

where v is the outward unit normal to 9Q2. When W = 400, we say that ) has strong anchoring at

the particle surface and this case corresponds to the Dirichlet boundary condition

Q=0Qs on 0.

The technicalities of this case will be discussed in section 4.2. Thus, the surface energy Fs is a
means to force a particular configuration that the liquid crystal must satisfy on the surface of the

particle.

Adding the energies (4), (5) and (8), we arrive at the quantity

7@ [ (F1v0r+fm(@) do+ 5 [ Q.- aa )

called the Landau—de Gennes energy. The functional Fy, is represents the total energy of the system

we wish to consider and it is this energy we wish to minimize later on.

12
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3 Mathematical Framework

As stated in the introduction, a primary goal of this work is to study energy minimizing configurations
of nematic liquid crystal about some colloid particle. In particular, the liquid crystal is to satisfy a
given configuration at the particle’s surface and uniform alignment parallel to the x3-axis at infinity.
In terms of the energy (9) from section 2.2 and previously discussed terminology, this amounts to

observing the eigenvectors of some @, satisfying the variational problem

FalQ.) = jnf Folc) (10)

for a suitable class of domains 2 and function space Y. The space Y should be defined so that the

pointwise condition of a solution Q. to (10) satisfies

lim Qu(z) = Qoo := S« (ez ®e, — 1]) . (11)

|00 3

Indeed, since e, is the director corresponding to ()., uniform alignment along the x3-axis will occur

at infinity if (11) is enforced.

Besides the general existence of a solution Q. to (10), there are already several issues one must
contemplate. The first concern is effectively modelling the physical space in which we’ll be working.
In section 3.1, we will be giving a detailed mathematical description of ‘colloid particle’ and the
corresponding domain 2. The next issue is choosing the appropriate function space Y, which in
general is a fairly challenging task. Section 3.2 will be dedicated to defining a space with the desired

properties discussed above.

Recall also from the introduction that we are interested in observing minimizing configurations in
the small particle limit. To make sensible comparisons using this limit, the functional F, must be

nondimensionalized and will be done in section 3.3.

3.1 Colloid Particles & External Domains

To model our problem appropriately, we need to define a class of domains which possess sufficiently

nice mathematical properties and physically meaningful geometry in the sense of liquid crystal-

13
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particle interaction. To do this, we will describe a ‘colloid particle’ as an element of the set
K= {K C R3: K is compact, star-convex with respect to 0 € K° and 9K & COO} . (12)

The condition that 0 € K° is for technical reasons that will be seen later, while star-convexity
ensures reasonable boundary behaviour. Since our problem is to consider liquid crystal occupying

all space about some colloid particle, the domains of interest are subsets from the collection
ED:={QCR*:Q=K°for K€ K} (13)

which we will call the set of external domains. That is, £D is defined as the collection of sets which

are exterior to sets belonging to K.

A simple example of a domain Q € ED is to take K = B1(0) € K as the closed unit ball centred at

the origin and define Q = By (0) .

zs3

€2

T

—F—C

Figure 5: Example of an External Domain Q = K¢ = B;(0) .

Since every external domain is unbounded, it may be difficult to work with Q € £D directly in
certain circumstances. However, results involving unbounded domains can often be shown using
some ‘approximating’ sequence of bounded open sets. For this reason, we will construct such a
sequence for Q € ED. In particular, we will build a sequence {€,}52, of bounded open sets for

Q € £D such that

14
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Q, CQpy1 VneEN,

0, €Q VneN, . (14)
U;l.ozl Qn =0

To do this, we consider first an extension of a set K € K. Since 0K is smooth, the outward normal

v(x) is a smooth function of 2 € K. At each point xy € 9K, define the normal line segment
t
Lo (x0) := {xo + EV(J:O) eR*:0<t<1,neN ﬁxed}

and let

K, =K|J ( U &L(Io)) :

0 €EOK
With this, note that {K,}5, is a decreasing sequence of sets in K (i.e., K41 C K, for all n € N)

and

ﬁ K, =K.
n=1

Let r, = diam(K;) + n and consider the open ball B, (0). By our choice of r,, K, is strictly
contained in B, (0) for each n > 1 and of course {B,,(0)}5%; is an increasing sequence (i.e.,

B,.,(0) C By, ,,(0) for all n € N) satisfying U3, B, (0) = R®. Define the bounded open set
Q, =B, (0)\ K,. (15)

Given {B,,(0)}52, is increasing and {K,}>2 is decreasing with K,, C B, (0), it is obvious that

n=1

{Q,}22, is increasing. Also,

U -
n=1

By construction we also have 2,, € Q for all n € N. Thus, {Q2,,}22; is a sequence of bounded open

(B, (0)\K,) =R}\ K = K°=: Q€ £D.

(@

1

n

sets satisfying the desired properties (14). Since this process can be done for any K € K, we obtain
that every Q € £D can be given as a countable union of sets of the form (15). A simple example of

this construction can be seen again by considering 2 = K¢ = B; (O)C. Here, we have

K, =B,1(0), r,=dam(K;)+n=4+n, Q,=DB, (0)\K,.

15
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3.2 Minimizing Sets

Recall that we are interested in finding a function space Y such that the variational problem (10) is

satisfied by some Q. € Y with lim|;|_, Q«(7) = Q. Fortunately, such a space has been carefully

constructed in [1] for the special case where Q2 = Bl(O)C.

The authors of [1] start by replacing the pointwise condition (11) by the integrability condition

2
B1(0)°

Iﬂvl2
and claim that (11) can be recovered by resorting to estimates using the Euler-Lagrange equations
associated to Fi,. From here, they define the affine Hilbert space H o,
Hoo :=H + Qoo

2
{Qemmwm>:w‘ém fﬂd-gém)WQHM<w}

With this, the authors then prove the existence of some Qg € Hoo that satisfies

Fp,(0)@B] = Qlef%{f Fp, (0[]

and condition (11) [1, Proposition 3.

Using this construction as a guideline, we can consider a generalization for arbitrary external

domains. To do this, let Q € £D and define the Hilbert space

2
HE = {Q € HL (2 80) :/ ||Q| dx —|—/ IVQ|? dx < oo}
with associated inner product

(Q1,Q2) 30 = @ ?2 dx+/(VQ1.VQ2) dz
o || Q

and induced norm

2 1/2
mmu<@@$( PPd+/wun |
Q
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Again as in [1], we define the affine Hilbert space
HE =N + Quo.

Since any element of Q € HS! is of the form Q = @ + Qo for Qv € H, we can rearrange to obtain
@ =(Q — Q and

Q — Qu|? QI

is satisfied by definition of ‘2. Thus, the integrability condition (16) is an inherent property of the
set H2 and as in [1], we claim that (16) will be enough to recover the pointwise condition (11).
This will be shown later in section 4.3 and follows from observing the Euler-Lagrange equations
associated to Fy,. With this and results from 4.1, it will be clear that % is an appropriate choice

of function space.

The idea behind imposing condition (16) is due to the inherent unboundedness of external domains
Q € ED. Indeed, for 2 unbounded we no longer have the useful results of Poincaré’s inequality
or particular compactness theorems. By imposing (16), the definition of H® is such that Hardy’s
inequality can be implemented and thus acts as a compromise for our unbounded setting. For a
thorough reference on Hardy’s inequality, one can see [2]. We end this subsection with a useful fact
about H. It is presented in the following lemma and will be needed later for proving existence to

the variational problem (10):

Lemma 3.1. Suppose Q2 € ED and let {Q,}22; be a sequence of functions in H? such that Q, — Q
weakly in H for some Q € H. Then, up to a suitable subsequence, Q,(x) — Q(x) pointwise almost

everywhere in €.

Proof of Lemma 3.1. Let {Q,}5°; be an approximating sequence for ) where each €, is of the
form (15) as constructed in section 3.1. Given Q,, — @ in H?, we have Q,, — Q in H*** since ; C Q.
Using the fact that ©; € €, the definition of H** C H} (2;8p) implies Q,, — Q in H'(Q1;Sp). Thus,
there exists a subsequence of {Q,}22, (denoted by {Qn1}5%,) such that @, 1(x) = Q(z) pointwise
almost everywhere in ;. But since {@Q, 1152, is a subsequence of {@Q,, }5;, the uniqueness of weak
limits gives @n1 — @ in H. Applying the same procedure with this subsequence, Qn1 — Qin

HS implies Qn1 — Q in H since Qo C Q. Again, using the fact that Qy € ©, the definition of

17
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HE gives Qn1 — Q in H'(Q9;8p). As before, there exists a subsequence of {Q,.1}2%; (denoted
by {@n,2}52,) such that Q, 2(z) — Q(x) pointwise almost everywhere in Q3. By the uniqueness of
weak limits, Q, 2 — Q in H:. Continuing in this way, we obtain subsequences {Q, x}°; so that

Qn.1(z) = Q(x) pointwise almost everywhere in Qy with Q, x — @Q in H.

Next, we claim that the subsequence {Q,, ,, } 7%, satisfies @y, n(x) — Q(x) pointwise almost everywhere
in all of Q. From above, we know that the subsequence {Q, n,}5%; satisfies @, n,(z) = Q(x)
pointwise almost everywhere in Qy,. By the nature of {Q,}22 ;, we may choose any x €  so that
for some N € N, x € Q,, for all n > N. Thus, choose zy € 2 so that for Ny = N € N large enough,
xo € Qp, for all n > N and Q, n(x0) = Q(x0) pointwise in Qn. By construction, {Q, 152, is a
subsequence of {Q, n}52; when n > N. In particular, Q, »(x0) — Q(x0) in Q, for all n > N.
Since this may be done for almost any o € 2, we conclude that @, ,(z) — Q(x) pointwise almost

everywhere in 2. [

3.3 Nondimensionalization

Closely following the methods of [1] and [12, Appendix A], we nondimensionalize the functional F,.
To begin, let p represent a natural length scale of the domain 2 € £D. For our case, u in some
way should characterize the relative size of the colloid particle. As an example, if Q) = mc then
one can take p = r as done in [1]. For 2 € Q, define & := x/u so that & is nondimensional and let
Q= {x/u:x e Q}. By change of variables, dz = pdi and

i - i 312 9 K 3 A2 A
7= [ (5500 + a(@) do L [ (0.~ QR a

where Q(z) = Q(&) and each term now has units of energy per volume. Using the parameter

a = a(Tp) as a reference energy (as defined in section 2.2), dividing through by a we obtain
Fo= [ (IVQF+fal@ ) dot 5 [ 10, -G aa
a\2 2 Jaar

where .7’:'Q is now nondimensional, fB is simply fp with parameters a, b, ¢ normalized by a and

R L A W pa
L=— W = .
pu2a’ L

Relabeling F¢, as Fg, we now assume F,, has been nondimensionalized from now on.
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4 Minimizers

With the proper mathematical framework in place, the variational problem (10) can be presented

more specifically. Taking Q € €D and Y = HS}, problem (10) now takes the form

Fa [Q*] = infn Fa [Q]
QEHE,

where the hope is to find a solution @, € H.. In section 4.1, an exact formulation of this problem
will be given, along with its existence result. The Euler—Lagrange equations (to be derived in 4.2)

will then be used in section 4.3 to show regularity results of the solution Q. € HS} and that (11)

lim Q.(r) = Quo-

|z|— 00

is satisfied.

4.1 Existence of Minimizing Solutions

The following proposition expands the existence result found in [1, Proposition 3] for general external

domains €.

Proposition 4.1. Let L > 0, W € (0, +o0] and suppose Q € ED. Then there exists Q. € HSL such

that

FalQu] = inf, FalQ) a7

Proof of Proposition 4.1. This result follows from the direct method of the calculus of variations

[5]. We proceed by confirming that the following three steps hold:

Step 1: F, is bounded below and is finite for some Q € H'L;

Step 2: Any minimizing sequence of F, admits a weak limit (up to a subsequence);
Step 3: F, is lower semicontinuous.

It is trivial that F, > 0 since the elastic energy Fg, bulk energy Fp and surface energy Fs are

non-negative on ’Hgo. To show F,, admits finite energy, the cases where W < 400 and W = +o0

19



M.Sc. Thesis — Lee van Brussel McMaster University — Mathematics

will be considered separately. In the case of weak anchoring, let Q = Q. + ® where ® € C5°(Q; Sp)
is arbitrary. Denote the support of ® by X4 and notice that Q, € U,. Therefore, f5(Qs) = 0 and

we can write

mla= [+ [L|v<czoo+q>>2+f3<@oo+@)} o+ [ 10, = (Qu + @) aa
O\Xe Jxo L2

2 Jan

-/ (5 VO + f5(Qn + @)) dr+ L[ 10, (Qu + B dA.
X

2 Joa
Since X is of finite measure and @ is smooth, the first integral above is finite. By definition, the
surface matrix @ and boundary 9f) are smooth and so we also obtain finite surface energy. Thus,
there exists @ € HSL for which F,[Q] < oo. In the case of strong anchoring, we consider maps
Q € H' for which Q = Q, on 09 in the trace sense. As before, define Q = Q.. + ® but now take
® € C5°(Q;Sp) such that @ = Q — Qoo on 9. Then

/ Qs — QP dA=0
o0

and we have F,[Q] < oo by the same arguments used in the weak anchoring case.
Step 2:

Let

= inf F
mi= il Q]

and let {Q,,}°°; be a minimizing sequence in H with W < +o0. By definition, there exists N € N

such that

w12 70Qu = [ (FIVQ+ fa(@n))ar+ 5 [ jo.- @, a4

for all n > N. In particular, the non-negativity of fp and Fs allows us to write

4(m+1)
L

L
12 700 = [ FIVQF dr — >2 [ [VQ. da.
Q Q

Recall that since Q,, € HSL, we have the representation Q,, = Qo + @; where Q‘; € H*. Using this

and invoking Hardy’s inequality,
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1Qu?

|2

dzx

2/ IVQ,[? d;v:2/ IVQn|? dxz/ IVQn|? dz+C
Q Q Q Q

where C' > 0 is a constant independent of n.

If C > 1, then
A(m +1 . Qn|? ~
Am+1) / VG P dr+ [ 19 0 G2,
L Q Q |I’|
If C < 1, then
A(m +1 — Qn|? ~
Am+1) c/ VG.P de 0 [ 190 gn— )G,

In both situations, the sequence {Q,, }°°, is uniformly bounded in H%. Since H® is a Hilbert space,
there exists a subsequence (still denoted {Q,}22,) such that @, — @, in H® for some Q, € H.

Defining

Q* = @: +Qooa

we obtain that @, € HS} is the weak limit of the minimizing subsequence

{Qu}) = {Qn + Qoo

In the case where W = +o0, let {Q,}52; be a minimizing sequence such that @, = Qs on 99 in
the trace sense for each n € N. Applying the same arguments as in the weak anchoring case, we
obtain a subsequence {Q,,}2°; C HS} with weak limit Q. € H.

By Lemma 3.1, we may assume that the minimizing subsequence {@Q,}52 ; satisfies Q,(x) — Q. (z)

pointwise almost everywhere in 2. Consider the sequence {fp(Q,)}52; and define

f(@) = lim fp(Qu(x), zeQ.

Since fp is continuous,
fB(Qu(x)) = lim fp(Qn(x)) = f(z)

n— oo
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almost everywhere in 2. Applying Fatou’s lemma,

/ f5(Q.) dr < liminf / F5(Qn) da.

Using the convexity of the remaining energy terms in F,, we have
m < ]:sz[Q*] < hminf}—n[@n] =m = ]:SI[Q*] =m.
n—oo

Thus, the direct method gives the existence of a minimizer Q. € H} to the problem (17). O

4.2 Euler—Lagrange Equations

The main focus of this section deals primarily with deriving the Euler-Lagrange equations as shown

in the following proposition. The equations will be used to show regularity results in section 4.3.

Proposition 4.2. Suppose Q € HE! is a minimizer of Fo. Then Q weakly satisfies the system of

semilinear partial differential equations

1
1AQ = ~aQ b (@* - §IQPT) +lQPQ (19)
in Q and weakly satisfies the boundary conditions
L 0Q )
Q=0Q; if W =400

on 0) where the Dirichlet boundary condition can be interpreted in the trace sense.

Before committing our efforts to deriving (18), it will be worth while to note a subtlety from
the previous section. By using H'. as our minimizing space, we are directly imposing that any
minimizing solution @, of F, will satisfy the trace condition tr(Q,) = 0. On the other hand,

there is nothing inherent about the functional F, which imposes this traceless constraint in general.

Q

o, an arbitrary solution Q. to the Euler-Lagrange equations

Therefore, without reference to H
constructed from F,, does not necessarily have to satisfy tr(Q.) = 0. However, modifications to the

Lagrangian

L(z,Q,VQ) = §|VQ|2 + fB(Q)
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can be made to rectify this issue.

To start, consider the technique used in [8] to show that fp attains its minimum on the set of
uniaxial @-tensors U,. The first realization is that fg can be recast in terms of the eigenvalues of
Q. Indeed, suppose A1, A2, A3 are the eigenvalues of (). Then since tr (Q™) = E?Zl ', one has

3

3 3 2
fB(Q) = fB(A1, A2, A3) = —g > oA - gzl)\f’ - Z (Zl Af) .

i=1
Via the method of Lagrange multipliers, we minimize fp(A1,A2,A3) subject to the constraint

g(A1, A2, A3) i= 2?21 A; = 0. Proceeding as usual, define the auxiliary function

F(A1, A2, A3) == fB(A1, A2, Ag) — 0g(A1, A2, A3)

where § is the associated Lagrange multiplier. As given in [8], for each i = 1,2, 3

of >
_ 2 2 _
a/\i—0<:>—a>\i—b)\i+c E Aj A = 0.

Jj=1

Also, 8f/OX\; = 0 for each i = 1,2,3 — 23:1 df /O = 0 and so

3 3 3 3
—a> Xi—bY N4 D N> N=3
i=1 =1 j=1 i=1

Imposing the condition Z?zl Ai = 0, we are left with
: 2 : 2 bo 2
—a-O—b;)\i e ;Aj 0=30 = 0= —gi;Ai.
Resorting back to the original notation, we have found that the appropriate Lagrange multiplier is
given by § = —(b/3)tr (Q?). Therefore, by taking § = —(b/3)tr (Q?), the function f is a modification
of fp which enforces the traceless constraint. With the same logic, it is easy to see that the

Lagrangian

E(,Q.9Q) = Z1vQI+ 15(@) — Mr(Q)

is a modification of £ which enforces the traceless condition if we take A = —(b/3)tr (Q?). Notice

also that if we define F,,[Q] = Jo L(x,Q,VQ) dx + Fs[Q], then there is Q. € H’, such that
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FalQu = jinf FalQ = inf FalQl = FalQ.]

since £ = L over HS:. Thus, a minimizer of F,, will at least weakly satisfy the Euler-Lagrange
equations derived from 35?) Using this and the fact that L incorporates the traceless condition
directly, it will make more sense for us to construct the Euler—Lagrange equations from j-:g; as
opposed to Fq. This way, solutions to the Euler-Lagrange equations will automatically satisfy the

traceless constraint, regardless of reference to the minimizing space H'..
We now derive the Euler-Lagrange equations (18) via the first variation of .,7-:;

Proof of Proposition 4.2. Let Q € H{}, be a minimizer of

—~ L w
Fala)= [ (5190l + fa(@ - xx(@) + %5 [ 1Q. - QP da
o \2 2 Joo
where A = —(b/3)tr (Q?) is the associated Lagrange multiplier accounting for tracelessness. The
first variation of ./7-:; is given by
dIF Q0| =0
de” * c—0 N

where ® € C5°(Q;Sp) is a smooth, compactly supported matrix-valued function on Q and € # 0 is

a scalar. We calculate this quantity in a number of steps, starting with the elastic energy term.

d [ L ) Ld < )
R oy — e g b .
i3 IV(Q 4+ e®)|” dx /Q 5 % ijZ:1|VQ”+€V 7| dx
Ld <~ [(0Q;  09;\°
_/S; gdiéiz <8xk +88xk> du
i,5,k=1
3
0Q;; 0P\ 0D;;
= L i ij A1
/Q ”zk:_l(axk Jreaxk) 33;‘k *

Setting € = 0 gives

(i /Q LIV@ ) dx)

e=0 i.5,k=1
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Recognizing that @ € H} () and using ® € C5°(£2;Sy), we can integrate by parts to obtain

d / L 2 ) / 0P
— [ = |IV(Q+¢e®)|"dx =— [ LQ -Ad dx+ LQ - — dA. 19
([ 5Iv@eeora) - [ 105 (19)
Next we calculate
[ @+ vy
dE Q B € v e=0
by first individually computing each of the terms
@ L[l (@4 e0)?) de
dE Q 2
d b
_Z P)3
(b) i /. 3tr((Q+5 )%) da

(c) ;g/ﬂgtr ((Q+€<I>)2)2da:

and then taking e = 0. For the sake of organization, we define the matrix G(g) = @ 4 e® so that
G”(O) = Qi]‘ and G;] (E) = (I)ij-

(a)

d a ad 3

—_— —_— 2 = _——— 2 = — . /

| 2tr(G)daz /Q 5 52 |Gl da /Q ai;:lG”(g)G” dz.
Taking € = 0,

d a 3

— [ —=tr G2(m> :1/ —a QiP5 dr::/ —aQ - ®)dz.

(& [ -swew) - > @ty |ir= [ (a0
(b)

First, we recognize that tr(G®) = Z?=1 P;j(e) where

Pl :G?1+G32+G§3, P2 :BG%Q (G11+G22)7
Py = 3G2; (G11 + Gss), Py =3G3; (Gay + Gas),

Ps = 6G12G13Gos.
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Then

and we calculate
1
§P1( ) = Q1 P11 + Q3,020 + Q33P33
1
§P2( ) = Q35(P11 + Pa2) +2Q12P12(Q11 + Q22)
1
gpa( ) = Q35(P11 + P33) + 2Q13P13(Q11 + Qs3)
1
gPZi(O) = Q35(Pan + P33) + 2Q23P23(Q22 + Q33)
1
ng(O) =2015Q13Q23 + 2Q12P13Q23 + 2Q12Q13P23.
Summing the above and factoring with respect to ®;;, it straightforward to check
15
32 Pi0)=
j=1

and therefore

(;E /Q (o) d:c)

— [ (0@ -0y do
e=0 Q
()

It is convenient to recognize

2

d 2v2 _ d N N
G ZG =2 > G Z@Gir

4,j=1 4,j=1 4,j=1

Setting £ = 0 and referring to the calculations done in (a), we obtain

3
> G0 Z *GQ

1,j=1 7,7=1

(jg [ Suey? dx)

=2(QI*(2Q - @) = 4(IQI°Q - ®).

Therefore

:/C\Q|2Q-(I>da:.
e=0 Q
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Adding parts (a), (b) and (c),

(£ ] inias o) 0o

= / (—aQ — bQ* + |Q|*Q) - @ dx.
Q

e=0

Next,

d 3
TAH(Q +e®) = AY =M 0

i=1

and so

(jgz\ tr(Q + £<I>)>

=//\I-<I>da:=/ <—1Q|2I~<I>> dz.
=0 Ja o\ 3

Finally, using a similar calculation as done in (a)

=-w (Qs — Q) - @ dA.
e=0 o

d W ,
(&5 [ je--@+eo) aa)

Summing (19), (20), (21) and (22), the first variation of F,, is given by

—/ LQ - AD d:c+/ <—aQ —b <Q2 - 1|Q|21) + c|Q|2Q> - ® dx
Q Q 3

+/ 10- 2 aa-w [ (@.-0 -vda=0.
o0

v o0

In the special case where ® € C§°(€2;Sp), then

/ LQ~8—(I)dA:W (Qs—Q) - 2dA=0
L9} ov L9}

and we are left with

—/LQ~A<I> d:v+/ (—aQ—b<Q2—1|Q|21> +c|Q2Q> O dr=0
Q Q 3

holding for all ® € C§°(€2;Sp). That is, QQ weakly satisfies (18)

180 =-a@ -0 (Q* - 5IQPT) + dQPe

(20)

Now, for general ® € C§°(€2;Sp), @ still weakly satisfies (18) but we now have the extra condition

/ LQ~8—(I)dA—W Qs — Q) - PdA=0
lY) v 0
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forced by definition of the first variation. In other words,

L 0Q
— Q- 2
o, — @@ (23)
weakly on 0.

We can now see how the anchoring strength W dictates the boundary condition at the particle
surface. In the case of weak anchoring (W < +00), the Robin boundary condition (23) is left as is.

For the case of strong anchoring (W = 400), observe that in the weak formulation

L

o0d
L—Q) D dA= 2 da=0
/m(Q Q) i e

for all ® € C§°(€2, Sp). Since Qs and I are smooth and Q € H. (Q;Sp), the trace theorem implies

that we may think of @Q = @, in the trace sense for W = +oco0. 0O

4.3 Regularity

In general, a minimizer Q € HL of F, is dependent on the parameters L and W. To indicate this,
one may write Q = Qr w for particular L and W. However, solutions to (18) have the nice property

that they are bounded, independent of L and W.

Lemma 4.3. Let Q € £D and suppose Q € HEL solves (18). Then ||Q|p~@) < 7 for some

v =7, Qs,a,b,¢) > 0.

The proof of Lemma 4.3 follows almost identically to that as done in [1, Lemma 5]. However, we
reproduce the proof here to extend the result for generalized €2 and to fill in omitted details. Before

proving Lemma 4.3, it will be worth while to prove the following result:

Proposition 4.4. Let Q € H with @ =Q — Qo € H®. Then
2 L 02 2 LT
(~a@-0 (@~ j10r 1) +clorQ) -G~ ddl
as |Q| — oo.

Proof of Proposition 4.4. By linearity of the inner product,

(-a@-s (@~ 1@l 1) +elar @) G=-aQ-G-10* 3+ 31QI T-Q+claf Q-0
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Let us now analyze the following terms individually

(2) —aQ-Q
(b)  —0Q*-Q
© 2P0
@ clRFQ-Q

and then comment on their asymptotic behaviour.

(a)

Rewriting,
Q-Q=(ex+Q)-Q
- u(Q(ex+Q))
— tr (QQx) +1QP
= -2 (G + Qo) + 5 Qus + 1P
=% (<) + Qs +1QF (ince Q)
= 5.Qas + QP

Of course, since |C§|2 = Zij ij > 5*6533 for |C~2\ large enough, we have that —aQ - @ ~ fa|Q~)|2 as

(b)

In this step, we will not comment on asymptotic behaviour, but will recognize useful upper bounds

needed later.

Q% Q=tr (@ (Qoo + @)2) = tr (@Qio) +2tr (QQQOO) + tr (@3) .

29



M.Sc. Thesis — Lee van Brussel

McMaster University — Mathematics

Calculating the first two terms, we have

and

(@11 + @22) + 4%2@33

(—633) + 4%2@33

2tr (@26200) = —2% (@%1 +Q%, + @%3) - 23i (é%z +Q% + @%3) + 43& (é% + Q% + @%3)

<0+4+0+4s, (2@%3 +2Q2%; + @:%,3)

< 45,|Q

Furthermore, from [10, Lemma 13]

(@)

<

T Ve

Comparing all terms, it is obvious that for |@| sufficiently large, Q2 - @ < |@|3 Therefore, we expect

the asymptotic behaviour of bQ? - @ to be no larger than b|@\3.

()

It is easy to see that

since @ € Sp.

(d)

Finally,

b oo ~ b, o [~
S1QP1-Q =10 (@) =0

Qu +Q
Qo +Q

Qu +Q

30
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" (ir (G0) +12P)
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Also,
~12 252 A 12
‘Qoo+Q‘ = 3 +25*Q33+|Q‘
and thus
2 4 A 2s7 ~ =12 5 502 T
clQI"Q-Q=c 3 +25.Q33 + Q| <S*Q33+|Q| ) ~ Q"

Comparing parts (a) through (d), we gather that the term ¢ \Q|2 Q - Q from part (d) dominates for
large |Q|. Therefore,

(-ae-s(@*-j10r1) +clor @) - G~ dar
as |Q| — co. O

We may now proceed with the proof of Lemma 4.3. For the sake of space and notation, we label the

righthand side of (18)

Vin(@ = ~aQ - (@* - §IQPT) +lQPQ
as done in [1].

Proof of Lemma 4.3. By definition of H$}, the matrix @ has the form Q = Q. + @ where
@ € H. Since Q. is a constant matrix, AQ = A(Qu + @) = A@ and so the Euler-Lagrange

equations can be written as
LAQ =V f5(Qs + Q). (24)

Consider a function ¥ € H® of the form ¥ = V@ where V € C§°(Q) with V' > 0. Multiplying
equation (24) by ¥ and integrating by parts gives
~ o~ o~ ~ 0Q
L|VQ-VVdr=— [ VVfp(Qo+Q)-Qdx+ [ VQ- = ds. (25)
Q Q a0 ov
Appealing to Proposition 4.4, we know that the quantity V f5(Qx + @) . @ ~ C|C~2|4 as @| — 0.
Therefore, we can find some ¢; = ¢1(a,b,c) > 0 for which V f5(Q + @) Q>0 for @| > c¢1. Since

Qs is smooth, we also have that the difference |Qs — Qoo attains is maximum co = c2(Qs) > 0 on
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the compact set Q. Thus, for 4 := max{c1,ca},

ViB(Qe+Q)-Q>0 for|Q>7 and  |Qs—Qool <7
Define
QPP —4% i |Q-7>0

(1Q1” =4%)+ =

0 otherwise

(26)

and let U := min{(|Q[> — 72)4+, M} where M is some arbitrary positive constant. Take V to be of

the form V = Uy with 0 < ¢ € C5°(Q) and note that due to the definition of U, V is compactly

supported on the set {|Q| > 7} and is non-negative.

We claim that

L/V@-V\I/dxgo.
Q

(27)

To see this, first note that by our definition of V and observations above, VV f5(Qs + Q) - Q > 0

which directly gives

—/QVVfB(Qoo—i—@)-@deO.

In the case of strong anchoring, Q/dv = 0 and thus immediately forces the last integral in (25) to

be zero. For weak anchoring we can write

‘?E—VLV(QS—Q—QOO) — @%‘3—”{7(@5—@—@0@)
w

= (HIRP+ @ (@, - 0x)).

By the Cauchy-Schwarz inequality and (26),

and so

R
T‘@z

- 92 < (H1aP +131) = 1@ (-181+4)
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Applying (26) once more, we obtain

which gives (27). Using ¥ = UpQ,
L/vé.vqf dx:L/vé-v(wp@)dz
Q Q
- L/ VG - ((WU FUVY)-Q+ UWQ) da
Q
:L/ ¢<U|V@|2+V@-@-VU>dx+L/ UVQ-Ve-Q du.
Q Q
Next, we claim
VG-0-VU = %|VU|2. (28)

In the cases where either |Q| < 5 or U = M, we obviously have VU = 0 and thus (28) holds. If

M > |Qv|2 — 42 >0, then
vu = v (191 - 5?)

5 . . .
_ ~ 0Qi = 0Qi ~ 0Qi
=2 Z (Qz] oz, 7Q’L] O+ 7sz D

ij=1

=2Q-VQ.
Therefore

~ 1 1o

VQ-Q -VU = §VU-VU: §\VU\

SO we may write
~ ~ 1 ~ ~
L/ vQ -y dac:L/ @(U|VQ|2+2|VU|2) dx—i—L/ UVQ - -Ve-Q dz
Q Q Q

and applying observation (27) leaves us with

~ 1 ~ ~
/ © <U|VQ|2 + 2|VU|2> dr < —/ UVQ-Vo-Q da.
Q Q
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Take ¢ = or,

1 for|z| <R C
wr(x) = with  |[Vepr| < izl
0 for|z| > 2R

for some constant C' > 0 independent of R. Then, since Vg =0 for |z| < R

/Qch}owRo@dxsfl

z|>R

’UV@WR.Q dz

< MC |vé|@dx

|z|>R |z]

< MC||VQllz2(aizm) |Q/ 2l L2(ui=r)  (by Hélder’s inequality).
Since Q € H?, both ||V@||L2(‘Z|ZR) — 0 and ||@/|9€|HL2(|30\2R) — 0 as R — oo. Thus,

/ (U|vc§|2 + 1|VU2> dz =0
Q 2

and therefore U = min{(|Q|?> — 72)4+, M} = 0 almost everywhere. Since M > 0, it must be that

|Qv| < 4 almost everywhere. By the triangle inequality,

Q1= 10+ Q| <101+ 1Qn gws*@

and so

|Qij(x)| < ’~Y+3*\/§

almost everywhere for each 1 <4, < 3. In particular,

(. 2 ) 2
HQ”LOO(Q)SZ + 5s 3 =97+ s, 3]

ij=1
Defining v := 9(§ 4 5.1/2/3), we obtain ||Q||p~ o) < v for v >0. O

This result can now be used to prove that minimizers of F, satisfy the pointwise condition (11).

Corollary 4.5. If Q € £D and Q € HSL, minimizes F,,, then Q is uniformly continuous and

lim Q) = Qu-

|| =00
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Proof of Corollary 4.5. By Lemma 4.3, Q € L*°(Q;Sp). Observing the Euler-Lagrange equations
1
180 =-aQ -0 (Q* - §IQPT) + dQPe

the righthand side is purely in terms of @ which immediately gives AQ € L*°(Q;Sy). Applying

results from [1, Lemma 5] and the Sobolev inequality, @ is uniformly continuous and

lim Q) = lim Q@) = Qu| =0 = lm Q)= Qu

as desired. [

In view again of Lemma 4.3, a similar result can be said of the norm on H* and is found in the
proof of [1, Theorem 1]. The following corollary is an extension of this for generalized 2 € £D and

Q5. The proof still follows closely to that shown in [1, Theorem 1] and omitted details are filled.

Corollary 4.6. Suppose Q € ED and Qrw € HSL is a minimizer of Fo,. Then ©L7W =Qrw—Qo

is uniformly bounded in the norm on H with respect to L > 1 and W > 0.

Proof of Corollary 4.6. Let ¢ be a smooth function on Q such that ¢(z) = 1 on 99 and p(x) =0

outside the open ball Br(0) where R = diam(Q2°) + 1. Define the ‘energy competitor’

P(z) = ¢(z)Qs + (1 — (7)) Qoo-

Obviously, P € HS and F,[P] < oo. Furthermore, P is independent of L and W. Since Q Lw isa

minimizer of F,, we can write

L w
FolQuw] < FalP] = / LwpP+ faP)) de+ X [ 1@, - PP dA < .
Q 2 2 o

Using the fact Fp[Qrw] < FolQr,w] and P = Qs on 09,

L 2 L 2

= [ IVQrw|* de < Fo[Qrw] <= | |[VP|*de+ | fr(P)dx < oc.

2 Ja 2 Ja Q
Multiplying through by 4/L,

4
2/ IVQLw | dx§2/ IV P|? dx+—/ f5(P) dz
Q ' Q L Jq

< 2/ |V P daz—|—4/ fe(P)dx  (since L >1).
Q Q
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Now, VQrw = V(@L,W + Qo) = V@L}W and by Hardy’s inequality,

QLwl?

ME dzx

2/ VQrw|? dz > / IVQr.wl|? dz+C
Q Q Q
where C' is a constant independent of L and W. If C' > 1, then
1Qrwl2e < 2/ |VP|? dx +4/ fB(P) dx < oo.
Q Q

If C < 1, then

ClOpaw e < 2/} e dx+4/lfB(P) dz < .
¢ ¢

In either case, QLW is uniformly bounded in H*’ with respect to L > 1 and W > 0. O
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5 The Small Particle Limit

Recall from section 3.3 that the functional F, had been nondimensionalized via some natural length
scale p which characterizes the relative size of the colloid particle given by 2°¢. As a result we saw

that prior to relabeling, the nondimensionalized coefficients L and W were of the form

oL o Wha
u2a’ L

where «a is the reference energy and both incorporate the relative colloid particle size p. Thus, in
a sense, varying the relative particle size can be seen through an appropriate change in L and W.
The benefit in this setup allows us to consider solutions Qr w € HS! to the minimization problem
(17) and interpret their limits (with respect to (L,W)) in the sense of relative particle size. In
this section, we study a particular limiting regime called the small particle limit. This is done by

considering

g~

(L, W) = (00, w), % —

Here, we allow w € (0,+0o0] so that both the Robin and Dirichlet boundary conditions can be

investigated. To analyze this limit rigorously, we resort to the Euler-Lagrange equations.

5.1 Revisiting the Euler-Lagrange Equations

Suppose L > 1 and Qr w is a solution to the minimization problem (17). In the weak formulation

of (18), Q. w satisfies

1

1
/ Qrw - AP dx = f/ (—CLQL,W —b (Q%,W - 3|QL,W21) + CQL7W|2QL,W> P dx
Q Q

= %/QVfB(QL,W) @ dx

for all smooth, compactly supported Sp-valued functions ®. By Corollary 4.6, the H®-component
@L,W = Qrw — Qo € H% is uniformly bounded in the H-norm with respect to L and W.
Therefore, there exists a subsequence that converges to some @0 € H® weakly in H® in the small
particle limit (L, W) — (oo,w). Furthermore, Lemma 4.3 directly gives ||V fp(Qr.w)llz~@) < v

for some v > 0 independent of L and W. Using these facts and defining Qg := @0 + Qo, We pass
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to the limit in the weak formulation and obtain

/QO.A@da;:o
Q

for all smooth, compactly supported Sp-valued functions ®. In the same way, the limiting condition

L/W — 1/w implies @y weakly satisfies the boundary condition

1 9Qo

w Ov

= Qs - Q0~
Therefore, the small particle limit is a Q-tensor Qo € HL weakly satisfying

AQo=0 in 0

%o = Qs — Qo on I
Moreover, Qg is the unique H2 solution to (29) and this fact is proven in [1, Theorem 1].

Also done in [1], the authors prove that in the case of a spherical colloid, the small particle solution
Qo admits a ‘Saturn ring’ defect about the particle when homeotropic (normal) boundary conditions
are enforced. Specifically, it was shown that there exists a circle about the particle for which the
principal eigenvector of Qo(z) is discontinuous. This defect is physically interpreted as the liquid
crystal being uniaxial along the circle and biaxial everywhere else. Thus, the defect occurs when
two eigenvalues of Qy become equal, which happens exactly along a circle about the particle and

presents itself as a discontinuity in the approximate director.

For the remainder of this paper, our focus will be to study alignment configurations of the small
particle limit (g in two specific cases. Namely, the cases where the colloid particles are taken to be
a prolate spheroid and an oblate spheroid with ‘almost homeotropic’ strong anchoring. Since the
prolate and oblate spheroids we are choosing will closely resemble that of the spherical colloid, it is

hypothesized that the small particle limits in these cases will also admit Saturn ring defects.

Indeed, over the next two sections we will derive closed-form axially-symmetric solutions to (29) for
both prolate and oblate spheroidal colloid particles with strong anchoring. Once these solution have

been obtained, we observe (qualitatively) the existence of a Saturn ring defect around the particles.

38



M.Sc. Thesis — Lee van Brussel McMaster University — Mathematics

5.2 A Prolate Spheroidal Colloid With Strong Anchoring

We derive a closed-form solution to the small particle limit problem (29)
AQop=0 inQ
Qo =Qs on N

where ) € £D is taken to be the complement of the set

2, .2 2
_ 3. 21 +xy I3
K—{I'ER A2 +B2<1}

for A =sinh(1) and B = cosh(1). The choice of constants A and B is a natural one, as it allows us

to view € easily under the prolate spheroidal coordinate system defined by
x1 = sinh(n) cos(#) sin(¢), x2 = sinh(n)sin(h)sin(¢), x5 = cosh(n) cos(¢p) (30)

where 0 < 1 < 00, 0 < 0 < 27 and 0 < ¢ < 7. Indeed, Q recast under (30) takes the form
Q= {x(n,0,0) € R3:n > 1} with 0Q = {x(n,0,¢) € R® : n = 1}. Please see [11] for more details

on this coordinate system.

Boundary Conditions on 0f2

In order to obtain a closed-form solution, we construct a specific boundary condition @, on 0f).

Consider first the function

2, .2 2
T1t+ >y | 73
_ Z _l’_ -2

F(!,El,(EQ,LL'g) = A

and define the vector field

VF 1 (x1 To :cg)

n(z1, z2,x3) :W:m AR

A’ A’ B
where v = (%4, %, %2). The matrix Q,(z) defined by

i1 Eorey
A%l T 3 AZ[o] AB[]

1 2
= ——J) = T1T2 o _ 1 ToTs
Qs(2) = 54 <n®” 3 I A%]0] A%5] T3 AB[v|

will act as our boundary condition.
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In doing this, we are imposing that n be the director of Q)¢ along the boundary. Observing a cross
section of the colloid particle, alignment configuration along the boundary given by n(xz) appears as

in Figure 6.

Figure 6: Molecule alignment profile along colloid boundary.

Note that the boundary conditions are incredibly close to being homeotropic. Although they are
not exactly, this ‘almost homeotropic’ setting allows us to make reasonable comparisons between [1]

and our work.

Converting to prolate spheroidal coordinates and evaluating at n = 1, Q5 on 0f2 takes the form

Q.=

cos?(8) — L — cos2(6) cos®(¢) sin®(¢) cos(0) sin(0) cos(e) sin(¢) cos(6)

EP sin?(¢) cos(0) sin() 2 — cos?(¢) — cos?(6) + cos?(6) cos?(¢)  cos(¢) sin(¢) sin(6)
cos(g5) sin(¢) cos(6) cos() sin(¢) sin(6) cos?(¢) — 3

Due to the e,-axial symmetry of our problem, it will be convenient to write Q)5 in the cylindrical

basis described in section 2.2. We have

5
Qs = ij(¢)Ej (0)
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where

pi(¢) = Qs By = %(36082(@ -1, pA¢)=Qs Ez= %SinQ(@,

p3(¢) = Qs - B3 = 5,v2sin(¢) cos(¢), pa(¢) = Qs Eq =0,

p5(¢) =Qs E5=0

Condition at co

Recall that since we are seeking Qo € HS}, we also would like our solution to satisfy

1
-3 0 0
lim Qo(z) =Qec =5 0 -1 0
|| =00
0o o0 2

Using the same cylindrical basis, we have
5
Qoo = Z u; B (9)
j=1
where

2
ul_Qoo‘El_S*\/;, Uj = Qoo - Ej =0 for 2 <5 <5,

Again, due to the symmetry of our problem, we will attempt to seek an e -axially symmetric solution
0 (29). As given in [1], these solutions will be Q-tensors exactly of the form

5

QO(p7 ¢7 9) = Z q; (p7 ¢)E] (9)

j=1
where p, ¢ and 6 still correspond to the cylindrical coordinates described in section 2.2. Converting

this into prolate spheroidal coordinates, we let p = sinh(»n) which gives Qo the new form
5
Qo(n,6,0) =Y _ q;(n, ) E;(0).
j=1
At n =1, we require ¢;(1,¢) = p;(#), ( =1,...,5) and for the condition at oo,
lim ¢;(n,¢) =u;, j=1,...,5.

n—o0
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Since p4(¢p) = ps(d) = ug = us = 0, this suggests that we may attempt to find Qo of the form

3
o(n, ¢, 0) Z

Before we continue, it is worth while to note that in this form, it is an easy calculation to obtain

the eigenvalues of QQy. They are given by

M= _ 2

V6 V2

q1
o = 1 4 + = \/6 IN3Bqrgs + 262 + 8 31
2 9/6 \[ q7 — 39192 qz Q3 (31)
A3 = —+———\/6 4V3q1q2 +2¢3 + 8
3= 2\[ 2\/» q1 — 3q192 QQ Q3

and note also that they are independent of 6.

To find ¢1(n, @), g2(n, $) and g3(n, ), we observe that the entries of Qg

Q033 = \/qu (777 ¢)7 QOlQ = \/iCOS(e) Sin(a)q2(n7 ¢)a QOIS = % COS(H)Q?)(nv QS)

are such that each g; is isolated. Therefore, we may approach the problem by calculating

AQO33 = AQOlQ = AQ013 =0.

The Laplace operator in prolate spheroidal coordinates is

82 2 2
A = hi(n, d) +coth( ) (%2 +cot(¢>) 90 + ha(n, qs)ag2
where
P (n, 6) = ! d ha(,6) = —5——3—
WhO = Ga2 () +sin2(g) 0 YT G2 () sin?(6)

Using separation of variables, we have that AQgs5 = 0 implies ¢1(n, ¢) = N1(n)T1(¢) solves

N{/ = O'1N1 — COth(ﬁ)N{
(32)
Tlll = —O’lTl — COt(QS)Tll

for o1 a constant.
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Similarly, AQo5, = 0 implies ga2(7n, ¢) = Na(n)T2(¢) solves

4N,
NJ = 09Ny — coth(n) N} +
5 = 09Ny — coth(n) Ny sinh2(77)
4T,
T) = —o9Ty — cot()Ty +
2 02Ty — cot(¢) Ty sin2(¢)
and AQo,3 = 0 implies ¢3(7, ¢) = N3(n)T3(¢) solves
N3
N} = o3N3 — coth(n)N} +
3 = 031V3 (N3 sinh2(7))
TV = —o3T5 — COt(¢)T/ + &
’ 7 sin(g)
If 0; =6 for j =1,2,3 then we find that for appropriate constants,
s s
T = = (3cos? -1, T = Zsin?(¢), T = $,V2cos(¢) sin
1(9) \/6( () —1), T:(e) 7 (9), Ts(e) (¢)sin(¢)

solve their corresponding ODEs and Tj(¢) = p,(¢) for each j = 1,2, 3.
Using o, = 6 for the remaining equations for N;(n), we have
Ni(n) = Cy cosh?(n) ((tanh®(n) + 2) In(coth(n) + csch(n)) — 3sech(n))
Na(n) = C; (cosh(n)(2 coth?(n) — 5) + 3sinh®(n) In (coth(n) + csch(n)))
N3(n) = Cssinh(n) (coth2 (n) — 3 cosh(n) In(coth(n) + csch(n)) + 2)
where it can be checked that
T Ny () =0

for each j = 1,2,3. For ¢;(n, ¢) to satisfy their boundary conditions at n = 1, we take

Cy = !
cosh?(1) ((tanhQ(l) + 2) In(coth(1) + csch(1)) — 3sech(1))
1
Cy =
(cosh(1)(2 coth?(1) — 5) + 3sinh®(1) In (coth(1) + csch(1)))
Cs = !

sinh(1) (coth2(1) — 3cosh(1) In(coth(1) + csch(1)) + 2)

so that N;(1) = 1.
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Lastly, we solve for another solution to (32) but with

and N1(1) = 0 so that all boundary conditions and limits for Qg are satisfied.

To do this, take o1 = 0 and solving for Ny (n) gives a solution

Ni(n) = ex (In (sinh (g)) ~In (cosh (g))) +o

where

lim Ni(n) = co.

n—o0

Therefore, if we choose

_ln (sinh (%)) —In (COSh (%)) 7

2
Co = Sk g

then the limit condition is satisfied along with N1(1) = 0.

Cc1 =

Adding together both solutions from (32), we obtain AQgg5 = 0 for

s, cosh®(n) ((tanh?(n) + 2) In(coth(n) + csch(n)) — 3sech(n)) (3 cos?(¢) — 1)
/6 cosh?(1) ((tanh2(1) + 2) In(coth(1) + esch(1)) — 3sech(1))

2 (1 _ In (sinh (?) — In (cosh (frf?)))

o3 In (sinh (3)) —1In (cosh (3))

q1 (777 (b) =

such that ¢1(1,¢) = p1(¢) and lim, o ¢1(n, ¢) = uq. Similarly,

s« (cosh(n)(2 coth?(n) — 5) + 3sinh?(n) In (coth(n) + csch(n))) sin®(¢)
V2 (cosh(1)(2 coth?(1) — 5) 4 3sinh*(1) In (coth(1) + csch(1)))

q2(n, ¢) =

and

5.V/2sinh(n) (coth2 (1) — 3 cosh(n) In(coth(n) + csch(n)) + 2) cos(¢) sin(¢)
sinh(1) (COthQ(l) — 3cosh(1) In(coth(1) + esch(1)) + 2)

CI3(777 (b) =

solve AQpq5 = 0 and AQp;3 = 0 respectively with desired boundary conditions.
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Therefore, the small particle solution Qg is given by
3
Qo(n,0,0) = _ q;(n, $)E;(0)
j=1

for ¢;(n,¢), j = 1,2,3 as above. Refering to the theory discussed prior to this section, Q) is in fact

the unique H< solution to (29).

To obtain an explicit formula for the Saturn ring defect as in [1] for the spherical colloid case, an
expression for the approximate director is needed. Given the complicated form of our solution, we
will restrict ourselves to observing the existence of the Saturn ring defect in a qualitative manner.
In the spherical case, the ring defect occurs in the plane x3 = 0 (or equivalently, ¢ = 7/2). Due to

the geometry of our problem, we expect the same for the prolate spheroid.

Using the calculated eigenvalues (31) of Qo, we plot A1(n,7/2), Aa2(n,7/2) and A3(n,7/2) in Figure
7 below:

\

|

I

|
I/ |
|

|

=

—— M

Figure 7: Eigenvalues of Qp at ¢ = g (prolate spheroidal colloid).

As constructed, we observe that (g is uniaxial on the boundary n = 1 which is highlighted by the
eigenvalue crossing A1 (1,7/2) = A3(1,7/2). Also, we observe that for some 5/4 < ny < 3/2, there

is another eigenvalue crossing A2 (no, 7/2) = Ag(no, 7/2). Since the eigenvalues (31) are independent
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of #, we must have then, that Qg is uniaxial at all points (19, 7/2,8), 6 € [0,27). Geometrically,
this traces a circle in the z3 = 0 plane about the prolate spheroid. Hence, the prolate spheroid does

admit a Saturn ring defect with our chosen boundary conditions.

The Saturn ring defect can also be seen through a numerical scheme which we’ve performed in
MATLAB. Due to the symmetry of the domain, the integral curves of the approximate director field
can be plotted in any one quadrant and then reflected in the rest. Figure 8 below represents any

cross section of these curves containing the xz-axis (taken to be the vertical).

Figure 8: Integral curves of approximate director field (prolate spheroidal colloid).

5.3 An Oblate Spheroidal Colloid With Strong Anchoring

Next, we derive a closed-form solution to the small particle limit problem (29)

AQ():O in
Qo=Qs on 9N

where ) € £D is taken to be the complement of the set

A? B2 —
but now for A = cosh(1) and B = sinh(1). Similar to the prolate case, the choice of constants A

and B allows us to view {2 easily under the oblate spheroidal coordinate system.
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This is given by
x1 = cosh(n) cos(0) sin(@), o = cosh(n)sin(f)sin(¢), x3 = sinh(n) cos(¢p)

where 0 <71 < 00,0 <0 < 27 and 0 < ¢ < m. Just as before, ) recast under these coordinates takes
the form Q = {z(n,0,¢) € R : n > 1} with 9Q = {x(n, 0, ¢) € R® : n = 1}. The same reference [11]

can be used for further details on this coordinate system.
Using the same methods as before, we construct Qs by considering the function

2 2 2
]+ x xT
1 2 3

G(xlazanZﬂ) = A E

and defining the vector field

n(l’l,IQ,Ig) = T

581 B |11)| (5% %)

where v = (%, %, %) We set

1
Qs = s« <n®n—3[>

and find that Qs under the oblate spheroidal coordinates is identical to that calculated in the prolate

case. As before, the boundary conditions are observed to be ‘almost homeotropic’.

We proceed using the same process from the prolate case. The only difference now is that the Laplace
operator must be changed to the oblate spheroidal coordinate system. The Laplace operator in oblate
spheroidal coordinates is of the form

2 2 2

0 0
A= gi(n, ) o + tanh(n)% + Ere + COt(cf’)% + g2(n, ¢)@

where

1 1
cosh?(n) — sin?(¢) and g2(n,9) = cosh?(n) sin?(¢)

91(n,¢) =

Solving the same equations

AC2033 = AQO12 = AQO13 =0

using the boundary conditions @, and conditions at co, we obtain the unique H. solution
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3
o(n,6,0) = Z
where
(n.6) = s, cosh?(n) ((2 tanh?(n) + 1) In (tanh(n) + i sech(n)) — 3i tanh(n) sech(n)) (3 cos®(¢) — 1)
i /6 cosh?(1) ((2 tanh?(1) + 1) In (tanh(1) + ésech(1)) — 3i tanh(1) sech(1))
2 tan~1 (tanh( )) tan—! (tanh (%))
+5*\/;<Z —tan~! (tanh (1)) T —tan~! (tanh(é)))
0o, ) = s (3i (cosh2 () + %) tanh(n) sech(n) — 3 cosh?(n) (In(sech(n)) + In(sinh(n) + i))) sin®(¢)
’ V2 (3i (cosh®(1) + 2) tanh(1) sech(1) — 3 cosh?(1) (In(sech(1)) + In(sinh(1) + 4)))
431, 6) = 5.1/2 (isech(n) + 3 cosh(n) (sinh(n) (In(sech(n)) + In(sinh(n) + i)) — 1)) cos(¢) sin(¢)

isech(1) 4+ 3 cosh(1) (sinh(1) (In(sech(1)) + In(sinh(1) +4)) — )
Since Qg is of the same form in the prolate case, the eigenvalues are still given by equations (31).
Plotting all eigenvalues for ¢ = 7/2, we again see an eigenvalue crossing, giving the Saturn ring

defect about the colloid.

|——x1—x2—x3|

Figure 9: Eigenvalues of Qg at ¢ = g (oblate spheroidal colloid).
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Figure 10: Integral curves of approximate director field (oblate spheroidal colloid).
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